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ABSTRACT OF THE THESIS

Reduced-Order Kalman Filter for a Class of Continuous- Time System with Slow and Fast
Modes

By SAIF ALMANSOURI

Thesis Director:

Professor Zoran Gajic

In this thesis, complete decomposition of the Kalman filter into the reduced-order
Kalman filter with slow and fast modes is addressed. First, we investigate the
decomposition so that the slow and fast filters are completely separated with both of
filters driven by the system measurements. The simulation results are presented for
such a decomposition using an aircraft example. In the second part, this thesis presents
the design of reduced order Kalman filters for systems with both slow and fast modes
for the case of perfect measurement. The main advantage of the reduced order
approach is moderating and reducing mathematical difficulties to obtain the optimal
state estimation. This will facilitate the use of Kalman filter for a class of real-time
physical systems. In this thesis, we explain the effectiveness of the proposed design

through theoretical studies and simulation results.
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Chapter 1

Introduction

1.1 Continuous - Time Kalman Filter Technique

The Kalman filter is represented by mathematical equations that have been applied and
utilized to reduce the mean and variance of the estimation error for linear dynamic

stochastic systems.

The standard Kalman filter is considered and treated as an optimal estimator for linear
systems with Gaussian noise disturbing the system and its measurements. It is nonlinear
suboptimal equivalent, the Extended Kalman filter (EKF) is the nonlinear version of the

Kalman filter [3].

In this chapter, we present how the Kalman filter works and how it can be used under
the Gaussian white noise assumptions. In addition, we present its dual counterpart, the
linear-quadratic regulator (LQR), and consider both the Kalman filter and LQR for

singularly perturbed linear systems.

We consider the Kalman filter equation using the state-space model [1], [2]

d
—(t) = F(t)z(t) + Bt)u(t) + w(t) (1.1)

z(t) = H(t)x(t) + v(t) (1.2)

where:



X(): is the state vector representing the variables of interest for the system (e.g.,
velocity, position) in time t.
u(t): is the vector having the control inputs (braking force, throttle setting, steering

angle)

F(t): is the system state matrix.

B(t): is the control input matrix.

W(t): is the vector representing the system noise process.
z(t): is the vector of measurements.

H(t): is the transformation matrix that maps the parameters of the state vector into the

measurements.

V(t): is the vector having the measurement noise terms for every observation in the

measurement vector.

{v(t)}, {w(t)} are white Gaussian independent random processes that are both assumed

to be zero-mean with covariances Q(t) and R(t) consequently.
The white Gaussian noise statistics is given by
v(t) ~ (O,R) and w(t) ~ (0.Q)

The statistic for state initial conditions is

x(0) ~ (20, P(0)) (1.3)



and X(0), v(t) and w(t) are assumed to be uncorrelated.
The Kalman filter includes two differential equations, [5] the first one for the state

estimate and the second one for the covariance of the estimation error defined by:

d . . .
2t = F(£)z(t) + B(t)u(t) + K(t)(z(t) — H(t)z(?)) (1.4)
d . -
GP) = FOPE) + POFOT +Q) - KOROK (T s
P(ty) = P(0)
The Kalman gain K (t) is given by

K(t)=Pt)H(t)"R(t)"! (1.6)

It can be seen form (1.6) that the measurement white noise intensity matrix R () must

be nonsingular for every t.

The Kalman filter innovation process is defined by [4]:

y(t) = z(t) — H(t)z(t) (1.7)



1.2 Continuous Time Linear-Quadratic Regulator Controller

A dual counterpart to the Kalman filter is the linear quadratic regulator (LQR). In
Chapter 2, we will use duality to find the Kalman filter gain K using the results for the
corresponding linear-quadratic regulator (LQR) design [17].

Consider the system

r(t) = Ax(t) + Bult), z(0) = (1.8)

We look for control U(t) that minimizes the performance measure

t1

I=3 [ (TR u)d

T o (1.9)
where
Q=Q"=cC" 20, p_RT > (1.10)
are weighted matrices. If feedback control U(t) exists, it will have the form
u(r(t)) = —Kx(t) (1.11)
where K is a feedback gain matrix.
Furthermore, the closed-loop system will be:
#(t) = Az(t) — BKz(t) = (A — BK)z(t) (112)

The following assumption is imposed, [7].
Assumption 1:

The pair (A;C) detectable and the pair (A;B) stabilizable.



Under such assumption, there exists a unique positive semi definitive stabilizing solution

to the algebraic Riccati equation, [7] defined by
0=A"P+PA+Q—-PBR'B'P (1.13)
The optimal feedback gain is given by [6] :
K=Rr'B'P (1.14)

The closed loop system (1.12) is asymptotically stable [7]-[8].

1.3 Decoupling Transformation for Singularly Perturbed Linear Systems

Consider a singularly perturbed linear system without control input [9]

z(t) = Anx(t)+ Awez(t), =z(to) = =0

ez(t) = Aoz(t) + Axnx(t), =z(to) = 2o,
(1.15)

where X(t) are n; dimensional slow state variables ; z(t) are n, dimensional fast state
variables and € is a small positive parameter.

