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ABSTRACT OF THE THESIS

Identification of overcomplete dictionaries and their

application in distributed classification problems

by Zahra Shakeri
Thesis Director: Prof. Waheed U. Bajwa

The work presented in this thesis aims to study the conditions essential for reliable
dictionary recovery based on the maximal response criterion and exploit the application
of dictionary learning in classification of distributed data.

The first part of this thesis revisits the problem of recovery of an overcomplete
dictionary in a local neighborhood from training samples using the so-called maximal
response criterion. While it is known in the literature that the maximal response crite-
rion can be used for asymptotic exact recovery of a dictionary in a local neighborhood,
those results do not allow for linear (in the ambient dimension) scaling of sparsity lev-
els in signal representations. The first contribution in this work is introducing a new
condition for the sparse representation of signals and leveraging a new proof technique
to establish that maximal response criterion can in fact handle linear sparsity (mod-
ulo a logarithmic factor) of signal representations. While the focus of this work is
on asymptotic exact recovery, the same ideas can be used in a straightforward man-
ner to strengthen the original maximal response criterion-based results involving noisy
observations and finite number of training samples.

The second part of this thesis addresses the problem of collaborative training of non-

linear classifiers using big, distributed training data. The proposed supervised learning
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strategy corresponds to data-driven joint learning of a nonlinear transformation that
maps the (training) data to a higher-dimensional feature space and a ridge regression
based linear classifier in the feature space. The key aspect of this work, which distin-

guishes it from related prior work, is that it assumes:
e The training data are distributed across a number of interconnected sites.

e Sizes of the local training data as well as privacy concerns prohibit exchange of

individual training samples between sites.

The main contribution is formulation of an algorithm, termed cloud D-KSVD, that
reliably, efficiently and collaboratively learns both the nonlinear map and the linear
classifier under these constraints. In order to demonstrate the effectiveness of cloud D-

KSVD, a number of numerical experiments on the MNIST dataset are also reported.
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Chapter 1

Introduction

Sparsity-based data processing has gained significant attention in recent years due to the
explosion of data. In 2014 alone, the amount of information stored worldwide exceeded 5
ZetaBytes [1]. This number is expected to grow rapidly in the next years, hence, there is
an increased demand for approaches to store and process big data. Dictionary learning
[2, 3] is a powerful tool to obtain sparse representations of signals in computational
harmonic analysis. Specifically, the task of dictionary learning corresponds to obtaining
an overcomplete basis D € R™*P p > m, such that each sample in the training data is
well approximated by no more than S < m columns (atoms) of D. Such a dictionary,
which is a linear map from Fg = {x € R : ||x||p < S} to R™, in turn (under suitable
conditions on D and S) induces a nonlinear map ®p from the input space R™ to the

feature space Fg as follows:

&p(y) = argmin |y — Dx||2. (1.1)
xe€Fg

In the literature, evaluation of nonlinear maps of the form (1.1) for a given y € R™ is
termed sparse coding [3]. These sparse representations can then be used in a variety of
applications, such as denoising [4, 5], classification [6-8], and compressed sensing [9].

The existing literature on dictionary learning ranges from designing dictionary learn-
ing algorithms to analyzing the performance of these algorithms. The proposed algo-
rithms are used to obtain dictionaries suitable for specific tasks such as data represen-
tation and data classification, or deal with specific data such as distributed data or
online data. In this thesis, we touch upon both aspects of dictionary learning.

While initial focus in the literature has been on developing efficient algorithms for
dictionary learning, it is important to also understand the performance of such algo-

rithms theoretically. To this end, our focus in Chapter 2 is on dictionary identifiability,



i.e. recovering the reference dictionary from generated observations, for a relatively-
new maximization criterion proposed in [10, 11] for dictionary learning. The proposed
criterion not only leads to an efficient computational algorithm for dictionary learning,
but it is also shown in [10] that this new criterion results in provable local recovery
of an m x p dictionary from training signals. Sample complexity results for dictionary
learning under both noiseless and noisy settings are also provided in [10]. The com-
mon thread underlying these results is a decay constraint on sparse representations of
the signals, which is a crucial element in the arguments used throughout [10]. Un-
fortunately, even in the best setting, the decay condition stated in [10] dictates that
if the training signals have S-sparse representations in the dictionary then one must
have S = O(y/m). Nonetheless, it is suggested in [10] that it may be possible to break
this “square-root bottleneck” using different proof techniques (although no formal ar-
guments are provided).

In Chapter 2, we revisit the maximization criterion of [10] for dictionary learning
and obtain an alternative decay condition on the coefficients of the sparse representa-
tions that is less restrictive than the one obtained in [10]. Specifically, the new decay
condition allows us to break the square-root bottleneck in the sense it can allow for

asymptotic exact recovery of the true dictionary even if the sparse representations of

the signals satisfy S = O(g55;). Similar to [10], our focus here is on local analysis,
i.e., there exists a neighborhood around the true dictionary in which only the true dic-
tionary maximizes the objective function. Our new condition also results in a larger
neighborhood compared to the one given in [10]. Our proofs rely on a new measure
of dictionary coherence studied in [12, 13] as well as the method of bounded differences
[14] and a complex variant of Azuma’s inequality [15]. Our proof techniques can be
used in a straightforward manner to improve the results reported in [10] for both noisy
and finite sample settings.

There has been some prior works that focus on the theoretical guarantees of dic-
tionary learning algorithms and required sample complexity for reliable recovery of the

true underlying dictionary. Among these works, [16, 17] focus on recovery of square

dictionaries, while [10, 11, 18-25] study overcomplete dictionaries. In some works such



as [17-22], global identification results for several algorithms are obtained under var-
ious assumptions on noise and the objective function. On the other hand, [16, 23]
study local identifiability for objective functions without the presence of noise, while in
[10, 11, 24, 25] local identifiability results are obtained for algorithms such as K-SVD
[3], ITKM [10, 11], and SPAMS [26]. To the best of our knowledge, our work is the first
work in the literature that formally shows S ~ O(m) is sufficient for reliable dictionary
recovery.

