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ABSTRACT OF THE DISSERTATION

Property Testing, PCPs and CSPs

by Amey Bhangale
Dissertation Director: Swastik Kopparty

Many optimization problems can be modeled as constraint satisfaction problems
(CSPs). Hence understanding the complexity of solving or approximating CSPs is a
fundamental problem in computer science. The famous PCP (probabilistically checkable
proof) Theorem states that certain CSPs are hard to approximate within a constant
factor. In the language of proof verification, the theorem implies that a proof of a
mathematical statement can be written in a specific format such that it allows an
sublinear time verification of the proof. Thus, property testing procedures are central
to PCPs, and in fact the proof of the PCP theorem involves many interesting property
testing algorithms.

Some of the highlights of this dissertation include the following results:

1. Low degree testing is one of the important components in the proof of the PCP
theorem and Dictatorship testing is central in proving hardness of approximation
results. This thesis presents a Cube vs Cube low degree test which has significantly
better parameters than the previously known tests. We also improve on the

soundness of k-bit dictatorship test with perfect completeness.

2. In the area of inapproximability, this thesis offers a complete characterization

of approximating the covering number of a CSP, assuming a covering variant of
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UNIQUE GAMES CONJECTURE. We also prove tight inapproximability results for

B1-COVERING problem.

. This thesis studies CSPs from a multi-objective point of view. We give almost
optimal approximation algorithms for multi-objective MAX-CSP (simultaneous

CSPs), and also prove inapproximability results.
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Chapter 1

Introduction

The theory of NP-completeness deals with solving a problem exactly in the worst
case. Many optimization problems are NP-hard which means these problems can be
solved efficiently unless P = NP. In order to get around this barrier, one can hope that
the instances we actually need to solve in practice are not the worst case instances or
one can hope to design a sub-optimal algorithm. The later means even if we cannot
find the exact solution efficiently, we can hope to find an approximate solution effi-
ciently. In this dissertation, we are interested in designing approximation algorithms
as well as understanding the limitations of such approximation algorithms. It turns
out that different optimization problems behave differently with respect to admitting
approximation algorithms.

For a maximization problem, a ¢ approximation algorithm has a guarantee that for
every instance I the algorithm guarantees to find a solution of cost at least 1/c times
the optimal value. Some problems admit PTAS which means that there is an efficient
(1 4 e)-approximation algorithm for every € > 0 where as for other problems we only
know approximation algorithm for some constant ¢ > 1. In the extreme case, there
are problems where the approximation guarantee degrades with the size of an instance.
Given such erratic behavior of a wide class of optimization problems, it is natural to
study this behavior from a systematic theory point of view.

In order to prove inapproximability of certain optimization problem P, one way is to
reduce a canonical NP-complete problem like SAT to a gap version of the maximization
problem. A (¢, s)- gap version of the problem P is a promise problem where the task is to

distinguish between the cases when OPT(I) > ¢ vs OPT(I) < s, where ¢ > s. Suppose



there is a reduction form SAT to (¢, s) gap version of problem P then this implies that

P is hard to approximate within a factor of ¢/s unless SAT can be efficiently solvable.

1.1 Constraint Satisfaction Problems

Constraint satisfaction Problems (CSP) are the most basic class of problems in NP. It
consists of a set of variables X = {x1,x9,...,2,} taking values from some domain 3
and a set of constraints C = {C},Cy,...,C,,} on the set of variables. The constraints
C;’s are typically local in the sense that it only involves small set of variables, mostly
constant independent of n. The task is to decide if there exists an assignment f : X — X
which satisfies all the constraints from C. MAX-CSP is an optimization variant of CSP
where one wants to find an assignment f which satisfies as many constraint as possible.

We give a couple of examples of CSP which we study.

e MAX-3-SAT: In MAX-3-SAT the constraints are of the type l; V [; V [ where

l;, 1,1}, are the literals.

e MAX-CUT: Given an undirected graph G(V, E) find a partition (U,U) of V such
that it maximizes the fraction of edges with one endpoint in U and the other in U.
Although modeled as a graph optimization problem, it is easy to see MAX-CUT

falls inside a class of MAX-CSP where the constraints are of the type x; © z;.

The theory of approximation algorithms for constraint satisfaction problems is a very
central and well developed part of modern theoretical computer science. Its study has
involved fundamental theorems, ideas, and problems such as the PCP theorem, linear
and semidefinite programming, randomized rounding, the Unique Games Conjecture,
and deep connections between them [AS98, ALM 98, GW95, Kho0O2a, Rag08, RS09].

We study CSPs from multi-objective point of view which is a significant part of this

dissertation.



1.2 Probabilistically Checkable Proofs

The NP-completeness theory of [Coo71, Lev73, Kar72] gives a way of reducing a generic
language L in NP to 3-SAT with two guarantees: If the given instance x is in the
language then the reduced 3-SAT instance ¢, is satisfiable and if it is not in the language
then ¢, is not satisfiable. Thus, if P # NP, there is no efficient algorithm to decide
if a given 3-SAT instance is satisfiable or not. This is useful since we now know one
natural problem which is hard to solve exactly and can be used to show hardness of
other optimization problems.

Although, this helps in settling the complexity of exactly solving certain optimiza-
tion problems, it turns out that in order to get a better inapproximability result we
need a robust characterization of the class NP which is provided by Probabilistically
Checkable Proofs [AS98, ALMT98]. Using the PCP Theorem, the above reduction can
be made stronger in the following sense: when x € L then ¢, is satisfiable whereas if
x ¢ L then no assignment satisfies more than 1 — ¢ fraction of the clauses in ¢, for
some ¢ > 0. This immediately rules out a PTAS for MAX-3-SAT.

The modern study of inapproximability soon followed after the discovery of the PCP
theorem. In fact, Fiege et al. [FGL"96] showed that a robust characterization of NP
can be used to show inapproximability of Independent Set problem before the PCP
theorem was proved. After the PCP Theorem was proved, many inapproximability
results were proved for different optimization problems.

One of the important component in proving the PCP theorem is so called Low
Degree Test. This dissertation offers a cube vs cube low degree test with arguably

much simpler proof than the known proofs of low degree tests.

1.2.1 Label Cover

One of the important developments in proving the inapproximability results is formulat-
ing a problem called Label Cover, also known as 2-Prover-1-Round Game, and the use of
Long code test as a gadget in the reduction. An instance G = (U, V, E, [L], [R], {7 }ecE)

of the LABEL-COVER constraint satisfaction problem consists of a bi-regular bipartite



graph (U, V, E), two sets of alphabets [L] and [R] and a projection map =, : [R] — [L]
for every edge e € E. Given a labeling ¢ : U — [L],¢ : V — [R], an edge e = (u,v) is
said to be satisfied by ¢ if m.(¢(v)) = £(u).

The PCP Theorem is equivalent to the following inapproximability of LABEL-COVER.

Theorem 1.2.1. There exists a constant ¢ < 1 such that given an instance of LABEL-

COVER, it is NP-hard to distinguish between two cases
o There exists an assignment satisfying all the edges.

e No assignment satisfies more than c fraction of constraints.

We can think of a LABEL-COVER instance G = (U,V,E,L, R, {m.}ccp) as a 2-
Prover-1-Round Game where prover 1 assigns labels from [L] to U and prover 2 assigns
labels from [R] to V. The verifier picks an edge e(u,v) € E uniformly at random and
asks prover 1 a label for vertex u and prover 2 a label for vertex v. The verifier accepts
if the labels returned by the two provers satisfy the constraint on e. The strategies of
two provers corresponds to the labelings ¢; : U — [L],¢2 : V' — [R]. The value of the
game is the maximum over all the provers strategies the probability that the verifier
accepts. It is easy to see that if G is J satisfiable then the value of the game is at least
0 and vice versa. Thus, these two views are equivalent.

As a consequence of the PCP Theorem, one can characterize the class NP in the
language of proof checking. Recall that NP is a class of languages for which if a given
input is in the language then there is a short proof such that given the proof it can be
verified in polynomial time. Apriori, the verifier might need to read the entire proof to
make its decision. The proof checking veiwpoint of the PCP Theorem states that there
is a way of writing a short proof such that it can be verified by looking at only constant
number of bits with an expense that the verifier makes an error with tiny probability.

This way of interpreting the PCP Theorem has proven many applications.

1.2.2 Parallel Repetition Theorem

It turns out that approximating the value of a LABEL-COVER instance is much more

harder than implied by the PCP theorem. This follows from the Parallel Repetition



theorem. Consider any 2-Prover 1-Round game. Suppose we repeat the game sequen-
tially k£ times and let the provers win if they win every single round. It is easy to
see that if there exists a strategy for the original game that makes verifier accept with
probability 1 then the prover can make the verifier accept with probability 1 in the
repeated game. What happens to the value of the repeated game if the value of original
game is 1 — §. In this case also it is trivial to see the the value of repeated game is
(1 — §)*: this follows because each round was independent of the previous rounds and
the probability od winning a single round is at most (1 — ). But the final repeated
game is no longer a one-round game and because of the connection between the PCP
Theorem and 2-Prover 1-Round game this sequentially repeated game is not useful.
How can we make the game one-round? This is where parallel repetition comes
into picture. Suppose instead of asking questions sequentially, the verifier samples k
questions from the original game and asks the two provers to reply to the k£ questions
simultaneously. By doing this we are preserving the one-round nature of the game. In
this case also, it is easy to see that if the value of original game is 1 then the value of
parallel repeated game is also 1. It was not clear how fast the value of repeated game
decays if the value of original game is less than 1. This is because the provers can cor-
related there strategies based on the sequence of k questions the receive. This question
was answered by Raz [Raz98] and showed that the value does go down exponentially.
This along with the PCP Theorem gives an improved hardness of approximating the
value of label cover i.e for every constant € > 0, even if there exists an assignment which
satisfies all the edges, it is NP-hard to find an assignment which satisfies more than ¢

fraction of the edges.

Theorem 1.2.2 (PCP Theorem + Raz’s Parallel Repetition Theorem). For everye > 0
there exists R, L € Nt such that given an instance G = (U,V, E,[L], [R], {7e}eck) of

LABEL-COVER, it is NP-hard to distinguish between two cases
o There exists an assignment satisfying all the edges.

e No assignment satisfies more than € fraction of constraints.



Another way of stating this theorem is (1,¢)-gap version of LABEL-COVER is NP-

hard for every € > 0.

1.2.3 Long Code Test

This inapproximability of LABEL-COVER is starting point of many inapproximability
results that followed. Suppose one wants to reduce the (1,e)-gap version of LABEL-
COVER to a gap version of some maximization problem. The reduction involves replac-
ing each vertex u € U (v € V) of the LABEL-COVER instance by a boolean hypercube
of dimension L (R) . The labels to the vertices of the LABEL-COVER instance is iden-
tified by the dimension of the boolean hypercube. Then one can encode a label of a
vertex by defining a boolean function on the hypercube associated with the vertex. A
very wasteful way of encoding a label is by defining a function f, : {0,1}* — {0,1} as
fu(x1,29,...,21) = x; where i corresponds to the label of vertex u. Such an encoding
is called a Long Code encoding and the class of such functions are called dictator func-
tions. The reduction then involves using the vertices of boolean hypercubes as variables
to the maximization (or minimization) problem.

If such a reduction to work, one needs a testing procedure to check if the encoded
function is a dictator function or far from a dictator function. More specifically, if there
is a testing procedure that accepts any dictator function with probability at least ¢ and
accepts any function far from a dictator function with probability at most s, then such
procedures can be used to show the hardness of (¢, s) gap version of the problem. Of
course, the testing procedure and the number of queries decide the target hard problem.
Dictatorship tests/long-code tests were introduced into hardness of approximation by
the work of Bellare,Goldreich, and Sudan [BGS98].

Hastad in his influential work started the use of Fourier Analysis in analyzing such
reductions starting from LABEL-COVER. In [HasO1], Hastad settled the the inapprox-
imability of many constraint satisfaction problems. More specifically, he showed that
approximating MAX-3-SAT better than a trivial 7/8 approximation is NP-hard even
if the instance is satisfiable. Note that getting 7/8 approximation for MAX-3-SAT is

trivial because if one picks a random assignment, then the probability that a given



clause is satisfied is exactly 7/8. Thus, in expectation a random assignment satisfies
7/8 fraction of clauses. He also showed optimal inapproximability of many other CSPs

including MAX-3-LIN.

1.3 Unique Games Conjecture

As discussed above, the inapproximability of LABEL-COVER is used to prove many
inapproximability results. Although, there was a lot of success in proving hardness
results, the complexity of approximating many NP-hard problems remained elusive.
For many optimization problems, including Vertex Cover, MAX-CUT etc. there was a
large gap between the known approximation algorithms and inapproximability results.

Khot’s insight [Kho02a] was to modify the type of constraints in the LABEL-COVER
problem. The (1,¢)-gap version of LABEL-COVER implied by the PCP Theorem and
Parallel Repetition Theorem has “many-to-one” constraints associated with every edge.
This many-to-one requirement of the constraints created a problem in reducing the
LABEL-COVER to a target problem where the constraints are between pair of variables
as in the case of MAX-CUT, Vertex Cover etc. as well as for other optimization
problems. Khot realized that if one makes the constraints of LABEL-COVER one-to-one
by still preserving the gap then this is useful in proving many inapproximability results
which were not known otherwise. LABEL-COVER instance with one-to-one constraints
is called Unique Game because of the nature of the constraints - for any edge (u,v)
of a label for vertex w is fixed then there is a wnique label for v which satisfies the
constraint. This one-to-one constraint has a drawback in the if the UNIQUE-GAMES
instance is satisfiable then there is a simple polynomial time algorithm which can find
the satisfying assignment. Thus, one cannot expect a hardness of (1, )-gap of UNIQUE-
GAMES for any ¢ € [0, 1]. Nevertheless, it is not clear how to find an optimal assignment
if the instance is almost satisfiable. Khot conjectured that (1 — &,¢)-gap problem of

UNIQUE-GAMES is NP-hard.

Conjecture 1.3.1 ([Kho02a]). (UNIQUE GAMES CONJECTURE) For every ¢ > 0 there



exists L € N1 such that given an instance G = (U,V, E, [L], [L],{mc}ecr) of UNIQUE-

GAMES, it is NP-hard to distinguish between two cases
e There exists an assignment satisfying at least (1 — ¢) fraction of the constraints.
e No assignment satisfies more than € fraction of the constraints.

In this dissertation, we explored implications of UNIQUE GAMES CONJECTURE or
certain variant of it to give tight results for covering CSPs, Bi-covering and Max-Bi-

Clique. These are explained in Section 1.4.

1.4 Brief Summary of Results

In this section, we present the brief summer of contribution of this dissertation. It is

mainly divided into three parts : PCPs, CSPs and Property testing.

Part I : PCPs

Parallel repetition theorem: The parallel repetition theorem was first proven by
Raz [Raz98]. Many simpler proofs of the theorem came later. Moshkovitz gave a
much simpler proof of the parallel repetition theorem restricted to certain instances
which is enough for its application to hardness of approximation. Moshkovitz showed
that the theorem follows quite easily if the original instance satisfies certain property,
called fortification. Building upon the work of Moshkovitz [Mosl4], we give a very
simple combinatorial proof of the parallel repetition theorem in [BSVV15]. With my
co-authors in [BSVV15], we gave a construction of how to convert any instance into
fortified one which is much easier to analyze. We crucially use the expansion of a graph

to argue about the required fortification guarantee.

Bi-covering: Given an undirected connected graph G(V, E) Bi-covering is a problem
of finding to sets A, B C V such that AU B = V and there are no edges between
A\ B and B\ A. The objective is to minimize max{|A|,|B|}. This problem has a
trivial 2-approximation as A = B =V is always a feasible solution. In [BGH"16], we

show that assuming the UGC where the constraint graph has some mild expansion,



2-approximation is the best possible in polynomial time. An important implication
of this hardness result is that this implies inapproximability of a well-know problem
called Max-Bi-Clique which is problem of finding largest k& x k Bi-Clique in an n x n
bipartite graph. The above hardness result implies that it is NP-hard to approximate

Max-Bi-Clique within n® for some § > 0 under the same assumption.

Part ITI : CSPs

Simultaneous CSPs: Multiobjective optimization is an area of optimizing over more
than one objective function where all the objective functions share the same solution
space. It has been used in many areas including engineering, data mining, machine
learning etc. We initiated a study of the most fundamental multi-objective optimization
where each objective function is a certain Max-CSP instance. More formally, we study
the following problem : Given k instances of Max-CSP over variables x1,xo, ..., Ty,
find an assignment x which maximizes min;c;, val(i,x) where val(i,x) is the fraction
of the satisfied constraints in the i*" instance.

In a joint work with Kopparty and Sachdeva [BKS15], we explored this class of mul-
tiobjective optimization, which we call simultaneous CSPs. We gave a constant factor
approximation algorithm for every CSP as long as the number of instances is bounded.
We also show that if the number of instances is more than poly(logn) then assuming
ETH there is no constant factor approximation to simultaneous CSPs. In a follow-up
work with Khot, Kopparty, Sachdeva and Thiruvenkatachari [BKIK™16], we improve
the approximation ratio of simultaneous MAX-CUT problem from 1/2 to very close to
agw - an optimal approximation ratio for MAX-CUT problem assuming the UNIQUE
GAMES CONJECTURE. This improved algorithm uses Sum-of-Squares hierarchies, a
systematic way of tightening semi-definite program relaxation by adding a sequence of

inequalities.

Covering CSPs: The covering number of an instance of a CSP is the minimum num-
ber of assignments needed such that for every constraint there is at least one assignment

in the collection which satisfies the constraint. This problem is closely related to the
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chormatic number of hypergraph. In [BHV15], we study the computational complexity
of approximating the covering number. It was first studied by Dinur and Kol [DK13]
where they showed that assuming a covering variant of the Unique Games Conjec-
ture (UGC), for a small class of predicates, it is NP-hard to approximate the covering
number within any constant. We completely settled the computational complexity of
approximating the covering number of a given predicate. More specifically, we gave
a simple and complete characterization of when the covering number is hard to ap-
proximate within any large constant under the same assumption. We also give partial
characterization based on P # NP for a class of predicates by proving an invariance

principle tailored to our setting.

Part III : Property Testing

Low degree Test: One of the main components in proving the PCP theorem is so
called low degree test - checking if a given function f : Fi"* — F, is a low degree
function or far from it. To reduce the number of queries, a tester can have access to
more information, for instance, the tester can request supposedly restriction of f to any
line/plane in Fy".

Towards getting a better PCPs in terms of the number of bits accessed vs the
success guarantee, one needs a low degree test such that even if the test accepts with
tiny probability, the function must be close to a low degree function. To this end, Arora-
Sudan[AS98] analysed line-vs-line test which queries the lines table at two intersecting
line, selected u.a.r. and checks the consistency at the intersection point. The analysis of
line-vs-line test is much more algebraic and involved. Instead of analyzing line-vs-line
test, Raz-Safra[RS96] gave an analogous plane-vs-plane test and gave a combinatorial
proof of the low degree test. Although Raz-Safra proof is simpler, they need to do
induction on the dimension of the ambient space and and hence the argument gets
slightly involved. In my work with Dinur and Livni [BDL17], we gave an analysis
of cube-vs-cube test which not only simplifies the overall analysis but also improves
the soundness parameter compared to all the previously known low degree tests. More

specifically, we show that if the cube-vs-cube test accepts with probability e = Q(d*/,/q)
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then the function f must be Q(e)-close to a degree d function.

Dictatorship Test: A Boolean function f : {0,1}" — {0,1} is called a dictator if
it depends on exactly one variable. Given a Boolean function, dictatorship test is a
randomized test which queries a function at a few locations and based on it decides
weather a function is a dictator or far from it. Suppose we want the test to have perfect
completeness meaning that the test should never make an error if a given function is
a dictator. Furthermore, we restrict the tester to query only k locations. What can
we say about the success guarantee if f is far from dictator. Since dictatorship test is
prevalent in proving inapproximability results based on Label Cover hardness or Unique
Games Conjecture, the central question is - if a given function is far from any dictator,
how small we can make the error probability of the tester under these restrictions.

In a joint work with Khot and Thiruvenkatachari [BKT16], we improve the previ-
ously known bound. We give a randomized test which queries f at k locations and has
following two guarantees: If f is a dictator then the tester accepts with probability 1. If

f is e-far from dictator (for appropriate notion of farness) then the tester accepts with

2k+1

probability at most =53

+ O(e). The previous work required the queried bits to sat-

2k+1

o+ soundness. We

isfy pairwise independence condition and hence couldn’t reach to
design a test which lacks pairwise independence condition but still proves the required

soundness guarantee.

1.5 Organization

We start with some preliminaries in Chapter 2. The first three chapters present results
about inapproximability and Parallel Repetition theorem. We describe the result on
Covering CSPs in Chapter 3. In Chapter 4, we prove the parallel repetition theorem for
certain class of games. This is followed by Chapter 5 proving inapproximability of BI-
COVERING. The next two chapters are related to Property Testing. In Chapter 6, we
prove Cube vs Cube Low degree test which then followed by Chapter 7 about improved
dictatorship test. Finally, the last couple of chapters study simultaneous CSPs. In

Chapter 8, we present a constant factor approximation algorithm for all simultaneous
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CPSs. In Chapter 9, we give an improved approximation algorithm for simultaneous

Max-CUT.
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Chapter 2

Preliminaries

In this chapter, we describe some preliminaries.

2.1 Analysis of Boolean Functions

For a function f:{0,1}"™ — R, the Fourier decomposition of f is given by
f@)= 3 fl@xala),
ae{0,1}"
where yqo(z) := (—1)2i=1%%i and f(a) = Ezefo1)n f(2)Xa(z). We will use a, also
to denote the subset of [n] for which it is the characteristic vector. Let |[f|l2 :=
Egce{o,l}n[JC(UL“)Q]I/2 and || flloo := maXgze{0,1}n |f(z)] .
The Efron-Stein decomposition is a generalization of the Fourier decomposition to

product distributions of arbitrary probability spaces.

Definition 2.1.1. Let (2, i) be a probability space and (", u®™) be the corresponding
product space. For a function f : Q" — R, the Efron-Stein decomposition of f with
respect to the product space is given by
fan e a) = 3 fala),
BC[n]
where fz depends only on z; fori € § and for all ' 2 B,a € 0, Eqcpon [fs(z) | zp =a] =
0.

Claim 2.1.2 (Parseval’s Theorem). For any f:{0,1}" — R,
(= B [f@)=3 f@?
ze{0,1}™ aCZ[n]

o~

In particular, if f takes values in {—1,1} then Zag[n} fla)? =1.
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We define the influence of ith variable as follows:

Definition 2.1.3. For i € [n], the influence of the ith coordinate on f is defined as

follows.

Infi[f] := E Varg, [f(z1, -zl = Y £l

B1, i1y Tig Ly B s
For an integer d, the degree d influence is defined as
InfE (= Y sl
Bi€B,|Bl<d
When f is a function from Boolean hypercube to reals, then under the uniform distri-
bution, the ith influence is equal to >__..c,, f(a)Q.
It is easy to see that for Boolean functions, the sum of all the degree d influences is

at most d. We prove this fact.

Claim 2.1.4. For all f: {0,1}" — {0,1}, 3, Inf=4[f] < d.

Proof.
D= > fe)
i i aCln],|a|<djica
= > lalf@)?
aClnl|al<d
<d Y Jl)<d
aCln],|al<d

where the last inequality uses Parseval’s Identity and the fact that (f, f) < 1. |

A dictator is a function which depends on one variable. Thus, the degree 1 influence
of any dictator function is 1 for some i € [n]. We call a function far from any dictator
if for every i € [n], the degree d influence is very small for some small d. This motivates

the following definition.

Definition 2.1.5 ((d, 7)-quasirandom function). A multilinear function f : R™ — R is

said to be (d, T)-quasirandom if for every i € [n] it holds that

icaCn].al<d
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We recall the Bonami-Beckner operator on Boolean functions.

Definition 2.1.6. For~y € [0, 1], the Bonami-Beckner operator Th_~, is a linear operator
mapping functions f : {0,1}" — R to functions T1—~f : {0,1}" = R as T1_ f(z) =
Ey[f(y)] where y is sampled by setting y; = x; with probability 1 — v and y; to be
uniformly random bit with probability v for each i € [n| independently. Let us denote

the distribution of y given x as Ni_(x).

We have the following relation between the Fourier decomposition of T7_. f and f.

Fact 2.1.7. T f =3 cp (1 — el f(a)xa-

Proof. For a C [n],

Ti A f(a) = E[Ti— f(%)Xa(2)]

y~Ni—(2)

E [f (y)]xa(rr)]

= E > FB)xsW)xal@)

xT

y~N1 o (z) [BEIn]

=Y /B E  [s@xa()

BCn] YN ()
Now, we use the fact that the marginals on each of x; and y; is uniform in {0, 1}. This,

if a # B the expectation is zero. Therefore,

Tiyf(@)=fl0) E  [xa(e+y)
yNNli.y(:p)

=1 -yl f(a),

where the last equality follows from the fact that x; +y; = 0 with probability 1 —~ and

is uniform with probability ~. [ |

2.2 Correlated Spaces

We need a few definitions and lemmas related to correlated spaces defined by Mos-

sel [Mos10]. Let €1 x £ be two correlated spaces and p denotes the joint distribution.
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Let pp and pe denote the marginal of u on space 21 and 29 respectively. The correlated
space p(€1 x ;1) can be represented as a bipartite graph on (€1, Q) where x € Oy
is connected to y € Qy iff p(z,y) > 0. We say that the correlated spaces is connected

if this underlying graph is connected.

Definition 2.2.1. Let (21 X Qo, ut) be a finite correlated space, the correlation between

Q1 and Qo with respect to pu us defined as

M, Qos ) = max E T )
P, Q2; 1) mﬁR,Em:O’EWKl(m,y)w[\f( )9 ()]
3:Q—R,E[g]=0,E[g?]<1

The following result (from [Mos10]) provides a way to upper bound correlation of a

correlated spaces.

Lemma 2.2.2. Let (1 X Qo, 1) be a finite correlated space such that the probability
of the smallest atom in 1 X Qo is at least a > 0 and the correlated space is connected
then

p(Q1, Qo3 ) <1—0?/2

Definition 2.2.3 (Markov Operator). Let (21 X Qo, 1) be a finite correlated space, the
Markov operator, associated with this space, denoted by U, maps a function g : Q29 — R

to functions Ug : 01 — R by the following map:

(Ug)(z) == [9(Y) | X =a].
(X,Y)~p

The following results (from [Mos10]) provide a way to upper bound correlation of a

correlated spaces.

Lemma 2.2.4 ([Mosl10, Lemma 2.8]). Let (21 x Qa, 1) be a finite correlated space. Let
g : Qo — R be such that By y)~ul9(y)] = 0 and B y~ul9(y)?] < 1. Then, among
all functions f : Q1 — R that satisfy E(%y)wu[f(x)ﬂ < 1, the mazimum wvalue of

|E[f(2)g(y)]] is given as:

|E[f<m>g<y>]|=\/ E [(Ug(x))?).

(@y)~p
Proposition 2.2.5 ([Mos10, Proposition 2.11]). Let (][}, QEI) x [T, QZ@), I )

be a product correlated spaces. Let g : []1, QZ@) — R be a function and U be the Markov
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(2)

i

)

operator mapping functions form space [[i—, ;" to the functions on space [];_, le .
If g = Esg[n} gs and Ug = Esg[n}(Ug)S be the Efron-Stein decomposition of g and Ug
respectively then,

(Ug)s = Ul(gs)

i.e. the Efron-Stein decomposition commutes with Markov operators.

Proposition 2.2.6 ([Mos10, Proposition 2.12]). Assume the setting of Proposition 2.2.5
and furthermore assume that p(le), Ql@); wi) < p for all i € [n], then for all g it holds

that

1U(gs)ll2 < || gs]l2-

2.3 Hypercontractivity

Definition 2.3.1. A random variable r is said to be (p, q,n)-hypercontractive if it sat-
isfies

la+mnrlly < lla+ 7,
for all a € R.

We note down the hypercontractive parameters for Rademacher random variable

(uniform over £1) and standard gaussian random variable.

Theorem 2.3.2 ([Wol07][Ole03]). Let X denote either a uniformly random +1 bit, a

standard one-dimensional Gaussian. Then X is (2,q, ﬁ) -hypercontractive.

The following proposition says that the higher norm of a low degree function w.r.t

hypercontractive sequence of ensembles is bounded above by its second norm.

Proposition 2.3.3 ([MOOO05]). Let x be a (2,q,n)-hypercontractive sequence of en-

sembles and Q be a multilinear polynomial of degree d. Then

Q&) < n™1Q()ll2
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2.4 Invariance Principle

Let (Q%, 1) be a probability space. Let S = {x € Q% | u(x) > 0}. We say that S C QF
is connected if for every x,y € S, there is a sequence of strings starting with = and
ending with y such that every element in the sequence is in S and every two adjacent

elements differ in exactly one coordinate.

Theorem 2.4.1 ([Mos10, Proposition 6.4]). Let (2%, 1) be a probability space such that

the support of the distribution supp(p) C QF is connected and the minimum probability

of every atom in supp(u) is at least a for some a € (0, %} Then there exists continuous
functions T : (0,1) — (0,1) and T : (0,1) — (0,1) such that the following holds: For
every e > 0, there exists T > 0 and an integer d such that if a function f : Q¥ — [0,1]
satisfies

Vi € [n], Inf=4(f) <7

then

r <E[f]> —e< ( E f[ flz;)] <T <E[f]> + €.

K R 7 1) j=1 1

. o log(1/a) log(1/e)
There exists an absolute constant C such that one can take T = € ca? an

d = log(1/r) log(1/a).

The following invariance principle for correlated spaces is an adaptation of similar

invariance principles (c.f., [Wen13, Theorem 3.12],|GL15, Lemma A.1]) to our setting.

Theorem 2.4.2 (Invariance Principle for correlated spaces). Let (QF x Q5 1) be a
correlated probability space such that the marginal of u on any pair of coordinates one
each from Q1 and Qg is a product distribution. Let p1, 2 be the marginals of p on QF
and Qé respectively. Let X,Y be two random k x L dimensional matrices chosen as
follows: independently for every i € [L], the pair of columns (z',y") € QF x QF is chosen
from w. Let x;,y; denote the ith rows of X and Y respectively. If F: QF — [-1,+1]

and G : QY — [~1,+1] are functions such that

7= ¢Z Inf;[F] - Inf;[G] and T := max \/Z Infi[F],\/Z Inf;[G] p

1€[L] 1€[L) 1€[L]
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then

A A , A O(k)
E . H F(z:)G(yi) E®L H F(z;) E®L H Gly) || <2 I'r.
ick] Xenr™ |iglk] Yeuy ™ |ielk)

(2.4.1)
Proof. We will prove the theorem by using the hybrid argument. For ¢ € [L + 1], let
X @y be distributed according to (g @puo) & @u®L—t. Thus, (X©,Y0) = (X,Y) is
distributed according to u®% while (X1, Y1) is distributed according to (1 @ pz)®L.
For ¢ € [L], define

k k
(4) (2) (i+1) (i+1)
= B Fz;))G(y;")| —  E F"" Gy . (242
o X @y ) jl_Il (xj ) (yj ) X (+1) y (i+1) jl_Il (xj ) (yj ) ( )

The left hand side of Equation (2.4.1) is upper bounded by 3~ erri. Now for a
fixed 4, we will bound err;. We use the Efron-Stein decomposition of F, G to split them
into two parts: the part which depends on the ith input and the part independent of

the ith input.

F = Fy+ F, where F, := E F, and Fy := Z F,.

i i€

G =Go+ Gy where Go:= »  Ggand Gy := »  Gp.
Biigs B:EB
Note that Inf;[F] = ||F1||3 and Inf;[G] = ||G1||3. Furthermore, the functions Fy and F}

are bounded since Fy(z) = E,/ [F(x/)|:ciL]\i = 2] € [-1,+1] and Fi(z) = F(z) —
Fo(x) € [-2,42]. For a € {0,1}*, let F,(X) := H?:l Fy,;(x;). Similarly Go, Gy are
bounded and G, defined analogously. Substituting these definitions in Equation (2.4.2)

and expanding the products gives

emi=| 3 ( E [R(XO)G,r )] - Fa(X(i“))Gb(Y(”l))]) .
X @)y @)

a,be{0,1}* X () y ()
Since both the distributions are identical on (Q¥)®F and (Q5)®F, all terms with a = 0
or b = 0 are zero. Because y is uniform on any pair of coordinates on each from the

0y and Qg sides, terms with |a| = |b| = 1 also evaluates to zero. Now consider the
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remaining terms with |al, |b] > 1, |a| + |b] > 2. Consider one such term where a;,as =1
g lal, | ; ;

and b; = 1. In this case, by Cauchy-Schwarz inequality we have that

< VEF(@)2Gi(p)? - 1F 2 - | T] By || - | T] Go,

i>2 0o i>1

[FG(X(ifl))Gb(Y(ifl))}

E
X(i—1)7y(i—1)
[e.e]

From the facts that the marginal of u to any pair of coordinates one each from 2
and Qg sides are uniform, Inf;[F] = ||F1||3 and |Fo(z)|, |F1(2)|,|Go(x)|,|G1(x)| are all

bounded by 2, the right side of above becomes

VER@)VEGI () Bl ([T Fs| - |I1Ge| < VInfilFPInfiG] - 2%,

7>2 i>1

o0 oo

All the other terms corresponding to other (a,b) which are at most 22* in number, are

bounded analogously. Hence,

Z err; < 24 Z <\/Inf 12Inf;[G] + +/Inf;[F]Inf;[G >

i€[L] i€[L]

= 2% 3" \/Inf,[F]Inf, [G] <\/Infi[F] + \/Infi[G]> .

i€[L]

By applying the Cauchy-Schwarz inequality, followed by a triangle inequality, we obtain

D e <24k\/ZInf FlInf;[G] \/Z Infi[F]+\/Z Inf;[G]
1€[L]

i€[L] i€[L] i€[L]

Thus, proved. [ |
Let F, be any finite field.

Definition 2.4.3 (Symmetric Markov Operator). Symmetric Markov operator on F,
can be thought of as a random walk on an undirected graph with the vertex set . It
can be represented as a q X ¢ matriz T where (i,j) th entry is the probability of moving

to vertex j from i.

Definition 2.4.4. For a symmetric Markov operatorT, let1 =X o > A1 > Aa... > A1
be the eigenvalues of T in a non-increasing order. The spectral radius of T', denoted by
r(T), is defined as:

r(T) = max{[A1], |Ag-1[}
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For a Markov operator T' the condition r(7") < 1 is equivalent to saying that the
induced regular graph (self-loop allowed) on F, is non-bipartite and connected.

For T as above, we also define a Markov operator T®" on [¢]" in a natural way i.e

n

applying a Markov operator T®" to x € [q]™ is same as applying the Markov operator

T on each z; independently. Note that if 7" is symmetric then T®" is also symmetric
and r(T%") = r(T).

We will need the following Gaussian stability measure in our analysis:

Definition 2.4.5. Let ¢ : R — [0,1] be the cumulative distribution function of the
standard Gaussian random variable. For a parameter p,u,v € [0,1], we define the

following two quantities:
_ -1 -1
Lo(pv) =Pr[X <¢ (1), Y 2 ¢ (1 —v)]

Tp(p,v) = PriX <¢7'(n),Y < ¢ (v)]

where X and Y are two standard Gaussian variables with covariance p.

We are now ready to state the invariance principle from [DMR09] that we need for

our reduction in Chapter 7

Theorem 2.4.6 ([DMRO09]). Let T be a symmetric Markov operator on F, such that
p =1r(T) < 1. Then for any T > 0 there exists 6 > 0 and k € N such that if

fr9 :Fy —[0,1] are two functions satisfying

min(Inf=*(f), Inf=*(g)) < 6

for all i € [n], then it holds that

<f7 T®ng> = Ep(,ua l/) -7

where p = E[f], v = E[g].
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2.5 Expanders & Extractors

Definition 2.5.1 (Expanders). For a symmetric, stochastic matriz M, define

A(M) d:efmax M|
vit v

A D-regular graph H = (X, E) is a graph H is a A-expander, if \(H) < A\, where H is
the normalized adjacency matrix of the graph H.
For a symmetric bipartite graph G = ((X, X), E), we say G is a bipartite A-expander

if \(H) < X\ where H is the normalized biadjacency matriz of G.

Henceforth, when we refer to a bipartite graph as being a A-expander, we implicitly
mean a bipartite A-expander.

Any expander H = (X, Ey) can be transformed to a natural bipartite expander H’
on X x X, by including the edge (z,2’) and (2/,x) to H' for every (z,2') € Ey. We
shall abuse notation and call this graph H' = ((X, X), Ep) although each edge in H

occurs “twice” in H'.

Lemma 2.5.2 (Explicit expanders [BLO6]). For every D > 0, there exists a fully
explicit family of graphs {G;}, such that G; is D-regular and \(G;) < D~1/2(log D)%/2.

Definition 2.5.3 (Extractors). A bipartite graph H = ((X,Y), E) is an (6, €)-extractor
if for every subset S C X such that |S| > §|X|, if 7 is the induced probability distribution

on'Y by taking a random element of S and a random neighbour, then

T —ul;, < e

Lemma 2.5.4 (Explicit Extractors [RVWO00]). There exists explicit (0, ¢)-extractors

G = (X,Y,E) such that |X| = O(|Y|/6) and each vertex of X has degree D =
O(exp(poly(loglog(1/9))) - (1/%)).
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Chapter 3

Covering CSP

3.1 Introduction

One of the central (yet unresolved) questions in inapproximability is the problem of
coloring a (hyper)graph with as few colors as possible. A (hyper)graph G = (V, E) is
said to be k-colorable if there exists a coloring ¢: V' — [k] :={0,1,2,...,k — 1} of the
vertices such that no (hyper)edge of G is monochromatic. The chromatic number of a
(hyper)graph, denoted by x(G), is the smallest k such that G is k-colorable. It is known

1=¢ on an n-sized graph G

that computing x(G) to within a multiplicative factor of n
for every € € (0,1) is NP-hard. However, the complexity of the following problem is
not yet completely understood: given a constant-colorable (hyper)graph, what is the
minimum number of colors required to color the vertices of the graph efficiently such
that every edge is non-monochromatic? The current best approximation algorithms
for this problem require at least n®1) colors while the hardness results are far from
proving optimality of these approximation algorithms (see § 3.1.3 for a discussion on
recent work in this area).

The notion of covering complexity was introduced by Guruswami, Hastad and Su-
dan [GHS02] and more formally by Dinur and Kol [DK13] to obtain a better under-
standing of the complexity of this problem. Let P be a predicate and ® an instance
of a constraint satisfaction problem (CSP) over n variables, where each constraint in
® is a constraint of type P over the n variables and their negations. We will refer to
such CSPs as P-CSPs. The covering number of ®, denoted by v(®), is the smallest
number of assignments to the variables such that each constraint of ® is satisfied by at

least one of the assignments, in which case we say that the set of assignments covers

the instance ®. If ¢ assignments cover the instance ®, we say that ® is c-coverable or
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equivalently that the set of assignments form a c-covering for ®. The covering number
is a generalization of the notion of chromatic number (to be more precise, the loga-
rithm of the the chromatic number) to all predicates in the following sense. Suppose
P is the not-all-equal predicate NAE and the instance ® has no negations in any of
its constraints, then the covering number v(®) is exactly [log x(Gg)] where Gg is the
underlying constraint graph of the instance ®.

Cover-P refers to the problem of finding the covering number of a given P-CSP
instance. Finding the exact covering number for most interesting predicates P is NP-
hard. We therefore study the problem of approximating the covering number. In
particular, we would like to study the complexity of the following problem, denoted
by COVERING-P-CSP (¢, s), for some 1 < ¢ < s € N: “given a c-coverable P-CSP
instance @, find an s-covering for ®”. Similar problems have been studied for the Max-
CSP setting: “for 0 < s < ¢ < 1, “given a c-satisfiable P-CSP instance @, find an
s-satisfying assignment for ®”. Max-CSPs and Cover-CSPs, as observed by Dinur and
Kol [DK13], are very different problems. For instance, if P is an odd predicate, i.e, if for
every assignment z, either z or its negation x + 1 satisfies P, then any P-CSP instance
® has a trivial two covering, any assignment and its negation. Thus, 3-LIN and 3-CNF',
being odd predicates, are easy to cover though they are hard predicates in the Max-CSP
setting. The main result of Dinur and Kol is that the 4-LIN predicate, in contrast to
the above, is hard to cover: for every constant ¢ > 2, COVERING-4-LIN-CSP (2,¢) is
NP-hard. In fact, their arguments show that COVERING-4-LIN-CSP (2, Q(log loglogn))
is quasi-NP-hard.

Having observed that odd predicate based CSPs are easy to cover, Dinur and Kol
proceeded to ask the question “are all non-odd-predicate CSPs hard to cover?”. In a
partial answer to this question, they showed that assuming a covering variant of the
unique games conjecture COVERING-UGC(¢), if a predicate P is not odd and there is
a balanced pairwise independent distribution on its support, then for all constants k,

COVERING-P-CSP (2¢, k) is NP-hard (here, ¢ is a fixed constant that depends on the

'3-LIN : {0,1}* — {0,1} refers to the 3-bit predicate defined by 3-LIN(z1,z2,x3) := 21 ® 22 O =3
while 3-CNF : {0, 1}3 — {0, 1} refers to the 3-bit predicate defined by 3-CNF(z1, 22, 23) := 1 V22 V 23
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covering variant of the unique games conjecture COVERING-UGC(c)). See § 3.2 for the

exact definition of the covering variant of the unique games conjecture.

3.1.1 Results

Our first result states that assuming the same covering variant of unique games conjec-
ture

COVERING-UGC(¢) of Dinur and Kol [DK13], one can in fact show the covering hard-
ness of all non-odd predicates P over any constant-sized alphabet [¢]. The notion of
odd predicate can be extended to any alphabet in the following natural way: a pred-
icate P C [g]* is odd if for all assignments = € [g]*, there exists a € [¢] such that the

assignment x + @ satisfies P.

Theorem 3.1.1 (Covering hardness of non-odd predicates). Assuming COVERING-
UGC(c), for any constant-sized alphabet [q], any constant k € N and any non-odd
predicate P C [q]*, for all constants t € N, the COVERING-P-CSP (2cq,t) problem is
NP-hard.

Since odd predicates P C [q]* are trivially coverable with ¢ assignments, the above
theorem, gives a full characterization of hard-to-cover predicates over any constant sized
alphabet (modulo the covering variant of the unique games conjecture): a predicate is
hard to cover iff it is not odd.

We then ask if we can prove similar covering hardness results under more standard
complexity assumptions (such as NP#P or the exponential-time hypothesis (ETH)).
Though we are not able to prove that every non-odd predicate is hard under these
assumptions, we give sufficient conditions on the predicate P for the corresponding
approximate covering problem to be quasi-NP-hard. Recall that 2k-LIN C {0,1}%* is

the predicate corresponding to the set of odd parity strings in {0, 1}

Theorem 3.1.2 (NP-hardness of Covering). Let k > 2. Let P C 2k-LIN be any 2k-bit
predicate such there exists distributions Py, Py supported on {0,1}F with the following

properties:

1. the marginals of Py and Py on all k coordinates is uniform,
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2. every a € supp(Py) has even parity and every b € supp(P1) has odd parity and

furthermore, both a - b,b-a € P.

Then, unless NP C DTIME(QPOlyIOg”), for alle € (0,1/2], COVERING-P-CSP (2,
Q(loglogn)) is not solvable in polynomial time.
Furthermore, the YES and NO instances of COVERING-P-CSP (2,Q(loglogn)) sat-

isfy the following properties.

e YES Case : There are 2 assignments such that each of them covers 1 —e fraction

of the constraints and they together cover the instance.

e NO Case : FEven the 2k-LIN-CSP instance with the same constraint graph as the

given instance is not Q(loglogn)-coverable.

The furthermore clause in the soundness guarantee is in fact a strengthening for the
following reason: if two predicates P, satisfy P C @ and ® is a c-coverable P-CSP
instance, then the Q-CSP instance ®p_.q obtained by taking the constraint graph of
® and replacing each P constraint with the weaker ) constraint, is also c-coverable.

The following is a simple corollary of the above theorem.

Corollary 3.1.3. Let k > 2 be even, x,y € {0,1}F be distinct strings having even and
odd parity respectively and T,y denote the complements of x and y respectively. For

any predicate P satisfying
2k-LIN :_)P:_){xy’ -y, Ty, T-Y, Yy T, YT, YT, @fL

unless NP C DTIME(QPOlyIOg”), the problem COVERING-P-CSP (2,Q(loglogn)) is

not solvable in polynomial time.

This corollary implies the covering hardness of 4-LIN predicate proved by Dinur and
Kol [DKI13] by setting = := 00 and y := 01. With respect to the covering hardness
of 4-LIN, we note that we can considerably simplify the proof of Dinur and Kol and in
fact obtain a even stronger soundness guarantee (see Theorem below). The stronger

soundness guarantee in the theorem below states that there are no large (> 1/polylogn
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fractional sized) independent sets in the constraint graph and hence, even the 4-NAE-
CSP instance’ with the same constraint graph as the given instance is not coverable
using Q(loglogn) assignments. Both the Dinur-Kol result and the above corollary only

guarantee (in the soundness case) that the 4-LIN-CSP instance is not coverable.

Theorem 3.1.4 (Hardness of Covering 4-LIN). Assuming that NP ¢ DTIME(2POWlosn),
for all e € (0,1), there does not exist a polynomial time algorithm that can distinguish

between 4-LIN-CSP instances of the following two types:

e YES Case : There are 2 assignments such that each of them covers 1 —e fraction

of the constraints, and they together cover the entire instance.

e NO Case : The largest independent set in the constraint graph of the instance is

of fractional size at most 1/polylogn.

3.1.2 Techniques

As one would expect, our proofs are very much inspired from the corresponding proofs
in Dinur and Kol [DK13]. One of the main complications in the proof of Dinur and
Kol [DK13] (as also in the earlier work of Guruswami, Hastad and Sudan [GHS02])
was the one of handling several assignments simultaneously while proving the sound-
ness analysis. For this purpose, both these works considered the rejection probability
that all the assignments violated the constraint. This resulted in a very tedious ex-
pression for the rejection probability, which made the rest of the proof fairly involved.
Khot [KhoO2b] observed that this can be considerably simplified if one instead proved a
stronger soundness guarantee that the largest independent set in the constraint graph
is small (this might not always be doable, but in the cases when it is, it simplifies the
analysis). We list below the further improvements in the proof that yield our Theo-

rems 3.1.1, 3.1.2 and 3.1.4.

Covering hardness of 4-LIN (Theorem 3.1.4): The simplified proof of the

covering hardness of 4-LIN follows directly from the above observation of using an

2The k-NAE predicate over k bits is given by k-NAE = {0,1}*\ {0,1}.
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independent set analysis instead of working with several assignments. In fact, this
alternate proof eliminates the need for using results about correlated spaces [Mos10],
which was crucial in the Dinur-Kol setting. We further note that the quantitative
improvement in the covering hardness (£2(loglogn) over Q(logloglogn)) comes from

using a LABEL-COVER instance with a better smoothness property (see Theorem 3.2.5).

Covering UG-hardness for non-odd predicates (Theorem 3.1.1): Having
observed that it suffices to prove an independent set analysis, we observed that only very
mild conditions on the predicate are required to prove covering hardness. In particular,
while Dinur and Kol used the Austrin-Mossel test [AMO09] which required pairwise
independence, we are able to import the long-code test of Bansal and Khot [BK10]
which requires only 1-wise independence. We remark that the Bansal-Khot Test was
designed for a specific predicate (hardness of finding independent sets in almost k-partite
k-uniform hypergraphs) and had imperfect completeness. Our improvement comes from
observing that their test requires only 1-wise independence and furthermore that their
completeness condition, though imperfect, can be adapted to give a 2-cover composed of
2 nearly satisfying assignments. This enlarges the class of non-odd predicates for which
one can prove covering hardness (see Theorem 3.3.1). We then perform a sequence of
reductions from this class of CSP instances to CSP instances over all non-odd predicates
to obtain the final result. Interestingly, one of the open problems mentioned in the
work of Dinur and Kol [DKI13] was to devise “direct” reductions between covering
problems. The reductions we employ, strictly speaking, are not “direct” reductions
between covering problems, since they rely on a stronger soundness guarantee for the
source instance (namely, large covering number even for the NAE instance on the same

constraint graph), which we are able to prove in Theorem 3.3.1.

Quasi-NP-hardness result (Theorem 3.1.2): In this setting, we unfortunately
are not able to use the simplification arising from using the independent set analysis
and have to deal with the issue of several assignments. One of the steps in the 4-LIN

proof of Dinur and Kol (as in several others results in this area) involves showing
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that a expression of the form E(x,y) [F(X)F(Y)] is not too negative where (X,Y)
is not necessarily a product distribution but the marginals on the X and Y parts are
identical. Observe that if (X,Y’) was a product distribution, then the above expressions
reduces to (Ex [F(X)])?, a positive quantity. Thus, the steps in the proof involve
constructing a tailor-made distribution (X,Y’) such that the error in going from the
correlated probability space (X,Y) to the product distribution (X ® Y) is not too
much. More precisely, the quantity
B [FOOF()] - BIFCOIBIFO)

is small. Dinur and Kol used a distribution tailor-made for the 4-LIN predicate and used
an invariance principle for correlated spaces to bound the error while transforming it
to a product distribution. Our improvement comes from observing that one could use
an alternate invariance principle (see Theorem 2.4.2) that works with milder restric-
tions and hence works for a wider class of predicates. This invariance principle for
correlated spaces (Theorem 2.4.2) is an adaptation of invariance principles proved by
Wenner [Wenl3] and Guruswami and Lee [GL15] in similar contexts. The rest of the

proof is similar to the 4-LIN covering hardness proof of Dinur and Kol.

3.1.3 Recent work on approximate coloring

We remark that recently, with the discovery of the short code [BGH'12], there has
been a sequence of works [DG13, GHH 14, KS14, Varl4] which have considerably
improved the status of the approximate coloring question, stated in the beginning of
the introduction. In particular, we know that it is quasi-NP-hard to color a 2-colorable
8-uniform hypergraph with 2(°8™° colors for some constant ¢ € (0,1). Stated in terms
of covering number, this result states that it is quasi-NP-hard to cover a 1-coverable
8-NAE-CSP instance with (logn)¢ assignments. It is to be noted that these results
pertain to the covering complexity of specific predicates (such as NAE) whereas our
results are concerned with classifying which predicates are hard to cover. It would
be interesting if Theorem 3.1.2 and Theorem 3.1.4 can be improved to obtain similar

hardness results (i.e., poly log n as opposed to poly log logn). The main bottleneck here
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seems to be reducing the uniformity parameter (namely, from 8).

Organization

The rest of the chapter is organized as follows. We start with some preliminaries of
LABEL-COVER, covering CSPs and Fourier analysis in § 3.2. Theorems 3.1.1, 3.1.2 and

3.1.4 are proved in Sections 3.3, 3.4 and 3.5 respectively.

3.2 Preliminaries

3.2.1 Fourier Analysis

We will be dealing with functions of the form f : {0,1}%* — R for d € N and d-to-1

functions m : [dL] — [L]. We will also think of such functions as f : [[,.; % — R

S
where €; = {0,1}? consists of the d coordinates j such that 7(j) = i. An Efron-Stein
}dL

decomposition of f : [[,c; €2 — R over the uniform distribution over {0,1}%", can be

obtained from the Fourier decomposition as

fole)=" > fl@)xa- (3:2.1)

3.2.2 Covering CSPs

We will denote the set {0,1,---q — 1} by [g]. For a € [q],a € [q]* is the element with a

in all the k coordinates (where k and ¢ will be implicit from the context).

