


74

Roots Max. in

Case b 0 R+ [c; 00) Shape of P (+;2)
P /—\ P
1 1<b<2 (—00, Aiim) 1 cor p*(z) | c o or i ’

P
2 l<b<?2 [Aim, 0) 1 p*(2) /:\p

3 b=2 (=00, Niim) 0 c b

4 b=2 (—00, Aim) 1 cor p*(z) Same as in Case 1

5 b=2 [Amin < A < A 1 corp*(z) Same as in Case 1

6 b=2 [Aim, 0) 1 p*(z) Same as in Case 2
| i

7 b> 2% (—00, Aim) 2 cor p*(2) °? or ©oe

8 b>2 [Atim; 0) 2 p*(2) T

@ Tn all cases where b > 2 it is assumed that there are two roots in RT, Vz € [A, B|

Table 4.4: Analysis of the optimality in [c,00) of the objective function with respect to the
price for a given stock factor (risk-seeking cases)

function ¢ that is unimodal; in such a case, it follows that the equation A\ = ¢(z) will have
at most two solutions or, in other words, the function 7*(-) will have at most three pieces.
However, an important difficulty of this model is that ¢ does not seem to have a predefined
shape, and therefore one cannot know a priori the number of pieces that 7*(-) will have.
For this reason, and even though we will continue to use the function 7*(-) for the sake
of generality, we will only tackle the optimization of cases for A > Ay,,. We restrict our
study to risk-averse and moderately risk-seeking cases and refer the reader to numerical
optimization for solving instances where A < Ajjp,.

Example 4.1. Let D(p, ¢) = 10~ with € ~ U[0.001,1.999]. Let ¢ = 100. The first-order
condition (4.7) as a function of b and z is 2-106\(b—1)o?(2)p~ (=2 — (b—1) u(2)p+100bz = 0,
with p(z) = —0.250322 +1.0005z — 2.503-10~7 and 02(z) = —0.062632* 4 0.16712% —5.009 -

1074 4+ 5.009 - 107z — 2.001 - 10710,
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*(2) | ! ;

(2)

z1 z2 z

Figure 4.1: Piecewise continuous optimal price function
e b= 1.5: the first-order condition becomes 105A0?(z)/p—34(2)p+150z = 0. The lower
bound for A, as shown in Lemma 4.3, can be obtained numerically. It turns out that

(4.8) attains its maximum at z = 1.7215 with a value of \;;,, = max(u(z)—32)5-107% =

—6.952 - 10~°. The only positive real root in this case is given by

. 105002 (2) + 1/(105A02(2))2 + 300u(2)= ’
= e

Observe that b = 1.5 implies that by is even, which contradicts one of the assumptions
set earlier in Section 4.1. However, this example is fairly simple and it can be easily

seen that the first-order condition only yields one real positive root.

e b= 2: the first-order condition becomes 2-10°\c?(2) — pu(2)p +200z = 0. Since b = 2,
per the corollary from Lemma 4.3 we use (4.8) to set a lower bound for A and thus

set A = max(p(z) — 22)5-107° = —4.085 - 10~%. The only positive real root is

2106/\02(2) + 100

e

4-10%002(2)

e b = 3: the first-order condition becomes —2u(z)p+300z = 0. A, is set
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2 —
to max.ci4, B 'M(Z)OSZ = —0.02639 and the equation above has two roots:

() = 300z — /9 - 10%22 + 32 - 106u(2)02(2) A
P e ’
‘(2) 300z + /9 - 10122 + 32 - 105(2) 0% (2) A
Z) = .

P2 me)

—(3002)?

These roots are real and positive if A > , the first being a mini-

32-10u(2)02(2)
mum and the second being the maximum we are interested in. In this case, Aj, >
—(3002)232 - 10%u(2)0%(2), Vz € [A, B] and therefore p3(z) is always real, positive,
and not smaller than ¢. Hence, the assumption p*(z) > ¢ holds. As mentioned before,
when A = A, ¢ is a root of (4.7). Further analysis shows that this root occurs at
z = 1.6214. However, this point corresponds to a minimizer and 7(-) is composed of
maximizers only. For this reason, the right-most graph in Figure 4.2 does not show
a curve that reaches ¢ = 100 when A = )\j,,,. This can be seen in further detail in

Figure 4.3, where it is clear that ¢ = 100 is only a root of (4.7) when A = Xy, (in this

case at z = 1.6214), but this root does not correspond to a maximizer.

b=1.5 b=2 b=3
m*(z) 600 m*(2) 350
500 300

*(z)
900

700

400 250
300 200 150
100 100 < o —————— — — — -
00020406081.01214161.8 00020406081.01.214161.8 00020406081.01.214161.8
Zz Zz z

A=2E-05 A=2E-04 2=0.020

A=1E-05 A=1E-04 A=0.010

2=0 A=0 =0

~=-3E-05 A=-3E-04 A=-0.020
E =-6.952E-05 E7L=-4.085E-04 E?\.=-0.02639

Figure 4.2: Optimal price function under different risk scenarios
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b=3, A=-0.02639

p*(2)
200
150

1007 = = = = = = = <

50

0
00020406081.01214161.8

pl(z) (minimizer)
p2(z) (maximizer)

Figure 4.3: Maximizing and minimizing prices for A = Ay,

4.3 Optimization with Respect to z

As commented in the introduction of this thesis, it is usual in the literature to find examples
based on different risk measures that guarantee the unimodality of the objective function
under more restrictions, usually related to the generalized failure rate of e. For instance,
Xu, Cai, and Chen (2011); Wang, Jiang, and Shen (2004) show unimodality for the risk-
neutral case and multiplicative demand models if the random variable has an increasing
generalized failure rate. For risk-averse cases with CVaR considerations, Chen, Xu, and
Zhang (2009) show that a strictly increasing generalized failure rate in the risk distribution
is required to attain unimodality. In what follows, we proceed to attain different conditions
for unimodality depending on the risk-parameter in a mean-variace setting. We want to
give a managerial meaning to our results and, to that end, we use again the lost sales rate
(LSR) elasticity, as defined by (1.6):

p(G(p,x)),

I%(p,$) = 1— G(p, l‘),
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r_ 0G(p,x)
p = ap

demand is multiplicative, Pr(y(p)e < x) = Pr (e < ()) = F(z), and therefore we obtain
yp

where G(p,x) := Pr(D(p,e) < z) and (G(p,z)) In particular, when the

that

= £(2). (4.9)

Just like the price elasticity of demand in isoelastic demand curves, the LSR elasticity
is not a function of the price when the demand is multiplicative. In other words: the
price-isoelastic demand is also LSR-isoelastic because, given a stock factor, the change in
the level of service will be the same regardless of the price from which that increase takes

place.

In general, we can define the objective function P*(-) as a function of z as follows:

Its first-order derivative, after using the relation between A\ and p*(z) as derived from (4.7),

is

ap*(2) "R(2), ifp*(z) = ¢,
P¥(z) = (4.11)

_ac—bt1 (F(z) + /\ac—b+10_2’(z)> , if p*(2) < ¢,

where R(z) = (1 — F(2))p*(2) — ¢ — Aap*(2) " 267 (2). (4.12)
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These piecewise expressions are only needed if the retailer is risk-seeking with A < Apyin,
for only in those cases it may happen that p*(z) < ¢ for some values of z. For any other value

of A only the first piece, corresponding to the case where p*(z) > ¢, will be needed.

4.3.1 Risk-Neutral Retailer

When A =0, P*(-) and its first-order derivative can be greatly simplified to

P*(2) = ap™(2) ™ (u(2)p*(2) — c2),

and

!

P*(2) = ap*(2) "R(2),

where R(z) = (1 — F(2))p*(z) — c¢. This is the same result obtained by Wang, Jiang, and
Shen (2004); Petruzzi and Dada (1999). It is thus clear that the optimal stock factors
z* of the risk-neutral, single-stage newsvendor problem with isoelastic demand satisfy the
equation F'(z*) = 1 — ¢/p*(2*). When the stock factor is the only decision variable, this
result particularizes for the classic, well-known result of the single-stage newsvendor problem
where the stock factor that maximizes the profit is unique and equal to the (1 — ¢/p)-quantile
of z (sometimes called the newsvendor quantile). However, when the price is also a decision
variable it is not clear anymore whether this equation has one or multiple solutions. The
following theorems intend to shed some light on some conditions that guarantee local and
global optimality of the solutions to R(z) = 0:

Theorem 4.3. The following local and global optimality conditions hold for the risk-neutral

case:
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a) (Local optimality) Let z* be a solution to the equation F(z) = 1—c¢/p*(z). Then the pair
(z*,p*(2%)) is a strict local mazimum of P(-,-) in [A, B] X [¢,00) if and only if £(z*) > 1.

If £(2*) < 1, this pair is a saddle point of P(-,-) in [A, B] X [¢,00).

b) (Global optimality) If £(z) > 1, Vz € [A, B], then P(-,+) is unimodal in [A, B] X [¢, 00).
In other words, there is only one stock factor z* that satisfies the equation F(z*) =1 —
c/p*(z*) and therefore the pair (z*,p*(z*)) solves the risk-neutral, single-stage newsven-

dor problem with isoelastic demand.