Classification is one of the most important information processing tasks. There
exists an extensive body of literature on training classifiers from labeled data, but much
of that work assumes the training data to be available at a centralized location [27, 28].
On the other hand, many disciplines in the world today—ranging from search engines to
medical informatics—are increasingly faced with scenarios in which the training data are
geographically distributed across different interconnected locations (sites). While each
one of the sites in this setting can rely only on its local data for supervised learning, such
an approach can be suboptimal due to issues ranging from noisy local data and labels to
local class imbalance. At the same time, it might be infeasible in many of these cases to
gather all the distributed data at a centralized location for supervised learning due to
the massive nature of these data and/or privacy concerns. The challenge in this setting
then is design of a collaborative supervised learning framework in which individual sites
collaborate with each other to approach centralized classification performance without
exchange of individual training samples between the sites.

In Chapter 3, we undertake this challenge and develop a framework that collabora-
tively learns a nonlinear classifier at individual sites from the distributed training data.
Our collaborative supervised learning strategy in this regard corresponds to data-driven
collaborative and joint learning of a nonlinear transformation that maps (training) data
in the input space R™ to a higher-dimensional feature space and a ridge regression based
linear classifier in the feature space. In order to learn the nonlinear mapping, we resort
to the framework of dictionary learning. We use the dictionary learning terminology to
formally describe the goal of Chapter 3 as follows: collaborative exploitation of labeled

training data distributed across sites for joint learning of a dictionary D (equivalently,



the nonlinear map ®p : R"™ — Fg) and a linear classification rule in Fg.

We develop a collaborative supervised learning framework for joint dictionary learn-
ing and linear classification rule from distributed training data. Our development in
this regard leverages the centralized framework of [8] for joint dictionary and classifier
learning, termed discriminative K-SVD (D-KSVD), and the collaborative framework of
[29] for reconstructive dictionary learning from distributed data, termed cloud K-SVD.
We accordingly term the framework developed in this work as cloud D-KSVD. The
second main contribution of Chapter 3 is that it evaluates the performance of cloud
D-KSVD by carrying out a series of numerical experiments on the MNIST dataset of
handwritten digits [30]. The results of these experiments confirm that collaborative su-
pervised learning is superior to local supervised learning, especially in the presence of
class imbalance at (some of the) individual sites. These experiments also demonstrate
that the classification performance of our proposed framework not only comes very
close to that of centralized supervised learning, but is also better than the classification
performance of a collaborative framework based on cloud K-SVD alone.

In terms of connections to prior work, a number of dictionary learning based clas-
sifiers have been developed in the literature in recent years [7, 8, 26, 31-35]. Some of
these works are based on reconstructive dictionary learning [26, 31], while others are
based on discriminative dictionary learning [7, 8, 32-35]. To the best of our knowledge,
however, all of these works assume the (labeled or unlabeled) training data to be avail-
able at a centralized location. Recently, the collaborative framework of cloud K-SVD
was proposed in [29] for reconstructive dictionary learning. In this regard, our work
can be viewed as a demonstration of the usefulness of some of the principles underlying
cloud K-SVD for collaborative discriminative dictionary learning.

While our focus in Chapter 3 has been on combining the ideas in cloud K-SVD
and D-KSVD due to the superior classification performance of D-KSVD in a central-
ized setting, it is plausible that the D-KSVD part of our collaborative framework can
be replaced with some of the other (centralized) discriminative dictionary learning ap-
proaches in the literature.

Outside the realm of dictionary learning, distributed classification has been studied



in the literature in various guises. Some of the earliest interest in this topic arose in
the context of distributed sensor networks [36-40]. But the distributed classification
problems studied in works like [36-39] primarily focus on fusion of distributed data for
classification, rather than collaborative training of classifiers at individual sites from
distributed data. Similarly, the focus in works like [40] is on collaborative decision
making, rather than collaborative training, using related (but different) distributed
measurements of the same object. In recent years, there has also been an interest in
parallelizing supervised learning algorithms [41-44]. Such works, however, are based on
the premise that training (labeled) data is initially available at a centralized location.

In terms of the distribution of labeled training data, our work is most closely re-
lated to [45-56]. In [45, 46], the authors collaboratively learn kernel-linear least-squares
regression estimators from training data, which can in principle also be used for classi-
fication. In [47-56], the focus is on the collaborative training of (linear and/or kernel)
support vector machines (SVMs). Although works [47, 48] require the sites to be con-
nected in either a fully connected [47] or a ring [48] topology, other works [49-56] can
deal with more general topologies. The fundamental difference between these works
and our work is that we are interested in collaborative learning of both a nonlinear
map and a classifier. In the context of kernel SVM training, this would be akin to joint,
collaborative learning of a kernel and an SVM. To the best of our knowledge, however,

none of the earlier works address such a problem.

1.1 Notational Convention

Bold upper-case and lower-case letters are used to denote matrices and vectors, respec-
tively. Lower-case letters denote scalars. We denote the £y, £1, and ¢ norm of the
vector v by ||v|o (number of non-zero elements of v), ||v||1, and ||v||2, respectively and
| X || denotes the Frobenius norm of matrix X. The k-th column of X is denoted by
X and v; denotes the i-th element of v. Xz is the matrix consisting of columns of
X with indices Z. e; denotes the j-th column of the identity matrix. Furthermore,

vi ® va denotes the pointwise product of v; and vo. We write [K] for {1,..., K}. For



two matrices A and B of the same dimensions m x p, we define their distance to be
d(A,B) = max ||a; — b;||2. (1.2)
1€[p]

For any matrix X € R™*P consisting of unit-norm columns, we denote the worst-case
coherence as
= max [(X;,X; 1.3
p= el ) (1.3
i7]
where (x;,x;) denotes the inner product of x; and x;. Also, we define the average

coherence of X as

v= Lmaux‘ Z(xi,xj)‘ (1.4)
We use f(e€) = O(g(e)) if lime—o f(€)/g(€) = ¢ < oo for some constant c.