Definition 3.2.1 (P-CSP). For a predicate P C [q]*, an instance of P-CSP is given by
a (hyper)graph G = (V| E), referred to as the constraint graph, and a literals function
L : E — [q]F, where V is a set of variables and E C V¥ is a set of constraints.
An assignment f : V. — [q] is said to cover a constraint e = (vi,---,v) € E, if
(f(v1),---, f(vk)) + L(e) € P, where addition is coordinate-wise modulo q. A set of
assignments F = {f1,---, fc} is said to cover (G, L), if for every e € E, there is some
fi € F that covers e and F is said to be a c-covering for G. G is said to be c-coverable
if there is a c-covering for G. If L is not specified then it is the constant function which

maps E to 0.
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Definition 3.2.2 (COVERING-P-CSP (¢, s)). For P C [q]* and ¢, s € N, the COVERING-
P-CSP (¢, s) problem is, given a c-coverable instance (G = (V, E), L) of P-CSP, find

an s-covering.

Definition 3.2.3 (Odd). A predicate P C [q]* is odd if Vo € [¢]¥,3a € [¢],z +a € P,

where addition is coordinate-wise modulo q.

For odd predicates the covering problem is trivially solvable, since any CSP instance
on such a predicate is g-coverable by the ¢ translates of any assignment, i.e., {z + a |

a € [q]} is a g-covering for any assignment x € [g]*.

3.2.3 Label Cover

Definition 3.2.4 (LABEL-COVER). An instance G = (U,V,E, L, R,{me¢}ecr) of the
LABEL-COVER constraint satisfaction problem consists of a bi-reqular bipartite graph
(U, V,E), two sets of alphabets L and R and a projection map me : R — L for every
edge e € E. Given a labeling £ : U — L, :V — R, an edge e = (u,v) is said to be
satisfied by £ if me(L(v)) = £(u).

G is said to be at most d-satisfiable if every labeling satisfies at most a § fraction of
the edges. G is said to be c-coverable if there exist ¢ labelings such that for every vertex
u € U, one of the labelings satisfies all the edges incident on wu.

An instance of UNIQUE-GAMES is a label cover instance where L = R and the

constraints m are permutations.

The hardness of LABEL-COVER stated below follows from the PCP Theorem [AS98,
ALMT98], Raz’s Parallel Repetition Theorem [Raz98] and a structural property proved
by Hastad [HasO1, Lemma 6.9)].

Theorem 3.2.5 (Hardness of LABEL-COVER). For every r € N, there is a deter-

O(r)

ministic n“\") -time reduction from a 3-SAT instance of size n to an instance G =

(U,V,E,[L],[R],{me}ecE) of LABEL-COVER with the following properties:

1. |U|, |V <nPM); L R <200 G is bi-regular with degrees bounded by 2°(7).
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2. There exists a constant co € (0,1/3) such that for any v € V and o C [R], for a

random neighbor u,
]53 Uﬂuv(a)’_l} < ‘04|_260-

This implies that

Vo, Pry[[mu(e)| <[] <

|0

3. There is a constant dy € (0,1) such that,

e YES Case : If the 3-SAT instance is satisfiable, then G is I-coverable.

e NO Case : If the 3-SAT instance is unsatisfiable, then G is at most 2~%7-

satisfiable.

Our characterization of hardness of covering CSPs is based on the following conjec-

ture due to Dinur and Kol [DK13].

Conjecture 3.2.6 (COVERING-UGC(c)). There exists ¢ € N such that for every suffi-
ciently small § > 0 there exists L € N such that the following holds. Given a an instance
G = (U,V,E,[L],[L],{me}ecE) of UNIQUE-GAMES it is NP-hard to distinguish between

the following two cases:

o YES case: There exist ¢ assignments such that for every vertex u € U, at least

one of the assignments satisfies all the edges touching u.

o NO case: Every assignment satisfies at most § fraction of the edge constraints.

3.3 UG Hardness of Covering

In this section, we prove the following theorem, which in turn implies Theorem 3.1.1

(see below for proof).

Theorem 3.3.1. Let [q] be any constant sized alphabet and k > 2. Recall that NAE :=
[\ {b| b€ [q]}. Let P C [q]* be a predicate such that there exists a € NAE and
NAE D P D {a+b|bclq} Assuming COVERING-UGC(c), for every sufficiently
small constant 6 > 0 it is NP-hard to distinguish between P-CSP instances G = (V,€)

of the following two cases:
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o YES Case : G is 2¢c-coverable.

e NO Case : G does not have an independent set of fractional size §.

Proof of Theorem 3.1.1. Let Q be an arbitrary non odd predicate, i.e, @ C [q]*\{h+D |
b € [q]} for some h € [q]¥. Consider the predicate Q' C [¢]* defined as Q' := Q — h.
Observe that Q' C NAE. Given any @’-CSP instance ® with literals function L(e) = 0,
consider the Q-CSP instance ®¢/_,g with literals function A given by M(e) := h, Ve.
It has the same constraint graph as ®. Clearly, ® is c-coverable iff ®q/_,¢ is c-coverable.
Thus, it suffices to prove the result for any predicate ’ C NAE with literals function
L(e) = 0°. We will consider two cases, both of which will follow from Theorem 3.3.1.

Suppose the predicate Q' satisfies Q' D {a +b | b € [q]} for some a € [q]¥. Then
this predicate Q' satisfies the hypothesis of Theorem 3.3.1 and the theorem follows if
we show that the soundness guarantee of Theorem 3.3.1 implies that in Theorem 3.1.1.
Any instance in the NO case of Theorem 3.3.1, is not ¢ := log,(1/§)-coverable even
on the NAE-CSP instance with the same constraint graph. This is because any t-
covering for the NAE-CSP instance gives a coloring of the constraint graph using ¢!
colors, by choosing the color of every variable to be a string of length ¢ and having the
corresponding assignments in each position in [t]. Hence the @Q’-CSP instance is also
not t-coverable.

Suppose Q' 2 {a+0b | b € [¢]} for all a € [¢]*. Then consider the predicate
P=1{a+b]|acQ,bc g} CNAE. Notice that P satisfies the conditions of
Theorem 3.3.1 and if the P-CSP instance is t-coverable then the Q’-CSP instance is
gt-coverable. Hence an YES instance of Theorem 3.3.1 maps to a 2cq-coverable Q-CSP
instance and NO instance maps to an instance with covering number at least log,(1/4).

3This observation [DK13] that the cover-Q problem for any non-odd predicate @ is equivalent to
the cover-Q’ problem where Q' C NAE shows the centrality of the NAE predicate in understanding the
covering complexity of any non-odd predicate.
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We now prove Theorem 3.3.1 by giving a reduction from an instance G = (U, V, E, [L], [L],
{Te}ecr) of UNIQUE-GAMES as in Definition 3.2.4, to an instance G = (V,€) of a P-
CSP for any predicate P that satisfies the conditions mentioned. As stated in the
introduction, we adapt the long-code test of Bansal and Khot [BK10] for proving the
hardness of finding independent sets in almost k-partite k-uniform hypergraphs to our
setting. The set of variables V is V x [¢]?*. Any assignment to V is given by a set
of functions f, : [¢]?* — [g], for each v € V. The set of constraints & is given by the
following test which checks whether f,’s are long codes of a good labeling to V. There

is a constraint corresponding to all the variables that are queried together by the test.

Long Code Test Ty

1. Choose u € U uniformly and k neighbors wi,...,w;r € V of u uniformly and

independently at random.

2. Choose a random matrix X of dimension k x 2L as follows. Let X denote the

it" column of X. Independently for each i € [L], choose (X?, X*+) uniformly at

random from the set
$:={wy) el <" |yefatblbeldy vy e{a+blbell}. (331)
3. Let z1, -,z be the rows of matrix X. Accept iff

(fwl(xl O7ruw1)?f“l2($2 O7ruw2)a T 7fwk(xk Oﬂ-uwk)) € P,

where x o 7 is the string defined as (z o 7) (i) := ;) for i € [L] and (zom)(i) :=

Tr(i—1)+1 Otherwise.

Lemma 3.3.2 (Completeness). If the UNIQUE-GAMES instance G is c-coverable then

the P-CSP instance G is 2c-coverable.

Proof. Let £y,...,L.: UUV — [L] be a c-covering for G as described in Definition 3.2.4.
We will show that the 2¢ assignments given by fi(x) := xgi(v),gf}(a:) = Ty (o)Lt =
1,...,c form a 2c-covering of G. Consider any u € U and let ¢; be the labeling that

covers all the edges incident on u. For any (vaj)je{l,m,k} € FE and X chosen by the
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long code test 71, the vector (fL, (£10Tuw, ), fo, (TkOTuw, ) gives the £;(u)th column
of X. Similarly the above expression corresponding to g’ gives the (¢;(u)+ L)th column

of the matrix X. Since, for all i € [L], either ith column or (i + L)th column of

X contains element from {a +b | b € [¢q]} C P, either (fi (z10 Tyw,), -, fo, (Tx ©
Tuwy)) € P or (g, (T10Tuw, )5+ gy, (1 0T, )) € P. Hence the set of 2 assignments
{fi gb}ieq1,. o} covers all constraints in G. [ ]

To prove soundness, we show that the set S, as defined in Equation (3.3.1), is

connected, so that Theorem 2.4.1 is applicable. For this, we view S C [q¢]" i

as a subset of ([q]?)* as follows: the element (y,7') € S is mapped to the element

(1, 90), -+ (e i) € ([d)*

Claim 3.3.3. Let Q = [q]?. The set S C QF is connected.

Proof. Consider any z := (2!,2%),y := (y',94%) € S C [¢]* x [¢]*. Suppose both
'yt € {a+b|bec[q]}, then it is easy to come up with a sequence of strings belonging
to S, starting with x and ending with ¢ such that consecutive strings differ in at most
1 coordinate,. Now suppose x!,4% € {a+b | b € [q]}. First we come up with a sequence
from z to z := (2!, 22) such that z' := 2! and 22 = 2, and then another sequence for

z to y. ]

Lemma 3.3.4 (Soundness). For every constant 6 > 0, there exists a constant s such

that, if G is at most s-satisfiable then G does not have an independent set of size 6.

Proof. Let I CV be an independent set of fractional size ¢ in the constraint graph. For
every variable v € V, let f, : [q]** — {0, 1} be the indicator function of the independent
set restricted to the vertices that correspond to v. For a vertex u € U, let N(u) C V
be the set of neighbors of u and define fu(7) := Eyen(u)[fuw(® o Tuw)]. Since I is an
independent set, we have

0= E E

Uy Wiy s Wi X T

k
H fum)] : (3.3.2)

k
H fw,- («Tz S 7"'uwi)

=1

Since the bipartite graph (U, V, E) is left regular and |I| > §|V|, we have E,, z[fu(x)] > 0.

By an averaging argument, for at least % fraction of the vertices u € U, Eg[fu(z)] > g.
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Call a vertex u € U good if it satisfies this property. A string = € [¢]?! can be thought
as an element from ([¢]?)” by grouping the pair of coordinates z;, z;, . Let T € ([¢]*)"
denotes this grouping of z, i.e., jth coordinate of Z is (zj,zj4+1) € [¢]*>. With this
grouping, the function f, can be viewed as f, : ([¢/>)Y — {0,1}. From Equation
(3.3.2), we have that for any u € U,
k
B [11;[1 fu(iﬁi)] =0.

By Claim 3.3.3, for all j € [L] the tuple ((Z1)j,...,(Zx);) (corresponding to columns
(X7, X7+E) of X) is sampled from a distribution whose support is a connected set.
Hence for a good vertex u € U, we can apply Theorem 2.4.1 with ¢ =I'(6/2)/2 to get
that there exists j € [L],d € N,7 > 0 such that Infjgd(fu) > 7. We will use this fact

to give a randomized labeling for G. Labels for vertices w € V,u € U will be chosen

uniformly and independently from the sets

Lab(w) := {z € [L] | InF29(f) > g}  Lab(u) := {z e [L] | InfE(f,) > T}.

By the above argument (using Theorem 2.4.1), we have that for a good vertex wu,
Lab(u) # (). Furthermore, since the sum of degree d influences is at most d, the above

sets have size at most 2d/7. Now, for any j € Lab(u), we have

2

T<Inff) = Y fuslP= > (By Definition.)

E(u) [f wm&})(s)}

5:j€8,|S|<d sijes,|s)<d ISV
2
< Z E ‘fw W—I(S)H = E InfS% [fu]. (By Convexity of square.)
sijesys|<aWEN@ I weN(w)  Tuwll)

Hence, by another averaging argument, there exists at least 7 fraction of neighbors w

of u such that Infffl(j)(fw) > 7 and hence m,,(j) € Lab(w). Therefore, for a good

T

554 {raction of edges incident on w are satisfied in expectation.

vertex u € U, at least

Also, at least % fraction of vertices in U are good, it follows that the expected fraction
[ T
2

of edges that are satisfied by this random labeling is at least 559

554- Choosing s <

completes the proof. [ |
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3.4 NP-Hardness of Covering

In this section, we prove Theorem 3.1.2. We give a reduction from an instance of
a LABEL-COVER, G = (U,V, E,[L],[R],{7e}ecr) as in Definition 3.2.4, to a P-CSP
instance G = (V,€) for any predicate P that satisfies the conditions mentioned in
Theorem 3.1.2. The reduction and proof is similar to that of Dinur and Kol [DK13].
The main difference is that they used a test and invariance principle very specific to the
4-LIN predicate, while we show that a similar analysis can be performed under milder
conditions on the test distribution.

We assume that R = dL and Vi € [L],e € E,|r.!(i)] = d. This is done just for
simplifying the notation and the proof does not depend upon it. The set of variables V
is V x {0, 1}2f. Any assignment to V is given by a set of functions f, : {0, 1}2% — {0,1},
for each v € V. The set of constraints £ is given by the following test which checks

whether f,’s are long codes of a good labeling to V.

Long Code Test 75

1. Choose u € U uniformly and v, w € V neighbors of u uniformly and independently
at random. For i € [L], let By, (i) := 7} (i), B, (i) := R + 7, (i) and similarly

for w.

2. Choose matrices X,Y of dimension k x 2dL as follows. For S C [2dL], we denote
by X|g the submatrix of X restricted to the columns S. Independently for each

i € [L], choose ¢; € {0, 1} uniformly and

(a) if c1 = 0, choose (X|Bm, (i)UB&U (i) Y|Buw (’L‘)UB{“U (Z)) from P(?%l X 731®2d7

(b) if e1 = 1, choose (X|p,, uBy. (1) Y | Buw(iusy, @) from PP @ P2,

3. Perturb X,Y as follows. Independently for each ¢ € [L], choose ¢y € {*,0,1} as
follows: Pr[ca = %] = 1 — 2¢, and Pr[ca = 1] = Pr[ca = 0] = . Perturb the ith

matrix block (X’Buv(i)UB{w(i)7 Y’Bw(i)uB;w(i)) as follows:

(a) if cg = x, leave the matrix block (X’Bm(i)uB{w(i)vY‘Buw(i)UB{Lw(i)) unper-

turbed,



38

(b) if ¢ = 0, choose (X|p (), Y|qulw(i)) uniformly from {0, 1}%*¢ x {0, 1}**9,

(c) if ca =1, choose (X|p,, (i) Y |Buw(s)) uniformly from {0, 1}Exd L0, 1}kx4,

4. Let x1, -,z and y1,- -,y be the rows of the matrices X and Y respectively.
Accept if
(fv(xl)a T 7fv(xk)7 fw(y1)7 T 7fw(yk)) € P.

Lemma 3.4.1 (Completeness). If G is an YES instance of LABEL-COVER, then there
exists f, g such that each of them covers 1 — e fraction of £ and they together cover all

of €.

Proof. Let ¢ : UUV — [L] U [R] be a labeling to G that satisfies all the constraints.
Consider the assignments f,(z) := x4y and g,(z) := Tryyn) for each v € V. First
consider the assignment f. For any (u,v), (u,w) € E and z1,--- , Tk, Y1, ,yr chosen
by the long code test Ta, (fu(x1),- -+, fo(zk)), (fw(y1), -, fw(yk)) gives the £(v)th and
{(w)th column of the matrices X and Y respectively. Since 7, (£(v)) = Tuw(¢(w)),
they are jointly distributed either according to Py ® P1 or P; ® Py after Step 2. The
probability that these rows are perturbed in Step 3c is at most €. Hence with probability
1 — € over the test distribution, f is accepted. A similar argument shows that the test
accepts g with probability 1 — e. Note that in Step 3, the columns given by f, g, are

never re-sampled uniformly together. Hence they together cover G. [ |

Now we will show that if G is a NO instance of LABEL-COVER then no ¢ assignments
can cover the 2k-LIN-CSP with constraint hypergraph G. For the rest of the analysis,
we will use +1, —1 instead of the symbols 0,1. Suppose for contradiction, there exist
t assignments fi,---, f; : {£1}2R — {£1} that form a t-cover to G. The probability

that all the ¢ assignments are rejected in Step 4 is

t k k
E E [H; (H Jiw (@) fiw(ys) + 1)] = %‘F% > LEE [H fS,v(ffj)fs,w(yj)] :
i=1 =t

u,v,w Ta el 0CSC{L, it} U,
(3.4.1)
where fs,(x) := [[;cq fin(z). Since the t assignments form a t-cover, the LHS in
Equation (3.4.1) is 0 and hence, there exists an S # () such that
k
E B[] fso(@)fswly)| <-1/(2"=1). (3.4.2)
u,v,w Tay

j=1
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Lemma 3.4.3 shows that this is not possible if ¢ is not too large, thus proving that there
does not a exist t-cover.

We will need the following technical claim. We denote the k x 2d dimensional matrix
X|paus @) X|pe.@us,, @) by X" and Y|p@up @) (Y 6us,, @) by Y (ignoring the
subscript of B and B’ as the distribution is the same for every edge (u,v)). Also by
X]’:, we mean the jth row of the matrix X’ and Yfk is the first k — 1 rows of Y. The

spaces of the random variables X?, XJZ:, y?  Will be denoted by & i X;, yik.

Claim 3.4.2. For eachi € [L],
p (X' x YV, Vi T3) < V1—e.

Proof. Recall the random variable co € {*,0,1} defined in Step 3 of test 72 . Let g
and f be the functions that satisfies E[g] = E[f] = 0 and E[¢?], E[f?] < 1 such that
P (Xi X yik,y,g;ﬁ) = E[|fg|]. Define the Markov Operator

Ug(X'.Y ) = E [9(Yi) | (X, Yp) = (X', V7).
(X,Y)~T3

=

By Lemma 2.2.4, we have
p (X XYV, Vs Ty)" < E[Ug(X",Y",)?
7'21

=(1-2¢) E_[Ug(Xi,Y_ik)2 |co =% +¢ E_[Ug(Xi,Y_ik)2 | co = 0]+
T3 75

eE[Ug(X",YL,)? | ez =1]
’7’21
< (1-20) +e B[Ug(X', Y1) [ e2 = 0] + e E[Ug(X", Y2,)* [ e2 = 1],
Ty Ty

where the last inequality uses the fact that By [Ug(X",Y")? | c2 = *] = E[g?] which
is at most 1. Consider the case when ¢y = 0. By definition, we have

2

EUg(X V) |e;=0]= E (E i[g(?m<X,?_k>=<xi,mwz=o1).
7—2 (})/(Z;)NT; (XrY)NTQ

Under the conditioning, for any fixed value of X, Y i the value of Ys | B (i) is a uniformly

random string whereas Y| B(i) 1s a fixed string (since the parity of all columns in B(7)
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is 1). Let U be the uniform distribution on {—1,+1}% and P(X%,Y?,) € {+1,-1}4

denotes the column wise parities of [;(:"B @ ]
—kIB(4)
2
E[Ug(X"Y4) |2 =0]= E E [g(f) | (ST Grton]
73 XY AT \(RY)~TS c2=
2
- B (B latam)
XLV ~TH, AU
z=P(X1Y,)

2
= E ( E [9(z, r)]> (Since marginal on z is uniform)
z~U

r~U
2
=E[E ) i@)xalzr)
U\ TU L CBEUB )
2

= E Z g(a) E [Xa(z77'>]

U\ aCBGUB () reu
2

=E [ ) ga)xal2)

M\ acB()

= > g

aCB(i)

Similarly we have,
Ei[Ug(Xi, Yille=1= > i)
s aC B (i)
Now we can bound the correlation as follows:
. . . . 2 N R
p (XX VL VT <1 =20 +e Y g@)’+e Y. g(e)
aCB(i) aCB'(3)

<(1-2)+e > g(a)® (Using §(¢) = Elg] = 0)
aCB(i)UB' (i)

<(1—¢). (Using E[¢?] < 1 and Parseval’s Identity)
|

Lemma 3.4.3 (Soundness). Let ¢o € (0,1) be the constant from Theorem 3.2.5 and
S CA{l,---,t},|S| > 0. If G is at most s-satisfiable then
(1-3¢0)/8

k
o(@i) fsw(yi)| = —O(ks/®) — 200 —
E, XA]/EGT2 lHlfs, (i) fsw(y )] > —O(ks®’®) 57200
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Proof. Notice that for a fixed u, the distribution of X and Y have identical marginals.
Hence the value of the above expectation, if calculated according to a distribution
which is the direct product of the marginals, is positive. We will first show that the
expectation can change by at most O(ks®/®) in moving to an attenuated version of the
functions (see Claim 3.4.4). Then we will show that the error incurred by changing the
distribution to the product distribution of the marginals has absolute value at most

20(’“)5(;;}7;;)/8 (see Claim 3.4.6). This is done by showing that there is a labeling to G

s(1=3cq)/8
E3/200

that satisfies an s fraction of the constraints if the error is more than 20(%)

For the rest of the analysis, we write f, and f,, instead of fg, and fg,, respectively.
Let f, = Zagp R] ﬁ)(a)xa be the Fourier decomposition of the function and for v €
(0,1), let 1 fo == Y ocpr(l — 7)‘“']?1,(04))(&. The following claim is similar to a
lemma of Dinur and Kol [DK13, Lemma 4.11]. The only difference in the proof is that,

we use the smoothness from Property 2 of Theorem 3.2.5 (which was shown by Hastad

[HasO1, Lemma 6.9]).

Claim 3.4.4. Let ~ := s(cotD/4cl/co yhere ¢q is the constant from Theorem 3.2.5.

Hﬁ%hw) < O(ks*/®).

uvaZ uvaQ

H Tl 'yfv wZ)Tl—’wa(yZ)]

Proof. We will add the T7_,, operator to one function at a time and upper bound the
absolute value of the error incurred each time by O(s%/®). The total error is at most 2k

times the error in adding 77—, to one function. Hence, it suffices to prove the following

< O(s%0/8).
(3.4.3)

Recall that X, Y denote the matrices chosen by test 72. Let Y_j be the matrix obtained

va Z; fw yz)

uvw’TQ uvw’TQ

k—1
(H Jo(w3) fu yz)) fv(xk)Tl—vfw(yk)

from Y by removing the kth row and F (X, Y_y) = (Hf:ll v(xl)fw(yz)> folzr).

Then, (3.4.3) can be rewritten as

B B[P (X, Y20) (= Ti) ]| < O (3.4.4

u,v,w Ta
Let U be the operator that maps functions on the variable y;, to one on the variables

(X,Y_g) defined by

UNX,Yg):= E  flyk)
Yr| XY g,
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Let Gup,uw(X,Y-g) == (U(I —T1—) fw) (X, Y_g). Note that Eyco132r Guow(y) = 0.
For the rest of the analysis, fix u, v, w chosen by the test. We will omit the subscript
u,v,w from now on for notational convenience. The domain of G can be thought
of as ({0,1}?*~1)24L and the test distribution on any row is independent across the
blocks { By, (i) U By, (i) }iejr)- We now think of G as having domain Hie[L} Q; where
Qi = ({0,1}2*=1)24 corresponds to the set of rows in By, (i) U B, (i). Let the following
be the Efron-Stein decomposition of G with respect to 7,

G(X,Y_p) = Y GalX,Yp).

aC[L]

The following technical claim follows from a result similar to [DK13, Lemma 4.7] and

then using [Mos10, Proposition 2.12].

Claim 3.4.5. For o C [L]
IGall” < (@ =g)t > (1 —(1- 7)2‘“) Ful(B)? (3.4.5)
BC2R]:Tuw (8)=c

where %/uw(ﬁ) = {7’ € [L} 13dj € [R]v (] EBVI+RE /8) /\ﬂ-uv(j) = l}

Proof. Proposition 2.2.5 shows that the Markov operator U commutes with taking the
Efron-Stein decomposition. Hence, Go := (U((I — T1—) fw))a = U((I — T1—)(fw)a);
where (f,)q is the Efron-Stein decomposition of f,, w.r.t the marginal distribution of
Tz on [[Z, Y;, which is a uniform distribution. Therefore, (fu)a = Y. scpr, fw(B)xs-

Tuw (ﬁ):a

Using Proposition 2.2.6 and Claim 3.4.2, we have

Gally = IU(( = T1m)(fu)a) B < (VI= 2T = T1ms)(fu)al}
—(1=9k 3 (1= =) fus?

BC [2R] Tyw (5):0‘

where the norms are with respect to the marginals of 75 in the corresponding spaces. H
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Substituting the Efron-Stein decomposition of G, F' into the LHS of (3.4.4) gives

E E [Fum,w(Xv Yop) (I — Tl—v) Ju(Yr)]

u,v,w To ‘

E EF(X,Y_5)G(X,Y_g)

u,v,W Ta

(By orthonormality of _
Efrog—Stein decompO};ition) - ww Z X Y_ k)Ga(X’ Y_k)
aC[L
(By Cauchy-Schwarz inequality) S Z | Fall? - Z |Gall?
aCl[L] aC[L]

(Using > |Fall = [FI3=1) < > IGal>
aC[L] aC[L]

Using concavity of square root and substituting for ||G4||?> from Equation (3.4.5), we
get that the above is upper bounded by
SIS T (1) Fula
u

aC[L] BC[2R]:
Tuw (5)—0‘ =:Termy (,8)

We will now break the above summation into three different parts and bound each

part separately.

©p:= E Z Termy, (v, ), ©;:=E Z Termy o (a, B),

u,w u,w
af:lal< C0/4

|/B|§51/451/CO

Oy = E Z Termu,w(ayﬁ)-
7 a,fB:|al< c0/4

|f8|>s1/451/c0

Upper bounding ©p: When |o| > (1 —e)lel < s%/% Also since f,, is

1
es€0/4?

{+1, —1} valued, sum of squares of Fourier coefficient is 1. Hence |©g| < s%/4.

Upper bounding ©1: When || <

1/451/Loa

4 4
— (1 — ~)2I8l _ PR R ORI /4
1-(1=) =1 <1 31/481/%7)31/481/0074860 .

Again since the sum of squares of Fourier coefficients is 1, |©;] < 4s%/4,
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Upper bounding ©2: From Property 2 of Theorem 3.2.5, we have that for any

v € V and g with |5] > the probability that [Ty, (3)] < 1/es%/4, for a random

2
sl/4gl/co

neighbor u, is at most es°/4. Hence |O,] < s%/4,

Fix u,v,w chosen by the test. Recall that we thought of f, as having domain
[Tic(r) €2 where Q; = {0, 1}24 corresponds to the set of coordinates in By, (i) U B, (7).
Since the grouping of coordinates depends on u, we define Inf; [f,] := Inf;[f,] where
i € [L] for explicitness. From Equation (3.2.1),

L= Y. fl@)?
aC[2dL]: €7 ()

where Ty () :={i € [L]:Fj€[R],(JEaVj+ R a)ANmuw(j) =1}

Claim 3.4.6. Let Ty = Y ieqy In; [Ty fo] - Inf; [T1 fu].

HTI 'yfv xz

HTI—va xz)TI Vfw yz

’LL’U’UJ

7’2

k
E H Tl—vfw (yz)] ‘
=1

2
< 20(k) [ Euww Tu,v,w
i /7 .

Proof. 1t is easy to check that > ;1 Inf; [Ty fo] < 1/7 (c.f., [Wenl3, Lemma 1.13]).

For any u, v, w, since the test distribution satisfies the conditions of Theorem 2.4.2, we

k

[ Tuv,w

HTI va xz E HTlfyfw(yi)] gQO(k) T
=1

The claim follows by taking expectation over u, v, w and using the concavity of square

get

HTl 'yfv -%)Tl 'yfw yz
=1

Toot. [ |

From Claim 3.4.6 and Claim 3.4.4 and using the fact the the marginals of the

test distribution 73 on (z1,...,xx) is the same as marginals on (y,...,yx), for v :=

sleot)/Agl/eo we get

k
H fv(xz)fw(yz)] z _O<k860/8)_20(k) V Eu7v,u:)’7—u7v,w N (E 7
i=1 w\v T

2

k
H Tl—’yfv(xl)‘| > .

(3.4.6)

E E
u,v,w X, YET2
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If 7,,0,w in expectation is large, there is a standard way of decoding the assignments

to a labeling to the label cover instance, as shown in Claim 3.4.7.

Claim 3.4.7. If G is an at most s-satisfiable instance of LABEL-COVER. then

Proof. Note that }_,cop (1 — ol f, ()2 < 1. We will give a randomized labeling to the
LABEL-COVER instance. For each v € V, choose a random « C [2R] with probability
(1— 7)“)"]?@(@)2 and assign a uniformly random label j in a to v; if the label j > R,
change the label to j — R and with the remaining probability assign an arbitrary label.
For u € U, choose a random neighbor w € V' and a random [ C [2R] with probability
(1- 7)‘5|fw(ﬁ)2, choose a random label £ in # and assign the label 7, (¢) to u. With
the remaining probability, assign an arbitrary label. The fraction of edges satisfied by
this labeling is at least
i€[L]  (0,B):1E€ T (), i€Tnaw (B)
Using the fact that 1/r > ~(1 — )" for every r > 0 and v € [0, 1], we lower bound ﬁ

and ﬁ by (1 —7)lel and (1 — 4)!Pl respectively. The above is then lower bounded by

Y E DY =yl (a)? ST 0-5? | =97 B Tuvw

u7U7w . . ~ . ~ u7’U7w
1€[L] \wi€Tuou () Bii€Tuw (B)
Since G is at most s-satisfiable, the labeling can satisfy at most s fraction of constraints

and the above equation is upper bounded by s. [ |
Lemma 3.4.3 follows from the above claim and Equation 3.4.6. [ |

Proof of Theorem 3.1.2. Using Theorem 3.2.5, the size of the CSP instance G produced
by the reduction is N = n722°" and the parameter s < 27%"  Setting r = O(loglogn),
gives that N = 2POlY(08n) for a constant k. Lemma 3.4.3 and Equation 3.4.2 imply

that
(1—3c0)/8 1

e3/2co = ot _ 1"

O(ks/8) 4 2000

Since k is a constant, this gives that t = Q(loglogn). |
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3.5 Improvement to covering hardness of 4-LIN

In this section, we prove Theorem 3.1.4. We give a reduction from an instance of
LABEL-COVER, G = (U,V, E,[L], [R],{mc}ecr) as in Definition 3.2.4, to a 4-LIN-CSP
instance G = (V,&). The set of variables V is V x {0,1}?f. Any assignment to V is
given by a set of functions f, : {0,1}2%® — {0, 1}, for each v € V. The set of constraints
£ is given by the following test which checks whether f,’s are long codes of a good

labeling to V.

Long Code Test T3

1. Choose u € U uniformly and neighbors v, w € V' of u uniformly and independently

at random.

2. Choose x, 2, z, 2’ uniformly and independently from {0, 1}?% and y from {0, 1}2".
Choose (n,7') € {0,1}2F x {0,1}2?* as follows: Independently for each i € [L],
(niv Nr+i, 77;7 77/[,+z) is set to

(a) (0,0,0,0) with probability 1 — 2e,
(b) (1,0,1,0) with probability ¢ and
(¢) (0,1,0,1) with probability e.

3. Fory € {0,1}%F, let yomy, € {0,1}2% be the string such that (yomy,); := Yruo (5) TOT

i € [R] and (Y © Tuv)i := Yry, (i—R)+1 Otherwise. Given n € {0,1}*L, 2 € {0,1}2F,

the string 1 o Ty, - z € {0,1}2F is obtained by taking coordinate-wise product of

1 0 My, and z. Accept iff

fv(x)+fv($+y07ruv+no7ruv'z)+fw(x/)"i_fw(xl+yo7ruw+77/07ruw'zl+1) =1 (Il’lOd 2)
(3.5.1)

(Here by addition of strings, we mean the coordinate-wise sum modulo 2.)

Lemma 3.5.1 (Completeness). If G is an YES instance of LABEL-COVER, then there
exists f, g such that each of them covers 1 — e fraction of £ and they together cover all

of €.
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Proof. Let ¢ : UUV — [L] U [R] be a labeling to G that satisfies all the constraints.
Consider the assignments given by f,(x) := 2, and g,(z) := T4 () for each v € V.
On input f,, for any pair of edges (u,v), (u,w) € E, and x,2’,z,2',n,7,y chosen by

the long code test 73, the LHS in (3.5.1) evaluates to

Tp(v) T To(v) TYe(w) TN (u) ZE(U)erlg(w)er'g(w)ere(u)+772(u)22(w)+1 = N0(u) ZZ(v)Jr??Z(u)Zé(w)Jrl-

Similarly for g,, the expression evaluates to 107, u)2R40(v) + n’L+Z(u)z}2+£(w) + 1. Since
(mi,n;) = (0,0) with probability 1 — ¢, each of f, g covers 1 — ¢ fraction of £. Also for
i € [L] whenever (n;,7;) = (1,1), (nz+4,77,;) = (0,0) and vice versa. So one of the two

evaluations above is 1 (mod 2). Hence the pair of assignment f, g cover £. [ |

Lemma 3.5.2 (Soundness). Let ¢ be the constant from Theorem 3.2.5. If G is at most

s-satisfiable with s < 610/ZO+5, then any independent set in G has fractional size at most

J.

Proof. Let I C V be an independent set of fractional size § in the constraint graph
G. For every variable v € V, let f, : {0,1}*® — {0,1} be the indicator function
of the independent set restricted to the vertices that correspond to v. Since [ is an

independent set, we have

E E [fv(x)fv(x + YO Tyy + 10 Myy - Z)fw(x/)fw(x/ + Yo Tyw + 7]/ O Tyw * 2+ 1)] =0.

uw,0,w gz’

2,2,

'y
(3.5.2)

For a C [2R], let 7 (o) C [2L] be the set containing elements i € [2L] such that if
i < L there are an odd number of j € [R] N a with m,,(j) = and if ¢ > L there are
an odd number of j € ([2R] \ [R]) N o with m,,(j — R) = ¢ — L . It is easy to see that
Xa(y 0 Tyw) = X8, (a) (y). Expanding f, in the Fourier basis and taking expectation

over x, 7' and y, we get that

-~

E 3 Fol@PFuB2D B [Xa(1omu - 2)xs01 0 M- )] = 0.

m U7w Z7zl?/)7’?7/
a,BC12R]:m, (a)=n (B)

(3.5.3)
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Now the expectation over z, 2z’ simplifies as

E, 2 Fol@)? Fu(B) (1) Prlac- (0 mue) = 8- (0 0 ms) = 0] =0,
" @,BC12R)wd, () =mdu (8) : ~
=:Termy, v,w(,B)

(3.5.4)

where we think of a, 8 as the characteristic vectors in {0, 1}2R of the corresponding
sets. We will now break up the above summation into different parts and bound each
part separately. For a projection 7 : [R] — [L], define 7(a) := {¢ € [L] : 3j € [R],(j €

aVj+Rea)A(n(j)=1)}. We need the following definitions.

Op:= E Z Termum,w(a,B)?

uU,V,W op
78 (@)= 80 (8)=0
O, := u7];]’w QZ‘; Termy,  w (v, B),

7"7?11 (a):ﬂ-ﬁe?w (5)7&®’
max{|al,|]}<2/6%/<0

@2 = E Z Termu,v,w(a7,8)7
a,B:
mhu()=ru ()40,
max{|Tuv (), Fuw (8)1}21/6°

O3:= E Z Termy v,w(c, B).
«a,fB:
7"3911 (O‘)Zﬂgaw (B)#£0,
max{|al,| 8]} >2/6°/<0,
max{|Tuv (@), Tuw (8)[}<1/8°

Lower bounding ©y: If 7, (8) = 0, then |3] is even. Hence, all the terms in O
are positive and

2 4
00> B Term.,n(0,0) =B (BRO7) > (BA0) =

U,V,W

Upper bounding ©1: Consider the following strategy for labeling vertices u € U
and v € V. For u € U, pick a random neighbor v, choose a with probability f;(a)2
and set its label to a random element in 7, («). For w € V, choose 8 with probability
fw(ﬁ)Q and set its label to a random element of 5. If the label j > R, change the label

to 7 — R. The probability that a random edge (u,w) of the label cover is satisfied by
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this labeling is

Y 1 P §10/co
2 2. - S 2 2
B L MOLPETrE e B, L MORe
%uv(a)m#uw(ﬂ)fm Wq?v(a)=;T§w(ﬁ)7é®
max{|al,|8|}<2/6%/0
510/00
> O] - 1

Since the instance is at most s-satisfiable, the above is upper bounded by s. Choosing

s < 20T il imply |©] < 6°.

Upper bounding Os: Suppose |Ty,(a)| > 1/6°, then note that
Prla-(nomu) = B+ (0 omyw) = 0] < Prla- (nomy,) =0] < (1 —e)ﬁ’”(a)l < (1 —5)1/55.
nn' n

Since the sum of squares of Fourier coefficients of f is less than 1 and ¢ is a constant,

we get that |9y] < 1/220/9°) < O(6°).

Upper bounding ©3: From the third property of Theorem 3.2.5, we have that
for any v € V and a C [2R] with |a| > 2/6%/°, the probability that |Tu.(a)| < 1/6°,

for a random neighbor u of v, is at most 6°. Hence |O3] < §°.

On substituting the above bounds in Equation (3.5.4), we get that 6* —O(8°) <0
which gives a contradiction for small enough §. Hence there is no independent set in G

of size §. -

Proof of Theorem 3.1.4. From Theorem 3.2.5, the size of the CSP instance G pro-

duced by the reduction is N = n"22°" and the parameter s < 2797 Setting r =

O(loglogn), gives that N = 9POly(logn) and the size of the largest independent set

d = 1/poly(logn) = 1/poly(log N). ]
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Chapter 4

Parallel Repetition

4.1 Introduction

4.1.1 Label-cover and general two-prover games

A label cover instance is specified by a bipartite graph G = ((X,Y), F), a pair of
alphabets Y x and Yy and a set of constraints 1. : ¥ x — Xy on each edge e € E. The
goal is to label the vertices of X and Y using labels from ¥ x and Xy so as to satisfy
as many constraints are possible.

This problem is often viewed as a two-prover game. The verifier picks an edge (z,y)
at random and sends z to the first prover and y to the second prover. They are to
return a label of the vertex that they received, and the verifier accepts if the labels they
returned are consistent with the constraint ¢, ,y. The value of this game G, denoted by
val(@), is given by the acceptance probability of the verifier maximized over all possible
strategies of the provers. These are also called projection games as the constraints are
functions from X x to Xy. They are called general games if the constraint on each edge
is an arbitrary relation ¢,y C Xx x Xy.

These two notions are equivalent in the sense that val(G) is exactly equal to the

maximum fraction of constraints that can be satisfied by any labelling.

This problem is central to the PCP Theorem [AS98, ALM™"98] and almost all inap-
proximability results that stem from it. The (Strong) PCP Theorem can be rephrased
as stating that for every € > 0, it is NP-hard to distinguish whether a given label cover
instance has val(G) = 1 or val(G) < e. An important step is a way to transform in-

stances with val(G) < 1 — ¢ to instances G’ with val(G’) < e. This is usually achieved
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via the Parallel Repetition Theorem.

4.1.2 Parallel Repetition

The k-fold repetition of a game G, denoted by G, is the following natural definition
— the verifier picks k edges (z1,91), -+, (g, yx) from E uniformly and independently,
sends (z1,...,x) and (y1,...,yx) to the provers respectively, and accepts if the labels
returned by them are consistent on each of the k edges.

If val(G) = 1 to start with then val(G*) still remains 1. How does val(G*) decay
with & if val(G) < 1?7 Turns out even this simple operation of repeating a game
in parallel has a counter-intuitive effect on the value of the game. It is easy to see
that val(G¥) > val(G)* as provers can use a same strategy as in G to answer each
query (x;,1;). The first surprise is val(G¥) is not val(G)*, but sometimes can be much
larger than val(G)*. Fortnow [For89] presented a game G for which val(G2) > val(G)?,
Feige [Fei91] improved this by giving an example of game G with val(G) < 1 but
val(G?) = val(G). Indeed, there are known examples [Raz11] of projection games where
val(G) = (1 — ¢) but val(G*) > (1 - 6\/%) for a large range of k.

The first non trivial upper bound on val(G*) was proven by Verbitsky [Ver96] who
showed that if val(G) < 1 then the value val(G*) must go to zero as k goes to infin-
ity. It is indeed true that val(G*) decays exponentially with & (if val(G) < 1). This
breakthrough was first proved by Raz [Raz98], and has subsequently seen various simpli-
fications and improvements in parameters [Hol09, Raoll, DS14a, BG14]. The following

statements are due to Holenstein [Hol09], Dinur and Steurer [DS14a] respectively.

Theorem 4.1.1 (Parallel repetition theorem for general games). Suppose G is a pro-

jection game such that val(G) < 1 —¢ and let |Ex||Xy| < s. Then, for any k > 0,

val(GF) < (1—g8)2)" 0 1e)

Theorem 4.1.2 (Parallel repetition theorem for projection games). Suppose G is a
projection game such that val(G) < p. Then, for any k > 0,

val(GF) < <12f)p>k/2.
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Although a lot of these results are substantial simplifications of earlier proofs, they
continue to be involved and delicate. Arguably, one might still hesitate to call them

elementary proofs.

Recently, Moshkovitz [Mos14] came up with an ingenious method to prove a parallel
repetition theorem for certain projection games by slightly modifying the underlying
game via a process that she called fortification. The method of fortification suggested in
[Mos14] was a rather mild change to the underlying game and proving parallel repetition
for such fortified projection games was sufficient for most applications. The advantage
of fortification was that parallel repetition theorem for fortified games had a simple,

elementary and elegant proof as seen in [Mos14].

4.1.3 Fortified games

Fortified games will be described more formally in Section 4.2, but we give a very rough
overview here. Moshkovitz showed that there is an easy way to bound the value of re-
peated game if we knew that the game was robust on large rectangles. We shall first

need the notion of symmetrized projection games.

Symmetrized Projection games. Given a projection game G on ((X,Y), E),
the symmetrized game Ggym is a game on the (multi)graph ((X,X), E’) such that,

there is an edge (z,2') € F’, for every y € Y with (x,y), (2/,y) € E, with the constraint

T(2,y) (0,) = ﬂ(m/’y)(Ua;/).

For projection games, it would be more convenient to work with the above sym-
metrized version for reasons that shall be explained shortly. It is not hard to see that
val(G) and val(Gsym) are within a quadratic factor of each other. Thus for projection

games, we shall work with the game Gy instead of the original game G.

Definition 4.1.3 ((d,e)-robust games). Let G be a two-prover game on ((X,X), E).

For any pair of sets S, T C X, let Ggxr be the game where the verifier chooses his
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random query (z,z') € E conditioned on the event that v € S and ' € T.

G is said to be (0,¢)-robust if for every S,T C X with |S|,|T| > §|X|, we have that
val(Gsxr) < val(G) +e.

Theorem 4.1.4 (Parallel repetition for robust projection games [Mos14]). Let G be a
projection game on a bi-reqular bipartite graph ((X,Y), E) with alphabets ¥ x and Xy .
For any positive integer k, if €1,2,8 > 0 are parameters such that 20|Xy |1 < &1 and

G sym i3 (0,€2)-robust, then'

val(GE ) < (val(Ggym) + £2)* + key.

sym

Not all projection games are robust on large rectangles, but Moshkovitz suggested
a neat way of slightly modifying a projection game and making it robust. This process
was called fortification.

On a high level, for any two-prover game, the verifier chooses to verify a constraint
corresponding to an edge (x,y) but is instead going to sample several other dummy
vertices and give the provers two sets of D vertices {z1,...,zp} and {y1,...,yp} such
that * = x; and y = y; for some 7 and j. The provers are expected to return labels of
all D vertices sent to them but the verifier checks consistency on just the edge (z,y).
This is very similar to the “confuse/match” perspective of Feige and Kilian [FK94].

To derandomize this construction, Moshkovitz [Mos14] uses a pseudo-random bi-
partite graph where given a vertex w, the provers are expected to return labels of
all its neighbours (Definition 4.2.1). The most natural candidate of such a pseudo-
random graph is an (J, €)-extractor, as we really want to ensure that conditioned on
“large enough events” S and 7', the underlying distribution on the constraints does
not change much. This makes a lot of intuitive sense, since on choosing a random
element of S and then a random neighbour, the extractor property guarantee that the
induced distribution on vertices in X is e-close to uniform. Thus, it is natural to expect
that conditioning on the events S and T should not change the underlying distribu-

tion on the constraints by more than O(g). This was the rough argument in [Mos14],

L The following is the corrected statement from [Mos15].
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which unfortunately turns out to be false. We elaborate on this in Section 4.4.1 and
Section 4.6.

A recent updated version [Mosl15] of [Mosl4] provides an different argument for
the fortification lemma using a stronger extractor. We discuss this at the end of Sec-

tion 4.1.4.

4.1.4 Results

We present a fix to the approach of [Mos14], by describing a way to transform any given
game instance G into a robust instance G* with the same value following the framework
of [Mos14] but using a different graph for concatenation, and a different analysis.

We first describe a concrete counter-example to the original argument of [Mos14]
in Section 4.4.1, that shows concatenating (Definition 4.2.1) with an arbitrary (d,¢)-
extractor is insufficient. In fact, as we show in Section 4.7, concatenating (Defini-
tion 4.2.1) with any left-regular graph with left-degree by o(1/ed) fails to make arbi-
trary instances (0, ¢)-robust. We instead use bipartite graphs called fortifiers, defined

below.

Definition 4.1.5 (Fortifiers). A bipartite graph H = (W, X), Eg) is an (d,e1,€2)-
fortifier if for any set S C W such that |S| > §|W/|, if 7 is the probability distribution
on X induced by picking o uniformly random element w from S, and a uniformly

random neighbor x of w, then

€2
Im—u|, < e and |r—ul® < —.
| X|
Notice that a fortifier is an extractor, with the additional condition that the fo-

distance of 7 from the uniform distribution is small. This is what enables us to show

that concatenation (Definition 4.2.1) with a fortifier produces a robust instance.

Theorem 4.1.6 (Fortifiers imply robustness). Suppose G is a two-prover projection
game on a bi-reqular graph (X,Y), E). Then, for any ,0 > 0, if H = (W, X), Eg)
is a (0,¢,¢e)-fortifier, then the symmetrized concatenated game G* = (H o G)sym is

(6,0(¢))-robust.
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In particular, bipartite spectral expanders are good fortifiers, as Lemma 4.2.5 shows.

This gives us our main result which follows from Lemma 4.2.5 and Theorem 4.1.6:

Corollary 4.1.7. Let G be a two-prover projection game on a bi-reqular graph ((X,Y), E).
For any ¢,6 > 0, if H = ((X,X), Eg) is a symmetric bipartite graph that is a \-
expander (Definition 2.5.1) with A < eV then the symmetrized concatenated game
G* = (H o Q) gym is (0,4€)-robust.

As one would expect, the condition on the fortifier can be relaxed if the underlying
graph of Gy is a spectral-expander. We prove the following theorem. Theorem 4.1.6

follows from this theorem by setting A\g = 1.

Theorem 4.1.8. Let G be a two-prover projection game on bi-reqular graph ((X,Y), E)
where Ggym is a Xo-expander. Then for any €,6 > 0, if H = (W,X),Ey) is a
(0,¢, (e/Xo))-fortifier, then the symmetrized concatenated game G* = (H o G)gym is

(6,0(e))-robust.

One could ask if the definition of a fortifier is too strong, or if a weaker object would
suffice. We argue in Section 4.4 that if we proceed through concatenation, fortifiers are
indeed necessary to make a game robust.

Bipartite Ramanujan graphs of degree ©(1/£25) have A < £v/8 and are therefore
good fortifiers. In Section 4.7, we show that this is almost optimal by proving a lower
bound of §2(1/¢d) on the left-degree of any graph that can achieve (9, €)-robustness.
This shows that our construction of using expanders to achieve robustness is almost
optimal, in terms of the degree of the fortifier graph. Note that the degree of the forti-
fier is important as the alphabet size of the concatenated game is the alphabet size of
the original game raised to the degree. There are known explicit constructions of bi-
regular (9, e)-extractors with left-degree poly(1/¢)polylog(1/d). But the lower bound
in Section 4.4 shows that (J,e)-extractors are not fortifiers if § < e, which is usually

the relevant setting (see Theorem 4.1.4).

Independently, the author of [Mosl4] came up with a different argument to obtain

robustness of projection games by using a (0,ed)-extractor. This is described in an
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updated version [Mos15] present on the author’s homepage.
It is also seen from Theorem 4.1.8 that bi-regular (6,e0)-extractors are indeed
(6,¢,¢e)-fortifiers as well. Using an expander instead is arguably simpler, and is almost

optimal.

Remark 4.1.9. Although this fix provides a proof of a Parallel Repetition Theorem for
projection games following the framework of [Mos1}], the degree of the fortifier is too
large to get the required PCP for proving optimal hardness of the SET-COVER problem

that Dinur and Steurer [DS1/a] obtained. See [Mos15] for a discussion on this.

Remark about parallel repetition for general games

A fairly straightforward generalization Theorem 4.1.4 to robust general games on bi-

regular graphs is the following.

Claim 4.1.10. Let G be a general two-prover game on a bi-regular graph ((X,Y), E)
with alphabets X x and Xy . For any positive integer k, if €,6 > 0 are parameters such

that 26|Xx x Ly |*~1 < e and G is (6, ¢)-robust, then
val(GF) < (val(G) + &)* + ke.

One could attempt a fortifying any game by using a fortifier on both sides. But
the issue with this procedure is that it makes |[Xx| = exp(1/d) and in such scenar-
ios §|Ex| > 1 making it infeasible to ensure 26|Xx x Xy |71 < e. Hence, though
Lemma 4.1.10 may be useful in cases where we know that the game G is robust via
other means, the technique of fortification via concatenation increases the alphabet size

too much for Lemma 4.1.10 to be applicable.

For the case of projection games, this is not an issue as Theorem 4.1.4 only requires
20|Sy |¥~1 < ¢ and concatenating Ggym by a fortifier only increases |Yx| and keeps
Yy unchanged. Thus, one can indeed choose € and § small enough to give a parallel

repetition theorem for a robust version of an arbitrary projection game.
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4.2 Preliminaries

Notation

e For any vector a, let |a|; := Y, |a;|, and |a|| := 1/>_, a? be the ¢; and ¢-norms

respectively.

e We shall use ug to refer to the uniform distribution on a set .S. Normally, the set

S would be clear from context and in such case we shall drop the subscript 5.

e For any vector a, we shall use al to refer to the component along the direction of

u, and a' to refer to the component orthogonal to u.

e We shall assume that the underlying graph for the games is bi-regular.

We define the concatenation operation of a two-prover games with a bipartite graph

that was alluded to in Section 4.1.3.

Definition 4.2.1 (Concatenation). Given bipartite graphs G = ((X,Y),E),H = (W, X), En)
where H is regular with left degree D, the concatenated graph H o G = ((W,Y), E’)
is a multigraph such that there is an edge (w,y) € E', for every pair of edges (w,x) €
Ey,(z,y) € E.