Proof. See Appendix C. O

Example 4.2. Consider the demand function D(p, €) = 10°073¢. Let ¢ = 50. The random
variable € has a probability density function denoted by f(z) = 0.5f1(2) + 0.5f2(2), where
f1 and fo are in turn the pdf’s of two normal random variables with means 0.4,1.6 and
standard deviations 0.1,0.2, respectively. We assume A = 0.001 and B = 3 because the
density of € beyond those points is negligible. The optimal price for each value of z can be
calculated by using the third entry of Table 4.3. Solving the equation F(z) =1 — ¢/p*(2)
numerically yields the following solutions: 27 = 0.4831, 25 = 0.8,23 = 1.392. Evaluating
these points in the expression £(z) = 3zf(z)/(1— F(z)) yields the following LSR elasticities:

€(27) = 3.4026, £(23) = 0.0048, £(23) = 5.6998.

These results show that the points (27, p*(27)) = (0.4831,83.1294) and (23,p*(23)) =
(1.392,117.5295) are strict local maxima of P(-,-), whereas (z3,p*(z5)) = (0.8,100) is a
saddle point of P(-,-). The pair (1.392,117.5295) is also the global maximum of P(-,-) in
[0.001, 3] x [50,00) with a value of the objective function P(z5,p*(z5)) = 21.4355. Figure
4.4 shows these three points as the solutions to P*'(z) = 0 (i.e. as the solutions to F|(z) =

1 —¢/p*(2)) plotted on the curve P*(z) = P(z,p*(z)) and then those three points plotted
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on the surface defined by P(z,p). Note that (0.8,100) is a local minimum of P*(-) but it is

a saddle point of P(-,-).

201
18 4 )
161
144 »
i / “
P(z.p) 10‘4‘ ‘
8 | | \
6! W )
4! \ | I\ AN
%J,Mx, ']““‘}“Hh“\ i\
) 0\ | |
| s000 00
(z1* p*(z1*)) @ pr @)
(22* p*(22*)) (2% pH(22%)
al*,p¥(22* 1% p*(22*

Figure 4.4: Illustration of local optimality conditions for the risk-neutral case

The theorem above gives conditions for a point to be either a local maximum or a
unique maximum of P(-,-) in the risk-neutral, single-stage newsvendor problem with mul-
tiplicative demand. Some similar results that guaranteed the unimodality of this problem
were obtained in the past as a function of the failure rate of €, h(z) = f(z)/ (1 — F(z)), and
the generalized failure rate of €, g(z) = zh(z). For instance, Petruzzi and Dada (1999) show
that if b > 2 and 2h(2)? 4+ h/(z) > 0 this problem has a unique solution. Wang, Jiang, and
Shen (2004) claim that e having an increasing generalized failure rate is sufficient, thus un-
coupling the economic parameters of the model from the uniqueness of the optimal solution.
Both conditions are the consequence of imposing the unimodality of equivalent formulations
of R(z) (see both papers for further details). In turn, we make the Hessian of P(-,-) negative
definite in all the pairs (z*, p*(z)) for proving our local optimality condition and transform
the results to give them the more economic and managerial interpretation that the LSR elas-

ticity provides. This result also complements Theorem 2 from Kocabiyikoglu and Popescu
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(2011) that claims the concavity of the objective function in risk-neutral cases if £(x) > 1/2.
However, they assume that 2y/(p) +py”(p) < 0, which implies that the good has an inelastic
demand (b < 1). In this chapter, we extend the concept of concavity to that of unimodality

and we consider products that have an elastic demand (b > 1).

The following lemma characterizes the changes in the optimal stock factor and the
optimal price in the risk-neutral case.
Lemma 4.4. Let A = 0 and z* be a solution to the equation F(z) = 1 — ¢/p*(2). If the
LSR elasticity at z* is greater than the price elasticity of the demand (i.e. £(z*) > b) then

z* decreases in b and p* increases in ¢ and decreases in b.

Proof. See Appendix C. O

Corollary 4.3. This result matches what Wang, Jiang, and Shen (2004) propose under

the IGFR condition.

4.3.2 Risk-Sensitive Retailer

When A > A, P*() and its first-order derivative can be written as shown in equa-
tions (4.10) - (4.12) for the case p*(z) > c. There exist some conditions under which the
unimodality of the risk-sensitive problem, either risk-averse or moderately risk-seeking, is
guaranteed.

Theorem 4.4. (Global optimality) Let

n(z) = (L-F()p'(z) -,
U(z) = (c+ (b—1n(=)*(1 - F(2))(z — ul2).

B(z) = (b—1202(2)n(z) + bea(l - F(2))(= — p(2)).
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The following sufficient conditions guarantee that the unimodality of the single-stage newsven-
dor problem with isoelastic demand (i.e. there is only one stock factor z* that satisfies the

equation R(z) =0):

a) If X > N
() > (50 - T % e )
b) If A > 0:
£z) > (1+(b_10)77(z)>2, Vz € [A, B], (4.13)
¢) IfFA>0 and b > 2:
€z) > (1 4 2alb _cbl_)l(B - 1))2, Vz € [A, B], (4.14)
Proof. See Appendix C. O

A very interesting remark to make here is that the global optimality condition from
Theorem 4.3 is a particularization of the global optimality condition from Theorem 4.4.
As a matter of fact, when A = 0, it turns out that 1(2)|g;)—0 = 0 (because in this case
n(z) = R(z)). Applying this to (4.13) yields directly the expression £(z) > 1. On the
other hand, the bound provided for the risk-averse cases with b > 2 is in general very close
to 1. This is because the order of magnitude of A is generally very small: let m, k, and
r be constants; if the order of magnitude of the variance of the profit is ~ 10%™, then

the objective function P(-,-) dictates that A ~ 107"™. The values of the price elasticity b
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and the upper bound B are usually of order ~ 10°. The parameter a has usually a larger
order of magnitude (~ 107); the denominator ¢®~' ~ 101 (where 10" is the order of
magnitude of the cost). After all, the second term in the squared expression from (4.14) is
~ 107 RO=D=m 100, as long as the order of magnitude of a is not comparatively very

high.

All the results in Theorem 4.4 require the evaluation of the LSR elasticity in all the
points in the compact interval [A, B]. Under some circumstances, we can reduce our opti-
mization problem to a smaller interval, which increases the applicability of our results.
Definition 4.1. Let 25,45 be a solution to the equation (1— F(z))p*(z) —c = 0 where p*(z)
is the optimal price as derived from solving (4.7) for the risk-sensitive problem. Such a

solution is called risk-sensitive equivalent (RSE) solution.

An RSE solution is therefore a stock factor that satisfies the optimality condition for
the risk-neutral problem (i.e. R(z) = (1 — F(z))p*(2) — ¢ = 0) but uses a risk-sensitive
optimal price. It turns out that if the function (1 — F'(-))p*(-) — ¢ is decreasing, then we can

reduce our interval of optimization.

p* (2)
p*(2)

RSE solution (RSE-optimal solution) and we can reduce our optimization problem as fol-

Lemma 4.5. If {(z) > bz

, Vz € [A, B], then the risk-sensitive problem has a unique

lows:
max P*(z), if A\>0,
max P*(z) = #€lA ks gl
z€[A,B]
max P*(z), if A <0,
2€[2 5 g Bl
Proof. See Appendix C. O

Corollary 4.4. P*(zqp) is a lower bound of the optimal solution of the problem, P*(z*).
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4.4 Sensitivity Analysis of the Optimal Price, the Expected

Profit, and the Variance of the Profit

4.4.1 Relationship between the Optimal Price and the Risk Parame-

ter

We can analyze how, for a given stock factor, the optimal price changes as a function of the
risk parameter A. For a given stock factor Z, let A — p*(\) denote the optimal price as a
function of the risk parameter.

Lemma 4.6. Given stock factor Z, the optimal price is a nondecreasing, concave function

with respect to .

Proof. See Appendix C. O

Corollary 4.5. In the risk-averse case, the optimal price p*(), z) is always greater than or

equal to the cost ¢ since it follows from Lemma 4.6 that p*(A, z) > p*(0, z) > p*(0) =

z=A
be

The consequence of this lemma is that the optimal price for a given stock factor Z in-
creases with the level of risk-aversion, whereas it decreases with the level of risk-seekingness.
Although this result may seem counterintuitive at first sight, it is convenient to recall that
one important characteristic of the multiplicative demand is that the price affects the de-
mand uncertainty. More concisely, the variance of the demand is in this case decreasing with
respect to the price, for Var(D(p,€)) = Var(e)y(p)? (Petruzzi and Dada, 1999). Therefore,
when increasing A in the risk-averse case, a price increase will reduce the riskless demand
y(p), and this in turn will reduce the variance of the stochastic demand. Similarly, reducing

A in the risk-seeking case will increase the riskless demand and induce an increment in the
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variance of the stochastic demand.