1.2 Thesis Outline

The rest of this thesis is organized as follows. In Chapter 2 we analyze the performance
of dictionaries learned using the so-called maximal response criterion. By introducing a
condition for the coefficient vector, we provide conditions for which the true dictionary
maximizes the objective function, in a local neighborhood. The implications of the
conditions are discussed in section 2.3.

In Chapter 3 we study the problem of learning a nonlinear classifier from distributed
training data. We assume the training data is distributed among connected sites and
the sites collaboratively learn a dictionary and a linear classifier, without exchanging
raw data points. We demonstrate the effectiveness of the proposed scheme in numerical

experiments in section 3.3.



Chapter 2

Maximal Response-Based Local Identification of

Overcomplete Dictionaries

In this chapter, we address the problem of dictionary identifiability. Considering the
response maximization criterion proposed in [10] for dictionary learning, we obtain
conditions on the sparse representation of signals and the underling dictionary to ensure

reliable recovery of the dictionary. We formulate the problem in the next section.

2.1 System Model

In dictionary learning, we assume an observation y € R™ is generated via
y = Dox + n, (2.1)

where Dy € R™*P ig a fixed dictionary, x € RP is the signal coefficient vector, and n €
R™ is the underlying noise vector. Given a signal matrix Y consisting of observations
Yk, k € [N], the goal is to find a representative dictionary, D, and a coefficient matrix
X consisting of signal coefficient vectors xj, k € [IN], such that the representation error
is minimized. In other words,
(D*,X*) = argmin ||Y — DX|%. (2.2)
DeD,XeX

The dictionary class D is defined by
D £ {D' e R™?,||dj|l2 =1:j € [p],rank (D') = m < p}. (2.3)

We also assume the non-zero singular values of D € D are in the interval [v/A, vB].

We assume the coefficient vector is sparse, i.e.

X2 (X e RV |xlo < 51 j € [N]), (2.4)



where S denotes the sparsity of the coefficient vector and S < m.

Similar to [10], to minimize (2.2), we use the response mazimization criterion

ma max || D7 , 2.5
max 2 max [Dryelh (2:5)
kE[N]

which maximizes the ¢; norm of the S largest responses. We can interpret (2.5) as the
generalization of the K-means objective function [10]. The asymptotic version of (2.5)
can be stated as

E D3 . 2.6
sy (o Dy 2:0)

In [10], local identifiability results are obtained using the response maximization cri-
terion for dictionaries generated from randomly sparse signal coeflicients in the presence
of noise.

We now introduce the signal coefficient model. We consider a sequence ¢ € R?

satisfying
cp>cp>-->0c, >0, |c]2 =1 (2.7)
We construct the signal coefficient vectors using the relation
x =0 ® Pc, (2.8)

where P € RP*P is a random permutation matrix and o € RP is a sign vector with
elements taking values +1 randomly. In this case, the coefficient vector x is equal to
o © Pc with probability 2%})!, for permutation matrix P and the sign vector o. While
there is no sparsity assumption on x, additional constraints on the decay of the elements

of ¢ can be made to prove identifiablity results for the underlying dictionary.

2.2 Asymptotic Identifiability Results

In this section, we provide a variation of Proposition 6 in [10]. While this case is the
most basic setting where noise is not present, the proof technique can be used in all

theorems in [10] to improve the results stated in there.



Theorem 1. Consider observations generated via (2.1) with noise variance o = 0, let
D € D be a dictionary with worst-case coherence p and average coherence v, where

v< 10% holds and let x be the signal coefficient generated according to (2.8). If c

satisfies

cs > cs+1 + 26pu+/logp, (2.9)

then there is a local mazimum of (2.6) at D with high probability. Moreover, for
any perturbation of the true dictionary, D= (&1, .. ,Hp) with d(D,]S) < €, we have

E, <m3X|I|:s Hf)}y”%) < E, (max|zj_g |[D5yl|}) with high probability as soon as
cs — csy1 — 26p+/logp
25p2SvVB
1+ 3\/Iog <(CS—CS+1—26NV10gP)(Zie[S] Ci))

Outline of Proof: The proof of the theorem follows from steps taken in [10]:

e <

(2.10)

e We show that for a fixed permutation, the maximal response is obtained by Dz,
where Z; denotes the indices of the coefficient vector elements corresponding to
{citiers)- To this end, we introduce the decaying condition in (2.9), which is less

restrictive than the decaying condition in [10] for the decay of elements of c.

e The rest of the proof is similar to the proof of Proposition 6 in [10]. (2.6) is
computed for e-perturbations of the original dictionary, i.e. d(D,f)) < ¢, and
it is shown that for small perturbations of the original dictionary and most sign
sequences, the maximal response is obtained by f)zs- Using arguments on the loss
of D over the typical sign sequence of all permutations compared to the maximal
gain over approximately atypical sign sequences, it is shown that D maximizes

(2.6) locally.

We introduce a lemma essential to prove Theorem 1.

Lemma 1. Consider observations generated according to (2.1) with noise variance
o = 0, where the dictionary D € D has worst-case coherence p and average coherence

v, and let the coefficient vector be generated according to (2.8). Then, for any i € [p],
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any t > 0, and any p satisfying \/p < t/v, we have

]P’( 3 aj(didy)| > t> < dexp (-“_”\/@2> . (2.11)

14412
jem a
2.3 Discussion

JFi

log j2

The condition v < p in Theorem 1 is implied by conditions 1 S <m and v

5

and according to [12], there exist dictionaries that satisfy v < ﬁ'

To analyze our result and compare it to the analogous result in [10], we study the
basic setting where c is S-sparse and {c;}5 | = %, resulting in ||c||; = v/S. According
to the decay condition in [10], ¢s > ¢s41 + 2u||c||1, we have recovery of the true dictio-

nary as long as S < 5-. From the Welch bound [57], this translates to sparsity levels of

order O(y/m). With the new decay condition cg > c¢g41 + 26u+/logp, we can recover

the true dictionary as long as sparsity levels are of order O(:7%-). Hence, we are able to

logp
overcome the fundamental limitations of [10] where, regardless of the dictionary, there
is a square-root bottleneck for S, whereas, we get close to a linear scaling. Although we

have only studied the noiseless asymptotic case, the decay condition for the coefficient

vector can also be used in noisy and finite sample settings.