To analyze (1.15), the common method is to use the Chang transformation to convert
the equation into a block-diagonal form where the slow and fast parts of (1.15) are

entirely decoupled [20]. The Chang transformation is given by

x(t) I eH £(t) _— (1)

z(t) —L Is—eLH n(t) n(t)
(1.16)



and its inverse transformation is

(1) Iy —eHL —eH x(t) - x(t)
n(t) L I» z(t) z(t)
(1.17)
where H and L matrices satisfy algebraic equations
A9y — AL +elLAjy —eL Ay L =10
(1.18)
and
€(Ay1 — ApL)H — H(Agg + eLAp) + App =0 (1.19)

Matrices H and L can be solved using several methods. For example, the Newton

method is given in [22]. The decoupled form of the system is given by:

£(t) Ay — AplL 0 £(t)

n(t) 0 A2z + €L A n(t) (1.20)

Now we present a brief summary of the classical method for feedback control of
continuous time singularly perturbed linear systems [12]. Consider the controlled

system

z(t) = Anz(t) + A12z2(t) + Bru(t), =(to) = zo

€z(t) = Agyz(t) + Agoz(t) + Baul(t), =z(tg) = 2p-
(1.21)

where z(t) € R"™, z(t) € R"2, and u(t) € R™



The system can decomposed into two sub-systems:
N, - dimensional slow subsystem and N, - dimensional fast subsystem, by setting € = 0

in (1.21). The slow approximate subsystem is

xs(t) = ASIS(t) + BS“'S(t): Is(fﬂ) = 3,‘0

(1.22)
Z(t) = —A% (Agya4(t) + Boug(t) (1.23)
where
Ay = Ay — A1pA5y Asi, By = By — ApAj) By

(1.24)

the vectors Xs (t), Us (t) and zs (t), reference to the slow subsystem parts of the
variables X(t), u(t) and z(t).

The fast approximate subsystem is

Eif(t) = AQQZf(i) + Bguf(i)? zZf (tg) = zp — zs(i[]) (1.95)

where w¢(t) = wu(t) — ug(t) and zp(t) = z(t) — zs(t) denote the fast sub-
system part of the variables z(t) and u(t). A combined control law contains slow and fast

parts

u(t) = us(t) +uys(t) (1.26)

it is known as composite control.



Chapter 2

Kalman Filter for Linear Singularly Perturbed Stochastic Systems

2.1 Introduction

In this chapter, we first present a technique which allows full decomposition of the
optimal Kalman filter for a linear singularly perturbed system into pure-slow and pure-
fast optimal filters both driven by the system measurement. The method depends on
the decomposition of the singularly perturbed system global algebraic Riccati equation
in to pure-slow and pure-fast local algebraic Riccati equations. In the second part, we
perform simulation of the pure slow and pure-fast Kalman filters using MATLAB, for an

aircraft example [10].
2.2 Filtering for Singularly Perturbed Linear Systems

Filtering for singularly perturbed continuous-time linear systems has been well
considered in control theory [11]-[16]. In [11]-[13] the suboptimal slow and fast Kalman
filters were built to generate an O(¢) accuracy of the approximate estimate for the state
trajectories, where € is a small singular perturbation positive parameter that shows the
separation between the slow and fast state variables. In [14], [15] the local slow and fast
Kalman filters were obtained with accuracy, that is O(e k), where K represents either the
number of terms of the Taylor series expansions [14] or the number of the fixed-point
iterations [15] utilized to calculate the coefficients of the reduce order filters. It is

necessary to indicate that the slow and fast (local) Kalman filters in [14], [15] are driven



by the innovation process so that the extra communication channels are needed to form
the innovation process.

In the presented results, the Kalman filters will be driven by the system measurements.
Furthermore, the optimal Kalman filter gains will be completely determined in terms of

the exact pure-slow and exact pure-fast reduced-order algebraic Riccati equations [10].

2.3 Linear Continuous-Time Invariant Singularly Perturbed Stochastic Systems

Consider the linear continuous-time invariant singularly perturbed stochastic control

systems:
t1(t) = Ayaq(t) + Aswo(t) + Grwy (t) +Byult) (2.1)
eig(t) = Agzy(t) + Agzo(t) + Gow (t) + Bault) (2.2)

with the corresponding measurements
y(t) = Cray(t) + Coma(t) + wa(t) (2.3)
where 7(t) € R™ and x3(t) € R"? are state vectors. wq(t) € R™ and

wo(t) € R™ are zero-mean, white Gaussian noise stochastic processes with intensities

Wy >0, W, >0and y(t) € R" are filter measurements.

In the following Aj, Gj, Cj, I =1,2 3,4, ]J=1,2, are constant matrices of appropriate

dimensions.



10

We assume that the filter under consideration has the standard singularly perturbed

form [21] so that it satisfies the following assumption: matrix A, is nonsingular.

