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nature of 0-0 connectivity with respect to two 0-3 types in many properties, and (iii)
the extraordinarily high value of C,,, are the three most intriguing features of the
multiferroic composite here. When the interface is not perfect, most of the constants

are found to be reduced from their counterparts with a perfect interface.

5.3.2. Magnetoelectric coupling and overall properties of 1-1 composites

With the symmetric, axial direction pointing along 3-direction and 1-2 plane
isotropic, we now display the 17 calculated effective constants for 1-1 connectivity
and compare them with the two 1-3 composites, CFO-in-BTO and BTO-in-CFO. The

results with an imperfect interface will also be shown to disclose its effects.

(a) (b)
FIG. 5.8. Effective magnetoelectric coupling coefficients of 1-1 and 1-3 connectivity: (a) az;
and (b) a;.
The effective axial and transverse magnetoelectric coupling coefficients, «;,

and ¢, are shown in Fig. 5.8(a) and 5.8(b), respectively. For «;,,, the three types of

330
composites are seen to exhibit very similar magnitudes over the entire range of CFO
volume concentration. A small crossover between 1-1 and the 1-3 CFO-in-BTO lines
is observed, however, and 1-3 CFO-in-BTO also displays a consistently higher

coupling than 1-3 BTO-in-CFO. For ¢, the characteristics of the three are widely
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dispersed. Within the range of 0.4 to 0.65 CFO concentration, 1-1 connectivity
provides a notably higher magnitude than the two 1-3 composites, but at the low and
the high ends of CFO concentrations 1-3 BTO-in-CFO and 1-3 CFO-in-BTO
respectively dominate the coupling coefficient ¢,,. In comparing Fig. 5.8(a) to Fig.
5.2(a), we also observe that the maximum ¢,, attained in 1-1 connectivity is
comparable to that of 0-0 connectivity, both at about 30x107'°C/(A-m). But the
maximum of ., for the two 1-3 composites are substantially higher than those of
the two 0-3 composites. This trend, however, is reversed with ¢,,, for which the 1-1
and 1-3 composites could only generate a very small magnitude of magnetoelectric

coupling. The imperfect interface is seen to cause both quantities to decrease from the

perfect interface condition.

= 49 = 1-1 connectivity ~ 2 = 1-1 connectivity
5 == 1-1 imperfect g == 1-1 imperfect
z Zz 10p L
o 10k - 1-3 CFO-in-BTO J &~ = 1-3 CFO-in-BTO
o o
® — 1-3 BTO-in-CFO 2 o — 1-3 BTO-in-CFO ]
o o
< 8 =
> =5
2 =
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I%3 153
o o
w [}
O -l 1 ' 1 L l- 0 -l Il 1 ' 1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
CoFe, 0, volume concentration CoFe,0,4 volume concentration
(a) (b)
FIG. 5.9. Effective electric permittivity of 1-1 and 1-3 connectivity: (a) k33 and (b) xi;.
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FIG. 5.10. Effective magnetic permeability of 1-1 and 1-3 connectivity: (a) us3 and (b) u;.
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The effective electric permittivity, «,; and x,,, are shown in Fig. 5.9(a) and
5.9(b), respectively. The axial coefficient x,, is seen to decrease linearly for all
composites, but the x,, variations return to the now familiar pattern that 1-3
CFO-in-BTO is superior to 1-3 BTO-in-CFO, and that 1-1 connectivity lies between
the two. While the general characteristics of «x,, displayed in Fig. 5.9(b) look
strikingly similar to those in Fig. 5.3(b), the magnitudes associated with 1-3
connectivity are seen to be slightly lower than those of the 0-3 ones, regardless of
CFO-in-BTO or BTO-in-CFO. With an imperfect interface the «,; remains largely
unaffected but «,, value is notably lowered.

For u,, and 4, ,the two effective magnetic permeability, the results are shown
in Fig. 5.10(a) and 5.10(b). The axial permeability s,, like «,, is almost linear and
very close for all cases, while the transverse permeability g, shows a reversed
pattern to x,,, since now CFO is the stronger phase. For g,,, 1-1 connectivity
initially behaves like 1-3 CFO-in-BTO but, after the CFO concentration exceeds 0.4,
it takes off remarkably at the high concentration range. Its value is seen to be bounded
between the two 1-3 composites. The effect of interface is found to be negligible for
4y, and weak for g, .

The three effective piezoelectric constants, e,,, e;; and e, are shown in Fig.
5.11(a) to 5.11(c). Constants e,, and e,;, respectively characterize the induced axial
electric displacement, D, , due to a unit strain & and ¢; . These axial
characteristics, as reflected in Fig. 5.11(a) and 5.11(b), are very linear and almost

indistinguishable among the three composites. But the characteristics of e, which
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Chapter 6.

Future work

In the study of carbon-based nanocomposites, we have shown that the imperfect
interface plays a crucial role in the determination of effective electrical conductivity.
And in our current model the concept of interfacial resistivity is introduced to
mathematically account for this interface effect. But one remaining problem is that, it
is still not known yet what factors do interfacial resistivity p depend on. It is very
important to find out the physical mechanism of o, and the formula to determine it.
This is not a trivial problem, since interface effect involves lots of phenomena in
condensed matter physics or even some quantum mechanics effects. The study on
interfacial resistivity probably will go beyond the continuum level and call for more
advanced theories in physics, nanotechnology and quantum mechanics.

On the other hand, our current study on multiferroic composites is limited to the
linear behaviors, which is represented by the piezoelectric-piezomagnetic composites.
However, in many multiferroic composites the material properties are ferroelectric
and ferromagnetic, which are both nonlinear material properties. Lots of additional
problems in the nonlinear behaviors, which are beyond the scope of current theory,
need to be addressed. For example, ferroelectric and ferromagnetic materials are not
homogenous, but consist of many individual domains. Applied external electric or
magnetic field can switch these domains, causing the material properties to change.
Their response to external fields not only depends on the magnitude, but also the

history of external loading. Therefore it is important to investigate the physical
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principle of domain switch. Another well-known characteristic of the nonlinear
behavior of ferroelectric-ferromagnetic multiferroic composites is the hysteresis loop,
as the one shown by the experimental results of Zheng et al.”* More knowledge on the
evolution of microstructural domains is apparently needed to analyze this nonlinear
phenomenon. However the presented linear theory can serve as a starting point for a
micromechanics-based nonlinear study, such as the works by Li and Weng’” and
Weng and Wong®® in the study of domain switch in ferroelectric crystals. In this way,
the mechanisms of polarization switch under a magnetic field and magnetization
rotation under an electric field can be brought to light. This will be another main focus

of our future study.
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Appendix A.

Orientational average of tensors

In our 3-D random effective-medium approach, it is essential to calculate the
orientational average of a tensor. We have given the result for a second-order tensor in
previous chapter but without a formal derivation. Therefore in this appendix, we will
show how to calculate the orientational average of a second-, third- and fourth-order

tensor in details.

A.1. Orientational average of a second-order tensor

Let 7, (i, j=1~3) be an arbitrary second-order tensor, the transformation of

'

T, T

i» T 1s given by

T, = BB Tus (A1)
where S, is the rotation matrix. The specific orientation in 3-D space can be
represented by a set of Euler angles ((pl, 0, (pz), which denotes three consecutive
rotations: (1) the first rotation is by an angle ¢, €[0,27) about the original 3-axis;
(i1) the second rotation is by an angle ¢ e[0, ) about the new 1-axis; and (iii) the
third rotation is by an angle ¢, €[0,27) about the new 3-axis. All rotations follow

the right hand rule. Consequently, we can express the rotation matrix S, in term of

Euler angles (gol, @, goz) as
By =
COSQ, COS@, —SIng@, cos@sing,  sSing, cos@, +cos@, cosPsing,  singsing,
—COos@, sSin@, —sing, cos@Pcos®, —sing,sing, +cos@,cos@cosy, singcose, |.

sing, sin ¢ —Ccos @, sing cos ¢
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(A.2)
To calculate the orientational average of 7., denoted by Ty, we will integrate the

y

TU over the entire 3-D space, such that

— 1 2 perw 2 . d d d
T —WLIZOLZOL,Z:O@kﬁﬂEI singdpdgd ,, (A.3)
where
2 V4 2z,
87° = L}lzo L:OJ. - singdp,dgd,. (A.4)
This can be seen as the integration of a planer angle and a solid angle. Carrying out
the integral in Eq. (A.3), we can get

(A.5)

= 1

Ty = _Tkké‘ij’
3

which is an isotropic second-order tensor. 7; has only one unique component,

which equals to the mean value of three diagonal components of 7. This is the

reason why a tensor equation can be reduced to a scalar equation, as we have done in

previous chapter.

