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ABSTRACT OF THE DISSERTATION

Current challenges in fundamental physics

By Daniel Egana-Ugrinovic

Dissertation Director:

Professor Scott Thomas

The discovery of the Higgs boson at the Large Hadron Collider completed the Standard Model of

particle physics. The Standard Model is a remarkably successful theory of fundamental physics,

but it suffers from severe problems. It does not provide an explanation for the origin or stability

of the electroweak scale nor for the origin and structure of flavor and CP violation. It predicts

vanishing neutrino masses, in disagreement with experimental observations. It also fails to explain

the matter-antimatter asymmetry of the universe, and it does not provide a particle candidate for

dark matter. In this thesis we provide experimentally testable solutions for most of these problems

and we study their phenomenology.
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1

Chapter 1

Introduction and Summary

The completion of the Standard Model of particle physics (SM) with the discovery of the Higgs

boson [1, 2] and the success of the standard model of Big Bang cosmology (ΛCDM) opened a new

era for fundamental physics. Both the SM and ΛCDM are tremendously successful models, but they

fail to explain the origin of the electroweak (EW) scale, the flavor and CP violating structure of the

SM, the origin of the matter-antimatter asymmetry and the particle nature of dark matter. It is

remarkable that in the next few years, the experimental program of particle physics and cosmology

might intersect with the phenomenology of the proposed theoretical solutions of all these problems.

In this work we study possible solutions to these problems which are within reach of current or

proposed experiments.

The Standard Model is is a Quantum Field Theory (QFT). QFT is the most successful theoretical

framework to describe fundamental physics to date. As an example, the SM correctly describes the

measured decay rates of all known elementary and composite particles with an unmatched precision

which in some cases, as in the rare decay of Bs mesons to muons, are as small as a part in a billion [3].

Another remarkable example is the SM prediction for the magnetic moment of the electron, which

has been calculated to tenth order in an expansion in the electric coupling [4], and is consistent

with the experimental measurement to one part in one billion [5]. The SM is also consistent with

the cosmology of the early universe. As an example, together with the standard model of Big

Bang cosmology, it provides consistent predictions for the primordial abundance of light elements

D,3 He,4 He and 7Li, which span nine orders of magnitude from 4He/H ∼ 0.08 to 7Li/H ∼ 10−10 and

were synthesized only a few minutes after the Big Bang [6].

The SM, however, has severe consistency problems. In the modern understanding the Standard

Model is an effective theory in the Wilsonian sense [7]. There are two intrinsic energy scales in the
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Standard Model, which are the QCD confinement scale ΛQCD ∼ 220 MeV and the electroweak scale

which here will be parametrized by the Higgs mass mH = 125 GeV. The next fundamental scale

is the Planck scale, MP = 1.22 × 1019 GeV, which is wildly separated from the electroweak scale.

In effective field theory, a theory with validity up to the Planck scale should provide a microscopic

description for the origin and stability under quantum corrections of the smaller energy scales in

the theory. As an example, the QCD confinement scale is elegantly explained in our current theory

by a mechanism called dimensional transmutation, which provides a dynamical connection between

the dimensionless strong coupling constant and the QCD scale, and explains its smallness with

respect to the electroweak scale. In the SM there is no such dynamical mechanism nor a symmetry

to explain the smallness of the Higgs mass with respect to the Planck mass. Without extremely

precise cancellations between parameters in the theory, the dynamics of the microscopic theory

would naturally drive the electroweak scale, together with the Higgs mass, to values close to the

Planck scale, in strong disagreement with experimental data. If the cancellations are not enforced

by a reason, as an underlying symmetry, the parameters of the theory must be “unnaturally” tuned

to provide these cancellations. This is the problem of the origin and stability of the electroweak

scale, which is usually called the “Hierarchy Problem” [8].

A possible solution for the Hierarchy Problem is supersymmetry [9, 10]. In supersymmetry,

fermions and bosons are related by the action of the supersymmetry group generators. In supersym-

metry, the smallness of the Higgs mass with respect to the Planck is related to the smallness of the

mass of its fermionic partners, which may be explained on symmetry grounds. If supersymmetry

is only broken softly (i.e., it is preserved at high energies), the stability of the electroweak scale

under renormalization to higher scales is due to the non-renormalization theorem of supersymmet-

ric theories [11, 12], which protects certain quantities from perturbative radiative corrections. The

precise origin of the electroweak scale can be explained with a microscopic mechanism of supersym-

metry breaking, which then could dynamically induce EWSB at a small scale. Supersymmetry also

provides new particles that can be dark matter candidates.

Nature is, however, not supersymmetric. As a consequence, a phenomenologically viable mech-

anism for supersymmetry breaking is needed. This is a particularly delicate issue for flavor physics.

Supersymmetry breaking parameters generically induce flavor changing processes which are strongly

constrained by experiments. For this reason, a particularly attractive model for supersymmetry

breaking is gauge mediated supersymmetry breaking (GMSB). A review of GMSB can be found in

[13]. Gauge interactions are flavor blind so they cannot lead to flavor violating processes. Unfor-

tunately, the simplest untuned models of gauge mediation are inconsistent with the value of the
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Higgs mass [14]. It is pressing to build models which retain the main features of GMSB, while being

consistent with the Higgs mass and avoiding the reintroduction of the Hierarchy Problem. In this

work we address this issue and present the possibly simplest extension of GMSB which satisfies these

criterions [15, 16].

The problem of the flavor structure and of the microscopic origin of CP violation in the Standard

Model are also two of the most important issues in fundamental physics. The masses of the quark

and lepton sector seem hierarchical, but we have no explanation for this fact, and neither do we

have an explanation for the origin of neutrino masses. In addition, the structure of flavor and CP

violation are related in the Standard Model; in our current understanding, both flavor CP violation

are contained in the CKM [17, 18] and PMNS [19, 20] matrices. We have no explanation for the

origin of these matrices. And intriguingly, CP violation in the strong interactions (the “strong CP

phase”) is allowed by all symmetries, but is experimentally constrained to be less than one part in

a billion from measurements of the neutron electric dipole moment [21]. This is the so called strong

CP problem. Finally, CP violation is a crucial component for explaining the excess of matter over

antimatter in the universe. The Standard Model, however, does not contain enough CP violation to

account for this excess, which is yet another indication that our theory is incomplete.

All these problems might be related to each other, in what we call in this work “the puzzle of

CP violation”. Supersymmetry might play an important role in this puzzle. If a microscopic model

is built that is consistent with the flavor and CP structure of the Standard Model, supersymmetry

preserves this structure down to accessible energy scales thanks to the non-renormalization theorem.

In this thesis we present a complete, calculable, predictive and experimentally testable supersym-

metric model for all known and required CP violation in nature, which represents a full solution to

the puzzle of CP violation. The model explains all flavor mixing and CP violation spontaneously,

through condensates of so called Barr-Nelson fields, while it explains the origin of neutrino masses

through mixing with right handed neutrinos. Making use of the model background symmetries, it

is possible to impose all known data on the parameter space, and derive precise predictions for the

lightest neutrino mass and all the CP violating phases of the PMNS matrix, which have not been

measured. As a consequence, the model might be experimentally confirmed or falsified.

The models which will be presented in this work, as well as many other extensions of the Standard

Model, possess characteristic phenomenological features that may be experimentally probed. In

particular, most extensions of the Standard Model, including supersymmetry, have extended Higgs

sectors. Extended Higgs sectors contain additional Higgs particles, i.e., new scalar particles with

no quantum numbers near the electroweak scale. These new vacuum states can mix with the Higgs
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boson, modify the Standard Model predictions for its interactions, and lead to new signatures at

colliders or other types of experiments. In particular, the Higgs sector of all supersymmetric models

contain at least one additional SU(2) Higgs doublet [22]. These kind of extensions of the Higgs

sector are called “Two Higgs Doublet Models” (2HDM). Two Higgs Doublet Models are not only

interesting for supersymmetry, but also are interesting for electroweak baryogenesis [23] and axion

models [24, 25], to name a few additional motivations. Moreover, they fall into a very constrained

class of theories of extended Higgs sectors that are consistent with electroweak precision tests by

construction, since they do not modify the Standard Model prediction for the ρ parameter at tree

level [26], which is defined as

ρ =
m2
W

m2
Z cos θW

(1.0.1)

where θW is the Weinberg angle. In the Standard Model at tree level ρ = 1, consistent with the

measured experimental value ρ = 1.0008+0.0017
−0.007 .

The Higgs sector has already been partially probed at colliders [27–29] and no new physics has

been found. This suggests that if additional Higgs particles exists, they are likely to be heavier

than the Higgs boson, such that by decoupling its effects in the Standard Model Higgs sector are

suppressed. The most powerful available tool to analyze new physics near the decoupling limit is

wilsonian effective field theory. In this thesis we present a complete analysis of the tree level low

energy effective theory of the 2HDM. We identify all the effects in the low energy theory that might

be seen at colliders or low energy experiments, classifying the modifications to the Higgs interactions

by a concept of effective operator dimension, and organizing all flavor and CP violating effects in

the same way.

One of the main outputs of the effective field theory analysis, is that we find that the main types

of 2HDM studied in the literature including the ones corresponding to supersymmetric theories, i.e.

2HDM with Glashow Weinberg conditions, [30], contain only one CP violating phase at leading order

in an operator expansion. This CP violating phase can be constrained by current measurements of

the electron electric dipole moment, so we finally present in this work a complete study of the limits

in all the types of 2HDM with Glashow Weinberg conditions.

The topics in this thesis are presented from microscopic physics to larger scales. In chapter 2 we

start with a supersymmetric effective theory which is a full solution to the puzzle of CP violation.

The model is valid up to energies near the unification scale 1015 GeV. The model explains the baryon

asymmetry of the universe and provides a mechanism for neutrino masses. Supersymmetry provides

a solution to the hierarchy problem, and a detailed model of gauge mediated supersymmetry breaking
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at energy scales of 100 TeV consistent with the Higgs mass, is presented in section 3. Supersymmetry

also provides a motivation to study extensions of the Higgs sector around the TeV scale, and the

complete organization of extended Higgs sectors within effective field theory at tree level is presented

in chapter 4. The operator analysis of extended Higgs sectors identifies novel CP violating effects

at low energies, and a detailed study of CP violation at energy scales of the electron is presented in

the same chapter. Further technical details are left for appendices. The phenomena covered in this

thesis span twenty-four orders of magnitude in energy, from the unification scale down to scale of

the neutrino masses.
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Chapter 2

A complete model for all known and

required CP violation

2.1 The puzzle of CP violation

There is a CP puzzle in the Standard model and many of its extensions. In the quark sector

of the Standard Model there is a large CP violating phase in the CKM matrix, and its effects

on experimental observables depend on the flavor structure of the quark sector [17] [18] [31]. In

particular, its effects are heavily suppressed by quark mixing angles. Neither the origin of the CP

violating phase nor the origin of the flavor structure of the quark sector may be understood within

the framework of the Standard Model. Moreover, once the Standard Model is extended to allow for

neutrino masses, there are additional CP violating phases in the PMNS matrix of the lepton sector

[19] [20], which lead to effects that depend on the flavor structure of the lepton sector. Neither

the origin of neutrino masses nor of the flavor structure of the lepton sector is understood within

the Standard Model. Moreover, even if there is experimentally confirmed CP violation in the CKM

matrix, CP violation is experimentally absent from all experiments testing CP violation in SU(3)C

interactions. SU(3)C interactions allow for a CP violating parameter θ in the QCD Lagrangian term

iθ
32π2GµνG̃

µν . Current limits on electric dipole moments of the neutron [21] set a strong constraint

on CP violation in the strong interactions, θ < 10−10. No symmetry or dynamical reason in the

Standard Model can explain the smallness of this parameter. This is commonly referred to as

the strong CP problem. Finally, CP violation is one of the three Sakharov conditions needed for

baryogenesis [32], so it is crucial for the cosmological evolution of our universe. The Standard Model,

however, does not contain enough CP violation to explain the asymmetry in our universe.
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The origin of CP violation in the quark and lepton sector, its relation to the flavor structure of

the quark and lepton sectors, the absence in CP violation in the strong interactions and the needed

CP violation to explain the baryon asymmetry in the universe, might all be related in a puzzle of

CP violation, and might all have a common microscopic explanation. A schematic depiction of the

puzzle of CP violation and the relations between its different components is provided in figure 2.1.

Different classes of solutions aim to explain the strong CP problem, which is one of the parts

of the puzzle of CP violation. The Peccei-Quinn mechanism [24, 25] introduces an anomalous

U(1)PQ symmetry, a low-energy remnant of which is the QCD axion, which has not been observed

in experiments. A different class of solutions, first introduced by Nelson [33] and Barr [34], aims

to solve the strong CP problem and to provide an explanation for the origin of CP violation in the

quark sector. Here, at a high scale the theory is CP-conserving, that is, θ = 0 and all parameters in

the Lagrangian are real, i.e., there is no explicit CP violation. CP violation is only spontaneously

broken at lower scales, and is communicated to the quark sector without inducing a strong CP

phase. A minimal model useful to understand the Nelson-Barr (NB) mechanism was introduced in

Ref. [35]. In this model, in addition to the SM fields, a set of neutral scalar field Sa and vector-like

down-type quarks D +D are introduced with the following interactions:

MDD + κajSaDdj + λdijQiHdj + . . . (2.1.1)

where the dots represent CP conserving SM like interactions, as well as the potential for the fields Sa.

For what concerns the latter, it just needs to produce complex vev’s 〈Sa〉, and a generic polynomial

potential is satisfactory. Below the scale of spontaneous CP violation, which we call the Nelson-Barr

scale, the physical QCD vacuum angle is given by

iθ = iArg (detMd) = iArg

∣∣∣∣∣∣∣∣∣∣
λdijvd κai〈Sa〉

0 M

∣∣∣∣∣∣∣∣∣∣
(2.1.2)

where we have already set to zero the “bare” angle θ and Arg detmu, which vanishes because the

high-energy theory is CP-conserving. Because Md is a triangular matrix with real elements on the

diagonal, its determinant is real and θ vanishes. Moreover, there is mixing between the light and

heavy down-type quarks, meaning that at low energies the 3×3 down-type Yukawa matrix will have

complex components.

In non-supersymmetric versions of the Nelson-Barr mechanism, there are contributions to θ both

at tree-level, coming from non-renormalizable operators (such as S†aS
bDD), as well as radiatively,

via four-scalar interactions (such as SaSbH
†H or S†aS

†
bScSd) which cannot be forbidden by any
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symmetry compatible with the Lagrangian (2.1.1). This implies a relatively low scale for the CP-

breaking scale, M < 108 GeV, too low to account for the CP-violating phases needed for thermal

leptogenesis. For this reason, we require the model to be supersymmetric at high energies: with

supersymmetry, such non-holomorphic operators are forbidden. There are potentially large loop

corrections to θ that involve soft squark masses [36–38], but those can be avoided in the case of

degeneracy and proportionality of the soft masses, such as in low-scale gauge mediation, which we

will require.

The simple supersymmetric Nelson-Barr solution to the strong CP problem is the starting point

for finding a complete solution to the whole puzzle of CP violation. In Nelson-Barr models CP

violation in the quark sector, which is part of the puzzle, is originated spontaneously. Since the

flavor structure of the quark and lepton sectors, and the origin of CP violation in the lepton sector

are the remaining parts of the puzzle, we extend the simple supersymmetric Nelson-Barr model so

that all known and required CP violation and flavor mixing are originated spontaneously. In our

model, baryogenesis is achieved via thermal leptogenesis due to out of equilibrium decays of right

handed neutrinos. In order to introduce CP-violation in the leptonic sector, we extend the model

of Eq. (2.1.1) to the leptonic sector by introducing a vector-like 5 + 5 multiplet and considering

GUT-unified couplings of the Standard Model 5i = (di, Li) multiplet to the NB sector. Thus, the

CP violating phases and part of the flavor structure and mass hierarchies of the leptonic sector are

related to the ones in the quark sector by an unification Ansatz.

Common numerical techniques to analyze the parameter space of our model are not adequate,

due to the complexity of the flavor structure in the Standard Model. For this reason, we proceed

analytically by presenting a full list of polynomial flavor invariants for the quark and lepton sector.

Polynomial flavor invariants are useful tools to describe flavor physics and CP violation. Using flavor

invariants, we are able to show that all the relevant parameters for low energy physics in our model

can be fixed from known data, so that the model is able to not only realize all observed low energy

phenomena, but also to give strong predictions on the parameters of the lepton sector that have

not yet been measured. In particular, we show that the model reproduces quark and lepton masses

and mixing angles, predicts the leptonic CP phases in the PMNS matrix, predicts the mass of the

lightest neutrino to be in a very narrow range between 10−2meV and 10−3meV, solves the strong

CP problem, for given right handed neutrino masses predicts the CP violating phases required for

leptogenesis entirely from low energy data and reproduces the observed baryon asymmetry through

thermal leptogenesis. The precision of the predictions depend entirely on the precision of current

measurements of quark and lepton masses and mixing angles.
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CP violation

Strong CP problem

Unification?
Quark sector 

flavor structure

Lepton sector  
flavor structure 

Baryogenesis: 
Sakharov  
conditions

Figure 2.1: The puzzle of CP violation. In the quark sector, CP violation is contained in the CKM phase
and its effects depend on its flavor structure. In the lepton sector, CP violation is contained in the PMNS
matrix, and its effects depend on its flavor structure, so CP violation may also be related with the problem of
the origin of neutrino masses. CP violation in the lepton and quark sector may be related through unification.
CP violation is also fundamental for baryogenesis, and finally, it represents a problem for explaining the
experimentally absent strong CP phase.

The outline of this chapter is as follows. In Section 2.2, we introduce our model, a supersymmetric

version of Eq. (2.1.1) with GUT-unified couplings between the NB sector and the MSSM fields.

Then, we systematically investigate the physics form the UV to the IR, describing the effective field

theories at each scale and finding non-trivial conditions for the couplings in the EFT arising from

the unification Ansatz. In Section 2.3, we solve for the model parameters in terms of observed IR

data, such as fermion masses and mixing angles. In addition, we are able to solve for unobserved

parameters such as the lightest neutrino mass and the CP phases in the PMNS matrix, which are

predictions of our model. In Section 2.4 we turn our attention to physics at the RH neutrino mass

scale: we discuss the Boltzmann equations that describe leptogenesis and find the final asymmetry

as a function of known IR observables and the RH neutrino masses. Appendix A contains a technical

discussion of flavor invariants.

2.2 Nelson-Barr model and leptonic CP phases

We begin by describing the supersymmetric model. In this section we do not consider any super-

symmetry breaking effects. A short discussion of supersymmetry breaking is postponed to section

(2.2.3), and a full discussion of a gauge mediated supersymmetry breaking mechanism is postponed
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to section 3. We consider the field content of a supersymmetric type I seesaw model, with three

RH neutrinos N1, N2, N3 which are SM singlets. We also add singlet fields SjA, A = 1, 2, j = 1, 2, 3

which are called Nelson-Barr fields and two vector-like matter SU(5) GUT multiplets 5A + 5A,

A = 1, 2. The setup requires two families GUT multiplets for reasons that will be discussed later.

The components of the vector like pair are defined as

5A = (DA, LA), 5A = (DA, LA). (2.2.1)

The Nelson-Barr fields have complex expectation values 〈SjA〉 which spontaneously break CP

at a scale which we call the Nelson-Barr scale MCP . This is the only source of CP breaking in the

whole theory. We take the Nelson-Barr scale to be much larger than the electroweak scale, but below

the unification scale. The masses of the vector like fields are also at the Nelson-Barr scale.

We now describe the interactions. At the unification scale we consider a canonical Kähler po-

tential for simplicity. Dropping one loop corrections, the Kähler potential at the Nelson-Barr scale

is also canonical1.

The superpotential at the Nelson-Barr scale is given by

λ̃dij QiHddj − λ̃uij QiHuuj − λ̃`ij LiHd`j + µHuHd,

− λ̃Nij LiHuNj +
1

2
MijNiNj

+ MD,L
AB

[
DADB + LALB

]
+ λSjA

[
DAdj + LALj

]
(2.2.2)

Note that in the last line of (2.2.2), we have imposed a unification Ansatz for the interactions of

the heavy vector-like matter fields. Note also that the superpotential (2.2.2) contains basically the

interactions of a supersymmetric type I seesaw model, plus a mass for the vector like matter fields,

and Yukawas for the Nelson-Barr fields.

We dedicate the rest of this section to describe the superpotential, its parameters and the Nelson-

Barr mechanism. The lagrangian has a U(3)Q × U(3)u × U(3)d × U(3)L × U(3)` × U(3)N flavor

background symmetry, which corresponds to the background symmetry of a type I seesaw model.

The Nelson-Barr mechanism to solve the strong CP problem is implemented as follows. We

impose CP to be a symmetry of the Lagrangian. As a consequence, all couplings in (2.2.2) can be

taken to be real in some flavor basis. We also impose that the Higgs condensate does not break CP

spontaneously,

〈H†uHu〉 = v2
u, 〈H†dHd〉 = v2

d, Arg〈HuHd〉 = 0, π. (2.2.3)

1Adding one loop corrections does not significantly affect the discussion, because the corrections are mainly coming
from gauge loops and are flavor blind, so the flavor structure of the model to be presented is left unmodified. A more
detailed discussion is left for future work.
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We allow for CP to be broken only spontaneously by the Nelson-Barr fields. We remain agnostic

about the origin of the Nelson-Barr condensate, examples on how to spontaneously break CP through

singlet condensates are available in the literature [38] . We treat the SjA fields as flavor and CP

breaking spurions and define

ζjA ≡ λ 〈SjA〉 (2.2.4)

The above structure of CP breaking leads to a vanishing SU(3)C vacuum angle, as we now show.

At tree level, the physical SU(3)C vacuum angle of the supersymmetric theory is given by

iθ = iArg
(
eiθ detmu detMd

)
where θ is the unphysical, basis dependent theta angle in the Lagrangian and

mu = λ̃uvu Md =

 λ̃dvd ζ

0 MD,L
AB

 (2.2.5)

Since CP is a symmetry of the Lagrangian, the bare theta angle is zero, θ = 0 and λ̃u, vd,M
D,L are

real, so at tree level the physical theta angle is zero θ = 0. All CP violation is contained in ζ, which

does not affect θ. This is the Nelson-Barr solution of the strong CP problem [33, 34, 39]. Note that

due to supersymmetric non-renormalization, θ remains zero at all orders of perturbation theory.

The MSSM Yukawas are not explicitly unified, but the vector like pair 5A + 5A has an SU(5)

unified mass term. It also has an SU(5) unified marginal interaction with the MSSM SU(5) multiplet

5j = (dj , Lj) and Nelson-Barr fields. This unification Ansatz is an important part of our model.

In addition to the unification Ansatz, we also consider that all flavor mixing is is induced by

interaction with the Nelson-Barr sector, such that for
〈
SjA

〉
= 0 there is no flavor mixing. This

Ansatz can be naturally obtained in UV completions with horizontal symmetries, and it is super-

technically natural so it is protected. From the perspective of the flavor symmetries, it means that

we can work in a flavor basis in which all the couplings not involving Nelson-Barr fields can be

simultaneously diagonalized

λ̃fij = δij λ̃
f
i Mij = δijMi (2.2.6)

where f = d, u, `,N and all entries along the diagonals are real, since CP is only spontaneously

broken. Also, without loss of generality we can work in a basis where the vector like mass matrix

MD,L
AB is diagonal

MD,L
AC = δACM

D,L
C (2.2.7)

where no sum over C is intended.
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Figure 2.2: Integrating out the vector like fields DA, LA lead to wave function renormalization for the
superfields di and Li. The unification condition ensures that the wave function renormalization matrices for
di and Li are the same.

Note that from the perspective of the flavor symmetries, the unification Ansatz and the conditions

(2.2.6) for the origin of flavor mixing, mean that in our model, there exists a basis in which the

couplings of the Nelson-Barr fields to dj and Lj are the same and all the couplings in (2.2.6) are

diagonal and real. This basis is unique: any transformation acting on Lj would make either the RH

neutrino Yukawa or the RH neutrino mass complex. Any transformation acting on dj without acting

on Lj at the same time would break the unification Ansatz. Finally, any transformation acting on

uj would make the up type quark Yukawa complex.

Finally, the mass scales are taken as follows. We consider the masses of the vector like pairs

MD,L
1 ,MD,L

2 to be at the Nelson-Barr scale,

MCP ∼MD,L
1 ∼MD,L

2 ∼ ζj1 ∼ ζj2 (2.2.8)

This is a coincidence of scales that may be realized dynamically, and it will not be discussed here

for brevity. In order to consider leptogenesis via out-of-equilibrium decay to the RH neutrinos, the

masses of the vector like fields MD,L
A are assumed to be larger than M1,M2,M3. We also consider

hierarchical RH neutrinos M2,M3 > M1, as in the simplest thermal leptogenesis setup [40].

2.2.1 The effective theory below the scale MD,L
A

We now derive the effective theory at energies below the scale MD,L by integrating out the heavy

vector like multiplet at tree level. In the large MD,L limit, the equations of motion for the vector

like fields give

5A = −
[
ζjA

MD,L
A

]
5j MD,L

A 5A = 0 (2.2.9)

where we sum over j, but no sum over A is intended and ζ is given by (2.2.4).
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Using the field equations (2.2.9) in the superpotential (2.2.2), we get the effective superpotential

λ̃dij QiHddj − λ̃uij QiHuuj − λ̃`ij LiHd`j + µHuHd

− λ̃Nij LiHuNj +
1

2
MijNiNj (2.2.10)

with all real couplings. The low energy Kähler potential can be obtained by using the equations of

motion (2.2.9) in the canonical UV potential. The result is

Zdij d
†
idj + ZLij L†iLj +Q†iQi + u†iui + `

†
i `i

+N†i Ni +H†uHu +H†dHd (2.2.11)

where the hermitian wave function renormalization matrices are

Zdij = ZLij = Ztree
ij (2.2.12)

Ztree includes the identity piece of the wave function renormalization matrix and the tree level

contribution to wave function renormalization from integrating out the heavy GUT multiplets, as

represented in figure 2.2. Ztree is given by

Ztree
ij = δij +

ζiAζ
∗
jA(

MD,L
A

)2 (2.2.13)

Ztree is the only source of CP violation in the low energy theory. Note from the definition of the

spurion ζ (2.2.4), that in the limit
∣∣〈SjA〉∣∣ � MD,L

A and holding λ, we get |ζjA| � MD,L
A . In this

limit Ztree vanishes, and there is no observable CP violation in the effective theory. In this limit, the

model fails to accommodate the CP violating phase in the CKM matrix and the observed baryon

asymmetry. In order to get large CP violation in the effective theory we take
∣∣〈SjA〉∣∣ ∼ MD,L

A .

Moreover, by direct calculation of the Jarlskog invariant in the IR theory, it may be shown that the

CKM phase of the low energy theory is non vanishing only if the volume

Im
[
Ztree

12 Ztree∗
13 Ztree

23

]
(2.2.14)

is non vanishing. If one considers only one family of GUT multiplets 5A, 5A the off diagonal terms

of the wave function renormalization matrix Ztree form a bivector, and the volume form (2.2.14)

vanishes. A minimum of two families of GUT multiplets are needed for non-vanishing volume

(2.2.14), and for a non-vanishing CKM phase.

Note that there is a unique flavor basis in which the Ansatz that the Yukawas of the UV comple-

tion and the RH neutrino mass matrix are real and diagonal, and the wave function renormalization

matrix for d and L is the same from unification. The proof is by contradiction. Assume there is a
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U(3)N × U(3)L × U(3)` × U(3)d × U(3)Q × U(3)u flavor transformation different from the identity

that takes us to a new basis in which the aforementioned Ansatz hold. The U(3)N part of the trans-

formation would make the RH neutrino mass matrix off diagonal and/or complex, so it must be set

to the identity. As a consequence, we must also set the U(3)L part of the transformation to the

identity, since any U(3)L transformation would make the RH neutrino Yukawas off diagonal and/or

complex. Now, the U(3)` part of the transformation would make the lepton Yukawas off diagonal

and/or complex, so it must also must be set to one. The unification Ansatz forces us to set the

U(3)d transformation equal to the U(3)L transformation, so it is also set to the identity. As a conse-

quence, the U(3)Q transformation must be set to one, to keep the down type quark Yukawa real and

diagonal. Finally, this also enforces the U(3)u part of the transformation to be the identity, to keep

the up type Yukawa real and diagonal, completing the proof. This means that we cannot perform

any flavor transformation to get rid of Lagrangian parameters in our model, so the nine elements of

the wave function renormalization matrix, the nine elements of the real diagonal Yukawas, and the

three RH neutrino masses are the complete set of twenty-one independent physical parameters in

the quark and lepton sector of our theory. Below the energy scale of the three RH neutrino masses,

there are only eighteen independent physical parameters in the quark and lepton sector.

We now make the Kähler potential canonical by the field redefinitions

Φ =
√
ZΦ Φ′ Φ = d, L (2.2.15)

The field redefinitions affect the superpotential. Using (4.4.26) in (2.2.10) and dropping the primes

we get the low energy effective superpotential

λdij QiHddj − λuij QiHuuj − λ`ij LiHd`j + µHuHd

−λNij LiHuNj +
1

2
MijNiNj (2.2.16)

with Yukawa couplings

λdij =
[(
Zd
)−1/2]

kj
λ̃dik =

[(
Ztree

)−1/2]
kj
λ̃dik

λ`ij =
[(
ZL
)−1/2]

ki
λ̃`kj =

[(
Ztree

)−1/2]
ki
λ̃`ik

λNij =
[(
ZL
)−1/2]

ki
λ̃Nkj =

[(
Ztree

)−1/2]
ki
λ̃Nik

λuij = λ̃uij . (2.2.17)

where in the second equality in each line we made use of the (2.2.12).

The matrices λ̃d, λ̃`, λ̃N , λ̃u and Mij are diagonal, real matrices as specified in (2.2.6). The

expression for the Yukawas (2.2.17) may be translated into non-trivial conditions for the low energy
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theory. The first condition is that the SU(3)C vacuum angle vanishes,

θ = Arg det(λuλd) = −1

2
Arg det(Zd) + Arg det(λ̃uλ̃d) = 0 (2.2.18)

where we used the reality of λ̃u, λ̃d and the hermiticity of the wave function renormalization matrices.

This is the low energy description of the Nelson-Barr mechanism. Supersymmetry ensures that

(2.2.18) is an exact result to all orders of perturbation theory. The second condition is that the

leptonic Yukawas are related to the down type Yukawas by

λ` = (λd)T Γ`, λN = λdT ΓN . (2.2.19)

where Γ` and ΓN are diagonal, real matrices. In terms of couplings of the UV completion they are

given by

Γ`ij =
[(
λ̃d
)−1

λ̃`
]
ij

(2.2.20)

ΓNij =
[(
λ̃d
)−1

λ̃N
]
ij
. (2.2.21)

The conditions (2.2.18) and (2.2.19) are a consequence of the UV completion. They are non-

trivial, in the sense that in a general case (in the most general MSSM with a type I seesaw model)

there exists no flavor basis in which (2.2.18) and/or (2.2.19) hold. From (4.6.2) we do not obtain

non-trivial conditions on λu and λd, since in general, in the MSSM quark sector there is always a

flavor basis in which λu is diagonal and λd is specified by a real diagonal matrix times a hermitian

matrix.

The theory with canonical Kähler potential, superpotential (2.2.16) and Yukawas given by

(2.2.17), or equivalently, with the non trivial conditions (2.2.18) and (2.2.19), is the final form

of our effective theory in this section. The effective theory corresponds to a type I seesaw model

where the origin of all flavor mixing and CP violation is in an hermitian wave function renormal-

ization matrix (2.2.13), so that the SU(3)C vacuum angle is zero. Supersymmetry ensures that the

vacuum angle stays zero at all orders of perturbation theory .

2.2.2 The effective theory below the RH neutrino mass scale

In this section we present the effective theory at a scale just below the lightest right handed neutrino

mass M1 by integrating out the RH neutrinos at tree level. We neglect the effects of RG running

between the mass scale of the vector like GUT multiplets MD,L
A and the RH neutrino mass scale.

We consider both scales to be separated by only a couple of orders of magnitude. The superpotential
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of our seesaw model (2.2.22) below the right handed neutrino mass scale has the form

λdij QiHddj − λuij QiHuuj − λ`ij LiHd`j + µHuHd

+λνij(LiHu)(LjHu) (2.2.22)

where λνij is given by

λν = λNM−1(λN )T . (2.2.23)

The non trivial condition for the strong CP angle (2.2.18) together with supersymmetry impose

a vanishing SU(3)C vacuum angle at all orders in perturbation theory. Also, from the non trivial

conditions for the Yukawas (2.2.19), λ` and λν are related to the down type Yukawas

λ` =
(
λd
)T

Γ` λν =
(
λd
)T [

ΓNM−1ΓN
]
λd (2.2.24)

where Γ` and ΓN are real, diagonal matrices defined in (2.2.21). The right handed neutrino mass

matrix M is also real and diagonal in the basis we work on.

The effective theory corresponds to the MSSM with massive neutrinos and non trivial condi-

tions (2.2.18) and (2.2.24), ensuring vanishing θ and relations between the quark and lepton flavor

parameters, respectively.

Finally, for completeness we define the mass matrices of the quarks, charged leptons and neutrinos

as

mu = vuλ
u md = vdλ

d m` = vdλ
` mν = v2

uλ
ν . (2.2.25)

Defining the real, diagonal matrix Γm

Γm =
v2
u

v2
d

[
ΓNM−1ΓN

]
(2.2.26)

and using 2.2.25, we may rewrite the non-trivial conditions (2.2.24) in terms of the mass matrices

m` =
(
md
)T

Γ` mν =
(
md
)T

Γmmd (2.2.27)

where Γ` and Γm are some real, diagonal matrices.

2.2.3 Supersymmetry breaking and renormalization of θ

In the beginning of this section, it was shown that the supersymmetric model leads to θ = 0 at all

orders in perturbation theory due to the non-renormalization of the superpotential. We now briefly

comment on the effects of supersymmetry breaking on the renormalization of θ. Renormalization of

θ can arise from the renormalization of any of the terms in

θ = 8π2 Im τ − 3Argmg̃ − 3Arg vuvd −Arg det(λuλd), (2.2.28)
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once supersymmetry is broken. From (2.2.28) we immediately see that in order for the mechanism

not to be spoiled by SUSY breaking, the SUSY breaking sector has to be CP conserving, to avoid

a phase for the gluino mass or bµ term. This is consistent with our assumptions, since we consider

all CP breaking to come from the Nelson-Barr sector.

To illustrate the general features of the corrections to θ, consider the renormalization of the

Yukawas once supersymmetry breaking is taken into account, which can be multiplicative (δik +

εu,dik )λu,dkj with εu,dik hermitian, or additive, λu,dij + εu,dij , with εu,dij arbitrary.

The multiplicative corrections come from wave function renormalization matrices ZΦ, with Φ

being the SM fields in the fundamental representaiton of SU(3)C , and lead to a contribution to θ

given by
∏

Φ Arg det(ZΦ). This contribution always vanishes (with or without SUSY breaking) due

to the hermiticity of the wave function renormalization matrices.

The additive contributions are potentially dangerous. There are two types of additive corrections.

The first ones are the flavor aligned corrections, and are just proportional to the Yukawas themselves,

λu,dij + εu,dλu,dij , where εu,d can be potentially complex. These kind of corrections may be generated

when SUSY breaking is mediated by gauge interactions. The aligned additive contributions do not

lead to large renormalization of θ, since as noted in [37] their effect in renormalizing θ must be

proportional to the Jarlskob invariant. This motivates us to choose gauge mediation as our SUSY

mediation mechanism. The second type of additive corrections are flavor misaligned. In our model,

they may be generated by gauge mediation diagrams that also contain loops of the heavy vector

like quarks D,D, or loops of Nelson-Barr fields. These diagrams come first at three loops, and

are parametrically suppressed by M2
SUSY /M

2
CP . In section 2.4 we will argue that in our model, in

order to consider successful leptogenesis, we must take MCP & 1010 GeV, and to avoid gravitino

overproduction we need MSUSY ∼ 100 TeV. This leads to M2
SUSY /M

2
CP . 10−10. Together with

the three loop suppression, this gives contributions to θ of order 10−16, much below the current

experimental limits.

2.3 Predictions for IR physics

The objective of this section is to impose the constraints from the quark and lepton sector data on the

effective theory described in section 2.2.2, and to obtain predictions once all the model parameters

have been fixed.

In this section we make use of a technical description of the flavor symmetries and flavor in-

variants of the MSSM with massive neutrinos, which is left for appendix A.1. Flavor invariants
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are combinations of Lagrangian parameters that are independent of the flavor basis in which they

are evaluated. For this reason, all flavor invariants are physical, they can be related to measurable

quantities. Examples of flavor invariants are masses, mixing angles and CP violating phases. In

terms of Lagrangian parameters, these invariants are in general complicated non-polynomial ex-

pressions. For instance, quark masses are proportional to the roots of the characteristic equations

of the Yukawa matrices. In appendix A.1 we describe complete sets invariants which are simpler,

polynomial combinations of Lagrangian parameters. The polynomial invariants will be used in this

section.

2.3.1 Parameter counting using invariants

The fermionic sector of the SM with massive neutrinos and vanishing strong CP phase contains

twenty-two measurable parameters, of which ten correspond to the quark sector and twelve to the

leptonic sector. The ten measurable parameters of the quark sector are six masses, three mixing

angles and the CKM phase. All the measurable parameters in the quark sector are known with good

accuracy 2. The twelve measurable parameters of the leptonic sector are six masses, three mixing

angles and three CP violating phases. Of these twelve parameters, only eight have been measured,

namely the three charged lepton masses, two neutrino mass splittings (up to a discrete ordering) and

the three mixing angles [41]. A summary table of the measured running parameters in the quark

and lepton sector at the scales mZ and at 1012 GeV is presented in table 2.1.

In this section we show that in our model, due to the non-trivial conditions (2.2.27), only eighteen

out of the twenty-two measurable parameters of the fermionic sector can be chosen to be independent.

The proof is by direct counting. We choose the first ten independent measurable parameters to be

the quark masses and CKM matrix elements. The twelve measurable parameters of the lepton sector

cannot be chosen to be independent, because the lepton and quark sector Lagrangian parameters

are related by the non-trivial conditions (2.2.27). In order to identify the independent measurable

parameters in the lepton sector, we start by listing a complete set of polynomial leptonic invariants.

Any complete set of leptonic invariants specify all the measurable parameters of the lepton sector,

so the list must contain twelve invariants, and an invertible map between the invariants and the

lepton masses and elements of the PMNS matrix must exist. In appendix A we build a complete

list of polynomial invariants and show that the invertible map exists. Here we closely follow that

list, but we choose to build the invariants in terms of the leptonic mass matrices (2.2.25) instead of

2The largest uncertainty being in the mass of the up quark, with a non-zero value strongly suggested by lattice
QCD simulations.
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yukawa matrices. The list of twelve invariants is

Tr[(m`m`†)n]

Tr[(mνmν†)n]

Tr
([
m`m`†,mνmν† ]2)

Tr
([
m`m`†,mνmν† ]2 (m`m`†))

Tr
( [
m`m`†,mνmν† ]2 (mνmν†))

Tr
([
m`m`†,mνmν† ]3)

Tr
([
m`m`† ,mν

(
m`m`†)∗mν† ]3)

Tr

([
m`m`† ,mνmν† ] (mν

(
m`m`†)∗mν†

))
(2.3.1)

where n = 1, 2, 3. Using the non-trivial conditions (2.2.27) in (2.3.1) and the cyclic property of the

trace, the list may be rewritten as

Tr (m`m`†)n = Tr
( (

Γ`
)2 (

mdmd†)∗ )n
Tr (mνmν†)n = Tr

(
Γmmdmd†Γm

(
mdmd†)∗ )n

Tr
[
m`m`†,mνmν† ]2 = Tr

[ (
Γ`
)2 (

mdmd†)∗ , Γmmdmd†Γm
(
mdmd†)∗ ]2

Tr
([
m`m`†,mνmν† ]2 (m`m`†)) = Tr

([(
Γ`
)2 (

mdmd†)∗,Γmmdmd†Γm
(
mdmd†)∗ ]2

Γ`
(
mdmd†)∗)

Tr
( [
m`m`†,mνmν† ]2 (mνmν†)) = Tr

([ (
Γ`
)2 (

mdmd†)∗ ,Γmmdmd†Γm
(
mdmd†)∗ ]2

Γmmdmd†Γm
(
mdmd†)∗ )

Tr
[
m`m`†,mνmν† ]3 = Tr

[ (
Γ`
)2 (

mdmd†)∗ , Γmmdmd†Γm
(
mdmd†)∗ ]3

Tr
[
m`m`† ,mν

(
m`m`†)∗mν† ]3 = Tr

[ (
Γ`
)2 (

mdmd†)∗ ,
Γmmdmd†(Γ`)2mdmd†Γm(mdmd†)∗

]3
Tr
([
m`m`†,mνmν†]mν

(
m`m`†)∗mν†

)
= Tr

([ (
Γ`
)2 (

mdmd†)∗ , Γmmdmd†Γm
(
mdmd†)∗ ]

Γmmdmd†(Γ`)2mdmd†Γm(mdmd†)∗
)

(2.3.2)
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where n = 1, 2, 3 and Γ` and Γm are real, diagonal matrices, which must be interpreted as model

parameters coming from the UV completion. The twelve polynomial leptonic invariants 2.3.2 are

completely specified by Γ` and Γm, and mdmd†.