2.4 Appendix

Lemma 2 (The Complex Azuma’s Inequality [12]). Assuming the probability space
(Q,F,P), let Ml, . ,Mn be a complez-valued martingale difference sequence on (2, F,P)

with |]\Z| <¢; fori € [n]. Then for anyt >0,

— 2
| > < —_— | - .
]P< il > t> < 4exp < S C?) (2.12)

2.4.1 Proof of Lemma 1

1€[n]

The proof of the lemma follows similar steps as Lemma 3 in [12]. Assuming the per-

mutation matrix P € RP*P:

P= [eﬁ(l), €r(2):- - eﬂ(p)]Ta (213)
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the measurement vector y can be stated as
y =D(o ®Pc) = Dyn(o ©c), (2.14)

where II = {m(¢)}}_; and Dy is the column-wise permuted version of D. We now
introduce the method of bounded differences (MOBD) [14] that uses Azuma’s inequality
for bounded martingale difference sequences (BMDS). For a fixed index 4, conditioned
on the event Ay = {m(i) = i’} and the sign vector o, writing the coefficient vector
elements as x; = 0jc.(j),J € [p], we get

< D> Tic((d > t‘““%’v") = P( > Uﬂl(j)cj<di’7dﬂ(j)>’ > t‘Ai’70'>-

JEP] JEP]
J# J#i

(2.15)

To obtain an upper bound for (2.15), we define a random (p—1)-tuple II"™* = {m(k)}}_,,

i and construct a Doob Martingale (Mo, My, ..., My_1):

M() = E[ Z Uﬂfl(j)Cj <di/,dﬂ.(j)>‘./47y, 0':| y and
i€lp]
JF
M, = E[ Z Or-1(j)Ci{dir, dr( H%Z}k 15 Airs U} ; (2.16)
J€lp]
JF
for ¢ € [p — 1], where {7} “}{_, denotes the first £ elements of [T°" Similar to [12], we

can bound |My| by

|Mo| = ‘E[ > Uﬂ—l(j)cj<di’7dw(j)>‘-/4i’7ol ‘

JEP]
J#i
<Z’O’—1 C] dzvd ) ‘Al’ ”
JEP]
J#i
< Z Cj Z dz 7d >
J€[p) qe[Plp
J#i g
< vl

<vvplel2
= v\/p. (2.17)

h#
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To utilize Azuma’s Inequality, we have to construct a BMDS from (My,..., My_1).
Defining Mg = My — M;_; for £ € [p— 1], it is necessary to find the upper bound \MA.
According to [58], we have |M;| < sup,. s[M(r) — My(s)] where M,(r) is defined as

MK(T [Z Or—1(j)Cj (dyr ,d ‘{ k_z ;; 11,7% =r, Ay, o, (2.18)
JE[P]
J#i

for ¢ € [p —1]. To find an upper bound for |My(r) — My(s)|, we have

|MZ(T) Zaﬂ I C] dZ'vd |{7TkZ ﬁ; 11777-[ —T,Ai’,O’]

J€lp]
J#i

—E[{dy, dn( >H7rkz T :37Ai’7°'])‘

< Z cj
JEP]
JF#i

—E |:<d2/7dw(])>’{ﬂ-lzl}i;11’7rzl = SvAi’,o-] ‘

= > gldesl+ Y ejldegl, (2.19)
J<i+1 G>4+1
J#i J#i

|:dzad7r(] ‘{ﬂ-lzz}k 1,71'[ _7"7“42'/’0']

where

dj = E[(dy, dey) [{my Ml =1 Av o] — E[(dy, dygyy) \{wk’}k L =8, Ay, o).
(2.20)

We consider various cases to upper bound (2.19). For the case where ¢ & [p — 3], I is

deterministic. In this case, if 1 < /,

ST ¢ildegl = corl(dy, dy) — (dy,dy)]
JE[+1]
JF#i

< 2ucpyq. (2.21)
Similarly, if i > €, 3 icper1) ¢ilde| < 2pce.
J#i
If ¢ € [p—3], for any j > £+ 1,j # i, w(j) has a uniform distribution over

) = {my Yoo = o Ag} and [p] — {{m 1), = s, A}, conditioned on
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{{W,;Z}k 17772 =r, Ay} and {{Wk’ i 11,7rZ = s, Ay}, respectively and we have

1
dpi| = ——|(dy, d,) — (dy, d,
| p—€—1‘< ) — )|
2p
. 2.22
S (2.22)
If £ € [p— 3], for any j < £+ 1, we study three cases for i. If i <, > icpq1)¢jlde | <
J#i
2ucotr. If i =4, Eje[@-i—l} Cj‘d@yj‘ <2ucp and if i > €41,
J#i
Y gldeyl < 2u<q+%>. (2.23)
jelet1]
J#i
Denoting d; = > _jelp) Cilde,z|, we have sup,. s[My(r) — My(s)] < 2ud,, where
J#i
+ PR > lep-—3
Co T Coy1 i, 1 i—¢+92Cjs — 9
dy = p—t—1777 (2.24)
cr C & [p— 3.