A.2. Orientational average of a third-order tensor

Similarly, let T, (i, j,k=1~3) be an arbitrary third-order tensor, the

T,

transformation of 7, i >

. is now given by

T;’jl‘k = ﬂilﬂjmﬂknT;mn’ (A6)
Then the orientational average of T, denoted by ijk, can be obtained in a similar

fashion

— 1 27 V4 2z .
T?fk = 87[2 J-(pl:() J.¢:O J.¢2:O ﬂilﬂjmﬁkﬂﬂmn sm ¢d¢ld¢d¢2
1

= g (glmn Tlmn ) gi/'k .

(A.7)
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Here ¢, is the third-order permutation tensor. It has to be noted that in certain case,
for example for the third-order piezoelectric moduli tensor e, , we have symmetry

e, = e,, - Therefore its orientational average e« is reduced to a zero tensor.

A.2. Orientational average of a fourth-order tensor

,» 1ts transformation 7}

For an arbitrary fourth-order tensor 7, i

" ., 1S given by

7:’;‘kl = ﬁ[pﬂjqﬂkrﬂlsqurs . (Ag)

Its orientational average T, is then calculated as

— 1 2 o7 2z .
Tiikl = 871_2 J.gz)l:O j¢:0 J.%:O ﬁipﬁjqﬂkrﬂlsqurs sin ¢d¢ld¢d¢2
) 1 1 (A.9)
= g Tmmnn Jijkl + g[]:nnmn - 5 Tmmnn j Kijkl >
where
1 1 1
Jijkl = 5 ij§kl and Kijkl = E(dké‘jl + 5i15jk ) - g 51j5kl' (A.10)

Eq. (A.9) is in accordance with the decomposition of an isotropic fourth-order tensor

give by Walpole.97 Therefore, like the second-order i-,-, fourth-order TW 1s also an

isotropic fourth-order tensor.
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There are eight different types of thermodynamic potentials that can be

developed based on different choices of the (o,¢), (D,E), and (B, H) pairs.

This leads to eight different variants of the electro-magneto-elastic constitutive

equations. Following the work of Soh and Liu,”® they are listed as follows.

Type Independent variables

Constitutive equations

1 s E H
2 o,D,B
3 & D H
4 o,E,B
5 &, E B
6 o,D,H
7 g, D, B

o=C, c—e,E—q H
D=e,e+x, ,E+0 H
B=qye+o0 E+pn,  H
£=S,,0+g,D+myB
E:_gBo-J'_ﬁO',BD_;\‘GB
H=-m,c-A,D+v_,B
o=C,,e—h,D—q,H
E:_hHg+BE,HD_ggH
B:qD8+€gD+u5,DH
=S, ,0+dE+m;B
D=d,o+x, E+n.B
H=-mg,o-n,E+v, B
o=C,,6—e,E—n.B
D=eze+x,  E+n.B
H=-n,¢-nE+v, B
e=S,,0+g,D+p,H
E:_gHO_+I35,HD_g0'H
B=pyo+g,D+p, ,H
o=C,6—h;D—n,B
E=-h,e+p, ,D-A\B
H=-n,e-A.D+v,,B
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=S, ,0+d,E+p H
8 o,E,H D=d,o+x, ,E+a H
B=p,o+a E+pn,  H

In these constitutive equations, each subscript indicates that the corresponding

tensor is measured under which kind of constant field. For instance, C,, means this

elastic stiffness tensor is measured under constant electric and magnetic field, so its
value is different from C,, which is measured under constant electric field and
magnetic flux density. Each set of constitutive equations is related to a kind of
electro-magneto-elastic moduli tensor, which can further be written in the Voigt and
Nye contracted notations as a 12x12 moduli matrix. It has to be noted that, these
moduli matrices are not necessarily symmetric. But in practice a symmetric moduli
matrix is more desirable, so in some cases we rewrite the constitutive equations by
giving some of the independent variables a negative sign, to make the moduli matrix
symmetric. We have done this kind of change in previous chapter, but here we simply
take all the eight kinds of moduli matrices in their original forms.

These eight kinds of moduli matrices are not independent, and actually from any
one kind we can derive the other seven kinds. The way to transform one kind of
moduli matrix to any other kind is presented as below:

(1) When all the independent variables are to be reversed, a direct inversion of the

matrix is sufficient. For instance, given the moduli matrix for independent variables

(g, E, H) , we can find that for (a, D, B) through

-1

Sy g; mJTJ Con —ef{ _q;
—£;5 BU,B _)‘a =| €y K.y @ . (B.1)

—m, _)\‘0 1)a,D 4. a, R
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(i1)) When only one or two independent variables are to be changed, a sequential
conversion is needed. For example, given the moduli matrix for (&, E, H), we can
find that for (a, E H ) In the first place we need to have the moduli matrices for

both (g, E H ) and (G, D,B ) , which are already given in Eq. (B.1). Then we have

the following relations

Di=| e, x,, «a E | (B.2)

At the same time, we also have

& SDB g; mD o
pl=l o 1 o |D| (B.3)
B 0 0 | B
and
o C., -e, —q,| ¢ £ C., -e, —q, To
El=l o 1 o ||E| thus |E|=| 0 1 0| |E]|
H 0 0 | H H 0 0 | H
(B.4)

where the 0 and I denote the zero and identity matrix, respectively. With these

relations we can get

el Sy dy pp|[o
D\=d, x,, a, |E
B Pg a, K,p H
- » (B.5)
SDB g; m; CE7H —eTH _q; CE,H —ez _qlTs <
= 0 I 0 e, K., o 0 | 0 E |,

0 0 I q: o, QP 0 0 | H

which gives us the moduli matrix for (0, E.H )
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The electro-magneto-elastic S-tensor has been studied by Li and Dunn,’ Huang et

al.’ and several others. Here we briefly summarize the method for calculating this

S-tensor with the notations used here. This method can be applied to multiferroic

composites with ellipsoidal inclusions embedded in transversely isotropic matrix, and

the aspect ratio of inclusions can range from 0 to oco. But it also requires that the

symmetric axis of ellipsoidal inclusions must coincide with the symmetric axis of the

transversely isotropic property of the matrix.

First, we define a pseudo material constant "tensor" (which is not a real tensor by

rigorous definition) L, for the matrix phase of multiferroic composites, with

subscript i,n=1~3 and J,M =1~5,

iMn =

With L,

o » We introduce a 5x5 matrix K

Cn J.M=123,
e, J=12,3,M=A4,
q,,, J=12,3,M=5,
e, J=4M=1273,
Q> J=5M=123,
-K,, J=4M =4,
wr J=4M=5&J=5M =4,
-n,, J=5M=5.