The standard Kalman filter, corresponding to (2.1)-(2.3), driven by the innovation

process is given by

71(t) = A@1(t) + Aodo(t) + Kiv(t) (2.4)
v(t) = y(t) — Craq(t) — Cody(t) (2.5)
where the optimal Kalman filter gains K, and K, are given by [14]

Ky = (POl + o)Wy (2.6)
Ky = (ePCT + Polywy ! (2.7)

with matrix P and sub-matrices Pl, Pz’ and F’3 representing the positive semidefinite

stabilizing solution of the Kalman filter algebraic Riccati equation

AP+ PAT —psPp+awiGT =0 (2.8)
where
A Ay
. e (2.9)
G
I (2.10)
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s=cny'c (2.11)
PP

P= it i
2 ¢t3 (2.12)

For the decomposition and approximation of the singularly perturbed Kalman filter the

Chang transformation [20] has been used in [14]-[16]

m B I —eHL —eH| |1
2] L I J i (2.13)

which lead to
lt) = (I, —eHL)1((t) — eHa(t) (2.14)
efjalt) = eLiy(t) — To(1) (2.15)

In the following we will use duality with the linear-quadratic optimal control problem to
design the slow and fast reduced-order independent Kalman filters driven by the system

measurement.

24 Linear Quadratic Optimal Control Problem for Singularly Perturbed Systems
Consider the linear-quadratic optimal control problem of (2.1), that is
r1(t) = Ay (t) + Asaa(t) + Byult) (2.16)

erg(t) = Azz((t) + Agralt) + Bault) - (2.17)
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.l T T r
J = / Kl) Q (1) —urﬁu} dt, @ >0,R>0
Jo 2 2 (2.18)

m
where the control vector U(t) € R should be chosen such that the performance

criterion, J is minimized. The very will-known solution to this problem is given by
u(t) = —R BT Pa(t) =—Fiz(t) — Foxolt) (2.19)

where Pr, is the positive semidefinite solution of the regulator algebraic Riccati equation

AP+ PALQ—PZP, =0 (2.20)
with
)1 el)o
-9
€y €3 (2.21)
7 _ BR1BT (2.22)
'B
B = B,_,‘}
L. (2.23)

P = _Plr 'EPEJ':|

Pl €Ps, (2.24)

The algebraic Riccati equation of singularly perturbed control systems is completely and
perfectly decomposed into two reduced-order algebraic Riccati equations corresponding

to the slow and fast time scales in [19].
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The pure-slow and pure-fast algebraic Riccati equations obtained in [19] are not
symmetric equations. The Newton technique is very efficient for solving the non-
symmetric algebraic Riccati equations. A lot of real physical systems are singularly
perturbed, for example: aircraft, robots, nuclear reactors, electrical machines, tunnel
diode circuits, power electrical circuits, control system of a pendulum, chemical

reactors, DC and induction motors, synchronous machines, and automobiles.

The slow subsystem variables are represented by the eigenvalues that are near to the
imaginary axis, on the other hand the fast system variables are represented by the

eigenvalues that are far away from the imaginary axis [24].

Consider now the optimal closed-loop Kalman filter (2.4) driven by the measurements

that is
T1(t) = (A — K1C)aq (t) + (Ay — K Cy)da(t) + Kyy(t) (2.25)
F.i!:'glzt:] = (Ay — Ko )aq(t) + (Ay — KaCh)ra(t) + I‘L-gylzt:] (2.26)

with the optimal filter gains K; and K, calculated from (2.6)-(2.7). By duality between
the regulator and optimal filter, the filter Riccati equation [9] can be solved by using the
same decomposition method for solving (2.20) with
A— AT
17 il
Q — GW|G
FI =K
7 =BR'BT
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Z=BR'BT 5 5=c"w;'c (2.27)

By invoking results from [19], and using duality, the following matrices have to be

formed (see also [10])

AT ~ctwyto
T]_ = - T
_—GIH-’lGl —Al
T = 43{ _ Ciwy oy
_—GII-'1-"1G2 —AQ |
Ty = 4%— T —Cy Wy 'Oy
_—GQI-'1-"1G1 —Ag |
A —CIWyCy]
T__l = - T
—GaW1 Gy Ay ] (2.28)

Since matrices T,, T,, T;, T, correspond to the system matrices of a singularly
perturbed system, then the slow-fast decomposition is achieved and completed by using
the Chang decoupling method whose algebraic equations are given by [20]

TWL -1y —el(Ty —T5L) =0 (2.29)
—H(Ty+elTy)+To +€elTy —ToL)H =0 (2.30)
We solve (2.30) by using Newton method [22]. The algebraic equations in (2.30) are
weakly nonlinear equations and a linear Lyapunov type equation. They play the crucial
role in a method proposed for the solution.

The existing methods for solving (2.30) are recursive type algorithms with a rate of

convergence O(€) so that the accuracy of O(€%) can be achieved after K iterations [15].



15

In this section the method for solving (2.30) with a quadratic rate of convergence, that is
0(62), will be presented. This method is based on the Newton type recursive scheme. It
is a very well-known fact that the Newton method converges quadratically in the
neighborhood of the sought solution and that its main problem is in the choice of the
initial guess. The initial guess is easily obtained with the accuracy of O(€), by setting € =
Oin (2.30), that is

L9 =77'Ty — L+ 0(e) (2.31)
Thus, the Newton sequence will be O(€?) ,0(e*) ,0(€®) ,0(€®) ,.......,O(e?*) close to the

exact solution, respectively, in each iteration.