Given a two-prover projection game on a graph G = ((X,Y), E) with a set of con-
straints ¥, a pair of alphabets Xx and Xy, a bipartite graph H = (W, X)), Er) with left
degree D, the concatenated game is a game on the multigraph HoG = (W,Y), E') with
Sw = X8, For any edge (w,y) € E" which corresponds to the pair (w,x) € E, (z,y) €
Epg, the constraint m(, ) (a) := mpy(as), where a € 5 and a, is the alphabet at the
coordinate corresponding to x (assuming some fized ordering of vertices in X ). The

distribution over the edges in the multigraph H o G is uniform.

Remark 4.2.2. The concatenated game H o G is also a projection game. We shall be

working with the symmetrized version G* = (H o G) gym of this game.

Lemma 4.2.3 (Concatenation preserves value). [Mosl/] Given any two-prover game

on G, and a biregular bipartite graph H :

val(H o G) = val(G).
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Expanders, extractors and fortifiers

Recall the definition of expanders and extractors from Chapter 2. Our earlier definition
of a fortifier (Definition 4.1.5) has properties of both an expander and an extractor.

Indeed, we can build fortifiers by just taking a product an expander and an extractor.

Lemma 4.2.4. Let Hy = ((V,W), E1) is a bi-regular (§,¢)-extractor, and let Hy =
(W, E2) is a regular \-expander. Denote H} to be the bipartite graph (W, W), Es).

Then the concatenated graph Hy o Hb is an (6, e, \2c/d)-fortifier.

Proof. Let Hy be the normalized adjacency matrix of graph Hs. Let mg denotes the
probability distribution on W obtained by picking an element of S C V uniformly and
then choosing a random neighbour in Hy. Thus, Homg is the probability distribution
on W induced by the uniform distribution on S and a random neighbour in Hy o H).
We want to show for all S such that |S| > §|V],

N /d
X1

|Hyms —ulp < e and ||Hamg — uf)® <

The first inequality is obtained as |Haomg —u|; = |[Ha(mg —u)|1 < |7mg —u|; < ¢, where
we use the fact that |Hyv|; < |v|; for any v and any normalized adjacency matrix, and
|ms — u|; < e follows form the extractor property of Hj.

As for the second inequality, observe that
2
lrs — u|| meax(wS(w)) |ms —ul; <e meax(WS(w))

For a bi-regular extractor? Hj of left-degree D, the degree of any w € W is (|V| - D/|W])
and the number of edges out of S is least §|V| - D. Hence, max, mg(w) < 1/(6|W]),

which is achieved if all neighbours of w are in S. Therefore,

) (/)
g —u||” <
s = ul < &2
Wl , W] N2-(e/8) N2 (e)5)
:>||H2(7TS—U)2§>\27 s —ul|” < . = . ™
1< A5 s = wll < 157 ]

2The bound on the right-degree guaranteed by bi-regularity is crucial for this claim. Without this,
extractors are not sufficient for fortification (Section 4.4.1).
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In particular, any bi-regular (4, ¢)-extractor is a (d,¢,e/d)-fortifier. Hence, if the
underlying graph G of the two-prover game is a v/d-expander, then Theorem 4.1.8
states that merely using an (J, €)-extractor as suggested in [Mos14] would be sufficient
to make it (9, O(e))-robust.

Also, since any graph is trivially a l-expander, a bi-regular (d, £d)-extractor is also
an (0,¢,e)-fortifier. The following lemma also shows that expanders are also fortifiers

with reasonable parameters as well.

Lemma 4.2.5. Let H = (X, Ey) be any A-expander. Then, for every 6 > 0, the
bipartite graph H' = (X, X), Ey) is also a (8,A/)2/6,\2/68)-fortifier. In particular, if
A\ < Vo, then H' is an (6,¢,¢)-fortifier.

Proof. Let H be the normalized adjacency matrix of H. Let S C W such that |S| >

5|W|. We have,
1
L2
< —.
HuS ” = (5|W|
Hence, by the expansion property of H,
W N?/6

|Hus — ul* := |[Hug|? < A*- x| lug|® < x|

|[Hus — u|; < y/A2?/6 follows from above and Cauchy-Schwarz inequality. ]

Although Lemma 4.2.5 shows that expanders are also fortifiers for reasonable pa-
rameters, the construction in Lemma 4.2.4 is more useful when the underlying graph for
the two-prover game is already a good expander. For example, if the underlying graph
G was a Jd-expander, then Theorem 4.1.8 suggests that we only require a (J,¢,¢/0)-
fortifier. Lemma 4.2.4 implies that an (4, ¢)-extractor is already a (d,e,e/d)-fortifier
and hence is sufficient to make the game robust. The main advantage of this is the
degree of d-expanders must be Q(1/62?) whereas we have explicit (§,¢)-extractors of
degree (1/¢2) exp(poly loglog(1/4)) which has a much better dependence in §. This

dependence on ¢ is crucial for certain applications.
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4.3 Sub-games on large rectangles

Consider a projection game on graph G = ((X,Y’), E) which is biregular with degree
d. For a biregular bipartite graph H = (W, X), Fy) with degree dp, consider the
symmertized concatenated game G* = (H o G)gym = (W, W), E’). Let S, T C W and
s (or pr) denote the induced distributions on X obtained by picking a uniformly
random element of S (or T') and taking a uniformly random neighbour in H. In the
next claim, we give an expression for the distribution of verifier checking the underlying

constraint on (z,z') in the subgame (G*)gx7-

Claim 4.3.1. For any z,x’ € X such that there are edges (z,y), (z',y) € E,

Mop = s (@i (@) (4.3.1)

>, us(x)ur(a)

(z,2")EGsym

Proof. Let ds ,dr, denote the degree of x to S and 2’ to T respectively in H. Let

Ny (z) denote the neighbor set of a vertex x in H. Then,

ps(z) = _ dsae
ZZEX dsvz '

The probability 7, ,/ of the verifier in (G*)sxr checking a constraint corresponding
to a constraint (z,z’) in Gsym, is proportional to the number of edges (w,w’) in the
graph G* such that w € SN Ng(z), and w’ € TN Ny(2'). Since every such edge in G*

was equally likely, we have:

S ds, - dr 2 _ s () pr (')
ot Z(m,x’)GGsym dS,sz@' Z HS(.T)/LT(QBI)
(z,2")EGsym

One way to show that the concatenated game G* is (4, O(g))-robust would be to
show that the above distribution 7,/ is O(e)-close to uniform whenever |S|,|T’| have
density at least  because then the distribution on constraints that the verifier is going
to check in G¥%,p is O(e) close to the distribution on constraints in G. Hence, up to
additive factor of O(e) the quantity val(G§, ) is same as val(G). The main question

here what properties should H satisfy so that the above distribution is close to uniform?
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4.4 Fortifiers are necessary

To prove that fortifiers are necessary, we shall restrict ourselves to games on graphs
G = ((X,X),E). We show that if a bipartite graph H = (W, X)), Fpr), makes a game
on a particular graph G, (0, O(g))-robust, then H is a good fortifier.

As mentioned earlier, if the graph G had some expansion properties, then the re-
quirements on the graph H to concatenate with can be relaxed. Thus, naturally, the

worst case graph G is one that expands the least — a matching.

Lemma 4.4.1 (Fortifiers are necessary). Let €,0 > 0 be small constants. Let H =
(W, X)), Eg) be a bi-reqular graph, and let G = ((X, X), E) be a matching. Suppose that
for every subset S, T C W with |S|,|T| > 6|W|, the distribution (defined in Equation
(4.5.1)) induced by the sub game on S x T of G* := (H o G)gym on the edges of G is

e-close to uniform. Then, for every S C W with |S| > §|W|,

(L)

; (4.4.1)

s —ul? = 2. (442)

’MS - uh =

Proof. 1t is clear that (4.4.1) is necessary as the distribution on constraints in the
sub-game G,y (as defined in (4.3.1)) is essentially pg (as pr in this case is uniform).

As for (4.4.2), let us assume that

lus —ul* =
RY

Taking T' = S, we obtain that the distribution (defined in Equation (4.3.1)) induced by

the game G%, ¢ on the edges of G is given by

_ o _ms@?® (XY
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where the last equality used the fact that ||ug||* = H,u§H2 + [lul)®.

SN e | = (52) e -

- (11(‘(:)'2 s(@) ﬁ’ (st + ¥

c+1

W)

M
ex

2( >§ - ]

> \ e <1+61 ZMS($)|X1|D

rzeX

z( — ) (vTFe - 1) - ).

Thus, if the distribution on constraints is e-close to uniform, then the above lower

bound forces ¢ = O(e). |

4.4.1 General (non-regular) extractors are insufficient

Suppose H = ((W,X), Ey) is an arbitrary (J,O(e))-extractor and G* is the sym-
metrized concatenated game. Consider a possible scenario where there is a subset

S C W with |S| > §|W]| such that pg is of the form

1—¢ 1—¢
=|e .
MS ’|X’—1’ "X|—1

Notice that this is a legitimate distribution that may be obtained from a large subset S

as |pus — ul; is easily seen to be at most 2. However, if G = ((X, X), E) was d-regular
with d = o(|X]), then using (4.3.1), the probability mass on the edge (1,1) on the

sub-game over S x S is

g2

mi1=\|——= ~ 1.
e24+0 (‘X|)

In other words, if such a distribution pug can be induced by the extractor, then the
provers can achieve value close to 1 in the game G¢, ¢ by just labelling the edge (1,1)
correctly. Thus, G* is not even (9, 0.9)-robust.

In Section 4.6 we show that we can adversarially construct a (J, O(e))-extractor,
although non-regular, that induces such a skew distribution. In Section 4.7 we also

show that left-regular graphs of left-degree o(1/0¢) are not fortifiers.
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4.5 Robustness from fortifiers

In this section, we show that concatenating a symmetrized two-prover game by forti-

fier(s) yields a robust game as claimed by Theorem 4.1.8.

Lemma 4.5.1 (Distributions from large rectangles are close to uniform). Let G =
((X,X), E) be a graph of a symmetrized two-prover game such that | X| = n. Let ug

and pr be two probability distributions such that

’,L@L <e1 and ‘,u%’l <ey, (4.5.1)

2 € 2 €

P = G) ana e < (3
HMSH _<n) and || _<n) (4.5.2)

If the bipartite graph G is a M\g-expander then the distribution on edges (x,y) of G given

by (4.3.1) is (261 + €2 + 2)g - £2)-close to uniform.

As described in Section 4.3, if H is a (d, €1, e2)-fortifier, then for any set S and T’
of density at least d, the distribution on the constraints of G, , is given by (4.3.1).
Applying the above lemma for the graph of the symmetrized game yields that the value
of the game on any large rectangle can change only by the above bound on the sta-
tistical distance. By setting the parameters, Theorem 4.1.8 follows immediately from
Lemma 4.5.1. Further, Theorem 4.1.7 also follows from Lemma 4.5.1 and Lemma 4.2.5

as any graph is trivially a 1-expander.

The rest of this section would be devoted to the proof of Lemma 4.5.1. For conve-
nience, we let d be the left-degree (and hence also, right-degree) of the biparite graph

G. We shall prove Lemma 4.5.1 by proving the following two claims.

Claim 4.5.2.
ps@urly)  ps@prly))
21T ps@ur) d/n -
@YEC| (2 e
Claim 4.5.3.
s (z) pr (y) 1 2
Z i/n - ——| < 2mtethoe
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Clearly, Lemma 4.5.1 follows from Claim 4.5.2 and Claim 4.5.3.

Proof of Claim 4.5.2. Let G also denote the normalized biadjacency matrix of G. Ob-
serve that -, e ps(@)pur(y) = d-(Gus, pr). 1f we resolve pug and pr in the direction
of the uniform distribution and the orthogonal component, we have

- <Gu§,u%>

1
(Gus.pr) = (ww) + (Gug.pf) = ~

do- - ]

IN

1
= |iGus.pm) - 1]

< <)\OT;€2> . (using (4.5.2))
Therefore,
ps(@)pr(y) — ps(@)pr(y) ps@pr)
(90%:6(1 d{Gps, pr) d/n ‘ - (z%:ec <d<Gﬂs,MT>> 1 = (Gus, pr)|

S)\()'EQ. |

Proof of Claim 4.5.5.

ps@pr(ly) 1| n _ 1
> | — = (5) X |us@ur) -
(z,y)ed (z.)EG
Since pg(z) = L + pd(2) and pr(y) = = + pg(y),
n 1 n ps(x) | pr(y)
(3) Z wus(z)pr(y) — 3| = 3) Z Sn + Tn + g () pr (y)
(z,y)ed (z,9)eG
: : : . 1 1
(Using triangle inequality) < p Z ‘Mﬁ(@’ + p Z ‘M%(y)‘
(z,y)€G (z,y)eG
+(5) X [

= Jug], + ]+ (5) X |m@mrw)

(z,y)EG

where the last equality uses the fact that G is a bi-regular graph. Define fs(z) = |ug (2)|

is a vector with the entrywise absolute values of ,u§, and similarly fr. Then, the RHS
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above equation reduces to

n
‘ué‘l - ‘M%‘lJr(E) > ‘Mé(%)ﬂ%(y)) = ‘M§‘1 - ’M%’l
(z,y)eG

+(5) X fs@ipw)
(

z,y)EG
= ‘ué‘l + ’u% .t n(Gfs, fr)
(Using (4.5.1)) < 2 + n-(Gfs, fr). (4.5.3)

A simple bound for n - (G fg, fr) would n HG,uéH H,u%H by Cauchy-Schwarz inequality.
We can use the expansion of G again to estimate this better. Consider the decomposi-
tion fs = a1 -u+ fg and fr = as-u+ ff. It follows that ay = |fs|; and a2 = |frl;,

and hence a1, s < g7 by (4.5.1). Hence,

=N

n-(Gfs.fr) = a-ag+n-(Gf3 fF) < &+ nasd| |4

< et ] o]
(Using (4.5.2)) < &7 + Aoea.
Combining this with (4.5.3), we get
ps (@) pr (y) 1 2
Z d/n — o d < 2€1+€1+)\082. |

(z,y)EG
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4.6 An explicit extractor that does not provide robustness

Let H = ((W, X), Ex) be any (0, €)-extractor. Let us assume that the extractor is left-

regular with left-degree D, and let m = |W| and n = | X|. For any z € X and S C W,
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let dg(x) denote the degree of x in S. Let us fix one S C W such that |S| = §|W]|.
We will transform the graph H so that the distribution induced by the set .S looks
like the counter-example described in Section 4.4.1 in the following two steps by altering

the edges in the subgraph S x X:
1. First change the degree into X from S to be exactly uniform.
2. Next further change the degrees into X from S to be like the counterexample

Both these operations can be achieved in a monotone fashion: for every x € X, the
neighborhood of every vertex is either a superset, or a subset of its neighborhood before
each operation.

We will show that moving the edges this way does not perturb the indegree distribu-
tion from other large sets by too much, and the resulting graph is a (J, O(g)) extractor
as long as the number of edges we relocate is at most O(¢d - mD). This process will

preserve the left-regularity of H but would not preserve bi-regularity.

First let us move edges (monotonically) from S into X create the uniform dis-
tribution on X. When doing this, the degree of each vertex changes by Ag(x) :=
|ds(x) — MTDL where dg(x) was the old degree. From the extractor property, we know

that:

S As@) = 3 (6mp) | BT (1>’ < <5-mD. (4.6.1)

zeX zeX 2 ds(@) n

S

avg: Fix some vertex 1 € X, and relocate

Every vertex x € X now has degree d

S

avg

from every other x # x; any set of ¢ - d3,, edges to be incident on z;. Thus, if dg(x)

refers to the new degrees, we have dg(71) is (1 + en)dS,, where as dg(x) is (1 — E)alasvg

avg

for every other = # x1.

The further change in degrees incurred on any z € X is Al(z) = |dy(z) — 222].
Since we this process only relocates O(e - dgvg|X |) edges, we have
S Asx) = D |ds(x)—die| < Om-e-di,) = O(ed-mD). (4.6.2)

zeX reX
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Thus, the neighbourhood of any vertex x has changed additively by at most Ag(z)+

A's(z). Therefore, for any subset T C W of size at least 6|W|,

Z }d/T<m) - dgvg < Z ‘dT(x) - dgvg + Z |d/T<m) - dT(x)‘
zeX zeX zeX
< eTID + ) (As(e) + Ag(x))

zeX
< ¢T|D + O(ed-mD) (using (4.6.1) and (4.6.2))

< O(e-|T|D).

Thus, the new graph after relocating edges is still an (4, O(g))-extractor. This extractor,
induces a distribution similar to the one described in Section 4.4.1 and hence cannot

provide robustness.

4.7 Lower bounds on degree of fortifiers

In this section, we will show that an attempt to make a game (J, €)-robust by concate-

nating any left-regular graph with left degree D fails if D < o(1/€9).

Lemma 4.7.1. Let H = (W, X), Ex) be a left-reqular bipartite graph with left-degree
D =1/(c-&d) for some ¢ > 0, and small enough constants €,5. Then, there ezists a
subset S C W with |S| > §|W| such that if p was the distribution on X induced by the

uniform distribution on S then

Q(ce)

lp —ul* > '
RY

Proof. Let davg = |W|D/|X|. Note that at most | X |/2 vertices x satisfy deg(z) > 2dayg.
Further, if there is a set S of | X|/4 vertices x that deg(z) < (0.5)dayg, then if p is the

distribution on X induced by the uniform distribution on W, then |p—u|; > 1/4 which

1

x| by Cauchy-Schwarz.

implies that |[p — ul|5 >

Otherwise, there exists X’ C X such that |X'| = ce§?|X| and for each » € X’
we have (0.5)davg < deg(z) < 2davs. Consider the set Sy of all neighbours of X'. If
D < 1/(ceé), we have |So| < 2¢6%¢ - |W|D = 26|W| which is a very small fraction of

|W| when 6 is small enough. Consider an arbitrary set S; C W such that |S;| = om,
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with S1 NSy = 0. Let S; = Sy USy. Let 71, m be the probability distribution on X

induced by Sj, So respectively. Note that |Sa| < 30|W|.

For every x € X', we know that 7 (2) = 0 and ma(x) = Q (ﬁ) Therefore,

2
i — mall? > © (“5 5‘X'> _ )

62| X2 X

Since ||m; — m2|| < ||71 — ul| + |72 — ul|, we have that one of the sets S; or Sz shows

the validity of the lemma

We thus immediately infer the following:

Corollary 4.7.2. For all small enough 6, > 0, no left-reqular graph H = (W, X), Er)

with left-degree D = o(1/€6) is an (0, , €)-fortifier.

Note that any (0, ¢, €)-fortifier is in particular an (d, €)-extractor, and hence we also

have that D = Q((1/£2)log(1/5)) [RT00]. We also point out that the construction of

Lemma 4.2.5 has left-degree D = O(1/£25). The above essentially shows this construc-

tion is almost optimal.
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Chapter 5

Inapproximability of Bi-Covering

5.1 Introduction

In this chapter, we study the BI-COVERING problem - Given a graph G(V, F), find two
(not necessarily disjoint) sets A, B C V such that AUB = V and that every edge e € E
belongs to either the graph induced by A or to the graph induced by B. The goal is to
minimize max{|A|, |B|}.

The problem we study is closely related to the problem of Channel Allocation which
was studied in [GIKKSWO06]. The Channel Allocation Problem can be described as follows:
there is a universe of topics, a fixed number of channels and a set of requests where
each request is a subset of topics. The task is to send a subset of topics through each
channel such that each request is satisfied by set of topics from one of the channel
i.e. for every request there must exists at least one channel such that the set of topics
present in that channel is a superset of the set of topics from the request. Of course,
one can achieve this task trivially by sending all topics through one channel. But, the
optimization version of Channel Allocation Problem asks for a way to satisfy all the
request by minimizing the maximum number of topics sent through a channel.

Any connected undirected graph G(V, E) on n vertices and m edges along with an
integer k can be viewed as a special case of channel allocation problem - The set of
topics is a set of n vertices, each edge represents a request, where the requested set of
topics corresponding to an edge is a pair of its endpoints and the number of channels
is k. If we fix the number of channels to £ = 2 then the optimization problem exactly
corresponds to the BI-COVERING problem. Specifically, the optimization problem asks
for two subsets A and B of V' minimizing max{|A|, |B|} such that AUB =V and every

edge is totally contained in a graph induced by either A or B.
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5.2 Results

Getting 2 approximation for BI-COVERING problem is trivial (by setting A = B = V).
We show that BI-COVERING problem is hard to approximate within any factor strictly
less than 2 assuming a strong Unique Games Conjecture (UGC) similar to the one in

[BK09] (see Conjecture 5.3.3).

Theorem 5.2.1. Let € > 0 be any small constant. Assuming a strong Unique Games
Conjecture (Conjecture 5.3.3), given a graph G(V, E), it is NP-hard to distinguish be-

tween following two cases:
1. G has B1-COVERING of size at most (1/2 + ¢)|V].
2. Any B1-COVERING of G has size at least (1 —¢)|V].

In particular, it is NP-hard (assuming strong UGC) to approrimate B1-COVERING

within a factor 2 — e for every e > 0.

Given this structural hardness result, we get a % — ¢ hardness of BiI-COVERING
restricted to bipartite graphs by transforming a hard instance from Theorem 5.2.1 into
a bipartite graph in a natural way (getting a %—approximation is easy - given a bipartite
graph on X and Y with |X| > |V, one can take arbitrary partition X into two equal

sized parts X; and X9 and set the BI-COVERING to be X; UY and Xy UY).

Theorem 5.2.2. Assuming the strong Unique Games Conjecture, for every e > 0,

BI-COVERING is NP-hard to approximate within a factor % — ¢ for bi-partite graphs.

Our Theorem 5.2.1 implies hardness result for the following well known problem:

MAaXx-BI1-CLIQUE problem is as follows:

Input: A bipartite graph G(X,Y, E) with | X| = |Y]| = n.

Output: Find largest k£ such that there exists two subsets A C X, B C Y of size k
and the graph induced on (A, B) is a complete bipartite graph.

Inapproximability of MAX-BI1-CLIQUE problem has been studied extensively [AFWZ95,

BS02, Fei02, KhoO6]. Feige[Fei02] showed that using an assumption of average case
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hardness of 3SAT instance, MAX-B1-CLIQUE cannot be approximated within any con-
stant factor in polynomial time (and hence within n° for some § > 0 using known
amplification technique [AFWZ95, BS02]). Feige-Kogan [FK04] showed that assuming
SAT ¢ DTIME(2"""") there is no 20°6™)° approximation for MAX-BI-CLIQUE. They
also showed that it is NP-hard to approximate MAX-BI-CLIQUE within any constant
factor assuming MAX—CLIQUE (finding a maximum sized clique in a graph) does not
have a n/ 2cvIogn_gnnroximation. Khot [KhoO6] later proved a similar inapproximabil-
ity result but assuming NP & M.~ BPTIME(2"™) using a quasi-random PCP. Tt is an
important open problem to extend similar hardness results based on weaker complexity
assumptions [AMSI11]. In particular, it is still not known if UGC implies a constant
factor hardness for MAX-B1-CLIQUE. A straightforward corollary from Theorem 5.2.1
=

(see 5.5) implies that we get similar hardness results for MAX-B1-CLIQUE based on

Conjecture 5.3.3.

Corollary 5.2.3. Assuming strong Unique Games Conjecture, it is NP-hard to approx-

imate MAX-BI-CLIQUE within any constant factor.

As mentioned above, the hardness factor can be boosted to n° for some § > 0 using

known techniques. (such as described in [AFWZ95, BS02])

UGC and strong UGC:

Unique games conjecture so far helped in understanding the tight inapproximability
factors of many problems including, but not limited to, Vertex Cover [[XR08], optimal
algorithm for every Max-CSP[Rag08], Ordering CSPs[GHM " 11], characterizing strong
approximation resistance of CSPs[IKK'T'W14] etc. The inherent difficulty in showing hard-
ness results assuming UNIQUE GAMES CONJECTURE for the problems that we study
is that we need some kind of expansion property on the unique games instance which
it lacks. It is shown that Unique Games are easy when the constraint graph is an
expander[AKKT08]. In general, in [ABS10] it is shown that Unique Games are easy
when a normalized adjacency matrix of a constraint graph has very few eigenvalues

close to 1. So the natural direction is to modify the unique games instance to get some
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expansion property but weak enough so that it is not tractable by the techniques of
[AKKT08], [ABS10]. A similar STRONG UNIQUE GAMES CONJECTURE, which has a
weak expansion property, has been used earlier in [BK09] and [Svel0] to show inapprox-
imability results for minimizing weighted completion time on a single machine with
precedence constraints and minimizing makespan in precedence constrained scheduling
on identical machines respectively. Our result adds another interesting implication of
UNIQUE GAMES CONJECTURE with weak expansion property, namely inapproximabil-
ity of MAX-BI1-CLIQUE and BI-COVERING. We hope that our results will help motivate
study of STRONG UNIQUE GAMES CONJECTURE and ultimately answering the question

about its equivalence to the UNIQUE GAMES CONJECTURE.

5.3 Preliminaries

Let ¢ be any prime for convenience. We are interested in space of functions from Fg
to R. Define inner product on this space as (f,g) = qin EacelFZ; f(z)g(x). Let wy be the
¢'" root of unity. For a vector a € F > we will denote «; the ith coordinate of vector a.

The Fourier decomposition of a function f : Fy — R is given as

f@) = f@)val)

acky
where xq(x) := wéa’x> and a Fourier coefficient f(a) := (f, Xa)-
Our hardness result is based on a variant of Unique Games conjecture. First, we

define what the Unique game is:

Definition 5.3.1 (UNIQUE-GAMES). An instance G = (U,V, E,[L],{me}ecr) of the
UNIQUE-GAMES constraint satisfaction problem consists of a bi-regular bipartite graph
(U, V,E), a set of alphabets [L] and a permutation map 7. : [L] — [L] for every edge
e € E. Given a labeling ¢ : U UV — [L], , an edge e = (u,v) is said to be satisfied by ¢
if e (0(0)) = £(u).

G is said to be at most d-satisfiable if every labeling satisfies at most a § fraction

of the edges.
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The following is a conjecture by Khot [[KXhoO2a] which has been used to prove many

tight inapproximability results.

Conjecture 5.3.2 (UNIQUE GAMES CONJECTURE[Kho(2a]). For every sufficiently
small 6 > 0 there exists L € N such that the following holds. Given a an instance
G = (UV,E,[L], {me}ecr) of UNIQUE-GAMES it is NP-hard to distinguish between

the following two cases:

e YES case: There exist an assignment that satisfies at least (1 —9) fraction of the

edges.

e NO case: Fvery assignment satisfies at most & fraction of the edge constraints.

Our hardness results are based on the following stronger conjecture which is similar
to the one in Bansal-Khot [BK09]. We refer readers to [BK09] for more discussion on

comparison between these two conjectures.

Conjecture 5.3.3 (STRONG UNIQUE GAMES CONJECTURE). For every sufficiently
small §,v,m > 0 there exists L € N such that the following holds: Given an instance
G = (U,V,E,[L],{me}ecr) of UNIQUE-GAMES which is bi-regular, it is NP-hard to

distinguish between the following two cases:

e YES case: There exist sets V' CV such that |V'| > (1 —n)|V| and an assignment

that satisfies all edges connected to V.

e NO case: Every assignment satisfies at most v fraction of the edge constraints.
Moreover, the instance satisfies the following expansion property. For every set
S CV ,|S|=46V|, we have |I'(S)| > (1 —0)|U|, where T'(S) :={u e U | v €
Ss.t.(u,v) € E}.

Remark 5.3.4. We would like to point out that the above conjecture differs from the
one in [BK09] in the completeness case. In [BK09], the Yes instance has a guarantee
that there exists sets V! CV,U' C U with |V'| > (1 —n)|V|,|U’'| > (1 —n)|U| such that

all edges between V' and U’ are satisfied.
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The B1-COVERING problem is:

Input: A graph G(V, E)

Output: Two subsets A, B C V such that AU B =V and every edge (u,v) € E
either {u,v} C A or {u,v} C B. Minimize max{|A|, |B|}.

The optimal value of a BI-COVERING on instance G(V, E) is always at least |V]/2
and hence getting a 2-approximation for this problem is trivial by setting A =V and

B = (). In order to beat 2-approximation, one should be able to solve the following

weaker problem.

Problem

For small enough £ > 0, given an undirected graph G(V, E), distinguish between the

following two cases:

1. There exists two disjoint sets A, B C V, |A],|B| > (1/2 — ¢)|V| such that there

are no edges between A and B.

2. There exists no two disjoint sets A, B C V' |A|,|B| > ¢|V| such that there are no

edges between A and B.

In this section, we show that it is UG-Hard to distinguish between (1) and (2) for

any constant € > 0 proving Theorem 5.2.1.

5.4 Dictatorship Test

In order to prove the (2 — ¢) hardness, we first start with a dictatorship test that we
will use as a gadget in the actual reduction.

We design a dictatorship test for the problem BI-COVERING. We are interested in
functions f : Fy — R. f is called a dictator if it is of the form f(z1,22,...,2,) = x;

for some i € [n].
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Figure 5.1: Dictatorship Gadget

Dictatorship gadget:

For convenience, we will let ¢ > 2 be any prime number for the description of the
dictatorship gadget. Let G(F,, &) be a 3-regular graph on [, (where we identify the
elements of F, by {0,1,....,¢q — 1}) with self loops as shown in Figure 5.1:

It is constructed as follows : Take a cycleon 0,1,2,...,¢g— 1,0, then add a self loop
to every vertex except to the vertex 0. Remove the edge (|¢/2],|q/2] + 1), add an
edge (0, |g/2]). Finally, to make it 3-regular, add a self loop to the vertex |¢/2] + 1.
This completes the description of graph G. Since the graph G is connected and non-
bipartite, the symmetric Markov operator T defined by the random walk in G has
r(T) < 1. One crucial thing about G is that it has two large disjoint subsets of vertices,
namely {1,2,...,|¢/2]} and {|q/2] +1.]¢/2] +2,...,q— 1}, with no edges in between.

Consider the vertex set V = Ff for some constant R. We will construct a graph
H on V as follows : (z,y) € (It"‘qR)2 forms an edge in H iff they satisfy the following
condition:

Vi € [R], (aci,yi) eg,
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r is adjacent to y iff T®F(z < y) # 0.

Completeness:

Let f: FqR — R be any dictator, say i** dictator i.e. f(x) = x;. By letting set A to be
FHOU MU U (lg/2]) and set B to be f~H(0)U S (Lg/2] + 1)U S (Lg/2] +
2)U...U f (g—1), it can be seen easily that there is no edge between sets A\ B and

B\ A. More precisely,

A\B:{xEFqR | zie{l,2,...,]q/2]}

B\A={yeF} | yie{lg/2]+1,]a/2]+2,....q—1}}

By the property of Markov operator T®%, (x,7) are not adjacent if (z;,;) ¢ £ for some
i € [R]. Hence, there are no edges between A\ B and B\ A. Thus, the optimal value
is at most

1 1
o max{ 4] |BJ} = 5 +

1
\4 2q

Soundness:

Let A,B CV such that AUB =V and f,g: Ff — {0, 1} be the indicator functions
of sets A\ B and B \ A respectively. Suppose |A\ B| = ¢|V| and |B \ A| = ¢|V]| for
some ¢ > 0 and that there are no edges in between A\ B and B\ A. We will show that
in this case, f and g must have a common influential co-ordinate. Since, there are no

edges between these sets, we have

E  [f@)g)]=(fT%"g) =0
:DN]F?,
y~To% (z)
For the application of Invariance principle, Theorem 2.4.6, in our case we have

E[f] =E[g] =¢ > 0 and p = r(T) < 1. Thus, for small enough 7 := 7(p,e) > 0,

L, (e,e) —7>0.
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We can now apply Theorem 2.4.6 to conclude that there exists ¢ € [R] and k € N

independent of R such that
min(Inf=F(f), Inf=*(g)) > 4,

for some §(7) > 0. Hence, unless f and g have a common influential co-ordinate,

|—‘1/| -max{|Al|,|B|} > 1 —e. Thus, the optimum value is at least 1 — ¢

5.5 (2 — ¢)- inapproximability

The above dictatorship test for large enough ¢ can be composed with the Unique Games
instance having some stronger guarantee (Conjecture 5.3.3) in a straightforward way
that gives (2 — €) hardness for every constant € > 0 assuming UGC. Details as follows:

Let G = (U,V, E,[L],{mc}ecr) be the given instance of UNIQUE-GAMES with pa-
rameters 6 < §,7,m > 0 from Conjecture 5.3.3 . We replace each vertex v € V' by
a block of ¢ vertices, namely by a hypercube [¢]“. We will denote this block by [v].
As defined in the dictatorship test, let G' be the graph on F,; and T' be the induced
symmetric Markov operator. For every pair of edges ej(u,v1) and es(u,v2) in G, we
will add the following edges between [v;1] and [v9] : Let 7 and 72 be the permutation
constraint associated with e; and ey respectively. = € [v1] and y € [vg] are connected
by an edge iff T®X((zom ') ¢ (yomy 1)) # 0 (where (vor™!); = To-1(; for all i € [L])
i.e. for every i € [L], L1 and Yrsl(s) BT€ connected by an edge in graph G. This

completes the description of a graph. Let’s denote this graph by H.

Lemma 5.5.1 (Completeness). If there exists an assignment to wvertices in G that
satisfies all edges connected to (1 —n) fraction of vertices in V then H has a BI-

COVERING of size at most (1 —n)(1/2+1/2q) + 7.

Proof. Fix a labeling ¢ such that for at least (1 —n) fraction of vertices in V in G, all

edges attached to them are satisfied. Suppose X be the set of remaining 1 fraction of
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vertices of V in G. For every vertex v € V, consider the following two partitions of [v]:

Av={z € lag)" r 2y € {1, [a/2]}}
By ={z € g s o) € {la/2]} + 1, [a/2]} +2,... . a}}

Cy = {LIZ € [Q]L F L) = 0}

Let A = Uyey (A, UCy) Usex [2] and B = Uyey (B, U Cy) Uyex [2]. The claim is
that this is the required edge separating sets. To see this, consider any vertex pair
(a,b) such that a € A\ B and b € B\ A. We need to show that (a,b) must not be
adjacent in H. Suppose a € [v1] and b € [vz]. If v; and ve don’t have a common
neighbor then clearly, there is no edge between a and b. Suppose they have a common
neighbor u and let e; = (u,v1) and es = (u,vy) be the edges and 71 and 7y be the
associated permutation constraints. Since X C AN B, vi,v2 ¢ X. Hence /¢ satisfies
all constraints associated with v; and ve. In particular, m(€(v1)) = m2(£(ve)) =: j for
some j € [L]. Since a € A,,, we have An1(j) = Q(oy) € {1,...,]¢/2]}}. Similarly,
be1(j) € {lg/2]} +1,1¢/2]} +2,...,q}. By the construction of edges in H, a and b
are not adjacent.

For any v, |4, UC,| = |B, UCy| = (% + Z—Iq)qL. Thus,

=18 < (0 -0 (545 ) ) IVl

Lemma 5.5.2 (Soundness). For every constant € > 0, there exists a constant v such

that, if G is at most v-satisfiable then H has BI-COVERING of size at least 1 — €.

Proof. Suppose for contradiction, there exists an BI-COVERING of size at most (1 —¢).
This means there exists two disjoint sets X,Y of size at least ¢ fraction of vertices in
H such that there are no edges in between X and Y. Let X™* be the set of vertices in
v € V such that [v]N X > §|[v]|. Similarly, Y* be the set of vertices in v € V such that

[v] Y > £|[v]|. By simple averaging argument, | X*| > 5|V| and [Y*| > §[V|.

Lemma 5.5.3. The total fraction of edges connected to X* whose other end point is

in T(X*)NT(Y™) is at least 5.
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Proof. Let G has left-degree dy and right-degree do. We have d; = d2[|]‘|/|. Suppose the

claim is not true, then at least 3 fraction of edges have there endpoint in U\T'(Y™*). As,

* ; ) i (1/2)d2| X*|
|[U\T(Y™)| < 6|U|, the average degree of a vertex in U \ T'(Y™) is at least 2= >

U]
(d2/2)-(¢/2)|V|
U

50 which is greater than d; as € > 44. [ |

For v € X*UY™, let £, : [q]" — {0, 1} be the indicator function of a set [v]N (X UY).

Define the following label set for v € X* UY™* for some 7/ > 0 and k € N:
F(v):={i€[L] | Inf7*(f,) > 7'}

We have |F(v)| < % as 3, Inf=F(f,) < k.
Lemma 5.5.4. There exists a constant 7' := 7'(q,e) and k := k(q,€) such that for
every u € U and edges e1(u,v), ea(u, w) such that v € X* and w € Y*, we have

Tey (F(0)) N ey (F(w)) # 0

Proof. As there are no edges between X and Y, we have

E [fo(@omh) fulyoms,)] =0
(xoﬂ;ll)N]FqL,
(yowe_21)~T®L (xowe_ll)

By the soundness analysis of the dictatorship test, it follows that there exists i € [L]

such that
min(Ing (1), 106, (7)) = 7
for some 7/, k as a function of ¢ and . Thus, i € 7, (F(v)) and i € 7, (F(w)). |
|
Labeling:

Fix 7 and k from Lemma 5.5.4. We now define a labeling ¢ to vertices in X* C V
and in T(X*)NT(Y*) C U as follows: For a vertex v € X* set £(v) to be an uniformly
random label from F(v). For u € I'(X*) NI'(Y™), select an arbitrary neighbor w of u
in Y* and set £(u) to be an uniformly random label from the set 7, ,,)(F(w)) of size at

most £. Fix an edge (u, v) such that u € T(X*)NT(Y*) and v € X*. By Lemma 5.5.4,
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for any w € Y since 7y ) (F(w)) N 7(y0)(F(v)) # 0, The probability that the edge
is satisfied by the randomized labeling is at least %) Thus in expectation, at least
(%) fraction of edges between X* and I'(X*) NT'(Y*) are satisfied. By Lemma 5.5.3,
at least  fraction of edges connected to X* are in between X* and I'(X*) N T'(Y™).
Finally using bi-regularity, this labeling satisfies at least %% (%)2 fraction of edges in

A 2
G. Setting v < %% (%) completes the proof. [ |

Proof of Theorem 5.2.1:

The proof follows from Lemma 5.5.1, Lemma 5.5.2 and Conjecture 5.3.3.

Proof of Theorem 5.2.2:

Given an input as a bipartite graph, there is a trivial 3/2 approximation for BI-
COVERING - Take set A to be the union of a smaller part and half of the larger bi
partition and B to be union of smaller part and remaining half of the larger part. It is
easy to see these two sets A and B satisfy the property of being a BI-COVERING. As
max{|Al,|B|} < 3|V|, this is a 3 approximation as OPT is at least |V|

The % + € inapproximability follows easily from the above (2 — ¢) inapproximability
for the general case. The reduction is as follows: Let G(V, E) be the given instance of
a BI-COVERING. Construct a natural bipartite graph G’ between V' x V where (3, j)
forms an edge if (i,7j) € E (or (j,7) € E). Fix a small enough constant ¢ > 0. It is
easy to see that if G has a solution of fractional size 1/2 + ¢ then so does G’'. Next,

if there are sets A’ and B’ where max{|A’|,|B’'|} < 3 — ¢ which satisfy the BI-

2\V| 1

COVERING property, we have ﬁM’ \ B'| = 2|V‘(2|V| B)>1-(2—-¢)=1+c¢
and similarly ﬁ\B’ \ A'| > + +e. Note that A'\ B' and B’ \ A’ are two disjoint sets
whose size of union is at least (1 + 2¢)|V|. Thus, we can find two sets, say X’ and Y’ (
namely X' is intersection of A’ \ B’ with left part of the bipartite graph and Y” is the
intersection of B\ A’ with right part) of size at least ¢|V| each, where X’ is from left
side and Y’ is from right side with no edges in between. We now think of X’ and Y’
as a subset of V. Let Z = X’ NY’. Partition Z into Z; and Z5 of equal sizes. Take

X=Z1UX'\Y)and Y = Zo U (Y'\ X’). It is now easy to verify that there are
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no edges in between X and Y in G and |—‘1/| min{|X|,|Y|} > 5. Hence, if we can find

a solution of fractional cost % — ¢ in G’ in polynomial time then we can also find a

solution of fractional cost 1 — § in G in polynomial time and this gives a polynomial
time algorithm with approximation factor 2 — 5 for small enough constant ¢ > 0. As
B1-COVERING is UG hard to approximate within (2 —¢) for all € > 0 for general graph,

this gives a % + ¢ hardness for BI-COVERING in bipartite graph.

Proof of Corollary 5.2.3:

We prove it by giving reduction from BI-COVERING. Let G(V, E) be the given instance
of BI-COVERING. Construct a bipartite graph H between V' x V where (i, j) forms an
edge if (i,j) ¢ E. Fix a small enough constant € > 0. In one direction, if G has a
BI-COVERING of fractional size at most (1/2 + €) then H’ contains a (1/2 — ¢)|V| x
(1/2 — €)|V] bipartite clique. In other direction, if H' has a bipartite clique of size
2e|V| x 2¢|V| then let X" and Y’ be the subset of vertices from left and right side of
bipartite clique. As before, let Z = X' NY’ and Z; and Z, be the partition of Z of
equal size. Let X = (X'\Y)UZ; and Y = (Y’ \ X')U Zs. It follows that | X/, |Y] is at
least ¢|V| and are disjoint viewed as a subset of V. Also, there are no edges between X
and Y. Therefore, V'\ X and V'\ Y each of size at most (1 —¢)|V| gives a BI-COVERING
of G. Thus, Theorem 5.2.1 implies that it is hard to distinguish between Bi—CLIQUE

of size (1/2 — ¢)|V| and €|V'| which completes the proof of corollary.
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Chapter 6

Low Degree Test

6.1 Introduction

In this chapter, we present cube vs cube low degree test. Low degree tests are local tests
for the property of being a low degree function. These were the first property testing
results that were discovered, and are an important component in PCP constructions.
Such tests were studied in the 1990’s and their ballpark soundness behavior was more or
less understood. In this work we revisit these tests and give a new and arguably simpler
analysis for the cube vs. cube low degree test. Our proof method allows us to get a
soundness guarantee that is much closer to the conjectured optimal value. Discovering
the precise point in which soundness starts to hold is an intriguing open question that
captures an interesting aspect of local-testing in the small soundness regime.

Let us begin with a short introduction to low degree tests. A low degree test can
be described as a game between a prover and a verifier, in which the prover wants to
convince the verifier that a function f : F™ — F is a low degree polynomial. The most
straightforward way for the prover to specify f would be to give its value on each point
x € F™. However, in this way, to check that f has degree at most d the verifier would
have to read f on at least d + 2 points. If we want a verifier that makes fewer queries
while keeping the error small, it is useful to move to a more redundant representation of
f. For example, the verifier can ask the prover to specify for every cube (affine subspace
of dimension 3) C' C F™, a function fc : C — F that is defined on the cube and is
obtained by restricting f to that cube. This is called a “cubes-table”, and similarly
one can consider a lines table (with an entry for every line), or a planes table (with an
entry for each plane).

Thus, in the cubes representation of a low degree function f : F™ — FF, we have
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a table entry T'(C') for every cube C and the value of that entry is supposed to be
T(C) = flc. A general cubes table is a table T'(-) indexed by all possible cubes and
the C-th entry is a low degree function on the cube C. Each T(C) is viewed as a local
function. Indeed the number of bits needed to specify T(C) is only O(d?log |[F|) which
is much smaller than (m:{d) log |F| - the number of bits needed to represent a general
degree d function f on F™.

The prover may cheat, as provers do, by giving a cubes table whose entries cannot be
“glued together” into any one global low degree function. This is where the agreement
test comes in. The verifier can check the table by reading two entries corresponding to

two cubes that have a non-trivial intersection, and checking that the function T'(Ct)

and the function T'(Cs) agree on points in the intersection of C; N Cy.

Test 1 Cube vs. Cube agreement test.

1. Select a point x € F™.
2. Pick affine cubes C4, C5 randomly conditioned on C1,Cs 3 x.

3. Read T'(C1),T(C2) from the table and accept iff T'(C1)(z) = T(Ca)(z).

Let aczc(T) be the agreement of the table T, i.e. the probability of acceptance of the

test.

The test is local in that it accesses only two cubes. Different tests may differ in
the distribution underlying the agreement test (for example, Raz and Safra look at two
planes that intersect in a line, which clearly is a different distribution from choosing
two planes that intersect in a point), but they all check agreement on the intersection,
so we generally refer to all of these as agreement tests.

The interesting point, as proven by both Raz and Safra in [RS97], and by Arora
and Sudan in [AS97], is that such tests have small soundness error. For example, the

plane vs. plane theorem of Raz Safra is as follows,

Theorem 6.1.1 (Raz-Safra [RS97]). There is some 6 > 0 such that for every d and
prime power q and every m > 3 the following holds. Let F be a finite field |F| = ¢,

and let T(-) be a planes table, assigning to each plane P C F™ a bivariate degree d
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polynomial T'(P) : P — F. Let apep(T) be as defined in Test 2.
For every e > (md/q)°, if apep(T) > € then there is a degree d function g : F™ — F

such that T(P) = g|p on an Q(e) fraction of the planes.

Test 2 The Raz-Safra Plane vs. Plane agreement test.

1. Select an affine line ¢ C F™.
2. Choose affine planes P, P» randomly conditioned on Py, P» D /.

3. Read T(Py), T (P) from the table and accept iff T'(Py)(x) = T'(P2)(x) for all z € £.

Let apep(T') be the agreement of the table T', i.e. the probability of acceptance of the

test.

A similar theorem was proven by Arora and Sudan for T a lines table and for a
natural test that checks if two intersecting lines agree on the point of intersection.

These results are called low degree tests although it makes sense to think of them as
theorems relating local agreement to global agreement. We refer to them as low degree

agreement test theorems.

Towards the soundness threshold.

The most important aspect of the low degree agreement theorems of [RS97, AS97] is
the fact that they have small soundness. Small soundness means that a cheating prover
won’t be able to fool the verifier into accepting with even a tiny ¢ > 0 probability,
unless the table has some non-trivial agreement with a global low degree function.
Small soundness of low degree tests was used inside PCP constructions for getting
PCPs with the smallest known soundness error. The fact that soundness holds for all
values of € > (d/q)° was sufficient for the PCP constructions of [RS97, AS97]. Tt is
likely that finding the minimal threshold beyond which soundness is guaranteed to hold
will be important for determining the best possible PCP gaps.

Regardless of the PCP application, this encoding of a function f by its restrictions
to cubes (or to planes) is quite natural, and is a rare example of a property that has

such strong testability. The low degree agreement test theorems guarantee that even the
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passing of the test with tiny ¢ probability has non-trivial structural consequences. Per-
haps the best known comparable scenario is that of the long code, defined in [BGS98],
that has similar properties, and for which an extensive line of work has been able to
determine the precise threshold of soundness. Another setting with a similarly strong
soundness is related to the inverse theorems for the Gowers uniformity norms. In that
setting the function is given as a points-table, and the Gowers norm measures success
in a low degree test, so it is not altogether dissimilar from the situation here.

To summarize, one of our goals is to pinpoint the absolute minimal soundness value
for which a theorem as above holds. Can this threshold be, as it is in the aforementioned
cases, as small as the value of a random assignment? In other words, could it be true
that for every table whose agreement parameter is an additive € > 0 above the value
that we expect from a random table, already some structure exists?

The best known value for § for the plane vs. plane test is due to Moshkovitz
and Raz who proved in [MRO8] that the plane vs. plane test has soundness for all
> poly(d)/ql/s. But what is the correct exponent of ¢ 7

We make progress on this question not for the plane vs. plane test but rather for
the cube vs. cube test. For our test, since the intersection consists of one point, the
soundness can not go below 1/q because the agreement of every table, even a random
one, is always at least 1/q.

Our main theorem is,

Theorem 6.1.2. There exist constants 51, P2 > 0 such that for every d, large enough
prime power q and every m > 3 the following holds:

Let F be a finite field, |F| = q. Let T be a cubes table, assigning to each cube
C C F™ a degree d polynomial T(C) : C — F. Let acyc(T) be as defined in Test 1. If
acee(T) > € for e > B1d*/q"/?, then there is a degree d function g : F™ — F such that

T(C) = glc on an Bae fraction of the cubes.

The improvement over previous theorems is that the dependence on ¢ is 1 /ql/ 2

compared to 1/ ¢'/®. Tt is an intriguing question whether the dependence on ¢ can be

made inversely linear, i.e. 1/q.
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Remark 6.1.3. We don’t know the precise dependence of € on the degree d. In this
work we made no attempt to optimize this dependence. We would like to point out that
our proof can be modified to change the dependence from d* to d*. See Remark 6.3.1/

for more details.

Simplified analysis.

While the line vs. line test considered by Arora and Sudan [AS97] is the most natural
to come up with, it is rather difficult to analyze. In contrast, one of the captivating
aspects of the Raz-Safra proof is that it is combinatorial, and the low degree aspect of
the table plays a role only in that it guarantees distance between distinct polynomials
on a line. Our analysis continues this combinatorial approach, and further simplifies it.
Unlike the Raz-Safra proof, we do not need to use induction on the dimension of the
ambient space m but rather recover the global structure from 7' “in one shot”. We rely
on ideas from direct product testing, [DGO08, IKW12, DS14b], and on some spectral

properties of incidence graphs such as the cube-point graph.

Proof Outline.

Given a table T, whose agreement is some small ¢, the proof must somehow come up
with the global low degree function g : F — F and then argue that on many of the
cubes indeed T'(C') = g|¢. Naively, we might try to define g at each point = according
to the most common value among all cubes containing x. This is a viable approach
when the agreement is close to 1, as is done, e.g. in the linearity testing theorem of
[BLRI0]. However, when the agreement is a small € > 0, this will simply not work as
we can see by considering the table half of whose entries are T'(C) = 0 and the other
half T'(C) = 1. The agreement of this table is an impressive ac,c(T) = 1/2, and yet
the suggested definition of g according to majority will yield a random function that
might be quite far from any low degree function.

We get around this problem by taking a conditional majority. For every point
x € F™ and value o € F we consider only cubes containing x for which 7'(C)(z) = o.

These cubes already agree with each other on x and are thus likely to agree on any
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other point of their intersection. Since the cubes containing x cover every y € F'™, we
can define a function f; , : ™™ — IF on the entire space ™" by taking the most popular
value among these cubes (i.e. the set of cubes whose value on x is o). We choose a best
o for each x and are left with a global function f, for each x.

The proof proceeds in three steps.

e Local structure: We show that this conditional majority definition is good, ob-
taining for each  and ¢ a function f, : F”* — I that is “local” in that it comes

from the cubes containing a point x. This is done in Section 6.3.1.

e Global Structure: We then show that there are many pairs x,y for which f, ~ f,
thus finding a global g that agrees with many of the cubes. This is done in

Section 6.3.2.

e Low Degree: Finally, we show that g is very close to a true low degree function.
This is done by reduction to the Rubinfeld-Sudan low degree test [RS96] that

works in the high-soundness regime. This is done in Section 6.3.3.

Agreement tests: low degree tests and direct product tests.

The proof outline above resembles works on direct product testing, and this is no
coincidence. The low degree testing setting can be generalized to a more abstract
“agreement testing” in which a function f : X — 3 is represented not as a truth
table but as a collection of restrictions (f|s)ses where S = {S C X} is a collection
of subsets of X. A natural agreement test can be defined and studied. This type of
question was first suggested in work of Goldreich and Safra [GS97] in an attempt to
separate the algebraic aspect of the low degree test from the combinatorial. There has
been a follow-up line of work on this, [DR06, DGO8, IKW 12, DS14b], focusing especially
on the case where X is a finite set, X = [n], and S is the collection of all k-element
subsets of X.