In a general basis, the matrices mumu† and mdmd† are given by

mum
†
u = UQu diag(m2

u,m
2
c ,m

2
t )U

†
Qu

(2.3.3)

mdm
†
d = UQd diag(m2

d,m
2
s,m

2
b)U

†
Qd

(2.3.4)

while the CKM matrix is given by

VCKM = UTQuU
∗
Qd

(2.3.5)

In the basis we work on, in which mu is diagonal, the most general matrix UQu is

UQu = e−iγdiag(1, e−iγ1 , e−iγ2) (2.3.6)

where γ, γ1, γ2 are unspecified phases. Then, in this basis

UQd =
[
U†Qu

]−1
V ∗CKM = eiγdiag(1, eiγ1 , eiγ2)V ∗CKM (2.3.7)

Using (2.3.7) in (2.3.4), we can express the matrix mdmd† in terms of the ten quark sector measurable

parameters and two unknown phases γ1, γ2

mdmd† = diag(1, eiγ1 , eiγ2)V ∗CKM diag(m2
d,m

2
s,m

2
b)V

T
CKM diag(1, e−iγ1 , e−iγ2). (2.3.8)

In the quark sector, the phases γ1, γ2 are not observable since they can be rotated away by a

U(3)Q transformation. But thanks to the non-trivial conditions (2.2.27), they show up in the

leptonic invariants 2.3.2, so they become physical. Another way to understand that these phases are

observable, is to recall that in our model there is only one single primordial phase in all the theory,

related to the vacuum expectation values of the Nelson-Barr fields. The phases γ1, γ2 are related to

this primordial phase through (2.2.13) and (4.6.2), so they are physical. We interpret these phases

as model parameters coming from the UV completion.

Using (2.3.8) in the list (2.3.1), we obtain that the twelve polynomial invariants can be expressed

in terms of the ten quark sector measured parameters and eight model parameters: γ1, γ2, Γ`ii, Γmii ,

i = 1, 2, 3. These eight model parameters are fixed by the eight measured parameters of the leptonic

sector (the charged lepton masses, neutrino mass splittings, and mixing angles). We describe in the

next section how to numerically fix the model parameters with lepton sector data. This count is

the final result of this section: in our model, the twenty-two measurable parameters of the fermionic

sector can be specified from the ten measured parameters of the quark sector and the eight measured
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parameters of the lepton sector. The lightest neutrino mass and the three CP violating phases of

the PMNS matrix are predictions of the model. Note that the results are independent on tanβ. This

is to be expected, the only physical meaning of tanβ is in the couplings of Higgs fields to fermions

and in the MSSM Higgs potential. Our analysis relies on invariants constructed out of down type

mass matrices, and as such it could be carried out after all Higgs fields have been integrated out

and no tanβ dependence is left in the theory.

Note that when using the non-trivial conditions (2.2.27), quark sector data enters into the leptonic

invariants. This is important, since it means that some of the hierarchical structure of the quark

sector is inherited to the leptonic sector. This is a consequence of the unification Ansatz.

2.3.2 Solving for the unknown model parameters using leptonic data

In this section we describe the algorithm to solve for the eight model parameters γ1, γ2, Γ`ii, Γmii ,

i = 1, 2, 3 using the eight measured parameters of the lepton sector. This section is technical, the

reader interested in the results can skip to the next section.

The eight model parameters γ1, γ2, Γ`ii, Γmii , i = 1, 2, 3 are parameters of an effective theory just

below the scale M1 (the mass of the lightest RH neutrino), which for practical purposes in this section

is taken to be ∼ 1010 GeV. In order to impose the constraints from IR data on the model parameters,

the measured parameters of the quark and lepton sector need to be evolved to the scale M1 using the

MSSM renormalizaton group equations. We show the corresponding renormalized values in Table

2.1, which are taken from Refs [42, 43], where we have taken the results for tanβ = 10. As the

MSSM RGE equations depend on tanβ, this introduces a slight dependence of our result on tanβ.

All masses, mixing angles and the CKM phase in this section correspond to the values at the

scale M1 ∼ 1010 GeV. In this section, when we refer to observed parameters it should be understood

that we have in mind the renormalized values at this high scale.

We start by defining the PMNS matrix. In a general basis, the lepton mass matrices are given

by

m` = ULd diag(me,mµ,mτ ) U†`

mν = ULu diag(mνe,mνµ,mντ ) UTLu (2.3.9)

the PMNS matrix is then the basis independent unitary matrix

UPMNS = UTLdU
∗
Lu (2.3.10)
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Quarks mu (MeV) md (MeV) mc (MeV) ms (GeV) mt (GeV) mb (GeV)

µ = MZ 1.28+0.50
−0.42 2.91+1.24

−1.20 55+16
−15 0.624± 0.083 172.5± 3.0 2.89± 0.09

µ = 1012 GeV 0.65+0.27
−0.22 1.12+0.49

−0.47 21± 6 0.319± 0.047 119.4+4.9
−4.4 1.24± 0.05

Leptons me (MeV) mµ (MeV) mτ (MeV) ∆m2
21 (eV2) ∆m2

32 (eV2)

µ = MZ 0.4865 102.718 1746.2 (7.53± 0.18)× 10−5 (2.51± 0.10)× 10−3

µ = 1012 GeV 0.4124 87.088 1645.31 (9.41± 0.22)× 10−5 (3.21± 0.13)× 10−3

sin θCKM
12 sin θCKM

23 sin2 θCKM
13 δCKM

0.22537+0.0006
−0.0006 0.0413+0.0014

−0.0014 0.00347+0.00031
−0.00029 1.251+0.064

−0.066

sin2 θPMNS
12 sin2 θPMNS

23 sin2 θPMNS
13

0.3036+0.0014
−0.0012 0.514+0.055

−0.056 0.0230+0.0021
−0.0024

Table 2.1: Observed IR parameters. Top: Running quark and lepton masses in the MSSM with tanβ = 10
from µ = MZ to µ = 1012 GeV. The running values are taken from Ref. [42]; for the neutrino mass
splittings, updated experimental values have been used [44, 45]. Bottom: The experimental values for the
mixing angles and CP phases, taken from the PDG [41]. Those do not run appreciably.

Note that the matrix ULd is defined in (2.3.9) only up to right multiplication by a diagonal unitary

matrix, which can always be absorbed in the definition of U†` . Different choices for the diagonal

matrix lead to different parametrizations of the PMNS matrix. In the standard parametrization

described in appendix A, the PMNS matrix is given in terms of the experimentally measured mixing

angles θ12, θ13, θ23 and the unknown CP violating phases δ13, λ2 and λ3 by

UPMNS =


c12c13 s12c13 s13e

−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13




1 0 0

0 eiλ2 0

0 0 eiλ3


(2.3.11)

where sij = sin θij and cij = cos θij .

We now describe how to solve for the model parameters. We first solve for Γ`ii, i = 1, 2, 3. Using

(2.3.9) we can express the first three invariants of the list (2.3.2) as functions of charged lepton

masses

Tr (m`m`†)n = m2n
e +m2n

µ +m2n
τ = Tr

[( (
Γ`
)2
VCKM diag(m2

d,m
2
s,m

2
b)V

†
CKM

)n ]
(2.3.12)

where n = 1, 2, 3. These three equations allow us to solve for Γ`ii, i = 1, 2, 3 using the known

renormalized values of the CKM matrix and charged fermion masses. Note that the solutions for

Γ`ii, i = 1, 2, 3 are independent of γ1, γ2, Γmii , i = 1, 2, 3 and the unknown CP violating phases of the

PMNS matrix. This is an important simplification for the numerical computations, which is seen
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transparently in (2.3.12) thanks to the use of polynomial invariants. We leave the presentation of

explicit numerical solutions for the next section.

The next step is to solve for Γmii , i = 1, 2, 3. Using (2.3.9) in the second line of invariants in

(2.3.1) we get

Tr (mνmν†)n = m2n
ν1 +m2n

ν2 +m2n
ν3

= Tr

[(
Γm V ∗CKM diag(m2

d,m
2
s,m

2
b)V

T
CKM diag(1, e−2iγ1 , e−2iγ2)

Γm VCKM diag(m2
d,m

2
s,m

2
b)V

†
CKM diag(1, e2iγ1 , e2iγ2)

)n ]
(2.3.13)

In these equations the quark masses, elements of the CKM matrix and neutrino mass splittings

are known, and they allow us to solve for Γmii , i = 1, 2, 3 as a function of γ1, γ2 and the unknown

lightest neutrino mass mν1. There is no simple analytic solution to these equations, so we solve

them numerically in the ranges 0 ≤ γ1 < π, 0 ≤ γ2 < π and 0 ≤ mν1 < 1eV, where the last upper

bound is of the order of the experimental upper bound on the lightest neutrino mass [].

The final step is to solve for γ1, γ2 and mν1 by using the known leptonic mixing angles. The

easiest way to find the solutions is to directly find the PMNS matrix as a function of γ1, γ2 and mν1,

and solve for the values of γ1, γ2 and mν1 that lead to the experimentally measured mixing angles.

This is done as follows. We repeat here the non-trivial conditions (2.2.27)

m` =
(
md
)T

Γ` mν =
(
md
)T

Γm(γ1, γ2,mν1)md (2.3.14)

where now Γ` is known and Γm is a known function of γ1, γ2 and mν1, so we are only missing the

matrix md. From (2.3.8) we know the combination mdmd† as a function of γ1, γ2 and known data

from the quark sector. Any matrix md satisfying (2.3.8) leads to the same physical results, because

all the polynomial quark and lepton invariants are written only in terms of the combination mdmd†.

This means that we can choose

md = diag(1, eiγ1 , eiγ2)V ∗CKM diag(md,ms,mb) (2.3.15)

Using (2.3.15) in (2.3.14) we obtain the leptonic mass matrices as a function of γ1, γ2 and mν1,

m`(γ1, γ2,mν1) = diag(md,ms,mb)V
†
CKM diag(1, eiγ1 , eiγ2)Γ`

mν(γ1, γ2,mν1) = diag(md,ms,mb)V
†
CKM diag(1, eiγ1 , eiγ2)Γm(γ1, γ2,mν1)

diag(1, eiγ1 , eiγ2)V ∗CKM diag(md,ms,mb) (2.3.16)

where Γ` is known and Γm is a known function of γ1, γ2 and mν1. We now diagonalize the matrices

m`(γ1, γ2,mν1),mν(γ1, γ2,mν1) and using (2.3.10) we find the PMNS matrix as a function of γ1, γ2
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and mν1 (in the interval 0 ≤ γ1 < π, 0 ≤ γ2 < π and 0 ≤ mν1 < 1eV). It is important to make sure

to express the PMNS matrix in the standard form (2.3.11). Finally, we use

|UPMNS(γ1, γ2,mν1)|13 = |s13|

|UPMNS(γ1, γ2,mν1)|12 = |s12c13|

|UPMNS(γ1, γ2,mν1)|23 = |s23c13| (2.3.17)

The three equations (2.3.17) allow us to solve for γ1, γ2 and mν1 in terms of the known mixing

angles. This immediately gives as an output the first prediction: the mass of the lightest neutrino

mν1. Using the now known values of γ1, γ2 and mν1, we can now numerically compute the whole

PMNS matrix, and we can extract from it the Dirac and Majorana phases δ13, λ2, λ3, which are the

remaining three predicted physical parameters.

Two final technical comments are in order. First, the equations (2.3.12) have twelve solutions

and the equations (2.3.13) have forty-eight solutions. Only a small subset of the solutions are real

(recall that Γ` and Γm must be real matrices), but in general there is more than one set of real

solutions for the model parameters. Correspondingly, it is to be expected that the model will give

as an output a discrete set of predictions for the yet unmeasured parameters of the lepton sector.

Second, all the experimentally measured parameters of the quark and lepton sector that we use in

our calculations, are only known up to the experimental uncertainties. The quark masses, elements

of the CKM matrix, lepton masses and neutrino mass splittings are known with good precision, so it

is a good approximation to use their experimentally measured central value in the calculations. The

mixing angles in the lepton sector are known less precisely. At this point, their 3σ experimental error

bands allow for deviations as large as ∼ 50% from the measured central values [41]. This means that

instead of getting a discrete set of solutions for γ1, γ2 and Γmii , i = 1, 2, 3, we are only able to obtain

a discrete set of ranges, that are consistent with the mixing angles at some level of the experimental

uncertainties. Correspondingly, the predictions of our model will also lie in some ranges. A better

measurement of the leptonic mixing angles would make the predictions of the model more precise.

2.3.3 Results and predictions for electroweak scale physics

In this section we present the results and predictions for electroweak scale physics in our model.

Here we make use of the algorithm described in section 2.3.2 to numerically fix the eight model

parameters γ1, γ2, Γ`ii, Γmii , i = 1, 2, 3 with lepton sector data. Once the model parameters are fixed

by data, the allowed values for the lightest neutrino mass and CP violating phases of the PMNS

matrix are obtained as an output.
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Figure 2.3: Bands of mixing angles as a function of mν1 for the model of section 2.2.2 (solid) and 3σ bands
of experimentally measured mixing angles (dashed). The model mixing angle bands as functions of mν1 are
obtained by imposing quark sector data (masses, mixing angles and CKM phase), charged lepton masses
and neutrino mass splittings as constraints, and scanning over the unconstrained model parameter space. In
the top adjoining panel, we show the minimum ∆χ2 for each value of mν1 separating the solutions leading
to different signs of the baryon asymmetry, as discussed in Sec. 2.4.

To understand some general features of the model, we start by constraining the model parameters

only by using the known charged lepton masses and neutrino mass splittings. This is done by solving

equations (2.3.12)–(2.3.13). At this stage we do not make use of the known lepton mixing angles,

so there are still three unknown model parameters. We can trade one of the model parameters for

the unknown mass of the lightest neutrino mν1 . The remaining two free parameters are taken to be

the phases γ1 and γ2, which are defined in 2.3.8.

The first result is that we find no solutions to equations (2.3.12)–(2.3.13) that correspond to

an inverted hierarchy scenario, so the hierarchy is predicted to be normal. The reason is that our

model inherits the mass hierarchies from the quark sector through the unification Ansatz. This

disfavors an inverted hierarchy, which differently from the quark sector hierarchy, always contains

nearly degenerate mass eigenstates regardless of the value of the lightest neutrino mass.

In figure 2.3 we present the bands of leptonic mixing angles obtained in our model after solving

equations (2.3.12)–(2.3.13) and scanning over all values of γ1, γ2. The bands are delimited by solid

lines, and plotted as a function of the lightest neutrino mass mν1 . In the same figure, the bands

delimited by dashed lines are the experimentally allowed regions for the same angles (at 3σ). We

immediately see that the model tends to give mixing angles that fall roughly in the correct exper-

imental range and order (s2
23 & s2

13 > s2
13). In particular, s2

13 tends to correctly be the smallest

mixing angle. This is a nice consequence of the unification Ansatz: in the quark sector s2
13 is the
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smallest mixing angle, and this feature is conveniently carried out to the leptonic sector. Note also

that the three angles fall within their experimentally allowed values only for a small window of

lightest neutrino mass. This range must be understood as a prediction, once the mixing angles are

constrained by data, the lightest neutrino mass is an output of the model.

To make this last statement more precise, in the top panel of figure 2.3 we also show the value of

a combined chi-squared test for the three measured mixing angles,3 ∆χ2 ≡∑ij ∆χ2(sin2 θij), as a

function of mν1 , marginalized over all values of γ1 and γ2. The dashed horizontal lines correspond to

∆χ2 = 3.52, 8.03 and 14.16 respectively, or equivalently, to CL intervals of 68%, 95% and 99.7% for

a χ2 distribution with three degrees of freedom. At 3σ, the predicted range for the lightest neutrino

mass which is consistent with all the experimentally measured data from the quark and lepton sector

is

2× 10−3 eV < mν1 < 9.5× 10−3 eV (2.3.18)

We now move on to the predictions on the CP violating phases of the PMNS matrix. In figure

2.4 we plot the CP violating phases versus the known mixing angles. The figures are obtained by

fixing the lightest neutrino mass at mν1 = 5 × 10−3eV and selecting the points γ1, γ2 that fulfill

the chi-squared test mentioned above ∆χ2 ≡∑ij ∆χ2(sin2 θij) at 1σ, 2σ or 3σ. The points colored

with orange, purple and black fulfill the chi-squared test at 68%, 95% and 99.7% confidence level,

respectively. These points must be considered to be consistent with all the experimentally measured

data from the quark and lepton sector. These plots are not scatter plots, they are the plots obtained

by imposing all known data from the quark and lepton sector in the model parameters. The red

diamond corresponds to the minimum value of the chi-squared test (the best fit point). The model

parameters corresponding to the best fit point are presented for reference in table 2.2.4.

In the leftmost panels, as a check that we solved for the model parameters correctly, we show

how the mixing angles fall within the allowed experimental ranges, while in the three right panels

we show the corresponding predicted CP violating phases. The phases are generically not vanishing

in the sense that they do not show any preference for a null value. On the other hand, at the 3σ

level, we cannot provide a sharp prediction for the CP phases. This is not a limitation of the model,

but of the current experimental uncertainties of the measured mixing angles. Better measurement of

the mixing angles will provide sharper predictions: for example, if future experimental uncertainties

3 The individual likelihood distributions are taken from the original experimental results of the KamLand, T2K
and Daya Bay collaborations [44–46]

4Additionally, we only show the the region of the parameter space yielding the correct sign of the baryon asym-
metry. We will explain this in more details in Sec. 2.4
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are reduced by a factor of 3 for each mixing angle (with the central value staying the same), only

the black points will be allowed (at the 99.7% CL), corresponding to δ ≈ π
4 ,

5π
4 , λ2 ' 0, π, λ3 ' π

2 .

In table 2.2 we give the full set of UV parameters γ1, γ2,Γ
`
ii and Γmii , i = 1, 2, 3 corresponding

to the red diamond in Figure 2.4, as well as the predicted leptonic CP phases and lightest neutrino

mass. We see that there are large hierarchies between the different elements of the diagonal matrices

Γ` and Γm. The reason is that due to the unification Ansatz, the same hierarchy of the quark masses

would be inherited to the leptonic sector, if all the elements of Γ` and Γm were of the same order. The

hierarchical structure of Γ` and Γm allows us to accommodate the correct hierarchies measured in

the leptonic sector. Note that the large value of Γ`11 does not represent a problem for perturbativity:

from (2.2.21) and (2.2.26) we see that all the elements of Γ` and Γm can be achieved with perturbative

values of λ̃d, λ̃` and λ̃N .

γ1 γ2 Γ`11 Γ`2 Γ`33 Γm11(GeV−1) Γm22(GeV−1) Γm33(GeV−1)

0.74 0.64 52.4 0.196 0.022 826.9× 10−10 −28.5× 10−10 0.036× 10−10

sin2 θ12 sin2 θ23 sin2 θ13 ∆χ2 mν1(eV) δ λ2 λ3

0.3038 0.5264 0.0228 0.024 5× 10−3 5.272 0.118 1.547

Table 2.2: Top: Numerical values of the model parameters for the benchmark point shown as a red diamond
in Figure 2.4. The eight parameters are fixed by the three charged lepton masses, two neutrino mass split-
tings and three leptonic mixing angles. Bottom: The mixing angles, well matched by their experimentally
measured central values (as shown by the small ∆χ2) and the predicted output of the mdoel: the lightest
neutrino mass mν1 (with a normal hierarchy) and the three CP violating phases of the PMNS matrix.

It should be noted that the above predictions about the leptonic CP phases are rather sensitive

to the particular choice of mν1 = 5× 10−3eV for the lightest neutrino mass. We illustrate this effect

in Figure 2.7, where we show predictions for the CP phases δ, λ2 and λ3 as a function of the lightest

neutrino mass mν1 . The color scheme is the same as in Fig. 2.4, with points within the experimental

1, 2 and 3σ ranges for the mixing angles respectively marked in black, purple and orange. Within

the current experimental uncertainties, the CP phases are completely generic, but improvements

in the experimental precision can sharpen the predictions and give non-trivial correlations between

δ, λ2, λ3 and mν1 as well as between individual CP phases.

Finally, we conclude this section by discussing the experimental outlook to confirm or disprove

our model. First, the predicted range (2.3.18) for mν1 is too low for current and projected direct

neutrino mass experiments looking for an endpoint in the beta decay spectrum. On the other hand,

in our model the sum of neutrino masses is restricted to the narrow range 0.060 eV <
∑
νmν <

0.073 eV , below the current PLANCK 95%CL upper bound,
∑
νmν < 0.23 eV [47] and just within
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Figure 2.4: Plots of sin2 θij , ij = 12, 23, 13 and the CP violating phases of the PMNS matrix δ, λ2, λ3

versus sin2 θkl, kl = 13, 12, 23 for the model of section 2.2.2 constrained by IR data as explained in section
2.3.1. These plots are not scatter plots. The lightest neutrino mass is fixed at mν1 = 5 × 10−3 eV. The
colored bands show the 1σ to 3σ experimental limits for each mixing angle. Regions are colored according
to a chi-squared test for the three measured mixing angles, considered as independent variables. Orange,
purple and black circles are solutions that fall within 3σ, 2σ and 1σ of the chi-squared test. The red diamond
is the best fit point described in Table 2.2.

the reach of future galaxy surveys probing Large Scale Structures. Second, the CKM-like phase

δ will be measured at the DUNE experiment with a resolution that could approach O(10◦) [48].

A measurement of δ would overconstrain our model, and when paired with significantly improved

uncertainties in the lepton mixing angles it holds the potential of definitely confirming or excluding it.

On the other hand, when considering the existing uncertainties, a measurement of δ would sharpen

the predicted range for mν1 , which in turn would also improve the predictions for the Majorana
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Figure 2.5: Same as Fig. 2.4, but with a projected 3× improvement in the experimental errors for the
mixing angles (assuming the central values stay the same). Now the predictions for the CP phases are more
precise.

phases λ2, λ3 (see Fig. 2.7).

Another process depending on CP-violating phases is neutrinoless double-beta decay; in this

case, λ2 and λ3 enter the expression for the neutrinoless decay mass parameter m0νββ =∣∣∑
imνi(UPMNS)ei)

2
∣∣, where the PMNS matrix is fully calculable in our model. For example, the

best fit point in Table 2.2 yields m0νββ = 6 × 10−3 eV. Given that a lightest neutrino mass in the

range 10−3 eV < mν1 < 10−2 eV and a normal hierarchy are predicted, we fall in the parameter

space region where a “throat” appears in the mν1 −m0νββ plane, signaling cancellations between

different factors in m0νββ . With the currently large uncertainties for the mixing angles leading to a
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Figure 2.6: Same as Fig. 2.4, but including only points leading to the wrong sign of the baryon asymmetry.
This illustrates how requiring the correct sign of the asymmetry leads to different predictions for IR physics.

wide range of predictions for λ2 and λ3, we are not able to exclude such cancellations: instead, we

find points lying within 1σ from the mixing angles that yield a very small neutrinoless double-beta

decay parameter, of order 10−4eV, well below the future experimental reach.

2.4 Predictions for UV physics and thermal leptogenesis

We have seen that the effective theory presented in section 2.2.2, which is valid below the scale of

the RH neutrino masses, is completely specified by known IR data. In this section, we move up in

energies and we study the constraints from the quark and lepton sector data on the effective theory
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Figure 2.7: Correlations between the predictions of our model. Top: correlation between the leptonic CP
phases δ, λ2, λ3 and the lightest neutrino mass mν1 . Bottom: correlation between the different leptonic CP
phases. Points within the 68%, 95% and 99.7% CL intervals for the leptonic mixing angles are respectively
marked in orange, purple and black, and the best fit point of Table 2.2 is shown as ared diamond. Only
points leading to the correct baryon asymmetry are shown.

described in section 2.2.1, which is valid between the scale of the RH neutrino masses and the scale

of spontaneous CP breaking. A complete analysis of this effective theory is crucial for our purposes,

since it is the theory that contains all the relevant information for leptogenesis.

As we did in section 2.3, in this section we use a formal description of flavor symmetries and

polynomial invariants, now for a type I seesaw model. The description of the polynomial invariants

of a type I seesaw model is left for appendix A.2.

2.4.1 Parameter counting using invariants

The leptonic sector of a general type I seesaw model with three right handed neutrinos contains

twenty-one independent observables (six CP violating phases and fifteen real observables), as de-

scribed in the appendix A.2. Twelve of these parameters correspond to the twelve leptonic observ-

ables at the electroweak scale, namely the six charged lepton masses and the six elements of the

PMNS matrix. The remaining independent nine physical parameters, which we call UV observables,

are not measurable at the electroweak scale, and they correspond to the three RH neutrino masses
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Figure 2.8: Same as Fig. 2.7, but with a projected 2× improvement in the experimental errors for the
lepton mixing angle (assuming the central values stay the same).

and six elements of a complex orthogonal matrix defined in (A.2.4). Of these last six elements,

three are real and three are complex, so we will loosely call them “UV mixing angles” and “UV CP

violating phases”.

Due to the conditions (2.2.19), the effective theory presented in section 2.2.1 is not the most

general type I seesaw model, and not all of the twenty-one observables are independent. Moreover,

constraints on the nine UV observables can be made from data at the electroweak scale. We now

show that the twenty-one observables are all fixed by known data at the electroweak scale, the RH

neutrino masses and tanβ.

First, note that as described in section 2.3.1, the twelve observable parameters at the electroweak

scale are completely specified in our model by known data at the electroweak scale from the quark

and lepton sector. As explained in section 2.3.1 this is non-trivial, since not all the elements of

the PMNS nor the mass of the lightest neutrino matrix have been measured to date. These yet

unmeasured parameters are predicted by our model. No knowledge of tanβ or the RH neutrino

masses is required to specify the value of these twelve IR observables.

On the other hand, the nine UV observables cannot be chosen to be independent, due to the

non-trivial conditions (2.2.19). To identify the independent UV observables, we first list a complete
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Figure 2.9: Same as Fig. 2.7, but for points leading to the wrong sign of the baryon asymmetry.

set of nine UV polynomial invariants (A.2.7)-(A.2.13)

Tr
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Tr
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Tr
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]2(
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))

Tr
[
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]3

Tr
[
λ†NλN ,M

∗λ†NλNM
]3

Tr

([
λ†NλN ,M

∗M
](
M∗λ†NλNM

))
(2.4.1)

where n = 1, 2, 3. The UV polynomial invariants can be completely specified by taking traces

involving the matrices M and λN†λN in any basis. In the basis we work on the right-handed

neutrino mass matrix M is diagonal and real, as specified in equation (2.2.6)

Mij = δijMi (2.4.2)

The eigenvalues Mi cannot be predicted in our model. Note that the hierarchy of the RH neutrino

mass matrix is physically meaningful. For instance, swapping the values of M1 and M2 leads to
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different physical results, since it leads to different values for the polynomial invariants (2.4.1).

On the other hand, using the non-trivial conditions (2.2.19) the matrix λN†λN can be written as

λN†λN = ΓN (λdλd†)∗ΓN (2.4.3)

where ΓN is a real, diagonal matrix defined in (2.2.21). It is related to the real, diagonal matrix Γm

(which is known from measured IR data, see section 2.3.1), through (2.2.26),

v2
d

v2
u

Γm = ΓNM−1ΓN (2.4.4)

Since ΓN and M are real diagonal matrices, from (2.4.4) we obtain

ΓN =
vd
vu

√
M
√

Γm (2.4.5)

Using (2.4.5) in (2.4.3) and md = vdλ
d we get

λN†λN =
1

v2
u

√
M
†√

Γm
†
(mdmd†)∗

√
M
√

Γm (2.4.6)

Note that
√
M and

√
Γm can contain imaginary elements, since the real diagonal matrices M and

Γm need not be positive. Finally, using the known expression for mdmd† (2.3.8) in (2.4.6) we get

λN†λN =
1

v2 sin2 β

√
M
†√

Γm
† [

diag(1, eiγ1 , eiγ2)V ∗CKM diag(m2
d,m

2
s,m

2
b)

V TCKM diag(1, e−iγ1 , e−iγ2)
]∗ √

M
√

Γm (2.4.7)

As discussed in section 2.3.1, the parameters γ1, γ2 and the three elements of the real diagonal matrix

Γm can be obtained from known data at the electroweak scale. The only unknowns in (2.4.7) are

tanβ and the three RH neutrino masses that set the diagonal matrix M .

We are now ready to do the parameter counting. Using (2.4.2) and (2.4.7) in (2.4.1), we see that

the nine UV invariants can be fixed by known IR data and four unknown model parameters: the

three RH neutrino masses Mi, i = 1, 2, 3 and tanβ. Given these four unknown model parameters,

the three “UV mixing angles” and three “UV CP violating phases” can be predicted. This is the

final result of this section.

2.4.2 Thermal leptogenesis

Thermal leptogenesis is a very simple mechanism to generate the observed baryon asymmetry. We

now briefly summarize the mechanism and then apply the predictions of our model to generate the

asymmetry.
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For simplicity, we consider hierarchical RH neutrinos, Ma �Mb,Mc, where a, b, c take different

values from 1 to 3. Which one of the RH neutrinos N1, N2, N3 is the lightest is relevant, as discussed

in section 2.4.1. In thermal leptogenesis, a large population of Na is produced thermally from

scattering of the Higgs with leptons when T > Ma. Na might or might not reach its equilibrium

number density neq
Na
≈ nγ , depending on the strength of its Yukawa coupling with the Higgs. If

the Yukawas of the RH neutrinos to the Higgs doublet and lepton doublets contain a CP violating

phase, any change of the Na abundance through these interactions generates a lepton asymmetry.

Any time an asymmetry is generated, it tends to be washed out by the inverse process, since it

represents a chemical disequilibrium. In the end, the interplay of the production of RH neutrinos,

their decay and the washout process leads to a residual asymmetry, but only if the process gets

out of equilibrium at some point of the evolution. If it does not, any remaining asymmetry will be

washed out.

The interplay of production, decay and washout is contained in the Boltzmann equations for

the RH neutrino abundance and the lepton (and slepton) asymmetry. We consider the simplified

Boltzmann equations [49]

d

dx
(YNa(x)) = −

(
Kx

K1(x)

K2(x)

)(
YNa(x)− Y eq

Na
(x)
)

(2.4.8)

d

dx

(
∆YLα+L̃α

(x)
)

=

(
Kx

K1(x)

K2(x)

)[
2εα

(
YNa(x)− Y eq

Na
(x)
)
− 1

2

(
Kαα

K

Y eq
Na

(x)

Y eq
L (x)

)
∆YLα(x)

]
(2.4.9)

where K1,2(x) are the modified Bessel function of the second kind and

x =
Ma

T

YNa,Lα+L̃α
=

nNa,Lα+L̃α

s

Kαα =
ΓNa→Lα
H|T=Ma

K =
∑
α

Kαα (2.4.10)

and the CP asymmetry parameter is defined as

εα =
ΓNa→LαHu − ΓNa→LαH∗u
ΓNa→LHu + ΓNa→LH∗u

(2.4.11)

In the equation for the evolution of the lepton asymmetry (2.4.9), the first term on the right hand side

corresponds to the contribution to the asymmetry due to production and decay of the RH neutrinos

when there exists CP violation. The second term is the washout term which tends to erase any

asymmetry. Note that the solution for the asymmetry in the simplified Boltzmann equations are

linear in εα. In particular, ∆YLα+L̃α
(λεα) = λ∆YLα+L̃α

(εα).
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The corresponding baryon asymmetry over the entropy density is [49]

nB
s
' −10

31

∑
α

∆YLα+L̃α
. (2.4.12)

The numerical prefactor takes into account that the lepton asymmetry is not entirely converted into

a baryon asymmetry by sphaleron processes. The input from microscopic physics enters in (2.4.9)

through Kαα and εα. In terms of the Yukawas of the seesaw model and the light neutrino mass

matrix they are given by [49]

Kαα =
Ma

H|T=Ma

[
λN∗αa λ

N
αa

8π

]
εα = − 3Ma

8πv2
u λ

N∗
βa λ

N
βa

Im
[
λNαa(mν∗

αβλ
N
βa)
]

(2.4.13)

where only sum over the index β is intended, H|T=Ma = 1.66 g
1/2
∗ M2

a/MPl and in the MSSM,

g∗ = 228.75.

CP violation enters in the calculation through the asymmetry parameter εα. In a general type I

seesaw model, the CP violation needed for leptogenesis is uncorrelated with the CP violating phases

of the PMNS matrix [50]. The asymmetry parameter εα is only sensitive to the UV CP violating

phases, that cannot be measured in experiments below the scale of the RH neutrino masses. Our

model, however, is not a general type I seesaw model, since it contains non-trivial conditions (2.2.19)

relating different Yukawa matrices. This provides relations between different observables. In section

2.4.1 we showed that in our model, all the UV observables, including the UV CP violating phases,

are fixed by known data from the IR, the three RH neutrino masses and tanβ. Moreover, since

thermal leptogenesis relies only on the decay of the lightest RH neutrino, one might expect that in

our model, only the knowledge of the lightest RH neutrino mass and tanβ are needed to calculate

the resulting baryon asymmetry from leptogenesis. We now show that this statement is correct and

calculate the baryon asymmmetry by explicitly obtaining λNαa and mν , which determine Kαα and

εα.

First, note from (2.4.7) that the matrix λN†λN is a known function of IR data and the RH

neutrino masses. Also note that any matrix λN satisfying (2.4.7) leads to the same physical results,

because all the polynomial invariants (2.4.1) depend only on the combination λN†λN . Then, we are

free to choose

λN =
1

vu

[
diag(md,ms,mb)V

T
CKM diag(1, e−iγ1 , e−iγ2)

]∗ √
M
√

Γm (2.4.14)

where in section 2.3.1 we obtained the real diagonal matrix Γm and the phases γ1, γ2 from known

IR data. In the basis we work on, M is diagonal, so we commute it with Γm and we obtain the
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element α, a of the matrix λN

λNαa =
1

vu

[
diag(md,ms,mb)V

T
CKM diag(1, e−iγ1 , e−iγ2)

√
Γm
∗]∗
αa

√
Ma (2.4.15)

On the other hand, the neutrino mass matrix is known from (2.3.16), we repeat the expression here

for convenience

mν = diag(md,ms,mb)V
†
CKM diag(1, eiγ1 , eiγ2)Γm

diag(1, eiγ1 , eiγ2)V ∗CKM diag(md,ms,mb) (2.4.16)

where γ1, γ2 and the real diagonal matrix Γm are known from IR data.

Using (2.4.15) and (2.4.16) in (2.4.13) we immediately see that Kαα and the CP asymmetry εα

are completely specified by IR physics and the mass of the lightest RH neutrino, Ma. No knowledge

of the masses of the heavier RH neutrinos is needed, in the range of validity of the calculations.

We now give a numerical example, using the benchmark point of Table 2.2. We consider the

lightest neutrino mass to be M1. Using the model parameters of Table 2.2 in (2.4.15) and (2.4.16),

we obtain the flavored CP asymmetry parameters

ε1 '
1.07 · 10−9

sin2 β

[ |M1|
1010 GeV

]
ε2 ' −

4.21 · 10−7

sin2 β

[ |M1|
1010 GeV

]
ε3 '

1.17 · 10−8

sin2 β

[ |M1|
1010 GeV

]
(2.4.17)

where tanβ = 10. The CP asymmetries are linear in |M1|. As a consequence, the baryon asymmetry

is also linear in |M1|. Using (2.4.17) in (2.4.12) and numerically solving the Boltzmann equations

we obtain

nB
s
' 8.29 · 10−10

sin2 β

[ |M1|
1010 GeV

]
(2.4.18)

For our benchmark point, the correct baryon asymmetry can be obtained for M1 ' 109 GeV. Equa-

tion (2.4.18) is a prediction of our model: the baryon asymmetry is linear in |M1| / sin2 β, and the

proportionality constant is predicted by making use of known IR data.

The benchmark point of table 2.2 is the best fit value for the model parameters as determined by

the low energy data. More generally, scanning over the set of model parameters that are consistent

with all the IR data up to the experimental uncertainties, we find that for tanβ = 10, the correct

baryon asymmetry can be obtained in a range

10−9 GeV . |M1| (2.4.19)

One special feature of our model is that the sign of baryon asymmetry is part of the prediction:

in our unified framework, the definition of “matter” in the quark sector (as given by the sign
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of the CKM phase determining CP violation in say, kaon mixing) defines “matter” in the lepton

sector. Thus, only the negative sign of the lepton asymmetry is phenomenologically acceptable. As

described above, known IR data ultimately determines (up to experimental uncertainties) the sign of

the asymmetry parameters εα and of the final baryon asymmetry. In reality, within the experimental

uncertainties in the lepton sector both signs of the asymmetry are still allowed. Different signs are

correlated with different predictions for the CP phases in the PMNS matrix.

We illustrate this effect in Fig. 2.10, where we set the lightest (left-handed) neutrino mass to

the best fit value mν1 = 5 × 10−3 and display the allowed parameter space for the UV parameters

γ1, γ2 (for presentation purposes, we choose the linear combinations (γ1 − γ2, γ1 + γ2) for the axes).

In the white region, there are no solutions to Eq. (2.3.13) to reproduce the observed light neutrino

masses, while in the colored region solutions exist: there, the correct (positive) sign is given in

the yellow/red tones and the incorrect sign in blue tones. Because the Boltzmann equations are

homogeneous in |M1|, we can also display the value of the lightest right-handed neutrino mass

needed to achieve the correct absolute value of the baryon asymmetry nB/s, with different hues of

red and blue corresponding to different values in the range |M1| = 109 − 1011 GeV. Finally, we also

show contours delimiting regions consistent with the lepton mixing angles at 1,2, and 3σ, according

to the χ2 test described in Sec. 2.3.3. In a world with perfect experimental resolution for the mixing

angles, some of these regions will disappear and one will shrink to the black diamond, corresponding

to the benchmark point described in Table 2.2. In section 2.3.3 and Figs. 2.4, 2.7, we only displayed

the points leading to the correct sign of the baryon asymmetry. This lead to sharper predictions for

the IR data mν1 , δ, λ2 and λ3.

In Fig. 2.11, we show the correlation between the baryon asymmetry and the predictions for

yet-to-be-measured IR observables, where for concreteness the RH neutrino mass is set as M1 =

1011 GeV. This should be compared to the experimental value, nB/s = (0.8 ± 0.2) × 10−11 [47].

The benchmark point in Table 2.2 gives the correct baryon asymmetry when M1 = 1011 GeV. As

in the previous section, we use a color scheme where points consistent with the measured leptonic

mixing angles at the 68%, 95% and 99.7% CL are purple, orange and black, respectively. Only

points with nB/s > 0 are consistent with the baryon asymmetry being generated after sphaleron

processing of the epton asymmetry from thermal leptogenesis.5 Because the asymmetry parameters

ε1,2,3 are linear in |M1|, even points in Fig. 2.11 that do not yield the correct magnitude of the baryon

5However, it is possible to decouple baryogenesis from the IR predictions of our model if it is assumed that a
different mechanism was responsible for the generation of the baryon asymmetry: in this case, our unified model still
describes all the IR observables and predicts the correlations described in Section 2.3. In particular, the correlations
show in Fig. 2.9 will now also be phenomenologically acceptable.
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Figure 2.10: Values of the lightest RH neutrino mass M1 required to achieve the observed magnitude
for the baryon asymmetry, for mν1 = 5 × 10−3 eV and as a function of the UV parameters γ1, γ2 (here
reparametrized in the (γ1 − γ2, γ1 + γ2) plane for clarity). Colored regions give solutions to Eqs. (2.3.12)–
(2.3.13), before enforcing agreement with the lepton mixing angles. Regions shaded in red (blue) give the
correct (wrong) sign for the baryon asymmetry, and are separated by the red lines. Note that at each point
in the γ1, γ2 plane there are up to 6×24 distinct solutions for Eqs. (2.3.12)–(2.3.13), some of which will yield
different mixing angles and baryon asymmetries; for example, in the region enclosed by red lines solutions
exist for both signs of nB , meaning that this region can give the correct (positive) baryon asymmetry. Black
contours with continuous, dashed and dotted lines demarcate respectively the parameter space regions laying
within the 68%, 95% and 99.7% CL intervals for the leptonic mixing angles. Taking into account the lepton
mixing angles, phenomenologically acceptable regions are the red regions enclosed by the continuous black
contours. The benchmark point of table 2.2 is shown as a black diamond.
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Figure 2.11: Correlation between the baryon asymmetry and the IR parameters of our model, for |M1| =
1011 GeV. Points within the 68%, 95% and 99.7% CL intervals for the leptonic mixing angles are respectively
marked in orange, purple and black, and the benchmark point of Table 2.2 is shown as ared diamond.

asymmetry will be able to, for different values of |M1|. We illustrate this in Fig. 2.12, where we show

the correlation between the value of |M1| needed to reproduce the observed baryon asymmetry and

the IR CP-violating phases δCP , λ2 and λ3. The correlation between δCP and |M1| is particularly

strong, and a future measurement of the Dirac neutrino phase has the power of predicting the RH

neutrino mass scale. As in the previous sections, it is worth noting that a better experimental

resolution for the lepton angles will sharpen these predictions.