The Newton type algorithm can be constructed by setting:
sz’—l‘.l _ Lfﬂ L ﬂth (2.32)

This will produce a Lyapunov type equation of the form:

-

(2) r(i4+1) (i4+1) i) (
-Dl L'.E Do Ll.i II-DE — (ELE (233)

with the initial condition given by

Hfz'iﬂtlu N DEEJHH‘J =T (2.34)
where

D" =Ty + el (2.35)
Dy = —e(Ti — L) (2.36)

E\.J

QY =T+ eLWTR LY i = 0,1, (2.37)

This implies



HY — H + O(e™)

16

(2.38)

By using the permutation matrices dual to those from [15], (note E) is different than

the corresponding one from [19].

I
0 0 I 0
Er=1y L2 0
0 0 0 Ip
Imi 0 0 0
0 0 I 0
Ea=1y I, 0 0O
0 0 0 Ip

we can define

I, Il
= [H:g, HJ

[T —eNM —eN
_ﬁ[ M I}El

Then, the desired transformation will be given by

Tg = |:H1 -+ ng:]

The transformation T, is applied to the filter variables as:

s =T-_T T
i) T L

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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such that the complete closed-loop decomposition is achieved, that is:

~

Ils = {{11 -+ aEPﬂi)Tﬁﬁ -+ K‘,y (2.45)

H T ~ -
eny = (b1 +baPy) 15 + Ky (2.46)
The matrices in (2.22) are given by:

i a2

:| = I:Tl — Tg_-1lf:|

a3 ay (2.47)
b b2l s eny)

by by (2.48)
K. |G

L E (2.49)
Piay —ay Py — ag + Psag Py =0 (2.50)
P_irfjl — fJ_lp_f — by + bezpf =0 (2.51)

In addition, it can be shown that O(€) perturbation of the first-order approximate slow
algebraic Riccati equation obtained in [23] is symmetric, that is

PAs + AP+ Qs — PSPy =10 (2.52)
Having obtained a good initial guess, the Newton-type algorithm can be used very
efficiently for solving, the pure slow and pure fast nonsymmetric algebraic Riccati
equations [19].

The pure-slow equation can be solved by using the Newton-algorithm with an initial

guess obtained from [19]
{i+1) {1+1) ; (1) o plitl] {2) (1)
P (a1 —az P ) — lag — Py az) Py =ay + P ax P (2.53)

1=10,1,2.3, ...
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The pure-fast equation will be

PYY by — 02P3) — (g — P bo) Py = by + P 0o (2.54)
with
i=0,1,2.3, ...

We can now define the corresponding approximate (in the spirit of the theory of

singular perturbations, [13]-[16]) pure-slow and pure-fast decoupled filters as

ni(t) = (af + ay PEYTS(t) + Kly(t) (2.55)
H}Jﬁ (t) = (b} + bE Pt j]T;';j;uj] + ffj;y.;tj] (2.56)
[k &
zg. iﬂ — (TF — TF M)
ag ay (2.57)
L ey
b bh 1 g (2.58)
k Y
Pi =P+ 0le) (2.59)
PY = Py + Ole)*
f f L€, (2.60)
MF = M + O[e)F (2.61)

K* | KY
: e (2.62)
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2.5 Slow - Fast for Kalman Filter Decoupling Result

The proposed decomposition is such that the slow and fast filters are completely

separated and both of filters are driven by the system measurement, see Figure 2.1.

GW

—> System >

< Pure-slow filter € Ks [

Closed-loop

transformation

Kt

A
A

Pure-fast filter

A

Figure 2.1: Filtering method from [19]

2.6 Aircraft Example
To demonstration this method we consider the example F-8 aircraft, the same example

as the one that done in [13] - [15]. The matrices of the problem are given in the paper

[10]

A — [0.278386  —0.965256

I 10.089833  —0.290700

A — (—0.074210  0.016017
S | 0.012815  —0.001398




with

[ —0.001815
| 0.002850

[ 0.030344
—0.075092

0 0
1 —3.236

0

| —0.003152

[—46.62606
| 7.858776

[ 18.210002
| —45.049998

0.005873

—0.009223]

0.075024

—0.016777|

0.00500
0.01302

Wy = 0.000315. W5 = diag [0.000686 40], ¢ = 0.025.