In the work here we bring some of the ideas from that line of work, most notably

from [IKW12], back to the low degree testing question. The fact that our table entries



88

have low degree gives us extra power which makes our proof simpler than that in the

abstract setting, yielding a particularly direct proof of a low degree agreement test.
Our proof makes an explicit use of the expansion properties of the relevant incidence

graphs (cube vs. line, cube vs. point etc.). This allows us to prove that for every table

T, different tests have similar agreement.

Lemma 6.1.4. Let T be a planes table, and let ap,p(T) be the success probability of a
test with two planes that intersects on a point. Let apep(T') be the success probability

of Test 2, then
d 1
apep(T) (1 - 7)) = apep(T) < apep(T) + 5(1 +0o(1)).

In fact, we proved a more general equivalence between tests, the general statement

appears on Section 6.4.

6.2 Preliminaries and Notations

6.2.1 Notations

All the graphs we discuss throughout the chapter are bipartite bi-regular graphs. Given
such graph G, whose sides are A, B we denote by 1 the all one vector, its size will be
implied by the context. For a subset of vertices A’ C A, we denote by 14/ the indicator
vector for A’. For a vertex a € A, we denote by N(a) C B the neighbors of a in G.

We use normalized inner product, such that for z,y € R", (x,y) = % >, TiYs, which
means that (1,1) = 1. The norm is defined by ||z| = \/(z, z).

We use the notation = ~ S to denote x being sampled uniformly at random (u.a.r)
from the set S, in case this set S equals the entire space, we omit this symbol and simply
write Pr, or E, to describe choosing a uniform vertex a € A. We use the notation I(E)
to denote the indicator random variable of the event E.

For two vectors u, v, we use the notation Ly if u and v are equal on at least 1 —
of the coordinates.

Fix a vector space . An affine space of S dimension k is defined by k + 1 vectors
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g, T1,- .., such that x1,...,z; are linearly independent,
S = xg—i—span(:vl,...,xk) = {:Uo—i—tlxl + .. tpT | t1,...,1k € IF}

A line is a 1-dimensional affine space, a plane is a 2-dimensional affine space, and a
cube is a 3-dimensional affine space. We will denote the set of all lines and cubes by £

and C be respectively. For a point x € F™ let
Lo={teLl]|l>x} C,={CecC|C >z}

Similarly for a line £ € L let C; be the set of all cubes that contains ¢.

6.2.2 Spectral Expansion Properties

In this section, we prove two properties of bi-regular bipartite graphs with good spectral
parameters. In an expander, the following is well known: if we sample a random neigh-
bor of a small, but not too small, set of vertices, we get a nearly uniform distribution
over the entire set of vertices. For our purposes, we will require something more. We
need to consider not only the distribution over the vertices, but also the distribution

over the edges. This is done in two lemmas below.

Definition 6.2.1. Let G = (AUB, E) be a bi-regular bipartite graph, and let M € RA*B

be the adjacency matriz normalized such that |M1|| =1, denote by \(G) the value

@) = { ||m}'

This is really the second largest singular value of M, with a different normalization

(such that the maximal singular value equals 1).

Definition 6.2.2. Let G = (AU B, E) be a bi-reqular bipartite graph and let B' C B
be a subset of vertices. Define the following two distributions D; : A x BU L — [0,1]

fori=1,2.
e Dy : Pickb € B u.a.r. then pick a € N(b) u.a.r.

e Dy : Picka € A u.ar. If BNN(a) =0, return L. Else, pickb € N(a) N B’

u.a.r.
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Clearly if B’ = B then Dy = D5y. Moreover, if G is sufficiently expanding, then even
for smaller B’ C B, the distributions are similar. Indeed, for any event defined on the
edges, i.e. a subset ' C FE, the following lemma shows that the probability of E’ is

roughly the same under the two distributions.

Lemma 6.2.3. Let D1, Dy as defined in Definition 6.2.2. Let G = (AU B, E) be a
bi-reqular bipartite graph, then for every subset B’ C B of measure u > 0 and every
E'CE

AG)

Pr a,b) € E'| — Pr a,b) € F'|| < ——.
(a’b)le[( ) € E'] (a’b)wDQ[( )€ E| < Vi

Where it is understood that if Dy output L, we treat it as if (a,b) & E'.
We now state a similar lemma, for sampling two adjacent edges instead of a single

edge. We will need the graph to satisfy one more requirement.

Definition 6.2.4. Let G = (AU B, E) be a bi-reqular bipartite graph, such that every
two distinct by, be € B have exactly the same number of common neighbors (i.e for all
distinct by,be € B, |N(b1) N N(b2)| is the same), and this number is non-zero. Let
B’ C B be a subset of vertices, we define the following distributions D; : (A X B x B)U

1 —[0,1], fori=3,4.
e D3 : Pick by,by € B' u.a.r. then pick a € N(by) N N(b2) u.a.r.

e Dy : Picka€ A u.ar. If BNN(a)=0, return L. Else, pick by,by € N(a) N B’

u.a.r.

Lemma 6.2.5. Let D3, Dy be as defined in Definition 6.2.4. Let G = (AU B, E) be
a bi-regular bipartite graph, such that every two distinct by,by € B have exactly the
same number of common neighbors (i.e for all distinct by,bs € B, |[N(b1) NN (b2)| is the
same), and this number is non-zero. Then for every subset B’ C B of measure u > 0

and every E' C E

2M\(G) 1 1
Pr a,by)(a,bs) € E'l —  Pr a,by)(a,bg) € E']| < + + ,
LB labab) € Bl P aba b e Bl < 2O, L L

where d 4 is the degree on A side, and it is understood that if Dy output 1, we treat it

as if (a,b) € E'.

The proofs of these two lemmas appear in Section 6.6.
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6.2.3 Inclusion Graphs and Their Spectral Gap

We record here the expansion of several bi-partite inclusion graphs that will be relevant
for our analysis. We prove the claims about these spectral gaps in Section 6.5. Unless
otherwise stated, G(A, B) denotes a bipartite inclusion graph between A and B where
a € A is connected to b € B if a C b. The relation of containment will be clear from
the sets A and B.

For example, the in the graph G1(£\ L, C,), the left side vertices A are all the lines
that do not contain = € F™, and the right side vertices are all the cubes that contain
x. There is an edge between a line £ and a cube C'if £ C C.

Recall Definition 6.2.1 of A(G) for a bipartite graph G.
Lemma 6.2.6. We have for every m > 6,

(1) For Gi(L£\ L4,Cs) , MGr) = %-

(2) For Go(L4,Cy)) , M(Ga) =~

Q=

(3) For Gs(F™\ £,Cr) , N(Gs) ~ 2.

(4) For G4(F™,C) , A(Ga) ~ .

(5) For G5(F™\ {z},Cs) , MG5) =

1
.
And for every m > 3

(6) For Gg(F™, L), \(Gg) =~ ﬁ.

where = denotes equality up to a multiplicative factor of 1 £ o(1), and o(1) denotes a

function that approaches zero as ¢ — oo.

In general one can see that A\ ~ ﬁ where p is the number of degrees of freedom

left after choosing a left hand vertex. We prove this lemma in Section 6.5.

6.3 Proof of the Main Theorem

In this section we prove Theorem 6.1.2 in three steps - local structure, global structure

and finally proving the agreement with a low degree polynomial. These parts are proved
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in the subsequent subsections.

Let T be a degree d cubes table, i.e. for every C' € C, T(C) : C — F is a degree d

polynomial. Further assume that ac,c(T) > €, where e = Q(d*//q).

6.3.1 Local Structure

In this section we show that for many points z € F"*, there exists a function f, : F"* — F
2
for which f;|c QT(C’) for a good fraction of the cubes containing x, for v = Q(1/d?).
2
Recall that ~ means that the two functions agree on 1 — 2+ fraction of the points in

their domain.

For each x € F'™ and o € F, we define
Coo ={C € C|T(C)(z) = 0}
Following [IKW12] we have the following important definition,
Definition 6.3.1 (Excellent pair). (x,0) is (5,7)-excellent if:
1. Proec,[C € Crp] > 5.

2. Let C1,4,Cy be chosen by the following probability distribution, Cy € Cyp o u.a.r,
¢ C Cy a random line that contains x and Cy € Cy o NCy (a random cube in Cy o
that contains €).

ol [(Cye # T(C)yd < -

£

A point x € F™ is (5,7)-excellent, if exists o € F such that (x,0) is (5,7)-excellent.

Note that in the definition of excellent, the marginal distribution of both C4, Cs is
uniform in Cy 4.
In the sequel, we fix ¥ = Q(1/d*) and say that a point is excellent if it is (5,7)-

excellent. We now state the main lemma in this section.

Lemma 6.3.2 (Local Structure). For v = Q(d%), let T be a cubes table that passes

d4

Va

excellent, and for each excellent x there exist a function f, : F™ — F such that

Test 1 with probability larger than € = Q(<=), then at least § of the points x € F™ are
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We will consider the distribution D on (z,¥,C7,Cy) obtained by choosing z uni-
formly, choosing ¢ € £, uniformly, and then choosing Cy, Cy € C; uniformly.
This distribution induces a distribution (z,7'(C1)(z)) on pairs of point z and value

cel.

Claim 6.3.3. For every v = Q(d%),

(Pr)[(%’vU) is (5,7) - excellent] >

Wl ™

Proof. We consider (z,¢,C1,Cy) chosen according to D, and we note that the marginal
distribution over all elements is uniform. We also write o = T'(C})(x). We define the

following events on (x, ¢,C1,Cb):
1. E: “lis confusing for z”: T(C1)(x) = T(C2)(z), T(C1)je # T(C2)ye-
2. H: “x,Cy is heavy”: Pro~c, [T(C)(z) = T(C1)(x)] > §
Since T'(C1))¢, T(C2))¢ are two degree d polynomials, and x is a random point in /,

Pr [E]< gl

(z,6,C1,C2) q

Using the fact that ac.c(T') > €, and averaging, we get

Pr [H]>C.
(z,0,C1,C2) 2

(6.3.1)

Instead of picking C7 as a uniform cube containing z, we can choose it by the
following process, pick o proportional to its weight in C,, then pick C; ~ C;,. This
process describes the same distribution.

Note that after deciding x, o, the event H is already determined, so (6.3.1) becomes
Pr, »[H] > ¢/2. Also, notice that conditioned on z, o, the distribution D is choosing Cy
uniformly from C, , and then ¢ C C; a random line containing x and then C a random
cube containing ¢ (and we do not require that T'(Cy)(z) = o). The event H is already
fixed by z, 0, but the event E will occur only if Cy € C;» and also T(Ch)|e # T(C2)|e-

We want to bound the probability of x,c such that H = 1, but Ec, ¢,c,[E|z, 0] <

7 - 5. We know that

[Pr[H A E | z,0]] = Pr[H A E] < Pr[E] <

T,0

ESHIRSH
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Therefore, by averaging, the probability over x, o that we have Pr[H A E|z, 0] > €v/2

is at most E‘f///qQ. So for at least £/2 — % > ¢/3 of the pairs x, o, we have that both H

occurs, and that Ec, ¢.c,[F|z, 0] < ev/2.

We end by showing that such x,o are excellent. The first requirement follows by
the fact that H occurs, for the second we need to show that for Cy € C,,, a uniform
¢ € C1 and a uniform Cy € Cp; N C the probability of T'(C1)), # T(C2)), is lower than
7.

We notice that after fixing (x, o), the distribution D chooses C; € Cy 4, & uniform
¢ € Cq, but then a uniform Cy € C,.

The event E can be written as E = E; A Ey where E; is the event “T'(C1)(z) =
T(Co)(z)” and Ej is the event “T'(Cy)|, # T'(C2)”. In this notation

CIECQ[EM:, o] = Cl,lzcg[El A Eslx, o]

= E [E1|ZL‘,O'] E [E2|E1,33,0']

Cl,f,CQ 0175’02

€
>—. E [Ey|E,z,0]. (since H occurs)
2 o0

We notice that if E; occurs, then Cy € C, ,, therefore

2 2¢
E [T(C T(C2)|C2 € Copyw,0] < =+ E [Elz,0] < —-v <7,
LB [T(Cy # T(Co)Co € Cogiol € 2+ B [Blao] < 257 <1
which means that (z,0) is (§,7) - excellent. ]

For each (z,0) we define f; , by plurality over all cubes C € Cy 4.

Definition 6.3.4. For a pair (z,0) define a function fz o : F™ —TF as follows:

fro(y) = argmax {T(C)(y)}.
CnCyCa.o

IfCyNCyo =0, define fr,(y) arbitrarily.

Claim 6.3.5. For an (5,~) excellent pair (z,0),

P, MFre ) =T 21—,
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Proof. Fix an (5,7) excellent pair (x,0), and denote f = f,,. If we pick a uniform

C1 € Cy0, then y € C such that y # x, and a uniform Cy € C; 5 NCy, then

ny{"@ [T(C1)(y) #T(C2)(y)] < 011,3;02 [T(C)je(ay) 7 T(C2)je(z)] <5

since (z,0) is (§,7) excellent.
For each y, denote v, = Prc,; cy~c, .ne, [T(C1)(y) # T(C2)(y)]. From the above we

get that E,[y,] < v, where y is distributed according to it’s weight in C, ,. For each y,

l—yy=)  Pr_[T(C)y) =6

C~Cy,oNCy
0elr

<, P IO =1w)Y, Pr o [T(C)w) =]

T C~CaoNCy =

(f(y) is the most frequent value)

< Pr [T(O)) = f).

T CnCaoNCy

Since it is true for each y, it is also true when taking expectation over y, for any

distribution:

oncl, W =T W] =E CNCEUmCy[H(T(C)(y) =W 2El—ypl21-7.

In expectation, each y is chosen with probability proportional to it’s weight in C; ., as

before. -

Proof of Lemma 6.3.2:

From Claim 6.3.3 we know that the probability of (z,c) to be (§,7)-excellent is at least
5. Since z is chosen uniformly, it means that for at least  of the inputs x € F™ there
exists some o € F such that (z,0) is excellent. If there is more than one such o choose
one arbitrarily.

Fixing an excellent z, let o be the value such that (z,0) is excellent. For this o,
Proee,[C € Cpp] > §. From Claim 6.3.5, Pre~e, ,.y~Clfe,oc(y) = T(C)(y)] > 1 —7. By
averaging, at least half of the cubes C' € C, , satisfy Pry.c|[fz.0(y) = T(C)(y)] > 1—27.

2
For all these cubes T'(C) ~ fz,0, and they are at least § fraction of the cubes in C,. =
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6.3.2 Global Structure

In this section, we prove the following lemma:

Lemma 6.3.6 (Global Structure). Let T be a cubes table that passes Test 1 with prob-

[

ability at least € = Q(\%), then for every v = Q(d%), there exists an (5,7)-excellent x

such that f = f, : F™ — F satisfies

fiel = =

Pr[T(C) ~ =T

C

Let X* C F™ the set of (§,7) excellent points.

The main idea in the proof of the global structure, is showing that there exist many
pairs of excellent points x,y € X*, such that for many cubes C, the T(C) is similar
both to f, and to f, (Claim 6.3.8). If this is the case, then the functions f,, f, must
be very similar (Claim 6.3.9). Finally, the lemma is proven by averaging and finding a
single x such that f, agrees simultaneously with many of the f,’s and their supporting

cubes.

Definition 6.3.7 (Supporting cubes). For any excellent x € X*, we denote by F, the

set of cubes “supporting” f,,

Fm_{Cer

T(C) R fy, } .

Claim 6.3.8. Let D be the following process: choose x,y € X* independently and

uniformly at random, let C' be a random cube containing both x and y. Then

52

P CeF,NE)>—.
a:,y,CrND[ € Fa y] - 26

Proof. Since each z € X* is excellent, we know from the local structure lemma,
Lemma 6.3.2, that Pro.c,[C € F;] > §. This is of course also true when taking a
uniform x € X*, thus, Pryox+c~e, [C € Fi] > §.

From Lemma 6.2.6(4) , the inclusion graph G = G(F™,C) has \(G) = A < (1 +
0(1))(13%. Denote the measure of X* by p, from Lemma 6.3.2, u > 5. Hence, by the
application of Lemma 6.2.3 on the graph G with A =C, B =F™ and B’ = X*, we get

pr [CeR]-  Pr [CeR] << (6.3.2)

e~ X*,CnCy C~Ca~CNX* o

™
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For each C € C, let pc = Pry~cnx+[C € F,], this measures for every cube C

2
how many points x € C' are such that fy, QT(C). In this notation, (6.3.2) implies
Eclpc] > §— \2/—); > £. We can use this to bound the probability of the event C' € F,NF,

by first choosing C', then two independent points in C' N X*,

‘m
CHEL

2
P =E[pZ] > >
P (CernR)=gptl > (Bhel) >
z,y~CNX*

We observe that this distribution is very similar to the required distribution D.
The only difference is that here we first pick C' € C and then two excellent points
in C, whereas in D we first pick two points in X* and then a common neighbor C.
The graph G satisfies that every two distinct points x,y € F™ have exactly the same
number of common neighbors. Therefore, we can use Lemma 6.2.5 on the graph G with
A=C,B=TF"and B’ = X* to get

2\ 1 1 6 9 9
<

Pr [CeF,NF,]— P CeF,NF| < = < —F——+—=.
CrC [ € ly y] I [ € 'y y] +M2dA+M2|B’_ €+qm82+q362

~ z,y,C~D -
z,y~CNX* v K

Recall that A < (1 + 0(1))@% and since € = Q(%), we conclude that Pry, cp[C €

2 2
FNF)>5-8 -9, 9, > ]

Claim 6.3.9. Let x # y € X*, and let ¢ be the line containing x and y, if Pro~c,[C €

2 >y
Fo N Ey] > 155 then fo = fy.

Proof. Consider the graph G = G(F™ \ ¢,C;). This is a bi-regular bipartite graph, and
by Lemma 6.2.6(3) it has A = AM(G) < (1 + 0(1))%. Let F = F, N F,. By assumption,

2 .
F has measure at least {55 inside Cy.

We denote by E' C E the edges of G that indicate agreement with both f, and f,,

E' = {(,C) | T(C)(2) = folz) = f,(2)}.

Every cube C' € F has 1—2+ of the points z € C satisfying T'(C)(z) = f.(z) and 1—27 of
the points satisfying 7'(C')(2) = fy(2). By a union bound we get Procp.en(cy[(2,C) €
E'1>1—4~. By Lemma 6.2.3 on G when A=F"\{¢,B=Cy,B'=F,

201
Pr (50 eE]— Pr [(5C)eE) <
C~F,z2~N(C) z,C~N(z)NF €
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which means that Pr. gm con)nr((2,C) € E'] > 1 — 4y — &a)‘ > 1—5v. By the
definition of E', for each point z € F™ that has an adjacent edge in E', f,(2) = fy(2).

This means that

P;r[fm(z) = fy(2)] > PZr[EIC s.t. (2,C) e E'| > z,CNEIEz)mF[(Z’C) €EE]>1-5y.

The above claim showed that if two functions have a large set of cubes on which they
almost agree then these functions are similar. In order to prove the global structure,

we also need to show that in this case, most of C' € Fj, will also be close to f.

5
Claim 6.3.10. Let x,y € X* such that f, ,gfy, then

CEIE«“y[T(C) ~

32
Note that the function f, may not be a low degree polynomial, so T'(C) ~ folo

doesn’t imply equality.

Proof. Let G = G(F™ \ {y},Cy), by Claim 6.2.6(5) it has A = A(G) =

%. First, we

denote by Eg’J the following set of edges,
B, ={(z,0) | T(C)(2) = fy(2)}.
For each C' € F,, we know that Pr.cn)[(2,C) € E] > 1 —27. From Lemma 6.2.3 on

G when A =F"\y, B =C,, B’ = F,, we know that

4\
P E!] - P Ell <=
C~Fy,z£N(0)[(Z’C) €5y z,CeN(rz)mFy[(z’C) €Bl=2

since the measure of F, is at least §. This implies that PrZ,CEN(z)mFy[(z, C) e E;] >
1— 3.

We define a second set of edges, E!, to be the same only for f,,

E, ={(2,C) | T(C)(2) = fa(2)}.
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We notice that if z is a point such that f.(z) = f,(2), then (2,C) € E, = (2,C) € Ej.

o B GO B ZPURG) = B Pr o [(2.0) € By | fa(2) = ()]

2(1=59)- | Pr () € Byl fa(2) = fy(2)

(since fy ?gfy)

2150, Pr 1 C) e Bl 5)

>1— 15y.

Therefore, we can use Lemma 6.2.3 again on the same graph G and set Fy, now with
the edge set E!, to conclude that
Pr [(2,0) € E] > Pr [(z C’)GE’]—9>1—16
C~Fy2~N(C) BT L O~NGENE, v e "

32
By averaging, at least half of C' € F,, satisfies T'(C) ~ Jalo- [

We are now ready to prove the global structure.

Proof of Lemma 6.3.6:

Let T be the cubes table that passes Test 1 with probability at least ¢ = Q(%). From
the local structure, Lemma 6.3.2, we know that there exists a set X* of excellent points,
such that each # € X* has a function f;, and |F| > £ |Cy|.

From Claim 6.3.8, we know that Pr, , c~p[C € F,NE,] > ;—z, when x,y are chosen
uniformly from X* and C is a common neighbor. Therefore, there must be x € X*

such that Pryx« con(@)nn [C € Fr N Fy] > %~

Fix such € X*, and let X’ be the set of y € X* such that |F, N F,| > f—OQO |C¢|. By

averaging, | X'| > £ |X*| > £ [F|™.

5
By Claim 6.3.9, for all y € X', f, gfx. For each y € X', let
32y
Fl={Ce R, | T(C) % £},

At this point we have a large collection of y’s and for each one a large collection of

cubes Fé such that all of these support the same function f,. It is immediate that f, is
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supported by some poly(e) fraction of all of the cubes. Since we are aiming for a better
quantitative bound of Q(e) fraction of C, we will rely on the expansion once more.
In order to finish the proof, we need to show that |Uyex/Fy| > £ [C|.

Let G = G(F™,C), by Lemma 6.2.6(4) A\(G) < q_%. We use X’ as the set of vertices,
and define

E = {(4C) | T(C) % fu.}.

By Lemma 6.2.3 on G with A=C,B=F" B = X/,

3

20\ 20q~ 2 3 €
P ,C) e E'] - P ,O)eFE] < =—=< <2071 < —,
yoxb ) WO EET= B ol @ C) €] < Z= < ST

1
where we used the fact that ¢ > T

Claim 6.3.10 lets us bound the first term on the left, since for each y € X',

Proan|C € Fj] > 3 Praun(y)[C € Fy] > §. Thus,

)

9 9

p E'> =—.

g
C~Cy~N(C)NX' -8

32
We notice that a cube with even a single adjacent edge in E’ satisfies T(C) ~ fz)e» SO

we are done. m

6.3.3 Low Degree

The last step is to prove that the global function discovered in the previous section can
be modified to make it a low degree function, while still maintaining large support for

it among the cubes.

Theorem 6.3.11 (Theorem 6.1.2 restated). For every d and large enough prime power

q and every m > 3 the following holds. Let T be a cubes table that passes Test 1 with

d4
Va

that T(C) = g|lc on an Q(g) fraction of the cubes.

probability at least e = Q(<=), then there exist a degree d polynomial g : F"™ — F such

From Lemma 6.3.6, we get a function f such that ((¢) of the cubes have T'(C) =~ fi.
In this section, we will show that this function f is close to a degree d polynomial g.

Afterwards, we also need to show that €2(e) of the cubes satisfies T'(C') = g,
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To show the first part, we will use a robust characterization of low degree polyno-

mials given by Rubinfeld and Sudan.

Theorem 6.3.12 ([RS96, Theorem 4.1]). Let f : F™ — F be a function, and let

Nyn={y+i(h—y)|ie{0,...,d+1}}, if f satisfies

yJLI;r [Fdegd polynomial p s.t. Pln,, = f\Ny,h] >1-9,

26
foré < then there exists a degree d polynomial g such that f = g.

(d+2)2 ’

For completeness, we present proof of the above theorem in Section 6.7.

Claim 6.3.13. Fiz any v < let f:F™ —F and x € F'™ such that

100(d+2 )3
32y g
~ > —
PrirO) % i) = 5

84d
then exists a degree d polynomial g such that f %Vg
Proof. Denote by F' C C, the following set
32
F={Cel |T(C) = fi,}.

Our first goal is to show that for nearly all lines, f agrees with a low degree function
on almost all of the points of the line.

Fix C € F, if we pick a uniform ¢ C C we expect that T'(C ) f|e Using
the spectral properties we show that almost all lines satisfy this property. Let G¢ =
G(A U B, E) be the following bipartite inclusion graph where A is all the points in C,
and B is all the affine lines in C. Let A’ C Abe A" ={y € A | T(C)(y) # f(y)},
and B C Bbe BB ={l € B||N{)NnA'| > 40y|N(¢)|}. From Lemma 6.2.6(6) with
m = 3 (we apply the lemma where "F™” is the cube C), A\c = A\(G¢) < %. We apply

Lemma 6.2.3 on G¢ and the set B’, where the set of edges is all the edges adjacent to

A
/ / )\C
Pr yeAl— Pr [yeA]< :
yEALEN (y)NB’ LeB' yeN(0) \é"l

We notice that Prycaly € A'] < 32v. By the definition of B’, Prycp yen(o)ly € A'] >
2
40v. Therefore |B'| < (%—g) |B| < v|B|.
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We have shown that for every cube C' € F', almost all lines in it satisfy 7'(C'), £ fio-
Now we need to show that the set F' is large enough to cover (1 — O(vy)) of all the lines
in £. The inclusion graph G = G(L \ £L;,C;) has A = A(G) < %, by Lemma 6.2.6(1).
We denote by E’ the set of edges (¢, C) such that T'(C)), £ fi,- As we’ve seen above,
for every C € F, Prjen)[((,C) € E'] > 1 — 1.

By Lemma 6.2.3 on G, with A =L\ L,,B=C,,B' = F,

P (,C)eE'l— Pr [((,O)eE <-=<
e,cNNIEe)mF[(’ ) € E] cwp,léwc[(’ JEE] < =<7,

which means that

Pr[3C s.t. (¢,C) e E'] > P (,CYe E'N>1—2n.
yEC st (LC)ER) = Pr [(LC)EE] =12

This means that for 1 —2v of the lines in L, f agrees with a degree d function on 1—40vy
fraction of the points of each line.

We are very close to being able to apply the low degree test of Rubinfeld and
Sudan [RS96], that works in the high soundness regime. For this, we need to move to

neighborhoods. For y,h € F™, we define the neighborhood of y, h,
Nyn={y+i(h—y)|0<i<d+1}.

Notice that Ny, C £(y,h). We show that on almost all of the neighborhoods N, 5, the
function f, Nyn equals a degree d polynomial, by showing that for almost all NV, , there
exists some cube C such that f|Ny,h = T(C)\Ny,h (T'(C) is a degree d polynomial).
Picking a random neighborhood N, ;, is equivalent to picking a random line /£ € £
and then uniform y,h € £. We have already showed that almost all lines £ € L, there

Q
exists a cube C such that T'(C), g) flo-
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Now we can bound the same probability over neighborhoods

Pr [3C s.t. f(Nyn) =T(C)(Nyn)]

>Pr(3C s.t. ((,C) € E'l- Pr [f(Nyn) =T(C)(Nyz) | 3C s.t. (¢,0) € E')

£,y,h~t

>(1-29) Pr [f(Nya) = T(C)(Nya) | 3C st (4.C) € E

Ly ,h~t
>(1 - 29)(1 — (d+2) - 407), (6.3.3)
>1 — 42dy,

where (6.3.3) is due to union bound on the neighborhoods inside ¢. Therefore, the
function f equals a degree d polynomial on (1 — 42d~) of the neighborhoods. Since
v < 100(d + 2)73, by Theorem 6.3.12, we get that there exists a degree d polynomial

84d~y
g, such that f ~ g. [ |

Proof of Theorem 6.3.11:

Fix the cubes table T, and let f : F"* — I be the function promised from Lemma 6.3.6.
This function satisfies the conditions of Claim 6.3.13, so there exists a degree d poly-
i 84dry
nomial g such that f ~ g.
Since g is a degree d polynomial, for every cube C either T(C) = g, or else they

are very different. Let G be the inclusion graph G = G(F™,C), and let

F={Cec|T(C)% fi}

£
16~

which f # ¢g. By Lemma 6.2.6(4), \(G) < q_%. We use Lemma 6.2.3 on G with

From Lemma 6.3.6, the measure of I’ is at least let A’ be the set of points on

A=F"B=C,B =F,

P e A — P c Al <
CeF,yerN(C)[y ] y,Ceny)mF[y ]_ €

We know that Pry, cen)nrly € Al < Pryly € A'] < 84dy, which implies that
Procpyenio)ly € A'] < 85dy.
By averaging, for at least half of the cubes C' € F, Pryccly € A'] < 200dy < %

For all these cubes T(C) = g, because Pryec[T(C)(y) = g(y)] > Pryec[T(C)(y) =
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fly),y¢ Al >1-32y— % > d/q, and since g|,,, T(C) are both degree d polynomials,

they must be equal. [ |

Remark 6.3.14. Instead of Theorem 6.5.12, we can use another similar characteri-
zation from [RS96], where the neighborhood is defined as Ny = {y +i(h —y) | i €
{0,...,10d}}. The advantage of using this new neighborhood is that we can conclude

(1+g1))6g as long as 6 = O(1/d). This will help in reducing the exponent of d by 1 in

our main theorem. We chose to use Theorem 6.5.12 for a self contained proof.

6.4 Comparing between different tests and their agreement parameter

There are many variants for the low degree test, in this section we look into equivalences
between similar low degree agreement tests. We first prove the equivalence in a more
general setting and as a corollary we get some interesting results.

Throughout this section, we will work over F'™ where F is a field of size ¢ and let
s < m/2 be fixed. Also, let T denotes a table which maps every s dimensional affine
subspace in F to a degree d polynomial. Let A° denote the set of all s dimensional
affine subspaces in F™™. For r < s and for R € A" let A} C A® denote all subspaces in

A?® which contain a particular subspace R,
R={S CcF"|dim(S)=sRCS}.

For parameters s > k > r consider the following test:

Test 3 Subspace agreement test : Qskes(r)

1. Select K € A* n.a.r.
2. Pick 51,52 € Aj u.a.r.
3. Pick a r dimensional subspace R C K u.a.r.

4. Accept iff T(Sl)‘R = T(SQ)‘R.

Let agps(r)(T) be the agreement of the table T' = (fs)seas, i.e. the probability of

acceptance of the test.
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When r = k we simply denote the agreement as asis(7"). With these notations, the
success probability of Test 1 is denoted by as,3(1"), and of Test 2 by ag1,2(T).

In this section, we prove the following main lemma.

Lemma 6.4.1. Let 0 <7 <k < s <73, we have

r+1
asrs(T) (1 - (Z) ’ > < gps(T) < srs(T) + (L4 0(1))g~ 724474,

From Lemma 6.4.1, we can deduce the following corollary,

Corollary 6.4.2. Let acpc(T) = a313(T) be the success probability of Test 3 with
s =3,k =r =1, i.e checking consistency of two cubes that intersect on a line. Then

for every cubes table T,
d 1
aczc(T) (1 - q) < acuee(T) < acee(T) + qﬁ(l +o(1)).

The corollary implies that Theorem 6.1.2 holds if we modify the test as selecting
two cubes u.a.r from a pair of cubes intersecting in a line and checking consistency on
the whole line.

Using Lemma 6.4.1, we can also compare the Raz-Safra Plane vs. Plane agreement
tests where planes intersect at a point and on a line. Recall that apgp(T) is the
acceptance probability of Test 2. Invoking Lemma 6.4.1 with s =2, k =1 and r = 0,

we get the following corollary.

Corollary 6.4.3 (Lemma 6.1.4 restated). Let T be a planes table, and let ap,p(T) be
the success probability of Test 3 with s = 2,k = r = 0, i.e two planes that intersects
on a point. Let apyp(T') be the success probability of Test 2 from the introduction (two

planes that intersects on a line), then

apxp(T) <1 - Z) < Oz'pgp(T) < Oszp(T) + 2(1 + 0(1)).

6.4.1 Proof of Lemma 6.4.1

We prove a few claims that together with the observation a ;) (1) > asks(T), prove

the lemma.
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The following claim shows that two distinct low degree polynomials agree on a

random subspace of fixed dimension with very small probability.

Claim 6.4.4. Let P, Py : Ft — T be two distinct degree d polynomials. Forr <t

r+1
Pr [(Pr = (P < (d) |

ReAr q

Proof. Consider the following way of choosing an r dimensional affine subspace from
A" uniformly at random: Pick zg,z1, 2o, ..., 2, from Ffl independently and u.a.r. Then
pick a r dimensional affine subspace R containing {xo+span(z1,x2,...,z,)} wa.r (R is
determined by zg,z1,x2,...,z,, unless dim span(z1, z2,...,z,) < r). It is easy to see
that R is distributed uniformly in A". Now, P, and P, agreeing on the whole subspace
R implies that they agree on the points {zg, o + 21,29 + 2, ...,20 + =, } as all these

points are contained in R. Therefore,

Pr [(P1)|gr = (P2)|r] < Pr [Pi(z0) = Pa(wo) Nizy Pr(wo + 2i) = Pa(z0 + 24)]

Re A" TOT1 yeeey T~V

- (gg [Pi(z) = 132(95)]>T+1 < (Z)TH,

where the last inequality is because two different degree d polynomial agree on at most

g fraction of the points (Schwartz-Zippel lemma). [

Claim 6.4.5. Let M,,«, be the adjacency matrixz of a bi regular bipartite graph G, and

let f be a n-dimensional {0,1} vector such that E[f] = p. Then
(M, MF) < i+ NG

Proof. Let 1 be the unit vector. We write f as f = f1 + fi- where f; is in the direction
of 1, the singular vector with the maximal singular value, and fi- is its orthogonal

component. We note that f; = u1, and hence (f1, f1) = p?. Also,

p={f.f)={fi+ fi fu+ fi) = (i fo) + 5 0 = U5 )
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Using this we can bound:

(Mf,Mf)=(Mfi + Mfi-, M f1 + Mf{"))
=(f1, f1) + (M fi-, M f{")
<p? + NG (fi, fi)

<p® + A(G)*p.

Claim 6.4.6. a5 (T) > ass(T).

Proof. We start by fixing R € A",0 € F¢". For each k dimensional subspace K € Ak,

denote by py the following probability px = Prg. s [T(S)|gr = o]. In this notation

Pr [T(S1)jr=T(S2)|r = 0] = E[p%k]
KA, K
S),Sam s

2
> <E[p[(]> = Pr [T(Sl)|R = T(Sg)m = 0'].

1,80~ A3,
(6.4.1)
Now, we average over R, o to get ass(T) and apgq)(T):
asrs(T) = RE}"AT [T(Sl)IR = T(S2)\R]
S, 85~ AS,
= E Pr T(S =T(S = . 6.4.2
R~AT ;T S1,SQ~A§[ ( l)lR ( 2)|R 0] ( )
g

Picking a uniform R € A" then K € A%, is the same as picking K € A* and then a

random r dimensional subspace R in K, so by definition

sksr)(T) = Pr o [T(S0r = T(S2)ir]
S1,SamAS,
= P T(S =T(S = . 6.4.3
B > KJU;% [T(S1)|r = T(S2)|r = 0] (6.4.3)

”
o€elrq 1,82~ A3,

Using (6.4.1), (6.4.2) and (6.4.3), we get agpsr) (1) > asps(T). ]

d r+1
Claim 6.4.7. asks(T) Z asks(r)(T) <]_ — (E) >
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Proof. By the definition of the agreement,

™ =1-— P T T
ks (T) KPAk 51,523./4?{[ (S1) 7 T(S2)]| 5
and
Qgpos(ry(T) = 1 — KPAk RE% [T(S1)r # T(S2)r]|
81, 8o S,

where we use R ~ K to denote a random 7 dimensional subspace in K. For every
subspace K € A¥, R C K is uniform and is independent of S, S.
REIE( [T(S1)r # T(S2)r] = RE% [T(S1) 1k # T(S2) 1k, T(S1) R # T(52)R]
1,8~ AS, 1,8~ AS,

- S1,S§£A§< [T(SV) 1k # T(S2) k]

Pr  [T(S1)r # T(S2)r | T(S1)x # T(52)k]

Rk,
d r4+1
[T(S1) 1k # T(S2) k] - (1 - () > .

1,92~ AS
q

2 SI,SEEA;(
The lower bound on the probability in the last inequality is as follows: the event
T'(S1)|x # T(S2)|k implies that the degree d polynomials corresponding to T'(S1)|x and
T(S2) |k are distinct. Thus, using Claim 6.4.4 Preg[T(S1)|g = T(S2)|r] < (d/q)".

Therefore, for a k dimensional subspace K € A*,

d r+1
xS A TSRl = o Pr . [T(S) # T(S2) ] (1— (q) )

S1,S2~ A3
S1,Sa~ A3,

Finally, taking the expectation of the inequality over K finishes the proof. [ |

We first state a lemma about an expansion of the kind of inclusion graphs which we

will be dealing with in analyzing the Test 3, the proof of which appears in Section 6.5.

Lemma 6.4.8. Let 1 < k < s < % be integers, and let G be the inclusion graph

G = G(A%, A%) for ar dimensional subspace R, where R # (. Then,
MG)? < (1+0(1)) - g o727,

Claim 6.4.9. ags)(T) < agsy(T) + MNG)? where G is the inclusion graph G =

G(A’f%, A%) for an v dimensional subspace R.
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Proof. Fix an r dimensional affine subspace R € A". We prove the following inequality:

Pr [T(S1)r=T(S2)rl < . Pr [T(S1)r =T(S2)r] + AMG)?, (6.4.4)
KAk, S1,52~Ag
51,82~ A3,

Note that this implies the claim if we take expectation over R € A". Towards proving

(6.4.4), for each value o € Fqk, denote by A, C A% the following set

Ay = {S € A | T(S) = o},

Ao
[A]

and p, = Let f, be the indicator function for A,, for S € A,, f-(S) = 1. By

definition

sl,sEEA;[T(Sl)‘R =T(S2)r] = ZMU (6.4.5)

Let G = G(A%, A3%) be the inclusion graph, and denote by M € RMEIXIAR| the
normalized adjacency matrix, such that each entry is either 0 or 4 ( ) where K € .Ak

For each k dimensional subspace K € A%, the value (M f,)x is the fraction of K’s
neighbors in A,, (M fs)x = Prg~ As, [S € A,]. Therefore, the inner product gives us

the expected value:

<MfU,Mfo'>: E E [SEAU]2 E E {51,52 EAU]
KeAl |SeAy KeAk | 51,52€ A%
Therefore
Pr [T(S1)jr =T(S2)ja] = Y (M fo, M [y)
K~Ak, =
51,89~A
< Z 12+ MG iy (using Claim 6.4.5)

- Sl,SIZEJA%[T@l)IR = T(92)|r] + MG)?. (from (6.4.5) )

which proves (6.4.4). [ ]

Claim 6.4.9 together with Lemma 6.4.8 gives us agps (T') < aigps(T)4(14-0(1)) g2 2k+r+1),

r+1
Claim 6.4.6 and Claim 6.4.7 prove the other inequality, as.s(T') <1 — ( ) ) < agps(T).

ESYISY
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6.5 Spectral properties of Certain Inclusion Graphs

Let G, be the intersection graph where the vertex set is all linear subspaces of di-
mension s in Fy* and U ~ U’ iff dim(U NU’) = k. We will use the T}, to denote the
Markov operator associated with a random walk on this graph. We will need following

fact about eigenvalues of T}, ;1.

Definition 6.5.1. k-th g-ary Gaussian binomial coefficient [Zﬂ is given by
q

As q is fixed throughout the article, we will omit the subscript from now on.
Fact 6.5.2. ( [BONS9, Theorem 9.8.3]) Suppose 1 <k < 7,

1. The number of k dimensional linear subspaces in Fy" is ezactly [7};‘]

2. The degree of Gy —1 is qm [m;k]

3. The eigen values of Ty 1 are

A(Toa) = L = (]

with multiplicities [T]”] - [j’fl] for j =0,1,..., k. Asymptotically, \j(Tyr—1) =
O(g7).
Claim 6.5.3. For any 1 < k < 2 and , we have ’)q(Tch_g) — )\I(Tk,k—l)Q‘ =1+

2
o(1)) .

Proof. Consider a two-step random walk on the graph Gy, ;. We will show that with
very high probability, a two-step random walk on Gy _1 corresponds to a single step
random walk on G}, —2. Let Uy, Uz, Uz be the vertices from a two-step random walk on
G} x—1. Note that conditioned on the event dim(U; N Us) = k — 2, the distribution of
(U1, Us) is exactly same as a single step random walk on Gy, ;—2. We will upper bound
the probability of the event dim(Uy N Us) # k — 2.

Let w1 = Uy NUs and we = UsNUs, we can describe the distribution of the two-step

random walk as follows:
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1. Choose a uniform k dimensional subspace Us.
2. Choose two random k — 1 dimensional subspaces, wy,ws C Us.
3. Choose a point z1 € F™ \ Uy, and set U; = span(wi, x1).

4. Choose a point z9 € F™ \ Us, and set Us = span(wsz, x2).

By definition, Us has [kfl] subspaces of size k — 1, therefore Pry,, , w1 = wa] = ﬁ
k—1

In order to satisfy dim(U; N Us) # k — 2 given that w; # we, the point z9 should

be in U;. There are ¢¥ — ¢*~! points in U; \ Us, and therefore this probability equals

[Ui\U2| _ ¢F—¢"!
[F\Us| qm—gk -

Pr{dim(Uy NUs) # k — 2] = Prw; = we] + Pr[dim(U; NUs) # k — 2 A wy # wy]

— [ i ] + (1— [ i ])Pr[dim(UlﬁUg);ék—Q\wl#wg]
k—1 k—1
1 1 qk _ qk—l
— +l1= . =: B.
[kﬁl] ( [kﬁl] > qm — g

T7 o1 = BN + (1 = B) Ty 2,

Thus, we have

where A is a Markov operator corresponding to the two-step random walk on Gy j—1,

conditioning on dim(U; NU3) # k — 2. The claim follows as 3 = (1 + o(1))1/q". ]
Following fact follows from the definition of A(G).

Fact 6.5.4. For a bi-reqular bipartite graph G(A, B), if T is a Markov operator asso-

ciated with a random walk of length two starting from A (or B) then A(G)? = \(T).
We now prove Lemma 6.2.6.
Lemma 6.5.5 (Restatement of Lemma 6.2.6). We have for every m > 6,
1. For G1(L\ L;,C) , AM(G1) = %.
2. For G2(L4,Cs)) , AM(G2) ~ %.

3. For G3(F"™\ £,Cy) , AM(G3) =~

S



112

4. For G4(F™,C) , M(G4) ~ qa%-
5. For G5(F™\ {z},Cs) , M(G5) = %
And for every m > 3

6. For Gg(F™, L), \(Gg) = ﬁ.

where &~ denotes equality up to a multiplicative factor of 1+ o(1).

Proof. Suppose T is an n x n Markov operator which is a convex combination of a
bunch of other Markov operators: T = ZZ 1 Ty where o; > 0 and ZZ 1o =1, and
that both T and T;’s are regular. As the row sum of each Markov operator is 1, the
largest eigenvalue is 1, since both T and T;’s are regular, the eigenvector of the largest

eigenvalue is the all 1 vector. The second largest eigenvalue of T' can be upper bounded

by
MT):= max [T
veR™ ||v||=1,
vl1l
= max Z o;T;

vER"HvH 1,

k
< T = AT
Zveﬂglm Il = 3 o (T)

In proving the lemma, we repeatedly use the above simple fact to upper bound the

eigenvalue.

1. Without loss of generality, we can assume x = 0. Let dj and dr denote the
left and right degree of G respectively. Fix a line ¢, dy, is the number of cubes
containing ¢ and not passing through 0. Every point x ¢ span(¢,0) defines a
cube C' = span(z,0,¢). Thus, the number of linear cubes containing ¢ equals

m

2 . . .
dyp = ﬁ, where the denominator is the overcounting factor, the number of

points that give the same cube.

Fix a linear cube C. The right degree is the number of lines in C not passing

3
q
through the origin which is ((3)) q; 1> where the first term counts all possible lines
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in C' (each two different points define a line, we divide by the double counting)

and the second term counts all the lines in C' that pass through the origin.

Let T7 be the Markov operator associated with a two-step random walk in G4
starting from C,. Using Fact 6.5.4, in order to bound A(G1) it is enough to bound
the second largest eigenvalue of T7. Since G is bi-regular, the first eigenvector of
T1 is the all ones vector. For every cube C, the number of two-step walks starting

from C'is dy, - dp.

If dim{C; N Cy} = 1, then the two cubes intersection is only on a line. Since
both cubes are linear, it means that this line goes through the origin, therefore it
doesn’t correspond to a vertex on the left side, and there is no walk C; — £ — Cj,

so (Th)c,,c, = 0. Of course, the same holds if dim{C; N Cy} = 0.

If dim{Cy, N Cy} = 2, there there is a plane going through the origin in both
C1,C5. The number of walks C; — ¢ — (5 equals the number of lines in this
plane that don’t contain the origin, 0. Each pair of distinct points on the plane

correspond to a line, and we divide by the double counting. Therefore the number
2

(%)
(3)

2
q

that contains 0, resulting in ((3)) B R B.
2

of lines in a plane equals . We subtract from it the number of lines in a plane

q—1
If C1 = (s, then exists a path C; — £ — Cy for every line £ adjacent to C, and

there are dp such lines.

Since T3 is a Markov operator, we need to normalize the number of paths between
C1,Cs by dividing in the total number of outgoing paths from C}, which equals
dg - dj,. Therefore,

dr ; — (.
T it C; = C;

(T)eyo; =\ 2, if dim{C; N Cy} =2 (6.5.1)

dr-dr’

0, otherwise

Thus, we can write T as:

1
T = —1
V= T ey

1 d
Gzg=—1I+ b

- T
dL deL 3,25
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where d' is the degree of a vertex in Gz. One can verify that Tj is indeed a
convex combination of two Markov operators I and 7T32. Since (32 is a regular

graph, the second eigenvector of 75 > is also orthogonal to 1. Hence,

1 Bd'
MG)2=\NT) = Tyl = —7I T
() (1) UeRﬁIClﬂ},{unH 1l veRIITCli},i;u <dL +deL 3’2>U
[lv]|=1 lvll=1
1 Bd
= — 4+ —— A (T309). 6.5.2
i +deL 1(T5,2) (6.5.2)

We now just need to plug in the values of §,d and Ai(T32). Using Fact 6.5.2,

M (T3,2) is given by the following expression,

_CRM -0 1
M (Ts2) = DT (1+ 0(1))q-

3
As we have seen before, dp = ((qﬁ)) — % = (1+0(1))q¢ d = ?;L:j; =(1+
2

2
o(1))g™ 3 and B = (é)) —q;__ll = (1+0(1))g?. From Fact 6.5.2, d' = (1+o0(1))g™ L.

Thus,

di — (1+o(1)) = i M (Ts2) = (14 o(1))+
L

qm? drdr, q
Plugging these values in (6.5.2) gives A(G1) = (1 + 0(1))W as required.

1

. This bound is implied from a more general Lemma 6.4.8 we prove below with

s=3,k=1and r=0.

. In this case, it will be easier to bound the eigenvalue of the Markov operator
associated with a random walk of length two starting from F™ \ ¢. Let T3 be
the Markov operator. Now, the path of length two starting from x looks like
x — C' — y. Thus, the cube C contains all points from the affine plane spanned

by x and ¢. Let p(x,¢) be the affine plane spanned by x and ¢. We have Pr[y €

p(z,0)] = gz:g ~ %. If y ¢ p(x,0) then the distribution of y is uniform in

F™\ p(x, ). Thus, we have
T3 = (1-o0(1)) <1 — (11) J+(1+ 0(1))(1]/\/,

where J is a Markov operator associated with a complete graph on F™\ ¢, with self
loops and N is an appropriate Markov operator. Thus, we have bound \(T3) =
(1+ 0(1))%. Since A(G3)? = A(T3), the bound follows.
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4. Proof of this is along the same lines as (3). The Markov operator here (starting

a walk from the left side) can be written as

1 1
Ty=(1+ 0(1))?1 + <(1 +o(1))(1 - 3)) J,
where [ is an identity matrix. Thus A\(7y) = (1 £0(1))

5. The proof of this item is also similar to (3), we look on the path of length 2 starting
from the left side, i.e y — C' — z, and let T5 be the Markov operator. Let ¢(x,y)

be the line spanned by x,y (where x is the fixed point, G5(F™ \ {z},C,)), then

Pr[z € {(z,y)] = W@%?{l{ﬁﬂ = q%:ll ~ q%, let A be the appropriate Markov

operator of the event that x,y, z are colinear, then

T = (1 - o1)) <1 - q12> T+ (14 0(1));2/\/.

Here J is the Markov operator of the complete graph on F™\ {x}. Thus \(G5)? ~
1
q72.

6. Consider a two-step random walk in Gg, * — ¢ — y. If we sample a random line

through x then conditioned on y # x, y is uniformly distributed in F™. Thus, we

can write the Markov operator T" associated with this process as:
1 1
T:I+<1—>T’,
q q

where T” is a Markov operator associated with a random walk on a complete graph

on A, without self loops and I is an identity matrix. As 7" = Izﬂ%l‘] — |A\%1[ )

AT) — é‘ < b1 The claim follows as A(Gg)? = A(T).

MT") = . Thus,

-1

Next, we prove Lemma 6.4.8. Recall that A° denotes set of all s dimensional affine
subspaces in F™. Also, for r < s and for R € A", A} C A® denotes all those subspaces

in A® which contains a particular subspace R.

Lemma 6.5.6 (Restatement of Lemma 6.4.8). Let r < k < s < % be integers, and
let G be the inclusion graph G = G(AL ,A%) for an r dimensional subspace R, where
R # (. Then,

MG)? < (1+o(1)) - g 720ty
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Proof. Fix an r dimensional subspace R C F™, R # () and recall that
Ab = (K c F"|dim(K) =k, RC K}.

Let G = G(A%, A%) be the biregular bipartite inclusion graph and let dj, (resp. ds)
denote the degree of vertex in A% (resp. A%).
For every n,t,j € N, let h(n,t,j) be the number of ¢ dimensional subspaces in F"

that contain a specific dimention j subspace,

(@) (=T e
h(n,t,j) = (¢ —¢) - (¢t — ¢t 1) ro g, (6.5.3)

where &~ denotes equality up to a multiplicative factor (1 + o(1)), as before. For any
fixed j dimensional subspace X, the numerator equals the number of ¢ — j linearly
independent points y1,y2,...,y—; in F™ such that dim(span(X,y1,y2,...,%—;)) = t,
whereas for every t dimensional subspace Z, the denominator equals the double counting
of Z, i.e the number of ¢ — j linearly independent points y1,y2,...,%:—; such that
span(X,y1,92,...,Y—j) = Z. We can now bound the number of vertices and the left

and right degree in G.

(AR = h(m, k,r), ARl = h(m, s,7),
di, = h(m, s, k), ds = h(s, k,r).

Let T be the two-step Markov operator on the bipartite graph G, starting from A’f;i,
we want to calculate the entries of T. Let K1, Ky € A’f%, by definition (T")k, K, is the
probability that a two-step random walk will end at K5, conditioned on it starting from
K.

Let " = dim(K; N K2) > r, in this notation dim(K; U K3) = 2k — /. Any 2 step
random walk from K; to K5 looks like K1 — S’ — Ky where S’ is an s dimentional
subspace containing both K; and Kj. The number of such S’ is exactly h(m, s, 2k —1").

Thus, (T)k, Kk, equals

(T) K, .k, = Pr[R.W ends at K3| R.W starts at K]

_ hmys. 2k =) h(m,s, 2k —1) (6.5.4)
dk : ds h(m757k) : h(S,k,T)
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This probability is the same for every Ki, Koy € A]f% such that dim(K; N Ky) = 7/, so
we can denote this value by p,» = (T')k, k,. Notice that p,» > p, for every ' > r.

