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This dissertation develops a general power estimation framework to estimate the
variance of the new intervention effect estimate for longitudinal one-way crossover
designs. Orthogonalized decomposition is developed for compound symmetry
correlation of repeated measurements over time. In particular, we merge conventional
difference-in-differences (DD) and more newly developed general stepped-wedge (SW)
studies for both randomized and non-randomized allocation of units to the intervention,
and investigate on the optimality properties in terms of study power (i.e. minimum
variance of the intervention effect estimate). For a fixed total number of repeated
measurements, we quantitatively compare the efficiency in detecting new intervention
effect using DD and SW designs using formulas for compound symmetry covariance
structure and empirical calculations for more general Toeplitz correlations. For this we
provide insights for researchers in planning longitudinal one-way crossover designs.

The following thesis is composed of three chapters represented by three manuscripts.
The first chapter develops a unified power estimation approach for continuous outcomes



in randomized difference-in-differences (R-DD) studies for both compound symmetry
and more general Toeplitz correlation structures that were observed empirically. Optimal
number of pre-and post-intervention allocation is analyzed. The second chapter extends
the GLS power estimation framework to the non-randomized difference-in-differences
(NR-DD) studies and quantitatively compare the penalty of being non-randomized versus
randomized for a DD study. Optimal pre-post allocation is also analyzed for NR-DD
studies. The third chapter, further investigates on the more general stepped-wedge
designs and develop an Orthogonalized Least Squares power estimation framework for
both randomized and non-randomized SW (R-SW and NR-SW). The third chapter is
research conducted during graduate studies that has been accepted for publication in

Statistical Methods in Medical Research published by SAGE.
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General Introduction and Overview

To evaluate new intervention effect in studies, repeated measures of longitudinal
continuous outcomes are gathered for the same units before and after intervention over
several periods. These “units” could be persons where for example the continuous
longitudinal outcomes could be weight, blood pressure, or average number of cigarettes
smoked per day in the prior six months. The units could also be health care facilities
such as hospitals where for example the continuous longitudinal outcomes could be
portion of patients who are depressed, died from surgery or readmitted in 60 days after
discharge. The intervention would be something designed to improve these outcomes (i.e.
reduce high blood pressure or portion of patients that die in surgery.) As described below,
for this dissertation the intervention is something that once started cannot be removed (i.e.
one-way Crossover).

One-way crossover studies are useful in longitudinal data analysis where as noted
above, units can only switch from control to intervention in one direction; once switched
they cannot switch back. Reasons for this include that: i) once policies are implemented,
they cannot be undone, ii) after people are educated for new behaviors, they will not
forget and/or iii) ethical/logistical concerns of withdrawing a new support after is has
been initiated. Based on the number of crossover time points when units switched onto
intervention, one-way crossover studies have been further classified into difference-in-
differences (DD) (only one switching time point) and the stepped-wedge (SW) designs

(more than one switching time point).



The one-way crossover design that first used in practice is DD, where the all units
that switch to the new intervention do so at one time, i.e. there is only one crossover point.
Consider, for example, for 100 facilities where portions of patients that underwent
surgery that died in January, February and March were recorded. Then 50 of the facilities
were given a new intervention to reduce surgery mortality at the end of March. Portions
of patients that underwent surgery that died in April, May and June were recorded in all
100 facilities and the changes in mortality from the first three months to the next three
months were compared between the 50 facilities that did and the 50 that did not receive
the new intervention. While mixed models are not often formally used to compare the
“difference in difference” this is arguably the best approach and thus is what is done for
this dissertation.

However, phased intervention is often preferable due to practical constraints. For
example, in the previous example perhaps only enough resources exist to switch 20 new
facilities to the new interventions at one time point and/or ethically/politically all 100
facilities must eventually receive the intervention. Thus starting in the late 1990s a more
general one-way crossover design known as SW, where the intervention is delivered to
new groups of units switched at sequential time orders, i.e. there are multiple crossover
points. The longitudinal before / after intervention changes are then compared within the
group as a whole. In the example of the previous paragraph one SW design would be to
start all 100 facilities out untreated in January, then switch 20 onto treatment each in
February, March, April, May and June so that by June all 100 are treated. A mixed
model would then be used to compare the “cascading longitudinal changes” as more

facilities are switched onto the intervention.



As the SW is a newer design, there is less literature on SW studies than on DD
studies. There is also a growing awareness of different types of SW designs including a
spectrum between DD and SW. However, due to practical constraints that limit to
simpler designs, this spectrum is probably more theoretical than actual.

The mixed models used to compare both DD and SW designs take on standard

Generalized Least squares forms of §# = (X'V~1X)~1X'V~1Y where (as described in
each of the three chapters presented later) 3 is the vector of coefficients one of which is

for the intervention effect, X is the design matrix, Y is the outcome vector and V is the
covariance matrix for the repeated measurements within the same unit. The variance of
the estimates is then (X'V~1X)~1g2. The choice of V is very important as often-
normative data on repeated measure correlation is unknown. To our knowledge, the
simplest correlation of compound symmetry (CS) is used in study planning power
estimation with more complicated forms not having been investigated. A more general
tenable form of V is the Toeplitz structure that is diagonal-constant, i.e., the correlation
(pjj:) decreases as the distance of two time points j and j’ (i.e. |[j —j’|) increases.

One important aspect of designing either a DD or SW study is whether or not to
randomize which units receive the intervention. While randomization of crossover is
always preferred as a gold standard to minimize bias and improve efficiency, it is not
always logistically feasible in practice. The effect of randomization on the design matrix
X is to remove column(s) that would otherwise be needed to account for any baseline pre-
intervention differences that can exist when randomization is not used.

This dissertation focuses on expanding tools for power / sample size estimation for

planning studies of one-way crossover designs such as DD and SW based on the



variances for the intervention effect from (X'V-1X)"1o2. Very general methodologies
for the analysis of randomized longitudinal repeated measure studies of all types using
mixed models have been developed in recent years. However, there is both a need for
simple estimation tools in practical power calculation targeted towards DD and SW one
way cross-over designs and exploration of more approaches for power / sample size
estimation for DD and SW designs when assumptions needed for the simple tools do not
hold. In particular, current literature gives less guidance on power and sample size
calculation for non-randomized versus randomized one-way crossover designs.

Again, power and sample size calculation is crucial to evaluate the effectiveness of
the new intervention effect in longitudinal studies including one-way crossover designs.
My dissertation has thus focused on developing and evaluating simple and robust tools
for power / sample size estimation of various randomized and non-randomized
Difference-in-Difference and Stepped-Wedge designs with continuous outcomes that
conform to the central limit theorem. Some empirical exploration is undertaken into
whether the simple correlation structure that is typically assumed (compound symmetry)
holds in practice versus the more general Toeplitz and if the true structure is not
compound symmetry, whether a compound symmetry or some other simple
approximations are tenable. In addition to the power estimation tools and corresponding
knowledge for one way cross over study planning gained, the orthogonalized
decomposition of interventions effect versus other design parameters that was

implemented in the research is a salient characteristic.

Three-Paper Dissertation Structure



My dissertation is presented using a three-paper format, consisting of three
independent, yet congruent chapters.

Chapter 1: Power / Sample Size Estimation for Randomized Two-Arm Pre-Post
Intervention Trials with Repeated Longitudinal Outcomes

The first chapter, develops a unified approach for continuous outcomes in
randomized difference-in-differences (R-DD) studies by modeling the intervention effect
in a Generalized Least Squares framework based on covariance of repeated measures. For
compound symmetry (CS) correlation, the optimal pre-post allocation is presented with
the advantage of closed form formulas. However, CS may not always hold in practice as
was the case in four examples from nursing homes and HIV infected patients we used.
For these cases a more general Toeplitz correlation is tenable, but would be harder to
obtain in practice under study planning settings. The power for these Toeplitz settings are
approximated using CS structures, however, even “conservative” CS approximations
overestimated the power. Thus two alternative conservative approaches are presented: the
simple 1-1 allocation and partial compound symmetry (PCS) based on mean summary
statistics, but these often substantially underestimated power.

The formulas presented here for R-DD designs can be easily implemented with
current programming languages, which may promote further recognition, application and
development of these issues. These results may enable investigators working on R-DD to
i) perform needed sample size / power estimation using CS covariance structure; ii)
provide alternative lower bunds for power approximation; iii) decide the optimal

allocation of pre- to post-intervention time points in planning a study.



Chapter 2: Power / Sample Size Estimation for Non-Randomized Difference-in-
Differences Studies

The second chapter, extends the GLS power estimation framework to the non-
randomized difference-in-differences (NR-DD) and quantitatively compares the
advantage of optimal R-DD over optimal NR-DD. The penalty of non-randomization
versus randomization on power / required sample size of DD designs is quantitatively
calculated for compound symmetry correlation and empirically computed for Toeplitz
correlation. While randomized designs have better precision, the advantage is minor for
high within-unit correlation and/or with more baseline than follow-up measurements. For
the more general Toeplitz correlation that is harder to obtain, the power approximated
using CS and mean summary statistics approaches are presented, and compared to the
Toeplitz using computer program with real examples from New Jersey nursing home and
1012 Bronx HIV study.

These results may enable investigators working on NR-DD to i) perform needed
sample size / power estimation using CS covariance structure; ii) provide lower bounds
for power approximation using mean summary statistics; iii) decide the optimal
allocation in planning a study. In particular, the formulas presented here for non-
randomized (as well as some new formulas for randomized) DD designs can be easily
implemented with current programming languages, which again may promote further

recognition, application and development of these issues.

Chapter 3: Non-Randomized and Randomized Stepped-Wedge Designs using an

Orthogonalized Least Squares Framework



The third chapter, develops a unified approach for continuous outcomes in SW
studies by modeling the intervention effect in an Orthogonalized Least Squares
framework. General closed form formulas for variance of the intervention effect are
derived for SW studies and optimal R-SW and NR-SW designs to maximize power are
further investigated for the balanced SW studies (where the same number of units are
switched to the new intervention and the number of time periods before a switch is
constant). The impact of non-randomization on the baseline value of the outcome is
modeled using both fixed and random effects. The penalty of non-randomization (versus
randomization) is quantified in terms of power / required sample size for stepped wedge
designs. While randomized designs have better precision (particularly if the within-unit
repeated measures correlation is p < 0.30), the advantage is minor when p = 0.50 as
was the case in the examples of health outcomes in nursing homes from New Jersey.

However, for a non-randomized design with p < 0.30, the random effects (versus fixed

effects) approach may considerably reduce the variance of estimated intervention effect,
albeit use of random effects may increase bias in this setting. In terms of optimality
properties, optimally designed non-randomized SW designs tend to reduce variance of
intervention effect estimates to about 75% of the best achievable with traditionally used
difference-in-differences studies.

These results may enable investigators to i) perform needed sample size / power
estimation for SW studies and ii) decide the best study design to use. In particular, the
formulas presented here for non-randomized (as well as some new formulas for

randomized) stepped-wedge designs can be easily implemented with current



programming languages, which promote further recognition, application and

development of these issues.



Chapter 1 Power / Sample Size Estimation for Randomized Two-Arm Pre-Post

Intervention Trials with Repeated Longitudinal Outcomes

Abstract

Intervention effect on normal continuous longitudinal processes is often estimated in
randomized two-arm longitudinal clinical trials that have b > 1 pre- and k > 7 post-
intervention measures. Power / sample size estimation methods for such studies that can
be used with available normative data is often limited. We derive simple Generalized
Least Squares (GLS) power and sample size estimation formulas for randomized clinical
trials (RCT) using the following correlation structures for the repeated measures:
Toeplitz (TP), compound symmetry (CS) and partitioned compound symmetry (PCS)
based on mean summary statistics. We then applied the GLS power estimation framework
to examples from longitudinal nursing hospital and HIV outcomes where b + k = 7. In
these examples with b + k = 7, setting b = 1 produced optimal or close to optimal
results to minimize variance of the estimated intervention effect (which maximizes power
to detect an intervention difference), but having b=2 or b=3 often performed nearly as
well by this metric. When there is uncertainty about exact Toeplitz structure, CS
approaches approximate the “unknown” variance of the estimated intervention effect
well when b=1 but can greatly underestimate this variance when b > 1. To avoid
overestimation in power, we presented two approaches: PCS approximation based on
mean summary statistics can serve as a conservative lower bound for GLS power
calculation but greatly underestimated the power in two of our examples. An alternative

lower bound approach with T=2 longitudinal measures (b=1 and k=1) obtained nearly
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as precise estimates of the intervention effect as did any design with T=b+k=7 measures

where b>1 in these two cases.
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1. Introduction

In clinical trials and other modern experiments, researchers often evaluate repeated
measurements of continuous outcomes on each unit at systematic time points before and
after intervention [1]. In our nomenclature, units could be facilities such as nursing
homes or persons such as HIV infected patients. These repeated measure clinical trials
are particularly done to compare long-term impact of a new policy / intervention versus
the existing policy. When possible, randomization of units into each intervention arm is
preferred to improve precision and minimize potential for bias; the randomized controlled
trial (RCT) is considered a general gold standard [2]. Investigators first observe the
longitudinal outcomes on each unit over b sequential time points pre-intervention. Then
the units are randomly divided into two arms: one with intervention started and one
without the intervention started and the outcomes are measured over k sequential time
points (which are after receiving intervention for the intervention arm and still without
intervention for the other arm). In medical research, there is increasing focus on power

calculation and sample size determination for such longitudinal randomized clinical trials

[3].

Standard power calculations have been developed for various settings over the years:
Overall and Doyle [4] discussed sample size determination for repeated measures models
with two groups. A key characteristic for such designs including longitudinal measures is
that repeated measures from same units are (typically positively) correlated [5]. Ignoring
the correlations using standard linear models may introduce bias and/or inefficiency into

power estimates [6]. The general linear model (GLM) takes correlation into account for
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the normal distribution approximation, and generalized least squares (GLS) is the
statistical method of choice which has the best linear unbiased estimator (BLUE) [7]. Self
and Mauritsen [8] developed unified tools for sample size and power estimations using
GLM. Liang and Zegar [9] proposed a general variance formula that incorporated the
impact of randomization using a constrained longitudinal data analysis (cCLDA) model in
which the baseline “pre-intervention” outcome values as well as post-baseline outcome
“post-intervention” values are modeled as longitudinal dependent variables. The
‘constraint’ is that the baseline mean from different intervention arms are assumed equal
due to randomization. While these approaches have established useful frameworks, they
can be difficult to follow by researchers in power / sample size estimation as the generic
design necessitates complex input structures including often unknown correlation

structure for repeated measures.

Our goal is to develop a simple power estimation framework based on generalized
least squares estimate in pre-post randomized intervention longitudinal clinical trials with
two intervention arms where central limit theorem normality holds. The chapter is
organized as follows: Section 2 presents the general linear model (GLM) for longitudinal
data with pre-post repeated measurements. Section 3 develops a generalized least squares
(GLS) framework for estimation of the intervention effect and incorporates the GLS
variance estimate into power / sample size estimation. As the variance of the intervention
effect depends on the correlation structure of repeated measure, Section 4 introduces
three correlation structures: the simplest CS for compound symmetry; a more general
Toeplitz correlation structure that must be implemented on computer for variance

estimation; and Partial Compound Symmetry (PCS) as a lower bound for Toeplitz
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structures when there is uncertainty. Section 5 derives optimal b: k allocation for
randomized longitudinal clinical trials for a fixed number of total time points for the CS
correlation and discusses extension to more general Toeplitz structures. In Section 6, we
extract Toeplitz patterns with T=b+k=7 and generally p > 0.5 from important
longitudinal health care outcomes of nursing homes, hospitals and HIV infected patients.
We then compare the actual Toeplitz variances for estimated intervention effect from
varying b: k, and analyze how close CS, and partitioned compound symmetry (PCS)
approximations estimate the true variance for these settings. Section 7 summaries and

discusses possible future work.

2. The General Linear Model

For randomized longitudinal studies with two intervention arms, researchers
encounter repeated measures of a quantitative outcome at b+k systematic time points
with b being before and k being after randomization to the intervention arms. Let h
denote the intervention arm with h=0 for placebo and h=1 for the new intervention. For
each group there are n,, units (n, for the placebo and n, for the new intervention) and j =
{-b, -(b-1), ..., -1, 1, 2, ..., k} denotes the ordered times with {-b, -(b-1), ... , -1} prior to
and {1, 2, ..., k} being after the intervention onset. The goal is to assess the impact of the
new intervention (i.e. versus control) on pre-post change in a longitudinal continuous

outcome Y where Yy;; represents measure j from unit i in the new intervention arm and

Yoi,j, represents measure j* from unit ;" in the placebo arm.
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For example, consider a trial with n, = n; = n = 30 hospitals in each arm, let i
denote hospitals (as “units”) where i=1, ..., n,. For the intervention arm (h=1), “units”
are followed for T=7 years total with b=2 years (2001 to 2002) prior and k=5 (2003 to
2007) after the intervention implementation. Thus Y; 5 _, and Y} ;7 3 respectively denote
the measure taken in 2001 (2 years prior to start of the intervention) in the 37¢ hospital of
the intervention arm and 2005 (3 years after the start of the intervention) in the 17"
hospital of the placebo arm, respectively. We assume complete data with T=b+k
measures observed on each unit, which, in particular, is reasonable when the units are

facilities that are required by regulations to keep records of the outcomes of interest.
Now Y3;; can be decomposed as:

The overall means () for two intervention arms are assumed to be equal at baseline,
which is reasonable due to randomization. The intervention effect (8) only delivers to the
intervention arm (h=1) on the k post-intervention measurements with the corresponding
indicator Z,,; = Itp—1,j>03- Any random unit (i.e. i level) effects are subsumed into the
within-unit error term &;;, where &;;~N (0, 0*V) with the correlation matrix V defined in
(2). We assume an immediate “jump effect” of size 6 after the intervention begins at
time j =1, that remains unchanged at subsequent time points. Note that other functions
such as linear intervention effect increase j * 6Z,; for j > 1 or threshold followed by

exponential decay e ™/ = 0Zy; for j=> 1 are possible. However, there may be settings

where an immediate “jump effect” that continues forward unchanged is appropriate, such
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as when the intervention is a process change at a medical facility that can be implemented
quickly; a drug that the body does not develop resistance or acclimation to, or an
immediately successful behavioral intervention. Even if the intervention impact was not

“immediate jump”, it could be close to this.

3. The GLS Power Estimate Framework
3.1 GLS Variance Estimate

The matrix form of (1) can be written as: Y = X + &*, where &;;~N (0, a2V). Here X
represents the design matrix and Y is a vector of outcomes. For (1) with the general
parameter vector E:(a, B-b-1)s =+ B-1, B1, -, Br» @), the corresponding X has
columns (1, J_p—1y, =+»J=1,J1s s Jk» Z), With N*T rows per column. Z is a column/vector
of intervention indicator with Zj,; coded (0, 1) as defined above; J_ -1y, s J-1,J1, s Jk
are columns corresponding to b+k-1 independent time coded variables as follows: for
J=(-(b-1), -(b-2), ..., -1, 1, 2, ..k), J;={-1 at time —b (reference); 1 at time j; and O at all
other times}. There is no column for J_, as f_, = — ?=—(b—1) p; under the fixed effects

constraint Zj?z_b B; = 0. Appendix 1 presents the full expansion of design matrix for

randomized setting.

The covariance matrix V is made up with (n, + n;) times block T diagonal matrices
V,'s with all off-block diagonal matrix elements being 0. The most basic assumptions for
the error term is that measures are independent between units, and within-unit correlation

structure is invariant given two time points jand j’, i.e., p; j;, = pyr j;, (i# i, j# j') The
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within-unit correlation structure (p;;,) is often unknown in advance. Perhaps the
correlation for any two time points would be monotonically non-increasing with |j —,
I.e., as two time points are further separated, they may become less correlated [10, 11].

We will make these types of restrictions later in the chapter.

Vo = 0
V= ( P > ,
0 - V,

P11 P12 P13 o Pir-1 Pur
/ P21 P22 P23 r Pz2r-1 P2r \
where V, = i : P31 PS32 P33 : PE3,T—1 P3,:T i . @)
\PT—1,1 Pr-12 Pr-13 *°° Pr-1T-1 pT—l,T/
Pr,1 Pr,2 Pr3z ' Prr-1 Prr /

The GLS estimate for B IS é in (3), which is the best linear unbiased estimator
(BLUE) for B and uniform minimum variance (UMVU) if Y;,;; is normally distributed
[7]. The GLS variance for EA IS A in (4) being a square matrix of order T+1. The variance

of G is

p=XV1iX)x'v-ly; ©)

A= (X'V-1X) 162, 4)
3.2 General Power Estimation Formula

We consider Hy: 8 = 0 versus H,: 8 = +6,. Where without loss of generality, § = %“

is a predefined clinically important effect size in terms of standard deviation, while

a and B are Type | and Type Il errors, respectively. For practical repeated measure
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designs, the normal approximation of the non-central t distribution can be applied [12]. In
specific, the two distributions are almost identical when degrees of freedom (DF) y > 30

and we have the following equations of power (1 — f) using the notation from [1], in

which Var(8) as derived above in the GLS variance estimate in (4).