We conclude with some comments on the cosmology of our model. First, note that for the lepto-
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Figure 2.12: Correlation between the RH neutrino mass scale |M1| and the IR observables of our model,
obtained by requiring that the correct matter-antimatter asymmetry is generated during leptogenesis. Points
within the 68%, 95% and 99.7% CL intervals for the leptonic mixing angles are respectively marked in orange,
purple and black, and the benchmark point of Table 2.2 is shown as ared diamond.

genesis mechanism to work, the reheating temperature after inflation TR should be higher than the

lightest RH neutrino mass, i.e. it should be larger than 109−1011 GeV. The reheating temperature

is also bounded from above by MCP . The reason is that when CP is spontaneously broken, there

can be discrete number of vacua and long-lived domain wall will be generically produced. A lower

reheating temperature assures that domain walls have been inflated away. Thus, a set of necessary

conditions for successful leptogenesis in our model are (2.4.19) and

Ma . TR .MCP (2.4.20)

The high reheating temperature leads to cosmological constraints on the gravitino mass. For ther-

malized gravitinos in the early universe, the gravitino energy density is

Ωψ3/2
h2 =

200

g∗(Tfr)

[
m3/2

keV

]
(2.4.21)

where Tfr is the freeze-out temperature for gravitino production. To avoid overclosure of the uni-

verse, the gravitino has to be light. Moreover, astrophysical constraint on structure formation set

the strong bound m3/2 < 16 eV [51]. Correspondingly, the supersymmetry breaking messenger scale

is constrained to be Mm . 100 TeV. In this way, a cosmological history that include leptogenesis at

high temperatures automatically prevents a sizable contribution to θ.
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Chapter 3

125 GeV Higgs from Tree-level A-terms

3.1 Introduction

In the previous chapter, we built a supersymmetric model to solve the puzzle of CP violation in the

Standard Model. Experimental evidence indicates that if supersymmetry is a symmetry of nature,

it must be broken at low energy scales. A particularly well motivated supersymmetry breaking

mechanism is gauge mediated SUSY breaking (GMSB, for a review and original references, see [13]).

Since gauge interactions are flavor blind, gauge mediated supersymmetry breaking does not induce

flavor breaking effects that would be heavily constrained by flavor experiments. In this chapter, we

build a detailed model of gauge mediated supersymmetry breaking, which is consistent with all the

low energy phenomenology.

In particular, the discovery of the Higgs boson with a mass near 125 GeV [1, 2] has important

consequences for physics beyond the Standard Model, especially supersymmetry. In the MSSM,

it implies that the stops must either be very heavy or have a large trilinear coupling (“A-term”)

with the Higgs [14, 52–59]. The large A-term scenario is more interesting from several points of

view. It is less fine-tuned and it allows for lighter (∼ 1 TeV) stops that are still within reach of the

LHC. It also presents an interesting model-building challenge – prior to the discovery of the Higgs,

mechanisms for generating the A-terms from an underlying model of SUSY-breaking mediation were

not well-explored.

In the framework of gauge mediated SUSY-breaking, the problem of how to obtain large A-

terms becomes especially acute. In GMSB, the A-terms are always negligibly small at the messenger

scale. If the messenger scale is sufficiently high and the gluino sufficiently heavy, a sizable weak

scale A-term with relatively light stops may be generated through RG-running [14]. However,
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this setup is in strong tension with electroweak symmetry breaking (EWSB) [60]. This strongly

motivates extending gauge mediation with additional MSSM-messenger couplings that generate A-

terms through threshold corrections at the messenger scale.

In all models for A-terms considered since the observation of a Higgs boson at 125 GeV [61–74],

the focus has been on generating A-terms at one-loop level through weakly coupled messengers.

Integrating out the messengers produces one or more of the following Kähler operators

1

16π2

1

M
X†H†uHu ,

1

16π2

1

M
X†Q†3Q3 ,

1

16π2

1

M
X†u†3u3 (3.1.1)

Here X is a field that spontaneously breaks SUSY, and M is the messenger scale. After substituting

〈X〉 = θ2FX and integrating out the auxiliary components of the MSSM fields, one obtains the

desired A-term

L ⊃ ytAtHuQ3u3 , At ∼
1

16π2

FX
M

(3.1.2)

This setup has the advantage that the A-terms come out parametrically the same size as the other

soft masses in GMSB (one-loop gaugino masses, two-loop scalar mass-squareds). However, one-

loop A-terms from (3.1.1) introduce a host of complications as well. First and foremost is the

“A/m2 problem” [62]: in addition to the A-terms, one also generates a scalar mass-squared at

one-loop, completely analogous with the more well-known µ/Bµ problem. A one-loop scalar mass-

squared would overwhelm the GMSB contributions and lead to serious problems with fine-tuning

and/or EWSB. Previous solutions to the A/m2 problem include taking the messengers to be those

of minimal gauge mediation [62], or having the hidden sector be a strongly-coupled SCFT [64, 65].

In this chapter, we will explore a new solution to the A/m2 problem: models where the A-terms

are generated at tree-level in the MSSM-messenger couplings. The advantage with this approach

is that there is simply no A/m2 problem to begin with, since at worst any accompanying sfermion

mass-squareds would be tree-level as well. An added benefit of this approach is that it will lead

us to a consider an interesting new operator for the A-terms: one which arises in the effective

superpotential, rather than in the Kähler potential. As we will see, this superpotential operator

will have qualitatively different effects on the MSSM soft terms as compared to Kähler potential

operators.

The basic setup is quite simple. To generate a tree-level A-term, either the Higgs or stops must

mix with the messengers in the mass-matrix. For example, consider the superpotential

W = X ′Huφ̃+ λiju φQiuj +Mφ̃φ (3.1.3)
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Here X ′ is another spurion for SUSY-breaking, and φ, φ̃ are heavy messenger fields. Upon integrating

out the messengers at the scale M , one generates the effective superpotential operator

Weff ⊃ −
λiju
M

X ′HuQiuj (3.1.4)

Note that because of the SUSY non-renormalization theorem, Weff can only arise at tree-level, so

it is perfectly suited for our purposes. In order to produce an A-term of the correct size, one must

have1

FX′

M
∼ O(TeV) (3.1.5)

The tree-level A-term originating from (3.1.4) is minimally flavor violating (MFV), provided that

the operator in (3.1.4) generates the full up-type Yukawa coupling of the MSSM. For this to work,

X ′ should acquire a lowest component vev of size ∼M .

The interesting complication in these models comes from the fact that when integrating out the

messengers, in addition to the superpotential operator (3.1.4), a Kähler potential operator is also

generated at tree-level. For example, in the model (3.1.3), one generates the term:

Keff ⊃
1

M2
X ′†X ′H†uHu (3.1.6)

(For a more general treatment of the Kähler operators, see appendix A.) This leads to a soft mass

for Hu of roughly the same order as the A-term:

δm2
Hu = − y2

t

|λ33
u |2
|At|2 (3.1.7)

For λ33
u . 1, this represents a large, irreducible contribution to m2

Hu
, and correspondingly to the

fine-tuning of the electroweak scale. This is another manifestation of the “little A/m2 problem”

encountered in [62], whereby a large A-term was accompanied by an equally large sfermion mass-

squared. In [62], the situation was even worse, because the contribution was irreducible with a fixed

coefficient:

δm2
Hu = |At|2 (3.1.8)

There both the A-terms and the irreducible contribution to m2
Hu

(3.1.8) originated from integrating

out the auxiliary components of the MSSM fields in the first Kähler operator in (3.1.1). Since we

are starting instead with the effective superpotential operator (3.1.4), the coefficient in (3.1.7) is free

to vary in our present models. Importantly, however, we will see that the sign in (3.1.7) is always

1Note that this is a loop factor smaller than the usual GMSB relation. A smaller F -term satisfying this hierarchy
can easily be dynamically generated using weakly-coupled messengers, see e.g. [75]. In this chapter we will simply
assume that FX′ of the right size can be obtained somehow and not explore it any further.
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negative, such that (3.1.7) does not jeopardize electroweak symmetry breaking, in contrast to the

relation in (3.1.8).

In this chapter, we will consider various ways to alleviate the fine-tuning problem introduced by

the little A/m2 problem (3.1.7). Clearly, if λ33 is taken to be large (e.g. λ33 ∼ 3), then the little

A/m2 problem is ameliorated. This requires a UV completion at a relatively low scale. We will

provide such a UV completion in this chapter, using a novel application of Seiberg duality [76, 77].

Alternatively, one can consider non-MFV models obtained from (3.1.3) by exchanging the role

played by Hu with u3:2

W = X ′u3φ̃u + κHuQ3φu +Mφ̃uφu (3.1.9)

For this model the expression analogous to (3.1.7) contains m2
u3

instead of m2
Hu

. As in [63], the fine-

tuning is greatly reduced with respect to the perturbative MFV case because the stop contribution

to m2
Hu

is diluted by a loop factor. Moreover, the situation is even better than in [63], because in

that case there were still sizeable two-loop contributions to m2
Hu

, whereas here the contribution is

solely to the squarks.

An important thing to note about the framework for generating tree-level A-terms presented

in this chapter is that it can in principle be tacked on to any mediation mechanism for the rest

of the MSSM soft terms; the framework itself does not lead to a particularly compelling choice.

This is in contrast to the one-loop models considered previously, whereby the A-term messengers

also contributed to the MSSM soft spectrum through minimal gauge mediation, and thus GMSB

was the most economical choice. Moreover, the tree-level A-term module does not affect the overall

phenomenology much; the one essential difference occurs in the non-MFV models, where the stops

can be split by several TeV due to the non-MFV analogue of (3.1.8).

For simplicity and concreteness, in this chapter we will couple our models to minimal gauge

mediation (MGM) [79–81]. We will see that after imposing the Higgs mass constraint, the models

are typically out of reach of Run I LHC; however they will be accessible (especially the lightest stop)

at 14 TeV LHC. Finally, we will estimate the fine tuning in these models and show that they achieve

essentially the best tuning possible in the MSSM (percent level).

The remainder of this chapter is organized as follows: Since no strongly coupled UV completion

is needed for the non-MFV models, we discuss those first in section 2, as well as their phenomenology

when coupled to minimal gauge mediation. In section 3 we analyze the MFV example in a similar

2Because these models are not MFV, one should worry about the potential constraints from precision flavor and
CP observables. This is beyond the scope of this work (see however [78]). We will assume for simplicity (as in [63])
that the coupling κ is real and fully aligned with the third generation. We will also focus on the u3 model because
then the flavor violation is limited to the up-squark sector and the constraints are much weaker.
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way. In section 4, we UV complete the MFV model using Seiberg duality. Finally, in the conclusions

we list some potential future directions suggested by our work. A general discussion of the little

A/m2 problem and Landau poles in models for tree-level A-terms is left for appendix B.

3.2 A non-MFV model

As discussed in the introduction, the non-MFV model (3.1.9) has a less severe version of the little

A/m2 problem, and thus does not need an immediate UV completion, unlike the MFV model (3.1.3).

Since the story is simpler here, let us start by analyzing the non-MFV model in detail. Apart from the

issues of flavor alignment discussed in the introduction, the form of the renormalizable superpotential

(3.1.9) is the most general that couples the spurion, messengers and MSSM fields up to terms that

are irrelevant for our purposes (powers of the spurion X ′ and a small soft mass for the messenger

pair from X ′φuφ̃u).

After diagonalizing the mass matrix and integrating out φu, φ̃u at the messenger scale M , we

obtain the IR effective theory

Weff ⊃ −κ
X ′

M
HuQ3u3

Keff ⊃
X
′†X ′

M2
u†3u3 +

κ2

M2
H†uHuQ

†
3Q3

(3.2.1)

The irrelevant operator induced in the low energy superpotential leads to an A-term for the corre-

sponding MSSM fields after substituting 〈X ′〉 = θ2FX′ . However, an additional contribution to m2
u3

from the first term in the Kähler potential is also induced, such that

δm2
u3

= −y
2
t

κ2
A2
t (3.2.2)

Note that the contribution to m2
u3

is negative, so to avoid a tachyonic right handed stop, it must be

cancelled off by additional contributions at the messenger scale (e.g. from GMSB) or from MSSM

renormalization group running from the messenger scale down to the weak scale. If κ ∼ 1, the fine

tuning from (3.2.2) is comparable to the fine tuning from the A-term itself, since both enter the

running of m2
Hu

in exactly the same fashion. Taking κ > 1 therefore does not substantially improve

the overall fine tuning of the model. One major improvement relative to the non-MFV models

considered in [63] is that there are no sizeable contributions generated to m2
Hu

from integrating out

the messengers.

To study the phenomenology of a model with tree-level A-terms and a 125 GeV Higgs, we must

add our tree-level A-term module (3.1.9) to an underlying model for the rest of the MSSM soft

masses. While in principle any model could be used, GMSB is a particularly well-motivated choice
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given the SUSY flavor problem. So for simplicity and concreteness, let us now specialize to the case

of minimal gauge mediation (MGM) with 5⊕ 5 messengers [79–81].

The parameter space of our model is as follows. The MGM sector of the model is characterized

by four parameters: messenger index Nm, tanβ, messenger scale M and SUSY-breaking mass scale

FX
M , where FX is the highest component vev of the SUSY breaking spurion. We take the masses of

the additional messengers in (3.1.9) to be the same scale M for simplicity. We consider µ and Bµ

to be determined by the EWSB conditions and we remain agnostic about their origin. Finally, our

model contains additional parameters FX′
M , which sets the scale for the tree level contribution to At,

and the coupling κ (see (3.1.9)).

A low messenger scale M = 250 TeV and a large messenger number Nm = 3 are motivated by

the simultaneous requirements of reducing the tuning from the RG while allowing a large enough

SUSY scale to be achieved for the Higgs mass. (A different choice of messenger number does not

alter the phenomenology heavily, for reasons that will be explained later.) We take tanβ = 20 to

saturate the tree level bound of the Higgs mass and κ = 1 for simplicity and perturbativity. With

these choices, the parameter space of our models reduces to (FX′M , FXM ). (Recall that we must take

FX′
M ∼ 1

16π2
FX
M to achieve A-terms comparable to the GMSB soft masses.) To make contact with

the IR observables, we can trade (FX′M , FXM ) by the IR values of At and the mass of the lightest stop

mt̃1
or the mass of the lightest stau mτ̃1 . This parametrization is especially relevant for the LHC

phenomenology, since t̃1 and τ̃1 are the lightest colored particle and the NLSP respectively, as will

be seen shortly.

To generate the IR spectrum we use SOFTSUSY 3.5.1 [82]. Fine tuning ∆FT is calculated

according to the measure introduced in [63], given by

∆i ≡
∂ logm2

z

∂ log Λ2
i

Λi ∈ {g2
1

FX
M

, g2
2

FX
M

, g2
3

FX
M

,
FX′

M
,κ
FX′

M
,µ}

∆FT ≡ max ∆i.

(3.2.3)

The results are presented in figure 3.1 where we show contours of the Higgs mass, tuning and MSUSY ,

both in the (At,mt̃1
) and (At,mτ̃1) planes. Note that MSUSY is significantly larger than mt̃1

. This

is because the two stop soft masses are split due to the negative contribution to m2
u3

in (3.2.2). In

the gray shaded region the GMSB contribution is insufficient to cancel this negative contribution,

and the spectrum is invalidated by a stop tachyon. The main source of tuning in this model is the

running effect due to the colored spectrum or the A-term. From the Higgs and tuning contour lines

in both figures, we see that the model is able to reproduce the Higgs mass, while keeping fine tuning

to the percent level (which is basically the best that can be achieved in the MSSM). Moreover, the
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Figure 3.1: Contours of the Higgs mass (black), geometric mean of the stop masses (blue) and tuning
(dashed), in the (At,mt̃1

) (left) and (At,mτ̃1) (right) planes. The shaded region on the (At,mτ̃1) plane
corresponds to points with tachyonic stops. The black dot on both figures corresponds to the same point in
parameter space, with a spectrum presented in figure 3.2. All quantities are evaluated at MSUSY .

Higgs mass can be reproduced in interesting parts of parameter space, where there is both a light

colored particle mt̃1
and a light slepton mτ̃1 .

A typical spectrum for the model is presented in figure 3.2, which corresponds to the black

dot indicated in the two different planes presented in figure 3.1.3 In general, the spectrum across

the parameter space of our model is basically that of MGM with Nmess = 3 (gaugino unification,

colored sparticles heavier than electroweak sparticles, right-handed stau NLSP, etc.). There are,

however, two key differences. First, in order to counteract the large negative contribution (3.2.2) to

the right-handed stop, the MGM scale FX
M is considerably larger than would otherwise be the case.

This results in the other colored sparticles being essentially decoupled. It also results in a higher

gravitino mass, which explains [83] why slepton co-NLSPs do not occur in figure 3.1. Second, the

right-handed sleptons are a bit lighter than in MGM due to the effects of running induced by the

split stops. Amusingly, this effect of running means that the stau is the NLSP even for lower Nmess,

unlike in MGM, where lowering Nmess leads to bino NLSP.4

Due to the split spectrum, the largest sparticle pair production cross sections at LHC correspond

to t̃1 and the right-handed sleptons. Pair production of stops leads to a decay chain with jets, leptons

3We choose our benchmark point here and in the next subsection to have mh = 124 GeV in order to account
optimistically for the theory uncertainty on the Higgs mass calculation.

4Note that if we exchange the roles of u3 and Q3 in (3.1.9), a negative soft mass for Q3 would be induced instead,
leading to a heavier τ̃1 through running. In this case, it could be possible to have a bino NLSP even for Nm > 1.
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Figure 3.2: Spectrum for the point marked with the dot in figure 3.1. The Higgs mass is mh = 124 GeV,
with At = −2.9 TeV. τ̃1 is 17 GeV lighter than the right handed sleptons. The Higgsino mass is µ = 1.05
TeV. Fine tuning is ∼ 1/400.

and missing energy. When right handed sleptons are directly pair produced, the decay chain will

include relatively soft leptons (due to the moderate splitting of the right handed sleptons and the

stau), taus and missing energy. Of course the direct pair production of staus will lead to taus and

missing energy.

Of the above signatures, the most spectacular one is given by the decay of pair produced stops,

which can contain two jets, 4 leptons (from the decay of the bino to RH sleptons and RH sleptons

to stau), and two τ jets plus missing energy. A search with a similar topology was carried out in

[84], where a limit on the total strong production cross section of ∼ 1 fb was obtained. This limit

can be used to set an approximate bound on our parameter space, by comparing with our model’s

tree level total strong production cross section, which we obtain using MadGraph [85]. This leads

to excluding stops roughly below 800 GeV in the parameter space presented in figure 3.1, which

corresponds to staus heavier than 150 GeV.

The spectrum presented in figure 3.2 is inaccessible to the LHC run at 8 TeV, but it will become

accessible at 14 TeV. The total SUSY cross section of such point at the 14 TeV LHC is 8 fb, while

the total tree level colored production cross section is 2 fb. Relevant searches will be the updated

versions of multilepton or GMSB-inspired searches as [86] and [84].
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X ′ Q, u, d, L, e Hu Hd φ φ̃

Z3 1/3 2/3 1/3 2/3 2/3 1/3

Table 3.1: Charge assignments securing (3.3.1) and (3.3.2).

3.3 An MFV model

Next we will turn to the MFV model (3.1.3). Apart from the issues of UV completions to be discussed

in the next section, this model is slightly more complicated than the non-MFV model because here

we would like to generate the MSSM up-type Yukawas and the A-terms from the same operator.

To achieve this, it is necessary to turn on a lowest component vev for X ′, which implies that one

must re-diagonalize the messenger mass matrix prior to integrating out the messengers. For later

convenience, we will redefine X ′ so that its lowest component vev is separated out and denoted by

X ′0. Then (3.1.3) becomes

W = (X ′0 +X ′)Huφ̃+ λiju φQiuj +Mφφ̃ (3.3.1)

with 〈X ′〉 = FX′θ
2. The form of (3.3.1) is the most general allowed by a Z3 symmetry, as detailed

in table 3.1, which also allows for a µ-term and down type Yukawas,

δW = µ′HuHd + λijd HdQidj + λije HdLiej (3.3.2)

We will not discuss the down sector Yukawas any further.

After diagonalizing the mass matrix and integrating out the heavy messenger states, we are left

with the supersymmetric effective action:

Weff ⊃ yiju
(

1 + cot θH cos θH
X ′

M ′

)
HuQiuj + µ

(
1 + sin θH

X ′

M ′

)
HuHd

Keff ⊃
cos2 θH
M ′2

X
′†X ′H†uHu +

cot2 θH
M ′2

yilu y
jk
u

∗
Q†iu

†
lQjuk

(3.3.3)

where

M ′ =
√
X
′2
0 +M2, sin θH =

X ′0
M ′

, yiju = −λiju sin θH , µ = µ′ cos θH (3.3.4)

and we have everywhere expanded in µ′ � M,X0, keeping only the lowest nonzero order. In

(3.3.3), the first term in the effective superpotential leads to an A-term proportional to the up-type

Yukawas. The second term in the effective Kähler potential is an MFV interaction suppressed by

the messenger scale, so it is safe from flavor constraints [87]. Meanwhile, the first term in Keff
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represents a contribution to the soft mass of Hu:5

δm2
Hu = −|At|2 tan2 θH (3.3.5)

This is a manifestation of the little A/m2
H problem. Note that this contribution is negative, so it

is not dangerous for electroweak symmetry breaking, unlike what was found in the Kähler potential

models [62]. However, if tan θH & 1 it still represents a major contribution to fine-tuning. Taking

tan θH � 1 would alleviate this fine-tuning problem, but at the cost of enlarging the underlying

coupling λ33
u according to (3.3.4). This leads to a Landau pole at low scales and a UV completion

becomes necessary. Such a UV completion is the subject of section 3.4, in which we use Seiberg

duality [76, 77] to realize the large coupling λ33
u .

As in the previous section, to generate the rest of the soft masses we specialize to the case of

MGM. The parameter space is essentially the same as before, namely the MGM sector is described

by Nm, tanβ, M and FX
M , while our effective theory contains FX′

M which sets the scale for the tree

level contribution to At, and a coupling λ33
u . Again, we consider µ and Bµ to be determined by the

EWSB conditions. We fix most of the parameters to the same values as before – Nm = 3, tanβ = 20

and M = 250 TeV – for essentially the same reasons. Finally, we consider two values for λ33
u : λ33

u = 1

is chosen to illustrate the perturbative case, while λ33
u = 3 is studied since it has a beneficial effect

on decreasing tuning. With these choices, the parameter space of our model reduces to (FX′M , FXM ),

which we can trade for the IR values of the A-term At and the gluino mass Mg̃.

In figure 3.3 we show contours of the Higgs mass, tuning and MSUSY in the (Mg̃, At) plane for

the two choices of λ33
u . In both figures ?? and 3.3 a large Higgs mass can be achieved with moderate

values of MSUSY thanks to the large A-terms. In figure ?? however, the µ-term is very large and

induces sizable negative contributions to mh through the stau and sbottom sectors. This implies

that a higher MSUSY is needed to obtain the correct Higgs mass. (see e.g. [88].) The main source of

tuning can be either the large induced Higgs soft mass from (3.3.5) or, for large MSUSY , the running

effect. We immediately see from figure ?? that the first of these sources represents a serious tuning

problem for λ33
u = 1, in which case for a 125 GeV Higgs we obtain a typical tuning of ∼ 10−4. In

figure 3.3 we see the beneficial effect of considering a larger value for λ33
u . This choice suppresses the

fine tuning induced by (3.3.5), in such a way that a 125 GeV Higgs can be achieved while keeping

tuning to the one part in ∼ 500 level.

5The second term in the effective superpotential (3.3.3) gives rise to Bµ = µAt tan2 θH at the messenger scale.
While this is parametrically of the right size for EWSB, it has the incorrect sign to lead to the large tanβ EWSB
condition Bµ ≈ 0 at the weak scale. Thus a more complete model that also aspires to explain the origin of µ and Bµ
must include additional contributions to these parameters.
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Figure 3.3: Contours of the Higgs mass (black), geometric mean of the stop masses (blue) and tuning
(dashed), for λ33

u = 1 (left) and λ33
u = 3 (right) with Nm = 3, tanβ = 20, M = 250 TeV. Different Higgs

mass contours are presented to account for the uncertainty in the theoretical Higgs mass calculation. The
shaded region corresponds to tachyonic stops/staus. The dot on the figure on the right corresponds to the
point in parameter space with the spectrum presented in figure 3.4. The parameter space below the red line
on the same figure is excluded by [84]. All quantities are evaluated at MSUSY .

In figure 3.4 we present a typical spectrum for the model with λ33
u = 3, which corresponds to

the black dot in figure 3.3. This model is even more similar to MGM with stau NLSP than the

one presented in the previous subsection, since there is no negative contribution to the right-handed

stop to counteract. The only difference now with MGM is the large A-term, which has a minor

effect on the rest of the spectrum primarily through the RG. The MGM collider signatures here are

potentially spectacular. If colored superpartners are accessible to collider experiments they will lead

to a long decay chain including jets, leptons and missing energy. As in our non-MFV model, searches

that look for jets, tau final states and large missing energy can be sensitive to this spectrum when

the strong production is accessible. In particular ATLAS search [84] analyses a similar spectrum and

their results apply directly to our case, setting strong bounds on parts of the parameter space. For

tanβ = 20, gluinos of up to 1.6 TeV are excluded, which corresponds to a total strong production

cross section of ∼ 1.5 fb at tree level [85].

Multilepton searches could also be a leading probe of this model, especially when the colored

sparticles are too heavy to be produced. The stau NLSP scenario considered in [86] can be sensitive

to our case, but since in our spectrum m̃eR − m̃τ1 ∼ 20 GeV and 150 GeV < m̃τ1 , the obtained

bounds are not currently relevant for us. However, updates of these searches in Run II of the LHC
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Figure 3.4: Spectrum for the point shown in figure 3.3. The Higgs mass is mh = 124 GeV, with At = −2.7
TeV. τ̃1 is 32 GeV lighter than the right handed sleptons. The Higgsino mass is µ = 1.3 TeV. Fine tuning
is ∼ 1/400.

can be very interesting for our models.

3.4 A composite model from Seiberg duality

As discussed in the previous section, the little A/m2
H problem in the MFV model (3.3.5) necessitates

a large value for λ33
u , and the theory has a Landau pole at a low scale. One way to explain physics

above the Landau pole is to build composite models that naturally provide |λ33
u | � 1 due to the

underlying strong interactions. In general, characterizing such a strongly coupled UV completion

is challenging at best, however in the context of supersymmetric gauge theories we can make use

of Seiberg duality [76, 77]. We embed the model of section 3.3 in the magnetic side of the duality,

where the fields Q3, u3 and φ will be composite degrees of freedom. Since it is conceptually simpler,

we first discuss the electric side of the duality. In a second stage we discuss the mapping to the

composite degrees of freedom on the magnetic side, and we complete the model by adding in a

number of spectator fields.

3.4.1 Electric theory

The electric theory is defined by SQCD withNc = 2 colors andNf = 3 flavors. Since the fundamental

of the electric gauge group SU(2)E is pseudo-real, this theory is invariant under an SU(6) global
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GUT field SU(2)E SU(3)c SU(2)L U(1)Y Z3 B

5
qc � � 1 − 1

3
1
3 − 1

6

qL � 1 � 1
2

1
3

1
2

1 qS � 1 1 0 1
3 − 1

2

Table 3.2: Matter content of the electric theory. q = qc ⊕ qL ⊕ qS form a fundamental of the SU(6) global
symmetry.

symmetry. It is therefore convenient to parametrize its degrees of freedom with a single matter field

qia in the fundamental of SU(2)E and SU(6). The standard model gauge group can be embedded

in the global symmetry as follows

SU(6) ⊃ SU(5) ⊃ SU(3)c × SU(2)L × U(1)Y (3.4.1)

With this matter content, the global symmetry is anomalous. In section 3.4.3 we will introduce some

spectator fields to cancel the gauge anomalies and give vector-like masses to some exotics. Note that

because the global symmetry contains SU(5), grand unification is manifest in this model from the

outset. Concretely, the fundamental of SU(6) trivially decomposes as

6 = 5⊕ 1 (3.4.2)

where the 5 further decomposes into standard model representations in the conventional way. The

quantum numbers of qia are summarized in table 3.2.

In addition to hypercharge U(1)Y , the breaking pattern in (3.4.1) allows for an additional global

symmetry which we will denote by U(1)G. As will be seen in section 3.4.2, it is necessary to consider

the MSSM baryon number to be part of the global symmetries for proton stability. It will also be

seen that baryon number has a unique embedding in U(1)G and U(1)Y given by:

B =
4

5
Y +

1

10
G with

Y = diag(− 1
3 ,− 1

3 ,− 1
3 ,

1
2 ,

1
2 , 0)

G = diag(1, 1, 1, 1, 1,−5)

(3.4.3)

Note that both the electric and magnetic theories have a ZNf discrete symmetry that is leftover from

the anomalous global U(1) symmetry. As we will discuss in the next subsection, we will identify this

Z3 with the one of table 3.1.

3.4.2 Magnetic theory

This theory s-confines in the IR and has a weakly-coupled magnetic dual description in terms of

the mesons and baryons of the electric theory as described in table 3.3. These gauge invariants qiqj
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GUT field SU(3)c SU(2)L U(1)Y composite Z3 B

10

Q3 � � 1/6 qcqL 2/3 1/3

u3 � 1 −2/3 qcqc 2/3 -1/3

E′ 1 1 1 qLqL 2/3 1

5
φ 1 � 1/2 qLqS 2/3 0

d′ � 1 −1/3 qcqS 2/3 -2/3

Table 3.3: Matter content of the magnetic side of the duality. All fields fill out complete GUT multiplets.
Since E′ carries baryon number, it cannot be identified with a right handed lepton.

transform as the antisymmetric tensor 15A of the global SU(6). Under SU(5) this decomposes as

15A = 10A ⊕ 5. (3.4.4)

The resulting SU(5) representations allow us to identify Q3, u3 and φ with composite degrees of

freedom. Note that the baryon numbers of Q3 and u3 uniquely determined the coefficients of U(1)Y

and U(1)G in (3.4.3). The rest of the composite fields are E′ and d′, of which E′ has the same gauge

quantum numbers as right handed leptons, but non-zero baryon number.

The confining electric gauge group dynamically generates a superpotential in the magnetic dual,

given by

Wmag =
1

Λ3
Pf(qiqj)

= κ(φQ3u3 −Q3Q3d
′ + d′u3E

′)

(3.4.5)

where Pf is the Pfaffian of the antisymmetric matrix qiqj , and we used the mapping to the magnetic

theory in the second line. The coupling κ descends from the strong dynamics in the electric theory

and can be large (for concreteness we assumed κ ∼ 3 in section 3.3). From the last two operators

in (3.4.5) it should also be clear that rapid, dimension 6 proton decay would be introduced if one

were to identify E′ with one of the MSSM leptons. The B and Z3 charges for the composite fields

are fixed by those of the electric quarks in table 3.2.

3.4.3 Complete model with spectators

Let us now weakly gauge a SU(3)c × SU(2)L × U(1)Y subgroup of the global symmetry. To cancel

anomalies, fill out complete GUT multiplets, and match the field content of the magnetic theory to

the model of section 3.3, we add a number of fundamental fields, which are all spectators as far as

the Seiberg duality is concerned. Among these spectators are all three d, L and e generations of

the MSSM, as well as the first two generations of the Q and u sectors. Finally, the Hu and Hd are
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GUT field SU(3)c SU(2)L U(1)Y Z3 B

5
φ̃ 1 � −1/2 1/3 0

d
′

� 1 1/3 1/3 2/3

5
L3 1 � −1/2 2/3 0

d3 � 1 1/3 2/3 -1/3

10

Q′ � � 1/6 1/3 1/3

U
′

� 1 −2/3 1/3 -1/3

e3 1 1 1 2/3 0

10

Q
′

� � −1/6 2/3 -1/3

U ′ � 1 2/3 2/3 1/3

E
′

1 1 −1 1/3 -1

Hu 1 � 1/2 1/3 0

Hd 1 � −1/2 2/3 0

Table 3.4: Spectators of the Seiberg duality required to cancel anomalies and fill out complete GUT
multiplets. Primed fields have heavy vector-like masses and are integrated out at the duality scale. The first
two generations are also spectators but are not shown here for simplicity.

spectators as well, but do not come in complete GUT multiplets. This is nothing other than the

usual doublet-triplet splitting problem in models with grand unification. The spectators and their

quantum numbers are introduced in table 3.4. Aside from the usual baryon number, we also assign

the Z3 charges for the spectator fields such that the symmetry in table 3.1 is realized. In addition to

the fields we introduced so far, one may choose to add up to three pairs of conventional, 5-5 gauge

mediation messengers without spoiling perturbative gauge coupling unification.6

All the non-MSSM fields have vector-like masses. Some arise from Yukawa interactions in the

electric theory, while others are mass terms:

Welec ⊃ yd′qcqSd
′
+ yE′qLqLE

′
+MQ′Q

′Q
′
+MU ′U

′U
′

→Wmag ⊃ yd′Λd′d
′
+ yE′ΛE

′E
′
+MQ′Q

′Q
′
+MU ′U

′U
′

(3.4.6)

Those that are Yukawas in the electric theory are naturally of the same size as the compositeness

scale Λ, and so for unification we must also take MQ′ ∼MU ′ ∼ Λ.

We can see that it is possible to reproduce the model in (3.3.1) by adding interactions between

spectators and the composites and between spectators themselves if we allow the following interac-

tions

δW = (X ′0 +X ′)Huφ̃+ λ̃iju φQiuj +Mφφ̃ (3.4.7)

6We hereby assume that any uncalculable threshold corrections at the compositeness scale are negligible.
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where i, j identify quark fields in the gauge eigenbasis. To avoid clutter, we suppressed the mass

terms that are introduced in (3.4.6), as well as the µ-term and the down and lepton Yukawas. This

superpotential is generic if we impose the Z3 symmetry of tables 3.3 and 3.4.

As noted earlier, the first and second generations of the MSSM matter fields are all elementary

and spectators as far as the Seiberg duality is concerned. Since φ is a composite operator in the

electric theory, all up-type Yukawa couplings (other than the top Yukawa) must arise from irrelevant

operators in the electric theory. (Recall that the Z3 symmetry of table 3.1 forbids the usual up-type

Yukawa couplings HuQu.) For instance

1

Λ2
UV

(qLqS)(qcqL)u2 → Λ2

Λ2
UV

φQ3u2

1

ΛUV
(qLqS)Q2u2 → Λ

ΛUV
φQ2u2

(3.4.8)

where ΛUV is a cut-off scale of the electric theory. In the notation of section 3.3 this yields:

λiju = κδi3δ3j + λ̃iju ∼



0 0 0

0 0 0

0 0 κ


+



ε ε ε2

ε ε ε2

ε2 ε2 ε3


(3.4.9)

with ε ∼ Λ/ΛUV � 1. The composite sector therefore naturally provides a partial explanation of the

texture of the up-type Yukawa matrix. Since Q3 is a composite degree of freedom, it also predicts

ε ∼ yb ∼ 0.1, but the rest of the hierarchies in yd and y` are not explained.

Upon integrating out the messenger fields, the analysis further reduces to what was presented in

section 3.3. There is one exception, in the sense that the model is no longer manifestly MFV since

the third generation was given a special treatment. In particular a non-MFV dimension six operator

is generated in the Kähler potential from integrating out d′ in (3.4.5)

δKeff ∼
1

Λ2
(Q3Q3)†(Q3Q3) ∼ 1

Λ2
(u3d3)†(u3d3). (3.4.10)

By rotating Q3 to the mass eigenbasis, this operator can in principle couple quarks of different

generations. However note that this operator does not introduce any new CP phase into the model

and it does not contribute to FCNC processes at tree level. Moreover it is suppressed by the duality

scale that is above the messenger scale & 100 TeV. The effects in the first two generation quarks are

further suppressed by powers of ε coming from (3.4.9). For instance, the operator contributing to

K-K mixing receives an additional suppression of ∼ ε8. Therefore we conclude that it is consistent

with the bounds from flavor observables [87].
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3.5 Conclusions of this chapter

In this chapter, we presented a new mechanism to generate large A-terms through tree-level super-

potential operators. We provided explicit examples of both MFV and non-MFV models. In contrast

to the conventional setups with one-loop A-terms through Kähler potential operators, our tree-level

mechanism does not induce any dangerously large soft masses and is therefore manifestly free from

the A/m2 problem. Generically, a soft mass of the same order as the A-term is nevertheless still

generated. For the non-MFV example this contribution greatly increases the splitting between the

stop mass eigenstates, but otherwise does not significantly impact the phenomenology or the fine

tuning. For the MFV case, the soft mass could potentially lead to disastrous levels of fine tuning, but

it can be brought under control by the existence of strong dynamics near the messenger scale. We

provide an example of such a composite sector which has a description in terms of Seiberg duality

and which explicitly allows for gauge coupling unification.

Some potential future directions suggested by this work include:

• An interesting avenue to pursue, is to study if these particular models of GMSB are absolutely

consistent with supersymmetric Barr-Nelson mechanisms, as the one presented in chapter 2,

such that they do not spoil the solution to the strong CP problem.

• For concreteness, we focused on an MGM setup as a first example, but we emphasize that tree-

level A-terms are merely a module that can be added to any mechanism for mediating SUSY

breaking. In particular, it would be interesting to study whether the mechanism can naturally

be embedded in more realistic models of dynamical supersymmetry breaking. In addition one

could generalize X ′ beyond the spurion limit, and study the effects of its dynamics on the

phenomenology.

• In the non-MFV case it may be interesting to embed the tree-level A-term into a full fledged

theory of flavor.

• In the MFV case, we saw that the A-term module generated a contribution to Bµ which

unfortunately was of the wrong sign for EWSB. An interesting opportunity here would be to

construct a complete model that produces both tree-level A-terms and Bµ, perhaps along the

lines of the models constructed in [75].

• Finally, the emergence of large A-terms from a composite sector in the MFV case may open a

new avenue towards constructing a realistic model where large A-terms are generated at the

TeV scale, hence further reducing the fine-tuning.
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Chapter 4

Effective Theory of Higgs Sector Vacuum

States

4.1 Introduction

In chapter 3 we analyzed part of the low energy phenomenology of supersymmetric models with soft

gauge mediated supersymmetry breaking, and we postponed the discussion of the phenomenology

of the Higgs sector of supersymmetric models to this chapter. All supersymmetric models, as well

as many extensions of the Standard Model contain extended Higgs sectors. The observation of a

Higgs-like boson at the LHC [1, 2] opened a new era for discovery in this regard. The Higgs sector

must now be probed, and it must be determined if it corresponds to the one of the Standard Model

(SM), or if evidence of extended models such as supersymmetry can be found in data. In this

chapter, we study the phenomenology of such extended Higgs sectors in a very general framework,

which includes but is not limited to, the Higgs sector of the MSSM.

The Higgs sector of the SM has a very particular phenomenology. In the SM there is a single

vacuum state responsible for giving mass to all elementary fields, and its couplings are determined

entirely by these masses and gauge invariance. Both ATLAS and CMS have an extensive program

to search for scalar states that might be new vacuum states [89–93] and to test if Higgs couplings

are SM like [94–96].

From the theory perspective, the interpretation of any deviation in the SM Higgs sector predic-

tions requires an organization of the phenomenology of the possible extensions. This exercise cannot

be done in full generality, but existing experimental data can provide strong motivation in favor

of particular models. First, no significant deviations from the SM predictions for any of the Higgs
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couplings that have been measured at LHC have been found [94–96]. In the SM, the Higgs particle

couples to fermions and gauge bosons with the same strength than the Higgs condensate itself. This

property is called alignment, and it is not automatically fulfilled in extended Higgs sectors with

multiple vacuum states, but it is recovered in the limit in which all the beyond the SM field content

is decoupled [97]. A second strong limitation comes from the ρ parameter (ρ = m2
W /(m

2
Z cos2 θW )),

which is measured in EW precision experiments to be very close to one [41], as predicted in the SM

or in extensions with an arbitrary number of Higgs doublets and/or singlets [26]. Extensions with

more complicated SU(2) representations generally break this relation at tree level1.