4.4.2 Relationship between Profit and the Risk Parameter

Let ﬁ*()\) be a random variable denoting the profit for a given stock factor Z and price
P*(\) as a function of the risk parameter \.
Lemma 4.7. The variance of the profit for a given stock factor zZ and price p*(\) decreases

as A increases.

Proof. See Appendix C. O

Corollary 4.6. As the newsvendor gets more risk-averse (risk-seeking), his optimal policy
induces a smaller (greater) variance of the profit.
Lemma 4.8. The expected profit for a given stock factor zZ and price p*(\) decreases as A

increases in the risk-averse case and decreases as A decreases in the risk-seeking case.
Proof. See Appendix C. O

For illustration purposes, we analyze Example 4.1 with b = 3 after embedding 7*(z) in
P(-,-). Figure 4.5 shows the objective function P*(z), as well as E(IT*(z)) and Std(IT*(z)) =
\/W , for different values of A ranging from risk-seeking to risk-averse situations.
All the curves represent values of A\ above \;,,, and therefore we should expect 7*(z) = p*(2).
The behavior predicted by lemmas 4.7 and 4.8 can be observed in this figure: for a given
stock factor Z the variance of the profit decreases with the risk-aversion and increases with
the risk seekingnees; in turn, the expected profit decreases with both risk-aversion and
risk-seekingness. It is under the light of an example like this one where the power of a

mean-variance analysis25as a tool for decision-making can be seen: first we are able to
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come up with an array of optimal decisions as a function of our stance towards risk. The
optimal value of the objective function itself is not significant; instead, it reveals an optimal
stock factor and price that can be used for determining the best combination of expected
profit and standard deviation of the profit for a particular risk tolerance. These are the

true metrics when it comes to making a decision.

P E(M Std(M*
@g0 M@ g o (N*(2))
55 55 8
5.0 5.0 7
45 4.5
4.0 4.0 6
35 35 5
3.0 3.0 4
25 25
2.0 2.0 3
15 1.5 2
1.0 1.0 ;
0.5 0.5
%80 04 o8 12 16 20 080 04 o8 12 16 20 80 02 o8 12 16 20
z z z
BA=0 | ®A=0 @A=0
®A=0.1 ®A=0.1 ®A=0.1
A=05 A=0.5 A=0.5
mA=1 =1 mA=1
P2, E(M(2)) ¢ Std(M*(2)) gg
9 5 20
8 4 18
7 3 16
6 2 14
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®A=-0.01 ®A=-0.01 ®A=-0.01
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wA=-0.02639 l»A=-0.02639 wA=-0.02639

Figure 4.5: Objective function, expected profit, and standard deviation of the profit under
different risk scenarios with D(p,€) = 10%p3¢, € ~ U[0.001,1.999], ¢ = 100

Secondly, the range of values for A that are acceptable for every situation is given
by the results that these values yield and the results derived from the sensitivity analysis
previously shown: a risk-averse decision-maker does not know at first what his tolerance
to risk is in terms of A but he knows that there is a maximum standard deviation that is

acceptable for him. Fine-tuning X is thus a matter of finding the scenario that results in that
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maximum standard deviation. It follows from the sensitivity analysis that any A greater
than the value found will generate optimal pairs that guarantee lower standard deviations
and this appreciation gives a range of values of \. An analogous interpretation for risk-
seeking individuals can be made using similar arguments in view of the results that stem
from the sensitivity analysis. Finally, Table 4.5 shows several numerical results for different
values of A ranging from risk-seeking cases to risk-averse cases. For these experiments we
used a demand function D(p,e) = 105p~ !¢ with € being distributed as three different
distributions, namely, uniform, normal, and triangular. The cost of the commodity is
assumed to be ¢ = 100. For the range of values of A used, A\ > \j;;,, and therefore p*(z) > c.
Since b = 1.5, this optimal price can be calculated via the closed-form result shown in Table
4.3. Every scenario met condition a) from Theorem 4.4 and therefore the solution to the
optimization problem is given by a unique pair (z*,p*(z*)). Note that some risk-seeking

scenarios even incur in expected loss profit in exchange for a higher standard deviation of

the profit.

A=—-21FE—-04 A=—-12FE—-04
Distribution p* z* E[IT*] SDI[IT*] p* z* E[IT*] SDI[IT*]
Uniform [0.6, 1.4] 143.49 1.36 4,321.12 16,220.60 | 219.26 1.34  25,982.03 15,392.70
Normal (1,0.25%) 140.70 1.43 -1,607.21 16,962.52 | 218.21 1.38 24,309 16,014.08
Triangular (0.3,1.6,1.1) | 11553 1.42 -21.677.25 19,882.49 | 193.26 1.39 19,749.96 18,704.23

A=-3E-05 A=0
Distribution e = E[T7] SDIIT] > = E[T] SDIIT]
Uniform [0.6, 1.4] 334,38 1.28  33,287.76  11,180.27 | 365.24 1.18 33,837.41 10,092.55
Normal (1,0.252) 33045 125 33,067.93 11,002.05 | 35950 1.15 33,646.23 10,137.24
Triangular (0.3,1.6,1.1) | 325.86 1.28 32,672.02 13,530.66 | 367.91 1.18 33,432.89 11,484.84

A=3FE—-05 A=3FE—-04

Distribution S = E[T] SDIIT] S = B[] SDIIT]
Uniform [0.6, 1.4] 366.83 1.04  33,220.21 7,626.22 333.95 0.77  28,622.65 3,525.68
Normal (1,0.257%) 372.07 1.04 33,168.79 8,298.95 382.56 0.76  27,532.56  4,716.51
Triangular (0.3,1.6,1.1) | 388.66 1.06  32,778.30 9,274.07 378.65 0.71  25,737.30  4,738.12

Table 4.5: Summary of results of the optimization problem for several random variables
(¢ =100, y(p) = 10°p~1).
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4.5 Conclusions

The results presented in this chapter are oriented not only towards presenting conditions for
the unimodality, but also towards giving those conditions a managerial appeal by including a
metric typically used in industry: the level of service. We show that in risk-averse instances
the optimal price is a unimodal function in z that is always greater than the cost. Neither
the unimodality nor the monotonicity of this function is guaranteed in risk-seeking instances,
but its shape and sign of its derivative can be known based on the price elasticity of the
demand and the risk-parameter. In turn, the objective function P*(-) is not necessarily
unimodal, although we attain optimality conditions that guarantee this unimodality under
some premises characterized by the LSR elasticity £(-), a measure of the change in the level
of service when increasing the price of the product. We also prove that the condition found
for the risk-neutral problem (£(z) > 1) is a particularization of one of our conditions for
the risk-sensitive problem and extends the results obtained by Kocabiyikoglu and Popescu
(2011) to the case of price-elastic goods. We also investigate the much less explored risk-
seeking case, and find interesting research questions that stem from the complexity that
arises in instances with very high risk-seeking behavior. In particular, the cases where
A < Ajjm may result in a piecewise, nonlinear objective function which a priori complicates

the search for the optimal solution of the problem.

Finally, a sensitivity analysis performed on the main variables of the model reveals
some insights useful for decision-making: when compared to the risk-neutral case, the risk-
averse newsvendor sets higher optimal prices for a given stock factor and the risk-seeking
newsvendor prefers lower optimal prices. A risk-averse retailer should also anticipate smaller

expectation and variance in his profit in comparison to a risk-neutral individual, while a
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risk-seeking newsvendor should predict smaller expectation and higher variance in his profit.
These gaps between the results in risk-neutral and risk-sensitive cases are proportional to

the degree of risk-aversion or risk-seekingness.
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Chapter 5

Final Conclusions and Future

Research

The present thesis was completed aiming at achieving a well-defined goal: the unification
of all risk-sensitive instances of the price-setting newsvendor problem with price-dependent
demand and two decision variables (namely, price and stock quantity), as well as the char-
acterization of the conditions for the unimodality of each instance under a metric that

captures managerial attention.

We achieve the first goal by introducing a mean-variance trade-off. Such a performance
measure must be seen as a weighted combination of the expected profit and the variance
of the profit. The relative importance of the variance of the profit as well as the sign
of its contribution to such measure is given by a risk parameter A\. The sign of this risk
parameter denotes whether the decision maker is risk-averse or risk-seeking. The latter still
remains much less studied than the former, and for this reason we believe that our work

bridges efficiently a gap in the literature. One major characteristic of our model is that
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we do not make any assumption on the random component of the demand. While many
authors work with random variables that have an increasing failure rate or an increasing
generalized failure rate, our results also hold for random perturbations that do not have
those properties. We tackle the second goal by including the LSR elasticity, and hence the

level of service, as the main metric for assessing the unimodality of a given instance.

While §2 analyzes the concavity of the objective function with additive demand, §3
and §4 broadens the scope of our study and finds conditions for the unimodality of the
performance measure with additive demand and multiplicative demand, respectively. This
scope, besides being more general, does not use the assumptions that are needed in the

study of the concavity of the objective function.