To use the complex Azuma’s inequality, it is necessary to upper bound qup_l] d%:

1 P p—1
2 _ [E—
Do di= 3 (atemto—y D)+ D d
Lelp—1] Le[p—3] J=0+2 l=p—2
2(ce+ cor1) w 1 a 2
_ 2 2 28 T Cry1) ,
3 (i 20§ S )
te[p—3] j=b+2 =642
+c ot (2.25)
Since ¢ is non-negative and non-increasing, 2cscpr1 < 2¢y and we can write
p—3
]+ cjy1 + 2c0ce1 < Ajcll3 — CZ,Q — c?),l. (2.26)
/=1

Denoting |c||;™ £ |lc|li — _ic[n] Ci» Which has p — n elements, we have [c[;{" < (p —

n)cpy1. Therefore,

3 2(ce + coy1) zp: =Y 2(ce + cor)ef; Y
J— — ] - — J—
iy PN ST ey p—t-1
> deg(p — £ —1)cpyo
Wy PTETT
= Z degepyo
Le[p—3]

< 4llc3. (2.27)
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Similarly, we have

1 P 2 ||C||1—(12+1) 2
T ) E (e
p—3] j=t+2 Le[p—3]
< Z C§+2

¢e(p—3]
< [lell3. (2.28)
Adding the upper bounds in (2.26), (2.27), and (2.28) for (2.25) results in
> di <93 (2.29)
Le[p—1]

We have established that (M, ..., Mp_l) is a BDMS with | M| < 2ud, for ¢ € [p — 1].

We have

> orrgyei(di, dag))

J€lpl
JFi

(a)
< P (|My—1 — My| > tl[c||2 — vy/pllc||2|Ai. o)

= ( Z M, >t||c||2—y\/]7||c||2‘Ai/,o'>

(®) t— %||c|13
Y ey (BRI
16:“*22511 dy

t—v 2
< 4exp <_(144M\/2@> , (2.30)

> t‘Ay,O’)

where (a) follows from (2.17) and (b) follows from the complex Azuma’s inequality for
BDMS in Lemma 2. Taking the union bound over all events .4;; and sign sequences,

we have

“

> on (sl dw(j>>‘ > t)

JElp]

JFi
< E E ( E g —1(]-)Cj<d7;/,d7r(j)>’ > tHCHQ‘AZ‘/,U)P(Ai/)P(O'j)

Jelpli'elp] Je[p]

Jj#i
(t—vy/p)?

< _— .
< 4exp < 1442 , (2.31)

where i’ can be replaced with any i € [p],i # i’ and the inequality holds for all i.
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2.4.2 Proof of Theorem 1

The objective function in (2.6) can be restated as

£, (s D2yl ) = B8, (o [D5Dx)

=E,E, < max ze; |(d;, Dx)| ) : (2.32)

We now show that the maximum of (2.32) is obtained via Z = Z,, where Z, =
»1({1,2,...,5}).

Selecting t = 13u+/logp, as long as the condition v < p logp is satisfied, we have

t—vyp > 0 and exp (—“14”4‘/{;) ) < p~!. Therefore, with high probability, for any

1 € I, we have

|<di)Dc7T,0'>’ = ‘O'i + Z 0;iCr dl,d >‘
JE[p]
J#

>CS_‘ZJJ dz,d>}
JEP]
i
(d)
> cg — 13u+/log p, (2.33)

where (c) follows from the triangle inequality and (d) follows from substituting e =

13p4/logp in (2.11). Similarly, for all i & Z, we have

(di, Dero)| = |oici + > | ojen(s)(di, dj)|
J€[p]
j#i
<CS+1+|ZU] <dz;d>‘
J€[p]
j#i

< csy1 + 13u+/logp, (2.34)

with high probability. Thus, the condition c¢g > cg+1 + 26u+/logp ensures that the

maximum of the objective function is attained at Z;. The next steps follow similarly
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from [10]. We can write (2.32) as
E, (max HDIyrh) _E,E, (|D% Dx]\)

1z
<Z\c )00 Y Tjcn(; dz,d>}>

1€Ts JE[P
J#i

=c+-+cs. (2.35)
Now, we compute the expectation for the perturbation dictionary D with the distance

d(D,D) = ¢ from the original dictionary D. It is clear that ||d; — di]l = ¢ and

max; €; = €. We can state d; as

d; = a;d; + Bizi, i € [p), (2.36)

4 1
)

2 1
where o; = (1 — %), 8 £ (2 — %)2, and z; satisfies (d;, z;) = 0, ||z;]|]2 = 1. Hence,

E, (max HDIyul) —E.E, (rznggz \@-,Dcm(»\) . (2.37)
T e

1Z|=5

We show that for perturbed dictionary D and most sign sequences, the maximum of

(2.37) is also attained by Zs. For all i € Z5 we have

](dZ,Dc7r o) > a;(cs — 13un/log p) — Bi|(zi, Dcr o)l (2.38)
where (e) follows from (2.33). For all i € Z; we have
~ (f)
[(di, Dero)| < ai(esta + 13pn/logp) + Bil(zi, Der o), (2.39)

where (f) follows from (2.34). Using Hoeffding’s inequality, we get

P (Bi|(zi; Dero)| > t) < 2exp <—2t:2> . (2.40)

7

Therefore, except with probability 2 exp ( 2 ) we have
[(di, Dego)| > ai(cs — 13uy/log p) — t, Vi € T,
\(az-,Dcm,)] < a;(cs41 + 13uy/logp) +t,Vi & Zs. (2.41)

Setting t £ %(cs — 541 — 26pn/Tog p ) we ensure that

max > [(di,Derg)| = Y |(di, Dero)l. (2.42)
ez €T,



17

The next step is to compute the expectation of (2.42) over o. For this purpose, for
each permutation m, we define two sets. One set is the set of all sign sequences that
results in 3;|(z;, Dcr )| > t, while the second set is the set of all sign sequences that

results in 3;](z;, D¢y )| < t. Following similar steps as [10], we get

- (Z\(&i,Dcm >_ <Z\az )+ oileud; + Bizi, Y ojcx d])\>

1€Ts 1€Ts J€Elp]
JFi

1€7Ls
and the form of the objective function for the perturbed dictionary becomes

E ax ||D5
s (1B )

_ — 2%6u/Togp — )2 .
S4eS\/§Zexp —(CS AR pviosp = 5) + at--tes Zai.
8e? P
ie;% ¢ 1€[p]
€

(2.44)

To ensure Ey (maxzi_g[[D3yl1) > Ey (maxmzs ||f)}y|]1>, the following condition

arises:

2.45
¢+ +cg 8¢2 ( )

)

8Sp*vB exp <_ (cs — cs41 — 26u+/logp — 622)2>

which is ensured by (2.10).
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Chapter 3

Dictionary Learning Based Nonlinear Classifier Training
from Distributed Data

In this Chapter, dictionary learning is employed to design a non-linear classifier from
distributed training data. We consider a distributed setting where training data is
distributed among sites. Our goal is for the sites to collaboratively learn a joint dictio-
nary that transforms the data to a higher dimension and a linear classifier to classify

transformed data. We formulate the problem formally in the next section.