The above considerations provide a strong motivation to study the low energy phenomenology of

Higgs sectors extended only with heavy singlets and doublets. The main features of such extensions

can be studied by considering the most general extension with a real singlet [99, 100] or a second

doublet [101–104]. These models are referred as the Singlet Higgs Standard Model (SHSM, also

dubbed xSM) and the two Higgs doublet model (2HDM). Extensions with singlets arise in the

NMSSM [105] and in models of EW baryogenesis [106]. Theories with two Higgs doublets arise

in different BSM scenarios and in particular, they are a fundamental part of all supersymmetric

models [22] including the models studied in the previous chapters. The theory and phenomenology

of both the SHSM [107–109] and the 2HDM [26–29, 110, 111] have been studied extensively in the

literature in the so called mixing language, which relies in finding the vacuum mass eigenstates and

its couplings using the full microscopic theories.

In this work we follow an alternative approach to study the SHSM and 2HDM: we derive their

tree level Wilsonian low energy effective theories (EFT)[7] by integrating out the heavy SU(2) singlet

or doublet. Near the decoupling limit, EFT is the most powerful available tool to study the low

energy observables, since it automatically includes all the effects of UV physics and organizes them

hierarchically in an expansion in terms suppressed by the heavy mass scale. This allows us to find

patterns of deviations from the SM Higgs couplings for the different UV completions, and to clearly

organize flavor and T violating effects. In order to get a consistent expansion, it is important to

identify which operators must be kept in the EFT, and this is done by finding the correct concept

of effective operator dimension.

We start by studying the SHSM. We first review the phenomenology in the mixing language

and then we follow the alternative method using EFT. The correct concept of effective operator

dimension in the SHSM EFT corresponds to just naive operator dimension. We work up to effective

dimension six and we give only one example of an operator at effective dimension eight. We find

1For an example of an exception see [98].
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that all the couplings of the Higgs are modified at effective dimension six with respect to their SM

counterparts. We also find that all the couplings of the Higgs to massive gauge bosons and fermions

are generically smaller in magnitude than in the SM, while self couplings may be larger. When

comparing with the results obtained using the mixing language, we find that all trilinear couplings

in the EFT and mixing languages coincide, but no coupling with more than three legs does. For

instance, the coupling of two Higgses to two gauge bosons obtained in the EFT language differs

from the one obtained in the mixing language. We provide a precise explanation on why this is the

case - trilinear couplings in both languages must coincide, since they control long distance pieces of

scattering amplitudes which cannot be modified by threshold corrections. This is a generic feature of

EFT, and it is also valid in the UV completion with an SU(2) doublet. We also perform a thorough

check of the EFT by comparing scattering amplitudes calculated in the mixing and EFT languages

and we correct previous results in the literature [112].

We then study the SM completed in the UV with an SU(2) doublet. Without loss of generality

in this chapter we work in the so called Higgs basis [113], which is particularly useful near the

alignment limit. In this basis, only one of the doublets contains the Higgs vacuum expectation value

(vev), so in the exact alignment limit it must also contain the Higgs particle. The doublet with

no vev must be interpreted as the doublet that is decoupled. We begin by reviewing the mixing

language from a somewhat unconventional perspective, which relies on the use of the Higgs basis and

background symmetry invariant eigenvectors and eigenstates of the mass matrix. These eigenvectors

allow us to introduce a notion of complex alignment parameter, which is invariant under background

symmetries, is a straightforward generalization of the alignment parameter of the T conserving

2HDM, and simplifies the analysis of the general T violating 2HDM in the mixing language. We

then present the tree level low energy effective theory. We identify a concept of operator effective

dimension, which differs from naive operator dimension. We work up to effective dimension six

in operators involving fermions, and up to effective dimension eight in purely bosonic interactions.

We find that operators of effective dimension six modify Higgs self-couplings, couplings to fermions

and also lead to four fermion interactions, while Higgs interactions with massive gauge bosons are

only modified by operators of effective dimension eight. We also find that all the self-couplings

of the Higgs and the couplings to massive gauge bosons are generically smaller in magnitude than

the ones of the SM, while the couplings to fermions can be larger in magnitude. Regarding flavor

violation, Higgs Yukawas allow for ∆F = 1 chirality violating processes, while both ∆F = 1 and

∆F = 2, chirality preserving and chirality violating processes are allowed in four fermion operators.

Regarding T violation, we find that at effective dimension six it only arises in Higgs interactions



61

with fermions. The T violating phases that can be associated exclusively with couplings in the

2HDM potential [114], including the one in the complex alignment parameter, are not relevant up

to at least effective dimension eight. The consistency of the EFT is checked by comparing with

scattering amplitudes calculated in the mixing language. We finally perform a detailed analysis of

the 2HDM with Glashow-Weinberg conditions [30], namely the types I-IV 2HDM. We comment on

the different tanβ dependence on different types, and we find that at effective dimension six, there

is a single universal T violating phase contained exclusively in the interactions of the Higgs boson

with fermions.

The chapter is organized as follows. In section 4.2 we present the Standard Model extended

with a real singlet. We first study the model using the mixing language, and then we derive the

EFT and reinterpret all the results from this perspective. In section 4.3 we present the most general

extension of the Standard Model with an SU(2) doublet and derive the couplings of the Higgs in the

decoupling limit using the mixing language. In section 4.4 we present the corresponding effective

field theory. In section 4.5 we study the effective theories of the 2HDM with Glashow-Weinberg

conditions in generality, allowing for CP violation. In section (4.7) we study the constraints on CP

violation of such 2HDM with GW conditions from electric dipole moment experiments. We conclude

with comments on the phenomenology and a summary table of properties of the SHSM and 2HDM

effective field theories.

4.2 A Higgs and a heavy real scalar singlet

4.2.1 The model

We begin by describing a Higgs sector containing a Higgs doublet H and a real scalar gauge singlet

S. H is taken to have hypercharge Y = 1. We consider canonically normalized fields and the most

general potential. The Lagrangian density is given by

DµH
†DµH − V (H)−

[
λuij QiHuj − λdijQiHcdj − λ`ijLiHc`j + h.c.

]
(4.2.1)

the covariant derivative acting on the doublet is

DµH =

[
∂µ − i

(
g2WaµTa +

1

2
g1Bµ

)]
H (4.2.2)

In the potential, any linear term in S can be absorbed in a shift of S, so the most general potential

at the renormalizable level is

V (H) =
µ2

2
S2 +

ζ

3
S3 +

λS
8
S4 +m2H†H +

λ

2
(H†H)2 + ξSH†H +

λ′

2
S2H†H (4.2.3)



62

The potential is invariant under the Z2 background symmetry specified in table 4.1. All measur-

able quantities must be invariant under the background symmetry. Note that the Z2 symmetry is

explicitly broken by ξ and ζ.

Z2

H +

S −
m2, µ2, λ, λ′, λS +

ξ, ζ −

Table 4.1: Charge assignments for the background Z2 symmetry of the potential (4.2.3).

We consider perturbative marginal couplings. Stability of the potential requires λS > 0, λ >

0, λ′ > −
√
λλS . By redefining the sign of the singlet we can make either ξ or ζ positive. We also

consider a non tachyonic singlet mass µ2 > 0. For H = 0 the potential is a quartic polynomial in

S, with a stable and a metastable minimum and an unstable maximum. Without loss of generality

we define the global minimum to be at S = 0. In order for the minimum away from the origin to be

the metastable minimum the potential parameters fulfill

ζ2 <
9

4
λSµ

2 (4.2.4)

The gauge invariant combination characterizing the Higgs condensate with symmetry breaking pat-

tern SU(2)L × U(1)Y → U(1)Q, and the Z2 invariant combination characterizing the singlet con-

densate are

v2

2
= 〈H†H〉 v2

s

2
= 〈S2〉 (4.2.5)

The vacuum states s, h are defined as

S = vs + s H0 =
1√
2

(v + h) (4.2.6)

where H0 is the neutral component of the doublet. Gauge invariance ensures v ≥ 0. The Higgs vev

is v = 246 GeV. vs has negative charge under the Z2 background symmetry of table 4.1.

The Higgs condensate gives mass to the gauge bosons corresponding to the broken gauge sym-

metries. The W and Z boson masses are

mW =
g2v

2
mZ =

mW

cos θW
tan θW =

g1

g2
(4.2.7)
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Fermions are defined in the mass eigenbasis so λfij (f = u, d, `) are diagonal matrices in flavor

space. The Yukawa matrices in terms of the fermion masses are

λfij =

√
2mf

ij

v
=

√
2mf

i

v
δij (4.2.8)

We are interested in the case in which there is a separation of scales µ2 �
∣∣m2

∣∣, which corresponds

to the limit in which the mass of the singlet is much heavier than the EW scale. In the EFT language,

µ will be the cutoff of the low energy theory. We allow the remaining two mass scales in the theory,

ξ and ζ, to be as large as the cutoff

ξ, ζ . µ (4.2.9)

Finally, the decoupling limit is defined as

λ
v2

µ2
, λ′

v2

µ2
, λS

v2

µ2
,
ξ2

µ2

v2

µ2
,
ζ2

µ2

v2

µ2
,
ξζ

µ2

v2

µ2
� 1 (4.2.10)

4.2.2 Mass eigenstates and couplings in the mixing language

In the mixing language, the couplings of the Higgs particle are found by identifying the mass eigen-

states of the scalar potential (4.2.3) in the Higgs-singlet condensate. The minimization conditions

of the potential specify the Higgs and singlet vevs in terms of Lagrangian parameters

∂V

∂H

∣∣∣
H=v/

√
2

=
√

2m2v +
λ√
2
v3 +

λ′√
2
vv2
s +
√

2ξvvs = 0 (4.2.11)

∂V

∂S

∣∣∣
S=vs

= µ2vs +
ξ

2
v2 +

λ′

2
v2vs + ζv2

s +
λs
2
v3
s = 0 (4.2.12)

We consider µ > 0, so the minimum at the origin of field space can be destabilized only by the Higgs

mass at zero Higgs vev. From (4.2.12), the extrema for the Higgs are at

v = 0 and v2 = − 2

λ

(
m2 +

1

2
λ′v2

s + ξvs

)
(4.2.13)

The term in parenthesis in the second expression is the Higgs mass at the origin. When positive,

the potential has a global minimum at v = 0, vs = 0. When negative, the global minimum is away

from the origin and is a solution of the second expression in (4.2.13). The Higgs condensate induces

a tadpole for the singlet, destabilizing the global minimum at the origin of the singlet field space

and inducing a singlet condensate. The tadpole vanishes when ξ → 0. The singlet vev is given by
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(4.2.12)

vs = −2ζ2 − 3λS
(
µ2 + 1

2λ
′v2
)

+ 2A2 + 2ζA

3λSA

A =

 ζ3 − 9

4
ζλS

(
µ2 +

1

2
λ′v2

)
+

27

16
λ2
Sξv

2

+

√(
ζ3 − 9

4
ζλS

(
µ2 +

1

2
λ′v2

)
+

27

16
λ2
Sξv

2

)2

−
(
ζ2 − 3

2
λS

(
µ2 +

1

2
λ′v2

))3


1/3

(4.2.14)

which is the solution of the cubic equation (4.2.12) that vanishes at ξ → 0. The remaining two

solutions are the unstable maximum and the metastable minimum which we do not study here. The

factor µ2 + 1
2λ
′v2 is the heavy singlet mass for a non-zero Higgs vev at the origin of the singlet field

space. Expanding in v2/
(
µ2 + 1

2λ
′v2
)

we get

vs = − ξv2

2µ2 + λ′v2

 1 +
ζξ

2
(
µ2 + 1

2λ
′v2
)( v2

µ2 + λ′v2

2

)

+

(
ζ2ξ2

2
(
µ2 + 1

2λ
′v2
)2 − λSξ

2

8
(
µ2 + 1

2λ
′v2
))( v2

µ2 + λ′v2

2

)2

+O
(

v2

µ2 + λ′v2

2

)3


(4.2.15)

Note that vs vanishes in the limit ξ → 0, as expected. Since near the decoupling limit v � µ, we

further expand the above expression in (v/µ),

vs = −ξ
2

(
v

µ

)2
[

1 +

(
ζξ

2µ2
− λ′

2

)(
v

µ

)2

+

(
ζ2ξ2

2µ4
− 3ζλ′ξ

4µ2
+
λ′2

4
− λSξ

2

8µ2

)(
v

µ

)4

+O
(
v6

µ6

)]
(4.2.16)

The mass matrix for the vacuum states is specified by the second derivatives of the potential at

the stable minimum. They are

∂2V

∂h2
= m2

hh = m2 +
3

2
λv2 +

1

2
λ′v2

s + ξvs

∂2V

∂h∂s
= m2

hs = λ′vvs + ξv

∂2V

∂s2
= m2

ss = µ2 +
3

2
λSv

2
s +

1

2
λ′v2 + 2ζvs (4.2.17)

Mixing is introduced between the singlet field and the Higgs in the mass matrix (4.2.17) due to the
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condensates. The mixing matrix is(
ϕ1

ϕ2

)
=

(
cos γ sin γ

− sin γ cos γ

)(
h

s

)
(4.2.18)

where ϕ1 is the lightest mass eigenstate and will be identified with the physical Higgs. The mixing

angle is

tan 2γ =
−2m2

hs

m2
ss −m2

hh

(4.2.19)

or

sin 2γ =
−2m2

hs

m2
+ −m2

−
(4.2.20)

where m2
+,m

2
− are the eigenvalues of the mass matrix. Using (4.2.17) in (4.2.19) we find

tan 2γ =
−2(λ′vvs + ξv)

µ2 −m2 + 3
2 (λSv2

s − λv2) + (2ζ − ξ)vs + 1
2λ
′(v2 − v2

s)
(4.2.21)

From (4.2.13), the soft mass is

m2 = −1

2
λv2 − 1

2
λ′v2

s − ξvs (4.2.22)

so (4.2.22) in (4.2.21) we express the mixing angle as

tan 2γ =
−2(λ′vvs + ξv)

µ2 − λv2 + 2ζvs + 3
2λSv

2
s + 1

2λ
′v2

(4.2.23)

A convenient expansion near the decoupling limit can be found for tan 2γ using the expansion for

the singlet condensate (4.2.16) in (4.2.23)

tan 2γ = −2ξ

µ

(
v

µ

)
+

(
−2λξ

µ
+

2λ′ξ

µ
− 2ζξ2

µ3

)(
v

µ

)3

+O
(
v5

µ5

)
(4.2.24)

or, in terms of cos γ and sin γ

cos γ = 1− ξ2

2µ2

(
v

µ

)2

+

(
−λξ

2

µ2
+
λ′ξ2

µ2
− ζξ3

µ4
+

11ξ4

8µ4

)(
v

µ

)4

+O
(
v6

µ6

)
sin γ = − ξ

µ

(
v

µ

)
+

(
−λξ
µ

+
λ′ξ

µ
− ζξ2

µ3
+

3ξ3

2µ3

)(
v

µ

)3

+O
(
v5

µ5

)
(4.2.25)

On the other hand, the two mass eigenvalues of the mass matrix (4.2.17) are

m2
± =

1

2

(
m2
hh +m2

ss ±
√

(m2
ss −m2

hh)2 + 4m2
hs

)
(4.2.26)

We identify the Higgs with the lightest mass eigenstate ϕ1. Using (4.2.16) and (4.2.17) in (4.2.26)

we get the Higgs mass near the decoupling limit

m2
ϕ1

= v2

[(
λ− ξ2

µ2

)
+

(
3λ′ξ2

2µ2
− λξ2

µ2
− ζξ3

µ4
+
ξ4

µ4

)
v2

µ2

+

(
− 3ζ2ξ4

2µ6
− 2ζλξ3

µ4
+

3ζλ′ξ3

µ4
+

3ζξ5

µ6
− λ2ξ2

µ2
+

2λλ′ξ2

µ2

+
3λξ4

µ4
− 3λ

′2ξ2

2µ2
− 7λ′ξ4

2µ4
+

3λSξ
4

8µ4
− 2ξ6

µ6

)
v4

µ4
+O

(
v6

µ6

)]
(4.2.27)
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while the mass of the heavy eigenstate is

m2
ϕ2

= µ2

[
1 +

(
− ζξ

µ2
+
λ′

2
+
ξ2

µ2

)
v2

µ2

+

(
− ζ2ξ2

2µ4
+
ζλ′ξ

2µ2
+
ζξ3

µ4
+
λξ2

µ2
− 3λ′ξ2

2µ2

+
3λSξ

2

8µ2
− ξ4

µ4

)
v4

µ4
+O

(
v6

µ6

)]
(4.2.28)

We are now ready to study the couplings of the mass eigenstates. The Lagrangian for the mass

eigenstates is obtained from (4.2.1) and (4.2.18) and it is given by

1

2
∂ϕa∂ϕa +

1

2
ZµZµ

(
m2
Z + gϕaZZ ϕa +

1

2
gϕ2

aZZ
ϕ2
a + gϕ1ϕ2ZZ ϕ1ϕ2

)
+W+µW−µ

(
m2
W + gϕaWW ϕa +

1

2
gϕ2

aWW ϕ2
a + gϕ1ϕ2WW ϕ1ϕ2

)
−(mf

i fif j δij + λfϕaij fiϕaf j + h.c.)− V (ϕ1, ϕ2) (4.2.29)

where we sum over repeated indices and

V (ϕ1, ϕ2) =
1

2
m2
ϕaϕ

2
a −

n=3∑
n=0

1

n!(3− n)!
gϕn1ϕ

3−n
2

ϕn1ϕ
3−n
2

−
n=4∑
n=0

1

n!(4− n)!
gϕn1ϕ

4−n
2

ϕn1ϕ
4−n
2 (4.2.30)

We give explicit expressions for all couplings in (4.2.29) and (4.2.30) below. As a consequence of

mixing with the singlet the couplings of the Higgs are modified with respect to their SM expressions.

We begin with the Higgs couplings to massive gauge bosons and fermions. Couplings of the Higgs

to gauge bosons V = Z,W and fermions f = u, d, ` are simply diluted by a factor of cos γ for each

Higgs field,

gϕ1V V =
2m2

V

v
cos γ

gϕ2
1V V

=
2m2

V

v2
cos2 γ

λfϕ1ij
=

mf
i

v
cos γ δij (4.2.31)

The expressions for these couplings near the decoupling limit can be easily obtained using (4.2.25).

We omit the explicit expressions for brevity. The couplings of ϕ2 to fermions and gauge bosons are

inherited from the mixing between h and s

gϕ2V V = −2m2
V

v
sin γ

gϕ2
2V V

=
2m2

V

v2
sin2 γ

λfϕ2ij
= −m

f
i

v
sin γ δij (4.2.32)
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The couplings of ϕ1ϕ2 to massive gauge bosons are also inherited from mixing

gϕ1ϕ2V V = −2m2
V

v
sin γ cos γ (4.2.33)

Self couplings and Higgs-singlet couplings are given by using (4.2.18) and the Higgs potential

(4.2.3)

gϕ3
1

= −3λv cos3 γ − 3ξ cos2 γ sin γ − 3λ′vs cos2 γ sin γ

−3λ′v cos γ sin2 γ − 2ζ sin3 γ − 3λSvs sin3 γ

gϕ2
1ϕ2

= −ξ cos3 γ − λ′vs cos3 γ + 3λv cos2 γ sin γ − 2λ′v cos2 γ sin γ − 2ζ cos γ sin2 γ

+2ξ cos γ sin2 γ + 2λ′vs cos γ sin2 γ − 3λSvs cos γ sin2 γ + λ′v sin3 γ

gϕ1ϕ2
2

= −vλ′ cos3 γ − 2ζ cos2 γ sin γ + 2ξ cos2 γ sin γ + 2λ′vs cos2 γ sin γ

−3λSvs cos2 γ sin γ − 3λv cos γ sin2 γ + 2λ′v cos γ sin2 γ − ξ sin3 γ − λ′vs sin3 γ

gϕ3
2

= −2ζ cos3 γ − 3λSvs cos3 γ + 3λ′v cos2 γ sin γ

−3ξ cos γ sin2 γ − 3λ′vs cos γ sin2 γ + 3λv sin3 γ

gϕ4
1

= −3λ cos γ4 − 6λ′ cos2 γ sin2 γ − 3λS sin γ4

gϕ3
1ϕ2

= 3λ cos3 γ sin γ − 3λ′ cos3 γ sin γ + 3λ′ cos γ sin3 γ − 3λS cos γ sin3 γ

gϕ2
1ϕ

2
2

= −λ′ cos γ4 − 3λ cos2 γ sin2 γ + 4λ′ cos2 γ sin2 γ − 3λS cos2 γ sin2 γ − λ′ sin γ4

gϕ1ϕ3
2

= 3λ′ cos3 γ sin γ − 3λS cos3 γ sin γ + 3λ cos γ sin3 γ − 3λ′ cos γ sin3 γ

gϕ4
2

= −3λS cos γ4 − 6λ′ cos2 γ sin2 γ − 3λ sin γ4

The expressions for these couplings near the decoupling limit are obtained using (4.2.16) and (4.2.25).

Here for convenience we present the expansion for the Higgs self couplings

gϕ3
1

v
= −3m2

ϕ1

v2
+

(
9λξ2

2µ2
− 3λ′ξ2

µ2
− 9ξ4

2µ4
+

2ζξ3

µ4

)
v2

µ2
+O

(
v4

µ4

)
gϕ4

1
= −3m2

ϕ1

v2
− 3ξ2

µ2
+

(
− 3ζξ3

µ4
+

3λξ2

µ2
− 3λ′ξ2

2µ2
+

3ξ4

µ4

)
v2

µ2
+O

(
v4

µ4

)
(4.2.34)

We will also make use of the coupling of two Higgses to a heavy mass eigenstate when calculating

scattering amplitudes. Near the decoupling limit we get

gϕ2
1ϕ2

= −ξ +

(
− 3λξ − 2ζξ2

µ2
+

5λ′ξ

2
+

7ξ3

2µ2

)
v2

µ2
+O

(
v4

µ4

)
(4.2.35)

4.2.2.1 Scattering amplitudes

As an application of the results of the previous section we obtain some selected Higgs scattering

amplitudes. This will prove to be useful as a consistency check of the EFT description, to be
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presented in section 4.2.3, and to understand the difference between couplings in the mixing language

and the effective theory language. All the scattering amplitudes are modified with respect to their

SM values. The SM amplitudes can be read from this section by taking the limit ξ → 0. We omit

spinors in all amplitudes.

The dihiggs scattering amplitude to two W bosons is given by the tree level coupling plus the

contribution of diagrams with internal ϕ1, ϕ2 and W boson propagators,

A
(
ϕ1ϕ1 →W+W−

)
= gµν

[
gϕ2

1WW −
gϕ2

1ϕa
gϕaWW

s−m2
ϕa

− g2
ϕ1WW

(
1

t−m2
W

+
1

u−m2
W

)]
(4.2.36)

where we sum over a. Using the couplings (4.2.31), (4.2.32) and (4.2.34) in (4.2.36) we get

A
(
ϕ1ϕ1 →W+W−

)
= gµν

[
2m2

W

v2

(
1− ξ2v2

µ4

)
+

2m2
W

v2

[
3m2

ϕ1

v2
+

(
− 2ζξ3

µ4

− 6λξ2

µ2
+

3λ′ξ2

µ2
+

6ξ4

µ4

)
v2

µ2

](
v2

s−m2
ϕ1

)
− 2m2

W ξ
2

v2µ2

(
v2

µ2

)
− 4m4

W

v4

[
1− ξ2v2

µ4

](
v2

t−m2
W

+
v2

u−m2
W

)
+O

(
sv2

µ4
,
s2v2

µ6
,
v4

µ4

)]
(4.2.37)

The first term is the contact interaction. The second term is the long distance s-channel contribution

mediated by the light mass eigenstate. The third term comes from an s-channel diagram mediated

by the heavy state. The last term is the long distance contribution mediated by the W boson. Note

that all the long distance contributions are controlled by the trilinear couplings gϕ3
1

and gϕ1WW . In

general, all the long distance pieces of the amplitudes in this section are controlled exclusively by

trilinear couplings. We will make use of this observation in section 4.2.3.

The dihiggs to difermion chirality violating scattering amplitude is

A
(
ϕ1ϕ1 → fif j

)
=

gϕ2
1ϕa

λfϕaij
s−m2

ϕa

(4.2.38)

where we sum over a. Using the couplings (4.2.31), (4.2.32) and (4.2.34) in (4.2.38) we get

A
(
ϕ1ϕ1 → fif j

)
=

mf
i δij
v2

[(
− 3m2

ϕ1

v2
+

[
2ζξ3

µ4
− 3λ′ξ2

µ2
− 6ξ4

µ4

+
6λξ2

µ2

]
v2

µ2

)(
v2

s−m2
ϕ1

)
+
ξ2v2

µ4
+O

(
sv2

µ4
,
s2v2

µ6
,
v4

µ4
,
mf 2
i

v2

)]
(4.2.39)

The last term in the above expression comes from the s-channel amplitude mediated by the heavy

state. The rest is the long distance contribution mediated by the light mass eigenstate. Note that

the long distance contribution is controlled by the trilinear couplings gϕ3
1

and λfϕ1ij
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The dihiggs to dihiggs scattering amplitude is

A (ϕ1ϕ1 → ϕ1ϕ1) = gϕ4
1
− g2

ϕ2
1ϕa

(
1

s−m2
ϕa

+
1

t−m2
ϕa

+
1

u−m2
ϕa

)
(4.2.40)

where we sum over a. Using the couplings (4.2.34) in (4.2.40) we get

A (ϕ1ϕ1 → ϕ1ϕ1) = −3m2
ϕ1

v2
−
[

9m4
ϕ1

v4
+

(
− 12ζλξ3

µ4
+

12ζξ5

µ6
− 27λ2ξ2

µ2
+

18λλ′ξ2

µ2

+
54λξ4

µ4
− 18λ′ξ4

µ4
− 27ξ6

µ6

)
v2

µ2

](
v2

s−m2
ϕ1

+
v2

t−m2
ϕ1

+
v2

u−m2
ϕ1

)
+

(
12ζξ3

µ4
+

21λξ2

µ2
− 18λ′ξ2

µ2
− 21ξ4

µ4

)
v2

µ2
(4.2.41)

+
ξ2

µ2

(
s+ t+ u

µ2

)
+O

(
x2

µ4
,
xv2

µ4
,
v4

µ4

)
where x = s, t, u. On shell we get

A (ϕ1ϕ1 → ϕ1ϕ1) = −3m2
ϕ1

v2
+

(
12ζξ3

µ4
+

25λξ2

µ2
− 18λ′ξ2

µ2
− 25ξ4

µ4

)(
v

µ

)2

−
[

9m4
ϕ1

v4
+

(
− 12ζλξ3

µ4
+

12ζξ5

µ6
− 27λ2ξ2

µ2
+

18λλ′ξ2

µ2

+
54λξ4

µ4
− 18λ′ξ4

µ4
− 27ξ6

µ6

)
v2

µ2

](
v2

s−m2
ϕ1

+
v2

t−m2
ϕ1

+
v2

u−m2
ϕ1

)
+ O

(
x2

m4
ϕ2

,
v4

µ4

)
(4.2.42)

Note that the long distance contribution to the amplitude is controlled by the trilinear coupling gϕ3
1
.

4.2.3 The low energy effective theory

The mixing language presented in the last section provides a complete description of the Higgs

particle in the SHSM. In this section we are interested in following an alternative approach in terms

of EFT by integrating out the singlet. This approach is valid near the decoupling limit defined in

(4.2.10). The cutoff of the EFT is the singlet mass µ. No reference to mixing between the singlet

and the Higgs is needed in the EFT approach to describe the properties of the Higgs boson, all the

effects of mixing are automatically encoded in the low energy theory. In deriving the low energy

theory we work at tree level. All the corrections to the SM Lagrangian in this case are threshold

effects. This is enough to reproduce the tree level mixing effects presented in the last section.

EFT organizes the corrections to the SM properties hierarchically in terms of the small expansion

parameter v2/µ2. In order to work consistently up to a particular order in the small expansion

parameter, we must define a concept of effective operator dimension which allows us to identify the

operators that must be kept in the low energy theory. In the SHSM, the correct concept of effective
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dimension is just naive operator dimension. For instance, we will see that the effective Lagrangian

contains a threshold correction to the quartic

ξ2

µ2
(H†H)2 (4.2.43)

The coefficient of this operator contains a power of the heavy singlet mass in the denominator, but

it must not be considered to be suppressed, since ξ2 in the numerator is allowed to be as large as

µ2, so this operator is of effective dimension four. In section 4.4 we will see that in the case of the

effective field theory of the 2HDM, we will need to define a concept of effective dimension which

does not coincide with naive operator dimension. In this chapter, we build the low energy theory

of the SHSM up to effective dimension six. Just for illustrative purposes, we also keep the leading

effects in λS at effective dimension eight.

The tree level low energy effective theory of the SHSM can be obtained by computing the diagrams

of figures 4.1-4.4. Diagrams 4.1-4.3 give all the effective dimension six threshold corrections, and

diagram 4.4 gives the leading correction in λS at effective dimension eight. The resulting effective

Lagrangian is

ZH DµH
†DµH +

1

2
ζH ∂µ(H†H)∂µ(H†H)− V (H)

−
[
λuij QiHuj − λdijQiHcdj − λ`ijLiHc`j + h.c.

]
(4.2.44)

where

V (H) = m2
HH

†H +
1

2
λH(H†H)2 +

1

3
η6(H†H)3 +

1

4
η8(H†H)4 (4.2.45)

with

ZH = 1 ζH =
ξ2

µ4
m2
H = m2

λH = λ− ξ2

µ2
η6 =

3λ′ξ2

2µ4
− ξ3ζ

µ6
η8 =

λSξ
4

2µ8
λfij =

√
2mf

ij

v
=

√
2mf

i

v
δfij

The Higgs quartic in the low energy λH = λ− ξ2/µ2 can be negative, since ξ2/µ2 can be of order

one. In that case, the Higgs potential can still be stabilized by the (H†H)3 operator, as needed in

some models of baryogenesis [106]. Note that the coupling λS is irrelevant at effective dimension six:

it first enters as a coefficient of a dimension eight operator. As a consequence, its effects in the low

energy theory are always subleading in the expansion in the small parameter v2/µ2. The effective

theory (4.2.44) has the particularity that it does not contain operators with gauge boson or fermion

fields beyond the ones already present in the SM, since the particle that is being integrated out is

a singlet. All the modifications of the Higgs couplings to fermions and massive gauge bosons with

respect to their SM values come from the operator ∂µ(H†H)∂µ(H†H), as we will see shortly.
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ξ ξ

S

H† H†

H H

Figure 4.1: At dimension four and six generates
the operators (H†H)2 and ∂µ(H†H)∂µ(H†H).

H

H

H†

H† H

H†

ξ

ξ

λ′

S

S

Figure 4.2: At dimension six generates the op-
erator (H†H)3.

ξ ξ

ξ

2ζ

S

S S
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Figure 4.3: At dimension six generates the op-
erator (H†H)3.

ξ ξ

ξξ

S S

SS

H H

HH

H†

3λS

H† H†

H†

Figure 4.4: At dimension eight generates the
operator (H†H)4. This diagrams represents the
leading order correction in λS , and is considered
only for illustrative purposes.

We now proceed to write the effective theory for the neutral component of the doublet in the

unitary gauge, which corresponds to the Higgs in the EFT description. The extremum condition for

the potential is

∂V

∂v

∣∣∣
h=0

= v
(
m2
H +

1

2
λHv

2 +
1

4
η6v

4 +
1

8
η8v

6
)

= 0 (4.2.46)

For a non-zero vev, the soft mass can be expressed in terms of the vev and couplings

m2
H = −1

2
λHv

2 − 1

4
η6v

4 − 1

8
η8v

6 (4.2.47)
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The low energy Lagrangian density for the Higgs is

1

2
ZH ∂µh ∂

µh+ ζH

(
1

2
v2 ∂µh ∂

µh+ vh ∂µh ∂
µh+

1

2
h2 ∂µh ∂

µh

)
− V (h)

+
1

2
m2
Z

(
1 +

2h

v
+
h2

v2

)
ZµZµ +m2

W

(
1 +

2h

v
+
h2

v2

)
W+µW−µ

−
(

1 +
h

v

)
mf
ij fif j + h.c. (4.2.48)

where

V (h) =
1

2
m2
Hh

2 +
1

2
λH

(
3

2
v2h2 + vh3 +

1

4
h4

)
+

1

3
η6

(
15v4

8
h2 +

5v3

2
h3 +

15v2

8
h4 +

3v

4
h5 +

1

8
h6

)
(4.2.49)

+
1

4
η8

(
7v6

4
h2 +

7v5

2
h3 +

35v4

8
h4 +

7v3

2
h5 +

7v2

4
h6 +

v

2
h7 +

1

16
h8

)
The lowest order equation of motion for the Higgs field is

ZH2h = −m2
Hh−

1

2
λH(3v2h+ 3vh2 + h3)

+

(
m2
Z

v
ZµZµ +

2m2
W

v
W+µW−µ

)(
1 +

h

v

)
−
(
mf
ij

v
fifj + h.c.

)
+ . . . (4.2.50)

where the dots represent terms of higher effective dimension. From now on we commit to ZH = 1.

The operator ∂µ(H†H)∂µ(H†H) leading to the non canonical kinetic terms in (4.2.48) has two

effects in the couplings of the Higgs. First, it leads to wave function renormalization which dilutes

all couplings. Second it gives additional irrelevant operators with derivatives which further modify

the Higgs couplings, once they are replaced in favor of operators with no derivatives using integra-

tion by parts and the Higgs equation of motion. This second effect is usually not considered in

the literature [112], but it is important to obtain the correct couplings in the low energy theory.

We start by discussing these irrelevant operators. First, using integration by parts, the operator

∂µ(H†H)∂µ(H†H) can be rewritten as

1

2
ζH∂µ(H†H)∂µ(H†H) = ζH

(
1

2
v2 ∂µh ∂

µh+ vh ∂µh ∂
µh+

1

2
h2 ∂µh ∂

µh

)
= ζH

(
1

2
v2 ∂µh ∂

µh− 1

2
vh2 2h− 1

6
h3 2h

)
(4.2.51)

The lowest order equation of motion (4.2.50) can be used in (4.2.51) to replace the operator 2h in
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favor of operators with no derivatives. The resulting Lagrangian is

1

2
∂µh ∂

µh+ ζH

(
1

2
v2 ∂µh ∂

µh−
(

1

2
vh2 +

1

6
h3

)[
−m2

Hh

− 1

2
λH(3v2h+ 3vh2 + h3) +

(
m2
Z

v
ZµZµ +

2m2
W

v
W+µW−µ

)(
1 +

h

v

)
−
(
mf
ij

v
fifj + h.c.

)])
− V (h)

+
1

2
m2
Z

(
1 +

2h

v
+
h2

v2

)
ZµZµ +m2

W

(
1 +

2h

v
+
h2

v2

)
W+µW−µ

−
(

1 +
h

v

)
mf
ij fif j + h.c. (4.2.52)

We now discuss the wave function renormalization term ζHv
2 ∂µh ∂

µh in (4.2.52). To canonicalize

the kinetic Lagrangian, we perform a field redefinition

ϕ = (1 + ζHv
2)1/2h =

[
1 +

ξ2v2

µ4

]1/2

h =

[
1 + sin2 γ +O

(
v4

µ4

)]1/2

h (4.2.53)

where using (4.2.25) we expressed the result in terms of sin2 γ to point out the close relation between

mixing and wave function renormalization. In the mixing language, all Higgs couplings are diluted

democratically due to mixing with the singlet. In the EFT language, this dilution is represented as

wave function renormalization of the Higgs field: the wave function renormalization constant is equal

to cos−1 γ up to corrections that in principle could come from higher order derivative interactions.

Note that in the SHSM EFT wave function renormalization is an effective dimension six effect. The

full Lagrangian in its final form is

L =
1

2
∂µϕ∂

µϕ− 1

2
m2
ϕϕ

2 +

n=8∑
n=3

1

n!
gϕnϕ

n +
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

+

n=4∑
n=1

ϕn

n!

[
gϕnZZ

1

2
ZµZµ + gϕnWW W+µW−µ

]

− mf
ijfif j −

n=3∑
n=1

ϕn

n!

[
λfϕnij fif j + h.c.

]
(4.2.54)

where all the Higgs couplings can be expressed in terms of couplings of the UV completion using

(4.2.52) and (4.2.53), and are written down explicitly below. We start with the Higgs mass, which

is given by

m2
ϕ = v2

[(
λ− ξ2

µ2

)
+

(
3λ′ξ2

2µ2
− λξ2

µ2
− ζξ3

µ4
+
ξ4

µ4

)
v2

µ2

+
3λSξ

4

8µ4

v4

µ4
+O

(
v4

µ4
, λ2
S

v6

µ6

)]
(4.2.55)

where we used (4.2.47) to replace the Lagrangian mass mH in favor of the vacuum expectation value

v. The term linear in λS in (4.2.55) comes from our example of an effective dimension eight effect.
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We only keep this term for illustrative purposes for the Higgs mass, and we drop it from now on for

the rest of the calculations.

The couplings of the Higgs to gauge bosons are given by

gϕV V =
2m2

V

v

[
1− ξ2

2µ2

v2

µ2
+O

(
v4

µ4

)]
gϕ2V V =

2m2
V

v2

[
1− 2

ξ2

µ2

v2

µ2
+O

(
v4

µ4

)]
(4.2.56)

The modification of gϕV V with respect to its SM value comes exclusively from wave function renor-

malization as defined in (4.2.53). The modification of gϕ2V V with respect to its SM value comes

from wave function renormalization and from the additional interaction terms obtained from using

the Higgs equation of motion in going from (4.2.51) to (4.2.52). For completeness, the rest of the

couplings to gauge bosons are

vgϕ3V V = v2gϕ4V V = −m
2
V

v2

[
8ξ2v2

µ4
+O

(
v4

µ4

)]
(4.2.57)

gϕ3V V and gϕ4V V are irrelevant couplings, and they vanish in the decoupling limit. They come from

using the Higgs equation of motion in (4.2.51).

The couplings to fermions are

λfϕij =
mf
i

v

[
1− ξ2

2µ2

v2

µ2
+O

(
v4

µ4

)]
δij

vλfϕ2ij = v2λfϕ3ij = −m
f
i

v

[
ξ2v2

µ4
+O

(
v4

µ4

)]
δij (4.2.58)

The modification of λfϕij with respect to its SM value comes exclusively from wave function renor-

malization. λfϕ2ij , λ
f
ϕ3ij are irrelevant couplings which come from using the Higgs equation of motion

in (4.2.51). They vanish in the decoupling limit.

The Higgs cubic and quartic self-couplings are modified by wave function renormalization and

extra contributions from the rest of the irrelevant operators of the effective potential

gϕ3

v
= −3m2

ϕ

v2
+

(
9λξ2

2µ2
− 3λ′ξ2

µ2
− 9ξ4

2µ4
+

2ζξ3

µ4

)
v2

µ2
+O

(
v4

µ4

)
gϕ4 = −3m2

ϕ

v2
+

(
12ζξ3

µ4
+

25λξ2

µ2
− 18λ′ξ2

µ2
− 25ξ4

µ4

)
v2

µ2
+O

(
v4

µ4

)
(4.2.59)

The rest of the self-couplings are all irrelevant couplings, and they vanish in the decoupling limit.
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They are given by

vgϕ5 =

(
30ζξ3

µ4
− 45λ′ξ2

µ2
+

60λξ2

µ2
− 60ξ4

µ4

)
v2

µ2
− 105λSξ

4

2µ4

v4

µ4
+O

(
v4

µ4
, λ2
S

v6

µ6

)
v2gϕ6 =

(
30ζξ3

µ4
− 45λ′ξ2

µ2
+

60λξ2

µ2
− 60ξ4

µ4

)
v2

µ2
− 315λSξ

4

2µ4

v4

µ4
+O

(
v4

µ4
, λ2
S

v6

µ6

)
v3gϕ7 = −315λSξ

4

µ4

v4

µ4
+O

(
v4

µ4
, λ2
S

v6

µ6

)
v4gϕ8 = −315λSξ

4

µ4

v4

µ4
+O

(
v4

µ4
, λ2
S

v6

µ6

)
(4.2.60)

Note that in the SHSM EFT, all the modifications to Higgs couplings come at effective dimension

six. Also, all the couplings of the Higgs to fermions and gauge bosons are reduced at leading order

with respect to their SM counterparts, but Higgs self couplings may be larger. These features,

together with the absence of novel flavor and T violating effects, are the main phenomenological

features of the EFT of a Higgs sector completed in the UV with a real singlet.