There exist important similarities in the behavior of the performance measure when
the demand is additive and multiplicative. In particular, we showed that the expected
profit and the variance of the profit decrease with the level of risk-aversion, whereas they
decrease and increase respectively with the level of risk-seekingness. The importance of this
result lies in the need to calibrate the value of A\ to adapt the instance of the model to the
risk sensitivity of the decision maker. It is much easier to calibrate this parameter if we
know beforehand what the impact on the performance measure will be after changing its

value.

However, finding the conditions for the unimodality of the objective function turned
out to be much simpler when the demand is additive. Albeit in both cases the optimal
price is not necessarily contained in the allowed range of prices, a major advantage of
the additive demand model is that it allows a very precise, closed-form description of this

function. Having knowledge about the characteristics of the optimal price is crucial to
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develop constant lower bounds in terms LSR elasticity because it allows to know exactly
how many pieces the nonlinear and piecewise performance measure will have. Conversely,
when the demand is isoelastic, and except for the risk-neutral case, the functional form of
the optional price remains unknown unless the value of the price-elasticity of the demand
is specified. Consequently, we do not know how many pieces the performance measure will
have. Its analysis is much more complex and so is finding constant bounds that guarantee

the unimodality of the objective function.

Future research directions point to how to deal with the opportunities provided by
the presence of massive amount of data. New trends in the research community are geared
towards big data analysis and the newsvendor problem can benefit greatly from the devel-
opment of new techniques. The concept of big data is spreading vastly among researchers
and is considered a hot topic nowadays. Although there does not seem to be consensus on
what big data really means, it deals with the use of advanced analysis techniques to extract
useful information from massive amounts of data. In many occasions in the past, lack of
data used to be a problem. Nevertheless, technological changes as well as the capacity to
acquire and storage an unprecedented amount of data is posing a problem that did not exist

before: how to extract the information we need from so much data.

There has been a very interesting attempt to incorporate the application of machine
learning techniques to the newsvendor problem (Rudin and Vahn, 2013). This work does
not imply any specific relationship between price and demand. On the contrary, the amount
of variables that determine the demand is the result of collecting exogenous and endogenous
information. All in all, the problem is to find an optimal stock function ¢(-) of those variables

(or features) such that the empirical risk with respect to the dataset S,, (Alpaydin, 2014)
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is minimized over the period in which the data were collected:

1
min R(q(-);Sn) = -—
G€Q:{f: X =R} 9(*); Sn) n
where b and h are, respectively, the unit backordering and holding costs, d; is the demand
observed in period ¢, and x; is a vector containing the features in period i. Once this is
done, we can observe the features for the period n + 1 and use ¢(-) to make an educated
decision on the ordering quantity that is more convenient. The function ¢(-) is selected

among those in a class ) which can be, for instance, the class of linear functions.

We believe this approach is an excellent starting point for more advanced models. For
example, we may want to include the price as a decision variable and maximize the average
profit over a set of n periods. The price can also be a function of the features selected
among a predefined class of functions. Moreover, we can add a mean-variance tradeoff to
the analysis and study this enhanced big data newsvendor problem in order to see how the
availability of large datasets improve the decision-making process and what is the impact

that different features have on price and stock policies for different risk profiles.
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Appendix A

Concavity with Additive

Demand

Theorem 2.1

Proof. First, we show that p*(:) is concave. Indeed, the second-order derivative of this

function yields

d2p*(Z) _ (—f(z) _ )\0'2l(z)(1 — F( ))) 1— 4)\(2 — ( ))p*( )
dz2 Xo2(z) + b 202 (= ) )
L—Flz) : P (2)
Dgpoai g [P+ a2

which is clearly nonpositive, since z — u(z) > 0 for z € [A, B] and the function p*(-) is

increasing.
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Analyzing (2.9) at the extreme points of the interval [A, B] yields:

AdP* A b 2b
dz(Z) » _ % — 27)0 > 0, by assumption (A5), (A.2)
P*
d (Z) _ —c < 0. (A3)
dz z=B

Therefore, there exists a point z* € (A, B) at which the function P*(-) attains its
maximum. We claim that such a point is unique by showing that P*(-) is a concave function.

Indeed,

2 Dx* 2 *( 5
T = (0P - 10 @) ) -G - e ()
20 ()1 - FE) [FE ) + (- n(e) 5 (A4)

Note the similarity of the last term on the right-hand side to the right hand side
of equation (A.1); hence this term is also nonpositive. The first term of the right-hand
side,however, might take on a different sign. While (A3) guarantees that [1 — 2\(z —
w(z))p*(2)] > 0, it is unclear what happens with the first part of the term. If we force it to

be nonpositive, we have that

dp*(z)

z

However, since the function z — is decreasing, it attains its maximum at z = A:

dp*(2)|  _ 1 dp*(2)
dz |,_4 2b dz

(1= F(z)) = f(2)p"(2) Sgal—F@D—f@mWQSO.
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The last inequality is equivalent to

bp*(2)f(2) 1
1-F(z) = 2
1
from which we conclude that P*(-) is concave if £*(z) > §,Vz € [A, B]. O

Lemma 2.2

Proof. Given the complexity of equation (2.12), we proceed to see how Z* varies with chang-

ing \. Thus, if we rename the left-hand side of (2.12) as g(}, z), the following holds

aggv AL a1 — Pl — 2],
ng;’ ?) = f(2)2Ap(z — pu(2)) — 1] = 2ApF(2)(1 — F(2)).

By means of the Implicit Function Theorem (Stewart, 2011) it turns out that

=0 _ 2p(1 = FE O () = u(z* (V) A3
DT JENRWEN s 0N) - 1] - 2wFEO) - FEN)

The numerator in the formula above is always nonnegative. The second term of the
denominator is always nonnegative as well but it is subtracted. Then, if the first term in

the denominator is negative, the entire expression will become negative. This occurs, if:

2p(Z*(A) —pu(Z*(N)) =1 < 0,
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whence
)< 1 < 1
2p(2*(A) = u(2*(N)) 7 2pmaa(B — E(e))’
but this is guaranteed by (A3). Therefore, Z*(-) is decreasing. O

Theorem 2.2

Proof. We must show that the Hessian matrix of P(+) is negative semidefinite. This implies

that

9”P(p, z) 0°P(p,z) 9*P(p,z)  (9°P(p,2)\’
< = — > 0.
922~ 0 and Alp,z) Ip? 922 < Ipd=z ) =0

&*P(p, z)
Op?

tions (2.5) and (2.11) are negative and nonnegative respectively. Likewise, the second-order

Note that the validity of the conditions above also implies that < 0. Equa-
partial derivative of z — P(p, z) with respect to z is nonpositive as a consequence of a
straightforward application of (A3):

9?P(p, z)

5 = “2WPF(:)[1 - F(2)] - pf(2)[1 = 22p(z — u(2))] <0.
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Finally, it remains to check that the determinant of the Hessian matrix is nonnegative:

Alp,2) = 2[A0’(2) + 022" F(2)(1 = F(2)) + pf(2)(1 = 2p(z — pu(2)))]

—[1 = F(2)*[1 = 4Mp(z — u(2))’]]

AV

(1= FE){ (AN F(2) + (1 = 200(= — p(2))))

FR(2)[1 - (2 = p()]2 = [1 - (= - p(2)2} = 0,

where the inequality follows from the fact that 2(Ao?(z) + b) > 2b and from assuming that

. O

N =

&(p,2) >

Lemma 2.4

Proof. Given (2.6), it only remains to prove that ¢ < p*(2) < pmae. Indeed, if X\ €
—b

(V()’O>’ the right-hand side of (2.7) is always positive and thus p*() is increasing.
ar(e

A
Besides, p*(A) = Atatch

o > c. Therefore, p*(2) > ¢, Vz € [A, B].