20

The slow and fast reduced-order Kalman filters driven by the system measurements are

given by:

3;1'; [t] =

eny(t)

—1.21151
—2.9733

0.2755 —0.955%8
0.0903 —0.2923

1.1831
—5.1759

|4 oq

[0+

561 0.0018
958 0 ]”[t]

9.1085 0.0028 S0
22 5077 0.0039| Y
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2.6.1 Simulation Results

The simulation result are obtained using the block diagram built in Simulink/ MATLAB

Aircraft position {true and estimated pure slow)

038 —T——7 7 11—t 1
: : : : ' : true value ¥ hat
0.03 ------immmmmdeme e - estimated value n_ H
0028 L
M Bz
) : : : : : : : : :
N 1 L Y PR PR oo il GECEEEE EEPPEEE oo boeeoes bomee
= ' ' ' ' : : : : :
= : : : : ; : : : :
w001 : ' - - AR R L R A oo
& T R A ' "f‘
0.005 LI : ii . '___ v ’ it ]
SHTEe i
U _I____% l‘- I"{ L oo —
TV NS A RS NS A - —
0.01 i i i i i i i i i
0 1 2 3 4 5 ] T 8 9 10

Time (sec)

Figure 2.2 - Aircraft position (true and estimated pure slow)

The simulation result in Figure 2.2 shows the true and estimated aircraft position
response using pure slow reduced-order Kalman filter. We can see from Figure 2.2 that

estimated results are very closely following the actual results.
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Aircraft Position pure slow without noise (deterministic system) JAircraft Position pure slow with noise )

0.0 : : : : : : : : :

77 R T S R S N N N S —
L R R e e e e
P S
0015 -~ AR N SR S TR A

Fosition (feet)

720 R RS S N N ' O A S S
0.005 A\;______: __________ _i ________ J: ________ % ________ :L __________ E. _________ E ________ _E ________ 4: _______ _
o LA AL o ITIN V. IR RISV TR AT b s A

0.005|-------

[ REp———

-0.01

10

P e bt
Fer ] I
—_ e i
o |—----
ol

Figure 2.3 -Aircraft position pure slow without noise (deterministic system), aircraft

position pure slow with noise

We can see from Figure 2.3 that the noise is really small for the pure slow reduced-order

Kalman filter.
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Aircraft position (true and estimated pure fast)
01 I I I I T I I I I
' ' ' ' ' true value x hat

estimated value N

Fosition (feet)

B s BOGGERE S LETEEE SRCRELECERPRES SRRLPEE SRR SEPES .
—U_3 MN---=-=-- T====== h B L L '§' """" i B i B L r===== -
P S A A N A A S N

0 1 2 3 4 5 3] T 8 9 10

Time (sec)

Figure 2.4 - Aircraft position (true and estimated pure fast)

The simulation result in Figure 2.4 shows the true and estimated aircraft position

response using pure fast reduced-order Kalman filter.
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Figure 2.5 -Aircraft position pure fast without noise (deterministic system), aircraft

position pure fast with noise)

We can see from Figure 2.5 that the noise is small for the pure fast reduced-order

Kalman filter.
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Position error pure slow
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Figure 2.6 - Position error pure slow

We can see from Figure 2.6 that the position estimation error is really small for pure

slow reduced-order Kalman filter and it is value between 0.015 and - 0.015.
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Figure 2.7 - Position error pure fast
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Velocity (true and estimated pure slow)
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Figure 2.8 - Velocity (true and estimated pure slow)

Figure 2.8 shows the true and estimated velocity response using the pure slow reduced-
order Kalman filter. We can see from Figure 2.8 and Figure 2.10 later that the velocity

result is very good and very close to actual results.
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Velocity estimation error pure slow
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Figure 2.10 - Velocity estimation error pure slow

We can see from that the error value (noise) in pure slow reduced-order Kalman filter is

really small and it is value between 0.005 and - 0.005.
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Velocity estimation error pure fast
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Figure 2.11 - Velocity estimation error pure fast

Figure 2.9 shows the true and estimated velocity response using pure fast reduced-
order Kalman filter. We can see from Figures 2.9 and 2.11 that result for velocity are

very well and very close to true results with small noise.
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2.7 Conclusion

In this chapter we simulate the slow and fast reduced-order Kalman filter for singularly
perturbed time-invariant systems developed in [10]. The simulation is done for an
aircraft example. From the simulation results we can see that the aircraft position error
in pure slow reduced-order Kalman filter is much smaller compared to the pure fast
reduced-order Kalman filter. That is meaning the estimated result for aircraft position is
very close to true results for pure slow reduced-order Kalman filter.

The same with the velocity error the pure slow reduced-order Kalman filter is smaller
than pure fast reduced-order Kalman filter. The pure slow reduced-order Kalman filters

perform better (on average) than the pure fast reduced-order Kalman filter.
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Chapter 3

Reduced Order Kalman Filter for a Class of Systems with Slow and Fast
Modes

3.1 Introduction
The Kalman filter is a dynamic system of the same order of the system whose state
space variables are estimated. In some special cases the order of the continuous-time
Kalman filter can be reduced [27]. The reduced-order Kalman filter has the obvious
advantages over the full-order Kalman filter:

a- Simplicity of implementation.

b- Reduced processing.

c- Increased accuracy.
In this chapter we consider the continuous-time reduced-order Kalman filter of [27] for
a special class linear system with slow and fast state variables (singularly perturbed

systems).