Let G, be the graph with vertex set .A’]%, where K71, Ky are connected by an edge
if dim(K; N Ky) = /. We also denote the 0/1 adjacency matrix of graph G, by G,.

With these notations, the 2 step Markov operator T' equals

k
T = ZPWGW-

r'=r
Notice that this is not a convex combination, ), p,» # 1, but rather p,» are the entries

of T', and G, are 0/1 matrices.

Let J be the all 1 matrix, we know that J = 3% _

G,. The first matrix in the sum
G, is the only non sparse matrix, since for every subspace K; € A*, almost all other
subspaces intersects with K7 only in R. Therefore we can write G, = J — Zf’:r 411G,

and get
k

T=pJ+ Z (pr’ _pr)Gr"
r'=r+1

Since T is a Markov operator of a regular graph, the all 1 vector is the vector with
the maximal eigenvalue, which equals 1. Since G,» are also regular graphs, 1 is the
vector with the maximal eigenvalue, which equals deg(G, ), which is the number of
K’ € A% such that dim(K N K’) =’ (as the adjacency matrices are not normalized).
(@™ = d")--- (g™ — ¢ )

(q"—q") - (g" — ")
%q(k—r’)(r’—r) . q(m—k) k—r") _ q(k—r’)(m—k—l—r’—r)

deg(G,/) =h(k,r’,r) -

For every K € .A’f%, the factor h(k,r’,r) is the number of v’ dimensional subspace in
K that contain R, the second factor is the number of & dimensional subspaces that
intersect with K only in a specific ' dimensional subspace.

Let v be the normalized eigenvector of the second eigenvalue of T, this means that

v L 1 and |[v]| = 1. Since J is the all 1 matrix, Jv = 0. We also know that for every
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' >r, |G| < deg(G,), as it is true for every vector v.

k

Z (Pr — pr)Grrv
r'=r+4+1
k

Z (pr — pr) |G| (triangle inequality)
r'=r+1

k
< Z Dr deg (Gr’)
r'=r+1

IT]| =

IN

For every 7/, by using the expression for p,» from (6.5.4) and bounds on h from (6.5.3)

we get that

k—r")(m—s+r'—r) o —(r'—1)(s—2k+r") )

py deg (Gpr) = prg q

Since ' > r, (" —r)(s — 2k + r’) is minimized when r’ = r + 1 and hence

k

1 1
MT) = |Tv| < (140(1)) > e < (1+o0(1))- preTavasE
r'=r+1
The lemma statement now follows from the Fact 6.5.4. [ ]

6.6 Spectral Expansion Properties Proofs

Lemma 6.6.1 (Restatement of Lemma 6.2.3). Let D1, Do as defined in Definition 6.2.2.
Let G = (AU B, E) be a bi-regular bipartite graph, then for every subset B C B of

measure > 0 and every E' C E

Pr [(a,b) € E'l = Pr [(a,b) € E]| < AG)
(a,b)~D1 (a,b)~D2 N

Where is Do returned L, we treat is as it is not in E'.

Proof. In the proof we represent both probabilities as an inner product, and then use
A(G) to bound the difference. Let M € RA*B the adjacency matrix of the graph G,
normalized such that M1 =1 (where the first 1 is of dimension |B| and the second of

dimension [A[). We define the matrix M’ representing the subset of edges E', M; , =

Map- (1g)ap.
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Starting with the probability of (a,b) ~ Dy, the vector M'1ps satisfies that for every
a€A, (MllBl)a = PrbeN(a)[(a, b) el be B/].

(1,M'1p) = L [Epn(a)[I((a,b) € E',b € B')]]

:aNA}bDNrN(a)[(a, b) € E',be B'] (using bi-regularity of G)
= Pr [(a,b) € E',be B

b~B,a~N (b)
=PrbeB]- Pr [(a,b)eE|be B

b~B b~B,a~N (b)

=n- P ,b) € E'].
1 (mb)}:Dl[(a ) € E']

We now want to represent the second probability as an inner product. We define the

vector P € [0,1]4 as follows, for each a € A:

1. If N(a) N B’ =), then P, = 0.

2. Else, P, = Pryen(q(a,b) € E' | be B].
In this notation Pr(,y.p,[(a,b) € E'] = (1, P).

We now want to find a connection between the inner products. If P, # 0, then it

defined as the conditional probability, and

Pr be B, (a,b) e E'|= Pr [beB] Pr [(a,b)e E'|be B']= Pr [be B|P,.
b~N(a) b~N(a) b~N(a) b~N(a)

If P, = 0 then also Pry.y(q)[b € B, (a,b) € E'] = 0, and the above equality still holds.
We notice that (M'1p/)s = Pryen(a)l(a,b) € E';b € Bl and (M1p/), = Pryenq)[b €

B'], which means that for every a € A, (M'1p/), = (M1p/),P, and

(M1p/, Py = (1, M'1p).
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Therefore we can express the difference between the two probabilities as

1
Pr [(a,b)e E'] - Pr [(a,b) € E' :‘ 1, M) — 1,P’ 6.6.1
(a,b)NDl[( ) ] (a,b)NDQ[( ) ] M< ) = ) ( )
1
:‘(MlB/,P>—<1,P>‘
1
1
=— [(M1p — p1, P)|
1
1
5; [M1p — pd || P

(By Cauchy Swartz)
Since P is a vector in [0, 1] and the inner product we use is expectation, ||P] < 1. In
order to finish the proof we need to bound the size of the vector

M].B/—,ule].B/—[LM]_:M(lB/—M]_).

We notice that 15 is a {0,1} vector of measure p, so (1p/,1) = (1p/,1p/) = u, and

(1p — pl) L 1p. By the definition of A(G), this means that
IM(1p — p1)]| € MG) 1 — el || < AV
We substitute the norm of the vector in equation (6.6.1) and we are done. ]

Lemma 6.6.2 (Restatement of Lemma 6.2.5). Let D3, Dy as defined in Definition 6.2./.
Let G = (AUB, E) be a bi-regular bipartite graph, such that every two distinct by, by € B
have ezactly the same number of common neighbors (i.e for all distinct by,by € B,
|IN(b1) N N(b2)| is the same), and this number is non-zero. Then for every subset

B’ € B of measure > 0 and every E' C E

ANG) 1 1
P E - P E'l <
@)@ € Bl = P (b (e € B < 4 b

Where is Dy returned 1, we treat is as it is not in E' and d is the degree on A side.

Proof. This proof is similar in spirit to the proof of Lemma 6.2.3, with more complica-
tion since the event contains two edges instead of a single one.

Let M € RA*B the adjacency matrix of the graph G, normalized such that M1 = 1.
We denote by M’ the matrix that represents the edges in E’, i.e for each a € A,b € B,

Mé,b = Map - (1Er)ab-
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Starting from D3, we first write the conditional probability

bPlI)‘ [bl, by € BI, (a, bl), (a, bg) S El]
an N (B1)AN (b2)

= Pr[b;,bo€ Bl Pr [(a,b1),(a,bs) € E'] (6.6.2)

b1,b2 a,b1,ba~D3

2 !
= P E'.
2 a,bl,bngDg[(a7 bl)a (CL, b2) € ]

We want to express the left side as an inner product, we notice that for each a € A:

(M/]-B’)a = , E}( )[]I(b S B/, (a,b) € El)]

Therefore the inner product satisfies

(MIIB/, M’lB/> = E E [H(bl, by € B,, (CL, bl)(a, bg) S El)] (6.6.3)
a~A | by,ba~N(a)

= P bi,by € B',(a,b1)(a,by) € E'
GNA7b1,bI;~N(a)[1 2 (a,b1)(a, ba) ]

Since each two b1, b € B has the same number of neighbors,

Pr [bl, by € B/, (a, bl)(a, bg) S El] = Pr [bl, by € B/, (a, bl)(a, bg) S El].
a~A by #ba~B
bi#by~N(a) a~N(b1)NN (ba)

We want to switch the expression in (6.6.3) by the one is (6.6.2), we know that they are
equal when by # bs. But the probability of by = by is different between the two cases,
it is i if we pick neighbors of a and ‘—}3| if we pick two random vertices in B. If we

add the probability of by = by as an error, we get that

1 1
2 ! / !
P b b EFl— (M1l Ml1pg)| < —+4 — .6.4
M (1,1)17b2rr\4D3[(a7 1)((17 2) e ] < B B> - dA |B| (66 )

Now we want to express the probability of a,b;,bs ~ D4 as an inner product. In

order to do that, we define the vector P, for every a € A

1. If N(a) N B" =0, then P, = 0.

2. Else, Py = Pry, p,on(a)l(a,b1)(a,b2) € E' | b1,by € B].
The vector P is defined such that

Pr [(a,bl)(a, bg) S El] = E[Pa] = <1,P>.

a,by,ba~Dy a
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We want to find a connection between this expression and the expression represent-
ing the probability Pr, s, s,~ns[(a,b1)(a,b2) € E'].
We use (6.6.4) and the triangle inequality to bound the difference between the two

target probabilities

n_ /
a7b171;21“ND3[(a, bi)(a,b2) € E'] a7b1,122rND4[(a, bi1)(a,b2) € E']
<1 (M1, M'1p/) — (1, P)| + L + L (6.6.5)
<|—= B’ ) — (1, 6.
TS p*da i |B

We now need to bound the expression in (6.6.5), in order to do that, we will first

show that

<M/IB/, M’lB/> = ot blpbl;wN(a)[(al’ b)(ag, b) c E,, bl, by € B/] = ]g[Pa(MlB’)z]-

(6.6.6)

We notice that for a such that P, > 0, it equals the conditional probability and

Pr [(al, b)(CLQ, b) € El, b1,b0 € B/] = Pr [bl, by € B/]Pa.
by,ba~N(a) by,ba~N(a)

If a is such that P, = 0, then Pry, 5, n(a)[(a1,b)(az,b) € E',b1,by € B'] = 0 and the

above equality still holds. We further notice that

(MlB’)a = bNE(a)[H(b € B/)]

If we substitute Pry, 5, n()[b1, b2 € B in (M1p/)2, we get (6.6.6).

In order to finish the proof, we upper bound

E[P.(M1p)2 — 1?)]] .

a

1
— (M'1p, M'1p/) — <1,P>‘ = 2

I

1
E [/ﬂPa(MlB/)?L — Pa}

a

We now upper bound the expectation as follows,

E[P.((M1p)g = 1)) = E[Pa(M1p)a = p)(M1p)a + )]
< max{|Fo|} B[[(M1p)a — n)((M1p)a+ p)]
<[ M1p — || [|M1g + | (6.6.7)

SO WV (6.6.8)
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where (6.6.7) is due to Cauchy-Schwarz inequality and using |FP,| < 1. In (6.6.8), we
bound

||M1p — || like in the previous proof,
IMLy — | = [ M1y — pM1| = [M(Ly — )| €A 1] < AR
Finally, we bound ||M1p + p1]:

|M1g + pd|> =(M1g + pl, M1g + pl)
:<MlB’aMlB’> + 2<M]-B’7M1> + <,LL1,M1>
<|1p|® + 2 + p* 1)

<p+2p+ p? < Adp.

6.7 Rubinfeld-Sudan Characterization

In this section, we present a proof of Theorem 6.3.12. The proof uses the following fact

from [vdWANB49]:

Fact 6.7.1. Let f : F™ — F be a function, and let N, = {y+ih|iec{0,...,d+1}}.
f is degree d iff it satisfies the following identity for all y and h:

d+1

> aif(y+ih) =0,

1=0

where a; = (“T)(=1)7*1
Throughout this section we let a; = (d;“l)(—l)“rl as in the above fact.

Theorem 6.7.2 (Restatement of Theorem 6.3.12). Let f : F™ — F be a function, and
let Nyp ={y+ih|iec{0,...,d+1}}, if f satisfies

yJLf;%m[EI degd polynomial p s.t. Pln,, = f|Ny,h] >1-4, (6.7.1)

20
foré < 2(di2)2, then there exists a degree d polynomial g such that f=g.
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Proof. Define a function g : F™ — T to be g(y) = maj heFm{Z?;l a;f(y+ih)} breaking
the ties arbitrarily. Next we argue that g is very close to f and g itself is a degree d
function.

To see that g is (1 — 26) close to f, consider the set of all y for which Pry[f(y) =
Zd+1 a;f(y +ih)] > 1/2. For all these y, f(y) = g(y) as g was the majority vote. It
is easy to see that fraction of y for which the probability is at most 1/2 is at most 2§
as otherwise it will contradict the hypothesis (6.7.1). The rest of the proof will be

proving the following two claims.
Claim 6.7.3. For ally € F™, Prylg(y) = S cif(y + ih)] > 1 —2(d + 1)6.
Claim 6.7.4. For ally and h in F™, we have Y%} ayg(y + ih) = 0.

Claim 6.7.4 and Fact 6.7.1 imply that ¢ is in fact a degree d function and hence the
theorem follows. We now proceed with proving these two claims.
Proof of Claim 6.7.3: We will show that for all y € F™,

d+1 d+1

Zazf (y+ih1) = > a;f(y+jha)| >1—2(d+1)s. (6.7.2)
= =i

h17h2
Note that this is enough to prove the claim. To see this, let p, = Prh[ZdJrl a;f(y+ih) =
a] for a € F. Then (6.7.2) becomes >, p2 > 1—2(d+1)d. Since g(y) was the majority
vote, we have Pry[g(y) = ZdH a;f(y + th)] = max,er pg > Zaer?L >1-—2(d+1)6.
To prove (6.7.2), consider the following (d +2) x (d +2) matrix Z with (i, )" entry

Zij = aiajf(y +ih1 + jha), for i, j € {0, e, d+ 1}.

f) o a0 f(y £ jhe)

aiaof(y + ih1> L aiajf(y +th1 + jhg)

If hy € F™ u.a.r then for any ¢ € {1,2,...,d + 1}, ¢h; is distributed uniformly in F™.

Same is true for ho and jho. Consider the following events:

e For every i € {1,2,...,d + 1}, R; be the event that the sum of the ¢’th row is

zero, i.e ZdHZJ =0.
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e For every j € {1,2,...,d + 1}, C; be the event that sum of the j’th column is

zero, ie Y 7, = 0.

Note that R;,C; are not defined for the first row and column (i = 0 and j = 0). Using

the hypothesis (6.7.1) of the theorem and Fact 6.7.1, we have

Pr [Ri] > 1—0, Vie{l,2,...,d+ 1}
hi,h2
Pr [C}] > 16, Vie{1,2,...,d+1)
hi,h2

The event in (6.7.2) is same as » ;' +1 Zio Z?ﬂ Zp,; (note that the sums don’t
include the first element, Zy ). If all the above events R;, C; happen then dell Zio =
ZdH Zy; = — Zf;rll Z; ;. By using union bound we get Pr[A¢t]! R, /\dJrl ;) >1-—
2(d 4+ 1)6 which implies (6.7.2).

Proof of Claim 6.7.4: In this case, consider the following (d+ 2) x (d 4 2) matrix
Y whose (i,7)!" entry is Vi j = cia; f(y + ih + j(h1 + ihs)) except when j = 0. When

Jj=0,Y0=a;a0g9(y +ih).

aoaog(y) ... o f(y + jht)

aiaog(y+ih) aiajf(y—l—ih—i-j(hl—kihg))

Define the following set of events:

e Forie{0,1,...,d+ 1}, R; be the event that the sum of all elements from row i

is zero, i.e Edﬂ Y;; =0.

e Forj €{0,1,...,d+1}, C; be the event that the sum of all elements from column

Jj is zero, 1ezd+1Y]—0

Let hi, he are independent and distributed u.a.r in F™. As the event Cj is independent

of hy and hy, in order to prove the claim it is enough to show that Pry, 4,[Co] > 0.
For each row i € {0,1,2,...,d + 1} we apply Claim 6.7.3 with ¢/ = y + ih and

h' = hi + ihg, and get Pry, p,[-Ri] < 2(d+ 1)¢ (note that oy = —1). If hy, hy are

independent and distributed u.a.r in F™ then so are (y + jhi) and (h + hg). Therefore,
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using the hypothesis (6.7.1) of the theorem and Fact 6.7.1, we have for all columns

except j =0, Prp, p,[~C;] < 4. Using union bound, we get

Pr

d+1 d+1
hi,ha

A R; A CJ} >1-2(d+1)(d+2)5+ (d+1)6 > 0.
1= 1=

The claim now follows using the observation that the event Cj is implied by the event

/\f;ro1 R; /\?ill C;. To see this, the event /\?iol R; implies that the sum of all entries in

d+1

Y is zero whereas NiZq C; implies that the sum of all elements from the submatrix

(YZ-J)?;F% is zero. Hence, if both these events happen then the sum of all elements from

column 0 must be zero. [ |
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Chapter 7

k-bit Dictatorship Test

7.1 Introduction

In this chapter, we study k query dictatorship test with perfect completeness. Boolean
functions are the most basic objects in the field of theoretical computer science. Study-
ing different properties of Boolean functions has found applications in many areas in-
cluding hardness of approximation, communication complexity, circuit complexity etc.
In this chapter, we are interested in studying Boolean functions from a property testing
point of view.

In property testing, one has given access to a function f : {0,1}" — {0,1} and the
task is to decide if a given function has a particular property or whether it is far from
it. One natural notion of farness is what fraction of f’s output we need to change so
that the modified function has the required property. A verifier can have an access to
random bits. This task of property testing seems trivial if we do not have restrictions
on how many queries one can make and also on the computation. One of the main
questions in this area is can we still decide if f is very far from having the property by
looking at a very few locations with high probability.

There are few different parameters which are of interests while designing such tests
including the amount of randomness, the number of locations queried, the amount
of computation the verifier is allowed to do etc. The test can either be adaptive or
non-adaptive. In an adaptive test, the verifier is allowed to query a function at a few
locations and based on the answers that it gets, the verifier can decide the next locations
to query whereas a non-adaptive verifier queries the function in one shot and once the
answers are received makes a decision whether the function has the given property.

In terms of how good the prediction is we want the test to satisfy the following two
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properties:

e Completeness: If a given function has the property then the test should accept

with high probability

e Soundness: If the function is far from the property then the test should accept

with very tiny probability.

A test is said to have perfect completeness if in the completeness case the test always
accepts. A test with imperfect completeness (or almost perfect completeness) accepts
a dictator function with probability arbitrarily close to 1. Let us define the soundness
parameter of the test as how small we can make the acceptance probability in the

soundness case.

A function is called a dictatorif it depends on exactly one variable i.e f(z1,x2,...,zy)
x; for some ¢ € [n]. In this work, we are interested in a non-adaptive test with per-
fect completeness which decides whether a given function is a dictator or far from it.
This was first studied in [BGS98, PRS02] under the name of Dictatorship test and
Long Code test. Apart from a natural property, dictatorship test has been used exten-
sively in the construction of probabilistically checkable proofs (PCPs) and hardness of
approximation.

An instance of a Label Cover is a bipartite graph G((A, B), E) where each edge
e € FE is labeled by a projection constraint 7, : [L] — [R]. The goal is to assign
labels from [L] and [R] to vertices in A and B respectivels so that the number of edge
constraints satisfied is maximized. Let GapLC(l,e) is a promise gap problem where
the task is to distinguish between the case when all the edges can be satisfied and at
most € fraction of edges are satisfied by any assignment. As a consequence of the PCP
Theorem [ALM 98, AS98] and the Parallel Repetition Theorem[Raz93], GapLC(1,¢) is
NP-hard for any constant e > 0. In [Has01], Hastad used various dictatorship tests
along with the hardness of Label Cover to prove optimal inapproximability results for
many constraint satisfaction problems. Since then dictatorship test has been central in

proving hardness of approximation.
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A dictatorship test with k£ queries and P as an accepting predicate is usually use-
ful in showing hardness of approximating Max-P problem. Although this is true for
many CSPs, there is no black-box reduction from such dictatorship test to getting in-
approximability result. One of the main obstacles in converting dictatorship test to
NP-hardness result is that the constraints in Label Cover are d-to-1 where the the
parameter d depends on ¢ in GapLC(1l,&). To remedy this, Khot in [Kho0O2a] conjec-
tured that a Label Cover where the constraints are 1-to-1, called Unique Games, is also
hard to approximate within any constant. More specifically, Khot conjectured that
GapUG(1 — ¢,¢), an analogous promise problem for Unique Games, is NP-hard for any
constant € > 0. One of the significance of this conjecture is that many dictatorship tests
can be composed easily with GapUG(1 — ¢, ¢) to get inapproximability results. However,
since the Unique Games problem lacks perfect completeness it cannot be used to show
hardness of approximating satisfying instances.

From the PCP point of view, in order to get k-bit PCP with perfect completeness,
the first step is to analyze k-query dictatorship test with perfect completeness. For
its application to construction PCPs there are two important things we need to study
about the dictatorship test. First one is how to compose the dictatorship test with
the known PCPs and second is how sound we can make the dictatorship test. In this
work, we make a progress in understanding the answer to the later question. To make
a remark on the first question, there is a dictatorship test with perfect completeness

2O(k1/3)
2k

and soundness and also a way to compose it with GapLC(1,¢e) to get a k-bit
PCP with perfect completeness and the same soundness that of the dictatorship test.
This was done in [Hual3] and is currently the best know k-bit non-adaptive PCP with

perfect completeness.

Distance from a dictator function:

There are multiple notion of closeness to a dictator function. One natural definition is
the minimum fraction of values we need to change such that the function becomes a
dictator. There are other relaxed notions such as how close the function is to juntas -

functions that depend on constantly many variables. Since our main motivation is the
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use of dictatorship test in the construction of PCP, we can work with even more relaxed
notion which we describe next: For a Boolean function f : {0,1}" — {0, 1} an influence
of i*" variable is the probability that for a random input z € {0,1}™ flipping the ith
coordinate flips the value of the function. Note that a dictator function has a variable
whose influence is 1. The influence of " variable can be expressed in terms of the
fourier coefficients of f as inf;[f] = > gcpyjjies f(S)2. Using this, a degree d influence
of fis inf;d[f] = ng[n]|ies,\s|§d f(S)2. We say that f is far from any dictator if for a

constant d all its degree d influences are upper bounded by some small constant.

In this chapter, we investigate the trade-off between the number of queries and the
soundness parameter of a dictatorship test with perfect completeness w.r.t to the above
defined distance to a dictator function. A random function is far from any dictator but
still it passes any (non-trivial) k-query test with probability at least 1/2*. Thus, we
cannot expect the test to have soundness parameter less than 1/2*. The main theorem
in this chapter is to show there exists a dictatorship test with perfect completeness and

soundness at most

2k+1
2k -

Theorem 7.1.1. Given a Boolean function f : {0,1}" — {0,1}, for every k of the form

2™m — 1 for any m > 2, there is a k query dictatorship test with perfect completeness

2k+1

and soundness =5

Our theorem improves a result of Tamaki-Yoshida[TY15] which had a soundness of

2k+3
2k

Remark 7.1.2. Tamaki-Yoshida [TY15] studied a k functions test where if a given set
of k functions are all the same dictator then the test accepts with probability 1. They use
low degree cross influence (Definition 2.4 in [TY15]) as a criteria to decide closeness
to a dictator function. Our whole analysis also goes through under the same setting as

that of [TY15], but we stick to single function version for a cleaner presentation.
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7.1.1 Previous Work

The notion of Dictatorship Test was introduced by Bellare et al. [BGS98] in the context
of Probabilistically Checkable Proofs and also studied by Parnas et al. [PRS02]. As our
focus is on non-adpative test, for an adaptive k-bit dictatorship test, we refer interested
readers to [ST09, HW03, HK05, EH08|]. Throughout this section, we use k to denote
the number of queries and € > 0 an arbitrary small constant.

Getting the soundness parameter for a specific values of k had been studied ear-
lier. For instance, for k = 3 Hastad [Has01] gave a 3-bit PCP with completeness 1 — ¢
and soundness 1/2 4+ . It was earlier shown by Zwick [Zwi97] that any 3-bit dicta-
tor test with perfect completeness must have soundness at at least 5/8. For a 3-bit
dictatorship test with perfect completeness, Khot-Saket [[KS06] acheived a soundness
parameter 20/27 and they were also able to compose their test with Label Cover to-
wards getting 3-bit PCP with similar completeness and soundness parameters. The
dictatorship test of Khot-Saket [KKS06] was later improved by O’Donnell-Wu [OW09a]
to the optimal value of 5/8. The dictatorship test of O’Donnell-Wu [OW09a] was used
in O’Donnell-Wu [OW09b] to get a conditional (based on Khot’s d-to-1 conjecture) 3-bit
PCP with perfect completeness and soundness 5/8 which was later made unconditional
by Hastad [Has14].

For a general k, Samorodensky-Trevisan [ST00] constructed a k-bit PCP with im-
perfect completeness and soundness 22\/E/ 2% This was improved later by Engebretsen
and Holmerin [EHO08] to 2V2k /9% and by Hastad-Khot [HEKO05] to 24VE /9% with perfect
completeness. To break the 20(VF) /2% Samorodensky-Trevisan [ST09] introduced the
relaxed notion of soundness (based on the low degree influences) and gave a dictator-
ship test (called Hypergraph dictatorship test) with almost perfect completeness and
soundness 2k /2F for every k and also (k + 1)/2* for infinitely many k. They combined
this test with Khot’s Unique Games Conjecture [[Kho02a] to get a conditional k-bit
PCP with similar completeness and soundness guarantees. This result was improved
by Austrin-Mossel [AM09] and they achieved k + o(k)/2* soundness.

For any k-bit CSP for which there is an instance with an integrality gap of ¢/s for
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a certain SDP, using a result of Raghavendra [Rag08] one can get a dictatorship test
with completeness ¢ — ¢ and soundness s + €. Getting the explicit values of ¢ and s
for a given value of k is not clear from this result and also it cannot be used to get
a dictatorship test with perfect completeness. Similarly, using the characterization of
strong approximation restance of Khot et. al [K'T'W14] one can get a dictatorship test
but it also lacks peferct completeness. Recently, Chan [Chal3] significantly improved
the parameters for a k-bit PCP which achieves soundness 2k/ 2% albeit losing perfect
completeness. Later Huang [Hual3] gave a k-bit PCP with perfect completeness and
soundness 20(’“1/3)/2’“.

As noted earlier, the previously best known result for a k-bit dictatorship test with

perfect completeness is by Tamaki-Yoshida [TY15]. They gave a test with soundness

2k+3
2k

for infinitely many k.

7.2 Proof Overview

Let f : {—1,+1}" — {—1,+1} be a given balanced Boolean function '. Any non-
adaptive k-query dictatorship test queries the function f at k locations and receives k
bits which are the function output on these queries inputs. The verifier then applies
some predicate, let’s call it P : {0,1}* — {0,1}, to the received bits and based on
the outcome decides whether the function is a dictator or far from it. Since we are
interested in a test with perfect completeness this puts some restriction on the set of
k queried locations. If we denote x1,X2,...,x as the set of queried locations then the
i" bit from (x1,X2,...,X};) should satisfy the predicate . This is because, the test
should always accept no matter which dictator f is.

Let o denotes a distribution on P~1(1). One natural way to sample (x1,Xa, . ..,Xy)
such that the test has a perfect completeness guarantee is for each coordinate i € [n]
independently sample (x1, X2, ...,Xk); from distribution p. This is what we do in our
dictatorship test for a specific distribution p supported on P~1(1). It is now easy to

see that the test accepts with probability 1 of f is an " dictator for any i € [n].

Here we switch from 0/1 to +1/ — 1 for convenience. With this notation switch, balanced function
means E[f(x)] =0
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Analyzing the soundness of a test is the main technical task. First note that the
soundness parameter of the test depends on P~1(1) as it can be easily verified that if
f is a random function, which is far from any dictator function, then the test accepts
with probability at least W Thus, for a better soundness guarantee we want P
to have as small support as possible. The acceptance probability of the test is given by

the following expression:

Pr[Test accepts f] = E[P(f(x1), f(x2), -, f(xx))]

- E | | s
SC[k],S£0 i€S
Thus, in order to show that the test accepts with probability at most W + e it is

enough to show that all the expectations Eg := |E[[[;cq f(x:)]| are small if f is far
from any dictator function. Recall that at this point, we can have any predicate P on
k bits which the verifier uses. As we will see later, for the soundness analysis we need
the predicate P to satisfy certain properties.

For the rest of the section, assume that the given function f is such that the low
degree influence of every variable i € [n] is very small constant 7. If f is a constant
degree function (independent of n) then the usual analysis goes by invoking invariance
principle to claim that the quantity Fg does not change by much if we replace the
distribution p to a distribution ¢ over Gaussian random variable with the same first
and second moments. An advantage of moving to a Gaussian distribution is that if u
was a uniform and pairwise independent distribution then so is £ and using the fact
that a pairwise independence implies a total independence in the Gaussian setting, we
have Eg ~ |[[;cq E[f(g:)]|.- Since we assumed that f was a balanced function we have
E[f(g:)]| = 0 and hence we can say that the quantity Eg is very small.

There are two main things we need to take care in the above argument. 1) We
assumed that f is a low degree function and in general it may not be true. 2) The
argument crucially needed u to satisfy pairwise independence condition and hence it
puts some restriction on the size of P~1(1) (Ideally, we would like |[P~1(1)| to be as

small as possible for a better soundness guarantee). We take care of (1), as in the
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previous works [TY15, OW09a, AMO09] etc., by requiring the distribution p to have
correlation bounded away from 1. This can be achieved by making sure the support of
w is connected - for every coordinate i € [k] there exists a,b € P~1(1) which differ at the
it" location. For such distribution, we can add independent noise to each co-ordinate
without changing the quantity Eg by much. Adding independent noise has the effect
that it damps the higher order fourier coefficients of f and the function behaves as a
low degree function. We can now apply invariance principle to claim that Eg ~ 0. This
was the approach in [TY15] and they could find a distribution p whose support size is
2k + 3 which is connected and pairwise independent.

In order to get an improvement in the soundness guarantee, our main technical
contribution is that we can still get the overall soundness analysis to go through even
if u does not support pairwise independence condition. To this end, we start with
a distribution g whose support size is 2k + 1 and has the property that it is almost
pairwise independent. Since we lack pairwise independence, it introduces few obstacles
in the above mentioned analysis. First, the amount of noise we can add to each co-
ordinate has some limitations. Second, because of the limited amount of independent
noise, we can no longer say that the function f behaves as a low degree function after
adding the noise. With the limited amount of noise, we can say that f behaves as a
low degree function as long as it does not have a large fourier mass in some interval
i.e the fourier mass corresponding to f(T')2 such that |T| € (s,5) for some constant
sized interval (s,S) independent of n. We handle this obstacle by designing a family
of distributions pu1, o, ...,y for large enough r such that the intervals that we cannot
handle for different pu;’s are disjoint. Also, each p; has the same support and is almost
pairwise independent. We then let our final test distribution as first selecting ¢ € [r]
u.a.r and then doing the test with the corresponding distribution w;. Since the total
fourier mass of a —1/ + 1 function is bounded by 1 and f was fixed before running the
test it is very unlikely that f has a large fourier mass in the interval corresponding to
the selected distribution p;. Hence, we can conclude that for this overall distribution,
f behaves as a low degree function. We note that this approach of using family of

distributions was used in [Has14] to construct a 3-bit PCP with perfect completeness.
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There it was used in the composition step.

To finish the soundness analysis, let f be the low degree part of f. The argument in
the previous paragraph concludes that Eg ~ |E[[[;cq f(x:)]|. As in the previous work,
we can now apply invariance principle to claim that Eg ~ |E[[[;cg f(g)]| where the
i'" coordinate (g1,go,...,gx): is distributed according to & which is almost pairwise
independent. We can no longer bring the expectation inside as our distribution lacks
independence. To our rescue, we have that the degree of f is bounded by some constant
independent of n. We then prove that low degree functions are robust w.r.t slight pertur-
bation in the inputs on average. This lets us conclude E[[];cg f(gi)] ~ E[l[;cs f(hy)]

where (hi,ho, ..., hy); is pairwise independent. We now use the property of inde-

pendence of Gaussian distribution and bring the expectation inside to conclude that

Es = | Elllies f(0)ll = | TLies EIf (hy)]| = 0.

7.3 Invariance Principle

Let u be any distribution on {—1, —l—l}k. Consider the following distribution on x1,Xs,...,X; €
{—1,+1}" such that independently for each i € [n], ((x1):, (X2)s,--.,(Xr)i) is sampled

from p. We will denote this distribution as u®". We are interested in evaluation of a
multilinear polynomial f: R™ — R on (x1, X2, ..., X)) sampled as above.

Invariance principle shows the closeness between two different distributions w.r.t some
quantity of interest. We are now ready to state the version of the invariance principle

from [Mos10] that we need.

Theorem 7.3.1 ([Mos10]). For any o > 0, > 0,k € NT there are d,7 > 0 such that

the following holds: Let pu be the distribution on {+1,—1}* satisfying
1. Eg~plzs) = 0 for every i € [k]
2. u(z) > a for every x € {—1,4+1}* such that p(z) # 0

Let v be a distribution on standard jointly distributed Gaussian variables with the same
covariance matriz as distribution . Then, for every set of k (d,T)-quasirandom mul-

tilinear polynomials f; : R™ — R, and suppose Var[ffd] < (1=9)% for0 <~y <1it
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holds that

k

k
Hfi(xi)] _ g [H ﬁ(gi)]
=1

E <e
(Xl,Xg,...,Xk)Nlt@" =1 (glng""vgk)NV®n

(Note: one can take d = :328;3 and 7 such that ¢ = 7/ 181/D) “where Q(.) hides

constant depending only on k.)

7.4 Query efficient Dictatorship Test

We are now ready to describe our dictatorship test. The test queries a function at k
locations and based on the k bits received decides if the function is a dictator or far
from it. The check on the received k bits is based on a predicate with few accepting

inputs which we describe next.

7.4.1 The Predicate

Let £ = 2™ — 1 for some m > 2. Let the coordinates of the predicate is indexed by
elements of F4"\ 0 =: {wy, w2, ..., wam_1}. The Hadamard predicate Hj, has following

satisfying assignments:

Hp={z€{0,1}*3a e FP* \ 0 5.t Vi € [k], z; = a - w;}

We will identify the set of satisfying assignments in Hy, with the variables hy, ho, ..., hg.
Our final predicate Py, is the above predicate along with few more satisfying assign-
ments. More precisely, we add all the assignments which are at a hamming distance at

most 1 from 0% i.e. P, = Hy UE_| e; UOF.
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7.4.2 The Distribution Dj .

For 0 <e < k:i?? consider the following distribution Dy, . on the set of satisfying assign-

ments of Py where o := (k — 1)e.

Probabilities Assignments

Dk75 <— { xl x2 ...... xk
1 1 (_{
— — ) <—5 0 0 ...
l—a\k+1 00 0
ha
1 1 ha
— = +—
l—a \k+1
hy
4
1 0 -vv--- 0
c 0 1 - ---- 0
11—«
00 «----- 1,
where each h; gets a probability mass ﬁ(%ﬂ —¢) and each e; gets weight <.

The reasoning behind choosing this distribution is as follows: An uniform distribution
on Hj, U O0F has a property that it is uniform on every single co-ordinate and also
pairwise independent. These two properties are very useful proving the soundness
guarantee. One more property which we require is that the distribution has to be
connected. In order to achieve this, we add k extra assignment {ej,es,..., e} and
force the distribution to be supported on all Hy, Ule e; U0*. Even though by adding
extra assignments, we loose the pairwise independent property we make sure that the
final distribution is almost pairwise independent.

We now list down the properties of this distribution which we will use in analyzing

the dictatorship test.

Observation 7.4.1. The distribution Dy . above has the following properties:

1. Dy is supported on Py.
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2. Marginal on every single coordinate is uniform.

3. For i # j, covariance of two variables x;,x; sampled form above distribution is:
Cov(zj, xj] = —ﬁ.
4. If we view Dy ¢ as a joint distribution on space Hle X where each X = {0,1},
then for all i € [k], p (X(i), [Liepp g X(j);Dk,g) <1- ﬁ
Proof. We prove each of the observations about the distribution. The first property is

straight-forward. To prove (2), we compute E[xz;] as follows.

E[%i]:(k-i-l)‘i(y(l_g).l_i_ c

1 E+1 2 1-o
l—e(k+1)+2¢
N 2(1 — )
1
T2

Consider the quantity E [z;x;]. If x is sampled from 0’s or e;’s, the value is 0.
Dk: €
Moreover, we know that if it is sampled uniformly from Hj U 0%, it is 1/4 because of

pairwise independence and the above fact. Therefore, we can write

1 1 1
il = 1 _ -
B ) = G+ 0= (57 -9) 7

We know that E [z;] = E [z;] = 1/2. Therefore,
Dk,s Dk,a

Cov(z;, z;] = DE [ziz;] — B [v:] B[]

ke Dg.e Dy.e
1 e(k+1) 1
T 4(1-a) 41-a) 4
. —&
2(1-a)

To prove the last item, we first show that the bi-partite graph G (X(i), Hje[k]\{i} X0, E)
where (a,b) € X® x ey X0U) is an edge iff Pr(a,b) > 0, is connected. To see
that the graph is connected, note that for both 0 and 1 on the left hand side, 0! is a
neighbor on the right hand side as the distribution’s support includes e; for all ¢, and
0*. From the distribution, we see that the smallest atom is at least 155, sincee < 1/ k2.

We now use Lemma 2.2.2 to get the required result. [ |
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Test Ty s
1. Sample x3,x9, - ,x; € {—1,+1}" as follows:
(a) For each i € [n], independently sample ((x1);, (x2)i, - , (Xk)i) according

to the distribution Dy, 5.

2. Check if (f(x1), f(x2), -+, f(Xk)) € Pk.

Test T, .

1. Set r = (&)2
2. Select j from {1,2,...,7} uniformly at random.

3. Set 5:€j

4. Run test T 5.

7.4.3 Dictatorship Test

We will switch the notations from {0,1} to {+1,—1} where we identify +1 as 0 and
—las 1. Let f:{—-1,41}" — {—1,+1} be a given boolean function. We also assume
that f is folded i.e. for every x € {—1,+1}", f(x) = —f(—x). We think of Py as a
function Py : {—1,4+1}* — {0,1} such that Py (z) = 1iff z € Py. Consider the following
dictatorship test:
The final test distribution is basically the above test where the parameter § is chosen
from an appropriate distribution. For a given k—lz, >e>0,let err = 52%5 and define the
1o \F
following quantities : g = ¢ and for j > 0, gj41 = err - 27<#€j> .
We would like to make a remark that this particular setting of €11 is not very

important. For our analysis, we need a sequence of ¢;’s such that each subsequent ¢;

is sufficiently small compared to €;_;.
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7.5 Analysis of the Dictatorship Test

Notation:

We can view f : {—1,+1}" — {—1,41} as a function over n-fold product set A7 X
Xo X -+ - x X, where each X; = {—1, —1—1}{@'}. In the test distribution 7 5, we can think
of x; sampled from the product distribution on Xl(i) X XQ(i) X oo X X}Li). With these
notations in hand, the overall distribution on (x1,X2,--- ,Xj), from the test T s, is a

n-fold product distribution from the space
(2
I1(I1).
j=1 \i=1

where we think of H,’f:l Xj(i) as correlated space. We define the parameters for the sake

of notational convenience:

1. B = 1—(15711)(2 be the minimum probability of an atom in the distribution Dy ;.
J
2. Sj41:= log(%)% and S; = s;y1 for 0 < j <.

3. aj = (k — ]_)5] fOI'j € [T]u

7.5.1 Completeness

Completeness is trivial, if f is say ith dictator then the test will be checking the following

condition
((Xl)i, (XQ)i, T, (Xk‘)l) S Pk‘

Using Observation 7.4.1(1), the distribution is supported on only strings in Pj. There-
fore, the test accepts with probability 1.
7.5.2 Soundness

Lemma 7.5.1. For every 1?12 > ¢ > 0 there emists 0 < 7 < 1,d € NT such that

the following holds: Suppose f is such that for all i € [n], inf?d(f) < 7, then the

test Tj . accepts with probability at most 2];1 + . (Note: One can take T such that

7% (err/10sy log(1/B:)) <err and d = li)ogg((ll//g)) )
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Proof. The acceptance probability of the test is given by the following expression:

Pr[Test accepts f] = E [Pr(f(x1), f(x2),- -, f(x))]

k,e

After expanding Py in terms of its Fourier expansion, we get

Pr[Test accepts f] = 1 + E Z 75k(S) H f(xq)

g ,
2 Tee | sCik, 520 ies
C2k+1
= Qk + Z Pk Hf X4 ]
SCk],S#0 Tie Lics
2% + 1 .
< St > e ] Xz] (IPx(S)] < 1)
scia,s20 | The Lies
2% + 1
==+ 2. |BE |l[f&x0) ‘
scikls|z2 | Tke Lies

In the last equality, we used the fact that each x; is distributed uniformly in {—1,+1}"
and hence when S = {i}, E[f(x;)] = f(#) = 0. Thus, to prove the lemma it is enough
to show that for all S C [k] such that |S| > 2, E [[I;cq f(x:)] < o7~ This follows from

Lemma 7.5.2. [ |

Lemma 7.5.2. For any S C [k] such that |S| > 2,

&
E E fx; < =
jelr) | pgn Eq ( )] 2k

The proof of this follows from the following Lemmas 7.5.3 , 7.5.4, 7.5.5.

Lemma 7.5.3. For any j € [r| and for any S C [k], |S| > 2 such that S = {{1,la, ..., l:},

<dj;i £
pon 17| = B | TI 0o D= te) || < 200wtk | 37 F(T)2
€5 L;eS ke ;eSS S]'S‘T|SSJ'

2k “ilog (&) and dj; = (djn)’

where v; = % and d;; is a sequence given by d;i =

forl<i<t.

Lemma 7.5.4. Let j € [r] and v; be a distribution on jointly distributed standard
Gaussian variables with same covariance matriz as that of Dy .. Then for any S C [k],

|S| > 2 such that S = {l1,0a,..., 0},
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E H (11—, f)de,i (x¢,)| — E H (T1—, f)ﬁdj,i(gi> <erry

D;?Zj 0,€8 (81,8281~ | fés
where dj; from Lemma 7.5.9 and erry = 7%05/10801/8)) (Note: Q(.) hides a constant

depending on k).

Lemma 7.5.5. Let k > 2 and S C [k] such that |S| > 2 and let f : R" — R be a
multilinear polynomial of degree D > 1 such that ||f||2 < 1. If G be a joint distribution
on k standard gaussian random variable with a covariance matriz (1 + 6)I —0J and H
be a distribution on k independent standard gaussian then it holds that

117 1T f(h»]

€S i€S

E < 5 - (2k)2kD

gen

- E
HEn
Proofs of Lemma 7.5.3 , 7.5.4, 7.5.5 appear in Section 7.5.3. We now prove

Lemma 7.5.2 using the above three claims.

Proof of Lemma 7.5.2: Let S = {{1,0s,...,4;}. We are interested in getting an
upper bound for the following expectation:

E|E |[[fx)||[<E||E |IIfxe)

i ® T ®
J€lr] Dk,:j 2;e€S Jelr] Dk,:j ;eS8

Let us look at the inner expectation first. Let v, = % and the sequence d;; be from

Lemma 7.5.3. We can upper bound the inner expectation as follows:

E IT fxe) || < E [TT 5 xe) || +2-er+k | > f(T)?
Die; |ties Dis; |tes s;<|TI<S;

(by Lemma 7.5.3)

(by Lemma 7.5.4) < E H (Th—; F)Si(g) || 4 errg +2 - err+
(81,8281~ | fés
k f(1)?, (7.5.1)
5 <|T|<S;

where erry = 75%(1i/108(1/6;)) and v; has the same covariance matrix as Dy;. If we

26j
1—a;y

let §; = then using Observation 7.4.1(3), the covariance matrix is precisely (1 +
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9;)I — 0;J (note that we switched from 0/1 to —1/ + 1 which changes the covaraince
by a factor of 4). Each of the functions (71—, f )=%i has f5 norm upper bounded by 1

and degree at most d;;. We can now apply Lemma 7.5.5 to conclude that

E [T@Hs4ie) || <| E [ @ =% mi) | |+
(81,82,-,8k) " 0,e8 (h1hz,...hy) 2;eS
8; - (2k)2kdie (7.5.2)

where h;’s are independent and each h; is distributed according to N'(0,1)™. Thus,

E ([0, n=m)| = ] BT =5 )]

(h1,ha,....hg) (€8 /€8 h;
= (@, D=m) = (o) =0, (753)

where we used the fact that f is a folded function in the last step. Combining (7.5.1),
(7.5.2) and (7.5.3), we get

E H f(xéi) < (5] . (2k)2kdj,t) + (TQk('Yj/log(l/ﬁj))) +2-err+ k Z f(T)Q
DL |des s, <IT|<S;

(7.5.4)
We now upper bound the first term. For this, we use a very generous upper bounds

k5 1
dj}l S $ﬁ and (S] S 45]
G

§; - (2k)Hdie < (4gj - (zk)Qdm’f)

()
<y 2\

_( 510 )k
. 3.
<err. using €; = err-2 \*"%-1

The second term in (7.5.4) can also be upper bounded by err by choosing small enough

T.

max{ <Tszk<w/log<1/ﬁj)>)} < <Tm<w1og<1/m>>) <er.
J

Finally, taking the outer expectation of (7.5.4), we get

E E Hf(x&-) <4d-err+k E F(1)?

i ®
jelr] Pt | iies er |\,
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Using Cauchy-Schwartz inequality,

- A 1
E | [ > f@m*<|E| > @2 <—
JElr] s, <|T|<S,; Jelr] s, <|T|<S,; vr

where the last inequality uses the fact that the intervals (s;,S;) are disjoint for j € [r]

and || f||3 = S2p f(T)? < 1. The final bound we get is

k €
E E H f(xe,) < E E H f(xe,) <4d-err+ —= <5err <
sell | D | ics g€l ||pgr | s VT 2
as required. [ |

7.5.3 Proofs of Lemma 7.5.3,7.5.4 & 7.5.5

In this section, we provide proofs of three crucial lemmas which we used in proving the
soundness analysis of our dictatorship test.

7.5.4 Moving to a low degree function

The following lemma, at a very high level, says that if change f to its low degree noisy

version then the loss we incur in the expected quantity is small.

Lemma 7.5.6 (Restatement of Lemma 7.5.3). For any j € [r| and for any S C [k],
|S| > 2 such that S = {l1,la,... 0},

g H f(xfi) - g} H (Tl—%'f)gdj’i(xfi) <2-err+k Z f(T)2'
Dic; |ties Dic; |ties 5;<|T|<S;

. . 2k2.s; k i
where 7y; = % and dj; 1s a sequence given by dj; = =, log (J) and d;; = (dj1)"

for1<i<t.

Proof. The proof is presented in two parts. We first prove an upper bound on

M= | B ([[7oe)| = B | T[]y )| | ek [ > fT)2
Die; |ties Dre; |ties 5;<|T|<S;

(7.5.5)
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and then an upper bound on

[y = Dgn H(Tlfwf)(x&-) - B H(Tlfvjf)gdj’i(x&) <err. (7.5.6)

e |ties Die; |ties

Note that both these upper bounds are enough to prove the lemma.

Upper Bounding I';: The following analysis is very similar to the one in [TY15], we
reproduce it here for the sake of completeness. The first upper bound is obtained by

getting the upper bound for the following, for every a € [t].

T Fxe) TI(T1—r, £ (e, T e [T (1=, ) (xe)

i>a i<a 5 i>a i<a

75j

(7.5.7)

Note that by triangle inequality, I'; <) FLa.

a€lt]

(57)=| B (f(m)—Tl_»yjf<xéa>)Hf<xei>H<T1_%f><xm]

= | E | (id—Ti;) fxe) [ [ £xe) [ [(T1ry ) (x2)

®dn X X
Dk,ej L 1>a <a

=| E |U((id—=Ti;) /)Xt e\ {a}}) Hf(x&) H(Tl—vjf)(x&)] (7.5.8)

®n
Dk,e:j L i>a i<a

where U is the Markov operator for the correlated probability space which maps func-
tions from the space X'¢e) to the space Hie[t]\{a} X ) We can look at the above expres-
sion as a product of two functions, F' = [[,o, f[[;ca(T1—, f) and G = U(id—T1—,) f)-
From Observation 7.4.1( 4), the correlation between spaces (X(z‘l), [Licifay X“”) is
upper bounded by 1 — (:—]%)2 1-— 6 =: p;j. Taking the Efron-Stein decomposition
with respect to the product distribution, we have the following because of orthogonality

of the Efron-Stein decomposition,

DY, 7Cln) Phr,
(by Cauchy-Schwartz) < | Frl) Z IG5 (7.5.9)

TC|n] TC[n]
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where the norms are with respect to D,‘??j’s marginal distribution on the product dis-

tribution [T;cp fay X&) By orthogonality, the quantity e | Er||3 is just ||F)||2.

As F' is product of function whose range is [—1,+1], rane of F' is also [—1,41] and

< [ lGrl3 (7.5.10)
TCln]

We have Gr = (UG')7, where G’ = (id — T1—,)f. In G7, the Efron-Stein de-

hence || F'||2 is at most 1. Therefore,

composition is with respect to the marginal distribution of D}?gj on X which
is just uniform (by Observation 7.4.1(2)). Using Proposition 2.2.5, we have Gp =
UG = U(id — T1—;) fr. Substituting in (7.5.10), we get

(7.5.10) = [ > UGS = Tiv,) fr)13 (7.5.11)

TC[n]

We also have that the correlation is upper bounded by p;. We can therefore apply

Proposition 2.2.6, and conclude that for each T' C [n],
|U(id — T1—,) frlla < oI (id — Ty o) frl2

where the norm on the right is with respect to the uniform distribution. Observe that
I(id = Tisy) frll3 = (1= (1 =) T2 A(T)?

Substituting back into (7.5.11), we get

(7510 < | S0 2T — (1 =) TH2F(T)? (7.5.12)

TC[n]

Term(e;,v;,T)

We will now break the above summation into three different parts and bound each part

separately.
= Z Term(ej,v;,T) O7 = Z Term(ej,v;, T)
TC[n), TCln],
IT|<s; 5 <|T|<S;
S Term(e;,1.7)
TCn),

T[>S,
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e Upper bounding O;:

O1= > Term(ej, 7, 1) = Y g1 (1= (1= )2 f(T)?

TC[n], TC[n],

IT|<s; IT|<s;
< > == AT

TCn),

IT|<s;

For every |T| < s; we have 1 — (1 — ;)71 < err; /k. Thus,

2 N
ous () ¥ gay
TT<s,

e Upper bounding Os:

Z Term(ej,fyj, Z p2‘T‘ )|T| Z p3|T|f

TC[n], TCln], TC[n],
T[>S |T|>S; T[>S

For every |T'| > S; we have p‘jT‘ <(1- 5?)‘T| < err1/k. Thus,

=

Substituting these upper bounds in (7.5.12),

erry 2 A A
o< |(55) X fap+ Y fay
TC[nl, TC(nl,
IT|<sjor|T|>S; 5;<|T|<S;
erry\ 2 A . PP
< [(52) + f(ry? (since 3oy f(T)* < 1)
5;<|T|<S;
<8y Z F(T)2. (using concavity)
~k
5;<|T|<S;

The required upper bound on I'y follows by using I'; < >° aclt] I'1 4 and the above bound.