We conclude this section by pointing out that all trilinear couplings involving at least one Higgs

are the same in the EFT and in the mixing language. Integrating out heavy fields does not modify

cubic interactions. The reason is that cubic interactions control the long distance (non analytic)

pieces of the tree level four linear scattering amplitudes, which do not receive contributions from

diagrams mediated by heavy fields. The equality of the cubic interactions in the EFT and mix-

ing languages ensures the equality between the long distance pieces of these amplitudes in both

languages. We give examples of calculations of these type of amplitudes in section 4.2.2.1 in the

mixing language and in section 4.2.3.1 in the EFT language. This logic can be run backwards:

the equality between the non analytic scattering amplitudes enforces that the trilinear couplings in

both languages must match. The four linear couplings are not the same in the mixing and EFT

languages. Integrating out heavy fields in general modifies quartic (and higher order) interactions.

These couplings control short distance pieces of the tree level four linear amplitudes, which do get

contributions from diagrams mediated by the heavy mass eigenstate. In any case, even though cou-

plings in general do not coincide in the mixing and EFT languages, the scattering amplitudes must

coincide. Scattering amplitudes using the EFT language are obtained in the following section.

4.2.3.1 Scattering amplitudes

In this section we obtain the scattering amplitudes which were already computed in section 4.2.2.1

using the mixing language, now using the low energy EFT summarized in equation (4.2.54). This

serves as a consistency check of the EFT, all amplitudes in the EFT and mixing language must

match. We omit spinors in all amplitudes.
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The dihiggs scattering amplitude to two W bosons is

A
(
ϕϕ→W+W−

)
= gµν

[
gϕ2WW −

gϕ3gϕWW

s−m2
ϕ

− g2
ϕWW

(
1

t−m2
W

+
1

u−m2
W

)]
(4.2.61)

Note that the same amplitude calculated in the mixing language (see (4.2.36)) also contains a

contribution from a diagram mediated by the heavy mass eigenstate. In the EFT language the

heavy state has already been integrated out, so its contribution is already included in the low energy

effective couplings. Using the couplings of the effective theory (4.2.56) and (4.2.59) in (4.2.61), we

get

A
(
ϕϕ→W+W−

)
= gµν

[
2m2

W

v2

(
1− 2ξ2v2

µ4

)
+

2m2
W

v2

[
3m2

ϕ

v2
+

(
− 2ζξ3

µ4

− 6λξ2

µ2
+

3λ′ξ2

µ2
+

6ξ4

µ4

)
v2

µ2

](
v2

s−m2
ϕ

)
− 4m4

W

v4

[
1− ξ2v2

µ4

](
v2

t−m2
W

+
v2

u−m2
W

)
+O

(
v4

µ4

)]
(4.2.62)

which coincides with the corresponding calculation in the mixing language (4.2.37).

The chirality violating dihiggs to difermion scattering amplitude is

A
(
ϕϕ→ fif j

)
= −λfϕ2ij +

gϕ3λfϕij
s−m2

ϕ

(4.2.63)

The same amplitude calculated in the mixing language (4.2.38) also contains a diagram mediated

by the heavy mass eigenstates, which in the EFT is already included in the low energy effective cou-

plings. Note that in the EFT language there is a four linear effective coupling λfϕ2ij that contributes

to the amplitude. Using the effective couplings of the EFT (4.2.58) and (4.2.59) in (4.2.63) we get

A
(
ϕϕ→ fif j

)
=

mf
i δij
v2

[(
− 3m2

ϕ

v2
+

[
2ζξ3

µ4
− 3λ′ξ2

µ2
− 6ξ4

µ4

+
6λξ2

µ2

]
v2

µ2

)(
v2

s−m2
ϕ

)
+
ξ2v2

µ4
+O

(
v4

µ4
,
mf 2
i

v2

)]
(4.2.64)

which coincides with the result obtained using the mixing language (4.2.39).

The dihiggs to dihiggs amplitude is

A (ϕϕ→ ϕϕ) = gϕ4 − g2
ϕ3

(
1

s−m2
ϕ

+
1

t−m2
ϕ

+
1

u−m2
ϕ

)
(4.2.65)

This amplitude calculated in the mixing language (4.2.40) also contains a diagram mediated by the

heavy mass eigenstates, which in the EFT are already included in the low energy effective couplings.
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Using the couplings of the effective theory (4.2.59) in (4.2.65) and expanding in v2/µ2 we get

A(ϕϕ→ ϕϕ) = −3m2
ϕ

v2
+

(
12ζξ3

µ4
+

25λξ2

µ2
− 18λ′ξ2

µ2
− 25ξ4

µ4

)
v2

µ2

−
[

9m4
ϕ

v4
+

(
− 12ζλξ3

µ4
+

12ζξ5

µ6
− 27λ2ξ2

µ2
+

18λλ′ξ2

µ2

+
54λξ4

µ4
− 18λ′ξ4

µ4
− 27ξ6

µ6

)
v2

µ2

](
v2

s−m2
ϕ

+
v2

t−m2
ϕ

+
v2

u−m2
ϕ

)
+O

(
v4

µ4

)
(4.2.66)

Note that the equivalence between this result and the corresponding amplitude calculated in the

mixing language (4.2.42) is only on-shell, since we used equations of motion to write our EFT in its

final form.

4.3 The two Higgs doublet model

The 2HDM is a theory with a Higgs sector composed by two identical complex scalar fields Φa,

a = 1, 2, charged under SU(2)L×U(1)Y , with hypercharge one. The two Higgs doublets span a two

dimensional complex plane. A U(2) rotation in this complex plane does not affect the canonically

normalized kinetic terms and leads to a different choice of Higgs fields, which we call the choice of

basis. The ungauged SU(2) = U(2)/U(1)Y subgroup of the U(2) is the full background symmetry

of the model [114, 115]. The Lagrangian density of the Higgs doublets in a generic basis is

DµΦ†aD
µΦa − V (Φ1,Φ2)−

[
λuaij QiΦauj − λd†aijQiΦcadj − λ`†aijLiΦca`j + h.c.

]
(4.3.1)

where we sum over repeated indices and the covariant derivative acting on the doublets is

DµΦ1,2 =

[
∂µ − i

(
g2WaµTa +

1

2
g1Bµ

)]
H1,2 (4.3.2)

The most general potential at the renormalizable level is given by

V (Φ1,Φ2) = m2
1Φ†1Φ1 +m2

2Φ†2Φ2 −
(
m2

12Φ†1Φ2 + h.c.
)

+
1

2
λ1(Φ†1Φ1)2

+
1

2
λ2(Φ†2Φ2)2 + λ3(Φ†1Φ1)(Φ†2Φ2) + λ4(Φ†1Φ2)(Φ†2Φ1)

+

[
1

2
λ5(Φ†1Φ2)2 + λ6(Φ†1Φ1)(Φ†1Φ2) + λ7(Φ†2Φ2)(Φ†1Φ2) + h.c.

]
(4.3.3)

The parameters m2
1,m

2
2, λ1, λ2, λ3, λ4 are real, while m2

12, λ5, λ6, λ7 are in general complex.

The gauge invariant combinations of the fields that characterize the Higgs condensate with

SU(2)L × U(1)Y → U(1)Q are

v2
1

2
= 〈Φ†1Φ1〉

v2
2

2
= 〈Φ†2Φ2〉 v2

1 + v2
2 = v2 (4.3.4)
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v2
12

2
= 〈Φ†1Φ2〉

while the gauge invariant combination that measures charge breaking is

v2
c

2
= 〈Φc1Φ2〉

v1 and v2 are real, while v12 and vc are in general complex. The Higgs vacuum expectation value

takes the value v = 246 GeV. We also define the ratio of the vacuum expectation values tanβ and

the relative phase of the condensate ξ

tanβ =
v2

v1
ξ = Arg〈Φ†1Φ2〉 (4.3.5)

The U(1)PQ invariant potential for the Higgs condensate in terms gauge invariant quantities is

V (v1, v2, ξ) =
1

2
m2

1v
2
1 +

1

2
m2

2v
2
2 +

1

8
λ1v

4
1 +

1

8
λ2v

4
2 +

1

4

(
λ3 + λ4)v2

1v
2
2

+ Re
(
− v1v2m

2
12e

iξ +
1

4
v2

1v
2
2λ5e

2iξ +
1

2
v3

1v2λ6e
iξ +

1

2
v1v

3
2λ7e

iξ
)

(4.3.6)

The condensate in terms of Lagrangian parameters is given by the minimization equations

∂V

∂ ξ
= 0 =

1

2
v2 sin 2β

[
Im(m2

12e
iξ)− 1

4
v2 sin 2β Im(λ5e

2iξ)

− 1

2
v2 cos2 β Im(λ6e

iξ)− 1

2
v2 sin2 β Im(λ7e

iξ)
]

(4.3.7)

∂V

∂v1
= 0 = m2

1v cosβ +
1

2
λ1 v

3 cos3 β +
1

2
(λ3 + λ4)v3 sin2 β cosβ

− v sinβRe(m2
12e

iξ) +
1

2
v3 sin2 β cosβRe(λ5e

2iξ)

+
3

2
v3 sinβ cos2 βRe(λ6e

iξ) +
1

2
v3 sin3 βRe(λ7e

iξ) (4.3.8)

∂V

∂v2
= 0 = m2

2v sinβ +
1

2
λ2 v

3 sin3 β +
1

2
(λ3 + λ4)v3 sinβ cos2 β

− v cosβRe(m2
12e

iξ) +
1

2
v3 sinβ cos2 βRe(λ5e

2iξ)

+
1

2
v3 cos3 βRe(λ6e

iξ) +
3

2
v3 sin2 β cosβRe(λ7e

iξ) (4.3.9)

The Higgs condensate gives mass to the gauge bosons corresponding to the broken gauge sym-

metries. The W and Z boson masses are

mW =
g2v

2
mZ =

mW

cos θW
tan θW =

g1

g2
(4.3.10)

The magnitudes of the Higgs condensates v1, v2 break the SU(2) background symmetry down to a

U(1)PQ subset. The U(1)PQ charges of fields and couplings are specified in table 4.2.



79

U(1)PQ

Φ1 +1

Φ2 −1

m2
1,m

2
2, λ1, λ2, λ3, λ4 0

m2
12, λ6, λ7 +2

λ5 +4

v1, v2 0

eiξ −2

λf1ij −1

λf2ij +1

Table 4.2: U(1)PQ charges. v1, v2 and ξ specify the Higgs condensate as defined in (4.3.4) and (4.3.5).
The U(1)PQ is the part of the background symmetry that is left unbroken by v1 and v2. The label f in the
Yukawa couplings corresponds to u, d or `. Fermions and gauge bosons are U(1)PQ invariant fields.

In a general 2HDM with the EWSB pattern (4.3.4), the only feature that allows us to distinguish

between the two doublets is the direction of the vev in the space of the neutral components of the

doublets. This motivates the introduction of the Higgs basis, in which the vev is contained exclusively

in one of the doublets. The Higgs basis is obtained by a rotation in the doublet space into a new

set of doublets Ha, a = 1, 2

e−iξ/2H1 = cosβ Φ1 + sinβ e−iξ Φ2

H2 = − sinβ eiξ Φ1 + cosβ Φ2 (4.3.11)

such that in the new basis, only one of the doublets is responsible for EWSB

v2

2
= 〈H†1H1〉 0 = 〈H†2H2〉 (4.3.12)

Note that the Higgs basis is not unique. A U(1)PQ transformation leaves the magnitudes of the Higgs

condensates invariant. As a consequence, the condition (4.3.12) is U(1)PQ invariant, and different

Higgs basis can be obtained by performing a U(1)PQ transformation on the doublets Ha.

We now describe the 2HDM in the Higgs basis. The Lagrangian density in the Higgs basis is

DµH
†
aD

µHa − V (H1, H2)−
[
λ̃uaij QiHauj − λ̃d†aijQiHc

adj − λ̃`†aijLiHc
a`j + h.c.

]
(4.3.13)

Since only H1 carries a vev, the quark mass matrices are given by

λ̃f1ij =

√
2mf

ij

v
(4.3.14)
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where the mass matrices for the quarks and leptons are defined in the Lagrangian as

−mf
ijuiuj −md†

ij didj −m`†
ij `i`j + h.c. (4.3.15)

In the above definition and for the rest of this chapter, note that there is a dagger in the definition

of the down type mass matrices with respect to the up type mass matrix.

The potential in (4.3.13) is given by

V (H1, H2) = m̃2
1H
†
1H1 + m̃2

2H
†
2H2 +

(
m̃2

12H
†
1H2 + h.c.

)
+

1

2
λ̃1(H†1H1)2 +

1

2
λ̃2(H†2H2)2 + λ̃3(H†2H2)(H†1H1) + λ̃4(H†2H1)(H†1H2)

+

[
1

2
λ̃5(H†1H2)2 + λ̃6H

†
1H1H

†
1H2 + λ̃7(H†2H2)(H†1H2) + h.c.

]
(4.3.16)

The parameters m̃2
1, m̃

2
2, λ̃1, λ̃2, λ̃3, λ̃4 are real, while m̃2

12, λ̃5, λ̃6, λ̃7 are in general complex. The

relations between the couplings in the Higgs basis and the generic basis are [115]

λ̃f1ij = e−iξ/2λf1ij cosβ + eiξ/2λf2ij sinβ

λ̃f2ij = −e−iξλf1ij sinβ + λf2ij cosβ (4.3.17)

m̃2
1 = m2

1c
2
β +m2

2s
2
β − Re(m2

12e
iξ)s2β

m̃2
2 = m2

1s
2
β +m2

2c
2
β + Re(m2

12e
iξ)s2β

m̃2
12e

iξ/2 = −1

2
(m2

1 −m2
2)s2β − Re(m2

12e
iξ)c2β − iIm(m2

12e
iξ) (4.3.18)

λ̃1 = λ1c
4
β + λ2s

4
β +

1

2
λ345s

2
2β + 2s2β

(
c2βRe(λ6e

iξ) + s2
βRe(λ7e

iξ)
)

λ̃2 = λ1s
4
β + λ2c

4
β +

1

2
λ345s

2
2β − 2s2β

(
s2
βRe(λ6e

iξ) + c2βRe(λ7e
iξ)
)

λ̃3 =
1

4
s2

2β(λ1 + λ2 − 2λ345) + λ3 − s2βc2βRe((λ6 − λ7)eiξ)

λ̃4 =
1

4
s2

2β(λ1 + λ2 − 2λ345) + λ4 − s2βc2βRe((λ6 − λ7)eiξ)

λ̃5e
iξ =

1

4
s2

2β(λ1 + λ2 − 2λ345) + Re(λ5e
2iξ) + ic2βIm(λ5e

2iξ)

− s2βc2βRe
(
(λ6 − λ7)eiξ)

)
− is2βIm

(
(λ6 − λ7)eiξ)

)
λ̃6e

iξ/2 = −1

2
s2β

(
λ1c

2
β − λ2s

2
β − λ345c2β − iIm(λ5e

2iξ)
)

+ cβc3βRe(λ6e
iξ) + sβs3βRe(λ7e

iξ) + ic2βIm(λ6e
iξ) + is2

βIm(λ7e
iξ)

λ̃7e
iξ/2 = −1

2
s2β

(
λ1s

2
β − λ2c

2
β + λ345c2β + iIm(λ5e

2iξ)
)

+ sβs3βRe(λ6e
iξ) + cβc3βRe(λ7e

iξ) + is2
βIm(λ6e

iξ) + ic2βIm(λ7e
iξ) (4.3.19)

where cnβ ≡ cosnβ and snβ ≡ sinnβ and we defined

λ345 ≡ λ3 + λ4 + Re(λ5e
2iξ) (4.3.20)
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In a general 2HDM, tanβ is only required to map between couplings in the original generic basis and

the Higgs basis, but it is irrelevant for any calculation, since the generic basis is arbitrary. In other

words, tanβ is a parameter that contains no physical information in a general 2HDM, since there is

no feature in the model that allows us to distinguish the direction of the doublets Φ1,Φ2 as special

directions in field space. For this reason, we will make no further reference to tanβ until section

4.5, where we study particular cases of 2HDM with features that allow us to specify a preferred

basis which is different from the Higgs basis. The fields and couplings in the Higgs basis are charged

under a U(1)PQ background symmetry as specified in table 4.3. Note that all the relations (4.3.17),

(4.3.18) and (4.3.19) are covariant under the U(1)PQ.

The decoupling limit in the Higgs basis can be very simple defined as the limit in which

m̃2
2 �

∣∣∣λ̃i∣∣∣ v2 (4.3.21)

where i = 1..7. This definition is motivated by the fact that in the decoupling limit, the Higgs aligns

with the vacuum expectation value which is contained entirely in H1, so H2 must be the decoupled

doublet. Near the decoupling limit alignment is not exact, and there are corrections that can be

understood in two ways. In the mixing language, corrections arise due to mixing between the neutral

components of H1 and H2, which is suppressed by powers of the electrosheep scale over the heavy

mass of H2, as we will see in section 4.3.1. In the effective field theory language, corrections arise in

the form of higher dimensional operators that modify the SM Lagrangian, which are induced when

H2 is integrated out, as we will see in section 4.4.

U(1)PQ

H1 0

H2 −1

m̃2
1, m̃

2
2, λ̃1, λ̃2, λ̃3, λ̃4 0

m̃2
12, λ̃6, λ̃7 +1

λ̃5 +2

v 0

λ̃f1ij 0

λ̃f2ij +1

Table 4.3: U(1)PQ charges in the Higgs basis. The label f in the Yukawa couplings corresponds to u, d or
`. Fermions and gauge bosons are U(1)PQ invariant fields.

The EWSB conditions in the Higgs basis are simplified by the fact that only one of the doublets
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contains a vev. They are given by

∂V

∂H1

∣∣∣
H1=v/

√
2,H2=0

=
1√
2
m̃2

1v +
1

2
√

2
λ̃1v

3 = 0

∂V

∂H2

∣∣∣
H1=v/

√
2,H2=0

=
1√
2
m̃2

12v +
1

2
√

2
λ̃6v

3 = 0 (4.3.22)

These conditions can be rewritten as

v2 = −2
m̃2

1

λ̃1

(4.3.23)

m̃2
12 = −1

2
λ̃6v

2 (4.3.24)

where (4.3.23) involves only real parameters and (4.3.24) is a complex equation. The expressions

(4.3.23) and (4.3.24) relate m̃1 and m̃12 with the electroweak scale. The relation (4.3.24) can be

interpreted as a no tadpole condition for the H2 doublet.

The Higgs potential (4.3.16) contains fourteen parameters. However, not all of these parameters

are physical or independent of each other. Only thirteen of the parameters are invariants under the

background U(1)PQ, namely the six real couplings, the four magnitudes of the complex couplings

and Arg(m̃4
12λ̃
∗
5),Arg(m̃2

12λ̃
∗
6),Arg(m̃2

12λ̃
∗
7). On the other hand, the EWSB relations (4.3.23) and

(4.3.24) impose three conditions on the couplings, so the final number of physical and independent

invariants in the potential is eleven. One of the invariants can be chosen to be the Higgs vev.

Some of the parameters specifying the Higgs potential and Yukawa interactions in a general 2HDM

are complex, and allow for T violation. There are two independent physical T violating phases in

the bosonic sector in the case in which λ̃5 6= 0 [114]. We take them to be the U(1)PQ invariant

combinations

θ1 =
1

2
Arg

(
λ̃2

6λ̃
∗
5

)
=

1

2
Arg

(
m̃4

12λ̃
∗
5

)
θ2 =

1

2
Arg

(
λ̃2

7λ̃
∗
5

)
(4.3.25)

where in the first line we made use of (4.3.24). In the case in which λ̃5 = 0, there is only one inde-

pendent T violating phase given by θ3 = Arg
(
λ̃7λ̃

∗
6

)
. When considering also fermionic interactions,

there are several additional T violating phases. The U(1)PQ invariant phases are

λ̃∗5(λ̃f2ij)
2 λ̃∗6λ̃

f
2ij λ̃∗7λ̃

f
2ij (4.3.26)

All the U(1)PQ invariant phases in the most general 2HDM can be expressed in terms of the complete

set of independent phases

θ1(or θ3 if λ̃5 vanishes) θ2 Arg
(
λ̃∗6λ̃

f
2ij

)
, f = u, d, ` (4.3.27)
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In this work we allow for T violation both in the bosonic sector and the fermionic interactions, and

we will specify when we specialize to the T conserving case. In this chapter we assume that there is

a low energy solution for the strong CP problem and we do not worry about possible contributions

from complex phases to θQCD.

We now turn to the components of the Higgs doublets. The neutral and charged components of

the Higgs basis doublets are

H0
1 =

1√
2

(
v + h1 + iG0

)
H0

2 =
1√
2
eiArg(λ̃∗5)/2

(
h2 + ih3

)
H+

1 = G+

H+
2 = eiArg(λ̃∗5)/2 H+ (4.3.28)

where gauge invariance ensures v ≥ 0. As advertised, the second doublet H2 in the Higgs basis does

not participate in EWSB. The phase eiArg(λ̃∗5)/2 is added in the definition of the components of H2

because it makes the mass matrix automatically block diagonal in the T conserving case, as we will

see in section 4.3.1. In this case the fields h1 and h2 do not mix with h3, which will automatically be

a T odd eigenstate. Note that the fields h1, h2 and h3 are invariant under the U(1)PQ background

symmetry. G0, G+ are Goldstone bosons. From now on we work in the unitary gauge.

4.3.1 Mass eigenstates

In the unitary gauge, the two doublets contain four Higgs particles, three of which are neutral and

one is charged. The charged Higgs boson is a mass eigenstate with mass

m2
H± = m̃2

2 +
1

2
λ̃3v

2 (4.3.29)

The three neutral states mix in the mass matrix

V ⊃ 1

2
M2

ijhihj (4.3.30)

where we sum over i, j = 1, 2, 3. This mass matrix is U(1)PQ invariant, real and symmetric. It is

specified by five real numbers and it is given by

M2 =



v2λ̃1 v2
∣∣∣λ̃6

∣∣∣ cos θ1 −v2
∣∣∣λ̃6

∣∣∣ sin θ1

v2
∣∣∣λ̃6

∣∣∣ cos θ1 m̃2
2 + 1

2v
2
(
λ̃3 + λ̃4 +

∣∣∣λ̃5

∣∣∣ ) 0

−v2
∣∣∣λ̃6

∣∣∣ sin θ1 0 m̃2
2 + 1

2v
2
(
λ̃3 + λ̃4 −

∣∣∣λ̃5

∣∣∣ )


(4.3.31)
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where θ1 is one of the bosonic CP violating phases defined in (4.3.25). In this chapter we identify the

Higgs particle with the lightest of the three neutral mass eigenstates, which are labeled in increasing

order by their mass as (ϕ1, ϕ2, ϕ3). We are interested in analyzing the decoupling limit (4.3.21), in

which mixing in the mass matrix is suppressed.

The time reversal transformation properties of the mass eigenstates can be derived by inspecting

their couplings to gauge bosons and fermions. In general we expect the mass eigenstates to be

fields with indefinite T properties, due to the T violating phases (4.3.25) and (4.3.26) of the 2HDM.

Note that the T violating effect of θ1 is encoded in mixing of h1 with h3. On the other hand,

the T violating phase θ2 does not appear in the mass matrix. Note that the phase eiArg(λ̃∗5)/2 in

the definition (4.3.28) guarantees that the mass matrix is automatically block diagonal in the T

conserving case.

The mass matrix has two zeroes, which have their origin in the underlying U(1)PQ background

symmetry. To understand the zeroes, consider the limit in which we suppress the mixing between

h1 and h2 by taking λ̃6 and m̃2
12 equal to zero. In this case, the only U(1)PQ breaking term that

enters in the mass matrix is λ̃5, which breaks the mass degeneracy of the two heavy eigenstates.

The phase eiArg(λ̃∗5)/2 included in our choice of component fields h2, h3 in (4.3.28), makes sure that

h2 and h3 do not mix in the mass matrix, giving rise to the aforementioned zeroes. In this case, h2

and h3 are the heavy neutral mass eigenstates, with mass splitting controlled by
∣∣∣λ̃5

∣∣∣.
4.3.1.1 The T conserving case

Before analyzing the neutral mass matrix in generality, let us start by studying the mass eigenstates

in the simpler, T conserving case. This is defined as the case in which all the T violating phases

(4.3.25) and (4.3.26) vanish [114]. In the case that λ̃5 = 0, one must also check that Arg
(
λ̃7λ̃

∗
6

)
vanishes. In this section we can take all couplings to be real. In the T conserving case the mass

matrix simplifies to a block diagonal form, mixing only the fields h1 and h2, which are now T even.

The field h3 is T odd and corresponds to the mass eigenstate ϕ2

m2
ϕ2

=M2
33 = m̃2

2 +
1

2
v2
(
λ̃3 + λ̃4 −

∣∣∣λ̃5

∣∣∣ ) (4.3.32)

The masses of the remaining neutral eigenstates are

m2
ϕ1,ϕ3

=
1

2

(
M2

11 +M2
22 ±

√
(M2

22 −M2
11)2 + 4M2

12

)
(4.3.33)

In terms of couplings in the potential, the Higgs mass near the decoupling limit is given by

m2
ϕ1

= v2

[
λ̃1 − λ̃2

6

v2

m̃2
2

− 1

2
λ̃2

6

[
2λ̃1 − λ̃3 − λ̃4 − λ̃5

] v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.3.34)
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For completeness, the mass of the remaining neutral eigenstate is

m2
ϕ2

= m̃2
2

[
1 +

1

2

(
λ̃3 + λ̃4 +

∣∣∣λ̃5

∣∣∣ ) v2

m̃2
2

+ λ̃2
6

v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.3.35)

Note that the splitting between the two heavy neutral eigenstates is

m2
ϕ3
−m2

ϕ2
= v2

[ ∣∣∣λ̃5

∣∣∣+ λ̃2
6

v2

m̃2
2

+O
(
v4

m̃4
2

)]
(4.3.36)

The mixing angle between the h1 and h2 is generally named in the literature β − α, where α is

the rotation angle that diagonalizes the T even part of the mass matrix in the generic basis [26].

The relation between the mass eigenstates and h1 and h2 is given by ϕ1

ϕ3

 =

 sin(β − α) cos(β − α)

− cos(β − α) sin(β − α)


 h1

h2

 (4.3.37)

cos(β − α) is called the alignment parameter [28], and the alignment limit is defined as the limit

in which cos(β − α) = 0. In this limit, the Higgs lies along the direction of h1, which by definition

of the Higgs basis is the direction of the vev in field space. The alignment parameter controls the

couplings of the Higgs to gauge bosons and fermions [26]. In the alignment limit the couplings of

the Higgs are Standard Model like. The alignment parameter is given by

cos(β − α) =
−2M2

12√
4
(
M2

12

)2
+
[
M2

22 −M2
11 +

√(
M2

22 −M2
11

)2
+ 4M2

12

]2 (4.3.38)

which at first order in v2/m̃2
2 is

cos(β − α) = −
∣∣∣λ̃6

∣∣∣ v2

m̃2
2

+O
(
v4

m̃4
2

)
(4.3.39)

4.3.1.2 The general T violating case

We now proceed to study the neutral mass eigenstates in the general T violating case, in which

all three fields h1, h2 and h3 mix in the mass matrix. Phases must now be included in the mixing

discussion [116]. The characteristic equation of the mass matrix is

− det(M2 − xI) = x3 + ax2 + bx+ c = 0 (4.3.40)

with

a = −2m̃2
2 − v2(λ̃1 + λ̃3 + λ̃4)

b = m̃4
2 + v2m̃2

2(2λ̃1 + λ̃3 + λ̃4) + v4

[
λ̃1(λ̃3 + λ̃4) +

1

4
(λ̃3 + λ̃4)2 − 1

4
λ̃5λ̃

∗
5 − λ̃6λ̃

∗
6

]
c = −v2m̃4

2λ̃1 + v4m̃2
2

[
λ̃6λ̃

∗
6 − λ̃1(λ̃3 + λ̃4)

]
− 1

4
v6

[
λ̃1(λ̃3 + λ̃4)2 − λ̃1λ̃5λ̃

∗
5 − 2λ̃6λ̃

∗
6(λ̃3 + λ̃4) + (λ̃5λ̃

∗2
6 + h.c.)

]
(4.3.41)
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The three solutions to the characteristic equation are the masses of the neutral Higgs particles,

and they are given by

m2
ϕa = − 1

3C

[
aC + ωaC

2 +
A

ωa

]
A = a2 − 3b

B = 2a3 − 9ab+ 27c

C =

[
B

2
+

1

2

√
B2 − 4A3

]1/3

ω1 = 1 , ω2 = −1

2
+ i

√
3

2
, ω3 = ω∗2 (4.3.42)

We identify the smallest root of the characteristic polynomial with the Higgs mass.

Near the decoupling limit, the mass eigenstates (4.3.42) have simple expressions in terms of

expansions in v2/m̃2
2. In this case, the Higgs mass is given by

m2
ϕ1

= v2

[
λ̃1 − λ̃∗6λ̃6

v2

m̃2
2

− 1

2

[
(2λ̃1 − λ̃3 − λ̃4)λ̃∗6λ̃6 −

1

2
(λ̃∗5λ̃

2
6 + h.c)

] v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.3.43)

while the masses of the heavy eigenstates are

m2
ϕ2,ϕ3

= m̃2
2

[
1 +

1

2

(
λ̃3 + λ̃4 ±

∣∣∣λ̃5

∣∣∣ ) v2

m̃2
2

+
1

2
λ̃∗6λ̃6

[
1± cos 2θ1

] v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.3.44)

Note that the mass splitting between the heavy states is

m2
ϕ3
−m2

ϕ2
= v2

[ ∣∣∣λ̃5

∣∣∣+ λ̃∗6λ̃6 cos 2θ1
v2

m̃2
2

+O
(
v4

m̃4
2

)]
(4.3.45)

The eigenvectors V a corresponding to the three mass eigenvalues m2
ϕa characterize the mixing

and satisfy

M2
ijV

a
j = m2

ϕaV
a
i (4.3.46)

where only a sum over j is intended. The eigenvectors can be chosen to be real, and they are given

by [117]2

V ai = εijk(M2
Aj −m2

ϕaδAj)(M2
Bk −m2

ϕaδBk) (4.3.47)

where we sum over j, k. A and B can take the values 1, 2 or 3 subject to A 6= B. Different choices

lead to different sign conventions for the eigenvectors. We commit to the choice A = 2, B = 3 for

the rest of this chapter. The eigenvectors are invariant under the U(1)PQ background symmetry, so

they are physical, measurable quantities. The normalized eigenvectors are defined as

V̂ ai =
V ai
|V a| (4.3.48)

2This expression is not valid when the eigenvalues are not degenerate. In practice, we will use it only for the Higgs
eigenstate, which in the decoupling limit is not degenerate. For the degenerate case, see [117].



87

The normalized eigenvectors can be used to diagonalize the mass matrix

V̂ ai M2
ij V̂

b
j = δabm

2
ϕa (4.3.49)

Each normalized eigenvector has only two independent real components due to the normalization

condition (
V̂ a1
)2

+
(
V̂ a2
)2

+
(
V̂ a3
)2

= 1 (4.3.50)

Furthermore, the three eigenvectors are orthogonal to each other for non degenerate mass eigenvalues,

so all together they can be specified by three real numbers. Now, using (4.3.47), the normalized

eigenvectors are

V̂ a1 =
(M2

22 −m2
ϕa)(M2

33 −m2
ϕa)√

(M2
33 −m2

ϕa)2
(
M4

12 + (M2
22 −m2

ϕa)2
)

+M4
13(M2

22 −m2
ϕa)2

V̂ a2 = − M2
12(M2

33 −m2
ϕa)√

(M2
33 −m2

ϕa)2
(
M4

12 + (M2
22 −m2

ϕa)2
)

+M4
13(M2

22 −m2
ϕa)2

V̂ a3 = − M2
13(M2

22 −m2
ϕa)√

(M2
33 −m2

ϕa)2
(
M4

12 + (M2
22 −m2

ϕa)2
)

+M4
13(M2

22 −m2
ϕa)2

(4.3.51)

V̂ 1
1 can always be chosen to be positive by a sign redefinition of the eigenvector. The definition

chosen in (4.3.51) leads to V̂ 1
1 > 0 near the decoupling limit, since in that caseM2

22 andM2
33 are of

order m̃2
2 � m2

ϕ1
. Without loss of generality we can write the normalized eigenvector corresponding

to the Higgs in terms of a complex alignment parameter Ξ

V̂ 1
1 =

√
1− |Ξ|2 V̂ 1

2 = Re Ξ V̂ 1
3 = Im Ξ , Ξ ∈ C1 (4.3.52)

Ξ specifies the projections of the Higgs particle ϕ1 along h1, h2 and h3. Note that

√
1− |Ξ|2 gives the

component of the Higgs in the direction of h1, which by definition in the Higgs basis is the direction

of the vev in field space. Ξ is the complex generalization of the alignment parameter cos(β − α) for

the general T violating 2HDM. In the T conserving case, Im Ξ = 0 and Ξ reduces to cos(β−α). We

will see in the next section that Ξ controls the deviations of the Higgs couplings to fermions and

gauge bosons from their SM counterparts. In the alignment limit, Ξ = 0, and the couplings of the

Higgs are SM like. The complex alignment parameter is invariant under the U(1)PQ background

symmetry and both its magnitude and its phase are physical, measurable quantities.

Near the decoupling limit it is useful to find the complex alignment parameter as an expansion

in v2/m̃2
2 in terms of parameters of the Higgs potential. The real and imaginary components of the

complex alignment parameter can be obtained using (4.3.51). The calculation is straightforward,
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using the elements of the mass matrix (4.3.31) and the expression for the Higgs mass (4.3.43) we get

Ξ = −
∣∣∣λ̃6

∣∣∣ e−iθ1 v2

m̃2
2

[
1− 1

2

(
2λ̃1 − λ̃3 − λ̃4 −

∣∣∣λ̃5

∣∣∣ ) v2

m̃2
2

+O
(
v4

m̃4
2

)]
(4.3.53)

where θ1 = 1/2 Arg
(
λ̃2

6λ̃
∗
5

)
is one of the CP violating phases defined in (4.3.25). In calculating the

couplings of the light Higgs, an important combination will be

Ξ eiArg(λ̃∗5)/2 = −λ̃∗6
v2

m̃2
2

+O
(
v4

m̃4
2

)
(4.3.54)

Also, note from (4.3.44) that at first order, m̃2 corresponds to the mass of the heavy mass eigenstates,

so we can write

Ξ eiArg(λ̃∗5)/2 = −λ̃∗6
v2

m2
ϕ2,3

+O
(
v4

m̃4
2

)
(4.3.55)

In the next section we will also make use of the projection of the heavy neutral mass eigenstates in

the direction of the vev, which are given by V̂ 2
1 and V̂ 3

1 . Using the mass matrix elements (4.3.31)

and the expression for the mass of the heavy eigenstates (4.3.44) in (4.3.51), to first order in v2/m̃2
2

we get

V̂ 2
1 = −Im Ξ

[
1 + Re ΞO

(
v2

m̃2
2

)]
= −

∣∣∣λ̃6

∣∣∣ sin θ1
v2

m̃2
2

[
1 + O

(
v2

m̃2
2

)]

V̂ 3
1 = −Re Ξ

[
1 + Im ΞO

(
v2

m̃2
2

)]
=
∣∣∣λ̃6

∣∣∣ cos θ1
v2

m̃2
2

[
1 +O

(
v2

m̃2
2

)]
(4.3.56)

Note that in the T conserving limit, Im Ξ = 0 and ϕ2 = h3 is a pseudoscalar mass eigenstate that

does not mix with the CP even fields h1 or h2, so V̂ 2
1 vanishes and V̂ 3

1 reduces to the usual alignment

parameter − cos(β − α).

4.3.2 Couplings of the Higgs boson

We now study the couplings of the Higgs particle ϕ1 in the 2HDM. In this section, the complex align-

ment parameter (4.3.53) is used extensively. Working near the decoupling limit is not a necessary

condition to make use of the complex alignment parameter.

In this section, when working near the decoupling limit, we express the deviations from the SM

couplings of the light Higgs as an expansion in v2/m̃2
2. We work up to first order in v2/m̃2

2 for the

fermionic interactions, and second order in the bosonic interactions. We will see that this captures

all the leading order deviations from the SM predictions near the decoupling limit.
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We start by defining the Lagrangian density for the light Higgs

1

2
∂ϕ1∂ϕ1 +

1

2
ZµZµ

(
m2
Z + gϕaZZ ϕa +

1

2
gϕ2

1ZZ
ϕ2

1

)
+W+µW−µ

(
m2
W + gϕaWW ϕa +

1

2
gϕ2

1WW ϕ2
1

)
+
[
gϕ1H±W (W+µ∂µH

−ϕ1 −W+µH−∂µϕ1) + h.c.
]

+(gϕ1ϕ2ZZ
µ∂µϕ2 ϕ1 − Zµϕ2∂µϕ1) + gϕ1ϕ3Z(Zµ∂µϕ3 ϕ1 − Zµϕ3∂µϕ1)

−(mf
ijfif j + λfϕaij fiϕaf j + h.c.)− V (ϕ1, ϕ2, ϕ3) (4.3.57)

where we sum over repeated indices and we included the Yukawa and gauge couplings involving one

heavy Higgs, for later use. We leave out interactions with more than one heavy Higgs, which will

not be used in this chapter. The potential for the light Higgs is

V (ϕ1, ϕ2, ϕ3) =
1

2
m2
ϕ1
ϕ2

1 −
1

3!
gϕ3

1
ϕ3

1 −
1

4!
gϕ4

1
ϕ4

1 −
1

2
gϕ2

1ϕ2
ϕ2

1ϕ2

− 1

2
gϕ2

1ϕ3
ϕ2

1ϕ3 −
1

3!
gϕ3

1ϕ2
ϕ3

1ϕ2 −
1

3!
gϕ3

1ϕ3
ϕ3

1ϕ3 (4.3.58)

where again we included the couplings involving at most one heavy Higgs.

Due to mixing of the doublets, the couplings of the Higgs are modified with respect to their SM

values. An exception is the coupling between two Higgses and two gauge bosons since it is determined

by gauge invariance and both H1 and H2 have the same quantum numbers. This coupling is given

by

gϕ2
1V V

=
2m2

V

v2
(4.3.59)

The coupling of one Higgs to two gauge bosons comes exclusively from the projection of the Higgs

into the direction of the vev in field space V̂ 1
1 =

√
1− |Ξ|2, so it is diluted with respect to its SM

value by the complex alignment parameter as

gϕ1V V =
2m2

V

v

√
1− |Ξ|2 (4.3.60)

Note that when the Higgs potential is T conserving, this leads to the familiar relation gϕ1V V =

2m2
V /v sin(β−α) [26]. Near the decoupling limit, using the complex alignment parameter to lowest

order in v2/m̃2
2 given in (4.3.53), we get

gϕ1V V =
2m2

V

v

[
1− 1

2
λ̃∗6λ̃6

v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.3.61)

Yukawa couplings to up and down type fermions can be found by using the Higgs doublet Yukawa

couplings defined in (4.3.13) and the projections of the Higgs into the neutral components of the
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doublets (4.3.52). They are given by

λfϕ1ij
= δij

mf
i

v

√
1− |Ξ|2 +

1√
2
λ̃f2ij Ξ eiArg(λ̃∗5)/2 (4.3.62)

This coupling violates the flavor and T symmetries due to the correction proportional to λ̃f2ij Ξ,

which is inherited from the mixing with the heavy doublet. Near the decoupling limit, using (4.3.53)

we get

λfϕ1ij
= δij

mf
i

v
− 1√

2
λ̃f2ij λ̃

∗
6

v2

m̃2
2

+O
(
v4

m̃4
2

)
(4.3.63)

Note that if the Yukawa of the heavy doublet vanishes λ̃f2ij = 0, the Higgs Yukawas are not modified

with respect to their SM values at first order in v2/m̃2
2. In this case, the modifications come

exclusively from dilution due to the complex alignment parameter in (4.3.62), which is a second

order effect. Note that in this case, the modifications to the SM predictions for the Higgs Yukawas

and to the coupling of a Higgs to two gauge bosons are identical: both couplings are diluted by√
1− |Ξ|2. This limit resembles the results of the SHSM studied in section 4.2.

The Higgs self-couplings are obtained from the 2HDM potential (4.3.16) and the projections of

the Higgs into the neutral components of the doublets (4.3.52). They are given by

1

v
gϕ3

1
= −3λ̃1

(
1− |Ξ|2

)3/2

− 3(λ̃3 + λ̃4) |Ξ|2
(

1− |Ξ|2
)1/2

− 3
∣∣∣λ̃5

∣∣∣Re Ξ2
(

1− |Ξ|2
)1/2

− 9

2

[ ∣∣∣λ̃6

∣∣∣ eiθ1 Ξ(1− |Ξ|2) + h.c.