-

MJ >

K,, =L, xx

iJMn”"i""n>

T
where x, =[x, x,,x,| . Then we define another pseudo tensor J,,.,

(C.1)

(C.2)
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Jinws (xl’ X35 x3) =x.%,K ) (C.3)
so that it is a function of x,, x, and x;. Next we integrate J, over the volume
of an ellipsoidal inclusion Q:x7/a’+x/a’+x3/a; <1. When this spheroidal
inclusion is symmetric about 3-direction, it satisfies a, =a,, a=a,/a,, where a is

the aspect ratio of inclusion. Hence the volume integral of J,,, can be written as
H,,, = J-QJMMJ (‘xl/al . X,/a,, x;/a; )dV = _[QJinMJ (XI’ X35 x3/a)dV,
1 2z (C4)
= Idrj S (V15 25 v5 /) drd0,
-1 0
where the second equality is based on the fact that J,,, 1is a homogeneous function
of order zero, thus multiplying all the variables by a, will not affect the integral. The
third equality is given by applying a change of variables from x,, x,, x, to

y,=N1-77cos, y =+1-7’sin, y,=r, (C.5)

with 7e[-1,1] and 6 €[0,27]. Finally the S-tensor is determined by

1
_ﬂ_LiJAb (HinMJ + HiMn])’ M=1~3,
1
SMnAb = ELiJAbHirMJ’ M =4, (C.6)
1
4_LiJAbHin5J’ M =5.
T

Still the electro-magneto-elastic S-tensor is a pseudo tensor. For the convenience of
calculation it is generally converted into a 12x12 matrix by the Voigt and Nye
contracted notations.

The integral in Eq. (C.4) can be analytically evaluated only when aspect ratio
a=0 or «. For a general spheroid, it can be numerically carried out by using
Gaussian quadrature, which turns the definite integral into a weighted sum of function

values at specified points within the domain of integration. Thus Eq. (C.4) can be
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rewritten as

1 2z n
H,,, = IdTJ- Jonw (yp Vas y3/a)drdl9 ~ Zwif(ri )a (C.7)
-1 0 i=1

2z

where f(7)= J.JWMJ (¥15 ¥5, y3/)dO, n is the total number of specified points

0

(usually n =20 or more will provide enough accuracy), w, is the weight at each
specified point which can be constructed by different kinds of weight function. Up to
this point the calculation of S-tensor is completed. In general, the S-tensor S is not
symmetric, while SL™' is always symmetric for any symmetric moduli matrix L of
the matrix phase. This can be used as a criterion to check if the calculated components

of S-tensor are correct.

C.2. Explicit S-tensor components for 1-3 and 2-2 connectivity

Explicit forms of the S-tensor are available for 1-3 fibrous composite (o — )
and 2-2 multilayered structure (a — 0). These two connectivities represent the most
widely used microstructures and are frequently adopted in experiments. Their
S-tensor components are summarized and listed below. It should be noted that the
symmetric axis of the transversely isotropic property of the matrix lies on 3-direction,

and 1-2 plane is isotropic.

Type Piezoelectric matrix Piezomagnetic matrix
g =g :5C11+Clz g —g :5C11+Clz
11 22 8C“ > 11 22 8C“ s
1-3
1 3C 1 3C
Sp=Sy=——+_—*% Sp=Sy=——+_—*%

8 8C,’ 8 8C,’
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C e C q
S13:S23:FI?I’ S19:S29:263,1“9 S13:S23:ﬁs Snz:Szlz_zéila
3 C 3 C
S, i S, 2
4 4C, 4 4G,
1 1
S44 = Sss = S77 = Ssg = SlO,lO = S11,11 = E S44 = Sss = S77 = Ssg = SlO,lO = S11,11 = E
S, =S8, = e31e233 +CC13K33 ’ S, =S, = q31q233 +CC13/133 ,
€33 T (53K, Gz T O3l
Ss; =84 = &’ Ss10 =S4y = ﬁ’
o) Cy Cy
-C,e,, +Cse -C,,q5, +C3q
Sy =8, = 332 31 1363 Sm _ Su,z _ 332 31 13933
5, + Cik; Gyy + Catys
S33 = S44 = Sss = S99 = Slz,lz =1. S33 = S44 = Sss = S99 = Slz,lz =1.

Each 12x12 S-tensor has 144 components. All the other components are zero

except for those listed above.

C.3. Explicit S-tensor components for isotropic interphase

In multiferroic composites, the interphase between the piezoelectric and
piezomagnetic phase has isotropic property, as mentioned in previous chapter. In this
case, the components of S-tensor have explicit results, for any aspect ratio of

inclusion from @ =0 to oo.They are given by’

3 a’ 1

9
8(1-v,) &’ -1 +4(1—v0){1_2‘/°_4(T_1)}g(“)9

int _ Qint __
Sll - S22 -

1 3a° -1

=121, + —|[1-2v +£ ()
2(1-v,) at-1 T BN

int _ qint _ 1 a’ e 3
Slz _S21 4(11/0){2(0[2—1) l:l 2V0+4(a2_1):,g(a)},

int
S33
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int _ Qint __
S13 - Sz3 -

1 o’ N 1 3a’
2(1-vy) > =1 4(1-v,)

—(1—2v0)}g(a),

a’ -1

‘ . 1 1 1 3
Slnt:Smt:_— 1_2 1_2 -
31 32 2(1_‘/0)[ Vot a2—1}+2(1—vo){ V0+2(a21)}g(05),

in in 1 2+1 1 3 a2+1
S =S5 ——){1_2‘/0 - 0!2 _Elil =2V, _ng(a)}’
0

2(1-v, a’—1

int 1 o’ 3
See = 2(1—v0){2(a21)+[12V"m]g(a>}’

int _ ot _ gmt _  gint
S5 =S8 = SlO,lO = Sn,n = Eg(a)a

S;gt = Sli;t,u =1 —g(a),

(C.8)
and all the other components are zero. Here v, = (Cf‘l1t -2C% ) / [2 (Cf';‘ -cn )], is the
Poisson's ratio of the interphase, and auxiliary function g(a) depends on the aspect

ratio «, as
o B 1
-1 AY)
———| cos a—a(l—a )2 , a<l,

(1—052)5 -

g(a) - r 1 ©3)
% a((f —1)5 —cosh™ a:|, azl.

(a7 -1)2t

This set of S-tensor can reduce to the commonly used S-tensor for the uncoupled

elastic, dielectric, or magnetic problem.

C.4. S-tensor for other kinds of constitutive equations

We have discussed the method to obtain the electro-magneto-elastic S-tensor,

denoted as S (superscript 1 means "Type 1"), as given in Eq. (C.6). However this

S-tensor is only for a particular kind of multiferroic constitutive equations, which has
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independent variables (g, -E,-H ) It is already known that there are eight kinds of
constitutive equations, and their corresponding moduli matrices are interchangeable.
Theoretically speaking, each kind of moduli matrix has its own S-tensor, and these
eight kinds of S-tensor are also interchangeable. Here we provide the method to
derive other kinds of S-tensor. Unlike the case of moduli matrices in which any one
kind can be used to derive the other seven kinds, the derivation of S-tensors must start
from S". Because ¢, E and H are all the gradients of certain potentials, so that only
for this set of independent variables can we define multiferroic Green's function.

First let L be moduli matrix for independent variables (5, -FE,-H ), so the
moduli matrix for (o, D, B), denoted by M", can be directly obtained by its
inverse operation, which is M = (L"))_1 . The S-tensor for M (which is usually
call T-tensor), T is given by

TO =LV (1-8)M®. (C.10)
By the definition in Eq. (1.1), we have the following relations for S and T
Y=S"Y" and X=T"X', (C.11)
where X and Y have been given in Eq. (4.5). In addition, when the material is free
from external field, X and Y also have the relations
X=L"(Y-Y") and Y=M"(X-X"), (C.12)

which can be further simplified to

*

X=(L"-1)Y" and Y=(M"-1)X". (C.13)

If we introduce two tensors A and B, with A=L" -1 and B=M" -1, we can

rewrite Eq. (C.11) and (C.13) in components as
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(€Y} 1 1) * 1 (1) 1) *

€ Sll Slz S13 & o Tn le T13 o
—_| o 1 (1 * _ (M (1 1) *

-k |= S21 Szz S23 —-E » D= Tzl Tzz T23 D
M 1 (1 * (M (1 1 *

-H S31 S32 S33 -H B Ts1 T32 T33 B

(C.14)

4, A, A, g 2 B, B, B; o

* *

(o)
D= A21 A22 A23 -E |, |-E|=|B, B, By||D
B -H| |B,, B, B,| B

This set of relations can be used to construct the S-tensor for any kind of constitutive

equations. Here we take the S-tensor for independent variables (&, D, B), denoted by