3.2 Reduced Order Kalman Filter for System with Slow — Fast State Variables

The singular perturbation method has been used to study the reduced-order optimal
Kalman filter by decoupling or breaking it down into two separate reduced-order filters
operating in two different time scales. The particular mathematics for the reduced-
order Kalman filter utilized the results of Friedland [27].

Consider a linear continuous-time stochastic system disturbed by white noise

r(t) = Ax(t) + Bult) + Fuw(t) (3.1)
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with perfect state measurements
y = Cx(t) (3.2)

Assume that equation (3.1) has a singularly perturbed structure, that is

() | A Aw||@(t) | | [ B ()4 Fy (8)
era(t) | |An An||r2(t) Ba| T R T (3.3)

. r1(t)
yt) = o L'E”J (3.4)

where
ri(t) € R", xa(t) € R™,n1 + n2 = 1. are the state vectors.
By e R"7™, By € ™™™, 3re constant matrices.

u(t) € R™ s the control vector.

y(t) € R s the observation vector.
W(t) is a zero mean white Gaussian noise with intensity (spectral density) W > 0.

€ is a small positive singular perturbation parameter.
We will use the results of [26]-[27] to derive the reduced-order Kalman filter for
singularly perturbed linear systems. We consider two cases: (a) only slow state variables

are perfectly measured, (b) only fast state variables are perfectly measured.
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3.3 Main Results
3.3.1 Case 1: Reduced Order Kalman Filter for Fast State Variables

Assume that in (3.3) — (3.4) only the slow state variables are perfectly measured, that is:

T IEL] = -{11.i!'1|:!l-:] T -ilg.i'glzt:] ns Bli-!‘[f-:] T .F1H'|:El-:] (3.5)
ers(t) = Ay (t) + Asexalt) + Bsult) + Fawl(t) (3.6)
y(t) = ri(t) (3.7)

We will assume that the observation noise here is vacant, as is the basic presumption
with the reduced-order Kalman filter [25]. It is also presumed that the state variables in
the fast reduced-order Kalman filter have to be estimated. We assume that the first n;
here are measured (' = [I;,l U] :

This will match dimensions to the partitioning of the state matrices and vectors. Hence,

for this case we assume:

[C1 Co] = [I, O] (3.8)
where [, ‘is identity matrix of dimension Ny,

Since y(t) = x1(t) is known at all times, the estimate of Xy (t) is given by:

r1(t) = ylt), (3.9)
We need to design the reduced-order Kalman filter to estimate X,(t). Information about
X, (t) is carried in the derivation of y(t), that is

y(t) =1 = Ana(t) + Apra(t) + Biu(t) + Fw(t) (3.10)
The reduced-order Kalman filter for the fast state variables is given by:

exo () = Agy iy (1) + Agpira (£)+Bou(t) + Ka(h(t) — ylt)) (3.11)
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with the corresponding measurements (3.10) that carry information about X5 (t).

The signal () is defined, by

y(t) = Anai(t) + Agda(t) + Byult) (3.12)
note that ry(t) = y(t) = T1(f).

The general observation equation for X,(t) in (3.11) can be converted into another form
by eliminating glt] from (3.11), which leads to

ea(t) = A &1 (t) + Apidy (1) +Boul(t) + Ko(y(t) — Ay iy (1)

— Ay 1a(t) — Byult)) — Ko Flw(t) (3.13)
To eliminate the need for the derivative of y(t) , we will introduce a charge of variables
as explained below. Bring the term -Ifgy[t:] to the left-hand side of (3.13), and

arrange the right-hand side of (3.13) as follows

ety (t) — Koul(t) = (Ao — KoAy)y(t) + (Ap — Ky Ap)io(t)

— o—

z(t) + (By — KBy )ult) (3.14)
where
:I:El.:] = F.i'gli!l.::l — ffgy'lzt:] = F.E-'glzt:] - ffg.i'llzt:] = F.i'glzt:] — Koryq IZEL.:] (3.15)

This leads to

. 1 ) i Ks .
Ht) = (A — KoAp) — =z(t) + (A — f‘iz-{mJimH
€ €

+(Agp — Ko Ay Jylt) + (Ba — Ko By )ult) (3.16)

Note that
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(0 + 2oyt =

1
£ £

2(8) + LI (1) =

1
£ £

Ta(t) =
and the reduced-order Kalman filter for fast stat variables is given by
€2(t) = (A — KaAp)z(t) + e(B2 — Ka2By)ult)+

[[.—1_99 — Kg.—hg]ffg — E[.—'lg1_ — Hg.—'ln:]]y[i] (3.17)

L4

Having obtained z(t) from (3.16), we have from (3.15):

- 1 -
o (t) = E[:[f] + Kyylt)) (3.18)

When ¢ = (), the approximate fast estimation can be obtained from (3.17) as
208 = (Agg — Ko Ap) M Agp — KoAp)y(t) = ylt) = x1(t) (3.19)

in which case

- 1 1
iy = =(Z9(t) + Ka)y(t) ==[(Aaa — Ko Arz) (A — Ko Ap) + Kalyl(t)
- e £

(3.20)
To find an expression for the estimation error we use the previous equation to form
e(d2(t) — 22(t)) = eea(t) (3.21)
= Agy (w1 (t) — 21(F)) + Aza(w2(2) — T2(t) )+ Fow(t) — Kol Az (t)+
Ao (t) + Brult) + Frw(t) — Apay (t) — Apdo(t) — Bu(t) —Fruw(t))

(3.22)
which lead to
eéa(t) = Apes(t) — KoApes(t) + Fow(t) — KoFw(t) (3.23)
or

eéa(t) = (An — KaAp)ea(t) + (Fo — Ky Fy)w(t) (3.24)



37

Note that the mean value of €,(t) is zero at all times since the gain K, to be obtain from
the corresponding algebraic Riccati equation stabilizes the reduced-order Kalman filter
derived in (3.17).