3.1 Problem Formulation

Consider a collection of K interconnected sites. We express this collection through
an undirected, connected graph G = (V,€), where V = [K] and € = {(i,j) € V X
V : sites i and j are connected}. Each of these K sites is interested in classifying p-
dimensional data into one of L possible classes. In order to facilitate this classification
task, we assume each site ¢ has access to INV; labeled training samples {(yg,ﬁg )};V:il,
where yg € R™ denotes a training sample, Eg € L denotes the label of yf ,and £ = [L].
Given these N = >, ), N; labeled training samples distributed across different sites,
we are interested in collaboratively and jointly learning a nonlinear (feature) map ®p
and a linear classifier C such that (ideally) C(®p(x)) = ¢x for any sample x € R? that
belongs to class /x € L. Note that the composition C o ®p : R™ — L in this case is a
nonlinear classifier in the input space.

In order to solve this problem, we resort to the framework of discriminative dictio-
nary learning in which the nonlinear map ®p is induced by a dictionary D € R™*P

according to (1.1). We motivate that framework by collecting the training samples

{yf}jv;l into a matrix Y; € R™Yi and writing Y = [Y1,Ya,..., Yk]. In addition, we
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associate with each label EZ a label unit-vector hg =€, € R, where e, denotes the
Eg -th column of the L x L identity basis. Then, collecting the label vectors {hg }jvz’l

into a matrix H; € RExNi

and writing H = [H;, Ho,...,Hg], the problem of joint
learning of a dictionary D € R™*P and a linear classifier C can be posed in terms of
the following optimization problem [8]:

(D", W*,X") = argmin [|Y — DX|[7 +~|H - WX|% +5|W|7,  (3.1)

D,W,XcX

where
X 2 (X' e RPN, Ixllo < 5:j€N]}. (3.2)

Here, X € RP*N denotes the coefficient matriz, W € REXP denotes the classifica-
tion matrix, and the final classification rule C is defined in terms of the matrix W
as C(Pp(x)) = argmaxser |[[WPp(x)]¢|. Note that the regularization parameters -y
and f in (3.1) control the discriminative power and the complexity of the classifier,
respectively.

While (3.1) is a non-convex problem, [8] provides a solution to this problem under
the rubric of discriminative K-SVD (D-KSVD). But the D-KSVD framework, which
relies on the K-SVD algorithm of [3] for dictionary learning, assumes (Y,H) to be
available at one location. In contrast, our goal is to collaboratively solve (3.1) at each
individual site when the training data is split across K sites (see Fig. 3.1) and sites
do now want to gather all the distributed data at a centralized location for supervised
learning due to the massive size of these data or privacy concerns. Given the nature of
this problem, we can in fact only learn K different dictionary—classifier pairs (]52, Wl),
one pair at each site, but our goal is to ensure that the classification performances of

these pairs remain close to each other.

3.2 Proposed Collaborative Framework

In this section, we present our approach to collaborative learning of (]5,,\7NV1) at each
individual site from distributed training data. We term our proposed approach cloud

D-KSVD, which is based on the centralized D-KSVD solution to (3.1) proposed in [§].
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Local Data at Site 3

e ——
Yz = RmXN:a H YS = R?RXN3 . YK = Rmex

Global Data

Local Labels at Site 3
F——

USRI RN I 3 P

Global Data Labels

Figure 3.1: An illustration of the distribution of labeled training data across sites.

Before discussing cloud D-KSVD, however, we first provide a brief review of (central-

ized) D-KSVD for discriminative dictionary learning.

3.2.1 Centralized D-KSVD

The key to the D-KSVD solution of [8] is transformation of the discriminative dictionary
learning problem (3.1) into the classical reconstructive dictionary learning problem [3].
Specifically, notice that (3.1) can be rewritten in the following form:

2

* * * . Y D 2
(D*, W* X*) = argmin — X\l +BIW| 7. (3.3)

D,W,XeX \FYH \/W -

~ T ~
Next, define Y € Rm+L)xN & [YT \/»VHT} as “training data” and D € R(m+L)xp &

T
[DT VAWT | as “reconstructive dictionary”. 3 W% term in (3.3) can be removed

as D is normalized column-wise. In other words, [8] promotes the use of the following
optimization program as a surrogate for (3.3):

(D*, X*) = argmin | Y — DX||%. (3.4)
D,Xex
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Training Algorithm

The formulation in (3.4) reduces the problem of learning (D, W) from the training data
to that of learning a reconstructive dictionary D from Y. In the D-KSVD formulation,
(3.4) is solved using the K-SVD dictionary learning algorithm [3]. This involves initial-
ization with some f)(0)7 followed by an alternate-minimization procedure that alternates
between solving (3.4) first for X by fixing D and then for D by fixing X. Specifically,
assuming K-SVD has started iteration ¢t > 0, it estimates X® by carrying out sparse

coding as follows:
X® = argmin [|[Y — D& VX% (3.5)
XeXx

Note that (3.5) can be efficiently solved using a number of greedy or optimization-based
algorithms [3].