Nonetheless, as shown before, p*(z) may take values greater than p,,.,. Hence, if

we require p*(B) < pmaz < %, then p*(2) < pmas for any z € [A, B] (because p*(-) is
increasing). Consequently,
E(e) +a+cb a
*(B)= —\©Taerce @
P'(B) 2(\Var(e) +b) — b’

which holds whenever

b(E(e) = y(c))
Az 2aVar(e)
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with the right-hand side being negative, as guaranteed by (B4). Now, it remains to re-

b(E(e) — y(c))
2aVar(e)

quire the number being contained in the interval ( ,0> . This occurs,

Var(e)

whenever

WE©-y(©) b
2aVar(e) — Var(e)’

whence we obtain the necessary condition E(e) > —y(—c). This condition, however, is

always met by virtue of assumption (B3) and the fact that E(e) > A:

—y(c) < A< E(e) = —y(—c) < E(e) —2bc < E(e).

b(E(e) — y(c)
2aVar(e)

p* (Z) < Pmax- t

Therefore, for A € [ ,O> the function P(-, z) is concave for all z € [A, B] and

Theorem 2.3

Proof. The first-order derivative of P*(-) at the points A and B is given by (A.2) and (A.3),
respectively. Therefore, there exists a point z* € (A, B) at which the function P*(-) attains
its maximum. Such maximum is unique if P*(-) is a concave function and we refer to

equation (A.4) in order to prove it. Imposing concavity requires that

1= 20z — u(2)p"(2)] (G20 - F)] - () <

()L — F(2)] (Fp () + (= — () B
dz
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This condition holds for z = B. For all other values of z, dividing both sides by

1 — F(z) and multiplying by b gives an expression in terms of £*(2):

iy D [FEE)+ - ue) Y
k) = b dz 1—2X(z — u(2))p*(2) » 2€[4,B],

which is a necessary and sufficient condition for P*(-) to be concave. O

Lemma 2.5

dp" () to be

Proof. A straightforward application of (A.1) gives a necessary condition for

decreasing;:

—f(2)(Ao?(2) +b) — 2A(z — p(2))(1 — F(2))?
Ao2(z) +b

[1—4A(z —pu(2))p"(2)] <

D1 - FE) [FEw' @) + - uo 2B e pam

Bounding both sides of this equation yields a sufficient condition for the concavity
of p*(-). The condition above always holds for z = A and z = B (the expression above
becomes —f(A) < 0 and —f(B)[1 —4\(B — E(e))p*(B)] < 0 respectively). For A < z < B,
we establish that the largest value of the left-hand side has to be at most equal to the
smallest value of the right-hand side. The largest value of the left-hand side is represented
by the value that is closest to 0, which is 1(—2)\(B—E(e)) — f(2)(AVar(e)+b)). Conversely,

b
2a + B — E(e)

the smallest value of the right-hand side is 2 5 . Therefore, we obtain that

2a+ B — E(e)

%[72)\(37]5(6))7 fEAVar() +b)] < A EE



103

whence

—f(2)b

Az 4(a+ B — E(e)) + f(2)Var(e)’

Since we want this range to be valid for all z, we can rewrite this as

—f(2)b
Az zeH[l.i}J(B] {4(a + B —E(e)) + f(z)Var(e) } '

Lemma 2.6

Proof. We analyze again (A.5) under the light of the implicit function theorem, but this
time with the condition A < 0. The numerator in this equation is still nonnegative, but the
second term in the denominator is now nonpositive and is being subtracted. The first term
of the denominator is always nonpositive. Hence, if 2*()) is to decrease with A we must

have that
FE))2AP(Z(A) — w(z7(N))) — 1] = 2ApF (2" (V) (1 = F(2°(N)) < 0,

but we know that this surely occurs in p = pa4 and p = pp, for if there exists p = pa such
that 2*(A\) = A this condition simplifies to —f(A) < 0, which always holds. Moreover, if
there exists p = pp such that z*(\) = B this condition requires 2Ap(B — E(¢)) — 1 < 0,

or equivalently A\ < , which also holds. For all other values of p we can assert

_
2p(B — E(e)
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dz*(\)

that
N

is nonpositive if

fEN)
2p [f(Z*(N))(Z*(A) — u(2*(N)) = F(Z+(AN)(1 = F(Z* (V)]

A<

where ¢ < p < Pmaz and p # pa, pp. If the right-hand side of this equation is positive, then

dz" ()
)

the condition above always holds and < 0. This right-hand side is positive as long

as

FEMN)EQA) =z (V) - FE (V)M - F(Z*(A) > 0,

whence, after dividing by 1 — F(2*())) and multiplying by bp we obtain that

£(p) > bpé*(Aﬁ;fz()\g)j()\)), ¢ <P < Pmaz, P F# PA,DB-

1
An upper bound of the right-hand side is given by priTherefore, we can con-

E(e)

clude that if

£"(p) > bp ¢ < p < Pmaz,

B — E(e)’

then, given a price p, 2*(-) decreases. In other words, when A\ decreases, i.e., as we focus on

more risk-seeking situations, Z*(-) increases. O
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Appendix B

Unimodality with Additive

Demand

Lemma 3.1

Proof. The first claim is supported by the numerator of (3.3) being strictly positive since

uiz)+a+cb>A+a+chb=A+y(c)+2ch > 0.

To prove that p*(2) < pmaz, we focus first on the risk-neutral case. When A = 0,

the optimal price p*(-) is an increasing function in z. Indeed, in this case p*(z)[x=0 =

/ 1-F
W and p* (z) = 2b(Z) > 0. Therefore, when A = 0 the optimal price has a
: a+cb : :
maximum value p*(B) = . This value is smaller than p,q; because y(c) + 24 > 0.

2b

Hence, our only assumption serves the purpose of bounding the optimal price from above.

Given that, per (3.3), p*(z) < p*(z)|a=0, we conclude that in the risk-averse case

p* (Z) < Pmaz- O
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Lemma 3.2

Proof. The derivative of the optimal price with respect to the safety stock is

/ 1—-F(z)

pr(z) = m(l — 4Nz — (2))p*(2)). (B.1)

It is not guaranteed that this is positive. As a matter of fact, we have that

(B.2)

It is easy to see that p*' (A) = 1/(2b) and p* (B) = 0. Also p*'(z) = 0 in (A, B) if and only

1
if there are solutions to the equation p*(z) = ——————. On the other hand, the second

NG — ul2))

derivative of the optimal price p*(-) is

’ (_ fo) - AT R0 F(z))) 1— 4X(z — p(2))p*(2)
Ao2(z) +b 2(Ao?(2) +b)

1—-F(z) /

e GO ORI GOV ON (B.3)

which, particularized for the points where p*' (z) = 0 is

F(z)p*(z) <. (B.4)

Therefore, any critical point that exists in (A, B) is a maximum. Since p* (4) > 0
_ 1
D= p()

one of the following outcomes occur: if such a solution does not exist, the function p*(-) is

and p* (B) = 0, the equation p*(z) has at most one solution in (A, B) and

increasing in [A, B) with a maximum at z = B; if such a solution exists at a point z, the
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function p*(-) increases in [A, z;), has a maximum at z = 2, decreases in [zy, B), and has

an inflection point at z = B. It is consequently quasiconcave (unimodal). ]

Lemma 3.3

Proof. By Lemma 3.1, when A > 0, p*(2) < pmaz, V2 € [A4, B]. It remains to validate the

conditions for the optimal price to be greater than the replenishment cost.

If we impose in (3.3) that the optimal price is at least as large as the replenishment

cost, it follows that p*(z) > ¢ when A < H(ZZH—Q(Z/;C) Therefore this holds Vz € [A, B] as
co?(z
long as
2€[A,B] 2c0?(z)
Let t(z) = /W We will prove that this function is decreasing. Its first deriva-
o
(1= F(2))o(2) — 0* (2) (u(2) + y(c))

tive is t'(z) = While the denominator is always

2¢ (02(2))”
nonnegative, we can also prove that the numerator is nonpositive. Using the equality

0% (2) = 2(1 — F(2))(z — pu(2)) the numerator is nonpositive if

o(2) < 20z — pu(2))(u(z) +y(c)).

Both sides of this equation are nonnegative in [A, B] and equal to 0 at z = A. Moreover,
[2(z — pu(2))(1(2) + y(e)] = 2F (2)(u(2) +y(c))+ 0% (2) > 0% (2). Therefore, it is clear that

02(2) — 2(z — u(2))(u(z) + y(c)) <0 and t is a decreasing function of z. This implies that
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p*(z) > ¢, Vz € [A, B] if and only if

. y(c)
< = = —
As zéﬁ%] i) = HB) 2cVar(e)

Theorem 3.1

Proof. We will analyze P;(-) in [A,z]. Pj(-) is a continuous function with Py (4) =
p*(A) — ¢ > 0 and P} (z.) < 0. The last inequality follows because in case that P*(-) is
a piecewise, nonlinear function, then it is also smooth (i.e. Py (z.)=P;(z.)) and Py(-) is a
decreasing function in [z, B]. Therefore, there must be at least one point in [A, z.] where

P;'(z) = 0. This point is unique and confers quasi-concavity to P;(-) if P} (2) < 0.

s’ (-)=0
Per (3.5), at the critical points 1 — 2X(z — u(2))p*(2) = ¢ and we can write

p*(z)(1 = F(2))

(3.6) in terms of the failure rate h(z) as

cp* (2)
p*(2)

= hz)e =21 = F()Mp"(2) (F"(2) + (2 = u(2)p” (2)) < 0.

By using the expression of the LSR elasticity at the optimal price p*(z) in additive models,

£ (2) = bp*(2)h(2), and observing that F()p* (=) + (= — u(2))p" () = [(z — p(=))p*(2)) we
can rewrite the formula above as

2(1 — F(2))Ap*(2)?