Upper Bounding I's: We will now show an upper bound on I's. The approach is

similar to the previous case, we upper bound the following quantity for every a € [t]

ED?:J' {Hiza(Tlfw D xe) [ica(Ti—y, fgdj’i)(xfi)} N

1_‘2_’01 =
Eogr [Tlisa(Tios, £)0te) i (T, £54) (x|



=| E

Do
k,E]‘

=| E

Xn
Dks-

€5 L
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(Tl—vj f(xe,) = Ty, f=%e (Xza)> 7 fxe) [ (T, fgdj’i)(xzi)]

i>a i<a

(T, 7% (x0,) ) T Ty £ (3x0) H(Tl_wfﬁdjn(xei)] (7.5.13)

i>a i<a

By using Holder’s inequality we can upper bound (7.5.13) as:

(7.5.13) < | Tieyy £ N2 T, Fllage—y [ 11—, £ 55 a1y (7.5.14)

i>a i<a

where each norm is w.r.t the uniform distribution as marginal of each x, is uniform in

{+1,=1}". Now, [|[T1—, flla¢-1) < 1 as the range if Ty, f is in [-1,+1]. To upper

bound ||T1,7jf§djvi||2(t_1), we use Proposition 2.3.3 and using the fact that {—1,+1}

uniform random variable is (2, ¢, 1/+1/q — 1) hypercontractive (Theorem 2.3.2) to get

T3, [0 gy < (28 = 3) 54| Taoy, [0 2 < (28) 40,

Plugging this in (7.5.14), we get

Now,

(7.5.14) < | Tams, 7% 2 [T (26)% < (1 = )% - T (28) %0
i<a i<a
< e % (2k)kdiat

err

< e By he(gp)kdia (7.5.15)

err er
k? k k2. s; k
% log <) + % log (> dja-1 < djq
err err err err
2

k 'Sj

. -d. < d.
o log(2k) - dja—1 < dja

ks (log (k> + k- dj,a-llog(%)> = dja
k

err

8 k
5 -log <(2k)k'djv“1> =djq

err
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This implies

k err
1 2k o=l ) = — .d:,
8 <err( ) J > ks; ]’

err .
- — (2k)Fdia-1 = eFoy e
= err

_err d
=e - (2k)E e = ——

Thus from (7.5.15), we have I';, < . To conclude the proof, by triangle inequality

we have 'y < Zae[t] Iy, <err. [

7.5.5 Moving to the Gaussian setting

We are now in the setting of low degree polynomials because of Lemma 7.5.3. The
following lemma let us switch from our test distribution to a Gaussian distribution

with the same first two moments.

Lemma 7.5.7 (Restatement of Lemma 7.5.4). Let j € [r] and v; be a distribution on
jointly distributed standard Gaussian variables with same covariance matriz as that of

Dy,;. Then for any S C [k], |S| > 2 such that S = {l1,0a,..., 0},

E H (Tl_'Yj f)de,i (Xgi) — E H (Tl_'Yj f)édj,i<gi) < erry

®
DZ 0;e8 (81,82,.86)~)" | g g

where dj; from Lemma 7.5.9 and erry = 7%05/108(1/55)) (Note: Q(.) hides a constant

depending on k).

Proof. Using the definition of (d, 7)-quasirandom function and Fact 2.1.7, if f is (d, 7)-
quasirandom then so is T7_, f for any 0 <~ < 1. Also, T1_, f satisfies
Var[Ti_ f>% = Yy (1 =) A(T)? < YT — 7).
TCln] TCn)

|T|>d |T|>d

The lemma follows from a direct application of Theorem 7.3.1. [ |
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7.5.6 Making Gaussian variables independent

Our final lemma allows us to make the Gaussian variables independent. Here we cru-
cially need the property that the polynomials we are dealing with are low degree poly-
nomials. Before proving Lemma 7.5.5, we need the following lemma which says that

low degree functions are robust to small perturbations in the input on average.

Lemma 7.5.8. Let f : R® — R be a multilinear polynomial of degree d such that
|l fll2 <1 suppose x,z ~ N(0,1)" be n-dimensional standard gaussian vectors such that

E[zizi] > 1 =0 for alli € [n]. Then

E[(f(x) — f(2))*] < 20d.

Proof. For T C [n], we have
E[xr(x)xr(2)] = HE[QZZZZ] > H(l —86)>(1- 5)|T|
i€l i€l

We now bound the following expression,

E[(f(x) - f(2))’] = E[f(x)* + f(2)* - 2f(x)2(x)]
= Y 0@ 2Ekr(x)xr(2)

TC[nl,|T|<d

<2 3y f@Pa-a-9)7)

TC[n),|T|<d

<2 > f(T)%|T)

TC[n),|T|<d

<25d- Y f(T)? < 24d,
TC[n],|T|<d

where the last inequality uses || f|l2 < 1. ]
We are now ready to prove Lemma 7.5.5.

Lemma 7.5.9 (Restatement of Lemma 7.5.5). Let k > 2 and 2 < t < k and let
f: R™ = R be a multilinear polynomial of degree D > 1 such that ||f|l2 < 1. If G
be a joint distribution on k standard gaussian random variable with covariance matriz

(1+6)I—0J and H be a distribution on k independent standard gaussian then it holds
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that
B |[[fe)| - B (I]700)]| <0 0"

i€(t] i€[t]
Proof. Let ¥ = (14 §)I—0J be the covariance matrix. Let M = (1—¢")((1+8)I—3J)
be a matrix such that M? = X. There are multiple M which satisfy M? = X. We
chose the M stated above to make the analysis simpler. From the way we chose M
and using the condition M? = 3, it is easy to observe that 8 and ¢’ should satisfy the

following two conditions:

_ 2 _

1+ (k—1)3 ke "

Since H is a distribution of k£ independent standard gaussians, we can generate a sample
x ~ G by sampling y ~ ‘H and setting x = My. In what follows, we stick to the following
notation: (hy,hg, ..., hg) ~ H®" and (81,82,---,8kK)j = M(hy, hy, ... hy); for each
j € [n].

Because of the way we chose to generate gs, we have for all ¢ € [k] and j € [n],
E[(g:);(h;);] =1—8 > 1—kB% To get an upper bound on j3, notice that 3 is a root of
the quadratic equation (k+6k—6—2)3%2—~28+0 = 0. Let k' = (k+6k—6—2), if B1, B2
are the roots of the equation then they satisfy: k'8; + k'8 = 2 and (K'81)(K'B2) = ok’
and 1,82 > 0. Thus, we have min{k’f31,k¥'B2} < dk’ and hence, we can take 3 such
that g < 6.

We wish to upper bound the following expression:

II re) — I

®7L
HE e ielt]

Define the following quantity
i—1 t i t
lii=| E T[T re)-11rm) I fle)
HEm G0 j=i j=1 j=i+1
By triangle inequality, we have I' < ). e[ Fi. We now proceed with upper bounding

T; for a given i € [t].
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i—1 t 7 t
Li=| B |[[/0)[]f) - T1f0y) [T f(e)
HE™ _le j=i j=1 j=i+1
[ i—1 t
= | B |(f(&)—F)- J[ r0y) ] f(e9)
Hon i j=1 j=it1
- 201 t \2(-1)1355
< B 1 13g 0 11 B 7(e) e

where the last step uses Holder’s Inequality. Now, the marginal distribution on each h;

and g; is identical which is (0, 1)", we have

ng¢%W@ IDWMDIIMml

H Jj=i+1

g¢£ﬂﬂ@—ﬂmmwwMHw*

Since a standard one dimensional Gaussian is (2, ¢, 1/y/q — 1)-hypercontractive (The-

orem 2.3.2), from Proposition 2.3.3 , || flla¢-1) < (V2t — 3P flle € (V2t—=3)P <
(2t)P/2. Thus,

HEn

ngmwwww¢EKﬂm—ﬂmm

Now, each g;, h; are such that such that E[(g;); - (h;);] = 1 — ¢ > 1 — kd? for every
j € [n]. We can apply Lemma 7.5.8 to get Eyen[(f(gi) — f(h;))?] < 2kd%D. Hence, we

can safely upper bound I'; as
T; < (2t)P¢D/2 9k6D.

Therefore, T' < >3, T; < t - (26)P¢=1/2. 2§D which is at most 2k%5D - (2k)PF/2 <

§ - (2k)2P* as required. ]
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Chapter 8

Simultaneous Optimization

8.1 Introduction

In this chapter, we initiate the study of simultaneous approximation algorithms for con-
straint satisfaction problems. A typical such problem is the simultaneous MaX-CUT
problem: Given a collection of k graphs G; = (V, E;) on the same vertex set V', the
problem is to find a single cut (i.e., a partition of V') so that in every G;, a large fraction
of the edges go across the cut.

More generally, let ¢ be a constant positive integer, and let F be a set of bounded-
arity predicates on [¢]-valued variables. Let V be a set of n [g]-valued variables. An F-
CSP is a weighted collection W of constraints on V', where each constraint is an applica-
tion of a predicate from F to some variables from V. For an assignment f : V' — [¢] and
a F-CSP instance W, we let val(f, W) denote the total weight of the constraints from W
satisfied by f. The MAX-F-CSP problem is to find f which maximizes val(f, W). If F is
the set of all predicates on [g] of arity w, then MAX-F-CSP is also called MAX-w-CSP,.

We now describe the setting for the problem we consider: k-fold simultaneous MAX-
F-CSP. Let Wy, ..., Wy, be F-CSPs on V, each with total weight 1. Our high level goal
is to find an assignment f :V — [q] for which val(f, W) is large for all £ € [k].

These problems fall naturally into the domain of multi-objective optimization: there
is a common search space, and multiple objective functions on that space. Since even
optimizing one of these objective functions could be NP-hard, it is natural to resort
to approximation algorithms. Below, we formulate some of the approximation criteria

that we will consider, in decreasing order of difficulty:

1. Pareto approximation: Suppose (ci,...,c;) € [0,1]% is such that there is an
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assignment f* with val(f*, W) > ¢, for each ¢ € [k].

An «a-Pareto approximation algorithm in this context is an algorithm, which when
given (cq,...,c¢k) as input, finds an assignment f such that val(f, Wy) > « - ¢y, for

each ¢ € [k].

2. Minimum approximation: This is basically the Pareto approximation problem
when ¢; = ¢cg = ... = ¢;. Define OPT to be the maximum, over all assignments

[, of minge g val(f*, We).

An o-minimum approximation algorithm in this context is an algorithm which

finds an assignment f such that mingep val(f, W;) > a - OPT.

3. Detecting Positivity: This is a very special case of the above, where the goal is
simply to determine whether there is an assignment f which makes val(f, W) > 0

for all £ € [k].

At the surface, this problem appears to be a significant weakening of the the

simultaneous approximation goal.

When k£ = 1, minimum approximation and Pareto approximation correspond to the
classical MAX-CSP approximation problems (which have received much attention).
Our focus in this chapter is on general k. As we will see in the discussions below, the
nature of the problem changes quite a bit for £ > 1. In particular, direct applications of
classical techniques like random assignments and convex programming relaxations fail
to give even a constant factor approximation.

The theory of exact multiobjective optimization has been very well studied, (see
eg. [PY00, Diall] and the references therein). For several optimization problems such
as shortest paths, minimum spanning trees, matchings, etc, there are polynomial time
algorithms that solve the multiobjective versions exactly. For MAX-SAT, simultaneous
approximation was studied by Glafler et al. [GRW11].

We have two main motivations for studying simultaneous approximations for CSPs.

Most importantly, these are very natural algorithmic questions, and capture naturally
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arising constraints in a way which more naive formulations (such as taking linear com-
binations of the given CSPs) cannot. Secondly, the study of simultaneous approxima-
tion algorithms for CSPs sheds new light on various aspects of standard approxima-
tion algorithms for CSPs. For example, our algorithms are able to favorably exploit
some features of the trivial random-assignment-based 1/2-approximation algorithm for
MAax-CUT, that are absent in the more sophisticated SDP-based 0.878-approximation

algorithm of Goemans-Williamson [GW95].

8.1.1 Observations about simultaneous approximation

We now discuss why a direct application of the classical CSP algorithms fails in this
setting, and limitations on the approximation ratios that can be achieved.

We begin with a trivial remark. Finding an a-minimum (or Pareto) approximation
to the k-fold Max-F-CSP is at least as hard as finding an «a-approximation the
classical MAX-F-CSP problem (i.e., k = 1). Thus the known limits on polynomial-

time approximability extend naturally to our setting.

Max-1-SAT. The simplest simultaneous CSP is MAX-1-SAT. The problem of getting a
1-Pareto or 1-minimum approximation to k-fold simultaneous MAX-1-SAT is essentially
the NP-hard SUBSET-SUM problem. There is a simple gpoly(k/) -poly(n)-time (1—¢)-
Pareto approximation algorithm based on dynamic programming.

It is easy to see that detecting positivity of a k-fold simultaneous MAX-1-SAT is
exactly the same problem as detecting satisfiability of a SAT formula with &k clauses
(a problem studied in the fixed parameter tractability community. Thus, this problem
can be solved in time 290 . poly(n) (see [Mar13]), and under the Exponential Time

Hypothesis, one does not expect a polynomial time algorithm when k£ = w(logn).

Random Assignments. Let us consider algorithms based on random assignments.
A typical example is MAX-CUT. A uniformly random cut in a weighted graph graph
cuts 1/2 the total weight in expectation. This gives a 1/2-approximation to the classical

Max-CUT problem.

If the cut value is concentrated around 1/2, with high probability, we would obtain
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a cut that’s simultaneously good for all instances. For an wnweighted graph' G with
w(1) edges, a simple variance calculation shows that a uniformly random cut in the
graph cuts a (% — 0(1)) fraction of the edges with high probability. Thus by a union
bound, for k¥ = O(1) simultaneous unweighted instances Gy, ..., Gy of MAX-CUT, a
uniformly random cut gives a (1 — o(1))-minimum (and Pareto) approximation with
high probability. However, for weighted graphs, the concentration no longer holds, and
the algorithm fails to give any constant factor approximation.

For general CSPs, even for unweighted instances, the total weight satisfied by a
random assignment does not necessarily concentrate. In particular, there is no “trivial”
random-assignment-based constant factor approximation algorithm for simultaneous

general CSPs.

SDP Algorithms. How do algorithms based on semi-definite programming (SDP)
generalize to the simultaneous setting?

For the usual MAX-CUT problem (k = 1), the celebrated Goemans-Williamson
SDP algorithm [GW95] gives a 0.878-approximation. The SDP relaxation generalizes
naturally to to the simultaneous setting; it allows us to find a vector solution which is
a simultaneously good cut for Gi,...,Gg. Perhaps we apply hyperplane rounding to
the SDP solution to obtain a simultaneously good cut for all G;? We know that each
G; gets a good cut in expectation, but we need each G; to get a good cut with high
probability to guarantee a simultaneously good cut.

However, there are cases where the hyperplane rounding fails completely. For
weighted instances, the SDP does not have any constant integrality gap. For unweighted
instances, for every fixed k, we find an instance of k-fold simultaneous MAX-CUT (with
arbitrarily many vertices and edges) where the SDP relaxation has value 1 — 2 (,712),
while the optimal simultaneous cut has value only 1/2. Furthermore, applying the
hyperplane rounding algorithm to this vector solution gives (with probability 1) a si-

multaneous cut value of 0. These integrality gaps are described in Section 8.8.

1We use the term “unweighted” to refer to instances where all the constraints have the same weight.
When we talk about simultaneous approximation for unweighted instances W, ..., Wy of MAX-F-CSP,
we mean that in each instance W;, all constraints with nonzero weight have the equal weights (but that
equal weight can be different for different 7).
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Thus the natural extension of SDP based techniques for simultaneous approximation
fail quite spectacularly. A-priori, this failure is quite surprising, since SDPs (and LPs)

generalize to the multiobjective setting seamlessly.

Matching Random Assignments? Given the ease and simplicity of algorithms based
on random assignments for £ = 1, giving algorithms in the simultaneous setting that
match their approximation guarantees is a natural benchmark. Perhaps it is always
possible to do as well in the simultaneous setting as a random assignment for one
instance?

Somewhat surprisingly, this is incorrect. For simultaneous MAX-Ew-SAT (CNF-
SAT where every clause has exactly w distinct literals), a simple reduction from MAX-
E3-SAT (with k = 1) shows that it is NP-hard to give a (7/8 4+ €)-minimum approxi-

mation for k-fold simultaneous MAX-Ew-SAT for large enough constants k.

2w=3 instances of

Proposition 8.1.1. For all integers w > 4 and € > 0, given k >
MAX-Ew-SAT that are simultaneously satisfiable, it is NP-hard to find a (7/8 + €)-

minimum (or Pareto) approximation.

On the other hand, a random assignment to a single MAX-Ew-SAT instance satisfies
a 1 —27% fraction of constraints in expectation.

This shows that simultaneous CSPs can have worse approximation factors than that
expected from a random assignment. In particular, it shows that simultaneous CSPs

can have worse approximation factors than their classical (k = 1) counterparts.

8.1.2 Results

Our results address the approximability of k-fold simultaneous MAX-F-CSP for large
k. Our main algorithmic result shows that for every F, and k not too large, k-fold

simultaneous MAX-F-CSP has a constant factor Pareto approximation algorithm.

Theorem 8.1.2. Let g, w be constants. Then for everye > 0, there is a 9O (/2 log(k/e)) .
poly(n)-time (qw%l — 5) -Pareto approximation algorithm for k-fold simultaneous

MAx-w-CSP,.
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The dependence on k implies that the algorithm runs in polynomial time up to
k = O((logn)"*) simultaneous instances 2. The proof of the above Theorem appears in
Section 8.4, and involves a number of ideas. In order to make the ideas clearer, we first
describe the main ideas for approximating simultaneous MAX-2-AND (which easily
implies the ¢ = w = 2 special case of the above theorem); this appears in Section 8.3.

For particular CSPs, our methods allow us to do significantly better, as demon-

strated by our following result for MAX-w-SAT.

Theorem 8.1.3. Let w be a constant. For every € > 0, there is a 90(K*/=2 log(/2)) .

poly(n)-time (3/4 — e)-Pareto approzimation algorithm for k-fold MAX-w-SAT.

Given a single MAX-Ew-SAT instance, a random assignment satisfies a 1—27% frac-
tion of the constraints in expectation. The approximation ratio achieved by the above
theorem seems unimpressive in comparison (even though it is for general MAX-w-SAT).

However, Proposition 8.1.1 demonstrates it is NP-hard to do much better.

Remarks

1. As demonstrated by Proposition 8.1.1, it is sometimes impossible to match the
approximation ratio achieved by a random assignment for £k = 1. By compari-
son, the approximation ratio given by Theorem 8.1.2 is slightly better than that
achieved by a random assignment (1/4»). This is comparable to the best possible
approximation ratio for k = 1, which is w/¢¥~! up to constants [MM12, Chal3].
Our methods also prove that picking the best assignment out of 9O(K/=2 log(¥/<))
independent and uniformly random assignments achieves a (1/q» — ¢)-Pareto ap-

proximation with high probability.

2. Our method is quite general. For any CSP with a convex relaxation and an asso-
ciated rounding algorithm that assigns each variable independently from a distri-
bution with certain smoothness properties (see Section 8.3.2), it can be combined
with our techniques to achieve essentially the same approximation ratio for k

simultaneous instances.

2The O(-) hides poly(loglogn) factors.
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3. We reiterate that Pareto approximation algorithms achieve a multiplicative ap-
proximation for each instance. One could also consider the problem of achieving
simultaneous approximations with an a-multiplicative and e-additive error. This
problem can be solved by a significantly simpler algorithm and analysis (but note

that this variation does not even imply an algorithm for detecting positivity).

8.1.3 Complementary results
Refined hardness results

As we saw earlier, assuming ETH, there is no algorithm for even detecting positivity
of k-fold simultaneous MAX-1-SAT for k = w(logn). There are trivial examples of
CSPs for which detecting positivity (and in fact 1-Pareto approximation) can be solved
efficiently: eg. simultaneous CSPs based on monotone predicates (where no negations
of variables are allowed) are maximally satisfied by the all-1s assignment. Here we prove
that for any “nontrivial” collection of Boolean predicates F, assuming ETH, there is no
polynomial time algorithm for detecting positivity for k-fold simultaneous MAX-F-CSP
instances for k& = w(logn). In particular, it is hard to obtain any poly-time constant
factor approximation for k& = w(logn). This implies a complete dichotomy theorem for
constant factor approximations of k-fold simultaneous Boolean CSPs.

A predicate P : {0,1}* — {TRUE, FALSE} is said to be 0-valid/1-valid if the all-0-
assignment/all-1-assignment satisfies P. We call a collection F of predicates 0-valid/1-
valid if all predicates in F are 0-valid/1-valid. Clearly, if F is 0-valid or 1-valid, the
simultaneous MAX-F-CSP instances can be solved exactly (by considering the all-
O-assignment /all-1-assignment). Our next theorem shows that detecting positivity of

w(logn)-fold simultaneous MAX-F-CSP | for all other F, is hard.

Theorem 8.1.4. Assume the Exponential Time Hypothesis [[P01, IPZ01]. Let F be a
fized finite set of Boolean predicates. If F is not 0-valid or 1-valid, then for k = w(logn),
detecting positivity of k-fold simultaneous MAX-F-CSP on n variables requires time

super-polynomaial in n.

Crucially, this hardness result holds even if we require that every predicate in an
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instance has all its inputs being distinct variables.
Our proof uses techniques underlying the dichotomy theorems of Schaefer [Sch78]
for exact CSPs, and of Khanna et al. [KSTWO01] for MAX-CSPs (although our easiness

criterion is different from the easiness criteria in both these papers).

Simultaneous approximations via SDPs

It is a tantalizing possibility that one could use SDPs to improve the LP-based approx-
imation algorithms that we develop. Especially for constant k, it is not unreasonable
to expect that one could obtain a constant factor Pareto or minimum approximation,
for k-fold simultaneous CSPs, better than what can be achieved by linear programming
methods.

In this direction, we show how to use simultaneous SDP relaxations to obtain a poly-
nomial time (1/2+€(1/&2))-minimum approximation for k-fold simultaneous MAX-CUT

on unwetghted graphs.

Theorem 8.1.5. For large enough n, there is an algorithm that, given k-fold simul-

20(k)
22

taneous unweighted MAX-CU'T instances on n vertices, runs in time - poly(n),

and computes a (% +Q (k%))-mim'mum approximation.

Remark 8.1.6. We improve the above result in Chapter 9, where we achieve close to
0.878 approximation for simultaneous MAX-CUT

8.1.4 Our techniques

For the initial part of this discussion, we focus on the ¢ = w = 2 case, and only achieve
a 1/4 — ¢ Pareto approximation.

Preliminary Observations

First let us analyze the behavior of the uniformly random assignment algorithm. It is
easy to compute, for each instance ¢ € [k], the expected weight of satisfied constraints
in instance ¢, which will be at least % of the total weight all constraints in instance

£. If we knew for some reason that in each instance the weight of satisfied constraints
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was concentrated around this expected value with high probability, then we could take
a union bound over all the instances and conclude that a random assignment satisfies
many constraints in each instance with high probability. It turns out that for any
instance where the desired concentration does not occur, there is some variable in that
instance which has high degree (i.e., the weight of all constraints involving that variable
is a constant fraction of the total weight of all constraints). Knowing that there is such
a high degree variable seems very useful for our goal of finding a good assignment,
since we can potentially influence the satisfaction of the instance quite a bit by just by
changing this one variable.

This motivates a high-level plan: either proceed by using the absence of influential
variables to argue that a random assignment will succeed, or proceed by trying to set

the influential variables.

An attempt

The above high-level plan motivates the following high-level algorithm. First we identify
aset S C V of “influential” variables. This set of influential variables should be of small
(O(logn)) size, so that we can try out all assignments to these variables. Next, we take
a random assignment to the remaining variables, g : V' \ S — {0,1}. Finally, for each
possible assignment h : S — {0,1}, we consider the assignment hUg : V — {0,1}
as a candidate solution for our simultaneous CSP. We output the assignment, if any,
that has val(h U g, W;) > «a - ¢y for each ¢ € [k]. This concludes the description of the
high-level algorithm.

For the analysis, we would start with the ideal assignment f*: V — {0, 1} achieving
val(f*,We) > ¢ for each ¢ € [k]. Consider the step of the algorithm where h is taken

to equal h* e f*ls. We would like to say that for each ¢ € [k] we have:
* 1 *
val(h* U g, W) > (Z —¢e) -val(f*, Wy),

with high probability, when g : V'\ S — {0, 1} is chosen uniformly at random. (We
could then conclude the analysis by a union bound.)

A simple calculation shows that E[val(h*Ug, Wy)] > 1 -val(f*,W,), so each instance
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is well satisfied in expectation. Our hope is thus that val(h* U g, W) is concentrated
around its mean with high probability.

There are two basic issues with this approach?:

1. The first issue is how to define the set S of influential variables. For some special
CSPs (such as MAX-CUT and MAX-SAT), there is a natural choice which works
(to choose a set of variables with high degree, which is automatically small). But
for general CSPs, it could be the case that variables with exponentially small

degree are important contributors to the ideal assignment f*.

2. Even if one chooses the set S of influential variables appropriately, the analysis
cannot hope to argue that val(h* U g, Wy) concentrates around its expectation
with high probability. Indeed, it can be the case that for a random assignment g,

val(h* U g, W) is not concentrated at all.

A working algorithm:

Our actual algorithm and analysis solve these problems by proceeding in a slightly
different way. The first key idea is to find the set of influential variables by iteratively
including variables into this set, and simultaneously assigning these variables. This
leads to a tree-like evolution of the set of influential variables. The second key idea
is in the analysis: instead of arguing about the performance of the algorithm when
considering the partial assignment h* = f*|g, we will perform a delicate perturbation
of h* to obtain an ' : S — {0, 1}, and show that val(h' U g, W;) is as large as desired.
Intuitively, this perturbation only slightly worsens the satisfied weight of hA*, while
reducing the reliance of the good assignment f* on any specialized properties of f*|g.

To implement this, the algorithm will maintain a tree of possible evolutions of a set
S C V and a partial assignment p : S — {0, 1}. In addition, every variable x € S will

be labelled by an instance ¢ € [k]|. The first stage of the algorithm will grow this tree in

3 These problems do not arise if we only aim for the weaker “additive-multiplicative” Pareto ap-
proximation guarantee (where one allows for both some additive loss and multiplicative loss in the
approximation), and in fact the above mentioned high-level plan does work. The pure multiplicative
approximation guarantee seems to be significantly more delicate.
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several steps. In the beginning, at the root of the tree, we have S = (). At every stage,
we will either terminate that branch of the tree, or else increase the size of the set S
by 1 (or 2), and consider all 2 (or 4) extensions of p to the newly grown S.

To grow the tree, the algorithm considers a random assignment g : V'\ .S — {0, 1},
and computes, for each instance ¢ € [k], the expected satisfied weight Eg4[val(pU g, Wy)]
and the variance of the satisfied weight Varglval(p U g, W;)]. We can thus classify
instances as concentrated or non-concentrated. If more than ¢ variables in S are labelled
by instance ¢ (where t = Oy (1) is some parameter to be chosen), we call instance ¢
saturated. If every unsaturated instance is concentrated, then we are done with this S
and p, and this branch of the tree gets terminated.

Otherwise, we know that there some unsaturated instance ¢ which is not concen-
trated. We know that this instance ¢ must have some variable x € V \ S which has
high active degree (this is the degree after taking into account the partial assignment

p). The algorithm now takes two cases:

e Case 1: If this high-active-degree variable x is involved in a high-weight con-
straint on {z,y} for some y € V'\ S, then we include both z, y into the set S, and
consider all 4 possible extensions of p to this new S. z,y are both labelled with

instance 4.

e Case 2: Otherwise, every constraint involving z is low-weight (and in particular
there must be many of them), and in this case we include z into the set S, and

consider both possible extensions of p to this new S. x is labelled with instance

L.

This concludes the first stage of the algorithm, which created a tree whose leaves contain
various (S, p) pairs.

For the second stage of the algorithm we visit each leaf (.S, p). We choose a uniformly
random ¢ : V' \'S — {0,1}, and consider for every h : S — {0, 1}, the assignment
hUg:V — {0,1}. Note that we go over all assignments to the set S, independent of

the partial assignment to S associated with the leaf.
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The analysis:

At the end of the evolution, at every leaf of the tree every instance is either highly-
concentrated or saturated. If instance £ is highly-concentrated, we will have the prop-
erty that the random assignment to V'\ S has the right approximation factor for instance
£. If the instance ¢ is saturated, then we know that there are many variables in S la-
belled by instance ¢; and at the time these variables were brought into .S, they had high
active degree.

The main part of the analysis is then a delicate perturbation procedure, which starts
with the partial assignment h* def f*|s, and perturbs it to some h’' : S — {0,1} with
a certain robustness property. Specifically, it ensures that for every saturated instance
¢ € [k]. we have val(h'Ug, W,) is at least as large as the total weight in instance ¢ of all
constraints not wholly contained within S. At the same time, the perturbation ensures
that for unsaturated instances ¢ € [k], val(h'Ug, W) is almost as large as val(h*Ug, W,).
This yields the desired Pareto approximation. The perturbation procedure modifies the
assignment h* at a few carefully chosen variables (at most two variables per saturated
instance). After picking the variables for an instance, if the variables were brought
into S by Case 1, we can satisfy the heavy constraint involving them. Otherwise, we
use a Lipschitz concentration bound to argue that a large fraction of the constraints
involving the variable and V' \ S can be satisfied; this is the second place where we use
the randomness in the choice of g.

As we mentioned earlier, this perturbation is necessary! It is not true the assignment

h* U g will give a good Pareto approximation with good probability *.

Improved approximation, and generalization:

To get the claimed (% — ¢)-Pareto approximation for the ¢ = w = 2 case, we replace
the uniformly random choice of g : V' \ S — {0,1} by a suitable LP relaxation +
randomized rounding strategy. Concretely, at every leaf (S, p), we do the following.

First we write an LP relaxation of the residual MAX-2-CSP problem. Then, using a

4See Section 8.8.2 for an example
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rounding algorithm of Trevisan (which has some desirable smoothness properties), we
choose g : V' \ S — {0,1} by independently rounding each variable. Finally, for all
h:S — {0,1}, we consider the assignment h U g. The analysis is nearly identical (but
crucially uses the smoothness of the rounding), and the improved approximation comes
from the improved approximation factor of the classical LP relaxation for MAX-2-CSP.

The generalization of this algorithm to general ¢, w is technical but straightforward.
One notable change is that instead of taking 2 cases each time we grow the tree, we end
up taking w cases. In case j, we have a set of j variables such that the total weight of
constraints involving all the j variables is large, however for every remaining variable
z, the weight of contraints involving all the j variables together with z is small. The
analysis of the perturbation is similar.

The algorithm for MAX-w-SAT uses the fact that the LP rounding gives a 3/4 ap-
proximation for MAX-w-SAT. Moreover, since a MAX-w-SAT constraint can be satis-
fied by perturbing any one variable, the algorithm does not require a tree of evolutions.

It only maintains a set of “influential” variables, and hence, is simpler.

8.1.5 Related Work

The theory of exact multiobjective optimization has been very well studied, (see eg. [PY00,
Diall] and the references therein).

The only directly comparable work for simultaneous approximation algorithms for
CSPs we are aware of is the work of Glafer et al. [GRW11] °. They give a 1/2-Pareto
approximation for MAX-SAT with a running time of nO*) For bounded width clauses,
our algorithm does better in both approximation guarantee and running time.

For MaX-CUT, there are a few results of a similar flavor. For two graphs, the
results of Angel et al. [ABGO6] imply a 0.439-Pareto approximation algorithm (though
their actual results are incomparable to ours). Bollobds and Scott [BS04] asked what

is the largest simultaneous cut in two unweighted graphs with m edges each. Kuhn

and Osthus [KOO07], using the second moment method, proved that for k£ simultaneous

®They also give Pareto approximation results for simultaneous TSP (also see references therein).
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unweighted instances, there is a simultaneous cut that cuts at least m/2—O0(v/km) edges
in each instance, and give a deterministic algorithm to find it (this leads to a (5 —o(1))-
Pareto approximation for unweighted instances with sufficiently many edges). Our main
theorem implies the same Pareto approximation factor for simultaneous MAX-CUT on

general weighted instances, while for k-fold simultaneous MAX-CUT on unweighted

instances, our Theorem 8.1.5 gives a (% + Q(k—g))—minimum approximation algorithm.

8.1.6 Organization of this Chapter

We first present the notation required for our algorithms in Section 8.2. We then
describe our Pareto approximation algorithm for MAX-2-AND (which is equivalent
to MAX-2-CSP3), and its generalization to MAX-w-CSP, in Sections 8.3 and 8.4 re-
spectively. We then present our improved Pareto approximation for MAX-w-SAT in
Section 8.5.

We present the additional results in the remaining sections - The dichotomy theorem
for the hardness of arbitrary CSPs is presented in Section 8.6, followed by our improved
minimum approximation algorithm for unweighted MAX-CUT in Section 8.7, and the

SDP integrality gaps in Section 8.8.

8.1.7 Related Work

The theory of ezact multiobjective optimization has been very well studied, (see eg. [PY00,
Diall] and the references therein).

The only directly comparable work for simultaneous approximation algorithms for
CSPs we are aware of is the work of GlaBer et al. [GRW11]. © They give a 1/2-Pareto

O(¥*) . For bounded width clauses,

approximation for MAX-SAT with a running time of n
our algorithm does better in both approximation guarantee and running time.

For MAX-CUT, there are a few results of a similar flavor. For two graphs, the
results of Angel et al. [ABG06] imply a 0.439-Pareto approximation algorithm (though

their actual results are incomparable to ours). Bollobas and Scott [BS04] asked what is

5They also give Pareto approximation results for simultaneous TSP (also see references therein).



167

the largest simultaneous cut in two unweighted graphs with m edges each. Kuhn and
Osthus [KOO07], using the second moment method, proved that for k& simultaneous un-
weighted instances, there is a simultaneous cut that cuts at least m/2 — O(vkm) edges
in each instance, and give a deterministic algorithm to find it (this leads to a (3 —o(1))-
Pareto approximation for unweighted instances with sufficiently many edges). Our main
theorem implies the same Pareto approximation factor for simultaneous MAX-CUT on
general weighted instances, while for k-fold simultaneous MAX-CUT on unweighted

instances, our Theorem 8.1.5 gives a (% + Q(#))-minimum approximation algorithm.

8.2 Notation for the Main Algorithms

We now define some common notation that will be required for the following sections
on algorithms for MAX-2-AND and and for general MAX-F-CSP. For the latter, will
stop referring to the set of predicates F, and simply present an algorithm for the
problem MAX-w-CSP,: this is the MAX-F-CSP problem, where F equals the set of
all predicates on w variables from the domain [g]. For MAX-2-AND, the alphabet ¢
and arity w are both 2.

Let V be a set of n variables. Each variable will take values from the domain [g]. Let
C denote a set of constraints of interest on V' (for example, for studying MAX-2-AND,
C would be the set of AND constraints on pairs of literals of variables coming from V).
We use the notation v € C to denote that the v is one of the variables that the constraint
C depends on. Analogously, we denote T' C C' if C' depends on all the variables in T. A
weighted MAXCSP instance on V is given by a weight function W : C — R, where for
C € C, W(C) is the weight of the constraint C. We will assume that ) .. W(C) = 1.

A partial assignment p is a pair (S,, h,), where S, C V and h, : S, — [¢]. (We
also call a function h : S — [g], a partial assignment, when S is understood from the
context). We say a contraint C' € C is active given p if C' depends on some variable
in V'\ S,, and there exists full assignments go,g1 : V — [q] with g;[s, = h,, such

that C evaluates to FALSE under the assignment gg and C' evaluates to TRUE under
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the assignment g;. (colloquially: C’s value is not fixed by p). We denote by Active(p)
the set of constraints from C which are active given p. For a partial assignment p and
C € C\ Active(p), let C(p) = 1 if C’s value is fixed to TRUE by p, and let C(p) = 01if C’s
value is fixed to FALSE by p. For disjoint subsets 51,52 C V and partial assignments
f1:51 — [q] and fo: So — [q], let f = f1 U fo denote the assignment f :.S; U Sy — [¢]
with f(z) = fi(z) if x € S1, and f(z) = fao(x) if z € S3. Abusing notation, for a
partial assignment p and an assignment g : V' \ S,» — [¢], we often write p U g instead
of h, U g. For two constraints C1,Cs € C, we say Cy ~, C if they share a variable that
is contained in V' \ S,.
Define the active degree given p of a variable v € V' \ S, by:
activedegree (v, W) & Z W(C).

CéeActive(p),Cov

For a subset T C V' \ S, of variables, define its active degree given p by:
activedegree (T, W) &t Z W(C).

CeActive(p),CDT

Define the active degree of the whole instance W given p:
activedegree (W) & Z activedegree,,(v, V).
veV\S,
For a partial assignment p, we define its value on an instance W by:
val(p W) € N w(0)CO(p).
CeC\Active(p)

Thus, for a total assignment f : V' — [¢] extending p, we have the equality:

val(f, W) —val(pW) = >~ W(C)C(f).

CeActive(p)

8.3 Simultaneous MAX-2-AND

In this section, we give our approximation algorithm for simultaneous MaX-2-AND.
Via a simple reduction given Section 8.4.1, this implies the ¢ = w = 2 case of our main

theorem, Theorem 8.1.2.
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8.3.1 Random Assignments

We begin by giving a sufficient condition for the value of a MAX-2-AND to be highly
concentrated under independent random assignments to the variables.

Let p be a partial assignment. Let p: V' \ S, — [0, 1] be such that p(v) € [1, 3] for
each v € V\ S,. Let g: V\ S, = [¢] be a random assignment obtained by sampling
g(v) for each v independently with E[g(v)] = p(v). Define the random variable

Yd:efval(pUg,W) —val(p, W) = Z W(C)C(g).
CeActive(p)
The random variable Y measures the contribution of active constraints to val(pUg, W).
Note that the two quantities E[Y] and Var[Y] can be computed efficiently given p. We
denote these by TrueMean,(p, W) and TrueVar,(p, W). The following lemma proves that
either Y is concentrated, or there exists an active variable that contributes a significant

fraction of the total active-degree of the instance.
Lemma 8.3.1. Let p,Y be as above.
1. If TrueVar,(p, W) < doei - TrueMean,(p, W)? then Pr[Y < (1 —e¢) E[Y]] < .

2. If TrueVar,(p, W) > doej - TrueMean,(p, W)?, then there exists v € V' \ S, such
that

25
activedegree (v, W) > 82740 - activedegree ,(W).

The above lemma is a special case of Lemma 8.4.2 which is proved in Section 8.4.2,
and hence we skip the proof. The first part is then a simple application of the Chebyshev
inequality. For the second part, we use the assumption that TrueVar is large, to deduce
that there exists a constraint C such that the total weight of constraints that share a
variable from V'\ S with C, i.e., > ¢, .o W(C2), is large. It then follows that at least

one variable v € C' must have large activedegree given S.

8.3.2 LP Relaxations

Let (c¢)efr) be the given target values for the Pareto approximation problem. Given

a partial assignment p, we can write the feasibility linear program for simultaneous
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MAX-2-AND as shown in Fig. 8.1, 8.2. In this LP, for a constraint C, C* (C™)
denotes set of variables that appears as a positive (negative) literal in C'.

For t, 7 satisfying linear constraints MAX2AND-LP;(p), let smooth(f) denote the
map p: V \ S, = [0,1] with p(v) = 1 + %. Note that p(v) € [1/4,3/4] for all v.

Given t, 7 satisfying MAX2AND-LP1, the rounding algorithm from [Tre98] samples
each variable v independently with probabily smooth(Z)(v). Note that this rounding
algorithm is smooth in the sense that each variable is sampled independently with a
probability that is bounded away from 0 and 1. This will be crucial for our algorithm.
The following theorem from [Tre98] proves that this rounding algorithm finds a good

integral assignment.
Lemma 8.3.2 ([Tre98]). Let p be a partial assignment.

1. Relaxation: For every go : V\S, — {0, 1}, there exist t, 7 satisfying MAX2AND-LP1(p)
such that for every MAX-2-AND instance W:

Z W(C)ze = val(go U p, W).
ceC

2. Rounding:Suppose t, 7 satisfy MAX2AND-LP,(p). Then for every Max-2-AND
instance W:

val(p, W) + TrueMean,,(smooth(), W) > % . Z W(C)zc.
ceC

Proof. We begin with the first part. For v € S, define t, = p(v).. For v € V'\ S,, define
ty = go(v). For C € C, define zc = 1 if C(goUp) = 1, and define z¢ = 0 otherwise. It is
easy to see that these £, 7 satisfies MAX2AND-LP;(p), and that for every instance W:
Z W(C)ze = val(go U p, W).
ceC
Now we consider the second part. Let W be any instance of MAX-2-AND. Let

p = smooth(f). Let g : V' \ S, — {0,1} be sampled as follows: independently for each
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v e V\S,, g(v) is sampled from {0,1} such that E[g(v)] = p(v). We have:

val(p, W) + TrueMean,,(smooth(t), W) = Z W(C)C(p)+
CeC\Active(p)

E| Y  WO)C(pugl|. (831)
CéeActive(p)
We will now understand the two terms of the right hand side.

For C € C \ Active(p), it is easy to verify that if zc > 0, we must have C(p) = 1.
Thus:

Yo WECHE) = Y WOz

CeC\Active(p) CeC\Active(p)

To understand the second term, we have the following claim.

Claim 8.3.3. For C € Active(p), E[C(pU g)] > % 20
Proof. Suppose there are exactly h variables in C' which are not in S,. We have h < 2.

E[C(pU g)] = Pr[C is satisfied by p U g]

1 t 1 1—1t
I a5 1 i+

veCt,weV\S, veC~weV\S,

1 ZCh 1 202 e
R N A
(1+%) =(i+%) =3

v

|
This claim implies that:
1
E| D> WOCKpUg| =35> WC.
CeActive(p) ceC
Substituting back into Equation (8.3.1), we get the Lemma. [ ]

8.3.3 The Algorithm

We now give our Pareto approximation algorithm for MAX-2-AND in Fig. 8.3.
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Figure 8.1: Linear inequalities MAX2AND-LP1(p)

t, 7 satisfy MAX2AND-LP(p).

Figure 8.2: Linear inequalities MAX2AND-LP3(p)
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Input: k& instances of MAX-2-AND W, ..., W, on the variable set V, ¢ > 0 and

target objective values cq,...,cg.

Output: An assignment to V

2
. - _1 — _ €% 4 _ | 20k k
Parameters: § = 001 S0 = & 7 = g t= { ~ log 7—‘

1. Initialize tree T to be an empty quaternary tree (i.e., just 1 root node). Nodes

of the tree will be indexed by strings in ({0, 1}?)*.

2. With each node v of the tree, we associate:

(a) A partial assignment p,.
(b) A special pair of variables 7.}, T2 €V \ S, .
(¢) A special instance Z, € [k].
(d) A collection of integers count, 1,...,count, j.
(e) A trit representing whether the node v is living, dead, or exhausted.
3. Initialize the root node vy to (1) py, + (0,0), (2) V£ € [k], count,, ¢ < 0, (3)
living,.
4. While there is a living leaf v of T', do the following:
(a) Check the feasibility of linear inequalities MAX2AND-LPy(p, ).

i. If there is a feasible solution , Z, then define p, : V'\ Sy, — [0,1] as
p, = smooth(t).
ii. If not, then declare v to be dead and return to Step 4.

(b) For each ¢ € [k], compute TrueVar,, (p,, W) and TrueMean,,, (p,, Wy).

(c) If TrueVar,, (py, We) > doe3 - TrueMean,, (p,,, We)?, then set flag, < TRUE,

else set flag, < FALSE.
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(d) Choose the smallest ¢ € [k], such that county < ¢ AND flag, = TRUE (if
any):
i. Find x € V'\ S, that maximizes activedegree, (z,)V,). Note that it
will satisfy activedegree, (z,W,) >~ - activedegree, (W,).
ii. Among all the active constraints C' € C such that z € C'and CNS,, =
(, find the one that maximizes Wy(C'). Call this constraint C*. Let
y be the other variable contained in C* (if there is no other variable,
set y = x).
Set T,} < x and T2 < y. Set Z,, + /.
iii. Create four children of v, with labels vb;bs for each by, by € {0, 1} and
set
® pubiby — (Sp, U {T} T2}, hb1%2), where h"%2 extends h,, by
RY102(T1) = by and hP%2(T2) = bo.
o V' € [k] with ¢/ # (, set countyyp, s < count,,. Set
countyp, p, ¢ ¢ count, o + 1.

e Set vbibs to be living.

(e) If no such /¢ exists, declare v to be exhausted.

5. Now every leaf of T is either exhausted or dead. For each exhausted leaf v of

T:

(a) Let g, : V'\' S,, = {0,1} be a random assignment where, for each v €

V'\'S,,, gv(v) is sampled independently with E[g,(v)] = p,(v). Note that

Elg,(v)] € [3, 3]-

(b) For every assignment h : S, ~— {0,1}, compute outpg <
minge ) V""I(hucii”’w. If ¢, = 0 for some ¢ € [k], we interpret Val(hucii”’wl) as
+00.

6. Output the largest outy, 4, seen, and the assignment h U g, that produced it.

Figure 8.3: Algorithm SIM-MAX2AND for approximating weighted simultaneous
MAX-2-AND
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8.3.4 Analysis

Notice that the depth of the tree T is at most kt, and that for every v, we have that
|S,, | < 2kt. This implies that the running time is at most 20 . poly(n).

Let f*:V — {0,1} be an assignment such that val(f*, Wy) > ¢, for each ¢ € [k].
Let v* be the the unique leaf of the tree T" for which p,« is consistent with f*. (This v*
can be found as follows: start with v equal to the root. Set v to equal the unique child
of v for which p, is consistent with f*, and repeat until v becomes a leaf. This leaf is
v*). Observe that since f* is an assignment such that val(f*, Wy) > ¢, for every ¢ € [k],
by picking go = f*[y-\ g« in part 1 of Lemma 8.3.2, we know that MAX2AND-LP3(p*) is

feasible, and hence v* must be an exhausted leaf (and not dead).

Define p* = pyx, S* = Sp«, h* = hy+, and p* = p,+. At the completion of Step 4,
if ¢ € [k] satisfies count,« ¢y = t, we call instance ¢ a high variance instance. Otherwise

we call instance ¢ a low variance instance.

Low Variance Instances.

First we show that for the leaf v* in Step 5, combining the partial assignment A* with
a random assignment ¢, in step 5(b) is good for any low variance instances with high

probability.

Lemma 8.3.4. Let ¢ € [k] be any low variance instance. For the leaf node v*, let
g~ be the random assignment sampled in Step 5.(a). of SIM-MAX2AND. Then with

probability at least 1 — gy, the assignment f = h* U g, satisfies:

Prval(f. W) = (Y2 = /2)- el = 1 - .

Proof. For every low variance instance ¢, we have that TrueVar, ,(p*, W;) < o -

TrueMean,, . (p*, W;)?. Define Y & val(p* U g,», W) —val(p*, W;). By Lemma 8.3.1, we
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have Pr[Y < (1 —¢9) E[Y]] < do. Thus, with probability at least 1 — dp, we have,

val(f, Wy) > val(p*, W) + (1 — €0) E[Y]
=val(p*, Wy) + (1 — &o) - TrueMean,» (smooth(t), W,)

= (1 —eo) - (val(p*, Wr) + TrueMean,» (smooth(f},Wg))

1 1 1
Z5'(1—50)'21/\72(0)'2025'(1—60)'052 (2_;>'C£7

where we have used the second part of Lemma 8.3.2. [ |

Next, we will consider a small perturbation of h* which will ensure that the algorithm
performs well on high variance instances too. We will ensure that this perturbation does

not affect the success on the low variance instances.

High Variance Instances.

Fix a high variance instance £. Let v be an ancestor of v* with Z,, = £. Define:
. def . 1
activedegree,, = activedegree, (7,/,W,).

Let C, be the set of all constraints C' containing 7,} which are active given p,. We call
a constraint C' in C, a backward constraint if C' only involves variables from S, U{T,'}.
Otherwise we call C' in C, a forward constraint. Let C52kwerd and cfoward denote the
sets of these constraints. Finally, we denote C3't the set of binary constraints on 7}

and a variable from V' \ S*.

Define backward degree and forward degree as follows:

def
backward, =

Z WK(C)7

Cecsackwa rd

forward, & Z We(C).

Cecflorward
Note that:

activedegree,, = backward, + forward,,.

Now we consider variable 7,2. Let heaviest, be the total W, weight of all the constraints

containing both 7! and 7,2. Based on all this, we classify v into one of three categories:
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1. If backward, > % - activedegree,,, then we call v a typeA node.

2. Otherwise, if heaviest, > ﬁ - activedegree,,, then we call v a typeB node. In
this case we have some W, constraint C containing 7,' and 7,2 with W,(C) >

1 .
Teoos © activedegree, .

3. Otherwise, we call v a typeC node. In this case, for every v € V \ S, , the
total weight of the constraints involving v and T,}, i.e., activedegree,, (7,) Uv, W;)
is bounded by ﬁ - activedegree,,. In particular, every constraint C' € Czorward
must have Wy(C) < 155 - activedegree,, . Since |S*| < 2tk, the total weight of
constraints containing 7,} and some variable in S* \ S, is at most |S*\ S,,| -

1 . . . 2 . .
Tooms ° activedegree, which is at most 155 - activedegree,. Hence we have:

Z WX(C) _ forwardl, _ {total weight of constraints containing}

T} and some variable in S* \ S,
cecsut

> 1 2 tived > ! tived
_——_—— C eaegree — - acC edegree,.
= \2 100 ) 2CVEeBIEG, 7y T acHvedegree,

For nodes v which are typeC, the variable 7,' has a large fraction of its active degree
coming from constraints between 7.} and V' \ S*.

For a partial assignment g : V' \ S* — {0,1}, we say that g is Cgood for v if
there exists a setting of variable 7,! that satisfies at least é - activedegree,, weight
amongst constraints containing variable 7.} and some other variable in V \ S*. The

next lemma shows that for every typeC node v, with high probability, the random

assignment g, : V'\ S* — {0,1} is Cgood for v.

Lemma 8.3.5. Consider a typeC node v. Suppose g : V \ S* — {0,1} is a partial
assignment obtained by independently sampling g(v) with E[g(v)] € [1/4,3/4] for each
veV\S* Then:

I?Jr[g is Cgood for v] > 1 —2. ¢ tk/100,

Proof. Let { =1T,.
For each constraint C' € €3t and each g : {0,1}V\5" — {0, 1}, define Zg) (9), Zg]) (9) €

{0,1} as follows. Zél )(g) equals 1 iff C is satisfied by extending the assignment g with
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7.} + 1. Similarly, Zg) ) (g9) equals 1 iff C is satisfied by extending the assignment g with

T} + 0.
For b = 0,1, we define score® : {0, 1}V\S* — R as follows:

score®(g) € 3" Wy(C) - 28 ().
Cecout

In words, score(?) (¢) is the total weight of constraints between 7,' and V \ S* satisfied
by setting 7,! to b and setting V \ S* according to g.
Note that since g(v) is sampled independently for v € V'\ S* with E[g(v)] € [1/4, 3/4],
we have Eg[Zg)(g) + Zg)) (9)] > %. Thus:
Blscore) () +score®(9)] = Y- WiC)BIZS )]+ Y- WilO)E[Z¢ (0)]
Cceco Ceco

2% > wi(0).

cecgut

So one of E[score™ (g)] and E[score(?)(g)] is at least z >_cecon Wi(C) = J5activedegree,,.
Suppose it is E[score(l)(g)] (the other case is identical). We are going to use McDi-
armid’s inequality to show the concentration of score(l)(g) around its mean.”