]
− 3

2

[ ∣∣∣λ̃7

∣∣∣ eiθ2 Ξ |Ξ|2 + h.c.

]
(4.3.64)

gϕ4
1

= −3λ̃1

(
1− |Ξ|2

)2

− 3λ̃2 |Ξ|4 − 6(λ̃3 + λ̃4) |Ξ|2
(

1− |Ξ|2
)

− 6
∣∣∣λ̃5

∣∣∣Re Ξ2
(

1− |Ξ|2
)
− 6

[ ∣∣∣λ̃6

∣∣∣ eiθ1 Ξ
(

1− |Ξ|2
)3/2

+ h.c.

]
− 6

[ ∣∣∣λ̃7

∣∣∣ eiθ2 Ξ |Ξ|2
(

1− |Ξ|2
)1/2

+ h.c.

]
(4.3.65)

Using (4.3.53) in the exact expression for the cubic Higgs self-coupling (4.3.65), we get

1

v
gϕ3

1
= −3m2

ϕ1

v2
+ 6λ̃∗6λ̃6

v2

m̃2
2

+
1

2

[ [
21λ̃1 − 12(λ̃3 + λ̃4)

]
λ̃∗6λ̃6 −

(
6λ̃5λ̃

∗2
6 + h.c.

)] v4

m̃4
2

+O
(
v6

m̃6
2

)
(4.3.66)

gϕ4
1

= −3m2
ϕ1

v2
+ 9λ̃∗6λ̃6

v2

m̃2
2

+
1

4

[ [
60λ̃1 − 42(λ̃3 + λ̃4)

]
λ̃∗6λ̃6 −

(
21λ̃5λ̃

∗2
6 + h.c.

)] v4

m̃4
2

+O
(
v6

m̃6
2

)
(4.3.67)
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Note that all the deviations from the SM values of the Higgs couplings are parametrized by the

complex alignment parameter, such that if Ξ = 0 all the coupling of the Higgs are SM like.

Let us now consider couplings involving also one heavy Higgs state. They will be used in the

next section to calculate scattering amplitudes of the Higgs to gauge bosons, fermions and Higgses.

The couplings of one neutral heavy Higgs to two gauge bosons are obtained from the projection of

these states into the field direction of the vev

1

v
gϕ2V V =

2m2
V

v2
V̂ 2

1 = −2m2
V

v2

∣∣∣λ̃6

∣∣∣ sin θ1
v2

m̃2
2

+O
(
v4

m̃4
2

)
1

v
gϕ3V V =

2m2
V

v2
V̂ 3

1 =
2m2

V

v2

∣∣∣λ̃6

∣∣∣ cos θ1
v2

m̃2
2

+O
(
v4

m̃4
2

)
(4.3.68)

where we used (4.3.56) . The gϕ1H±W coupling is obtained from the projection of the Higgs into

the neutral components of the heavy doublet H2, since the charged Higgs resides entirely in H2, so

its couplings to gauge bosons come exclusively from the kinetic term DµH
†
2 D

µH2. In terms of the

complex alignment parameter this coupling can be expressed in a remarkably simple way

gϕ1H±W = − imW

v
Ξ (4.3.69)

Using (4.3.53), to lowest order in v2/m̃2
2 we get

gϕ1H±W =
imW

v

∣∣∣λ̃6

∣∣∣ e−iθ1 v2

m̃2
2

+O
(
v4

m̃4
2

)
(4.3.70)

The couplings involving a light Higgs, a heavy Higgs and the Z boson come exclusively from the

kinetic term of the second doublet DµH
†
2 D

µH2. They are given by

gϕ1ϕ2Z =
mZ

v
Re Ξ

[
1 + Im ΞO

(
v2

m̃2
2

)]
= −mZ

v

∣∣∣λ̃6

∣∣∣ cos θ1
v2

m̃2
2

+O
(
v4

m̃4
2

)

gϕ1ϕ3Z = −mZ

v
Im Ξ

[
1 + Re ΞO

(
v2

m̃2
2

)]
= −mZ

v

∣∣∣λ̃6

∣∣∣ sin θ1
v2

m̃2
2

+O
(
v4

m̃4
2

)
(4.3.71)

The couplings of the heavy neutral states to fermions are to lowest order in v2/m̃2
2 given by the

Yukawas of the heavy doublet,

λfϕ2ij
=

1√
2
i λ̃f2ije

iArg(λ̃∗5)/2 +O
(
v2

m̃2
2

)
(4.3.72)

λfϕ3ij
=

1√
2
λ̃f2ije

iArg(λ̃∗5)/2 +O
(
v2

m̃2
2

)
(4.3.73)

where the factor eiArg(λ̃∗5)/2 comes from the definition of the component fields (4.3.28). Note that

these couplings are not controlled by the complex alignment parameter Ξ, and do not vanish in the

alignment limit.
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The dihiggs couplings to one heavy Higgs are obtained from the Higgs potential, and they are

1

v
g2
ϕ2

1ϕ2
= 3

∣∣∣λ̃6

∣∣∣ sin θ1 +O
(
v2

m̃2
2

)
1

v
g2
ϕ2

1ϕ3
= −3

∣∣∣λ̃6

∣∣∣ cos θ1 +O
(
v2

m̃2
2

)
(4.3.74)

Note that these couplings are not controlled by the complex alignment parameter. In particular, Ξ

could be small due to a large separation of scales v2/m̃2
2 � 1, while g2

ϕ2
1ϕ2

, g2
ϕ2

1ϕ3
could be of order

v, if
∣∣∣λ̃6

∣∣∣ is not small.

4.3.3 Scattering amplitudes

We now work out some examples of tree level dihiggs scattering amplitudes. They will be used as

a consistency check for the 2HDM low energy EFT that will be presented in section 4.4.3 and to

compare couplings in the EFT and mixing languages. The Standard Model results for the amplitudes

can be read from this section by taking the limit λ̃6 → 0. We omit spinors in all amplitudes.

The tree level dihiggs to di-W boson scattering amplitude is

A
(
ϕ1ϕ1 →W+W−

)
= gµν

[
gϕ2

1W
2 −

gϕ2
1ϕa

gϕaW 2

s−m2
ϕa

− g2
ϕ1W 2

(
1

t−m2
W

+
1

u−m2
W

)]

−
∣∣gϕ1H±W

∣∣2 [ (2p1 − p+)µ(p1 + p2 + p+)ν
t−m2

H±
+ (p+ ↔ p−)

]
(4.3.75)

where we sum over a and p± are the momenta of the W± bosons. In the last line, exchanging p+

with p− changes the Mandelstam variable t to u. Using the expressions for the couplings (4.3.59),

(4.3.61), (4.3.67), (4.3.68) (4.3.70) and (4.3.74), we get

A
(
ϕ1ϕ1 →W+W−

)
= gµν

[
2m2

W

v2
− 6λ̃6λ̃

∗
6

m2
W

v2

v4

m̃4
2

− 2m2
W

v2

[
− 3m2

ϕ1

v2
+ 6λ̃∗6λ̃6

v2

m̃2
2

+
1

2

([
21λ̃1 − 12(λ̃3 + λ̃4)

]
λ̃∗6λ̃6

−
(
6λ̃5λ̃

∗2
6 + h.c.

)) v4

m̃4
2

+
3

2
λ̃∗6λ̃6

m2
ϕ1
v2

m̃4
2

](
v2

s−m2
ϕ1

)
− 4m4

W

v4

[
1− λ̃†6λ̃6

v4

m̃4
2

](
v2

t−m2
W

+
v2

u−m2
W

)
+O

(
sv2

m̃4
2

,
v6

m̃6
2

)]
(4.3.76)

where the first term is the contact interaction, the second term comes from the short distance

contribution of the heavy neutral states, and the two last terms are the long distance contributions

from Higgs and W boson mediated diagrams. Note that the contributions mediated by the charged
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Higgs written in the last line of (4.3.75) drop out of the calculations - they do not contribute to the

order we work to.

The dihiggs to difermion chirality violating scattering amplitude is

A
(
ϕ1ϕ1 → fif j

)
=

gϕ2
1ϕa

λfϕaij
s−m2

ϕa

(4.3.77)

where we sum over a. Using the expressions for the couplings (4.3.63), (4.3.67), (4.3.72), (4.3.73)

and (4.3.74) we get

A
(
ϕ1ϕ1 → fif j

)
=

1

v

[ [
δij
mf
i

v

(
− 3m2
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v2
+ 6λ̃6λ̃
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+
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=
1
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δij
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6
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(
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(4.3.78)

where in the last step we made use of the definition of the CP violating phase θ1 = 1
2Arg

(
λ̃2

6λ̃
∗
5

)
(see

(4.3.25)). The first term in square brackets is the long distance contribution mediated by the Higgs,

and the last term corresponds to the short distance contributions mediated by the heavy Higgses.

Note that this amplitude has a flavor and T violating term both in the long and short distance

pieces, inherited from λ̃f2ij , the coupling of the heavy doublet to the fermions.

The four Higgs scattering amplitude is

A (ϕ1ϕ1 → ϕ1ϕ1) = gϕ4
1
− g2

ϕ2
1ϕa

(
1

s−m2
ϕa

+
1

t−m2
ϕa

+
1

u−m2
ϕa

)
(4.3.79)

where we sum over a. Using (4.3.67) and (4.3.74) we get

A (ϕ1ϕ1 → ϕ1ϕ1) = gϕ4
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+O
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)
(4.3.80)
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where the first two terms come from the contact interaction and the short distance diagrams mediated

by the Heavy Higgses, and the last term is the long distance contribution mediated by the Higgs

particle.

4.4 The low energy effective theory of the 2HDM

In this section we present the tree level low energy effective theory of the Standard Model extended in

the UV with a heavy Higgs doublet. Near the decoupling limit the heavy doublet can be integrated

out, and the remaining Higgs doublet in the low energy theory contains the vev and the Higgs

particle. The cutoff of the EFT is the heavy doublet mass m̃2. The EFT description is an alternative

to the mixing language, and no reference to mixing between the neutral components of the doublets

is needed in deriving the EFT. Working at tree level is enough to reproduce the mixing effects

described in the previous section. The effective theory can be derived most easily by working in the

Higgs basis. In this basis one of the doublets carries no vev and must be identified with the heavy

doublet, as discussed in the previous section. The remaining doublet contains the particle that must

be identified with the Higgs in the low energy theory. In the derivation of the EFT we keep track

of the U(1)PQ symmetry defined in table 4.3, which can be used at any point of the calculations as

a consistency check, since all the fields in the low energy theory (fermions, gauge bosons and the

Higgs doublet H1) are PQ invariants, so no coupling of the low energy theory can be charged under

the U(1)PQ.

The regime of the 2HDM parameters we work in is the following. We consider all the marginal

couplings of the 2HDM in the Higgs basis λ̃i i = 1..7 to be perturbative. The 2HDM has three

dimensionful couplings: m̃1, m̃2 and m̃2. However, there are only two mass scales, m̃1 m̃2; due to

the no tadpole condition (4.3.24), m̃12 is of the order of m̃1. Due to the EWSB condition (4.3.23),

the mass of the remaining doublet m̃1 must be identified with the EWSB scale. Near the decoupling

limit, m̃2
2 �

∣∣∣λ̃i∣∣∣ v2. Due to the separation of scales, we organize the corrections to the SM predictions

as an expansion in the small parameter v2/m̃2
2. To obtain a consistent expansion in v2/m̃2

2 in the

2HDM EFT, we need to define a concept of effective operator dimension which differs from naive

operator dimension. The separation of scales motivates us to define our concept of effective operator

dimension by counting powers of the heavy scale in the operator’s coefficient in the Lagrangian.

Since m̃2 is the only heavy mass term, we define the operator’s effective dimension as

nE = 4− nm̃2
2

(4.4.1)
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where nm̃2
2

is the number of powers of m̃2
2 in the operator’s coefficient. For instance, the operators

m̃2
12

m̃2
2

(H†1H1)2 1

m̃2
2

(H†1H1)3 (4.4.2)

are both of effective dimension six, even though the first operator is of naive operator dimension

four. In this work, we choose to work up to effective dimension eight in the Higgs potential and

kinetic terms (including gauge interactions), and up to effective dimension six in operators involving

fermions. We will see that this captures all the lowest order deviations to the SM predictions for

the Higgs bosonic and fermionic interactions.

4.4.1 Diagrams and derivation of the EFT

In this section we present all the needed diagrams to derive the low energy EFT up to effective

dimension eight in the Higgs potential and kinetic terms and up to effective dimension six in operators

involving fermions. Since the maximum effective dimension we work up to is eight, all diagrams can

have at most two inverse powers of m̃2
2, i.e., they can have at most two H2 propagators. Note that of

all couplings in the 2HDM Lagrangian (4.3.16), m̃2
12, (m̃2

12)∗ , λ̃6, λ̃∗6, λ̃2ij and λ̃∗2ij are the only ones

that involve only one heavy doublet H2, so using these interactions it is possible to draw diagrams

with only one H2 propagator. These will be the diagrams that, at zero momentum, induce the

irrelevant operators with the lowest effective dimension (six). As such, leading deviations to the SM

predictions will be controlled by this small subset of parameters of the UV completion. We organize

the presentation of the diagrams by number of insertions of Higgs potential or fermionic couplings

involving the heavy Higgs doublet H2.

leftmargin=* Diagrams with two m̃2
12 insertions:

Let us start with the diagrams of figure 4.5. Up to effective dimension eight they lead to∣∣m̃2
12

∣∣2
m̃2

2

H†H +

∣∣m̃2
12

∣∣2
m̃4

2

∂µH
†∂µH +

∣∣m̃2
12

∣∣2
m̃4

2

[
g2

2H
†
1TaTbWaµW

µ
b H1

− g2

(
i∂µH

†
1TaW

µ
aH1 + h.c.

)
+

1

4
g2

1H
†
1BµB

µH1 −
1

2
g1

(
i∂µH

†
1B

µH1 + h.c.
)]

(4.4.3)

which can be rearranged into∣∣m̃2
12

∣∣2
m̃2

2

H†1H1 +

∣∣m̃2
12

∣∣2
m̃4

2

(DµH1)
†

(DµH1) (4.4.4)

leftmargin=* Diagrams with two λ̃6 insertions:
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(m̃2
12)

∗
H1 H†

1
m̃2

12

(m̃2
12)

∗

−1
2
g21

B

BH†
1

(m̃2
12)

∗

m̃2
12

H1

H†
1

m̃2
12

H1

Wb

−2g22TaTb

Wa

Figure 4.5: Diagrams with two m2
12 insertions and gauge boson legs leading to operators up to effective

dimension eight. By gauge invariance there are also diagrams with only one gauge boson attached to the
internal heavy Higgs propagator, which we do not draw for brevity, but that are considered when deriving
the low energy theory. The upper diagram must be expanded up to quadratic order in the momentum of
the external leg to work up to effective dimension eight. The upper diagram at zero momentum leads to
the operator H†1H1. The upper diagram at quadratic order in the momentum expansion, together with the
diagrams with gauge bosons lead to the operator (DµH1)† (DµH1).

The diagrams of figure 4.6 lead to

λ̃∗6λ̃6

m̃2
2

(H†1H1)3 +
λ̃∗6λ̃6

m̃4
2

[
− 3

2
(H†1H1)2(2H†1H1 + h.c)

− H†1H1

(
∂µH

†
1∂

µH1H
†
1H1 + ∂µH

†
1H1∂

µH†1H1 +H†1∂µH1∂
µH†1H1 + h.c

)
+ (H†1H1)2

[
g2

2H
†
1TaTbWaµW

µ
b H1 − g2

(
i∂µH

†
1TaW

µ
aH1 + h.c.

)
+

1

4
g2

1H
†
1BµB

µH1 −
1

2
g1

(
i∂µH

†
1B

µH1 + h.c.
)]]

(4.4.5)

Rearranging the derivatives and the interactions with gauge bosons into covariant derivatives

we get

λ̃∗6λ̃6

m̃2
2

(H†1H1)3 +
λ̃∗6λ̃6

m̃4
2

[
2 ∂µ(H†1H1)∂µ(H†1H1)(H†1H1) + (DµH1)†(DµH1)(H†1H1)2

]
(4.4.6)

leftmargin=* Diagrams with one λ̃6 and one m̃2
12 insertions
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H†
1

H1

H†
1

H1
λ̃∗
6 λ̃6 H†

1

H1

H1H†
1

H1

λ̃∗
6

λ̃6

H†
1

H†
1

H1
Wb

−2g22TaTb

Wa

B

−1
2g

2
1

BH†
1

H1

λ̃∗
6

λ̃6

H†
1

H†
1

H1

H1

Figure 4.6: Diagrams with two λ6 insertions and gauge boson legs leading to operators up to effec-
tive dimension eight. By gauge invariance there are also diagrams with only one gauge boson attached
to the internal heavy Higgs propagator, which we do not draw for brevity, but that are considered when
deriving the low energy theory. The upper diagram must be expanded up to quadratic order in the mo-
mentum of the external leg to work up to effective dimension eight. The upper diagram at zero momentum
leads to the operator (H†1H1)3. The upper diagram at quadratic order in the momentum of the exter-
nal legs leads to ∂µ(H†1H1)∂µ(H†1H1)(H†1H1) and also, together with the diagrams with gauge bosons, to
(DµH1)†(DµH1)(H†1H1)2.

The diagrams in figure 4.7 lead to

λ̃6(m̃2
12)∗

m̃2
2

(H†1H1)2 +
λ̃6(m̃2

12)∗

m̃4
2

[
−H†1H1H

†
12H1

+ H†1H1

[
g2

2H
†
1TaTbWaµW

µ
b H1 − g2

(
i∂µH

†
1TaW

µ
aH1 + h.c.

)
+

1

4
g2

1H
†
1BµB

µH1 −
1

2
g1

(
i∂µH

†
1B

µH1 + h.c.
)]]

+ h.c. (4.4.7)

Rearranging the derivatives

2λ̃∗6m̃
2
12

m̃2
2

(H†1H1)2 +
λ̃∗6m̃

2
12

m̃4
2

[
∂µ(H†1H1)∂µ(H†1H1) + 2(DµH1)†(DµH1)H†1H1

]
(4.4.8)

where we used λ̃∗6m̃
2
12 = λ̃6m̃

2∗
12 due to the no tadpole condition (4.3.24).

leftmargin=* Diagrams with λ̃3, λ̃4 and λ̃5 insertions
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H†
1

H1
λ̃6

H†
1

H1

H1

λ̃6

H†
1

H†
1

H1
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−2g22TaTb

Wa

B

−1
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2
1

BH†
1

λ̃∗
6

λ̃6

H†
1

H†
1

H1

(m̃2
12)

∗ (m̃2
12)

∗

(m̃2
12)

∗

Figure 4.7: Diagrams with one λ6 and one (m̃2
12)∗ insertion up to effective dimension eight. There are

also hermitic conjugate versions of these diagrams and diagrams with only one gauge boson attached to
the internal heavy Higgs propagator, which are not drawn for brevity but considered when deriving the low
energy theory. The upper diagram must be expanded up to quadratic order in the momentum of the external
leg to work up to effective dimension eight. The upper diagram at zero momentum leads to the operator
(H†1H1)2. The upper diagram at quadratic order in momentum of the external legs leads to H†1H1H

†
12H1

and also, together with the diagrams with gauge bosons, to (DµH1)†(DµH1)H†1H1.

The diagrams of figure 4.8 lead to

− λ̃3

∣∣m̃2
12

∣∣2
m̃4

2

(H†1H1)2 − 2λ̃3λ̃
∗
6m̃

2
12

m̃4
2

(H†1H1)3 − λ̃3λ̃
∗
6λ̃6

m̃4
2

(H†1H1)4

− λ̃4
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12

∣∣2
m̃4

2

(H†1H1)2 − 2λ̃4λ̃
∗
6m̃

2
12

m̃4
2

(H†1H1)3 − λ̃4λ̃
∗
6λ̃6

m̃4
2

(H†1H1)4

− (λ̃∗5m̃
4
12 + h.c.)

2m̃4
2

(H†1H1)2 − (λ̃∗5λ̃6m̃
2
12 + h.c.)

m̃4
2

(H†1H1)3 − (λ̃∗5λ̃
2
6 + h.c.)

2m̃4
2

(H†1H1)4

(4.4.9)

where we used λ̃∗6m̃
2
12 = λ̃6m̃

2∗
12 due to the no tadpole condition (4.3.24).

leftmargin=* Diagrams with Yukawas and an m̃2
12 or λ̃6 insertion:



99

λ̃6

H†
1

H†
1

H1

H1

H1

λ̃3H†
1

(m̃2
12)

∗
H1

H1

λ̃3

(m̃2
12)

∗

m̃2
12

H†
1

H†
1

λ̃∗
6

λ̃6

H1

H†
1

H1

λ̃3

H†
1 H†

1H1

H†
1

H1

Figure 4.8: Diagrams with a λ̃3 vertex up to effective dimension eight. All diagrams are at zero momentum.
There are similar diagrams replacing the λ̃3 vertex with λ̃4 and λ̃5, which are also considered to derive the
low energy EFT. The diagrams with a λ̃5 vertex are slightly different, they contain two m̃2

12 vertices instead
of one m̃2

12 and one (m̃2
12)∗ vertex. The upper left diagram leads to the operator (H†1H1)2. The upper right

diagram leads to the operator (H†1H1)3. The lower diagram leads to the operator (H†1H1)4.

The diagrams of figure 4.9 lead to

λ̃u2ij
m̃2

2

QiH1uj

[
(m̃2

12)∗ + λ̃∗6H
†
1H1

]
−
λ̃d†2ij
m̃2

2

QiH
c
1dj

[
m̃2

12 + λ̃6H
†
1H1

]
−
λ̃`†2ij
m̃2

2

LiH
c
1`j

[
m̃2

12 + λ̃6H
†
1H1

]
+ h.c. (4.4.10)

We do not present the operators at effective dimension 8 that modify the Yukawas.

leftmargin=* Diagrams with Yukawas only (four fermion operators):

The diagrams of figure 4.10 lead to
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Qi

ūj

λ̃u
2ij λ̃∗

6

H1

H1

H†
1

Qi

ūj

λ̃u
2ij

H1

(m̃2
12)

∗

Qi QiH†
1

d̄j d̄j

−λ̃d†
2ij λ̃6 H1

H†
1

m̃2
12

−λ̃d†
2ij H†

1

Figure 4.9: Diagrams with one Yukawa and one λ̃6 or m̃2
12 coupling up to effective dimension six. All

diagrams are at zero momentum. There are also complex conjugate versions of these diagrams and diagrams
with leptonic Yukawas, which are also considered to derive the low energy EFT. The upper left diagram
leads to the operator QiH1uj . The upper right diagram leads to the operator QiH1ujH

†
1H1. The lower left

diagram leads to the operator QiH
c
1dj . The lower right diagram leads to the operator QiH

c
1dj H

†
1H1.

λ̃u2ij λ̃
u†
2mn

m̃2
2

(Qiuj)(u
†
mQ
†
n) +

λ̃d†2ij λ̃
d
2mn

m̃2
2

(Qidj)(d
†
mQ
†
n) +

λ̃`†2ij λ̃
`
2mn

m̃2
2

(Li`j)(`
†
mL
†
n)

+

[
λ̃d†2ij λ̃

`
2mn

m̃2
2

(Qidj)(`
†
mL
†
n) +

λ̃u2ij λ̃
d†
2mn

m̃2
2

(Qiuj)(Qmdn) +
λ̃u2ij λ̃

`†
2mn

m̃2
2

(Qiuj)(Lm`n) + h.c.

]
(4.4.11)

4.4.2 The low energy theory of the Higgs doublet

Collecting the results (4.4.4), (4.4.6), (4.4.8), (4.4.9), (4.4.10) and (4.4.11) we are ready to write

down the low energy theory. For the remainder of this chapter we drop the subscripts in the doublet

of the low energy theory H1 and its neutral component h1. The effective Lagrangian density for the
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Qi

d̄j

−λ̃d†
2ij

Q†
n

d̄†m

−λ̃d
2mn

Qi

ūj

λ̃u
2ij

Qm

d̄n

−λ̃d†
2mn

Qi

ūj

λ̃u
2ij

Q†
n

ū†
m

λ̃u†
2mn

Figure 4.10: Diagrams with two Yukawas up to effective dimension six. The lower diagram also has a
complex conjugate version. There are also diagrams with leptonic Yukawas. The upper left diagram leads

to the operator (Qiuj)(u
†
mQ
†
n). The upper right diagram leads to the operator (Qidj)(d

†
mQ
†
n). The lower

diagram leads to the operator −(Qiuj)(Qidj), where the minus sign comes from reordering the contraction
of fields charged under SU(2).

Higgs doublet is

L = ZH DµH
†DµH + ζH

[
1

2
∂µ(H†H)∂µ(H†H) +H†HDµH

†DµH

]
+ ζ ′H

[
2H†H ∂µ(H†H)∂µ(H†H) + (H†H)2DµH

†DµH

]
− V (H)

−
[
QiH

(
λuij + ηuijH

†H
)
uj −QiHc

(
λd†ij + ηd†ij H

†H
)
dj − LiHc

(
λ`†ij + η`†ijH

†H
)
`j + h.c.

]
(4.4.12)

V (H) = m2
HH

†H +
1

2
λH(H†H)2 +

1

3
η6(H†H)3 +

1

4
η8(H†H)4 (4.4.13)

where

ζ ′H =
λ̃∗6λ̃6

m̃4
2

ZH = 1 + ∆ZH = 1 +

∣∣m̃2
12

∣∣2
m̃4

2

ζH =
2m̃2

12λ̃
∗
6

m̃4
2

∆ZH =
1

4
ζ ′Hv

4 = −1

4
ζHv

2 (4.4.14)
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m2
H = m̃2

1 −
∣∣m̃2

12

∣∣2
m̃2

2

λH = λ̃1 −
4m̃2

12λ̃
∗
6

m̃2
2

+
2(λ̃3 + λ̃4)

∣∣m̃2
12

∣∣2
m̃4

2

+
(λ̃∗5m̃

4
12 + h.c.)

m̃4
2

η6 = −3λ̃†6λ̃6

m̃2
2

+
6(λ̃3 + λ̃4)m̃2

12λ̃
∗
6

m̃4
2

+
3(λ̃∗5λ̃6m̃

2
12 + h.c)

m̃4
2

η8 =
4(λ̃3 + λ̃4)λ̃∗6λ̃6

m̃4
2

+
2(λ̃∗5λ̃

2
6 + h.c.)

m̃4
2

(4.4.15)

ηfij = −
λ̃f2ij λ̃

∗
6

m̃2
2

λfij = λ̃f1ij −
λ̃f2ijm̃

∗2
12

m̃2
2

f = u, d, `

Note that due to the no tadpole condition (4.3.24), the operator coefficients ∆ZH , ζ ′H and ζH are not

independent, as we see in the last lines of (4.4.14). Note also that in the effective theory there are no

threshold corrections to the Higgs kinetic Lagrangian at effective dimension six, the first corrections

are of effective dimension eight. The Higgs potential is modified at effective dimension six. The EFT

contains cubic Yukawa operators at effective dimension six, for all types of SM fermions. We do not

present operators with naive dimension six and eight involving the Higgs and gauge field strength

tensors since they come at effective dimension higher than eight. We also drop all operator dimension

six Higgs-fermion interactions with derivatives since they come at effective dimension eight. Note

that T violation in purely bosonic operators (operators involving no SM fermions) is irrelevant to

the effective dimension we work to; all the bosonic operators in (4.4.12) are T conserving. Up to

the order we work to, T violation only arises in the Higgs-fermion interactions. The fermion mass

matrices are given by the linear and cubic Yukawas by

λfijv√
2

+
ηfijv

3

2
√

2
= mf

ij (4.4.16)

The four fermion operators of the low energy theory are given by (4.4.11). Here we write them

as

Ω
uu(0)
ijmn (Qiuj)(u

†
mQ
†
n) + Ω

dd(0)
ijmn(Qidj)(d

†
mQ
†
n) + Ω

``(0)
ijmn(Li`j)(`

†
mL
†
n)

+
[
Ω
d`(0)
ijmn(Qidj)(`

†
mL
†
n) + Ω

ud(2)
ijmn (Qiuj)(Qmdn) + Ω

u`(2)
ijmn(Qiuj)(Lm`n) + h.c.

]
(4.4.17)
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or, expanding in components of the fermion doublets

Ω
uu(0)
ijmn

[
(uiuj)(u

†
mu
†
n) + (diuj)(u

†
md
†
n)

]
+ Ω

dd(0)
ijmn

[
(uidj)(d

†
mu
†
n) + (didj)(d

†
md
†
n)

]
+ Ω

``(0)
ijmn

[
(νi`j)(`

†
mν
†
n) + (`i`j)(`

†
m`
†
n)

]
+

[
Ω
d`(0)
ijmn

[
(uidj)(`

†
mν
†
n) + (didj)(`

†
m`
†
n)

]
+ Ω

ud(2)
ijmn

[
(uiuj)(dmdn)− (diuj)(umdn)

]

+ Ω
u`(2)
ijmn

[
(uiuj)(`m`n)− (diuj)(νm`n)

]
+ h.c.

]
(4.4.18)

These are all the four fermion operators that are obtained at effective dimension six. The

superindices (0) and (2) represent operators that violate chirality by zero or two units respectively.

The labels uu, dd, ``, d`, ud, u` label the right handed quarks appearing in the four fermion operator.

The coefficients of the operators are

Ω
uu(0)
ijmn =

λ̃u2ij λ̃
u†
2mn

m̃2
2

, Ω
dd(0)
ijmn =

λ̃d†2ij λ̃
d
2mn

m̃2
2

, Ω
``(0)
ijmn =

λ̃`†2ij λ̃
`
2mn

m̃2
2

Ω
d`(0)
ijmn =

λ̃d†2ij λ̃
`
2mn

m̃2
2

, Ω
ud(2)
ijmn =

λ̃u2ij λ̃
d†
2mn

m̃2
2

, Ω
u`(2)
ijmn =

λ̃u2ij λ̃
`†
2mn

m̃2
2

(4.4.19)

For general λ̃f2ij matrices, these four fermion interactions are flavor and T violating.

4.4.3 The Low energy theory of the Higgs boson

We now write down the effective theory for the neutral component of the Higgs doublet in the unitary

gauge. The no tadpole condition (4.3.24) will be used extensively in the rest of the discussion.



104

Writing the Lagrangian density (4.4.12) in terms of h we get

ZH

[
1

2
∂µh∂

µh+
1

2
m2
ZZ

µZµ

(
1 +

2h

v
+
h2

v2

)
+m2

WW
+µW−µ

(
1 +

2h

v
+
h2

v2

)]

+ ζH

[
1

2
∂µh∂

µh

(
3

2
v2 + 3vh+

3

2
h2

)
+

+

(
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

)(
1

2
v2 + 2vh+ 3h2 +

2h3

v
+

1

2

h4

v2

)]

+ ζ ′H

[
1

2
∂µh∂

µh

(
9

4
v4 + 9v3h+

27

2
v2h2 + 9vh3 +

9

4
h4

)

+

(
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

)(
1

4
v4 +

3

2
v3h+

15

4
v2h2 + 5vh3 +

15

4
h4 +

3

2

h5

v
+

1

4

h6

v2

)]

− V (h)−
[
uiuj

[
mu
ij +

(
mu
ij

v
+ 2

(
ηuijv

2

2
√

2

))
h+ 3

(
ηuijv

2
√

2

)
h2 +

(
ηuij

2
√

2

)
h3

]

− didj

[
md†
ij +

(
md†
ij

v
+ 2

(
ηd†ij v

2

2
√

2

))
h+ 3

(
ηd†ij v

2
√

2

)
h2 +

(
ηd†ij

2
√

2

)
h3

]
− `i`j

[
m`†
ij +

(
m`†
ij

v
+ 2

(
η`†ij v

2

2
√

2

))
h+ 3

(
η`†ij v

2
√

2

)
h2 +

(
η`†ij

2
√

2

)
h3

]
+ h.c.

]
(4.4.20)

The cubic Yukawa for the doublet contributes a term 3ηfijv
2/(2
√

2) to the linear Yukawas of the

Higgs fif jh, but one factor of ηfijv
2/(2
√

2) is already included in the definition of the fermion mass

matrix mf
ij/v, Eq. (4.4.16). The Higgs potential is given by

V (h) =
1

2
m2
Hh

2 +
1

2
λH

(
3

2
v2h2 + vh3 +

1

4
h4

)
+

1

3
η6

(
15v4

8
h2 +

5v3

2
h3 +

15v2

8
h4 +

3v

4
h5 +

1

8
h6

)
(4.4.21)

+
1

4
η8

(
7v6

4
h2 +

7v5

2
h3 +

35v4

8
h4 +

7v3

2
h5 +

7v2

4
h6 +

v

2
h7 +

1

16
h8

)
The irrelevant kinetic operators in (4.4.20) can be replaced in favor of operators with no deriva-

tives using integration by parts and equations of motion. We first use integration by parts to rewrite

the kinetic terms proportional to ζH as

1

2
∂µ(H†H)∂µ(H†H) +H†HDµH

†DµH

=
3

4
v2 ∂µh∂

µh+
3

2
vh ∂µh∂

µh+
3

4
h2 ∂µh∂

µh+

+

(
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

)(
1

2
v2 + 2vh+ 3h2 +

2h3

v
+

1

2

h4

v2

)
=

3

4
∂µh∂

µh v2 − 3

4
vh2 2h− 1

4
h3 2h+

+

(
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

)(
1

2
v2 + 2vh+ 3h2 +

2h3

v
+

1

2

h4

v2

)
(4.4.22)
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We also use integration by parts to rewrite the kinetic terms proportional to ζ ′H ,

2H†H ∂µ(H†H)∂µ(H†H) + (H†H)2DµH
†DµH

=
9

8
v4 ∂µh∂

µh+
9

2
v3h ∂µh∂

µh+
27

4
v2h2 ∂µh∂

µh+
9

2
vh3 ∂µh∂

µh+
9

8
h4 ∂µh∂

µh

+

(
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

)(
1

4
v4 +

3

2
v3h+

15

4
v2h2 + 5vh3 +

15

4
h4 +

3

2

h5

v
+

1

4

h6

v2

)
=

9

8
∂µh∂

µh v4 − 9

4
v3h2 2h− 9

4
v2h3 2h− 9

8
vh4 2h− 9

40
h5 2h

+

(
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

)(
1

4
v4 +

3

2
v3h+

15

4
v2h2 + 5vh3 +

15

4
h4 +

3

2

h5

v
+

1

4

h6

v2

)
(4.4.23)

The lowest order (effective dimension four) equation of motion for the Higgs field is

2h = −m2
Hh−

1

2
λH(3v2h+ 3vh2 + h3)

+

(
m2
Z

v
ZµZµ +

2m2
W

v
W+µW−µ

)(
1 +

h

v

)
−
(
mu
ij

v
uiuj +

md†
ij

v
didj +

m`†
ij

v
`i`j + h.c.

)
+ . . . (4.4.24)

where the dots represent terms of higher effective dimension. Using (4.4.24) in (4.4.22) and in

(4.4.23), we can rewrite the Higgs Lagrangian (4.4.20) with no irrelevant operators with derivatives

ZH

[
1

2
∂µh∂

µh+
1

2
m2
Z

(
1 +

2h

v
+
h2

v2

)
ZµZµ +m2

W

(
1 +

2h

v
+
h2

v2

)
W+µW−µ

]

+ ζH

[
3

4
∂µh∂

µh v2 −
(

3

4
vh2 +

1

4
h3

)[
−m2

Hh−
1

2
λH(3v2h+ 3vh2 + h3)

+

(
m2
Z

v
ZµZµ +

2m2
W

v
W+µW−µ

)(
1 +

h

v

)
−
(
mu
ij

v
uiuj +

md†
ij

v
didj +

m`†
ij

v
`i`j + h.c.

)]
+

(
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

)(
1

2
v2 + 2vh+ 3h2 +

2h3

v
+

1

2

h4

v2

)]

+ ζ ′H

[
9

8
∂µh∂

µh v4 −
(

9

4
v3h2 +

9

4
v2h3 +

9

8
vh4 +

9

40
h5

)[
−m2

Hh−
1

2
λH(3v2h+ 3vh2 + h3)

+

(
m2
Z

v
ZµZµ +

2m2
W

v
W+µW−µ

)(
1 +

h

v

)
−
(
mu
ij

v
uiuj +

md†
ij

v
didj +

m`†
ij

v
`i`j + h.c.

)]
+

(
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

)(
1

4
v4 +

3

2
v3h+

15

4
v2h2 + 5vh3 +

15

4
h4 +

3

2

h5

v
+

1

4

h6

v2

)]

− V (h)−
[
uiuj

[
mu
ij +

(
mu
ij

v
+ 2

(
ηuijv

2

2
√

2

))
h+ 3

(
ηuijv

2
√

2

)
h2 +

(
ηuij

2
√

2

)
h3

]

− didj

[
md†
ij +

(
md†
ij

v
+ 2

(
ηd†ij v

2

2
√

2

))
h+ 3

(
ηd†ij v

2
√

2

)
h2 +

(
ηd†ij

2
√

2

)
h3

]
− `i`j

[
m`†
ij +

(
m`†
ij

v
+ 2

(
η`†ij v

2

2
√

2

))
h+ 3

(
η`†ij v

2
√

2

)
h2 +

(
η`†ij

2
√

2

)
h3

]
+ h.c.

]
(4.4.25)
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Note that using equations of motion leads to new interaction terms for the Higgs with fermions

and gauge bosons - irrelevant operators involving derivatives of the Higgs cannot be neglected when

studying Higgs couplings. The wave function renormalization term in (4.4.25) can be made canonical

by performing a field redefinition

ϕ =

(
1 + ∆ZH +

3

2
ζHv

2 +
9

4
ζ ′Hv

4

)1/2

h

=

[
1 + λ̃†6λ̃6

(
v2

m̃2
2

)2 ]1/2

h =

[
1 + |Ξ|2 +O

(
v6

m̃6
2

)]1/2

h (4.4.26)

where in going from the first to the second line we made use of (4.4.14). As in section 4.2.3, we

see that there is a close relation between the mixing parameter (in this case, the complex alignment

parameter Ξ) in the mixing language and wave function renormalization in the EFT language.

Finally, note that the extremum condition for the potential is

∂V

∂v

∣∣∣
h=0

= v
(
m2
H +

1

2
λHv

2 +
1

4
η6v

4 +
1

8
η8v

6
)

= 0 (4.4.27)

so the Lagrangian mass parameter mH can be expressed in terms of Higgs potential couplings and

the vev

m2
H = −1

2
λHv

2 − 1

4
η6v

4 − 1

8
η8v

6 (4.4.28)

Using (4.4.26) and (4.4.28) in (4.4.25) we write the effective field theory for the Higgs boson in its

final form

L =
1

2
∂µϕ∂

µϕ− 1

2
m2
ϕϕ

2 +

n=8∑
n=3

1

n!
gϕnϕ

n +
1

2
m2
ZZ

µZµ +m2
WW

+µW−µ

+

n=6∑
n=1

ϕn

n!

[
gϕnZZ

1

2
ZµZµ + gϕnWW W+µW−µ

]
−mu

ijuiuj −md†
ij didj −m`†

ij `i`j

−
n=3∑
n=1

ϕn

n!

[
λuϕnij uiuj + λd†ϕnij didj + λ`†ϕnij `i`j + h.c.

]
(4.4.29)

We now give explicit expressions for all the couplings of the effective theory. All the SM values

of the couplings of the Higgs can be read from this section by taking the limit λ̃6 → 0. The no

tadpole condition is crucial for the final results. For instance, note that in (4.4.25) there are several

mass terms for the W and Z bosons at effective dimension eight. The no tadpole condition imposes

conditions between the coefficients of these operators, Eq. (4.4.14). These conditions ensure that

all the effective dimension eight mass terms cancel out, such that the mass of the W and Z boson

coincide with their values in the renormalizable SM, mW = g2v/2 and mZ = g2v/(2 cos θW ). Note

that this ensures that ρ = m2
W /(m

2
Z cos2 θW ) = 1.
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We start by the Higgs mass, which is given by

m2
ϕ = v2

[
λ̃1 − λ̃∗6λ̃6

v2

m̃2
2

− 1

2

[
(2λ̃1 − λ̃3 − λ̃4)λ̃∗6λ̃6 −

1

2
(λ̃∗5λ̃

2
6 + h.c)

] v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.4.30)

The second term in (4.4.30) comes from the threshold correction to the operators (H†H)2 and

(H†H)3 at effective dimension six. The rest of the corrections come from operators of effective

dimension eight: the term proportional to λ̃1λ̃
∗
6λ̃6 is due to wave function renormalization (4.4.25),

and the rest of the terms come from threshold corrections to the operators (H†H)n, n = 2, 3, 4 at

effective dimension eight.