§'z) > b (P*/(@ - [(z - M(Z))p*(Z)]’> :
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Theorem 3.2

Proof. Assume that p*(-) is a unimodal function and consider the two subintervals [A, zy)]
and (zy, z.]. We will apply condition (3.8) to both subintervals. In [A, z,] the optimal price
is nondecreasing and concave with only one critical point at z = z,. It follows that the
unimodality is guaranteed as long as £*(z) > 1/2,Vz € [A, zp]. In (zy, 2] the optimal price
is nonincreasing with only one critical point at z = z. if z = B (otherwise the function
is strictly decreasing in (zy,z2.|). Therefore the first term in condition (3.8) is negative.
The second term in (3.8) takes the opposite sign of [(z — u(2))p*(2)] = F(2)p*(2) + (z —
w(2))p* (). If (z— p(2))p*(2) is a nondecreasing function at the points that satisfy P’ (z) =
0, then the second term in (3.8) is negative as well and a valid lower bound is £*(z) > 0
which, by the definition of LSR elasticity, always holds. However, in general we do not
know the sign of the slope of (z — u(2))p*(2) at those points and we have to bound £* by

using the most restrictive condition, which is given by the case when (z — u(z))p*(2) is a

decreasing function and the second term of (3.8) is positive:

— F(z *(2)2

5*(2) > b<p*/(z) N 2(1 F(C)))‘p ( )
_ > *( o 2

< 2AZF@MPET o) (B.5)

C

(2 mz))p*(z)]’)

A lower bound for £*(-) is given by the product of the factors of (B.5). In turn, a lower

bound of [(z — u(2))p*(2)] in (24, 2] is

’ !

F2)p*(2) + (z —u(2))p" (2) = Flzp)p™ (%) + (2e — p(ze))p™ (2),

!/

where we used the fact that [z—u(2)]" > 0. In finding a good lower bound of [(z — u(z))p*(2)]
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we need to find the lowest value that p*'(-) may take in (zy, 2], where this function is neg-

ative. Per (B.1) and (3.5), we have that

AC s (1= 40 = ()" ()
e &a_(F)(l py 1= 2AE = u(2))p™()) = 5 (i;f)(j 52N = ) (2)
- 2p(A020(Z) +0) 2 (10_2(1:)(1) By 2=~ p)" ()
~ o (5 (- PE2AG - ) (o
N 2()\02(12) +0) G; -« _F(Z))>
- ~soen (5 ~F)
. 1

Finally the lower bound of [(z — u(2))p*(2)]" is

. o % Ze — M(ZC)
F2)p*(z) + (2 — pu(2)p* () > F(zy)p* (2c) _W

smallest positive value of
F(2)p*(2) largest negative value of

(z—n(z)p" (2)

Inserting this expression in (B.5) yields our lower bound on the LSR elasticity:

&z > -

2(1 — F(2y))Abp*(29)° . ze — M(zc)
c <F<Z7’b)p (z) = 2 (Ao?(zy) + b)> ’
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Lemma 3.4

Proof. We analyze this function in two subintervals, [A, Z) and (Z, B]. Consider equation
(B.1). Clearly, there is always a critical point at z = B. Also, per this equation, the function
p*(+) is strictly increasing Vz : p*(z) > 0. When p*(z) < 0 (i.e. Z < z < B) the function
p*(+) tends to —oco as we approach Z from the right and therefore it is concave and increasing
at its right limit towards B, reaching a value at z = B of p*(B) = __ateb Assume
& ’ & P 2(A\Var(e) +b)
it is decreasing in some region in (Z, B). Then the function must present a local maximum
in such interval. However, this is not possible since, per (B.4), if there is a critical point
in (2, B) the function is convex at such point and should be a minimum. Therefore the

optimal price p*(-) has only one critical point at z = B, which is also an inflection point.

We conclude that p*(-) is strictly increasing in (2, B). O

Lemma 3.5

Proof. The function P;(-) has at least one critical point because P (4) > 0 and P}’ (B) < 0.

The first-order optimality condition solves the equation

\ = pmax(l - F(Z)) —C _ b pma:c(]- - F(Z))
pgnazo—zl(z) 2p72na:c(z - IU’(Z)) .

The function in the right-hand side of this equation is decreasing because its denominator
is increases in z and its numerator decreases in z. Therefore, it attains the constant value A
only once. Given the signs of Py "(A) and P3 '(B), this unique critical point is a maximum.

O
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Lemma 3.6

Proof. This result follows easily because ~ lim  A\¢(\) = —oo (remember that z,, .. () =
A=Az,

ZpPmax

Bif X e [X;, . ,0)) and because A\;(\) increases as A decreases. The latter is easy to see
because zp,,,, decreases when A decreases, which makes the numerator of A\;(\) increase

and the denominator decrease as A decreases. O

Lemma 3.7

Proof. For clarity of exposition, we will let A\ = 0 and A4 < Ap, although this result is
straightforward to show for any relation A4 < Agp < 0.

Cc

Let 2 = min<z:F(z)=1— ———
=1

} be the first maximum of the risk-neutral
problem. To see that this point is indeed a maximum, consider the risk-neutral problem: in

this case z,,,,, = B. There is at least a critical point because Pj (A) > 0, and Py (B) < 0.

Given the sign of PZ*/(A) this first critical point, 2, will be a maximum.

Compare the first-order optimality conditions of the risk-neutral problem and the risk-
seeking problems of the functions Py (-) and P;(-) under the light of the optimal price.
Taking into account that p*(z) > 0 whenever P;(-) applies, in any risk-seeking instance and

for any safety stock we have that p*(z)|x=x, > p*(2)|a=r5. Therefore

T o 1= 20G =i Dhord) © 7 g’

and

C

- )\Apmax0'2l(z) >1-

pmax pmax

1—
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Consequently both first-order conditions will have their first solution at a safety stock higher
than 2. This is illustrated in Figure B.1, where a risk-neutral condition and a risk-seeking

condition are shown. O

F(z)
RN optimality condition
@RS optimality condition
1

N

Figure B.1: Hlustration of Lemma 3.7

Lemma 3.8

Proof. The function Pj(-) has at least one solution in [A, B] because Pj (A) > 0 and

P;'(B) < 0. Using (3.11), consider the equation Py (z) = 0. This can be written as

L rEO-FG)
2z~ u(z)p"(2)
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Compare both sides of this equation. The number of times that the function of the right-

hand side crosses the constant A is the number of critical points of P;(-). Since

if this function is always decreasing, it will cross A\ exactly once. Taking into account
that the denominator 2(z — u(z))p*(z) is nondecreasing, it is enough that the numerator is

decreasing:

c " (A= F(2) - f(2)pr(2)

which follows if p* (2)(1 — F(z)) — f(2)p*(z) < 0 or, in terms of the LSR elasticity, if
£*(2) > bp* (2).
An upper bound for p*/(-) at the critical points can be obtained in the same fashion

as in Theorem 3.2, thus obtaining:

/ 1 2c
o ey ()
P ()0 2 (A\o?(z) +b) D
< c _ 2c
— p(z) (Ao%(2) +b)  p(z)+a+cd
2c
A+a+cb’

whence the condition £*(z) > can be derived. A sharper bound can be obtained

p*(A)

if we consider the smallest maximum of a less risk-seeking instance, 42(5\), given that, per
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Lemma 3.7, the first maximum will occur in the interval [¢2()), B):

which only needs to hold in [¢2()), B. O

Theorem 3.3

Proof. When A > \()\), P*(2p,..) < 0. Because of Lemma 3.5, the function Pj(-) is
decreasing in [zp,..., B]. Therefore, max P*(z) = max P;(z)= max P3(2).
Ze[AvB] Ze[szPmaz} ZE[CQ(A),meaz]

The last equality is a consequence of Lemma 3.7.

If P;(-) is unimodal in [A, B], then its only maximum occurs in the interval [Ca(N), 2p,..,.]

and can be easily attained by solving Pj "(z) = 0.

For the case A = A\ (), 2p,,.. is the critical point of P (-) and a critical point of P5(-).

As a result, equation (3.14) still holds, as well as the rest of the theorem. O

Theorem 3.4

Proof. When A < M\(\), P* (2p,...) > 0. Because of Lemma 3.5, the function P;(-) has its
only maximum in [z, , B]. In general, the function P;(-) may have several critical points

in [A, zp,,..]. Therefore, max P*(z) = max{P*((3(\)), max P5(2)}.
ZE[A’B] 26[42()‘)7'21777“11]

If P5(-) is unimodal in [A, B], then its only maximum occurs at in the interval [2,,..., B,
where P*(z) = P;(z). Hence, the maximum of P*(-) is attained at the only point that solves

P¥' () = 0, which is Gz(\). O
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Lemma 3.9

Proof. Let IT*(z,\) be the profit at the hedged price 7*(z, A). Recall that the profit is a
random variable. From (3.1) we can we can redefine our performance measure at the hedged

price 7*(z, A):

P(z,0) = (2, ) (u(2) + y(7"(2,0))) = c(z + y(n"(2, 1)) =A7"(2,1)°0°(2) .
E(IT*(2,))) Var(IT*(z,X))

Consider first the risk-averse case. When \ > 0:

c(u(z) — z) it z > 2,

(2, \)((z) +a —bp*(z,N)) —c(z+a—bp*(z, ) if z < z.

2o (z2) if 2 > z,

Var (IT*(z,\)) =

p*(z,\)%0%(2) if 2 < z.