Next, K-SVD estimates D® by carrying out dictionary update as:
D® = argmin ||[Y — DXV 3., (3.6)
D

The main novelty of K-SVD lies in the manner it efficiently solves (3.6). To this end, K-
SVD fixes all but the k-th column a,(:), k € [p], of D® and then (dropping the iteration
count for ease of notation) defines the representation error matrix E; = SA{—Z itk (Aijx{p,
where X‘gp denotes the j-th row of X®). Next, it obtains a column submatrix EkR of the
matrix Eg by retaining those columns of E; whose indices match the indices of the

samples in Y that utilize 8,(5). For this purpose, wy, is defined as

wy, = {ili € [p],x}(i) # 0} (3.7)

and €y, is defined to be a matrix of size N X |wg| with ones on the (wg(i),4) entries
and zeros elsewhere. Then, x’f% = Xl%ﬂk denotes the row vector consisting of only non-
zero entries of x? and Y = Y, denotes a matrix consisting of samples that utilize
column dg. Similarly, EkR = E;; denotes the error columns corresponding to Y,]f.
It then attempts to minimize |E£ — djx5||% using SVD. It updates 8,(;) by setting it
equal to the dominant left singular vector of EX. In addition, it is advocated in [3] to

simultaneously update the k-th row of X() at this point by setting its nonzero entries
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equal to o1v?, where o and v; denote the largest singular value and right singular

vector of EkR, respectively.

Classification Algorithm

Since K-SVD is guaranteed to converge under appropriate conditions [3], the D-KSVD
algorithm obtains D from (3.4). The next challenge then becomes splitting D =
[DT \ﬁWT ! into a desired discriminative dictionary D and a classification ma-
trix W. One of the main contributions of [8] is establishing this relationship between

the desired (]S,W) and the (D, W) learned using (3.4). Specifically, [8] shows that

15:[ 4 dp d } d 3.8
[k [k - (&Rl ™ (3.8)
W — { w1 wo w } . 3.9

[k [k o 40k (3.9)

Once the pair (]5,{7VV) is obtained, the classification proceeds as follows. Given a test
sample y € R" that belongs to one of the L classes in £, we first obtain

X=05(y) = arg min |y — Dx||3. (3.10)

Next, we define h = WX and then use the classification rule C(®5(y)) = argmaxe, I[h]],

where [h]; is the {-th entry of h.

3.2.2 Cloud D-KSVD

We are now ready to discuss our proposed collaborative framework for discriminative
dictionary learning. Similar to D-KSVD, we are interested in solving (3.4) for D at
each site. But the major difference is that Y = [?1,?2, .. ,?K] is now distributed

~ T
across K sites, where Y; = [Yf \ﬁHﬂ .

Initialization

Unlike D-KSVD, initialization of DO in (3.4) is also a function of the training data at
individual sites. In cloud D-KSVD, we proceed with the initialization of the dictionary

f)l(-o) locally at the i-th site as follows. First, we initialize a dictionary D ¢ rmx»

%
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(0)

and carry out local sparse coding using D, ", i.e.,
X, — : 1O 2
; = argmin||Y; — D,/ X]|%, (3.11)
XEXL'

where

X 2 X e RPN |kl < S 1 j € [Ni]} (3.12)
Next, we initialize a local classifier matrix WEO) by solving

0 .
W = argmin [H; — WXil[F + 5 W (3.13)

Note that (3.13) is simply a multivariate ridge regression problem, with the closed-form
solution given by

w — (x, X7 + 1) ' X,;H! . (3.14)

Finally, we set the initial dictionary at the i-th site, ¢« € V, as follows: IA)EO) =
T

0T 0T
DO" W

Training Algorithm

(0)

After initialization, each site ¢ € V' has access to f)Z that is obtained using local data

m+L)Xp by relying on a

only. Our next goal is to solve (3.4) at each site for D; € R(
collaborative variant of K-SVD that alternates between solving (3.4) first for (global)
X by fixing D; at each site and then for D, by fixing X = [X1, Xo, ..., X k], which will
always be partitioned across the K sites. In a recent work [29], it is proposed such a
collaborative variant using the moniker of cloud K-SVD. Specifically, assuming cloud
K-SVD has started iteration ¢ > 0 in the network, each site only updates the sparse
representation of its local ?z through sparse coding as follows:

X" = argmin |Y¥; — DY VX|[2. (3.15)
XeX;

Next, sites focus on collaboratively updating their individual dictionary estimates
{]/jgt)}iey. In this regard, cloud K-SVD takes its cue from K-SVD and fixes all but the
k-th column aft,z of f)l(t) at each site. The next challenge then is defining the global,

reduced representation error matrix EkR (we are once again dropping the iteration count
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for ease of notation), since there are K different versions of dictionaries in the network.
In order to address this challenge, cloud K-SVD first defines local representation error
matrices E;, = ?Z — Z#k amxz,T, where ngT denotes the j-th row of Xl(-t). It then
obtains a submatrix Eﬁk of E;; by retaining the columns of E; ;, whose indices match
the indices of the samples in SA{% that utilize &ft,z Finally, it defines the global, reduced
representation error matrix as EkR = Efk, Egk, e ,E% i | » which is distributed across
the network. Cloud K-SVD then advocates to update al(t,z by setting it equal to the
dominant left singular vector u; of Ef. Note that u; is also equal to the dominant
eigenvector of M = EkREkRT = Zz‘ev M;, where M; denotes EkafkT. One of the main
novelties of cloud K-SVD in this regard is formulation of a collaborative variant of the
classical power method [59] for estimation of the dominant eigenvector of M. This
variant, which is described and rigorously analyzed in [29], relies on a finite number
of iterations of distributed consensus averaging [60]. While more details of this part
of cloud K-SVD can be found in [29], including a discussion of the doubly-stochastic
mixing matrix needed for distributed consensus, the end result is that each site obtains
an updated agtg that can come arbitrarily close to u;. Finally, cloud K-SVD also
(t)

simultaneously updates the k-th row of X at this point by setting its nonzero entries

equal to aZTkEfk

Classification Algorithm

The classification algorithm in cloud D-KSVD is identical to that in D-KSVD. Specif-
~ T

ically, each site at this point obtains a dictionary D; = Dz.T \/7sz} , which is

then transformed into the final pair (]NDZ,VVz) according to (3.8) and (3.9). Using this

pair, each site can then individually classify any test sample y € R™ according to the

procedure described in Sec. 3.2.1.