S® | as an example. The definition of S* is given by

*

e] |S7 Sy S| e
D=8 SO SP|D | (C.15)
Bl |87 Sy Sy B
When only & is applied in Eq. (C.15), we have
e=8SY¢", D=8V, B=S7e. (C.16)
Likewise, when only ¢ is applied in Eq. (C.14), we have
e=8SVe", D=4, B=4,& . (C.17)
Comparing Eq. (C.16) with Eq. (C.17), it is easy to get
SP =8, SP=4,, SO =4,. (C.18)
Next we can apply D" only in Eq. (C.14) and (C.15). In the same way we can get
SP =B SP =1L, 5P -1, ©19)
Finally we can apply B" only in Eq. (C.14) and (C.15), and get
Sk =B Sy =Ty, Si'=T3. (C.20)
In summary, the S-tensor for independent variables (6‘, D, B) , S is given by

Sl(;) BlZ Bl3
S=| 4, TV TY| (C21)
4, T T
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And the S-tensors for other kinds of constitutive equations can be derived in the same
way. It should be pointed out that, for S*”, and the corresponding moduli matrix
L' for independent variables (&, D, B), they also satisfy that S“ (L(z))_1 is
symmetric (given that L® has already been adjusted to a symmetric matrix). In
addition, not only can we use M-T method to calculate the effective property of
multiferroic composites with moduli matrix L'" and S-tensor S, but we also can

do the same for multiferroic composites with moduli matrix L® and S-tensor S,

And the effective property at any specific volume concentration c¢,, given by these

two ways, are interchangeable by the rules discussed in Appendix B.
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Appendix D.

Explicit results for 1-3 and 2-2 multiferroic composites

For fibrous composites and multilayers, explicit formulae for the components of
S-tensors are listed in Appendix C. With them and the theory given in Chapter 4 for
the perfect and imperfect interface, we can obtain the explicit expressions for the
magnetoelectric coupling coefficients, «,, and ¢,,. As 1-3 and 2-2 composites are
widely useful, we present the results here for ready reference.

In reading the following expressions, care must be exercised that superscript "e"
always refers to the properties of BaTiO; regardless whether BTO exists as the matrix
or inclusions, and superscript "m" always refers to the properties of CoFe,0s, also
regardless whether it exists as inclusion or matrix. Superscript "i" on the other hand
refers to the properties of the interface. In addition, for 1-3 composites, ¢, and ¢,
denote the volume concentrations of the inclusions and matrix, respectively, which
could be CFO or BTO. ¢,, denotes the volume concentration of interface in the
thinly-coated inclusion. While for 2-2 composites, ¢,, ¢, and ¢, denote the
volume concentrations of BTO, CFO and interface in the whole composite, so that

they satisfy ¢, +c¢, +c¢c,, =1.
D.1. The 1-3 fibrous composites with a perfect interface
First, with CoFe,0, as inclusions and BaTiOj3 as the matrix, we can find

(e) ,(m)

_ 2c,063, 45
(e) (m) (e) (m) (e) (m))’
G +Gy _CO(CIZ -Gy )+CI(C11 -G )

Q33 =

(D.1)
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and

(e) (m) .(m) (e)
_40001815 95 K My

BTO
D

all

o, = , (D.2)

where the denominator D”'° is

BTO _ 2 (m)2 (e) (m) (e) (m) 2 ()2 (e) (m) (e) (m)
D, =¢yq; |:K11 + Ky +CI(K11 — Ky ):|+{(1+cl) ;s +|:C44 +Cy +CI(C44 —Cy ):|X
(e) (m) (e) (m) (e) (m) (e) (m)
|:Kn T K +C1(K11 — K )]H:/un T, +C1(/un —Hy )]
(D.3)
On the other hand, with BaTiOs as inclusions and CoFe,O4 as the matrix, the

results are

(e) ,(m)

_ 2¢,063, 45
(e) (m) (e) (m) (e) (m))”’
G +Gy +CO(C12 -Cy )_cl(Cll -G )

Q33 =

(D.4)

and

4c ce(e) (m)K.(m) (e)
__aG64as 95 K (D.5)

[04
11 CFO ?
D

where the denominator D[ s

CFO _ 2 (e)2 (m) (e) (m) (e) 2 (m)2 (m) (e) (m) (e)
D, =c¢yes I:/ull + 1y, +cl(/111 —Hi ):|+{(1+c1) 45 +|:C44 +Cy +cl(c44 -Cy ):IX

(m) (e) (m) (o) (m) () (m) (e)
[/111 TH TG (/ull —Hy ):|}|:K11 T K +Cl(K11 — K ):|
(D.6)

From the above results, we can see that the signs of «,, and ¢, are directly
determined by the product of e- and g-components, which has been discussed in

previous chapter.

D.2. The 1-3 fibrous composites with an imperfect interface

In order to obtain the effective magnetoelectric coefficients of 1-3 multiferroic
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composites with an imperfect interface, we first derive the relevant properties of
coated inclusion from Eq. (4.10). This in turn can be used for the properties of the
inclusion phase in Eq. (4.8) for the overall composite. Since the final results of
effective «;; and «;, are too complicated, here we just present the results for the
properties of coated inclusion.

For the coated CoFe,0O, inclusion - with a prime added to superscript m - we can

obtain from Eq. (4.10) that

(i) (m) (m) (i) (i) (i) (m) (m) (i)
() _ Ct (Cnm +C1;n +2C4£1) + 2(1_cint)C1;C4:t (Cnl _Cm 2C4:1)
1 (i) (m) (m) (i) (i) (i) (D) (i) (i) (m) (m) @)\’
2C11 + Cing (Cn + C12 _2C11 + 2C44 ) 4C11 C44 + Cin (Cll + C44 )(Cn _CIZ _2C44 )
(D.7)
(i) (m) (m) (i) zc(i) C(i) C(’ﬂ) C(’ﬂ) 2C (i) C(') C (m) C (m) zcm
o — C (C“ +C" +2C,, ) a | G\ + + Ciye 44
12 i m m i i - i i i i m m i ’
2C1(1) + Ciy (Cl(l )+ CI(Z ) 2C1(1) + 2C§4)) 4C1(1)Ci4) + Cine (Cl(l) + CA(M))(CI(I Y- CI(Z Y- 2C‘(t4))
(D.8)

AC "+ 20, [+ () ") - (Gl - )] el [+ (0 - ) (i - )]
actu® v2e, [CR (- )+ 0 (c ) e [a (e - ) uir - )]

>

(D.9)

q(m) 2(1 Clm)q31 Cl(:) (D 10)
3 m m i i i) ° °
e (CI7Y + €Y =2C) +2C7 ) +2€)

g = 4(1-c, )gCil
B L e G AT CHEEH (]

(D.11)

2K(m) —c (K(m) _K(i))
(m" _ (i) int 11
K =K 24 K — D ’ (D.12)
K +cmt

e 26, [g” e (0 - C0) €2 (i~ )] [+ (Ci -2 (s - )]
3l w2, [ (i -0 it (- ) [ (e - ) — )]

(my _ ()
My

(D.13)
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This set of coated properties can be used to replace the original properties of CFO in
Eq. (D.1) to (D.3), to obtain «,, and «,, of the CFO-in-BTO composite with an
imperfect interface.