The optimal gain matrix K, of the reduced-order Kalman filter for the fast state

variables can be obtained by using the result of [27]. The gain matrix K, is given by:

Ky = (PAL, + RWFDV! (3.25)
where
V =FWF{ (3.26)

P matrix in (3.25) is the covariance of the error in estimating vector X,(t) and is given by

the positive semi-definite stabilizing solution of the following algebraic Riccati equation:

PAT £ AP — PApV AL P+ W =0 (3.27)
where

A=Ay - BWFV 1A, (3.28)
W=rFrWF - EWFIVIRWEL (3.29)

This Reccati equation corresponds to the case when the state and measurement white
noise processes are correlated which is expected since the system (3.5)-(3.6) and
measurements (3.10) have the same noise. The estimation error covariance is given by:
E, = Var (ey) (3.30)
The variance of the estimation error satisfies the following algebraic Lyapunov equation

obtained from (3.24)
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L, S 1. ] .
“(Agp — K3 Ap) By + ~(Ap — KyAp) Ey+
£ £

1

_ 1 _
S(Fy — KR TWE(F, — Ky Fy) =0
F

; (3.31)

It can be seen from this equation that £ = O —],where (J{¢'] stands for (J(e'] < ae'
F

with cx being a bounded constant and i a real number. In the case when W=0O(€) then
Var(e,(t)) =O(1).
3.3.2 Case 2: Reduced Order Kalman Filter for Slow State Variables

Consider the same singularly perturbed linear stochastic system as is section 3.3.1

wi(t) | A Awl|nlt)] | [ B (8 + Fi w ()
exa(t)| |Azy  Ass||xalt) Bal|l Fy

y(t) = [C1 O] {'*'litj}

z2(t) (3.32)

We will presume that the fast states variables are directly measured that is, C = [0 ]
and the residual N — N, have to be estimated using the reduce-order Kalman filter.
Hence, we can write:

[C1 Cy] = [0 ] (3.33)
The system and the measurement are now defined by

T1(t) = Ay o (t) + Apas(t) + Byul(t) + Flw(t)

ers(t) = Ay (t) + Asexalt) + Bsult) + Fawl(t)



39

ylt) = ralt) (3.34)
The fast variable estimate is given by:

rolt) = ylt) (3.35)
In the following we will construct the reduced-order filter for estimation of the slow

state variables. We start with

.{;let.] =a3(t) = —(Asyxq(t) + Asora(t) + Bault) + Fawl(t))
€ (3.36)

Note that the measurement defined in (3.36) carries information about Xi(t). The

corresponding reduced-order slow Kalman filter can be designed as follows

T (t) = Ay (t) + Ay o) +Brult) + Ky (3(t) — i(t)
S, e (3.37)

= ylt)

with its measurement given by

yl(t) = —(Apz(t) + Apylt) + Bault))
F

(3.38)

From equation (3.37) and (3.38) we have:
71 (t) = Ay () + Apda(t) + Byult)+
Ky(g(t) — L:_J_gl.i'l (f) + Asodo(t) + Bault)))

; (3.39)
Let
z1(t) = 21 (t) — Kyylt) = x1(t) = z(t) + Kyylt) (3.40)
then

Ty (t) — Kyg(t) = #(t) (3.41)



so that

() = Ay (21 () + Kyy(t))+ Apy(t) + Byult)

1 1 1
—= KAy (21(t) + Kylt)) — ;f‘ﬁ Anyl(t) — ;K152H|[f]
£ - -

and

' r ]‘ r
(1) = Anz () + An Kyy(t) + Apy(t) + (B — Eﬁ132]1i[f]

1 1 1
—?fﬁim =(t) — Eﬁla%zﬁlyﬁj - Eﬁlﬂzzylif]

1
This filter is also fast since it has — on the right hand side
£

| 1 -
() = (A — ?flp{m]iﬁ(f] + (B — ?Mﬁz}ii(f]"‘

1 1
(A Ky + A — ;Kl-'llzKl - ;Kiﬁzzj'y[f]

Let

o = €A — KAy
51_ = EB1_ — K-lBg

11 = eAn Ky +edyy — K Ap Ky — KAy

e1(t) = (eAy — KiAn ) 21(t)+ (eB1 — K1 Ba) ult)+

I
o

40

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)