0, = (Z1—% +2z1_4) Var(@). 5)

For smaller sample sizes, it may be appropriate to approximate degrees of freedom
(DF) (y) in non-central t distribution for the mixture variance (for example, by
Satterthwaite’s [13], and Kenward-Roger’s approximations [14]) and adjust (5) for this.

However, the full details are beyond the scope of this chapter.

4. Covariance Matrices and Variance Formulas

As just noted, one main difficulty in parametric analysis of longitudinal data lies in
specifying covariance structure [15, 16], i.e. estimating p;; forj = ;. Typically,
normative data from historical settings must be structured for application to future
settings. In this section, we introduce several approximated correlation structures.

Table 1 describes three types of covariance matrices (V,,) for within-unit correlation
structure considered here with(b, k) = (3,4). The most simple approximation is
compound symmetry structure (V) where correlations among repeated measures are
assumed to be equal within the same unit; Vg is often used in practice. But we believe

Toeplitz structure (Vrp) where p;;r = p;_;s is a reasonable estimate which may be
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closer to true correlation structure, however, Vrpmay be hard to estimate in practice. In

that case, an approximation which we do not believe ever holds, but as we show later in

the chapter gives conservative estimates for variance of the intervention effect estimates

is partitioned compound symmetry structure (Vpcs) with four partitioned matrices divided

by the time when intervention is delivered. Note that while Table 1 is constructed

forT = b + k = 7, the subsequent formulations are generalizable to all pairs of (b, k).

Further details now follow.

Table 1: Summary of three covariance matrices (T=7)

Structure Example # of
(b, K)=(3, 4) Parameters
Compound 1L p p p p p p 1
p 1L p p p pp
Symmetry pp 1 ppopop
Ves=|p p p 1 P P P
(C9) pppoplopop
PP p pp 1op
pPpppp 1
Toeplitz 1 p1 P2 Pz Pa Ps Pe) T-1
pr 1 p1 P2 P3s Ps Ps
(TP) p2 P11 p1 P2 Pz pa
Vep=|ps p2 p1 1 P1 P2 Ps3
Pa Pz P2 p 1 P1 P2
Ps Pa p3s p2 p1 1 py
lPs Ps py p3 pr p1 11
Partitioned 1 Ppre Ppre  Pcross  Pcross Pcross Pcross] 3
ppre 1 ppl’e Pcross  Pcross  Pcross  Pcross
Compound Ppre  Ppre 1 Pcross  Pcross  Pcross  Pcross
Vbcs = |Peross  Peross  Peross 1 Ppost  Ppost  Ppost
Symmetry Pcross  Pcross Pcross  Ppost 1 Ppost  Ppost
(PCS) Pcross  Pcross  Peross Ppost Ppost 1 Ppost
| Oeross  Peross  Peross  Ppost Ppost  Ppost 1
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4.1. Compound Symmetry and a Simple Formula for VVariance

Compound Symmetry (CS, also denoted sphericity or equi-correlation), is a
commonly used covariance [15, 16] either as the true structure or as an approximation. It
is considered reasonable to expect that the largest covariance component would be a main

effect for the unit i with much smaller within-unit temporal changes from &;;. This results
in Pij-jn~P with perhaps a small but ignorable decrease as |j —j’| increases. While

surprisingly little empirical research has been done to confirm this structure holds given
how often it is used, one study finds that CS was a reasonable simplification in
quantitative planning of repeated measures trials for the examples used in that paper [1].

However, even if the true correlation structure is believed to be non-CS Toeplitz, a
compound symmetry approximation might still be used for power / sample size
estimation either because as we will see later CS formulas are easier to implement or
there is uncertainty about the values of the Toeplitz parameters {p1, p2, ..., Pp+r—1}- It
this is done then is may be reasonable to use the weighted average of the observed or
inferred Vrp to estimate the CS p, used in the approximation i.e. p = pgp,g =

(b+k—1)p1+(b+k—=2)py+-+ppik_1

2%7:1k—1i

. However, as we will show later using p,in =

min{p4, P2, .-, Pr+k—1} aS the in the CS approximation will give a more conservative
estimate. We explore later how good CS approximations using pgy,gand py,, performin
real world settings in Section 7.1.

Under the assumption of CS, we derive a closed form GLS formula for Var(8.s)

follows. The GLS estimator of § is therefore # = (X' V=1X)" X" V=Y and has

variance A = (X' V‘1X)_1a2 where A is a square matrix of order b+k+1. Var () is
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the last diagonal element of A . Using the inverse formula for portioned matrix, we

calculate for the following GLS variance estimate of intervention effect in Appendix 2:

~ _ 1 | 1 [1+(b+k=Dp](1-p) 5
Va'r(QCS) - (no + Tl1) k[1+(b—1)P] d (6)

Therefore, Var(8cs) in (6) is a simple formula for GLS variance estimate that

enables derivation of optimal properties in Section 5.

4.2. Toeplitz a General Structure with Variance that can be obtained by
Computer

However, if CS does not hold it still seems that an essentially necessary assumption
for estimabillity is Toeplitz (TP, also known as a diagonal-constant matrix), with
correlations a function of the difference in j and j* and independent of chronological time

namely that p;;, = plj_j,l(with i 1=1,2,...., T-1) as otherwise it seems impossible to

have any stationary estimability for p;;, from normative data [15, 16]. While, under this
assumption, one would like to use V;p in practice for variance estimation and power
planning, typically, normative data to estimate {p, p,, ..., Pp+x—1}are not available and
computation is difficult without sophisticated software to implement the estimation. The
Restricted maximum likelihood (REML) is recommended for estimation of

{p1, P2, -, Pr+r—1} from normative data when interest lies in estimating accurate variance
components of mixed models [17]. In fact, REML estimation is included as a default
option in many current model-fitting software packages (e.g., Proc Mixed in SAS).

There is no simple form for the variance of the estimated intervention effect under V;p,

rather Var(87p) must be obtained by computer incorporating Ve into (4).



21

4.3. Partitioned Compound Symmetry Gives a Simpler Upper Bound Variance
Partitioned compound symmetry (PCS) using mean summary (MS) statistics [1] is
now presented to be used as an approximation to Toepltiz (or for that matter other
covariance structures), since as we show later it is able to obtain an upper bound for
variance or lower bound for power. PCS effectively assumes repeated measures from
both pre- and post-partitioned block are equicorrelated within block partitions as follows;
the b pre-intervention time points have equal correlations to each other denoted as ppr,
the k post-intervention time points have equal correlations to each other denoted pp,,scand
the cross correlations between each of the b pre- and k post-intervention time points is the
same denoted as p.ross- The common correlations of the partitions are calculated from
“mean summary’ statistics of the actual Toeplitz (or other) correlations as described

below. If the correlation structures are Toeplitz as described above, then the mean

summary statistics for ppr. = (b_l()bp_l:)?(_bz_)g;:::f =

is the averaged correlation among

the b pre-intervention time points, ppos = (k_l(ch_l:)z‘(;z_);’ )2:_::1” k-1 js the averaged

T (Pi+Pir1+tPirh—1) _

correlation among the post-intervention time points and p.oss = ”

k b-1
Yiz1 2,‘:0 Pi+j

" is the averaged correlation between the pre- and post-intervention

measurements.
Frison & Pocock [1] proposed to use analogous mean summary statistics (V7% =

vk yore _ l1y-1
« 2j=1Ynij and Yy,

p i = > Xj=—bYhi ;) to analyze repeated measurements in randomized

trials with two intervention arms based on an Analysis of Covariance (ANCOVA)

approach being used to model the data. Then the overall mean for the post-intervention is
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ot = —Z"h YF%%"; and the overall mean for the pre-intervention is "¢ =

(e, VI + 37 YET®), which is the same for both intervention arms due to

ng+ny
randomization.

The idea of ANCOVA is to model the pre-intervention mean for each unit as a
covariate in a linear model for intervention arm comparison of the post-intervention
mean.

Uit = @ + 0Ty — aPe) + & )

Using the above PCS parameters, the variance estimate of 8 is obtained by least

squares from ANCOVA [1, 18]:

A~ _ (1,1 1+(k—Dppost  bpZross 2
Var(epcs) - (no + nl) [ k 1+(b—1)ppre]o- (8)

The ANCOVA estimate in (7) based on mean summary statistics using PCS is
unbiased for 8, and the GLS estimate in (1) is a best linear unbiased estimator (BLUE)
[7]. We can conclude from the Gauss-Markov theorem that the GLS variance estimate
Var(0) based on V, = Vypin (4) is no greater than the ANCOVA variance
estimate Var(épcs) in (8). Therefore, ANCOVA approach based on mean summary
statistics can serve as an upper bound for the GLS variance of a given Toeplitz
correlation (and a lower bound for power). It should be noted that under CS
approximation formula (8) numerically gives the same results as formula (6) meaning the
ANCOVA mean summary approach of Frison & Pocock and GLS produce the same

Var(0) estimate when CS holds.
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5. Optimal Allocation of Pre-Post Intervention Measurements when
Compound Symmetry is Easily Derived

We now present one important property of the longitudinal clinical trial we have been
studying that is easily derived for CS covariance structure as Var(écs)has a simple
closed form GLS variance formula (6). A repeated measures design may have a
constrained total number of longitudinal times T (T=b + k) because of the budget and/or
time constraints. Finding the optimal allocation of T into b and k to maximize power or
minimize the sample size needed to obtain a given power would be important. From (6),
for CS structure with constrained T given p, the optimal b with the local minimization of

variance is:
* — ™+ _ 1
b* = round( > 2p). 9)

Frison and Pocock [1] obtained this result using CS in their ANCOVA model. In
general, the optimal b with ‘minimum variance’ becomes larger as the correlation
coefficient p increases for a constrained total time points (T) because the pre-intervention
measurements are of greater use.

For example, suppose T=7 and p = 0.4 for a randomized trial, then we calculate the

. . . 7+1 1
optimal pre-intervention measurements b* = round (T ~ 209

) = round(2.75) = 3.

6+1 1
2 2(0.5)

If T=6 and p = 0.5, then b* = round( ) =25=2o0r3.NoteY =

round (X) rounds each element of X to the nearest integer. If an element is exactly
between two integers, then Y can be either of the two integers.
The following contour lines in Figure 1 depict the distribution of optimal choice of

pre-intervention measurements b for any given function of total time points T and
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correlation p. Note: for any region between two contour lines, the optimal choice of pre-
intervention measurements is determined by the lower contour line. If it lies exactly on a
contour line, then the optimal is determined by that particular value. Now look up (T, p)
= (7, 0.4) and (7, 0.6) in the contour plot below: (7, 0.4) lies exactly on the contour line
labeled with 3, so the optimal choice of b is 3; (7, 0.6) lies between two contour lines

whose values are 3 and 4, so the optimal is the lower value 3.

Contour Plot for Optimal Number of Pre-Intervention Measures (b*) Under CS b*

Total Number of Longitudinal Measures T

= N W & D N

01 02 03 04 05 06 07 08 09

Value of CS Correlation

Figure 1: Optimal allocation for CS using contour plot

6. Empirical Examples, Properties with Toeplitz Correlation

6.1. Examples having Toeplitz Correlation
We now turn to the more general setting where the correlation structure is non-CS

Toeplitz and begin with some real examples of where this happens. Our first two
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examples are from data collected on 365 New Jersey nursing homes being monitored
every three months from the second quarter of 2011 to the fourth quarter of 2012 (seven
quarters total) in the Nursing Home Compare [19] for proportions of: 1) long stay
residents with long term need for help with activities of daily living (LS_ADL); and 2)
short term stay patients that reported moderate to severe Pain (SS_Pain). Higher levels of
both LS_ADL and SS_Pain are undesirable and targeted for improvement at a facility
level. The “unit” for these examples is the facility with the repeated measure being
quarterly facility values. Thus, for example, in a future study, it is conceivable that all
365 New Jersey nursing homes could be followed for b baseline time points to obtain
LS_ADL and/or SS_Pain proportions and then around 50% be moved to a facility
intervention to improve one or both of these with k post-intervention measures obtained
from both groups for comparison of change.

The next two examples are obtained from 1012 Bronx HIV infected women [18] who
had complete data for their first seven semiannual visits for CD4 counts and CESD
Depression scores [19]. Higher CD4 and lower CESD are desired and have been
previously targeted for interventions. The repeated measures for these examples are from
semiannual visits of patients. It is conceivable that in a future study these patients could
be followed for b baseline visits to obtain CD4 and/or CESD scores and then around 50%
be put on an intervention to improve one or both of these outcomes with k post-
intervention measures obtained from both groups for comparison of change.

Note we chose T=b+k=7 for these examples which is reasonable not only for our
examples but for trials conducted over 2-4 years with repeated measures at 3-6 months

interval.
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Table 2 and Figure 2 summarize the empirical Toeplitz correlation structures for the
four outcomes described above estimated using the mixed procedure in SAS from the
normative data. Visually, Figure 2 illustrates a range from starting correlations at p, of
~0.60 to ~0.87 and in slight to steep generally monotonic linear declines going down

to pe ranging from ~0.34 to ~0.55.

Table 2: Toeplitz correlation structures (Vi) from four examples

Time p1 P2 P3 Pa Ps Pe

Among Quarterly Evaluations of 365 New Jersey Nursing Homes
LS ADL 0.59 0.47 041 0.39 0.40 0.34
SS_Pain 0.87 0.76 0.69 0.66 0.63 0.54
Among Semiannual Visits of 1012 HIV-Infected Bronx-WIHS Patients
CD4 0.84 0.74 0.65 0.57 0.46 0.47

CESD 0.64 0.59 0.54 0.53 0.52 0.55
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Figure 2: Visualization of Toeplitz correlation structures from real examples T=b+k=7

For example with LS_ADL, the within facility correlation between times (i.e.
quarters) j and j+1 is p;, = 0.59. But this drops to pg = 0.34 for between times j and
J+6. More specifically, the correlations of CD4 and SS_Pain start higher at p; = 0.85
than do those of LS_ADL and CESD at p; = 0.60; the decline (p; — pg) for SS_Pain,
LS_ADL and CD4 (=0.30) is greater than that for CESD (~0.10). But qualitatively we
argue that none of these correlation structures are close to compound symmetry. Thus
Section 6.2 presents power estimates and optimality properties for these four examples
obtained by computer using (4) and (5) incorporating the V;p structures in Table 2 and

Figure 2.
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6.2. Empirical Optimal b: k allocation for the Four Toeplitz Examples

In order to discover the optimal allocation with greatest power, we compared

Var(@y,) from (X' V=1X) ™" o2 using the true Toeplitz correlation structure over all
possible b: k allocations for each of the four examples assuming without loss of
generality that the variance of each outcome was o = 1 and n, = n; = 30. Table 3
illustrates the computed variance from (4) using the appropriate V;» as shown in Table 2
and Figure 2 over all possible allocations of (b, k) for T=7. The optimal b: k allocation

for each example occurs at the minimum variance as indicated in bold.

Table 3: Toeplitz variances from four examples (n, =n;, =30,0 =1,T=b+k =7)

(b, k) 0,7 (1, 6) (2,5) (3, 4) (4, 3) (5, 2) (6,1)

LS_ADL 0.0360 0.0240 0.0231 0.0241 0.0263 0.0302 0.0400

SS_Pain 0.0501 0.0140 0.0141 0.0142 0.0147 0.0153 0.0149
CD4 0.0467 0.0149 0.0175 0.0175 0.0178 0.0181 0.0171
CESD 0.0424 0.0216 0.0192 0.0192 0.0204 0.0231 0.0326

From Table 3, we can see that b=0 performs particularly poorly for all examples and
b=2 is the optimal choice for LS_ADL and CESD; b=1 is the optimal choice for SS_Pain
and CD4. However, in many settings, minimizing b to maximize k and hence the ability
to observe the long term intervention effects may be desired. For ethical considerations,
earlier intervention is also preferred in research on individuals at clinical high risk. To
that end, b=1 performed well in Table 3 in that: i) b=1 was much better than b=0, which

indicates at least one baseline measurement is required. ii) b>1 was at best minimally
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better than b=1, which implies multiple pre-intervention measurements will not help
much in variance estimation.

While more comprehensive analyses for other values of T and V;p is beyond the score
of this chapter, we believe that: i) V;p presented here are similar to those seen elsewhere
[1] and thus likely to hold in many settings ii) T = 7 may be reasonable for many settings

so this observation may be widely applicable.

7. Power Estimation using Simple Approximations to Toeplitz Structure

If the actual structure of V-, can be identified and the needed software is available, it
is ideal to use it in (4) for variance / power calculation. However, in practice,
investigators often have limited access to normative data from which to obtain V;p or
access/skills to use needed software to generate Var(éﬂ,) from (4) in the limited time
that is typically available to apply for study funding. Furthermore, power/sample size
estimates using Vrp could have unknown robustness properties against misspecification
on{p4, ..., pr—1}+- It thus may be of value to develop power estimate tools using simple
approximations to the actual Toeplitz structure in longitudinal clinical trials in Section
7.1 or otherwise to obtain conservative (upper bound) variance estimates as described in

Section 7.2.

7.1.  Compound Symmetry Approximations to Toeplitz Variance
The compound symmetry structure with a common p is probably the simplest
approximation if obtaining Vp is impractical or impossible as (5) and (6) can be used to

estimate power. However, which value of “approximated p” to use in (6) is not clear.
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As discussed in Section 4.1, one reasonable approach is to estimate (i.e. what is
believed to be) the equi-correlation p with the weighted average of all (i.e. estimated)
intra-unit correlations among the T time points, in the substituted Vs where p = pg,,q =

(b+k—1)p1+(b+k—2)pa+-+ppik—1
Zl_?+k—1 i
i=1

. For example, for LS_ADL with (b, k) = (3, 4) using the

. 6p1+5p,+4p3+3p4+2pc+
observed correlations from Table 1, pg,,, = 222 pzl PaT2PsTPs — (0.47. The second

approach is to let p = p,,,;, @s the common correlation in the substituted V.gwhere p,,inis
the minimum correlation in V;p. The second approach is more conservative in power
estimation than the first in that it obtains larger variances since the GLS-CS variance in
(6) increases as p decreases. This p,,, typically would be p, ;. if the correlations are
decreasing with [j-j’|. For example, for LS_ADL with all values of (b, k), pmin = pe =
0.34. The first two columns of Table 4 give pg,gand pp,;, for T=b+k=7 based on the Vrp

in all four examples of Figure 2.

Table 4: Calculated parameters for CS approximation and conservative approximations from the Toeplitz
correlation structures in Table 2 for (b, k)=(3, 4) (n, = n, = 30,0 = 1)

Outcome Heuristics Conservative Approximations
in Table 2 Approximations
CS Parameters” (b,kK)=(1,1) PCS Parameters
pavg Pmin P1 ppre ppost Pcross

Among Quarterly Evaluations of 365 New Jersey Nursing Homes
LS _ADL 0.47 0.34 0.59 0.55 0.52 0.42

SS_Pain 0.74 0.54 0.87 0.83 0.80 0.69

Among Semiannual Visits of 1012 HIV-Infected Bronx-WIHS Patients
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CD4 0.69 0.46 0.84 0.81 0.78 0.61

CESD 0.58 0.52 0.65 0.62 0.61 0.55

1. The CS Approximation parameters p,,,qand pp,;, are invariant to (b, k)

While clearly one would prefer to use these V;p directly in (4) id they and software
for (4) were available it still is useful to see how close CS approximations from pg,,,and
Pmin @iN (6) are as these are much easier to obtain. Thus Figure 3 shows the results for
the above four examples including the actual Var(@TP) in the randomized design for all
possible allocations of (b, k) from Table 3 compared to those produced by CS
approximations in (6) with p = pg,,; and p = p;, as shown in Table 4. For b=1 and
b=6, CS using p = pg,y performed well for all four examples never being
anticonservative and being almost exact to CESD and LS_ADL. By contrast, CS with
P = pmin 9reatly overestimated the variances when b=1 and 6 for CESD and LS_ADL.
However, for b ranging from 2to 5, p = p,,,4 Often greatly underestimated the variance

and for CESD and LS_ADL even using p = p.,,in Was anticonservative.
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A. CS Approximations for Toeplitz Variance in LS_ADL B. CS Approximations for Toeplitz Variance in SS_Pain
g | ; To;phlz 3 M Tosep\llz
CS(min) ] CS(m:
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C. CS Approximations for Toeplitz Variance in CD4 D. CS Approximations for Toeplitz Variance in CESD
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Figure 3: Variance approximations using CS compared to Toeplitz over all b: k allocations (n, = n, =

30,0 =1,T=b+k=7)

7.2.  Two Conservative Approximations to Toeplitz VVariance

The failure of even p = p,,;, in a CS approximation to consistently produce
conservative estimates of Var(éTp) motivates the need to have simple approaches to not

underestimate Var(8yp) if direct calculation is not feasible.