3.3 Numerical Results

In this section, we demonstrate the effectiveness of cloud D-KSVD. We use the MNIST

database [30], which consists of 70,000 28 x 28 pixel images of handwritten digits. Due
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to the large number of samples in the MNIST database, dictionary learning yields
better representations of samples compared to other learning techniques such as SVD
or principle component analysis [61], as the data is represented by union of subspaces
in this method.

For simplicity, each image is down-sampled to have only 256 features. We work on
digits 0 to 4 in experiments (L = 5) and we consider a total of 10 sites. We perform
5-fold cross validation on the database by treating % of the data as test data and the
rest as training data in each fold. In the first set of experiments, we divide the training
data uniformly, between the 10 sites. We train dictionaries using centralized D-KSVD
(assuming all data is available at a single location), cloud D-KSVD, local D-KSVD
(assuming each site performs training on local training data only) and cloud K-SVD
(sites collaboratively learn purely representative dictionaries, one for each class). We
also train a linear SVM for the centralized data for comparison with cloud D-KSVD.

To initialize the discriminative dictionaries, we first perform 10 iterations of K-SVD
for the centralized and local setting and cloud K-SVD in the distributed setting. We
then initial the classifiers according to (3.14) using these initial dictionaries. Then, we
perform 50 iterations of D-KSVD for centralized and local setting and cloud D-KSVD
for distributed setting. The parameters selected in these experiments correspond to a
sparsity constraint of S = 10, v = 0.83 and p = 500 number of dictionary columns (100
columns for each class).

For the representative dictionary, we train a separate dictionary for each data label
by performing 60 iterations of cloud K-SVD. We set S = 10 and p = 100 for each
dictionary (total of 500 atoms for 5 dictionaries). To classify a test data sample, the
coefficient vector of the test sample is obtained for each dictionary using sparse coding.
The assigned class to the sample is the index of the dictionary that best represents the
sample (has the least representation error).

The test data classification results are shown in Fig. 3.2(a) where the sites’ average
classification error is plotted along with the worst case and best case error for each
label for cloud D-KSVD, local D-KSVD and cloud K-SVD. The results demonstrate

that cloud D-KSVD outperforms local D-KSVD and has a performance close to the
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centralized D-KSVD and centralized linear SVM. Also, the classification performance
of various sites is approximately identical when using cloud D-KSVD due to the fact
that they are collaborating with one another. Note that non-linear SVM will likely
outperform linear SVM, but we do not make the comparison with non-linear SVM here
as our parameters are not optimally chosen. Finally, observing the classification error of
cloud D-KSVD and cloud K-SVD, it is evident that cloud D-KSVD outperforms cloud
K-SVD for all the class labels.

In the second set of experiments, we consider the case of the sites not having the
same number of training data. In real world applications, some sites may have access
to a smaller number of training data and there may be class imbalance in some sites
(different class sizes). We consider that 80% of the labeled data is distributed among
half of the sites, while the other 20% is distributed among the other half of the sites.
The chosen parameters are similar to the previous simulations. The classification errors
for this case are plotted in Fig. 3.2(b). It is apparent that distributed learning of the
dictionary and classifier has a great advantage over training based on locally available
data for sites with a smaller number of training data.

In the case of balanced data across sites, the normalized distance of the dictionary
learned by centralized D-KSVD, f)c, and the one learned by cloud D-KSVD at site i,

D D.i, as a function of the number of dictionary learning iterations, is defined as

2
Lo t=[50], i€V, (3.16)

T

The dictionary f)c is equivalent to p!2P other dictionaries that consist of column-wise
permuted versions of f)c with all possible sign flips for atoms. Due to different ini-
tialization of dictionaries, the normalized distance between f)c and D D, is an upper
bound for the normalized distance between the equivalent class of ﬁc and D D.i-

Fig. 3.3 plots this normalized distance averaged over 10 sites along with the least and
most normalized distance as a function of the number of iterations. It is evident that
the average normalized distance does not vary significantly across different iterations

and sites obtain similar dictionaries.
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Figure 3.2: Performance summary of cloud D-KSVD. (a) and (b) compare the clas-
sification performance of cloud D-KSVD with that of centralized and local D-KSVD,
centralized linear SVM, and cloud K-SVD. The results for cloud D-KSVD, local D-
KSVD and cloud K-SVD are displayed using bars to highlight the best, worst, and

average error across sites.
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Figure 3.3: The average normalized distance along with the least and most normalized
distance between the dictionaries obtained using cloud D-KSVD and centralized D-

KSVD as a function of the number of dictionary learning iterations.
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Chapter 4

Conclusion and Future Work

In the first part of this thesis, we focused on the problem of dictionary identifiability.
Considering the maximal response criterion, we obtained conditions on the underlying
dictionary and the coefficient vector to ensure reliable recovery of the true dictionary.
Future directions of this work include extension of this proof technique to other dic-
tionary learning objective functions, developing minimax lower bounds for dictionary
learning, and analyzing dictionary identifiability for structured signals such as tensors.

In the second part, we developed a collaborative framework for learning a nonlinear
classifier from distributed data. Our framework corresponded to joint learning of a
dictionary and a linear classifier by leveraging recent results on discriminative and
collaborative dictionary learning. In order to verify the effectiveness of our approach, we
carried out numerical experiments that showed that the performance of our framework
comes very close to that of centralized methods. Further aspects of this work that
can be further explored are providing rigorous analysis for the convergence of local
dictionaries and linear classifiers and their deviations from centralized counterparts
and replacing D-KSVD part of our collaborative framework with some of the other
(centralized) discriminative dictionary learning approaches for enhanced efficiency and

performance.
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