Likewise, for the coated BaTiO; inclusion - also with a prime added to

superscript e - we have

(i) (e) (e) (i) (i) (i) (e) (e) (i)
w i (C +C +2CL0) N 2(1-¢,)CYC (Cly - €y —2C1))
2 (i) (e) (e) (i) (i) (i) (i) (i) (i) (e) (e) O
2C11 + Gy (Cn + C12 _2C11 + 2C44 ) 4C11 C44 + Cine (Cll + C44 )(Cn - C12 _2C44 )
(D.14)
L a(arrapeacy)  2c8e (-8 vach) va, e (¢ - ¢l -2c2)]
mo- i e e i n) i) (i i i B e i ’
2C1(1) + Cine (Cl(l) + CI(Z) - 2C1(1) + 2Cz(t4)) 4C1(1)Cz(t4) + Ciy (Cl(l) + CA(M))(CI(I) - CI(Z) - ZCA(M))
(D.15)

(e) (i) (€)2 (e) [ ,-(e) (i) (i) (e) (i) 2 (€)2 (e) (i) (¢) (i)
4CL K" + 20, |:615 +Cy (Kn —K )7’( (C44 —-Cy ):|7€ [615 +(C44 -Ciy )(Kll -K ):|

int

C =
“oT (i) (i) () [ o(0) _ (D) o) (e 0} 2 [ (02 (@) _ D\ [ l0) _ 1)
4C k" +2¢,, [CM (K‘” —-K )+K (C44 -C )}+c. [els +(C44 —C44)(K” —-K )J

E

int

(D.16)

(e) (i)
(e) _ 2(1_cint)e3l G
€3

- (e) (e) (0) (i) (i’
Cing (Cll +Cyy —2C +2Cy )+ 2C;

(D.17)

(e) (i), (i)
(e _ 4(1 - cint)eIS Cux
15 =

4K +2¢,, [ CO (ly — =)+ 6 ()~ )]+ 2, [l + (€ — ) (s 5]

nt

(D.18)

(e) (i) (€)2 (e) (e) (i) (@) (,-(e) (i) 2 (¢)2 (e) (i) (¢) (i)
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(i) int

a0y w20, [0 (€ - C) 3 (s ) [ i [ + (0 - ) (st 5]

(e) _
K, =K

(D.19)

() (e) (i)
) 2y _Cint(:ulle - )

26 e (4t =)

U = (D.20)

This set of coated properties can be used to replace the original properties of BTO in

Eq. (D.4) to (D.6), to obtain «,, and «,, of the BTO-in-CFO composite with an
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imperfect interface.

D.3. The 2-2 multiferroic multilayers with a perfect interface

For the 2-2 multiferroic composites with a perfect interface, we find

(e) (m), .(m) (e)

= €633 z;} K3 My ’ (D.21)
a33
and
. =— coclel(g)ql(;n) (D.22)

"= (m) ()
coCyy +¢,Cy

where the denominator D, 1s

— 2 (m) (e) (m)2 (m) , (m) (m) (e) (m) , (e)
D,y =¢ (COK33 T Ky, )(%3 + G5y sy )+COCI [(COKB T Ky, )C33 M

a

(D.23)

(m) (e) (e) ,.(m) 2 (m) (e) (e)2 (e),-(e)
+(Co;u33 Tl )C33 K33 :|+cl (Coﬂ33 T Ci s )(633 + G5y K5 )’

where ¢, is for BTO and ¢, for CFO.

D.4. The 2-2 multiferroic multilayers with an imperfect interface

With an imperfect interface (denoted with the prime symbol), we have

(e) (m), .(m) (&) (i), (i), (i)
G633 Y33 K33 Has Cix"u

D

= : (D.24)

a33

and

(e) (m) (i)
a. =— co¢iés &s Cus (D.25)
11 (m) (i) (e) (i) (e)(m) '
CoCyy Coy +¢,CCf +¢,C'Cy

int
where the denominator D, is

2
int

C a3 3 3 2 2 2 2 2
D33 = Ay + 2,61 + Ay + A,65¢, + A€o+ Ao Ciny F A5C1 Copy F ACoCiny F AoCiChny + A3oCo€iC

int*

(D.26)
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nd the coefficients 0 are given
And th fficients A, to A4, g by
— p-(m) [ (m)2 (m) , (m) (1) (1) , (1) — e ()2 (e), .(e) (@) () (D)
Ay = K53 (%3 + G5y sy )Cn KU, Ay = s (633 + G55k )CnK H
— e e)2 (), .(e) ) .(m) [ (m)2 (m) , (m)
Ay = 155 (633 + G55 K55 )K33 (%3 + G5y sy )»
— (D, () (e) (,(m)2 (m)  (m) (m) (e) , (m) (m) ()
A, =CiiK"u [Kn (%3 + Gy )+K33 (C33 My + O3 s )]a
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_ (m)
=K3;3

(g2 + C ) 1 (e + Cnle) ) + i) (™ + Gk ),
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Appendix E.

An incremental scheme for solving 0-0 and 1-1 connectivity

The equation governing the effective electro-magneto-elastic moduli, L,, for
multiferroic composites with 0-0 and 1-1 connectivity has been given by Eq. (5.2).
For convenience we denote the left-hand side of Eq. (5.2) as a function W, such that

W=SL, +¢(L,-L,) +¢(L,-L,) =0. (E.1)

Our goal is to solve the unknown moduli L, which is a 12x12 matrix. With the
transversely isotropic property, it has 17 independent constants. Taking 3-direction to
be the symmetric axis, we then can write L, in terms of these constants
L, =(C,1, Cpy, Cs, Cyy, Cps €31, €335 €15 G5 Gass Giss Koy Kz Qo Oass Mo fsy),  (E2)
which means L, depends on these constants, and its dependence has been given by
Eq. (4.7). The S-tensor S also depends on these 17 constants and therefore it is a
function of L,; its dependence has been summarized in Appendix C. At any given
volume concentration ¢, (or equivalently c,, which satisfies ¢, =1-¢,), Eq. (E.1)
becomes a system of 17 independent implicit equations for the 17 undetermined
constants of L,. Though theoretically they can be directly solved, it is actually
extremely difficult (almost impossible) to do so, because these equations are highly
nonlinear and highly coupled due to the inversion of unknown moduli L, . Therefore,
to this end an increment scheme is proposed to solve this set of equations numerically
from ¢, =0 tol.

First of all, we recognize that W is a function of ¢, and L,, We can then

differentiate W with respectto ¢, and L, as
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"2 AL = - Ac, (E.3)

where the partial derivatives are

w. AL, = (a_s ; ALeng ~SLAL,L +¢,(L,-L,) AL, (L, -L,)"

oL, oL, (E4)
+(1-¢)(L,-L,) AL, (L, -L,) ",
and
oW ] ]
a—clAcl:[(Lz—Le) ‘(L -L,) 1}Acl. (E.5)

Eq. (E.3) to (E.5) enables us to calculate AL, the increment of L_, from Ac,, the
increment of volume concentration c¢,. If the current values of ¢, and L, are
already known, we can apply a small Ac, and solve for the corresponding AL, .
With these increments, the current values of ¢, and L, can be continuously
updated to ¢, +Ac, and L, +AL,. In this way the iteration procedure can be carried
out from ¢, =0 to 1, so that the relation between L, and ¢, can be determined.
This is the main idea of our incremental scheme.

At the starting point ¢, =0, it is obvious that L, =L,, since now L, is the
sole existing phase. However it should also be noted that, at this point, the
effective-medium equation has a singularity (as well as at ¢, =1), thus for the
calculation of partial derivatives at this point, we should use an equivalent form of Eq.
(E.1) (denoted by W'), which is
W'=¢,(L,~L,)[1+SL; (L, ~L,)] +¢ (L, -L,)[1+SL} (L, -L,)] =0. (E6)
Then the partial derivatives at ¢, =0 are given as

W AL, = AL, (E.7)
oL

e
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and

oW'
oc,

Ac, =(L, - L,)[1+SL (L, -L,)] Ac,. (E.8)

With the value of L, and the partial derivatives of W' at ¢, =0, the iteration can

then start. During the iteration, we only need to solve for the 17 independent material

constants, rather than the entire matrix of L, from the 17 implicit equations. We now

use v to denote these constants and w for the left-hand side of the equation set, so that

V= (VI’ Va5 V35 Vs Vss Vs Va5 Vg Vo Vigs Virs Vigs Vizs Vigs Viss Vies V17) (E.9)
= (CH’ Cys Ci3, Ci35 Cuys €515 €33, €15, @15 Gazs Gis> Ky Kazs Oy gy ) /Jas)’

and

w= (Wl’ Wy Wiy Wy, Wy, We, Wy, Wy, Woy, Wi, Wiy Wiy Wi, Wiy, Wis, Wig,s W17)

= (VVII’ VV]25 VVIS’ VV33’ I/V44’ I/V19’ I/V39’ VVS7’ VVI,12’ I/V3,12’ I/VS,IO’ I/V77’ VV99’ I/V7,10’ VV9,12’ VVlO,lO’ VV12,12)‘

(E.10)
Then Eq. (E.3) can be rewritten as
%Av/:—%Acl, (E.11)
ov, oc,

where i, j=1~17.Eq. (E.11) is a system of 17 linear equations. In order to solve it,
a crucial step is to obtain the coefficients ow,/dv, as well as 0w, /dc, . Since W is a
function of 17 independent constants v, (i =1~17) and c,, theoretically both partial
derivatives can be analytically evaluated. However, their explicit forms are extremely
complicated, due to three inversion operations and the complex form of S-tensor.
Especially, for 0-0 connectivity, S-tensor has to be computed by Gaussian quadrature.