If b> 1, perhaps the simplest conservative estimate for general T is to reduce the
study to T=2 and (b, k) = (1, 1) with only one off-diagonal correlation, the correlation
structure is by default Vg with p = p; in (6). Clearly restricting the study to T=2
measures with one pre- and one post-intervention with this p should yield smaller
variance than using all T time points with more than one pre-intervention measure (T > 2

and b = 1); and one would also expect that for all T > 2 the maximum off-diagonal
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correlation (i.e. pmax = p1). Note that if b=0 then this is not necessarily a conservative
approximation.

Restricting to only 2 of T (i.e. T=7) measures (i.e. when b > 1) at first glance seems
overly conservative which motivates need for another lower bound. To that end as

described in Section 4.3, Frison & Pocock [1] proposed to use mean summary statistics

— 1 — 1 .
(YRt = EZﬁ-‘:l ynijand Yy ¢ = -% 72_p Ynij) to analyze repeated measurements in

randomized trials with two intervention arms. As we discussed in Section 4.3, Var(8ps)
in (8) can serve as an upper bound for Var(8z;) in (6).

Table 4, thus also describes four our 4 examples, implementation of the simple (b, k)
= (1, 1) approximation when b > 1and the PCS approximation using mean summary
statistics to derive upper bounds for Var(8;p) (and thus a lower bound for power). The
third column of Table 4 presents p, for the (b, k) = (1, 1) conservative approximation.
The last 3 columns of Table 4 present the values for PCS parameters with (b, k) = (3,

4): Ppres Ppost and
Peross Tor LS_ADL, SS_Pain, CD4 and CESD outcomes described earlier with based on
the longitudinal correlations shown in Table 1.

Thus, note that for LS_ADL, incorporating p,,,q, = p1 = 0.59 with (b, k) = (1, 1) into

1) [14+(2—1)%0.59](1-0.59)

. 1 1 1 . .
(6) gives (n—o + ) T LmaDwse 0.65 * (— + —) = 0.043; while

Ng nq
incorporatingpp,,e = 0.55, ppose = 0.52 and pr5s=0.42 with (b, k) = (3, 4) into (8)

] = 0.388 * (i + i) = 0.026. Both numbers

No ng

1 ) [ 1+(4-1)%0.52 3%0.422

. 1
gIves (_ + 4 1+(3-1)%0.55

No ny

can serve as upper bound to the variance based on the actual Toeplitz structure in Table 3
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where Var(éTP) = 0.024 for a randomized study of n, units in placebo and n; units in
intervention with (b, k) = (3, 4) for LS_ADL.

Figure 4 presents the results for the above four examples in the randomized design
including the actual Var(éTp) compared to conservative estimates produced by i) simple
approximation with (b, k) = (1, 1) and p,,4x = p1in (6) for when b > 1and ii) PCS
approximations (With py,e, Ppost aNd peross) In (8). For SS_Pain and CD4 where the
within-unit correlation p; was very high at ~0.85 followed by rapid drop-off going to p,
and beyond, the PCS approximation greatly overestimated the true variance as shown in
Figure 4-B and Figure 4-C. However, surprisingly for all values of b > 1, the variance of
the intervention effect was only barely smaller than from restricting to two time points (b,
k) = (1, 1) with p,,,4x = p1. But for LS_ADL and CESD where the Toeplitz correlations
were much closer to CS with much smaller drop-off from p, to pe, the PCS upper bound
was very close to the true Toeplitz variance for all values of b, while restricting to two
time points with (b, k) = (1, 1) using p, greatly overestimated the variance form the

Toeplitz correlation.
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A. Conservative approximations for Toeplitz Variance in LS_ADL B. Conservative approximations for Toeplitz Variance in $S_Pain
g 8 |
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Figure 4: Conservative approximations for randomized designs over all b: k allocations (ny = nq =

30,6 =1,T=b+k="7)

8. Concluding Remarks

Methodologies for the analysis of repeated measures have been developed in recent
years based on general linear models. However, there is a need for simple estimation
tools in practical power calculation. One aim of this chapter was to develop “usable”
power and sample size estimation tools for researchers working on randomized before
and after two-arm intervention designs with repeated longitudinal measurements. We
developed tools for variance of the estimated intervention effect in randomized studies
based on a Generalized Least Squares (GLS) framework. We first used compound
symmetry structure for the within-unit correlation and derived a simple GLS formula for

Var(@cs) in (6), which is easily calculated and implemented for power / sample size
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estimation. With the advantage of closed form GLS formula based on CS, we explored
the optimal value of b to minimize Var(écs) for constrained T. In general, this optimal b
was larger as the correlation coefficient p increased for a constrained T because the pre-
intervention measurements became of greater use.

However, in our real data examples using outcomes from long term care facilities and
HIV patients, the correlation structures were (sometimes very) different from compound
symmetry suggesting further investigation on power estimation with the more general
Toeplitz correlation was needed. We thus computed and analyzed Var (87, )with the
empirical Toeplitz correlation structures of these examples. As closed form formulas for
variance of estimated intervention effect are not directly available for Toeplitz
correlations we numerically evaluated the properties of Var(éTP)using computer
software in (4). Our four examples suggest that b=1 gave close to optimal results
although larger values of b up to 4 were often better. In addition, having at least one
baseline pre-intervention measure is important as b=0 always did much worse.

In practice, investigators often neither have precise normative data on the Toeplitz
variance parameters {p,, ..., pr—1 + of repeated measures nor the software/expertise to
derive or implement V;p. We thus investigated power approximation approaches using
closed form formula variances in (6) for CS approximations to V;p when T=b+k=7. The

CS approximations using p = p,,,, Sometimes substantially underestimated the true
Var(@TP) of the estimated intervention effect and thus overestimated power. Moreover,

even the more conservative CS approximations using p = p,,i, Sometimes resulted in

substantial power overestimation.
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We thus looked for approaches to derive upper bounds to Var(éTp) for our four
examples and had some surprising results. The PCS approximation based on mean
summary statistics provided an alternative upper bound for Var(8;p) (equivalently
lower bound for power). Note that for the two examples with high p, that dropped off
rapidly (SS_Pain and CD4), the PCS approximation greatly overestimated Var(éTP).
Furthermore for these examples using (b, k) = (1, 1) produced only slightly lower
variances than Var(éTP) when b > 1, T=7, meaning that having only T=2 time points
may be sufficient and much less costly than T=7 for these settings. However, for the other
two examples where p; was smaller and the drop-off between p, and pswas smaller
(LS_ADL and CESD) the PCS approximation only slightly overestimated Var(éTP) and
restriction to T = 2 total time points with (b, k) = (1, 1), resulted in a large increase in
variance. Thus it does not appear to be a simple way to obtain simple upper bounds for
Var(éTP) that works in all settings. Thus, it does not appear to be a simple way to derive
upper bounds for Var(8rp ) that works in all settings.

There are some limitations in our work. We assumed an immediate one-time jump
effect of the intervention, but in some settings the effect may be linear cumulative or
some other pattern. The illustrative examples we used are limited with a fixed total time
points (T = 7). While more comprehensive analyses for other values of T in general and
other correlation structures is beyond the scope of this chapter, we believe that the
correlation structures in the four examples presented here are likely generalizable and that
T =~ 7 may be reasonable for many settings with repeated measures taken at 3-6 month
intervals. Although we assumed static covariance (a minimum requisite to use historical

data for correlation estimation), covariance could change over time from uncontrollable



38

mechanisms in practice. Relaxation of the above assumptions may likely lead to
complicated settings that perhaps can only be addressed with simulation.

In conclusion, this chapter developed a power estimation framework based on
covariance approximations and investigated optimal allocation of number of pre- (b) and
post- (K) intervention measurements for constrained T for randomized longitudinal
difference in differences studies. Under the assumption of compound symmetry
correlation, we derived simple formulas for Var(écs) in (6). However, CS may not
always hold in the real world as shown in our examples. Our illustrative examples using
observed Toeplitz correlations did not always empirically support similar properties for
optimal allocation of b: k as were derived for CS using closed form formulas. When the
exact Toeplitz structure is unknown or hard to apply, we presented conservative lower
bounds for power based on simple (b, k) = (1, 1) approximation and PCS approximation
using mean summary statistics. Thus, while it may be difficult for many investigators
both to obtain normative data for Toeplitz correlation structure and to compute variances
of intervention effect estimates based on Toeplitz variances, our efforts to identify simple

and conservative approximations had mixed success.
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Appendix 1: Design Matrix

For (1) with the general parameter vector B=(a, B-p-1), -+ B-1,B1 -+, Brs 0), the
corresponding design matrix has columns (1, /_ -1y, «+-sJ=1,J1s s Jis Z).

The design matrix X is made up of (n, + n,) row-stacked Xj, ;’s, where X, ;denotes
the partial design matrix for each unit in the untreated group and X _, ;denotes for each

unit in the treated group. Note the (T + 1)®*column stands for intervention effect 8. That

is:
[ Xh.=o,1 ]
X = );l:jlnl" where
| Xn=1n, |
1 1 0 O 0 0
Koo =| 1 0 - 10~ 0 o0
=0t 1 0 - 0 1 0 0
1 :_1: :_1 _1: :_1 6_T*(T+2)
1 1 0 0 0 0
X, = 1 0 - 1 0: e 0 0
i<l 1 0 - 0 1 - 0 1
1 :_1: :_1 _1: :_1 i_T*(T”)

Appendix 2: Covariance Matrix and GLS Estimate
The goal is to find (X'V~1X)~tas the most lower right element of (X'V=1X) 1% is

Var(0). First under CS where p;;, = p, the covariance matrix in (2) reduces to Vgs =



1 - p Vo_l 0
o ilandVTi= 8 with
-1
P 1 T 0 Yo (no+ny)T
1+(T-2)p - —p
O m( f * )
—p o 1+ (T =2)p/

Then we apply the technique for the inverse of the partitioned matrix.

Ay A21]‘1_ By, 321]

XV ix)l = =
( = lay Al T By B

where By, = (Ay; — Ay Ay Arp) " tand Var(8)is contained in B, to derive this

simple closed form formula for GLS-CS estimate of variance.

1 1
KV = (n—0 + n—l) [1+ (T = 1)p](1 - p)

[2T(1—p) 2(1-p) 2(1—p) 0 ]
I 2(1.—/0) 2[1+(T72)P] TZP 0 i
[2(1 —p) “2p - 21+ (T—2)p] J
0 0 0 k[1 + (b —1)p]
_ (X 1 _ _ A1 An -
- (no + n1) [1+ (T =Dpl(A = p) [AZI Azz] ’
2T(1—p) 2(1-p) - 2(1—-p)
where ay, = | 21=0) 21+ T=2pl - =20
2(1-p) —2p = 2[1+ (T —2)p]
0
Ay = [M] and Ay = Ay, =

Because A21A11_1A12 = 0,

Brz = (Apy — ApiAn A = Agy ! =
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A~ 1
ThUS VaT(BR_Cs) = (n_o +

1
ny

)

[1+(T-DplA-p) >

k[1+(b-1)p]
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Chapter 2 Power / Sample Size Estimation for Non-Randomized Difference-in-

Differences Studies

Abstract

Intervention effect on continuous chronic normal or normal approximated conditions
is often estimated in two-arm longitudinal clinical trials with T=b+k total time points.
One arm receives the intervention with b>1 pre- and k>/ post-intervention measures
while the other arm is untreated for all T times. Although randomization of which units
receive treatment is preferred, non-randomized designs using Difference-in Differences
(DD) analyses are often necessary for practical issues. Estimated variance of the
intervention effect that incorporates the covariance structure of repeated measures are
needed for power/sample size estimation of DD analyses. We develop Generalized Least
Squares (GLS) based tools for variance of the intervention effect estimate in non-
randomized DD studies using compound symmetry (CS) and Toeplitz covariance. For
compound symmetry (CS) repeated measure correlation, a closed form variance of the
estimated intervention effect was derived, and is minimized (hence power maximized)
with equal number of pre-and post-intervention measurements (b=Kk) for T even and |b-
k|=1 for T odd. While given the same b and k, randomized designs are superior, non-
randomized designs deliver nearly as precise estimates of intervention effect for high
within-unit correlation and/or with more baseline than follow-up measurements (b > k).
However, CS correlation structure did not hold for the four longitudinal nursing hospital

and HIV examples we evaluated where T=7. We thus calculated the power directly for
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these examples using the observed Toeplitz covariance. Again randomization improved
the precision of the intervention effect estimate for these examples. As normative data for
Toeplitz correlation may be difficult to derive or implement in practice, we explored
simpler approaches to approximation of the variance of the intervention effect in this
setting. However, none of these approximations performed uniformly well. But one of
these approach revealed that in some cases T=2 longitudinal measures with b=1 and
k=1 obtained nearly as precise estimates of the intervention effect as did any design with

T=b+k=7 measures.
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1. Introduction

Clinical trials and other prospective studies often evaluate repeated measurements of
continuous normal (or normal approximated) chronic outcomes on treated units at
systematic time points before and after an intervention compared to the same times on
controls whom are never treated [1-3]. In our nomenclature “units” could refer to
“treatment/care facilities” such as nursing homes or refer to “persons”. While
randomization of which units are treated is preferred to improve precision, it is not
always feasible; particularly in health economics and services research. Thus non-
randomized designs known as Difference-in-Differences (DD) analyses are widely
applied [2, 3] to estimate the impact of new interventions or policies introduced at a given
time point into non-randomized facilities (or individuals), compared to controls
continuing on the existing regimen. Units in both arms introduced to the intervention and
the controls are measured at the same T longitudinal time points. The outcome being
affected by the intervention is measured at b consecutive time points (denoted -b, - (b-
1)... -1) prior and k consecutive time points (denoted /, 2... k) after the intervention is
introduced to the intervention arm with b+k=T. The difference in outcomes for the
intervention arm during the b pre- and k post-intervention periods is compared to that for
the control arm. Difference-in-differences analysis is best applied using a mixed model
framework that adjusts for serial correlation of repeated measures within the same
intervention facility or individual [4].

We assume for this chapter “non-randomized” allocation to intervention and control
arms is done by convenience or other processes that are not purposely based on levels of

the outcome over the first b time points. For example, maybe hospitals that are closer to
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a university are assigned the intervention developed at that university. Still, the pre-
intervention levels of the outcome may differ by an unknown amount between the
intervention arms due to confounding from the criteria that such “circumstance”
allocation was based on. For example, the hospitals closer to the University may have
worse pre-existing levels of the outcome. Such differences will (i.e. with or without an
intervention) continue into the k post-intervention measurements. This contrasts with a
regression to the mean phenomenon [5, 6], which would be generated if units (i.e.
hospitals) that were performing worst prior to the initiation of the intervention were
deliberately over-selected (or under-selected) to be given the intervention. That setting is
discussed in Appendix 1, but again is assumed not to exist in this chapter.

To design and plan a longitudinal study in evaluating a new intervention, it is
important to estimate whether one has a large enough sample for adequate power to
detect a reasonable intervention effect. This depends on what the variance of the
intervention effect estimate will be, which among other things, depends on the often-
unknown correlation structure between repeated measures of the same unit. We develop
variances of the intervention effect estimate using generalized least squares (GLS)
models based on i) the simplest repeat-measure correlation structure (compound
symmetry) and ii) a more complex, but more empirically tenable Toeplitz correlation
structure.

The chapter is organized as follows: Section 2 presents the general linear model
(GLM) for DD analysis. Section 3 introduces general GLS variance/power formulas for
intervention effect estimates from GLM. Section 4 provides insights on allocation of T

into b: k and discusses the penalty of non-randomization (versus randomization) if
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compound symmetry repeat-measure correlation (CS) holds. Section 5 investigates the
Toeplitz repeat-measure correlation and discusses the optimal b: k allocation using
illustrative examples from real data where CS does not hold. Section 6 develops and
compares simple / conservative variance estimates for Toeplitz covariance when there is
uncertainty about the actual Toeplitz structure. Section 7 summarizes and discusses

possible future work.

2. Difference-in-Differences Design Examples and General Linear Model

In DD studies, Let Y denote the longitudinal continuous outcomes observed at b times
before and k times after the intervention implementation in the new intervention arm and
atall T = b + k times in the control arm; j = {-b, -(b-1), ..., -1, 1, 2, ..., k} denotes the
ordered times with before the intervention is implemented being {-b, -(b-1), ..., -1} and
after the intervention is implemented being {1, 2, ..., k}; h denotes the intervention arm
with h=0 for control and h=1 for the new intervention. There are n, units receiving the
control and n, receiving the new intervention (or n in each if n, = n,); unit (nested
within intervention arm) is denoted by i. Thus Y;;; represents the measure at time j from
unit i in the new intervention arm and Yy;,;, represents the measure at j' from unit i’ in the
control arm. For example, consider a trial with n, = n; = n = 30 hospitals in each arm,
let i denote hospitals (as “units”) where i=1, ..., n,. For the intervention arm (h=1),
“units” are followed for T=7 years total with b=2 years (2001 to 2002) prior and k=5
years (2003 to 2007) after the intervention implementation. Thus Y; 3 _, and

Yy 173 respectively denote the measure taken in 2001 (2 years prior to start of the
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intervention) in the 3"¢ hospital of the intervention arm and 2005 (3 years after the start
of the intervention) in the 17" hospital of the control arm, respectively. We assume
complete data with T=b-+k measures observed on each unit, which, in particular, is
reasonable when the units are facilities that are required by regulations to keep regular

records of the outcomes of interest.

The Yy;; measure is decomposed as:
Yhij = a0+a11{h=1}+ﬁj+92hj+£{kj (1)

With aydenoting the average baseline value taken at j=-b for control units;
a,denoting a potentially different central tendency at j=-b from the “circumstance”
selection of h=1 versus h=0; a difference that continues onto subsequent times; f;
denoting the fixed effects corresponding to time j (j = -(b-1), ..., -1, 1, ...,k relative to j=-
b);. Now Zj,; = Itp=1,j>0y IS an indicator of if the intervention is delivered in arm h at
time j with 1=intervention delivered and O=control delivered while & is the size of the
intervention effect on the outcome as described below. Any random unit (i.e. i level)

*

effects are subsumed into the within-unit error term &;;, where &;;~N (0, o*V) with the

correlation matrix V defined in (2).

We assume an immediate “jump effect” of size 8 after the intervention begins that
remains unchanged at subsequent time points, with j > 1. Note that other functions such

as linear intervention effect increase j = 6Z,; or threshold followed by exponential decay

j
e m * 0Zy; for some constant m > 0 are possible. However, there may be settings where
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an immediate “jump effect” is appropriate such as when the intervention is a process
change at a medical facility that is implemented quickly, a drug that the body does not
develop resistance or acclimation to, or an immediately successful behavioral
intervention. Even if the intervention impact (or differential intervention) was not exactly

immediate jump it could be close to this.