For any given stock factor z the derivative of these two functions are:

9 0 if z > 2z,
B () =
op*(z, \) . .
o (u(z) +a+b(c—2p"(z,N)) if z < z.
9 0 if z > 2z,
aVar (IT*(z,N)) = Y 2
2 (U (Z) * 2 :
—mp (Z,)\) if z < Zec-
* 2
Given that WA o (2) *(z,A) < 0 and that, per (3.3), u(z) + a +

ax a2(z) 1 bF
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b(c—2p*(z,A)) > 0 in risk-averse cases, we conclude that the expected profit for a given

0
stock factor at the hedged optimal price does not increase with A. Also, aVar (IT*(z,A)) <

0 (i.e. as A increases, the variance of the profit does not increase).

Now consider the risk-seeking case. When A < 0:

P (2, N)(u(z) +a —bp*(z,A) —ec(z +a—bp*(z,N) ifz2< 2, ..,
E(II"(z, X)) =

Pmaz(1(2) + @ — bpmaz) — c(z + @ — bpmaz) if 2> 2p,..-

p*(27 A)20’2(’2) lf z S meax’
Var (ITI*(z,\)) =

p72naaco-2 (2) lf z > meaz'

For any given stock factor z the derivative of these two functions are:

op*(z, A
S p{gi’) (1(z) +a+b(c=2p"(2,) if 2 <2,
BT (z,0) =
0 lf z > zpmam'
2 (o%(2) 2 2
_7]9*(2, )\) lf z S meaz’
%Va?“ (I (2, \)) = )\02(2’) +b

0 if 2> 2p,00-

When z < 2,,..., Ao?(z) + b > 0 and p*(z, A) > c. Therefore

Ip*(z,\) o*(2)

P S Ay < 0.
B o) 1ol AN =0

Per (3.3), u(z) + a+ b(c—2p*(z,A)) < 0 in risk-seeking cases, and we conclude that the
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expected profit for a given stock factor at the hedged optimal price does not decrease with

0
A (i.e. as X decreases, the expected profit does not increase). Also, aVar (IT*(z,\)) <0

(i.e. as A\ decreases, the variance of the profit increases). O
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Appendix C

Unimodality with Multiplicative

Demand

Lemma 4.1

Proof. Let us define a = 2\o?(2)a(b—1) > 0,8 = (b — 1)u(z) > 0, and vy = bez > 0. We

can rewrite (4.7) as follows:

2bg—by

ap*(z) = —=pBp*(z)+~y = 0. (C.1)

Let us consider the following cases:

1. 1 <b<2:let g*(2) = p*(2)"/"2. Since by > by and 2by — by < by, (C.1) can be written

as the following polynomial in descending order of powers from left to right:

—6q*(z)b2 + aq*(z)2b2_b1 +~v = 0. (C.2)
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o+ 7y
5

2. b= 2: in this case (C.1) has the following unique solution: p*(z) =

3. b>2:let ¢*(2) = p*(z)l/bQ. Since by > 2by and by — 2by < by — by, we can rewrite

(C.1) as the following polynomial in descending order of powers from left to right:

B ()2 — g (2) 2 —a = 0. (C.3)

Per Descartes” Rule of Signs, polynomials (C.2) and (C.3) only have one positive real
root. Undoing the change of variables to recover p*(z) will yield a single positive real root in
(C.1). It is at this point where the assumptions made on the elasticity of the demand make
sense. Accepting b as a rational number allows a change of variables that helps us write
(C.1) as a polynomial. It is easier to handle these equations because there are well-known
theorems that state their number and sign of the roots, as it is the case with Descartes’
Rule of Signs. A positive real root of any of the transformed polynomials will correspond
to a positive real root of (C.1). Nevertheless, this one-to-one correspondence between the
positive real roots of the polynomials and the positive real roots of (C.1) does not exist in
the other direction (i.e. a positive real root in (C.1) may not come from a positive real
root of any of the polynomials). A straightforward example can be found when by = 4
and the polynomial (C.3) has the pair of conjugate imaginary roots +i or any negative
real root. Undoing the change of variables would yield a positive real root of (C.1). It is
for this reason that we presume by with odd parity, for in this case conjugated imaginary
roots and negative real roots will never be transformed into positive real roots. Hence,
the one-to-one correspondence between the positive real roots of the polynomials and the
positive real roots of (C.1) is attained and we can assert that (C.1) has only one positive

real root. This assumption greatly simplifies the problem and has a negligible impact on
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its accuracy: any irrational number can be well approximated by a rational number and

any rational number expressed as a quotient can also be slightly modified if needed so the

parity of the denominator is odd.

Theorem 4.1

Proof. For a given stock factor z we have that

2a2(b—1)0%(2)A _a(d—Dpu(z)

O]

p

b

lim w = lim
ps0t  Op  poot p2b—1
2(1, 2 _
lim OP(p, z) —  fim 2a°(b—1)o*()A  a(b—1)u(2)
p—o0 8p p—o0 p2b_1

p

b

N abcz)
= 007
pb+1
abez
+ =0".
o

The sign of the partial derivatives above and Lemma 4.1, guarantee that P(-,z)

is unimodal with respect to p in (0,00) and that the optimal price p*(z) is indeed a

maximizer. O

Lemma 4.2

O]

Proof. Let us define a = 2X\o?(2)a(b—1) < 0,8 = (b— 1)u(z) > 0 and v = bez > 0. As

shown in Lemma 4.1, we can analyze the different cases as a function of the price elasticity

of the demand b.

e 1 < b < 2: with a suitable change of variable, equation (C.1) can be rewritten again

as (C.2) and, per Descartes’ Rule of Signs, this equation has only one positive real

root.

e b=2: in this case (C.1) has the following unique solution: p*(z) =

o+ -y

, which is
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nonnegative for Vz € [4, B] if and only if A > Apin. If A < Ay there will be some

values of z for which p*(z) < 0 and others for which p*(z) > 0.

e b > 2: as done in Lemma 4.1, equation (C.1) can be transformed into the polynomial
(C.3) and, per Descartes’ Rule of Signs, it has either two positive real roots or no

positive real roots at all.

Theorem 4.2

Proof. Let 1 <b < 2orb=2and A > A\ so that (4.3) has only one positive real root.

For a given stock factor z we have that

. O0P(p,z) .. 2a%(b — 1)a?(2)A  a(b—Du(z) abez B
pli%{r Op N pli%l-*- p2b—1 B pb T pbtl =%

. O0P(p,z) . 2a%(b—1)o%()A  a(b—1Du(z) abez\  _
plg’folo o phjgo ( P21 - o - o) T 0.

It follows that P(-,z) is unimodal with respect to p in (0,00) in these circumstances, and

that p*(z) is a maximizer. We can prove that, when b > 2, P(-, z) is bimodal with respect

oP
to p in (0,00) by calculating again these limits. In this case, lim M = oo and
p—07+ ap
oP
le g’%?«’) = 0". The result follows as, per Lemma 4.2, equation (4.3) has two real
P00 D

positive roots. O
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Lemma 4.3

Proof. We prove first the condition for the optimal price to be strictly greater than c¢. Face
value is never an optimal price if ¢ is never a root of (4.7), i.e. 2a(b — 1)Ao?(2)c™ (=2 —
(b — Dp(2)e + bez # 0. Since the function above is continuous in z, this condition holds

as long as the left-hand side is always below 0 or above 0. If it is below 0, then it follows

(b= (=) — b2) >
2a(b—1)02(2)

for z = A. If it is above 0, then A >

that A < . However, this is not possible, for this implies A < —oco

(b= 1)pu(z) — b2) >
2a(b — 1)02(2)

. Taking into account that the
numerator of this expression is always negative, a lower bound for A is thus given by the
maximum of the right-hand side of this inequality, whence the strict inequality of our result
follows. The possibility of the optimal price being equal to c is allowed by introducing the

equality in this lower bound. O

Theorem 4.3

Proof. We prove first the local optimality condition. If the Hessian matrix of P is negative

definite at (z*, p*(z*)), then this point is a strict local maximum of P(-,-) in [A, B] X [¢, 00).

2

Given that 5z = —ap_(b_l)f(z) < 0, per the second derivative test such a Hessian is
2

2p 92P 2p\?

negative definite as long as A(z*,p*(z*)) > 0, where A(z,p) = a@p2 (222 — <§p82> .

Using equations (4.5)-(4.6) with A = 0, we can rewrite the equation A(z,p) > 0 as
—pf(2) (b(b— 1) u(2)p — (b+ 1)bez) — (be— (b—1)p(1 — F(2)))* > 0. If we particular-
ize for the set of prices that are optimal, p*(z), this condition can be written now as
A(z,p*(2)) = p*(2)bezf(2) — (be — (b—1)p*(2) (1 — F(2)))? > 0, where we used the closed-
form solution of the optimal price in the risk-neutral case, p*(z) = bez/ ((b—1)u(z)),

to simplify the first term of the previous equation. Moreover, z* satisfies the equation
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F(z) =1 —¢/p*(2) and thus we obtain A(z*,p*(z*)) = bz*f(2*) > 1 — F(z*), whence the
condition £(z*) > 1 follows from the definition of LSR elasticity for isolastic demand as
shown in equation (4.9). Proving that (z*,p*(z*)) is a saddle point of P in [A, B] x [¢, 00)

can be done analogously by imposing that A(z*, p*(2*)) < 0.