In this case, although with a pretty long expression, it is still guaranteed that S-tensor

can be expressed as a function of 17 independent constants and c¢,. But as a
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consequence of the complexity, it is advised to use mathematical program such as

Mathematica to compute 0w, /0v; and 0w, /dc, . Both of them are the functions of
v, (i=1~17) and c,.

With the results for 0w, /0v;, and 0w, /dc, , our numerical scheme can further be
illustrated as the following iterative procedures: (i) for the multiferroic composite, if
the current values for 17 independent constants are already known at a given c¢,, use
them to calculate ow,/0v, and Ow,/dc, atthis c; (ii) substitute the results of these
partial derivatives into Eq. (E.11), then take Ac, as a small, fixed value (for
example, we have used 1/4000) to get a system of linear equations for
Av, (i=1~17); (3) solve the linear equation system and add these incremental values
Av, to the original 17 independent constants v,, and to this end we have calculated
the effective properties of the multiferroic composite at volume concentration
¢, + Ac,. Finally, with the initial conditions at ¢, =0, repeat these abovementioned

iterative procedures and we can fully obtain the effective properties of the multiferroic

composite from ¢, =0 to ¢ =1.



133

References

'Eshelby, J. D., "The Determination of the Elastic Field of an Ellipsoidal Inclusion,
and Related Problems", Proceedings of the Royal Society of London A:
Mathematical, Physical and Engineering Sciences 241. 376-396 (1957).

*Liu, L. P., "Solutions to the Eshelby conjectures", Proceedings of the Royal Society
of London A: Mathematical, Physical and Engineering Sciences 464. 573-594 (2008).

*Dunn, M. L. and Taya, M., "An Analysis of Piezoelectric Composite Materials
Containing Ellipsoidal Inhomogeneities”, Proceedings of the Royal Society of
London A: Mathematical, Physical and Engineering Sciences 443. 265-287 (1993).

‘Dunn, M. L., "Electroelastic Green's functions for transversely isotropic
piezoelectric media and their application to the solution of inclusion and

inhomogeneity problems", International Journal of Engineering Science 32. 119-131
(1994).

*Huang, J. H. and Yu, JI. S., "Electroelastic Eshelby tensors for an ellipsoidal
piezoelectric inclusion”, Composites Engineering 4. 1169-1182 (1994).

6Huang, J. H., Chiu, Y.-H., and Liu, H.-K., "Magneto-electro-elastic Eshelby tensors
for a piezoelectric-piezomagnetic composite reinforced by ellipsoidal inclusions”,
Journal of Applied Physics 83. 5364-5370 (1998).

Li, J. Y. and Dunn, M. L., "dnisotropic coupled-field inclusion and inhomogeneity
problems", Philosophical Magazine A 77. 1341-1350 (1998).

*Mikata, Y., "Determination of piezoelectric Eshelby tensor in transversely isotropic

piezoelectric solids", International Journal of Engineering Science 38. 605-641
(2000).

*Mori, T. and Tanaka, K., "Average stress in matrix and average elastic energy of
materials with misfitting inclusions", Acta Metallurgica 21. 571-574 (1973).

"Weng, G. I., "Some elastic properties of reinforced solids, with special reference to
isotropic ones containing spherical inclusions"”, International Journal of Engineering
Science 22. 845-856 (1984).

"Benveniste, Y., "A new approach to the application of Mori-Tanaka's theory in
composite materials", Mechanics of Materials 6. 147-157 (1987).

""Hatta, H. and Taya, M., "Effective thermal conductivity of a misoriented short fiber
composite”, Journal of Applied Physics 58. 2478-2486 (1985).

PNan, C.-W., Birringer, R., Clarke, D. R., and Gleiter, H., "Effective thermal



134

conductivity of particulate composites with interfacial thermal resistance”, Journal of
Applied Physics 81. 6692-6699 (1997).

“Weng, G. J., "The theoretical connection between Mori-Tanaka's theory and the
Hashin-Shtrikman-Walpole bounds", International Journal of Engineering Science 28.
1111-1120 (1990).

PNan, C.-W., "Magnetoelectric effect in composites of piezoelectric and
piezomagnetic phases", Physical Review B 50. 6082-6088 (1994).

"“Dunn, M. L. and Taya, M., "Micromechanics predictions of the effective
electroelastic moduli of piezoelectric composites”, International Journal of Solids and
Structures 30. 161-175 (1993).

"Huang, J. H. and Kuo, W.-S., "The analysis of piezoelectric/piezomagnetic
composite materials containing ellipsoidal inclusions”, Journal of Applied Physics 81.
1378-1386 (1997).

'8Li, J. Y. and Dunn, M. L., "Micromechanics of Magnetoelectroelastic Composite
Materials: Average Fields and Effective Behavior", Journal of Intelligent Material
Systems and Structures 9. 404-416 (1998).

PBruggeman, D. A. G., "Calculation of various physics constants in heterogenous
substances I Dielectricity constants and conductivity of mixed bodies from isotropic
substances"”, Ann. Phys. 24. 636-664 (1935).

*Landauer, R., "The Electrical Resistance of Binary Metallic Mixtures”, Journal of
Applied Physics 23. 779-784 (1952).

*'Budiansky, B., "On the elastic moduli of some heterogeneous materials”, Journal of
the Mechanics and Physics of Solids 13. 223-227 (1965).

2Hill, R., "4 self-consistent mechanics of composite materials”, Journal of the
Mechanics and Physics of Solids 13. 213-222 (1965).

Bwillis, J. R., "Variational and Related Methods for the Overall Properties of
Composites”, in Advances in Applied Mechanics; Vol. Volume 21, edited by Y.
Chia-Shun (Elsevier, 1981), p. 1-78.

*Milton, G. W., "The theory of composites”, in The Theory of Composites
(Cambridge University Press, Cambridge, 2002).

»Benveniste, Y. and Milton, G. W., "The effective medium and the average field
approximations vis-a-vis the Hashin—Shtrikman bounds. 1. The self-consistent scheme

in matrix-based composites”, Journal of the Mechanics and Physics of Solids S8.
1026-1038 (2010).



135

*Weng, G. J., "4 dynamical theory for the Mori-Tanaka and Ponte Castaiieda—Willis
estimates", Mechanics of Materials 42. 886-893 (2010).

"Maxwell, J. C., in A4 Treatise on Electricity and Magnetism; Vol. 1, 3rd ed.
(Clarendon Press, Oxford, 1982), p. 435-441.

zgstankovich, S., Dikin, D. A., Dommett, G. H. B., Kohlhaas, K. M., Zimney, E. J.,
Stach, E. A., Piner, R. D., Nguyen, S. T., and Ruoff, R. S., "Graphene-based
composite materials", Nature 442. 282-286 (20006).

P Allen, M. J., Tung, V. C., and Kaner, R. B., "Honeycomb Carbon: A Review of
Graphene”, Chemical Reviews 110. 132-145 (2010).

30Geim, A. K. and Novoselov, K. S., "The rise of graphene”, Nature Materials 6.
183-191 (2007).

ijima, S., "Helical Microtubules of Graphitic Carbon", Nature 354. 56-58 (1991).