3. GLS Variance / Power Estimate Framework
3.1. GLS variance estimate

The matrix form of (1) can be written as: Y = XB + ¢, where &;~N (0, a2V). Here X
represents the design matrix and Y is a vector of outcomes. For (1) with the general
parameter vector ﬁ:(ao, a1, B—p-1)s -+ B-1, P1, -, Bk, 8), the corresponding X has
columns (1, Igp=13, J—(p—1)s s J=1,J1s s Jis Z), With (g + 11)*T rows per column. Z is a
column/vector of intervention indicators Z,; coded (0, 1) as defined above;

J--1ys =»J-1,J1, .-, Jxc are columns corresponding to b+k-1 independent time coded
variables as follows: for j= (-(b-1), -(b-2), ..., -1, 1, 2, ...k), J;={-1 attime —b
(reference); 1 at time j; and O at all other times}. There is no column for J_, as f_, =
— Z?:-(b—n p; under the fixed effects constraint >k, B; = 0. Thus X (where Xj,; as

defined in Appendix 2) and V can be written as:



o1

Xn=0,i=1 \
_ | Hnmoiemy | (o
X = JV=1: . ,
Xn=1i=1 | 0 Vv
: / 07 (no+ny)T
Xn=1,i=no (no+ny) T*(T+1)
P11 P12 P13 r Pir-1 Pt
P21 P22 P23 o P2r-1 P2t \
where 1, = | : P31 P:32 P33 : P:3,T—1 ,03,:T i . )
Pr-11 Pr-12 Pr-13 °° PT-1T-1 pT—l,T/
Pt Pr,2 Pr3z = Prr-1 Prr /

The covariance matrix V is made up with (n, + n,) block T diagonal matrices V,'s
with all off-block diagonal matrix elements being 0. The most basic assumptions for the
error term is that measures are independent between units, and correlation structure is
invariant given two time points j and j* for any unit, i.e., p; jj, = p; ;;, (i# ', j# j') The
within-unit correlation structure (p;;,) is often unknown in advance. Typically, the
correlation for any two time points is generally non-increasing, i.e., the closer the two
time points are, the higher the correlation is; as they are further away, they become less

correlated [10, 11]. We will restrict correlation assumptions further later in the chapter.

Note that for the randomized setting where units are randomized into the intervention
arm, the baseline measurements from both groups are the same due to randomization
where a; = 0, and thus renaming the only intercept parameter «, as a. The parameter

vector reduces to f=(a, B_(p-1), s B-1, B1, -+ B, ) Where a = 1 and the other

parameters as defined before. Appendix 2 presents the full expansion of design matrix for

the non-randomized (NR) as well as the randomized (R) setting.



52

The GLS estimate for B IS E’ which is the best linear unbiased estimator
(BLUE) for B and uniform minimum variance (UMVU) if Y;;; is normally distributed

[9]. The GLS variance for é is A being a square matrix of order T+1. The variance of 9 is

the lowest-right diagonal element of A.
g =XV 1IX)“Ix'v-ly; (3)

A= (X'V-1X) g2, 4)
3.2.  General Power Estimation Approach
We consider Hy: 6 = 0 versus Hy: 6 = +6,. Without loss of generality, § = %“ isa
predefined clinically important effect size in terms of standard deviation, while
a and B are Type | and Type Il errors, respectively. We have the following equations of
power (1 — B) using the notation from [8], in which Var(@) is derived from the GLS

variance estimate in equation (4).

0, = (Zl_% +2z1_p) Var(@). (5)

For practical repeated measure designs, the normal approximation of the non-central t
distribution is applied for studies with relative large sample sizes [14]. In specific, the
two distributions are almost identical when degrees of freedom (DF) y > 30. For smaller
sample sizes, it may be appropriate to approximate degrees of freedom (DF) (y) in non-
central t distribution for the mixture variance (for example, by Satterthwaite’s (1946)
[15], and Kenward-Roger’s (1997) approximations [16]) and adjust equation (5) for this.

But the full details are beyond the scope of this chapter.
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4. Power Estimation Framework based on Compound Symmetry
4.1.  GLS variance under compound symmetry

Compound symmetry (CS), also denoted sphericity or equi-correlation [11, 12], is a
commonly used within-unit covariance matrix for £ in this type of setting [8] as CS only
requires assumption of one unknown correlation parameter. It can be reasonable to
expect that the largest (and perhaps only) covariance component of &; within the same
unit i, would be a main effect for the unit i with smaller ignorable within-unit temporal
changes over j. While little empirical research has been done to confirm this structure
holds, one study finds that CS was a reasonable simplification in quantitative planning of

repeated measures clinical trials [8]. In this section, we derive the GLS estimate replacing

2
V, in equation (2) with V¢ having a common p. Note that p = # where 72 is a unit (i-

o¢

level) variance and ¢ is an independent unit-visit (ij-level) variance as described in

1 pp p P P P
p 1L p p p pp
pp 1 pppop
Appendix 4. ForT=7,V, =Vs=|p p p 1 P P P|
pppp 1l pop
p P p p p 1 p
p P p p p p 1l

Under the assumption of CS we derive a closed form GLS-CS formula for the
variance of 8 as follows. Using the inverse formula for a partitioned matrix described in
Appendix 3, the following GLS-CS variance estimate depends on b, k, ¢ and p.

For non-randomized designs (NR-DD) under CS in equation (1),
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5 1, 1, (0+R)(1-p) .
Var(Oyg-cs) = (n_0+n_1)T02’ (6)

For randomized designs (R-DD) under CS,

A _ 1 1 [1+(+k-Dp](1-p)
Var(Og-cs) = (n0+n1) kar-1p] ° (7)

Note that as Appendix 4 shows, compared to fitting any R-DD, the NR-DD with non-
randomization effects under the same setting will result in a possibly lower model within-

population measurement variance on Y;; (625 < 0?) together with a possibly smaller

within-unit correlation of ¥;; andY;;, (ong < pg) due to elimination of variance from

about a common « to that about dispersed intercepts, a, and a, + a,. However, from
equation (6), Var(Oyr_cs) only depends on a?and p through the product (1 — p)a?. To
that end Appendix 4 shows this product is unchanged by application of the fixed effects
NR-DD design in that it turns out that always, (1 — pyr)osr = (1 — pg)oZ. This
invariance property means that under compound symmetry, the “pre non-randomization
study design” effect parameters for a2and p can be used in equation (6) no matter what
the impact of the fixed effects NR-DD on the final o2and p is.

To calculate the number of units needed in each arm to achieve a given power (1 —
B), if CS correlation structure is used then plugging equations (6-7) into (5) and
reorganizing, gives the number of units (ny_cs) needed to obtain given power for NR-

DD studies:

(b+K)(1-p) .
MWR-cs = —prgi~ (Z1-¢ + Z1-p)*; (8)

and the number of units (nyz_cs) needed to obtain given power using R-DD studies is:
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_ [1+(b+k-1)p](1—-p) 2
MR-cS = Rt (0-1)p]0? (21_% +z1_5)". 9)

Note that equation (8) is symmetric on b and k in that (»’, k’)=(k, b) gives the same
variance as (b, k). This symmetry follows from the symmetry of V, and can also be
shown through a reformulation of the problem that reverses the timescales and thus (5,

k’) replaces a; with a; + 6 and 6 with —6.

4.2.  Non-Randomized Versus Randomized Designs under Compound Symmetry

While it is known that randomization is superior to non-randomization, as
randomized studies can be more costly and logistically more difficult to conduct, the
relative superiority may be important to know. Under CS, the ratio of the variances of
non-randomized to randomized DD studies is calculated below using equation (6) and

equation (7) with the randomized setting as a reference.

var(Onr—cs) _ (b+k)[1+(b-1)p] _ k(1-p) (10)
Var(@r—cs)  b[1+(b+k-1)p] b[1+(b+k—1)p] '

The ratio in equation (10) indicates Var (Oyg—_cs) > Var(8z_cs), and thus confirms
that power in randomized design is greater than the non-randomized setting with the
same design parameters. As p — 1, the ratio goes to 1, meaning the randomized design
behaves similar to, but still better than the non-randomized design when p is close to 1.

As p — 0, the ratio reduces to 1 + %, meaning an NR-DD requires (1 + %) times more

units than the comparable R-DD design to achieve the same power. Thus increasing k or

decreasing b (with all other parameters fixed) can lead to more advantages in conducting

randomization. For b > k, the ratio lies within (1, 2); for very small %, the ratio is close to
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1, meaning that randomization does not significantly reduce variance of the intervention

effect estimate.

Figure 1 provides examples with the number of pre-visits (b) varying between 1 and 6
for T=7. Note that here and elsewhere, we chose the total number of visits to be 7 as it
seems reasonable for the four examples presented later in Section 5 and other settings
where trials would be conducted over periods of 2-3 years with repeated measures at 3-6
month intervals. For p > 0.6 and b > 2, non-randomization performs close to
randomization as the variance ratio is less than 1.22. But for b=1 variance from non-
randomization did not approach that from randomization until p > 0.8 where the

variance ratio was 1.21.

© — e pb=1
b=2
‘. b=3
© ) b=4
1 ° e p=5
.o e b=6
..
o %
2 o
(04
N p—
o p—
| | | | | |
0.0 0.2 0.4 0.6 0.8 1.0
value of p

Figure 1: Ratio of variances in NR-DD versus R-DD assuming CS structure (T = b + k = 7)
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4.3. Power by b: k Allocation for Non-Randomized Designs under Compound
Symmetry

Focusing now on the non-randomized design (the main subject of this chapter), in
practice, the total number of visits T (T=b + k) will likely be fixed because of budget
and/or time constraints. To investigate the optimal allocation of b: k that maximizes
power of NR-DD designs by minimizing Var(6z_cs), we find the optimal b* where

b* = arg max Power = arg@Var(@R_cs) under the constraint of T=b + k. For the
b b

CS, setting the derivative of Iog(Var(éNR_CS)) in equation (6) with respect to b be 0

yields — — 1) = 0 which occurs when b = k. Optimal allocation to minimize the
T-b b

variance and maximize the power is b* ~ k*. Thus if T is even, then b* = k* = g; if Tis

odd, then b* = % or % For example, if T=6, then b* = k* = g = 3; if T=7, then

(b*, k™) = (3,4) or equivalently (b*, k*) = (4, 3).
We can also quantitatively measure the impact on Var(éNR_CS) by comparing the

ratio of this variance from any given (b, k) versus the optimal (b", k') assuming constant

Var(Oyr-cs)|(b.k) _ b'k*

T, i.e., ~ =
Var(Oygr-cs)|(b* k") bk

using equation (6). For example (T=7), when (b, k) =

bl _ 3 _ 2, meaning that Var(Byg_cs) for (b,k) =

(1, 6), the ratio of variance is _
bk 1x6

(1, 6) is twice than that for the optimal (b*, k™) = (3,4); but when (b, k) = (2,5), the

b*k* _ 3x4

ratio of variance is only
bk 2%5

g =1.20. Thus if b is close to b*, the ratio is close to

1 and differences in power estimation are small. However, as b goes further away from

b*, the ratio gets larger and differences in power estimation become meaningful.
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5. GLS Power Estimation using Toeplitz Structure

While compound symmetry has led to simple and useful closed form variance and
power formulas, the issue of how well this structure fits in practice needs to be broached.
The first step in this process is to have an alternate and usable correlation. We propose
the Toeplitz (TP) which is more general than CS, and present power estimation with four

illustrative examples.

5.1. GLS variance estimate given Toeplitz correlation
In loosing the assumption beyond CS, an essentially necessary assumption for
estimability is that correlations be stationary over chronological time and thus a function
of the difference in j and ;" (p;;,= p; _j,)) [11, 12] as otherwise it is impossible to project
historical normative data to a future study. This is known as Toeplitz structure (V;p) with
correlations denoted p, for |j-j'|=1, p, for [j-j'|=2, ..., pp+r—1 TOr |j-7'|=b+k-1 as
illustrated in (11) for T=7.
1 p1 P2 P3 Pa Ps Pe
pr 1 Pp1 P2 P3 Pa Ps

p2 p1 1 p1 p2 P3 Pa
VO =Vep=|p3s p2 p1 1 P1 P2 P3| (11)
pPs Pz P2 pr 1 PP
Ps P+ p3 p2 p1 1 pg
Ps Ps ps Pz Pz p1 1

The generalized least squares (GLS) estimate of all the parameters in (1) is then given
in equations (4, 5), with V, = Vrp. Now p; is generally non-increasing with |j-j’| where
CS is the special case of p; = p; and for T=7, if p, is not too much less than p; then

perhaps CS as an approximation would be good.
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We now estimate Toeplitz correlation structures for four illustrative examples. The
first two are from data collected on 365 New Jersey nursing homes being monitored
every three months from the second quarter of 2011 to the fourth quarter of 2012 (seven
quarters total) in the Nursing Home Compare [17] for proportions of: 1) long stay
residents with long term need for help with activities of daily living (LS_ADL); and 2)
short term stay patients that experience moderate to severe (SS_Pain). Higher levels of
both LS_ADL and SS_Pain are undesirable and targeted for improvement at a facility
level. The “unit” for these examples is the facility with the repeated measure being
quarterly facility averaged values. Thus, for example, in a future study it is conceivable
that all 365 facilities could be followed for b baseline time points to obtain LS_ADL
and/or SS_Pain proportions and then around 50% be moved to a facility intervention to
improve one or both of these with k post-intervention measures obtained from both
groups for comparison of change.

The second two examples are obtained from 224 Bronx HIV infected women [18]
who had complete data for their first seven semiannual visits for CD4 counts and CESD
Depression scores [19]. Higher CD4 and lower CESD are desired and have been
previously targeted for interventions. The repeated measures for these examples are from
semiannual visits of patients. It is conceivable that in a future study these patients could
be followed for b baseline visits to obtain CD4 and / or CESD scores and then around
50% be put on an intervention to improve one or both of these with k post-intervention
measures obtained from both groups for comparison of change. Again, we chose
T=b+k=7 which is reasonable not only for our examples but also for trials conducted

over 2-4 years with repeated measures at 3-6 months interval.



Table 1 and Figure 2 summarize the Toeplitz correlation structures for the four

outcomes described above estimated using the mixed procedure in SAS from the

normative data. Visually, Figure 2 illustrates a range from starting correlations at p, of

~0.60 to ~0.87 and in slight to steep generally monotonic linear declines going down

to pe ranging from ~0.34 to ~0.55.

Table 1: Toeplitz correlation structures from four examples

Time P1 P2 Ps3 P4 Ps Pe
Among Quarterly Evaluations of 365 New Jersey Nursing Homes
LS ADL 0.59 0.47 0.41 0.39 0.40 0.34
SS_Pain 0.87 0.76 0.69 0.66 0.63 0.54
Among Semiannual Visits of 1012 HIV-Infected Bronx-WIHS Patients
CD4 0.84 0.74 0.65 0.57 0.46 0.47
CESD 0.64 0.59 0.54 0.53 0.52 0.55
o |
—
o |
o
é g ] ‘\‘\’\o—\,_/*
®
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s <
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Figure 2: Visualization of Toeplitz correlation structures from real examples (T = b + k = 7)
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For example, the correlations of CD4 and SS_Pain start higher at p; = 0.85 than do
those of LS_ADL and CESD at p; = 0.60. For CESD, the decline is p; — pg = 0.10
which might be qualitativley close to CS. The decline for SS_Pain, LS_ADL and CD4 is
p1 — Pe = 0.35, thus these correlation structures are not close to compound symmetry.
The remainder of Section 5 presents power estimates and properties for these four
examples based on the empirical Toeplitz correlation structures in Table 1 and Figure 2.
In Section 6 we evaluate whether compound symmetry or another simple approach can
be used to get good estimates of variance and power for these examples in the case of

where the Toeplitz structure could not be estimated or where a robust approach is needed.

5.2.  Power by b: k Allocation for Given Toeplitz Correlation

As we could not derive a simple variance estimate for the general Toeplitz structure,
we begin by presenting the empirical Toeplitz variance estimates for the four examples
with the added goal of replicating Section 4.2 comparing randomized versus non-
randomized variance by b: k allocation for the given Toeplitz structures in Table 1. We
computed the Var () in equation (4) by computer for the given Toeplitz correlation
structure over all possible b: k allocations for each of the four examples. Without loss of
generality and to facilitate comparisons, these computations assumed the variance of each
outcome was o = 1 and n, = n; = 30. Figure 3 presents variances for both non-
randomized and randomized designs; the number of pre- and post-intervention (b, k) were
allowed to be (1, 6); (2: 5); (3, 4); (4, 3); (5, 2); (6, 1). The solid lines stand for the

variance under V;p of non-randomized designs, Var(éNR_Tp), and the dotted lines for
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that from randomized designs Var(éR_Tp). The optimal b: k allocation to minimize
Var(8yg_rp) in each example occurs at the value of b where the solid line hits the
minimum.

It should be noted that while comparisons of Var(Oyg_rp) to Var(8z_rp) in Figure
3 assume that the NR and R designs has the same repeated measure correlation / variance
structure, we acknowledge that the imposition of NR designs may change the correlation
/ variance structure. Appendix 4 showed that for CS repeated measure correlation, the
impact on the variance and correlation structure from absorption of variance by imposing
an NR design on an R setting canceled out in terms of Var(@NR_CS) in equation (6). But
we are not able to derive this same result for Toeplitz correlation in general. So while we
believe the comparisons of Var(8yg_rp) to Var(8z_rp) given Toeplitz in Figure 3 are

qualitatively meaningful, we acknowledge this limitation.
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A. Toeplitz Variance for LS_ADL B. Toeplitz Variance for S5_Pain
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Figure 3: Ratio of variances in NR-DD versus R-DD from Toeplitz examples over all b: k allocations

my=n,=30,60=1,T=b+k=7)

The examples in Figure 3 show that: i) The same optimal allocation of b and k under
CS (b = k) held for the Toeplitz with three of the examples where (b, k) = (3, 4) and (b,
k) = (4, 3) for NR-DD designs symmetrically had the smallest variances with T=7. But
for CD4 in Figure 3-C, the variances from (b, k) = (1, 6) and (b, k) = (6, 1) are smaller
than those from b =~ k. ii) Not surprisingly, the variances for the randomized setting
were always smaller than those for non-randomized designs over all possible allocations.

As b became larger the advantages for randomization decreased and were arguably

minimal for b > 2 for CD4 (with ratio “22NR=TP) — 1 17 at b = 2) and SS_Pain (with

var(@r-tp)
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ratio L2LONRTP) — q 19 ath=2) and b > 4 for CESD (with ratio 222 CONE=TR) — 1 1 gt

var(Br_tp) var(Or_rp)

b = 4) and LS_ADL (with ratio Yar®nr-r) _ 1 16 ath = 4); iii) As was described in the

var@r-Tp)
last paragraph of Section 4.1 because the Toeplitz correlation structure is symmetric,

Var(Oygr_rp) is identical for (b, k) and (b°, k") where (b°, k’)=(k, b).

6. Power Estimation for Non-Randomized Designs using Simple

Approximations to Toeplitz Correlation

If the actual structure of V;p can be identified from normative data, it is ideal to use it
as Vo in (X'V~1X)~12 for variance / power calculation. However, in practice,
investigators often have limited access or software to obtain V-, from normative data in
the limited time that is typically available to apply for study funding which may make
estimation of power based on V;p prohibitive. Furthermore, power/sample size estimates

using Vyp could have unknown robustness properties against misspecification on

(b1, - PT-1).

With so much complexity, uncertainly and difficulty in deriving parameters
investigator may consider using heuristics approximations with less unknown parameters
to estimate power and variance for non-randomized DD studies with Toeplitz covariance.

We thus compared variances from several heuristic approximations to the

actual Var (Oygr_rp).
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6.1. Compound Symmetry-Heuristics Approximation to Toeplitz Correlation

A compound symmetry structure with a common p is probably the simplest
approximation for Var(éNR_TP) if obtaining V;p seemed impractical or impossible as
this p can be input into (6) or (8) as heuristically estimates to Var(Oyz_r»s)-

However, which value of “approximatedp” to use in (6) or (8) is not clear. One
reasonable approach is to estimate (i.e. what is believed to be) the equi-correlation p with
the weighted average of all (i.e. estimated) intra-unit correlations among the T time

points, in the Vs matrix that is being substituted for Vyp. That is use p = pg,g =

(b+k—1)p1+(b+k—=2)pa+-+ppik_1
21_7+k—1 i
i=1

. For example, for LS_ADL with (b, k) = (3, 4) using the

- 6p1+5p,+4p3+3ps+2ps+
observed correlations from Table 1, pg,,, = 2222 pzl PaTZPsTPe = 0.47.

A second approach that is more conservative is to let p = p,,;,, as the common
correlation in the substituted V.gwhere p,,;»1s the minimum correlation in V;.p. The
second approach is more conservative in power estimation than the first in that it obtains
larger variances since the GLS-CS variance in (6) increases as p decreases. This ppin,
typically would be p; 54 if the correlations are decreasing with [j-7’|. For example, for
LS_ADL with all values of (b, k), pnin = pe = 0.34.