Since v is typeC, we know that for every vertex v € V \ S*, changing g on just

v can change the value of score(’)(g) by at most ¢, def activedegree,, (T Uv,W,) <

"In this case we could have simply used a Hoeffding-like inequality, but later when we handle larger-
width constraints we will truly use the added generality of McDiarmid’s inequality.
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T{l)tk - activedegree,. Thus by McDiarmid’s inequality (Lemma 8.8.5),

1
Pr[g is not Cgood for v] < Pr [score(l)(g) < i activedegreey]
g g
1
<Pr [[score(l)(g) — E[scoreM(g)]| > 7l activedegreey]
g g

—2 . activedegree?
<2 v
> €Xp ( (64)2 ZveV\S* C% >

—2 . activedegree?
<2-ex Y
< p ((64)2 - (maxy, ¢y) - Z'UEV\S* cv>
—2 - activedegree?
<2 v
P <(64)2 - (max, ¢y) - activedegreel,>
—2 - activedegree
< 2-exp ( 64)2 activedegree: )
(64)2 - ( 100tk )
—200tk —tk
<2 <2 —
S ( (64)? ) S ( 100)
|
For a high variance instance ¢, let Vf ey Z/f be the sequence of ¢ nodes with Z,, = ¢

which lie on the path from the root to v*. Set finalwt, = activedegree . (W) (in words:

this is the active degree left over in instance ¢ after the restriction p*).
Lemma 8.3.6. For every high variance instance ¢ € [k] and for each i < [t/2],
activedegree, ¢ > v - (1 — ’y)*t/Q - finalwty > 1600%k - finalwt,.

Proof. Fix a high variance instance ¢ € [k]. Note that b; = activedegree, ,(W,) de-

creases as 7 increases. The main observation is that
2. activedegree ¢ > vb;.

Thus for all v¢ with i € {1,...,t/2}, we have activedegree ¢ > - (1 —~)~%2 - finalwt,
and also the choice of parameters implies for those Vf activedegree, ¢ is at least 1600tk -

finalwt,. [ |



180

Putting Everything Together.

We now show that when v is taken to equal v* in Step 5, then with high probability
over the choice of g in Step 5(a) there is a setting of h in Step 5(b) such that V¢ €
[k],val(h U g, Wy) > (3 — ) - ey

Theorem 8.3.7. Suppose the algorithm SIM-MAX2AND is given as inputs € > 0, k
simultaneous weighted MAX-2-AND instances Wi, ..., Wi on n variables, and target
objective value cq, . .., ¢ with the guarantee that there exists an assignment f* such that
for each { € [k]|, we have val(f*, Wy) > ¢;. Then, the algorithm runs in 9O(K/e> log(¥/)) .
poly(n) time, and with probability at least 0.9, outputs an assignment f such that for
each ¢ € [k], we have, val(f,Wy) > (5 —€) - cp.

Proof. Consider the case when v is taken to equal v* in Step 5. By Lemma 8.3.4, with
probability at least 1 — kdg over the choice random choices of g,~, we have that for
every low variance instance ¢ € [k], val(h* U g,«, W) > (3 — £) - ¢;. By Lemma 8.3.5
and a union bound, with probability at least 1 — % k- 2e7tR/100 > 1 _ 5, over the choice
of gy, for every high variance instance ¢ and for every typeC node v, i € [t/2], we
have that g,+ is Cgood for v{. Thus with probability at least 1 — (k + 1)dg, both these
events occur. Henceforth we assume that both these events occur in Step 5(a) of the
algorithm.

Our next goal is to show that there exists a partial assignment h : S* — {0, 1} such

that:

1. For every instance £ € [k], val(h U gy»,W;) > (1 = 5) - val(h* U gy«, Wy).

2. Moreover, for every high variance instance ¢ € [k], val(h U g,~, Wy) > (1 - %) .

finalwty.

Before giving a proof of the existence of such an h, we show that this completes the
proof of the theorem. We claim that when the partial assignment h guaranteed above is
considered in the Step 5(b) in the algorithm, we obtain an assignment with the required

approximation guarantees.
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For every low variance instance ¢ € [k], since we started with val(h*Ug,«, Wy) > (5 —
5)-c¢, property 1 above implies that every low variance instance val(hUg,+) > (% —g)-¢y.

For every high variance instance ¢ € [k], since h* = f*|g,
val(h* U gy« , Wy) > val(f*, W) — activedegree .. (W) > ¢, — finalwt,.
Combining this with properties 1 and 2 above, we get,
val(h U gy, Wy) > (1 — ¢/2) - max{c, — finalwty, finalwt,} > 1/2- (1 —¢/2) - ¢4.

Thus, for all instances ¢ € [k], we get val(h U g,+) > (1/2 —¢) - ¢y.

Now, it remains to show the existence of such an h by giving a procedure for con-
structing h by perturbing A* (Note that this procedure is only part of the analysis).
For nodes v,/ in the tree, let us write v < v/ if v is an ancestor of v/, and we also say

that v/ is “deeper” than v.
Constructing h.

1. Initialize H C [k] to be the set of high variance instances.

2. Let Ng = {v! | ¢ € H,ic [t/2]}. Note that N is a chain in the tree (since all the
elements of N are ancestors of v*). Since every v € N is an ancestor of v*, we

have h,, = h*|s,, .
3. Inmitialize D = (), N = Ny, h = h*.

4. During the procedure, we will be changing the assignment h, and removing ele-

ments from N. We will always maintain the following two invariants:

° |N|>£

e For every v € N, hls,, = h*|s,, .
5. While |D| # |H| do:

(a) Let

B={veV|3teklwith Y  W(C) C(hUgy)> 4ikvamh U gues W)
CceC,Cov
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Note that |B| < Saﬁ <&
(b) Let v € N be the deepest element of N for which: {7}, 7,2} N B = 0.
Such a v exists because:
e [IN|>1%>|B|, and
e there are at most | B| nodes v for which {T,}, T2}N B # 0 (since {T,}, T,2}

are all disjoint for distinct v).

(c) Let £ € H,i € [t/2] be such that v = v{. Let x = T;} and y = T,2. Let
p = py. We will now see a way of modifying the values of h(z) and h(y)
to guarantee that val(h U g,«, Wy) > finalwty. The procedure depends on

whether v is typeA, typeB, or typeC.
i. If v is typeA, then we know that backward, > % - activedegree,, > 2 -
finalwt,.
The second invariant tells us that p = h*|s, = h|s,. Thus we have:

backward, = Wy(C)

Cecgackward

= > Wi(C)

CCS,U{zx},Co2,CeActive(p)

= > Wi(C).

CCSpU{z},Coz,CEeACctive(hls),)

This implies that we can choose a setting of h(z) € {0,1} such that the
total sum of weights of those constraints containing x which are satisfied

by h is:

v

T WC)C(h) > 5 S Wi(C)

CCS,u{z},Coz,CeActive(hls,) CCS,U{x},Coz,CEActive(hls,)
= — - backward,,

- activedegree,,

> finalwty, (by Lemma 8.3.6)

where the % in the first inequality is because the variable can appear as
a positive literal or a negative literal in those backward constraints. In

particular, after making this change, we have val(hUg,~, Wy) > finalwt,.
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ii. If v is typeB, then we know that some constraint C containing x and
y has Wy(C) > 57 - activedegree, > finalwt,. Thus we may choose
settings for h(z), h(y) € {0,1} such that C'(h) = 1. Thus, after making
this assignment to h(z) and h(y), we have val(h U g, Wy) > finalwt,.

iii. If v is typeC, since g, is Cgood for v, we can choose a setting of h(z)
so that the total weight of satisfied constraints in W, between x and

V'\ §* is at least é -activedegree,, > finalwt,. After this change, we have

val(h U gy«, Wy) > finalwt,.
In all the above 3 cases, we only changed the value of h at the variables
x,y. Since {z,y} N B = (), we have that for every j € [k], the new value
val(h U g,», W;) is at least (1 — ) times the old value val(h U g, Wj).
(d) Set D =D U {(}.
(e) Set N={vf|¢te H\D,i<|[t/2],vf <v}.
Observe that |N| decreases in size by at most 5 + |B|. Thus, if D # H, we

have
t
[N 2 [Nol = |D[- 5 = |DI|B|
t t
=|H|- 5~ |D|- %~ D|IB

t

> - —k|B| > -
> - kB> ¢

DO | =+

Also observe that we only changed the values of h at the variables 7,' and

7,2. Thus for all v/ < v, we still have the property that hls, , = h*[g, .

For each high variance instance ¢ € [k], in the iteration where ¢ gets added to the
set D, the procedure ensures that at the end of the iteration val(hU g,«, Wy) > finalwt,.

Moreover, at each step we reduced the value of each val(h U g,+, W) by at most o
fraction of its previous value. Thus, at the end of the procedure, for every ¢ € [k], the
value has decreased at most by a multiplicative factor of (1 — i)k > (1 — %) . Thus,
for every ¢ € [k], we get val(hU g,«, Wy) > (1 — 5) -val(h* U g,«, W), and for every high
variance instance ¢ € [k], we have val(h U g,«, Wy) > (1 — £) - finalwt,. This proves the

two properties of h that we set out to prove.
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(kt)

Running time : Running time of the algorithm is 29**) . poly(n) which is

2O(k4/52 10g(k/52)) . poly(n) ]

8.4 Simultaneous MAX-w-CSP,

In this section, we give our simultaneous approximation algorithm for MAX-w-CSP,,

and thus prove Theorem 8.1.2.

8.4.1 Reduction to Simple Constraints

For the problem MAX-w-CSPy, C is the set of all possible g-ary constraints on V' with
arity at most w, i.e., each constraint is of the form CY : [q]7 — {0,1} depending only
on the values of variables in an ordered tuple 7" C V with |T| < w. As a first step
(mainly to simplify notation), we give a simple approximation preserving reduction
which replaces C with a smaller set of constraints. We will then present our main
algorithm

Define a w-term to be a contraint C' on exactly w variables which has exactly 1
satisfying assignment in [¢]¥, e.g. (x1 = 1) A(xa =T)A...A(xy = ¢—3). An instance
of the MAX-w-CONJSAT, problem is one where the set of constraints C is the set of
all w-terms. We now use the following lemma from [Tre98] that allows us to reduce a

Max-w-CSP, instance to a MAX-w-CONJSAT, instance.

Lemma 8.4.1 ([Tre98]). Given an instance Wi of MAX-w-CSP,, we can find a in-
stance Wa of MAX-w-CONJ-SAT, on the same set of variables, and a constant 8 > 0

such that for every assignment f, val(f,Ws) = B -val(f, W,).

Proof. Given an instance W of MAX-w-CSP,, consider a constraint C' € C with weight
Wi (C). We can assume without loss of generality that the arity of C is exactly w, and
it depends on variables 1,...,z,. For each assignment in [¢]* that satisfies C, we
create a w-CONJ-SAT, clause that is satisfied only for that assignment, and give it
weight Wi (C). e.g. If C was satisfied by 1 = ... = z, = 2, we create the clause
(x1 =2)A ... A(xy = 2) with weight W, (C). It is easy to see that for every assignment

to x1,...,x,, the weight of constraints satisfied in the new instance is the same as the
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weight of the constraints satisfied in the MAX-w-CONJ-SAT, instance created. Define 3
to be the sum of weights of all the constraints in the new instance, then W is obtained
by multiplying the weight of all the constraints in the new instance by 1/8 (to make

sure they sum up to 1). ]

Note that the scaling factor 5 in the lemma above is immaterial since we will give
an algorithm with Pareto approximation guarantee.

We say (v,i) € C'if v € C and v = i is in the satisfying assignment of Cy. By abuse
of notation, we say for a set of variables T, T' C C'if for all v € T, there exists i € [q],

such that (v,i) € C.

8.4.2 Random Assignments

In this section, we state and prove a lemma that gives a sufficient condition for the
value of a MAX-w-CONJSAT, to be highly concentrated under independent random
assignments to the variables. Let Dist(q) denote the set of all probability distributions
on the set [g]. For a distribution p € Dist(q) and i € g, we use p; to denote the probability
i in the distribution p. Let p be a partial assignment. Let p : V' \ S, — Dist(q) be
such that p(v); > qiw for all v € V\'S, and all i € [¢]. Let g : V\'S, = [¢q] be a
random assignment obtained by sampling g(v) for each v independently according to
the distribution p(v).
Define the random variable
Yd:efval(pUg,W) —val(p, W) = Z W(C)C(pUg).
CeActive(p)

The random variable Y measures the contribution of active constraints to val(pUg, W).
Note that the two quantities E[Y] and Var[Y] can be computed efficiently given p.
We denote these by TrueMean,(p, W) and TrueVar,(p,W). The following lemma is a

generalization of Lemma 8.3.1.

Lemma 8.4.2. Let p,g,Y be as above.

1. If TrueVar,(p, W) < doei - TrueMean,(p, W)? then Pr[Y < (1 —eo) E[Y]] < do.
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2. If TrueVar,(p, W) > éoej - TrueMean,(p, W)?, then there exists v € V' \ S, such

that

8(2)(50

w?(qw)*

Proof. Ttem 1 of the lemma follows immediately from Chebyshev’s inequality. We now

activedegree (v, W) > - activedegree ,(W).

prove Item 2. First note that for every active constraint C given p, E[C(pUg)] > (qw)
(this follows from our hypothesis that p(v); > qu for each v € V'\ S, and each i € [q]).

We first bound TrueMean,(p, W) and TrueVar,(p, W) in terms of the weights of

active constraints:

TrueMean,(p, W) = E[Y]| =

> ow(©)- C(pUg)]

CeActive(p)
- ¥ WO EChUz Y WO
CeActive(p) CeActive(p) q
1
= W(C
O oy
ve(p)

TrueVar,(p, W) = Var[Y] = Var Z W(C)-C(pUyg)
CeActive(p)

= W(Cﬂw(&)-( E[C1(pU g)Ca(p U g)] )
—E[Ci(pU g)]E[Ca(pU g)]

C1,C2€Active(p)

> W(CHW(Cs) - E[Ci(pU g)]

CimyCo
= Z W(Cl) [01 pUg Z w CQ
C1€Active(p) Ca~pCh
< Z W(Ch)E[C1(pUg)] - . ’IAnax Z W(Cs)
C1€Active(p) EActivelp
= TrueM :
rueMean,,(p, W 0622332 " QZ:CW (Ca).
~p

Hence, if the condition in case 2 is true then it follows that,

TrueVar,(p, W) doed
max W(C L > : W(C).
C'eActive( p) Z TrueMeanp(p, W) (qw)w CEA%;/e(p)
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We now relate these quantities to active degrees.

activedegree (W) = Z activedegree (v, W) Z Z We(C)
veV\S, veV\S, CeActive(p),C>v
= Y oW Y w-Wi(C)
CeActive(p) veCweV\S, C€eActive(p)
=w Z We(C)
CeActive(p)

This means that there is an active constraint C', such that

1

g W(Cs) > 5050 - —activedegree , (W)
qu)* w g

CarpC

Since C' is an active constraint and |[CNV'\S,| < w, there is some variable v € CNV'\S,,,

such that
1
activedegree (v, W) = Z W(Cs) > — Z W(C2)
Ca€Active(p), C23v w Co~,C
<% activedegree (W)
w?(qu)
as required. [ |

8.4.3 LP Relaxations

Our algorithm will use the Linear Programming relaxation for MAX-w-CONJSAT,
from the work of Trevisan [Tre98| (actually, a simple generalization to g-ary alpha-
bets). The first LP, ConjSAT-LP,(p), described in Fig. 8.4, describes the set of all
feasible solutions for the relaxation, consistent with the partial assignment p. Given a
set of target values (c¢)¢cy), the second LP, ConjSAT-LP,(p) describes the set of feasible
solutions to ConjSAT-LP,(p) that achieve the required objective values.

For £, 7 satisfying linear constraints ConjSAT-LP;(p), let smooth() denote the map

ty,i

p: V\S, — Dist(q) with p(v); = 1’2—;1—#%. The following theorem from [Tre98] provides

an algorithm to round this feasible solution to obtain a good integral assignment.

Lemma 8.4.3. Let p be a partial assignment.
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1. Relaxation: For every gy : V\S, — [q], there exist t, 7 satisfying ConjSAT-LP(p)
such that for every MAX-w-CONJSAT, instance W:

Z W(C)ze = val(go U p, W).
ceC

2. Rounding: Supposet, 7 satisfy ConjSAT-LP, (p). Then for every MAX-w-CONJSAT,

instance WW:

Y W(C)

ceC

val(p, W) + TrueMean ,(smooth(#), W) >

Proof. We begin with the first part. For v € S,, i € [q], define t,; = 1 if p(v) = i,
and define t,; = 0 otherwise. For v € V'\ S,,i € [q], define t,; = 1 if go(v) = i, and
define t, ; = 0 otherwise. For C' € C, define z¢c =1 if C(go U p) = 1, and define zc =0
otherwise. It is easy to see that these t, Z satisfies ConjSAT-LP,(p), and that for every

instance W:

Z W(C)zc = val(go U p, W).
cec

Now we consider the second part. Let ¥V be any instance of MAX-w-CONJSAT,,.
Let p = smooth(t). Let g : V'\ S, — [¢] be sampled as follows: independently for each

v e V\S,, g(v) is sampled from the distribution p(v). We need to show that:

1
— > 2eW(C).
q ceC

Y. WOCWH+E| Y, WOC(pUg)| >
C¢Active(p) CeActive(p)

It is easy to check that for C' ¢ Active(p), zc > 0 only if C(p) = 1, and thus

> cgnctive(p) CIOIWV(C) 2 D cgnctive(p) 2¢W(C). For C € Active(p), we have the fol-

lowing claim:

Claim 8.4.4. For C € Active(p), E[C(pU g)] > 2%

Proof. Suppose there are exactly h variables in C' which are not in S,. Let these

variables be (v;)_;. Let (v;,a;)"_; be the assignment to these variables that makes C
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satisfied.

Pl quw w
h w—1 =z w—1 =z
(55 ) - (9
Pl qu w qu w
w—1  zo\"” zZco

= —=+ = >
qu w —qw—l

Here the last inequality follows form the observation that the minimum of the function

w—1 z w
(42t +s)

- as z varies in [0, 1], is attained at z = 1/q. ]

I\
Q
AN

tv; VC eC,V(v,i) eC
1>t,; > 0 YoeV\S,iclg

1 YveV

I
~

<

:
Il

@L

<

=
I

1 WYwvelS,andie[q,

such that h,(v) =i

Figure 8.4: Linear inequalities ConjSAT-LP,(p)

S ceeWelC) - z¢ 2 ¢y VL€ [K]
£, 7 satisfy ConjSAT-LP (p).

Figure 8.5: Linear inequalities ConjSAT-LP,(p)

This completes the proof of the Lemma.
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8.4.4 The Algorithm

We now give our Pareto approximation algorithm for MAX-w-CSP, in Fig. 8.7 (which

uses the procedure from Fig. 8.6).

Input: A tree node v and an instance W;.

Output: A tuple of variables of size at most w.

1. Let v1 € V \ S, be a variable which maximizes the value of

activedegree, (v, Wy). Set D < {v1}.

2. While |D| < w, do the following

(a) If there is a variable v in V'\ S,, such that

activedegree,, (D, V)

activedegree, (D Uv, W) > (4qutk)w 7

set D < D Uw.

(b) Otherwise, go to Step 3.

3. Return D as a tuple (in arbitrary order, with v; as the first element).

Figure 8.6: TUPLESELECTION for MAX-w-CONJSAT,
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Input: £ instances of MAX-w-CONIJSAT, Wi,..., Wj, on the variable set V, € > 0

and and target objective values cq, ..., cg.
Output: An assignment to V'
S | _ _ _ 3k _ [ 20w2k? 10k
Parameters: g = ToRFT) €0 =67 = wg((;iw)w t= [wf -log (T)W
1. Initialize tree T to be an empty ¢"-ary tree (i.e., just 1 root node and each

node has at most ¢" children).

2. We will associate with each node v of the tree:

(a) A partial assignment p,.
(b) A special set of variables 7, C V'\ S,,.
(¢) A special instance Z,, € [k].
(d) A collection of integers count, 1, ..., count, .
(e) A trit representing whether the node v is living, exhausted or dead.
3. Initialize the root node vy to (1) py, = (0,0), (2) have all count,,, = 0, (3)
living,.
4. While there is a living leaf v of T', do the following:

(a) Check if the LP ConjSAT-LP,(p,) has a feasible solution.

i. If #,7 is a feasible solution, then define p, : V' \ S,, — Dist(q) by
p = smooth ().
ii. If not, then declare v to be dead and return to Step 4.

(b) For each /¢ € [k], compute TrueVar,, (p, W), TrueMean,, (p, W;).

(c) If TrueVar,, (p,Ws) > doeiTrueMean,, (p, Ws)?, then set flag, = TRUE,

else set flag, = FALSE.
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(d) Choose the smallest ¢ € [k], such that county < ¢ AND flag, = TRUE (if
any):
i. Set T, + TUPLESELECTION(v, W)). Set Z,, = /.
ii. Create ¢ children of v, with labels vb for each b € [¢]*" and define
— pub = (S,, U Ty, h®), where kY extends h,, by h(T;}) = b(3).
— For each ¢ € [k] with ¢ # ¢, initialize count,, s = count, g
Initialize count,; ¢ = count, ¢ + 1.

— Set vb to be living.

(e) If no such /¢ exists, declare v to be exhausted.

5. Now every leaf of T is either exhausted or dead. For each exhausted leaf v of

T:

(a) Sample g, : V'\'S,, — [q] by independently sampling g,(v) from the

distribution p, (v).

(b) For every assignment h : S, ~— [g], compute out, <
minge ) V‘"‘I(hucigf’wé). If ¢, = 0 for some ¢ € [k], we interpret Val(hucii”’wl) as
+00.

6. Output the largest outy, 4, seen, and the assignment h U g, that produced it.

Figure 8.7: Algorithm SiM-MAXCONJSAT for approximating weighted simultaneous
Max-w-CoNJSAT,
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8.4.5 Analysis

Notice that the depth of the tree T is at most kt, and that for every v, we have that

(wkt) poly(n).

|S,,| < wkt. This implies that the running time is at most ¢¢

Let f*:V — [g] be an assignment such that val(f*, Wy) > ¢ for each ¢ € [k]. Let
v* be the the unique leaf of the tree T' for which p,« is consistent with f*. (This v*
can be found as follows: start with v equal to the root. Set v to equal the unique child
of v for which p, is consistent with f*, and repeat until v becomes a leaf. This leaf is
v*). Observe that since f* is an assignment such that val(f*, Wy) > ¢, for every ¢ € [k],

by picking go = f*|y\ g+ in part 1 of Lemma 8.4.3, we know that ConjSAT-LP,(p*) is

feasible, and hence v* must be an exhausted leaf (and not dead).

Define p* = p,+, S* = Sy, h* = hy» and p* = p,~
At the completion of Step 4, if ¢ € [k] satisfies count,» , = ¢, we call instance ¢ a

high variance instance. Otherwise we call instance ¢ a low variance instance.

Low Variance Instances.

First we show that for the leaf v* in Step 8.5, combining the partial assignment hA* with
a random assignment g,« in Step Oa is good for any low variance instances with high

probability.

Lemma 8.4.5. Let ¢ € [k] be any low variance instance. For the leaf node v*, let
gu~ be the random assignment sampled in Step Oa of SIM-MAXCONJSAT. Then with

probability at least 1 — &g, the assignment f = h* U g,« satisfies:
Pr [val(f, Wg) > (1/qw*1 — 5/2) . Cg] >1-— (50.
[

Proof. For every low variance instance ¢, we have that TrueVar, ,(p*, Wy) < doed -

TrueMean,, , (p*, W,)?. Define Y def val(p* U gy, Wy) —val(p*, Wy). By Lemma 8.4.2, we
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have Pr[Y < (1 —¢9) E[Y]] < do. Thus, with probability at least 1 — dp, we have,

val(f, We) = val(p®, Wy) + (1 — o) E[Y]
= val(p*, Wp) + (1 — &) - TrueMean,,, (smooth(%), W)

= (1 — o) - (val(p*, Wp) + TrueMean,,,, (smooth(£), W;))

1 1 1 -
Z qu—1 (1—eo0)- CZG;:WE(C) CEZC 2> | (1—eg)-ce > (qwl — 2) - ey,
where we have used the second part of Lemma 8.4.3. m

Next, we will consider a small perturbation of h* which will ensure that the algorithm
performs well on high variance instances too. We will ensure that this perturbation does

not affect the success on the low variance instances.

High Variance Instances.

Fix a high variance instance £. Let v be an ancestor of v* with Z,, = £. Let 7,} denote

the first element of the tuple 7,. Define:

: def .
activedegree, = activedegree,, (TLW).

: def ..
activedegreer = activedegree,, (7,,Ws).

Observation 8.4.1. For any node v, in the tree,

activedegree,,
(4qwtk)w'(|77"_1) '

activedegree, >

Proof. For v such that |7,| = 1, we have, by definition, activedegree;, = activedegree,
and the inequality follows. The lower bound is obvious from the TUPLE SELECTION

procedure if |7,| > 1. [ ]

Let C, be the set of all constraints C' containing all variables in 7,, which are active
given p,.
We call a constraint C' in C, a backward constraint if C' only involves variables from

Sy, UT,. Otherwise we call C' in C, a forward constraint. Let Chackward 51 Cforward
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denote the sets of these constraints. Finally, let CO"* denote the set of all constraints
from C, that involve at least one variable from V' \ S* and none from S*\ S,, .
Define backward degree and forward degree as follows:
backward,, %' Z We(C),
CGCBackward

forward, % Z We(C).

Ceclfjorward

Note that:

activedegree, = backward, + forward,.

Based on the above definitions, we classify v into one of three categories:
1. If backward, > % - activedegrees , then we call v typeAB.

2. Otherwise, we call v typeC.

We have the following lemma about typeC nodes.

Lemma 8.4.6. For every typeC node v, we have

activedegreer,,

1. For everyv € V\ (S,, UT,), activedegree, (T, U {v}, W) < il
2. Y cecom Wi(C) = i - activedegreey. .

Proof. If v is a typeC node, we must have that for every v € V'\ (S,, UT,),

activedegree

activedegree,, (7, U {v}, W,) < (4qutk)”

This follows from the description of the TUPLESELECTION procedure, and the observa-
tion that activedegree, (T, ;) = 0 for any T' C V with |T'| > w.
In particular, since |S*| < wtk, the total weight of constraints containing 7, and

some variable in S*\ (S,, UT,) is at most

tived
Z activedegree,, (7, U {v}, Wy) < Z W
’UGS*\(SPVU%) UES*\(S;;VU%)

tived
< S\ (S, UT)| - activedegree

(4qutk)™
activedegree < 1

< wtk -
= (4quwtk)” — 4

- activedegree. .
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Thus, we get,
o total weight of constraints containing
§ WZ(C) = forward, — {’Tl, and some variable in S* \ (S,, UT.) }
CeCout

: 1 . 1 .
> - - activedegree; — 1 activedegree, = 1 - activedegree;- .

N =

This completes the proof of second statement. [ |

For a partial assignment g : V'\ S* — [q], we say that ¢ is Cgood for v if there exists
a setting of variables in 7, that satisfies at least W -activedegree, weight amongst
constraints in CS"t.

The next lemma allows us to prove that that for every node v of typeC, with high

probability, the random assignment g,~ : V' \ S* — [q], is Cgood for v.

Lemma 8.4.7. Let v be typeC. Suppose g : V' \ S* — [q] is a random assignment
obtained by independently sampling g(v) for each v € V '\ S* from a distribution such

that distribution Prig(v) = i] > qiw for each i € [q]. Then:
Pr[g is Cgood forv]>1—-2- o—th/8aw_
g

Proof. Let { =1T,.

Consider a constraint C' € C3"t. For partial assignments b : T, — [¢g] and g : V' \ S* —
[q], define C'(p, UbU g) € {0,1} to be 1 iff C is satisfied by p, UbU g. Since C only
contains variables from S,, U7, U (V' \ S*), we have that C(p, UbU g) is well defined.

Define score? : [¢]V\5" — R by

score’(g) = Z We(C) - C(ppUbUg).
Cecut

In words, score(’)(g) is the total weight of constraints in CoUt satisfied by setting S,
according to p,, setting 7, to b, and setting V' \ S* according to g.

Note that for all C' € C3'*, Eg[> )., 1y C(pnUbUg)] = —L . This follows since

(qu)
C is an active constraint given p,, and involves all variables from 7,,; hence there exists
an assignment b to 7, and an assignment for at most w — |7, | variables from constraint

C in V \ §* such that C is satisfied. Since, g is a smooth distribution, this particular
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assignment to w — |7, | in V' \ S* is sampled with probability at least W Hence,

(a
for this particular choice of b, C is satisfied with probability at least W. Thus:
Z E [scoreb(g)} Z Z We(C) - C(p, UbU g)

b:To—la ? bTo—lg 7 | Ccecon

= 2 WO B| 3 CloUbUg)

Cecout b:T—|d]

——m 2L Wil0)

Cecout

Thus there exists b : 7, — [¢] such that

1 1 1
b .
> _ .
E[score’(g)] Tl w70 E Wy(C 4 (qw)w actlvedegreeTy,
g q Cecgut

where the last inequality follows by Lemma 8.4.6.

Fix this particular b for which the above inequality holds. We are going to use
McDiarmid’s inequality to show the concentration of score’(g) around its mean. Since
v is typeC, from Lemma 8.4.6, we know that for every vertex v € V'\ S*, changing g on

just v can change the value of score’(g) by at most ¢, def activedegree, (7, U{v}, W) <

activedegreer,

~gury™ ~+ Thus by McDiarmid’s inequality (Lemma 8.8.5),

b
8- (qu)®
< I;r [\scoreb(g) — E[SCOFeb(g)” >

b
g 8- (qu)v

<9 -2 activedegree%
SRR T TOTOETED o) en\ss G )

Pr[g is not Cgood for v|] < Pr [scoreb(g) <
9

. activedegree%}
g

. activedegreen}

—9 - activedegree?
<2-exp greeT, )

w)2W - (maxy, ¢y) - ZueV\S* Cy

4(q
—2 - activedegree?. )
(4

64(qw)?v - (max, ¢,) - activedegree
greer,

—2 - activedegrees,

g
o

<20 (s e )
(e
(e

-2 actlvedegreeT

actlvedegreeT
T (4qutk)” )

-2 4qwtk: —tk
<2-exp|—].
64 - (quw)2w 8quw
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For a high variance instance /, let Vf Yo ,Vf be the ¢t nodes with Z,, = £ which lie on
the path from the root to v*, numbered in order of their appearance on the path from
the root to v*. Set finalwt, = activedegree,.(W,). This is the active degree left over in

instance ¢ after the restriction p*.

Lemma 8.4.8. For every high variance instance ¢ € [k] and for each i < [t/2],
activedegree,, > v - (1 — ~) 2 finalwt, > 100 - (qw)® - (4qwtk)“’2 - finalwt,.

We skip the proof of this lemma. The first inequality is identical to the second part

of Lemma 8.5.6, and the second inequality follows from the choice of t.

Putting Everything Together.

We now show that when v is taken to equal v* in Step 8.5, then with high probabil-
ity over the choice of g,~ in Step 5(a) there is a setting of h in Step 5(b) such that

mingeg val(h U g, Wy) > (qw%l —&) ¢y

Theorem 8.4.9. Suppose the algorithm SIM-MAXCONJSAT is given as inputs € > 0,
k simultaneous weighted MAX-w-CONJSAT, instances Wi, ..., Wy on n variables,
and target objective value ci,...,c, with the guarantee that there exists an assignment
f* such that for each £ € [k], we have val(f*,Wy) > ¢;. Then, the algorithm runs in
9O (k"2 log(¥/e)) - poly(n) time, and with probability at least 0.9, outputs an assignment f
such that for each ¢ € [k]|, we have, val(f, Wy) > (qw%l — 6) - ¢p.

Proof. Consider the case when v is taken to equal v* in Step 8.5. By Lemma 8.4.5,
with probability at least 1 — kdy over the random choices of g,~, we have that for every
low variance instance ¢ € [k], val(h* U gy, Wp) > (qw%l —5) - ¢ By Lemma 8.4.7 and
a union bound, with probability at least 1 — % k- 2eth/8aw > 1 _ 6y over the choice
of g,«, for every high variance instance ¢ and for every typeC node v{, i € [t/2], we
have that g,« is Cgood for vf. Thus with probability at least 1 — (k + 1)dy, both these

events occur. Henceforth we assume that both these events occur in Step 5(a) of the

algorithm.
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Our next goal is to show that there exists a partial assignment h : S* — [g] such

that
1. For every instance ¢ € [k], val(h U g, Wp) > (1 — ¢/2) - val(h* U g, Wy)
2. For every high variance instance £ € [k], val(h U gy, W;) > (1 —¢/2) - 10 - finalwty.

Before giving a proof of the existence of such an h, we show that this completes the
proof of the theorem. We claim that when the partial assignment h guaranteed above is
considered in the Step 5(b) in the algorithm, we obtain an assignment with the required
approximation guarantees.

For every low variance instance ¢ € [k], since we started with val(h* U gy, Wy) >

(=t — 5) - ¢, property 1 above implies that every low variance instance val(h U g,) >

(qw%l — ¢€) - ¢g. For every high variance instance ¢ € [k], since h* = f*|g,
val(h* U gy« , Wy) > val(f*, W) — activedegree .. (Wy) > ¢, — finalwt,.

Combining this with properties 1 and 2 above, we get,

1
val(h U gy, Wy) > (1 — %) -max{cy — finalwty, 10 - finalwt,} > 1—(1) (1 — %) - cp.

Thus, for all instances ¢ € [k], we get val(h U g,~, Wy) > <qw%1 - %) - ¢y.

Now, it remains to show the existence of such an h by giving a procedure for con-
structing h by perturbing h* (Note that this procedure is only part of the analysis).
For nodes v,/ in the tree, let us write v < v/ if v is an ancestor of v/, and we also say

that v/ is “deeper” than v.

Constructing h.
1. Initialize H C [k] to be the set of high variance instances.

2. Let No = {v! | £ € H,i € [t/2]}. Note that N is a chain in the tree (since all the
elements of N are ancestors of v*). Since every v € N is an ancestor of v*, we

— *
have h,, = h*|s,, .
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. Initialize D = 0, N = Ny, h = h*.

. During the procedure, we will be changing the assignment 5, and removing ele-

ments from N. We will always maintain the following two invariants:

° ]N‘>£

e For every v € N, hls, = h*|s,, .
. While |D| # |H]| do:

(a) Let

B={veV|Helkwith S WiC) C(hUgy)> 5 —val(hU gy-, W)
cec,Cov 2wk

2]62

Note that |B| < 22k < L
(b) Let v € N be the deepest element of N for which: 7, " B = {).
Such a v exists because:
e [N| > >|B|, and
e there are at most |B| nodes v for which 7, N B # ) (since 7, are all
disjoint for distinct v).

(c) Let £ € H and i € [t/2] be such that v = v{. Let p = p,. We will now modify
the assignment h for variables in 7, to guarantee that val(h U g,«, Wy) >

10 - finalwty. The procedure depends on whether v is typeAB or typeC.

i. If v is typeAB, then we know that backward, > % - activedegreer .

The second invariant tells us that p = h*|s, = h|s,. Thus we have:

backward, = Z We(C)

CECBackward

= > We(C)

CCS,UT,,COTy,CeActive(p)

= > Wi(C).

CCS,UT,,,C2T,,CeActive(h]s,)
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This implies that we can modify the assignment h on the variables 7,
such that after the modification, the weights of satisfied backward con-

straints is:

S owmOcm=— S wi(o)

CC8,UTo 0T, T ccs,iT.0oT,
Cé€Active(h|s),) Cé€Active(h|s),)
1
= — - backward,
q’UJ
1 .
> —— - activedegreer
2q% v

> 10 - finalwty.

where the qu factor in the first inequality appears because there could
be as many as ¢" possible assignments to variables in 7,, and the last
inequality holds because of Observation 8.4.1 and Lemma 8.4.8. In par-

ticular, after making this change, we have val(hU g,«, W) > 10-finalwt,.

ii. If v is typeC, then we know that ¢ is Cgood for v. Thus, by the definition

of Cgood, we can choose a setting of 7, so that at least a total of W :
activedegrees > 10-finalwt, WWy-weight constraints between 7, and V'\ S*

is satisfied. After this change, we have val(h U g,~, Wy) > 10 - finalwt,.

In both the above cases, we only changed the value of h at the variables 7.
Since T,NB = 0, we have that for every j € [k], the new value val(hUg,~, W)
is at least (1 — 2%) times the old value val(h U gy, Wj).

(d) Set D = DU {/¢}.

(e) Set N={vf|te H\D,i<|[t/2],vf <v}.
Observe that |N| decreases in size by at most § + |B|. Thus, if D # H, we

have

t
[N 2 [Nol = |D[- 5 — |DI|B]

t t
= |H|-=—|D|- - —|D||B
[H|- 5~ |D| 5~ D|IB

t

> - —k|B|> -
> - kB> ¢

DO | o+



202

Also observe that we only changed the values of h at the variables 7,,. Thus

for all v/ < v (i.e v/ € N), we still have the property that h|s, = h*|s, .

For each high variance instance ¢ € [k], in the iteration where ¢ gets added to the set
D, the procedure ensures that at the end of the iteration val(hU gy, Wy) > 10 - finalwty.

Moreover, at each step we reduced the value of each val(h U g,+, W) by at most o
fraction of its previous value. Thus, at the end of the procedure, for every ¢ € [k], the
value has decreased at most by a multiplicative factor of (1 — i)k > (1 — %) . Thus,
for every ¢ € [k], we get val(hU g,«, Wy) > (1 — 5) -val(h* U g,«, W), and for every high
variance instance £ € [k], we have val(h U g,«, Wy) > (1 — £) - 10 - finalwt,. This proves
the two properties of h that we set out to prove.

Running time : Running time of the algorithm is 200 . poly(n) which is

20(k4/52 10g(k/52)) . po]y(n) ]

8.5 Simultaneous MaAXx-w-SAT

In this section, we give our algorithm for simultaneous MAX-w-SAT. The algorithm
follows the basic paradigm from MAX-2-AND and Max-CSP, but does not require
a tree of evolutions (only a set of influential variables), and uses an LP to boost the

Pareto approximation factor to (% — 5).

8.5.1 Preliminaries

Let V be a set of n Boolean variables. Define C to be the set of all possible w-SAT
constraints on the n variable set V. A MAX-w-SAT instance is then described by a
weight function W : C — Rxq (here W(C') denotes the weight of the constraint C'). We
will assume that >, W(C) = 1.

We say v € C' if the variable v appears in the constraint C. For a constraint C', let
CT (resp. C™) denote the set of variables v € V' that appear unnegated (resp. negated)
in the constraint C.

Let f:V — {0,1} be an assignment. For a constraint C' € C, define C(f) to be

1 if the constraint C is satisfied by the assignment f, and define C(f) = 0 otherwise.
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Then, we have the following expression for val(f, W):

val(f, W) € 3" w(e) - o(f).

ceC

Active Constraints.

Our algorithm will maintain a small set .S C V of variables, for which we will try all
assignments by brute-force, and then use a randomized rounding procedure for a linear
program to obtain an assignment for V'\ S. We now introduce some notation for dealing
with this.

Let S C V. We say a constraint C' € C is active given S if at least one of the
variables of C'is in V' \ S. We denote by Active(S) the set of constraints from C which
are active given S. For two constraints C7,Co € C, we say C7 ~g (s if they share a
variable that is contained in V' \ S. Note that if C; ~g Cs, then C7,Cs are both in
Active(S). For two partial assignments f; : S — {0,1} and fo : V \ § — {0,1}, let
f = fiU fay is an assignment f : V — {0, 1} such that f(z) = fi(x) if x € S otherwise
f(z) = fa(z).

Define the active degree of a variable v € V' \ S given S by:

activedegreeg(v, W) o Z wW(C).
CeActive(S),Cov
We then define the active degree of the whole instance W given S:
activedegreeg(W) af Z activedegreeg(v, W).
veV\S

For a partial assignment h : S — {0, 1}, we define

def

val(h, W)= Y~ W(C) - C(h).

ceC
C¢Active(S)
Thus, for an assignment g : V' \ S — {0,1}, to the remaining set of variables, we have
the equality:

val(hUg, W) —val(h, W)= > W(C)-C(hUyg).
CeActive(S)
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LP Rounding.

Let h : S — {0,1} be a partial assignment. We will use the Linear Program MAXwSAT-LP; (h)
to complete the assignment to V\S. For MAX-2-SAT, Goemans and Williamson [GW93]
showed, via a rounding procedure, that this LP can be used to give a 3/4 approxima-
tion. However, as in MAX-2-AND, we will be using the rounding procedure due to
Trevisan [Tre98] that also gives a 3/4 approximation for MAX-w-SAT, because of its
smoothness properties.

Let £, Z be a feasible solution to the LP MAXWSAT-LP;(h). Let smooth(f) denote

the map p: V'\ S — [0,1] given by: p(v) = 1 + &. Note that p(v) € [1/4,3/4] for all v.
Theorem 8.5.1. Let h: S — {0,1} be a partial assignment.

1. For every go : V'\ S — {0,1}, there exist t, Z satisfying MAXwWSAT-LPy(h) such
that for every MAX-w-SAT instance W:

Z W(C)zc = val(go U h, W).
ceC

2. Suppose t,7Z satisfy MAXwWSAT-LP{(h). Let p = smooth(t). Then for every
MAX-w-SAT instance W:
3
Efal(hUg, W) > =) W(C)zc,
g 4 cecC

where g : V\'S — {0,1} is such that each g(v) is sampled independently with

Proof. The first part is identical to the first part of Lemma 8.3.2. For the second part.
Let W be any instance of MAX-w-SAT. Let g : V'\ S — {0,1} be sampled as follows:
independently for each v € V'\ S, g(v) is sampled from {0, 1} such that E[g(v)] = p(v).

We need to show that
Eal(hUg W)= > WOICHh+E| Y. WC)C(pUyg)
g CeC\Active(S) CeActive(S)

2% 3 W(C)zc+z- S WO

CeC\Active(S) CeActive(S)
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For C € C \ Active(S), it is easy to verify that if zc > 0, we must have C(h) = 1. For

C € Active(S) the following claim gives us the required inequality:

Claim 8.5.2. For C € Active(S), E[C(hUg)] > 2 - 2¢.

Proof. The claim is true if C' is satisfied by h. Consider a clause C which contains [
active variables but not satisfied by partial assignment h. Under the smooth rounding,

we have

E[C(h U g)] = Pr[C is satisfied by h U g]

3 ty 3 1—t,
== I -3 I -

veCT vEV\S veC— vEV\S
l
>1- (3 _ Zuectwensto F Dneopenisll m)
- 4 2

l
3  zo 3
>1_(2_2¢) > 2.
21 <4 25)-42'“

where first inequality follows from AM-GM inequality. For any integer I > 1, the

last inequality follows by noting that for a function f(z) = 1 — (% — %)l - % -,
f(0) >0, f(1) > 0 along with the fact the the function has no local minima in (0, 1).
|

8.5.2 Random Assignments

We now give a sufficient condition for the value of a MAX-w-SAT instance to be highly
concentrated under a sufficiently smooth independent random assignment to the vari-
ables of V'\ S (This smooth distribution will come from the rounding algorithm for the
LP). When the condition does not hold, we will get a variable of high active degree.

Let S C V, and let h : S — {0,1} be an arbitrary partial assignment to S. Let
p:V\S — [0,1] be such that p(v) € [/4,3/4] for each v € V'\ S. Consider the random
assignment g : V' \ .S — {0,1}, where for each v € V' \ S, g(v) € {0,1} is sampled
independently with E[g(v)] = p(v). Define the random variable

Y Eval(hug, W) —val(h, W)= Y W(C)-C(hUy).
CeActive(S)
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The random variable Y measures the contribution of active constraints to the instance
W.

We now define two quantities depending only on S (and importantly, not on h),
which will be useful in controlling the expectation and variance of Y. The first quantity
is an upper bound on Var[Y]:

Uvar & Z W(C1)W(C2).
Ci~sCh
The second quantity is a lower bound on E[Y]:

def 1
Lmean = 1 Z W(C).
CeActive(S)

Lemma 8.5.3. Let S CV be a subset of variables and h : S — {0,1} be an arbitrary

partial assignment to S. Let p, Y, Uvar, Lmean be as above.
1. If Uvar < 6ok - Lmean?, then Pr[Y < (1 — o) E[Y]] < do.
2. If Uvar > §oe2 - Lmean?, then there exists v € V' \ S such that

1
activedegreeg(v, W) > Ws(%&o - activedegreeg(W).
w

The crux of the proof is that independent of the assignment h : S — {0,1}, E[Y] >
Lmean and Var(Y) < Uvar (this crucially requires that the rounding is independent
and smooth, i.e., p(v) € [1/4,3/4] for all v; this is why we end up using Trevisan’s
rounding procedure in Theorem 8.5.1). The first part is then a simple application of
the Chebyshev inequality. For the second part, we use the assumption that Uvar is large,
to deduce that there exists a constraint C' such that the total weight of constraints that
share a variable from V'\ S with C, i.e., >, .o W(C2), is large. It then follows that

at least one variable v € C must have large activedegree given S.

Proof. We first prove that Var(Y) < Uvar. Recall that the indicator variable C'(h U g)

denotes whether a constraint C' is satisfied by the assignment h U g, and note that:

Y= > W({Q) Chuy).
CeActive(S)
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Thus, the variance of Y is given by
Var(Y)= ) W(C)W(C2) - (E[C1(hUg)Ca(h U g)] ~ BIC1(h U g)] E[C2(h U )
C1,C2€Active(S)

< Z W(C1)W(C2) = Uvar,
C1~sC2

where the inequality holds because E[C1(hUg)C2(hUg)]—E[C1(hUg)] E[Ca(hUg)] <1
for all Cy, Cy, and E[C1(hUg)C2(hUg)] —E[C1(hUg)] E[C2(hUg)] = 0 unless Cy ~g Cs
because the rounding is performed independently for all the variables.

Moreover, since p(v) € [1/4,3/4] for all v, we get that E[C(h U g)] > 1/4 for all
C € Active(S). Thus, we have E[Y] > Lmean. Given this, the first part of the lemma
easily follows from Chebyshev’s inequality:

Var(Y) < Uvar

Pr[Y < (1— o) E[Y]] <

= &) =t

E%Lmean2 -

For the second part of the lemma, we have:

Soeilmean? < Uvar = Z W(C1)W(C?)

C1~s5C2
<D WG DD W(Gy)
C1EActive(S) Ca~sCt
< .
o VO] o 2 M)
C1EActive(S) Co~gsC

—4.L W(Cs)
mean-  max Z 2)

Thus, there exists a constraint C' € Active(,S) such that:

—_

1
E W(C?) 1 S0g2 - Lmean > F(SQ&‘% - activedegreeg(W), (8.5.1)
w
Co~gC

where we used the fact that Lmean = } - (X cenctive(s) WI(C)) = 1 - activedegreeg (W),
since we are counting the weight of a constraint at most w times in the expression
activedegreeg (V). Finally, the LHS of equation (8.5.1) is at most

>_uecn(v\s) activedegreeg(u, W). Thus, there is some u € V'\ S with:

activedegreeg(u, W) > ———doej - activedegreeg(W).

1
~ 16w?



208

8.5.3 Algorithm for Simultaneous MAX-w-SAT

In Fig. 8.8, we give our algorithm for simultaneous MaX-w-SAT. The input to the
algorithm consists of an integer k > 1, ¢ > 0, and k instances of MAX-w-SAT, specified

by weight functions Wiy, ..., Wy, and target objective values ¢y, ..., cp.

8.5.4 Analysis of Algorithm SiM-MAXWSAT

It is easy to see that the algorithm always terminates in polynomial time. Part 2 of
Lemma 8.5.3 implies that that Step 3.(d)i always succeeds in finding a variable v. Next,
we note that Step 3. always terminates. Indeed, whenever we find an instance ¢ € [k] in
Step 3.d such that count; < t and flag, = TRUE, we increment count,. This can happen
only tk times before the condition county < ¢ fails for all ¢ € [k]. Thus the loop must
terminate within tk iterations.

Let S* denote the final set .S that we get at the end of Step 3. of SIM-MAXWSAT. To
analyze the approximation guarantee of the algorithm, we classify instances according

to how many vertices were brought into S* because of them.

Definition 8.5.4 (Low and high variance instances). At the completion of Step 3.d in
Algorithm SIM-MAXWSAT, if ¢ € [k] satisfies count; = t, we call instance ¢ a high

variance instance. Otherwise we call instance ¢ a low variance instance.

At a high level, the analysis will go as follows: First we analyze what happens when
we give the optimal assignment to S* in Step 4. For low variance instances, the fraction
of the constraints staisfied by the LP rounding will concentrate around its expectation,
and will give the desired approximation. For every high variance instance, we will see
that many of its “heavy-weight” vertices were brought into S*, and we will use this to
argue that we can satisfy a large fraction of the constraints from these high variance
instances by suitably perturbing the optimal assignment to S* to these “heavy-weight”
vertices. It is crucial that this perturbation is carried out without significantly affecting
the value of the low variance instances.

Let f*: V — {0,1} be an assignment such that val(f*, Wy) > ¢, for each ¢. Let

h* = f*|g+. Claim 1 from Theorem 8.5.1 implies that MAXwSAT-LP2(h*) has a feasible
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Input: k instances of MAX-w-SAT Wy, ..., Wi on the variable set V, target objec-
tive values cq,...,ck, and € > 0.
Output: An assignment to V.

26
Parameters: §p = ﬁ, 0=5,7= fgw%, = % -log (11) :

1. Initialize S <« 0.
2. For each instance ¢ € [k], initialize count; <— 0 and flag, - TRUE.

3. Repeat the following until for every ¢ € [k], either flag, = FALSE or county, = t:

(a) For each ¢ € [k], compute Uvary = 3 ¢ .o, We(C1)Wi(C2).
(b) For each ¢ € [k], compute Lmean, = iZCGActive(s) We(C).
(c) For each ¢ € [k], if Uvar, > §oe2 - Lmean?, then set flag, = TRUE, else set
flag, = FALSE.
(d) Choose any ¢ € [k], such that count,; <t AND flag, = TRUE (if any):
i. Find a variable v € V such that activedegreeg(v,Wy) > = -
activedegreeg(WVy).

ii. Set S < SU{v}. We say that v was brought into S because of instance
L.

ili. Set county < count, + 1.
4. For each partial assignment hg : S — {0, 1}:

(a) If there is a feasible solution £, 7 to the LP in Fig. 8.10, set p = smooth(%).

If not, return to Step 4. and proceed to the next hg.

(b) Define g : V'\ S — {0,1} by independently sampling g(v) € {0,1} with
Elg(v)] = p(v), for each v € V'\ S.

(c) For each h : S — {0,1}, compute outy y = mingep %ﬁ’wﬂ. Ifcg =0

val(hUg,Wy)
Ce

for some ¢ € [k], we interpret as +00.

5. Output the largest out;, 4 seen, and the assignment h U g.

Figure 8.8: Algorithm SiM-MAXWSAT for approximating weighted simultaneous
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Yvectto t Xpec-(1-t) 2 2c  VCEC
1>zc =2 0 vCecC
1>t, > 0  WYweV\S§

t, = ho(v) YvoeSs§

Figure 8.9: Linear program MAXwSAT-LP(hg), for a given partial assignment hg : S —

{0,1}

t, 7 satisfy MAXwSAT-LPy (h).

Figure 8.10: Linear program MAXwSAT-LPy(hg) for a given partial assignment hg :
S —{0,1}

solution. For low variance instances, by combining Theorem 8.5.1 and Lemma 8.5.3,

we show that val(h* U g, W) is at least (3/4 — ¢/2) - ¢, with high probability.

Lemma 8.5.5. Let £ € [k] be any low variance instance. Let t, be a feasible solution
to MAXWSAT-LPy(h*). Let p = smooth(t). Let g : V \ S* — {0,1} be such that each

g(v) is sampled independently with E[g(v)] = p(v). Then the assignment h*Ug satisfies:
Pr(val(h* U g, Wy) > (3/4a —¢/2) - ¢o] > 1 — dp.
9

Proof. Since ¢ is a low variance instance, flag, = FALSE when the algorithm terminates.
Thus Uvar, < 8ol - Lmean?. Let g : V — {0,1} be the random assignment picked in

Step 4.b. Define the random variable
Y, ©val(h* U g, Wy) — val(h*, Wy).