32Tkalya, E., Ghislandi, M., Otten, R., Lotya, M., Alekseev, A., van der Schoot, P.,
Coleman, J., de With, G., and Koning, C., "Experimental and Theoretical Study of the
Influence of the State of Dispersion of Graphene on the Percolation Threshold of
Conductive Graphene/Polystyrene Nanocomposites”, ACS Applied Materials &
Interfaces 6. 15113-15121 (2014).

3van Suchtelen, ., "Product properties: a new application of composite materials”,

Philips Research Reports 27. 28-37 (1972).

*Newnham, R. E., Skinner, D. P, and Cross, L. E. "Connectivity and

piezoelectric-pyroelectric composites”, Materials Research Bulletin 13. 525-536
(1978).

3Harshé, G., Dougherty, J. P., and Newnham, R. E., "Theoretical modelling of 3-0/0-3
magnetoelectric composites”, International journal of applied electromagnetics in
materials 4. 161-171 (1993).

*Benveniste, Y., "Magnetoelectric effect in fibrous composites with piezoelectric and
piezomagnetic phases", Physical Review B 51. 16424-16427 (1995).

Avellaneda, M. and  Harshé, G, "Magnetoelectric ~ Effect  in
Piezoelectric/Magnetostrictive Multilayer (2-2) Composites”, Journal of Intelligent
Material Systems and Structures 5. 501-513 (1994).

38Srinivas, S.,, Li, J. Y, Zhou, Y. C., and Soh, A. K., "The effective
magnetoelectroelastic moduli of matrix-based multiferroic composites”, Journal of
Applied Physics 99. 043905 (2006).

Bichurin, M. L, Petrov, V. M., and Srinivasan, G., "Theory of low-frequency



136

magnetoelectric coupling in magnetostrictive-piezoelectric bilayers", Physical
Review B 68. 054402 (2003).

40Wang, Y., Hasanyan, D., Li, M., Gao, J., Li, J., Viehland, D., and Luo, H.,,
"Theoretical ~model  for  geometry-dependent magnetoelectric  effect in
magnetostrictive/piezoelectric composites"”, Journal of Applied Physics 111. 124513
(2012).

Liu, L. P. and Kuo, H.-Y., "Closed-form solutions to the effective properties of
fibrous magnetoelectric composites and their applications", International Journal of
Solids and Structures 49. 3055-3062 (2012).

*“Kuo, H.-Y. and Bhattacharya, K., "Fibrous composites of piezoelectric and
piezomagnetic phases"”, Mechanics of Materials 60. 159-170 (2013).

BChen, Z., Su, Y., and Meguid, S. A., "The effect of field-orientation on the
magnetoelectric coupling in Terfenol-D/PZT/Terfenol-D laminated structure”, Journal
of Applied Physics 116. 173910 (2014).

“Liu, G. Zhang, C., and Dong, S., "Magnetoelectric effect in
magnetostrictive/piezoelectric laminated composite operating in shear-shear mode”,
Journal of Applied Physics 116. 074104 (2014).

45Ebbesen, T. W., Lezec, H. J., Hiura, H., Bennett, J. W., Ghaemi, H. F., and Thio, T.,
"Electrical conductivity of individual carbon nanotubes”, Nature 382. 54-56 (1996).

46Gardea, F. and Lagoudas, D. C., "Characterization of electrical and thermal
properties of carbon nanotube/epoxy composites”, Composites Part B: Engineering

56. 611-620 (2014).

47Kirkpatrick, S., "Percolation and Conduction”, Reviews of Modern Physics 45.
574-588 (1973).

*Balberg, 1. and Binenbaum, N., "Computer study of the percolation threshold in a
two-dimensional anisotropic system of conducting sticks", Physical Review B 28.
3799-3812 (1983).

“Nan, C.-W., Shen, Y., and Ma, I., "Physical Properties of Composites Near
Percolation”, Annual Review of Materials Research 40. 131-151 (2010).

Stauffer, D. and Aharony, A., Introduction to percolation theory (Taylor & Francis,
Philadelphia, 1994).

'Bauhofer, W. and Kovacs, J. Z., "A review and analysis of electrical percolation in
carbon nanotube polymer composites”, Composites Science and Technology 69.
1486-1498 (2009).



137

>Martin, C. A., Sandler, J. K. W., Shaffer, M. S. P., Schwarz, M. K., Bauhofer, W.,
Schulte, K., and Windle, A. H., "Formation of percolating networks in multi-wall

carbon-nanotube—epoxy composites”, Composites Science and Technology 64.
2309-2316 (2004).

%De Vivo, B., Lamberti, P., Spinelli, G., and Tucci, V., "Numerical investigation on
the influence factors of the electrical properties of carbon nanotubes-filled
composites”, Journal of Applied Physics 113, 244301 (2013).

ILi, C. and Chou, T.-W., "Continuum percolation of nanocomposites with fillers of
arbitrary shapes"”, Applied Physics Letters 90, 174108 (2007).

*Ma, H. M., Gao, X. L., and Tolle, T. B., "Monte Carlo modeling of the fiber
curliness effect on percolation of conductive composites"”, Applied Physics Letters 96,
061910 (2010).

56Bao, W. S., Meguid, S. A., Zhu, Z. H., and Weng, G. J., "Tunneling resistance and
its effect on the electrical conductivity of carbon nanotube nanocomposites", Journal
of Applied Physics 111, 093726 (2012).

*’Castafieda, P. P. and Willis, I. R., "The effect of spatial distribution on the effective
behavior of composite materials and cracked media", Journal of the Mechanics and
Physics of Solids 43. 1919-1951 (1995).

*Duan, H. L., Karihaloo, B. L., Wang, J., and Yi, X., "Effective conductivities of
heterogeneous media containing multiple inclusions with various spatial
distributions"”, Physical Review B 73. 174203 (2006).

59Pan, Y., Weng, G. J., Meguid, S. A., Bao, W. S., Zhu, Z.-H., and Hamouda, A. M. S.,
"Percolation threshold and electrical conductivity of a two-phase composite

containing randomly oriented ellipsoidal inclusions", Journal of Applied Physics 110,
123715 (2011).

%Hashin, Z. and Shtrikman, S., "4 Variational Approach to the Theory of the Effective
Magnetic Permeability of Multiphase Materials”, Journal of Applied Physics 33.
3125-3131 (1962).

S"Maxwell, J. C., A treatise on electricity and magnetism, Vol. 1 (Clarendon press,
Oxford, 1881).

62Balberg, I., Binenbaum, N., and Wagner, N., "Percolation Thresholds in the
Three-Dimensional Sticks System", Physical Review Letters 52. 1465-1468 (1984).

63Bao, W. S., Meguid, S. A., Zhu, Z. H., Pan, Y., and Weng, G. J., "Effect of carbon
nanotube geometry upon tunneling assisted electrical network in nanocomposites”,
Journal of Applied Physics 113, 234313 (2013).



138

%Chatterjee, A. P., "4 percolation-based model for the conductivity of nanofiber
composites”, The Journal of Chemical Physics 139, 224904 (2013).

65Pan, Y., Weng, G. J., Meguid, S. A., Bao, W. S., Zhu, Z.-H., and Hamouda, A. M. S.,
"Percolation threshold and electrical conductivity of a two-phase composite

containing randomly oriented ellipsoidal inclusions", Journal of Applied Physics 110.
123715 (2011).

%pike, G. E. and Seager, C. H., "Percolation and conductivity: A computer study. 1",
Physical Review B 10. 1421-1434 (1974).

"Gao, L. and Li, Z., "Effective medium approximation for two-component nonlinear
composites with shape distribution”, Journal of Physics: Condensed Matter 15. 4397
(2003).

%Dunn, M. L. and Taya, M., "The effective thermal conductivity of composites with
coated reinforcement and the application to imperfect interfaces”, Journal of Applied
Physics 73. 1711-1722 (1993).