The first two columns of Table 2, respectively, present CS parameters (pgy,g and ppin)
in Vg approximation of Var(8yg_rp) using the observed correlations in all four
examples of Figure 3. Again, by symmetry as described at the end of Section 4.1, pg,,4 in
the first column also holds for (b, k)=(3, 4). The p,.i» given in the second column holds

for all T=b+k=7.
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Table 2; Calculated parameters for CS approximations and conservative approximations from the

Toeplitz correlation structures in Table 1 for (b, k) = (3,4) (n, =n, = 30,0 = 1)

Outcome Heuristics Conservative Approximations
in Table 1 Approximations
CS Parameters” (b,k)=(1,1) PCS Parameters
paug Pmin P1 ppre ppost Pcross

Among Quarterly Evaluations of 365 New Jersey Nursing Homes
LS ADL 0.47 0.34 0.59 0.55 0.52 0.42
SS_Pain 0.74 0.54 0.87 0.83 0.80 0.69
Among Semiannual Visits of 1012 HIV-Infected Bronx-WIHS Patients
CD4 0.69 0.46 0.84 0.81 0.78 0.61

CESD 0.58 0.52 0.65 0.62 0.61 0.55

1. The CS Approximation parameters pq,,qand p,,;, are invariant to (b, k)

Figure 4 compares the approximated variances from Vg using p = pgpg and p =
pmin Tor the four examples in Table 1 to the actual Var(éNR_TP) for all possible
allocations of (b, k). Without loss of generality for making comparisons, we again
assume thatny = n, = 30,0 =1,T = b+ k = 7. For b=1 and b=6, the
Vesapproximation to Var (Oyg—_rp) Using p = pgy, performed well for all four examples
never being anticonservative with both values almost exactly equaling each other for
CESD and LS_ADL. By contrast, the V¢ approximation with p = p,,;,, greatly
overestimated Var(@yz_rp) When b=1 and 6 for CESD and LS_ADL. However, for b

ranging from 2 to 5, the Vg approximation using p = p,,4 Often greatly underestimated

Var(8yg-rp) and for CESD and LS_ADL even the V¢ approximation using p = ppin
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often underestimated Var(éNR_TP) which would result in anticonservative power

calculations.
A.CS Approximations for LS_ADL B. CS Approximations for $S_Pain
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Figure 4: Variance approximations using CS (p = ppin and p = pg,,4) compared to Toeplitz over all

b: k allocations (ng =n; =30,6 =1,T=b+ k=7)

6.2. Two Conservative Approximations to Toeplitz Variance

The fact that using V¢ approximations even with p = p,,;,, often underestimated
Var(@NR_TP) suggests that simple approaches which conservatively estimate (i.e. not
underestimate) Var(éNR_TP) might be better. Perhaps the simplest conservative estimate

for general T is to reduce the study to T=2 and (b, k) = (1, 1) with only one off-diagonal

correlation, the correlation structure is by default V.5 with p = p, in (6) and (8). Clearly
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restricting the study to T=2 measures with one pre- and one post-intervention with this p

should yield smaller variance than using all T (T > 2) timepoints; and ii) one would also

expect that for all T > 2 the maximum off diagonal correlation (i.e.p0x = P1)-
However, restricting to only 2 of T (i.e. T=7) measures at first glance seems overly

conservative which motivates need for another lower bound. Frison & Pocock [8]

post

proposed to use mean summary statistics (¥ —Z K1 ynijand Y = %Z];l_b Yhij)

to analyze repeated measurements in randomized trials with two intervention arms. Using

the same idea for a non-randomized study for each unit, the summary statistic is the mean

change: Y22 — Y. Then the overall intervention difference in these mean changes is:

T (T = W) — - i (V™ = W) = (% - 77°) = (B - 77,
which has expected value (@5 — @) — (@°°* — @™®) and variance:
Var(Bug-ms) = Var[(Y5"" = ¥37) — (7P = 777°)]

1 1+ (k- 1)P os 1+(b=1)ppre
=(n_0 _)[ 2%+ b 5 _chross]o-2 (12)

Where i) py,is the averaged correlation among the pre-intervention timepoints and

(b—1)p1+(b=2)pa+--+pp—1
b-1D)+bB-2)+-+1

if the correlation structure is Vzp then py,,.. = ;1) ppost 1S
the averaged correlation among the post-intervention timepoints and if the correlation

(k=1)py+(k=2)pz+-+pg_1
(k—1)+(k—-2)+-+1

structure is Vyp then pposc = and iii) p.ross 1S the averaged

correlation between the pre- and post-intervention time points and if the correlation

k b-1
Zéc=1(Pi+Pi+1+---+Pi+b—1) _ Zi=12]’=o Pi+j
bk bk )

structure is Vyp then perpss =
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The GLS estimator is a best linear unbiased estimator (BLUE) [8, 9, 13] and the mean
change above is unbiased for 8. We can thus conclude from the Gauss-Markov theorem
that GLS variance estimate in (4) based on V, = Vp is no greater than the MS variance
estimate in (12). We thus employ the mean summary statistics approach to derive an
upper bound for the GLS variance of a given Toeplitz correlation.

Table 2 in the last 4 columns also presents the values described in this section for the
examples in Table 1 (LS_ADL, SS_Pain, CD4 and CESD) based on their given empirical
Toeplitz correlations in Tablel for T=7 with (b, k) = (3, 4): i) Using PCS parameters
(Ppres Ppost AN peross) Tor T=7 with (b, k) = (3, 4).

For example, looking at LS_ADL based on Table 2, incorporating p;mex = p1 = 0.59

with (b, k) = (1, 1) into (6) gives and approximated variance of

(2 +2) « 22252 = 082+ (= +

1 ~
e — - n—l) o2 as an upper bound for Var(yg_rp) not
only for (b, k) = (3, 4), but also for all values of (b > 1, k > 1). Similarly, again for
LS_ADL but now specifically for (b, k) = (3, 4) incorporating p,,. = 0.55, ppost =

0.52and Pcross = 0.42 from Table 2 into (12) gives ( + i) [—1+(4_41)*0'52 +

1
Ng nq

1+(3-1)%0.55

- — 2% 0.42] o2 = 0.50 * (i + nil) o2 as an upper bound for Var(Oyg_rp)

ng
for LS_ADL when T=7 and (b, k) = (3, 4) and also symmetrically for (b, k) = (4, 3).

In Figure 5, for LS_ADL, SS_Pain, CD4 and CESD in the non-randomized designs
among all possible values of (b, k) (i.e. satisfying T=b+k =7), we present the actual
Var(8yg_rp) compared to the upper bounds for this produced by i) T=2 with (b, k) = (1,
1) and pyq, = p1in (6) and ii) MS approximations (With ppre, Ppost AN Peross) N (12).

As before, we set ¢ = 1,n, = n; = 30.
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For SS_Pain and CD4 where p, were very high (i.e. ~0.85 in Table 1 and Figure 2)

followed by rapid drop to p,, ..., pp+k—1, the MS approximation greatly overestimated the

true variance as shown in Figures 5-B and 5-C. However, for these outcomes surprisingly

the true Var(8yg_rp) Were only barely smaller than the simple approximation from

restricting to T=2, (b, k) = (1, 1) with p,,,0x = P1-

For LS_ADL and CESD where p,were lower (i.e. ~0.60 in Table 1 and Figure 2) and

the drop to py, ..., pp+r—1Were smaller (especially for CESD), the MS upper bounds were

very close to Var(@yg_rp) at all values of b. However, for these outcomes as shown in

Figures 5-A and 5-D, restricting to two timepoints with (b, k) = (1, 1) using p, greatly

overestimated Var(8yg_rp)-
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Figure 5: Conservative variance approximations compared to Toeplitz over all b: k allocations

ng=n,=30,06=1,T=b+k=7)

7. Concluding Remarks

This chapter developed estimation tools for variance of the intervention effect
estimate in non-randomized difference-in-differences studies based on a Generalized
Least Squares (GLS) framework. We first used compound symmetry structure for the
within-unit correlation and derived closed form GLS variance estimate formulas. The
closed form formulas in (6) and (8) are easily calculated and implemented in (5) and
elsewhere for power / sample size estimation. We explored the optimal allocation into
pre- and post-intervention (b: k) under CS when (T=b+k) is constrained but the
investigators can choose b and k. Not surprisingly, equal (or closest to equal) number of
pre- and post-intervention measurements (b=k for T even and b=k+1 for T odd)
minimized Var(éNR_CS). We then quantitatively compared randomized to non-
randomized DD studies in terms of Var(8z_cs)/Var(Oyr_cs)- Although Var(8z_cs) <
Var(éNR_CS) for the same design parameters (b, k and p), non-randomization can work
nearly as well in compound symmetry settings if within-unit correlation p is high
and/or b > k.

However, in our real data examples using outcomes from long term care facilities and
HIV patients, the correlation structures were (sometimes very) different from compound
symmetry suggesting further investigation on power estimation with the more general

Toeplitz correlation was needed. As simple closed form formulas for Var(éNR_Cs) were
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not feasible, we presented the GLS variance estimates from computer calculation using
the empirical Toeplitz correlation structures of these examples. The same optimal
allocation of b and k under CS, (b =~ k) held for the Toeplitz for only two of the examples
where T=7. Again while R-DD designs yielded lower variance than NR-DD designs, the
advantage of randomization was less when correlations were larger and as b increased.

In practice, investigators often neither have precise normative data on the Toeplitz
variance parameters (p,, ..., pr—4) Of repeated measures nor the software/expertise to
derive variances from this Toeplitz structure. We thus investigated approximations to
Var(Byg_rp) by closed form formula variances using CS for T=h+k=7. The CS
approximations to Var(8yz_rp)using the average correlation (i.e. Vs USing p = papg)
performed well when (b, k) = (1, 6) and (b, k) = (6, 1). But for other values of (b, k), Vs
using p = payy SOMetimes substantially underestimated Var(8yg—_rp) and thus
overestimated power. Even CS approximations to the Toeplitz structure that seemed
conservative (i.e. Vegwith p = p,,i) resulted in substantial power overestimation. Thus
while investigators might be tempted to do so as it is easy, misuse of CS with p = pg,,
causes even greater power overestimation.

We then studied approaches to derive upper bounds to Var(éNR_Tp) for our four
examples and had some surprising results. In two examples where correlation was high at
p1 and dropped off rapidly (SS_Pain and CD4), it turned out that just using simple
approximation with T = 2 total time points with one pre- and one post-intervention
measurement resulted in a variance for the intervention effect that was only slightly

larger than Var(8yz_rp) with all T=7 timepoints. This is, of course premised on our
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assumption that the intervention effect is an immediate jump and might not be the case if
the intervention effect was cumulatively increasing over time. However, for at least one
of the outcomes we studied, interventions to increase CD4 count in fact often do have

close to a short term jump effect that is mostly fully manifested by three months [20, 21].

The MS approximation provided an alternative upper bound for Var(@NR_TP)
(equivalently lower bound for power). Note that for the same two examples with high p;
that dropped off rapidly (SS_Pain and CD4), the MS upper bound for variance greatly
overestimated Var(Oyg_rp). However, for the other two examples where p; was
smaller and the drop-off between p, and pswas smaller (LS_ADL and CESD) the MS
approximation upper bounds only slightly overestimated Var(éNR_TP) and restriction to
T = 2 total time points with (b, k) = (1, 1), resulted in a large increase in variance. Thus it
does not appear to be a simple way to derive upper bounds for Var(8yz_rp) that works
in all settings.

There are some limitations in our work. We assumed an immediate jump effect of the
intervention but in some settings the effect may be linear cumulative or some other
pattern. The illustrative examples we used are limited with a fixed total visits (T = 7).
While more comprehensive analyses for other values of T and other correlation structures
is beyond the scope of this chapter, we believe that the correlation structures presented
here are likely generalizable and that T =~ 7 may be reasonable for many settings.
Although we assumed static covariance (a minimum requisite to use historical data for
correlation estimation), covariance could change over time from uncontrollable
mechanisms in practice. Non-randomized designs could lead to potential regression to

the mean biases (Appendix 1) if units were deliberately chosen to receive (or to not
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receive) the interventions based on poor (or good) baseline performance over the b pre-
intervention visits. So investigators must ensure that this does not happen in the
intervention arm allocation. The above limitations lead to complicated settings whose

statistical properties perhaps can only be studied with simulation.

In conclusion, we derived closed form GLS formulas for variance of the estimated
intervention effect and investigated optimal designs for non-randomized difference in
difference studies based on compound symmetry correlation structure for repeated
measures within the unit. For DD studies with CS correlation, the penalty from non-
randomization (versus randomization) on variance of the estimated intervention effect
was lessened by having larger numbers of pre-intervention measures relative to numbed
of post-intervention measures and with larger p. However, CS may not always hold in the
real world as shown in our examples. Our illustrative examples using observed Toeplitz
correlations did not always empirically support similar properties as were derived for CS
using closed form formulas such as b ~ k minimizes the variance of the estimated
intervention effect. Furthermore, in some empirical settings, T=2 measures with (b, k) =
(1, 1) may be almost as powerful as having T=7 measures. While it may be difficult for
many investigators both to obtain normative data for Toeplitz correlation structure and to
compute variances of intervention effect estimates based on Toeplitz variances, our

efforts to identify simple and conservative approximations had mixed success.
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Appendix 1: Gradient Non-Randomized Designs

There may be ethical pressure to use a process that we define here as “gradient
randomization” to give treatment to the most-needy units. In other words, units are
selected to be given the new intervention based on the levels of the outcome at time j=-1,
most likely under a gradient that those with worse levels at that time being more likely to
be chosen for the intervention. Unfortunately, a “regression to the mean (RTM)”
phenomenon [5, 6] is likely to occur in such gradient non-randomized designs. In general,
high (or low) measurements in a longitudinal process are likely to be followed by less
extreme ones that are closer to the unit’s true mean at subsequent times. Thus many of
those “poor-outcome” sites that were given preference for the intervention by performing
badly at j=-1, are likely to regress back (i.e. improve) on their own even without the

intervention.

The practical problem of RTM is to distinguish the intervention change from the
expected change due to the natural variation [21]. This can, perhaps, be modeled with
both long-term (a;) and short-term (a,) components for baseline differences between
facilities that are and are not randomized to receive interventions shown in (A). The long-
term pre-intervention gradient o, captures overall treatment arm differences at j=—b, -(b-
1), ..., -1 coming from the fact that facilities that perform worse in general are more
likely to perform worse at j=-1. The short-term immediate pre-intervention gradient (a,)
captures the selection effect from those facilities that have a directional shift at j=-1 being

selected on this basis into the intervention arm.

Yhij =ay+ all{h=1} + azl{hzlljz_l} + Bj + QZh] + ‘Sl*] (A)



78

Again g; denotes main effects of times j = -(b-1), ..., -1, 1, ...,k relative to j=-b; as
before a,, denotes the average baseline value taken at j=-b for control units; a, denotes
any long-term gradient effect of h=1 versus h=0 that lead to selection into the
intervention arm; a, captures any short-term gradient effect of h=1 versus h=0 that lead
to selection for intervention at j=-1; 6 denotes a constant relative post-intervention

change from treatment h=1 (as opposed to h=0) after j=0.

We are assuming that the short-term intervention selection gradient manifests only at
j=-1. If so, and we exclude the time point j=-1, from the study, then b becomes b-
1, a, drops out of (A), and the model becomes the same as (1) in the main chapter with
parameters (b-1, k) under CS. But note if CS does not hold then the setting is more
complicated, which is beyond the scope of this chapter. Also, note that it could be argued
that the error term at j=-1 is altered by the gradient selection bias which manifests in part
through subsuming the error term into a;. However, even if so, the approach described

above to exclude the timepoint j=-1from the analysis should be valid.

Appendix 2: Design Matrix

For (1) with the general parameter vector B=(ao, @1, B-p-1y, -++» B-1, B1s e, Br, 0),
the corresponding design matrix has columns (1, Itp=13, /- b1y =+ J=1,J1s s Jks Z). TO
simplify the calculation in (X'V~1X)~1 in Appendix 3, we reorder the parameter vector
to put a;and 6 together with X = (I,J_ -1y, s J=1,J1s -+ s Jios [{p=13, Z)-

As shown in (B), the general design matrix X is made up of (ny + n,) times X}, ;’s,

whereXj, -, ;denotes the partial design matrix for each unit in the untreated group
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and X;,_, ; stands for each unit in the treated group. Note the (T + 1)**column indicates a
long-term pre-intervention gradient corresponding to a;due to non-randomization, and
the (T + 2)%"*column stands for intervention effect 8. Therefore, for the NR-DD, the

design matrix is X = Xyg.

'Xh=0,1'
X, _
Xyr = 0= l\where
Xp=11
-Xh=1,n0-
r 11 0 0 0 0 0
| : : s|
. | 10 1 0 0o 0 of
h=0,i |1 0 0 1 « 0 0 0| '
ll -1 - =1 =1 - =1 0 OJT*(T+2)
I[ 1 1 :o 0: 0 1 O]I
1 0 1 0 - 0 1 0|
Xh=1l‘| 10 - 0 1 - 0 11 (B)
[1 -1 v =1 =1 - =1 1 1JT*(T+2)

Now for the randomized design the design matrix Xj is the same as Xy shown above

except that the second to last column corresponding to a;is removed.

Appendix 3: GLS Variance Estimate
The goal is to find (X'V~1X)~as the lower right element of (X'V~1X) 152 is
Var(8) where X is the design matrix described in Appendix 2. First under CS

1 - p
where p;;, = p, the covariance matrix in (2) reduces to Vg = ( ) and V™1 =
p ves 1 -



1/ 0
: : with
-1
0 Vo (no+ny)T
1+(T-2)p —p
Vo_l = —1 ( >
[1+(T-1)p](1-p) '
—p 1+(T-2)p/;

Then we apply the technique for the inverse of the partitioned matrix.

(X'v-ix)~t

All

Az

A21
AZZ

]‘1 _

Bll

B

BZl
B22

|
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where By, = (A5, — Ay A1yt Ar,) " tand Var(8)is contained in B,,. We then derive this

simple closed form formula for GLS-CS estimate of variance.

Here we take NR design as an example. For NR-DD,

: -1 1 1
(V)" = (o4 o) L+ (T = Dol =)

[2T(1 - p) 2(1—p) 2(1—0p) 0 0
21-p) 2[1+(T—2)p] —2p 0 0
2(1 - p) —ip 2[1 + (T —2)p] 0 0
T(1-p) 1-p
0 0 0 2 2
0 0 0 1—p [14(T-2)p]
2 2
11 Ay Ayt
= (F+Du+a-vaa-m [t 42

In this partitioned matrix,
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2T(1—-p) 2(1-p)  2(1-p)
4. =|2A=p) 2[1+(T~2)p] e =2p _
1 : : :
2(1-p) —2p < 2[14+ (T = 2)p]
2T(1-p) 2(1—-p) - 2(1-p)
2(1 _ p) c where C, is compound symmetry with 2[1 +
. 11
2(1-p)

(T — 2)p] on diagonal and —2p off diagonal and the same meaning for this same pattern

holds when it occurs in the other matrices presented in Appendix 3;

T(1-p) 1-p 0 0
_ 2 2 _ 2 10 0
A2 = 1Sy pea—ppl| A=A =1 )
2 2 0 0
-1 _[0 O
Because Ay Ay, ‘A, = [0 ol
T(1-p) 1-p -1
By = (Agz — ApiAry tApp) = Ayt = :p [1+(T2_2)p]
2 2

Upon inverting A,,, the lower right element in B,, implies the the GLS variance

estimate for non-randomized designs.

~ 1, 1.T(1-p)
Var(Onp-cs) = G-+ ) =50

Similarly, to calculate (X};V*XR)_1 using the partitioned matrix inverse approach

described above, the GLS variance estimate for randomized designs is

A _ o1, 1 [1+T=DplA-p)
Var(Br-cs) = G+ 3 “kirao-vp)
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Appendix 4: Variance is Invariant to Absorption from Non-Randomization
Dispersion under Compound Symmetry
For the NR-DD model as defined in (1), the strata effects (a + a41(,-43) are treated
as fixed, i.e., a for the control arm and «, + a; for the intervention arm. Using
compound symmetry, &;; can be decomposed as (y; + &;;) in (B) with ; being a main
error for the unit i, and ¢;; is independent random error at each time j within-unit i.
Yiij = ao + arlpp=1y+ (i — a0 — a1lp=13) + Bj + 0Zp; + €5 (B)
However, had randomization been used in this setting, then there would be a
common intercept a with the model being (C).
Ynij=a+ u—a)+ B+ 07y +¢; ©)
where for example withny = ny, a = ay + % In the R setting,

T2

Var(u) = 1%, Var(e;) = o2 witht? + 02 = g%,and p =

12402
But for the NR-DD model imposed in the same setting, the strata effects are treated
as fixed. The within person common error now is (u; — ag — a4lgr=13) With the

variance (12 — o) where g7 = “T% . The Var(eij) = 02 is unchanged by the NR design.