The couplings of one Higgs to two massive gauge bosons V = W,Z are

gϕV V =
2m2

V

v

[
1− 1

2
λ̃∗6λ̃6

v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.4.31)

The difference with respect to the SM values comes exclusively from dilution by wave function

renormalization (4.4.26) at effective dimension eight. The rest of the contributions to these couplings

coming from the terms with covariant derivatives proportional to ζH and ζ ′H in (4.4.12) cancel out,

thanks to (4.4.14). The result (4.4.31) coincides with the corresponding couplings obtained in the

mixing language (4.3.61). The couplings of two Higgses to two massive gauge bosons are

gϕ2V V =
2m2

V

v2

[
1− 3λ̃∗6λ̃6

v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.4.32)

The difference with respect to the SM prediction comes exclusively from the terms that were gen-

erated by using the equations of motion in (4.4.25). This is an effective dimension eight effect. The

rest of the effective dimension eight terms cancel out. Note that (4.4.32) does not coincide with

the result in the mixing language (4.3.59). As discussed in the SHSM EFT, four linear couplings

in general do not coincide in the mixing and EFT languages, we comment on the difference in the

end of this section. For completeness, the irrelevant couplings to gauge bosons come at effective

dimension eight and are given by

vgϕ3V V = −m
2
V

v2

[
24λ̃∗6λ̃6

v4

m̃4
2

+O
(
v6

m̃6
2

)]
v2gϕ4V V = −m

2
V

v2

[
72λ̃∗6λ̃6

v4

m̃4
2

+O
(
v6

m̃6
2

)]
v3gϕ5V V = −m

2
V

v2

[
144λ̃∗6λ̃6

v4

m̃4
2

+O
(
v6

m̃6
2

)]
v4gϕ6V V = −m

2
V

v2

[
144λ̃∗6λ̃6

v4

m̃4
2

+O
(
v6

m̃6
2

)]
(4.4.33)

These couplings vanish in the decoupling limit.
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Higgs-fermion interactions are modified by the cubic Yukawas of the Higgs doublet, which come

at effective dimension six. They are given by

λfϕij =
mf
i

v
δij − 2

(
λ̃f2ij λ̃

∗
6

2
√

2

)(
v2

m̃2
2

)
+O

(
v4

m̃4
2

)

vλfϕ2ij = −3

(
λ̃f2ij λ̃

∗
6√

2

)(
v2

m̃2
2

)
+O

(
v4

m̃4
2

)

v2λfϕ3ij = −3

(
λ̃f2ij λ̃

∗
6√

2

)(
v2

m̃2
2

)
+O

(
v4

m̃4
2

)
(4.4.34)

Note that we neglect the effective dimension eight terms coming from wave function renormalization

(4.4.26) and from the use of the equations of motion in (4.4.23), since we only work up to effective

dimension six in interactions involving fermions. All the flavor violating terms in the fermionic

couplings (4.4.34) are inherited from the heavy doublet Yukawa matrix, λ̃f2ij . Non zero phases in

λ̃f2ij λ̃
∗
6 lead to T violating processes mediated by Higgs boson exchange, since they induce a relative

phase between the Yukawas and the quark mass matrices. Note that the irrelevant couplings λfϕ2ij

and λfϕ3ij vanish in the decoupling limit.

Higgs self couplings are modified by the operators of effective dimension six and eight in (4.4.12).

They are given by

1

v
gϕ3

1
= −3m2

ϕ1

v2
+ 6λ̃∗6λ̃6

v2

m̃2
2

+
1

2

[ [
21λ̃1 − 12(λ̃3 + λ̃4)

]
λ̃∗6λ̃6 −

(
6λ̃5λ̃

∗2
6 + h.c.

)] v4

m̃4
2

+O
(
v6

m̃6
2

)
(4.4.35)

gϕ4
1

= −3m2
ϕ1

v2
+ 36λ̃∗6λ̃6

v2

m̃2
2

+

[ [
105λ̃1 − 60(λ̃3 + λ̃4)

]
λ̃∗6λ̃6 −

(
30λ̃5λ̃

∗2
6 + h.c.

)] v4

m̃4
2

+O
(
v6

m̃6
2

)
(4.4.36)

For completeness, the irrelevant self couplings are given by

vgϕ5 = 90λ̃6λ̃
∗
6

v2

m̃2
2

+

([
585λ̃1 − 330(λ̃3 + λ̃4)

]
λ̃∗6λ̃6 −

(
165λ̃5λ̃

∗2
6 + h.c.

)) v4

m̃4
2

+O
(
v6

m̃6
2

)
v2gϕ6 = 90λ̃6λ̃

∗
6

v2

m̃2
2

+

([
2097λ̃1 − 1170(λ̃3 + λ̃4)

]
λ̃∗6λ̃6 −

(
585λ̃5λ̃

∗2
6 + h.c.

)) v4

m̃4
2

+O
(
v6

m̃6
2

)
v3gϕ7 =

([
4536λ̃1 − 2520(λ̃3 + λ̃4)

]
λ̃∗6λ̃6 −

(
1260λ̃5λ̃

∗2
6 + h.c.

)) v4

m̃4
2

+O
(
v6

m̃6
2

)
v4gϕ8 =

([
4536λ̃1 − 2520(λ̃3 + λ̃4)

]
λ̃∗6λ̃6 −

(
1260λ̃5λ̃

∗2
6 + h.c.

)) v4

m̃4
2

+O
(
v6

m̃6
2

)
(4.4.37)

All these irrelevant self couplings vanish in the decoupling limit.

Note that all trilinear couplings coincide in the EFT and mixing languages, while four-linear

interactions do not coincide, as already discussed in section 4.2.3 for the case of the SM extended
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with a heavy singlet. The equality of the trilinear couplings in the EFT and mixing languages

ensures the equality between the non analytic (long distance) physical scattering amplitudes in the

EFT and mixing languages. Integrating out heavy fields cannot modify cubic interactions. Four-

linear interactions can be different in both languages, since four linear couplings in the mixing

language do not contain all the short distance pieces of the corresponding amplitudes, but EFT

couplings do. Scattering amplitudes calculated in both languages coincide, as we will see in section

4.4.4.

We conclude this section emphasizing a series of particular phenomenological characteristics of

the 2HDM EFT. First, deviations to the SM predictions of the Higgs-fermion couplings come at

effective dimension six, while deviations to the Higgs-gauge boson couplings come first at effective

dimension eight. This hierarchy is one of the main features of the 2HDM EFT. Deviations from

the SM predictions in a measurement of fermionic Higgs couplings at colliders, together with no

corresponding modifications to the Higgs-gauge boson couplings, would be a possible indication of

a Higgs sector completed with a second doublet in the UV. Second, all the deviations to the SM

predictions for the couplings of the Higgs at effective dimension six are controlled exclusively by a

small subset of the couplings of the UV completion: the PQ invariant combinations λ̃f2ij λ̃6 and λ̃∗6λ̃6.

This significantly reduces the complexity of the analysis of the most general 2HDM. In the mixing

language, λ̃6 is related to the complex alignment parameter through (4.3.53). The modifications to

Higgs-gauge boson couplings with respect to their SM predictions at effective dimension eight, are

also controlled by λ̃∗6λ̃6. Another special characteristic of the 2HDM EFT is that all the bosonic

couplings of the Higgs are smaller in magnitude than their SM counterparts. This is evident in

the EFT, but less obvious in the mixing language, where the coupling of two Higgses to two gauge

bosons is left unmodified with respect to its SM value.

T violation has a particular structure in the 2HDM EFT. All T violation at effective dimension

six comes exclusively from the PQ invariant phases in the fermionic interactions proportional to

λ̃f2ij λ̃6. The T violating phases θ1 and θ2 defined in (4.3.25) which come from the 2HDM potential

do not show up at effective dimension six. Note that θ1 is the phase of the complex alignment

parameter (4.3.53). As a consequence, measuring the phase of the complex alignment parameter is

challenging for a 2HDM near the decoupling limit, since the T violating effects of θ1 are subleading.

The T violating effects of θ1 might first appear in fermionic interactions involving an insertion of

the coupling λ̃5 at effective dimension eight. Finally, there is no CP violation in purely bosonic

interactions up to at least effective dimension ten in the 2HDM EFT. For instance, the operator

H†HFµν F̃
µν is not induced up to at least effective dimension ten.
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Regarding the four fermion operators (4.4.17), note that they are the only operators which are

not controlled by λ̃6, and they are the only operators at effective dimension six which do not vanish

in the exact alignment limit, when Ξ ∝ λ̃6 = 0. In the exact alignment limit and near the decoupling

limit, the only hope to get hints of a second doublet would be at flavor experiments sensitive to

flavor violation in the four fermion operators (4.4.17).

Finally, note that in our results there is no reference to tanβ anywhere, since in a general 2HDM,

tanβ has no physical meaning.

4.4.4 Scattering amplitudes

As a consistency check of the EFT we compute scattering amplitudes, and compare with the corre-

sponding results obtained in the mixing language in section 4.3.3. We omit spinors in the amplitudes.

The dihiggs to di-W boson scattering amplitude is

A
(
ϕ1ϕ1 →W+W−

)
= gµν

[
gϕ2W 2 − gϕ3gϕW 2

s−m2
ϕ

− g2
ϕW 2

(
1

t−m2
W

+
1

u−m2
W

)]
(4.4.38)

Using the EFT couplings (4.4.31), (4.4.32) and (4.4.35) the resulting amplitude is

A
(
ϕϕ→W+W−

)
= gµν

[
2m2

W

v2
− 6λ̃6λ̃

∗
6

m2
W

v2

v4

m̃4
2

− 2m2
W

v2

[
− 3m2

ϕ

v2
+ 6λ̃∗6λ̃6

v2

m̃2
2

+
1

2

([
21λ̃1 − 12(λ̃3 + λ̃4)

]
λ̃∗6λ̃6

−
(
6λ̃5λ̃

∗2
6 + h.c.

)) v4

m̃4
2

+
3

2
λ̃∗6λ̃6

m2
ϕv

2

m̃4
2

](
v2

s−m2
ϕ

)
− 4m4

W

v4

[
1− λ̃†6λ̃6

v4

m̃4
2

](
v2

t−m2
W

+
v2

u−m2
W

)
+O

(
v6

m̃6
2

)]
(4.4.39)

which coincides with the result obtained in the mixing language (4.3.76). Note that the second term

in (4.4.39) comes from the modification to the dihiggs di-W boson coupling with respect to its SM

value.

The dihiggs to difermion chirality violating scattering amplitude is

A
(
ϕϕ→ fif j

)
= −λfϕ2ij +

gϕ3λfϕij
s−m2

ϕ

(4.4.40)

Using the EFT couplings (4.4.34) and (4.4.35) we get

A
(
ϕϕ→ fif j

)
=

1

v

[
3√
2
λ̃f2ij λ̃

∗
6

v2

m̃2
2

+

[
δij
mf
i

v

(
− 3m2

ϕ

v2
+ 6λ̃6λ̃

∗
6

v2

m̃2
2

)

+
3√
2
λ̃f2ij λ̃

∗
6

m2
ϕ

m̃2
2

](
v2

s−m2
ϕ

)
+O

(
v4

m̃4
2

)]
(4.4.41)
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which coincides with the result obtained in the mixing language (4.3.78). Note that this amplitude

has a flavor and T violating term both in the long and short distance pieces, inherited from the

Yukawas of the heavy doublet λ̃f2ij .

The dihiggs to dihiggs scattering amplitude is

A (ϕϕ→ ϕϕ) = gϕ4 − g2
ϕ3

(
1

s−m2
ϕ

+
1

t−m2
ϕ

+
1

u−m2
ϕ

)
(4.4.42)

Using the EFT coupling (4.4.35) we get

A (ϕϕ→ ϕϕ) = −3m2
ϕ

v2
+ 36λ̃∗6λ̃6

(
v2

m̃2
2

)
−
(

9m2
ϕ

v4
− 36λ̃1λ̃

∗
6λ̃6

v2

m̃2
2

)
(

v2

s−m2
ϕ

+
v2

t−m2
ϕ

+
v2

u−m2
ϕ

)
+O

(
v4

m̃4
2

)
(4.4.43)

which coincides with the result obtained in the mixing language (4.3.80).

4.5 The EFT of the 2HDM with Glashow-Weinberg conditions

In the SM, the fermion mass matrices and the Higgs Yukawas are aligned in flavor space, so they

can be simultaneously diagonalized by performing quark and lepton field redefinitions. As a conse-

quence, there are no flavor changing neutral currents (FCNC). FCNC are experimentally strongly

constrained.

In a general 2HDM, it is not possible to simultaneously diagonalize the fermion mass matrices

and the Yukawas of both Higgs doublets simultaneously by performing field redefinitions. This leads

to FCNC mediated by neutral Higgs states. In the 2HDM, FCNCs can be avoided by imposing the

Glashow-Weinberg (GW) conditions [30]. The conditions consist in giving mass to all fermions in

a particular representation by allowing them to couple with only one of the two doublets. These

conditions can be imposed by discrete symmetries or supersymmetry. The Glashow-Weinberg (GW)

conditions are satisfied by four discrete choices of the Yukawa couplings (4.3.1) of the doublets Φ1,

Φ2

Type I: λu1 = λd1 = λ`1 = 0

Type II: λu1 = λd2 = λ`2 = 0

Type III: λu1 = λd1 = λ`2 = 0

Type IV: λu1 = λd2 = λ`1 = 0 (4.5.1)

In the 2HDM with GW conditions, the ratio of the vevs of the doublets v2/v1 = tanβ defined in

(4.3.5) contains physical information, since it is the ratio of the vevs in the preferred basis of the
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Higgs doublets in which one of the conditions (4.5.1) holds. In other words, in a 2HDM with GW

conditions, tanβ is physical, since it is the rotation angle relating the preferred basis with the Higgs

basis (4.3.11) 3.

The objective of this section is to study the types I-IV 2HDM using the EFT presented in section

4.4. GW conditions impose a particular structure on the Yukawas and four fermion operators of the

low energy theory, but we impose no other restrictions in addition to one of the conditions (4.5.1),

i.e., we consider the Higgs potential to be the most general one at the renormalizable level, and we

allow for all the possible T violating phases. Since the GW conditions only refer to the fermionic

interactions, we do not present the bosonic interactions in this section. All the bosonic interactions

are the ones of a general 2HDM, and were presented in section 4.4. Each type of 2HDM will be

presented in sections 4.5.1, 4.5.2, 4.5.3 and 4.5.4. The detailed discussion of T violation in the types

I-IV 2HDM is left to section 4.6.

4.5.1 Type I

In the type I 2HDM the Yukawas of the doublet Φ1 are set to zero

λu1 = λd1 = λ`1 = 0 (4.5.2)

so all the fermions get their mass from their coupling to the second doublet Φ2.

The Yukawas of the doublets in the Higgs basis are obtained by using (4.5.2) in (4.3.17)

λ̃u,d,`1ij = e
iξ
2 λu,d,`2ij sinβ (4.5.3)

λ̃u,d,`2ij = λu,d,`2ij cosβ (4.5.4)

The fermion mass matrices are related to λ̃u,d,`1ij through (4.3.14), so using (4.5.3) we rewrite λu,d,`2ij

as

λu,d,`2ij = e
−iξ
2

√
2mu,d,`

ij

v
cscβ (4.5.5)

Using (4.5.5) in (4.5.4), we write the Yukawas of the second doublet in the Higgs basis as

λ̃u,d,`2ij =
√

2e−
iξ
2 cotβ

mu,d,`
ij

v
(4.5.6)

3In the MSSM, tanβ can be defined independently of the Yukawas, since there is a flat direction Hu = Hd which
specifies the preferred basis.
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Using (4.5.6) in the Higgs Yukawas (4.4.34), we get

λu,d,`ϕij =
mu,d,`
ij

v

[
1− λ̃∗6e−iξ/2 cotβ

v2

m̃2
2

+O
(
v4

m̃4
2

)]
vλu,d,`ϕ2ij = −

mu,d,`
ij

v

[
3λ̃∗6e

− iξ2 cotβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
v2λu,d,`ϕ3ij = −

mu,d,`
ij

v

[
3λ̃∗6e

− iξ2 cotβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
(4.5.7)

Note that using (4.3.54) the Higgs Yukawas can also be expressed in terms of the complex alignment

parameter

λu,d,`ϕij = δij
mu,d,`
ij

v

[
1 + eiArg(λ̃∗5)/2e−

iξ
2 Ξ cotβ +O

(
Ξ2
)]

vλu,d,`ϕ2ij =
mu,d,`
ij

v

[
3eiArg(λ̃∗5)/2e−

iξ
2 Ξ cotβ +O

(
Ξ2
)]

v2λu,d,`ϕ3ij =
mu,d,`
ij

v

[
3eiArg(λ̃∗5)/2e−

iξ
2 Ξ cotβ +O

(
Ξ2
)]

(4.5.8)

The coefficients of the four fermion operators are found using (4.5.6) in (4.4.17)

Ω
uu(0)
ijmn = 2

1

m̃2
2

mu
ijm

u†
mn

v2
cot2 β

Ω
dd(0)
ijmn = 2

1

m̃2
2

md†
ijm

d
mn

v2
cot2 β

Ω
``(0)
ijmn = 2

1

m̃2
2

m`†
ijm

`
mn

v2
cot2 β

Ω
d`(0)
ijmn = 2

1

m̃2
2

md†
ijm

`
mn

v2
cot2 β

Ω
ud(2)
ijmn = 2

1

m̃2
2

mu
ijm

d†
mn

v2
cot2 β

Ω
u`(2)
ijmn = 2

1

m̃2
2

mu
ijm

`†
mn

v2
cot2 β (4.5.9)

In the EFT of a type I 2HDM at effective dimension six, all the modifications to the SM pre-

dictions for the fermionic couplings of the Higgs (4.5.7), and all the four fermion operators (4.5.9)

vanish in the large tanβ limit. The reason is that in this limit, the doublet H2 that is integrated out

is aligned with the doublet Φ1, which does not couple to fermions. The leading effects on the Higgs

Yukawas in this case are of effective dimension eight, and come from kinetic operators in the effec-

tive Lagrangian. Alternatively, in the mixing language, at large tanβ the only modifications to the

Higgs Yukawa couplings come from dilution due to the complex alignment parameter as discussed

in section 4.3.2. In this limit, the modifications to the SM predictions for the Higgs Yukawas and

Higgs couplings to gauge bosons are identical: both couplings are diluted by

√
1− |Ξ|2.
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We now perform field redefinitions to present the Yukawa couplings and four fermion operators

in the quark mass eigenbasis. Without loss of generality, the quark mass matrices in a general flavor

basis are given by

mu = UQu diag(mu,mc,mt)U
†
u (4.5.10)

md† = UQd diag(md,ms,mb)U
†
d

(4.5.11)

where all the mass eigenvalues are real and non negative. We define the CKM matrix following the

conventions of [41]

V = UTQuU
∗
Qd

(4.5.12)

The quark mass matrices are diagonalized by the field redefinitions

u′i = uj
[
UQu

]
ji

d′i = dj
[
UQd

]
ji

u′i =
[
U†u
]
ij
uj d

′
i =

[
U†
d

]
ij
dj (4.5.13)

We drop the primes in the quark fields in the mass eigenbasis for the remainder of this chapter.

Using the field redefinitions (4.5.13) in the effective lagrangian (4.4.29) and the Yukawas (4.5.7), we

find the Yukawas in the quark mass eigenbasis

λu,d,`ϕij = δij
mu,d,`
i

v

[
1− λ̃∗6e−iξ/2 cotβ

v2

m̃2
2

+O
(
v4

m̃4
2

)]
vλu,d,`ϕ2ij = −δij

mu,d,`
i

v

[
3λ̃∗6e

− iξ2 cotβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
v2λu,d,`ϕ3ij = −δij

mu,d,`
i

v

[
3λ̃∗6e

− iξ2 cotβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
(4.5.14)

Note that the Yukawas in the mass eigenbasis are diagonal, as expected, since the GW conditions

ensure that there are no FCNCs.

We define the coefficients of the four fermion operators for the components of the quark and

lepton doublets in the quark mass eigenbasis as

ω
uu(0)
ijmn (uiuj)(u

†
mu
†
n) + ω

uu±(0)
ijmn (diuj)(u

†
md
†
n)

+ ω
dd(0)
ijmn (didj)(d

†
md
†
n) + ω

dd±(0)
ijmn (uidj)(d

†
mu
†
n)

+ ω
``(0)
ijmn (νi`j)(`

†
mν
†
n) + ω

``±(0)
ijmn (`i`j)(`

†
m`
†
n)

+

[
ω
d`(0)
ijmn (didj)(`

†
m`
†
n) + ω

d`±(0)
ijmn (uidj)(`

†
mν
†
n)

+ ω
ud(2)
ijmn (uiuj)(dmdn) + ω

ud±(2)
ijmn (diuj)(umdn)

+ ω
u`(2)
ijmn (uiuj)(`m`n) + ω

u`±(2)
ijmn (diuj)(νm`n) + h.c.

]
(4.5.15)
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where the ± superindex indicates four fermion operators generated by integrating out the charged

Higgs, while the operators with no ± superindex are induced by integrating out neutral heavy Higgs

states. In the original gauge interaction basis for the quark fields, the coefficients of these two

types of operators are identical, as in (4.4.18), due to gauge invariance of the operators (4.4.17).

In the quark mass eigenbasis these two types of operators have different coefficients, since the field

redefinitions (4.5.13) act differently on the two components of the quark doublet Q. The coefficients

in (4.5.15) are found by using (4.5.9) in (4.4.18), and performing the field redefinitions (4.5.13). We

get

ω
uu(0)
ijmn = 2

1

m̃2
2

δijδmn
mu
im

u∗
m

v2
cot2 β ω

uu±(0)
ijmn = 2

1

m̃2
2
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u
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m V

∗
mn
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cot2 β
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dd(0)
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1
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2
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i m

d
m

v2
cot2 β ω
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1
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V ∗ijm
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ijmn = 2

1

m̃2
2

δmn
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V Tijm
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1
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δijδmn
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im
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1
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δmn
V Tijm
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cot2 β

(4.5.16)

where no sum over any index is intended. We keep the stars in the quark mass terms for generality,

but in the quark mass eigenbasis they are real. All flavor and T violation in the four fermion

operators comes from the CKM matrix, and it is induced by integrating out the charged heavy

Higgses. We leave a more detailed discussion of T violation for section 4.6.

4.5.2 Type II: λu1 = λd2 = λ`2 = 0

The type II 2HDM is defined by setting λu1 = λd2 = λ`2 = 0. Here we follow closely the calculations

and the discussion performed in section 4.5.1, and we omit repeating some of the details. The

Yukawa matrices for the Higgs basis doublets are

λ̃u1ij = e
iξ
2 λu2ij sinβ

λ̃d,`1ij = e−
iξ
2 λd,`1ij cosβ (4.5.17)
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λ̃u2ij = λu2ij cosβ

λ̃d,`2ij = −e−iξλd,`1ij sinβ (4.5.18)

Using (4.3.14), (4.5.17) and (4.5.18) we rewrite λu,d,`2ij in terms of the fermion mass matrices

λu2ij = e
−iξ
2

√
2mu

ij

v
cscβ

λd,`2ij = e
iξ
2

√
2md,`

ij

v
secβ (4.5.19)

Using (4.5.19) in (4.5.18), the Yukawas for the heavy doublet can be expressed in terms of the quark

mass matrices as

λ̃u2ij =
√

2e−
iξ
2 cotβ

mu
ij

v

λ̃d,`2ij = −
√

2e−
iξ
2 tanβ

md,`
ij

v
(4.5.20)

Using (4.5.20) in (4.4.34), the resulting couplings of the physical Higgs to up type fermions in

the low energy theory are

λuϕij =
mu
ij

v

[
1− λ̃∗6e−iξ/2 cotβ

v2

m̃2
2

+O
(
v4

m̃4
2

)]
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ij

v
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2
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2

)]
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ij
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[
3λ̃∗6e
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m̃2
2

+O
(
v4

m̃4
2

)]
(4.5.21)

while down type quark Yukawas are

λd,`ϕij =
md,`
ij

v

[
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−iξ/2 tanβ
v2
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2
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)]
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(4.5.22)

Note that using (4.3.54) the Higgs Yukawas can be expressed in terms of the complex alignment

parameter

λuϕij = δij
mu
ij

v

[
1 + eiArg(λ̃∗5)/2e−

iξ
2 Ξ cotβ +O

(
Ξ2
)]

vλuϕ2ij =
mu
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v

[
3eiArg(λ̃∗5)/2e−
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2 Ξ cotβ +O
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)]

v2λuϕ3ij =
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[
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iξ
2 Ξ cotβ +O

(
Ξ2
)]

(4.5.23)
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λd,`ϕij = δij
md,`
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v

[
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(
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(4.5.24)

In the EFT the type II 2HDM at large tanβ the the only modifications to the up type Higgs

Yukawas are subleading effects coming from dilution due to the complex alignment parameter by a

factor

√
1− |Ξ|2 as discussed in section 4.3.2. In this limit, the modifications to the SM predictions

for the up type Higgs Yukawas and Higgs couplings to gauge bosons are identical: both couplings

are diluted by

√
1− |Ξ|2. In this limit down type Yukawas suffer the largest deviations with respect

to their SM values, since they are modified at effective dimension six, and the modifications are

enhanced by tanβ.

The coefficients of the four fermion interactions (4.4.17) are
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(4.5.25)

We now rotate to the quark mass eigenbasis. The up type Yukawas are

λuϕij = δij
mu
i

v

[
1− λ̃∗6e−iξ/2 cotβ

v2
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(4.5.26)

while the down type Yukawas are

λd,`ϕij = δij
md,`
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v
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(4.5.27)
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Note that in a type II 2HDM tanβ can be measured from comparing the deviations of up type

Yukawas versus down type Yukawas from their SM values. Using (4.5.26) and (4.5.27) we get

tan2 β =

∣∣∣∣∣ mu
i

md,`
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(
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i /v

λuϕij −mu
i /v

)∣∣∣∣∣+O
(
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m̃2
2

)
(4.5.28)

The four fermion interactions in the quark mass eigenbasis are defined as in (4.5.15). They are

given by
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(4.5.29)

where ± superindex indicates four fermion operators generated by charged Higgs exchange and V is

the CKM matrix. Note that some of the four fermion operators in (4.5.29) are tanβ independent.

4.5.3 Type III

The type III 2HDM is defined by setting λu1 = λd1 = λ`2 = 0. The Yukawa matrices for the Higgs

basis doublets are

λ̃u,d1ij = e
iξ
2 λu,d2ij sinβ

λ̃`1ij = e−
iξ
2 λ`1ij cosβ (4.5.30)

λ̃u,d2ij = λu,d2ij cosβ

λ̃`2ij = −e−iξλ`1ij sinβ (4.5.31)

Using (4.3.14), (4.5.30) and (4.5.31) we rewrite λu,d,`2ij in terms of the fermion mass matrices

λu,d2ij = e
−iξ
2

√
2mu,d

ij

v
cscβ

λ`2ij = e
iξ
2

√
2m`

ij

v
secβ (4.5.32)
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Using (4.5.31) and (4.5.32) the Yukawas for the heavy doublet can be expressed in terms of the

quark mass matrices as

λ̃u,d2ij =
√

2e−
iξ
2 cotβ

mu,d
ij

v

λ̃`2ij = −
√

2e−
iξ
2 tanβ

m`
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v
(4.5.33)

Using (4.5.33) in (4.4.34), the resulting couplings of the physical Higgs to up and down type

quarks in the low energy theory are
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(4.5.34)

while the lepton Yukawas are

λ`ϕij =
m`
ij

v

[
1 + λ̃∗6e

−iξ/2 tanβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
vλ`ϕ2ij =

m`
ij

v

[
3λ̃∗6e

− iξ2 tanβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
v2λ`ϕ3ij =

m`
ij

v

[
3λ̃∗6e

− iξ2 tanβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
(4.5.35)

The four fermion interactions (4.4.17) are
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(4.5.36)

We now rotate to the quark mass eigenbasis by using (4.5.13). The Yukawas are again diagonal
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in flavor space, and given by
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The four fermion interactions in the quark mass eigenbasis are defined as in (4.5.15). They are

given by
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where ± superindex indicates four fermion operators generated by charged Higgs exchange and V

is the CKM matrix.

4.5.4 Type IV

The type IV 2HDM is defined by setting λu1 = λd2 = λ`1 = 0. The Yukawa matrices for the Higgs

basis doublets are

λ̃u,`1ij = e
iξ
2 λu,`2ij sinβ

λ̃d1ij = e−
iξ
2 λd1ij cosβ (4.5.40)

λ̃u,`2ij = λu,`2ij cosβ

λ̃d2ij = −e−iξλd1ij sinβ (4.5.41)
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Using (4.3.14), (4.5.40) and (4.5.41) we rewrite λu,d,`2ij in terms of the fermion mass matrices
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Using (4.5.41) and (4.5.42), the Yukawas for the heavy doublet can be expressed in terms of the

quark mass matrices as
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Using (4.5.43) in (4.4.34), the resulting couplings of the physical Higgs to up type quarks and

leptons in the low energy theory are
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while the down type quark Yukawas are

λdϕij =
md
ij

v

[
1 + λ̃∗6e

−iξ/2 tanβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
vλdϕ2ij =

md
ij

v

[
3λ̃∗6e

− iξ2 tanβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
v2λdϕ3ij =

md
ij

v

[
3λ̃∗6e

− iξ2 tanβ
v2

m̃2
2

+O
(
v4

m̃4
2

)]
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The four fermion interactions (4.4.17) are
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We now rotate to the quark mass eigenbasis by using (4.5.13). The Yukawas are again diagonal in

flavor space. The up type and lepton Yukawas are
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while the down quark Yukawas are
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The four fermion interactions in the quark mass eigenbasis are defined as in (4.5.15). They are

given by
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(4.5.49)

where ± superindex indicates four fermion operators generated by charged Higgs exchange and V

is the CKM matrix.

4.6 T violation in types I-IV 2HDM

In this section we discuss T violation in the types I-IV 2HDM. We restrict ourselves to effective

dimension six effects. First, recall that in section 4.4.3 we concluded that at effective dimension six,

T violation is contained only in the four fermion operators or in the Higgs Yukawas. In the types

I-IV 2HDM, T violation is further restricted.
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From equations (4.5.16), (4.5.29), (4.5.39) and (4.5.49), we note that in the types I-IV 2HDM,

the only T violation in four fermion operators is due to the known CKM phase. These T violating

terms originate from integrating out the charged Higgs, arise only in flavor violating processes with

CKM matrix insertions, and are present even if all the T violating phases of the 2HDM vanish. The

effects of these T violating terms are heavily suppressed by the Jarlskog invariant.

All non-CKM CP violation at effective dimension six in the low energy theory is contained in

the cubic Higgs Yukawa, which modifies the SM like Higgs Yukawa couplings. In the quark mass

eigenbasis the Higgs Yukawas can be written as

λuϕij = δij
mu
i

v
( 1 + κu )

λd,` †ϕij = δij
md,`
i

v
( 1 + κd,` ) (4.6.1)

mu,d,`
i is the complex quark matrix, and κu,d,` is given for each type of 2HDM with Glashow-Weinberg
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conditions in section (4.5),

Type I: Reκu,d,` = − v2

m2
H

Re

[
e−iξ/2λ̃∗6

]
cot β +O

(
v4

m4
H

)
Imκu = −Imκd,` = − cotβ sin δhff +O

(
v4

m4
H

)

Type II: Reκu = − v2

m2
H

Re

[
e−iξ/2λ̃∗6

]
cot β +O

(
v4

m4
H

)
Reκd,` =

v2

m2
H

Re

[
e−iξ/2λ̃∗6

]
tan β +O

(
v4

m4
H

)
Imκu = − cotβ sin δhff +O

(
v4

m4
H

)
Imκd,` = − tan β sin δhff +O

(
v4

m4
H

)

Type III: Reκu,d = − v2

m2
H

Re

[
e−iξ/2λ̃∗6

]
cot β +O

(
v4

m4
H

)
Reκ` =

v2

m2
H

Re

[
e−iξ/2λ̃∗6

]
tan β +O

(
v4

m4
H

)
Imκu = −Imκd = − cotβ sin δhff +O

(
v4

m4
H

)
Imκ` = − tan β sin δhff +O

(
v4

m4
H

)

Type IV: Reκu,` = − v2

m2
H

Re

[
e−iξ/2λ̃∗6

]
cot β +O

(
v4

m4
H

)
Reκd =

v2

m2
H

Re

[
e−iξ/2λ̃∗6

]
tan β +O

(
v4

m4
H

)
Imκu = −Imκ` = − cotβ sin δhff +O

(
v4

m4
H

)
Imκd = − tan β sin δhff +O

(
v4

m4
H

)
(4.6.2)

where we defined

sin δhff ≡ v2

m2
H

∣∣∣λ̃6

∣∣∣ sin Arg
(
λ̃∗6e
−iξ/2

)[
1 +O

(
v2

m2
H

)]
=

v2

m2
H

Im
(
λ̃∗6e
−iξ/2)[1 +O

(
v2

m2
H

)]
= − 2

m2
H

Im
(
m̃2 ∗

12 e
−iξ/2)[1 +O

(
v2

m2
H

)]
(4.6.3)

In the last line of (4.6.3) we used the no tadpole condition (4.3.24) to write

Im
(
λ̃∗6e
−iξ/2) = −2 Im

(
m̃2 ∗

12 e
−iξ/2) (4.6.4)
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From the effective phase (4.6.2) we see that CP violation at effective dimension six, which is contained

in the Higgs Yukawas, can be written in terms of sin δhff . Using the relation between Higgs basis

parameters and parameters in the original doublet basis, (4.3.18), we obtain the relation

Im
(
m̃2 ∗

12 e
−iξ/2) = −Im (m2 ∗

12 e
−iξ) (4.6.5)

such that using (4.6.5) we can express the effective dimension six phase sin δhff in terms of potential

parameters in the original basis

sin δhff =
2

m2
H

Im
(
m2 ∗

12 e
−iξ)[1 +O

(
v2

m2
H

)]
The quantity Im

(
m2 ∗

12 e
−iξ) depends on the Higgs condensate phase ξ in the original basis. We now

solve for the phase in terms of potential parameters. The EWSB condition in the original basis

(4.3.7) is

Im (m2 ∗
12 e
−iξ) =

1

4
v2 sin 2β Im(λ∗5e

−2iξ) +
1

2
v2 cos2 β Im(λ∗6e

−iξ) +
1

2
v2 sin2 β Im(λ∗7e

−iξ)

(4.6.6)

Note that from (4.6.6) it is clear that Im (m2 ∗
12 e

iξ
)

is of the order of the electrosheep scale squared.

The symmetry protecting the Glashow Weinberg conditions imposes λ6 = λ7 = 0, so in this case

the EWSB condition (4.6.6) is simplified to

Im (m2 ∗
12 e
−iξ) =

1

4
v2 sin 2β Im(λ∗5e

−2iξ) (4.6.7)

Equation (4.6.7) has a simple solution at effective dimension six. We leave the derivation of the

solution for an appendix. The solution is given by

Im(m2∗
12e
−iξ) =

1

4
v2 |λ5| sin 2β sin Arg

(
m4

12λ
∗
5

)[
1 +O

(
|λ5|

v2

m2
H

)]
(4.6.8)

Using (4.6.8) in the effective dimension six CP violating phase (4.6.6),

sin δhff =
1

2
|λ5| sin 2β sin Arg

(
m4

12λ
∗
5

) v2

m2
H

[
1 + O

(
|λ5|

v2

m2
H

)]

=
tanβ

1 + tan2 β
|λ5| sin Arg

(
m4

12λ
∗
5

) v2

m2
H

[
1 + O

(
|λ5|

v2

m2
H

)]
(4.6.9)

(4.6.10)

where in the last line we made use of sin 2β = 2 tanβ/(1 + tan2 β). Note that at large tanβ the

effective phase sin δhff is suppressed by 1/ tanβ,
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4.7 The electron EDM

The leading contributions to the electron EDM in terms of the effective Yukawa modifiers κu and

κd,` is given by the sum of terms involving top, bottom, tau and W boson loops []

de
e

∣∣∣∣
t loop

= −16

3

√
2αGFme

(4π)3

[
f(m2

t/m
2
h) Imκ` + g(m2

t/m
2
h) Imκu

]
(4.7.1)

de
e

∣∣∣∣
b loop

= −4

3

√
2αGFme

(4π)3

[
f(m2

b/m
2
h) Imκ` + g(m2

b/m
2
h) Imκb

]
(4.7.2)

de
e

∣∣∣∣
τ loop

= −4
√

2αGFme

(4π)3

[
f(m2

τ/m
2
h) + g(m2

τ/m
2
h)

]
Imκ` (4.7.3)

de
e

∣∣∣∣
W loop

=
2
√

2αGFme

(4π)3

[
5g(m2

W /m
2
h) + 3f(m2

W /m
2
h) +

3

4

[
g(m2

W /m
2
h) + h(m2

W /m
2
h)
]

− 1

2

g(m2
W /m

2
h)− f(m2

W /m
2
h)

m2
W /m

2
h

]
Imκ` (4.7.4)

de
e

∣∣∣∣
non Barr-Zee

=
1

2

√
2αGFme

(4π)3 sin2 θW
D(m2

W /m
2
h) Imκ` (4.7.5)

The corresponding masses are given in table 4.4. We use the MS mass for the bottom quark

Yukawa in the calculations. We neglect the renormalization of the rest of the pole masses.

Pole MS (mH) MS (m)

mt 172.5 163

mt 172.5

mb 3.8 2.8

mτ 1.8

mW 80.4

mh 125

Table 4.4: Pole and MS masses in GeV.

The functions f(z), g(z) and D(z) are given in appendix C. For reference, the numerical values of

the functions are given in table 4.5.

In the absence of additional CP violating operators, the experimental limit on the electron EDM

is is [118]

de < 8.7× 10−29 e cm (4.7.6)

Using the effective Yukawas (4.6.2) in the expression for the electron EDM (4.7.1), (4.7.2), (4.7.3),
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z f(z)/
√
z g(z)/

√
z f(z)/z g(z)/z h(z)/z D(z)/z

1 0.83 1.17 −0.78 −1.10

m2
t/m

2
h 0.73 1.04

m2
b/m

2
h 0.64 0.79

m2
τ/m

2
h 0.45 0.54

m2
W /m

2
h 1.47 2.06 −1.25 −2.49

Table 4.5: Reference values of functions f(z), g(z), h(z) and D(z). The functions are defined in appendix
C.

(4.7.4) and (4.7.5) we obtain

Type I: de = 7.11× 10−27 cotβ sin δhff

[
1 +O

(
v2

mH
2

)]
e cm

Type II: de =
[
4.56× 10−27 cotβ − 2.56× 10−27 tanβ

]
sin δhff

[
1 +O

(
v2

mH
2

)]
e cm

Type III: de =
[
4.54× 10−27 cotβ − 2.57× 10−27 tanβ

]
sin δhff

[
1 +O

(
v2

mH
2

)]
e cm

Type IV: de =
[
7.12× 10−27 cotβ − 1.38× 10−29 tanβ

]
sin δhff

[
1 +O

(
v2

mH
2

)]
e cm

(4.7.7)

We now make use of the electron EDM’s (4.7.7) and the experimental constraint (4.7.6) to set limits

on the effective phase sin δhff . The limits are shown in figure (4.12) in the plane of the effective

phase versus tanβ. The limits are particularly strong at large values of tanβ in the types II and

III, since in that case there is a enhancement of the CP violating effective lepton Yukawa, which

enhances the EDM diagram with a W boson loop. The weakest limits are for the type I 2HDM,

since in that case there is no ehnacement of any of the CP violating effective Yukawas at large tanβ.

It is also illustrative to express the limits in terms of parameters of the two Higgs doublet model

potential (4.3.3) in the original basis using the relation (4.6.9). The relevant combination of potential

parameters is |λ5| sin Arg
(
m4

12λ
∗
5

)
v2

m2
H

. The corresponding limits are presented in figure (4.12). In

terms of this combination of parameters, there is no tanβ enhancement for the limits. The reason

is that this combination of perameters enters in the effective phase sin δhff with a power of tanβ

suppression, which cancels the tanβ enhancement of the EDM’s (4.7.7) in all cases. Note however

that the limits are still considerable in types II and III, in which case most of the parameter space

with |λ5| sin Arg
(
m4

12λ
∗
5

)
v2

m2
H
> 10−1 is ruled out. Types I and IV are mostly unconstrained, since

in this case the contribution of the combination |λ5| sin Arg
(
m4

12λ
∗
5

)
v2

m2
H

to the EDM’s is heavily

suppressed by tanβ.