%Hashin, Z., "Thin interphase/imperfect interface in conduction”, Journal of Applied
Physics 89. 2261-2267 (2001).

"Duan, H. L. and Karihaloo, B. L., "Effective thermal conductivities of heterogeneous

media containing multiple imperfectly bonded inclusions”, Physical Review B 75.
064206 (2007).

71Ngabonziza, Y., Li, J., and Barry, C. F., "Electrical conductivity and mechanical

properties  of  multiwalled  carbon  nanotube-reinforced  polypropylene
nanocomposites”, Acta Mechanica 220. 289-298 (2011).

72McLach1an, D. S., Chiteme, C., Park, C., Wise, K. E., Lowther, S. E., Lillehei, P. T.,
Siochi, E. J., and Harrison, J. S., "AC and DC percolative conductivity of single wall

carbon nanotube polymer composites”, Journal of Polymer Science Part B: Polymer
Physics 43. 3273-3287 (2005).

"Mitchell, E. W. J. and Taylor, M. R., "Mechanism of Stored-Energy Release at 200°
C in Electron-Irradiated Graphite”, Nature 208. 638-641 (1965).

74Chen, H., Miiller, M. B., Gilmore, K. J., Wallace, G. G., and Li, D., "Mechanically
Strong, Electrically Conductive, and Biocompatible Graphene Paper"”, Advanced
Materials 20. 3557-3561 (2008).

7 Singh, V., Joung, D., Zhai, L., Das, S., Khondaker, S. 1., and Seal, S., "Graphene
based materials: Past, present and future”, Progress in Materials Science 56.
1178-1271 (2011).

"Lee, S. and Lu, W., "Controlling the number of graphene sheets exfoliated from



139

graphite by designed normal loading and frictional motion", Journal of Applied
Physics 116. 024313 (2014).

""Hernandez, J. J., Garcia-Gutiérrez, M. C., Nogales, A., Rueda, D. R., Kwiatkowska,
M., Szymczyk, A., Roslaniec, Z., Concheso, A., Guinea, 1., and Ezquerra, T. A.,
"Influence of preparation procedure on the conductivity and transparency of

SWCNT-polymer nanocomposites”, Composites Science and Technology 69.
1867-1872 (2009).

"®Aguilar, J., Bautista-Quijano, J., and Avilés, F., "Influence of carbon nanotube
clustering on the electrical conductivity of polymer composite films", Express Polym.
Lett 4. 292-299 (2010).

"Cherkasova, A. S. and Shan, J. W., "Particle Aspect-Ratio and Agglomeration-State
Effects on the Effective Thermal Conductivity of Aqueous Suspensions of Multiwalled
Carbon Nanotubes", Journal of Heat Transfer 132. 082402-082402 (2010).

®*Nan, C.-W., Shen, Y., and Ma, J., "Physical Properties of Composites Near
Percolation”, Annual Review of Materials Research 40. 131-151 (2010).

*'Barai, P. and Weng, G. J., "4 theory of plasticity for carbon nanotube reinforced
composites”, International Journal of Plasticity 27. 539-559 (2011).

82Prasher, R., Evans, W., Meakin, P., Fish, J., Phelan, P., and Keblinski, P., "Effect of
aggregation on thermal conduction in colloidal nanofluids", Applied Physics Letters
89. 143119 (2006).

83Reinecke, B. N., Shan, J. W., Suabedissen, K. K., and Cherkasova, A. S., "On the
anisotropic thermal conductivity of magnetorheological suspensions”, Journal of
Applied Physics 104. 023507 (2008).

%Kim, K. T,, Cha, S. L, Hong, S. H., and Hong, S. H., "Microstructures and tensile
behavior of carbon nanotube reinforced Cu matrix nanocomposites”, Materials
Science and Engineering: A 430. 27-33 (2006).

85Srivastava, N. K. and Mehra, R. M., "Study of structural, electrical, and dielectric
properties of polystyrene/foliated graphite nanocomposite developed via in situ
polymerization”, Journal of Applied Polymer Science 109. 3991-3999 (2008).

8Hill, R., "Theory of mechanical properties of fibre-strengthened materials: I. Elastic
behaviour", Journal of the Mechanics and Physics of Solids 12. 199-212 (1964).

*"Milgrom, M. and Shtrikman, S., "Linear response of two-phase composites with
cross moduli: Exact universal relations", Physical Review A 40. 1568-1575 (1989).

%Wang, X. and Pan, E., "Magnetoelectric effects in multiferroic fibrous composite
with imperfect interface"”, Physical Review B 76. 214107 (2007).



140

¥Dinzart, F. and Sabar, H., "Magnetoelectric effect in coated fibrous
magnetic—piezoelectric composites"”, Journal of Intelligent Material Systems and
Structures 23. 1249-1261 (2012).

"Kuo, H.-Y., "Effective property of multiferroic fibrous composites with imperfect
interfaces", Smart Materials and Structures 22. 105005 (2013).

*Yue, Y. M. and Xu, K. Y., "Influence of thin interphase on magnetoelectric effect of

coated cylindrical fibrous multiferroic composites", Journal of Applied Physics 113.
224101 (2013).

“Willis, J. R., "Bounds and self-consistent estimates for the overall properties of
anisotropic composites", Journal of the Mechanics and Physics of Solids 25. 185-202
(1977).

Weng, G. J., "Explicit evaluation of Willis' bounds with ellipsoidal inclusions",
International Journal of Engineering Science 30. 83-92 (1992).

94Zheng, H., Wang, J., Lofland, S. E., Ma, Z., Mohaddes-Ardabili, L., Zhao, T,
Salamanca-Riba, L., Shinde, S. R., Ogale, S. B., Bai, F., Viehland, D., Jia, Y., Schlom,
D. G., Wuttig, M., Roytburd, A., and Ramesh, R., "Multiferroic BaTiO3-CoFe204
Nanostructures”, Science 303. 661-663 (2004).

®Li, J. and Weng, G. I., "4 theory of domain switch for the nonlinear behaviour of
ferroelectrics”, Proceedings of the Royal Society of London A: Mathematical,
Physical and Engineering Sciences 455. 3493-3511 (1999).

*Weng, G. J. and Wong, D. T., "Thermodynamic driving force in ferroelectric crystals
with a rank-2 laminated domain pattern, and a study of enhanced electrostriction”,
Journal of the Mechanics and Physics of Solids 57. 571-597 (2009).

""Walpole, L. J., "Elastic Behavior of Composite Materials: Theoretical
Foundations", in Advances in Applied Mechanics; Vol. Volume 21, edited by Y.
Chia-Shun (Elsevier, 1981), p. 169-242.

%Soh, A. K. and Liu, J. X., "On the Constitutive Equations of Magnetoelectroelastic
Solids", Journal of Intelligent Material Systems and Structures 16. 597-602 (2005).

“Tandon, G. P. and Weng, G. I., "The effect of aspect ratio of inclusions on the elastic

properties of unidirectionally aligned composites"”, Polymer Composites 5. 327-333
(1984).



Y

2)

3)

4)

141

Acknowledgment of Previous Publications

Yang Wang, George J. Weng, Shaker A. Meguid and Abdel Magid Hamouda,
"A continuum model with a percolation threshold and tunneling-assisted

interfacial conductivity for carbon nanotube-based nanocomposites”,
Journal of Applied Physics Vol. 115, 193706, (2014).

Yang Wang, Yu Su, Jackie Li and George J. Weng,

"A theory of magnetoelectric coupling with interface effects and aspect-ratio
dependence in piezoelectric-piezomagnetic composites",

Journal of Applied Physics Vol. 117, 164106, (2015).

Yang Wang, Jerry W. Shan and George J. Weng,

"Percolation threshold and electrical conductivity of graphene-based
nanocomposites with filler agglomeration and interfacial tunneling”,

Journal of Applied Physics Vol. 118, 065101, (2015).

Yang Wang and George J. Weng,

"Magnetoelectric coupling and overall properties of multiferroic composites with
0-0 and 1-1 connectivity”,

Journal of Applied Physics Vol. 118, 174102, (2015).