For the NR-DD model applied to this setting, the overall variance of an observation

isa2g = (12 — 6?) + 62 and the within person repeated measure correlation is pyg =

2 O'g

(2-0})+02

t2-of, 12-0f

thus (1 — pygr) =

okr  (12-02)+a?
However, from (6) the Var(yg—cs) in NR-DD only depends on a%and p through
the product(1 — p)a2. To that end, this product is unchanged by application of the NR-

DD design in that(1 — pyr)oigr = (1 — pr)oZ = a2. Thus the parameters for g2 and
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p from the “pre-nonrandomized” study design population can be used in (6) no matter
what the impact of the NR-DD on the final o2and p are.

We should note that a similar decomposition for the general Toeplitz covariance
matrix is too complicated to present at this stage and may not even have a well-defined
formulation. In our comparisons of Randomized and Non-randomized designs in terms
of Var (Oygr_rp) and Var(Bz_rp), We assumed that any impact of imposing a DD model
on the variances and underlying correlations of repeated measures in the NR (versus the
R design) will roughly cancel out in the determination of Var(8yg_rp). But this remains

to be verified empirically.
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Chapter 3 Non-Randomized and Randomized Stepped-Wedge Designs using an

Orthogonalized Least Squares Framework

Abstract

Randomized stepped-wedge (R-SW) designs are increasingly used to evaluate
interventions targeting continuous longitudinal outcomes measured at T fixed time points.
Typically, all units start out untreated, and randomly chosen units switch to intervention
at sequential time points until all receive intervention. As randomization is not always
feasible, non-randomized stepped-wedge (NR-SW) designs (units switching to
intervention are not randomly chosen) have attracted researchers. We develop an
orthogonlized generalized least squares framework for both R-SW and NR-SW designs.
The variance of the intervention effect estimate depends on the number of steps (S),
length of step sizes (t;) and number of units (ng) switched at each step (s=1, ..., S). If all
other design parameters are equal, this variance is higher for the NR-SW than for the
equivalent R-SW design (particularly if the intercepts of non-randomly stepped switching
strata are analyzed as fixed effects). We focus on balanced SW (BR-SW, BNR-SW)
designs (where t, and ng remain constant across s) to obtain insights into optimality for
variance of the estimated intervention effect. As previously observed for the BR-SW, the
optimal choice for number of time points at each step is also t; = 1 for the BNR-SW. In
our examples, when compared to BR-SW designs, equivalent BNR-SW designs even with
intercepts of non-randomly stepped switching strata analyzed using fixed effects sacrifice
little efficiency given an intra-unit repeated measure correlation p > 0.50. Compared to

traditional difference-in-differences designs, optimal BNR-SW designs are more efficient
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with the ratio of variances of these designs converging to 0.75 when T>10. We illustrate

these findings using longitudinal outcomes in long-term care facilities.
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1. Introduction

Recently developed randomized stepped wedge (SW) designs [1, 2] are applied to
longitudinal outcomes repeatedly measured at T fixed time points in N units being placed
on the new intervention over time using a staggered schedule. For the examples used in
this chapter, a unit is a single medical facility undergoing a facility-wide intervention
with facility-level measurements taken over time. Although we do not have the person-
level data within these units, we extend to such designs in Appendix 1 where units could
in fact be individual persons undergoing person-level interventions against chronic
conditions being measured over time. Typically, at the first time point all units are not on
the new intervention (i.e. untreated). More units (who then remain on the intervention
until end of study) are switched onto the new intervention (i.e. treated) at subsequent time
points. A pooled comparison of the study outcome for “treated” versus “untreated” unit-
measures that adjusts for secular time effect is made. The SW designs are increasingly
implemented in diverse areas including: cardiovascular disease [3, 4], cancer [5, 6], HIV
[7], respiratory disease [8], nutrition [9], maternal and child health [10], and health care
financing [11].

Shifting of units onto intervention at different times complicates SW analysis in that
we need to account for secular time effects and intra-unit correlation [1, 12]. Often the
randomized stepped wedge (R-SW) is applied to “cluster randomized trials” where the
“unit” is a cluster of a fixed m>1 individuals with a shared intercept measured at fixed
time points [1, 2, 12, 13]. The analysis is based on the means of all individuals in the
cluster at each time. However, the R-SW is also used for cases where there is only 1

measure at each time point (i.e. m=1) sometimes referred to as a wait list design [13].
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This is also the case for the examples in our analysis so our derivations are for m=1 as is
typically the case in facility-level analyses for health care settings [14, 15]. Appendix 1
gives a conversion between our setting and cluster-randomized trials with m>1. Hussey
and Hughes [12] provided approaches to sample size and power calculations for R-SW
implementation of cluster-randomized trials. The R-SW often has greater statistical
power than traditional designs including: randomized longitudinal parallel designs [16]
where randomly chosen participants treated at all time points are compared to those
untreated at all time points and randomized longitudinal difference in difference (R-DD)
designs [17] where all units start out untreated and are measured for a fixed number of
time points, then at the same fixed time point a randomly chosen subset of units are
switched to the intervention and remain switched until the end.

While randomization of units to intervention arms is preferred as a gold standard to
reduce bias and improve efficiency [18], it is not always feasible, particularly in health
service settings, because of resource and logistical constraints [19]. Thus, for example,
non-randomized difference-in-differences (NR-DD) studies are applied to estimate
impact of new interventions or policies [20]. In NR-DD designs, all units start out
untreated and are followed for a fixed number of visits; then non-randomly chosen units
are switched to the new policy or intervention and compared to controls continuing to be
untreated. However, non-randomized stepped-wedge (NR-SW) designs have recently
attracted researchers [21, 22]. While it is known that generalized linear mixed models
[12, 23] can evaluate intervention effects on continuous outcomes under normal
approximation, these have not been formally applied to NR-SW design including for

power and sample size estimation.
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This chapter develops a unifying orthogonalized framework for stepped-wedge
designs and obtains simple formulas for variance of intervention effects on continuous
outcomes. Section 2 develops a general linear model for both R-SW and NR-SW designs
and proposes an orthogonalized design matrix to simplify derivation of variance
estimates. Section 3 presents general least squares (GLS) estimates for variance of
intervention effect using a within-unit compound symmetry repeated measure correlation
and discusses the general framework for power estimation. Section 4 focuses on a special
but common case of stepped wedge designs where equal numbers of units are switched at
equally spaced times that we denote as balanced designs (BR-SW for randomized and
BNR-SW for non-randomized) and derives simple closed form solutions for variance of
the intervention effect estimate for these designs. Variances of optimal designs for BR-
SW and BNR-SW studies are compared. Section 5 compares the optimal BNR-SW
design to the optimal NR-DD studies. Section 6 presents illustrative examples from long-

term care facilities and Section 7 summarizes and discusses possible future work.

2. Stepped-Wedge Models

2.1. Notations

Let T be the number of measured time points, S be the number of these time points at
which one or more units is transitioned onto intervention (i.e. “steps”) and N be the total
number of units. Typically, at the first step, all of the units start in the control (untreated)
condition and baseline measurements are taken, although we expand this to allow some
units treated at baseline. Once switched onto the intervention, units remain treated until

the end. At the last step, often all units have switched to the intervention, but we expand
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to allow some units to remain untreated. Let s = 1, ..., S enumerate the ordered stratum
(of units) that is switched to intervention per step. Here a stratum is a group of units that
share a common characteristic, i.e., the time when the intervention is first delivered. Let
Ag denote the st “shifting strata” (the subset of units that switched to the intervention at
step s) and n, be the number of units in A,.

Leti = 1, ..., N enumerate the units with the enumeration ordered by the stratum. For
instance, A;contains {1, 2, ..., n, }, i.e., stratum s=1 with units i € A; switched to the
intervention at the first step; A, contains {n; + 1,n; + 2, ...,ny + n,}, i.e., stratum s=2
with units i € A, switched to the intervention at the second step and so on. The number
of consecutive time periods or step size per step is denoted (o, ty, ..., ts) With X5 _o ts =
T, but note that t, = 0 if some (i.e. n;) units are already treated when the study starts. If
all units have not been shifted to treatment by the end of the study, t; = 0 and ng denotes
the number of units never shifted onto treatment. Let j, = Y';Z5 t; denote the first time
point that units in the st"stratum are treated (with j, =oo if some units are never treated);
and Z;; denote if unit i is treated at time j (O=no, 1=yes) with Z;; = 0 if j < j; and Z;; =
1if j > j; where s is the ordered stratum that unit i belongs to. Figure 1 illustrates the
general SW study where all units start out untreated (t, > 0), and all units are treated

after the last step (tg > 0).
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Figure 1: Overview for general Stepped-Wedge designs

We expand the general SW design to three special subcases: 1) Not all units are

shifted onto treatment (or tg = 0), even though the last ng units are not shifted onto

treatment, they do constitute a “shifting strata” and step “S” can be thought of as “never

shifted”. Note when S = 2, this subcase reduces to a DD design. 2) The study does not

begin until after the first n; unit had been put on treatment. The fact that these units are

never untreated is captured by t, = 0. 3) Both previous conditions t, = tg = 0 happen

with some units started on treatment and some units never shifted to treatment. Note this

subcase reduces to a parallel design when § = 2.

2.2.  Statistical model and orthogonal coding for design matrix

Let Y;; be the measurement at the jt*time point from unit i. Again for this chapter we

only have single facility-level measures over time. If there are m patient-level measures

nested within each facility then ¥;; can be analyzed using the conversion in Appendix 1.

For any given unit i at time j, we can model the outcome of interestas Y;; = u; +

B; + 0Z;j + &;;. Here y; is the main effect for unit i, §; is the main effect for time j, 6 is

the effect of the intervention and ¢;; is random error. The intervention effect (0) is
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modeled as an “immediate jump” effect and remains constant in the post-intervention
measurements. Now p;~N (@, 7%) and &;;~N (0, Z) with all previous terms being
independent. Randomization, also known as random allocation of the units into shifting
strata, results in each unit having an equal probability of being assigned to each of the S
shifting strata. The purpose of randomization is to eliminate allocation bias and achieve
shifting strata similar in baseline characteristics [24]. If we subsume the random unit
deviation (u; — a,) into the error term &;; (i.e. &;; = (; — @p) + &), the R-SW model

is:

Now &;;~N(0,0%) where 6% = 7% + ¢¢ and is independent between different units as

72

shown in (6) but has correlation p = within two timepoints j and j* within the

2+02
same unit i.

As discussed in Appendix 1, we should caution that our notation for p uses the wait
list design or an already averaged unit as a single observation. This differs from that used
in most cluster randomized stepped wedge design papers as our response is a single
measure (Y;;) as opposed to the average of m independent observations for a cluster i at

D
54 1=P
m

time j (¥;;). To convert between the two notations, our p =

where p denotes the

(1S3

p” used in “cluster randomization notation” papers [12, 25-27].
For a non-randomized design with S steps (and thus S shifting strata), we assume that
the non-randomization is associated with the central tendency (mean) of the observations

within the strata, but not otherwise with the trajectories. The mean effect is no longer a
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common a,, but differs by a (s = 1, ..., S) that captures the non-randomization
displacement for being in shifting stratum s. The shared random error of the unit effect
(i.e. u; — ) is again subsumed into the variance and within-unit covariance of &;;
(i.e. & = (u; — a5) + €;j). The model being fit for NR-SW is thus:

Yij = aslijeay + B +0Z;; + elf*j. (2)

We consider in (2) the strata effects (i.e. g — ;) to be “fixed” rather than “random”
effects [28]. In many NR-SW settings it may be hard to argue that strata effects are
random (for example with respect to strata order and hence number of time points
treated), normally distributed, and/or that a random-effects state model is numerically
stable [29]. The Hausman Test [28] for this admissibility of random effects models could
be used in such settings. Or correlation of a, with s could be examined, and random
effects models not be used for non-zero correlation.

However, if the strata effects are considered random in the NR-SW model, then the
assumption on the covariance of &;; will be different from that in (6). For the NR-SW
with the strata effects considered random, measurements from units in different strata are
independent, and the repeated measure correlation within the same unit is p, but now the
correlation of the error ¢;; and ¢;,; from two different units in the same stratum is p;
where 0 < p; < p as shown in (7).

For both R-SW and NR-SW in (1) and (2), the coding for intervention effect (Z;;) is
effectively (0, 1) with 0 for control and 1 for intervention. For t, (possibly zero) baseline
measures, all units stay in control and the coding is 0. In the “build-up” steps, the coding

switches from O to 1 sequentially as j > j;. Eventually for the last step (unless t; = 0),
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every unit receives intervention and the coding is 1. However, to obtain an
orthogonalized decomposition of the intervention parameters from the time parameters,
we re-parameterize (1) and (2) as below.
For R-SW,
Yij =ao + B +0Z;; + &}, (3)
For NR-SW,
Yij = aslijeagy + B + 0Z]; + &, 4
where Z;; = 0 for if j < j; orif j > js asall units are in the same treatment condition,

otherwise for j; < j < joy1,

Yi=in .
L )Ts iz =0
Zij CN-Zm : . ©)
—v  z=1

Equivalently, Z;; = Z;; — % and thus B;= B; + %0.
The orthogonal coding of intervention effect (5) for unit-time can be found in

Appendix 2. The advantage of the proposed orthogonal coding is it simplifies the solution

for the GLS estimates obtained in Section 3.

3. GLS Variance Formula and Power Estimation
3.1. General formula for GLS estimate

The matrix forms of (3) and (4) can be written as: Y = XB +e, where e~N (0, a2V).

Here X represents the design matrix and Y is a vector of outcomes. For (4) with the
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general parameter vector B=(ay, ..., as, Bi, ..., Br-1,6), the corresponding X has columns
gieayy - Iieagy J1s -+ Jr—1,Z™) with N rows per column. Z* is a column with
orthogonal coding in (5) (as shown in Appendix 2) and /4, ..., Jy—; are columns
corresponding to dummy T-1 independent time coded (-1, 1), so here and elsewhere with

for j=T, Br = — X7_1 B; under the fixed effects constraint 3.7_, g; = 0. Similarly for (3)

except that B=(ao, B1, ) Br-1,6).

As shown below for the R-SW in (3) and the fixed effects NR-SW in (4), the

*

covariance matrix V is the overall correlation matrix of &;;, which is made up of N block
diagonals of V, with all off-block diagonal matrix elements being 0. Each Vj is the
correlation matrix of repeated measures within each single unit, with dimension T.

V= < oo ) , Where 1V = ( ) . (6)
0o - V p - 1

NT T

The NR-SW with the strata effects treated as random uses (3) but with V now being a
block diagonal of shifting stratum variances V; (s= 1, ..., S) where the random strata
effects are subsumed in pq.

v, - 0 Vo * pPs
V=\{: "~ withV, = ¢ =~ : (7)
0 - Vs/y, ps Vo T

With V, as defined above and all V; correlations not in the V, being py, the intra-

stratum correlation is mediated by the non-randomization selection effect. The GLS

estimate for B is f = (X'V~1X)"1X'V~'Y and has variance A = (X'V"1X)"1o? where A
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is a square matrix of order (S+T) for NR-SW and (T+1) for R-SW. The variance of 8 is

the last diagonal element of A. This £ is the best linear unbiased estimator (BLUE) for 8

and uniform minimum variance (UMVU) if Y;; is normally distributed [30].

Although the inverse of A is complicated, the orthogonalized coded
= (Igiea,p - lticagy J1r - Jr—1,Z%) , for the fixed effects NR-SW based on (4) with V as
defined by (6) simplifies X'V ~1X with most cross-products being zero which simplifies

derivation of (X'V~1Xx)™1.

1
OTD-IDP

As Appendix 3 proves, Var(8) = o? where OTD = ¥35_,ng  Z:'Vy 1 Z:
stands for the “orthogonalized treatment dispersion” (Z; is the orthogonal coding for the

s™stratum in Table A as defined Appendix 2); IDP =

S M(:—_Tl)p] (Ifiea,V™'Z")? denotes “intercept dispersion penalty” and reflects
S

reduction from OTD by the treatment term being dispersed about different intercepts a;
(rather than always about a common «,) due to the fixed effects non-randomization. Full

expansions of OTD and IDP are presented in Appendix 3.

For the fixed effects NR-SW, Var(Qyg_sw) = ——— 0>

OTD—-IDP

— (1—P)02 . (8)

= T I I
s—101(Zhea ) (N-Shor ) 105 s—1tl(N‘Zh=1”h)_ s=1, 12
21:1 N TZS=1ns[Zl=1—N Zh=1 nl

Note that here and elsewhere, Var(Oyz_sy ) denotes the variance for “fixed effects”

modeling.
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For the R-SW, IDP=0, therefore the variance reduces to, Var(8z_gy ) = ﬁoz

(1-p)a?
— .
1 oso1b(Bheamn)(V-Shoamn) o, _1tt(N-Sheoy ) oo
(1—1))2?;11 : N : [+(T-1Dp] T=1ms Zf=11+_zz=ll th

©)
For the same given SW design, Var(8z_sy ) is lower with randomization of units

into the shifting strata (compared to fixed effects NR-SW) by the ratio of (9)/(8) being

OTD-IDP
OoTD

<1

Finally, the solution to Var(8) for the random effects NR-SW from (7) is difficult as
the p, elements in the V,'s lead to numerically complicated inverses and thus is not
presented here.

Both Var(Oyg_sw) and Var(Bz_sy ) are invariant to t, and ts conditional on the
sum t, + tg = E (where E denotes the number of time points where all units are
homogeneous with respect to intervention assignment which occurs on the front or back
“edges” of the SW) for an otherwise identical design. Because of the orthogonal coding,
Zj; = 0forj <j;andj = js, meaning that observations falling in these periods
contribute equally to IDP and OTD and doing so only by dampening V; . For example,
in a stepped-wedge design with S=3 and (to, ty, t2, t3) = (1,1,1,2), Var(8) is invariant
to t, (or t3) given the sum of the two is some fixed value E where E =ty + t; = 3.
Thus, (ty, t3) = (1,2) and (ty, t3) = (2,1) (with t; = t, = 1 remaining the same)

achieve the same Var () since 142 = 2+1 =3,
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3.2.  Variance and Power Estimation

Hussey and Hughes [12] determined power for R-SW designs by using a Wald test
for intervention effect. Similarly, we consider two hypotheses for intervention effect with
S steps and T total visits: Hy: @ = 0; H,: 8 = +6,. Here 6 is the minimum detectable
difference (or effect size §, expressed as a multiple of o, i.e., 8; = §,0) for a stepped
wedge design given «, B, N. For practical repeated measure designs, the sample sizes are
often large enough to permit normal approximation of the non-central t distribution when
df > 30 [31]. With a and S being Type | and Type Il errors, these are met for a given 6,

if Var(9)is such that

0, = (z,_a + 71-p) Var(0). (10)

For the fixed effects NR-SW and the R-SW, respectively, Var(8) is obtained from
the GLS variance estimates in (8) and (9). Thus if @ is the cumulative distribution
function for standard normal N (0, 1), rearranging (10) gives the power for conducting a

two-sided test of size « as:

2,9 (11)

4. Balanced SW Designs and Optimality Properties

This section focuses on a specific design we define as “balanced” stepped-wedge,
which numerically simplifies formulas and thus enables derivation of optimality

properties. The SW design is balanced if the same number of units (n; = - = ng = n)
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are switched per step with equal step sizes (t, = t; = --- = tg = t). For the general
balanced design given t and n, starting at time t+1, n units switch to intervention and then
t measures are taken before the next switch. This continues until all units have switched
and after t more measures the study ends; thusT = (1 +S) *tand N = n *S. Such
balanced designs could occur in practice if say it took t time points to ramp up application
to n new units for each new step. Balanced designs can be either non-randomized (BNR-
SW) or randomized (BR-SW). This section first presents and compares simplified
formulas for variance of the fixed effects BNR-SW and BR-SW, then investigates the
optimal design to find the optimal values of S (or equivalently t) to achieve greatest
power for a balanced design with fixed T and N. Finally, efficiency of the optimal fixed

effects BNR-SW design is compared to that of the NR-DD for any given T and p.
4.1. Power and Sample Size estimation for Balanced SW Designs

For a balanced fixed effects BNR-SW design, variance in (8) simplifies to:

~ 125(S+1
VaT(HBNR—SW) = m (1-p)a?. (12)

Again here and elsewhere Oz yr_sy denotes the estimated intervention effect for the fixed
effects balanced non-randomized model as we did not derive closed form variance

estimates for random effects non-randomized models.