Finally, we plot the limits as a function of the imaginary part of the effective top and tau Yukawa
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and tanβ in 4.13 and 4.14. We
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Figure 4.11: Limits on
∣∣ sin δhff

∣∣. The shaded region is excluded by the ACME bound |de| < 8.7 ×
10−29 e cm. Dashed lines correspond to contours of the electron EDM in units of e cm.

4.8 Conclusions of this chapter

In this chapter we studied and organized the low energy phenomenology of the SHSM and 2HDM

near the decoupling limit using EFT. We worked at tree level. In the SHSM we worked up to

effective dimension six, and in the 2HDM we worked up to effective dimension six in interactions

involving fermions, and eight in purely bosonic interactions. The main output of this exercise is a
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Figure 4.12: Limits on |λ5| sin Arg
(
m4

12λ
∗
5

)
v2

m2
H

. The shaded region is excluded by the ACME bound

|de| < 8.7× 10−29 e cm. Dashed lines correspond to contours of the electron EDM in units of e cm.

general map between experimental signatures and theory. We summarize some of its main features

in table 4.6. This map is a valuable, simple tool for interpreting experimental data.

Several observations can be made thanks to the organization of the phenomenology, that will be

studied in follow up papers. First, we point out that the main difference of extensions with singlets

and doublets, is that couplings of the Higgs to fermions and to massive gauge bosons are modified at

different effective dimension. For this reason, a well motivated quantity to study at LHC are ratios
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Figure 4.13: Limits the imaginary part of the effective top Yukawas |Imκt|. The shaded region is excluded
by the ACME bound |de| < 8.7× 10−29 e cm. Dashed lines correspond to contours of the electron EDM in
units of e cm.

of the type ∣∣∣∣ λfϕijgϕV V

gSMϕV V

λf SM

ϕij

∣∣∣∣ (4.8.1)

Measurements of these ratios have been recently presented by ATLAS and CMS [96]. In the SHSM

these ratios can be obtained from (4.2.56) and (4.2.58), and should be close to one, if radiative effects

are small. In the 2HDM they are obtained from (4.4.31) and (4.4.34) and should be generically

different from one. These observations remain valid away from the decoupling limit. Ratios of

different couplings of the Higgs are one of the main tools to discern between the different extensions
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Figure 4.14: Limits the imaginary part of the effective top Yukawas |Imκτ |. The shaded region is excluded
by the ACME bound |de| < 8.7× 10−29 e cm. Dashed lines correspond to contours of the electron EDM in
units of e cm.

of the Higgs sector. In the ratios, theoretical and/or experimental uncertainties might cancel. Ratios

of Higgs Yukawas or Higgs couplings to massive gauge bosons over Higgs self couplings might also

be interesting observables at colliders.

Moreover, the deviations of the couplings with respect to their SM values are controlled by a small

subset of parameters of the UV completions. This leads to correlations between the deviations. The

simplest case is in the SHSM, where both the Higgs couplings to two massive gauge bosons (4.2.56)

and the Higgs Yukawas (4.2.58) suffer the same modification as pointed out above. In the 2HDM,
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the deviations of these couplings are not directly correlated in general. However, in the particular

limit in which the Yukawas of the heavy doublet vanish, as in the type I 2HDM at large tanβ, both

deviations show up first at effective dimension eight and are equal, mimicking the effective theory

of the SHSM. In this case, both deviations can be understood as dilution by the complex alignment

parameter.

Regarding T violation, in the 2HDM EFT we identified the U(1)PQ invariant T violating phases of

the full 2HDM which are most relevant at low energies. We showed that only relative phases between

the Higgs potential coupling λ̃6 and the heavy doublet Yukawas appear at effective dimension six.

In particular, in types I-IV 2HDM we showed that there is only one such phase and it appears only

in the Higgs Yukawas. This phase can be constrained by EDM experiments.

We also organized all the effective dimension six flavor violating effects in the 2HDM EFT. All

the four fermion operators were derived, and the flavor violating Higgs Yukawas were presented.

For the general 2HDM, these results are tanβ independent. Direct constraints on both the four

fermion operator coefficients and on the Higgs Yukawas can be placed, and efforts have already been

carried out in the literature [119]. Moreover, recent anomalies on flavor physics [120–126] provide

strong motivation to study models with novel sources of flavor violation. These anomalies might

be explained with tree level flavor violation [127], and it remains interesting to perform a detailed

study of all the alternatives within the 2HDM.
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The SHSM The 2HDM

Couplings to gauge bosons
gϕV V , gϕ2V V , V = W,Z

ED 6 (4.2.56)
Always smaller than SM

ED 8 (4.4.31),(4.4.32)
Always smaller than SM

Fermionic couplings
λfϕij , f = u, d, `

ED 6 (4.2.58)
Always smaller than SM

ED 6 (4.4.34)

Higgs self-couplings
gϕ3 , gϕ4

ED 6 (4.2.59)
ED 6 (4.4.35), (4.4.36)
Always smaller than SM

Flavor violation 7
ED 6 (4.4.17),(4.4.34)

∆F = 1,∆F = 2. Chirality
violating and preserving.

T violation 7

ED 6 (4.4.17),(4.4.34)
Only in fermionic interactions.
Only one phase δ2HDM (4.6.3)

in types I-IV.

Modifications correlated and
controlled mostly by

ξ2

µ2 (4.2.3) (or cos γ (4.2.18))
λ̃6 (4.3.16) (or Ξ (4.3.52))

and λ̃f2ij(4.3.13) , f = u, d, `

Table 4.6: Summary table of the main features of the SHSM and 2HDM effective field theories. ED stands
for effective dimension. Each equation reference after ED 6 or ED 8 points to the coupling or operator
where the corresponding effect can be read off. The rest of the equation references point to definitions of
parameters.
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Chapter 5

Conclusions and Outlook

In this work we addressed many of the fundamental problems of particle physics. We started

by discussing the puzzle of CP violation, which contains four basic moving parts: the strong CP

problem, the problem of the origin of the matter-antimatter asymmetry of the universe, the problem

of the flavor and CP violating structure of the quark sector, and the problem of the flavor and CP

structure of the lepton sector, which includes the issue of the origin of neutrino masses. We provided

a full solution to the puzzle of CP violation through a high scale supersymmetric model in which

all flavor mixing and CP violation is spontaneously generated through a Nelson-Barr mechanism.

We developed powerful analytical tools to study the parameter space of the model, and we were

able to conclude that the model not only accommodates all the known flavor and CP structure of

the Standard Model, but it accommodates all the required CP violation in nature and included

a mechanism for baryogenesis. Moreover, the model provides sharp predictions, making it quite

unique. In particular, it provides a strong prediction for the mass of the lightest neutrino, which is

below the mass sensitivity of current experiments.

It is exciting to have a well motivated model at disposition which such predictive power. The

dark energy survey will reach a bound on the scale of the neutrino masses
∑
mνi < 0.1 eV, just

above the higher mass range for our prediction. Therefore, our model provides strong motivations

to look for alternative ways to lower the bound. On the other hand, better measurements for the

mixing angles are crucial to improve the predictions of our model. And finally, measurements of the

CP violating phases in the DUNE [48] experiment could rule out or provide evidence in favor of our

model.

On the other hand, it is of the greatest importance to have phenomenologically viable mecha-

nisms of supersymmetry breaking. In this work we provided a complete, natural model for gauge
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mediated supersymmetry breaking. This model has attracted attention for its simplicity (the model

basically rescues a phenomenologically viable versions of minimal gauge mediation), and because

it has been shown to be the most natural model available in the literature [16]. The model leads

to spectacular experimental signatures at LHC for natural spectra with accessible colored particles

(stops or gluinos). The decay chain is long, and includes jets, missing energy and taus in the final

state, such that there is discovery potential with only few events. The natural parameter space of

this model is being probed at the 13 TeV LHC.

Finally, in this work we carried out a complete and detailed analysis of the Higgs sector of

supersymmetric models and of other extensions of the Standard Model. The properties of the Higgs

boson are being probed at LHC, and the absence of deviations with respect to the Standard Model

predictions lead to strong motivations to consider extended Higgs sector where the additional vacuum

states are heavy. Moreover, the possible extensions of the Higgs sector which are compatible with

electroweak precision tests are limited. Following these principles, we concentrated in extensions with

only a singlet (SHSM) or a heavy second SU(2)L doublet (2HDM), and we performed a detailed

analysis of the phenomenology by using effective field theory. The conclusions are strikingly simple.

In the extension with a singlet, we found that only two operators modify the SM lagrangian at

leading order in the operator expansion, namely a Higgs sextic interaction and a dimension six

kinetic operator, which modifies uniformly the Higgs interactions to fermions and gauge bosons. On

the other hand, for any 2HDM near the decoupling limit, we found that the effects on low energy

physics are organized by a concept of operator effective dimension, which differs form naive operator

dimension. We found that the leading corrections to the SM predictions are exclusively in four

fermion operators, a cubic Higgs Yukawa operator and a sextic Higgs potential coupling. The most

interesting experimental opportunities arise from the first two types of operators. Four fermion

operators and cubic Yukawas may lead to flavor and/or CP violation, and an interesting avenue to

pursue is to understand the limits on the flavor structure of such operators. On the other hand, the

cubic Yukawa operator modifies the SM like couplings of the Higgs to fermions, and leads to possible

deviations that might be found at LHC. The operator analysis shows that in the 2HDM, deviations

to the SM like couplings of the Higgs to gauge bosons arise only at higher order in the operator

expansion so they are suppressed. The different hierarchy of modifications of the couplings in the

SHSM and 2HDM is a powerful tool to distinguish the phenomenology of the different extensions of

the SM.

The hierarchical organization of the modification to the Standard Model predictions in each of

the models was then used to understand the low energy CP violating effects of first a general 2HDM,
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and then of a 2HDM with Glashow Weinberg conditions. In the latter case, it was shown that the

observable effects at leading order in an operator expansion come from a single effective dimension

six operator, which was constrained using limits on the electric dipole moment of the electron. It is

interesting that such limits are most relevant for the 2HDM of types II and III, and constrain the

effective phase to be less than one part in ten for most values of tanβ. Types I and IV are much

less constrained, especially at high values of tanβ, and a large effective CP violating phase may be

present. Better limits on the electron EDM will be crucial to probe the remaining parameter space,

and if an anomalous result is obtained in the data, it could provide hints for the existence of an

extended Higgs sector.

Exciting times are coming for particle physics. All the models discussed in this work are directly

targeted to solve the fundamental problems of particle physics, and have phenomenological conse-

quences which are accessible to current or future experiments. Our understanding of the Higgs sector

of the SM, of the flavor and CP structure of the quark and lepton sector and of the symmetries un-

derlying our fundamental theories, which have been mostly unaltered in the previous decades, might

suffer a drastic change in the next few years. It is of the greatest importance for the theory commu-

nity to keep working in providing insight to organize and motivate new experimental searches, which

may finally lead to the solution of one or more of the current challenges in fundamental physics.
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Appendix A

Flavor invariants

A.1 Flavor Invariants in the Standard Model

The dimension five superpotential of the MSSM contains the interactions

λdij QiHddj − λuij QiHuuj − λ`ij LiHd`j

+ λνij(LiHu)(LjHu) (A.1.1)

The MSSM has a U(3)5 background symmetry, which corresponds to its flavor group. The

charges of the couplings are specified in table A.1. For convenience, the flavor charges for some

combinations of couplings are given in table A.2.

U(3)Q U(3)u U(3)d U(3)L U(3)`

Q 31

u 31

d 31

L 31

` 31

λu 3−1 3−1

λd 3−1 3−1

λ` 3−1 3−1

λν 6−2

eiθ3 16 13 13

eiθ2 19 10 10 13 10

eiθ1 12 116 14 16 112

Table A.1: Flavor symmetries in the Standard model with massive neutrinos. The vacuum angles are
defined up to a sign. The subscripts indicate the U(1) ⊂ U(3) charges.
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U(3)Q U(3)u U(3)d U(3)L U(3)`

λuλ
†
u 10⊕80 10 10

λdλ
†
d 10⊕80 10 10

λ`λ
†
` 10⊕80 10

λνλ
†
ν 10⊕80⊕270 10[

λuλ
†
u, λdλ

†
d

]
80,A⊕100,A⊕100,A

Det λu 1−3 1−3 10

Det λd 1−3 10 1−3

Det λ` 1−3 1−3

Det λν 1−6 10

Tr[(λuλ
†
u)n] 10

Tr[(λdλ
†
d)
n] 10

Tr[(λ`λ
†
`)
n] 10

Tr[(λνλ
†
ν)n] 10

Table A.2: Flavor charges for some combinations of fermionic couplings. The subscripts indicate the
U(1) ⊂ U(3) charges. This notation could be confusing: for instance λuλ

†
u can be confused with just simple

matrix multiplication as in the rest of the paper, but here we mean both the 8 that results from matrix
multiplication, and the 1 that results from the trace of the matrix multiplication. DEU

All observable quantities must be invariant under flavor transformations. Invariants can be built

by taking traces of flavored matrices, as in exemplified in table A.2. Observables that break and do

not break CP can be expressed in terms of CP odd and CP even invariants, respectively [128]. A

CP odd (even) invariant is defined as a purely imaginary (real) flavor invariant.

In this work we make use of leptonic invariants, which are useful tools to simplify the numerical

calculations. Quark invariants are not be used intensively, but they are somewhat simpler and more

familiar than the leptonic invariants and they illustrate the ideas of the invariant formalism, so we

begin by describing them.

The quark sector contains eleven observable parameters αi , i = 1..11. These parameters are the

six masses, three mixing angles, the CKM phase and the strong CP phase. Correspondingly, we

must be able to express the eleven observable parameters in terms of eleven independent invariants

Ij , j = 1..11, nine of which must be CP even and the remaining two must be CP odd. Independence

of the invariants is ensured if the Jacobian

det

(
∂Ij
∂αi

)
(A.1.2)

is non zero. In this work we check numerically that this condition is always fulfilled for the set of

chosen invariants, but we omit presenting the explicit calculations for brevity.
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We now present the independent invariants for the quark sector. (*maybe just remove the follow-

ing comment, is not clarifying at all*) All of them, except the one measuring the strong CP phase,

will be built out of traces of matrices that transform only under U(3)Q to ensure invariance (see

table A.2). The magnitude of the six quark masses squared can be expressed in terms of the CP

even invariants

v2n
u Tr

(
λuλ

†
u

)n
v2n
d Tr

(
λdλ

†
d

)n
(A.1.3)

with n = 1, 2, 3. The above invariants are real since the matrices λuλ
†
u, λdλ

†
d are hermitian. The

remaining three CP even invariants are related with flavor mixing, and can be chosen to be

Tr
([
λuλ

†
u, λdλ

†
d

]2)
Tr
([
λuλ

†
u, λdλ

†
d

]2 (
λuλ

†
u

))
Tr
([
λuλ

†
u, λdλ

†
d

]2 (
λdλ

†
d

))
It can be shown that the above invariants are real by using the cyclic property of the trace and

the hermiticity of the matrices λuλ
†
u and λdλ

†
d. Note that if the matrices λuλ

†
u and λdλ

†
d can be

simultaneously diagonalized by an SU(3)Q transformation, the invariants in (A.1.4) vanish. This

corresponds to the case of no quark mixing.

The CKM phase resides in the CP odd Jarslkog invariant [31], which is conventionally defined as

− iJ =
1

3
v6
uv

6
d Tr

([
λuλ

†
u, λdλ

†
d

]3)
(A.1.4)

The trace in (A.1.4) is purely imaginary since the matrix [λuλ
†
u, λdλ

†
d

]3
is antihermitian. Note that

in the case of no quark mixing, the invariant vanishes and the CKM phase is not observable.

We now turn to the strong CP phase. The U(1) charges of eiθ corresponds to the strength of

anomalies. The invariant for the SU(3)C vacuum angle is given by

iθ = iArg
(
eiθ Detλu Detλd

)
(A.1.5)

The existence of a basis independent combination of Lagrangian parameters corresponding to the

SU(3)C vacuum angle implies that all of the zero modes of an SU(3)C instanton can be soaked up

by Lagrangian interactions.

Now, without loss of generality the yukawa matrices are given by

vuλu = UQu diag(mu,mc,mt)U
†
u

vdλd = UQd diag(md,ms,mb)U
†
d

(A.1.6)

where UQu , UQd , Uu and Ud are basis dependent unitary matrices and the masses are defined to

be real and positive. In a given basis, (A.1.6) fixes UQu , UQd , Uu and Ud unambiguously up to
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right multiplication by arbitrary diagonal unitary matrices. These diagonal unitary matrices can be

seen as the remaining flavor transformation that one can perform in a basis in which λu or λd are

diagonal. Without loss of generality, they can be chosen such that the CKM matrix

VCKM = UTQuU
∗
Qd

(A.1.7)

is in its canonical form, as given by [41]

VCKM =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (A.1.8)

Explicit expressions for the invariants in terms of measurable parameters can be obtained using

(A.1.6) and (A.1.7). The results are of course independent of the basis chosen to perform the

calculations. As an example, the invariants (A.1.3) are given by

v2n
u Tr

(
λuλ

†
u

)n
= m2n

u +m2n
c +m2n

t

v2n
d Tr

(
λdλ

†
d

)n
= m2n

d +m2n
s +m2n

b

(A.1.9)

with n = 1, 2, 3. Note that these “mass invariants” are independent of the mixing angles and of the

CKM phase. The invariants measuring flavor mixing are

v4
uv

4
d Tr

([
λuλ

†
u, λdλ

†
d

]2)
= 2 Tr

(
M2
u V
∗
CKMM2

d V
T
CKMM2

u V
∗
CKMM2

d V
T
CKM

−M2
u V
∗
CKMM4

d V
T
CKMM2

u

)
(A.1.10)

v6
uv

4
d Tr

([
λuλ

†
u, λdλ

†
d

]2
λuλ

†
u

)
= Tr

(
V ∗CKMM2

d V
T
CKMM2

u V
∗
CKMM2

d V
T
CKMM4

u

−M6
u V
∗
CKMM4

d V
T
CKM

)
(A.1.11)

v4
uv

6
d Tr

([
λuλ

†
u, λdλ

†
d

]2
λdλ

†
d

)
= Tr

(
M4
d V

T
CKMM2

u V
∗
CKMM2

d V
T
CKMM

2
u V
∗
CKM

−M6
d V

T
CKMM4

u V
∗
CKM

)
(A.1.12)

The trace for the Jarslkog invariant is given by

v6
uv

6
d Tr

([
λuλ

†
u, λdλ

†
d

]3)
= Tr

(
3M4

u V
∗
CKMM4

d V
T
CKMM2

u V
∗
CKMM2

d V
T
CKM

)
− h.c.

(A.1.13)

J = 2(m2
t −m2

c)(m
2
t −m2

u)(m2
c −m2

u)(m2
b −m2

s)(m
2
b −m2

d)(m
2
s −m2

d)

s12s23s31c12c23c
2
31 sin δ (A.1.14)
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check prefactors The expressions for the flavor mixing CP even invariants (A.1.4) in terms of masses

and mixing angles are complicated non-linear expressions, and we choose to omit them. The ex-

pressions are complicated since mixing can occur between any two out of the three generations,

and the invariants must account for all the possibilities. This is a feature that carries on to the

leptonic sector, and in practice disfavors the use of CP even flavor mixing invariants, in the sense

that if the numerical values of the flavor mixing invariants are known, it is numerically challenging

to extract the values of the mixing angles from them. In this work we do not make use of flavor

mixing invariants in the calculations.

The leptonic sector contains twelve observables: the three charged lepton masses, three left

handed neutrino masses, three mixing angles and three CP violating phases in the PMNS matrix.

One of the CP violating phases is similar to the CKM phase of the quark sector, while the other

two are Majorana phases. Correspondingly, there are twelve invariants, nine of which are CP even,

and three of which are CP odd. Differently from the quark sector, in this case there is no basis

independent combination of quark and lepton Lagrangian interaction parameters that give rise to

quark and lepton masses corresponding to the SU(2)L vacuum angle does this mean that the SU(2)L

vacuum angle is not observable?, so the corresponding CP violating phase is not discussed here.

We now present the leptonic invariants. We build them as traces of matrices that transform

only under U(3)L (see table A.2). The magnitude of the three lepton and neutrino masses can be

expressed in terms of

Tr[(λ`λ
†
`)
n] Tr[(λνλ

†
ν)n] (A.1.15)

for n = 1, 2, 3. The above invariants are real since the matrices λ`λ
†
`, λνλ

†
ν are hermitian. The

remaining three CP even invariants are related with flavor mixing, and can be chosen to be

Tr
([
λ`λ
†
`, λνλ

†
ν

]2)
Tr
([
λ`λ
†
`, λνλ

†
ν

]2 (
λ`λ
†
`

)2)
Tr
( [
λ`λ
†
`, λνλ

†
ν

]2 (
λνλ

†
ν

)2)
(A.1.16)

The case of commuting λ`λ
†
` and λνλ

†
ν corresponds to the case of no leptonic flavor mixing.

Of the three CP odd invariants for the leptonic sector [128], one is a leptonic Jarlskog invariant

− iJL =
1

3
v3
d Tr

([
λ`λ
†
` , λνλ

†
ν

]3)
(A.1.17)
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while the remaining two are related to the Majorana phases

Tr
([
λ`λ
†
` , λν

(
λ`λ
†
`

)∗
λ†ν
]3)

Tr

([
λ`λ
†
` , λνλ

†
ν

] (
λν
(
λ`λ
†
`

)∗
λ†ν

)) (A.1.18)

Without loss of generality, the charged lepton Yukawas and the LH neutrino mass matrix are

given by

vd λ` = ULd diag(me,mµ,mτ ) U†`

v2
uλν = ULu diag(mνe,mνµ,mντ ) UTLu (A.1.19)

where ULd , ULu and U` are basis dependent unitary matrices and the masses are defined to be real

and positive. The PMNS matrix is a unitary, basis independent matrix defined as

UPMNS = UTLdU
∗
Lu (A.1.20)

In a given basis, (A.1.19) fixes unambigously ULu , but ULd is fixed only up to right multiplication

by a diagonal unitary matrix. This diagonal unitary matrix is chosen such that the PMNS matrix

is in its canonical form given by

UPMNS = UP (A.1.21)

where

P =


1 0 0

0 eiλ2 0

0 0 eiλ3

 (A.1.22)

and

U =


c12c13 s12c13 s13e

−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13

 (A.1.23)

where we are abusing of the notation by calling the lepton and quark mixing angles in the same way.

Explicit expressions for the invariants in terms of measurable parameters can be obtained using

(A.1.19) and (A.1.21). The results are of course independent of the basis chosen to perform the

calculations. As an example, the invariants (A.1.15) are given by

v2n
d Tr

(
λ`λ
†
`

)n
= m2n

e +m2n
µ +m2n

τ

v4n
u Tr

(
λνλ

†
ν

)n
= m2n

ν1 +m2n
ν2 +m2n

ν3

(A.1.24)

with n = 1, 2, 3. Note that these “mass invariants” are independent of the mixing angles and CP

violating phases.
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The flavor mixing invariants (A.1.4) are

v8
uv

4
d Tr

([
λ`λ
†
`, λνλ

†
ν

]2)
= 2 Tr

(
M2
` U
∗
PMNSM

2
ν U

T
PMNSM

2
` U
∗
PMNSM

2
ν U

T
PMNS

−M2
` U
∗
PMNSM

4
ν U

T
PMNSM

2
`

)
(A.1.25)

v8
uv

6
d Tr

([
λ`λ
†
`, λνλ

†
ν

]2
λ`λ
†
`

)
= Tr

(
U∗PMNSM

2
ν U

T
PMNSM

2
` U
∗
PMNSM

2
ν U

T
PMNSM

4
`

−M6
` U
∗
PMNSM

4
ν U

T
PMNS

)
(A.1.26)

v12
u v

4
d Tr

([
λ`λ
†
`, λνλ

†
ν

]2
λνλ

†
ν

)
= Tr

(
M4
ν U

T
PMNSM

2
` U
∗
PMNSM

2
ν U

T
PMNSM

2
` U
∗
PMNS

−M6
ν U

T
PMNSM

4
` U
∗
PMNS

)
(A.1.27)

The trace for the leptonic Jarslkob invariant is

v12
u v

6
d Tr

([
λ`λ
†
`, λνλ

†
ν

]3)
= Tr

(
3M4

` U
∗
PMNSM

4
ν U

T
PMNSM

2
` U
∗
PMNSM

2
ν U

T
PMNS

)
− h.c.

(A.1.28)

We can also evaluate the trace in the leptonic Jarlskob invariant explicitely

JL = −2(m2
µ −m2

e)(m
2
τ −m2

e)(m
2
τ −m2

µ)(m2
ν2 −m2

ν1)(m2
ν3 −m2

ν1)(m2
ν3 −m2

ν2)

s12c12s13c
2
13s23c23 sin δ13 (A.1.29)

Note that this invariant is independent of the Majorana phases of the PMNS matrix.

The CP odd Majorana invariants in terms of masses and the PMNS matrix are

v12
u v

12
d Tr

([
λ`λ
†
` , λν

(
λ`λ
†
`

)∗
λ†ν
]3)

= Tr
(

3M2
ν U
†
PMNSM

2
` UPMNSMν U

T
PMNS (A.1.30)

M2
` U
∗
PMNSMν U

†
PMNSM

2
` UPMNSMν

UTPMNSM
4
` U
∗
PMNSMν U

†
PMNSM

2
` UPMNS

)
− h.c.

v4
dv

8
d Tr

([
λ`λ
†
` , λνλ

†
ν

] (
λν
(
λ`λ
†
`

)∗
λ†ν

))
= Tr

(
M3
ν U
†
PMNSM

2
` UPMNS

Mν U
T
PMNSM

2
` U
∗
PMNS

)
− h.c. (A.1.31)
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U(3)N U(3)L U(3)`

N 31

L 31

` 31

λN 31 3−1

M 6−2

λ` 3−1 3−1

eiθ2 13 10

eiθ1 16 112

Table A.3: Flavor symmetries of a type I seesaw model with leptonic couplings as in (2.2.16). The subscripts
indicate the U(1) ⊂ U(3) charges.

U(3)N U(3)L U(3)`

λ†NλN 10⊕80 10 10

M∗M 10⊕80⊕270 10 10

Table A.4: Flavor symmetries of a type I seesaw model for some combinations of fermionic couplings.
Couplings are defined as in (2.2.16). The subscripts indicate the U(1) ⊂ U(3) charges.

A.2 Flavor Invariants in a type I seesaw model

We now consider the leptonic sector of a supersymmetric type I seesaw model. The superpotential

contains the interactions

1

2
MijNiNj − λ`ij LiHd`j − λNij LiHuNj

A type I seesaw model has a U(3)N × U(3)L × U(3)` background symmetry, which corresponds

to its flavor symmetries. The flavor symmetries are specified in table A.3. In a type I seesaw model,

the RH neutrinos are heavier than the LH leptons. When the RH neutrinos are integrated out, they

lead to a low energy effective theory with leptonic flavor symmetry U(3)L × U(3)` as in table A.1.

For convenience, the transformation properties of some combination of couplings is given in table

A.4.

A type I seesaw model has twenty-one independent observables. We separate the observables and

invariants in “IR” and “UV” observables and invariants. We define the twelve IR observables ξa,

a = 1..12 to be a minimal set of independent parameters that completely specify all the independent

invariants that can be built with the flavor symmetry U(3)L × U(3)` of the low energy effective

theory. As seen in section A.1, the twelve IR observables can be chosen to be the six LH lepton

masses and the six elements of the PMNS matrix.
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The remaining nine observables ηb, b = 1..9 are defined as the UV observables maybe the wording

“observables” v/s “invariants” is not clear. after all, invariants are also observables. By definition,

the twelve IR invariants Ia do not depend on the nine UV observables,

∂Ia
∂ηb

= 0 a = 1..12 , b = 1..9 (A.2.1)

The nine UV invariants Ib can depend both on the IR and UV observables.

We now identify the nine UV observables. We first note that the RH neutrino mass matrix is,

in the most general case

M = UTM diag(M1,M2,M3)UM (A.2.2)

On the other hand, using (2.2.23) and (A.1.19), the neutrino mass matrix must satisfy

v2
uλNM

−1(λN )T = ULu diag(mνe,mνµ,mντ ) UTLu (A.2.3)

The most general RH neutrino Yukawa satisfying (A.2.3) is [50]

vuλN = ULu diag
(√

mνe,
√
mνµ,

√
mντ

)
R diag

(√
M1,

√
M2,

√
M3

)
UM (A.2.4)

where R is a basis independent, complex orthogonal matrix

RRT = 1 (A.2.5)

which we can write as

R =


c2c3 −c1s3 − s1s2c3 s1s3 − c1s2c3

c2s3 c1c3 − s1s2s3 −s1c3 − c1s2s3

s2 s1c2 c1c2

 (A.2.6)

where si = sin θi, ci = cos θ1 and θ1, θ2, θ3 are arbitrary complex angles. Since R is basis independent,

all of its three real parameters and three phases are observable. They lead to flavor and CP violation

in the Yukawa interaction of the RH neutrino. From (A.2.2) and (A.2.4), the nine UV observables

ηb can be chosen to be the three RH neutrino masses, and the six elements that specify the matrix

R.

We now present the corresponding UV invariants. We build them out of traces of matrices that

transform only under U(3)N as in table A.4. The RH neutrino masses can be expressed in terms of

the invariants

Tr
[(
M∗M

)n]
(A.2.7)
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with n = 1, 2, 3. The three UV invariants measuring flavor violation are

Tr
[
λ†NλN ,M

∗M
]2

(A.2.8)

Tr
[
λ†NλN ,M

∗λ†NλNM
]2

(A.2.9)

Tr

([
λ†NλN ,M

∗M
]2(

M∗λ†NλNM
)2)

(A.2.10)

The three UV invariants measuring the UV CP violating phases are

Tr
[
λ†NλN ,M

∗M
]3

(A.2.11)

Tr
[
λ†NλN ,M

∗λ†NλNM
]3

(A.2.12)

Tr

([
λ†NλN ,M

∗M
](
M∗λ†NλNM

)2)
(A.2.13)

Finally, one must show that the given set of twenty-one invariants is an independent set of

invariants. According to (A.2.1), the Jacobian matrix is a block-triangular matrix. This considerably

simplifies the calculation of the Jacobian. The determinant of a block triangular matrix is given by

the multiplication of the determinants of the diagonal blocks. The determinant of the diagonal block

involving only the IR invariants is non-zero, since it corresponds to the condition that the twelve IR

invariants are independent. The determinant of the second block is given just by derivatives of the

UV invariants with respect to UV parameters

det
∂Ib
∂ηc

c = 1..9 (A.2.14)

Using (A.2.7), (A.2.10) and (A.2.13) we check that (A.2.14) is indeed non-zero numerically. This

completes the proof; the twenty-one chosen invariants are independent.
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Appendix B

The little A/m2 problem for arbitrary

couplings

In sections 3.2 and 3.3 we concluded that the little A/m2 tuning problem is most serious when a

soft mass for the Higgs field is generated. In this appendix we show that this little A/m2 problem

is generic for our class of models: it cannot be avoided by increasing the messenger number or

considering a more general renormalizable superpotential.

Consider the most general renormalizable superpotential coupling the fields Hu, Q, u with n pairs

of messengers φk, φ̃k (k = 1 . . . n) with the quantum numbers of Hu and its hermitian conjugate

W = Mkφkφ̃k +Xkφ̃kHu + ytHuQu+ λkφkQu+ . . . (B.0.1)

where we sum over repeated indices. Here, differently from section 3.3, we work in a basis in which

the supersymmetric mass matrix has already been diagonalized, so Xk have only F-term vevs. The

rest of the interactions included in . . . do not matter to derive the induced A-term and soft mass at

lowest order, so we neglect them in what follows. Integrating out the messengers in the small SUSY

breaking regime F/M2 � 1 we get the low energy superpotential and Kähler potential

W = ytHuQu− λk
Xk

Mk
HuQu , K =

(
1 +

(
Xk

Mk

)†(
Xk

Mk

))
H†uHu + . . . (B.0.2)

so the A-term and induced soft mass are

ytAt = −λkXk

Mk
, δm2

Hu = −
(
Xk

Mk

)†(
Xk

Mk

)
(B.0.3)

To avoid the little A/m2 problem, we need to maximize the ratio of the A-term over the soft mass.

In particular we are interested in knowing if in doing this, the theory remains perturbative, or if it
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does not, when does it become strongly coupled. To address this question, note that there is a linear

combination of messengers that couples to the light fields with a Yukawa with magnitude given by

|λ| =
√∑

k

|λk|2 (B.0.4)

so that the Yukawa beta functions are, at one loop,

βλ = β0
λ +

6y2
t λ

16π2
, βyt = β0

yt +
6ytλ

2

16π2
(B.0.5)

where β0 is a MSSM-like top Yukawa beta function. We immediately see that the parameter that

controls the running of the Yukawas is |λ|. Fixing this parameter, the ratio of the A-term over the

soft mass is maximized when λk and Xk
Mk

are parallel vectors in k space. This leads to the bound∣∣∣∣ ytAtδmHu

∣∣∣∣ ≤ |λ| (B.0.6)

where to retain perturbativity λ needs to be of order one or smaller. This bound is valid for the

most general renormalizable superpotential that couples messengers with the Higgs at tree level. A

similar bound relating the squark mass to the A-term can be obtained for the non-MFV model of

section 3.2. Note that the bound is independent of the messenger number. For messengers at 250

TeV and λ = 1 as considered in section 3.2 a Landau pole is obtained at ∼ 1010 GeV. A coupling

λ = 3 as considered in section 3.3 leads to a Landau pole less than a decade above the messenger

scale.
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Appendix C

EDM functions

In this appendix we define the functions needed for the calculation of the electron EDM in section

4.7. The functions are taken from (cite barr and paban) []. The functions f(z), g(z) and h(z) are

given by

f(z) =
1

2
z

∫ 1

0

dx
1− 2x(1− x)

x(1− x)− z ln

[
x(1− x)

z

]
(C.0.1)

g(z) =
1

2
z

∫ 1

0

dx
1

x(1− x)− z ln

[
x(1− x)

z

]
(C.0.2)

h(z) =
1

2
z

∫ 1

0

dx
1

x(1− x)− z

(
z

x(1− x)− z ln

[
x(1− x)

z

]
− 1

)
(C.0.3)

Defining

a(x) = x(1− x)

A(x, y, z) = x+ y/z

B(x, y, z) = A(x, y, z)− a(x)

B′(x, y, z) = A(x, y, z)− a(y)

C(x, y, z) =
A(x, y, z)

B(x, y, z)
ln

[
A(x, y, z)

a(x)

]
− 1

C ′(x, y, z) =
a(x)

B(x, y, z)
ln

[
A(x, y, z)

a(x)

]
− 1

b(x, z) =
a(x)

z
(C.0.4)

and
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D1(z) = −1

2

∫ 1

0

dx

∫ 1−x

0

dy
x

B(x, y, z)

(
2C(x, y, z)

B(x, y, z)

[
3A(x, y, z)− 2xy

]
−
[

3a(x)− 2xy

a(x)

])

D2(z) =

∫ 1

0

dx

∫ 1−x

0

dy x

(
C ′(x, y, z)

[
3A(x, y, z)− 2xy

B2(x, y, z)
+

1 + 3x(1− 2y)/(2a(x))

B(x, y, z)
+

3

2a(x)

]

+
3A(x, y, z)− 2xy

2a(x)B(x, y, z)

)

D3(z) =

∫ 1

0

dx

∫ 1−x

0

dy
x2y

a(x)(1− y − b)

(
b(x, z)

1− y − b(x, z) ln

[
1− y
b(x, z)

]
− 1

)

D4(z) = −1

8

∫ 1

0

dx

∫ 1−x

0

dy

(
1

zB(x, y, z)

[
1− 2a(x)C(x, y, z)

B(x, y, z)

]

+
x

B(x, y, z)

[
1− 2A(x, y, z)C(x, y, z)

B(x, y, z)

])

D5(z) =
1

8

∫ 1

0

dx

∫ 1−x

0

dy
x

a(x)

(
C ′(x, y, z)

B2(x, y, z)

[
x(2x− 1)a(x) + x(3x− 1)B(x, y, z)

− 2B2(x, y, z)

]
− 2

[
1− x(2x− 1)

4B(x, y, z)

])
(C.0.5)

the function D(z) is given by

D(z) =

5∑
i=1

Di(z) (C.0.6)



151

Appendix D

Solution to the EWSB condition for the

condensate phase ξ in the Z2 symmetric

limit

Glashow Weinberg conditions may be imposed by a Z2 symmetry under which the doublets Φ1,Φ2

have opposite charges. This symmetry also imposes that the Higgs potential parameters λ6 and λ7

defined in (4.3.3) must vanish

λ6 = λ7 = 0 (D.0.1)

In this appendix we provide the effective dimension six solution to the electroweak symmetry break-

ing (EWSB) condition (4.3.7) for the gauge invariant condensate parameter ξ defined in (4.3.5) in

the Z2 symmetric limit. In this limit the EWSB condition (4.3.7) is

∂V

∂ ξ
= 0 =

1

2
v2 sin 2β

[
Im(m2

12e
iξ)− 1

4
v2 sin 2β Im(λ5e

2iξ)
]

(D.0.2)

For sin 2β 6= 0 and dividing by |m12|2 we can rewrite the EWSB condition (D.0.2) as

Im
(
eiArgm2

12eiξ
)

=
1

4

v2

|m12|2
Im(λ5e

2iξ) sin 2β (D.0.3)

The PQ violating mass term
∣∣m2

12

∣∣ is related to the heavy Higgs masses through

∣∣m2
12

∣∣ =
1

2
sin 2β m2

H

[
1 +O

(
v2

m2
H

)]
(D.0.4)

so to lowest order in v2/m2
H the EWSB condition (D.0.3) may be rewritten as

Im
(
eiArgm2

12eiξ
)

=
1

2

v2

m2
H

Im
(
λ5e

2iξ
)

+O
(
|λ5|

v4

m4
H

)
(D.0.5)



152

The first step to find the solution to the equation (D.0.5) is to rewrite it as a complex quadratic

equation for eiArgm2
12eiξ

eiArgm2
12eiξ =

1

2

v2

m2
H

(
λ5e
−iArgm4

12
)(
eiArgm2

12eiξ
)2

+ γ +O
(
|λ5|

v4

m4
H

)
(D.0.6)

where γ is a real constant. γ is not an arbitrary constant, since the left hand side of (D.0.6) has

unit norm
∣∣∣eiArgm2

12eiξ
∣∣∣ = 1. Taking the norm of (D.0.6), we find an equation for γ

1 =

∣∣∣∣∣12 v2

m2
H

λ5e
2iξ + γ +O

(
|λ5|

v4

m4
H

)∣∣∣∣∣ (D.0.7)

The solution to the equation (D.0.7) for the constant γ is, at lowest order in v2/m2
H

γ = 1 +O
(
|λ5|

v2

m2
H

)
(D.0.8)

We now solve the complex quadratic equation (D.0.6) for eiArgm2
12eiξ. Only one of the two solutions

to the quadratic equation (D.0.6) remains finite in the limit of vanishing v2/m2
H . The solution is

eiArgm2
12eiξ =

1
v2

m2
H
λ5e−iArgm4

12

[
1−

(
1− 2γ

v2

m2
H

λ5e
−iArgm4

12

)−1/2
]

+O
(
|λ5|

v4

m4
H

)
(D.0.9)

Expanding (D.0.9) in v2/m2
H , we obtain

eiArgm2
12eiξ = γ + γ2 v2

m2
H

λ5e
−iArgm4

12 +O
(
|λ5|

v4

m4
H

)
(D.0.10)

We are only interested in the imaginary part of eiArgm2
12eiξ. When taking the imaginary part of

(D.0.10), the first term on the right hand side vanishes since the constant γ is real, so we obtain

Im
(
eiArgm2

12eiξ
)

= γ2 v2

m2
H

Im
(
λ5e
−iArgm4

12
)

+O
(
|λ5|

v4

m4
H

)
(D.0.11)

Using the solution (D.0.8) for the real constant γ in (D.0.11) we obtain

Im
(
eiArgm2

12eiξ
)

=
1

2

v2

m2
H

Im
(
λ5e
−iArgm4

12
)

+O
(
|λ5|

v4

m4
H

)
(D.0.12)

Inverting equation (D.0.4) to express the heavy Higgs mass m2
H as a function of m2

12/ sin 2β, equation

(D.0.12) may be rewritten as

Im(m2
12e

iξ) = −1

4
v2 |λ5| sin 2β sin Arg

(
m4

12λ
∗
5

)[
1 +O

(
|λ5|

v2

m2
H

)]
(D.0.13)

Equation (D.0.13) is the solution to the electroweak symmetry breaking condition (D.0.2) for the

condensate phase ξ in terms of lagrangian parameters, and is the final result of this appendix.
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