41

|[E.-1.11 Ky +edp — KAy Ky — K‘l-{ﬂ] y[t]

="
€21 (t) = azy(t) + Sult) +ny(t) (3.48)
From the previous equation we have:
ey (t) — Kiy(t)) = aqi (t) — ag Kyy(t) + Srult) +1y(t) (3.49)
then

. - 1 1, 1
r(t) = Kyy(t) + —aqry (t)—— (o Ky — 3 )y(t) + = 5qult)
£ £ £ (3.50)

To find an expression for the estimation error we use the previous equation to form

iy (t) — 1 (t) = € (3.51)

1 (t) — 21 (t) = Az (t) + Apra(t)

+Byult) + Frw(t) — (A (£) + Aypa () +Byult) + Ky (§(t) — y(t)))
(3.52)

= Anx(t) + Apwa(t) + Byult) + Frw(t)—(And (t) + Apxa(t) + Brult)+

L (Apy iy + Ay () + Byu(t))))

&

£
(3.53)
which lead to
. 1
e1(t) = Aper(t) + Fru(t) — — Ky Ag e (t) — — K Fawl(i)
£ £ (3.54)

or
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. 1 . . 1 . .
e1(t) = (A — —K1 A9 )eqlt) + (F1 — =K Fa)w(t)
£ € (3.55)

The optimal gain matrix K; of the reduced-order Kalman filter for the slow state
variables can be obtained by using the result of [27].

The gain matrix Ky is given by:

Ky = (PAL + BWF()V (3.56)
where
V =FWF] (3.57)

Note that the gain matrix K; exists under the assumption that the matrix V s
invertible. P matrix in (3.56) is the covariance of the error in estimating vector X (t) and
is given by the positive semi-definite stabilizing solution of the following algebraic

Riccati equation:

PAT £ AP — PAy VAL P+ W =0 (3.58)
where

A=Ay - BWFV1Aay (3.59)
W =rFrWF — EWFIV IR WEL (3.60)

This Reccati equation corresponds to the case when the state and measurement white
noise processes are correlated. The estimation error covariance is given by:

E,=Var (el) (3.61)
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The variance of the estimation error satisfies the following algebraic Lyapunov equation

obtained from (3.55)

; 1 . ) 1 _
(A — ~K1 Ay ) By + (A — ~K1 40 B+
€ €

1 _ 1 _
(Fy — ~K\F)Tw (F| — —K1Fy) =0
. . (3.62)

34 Numerical Example
3.4.1 Example
In this section, we use a simple example to show the performance of the reduced

Kalman order filters. Consider the system given by:

Ft) | A Awr| |xlt)| | | B T E Y
era(t)|  |Az Aw| |xalt) Bo| T R Y

We will set 3. [33 equal to zero and study the following equation

T1(t) - 0.9 0.2 |x1(f) N 1 w ()

era(t)| |01 0.6 |x2(t) o] (3.63)
for two cases:

. . r1(t)
and

o 1 | zl(t)
y(t) =10 1] L-grﬂ]

(3.64)

(3.65)



We assume, W = 0.1.

3.4.2 Simulation Results

The simulation result are obtained using Simulink/ MATLAB

5 10 15 20 25 30 35 40 45 50
Time Step

Figure 3.1: The reduced-order Kalman filter for fast state variable estimates
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Time Step

Figure 3.2: The of reduced-order Kalman filter for slow state variable estimates
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3.5 Conclusion

We have shown how to design the reduced order Kalman filters composed of slow and
fast Kalman filters for the case of perfect respectively slow and fast measurements. The
first subsystem is the reduced-order Kalman filter for slow state variables; the second
subsystem is the reduced-order Kalman filter for fast state variables. Using these two
will reduce calculations in real-time systems and it will decrease mathematical and
computational requirements, which encourages using the reduced-order Kalman filter

method.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

In the section, we summarize the contributions of the thesis. In the first part of the
study, we demonstrate the process that depends on the pure-slow pure-fast
decomposition method for finding a solution for the filter singularly perturbed algebraic
Riccati equation. We use here the Chang transformation to convert the equation into a
block-diagonal design where the slow and fast pieces of equation are entirely decoupled
like compound control an approach. We perform simulation for such obtained pure-
slow and pure-fast Kalman filters.

The next task of the thesis was to use the reduced-order method for slow and fast sub-
systems, and find the solution of the corresponding algebraic Riccati equation. This will
facilitate the use of Kalman filter for real-time physical systems.

Our results show improvement when compared to the other results available in the
literature used for the same problem. All these methods provide a theoretical approach
on how to design the reduced-order modeling Kalman filter for continuous- time system

with slow and fast modes and perform corresponding simulation.
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5.2 Future Work

In the future work, we plan to use the results of this thesis to design an extended
Kalman filter for singularly perturbed systems, and derive pure-slow pure-fast
decomposition model and the corresponding reduced-order extended Kalman filter. We
plan also to study the same problem for discrete-time systems. Based on the results
obtained, this method can be applied to practical problems in mechanical systems
industry, wireless communications, chemical, biology systems, and power systems,

where reduced-order method need to be addressed.
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