For a balanced BR-SW design, variance in (9) simplifies to:

5 _6S[LT-Dpli=p)
Var(pr-sw) = NT(S—I)[1+(T—1—%)p]O- ' (13)
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Note that (13) is the same as formulas in Woertman et. al. [25] and Hussey & Hughes

p
~  1-p
P+

[12] after the previously noted conversion p = (also illustrated in Appendix 1),

where p~ denotes the intra-class correlation in their cluster-randomized SW papers.

As Appendix 4 shows (With 62z_yr, 02, Pre—nr, Pr defined in that Appendix),
compared to fitting any R-SW, the NR-SW with fixed strata effects (FE) under the same
setting will result in a lower model within population measurement variance on Y;;
(0fg—nr < 0f) together with a smaller within-unit correlation of ¥;; andY;;, (prg-yr <
pr) due to elimination of variance about the a; from the total variance about a common
a,. However, from (8) and (12) the Var(8yg_sw ) only depends on a2and p through the
product (1 — p)o?. To that end, this product is unchanged by application of the fixed
effects NR-SW design in that (1 — prg_yr)0Zs—nr = (1 — pr)oi = a2. This invariance
property means that the “randomized study design” effect parameters g 2and p can be
directly used in (8) and (12) for estimation of the variance of the intervention effect

estimate no matter the impact of the fixed effects NR-SW on the final o2and p.
4.2.  Optimal t for Balanced SW Designs

A balanced SW design may have a fixed total number of longitudinal times T because
of budget and/or time constraints. For example, a study may be funded for T = 6 monthly
measures on each unit. Finding the optimal balanced SW design with regards to the step
size t from all possible integer step sizes (t= 1, 2 and 3) that can maximize power (or
minimize the sample size needed to obtain a given power) would be important. We start

with fixed effects balanced non-randomized designs (BNR-SW), which corresponds to
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finding the optimal t*(or equivalently $*) that maximizes the power (by minimizing the
variance in (8)), given T, N and p.

S* = arg max Power = arg minVar(0snp_ X
9 : g : (BNR SW)l

. T

T 145t

The derivative of log(Var(0zyg—_sw)) in (8) with respect to S is G - S—il) +

1 1 . . . ~ .
(E — E) and is negative for S > 1 meaning Var(HBNR_SW) monotonically decreases

as S increases. The optimal S* should be as large as possible, and the corresponding
optimal t*should be as small as possible. Accordingly, t* = 1 maximizes power.

Likewise for randomized balanced BR-SW design, the derivative of Iog(Var(éBR_SW)))

in (13) with respect to S, is G - ﬁ) - 2(1Tf5)2’ which is also negative for S > 1 and thus

is optimized by t* = 1 as has been previously observed or surmised [12, 25-27].

In the Supplementary Appendix, we investigate designs that are equivalent in terms
of N, T and S with (¢t; = --- = tg_; = t) but t, and tg unconstrained, which we denote as
“internally balanced”. For these designs, variance is often minimized with t, and tg being
less than t, which for t=1 is at t, = tg = 0. However, if many pre-existing baseline
(to > 1) or/and post full implementation (ts > 1) measures will be available, the
Supplementary Appendix shows that reducing the number of steps (i.e. S) may increase

power.



101
4.3. Variance Ratio of Balanced Fixed Effects BNR-SW to BR-SW Designs

VaT(@BR_Sw) -

For the balanced setting with the same N, T, S and t, the ratio of = in
var(@pNr-sw)

(9)/(8) reduces to (13)/(12) which is a function of T and p that falls between %and 1as

shown below.

var(@pr-sw) _ (T+O)[1+(T=1)p]
= = 1. 14
var(@pnr-sw) 2T[1+(%—1)p] (14)

Z<
2
In particular, with optimal choice t* = 1, the ratio in (14) reduces to:

Var(Opr-sw) 1t =1} = THDORAHT=DP] 4 (15)

1<
2 =

VaT(@BNR_Sw) 2T[14(
The ratio plots in Figure 2 summarize the variance comparisons for optimal balanced
BR-SW versus fixed effects BNR-SW designs (t=1) as functions of T and p. The ratio of

variances in (14) converges to 1 as p increases for any T, but at a slower rate as T

becomes larger.



102

[ ]
- 7 !E!!quﬂ‘
E
= . [
> 32155
8 o310
= @ ..':.:DG"-"
B 4 - e
g *k0
5 920
.l-_ o
° = %”
= 2
sy '::E o T=6
¥ * T=49
i . T=12
= T T I | I T
0.0 0.2 0.4 0.6 0.8 1.0

Value of p

Figure 2: Ratio of variance in optimal BR-SW versus BNR-SW for T=6, 9, 12 (t* = 1)

5. Comparing Balanced Fixed Effects BNR-SW to NR-DD Designs
It is also of interest to assess the relative efficiency of NR-SW compared to the more
traditional NR-DD study with the same N and T as there may be settings where an

investigator is not able to randomize and has to choose between SW and DD designs.
The optimal NR-DD design (Fixed Effects) which minimizes Var(éNR_DD)

switches n*units to intervention after b* time points [14] where for N even, n* =

if Tiseven

if Tisodd

~ . . . . . 4T
The Var(8yg_pp ) in this optimal NR-DD design is vy (- p)a2.
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Taking the ratio of the variance of fixed effects balanced NR-SW versus optimal NR-

DD gives (16).
3(S+1)S . .
var(6pnr-sw) _35(S+1)b*(T—b") _ | a(s-1)(5+2)’ if T is even (16
var(Ong_pp)l{optimal b*} ~  T2(S—-1)(S+2) 3(S+1)s  (T—-1)(T+1) if T is odd
4(5-1)(S+2) T2 !
In particular, for optimal balanced NR-SW with t* = 1, the variance in (12)
. g A\ 12(T-1)(1-p) - ..
simplifies to Var(8) = oz © and the ratio in (16) reduces to (17).
. ) ﬂ, if Tiseven
var(@pnr-sw)l{optimal t*=1} _ 3(T-1)b*(T-b*) _ |} 4(T-2)(T+1) (17)
Var(8nr-pp)|{optimal b*} T(T-2)(T+1) 3(T-1)2 , if T is odd
4T(T-2)

The ratio in (16) and (17) depends only on T and S (or equivalently T and t based on
t= %S). Figure 3 uses (16) to illustrate the ratio of variance for balanced fixed effects
NR-SW versus optimal NR-DD for different values of t. Each symbol stands for one

specific value of t. Note that to fit a balanced SW, T must be divisible by t. Under fixed

effects for the same T (T>3) and N, the ratio in (17) for optimal balanced NR-SW and

NR-DD indicates Y2-08Nr=sw) 1 Now the two designs produce the same variance
Var(BNR_DD)

when T=3. But the ratio in (17) increases roughly as T increases, and converges to 0.75
when T>15. However, for a given T as t increases, the variance reduction of Var(9)
from the fixed effects NR-SW versus the optimal NR-DD, reduces and can reverse, but

again for any fixed t, as T increases, the ratio decreases and converges to 0.75.



104

o | s t=1
- o ot=2
i * =4
- *
ik,
o
E = -
o - "
- ;
*
e L a . O . - & % k2 =
feesssssiabaisiaveBavay
e
o

Figure 3: Ratio of variance for BNR-SW versus optimal NR-DD (both are fixed effects designs)

6. Examples from New Jersey Long Term Care Facilities

Both urinary incontinence and ulcers (bedsores) are common chronic conditions for
residents that are improved by better treatment at long term care facilities (LTCF). Five
Star Quality Data [32] over 7 quarters from Spring 2012 through Fall 2013 reported the
average percentages of all long-stay residents that had incontinence and ulcers in each of
270 New Jersey Long Term facilities. The overall quarter averaged unit average of binary
outcomes with incontinence was 32% (or 0.32) with ¢ = 0.14 and correlation of
repeated measures in the same unit was p = 0.85. For ulcers the unit average was 9.5%
(or 0.095) with o = 0.0475 and p = 0.50. We used this normative data to guide

estimation of minimal detectable effect sizes §, for BNR-SW designs and compare these
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to NR-DD and BR-SW designs for a two sided @ = 0.05, 8 = 0.20 on intervention trials
that would be conducted at N=30 long term care facilities lasting from 1.25 (T=6) years.
While p ranged from 0.50 to 0.85, for outcomes in New Jersey LTCF we added p =
0.00 and 0.30 to provide insight into outcomes with lower p.

Suppose it is impossible to plan a randomized study and one must choose between a
NR-DD and a BNR-SW. Table 1 presents the minimal effect size §;that can be detected

with fixed effects analysis of BNR-SW designs for t = 1, 2 and 3 from (10) and (12) and
optimal NR-DD for b* = g We do not consider random effects model here as it will be

directionally biased for NR-DD with only two strata that are unbalanced with respect to

proportions treated.

Table 1: Minimal detectable Effect Size (§,) in a Study of 30 LTCF (T=6) for Non-Randomized

designs
T=6 BNR-SW NR-DD"
(fixed effects)
t=1 (S=5) t=2 (5=2) o T
2
p = 0.852 0.290 0.343 0.323
p = 0.503 0.529 0.626 0.590
p =0.30 0.626 0.741 0.699
p = 0.00 0.749 0.886 0.835

1. Fixed Effects by Default as a Random Effects Model on a Difference in Difference Design is
structurally biased

This p was observed for incontinence over 7 quarters at New Jersey LTCF

3. This p was observed for ulcers over 7 quarters at New Jersey LTCF

N
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Thus using ulcers (p = 0.50), with T=6 and t=1, the minimal detectable effect size
from the BNR-SW fixed effects design is §;,=0.529 or 0.095 + 0.529*0.0475 which is
<0.07 or >0.12. By contrast, the minimal detectable §,=0.590 or 0.095 + 0.590*0.0475
which is <0.067 or >0.123 for an NR-DD. While the BNR-SW is preferable from this
standpoint, one would have to consider if this benefit were enough if the SW design was
more complicated to implement. For t=2 the BNR-SW is less efficient than the NR-DD
when T=6.

We caution the reader on one point for interpreting Table 1. Often a large number of
baselines with t, > t measures is available from historical data where all units were
untreated over a long longitudinal monitoring period meaning the t,’s can only be
balanced in the future with t, > t; = --- = t;. While the full details are beyond this
chapter, the Supplementary Appendix suggests that if this is the case the NR-DD
approach becomes more favorable relative to the best possible NR-SW than what is seen
in Table 1.

Now suppose a balanced SW design will be used, but the investigator wants to
determine if randomization is worth the extra effort. Table 2 compares minimal
detectable &, for BR-SW (from (13)), BNR-SW designs analyzed as fixed effects (from
(12)) and as random effects (calculated on computer using A = (X'V~"1X)"1¢2 with V
based on (7)). We let o and p be the same for the BNR-SW and BR-SW random/fixed
effects designs since as Section 4.1 and Appendix 4 show any changes on ¢ and p from
non-randomization in the fixed effects NR-SW formulation cancel out. We assume p; is
proportional to p as it seems reasonable that the level of differentiation between the non-

randomized shifting strata intercepts will be proportional to the differentiation between
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persons. We choose pg = 0.1p for a small, p;, = 0.25p for a noticeable, and p; = p as an
extreme value for intra-stratum correlation. Note the result for p, = 0 (no strata effects)

is mathematically the same as BR-SW.

Table 2: Minimal detectable Effect Size (8,) in a Study of 30 LTCF (T=6) for Balanced Stepped-

Wedge designs
T=6 Non-randomized Stepped-wedge Randomized
N=30 t Fixed Random Effects Stepped-wedge
Effects Ps =P ps = 0.25p ps =0.1p
p=0851 t'=1 0.290 0.289 0.289 0.288 0.287
t=2 0.343 0.343 0.343 0.342 0.341
p=050% t*=1 0.529 0.524 0.517 0.511 0.504
t=2 0.626 0.625 0.621 0.616 0.605
p =0.30 t'=1 0.626 0.613 0.596 0.584 0.572
t=2 0.741 0.727 0.727 0.717 0.694
p=20 tr=1 0.749 NA NA NA 0.572
t=2 0.886 NA NA NA 0.723

Thus, for example, with T=6, p = 0.85, t=1, the randomization benefit is barely
noticeable with the minimal detectable §, only dropping from 0.290 in a fixed effects
BNR-SW down to 0.287 in a R-SW. However, for p = 0 when T=6, t=1, the minimal
detectable &; drops from 0.749 in a fixed effects BNR-SW down to 0.572 in the BR-SW.
The BR-SW performs better than both fixed and random effects BNR-SW; and the
random effects BNR-SW is more powerful than fixed effects BNR-SW in terms of

minimum detectable effect size particularly as p, decreases. However, for larger values
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of p (p = 0.50), as was seen in New Jersey LTCF outcomes, the differences between
minimal detectable &, between even BR-SW and fixed effects BNR-SW are very small.
This suggests that if p > 0.50, the penalty for doing BNR-SW instead of BR-SW on the
variance of estimated intervention effect may be ignorable and also that a BNR-SW
design should be analyzed as fixed rather than random effects to avoid bias. For
smaller p (p < 0.30), well below the range of what we saw for outcomes in New Jersey
LTCF, the range between minimal detectable §, from BR-SW and random/fixed effects
NR-SW are larger. In these settings, it may be more important to fit BR-SW or use
random effects analysis on BNR-SW to preserve power. However, other designs such as

randomized parallel may be preferable to the SW if p < 0.30 [26].

7. Conclusion

This chapter presents generalized stepped-wedge designs expanded to non-
randomized settings. An orthogonalized framework for estimating GLS variance and
corresponding power for intervention effects is developed assuming compound symmetry
for intra-unit correlation of repeated measures. With the above orthogonal coding for
intervention effect, we showed the following properties. First, for any given SW design,
randomized unit allocation achieves greater power than does non-randomized allocation
analyzed using fixed effects due to the added IDP penalty term in the denominator of the
NR-SW variance estimate (i.e. (8) versus (9)). Second, for any otherwise equivalent R-
SW and NR-SW fixed effects design, the GLS power estimate is invariant to t, (or tg)
conditional on the sum t, + ts(= E’) because observations falling in those two edges

contribute equally to the GLS variance.
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To further investigate the optimal design in terms of power, we focused on the
balanced SW design that simplifies variance formulas to (12) and (13). For both BR-SW
and BNR-SW using fixed effects for a given T, the power increases as step size (t)
decreases and thus the optimal design for both BR-SW and BNR-SW iswitht* = 1.Ina
more comprehensive investigation of optimality for the R-SW, Lawrie et al [27] also
observed optimization at t* = 1, but as their analysis allowed n; to vary (we did not),
they observed having {n; = ng} > {n, = --- = ng_;} maximized efficiency.

For power approximation in balanced SW designs, the advantage of random
allocation decreases as p increases and becomes ignorable when p > 0.50. Therefore, for
p in this range, as was the case for our illustrative example of New Jersey LTCF, we
believe a BNR-SW design even analyzed using fixed effects may achieve very similar
power as does the comparable BR-SW design. However, potential biases from
differential secular trends in non-randomized designs need to be considered [33]. For
small values of p (i.e. p < 0.30), we suggest researchers should be cautious to use NR-
SW instead of R-SW and perhaps not use any SW design at all. However, in this range
of p, use of random effects rather than fixed effects analyses to model the non-
randomized strata effects considerably improves power in the BNR-SW design. Thus,
further research into whether the strata effects could be modeled as random effects in a
NR-SW design may be warranted.

In non-randomized settings with fixed T and N, we discovered that the optimal BNR-
SW (t* = 1) is always better than optimal NR-DD in terms of lower variance for the
intervention effect estimate. More specifically, for all t the relative efficiency of BNR-

SW to NR-DD increases as T increases, but the ratio of variance eventually converges to
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0.75 as T gets larger. For any fixed T, as the step size t increases, the advantage of BNR-
SW to NR-DD gets smaller and eventually reverses to favor NR-DD.

Several limitations should be mentioned. We assumed a constant intervention effect
across unit and time, which could be extended by modeling an interaction term of
intervention and time and/or including intervention heterogeneity into the covariance
structure. While compound symmetry might be a usable approximation if the intra-unit
repeated measure correlation does not change or decays slowly over time [31], there may
be cases where time decay is too large for CS to be reasonable. In such cases, extension
to Toeplitz decay covariance structures may yield a better power estimation. Analytical
based methods get much more complicated in random effects NR-SW models due to the
additional level of intra-stratum correlation; it is unclear if simple variance estimates can
be achieved for this setting. As is often done for stepped wedge studies, we assumed
normality or that sample size was large enough for the central limit theorem do hold.
Future work on simulation-based methods may be promising to address all of the above
issues because they provide flexible alternatives in power and sample size calculation that
can deal with specific features of given studies at hand [34].

In conclusion, researchers have recognized the usefulness of stepped-wedge designs
in recent years [2, 12, 25, 35]. While considerable development has been made into
deriving variance estimates of the intervention effect, this process is still at the beginning
for randomized designs and to our knowledge has not been explored for the non-
randomized setting. We developed an orthogonalized least squares framework for both R-
SW and NR-SW in which number of steps (S), length of step sizes (t,) and number of

units switched at each step (n,) can be varied. We then focused on balanced settings to
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obtain insights on optimal designs in terms of power. While BR-SW always achieved
lower variance for the intervention effect estimate than did BNR-SW designs, the
differences are small for p > 0.50. Compared to the traditional NR-DD design, optimal
BNR-SW (t* = 1) is more efficient. As the length of step size t increases in BNR-SW,
the advantage over NR-DD gets smaller and eventually reverses. Further, as the
Supplementary Appendix implies, a large number of historical untreated baseline time
points may further shift the advantage to the NR-DD approach. Future work perhaps

including structured simulations may help to clarify numerous unresolved issues.
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Appendix 1: Conversion of Cluster-Randomized Designs to our Setting

We should caution those readers who are familiar with cluster-randomized trials
(CRT) that; while our design has level i=unit (denoted as cluster in those papers) and
j=time, it does not have a level k nested within i and j as our examples do not have data
down to such a level. This differs from cluster-randomized SW designs [12, 25-27],
which do have a level k (person-visit measure) from m randomly chosen independent
patients of cluster i at time j. In such cluster-randomized designs, Y; . denotes the
outcome of the kt"person of cluster i from time j; however 71'1' the average outcome of all
m persons at i, j is the functional outcome used in those papers and corresponds to Y;;
used here.

Further our notation for p is for within i intra-class correlation of Y;; and Y;;, which

ijr,
would correspond to the intra-class correlation of 17”, 71';':- This differs from the intra-
class correlation used in cluster-randomized stepped wedge designs taken down to the
nested level k which are for the correlation of repeated measures Y, and Y, within the
same i, because our response here is a single measure (Y;;) as opposed to the average of m
independent observations for a cluster i at time j (; ;). However, if " denotes the “p”

used in those “cluster-randomization notation” papers for intra-class correlation of Y;

will be the intra-class correlation of ¥;;,

and Y;;,y,, then Y;;, from those designs.

~  1-p
p+—-

Thus to apply our formulas to such cluster-randomized trials, just substitute for p in our

given formula — pl_~ where g is the "p” in those cluster-randomized design papers.
p+

m
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Appendix 2: Orthogonal Coding for Intervention Effect
With the orthogonal coding for intervention effect shown below, we are able to

simplify the GLS component and calculate the variance of 8.

Table A: Summary of orthogonal coding of Z;(s=1, ..., S) at each step

Transition 1,j1) (1+1j2) Uz +1)3) Us-1+1,js) Us+1,7)
stratum contains t, contains t; contains t, contains tg_, contains tg
timepoints timepoints timepoints timepoints timepoints
e 2 S-1
ng units in S 0 M CAs=1Ms e smiT 0
N N N
stratum/step
i 2 S—-1
Ng_; UNits 0 h CXans .. N-XEing 0
_ N N N
ins — 1t
stratum/step
n, units in 274 0 _h N-%i,n;, ... N-Yiing 0
N N N
stratum/step
ny Units in 15t 0 N—-n, N-Y2_n, .. N-=-YIln, 0
N N N
stratum/step
7 = Q 0 N-ny N-ny N-32_ins N-%%_ins N-¥321ns N-3321 nS).
1 IR ) N ) renay N ) N ) aeny N ) sany N ) seny N ’
fo 21 ity ts
7% = (0 _n _n N-Y2_1ns N-YZ_ins N_2§=_11 ns N_Z§=_11n5).
2 ) ey ) N JIELLN] N ) N ) ey N ) wnny N ) neny ]
fo £ t; ts
n n >2_.n 2.n »3oin »3in
Z* — (0 0 " "1 _ 4s=1'%s __4&s=17""s __4&s=17%s _ 4&s=1 S).
S ) weny ) N,..., N, N ) aeny N ) sany N ) aeny ’
to

ty ts ts
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5= (25 20,25 o, 25 2y ) 2D,

ny n; ns

The advantage of this orthogonal coding is to set cross-products that involve the time
periods and the intervention in X'V ~1X to 0, which makes it easier to invert the cross-
product matrix for the purpose of finding the variance of the intervention effect estimate

as is done in Appendix 3.