Next, we prove the global optimality condition by reductio ad absurdum. The problem
has at least a local maximum because P* (A) > 0 and P*(B) < 0. This maximum will
occur at a point z* such that, per our local optimality condition, £(z*) > 1. Assume that
&(z) > 1 for any stock factor z. If there is a second critical point, such a point will be a
minimum and it will occur at 2**. Per our local optimality condition, £(2**) < 1; however,
we assumed that £(z) > 1 and therefore such a point cannot exist. We conclude then that
if £(z) > 1, then the equation R(z) = 0 has only one solution, and this solution is a global

maximum of P*(-). O

Lemma 4.4

Proof. Using the formula for p*(z) in the risk-neutral case, let us redefine the optimality

condition for z* as R(z*,b) = (1 — F(2%))bcz*/ ((b — 1)u(z*)) — ¢ = 0. By the Implicit

OR
| B (e
Function Theorem, B~ on - b= () A= h(z)) = # A= F))’ where

*

h(z*) is the failure rate of € evaluated at z = z*. The denominator (and the expression

above) is negative if 1 — z*h(z*) < 0 or, equivalently, if £(z*) > b. As for the optimal price,

simple applications of the chain rule yield CZ) = g]:* ;b 8;;) and ;C = %pc . In the first
dn* b z* dz* *
case we obtain cZ) = m /A uf(u)du d—z - m, which is negative
dp* bz*
if £(2*) > b. In the second case we have that Lo o) (i.e. p* is linear in

de  (b—1)p(z*)
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Theorem 4.4

Proof. The behavior of P* is clearly given by that of R. At the limits of [A, B] we have
R(A)=¢/(b—1) >0, R(B) = —c < 0. This fact, along with the continuity of R, implies
that there is at least one solution to the equation P* (z) = 0 (i.e. R(z) = 0 at least once).
In fact, P* has only one root if and only if R'(2)|p(z)=0 < 0. If this occurs, this root

represents also a maximum of P*, since P* (A) > 0 and P* (B) < 0. Note that,

’

R(z) = —f(2)p"(z) + (1= F(2)p" (2) (C.4)

—2ap”(2)~ ¢ (p* ()07 () = (b — 2" ()07 (2))

In general, at the critical points of P we have that

Substituting (C.5) in (C.5) and reordering terms, we obtain R'(2)|r(.)=0 = —f(2)p*(2)+
(b—1)(1 = F(2))p* (2) — (b—2)ep* (2)/p*(2) — Aap*(2)~ 22" (2). Dividing by 1 — F(z)

and using the equality 02" (z) = 2(1 — F(2))F(2) — 2f(2)(z — u(2)) gives

_R(2) O N ()1
1= F@)re— P <(b L' (e) 1—F(z)>
®
Fh(2)p" () (= = p()2Aap*(2)707) = 1) —20aP(2)p ()02,

~~

®
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@ can be further particularized for R(z) = 0 using (C.5) to get (z—pu(2))2X\ap*(z)~ 1 —

—c
1= < 0. Furthermore, B) can be rewritten as

p(2)(1 = F(2))

c+ (b= D((1 = F(2))p*(2) = ¢)
(1-F(z)) '

Now, let (2) = (1—F(2))p*(2)—c. Allin all, our condition for the negativity of R'(2)|g(z)=o

i p*’(z) — z c) — M z)— h(z)c whence we obtain:
results in (%) ((b—=1)n(z) +¢) Z—u(z)n( ) — h(z)ec <0, wh btain:
P (2) PR F) \nk)
h(z) > (p*(z) + <(b 1)p*(z) . _M(Z)> . ) : (C.6)

It follows from (4.7) that

oy 2xalb— 1o (2)p*(2)"7 + be — (b— 1)/ (2)p" ()

P = - )0 - D@ (o) T 1 (b U(z)
and
O'2l z
, b+ T3 (0= Do 2) = bez) — (0~ D (' ()
(2) = p() ©7)

(b= D?u(=)p"(2) — (b — 2)bez ’

after removing the explicit dependence on A. Note that, because of (4.7), (b—1)u(z)p*(z) —
bez is positive in risk-averse cases (A > 0), negative in risk-seeking cases (A < 0), and 0 in
risk-neutral cases (A = 0). We can find p*' (2)/p*(2) at those points where R(z) = 0. To

see this, use p* (z) as shown in (C.7) and particularize for those points by means of (C.5).

’

p*(2) _ et (0-D)(( = F(2)p*(2) —¢) _
p*(2) R(2)=0 (b—1)2u(2)p*(2) — (b — 2)bez

. This result, in conjunction with (C.6), yields our first con-

The result can be manipulated to get

c+ (b—1)n(z)
b= 12 (=) — (b~ e
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dition:

. (c+(b—Dn)*A-FE)E—p() _ FeE N1
h(z) > <(b— 202(2n(2) + bl = F(2) e — pu(2)) 7= ()" )> .

Per (C.5), n(2)|r(z)=0 = 0 when A > 0, and therefore we can bound (C.8) to get our

second condition:

h(z)

\%

( (c+ (- )21 - FE)(E-p(z)  F() n(z)> 1
(b D22(@n(z) + bez(1 - F()(z — () z— )" ) ¢
(c+ (b= Vn(2)2(1 - F)(z —p(z) 1
= G- 1202(=)n(z) + bex(l - F(2))(z — p(2)) ¢
(c+ (b= n()2(1 = FE)(z—p() 1 (c+(b—Ln(=))?

- bez(1 — F(2))(z — u(2)) c bc?z
_ 2) + ¢)? — 2) +c\?
= (b 11))22(2) +¢) = g(z) > % ((b 1)2( )+ > . (C.9)

Using the equality & = bzh(z) = bg(z) we can write equations (C.8) and (C.9) as a function

of the LSR elasticity, as shown in this theorem. For the last condition, assume that b > 2

2Xa(l1 — F —
and remember that the equation R(z) = 0 is equivalent to n(z) = ol *((Z))Zfz Hz)
p*(z

Our second condition can thus be written as

2

2Xa(B - 1)
po b -l
£(z) > <1+(bl)"(z)>2 <(1+( - )

& C

and therefore we arrive to the our last lower bound:

cb—1

OF <1+ 2Aa<b—1)<3_1)>2.
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Lemma 4.5

Proof. Per its definition, the risk sensitive problem is solved by finding the solution to the

equation (1 — F(2))p*(z) — ¢ = 0. The left-hand side of this equation is positive at z = A

p* (2)
p*(2)

and negative at z = B. It is also decreasing if {(z) > bz . If this condition holds, then

the equation in question has only one solution.

Let us focus know on the first-order optimality condition of the risk-sensitive problem:

/

R(z) = (1— F(2))p"(2) — e —Aap" ()" 20? (2) = 0.
® ®

First, this equation will never be solved at z = A (2 = B), since at those points @& > 0
(@ < 0), whereas B) = 0. For all other points in the interval [A, B], part B) of the
equation bears the sign of the risk parameter A. In risk-averse cases, this part is negative
and therefore R(z}%¢y) < 0. Since part @) is decreasing, it follows that the solutions to

R(z) = 0 take place for stock factors that are smaller than z5¢p, i.e., 2* € (4, 2j9p)-

Likewise, in risk-seeking cases, part B) is positive and therefore R(z},q;) > 0. Since
part @) is decreasing, it follows that the solutions to R(z) = 0 take place for stock factors

that are greater than z5¢p, ie., 2* € (2j9p, B)- O

Lemma 4.6

Proof. Let g(A\,p) = OP(\,p, 2)/0p. Per the Implicit Function Theorem we have that

~x% M 2 2( 2\ ok ( 2\ —2b+1
ap*(A) T on _ 2a°(b—1)0*(2)p"(2) >0
d\ dg(A, p) O?°P(\,p, 2) -7
8])* (2) 3;02 p=p*(2)
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since P is concave when p = p*(2). Moreover, differentiating again with respect to A yields

% (2a(b — 1)o®(2))*(2b — D)p* (5)

A= — <0.
(9213 (\,p,z) )
In2
b p=p*(2)
O
Lemma 4.7
Proof. From (4.2) and per Lemma 4.6 it follows that
d _ 22
aVar(H (\) = —a?c?(2)p (A)W <0.
O

Lemma 4.8

Proof. From (4.2) it follows that E(IT*(\)) = au(2)p*(A\) ! — czap*(\)~". Therefore

BT () = ap” ()" () (2 — u(2)(b— D (V).

Since the first factor is nonnegative, the sign of this derivative is given by that of the

b3
second factor shown above, which is nonpositive if and only if p*(\) > ﬁ Since,
—Du(z
b3
per (4.7), p*(0) = ﬁ and given Lemma 4.6, we conclude that this factor is indeed
—Du(z

nonpositive for A > 0 and nonnegative for A < 0. O
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