Appendix 3: Derivation of GLS Variance Estimate
The goal is to find the last element of (X'V~X)~162 which is Var(8). Because of
the orthogonal coding, we are able to compute (X'V~1X)~1 by applying the inverse of

partitioned matrix twice.

an

[1+(T-1)p] 0 0 0 I{'ieAl}V‘lZ*
' Lm0 L0 DV
0 " [1+(T-1)p] {i€eAs}
le—1X= 2N N
0 0 1-p) 7 (@a-p) 0
S S S
a-p) 7 -p)
_I{IieAl}V_lz* I{,ieAS}V_lz* 0 0 OTD
e : : Ay AT [Bi B
For the first inverse of portioned matrix, (X'V-1x)"1 = [* 12] =M 12]
A21 A22 BZl BZZ
TllT
[1+(T-1)p] 0
where A;; = : : ,
0 nsT

[1+(T-1)p]
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2N N
0 . 0 leagV™'z a-p " a-p 0
Ay = A%y = | : : and A =1 v T Ly 6 -
0 w0 IeagVize |l(1—p) " a-p) Jl
0 .. 0 OTD

We then apply the inverse of the partitioned matrix to B,, as below. B,, = (4,, —

2N N

|[ 1-p) 77 (1-p) 0 —I

Ay Ay )T = N TN ; l
a-p) 77 a-p)

0 0 OTD - IDP

. : : Ci1 Ci2]™" [Py D
For the “nested” inverse of portioned matrix, B,, = | -* 12] =M 12]

Co1 C2l D2y Doy
2N N
(1-p) " @a-p) 0
where C;; = ¢ i |, Ci2=C3, =1]i|,and C,, = [OTD — IDP]. It turns out
N 2N 0
a-p) 7 (1-p)
O ~
that D12 = Dél =1:1. Therefore, Var(@) = D220-2 = (CZZ - 621611_1612)_1 2 =
0
1 0_2
OTD—-IDP

Where the full expansions of OTD, IDP and OTD-IDP are:

__1 ys-1 £1(Zhe17n)(N-Zhe17n) _ P N-Shoynn _
e N [1+(T-1)p](1-p) 5= DR
Yt tilssy]%;
[1+(T-1)p] 1 _1, N-Xt_.n
IDP = Yoy — = (Xa V7 X1)? = e L= s [t == =

it tilssy]%;
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! Gl -
0TD — IDP = A (3¢ (2n=1nn)I(VN 2h=1nh)_125=1 e [ a(N-Shoimn)

Yhzital?}
Note that in the R-SW design from (3), IDP=0 and

NT

[1+(T-1)p] 0 0
2N N
X'ViX = 0 S 0 . Therefore, Var(0z_sw ) = 0%02.
0 N 2N 0
a-p) 7 a-p)
0 0 0 OTD-

Appendix 4: Variance in Fixed Effects NR-SW is Invariant to Absorption from
Strata Dispersion

For the randomized model in (3),
Y —,ul+ﬁ]+6?Z +£ij’

where the mean displacement of unit i is y;~N (a, T%), &;~N(0,05). In this R-SW
design the total variance decomposition 2 = 12 + ¢2, and the correlation of repeated
oé

measures from the same unit is p; = Torol” thus 1 — pg = ey
e

A non-randomized stepped wedge (NR-SW) to the same setting can be presented in
(4) as

Y —a5+(,ul a5)+,8]’vk+HZ£kj+eij,

where as~N(ay,02), (u; — as)~N(0,7% — o) and &;;~N (0, 05); as, ji; are
independent. The variance with y;treated as random effects (RE) decomposes
into 02z_yg = 02 + (12 — 62) + 02 = 12 + 62 (which is the same total variance as o).

Now the within-unit factor p;has been decomposed into “stratum mean” and “unit mean
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about stratum mean” random factors a; + (u; — a5). When fitting a random effects

model to the NR-SW design, the within-unit repeated measure correlation is prg_yr =

2
47 (the same value as pg), but there is also a within strata correlation of measures of
e

oé

different units in the same stratum of p; - .
T°+0g
However, for the NR-SW fixed effects (FE) model, a, the strata effects are treated as
fixed eliminating a2 from both the overall variance and the within-unit correlation. The

within-unit factor now is (u; — as). Thus for the NR-SW fixed effects model applied to

this setting, the overall variance of an observation is 62;_yr = (72 — 62) + 62 and the

2_ 2 2_ 2
within-unit mean variance correlation is prg_yz = —5— = ———=—, and (1 —
ONR (t2-05)+o¢

aé

PFE-NR) = (T2—02) 402"

This leads to a potential awkwardness in Tables 1 and Table 2 where different NR-
SW fixed effects designs are compared to each other and to the R-SW and NR-SW
random effects designs in that both the variance and the intra-class correlations are
changed from 62 = ¢ and p = py 10 6% = 035_nr aNd p = prp_Nr DY the absorption
of variance into the stratum specific intercepts in the NR-SW designs. However,
Var(Oyr—sw) in (8) and Var(8zyr—_sw) in (12) for fixed effects NR-SW only depend on
a?and p through the product(1 — p)o?. To that end, this product is unchanged by
application of the fixed effects NR-SW design in that (1 — prg_nr)0Pe_Nr =
(1 — pr)oi = a2. Thus the parameters for o2and p from the “pre-nonrandomized” study

design population can be used in (8) and (12) no matter what the impact of the fixed

effects NR-SW on the final a2and p.
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A special case of this principle is when ng = 1 for all s. In this case y; and a, are
unidentifiable and the maximization process sets y; = a, which results in 62 = 72 or the
estimated target o2z _yr = 02; prg_ng = 0. Butagain, (1 — ppr_Nr)OPe_NR =
(1 — pr)az = a2 so (12) can be applied with normative parameters from the randomized

design.
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Supplementary Appendix: Design Changes in Fixed Effects Models

Most of the paper focused on balanced designs witht, = t; = -+ = ts_; = ts = t,
and n, = n, = -+ = ng = n as these are easiest to resolve mathematically and often have
logistical advantages. We show here that given a fixed N and under certain constraints on
S, T, and/or or E, other designs can achieve lower variance for 8. Note that the formula
numbers given here and References cited are in the main chapter. For easier
conceptualization, we refer to the time periods on t, with no units treated as the “Front
Edge” of the wedge and the time periods on tg with all units treated as the “Back Edge”
of the wedge and combined ¢, ts as the “Edges”. The remaining time periods on
ty, ..., ts_q are the “Interior”.

A. Minimal Fixed effects NR-SW Variance with § > 3,t, > 1land tg > 1

Often for logistical and/or ethical regions the Front Edge and Back Edge should have
at least one time period each and there must be at least one interior period (or S > 3,t, =
1, tg = 1. Lawrie, Forbes and Carlin [27]) showed that under these common constraints,

the optimal R-SW design is almost fully balanced with, S =T — 1 and t = 1 but not

1+2p)N N
constantn; ny = ng = (+2p) (1+5(T-1)'

= Sa,D Setting p = 1 in the

a.nd nz = = ns_l =

previous fractions derives the optimal allocation for the NR-SW design under the same

constraintsthus S =T -1, t =1,n; = ng = %and n, =:+=MnNg_q = gwith the ratio
%/% =1.5. This for example follows from that as p goes to 1, the ratio of (8) / (9) goes

to 1 meaning that the optimal R-SW design converges to the optimal NR-SW design.
However, the optimal NR-SW design is invariant to p, which only appears as a multiplier

(1 = p) in (13). Asan illustrative example consider a fully balanced design T = 4
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months (January, February, March and April), S = 3, N=120, t = 1 and in the balanced
design n=40. As the first row of Table A shows Var(éBNR_SW) for this design from (11)
is 0.0300 (1 — p)o2. Going back to this example in Table A (keeping T, S and N the
same under the constraints that ¢, and ts each > 1), the optimal 1.5: 1 Edge: Interior
allocation is n; = n3 = 45, n, = 30, (i.e. ratio of n; (or n3) to n, is 1.5). The variance
from (8) is reduced very slightly from the balanced design to 0.0296 (1 — p)a?2.

Table A: Var(@NR_SW) for Balanced and Other SW Designs with N=120 subjects, t; = 1 unless

specified otherwise

Study Design Month / Cumulative Number Treated Var(éNR—sw)
Jan (and Feb March April (and after)
before)
Balanced 0 40 80 120 0.0300(1 — p)a?
(S=3,T=4) (n, = 40) (n, = 40) (ng = 40)
Optimal 1.5:1 Allocation 0 45 75 120 0.0296(1 — p)o?
(S=3,T=4) (n, = 45) (n, = 30) (ng = 45)
Edges Trimmed 24 48 72 96° 0.0278(1 — p)a?
Internally Balanced (n, = (n, = 24) (ny = 24) (n, = 24)
tp=t; =0 24)
(=5, T=4)
Edges Expanded to t, = 0 40 80 120° 0.0232(1 — p)a?
t; =3 tp=3 (ny = 40) (n, = 40) (n; = 40)
Internally Balanced t3=3
(S=3, T=8)
Edges Expanded to t, = 0 60 120° 0.0208(1 — p)o?
t, = 3°¢ t, =3 (ny = 60) (n, = 60)
Internal Steps Merged t, =2 t, =
(S=2, T=8)

a Note ng = 24 are never treated

b t, = 3 (November, December, January), ts = 3 (April, May, June)

¢ Equivalent to a DD design t, = 6 (August, September, ..., February), t; = 2 (March, April),
tz = 0

B. Trimming the Edges lowers Var(@) when T is constrained

Now allow the edges t,, ts to take on different values when the interior times (t,’s)
are constantt; = --- =tg_; = tand n;, = n, = --- = ng = n. We call this an internally
balanced design in that the times in the middle are the same. Such designs may occur in

practice for example if the intervention once started must be ramped up on a standard
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time schedule but otherwise measures at varying numbers of times can be available
before any units have been treated and/after all units have been treated. Again let
to+ts=E,thenT =E + (S — 1)t.

We start by optimizing the ratio of E to t under constrained S and T. With constant n,
as defined before N = n = S. Therefore, the variance for intervention effect in (8) and (9)

can be rewritten for the internal balanced non-randomized stepped wedge (IBNR-SW) as

~ _ 12T (1-p) 2 . ..
Var(8pnr_sw) = S TherDiar—sn O~ Taking the derivatives of

Var(8,5nr—sw )With regards to t and setting to 0 (as the second derivative is negative)

—~ -1
yields the optimal allocation ratio of % ie., avar(e’Ba’VtR‘SW) = 2T —2St =2(E — t)

which equals 0 when E* = t* which means t* = g Thus, the IBNR-SW under

constrained T and S is optimized when (t, + t5)* = t*the number of time periods in each
internal step.

A similar result happens for the internally balanced R-SW (IBR-SW)

6[1+(T-1)p](1-p)

ovar(Bipr-sw)”
=1
nt(S—1)[1+(T-1-2)p]

2 i
o“. Similarly, o =1+

Where Var(éIBR_Sw) =
(T—1-St)p=1+(E—-t—Dp=0whenE* =t"+1 —% Thus, for the IBR-SW
under constrained T and S, the optimal allocation is given by E* = max (t*+ 1 — %, 0),

whichmeans T = (S — 1)t* + max (t*"+1— %, 0). Therefore, (ty, + ts)* < t*. Thus if

S—-1
T+S-1

< p, then E* = 0 meaning no “Edge” time periods.
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Moreover, as was seen in this chapter, t=1 is often optimal. Witht=1,T = E +
(S—1Dt=E+(S—1),E >0. After plugging in the above design parameters, the

variance for intervention effect in (8) simplifies for IBNR-SW with t=1 to:

A _ 12T (1-p) )
Var(e’BNR_SW) T AGE-DGHDET—5)C (A1)

Taking the first derivative of with regards to S yields to the optimal allocation of E

~ -1
and t as: avar(g’%’;R‘SW) = 4ST — 352+ 1> 0 for S € (0, T+1). Thus the variance is

maximized by maximizing S by making E* = (t, + t5)* = 0. Going back to the
illustrative example of Table A with T=4 and N=120, now with t, = t; = 0, S becomes 5
and n = 120/5 = 24. The third row of Table A shows Var(8;5yg—sw ) for this design
from (A1) reduces to 0.0278(1 — p)o2.

It should be noted that a similar result holds for the IBR-SW with t=1:

6[1+(T-1)p](1—-p) o2 (AZ)
n(s-D[1+(T-1-3)p]

Var(élBR—SW) =

—~ -1
s0 aV“r(g’gg‘SW) =1+(T=5—2)pforS € (0, + 1) which again is >0 for

S € (0,T + 1) oragain S is maximized when E* = (t, + t5) * = 0. However, we could
not find a simple expansion for the Larwy, Forbes, Carlin optimal design [27] to R-SW or

NR-SW settings where t, and/or tg = 0 was allowed.

C. Expanding Edges lowers Var(8) when Number of Interior Times is
Constrained
In some settings number of interior times of a NR-SW may be constrained in that

ramp up must occur over a fixed number of consecutive time points possibly using an
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interior balanced design with n units added to treatment each time. However, there may
be flexibility in the edges in that pre ramp up time t, > t and post ramp up times tg > 1

could be used. From (8) for the NR-SW such an expansion of E lowers the variance
through increasing T on the order of (1 — %) and thus has limited benefit for T large. (A

similar result in (9) dampened by p holds for the R-SW when p > 0). For example with
the NR-SW in Table A if t, is expanded to 3 (November, December, January) and tg to 3
(April, May, June, then T=8. From (A1) the variance reduces to 0.0232(1 — p)o?2.

But we should note that it the investigator knows E = t, + t; = 6 homogenous
treatment measures will be available from before/after implementation of the treatment
ramp up, a better approach would be to merge the internal steps thus shifting half the
sample (60 subjects) to treatment in February and shift the remaining 60 subjects onto
treatment in April. This variance of the estimated intervention effect further reduces to
0.0208(1 — p)o?(row 4 of Table A). While a full exploration is beyond the scope of this
chapter, availability of extra observations at either end of the edges may push the optimal
design in the interior from being “SW” towards being flat (dampening the internal steps
with ~50% of subjects treated throughout). If the extra observations are all available at ¢t
(the front edge), this is pushing the design towards DD.

While a full exploration is beyond the scope here, availability of extra observations at
either end of the edges may push the optimal design in the interior from being “SW”
towards being flat (dampening the internal steps with ~50% of units treated throughout).
If the extra observations are all available at ¢, (the front edge), this is pushing the design

towards DD.
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In summary, we believe that the NR-SW design differences for Var(8) seen in Table
A were often small and would be even smaller for larger T and S. Thus other
considerations such as ethical and logistical may be more important for choosing between
potential NR-SW (and also R-SW) designs. However, if preexisting baseline (t, > 1) or
post full implementation (ts > 1) will be available, using all of these measures improves
power more; including that elimination or dampening of internal steps (i.e. reducing S)

could be beneficial.
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Overall Conclusions

The three main chapters comprising my dissertation build upon one another to
investigate the intervention effect using GLS power estimation framework based on
covariance of repeated measures in longitudinal one-way crossover studies. Based on the
number of crossover time points when units switched onto intervention, one-way
crossover studies have been further classified into difference-in-differences (DD as
discussed in Chapter 1 and Chapter 2) and the stepped-wedge designs (SW as illustrated
in Chapter 3).

Chapter 1 and Chapter 2 start with the simplest one-way crossover design by studying
difference-in-differences designs where all the units that are switched to the intervention
are done so at the same time point. By investigating on the simple compound symmetry
and more general Toeplitz correlation structures, Chapter 1 developed a unified GLS
power estimation framework together with the alternative lower bound approaches for
power estimation in the randomized difference-in-differences (R-DD) studies. The
theoretical results for optimal pre-post allocation based on CS approximation are
presented and compared to the empirical Toeplitz results from the nursing homes and
HIV infected patients’ examples with T=b+k=7. For these examples where T=b+k=7 in
the R-DD studies, setting the number of pre-intervention measurements b=1 produced
optimal or close to optimal results to maximize power to detect an intervention effect, but
having b > 1 often performed nearly as well in terms of power (i.e. variance of the
intervention effect estimate).

Although randomization is always preferred as a gold standard in clinical trials, it is

not always feasible due to practical constraints. By modeling the non-randomization
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effect associated with the central tendencies of each intervention arm using general linear
model, Chapter 2 extended the GLS power estimation framework to the non-randomized
difference-in-differences (NR-DD) setting. The optimal pre-post allocation for NR-DD
studies is given by equal number of pre-and post-intervention measures (b=k) for T even
and |b-k|=1 for T odd. With the advantage of closed form GLS variance formulas for R-
DD and NR-DD under CS approximation, the superiority of randomized over non-
randomized setting are quantitatively measured. While given the same b and Kk,
randomized designs are superior, non-randomized designs deliver nearly as precise
estimates of intervention effect for high within-unit correlation and/or with more baseline
than follow-up measurements (b > k).

As illustrated in Chapter 1 and Chapter 2 where there is uncertainty about the exact
Toeplitz structure in Difference-in-Differences studies, CS approaches approximate the
“unknown” variance of the estimated intervention effect well when b=1 but can greatly
underestimate this variance when b > 1. To avoid overestimation in power, two
conservative approaches are proposed: PCS approximation based on mean summary
statistics can serve as a conservative lower bound for GLS power calculation but greatly
underestimate the power in two of our examples; an alternative lower bound approach
with T=b+k =2 longitudinal measures (b=1 and k=1) can obtain nearly as precise
estimates of the intervention effect as did any design with T=b+k=7 measures where
b > 1in these two cases. However, none of these approximations performed uniformly

well.

Chapter 3 presents the general one-way crossover designs known as the stepped-

wedge designs, where the intervention is delivered at sequential time points but
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eventually all units would receive the intervention. The Orthogonalized Least Squares
power estimation framework is developed based on compound symmetry approximation.
To investigate the optimal designs in terms of power, balanced SW designs are
investigated because they can further simplify implementation of GLS variance formulas.
For both BR-SW and BNR-SW designs, the optimal design to maximize power is given
by t, = 1 which means that new units are shifted to intervention at each time point in the
study. In the examples we used from New Jersey nursing homes, when compared to BR-
SW designs, equivalent BNR-SW designs even with intercepts of non-randomly stepped
switching strata analyzed using fixed effects sacrifice little efficiency given an intra-unit
repeated measure correlation p > 0.50. Compared to traditional NR-DD designs, optimal
BNR-SW designs are more efficient with the ratio of variances of these designs
converging to 0.75 when T>10. For any fixed T, as the step size t, increases (t; > 1), the
advantage of BNR-SW to NR-DD gets smaller and eventually reverses to favor NR-DD.
Several limitations need to be considered for all of the chapters in this dissertation. In
the general linear models for both DD and SW designs, the assumption of constant
intervention effect across unit and time may not hold. However, if so, the models
presented here can be extended by modeling an interaction term of intervention and time
and/or including intervention heterogeneity into the covariance structure. Although the
covariance is assumed to be static (a minimum requisite to use historical data for future
correlation estimation), it could change over time due to uncontrollable mechanisms in
practice. Relaxation of the above assumptions may likely lead to complicated settings
that perhaps can only be addressed with simulation. The illustrative examples presented

are limited with a fixed total time points (T = 7). While more comprehensive analyses
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for other values of T in general and other correlation structures is beyond the scope of this
dissertation, the correlation structures in the four examples presented here are likely
generalizable and that T = 7 may be reasonable for many settings with repeated

measures taken at 3-6 month intervals.

In conclusion, this “three paper” dissertation develops an Orthogonalized Least
Squares power estimation framework based on covariance of repeated measures in
longitudinal one-way crossover studies. For researchers who are interested in planning a
one-way crossover study with longitudinal repeated measurements, our efforts to identify
simple and conservative approximations based on compound symmetry and mean

summary approaches have mixed success.