By Lemma 8.5.3, we know that with probability at least 1 — §p, we have Y, >
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(1 —0) E[Yr]. Thus, with probability at least 1 — dp, we have,

val(h* U g, Wy) = val(h*, W) + Yr > val(h*, W) + (1 — £o) E[Y/]
> (1 —ep) - E[val(h*, W) + Y;] = (1 — o) - E[val(h* U g, Wy)]

>34 (1-20)- S WilC)ze = (31— 52) - e,
ceC

where the last two inequalities follow from Claim 2 in Theorem 8.5.1 and the constraints

in MAXwSAT-LP, respectively. [ |

Now we analyze the high variance instances. We prove the following lemma that
proves that at the end of the algorithm, the activedegree of high variance instances
is small, and is dominated by the activedegree of any variable that was included in S

“early on”.
Lemma 8.5.6. For all high variance instances ¢ € [k]|, we have
1. activedegreeg. (W;) < w(1 — )t

2. For each of the first t/2 variables that were brought inside S* because of instance
0, the total weight of comstraints incident on each of that variable and totally

contained inside S* is at least 10 - activedegreeg. (WVy).

The crucial observation is that when a variable w is brought into S because of an
instance ¢, the activedegree of w is at least a ~ fraction of the total activedegree of
instance £. Thus, the activedegree of instance £ goes down by a multiplicative factor of
(1 — ). This immediately implies the first part of the lemma. For the second part, we
use the fact that t is large, and hence the activedegree of early vertices must be much

larger than the final activedegree of instance ¢.

Proof. Consider any high variance instance ¢ € [k]|. Initially, when S = (), we have
activedegree;(W,) < w since the weight of every constraint is counted at most w times,
once for each of the 2 active variables of the constraint, and ) .., Wi(C) = 1. For
every v, note that activedegreeg (v, W) < activedegreeg, (v, Wy) whenever S; C Ss.
Let u be one of the variables that ends up in S* because of instance ¢. Let S,, denote

the set S C S* just before u was brought into S*. When u is added to S, we know
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that activedegreeg, (u,Wy) > 7 - activedegreeg, (W,). Hence, activedegreeg 1,y (Wr) <
activedegreeg (W) — activedegreeg (u,Vy) < (1 — ) - activedegreeg (V). Since t vari-
ables were brought into S* because of instance ¢, and initially activedegrees(Wy) < w,
we get activedegreeg. (Wy) < w(1 — )%

Now, let u be one of the first ¢/2 variables that ends up in S* because of instance
¢. Since at least t/2 variables are brought into S* because of instance ¢, after u, as
above, we get activedegreeg. (W) < (1 — )72 - activedegreeg (W;). Combining with
activedegreeg (u, W) > « - activedegreeg (W), we get activedegreeg (u,Wy) > (1 —
v)~"72activedegreeq. (W), which is at least 11 - activedegreeg.(W,), by the choice of
parameters. Since any constraint incident on a vertex in V'\ S* contributes its weight

to activedegreeg. (W;), the total weight of constraints incident on v and totally contained

inside S* is at least 10 - activedegreeg. (W) as required. [ ]

We now describe a procedure PERTURB (see Fig. 8.11) which takes h* : S* — {0,1}
and g : V \ S* — {0,1}, and produces a new h : S* — {0,1} such that for all
(low variance as well as high variance) instances ¢ € [k], val(h U g, W) is not much
smaller than val(h* U g, ), and furthermore, for all high variance instances ¢ € [k],
val(hUg, Wy) is large. The procedure works by picking a special variable in S* for every
high variance instance and perturbing the assignment of h* to these special variables.
The crucial feature used in the perturbation procedure, which holds for MAX-w-SAT
(but not for MAX-2-AND), is that it is possible to satisfy a constraint by just changing
one of the variables it depends on. The partial assignment h is what we will be using
to argue that Step 4. of the algorithm produces a good Pareto approximation. More

formally, we have the following Lemma.

Lemma 8.5.7. For the assignment h obtained from Procedure PERTURB (see Fig. 8.11),
for each £ € [k], val(h U g, Wy) > (1 — ¢/2) - val(h* U g, Wy). Furthermore, for each high

variance instance Wy, val(h U g, W;) > 4 - activedegreeg. (W)).

Proof. Consider the special variable vy that we choose for high variance instance ¢ € [k].
Since vy ¢ B, the constraints incident on vy only contribute at most a /2k fraction of

the objective value in each instance. Thus, changing the assignment v, can reduce the
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Input: h*: S* — {0,1} and g : V' \ S* — {0, 1}
Output: A perturbed assignment h : S* — {0,1}.
1. Initialize h < h*.

2. For £ =1,... k, if instance ¢ is a high variance instance case (i.e., county = t),

we pick a special variable vy, € S* associated to this instance as follows:

(a)

3. Return the assignment h.

Let B={veV|3le k] with >} ccc s, We(C)-C(hUg) > 5 -val(hU
g, Wy)}. Since the weight of each constraint is counted at most w times,

we know that |B| < %

Let U be the set consisting of the first ¢/2 variables brought into S*

because of instance £.

Since t/2 > |B| + k, there exists some u € U such that v ¢ B U

{v1,...,v—1}. We define v, to be u.

By Lemma 8.5.6, the total W, weight of constraints that are incident on
ve and only containing variables from S* is at least 10-activedegreeg. (W;).
We update h by setting h(vy) to be that value from {0,1} such that at

least half of the W, weight of these constraints is satisfied.

Figure 8.11: Procedure PERTURB for perturbing the optimal assignment
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value of any instance by at most a 57 fraction of their current objective value. Also, we
pick different special variables for each high variance instance. Hence, the total effect
of these perturbations on any instance is that it reduces the objective value (given
by h* U g) by at most 1 — (1 — ) < £ fraction. Hence for all instances ¢ € [k],
val(h U g, Wy) > (1 —¢/2) - val(h* U g, Wy).

For a high variance instance { € [k], since v, € U, the variable vy must be one of
the first t/2 variables brought into S* because of ¢. Hence, by Lemma 8.5.6 the total
weight of constraints that are incident on v, and entirely contained inside S* is at least
10 - activedegreeg. (Wy). Hence, there is an assignment to v, that satisfies at least at
least half the weight of these MAX-w-SAT constraints® in £. At the end of the iteration,
when we pick an assignment to vy, we have val(hUg, Wy) > 5-activedegreeg. (V). Since
the later perturbations do not affect value of this instance by more than ¢/2 fraction, we
get that for the final assignment h, val(h U g, W) > (1 —¢/2) - 5 - activedegreeg. (W;) >

4 - activedegreeg. (Wy). [ ]

Given all this, we now show that with high probability the algorithm finds an
assignment that satisfies, for each ¢ € [k], at least (3/4 —¢) - ¢y weight from instance Wj.

The following theorem immediately implies Theorem 8.1.3.

Theorem 8.5.8. Let w be a constant. Suppose we’re given e € (0,2/5], k simultaneous
Max-w-SAT instances Wy, ..., Wy on n variables, and target objective value c1, ..., cg
with the guarantee that there exists an assignment f* such that for each £ € [k], we have
val(f*, Wy) > ¢p. Then, the algorithm SIM-MAXWSAT runs in time 9O(K/=2 log(k/=2)) .
poly(n), and with probability at least 0.9, outputs an assignment f such that for each
¢ € [k], we have, val(f, W) > (3/a —¢) - ¢4.

Proof. Consider the iteration of Step 4. of the algorithm when hg is taken to equal h*.
Then, by Part 1 of Theorem 8.5.1, the LP in Step 4.a will be feasible (this uses the fact
that val(f*, Wy) > ¢, for each /).

By Lemma 8.5.5 and a union bound, with probability at least 1 — kég > 0.9, over

8This is not true if they are Max-2-AND constraints.
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the choice of g, we have that for every low variance instance ¢ € [k], val(h* U g, Wy) >
(3/4 — ¢/2) - ¢y. Henceforth we assume that the assignment g sampled in Step 4.b of the
algorithm is such that this event occurs. Let h be the output of the procedure PERTURB

given in Fig. 8.11 for the input A* and ¢g. By Lemma 8.5.7, h satisfies
1. For every instance £ € [k], val(h U g, W;) > (1 —¢/2) - val(h* U g, Wp).
2. For every high variance instance ¢ € [k], val(h U g, V) > 4 - activedegreeg. (W)).

We now show that the desired Pareto approximation behavior is achieved when h is
considered as the partial assignment in Step 4.c of the algorithm. We analyze the
guarantee for low and high variance instances separately.

For any low variance instance ¢ € [k], from property 1 above, we have val(hUg, Wy) >
(1 —¢/2) - val(h* U g, W). Since we know that val(h* U g, Wy) > (3/4 — ¢/2) - ¢y, we have
val(hU g, Wy) > (3/a —¢) - ¢4.

For every high variance instance ¢ € [k|, since h* = f*|g+, for any g we must have,
val(h* U g, Wy) > val(f*, Wy) — activedegreeg.(Wy) > ¢, — activedegreeg. (W,).
Combining this with properties 1 and 2 above, we get,

val(h U g, Wy) > (1 — ¢/2) - max{c, — activedegreeq. (Wy), 4 - activedegreeq. V) }

> (34— e) - cr.

Thus, for all instances ¢ € [k], we get val(h U g) > (3/4 — €) - ¢. Since we are taking

the best assignment h U g at the end of the algorithm SIM-MAXWSAT, the theorem

follows.
Running time : Running time of the algorithm is 20(kt) . poly(n) which is
2O(k3/52 10g(k/52)) . poly(n) ]

8.6 Hardness Results for Large £

In this section, we prove our hardness results for simultaneous CSPs. Recall the theorem

that we are trying to show.
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Theorem 8.6.1 (restated). Assume the Ezponential Time Hypothesis. Let F be a fized
finite set of Boolean predicates. If F is not 0-valid or 1-valid, then for k = w(logn),
then detecting positivity of k-fold simultaneous MAX-F-CSPs on n variables requires

time superpolynomial in n.

The main notion that we will use for our hardness reductions is the notion of a

“simultaneous-implementation”.

Definition 8.6.2 (Simultaneous-Implementation). Let {x1,..., 2y} be a collection of
variables (called primary variables). Let P :{0,1}" — {TRUE, FALSE} be a predicate.
Let {y1,...,y:} be another collection of variables (called auxiliary variables).

Let Cy,...,Cy be sets of constraints on {x1,...,%w,Y1,...,Yt}, where for each i €
[k], C; consists of various applications of predicates to tuples of distinct variables from

{z1,.. . Zw,Y1,---,yt}. We say that Cy,...,C simultaneously-implements P if for

every assignment to x1, ..., Ty, we have,
e If P(x1,...,xy) = TRUE, then there exists a setting of the variables yi, ...,y
such that each collection C1,...,Cr has at least one satisfied constraint.

o If P(x1,...,my) = FALSE, then for every setting of the variables y1,...,y:, at

least one of the collections Cy, ...,Cx has no satisfied constraints.

We say that a collection of predicates F simultaneously-implements P if there is a
simultaneous-implementation of P where for each collection C; (i € [k]), every constraint
in C; is an application of some predicate from F.

The utility of simultaneous-implementation lies in the following lemma.

Lemma 8.6.3. Let P be a predicate. Suppose checking satisfiability of CSPs on n
variables with m constraints, where each constraint is an application of the predicate P,
requires time T'(n,m), with T'(n,m) = w(m+n). Suppose F simultaneously-implements
P. Then detecting positivity of O(m)-fold simultaneous MAX-F-CSP on O(m + n)

variables requires time Q(T (n,m)).

Proof. Suppose we have a P-CSP instance ® with m constraints on n variables. For

each of the constraints C' € ®, we simultaneously-implement C' using the original set of
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variables as primary variables, and new auxiliary variables for each constraint. Thus, for
every C € ®, we obtain k MAX-F-CSP instances Clc, e ,C,?, for some constant k. The
collection of instances {CS }cea,iclk constitute the O(m)-simultaneous MAX-F-CSP
instance on O(m + n) variables.

If @ is satisfiable, we know that there exists an assignment to the original variables
such that each C € ® is satisfied. Hence, by the simultaneously-implements property,
there exists as assignment to all the auxiliary variables such that each CiC has at least one
satisfied constraint. If ® is unsatisfiable, for any assignment to the primary variables, at
least one constraint C' must be unsatisfied. Hence, by the simultaneously-implements
property, for any assignment to the auxiliary variables, there is an ¢ € [k] such that
CE has no satisfied constraints. Thus, our simultaneous MAX-F-CSP instance has a
non-zero objective value iff ® is satisfiable. Since this reduction requires only O(m+n)
time, suppose we require 7" time for detecting positivity of a O(m)-simultaneous MAX-
F-CSP instance on O(m +n) variables, we must have 7"+ O(m+n) > T(m,n), giving

T = Q(T(m,n)) since T'(m,n) = w(m + n). |

The simultaneous-implementations we construct will be based on a related notion
of implementation arising in approximation preserving reductions. We recall this defi-

nition below.

Definition 8.6.4 (Implementation). Let x1,...,xy be a collection of variables (called
primary variables). Let P : {0,1}" — {TRUE, FALSE} be a predicate.

Let y1,...,y: be another collection of variables (called auxiliary variables). Let
Ch,...,Cq be constraints on {x1,...,Tw,Y1,-..,Yt}, where for each i € [d], the variables

feeding into C; are all distinct.

We say that C1,...,Cq e-implements P if for every assignment to x1,...,T, we
have,
e If P(xy,...,xy) = TRUE, then there ezists a setting of the variables y1,. ..,y
such that at least e of the constraints C1,...,Cy evaluate to TRUE.

o [f P(xy,...,xy) = FALSE, then for every setting of the variables yi,...,y:, at

most e — 1 of the constraints C1,...,Cy evaluate to TRUE.
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We say that a collection of predicates F implements P if there is some e and an
e-implementation of C' where all the constraints C, ..., Cy come from F.

We will be using following predicates in our proofs.
e Id,Neg : These are the unary predicates defined as ld(x) = = and Neg(z) = z.

e NAE: w-ary NAE predicate on variables x1, . .., x,, is defined as NAE(x1,...,xy) =

FaLsk iff all the z;’s are equal.

e Equality : Equality is a binary predicate given as Equality(z,y) = TRUE iff z equals

y.
We will use the following Lemmas from [[KSTWO1].

Lemma 8.6.5 ([KSTWOL]). Let f be a predicate which is not 0-valid, and which is

closed under complementation. Then {f} implements XOR(zx,y).

Lemma 8.6.6 ([KSTWOL]). Let f be a predicate not closed under complementation,
and let g be a predicate that is not 0-valid. Then {f,g} implements |d, and {f, g}

implements Neg.

We will now prove lemmas that will capture the property of simultaneous imple-

mentation which will be used in proving Theorem 8.6.1.

Lemma 8.6.7. If {f} simultaneously-implements predicate XOR on two variables, then

{f} also simultaneously-implements the predicate NAE on three variables.

Proof. Consider an NAE constraint NAE(z,y, z). Let Ay, ..., Ay be the simultaneous
implementation of constraint XOR(z,y), using predicate f and a set of auxiliary vari-
ables y1, ...,y for some t. Similarly, let Bi,..., B3 and Cy,...,Cq be the simultaneous

implementation of constraint XOR(y, z) and XOR(z, z) respectively using f and on a

same set of auxiliary variables yi,...,y;, constructed by replacing the variables (x,y)
in {A1,...,Aq} with (y,2) and (x, z) respectively. We construct sets of constraints
D1,..., D, as follows: for each i € [d], D; consists of all constraints from A;, B;, and C;.

We now show that {Dy,..., Dy} simultaneously-implement NAE(zx, y, z).
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First, notice that NAE(z,y, z) is FALSE iff all constraints XOR(z, y), XOR(y, z) and
XOR(z, z) are FALSE. Consider the case when NAE(z, y, z) is FALSE. Since we are using
same set of auxiliary variables and the implementation is symmetric, for every setting
of variables y1, ...,y there exists a fixed i € [d] such that each of A;, B; and C; has no
satisfied constraints. And hence, instance D; has no satisfied constraints. If NAE(x, y, 2)
is TRUE then at least one of XOR(z, y), XOR(y, z) or XOR(z, z) must be TRUE. Without
loss of generality, we assume that XOR(z,y) is TRUE. Thus, there exists a setting of
variables y1, ...,y such that each of Ay,..., Ay, has at least one satisfied constraint,

and hence each of Dy, ..., Dy too has at least one such constraint. [ |

Lemma 8.6.8. Let f be a predicate not closed under complementation, not 0-valid and

not 1-valid. f can simultaneously-implement Equality.

Proof. Consider an equality constraint Equality(z,y), our aim is to simultaneously-
implement this constraint using predicate f.

Since f satisfies the properties of Lemma 8.6.6, we can implement Id(x) and Id(y)
using f. Let X{,... ,Xgl be an ej-implementation of Id(x) using f and some set of aux-
iliary variables Ay for some e; < dy. Similarly, let YlT, . ,Ydf be an ej-implementation
of Id(y) using f and a set of auxiliary variables As.

We can also implement Neg(z) and Neg(y) using f. Let XlF,...,XdI; be an es-
implementation of Neg(x) using f and a set of auxiliary variables B; for some ez < ds.
Similarly, let Yi¥ ,...,Yd’f be an eg-implementation of Neg(y) using f and a set of
auxiliary variables Bs.

We now describe the construction of the simultaneous-implementation. The im-
plementation uses all auxiliary variables in Ay, Ao, By, and Bs. Each instance in the
simultaneous-implementation is labeled by a tuple (M, N,a,b) where M C [d;] with
|M|=4dy —e1 +1, N C [dy] with |[N| =ds —e2 + 1, and (a,b) € {(T,F),(F,T)}. An

instance corresponding to a tuple (M, N, a,b) has following set of constraints in f:
{X%,Y2|m € M,n € N}

We will now prove the simultaneous-implementation property of the above created in-

stance. Consider the case when x = y = TRUE (other case being similar). We know
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that in this case, there exists a setting of auxiliary variables A; used in the implementa-
tion of Id(z) which satisfies at least e; constraints out of X7 ... ,Xgl. Similarly, there
exists a setting of auxiliary variables Ao used in the implementation of Id(y) which
satisfies at least e; constraints out of Y{T,... 7YdT1' Fix this setting of auxiliary variables
in Ay, Ag, and any arbitrary setting for auxiliary variables in By and Bs. Thus, the
instance labeled by tuple the (M, N, a,b) either contains d; — e; + 1 constraints from
XlT, . 7XdT1 if a = T, or else, it contains d; — e; + 1 constraints from YlT, - ,Ydf.
In any case, the property of ej-implementation implies that at least one constraint is
satisfied for this instance.

Now we need to show that if x # y, then for any setting of auxiliary variables,
there exists an instance which has no satisfied constraints. Consider the case when
x = TRUE and y = FALSE (other case being similar). Consider any fixed assignment to
the auxiliary variables in A1, Ao, By, and By. We know that for this fixed assignment to
the auxiliary variables in By, there exists a subset N C [da] of size at least do—e2+1, such
that all constraints in {X jF |7 € N} are unsatisfied. Similarly, for this fixed assignment
to variables in Ag, there exists a subset M C [d;] of size at least d; —e; + 1 such that all
constraints in {Y2T|z € M} are unsatisfied. Thus, the instance corresponding to tuple

(M, N, F,T) has no satisfied constraints. [ |
We now prove Theorem 8.6.1.

Proof. We take cases on whether F contains some f which is closed under complemen-

tation.

Case 1: Suppose there exists some f € F which is closed under complementation.
In this case, it is enough to show that f simultaneously-implements XOR. To see this,
assume that we can simultaneously-implement XOR using f. Hence, by Lemma 8.6.7, we
can simultaneously-implement the predicate NAE on three variables using f. We start
with an NAE-3-SAT instance ¢, on n variables with m constraints. For each constraint
C € ¢, we create a set of O(1) many instances which simultaneously-implement C.
The final simultaneous instance is the collection of all instances that we get with each

simultaneous-implementation of constraints in ¢.
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In the completeness case, when ¢ is satisfiable, then by the property of simultaneous-
implementation, we have that there exists a setting of auxiliary variables, from each
implementation of NAE constraints, such that each instance has at least one constraint
satisfied. And hence, the value of the final simultaneous instance is non zero.

In the soundness case, for any assignment to the variables x1, ..., z, there exists a
constraint (say C') which is not satisfied. Hence one of the instance from the simultane-
ous implementation of this constraint has value zero no matter how we set the auxiliary
variables. And hence, the whole simultaneous instance has value zero in this case.

To prove the theorem in this case, it remains to show that we can simultaneously-
implement XOR(zx,y) using f. Since f is closed under complementation, we can e-
implement XOR using f (for some e) by Lemma 8.6.5. Let Cy,...,Cy be the set of
f-constraints that we get from this e-implementation, e < d. The collection of in-
stances contains one instance for every subset J C [d] of size d — e 4+ 1. The instance
labeled by J C [d] contains all constraints from the set {Cj|j € J}. Hence, there
(efl) instances in the collection. Note that we used the same set of auxiliary variables
in this simultaneous-implementation. We now show that this collection of instances
simultaneously-implements XOR(x, y). To see this, consider the case when XOR(z,y) is
TRUE. Thus. there is an assignment to the auxiliary variables that satisfies at least e
constraints out of C1, ..., Cy. Hence, for this particular assignment, the instance labeled
by J, where J C [d] is any subset of size d — e + 1, has at least one satisfied constraint.
When XOR(z,y) is FALSE, then for any assignment to the auxiliary variables, there is
some J C [d] of size d — e 4 1 such that no constraints in the set {C}|j € J} are satis-
fied. Hence, for this assignment, the instance labeled with J has no satisfied constraints.
This shows that f simultaneously-implements predicate XOR on two variables.

Combining the two arguments above, we get that {f} simultaneously-implements
3-NAE. Since 3-NAE has a linear time gadget reduction from 3-SAT [Sch78], and the
ETH implies that 3-SAT on s variables and O(s) clauses requires time 2%(*) [IP01,
IPZ01], we get that checking satisfiability of a 3-NAE instance with w(logn) constraints
on w(logn) variables requires time super-polynomial in n. Thus, using Lemma 8.6.3

implies that detecting positivity of an w(logn)-simultaneous MAX- f-CSP requires time
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superpolynomial in n.

Case 2: Suppose that for all f € F, f is not closed under complementation. Let f € F
be any predicate of arity r. Since, f is not closed under complementation, there exist
a, € {0,1}" that satisfy o; @ 5; = 1 for all i € [r], and f(a) =0, f(8) = 1. We can
reduce a 3-SAT instance with n variables and m = poly(n) clauses to m simultaneous
instances over n variables involving the predicate f. For every clause C' of the form
xVyV z, we create an instance with 3 equal weight constraints { f(a@® (z,...,z)), f(a®
(y,...,y)), fla® (2,...,2))}, where & denotes bitwise-xor, or equivalently, we negate
the variable in the i-th position iff ; = 1.

It is straightforward to see that the original 3-SAT formula is satisfiable if and only if
there is an assignment to the variables that simultaneously satisfies a non zero fraction
of the constraints in each of the instances.

In the above reduction, we must be able to apply the predicate to several copies of
the same variable. In order to remove this restriction, we replace each instance with
a collection C of instances as follows: Consider an instance {f(a & (z,...,2)), f(a &
(Y, ---,9), fla®(z,...,2))}. We add to our collection C, an instance { f(a®(aq, ..., a,)), f(ad
(b1,...,by)), fla @ (c1,...,¢))}, where a;,b; and ¢; for all ¢ € [r], are the fresh set of
variables. Using Lemma 8.6.8, we can simultaneously-implement each constraint of the
form z = a;, y = b; and z = ¢; using f. We add all the instances obtained from
the simultaneous-implementations to the collection C. Notice that, we have replaced
each original instance with only O(1) many instances. Hence, we have O(m) many
instances in our final construction. Thus, as in the first case, assuming ETH we deduce
that detecting positivity of an w(logn)-simultaneous MAX- f-CSP requires time super-

polynomial in n. [ |

8.6.1 Hardness for Simultaneous MaAX-w-SAT

Proposition 8.6.9 (Proposition 8.1.1 restated). For all integersw > 4 ande > 0, given
k > 2v=3 simultaneous instances of MAX-Ew-SAT that are simultaneously satisfiable,

it is NP-hard to find a (7/8 + €)-minimium approzimation.
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Proof. We know that given a satisfiable MAX-E3-SAT instance, it is NP-hard to find
an assignment that satisfies a (7/8 4 ¢) fraction of the constraints [Has01]. We reduce a
single MAX-E3-SAT instance to the given problem as follows : Let ® be an instance
of MAX-E3-SAT with clauses {C;}", on variable set {z1,...,z,}. Given w > 4, let
{z1,...,2w_3} be a fresh set of variables. For every, a € {0,1}*~3, we construct a
Max-Ew-SAT instance with clauses {C; V Vi (z; @ a;) %, where z; ® 0 = z; and
zj @1 = z;. It is straightforward to see that for any assignment, its value on ® is
the same as the minimum of its value on the MAX-Ew-SAT instances, immediately

implying the result. [ |

8.7 Algorithm for Unweighted MAX-CUT

For simultaneous unweighted MAX-CU'T instances, we can use the Goemans-Williamson
SDP to obtain a slightly better approximation. The algorithm, UNWEIGHTEDMC, is
described in Fig. 8.12.

Let V be the set of vertices. Our input consists of an integer £ > 1, and k£ unweighted
instances of MAaX-CUT, specified by indicator functions Wi, ..., W) of edge set. Let
my denotes the number of edges in graph ¢ € [k]. We consider these graphs as weighted
graphs with all non-zero edge weights as m%z so that the total weight of edges of in a

graph is 1. For a given subset S of vertices, we say an edge is active if at least one of

its endpoints is in V' \ S.

8.7.1 Analysis of SIM-UNWEIGHTEDMC

For analysing the algorithm SIM-UNWEIGHTEDMC, we need the following lemma that is
proven by combining SDP rounding for 2-SAT from [CMMO06] with a Markov argument.

A proof is included in Section 8.8 for completeness.

Lemma 8.7.1. For k simultaneous instances of any MAX-2-CSP such that there
exists an assignment which satisfies a 1 — € weight of the constraints in each of the in-
stances, there is an efficient algorithm that, for n large enough, given an optimal partial

assignment h to a subset of variables, returns a full assignment which is consistent with
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Input: k unweighted instances of MAX-CUT Wi, ..., Wk on the vertex set V.

Output: A cut of V.

1. Set e & 1600%03,?2 Jt= 129’“,8 =0, D = () (cg is the constant from Lemma 8.7.1).

2. If every graph has more than ¢ edges, then go to Step 4..

3. Repeat until there is no ¢ € [k] \ D such that the instance W, has less than

371 active edges given S.

(a) Let £ € [k] be an instance with the least number of edges active edges

given S.
(b) Add all the endpoints of the edge set of instance Wy into set S.

(c) D~ DuUY

4. For each partial assignment h : S — {0,1} (If S = () then do the following

steps without considering partial assignment h)

(a) Run the SDP algorithm for instances in [k] given by Lemma 8.7.1 with
h as a partial assignment. Let h; be the assignment returned by the
algorithm. (Note hi|s = h)

(b) Define g : V'\ S — {0,1} by independently sampling g(v) € {0,1} with
Elg(v)] = 1/2, for each v € V \ S. In this case the cut is given by an

assignment h U g.

(c) Let outy, be the better of the two solutions (hy and h U g).

5. Output the largest outy seen.

Figure 8.12: Algorithm SiM-UNWEIGHTEDMC for approximating unweighted simulta-

neous MAX-CUT
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h and simultaneously satisfies at least 1 — cok+/e (for an absoute constant cy) fraction

of the constraints in each instance with probability 0.9.

Let S*, D* denote the set S and D that we get at the end of step 3 of the algorithm
SIM-UNWEIGHTEDMC. Let f* : V — {0,1} denote the optimal assignment and let

h* = f*|s*.

Theorem 8.7.2. For large enough n, given k simultaneous unweighted MAX-CUT in-
stances on n vertices, the algorithm SIM-UNWEIGHTEDMC returns computes a (% +Q (k%)) -

O(k)
minimum approrimate solution with probability at least 0.9. The running time is 22"

poly(n).

Proof. We will analyze the approximation guarantee of the algorithm when the optimal
partial assignment h* to the variables S* is picked for h in Step 4. of the algorithm.
Note that Step 4.a and 4.b maintain the assignment to the set S* given in Step 4.
Hence, for all instances ¢ € D*, we essentially get the optimal cut value val(f*, Wy).
We will analyze the effect of rounding done in Step 4.a and 4.b on instances in [k] \ D*
for a partial assignment h* to S*. Since we are taking the best of the two roundings, it
is enough to show the claimed guarantee for at least one of these two steps.

Let OPT be the value of optimal solution for a given set of instances [k]. We consider

two cases depending on the value of this optimal solution.

1. OpT > (1 —¢): In this case, we show that the cut returned in Step 4.a is good
with high probability.

Since the OPT is at least (1 — ¢), and h* is an optimal partial assignment, we can
apply Lemma 8.7.1 such that with probability at least 0.9 we get a cut of value at least
(1 — 10cok - v/€) for all graphs ¢ € [k] \ D*, for some constant c¢o. In this case, the

approximation guarantee is at least :

(1 = 10cok - VVe) >

>

2. OPT < (1 —¢): In this case, we show that the cut returned in Step 4.b gives the

claimed approximation guarantee with high probability.



226

Fix a graph ¢ € [k] \ D*, if any. Let my be the number of edges in this graph. We

|D*|-1

know that my > tle*l and also |S*| < 4¢3 . Let Y; be a random variable defined as

Y € val(h* U g, Wy),

that specifies the fraction of total edges that are cut by assignment h* U g where g is a
random partition g of a vertex set V' \ S*. The number of edges of graph ¢ that are not
active given S* is at most 1/2- |S*|2. If |D*| = 0, we know that all the edges in graph ¢
are active. Otherwise, using the bounds on my and |S*|, we get that at least a (1 — 1/¢)
fraction of the total edges are active given S*. This implies that for uniformly random

partition g,

1
EY >5 ) WilO) =21 - Y.
g 2
ceC
C'eActive(S™*)

We now analyze the variance of a random variable Y, under uniformly random assign-

ment g : V' \ S* — {0, 1}.

Var,[Vy] = > W(CHW(Cy) E[C1(h* U g)Ca(h* U g)]—

Cy,CoEActive(S*) E[C1(h* U g)] E[C2(h* U g)]
The term in the above summation is zero unless we have either C1 = Cy (in which case
we know E[C1(h*Ug)Ca2(h*Ug)] — E[C1(h*Ug)] E[C2(h*Ug)] = 1/4) or when the edges
Cy and C3 have a common endpoint in V' \ S* and the other endpoint in S* (in this
case E[C1(h* U g)C2(h* U g)] — E[C1(h* U g)|E[C2(h* U g)] < 1/4). For v € V' \ S*, let

Ky be the set of edges whose one endpoint is v and other endpoint in S*. Thus,

WEPEy S weowiey)

C€Active(S*) veV\S* C1,02€ky

veEV\S*
< 1o i,
— dmy 4 ?
1o1s . 1 1S 1
+ - <

— 4my 4 my — 4t3lD*| Zt3lD*| - ﬂ
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Hence, by Chebyshev’s Inequality, we have

1 4Var,[Y,] 4-Y2 2
PriYe<--(1—go—11)| < e < .
r l ) ( €0 /t) —= 63 — E% — E%t
By a union bound, with probability at least 1 — %, we get a simultaneous cut of
0
value at least 3 - (1 —eg — 1/t) for all £ € [k] \ D*. If we take ¢ = —VQ\/?“, then with

probability at least 0.9 we get a cut of value at least 5 - (1 —eg—1/¢) for all £ € [k]\ D*.

In this case, the approximation guarantee is at least

) 6

40cok)?

8.8 SDP for Simultaneous Instances

In this section, we study Semidefinite Programming (SDP) relaxations for simultaneous

MAX-2-CSP instances.

8.8.1 Integrality gaps for Simultaneous MAX-CUT SDP

In this section, we show the integrality gaps associated with the natural SDP of mini-
mum approximation problem for k-fold simultaneous MAX-CUT.

Suppose we have k simultaneous MAX-CUT instances on the set of vertices V =
{z1,...,x,}, specified by the associated weight functions Wiy, ..., Wy. As before, let C
denotes the set of all possible edges on V. We assume that for each ¢ € [k], > "o Wi(C) =
1. Following Goemans and Williamson [GW95], the semi-definite programming relax-
ation for such an instance is described in Fig. 8.13. We now prove the following claims

about integrality gap for the above SDP.

Claim 8.8.1. For weighted instances, the SDP for minimum approzimation of simul-

taneous MAX-CUT does not have any constant integrality gap.

Proof. Consider 3 simultaneous instances such that all but a tiny fraction of the weight
of instance 7 is on edge ¢ of a 3-cycle. Clearly, no cut can simultaneously cut all the three

edges in the three cycle, and hence the optimum is tiny. However, for the simultaneous
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maximize ¢

1
s.t. > 5 WilC) - (1= (viy)) > Ve € [K]
ceC
C:(xivxj)
v = 1 fori=1,...,n

Figure 8.13: Semidefinite Program (SDP) for minimum approximation Simultaneous

Max-CUT

SDP, a vector solution that assigns to the three vertices of the cycle three vectors such

that (v;,vj) = —1/2 for i # j gives a constant objective value for all three instances. ®

Claim 8.8.2. For every fized k, there exists k-instances of MAX-CUT where the SDP
relazation has value 1 — Q) (k—lg), while the maximum simultaneous cut has value only %
Moreover, the random hyperplane rounding for a good vector solution for this instance,

returns a simultaneous cut of value 0.

Proof. Let k be odd. We define k graphs on kn vertices. Partition the vertex set
into Sp, S1, ..., Sg—_1, each of size n. Graph G; has only edges (x,y) such that = € S;
ans ¥ € S(i+1) mod ks €ach of weight 1/n2. The optimal cut must contain exactly half
the number of vertices from each partition, giving a simultaneous cut value of 1/2.
Whereas, the following SDP vectors achieve a simultaneous objective of (1 — O(k%)) :
For all vertices in S;, we assign the vector (cos %ﬂ', sin %TF) . It is straightforward to see

that applying the hyperplane rounding algorithm to this vector solution gives (with

probability 1) a simultaneous cut value of 0. [ |

8.8.2 SDP for Simultaneous MaAx-CSP

For MAX-CSP, we will be interested in the regime where the optimum assignment
satisfies at least a (1 — ¢) fraction of the constraints in each of the instances.
Given a MAX-2-CSP instance, we use the standard reduction to transform it into a

MAX-2-SAT instance: We reduce each constraint of the 2-CSP instance with a set of
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at most 4 2-SAT constraints such that for any fixed assignment, the 2-CSP constraint
is satisfied iff all the 2-SAT constraints are satisfied, and if the 2-CSP constraint is not
satisfied, then at least one of the 2-SAT constraint is not satisfied. e.g. We replace
x1 Ao with 1V xo,T7 VX2, and x1 V T3. Similarly, we replace x1 # x2 with z1 Vx5 and
T1 V T3. We distribute the weight of the 2-CSP constraint equally amongst the 2-SAT
constraints.

Given k simultaneous MAX-2-CSP instances, we apply the above reduction to each
of the instances to obtain k simultaneous MAX-2-SAT instances. The above transfor-

mation guarantees the following:

e Completeness If there was an assignment of variables that simultaneously sat-
isfied all the constraints in each of the MAX-2-CSP instances, then the same

assignment satisfies all the constraints in each of the MAX-2-SAT instances.

e Soundness If no assignment of variables simultaneously satisfied more than (1—¢)
weighted fraction of the constraints in each of the MAX-2-CSP instances, then no
assignment simultaneously satisfies more than (1 — ¢/4) weighted fraction of the

constraints in each of the MAX-2-SAT instances.

From now on, we will assume that we have k simultaneous MAX-2-SAT instances on
the set of variables {1, ..., x,}, specified by the associated weight functions Wy, ..., Wj.
As before C denotes the set of all possible 2-SAT constraints on V. We assume that for
each £ € [k], D" cce We(C) = 1. Following Charikar et al. [CMMO6], the semi-definite
programming relaxation for such an instance is described in Fig. 8.14.

For convenience, we replace each negation x; with a new variable x_;, that is equal
to 1 by definition. For each variable x; € V, the SDP relaxation will have a vector v;.
We define v_; = —v;. We will also have a unit vector vy that is intended to represent
the value 1. For a subset S of variables and a partial assignment h : S — {0,1}, we

write the following SDP for the simultaneous MAxX-2-SAT optimization problem:
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maximize ¢

st Y Wi(O)- (\v0||2 -

(vi — vo,vj — v0>> > t Ve k]
cecC

C=z;Vz;
(vi —vo,vj —vg) > 0 V constraints z; V x;
ol = 1 fori=—n,...,n
v, = —U_; fori=1,...,n
v = U Vie S st h(i)=1
v; = —wvg VjeSst h(j)=0

Figure 8.14: Semidefinite Program (SDP) with a partial assignment h : S — {0, 1} for
Simultaneous MAX-2-SAT

We first observe that for an optimal partial assignment A, the optimum of the above
SDP is at least the optimum of the simultaneous maximization problem, by picking the
solution v; = vg if x; = TRUE, and v; = —vg otherwise. For this vector solution, we
have 1/4 - (||vo||2 — (v; —vo,vj — v0>) = 1 if the constraint x; V zo is satisfied by the
assignment, and 0 otherwise. Since ) .o Wy(C) = 1 for all £, the optimum of the SDP
lies between 0 and 1.

Note that the rounding algorithm defined in [CMMO06] does not depend on the
structure of the vectors in the SDP solution. Thus, the following theorem that was

proved without a partial assignment in [CMMOG] also applies to above SDP.

Theorem 8.8.3. Given a single MAX-2-SAT instance (k = 1), there is an efficient
randomized rounding algorithm such that, if the optimum of the above SDP is 1 —g, for
n large enough, it returns an assignment such that the weight of the constraints satisfied

is at least 1 — O(y/€) in expectation.
Now, using Markov’s inequality, we can prove the following corollary.

Corollary 8.8.4. For k simultaneous instances of MAX-2-SAT, there is an efficient

randomized rounding algorithm such that if the optimum of the above SDP is 1—¢, forn



231

large enough, it returns an assignment that simultaneously satisfies at least 1 — O(k+/€)

fraction of the constraints in each instance with probability 0.9.

Proof. We use the rounding algorithm given by Theorem 8.8.3 to round a solution to the
SDP for the k simultaneous instances that achieves an objective value of 1 —e. Observe
that this solution is also a solution for the SDP for each of the instances by itself
with the same objective value. Thus, by Theorem 8.8.3, for each of the instances, we
are guaranteed to find an assignment such that the weight of the constraints satisfied
is at least 1 — ¢cpe in expectation, for some constant ¢ > 0. Since, for any instance,
the maximum weight an assignment can satisfy is at most 1, with probability at least
1—1/10-k for each instance, we get an assignment such that the weight of the constraints
satisfied is at least 1 — 10ck - y/e. Thus, applying a union bound, with probability at
least 1 — 1/10, we obtain an assignment such that the weight of the satisfied constraints

in all the k instances is at least 1 — 10ck - /e. |

Combining the above corollary with the reduction from any MAX-2-CSP to MAX-

2-SAT, and the completeness of the SDP, we get a proof of Lemma 8.7.1.

Concentration inequalities

Lemma 8.8.5 (McDiarmid’s Inequality). Let X1, Xo, -, X, be independent random
variables, with X; taking values in a set A; for each i. Let score : [[A; — R be a
function which satisfies:

|score(z) — score(x’)| < oy

whenever the vector x and x' differ only in the i-th co-ordinate. Then for any t > 0

—2t?
Pr[|score( X1, Xo, -+, X)) — E[score(X1, Xo, -+, Xpn)]| > t] < 2exp (ZQ)
i %

The need for perturbing OpT

We construct 2 simultaneous instances of MAX-1-SAT. Suppose the algorithm will
picks at most r influential variables. Construct the two instances on r + 1 variables,

with the weights of the variables decreasing geometrically, say, with ratio 1/3. The
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first instance requires all of them to be TRUE, where as the second instance requires
all of them to be FALSE. Under a reasonable definition of “influential variables”, the
only variable left behind should the vertex with the least weight. We consider the
Pareto optimal solution that assigns TRUE to all but the last variable. If we pick the
optimal assignment for the influential variables, and then randomly assign the rest of

the variables, with probability 1/2, we get zero on the second instance.
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Chapter 9

Simultaneous Max-Cut

9.1 Introduction

In this chapter, we give near-optimal approximation algorithms for the simultaneous
MAX-CUT problem. Here we are given a collection of weighted graphs G1,Ga, ..., Gy
on the same vertex set V of size n. Our goal is to find a partition of the vertex set
V into two parts, such that in every graph, the total weight of edges going between
the two parts is large. The & = 1 case is the classical MAX-CUT problem, and the
approximability of this problem has been extensively studied [F1.92, GW95, Has01,
KKMOO07, MOOO05, OWO08]. This chapter studies the approximability of this problem
for constant k.

We fix some convenient notation. Let the weighted graphs G, ..., Gy be given by
weight functions &i,...,&;, which assign to each pair in (‘2/) a weight in [0,1]. We
assume that for each i € [k], the total weight of all edges under & equals 1. Let
f:V —{0,1} be a function, which we view as a partition of the vertex set. We define

val(f,&;) to be the total weight (under &;) of the edges cut by the partition f. Given

this setup, we can formally state the notions of approximation that we consider.

e a-minimum approximation: Let ¢ be the maximum, over all partitions f* :
V' — {0, 1}, of the quantity min,c val(f*,&;). The goal is to output an f: V —

{0, 1} such that min;ep val(f*, &) > a - c.

e a-Pareto approximation: Let cj,co,...,c; be given such that there exists
f*:V — {0,1} with val(f*,&) > ¢ for each i € [k]. The goal is to output an

f:V —{0,1} such that val(f,&;) > a - ¢; for all i € [k].

For k = 1, there is a celebrated polynomial time agy = 0.8786. .. factor (Pareto)
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approximation algorithm by Goemans and Williamson [GW95]. This approximation
is in both the minimum and Pareto senses. Furthermore, it is Unique-Games hard to
achieve a better approximation factor than this [KIKKMOO07], and the entire polynomial
time “approximation curve” is also known.

For larger (but constant) k, far less is understood. Clearly, the hardness results from
the k = 1 case carry over, and thus it is Unique-Games hard to approximate this to a
factor better than agw. [ABGO6] gave a polynomial time 0.439-Pareto approximation
algorithm for this problem for the case k = 2. Subsequently, [BKS15] gave a polyno-
mial time (1/2 — ¢)-Pareto approximation algorithm for this problem. For the case of
unweighted graphs', [BKS15] showed that there is a polynomial time (1/2 + Q(1/k2))-
minimum approximation algorithm. Furthermore, [BKS15] gave a matching integrality
gap of (1/2 + O(1/k?)) for a natural SDP relaxation of the minimum approximation
problem.

Our main result is a polynomial time 0.8782-factor Pareto approximation algorithm

for simultaneous MAX-CUT for arbitrary constant k.

Main Theorem: For all constant k, there is a polynomial time algorithm which
computes a 0.8782-factor Pareto approximation (and hence min approximation) to the

simultaneous MAX-CU'T problem with k instances.

Remark 9.1.1. We assume that the edge weights are lower bounded by exp(—|V'|¢) for
some constant ¢ > 0. We are interested in an algorithm which runs in time polyno-
mial in |V| and hence it is natural to assume the edge weights are lower bounded by

exp(—|V|°) as otherwise the bit complezity of the input will be super polynomial in |V|.

We give a brief overview of ideas involved in our algorithm next. The main ingre-
dients of the algorithm are: a sum-of-squares hierarchy SDP relaxation, a generaliza-
tion of the [RT12], [ABGI12] approach to rounding such relaxations , and some ideas
from [BKS15].

"We call an instance of simultaneous Max-CUT unweighted if for any 4, all the nonzero weight edges
under &; have the same weight.
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9.2 Overview of the algorithm

We begin by considering the unweighted case; later we will discuss how to remove
this restriction. One crucial observation about the unweighted case is that if there
are enough number of edges in every graph, compared to k, then by second moment
argument there exists a cut which cuts a constant fraction of edges from each graph.
Thus, we can always assume that each target value is ¢; = Q(1), which is a constant
for a constant k.

There is a natural SDP relaxation for the simultaneous MAX-CUT problem, gen-
eralizing the Goemans-Williamson SDP for the £ = 1 case. If we solve this SDP and
round the resulting vector solution using the Goemans-Williamson hyperplane rounding
procedure, this gives us a distribution of partitions of the vertex set V', such that for
each i € [k], the total weight of edges cut in instance i is at least agpy times the cor-
responding SDP cut value. However, unlike in the k = 1 case, this does not guarantee
the existence of a single partition of V' which is achieves a large cut value for all the k
instances simultaneously! This distinction between distributions of solutions which are
good in expectation for each instance and single solutions that are simultaneously good
for all instances is the heart of the difficulty in designing simultaneous approximation
algorithms.

One of the basic ingredients underlying mathematical programming relaxation hi-
erarchies for combinatorial optimization problems is the idea of expanding the search
space, from the discrete space of pure assignments to the continuous space of distribu-
tions over assignments. For simultaneous approximation of MAX-CUT beyond a factor
1/2, this idea alone is not enough. An example from [BKS15] shows that there are
cases of simultaneous MAX-CUT on k-instances, for which there is a distribution of
partitions of V' cutting (1 — %)—fraction of edges in expectation for each instance, but for
which any single partition of V, there is an instance i € [k], such that at most 1/2 of
the edges in instance ¢ are cut by the partition. This is where the sum-of-squares SDP
hierarchy comes in — even though it is also modeled on the idea of expanding the search

space to distributions of assignments — it allows us to condition on partial assignments
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and impose a constraint that the SDP cut value is large in expectation for each instance
and for every possible conditioning on a small number of variables. This is what allows
us to overcome the aforementioned obstacle.

Having formulated the SDP relaxation, we now discuss the rounding procedure.
The motivating observation is this: if the rounding procedure is such that for each
instance the expected cut value is large, and the cut value is concentrated around its
expectation with high probability, then by a union bound, the rounding procedure will
produce a cut that is simultaneously good for all instances. The rounding procedure we
will use will be closely related to the Goemans-Williamson rounding (but different — it
was found by computer search given various technical conditions required by the rest of
the algorithm). Our algorithm now tries to improve the concentration of the cut-value
produced by the rounding procedure, via a beautiful information-theoretic approach of
Raghavendra-Tan [RT12]. If the cut-value for a certain instance turns out to be not
concentrated under the rounding procedure, then it must be because of high correlation
between many pairs of edges of that instance (more precisely, correlation between the
events that the edge is cut). This in turn means that conditioning on the variables
in a random edge should significantly decrease the amount of entropy of the rounded
cut. Iterating this several times, and using the fact that the initial entropy is not
too large, we conclude that conditioning on a small number of variables leads to good
concentration for the rounding procedure. The key point is that the sum-of-squares
SDP relaxation we use gives us access to a vector solution for the conditioned SDP,
with the promise that the SDP cut-value (and hence the expected integral cut-value) is
still large. By the concentration property and a union bound, we get a simultaneously
good cut. This completes the description of the algorithm in the unweighted case.

To handle the general weighted case, we essentially need to overcome few technical
obstacles. Following [BKS15], we add a preprocessing and postprocessing phase. The
preprocessing phase identifies “wild” instances, i.e. those instances with an abnormally
large number of high (weighted-)degree vertices (which would increase the variance of
the cut value of that instance under random rounding). Then the SDP based algorithm

described above is run only on the “tame” instances.
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With conditioning on constantly many variables, arguably we can only manage to
bring the variance down to arbitrarily small constant. Hence, in order to use second
moment method to get concentration, we would need a good lower bound on the ex-
pected value of a cut given by our rounding procedure. If the graphs are weighted then
it is not necessarily true that the simultaneous cut value is large for all instances. One
important property of the tame instances we used is that they have a good simultaneous
MaX-CUT value. We crucially use this property while formulating the SDP for tame
instances.

Finally in the postprocessing phase, we find suitable assignment to the high degree
vertices of the wild instances to ensure that those instance have a large cut value
(without spoiling the large cut value of the tame instances that the SDP guaranteed)
— this uses a new and much simpler perturbation argument compared to [BKS15].

This concludes the high-level description of the algorithm.

9.2.1 Note about the rounding procedure

We mentioned earlier that our SDP solution after conditioning on a small number
of variables is rounded by a rounding algorithm similar to the Goemans-Williamson
rounding algorithm, but is different. We expound upon these conditions here and
compare with the previous results that used similar rounding procedure.

The SDP solution induces a consistent local distribution on every set of variables
of size at most some constant r, and we define the sdp-bias of a variable as the bias
with respect to this local distribution. For a given rounding procedure, we define the
rounding-bias of a variable as the difference in the probability of the corresponding
vertex being assigned to each side of the cut. Note that in the original hyperplane
rounding of Goemans-Williamson, rounding-bias of each vertex is 0.

In the rounding procedure for the MAX-BISECTION from [RT'12], the rounding-bias
induced by the rounding procedure is the same as the sdp-bias. Their algorithm gave
a 0.85 approximation for MAX-BISECTION, and using the same bias function for the
rounding in our case gives us a 0.85 approximation for simultaneous MAX-CU'T as well.

The approximation factor given by [RT12] was subsequently improved in [ABG12] to
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0.8776, where they used techniques to relax the restriction on the choice of the bias
function, but they were constrained by the nature of the MAX-BISECTION problem and
therefore had to ensure that the rounding-bias of all variables sum up to 0 to maintain
the balance of the cut. As we do not want equal sized partition of the vertex set, we
have more freedom in our rounding procedure with respect to rounding-bias; we only
have to ensure that when the bias of a variable is high, the side of the cut it falls on is
almost fixed. This helps us achieve an improved approximation factor of 0.8782. The
rounding function we come up with was arrived at by trial and error method with the
constraint that the rounding bias goes to 1 as the sdp-bias goes to +1.

The approximation ratio for our rounding procedure is proved by a computer assisted

prover, where the techniques are similar to the ones used in [Sjo09] and [ABG12].

9.2.2 Other related work

The simultaneous MAX-CUT problem is a special case of the simultaneous approxi-
mation problem for general constraint satisfaction problems. This general problem was
studied in [BKS15], where it was shown that there is a polynomial time constant factor
Pareto approximation algorithm for every simultaneous CSP (with approximation fac-
tor independent of k). The algorithm there was based on understanding the structure
of CSP instances whose value is highly concentrated under a random assignment to the
variables, in addition to linear-programming. It was also observed that there are CSPs
for which the best polynomial time approximation factor for the simultaneous version
(with k& > 1) is different from the best polynomial time approximation factor achievable
in the standard k = 1 case (assuming P # N P). This makes the study of simultaneous
approximation factors very interesting.

The simultaneous MAXSAT problem was studied in [GRW11], where a 1/2-Pareto
approximation algorithm was given. For bounded width MAXSAT, the approximation

factor was improved to (3/4 — ¢) in [BKS15].
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9.3 Preliminaries

9.3.1 Simultaneous Max-CUT

Let V be a vertex set with |V| = n. We use the set [n] for the vertex set V for
convenience. We are given k graphs G, ..., Gy on the vertex set V. Let & : [n| X [n] —
R=Y denote the edge weights of graph Gy where the edge weights are normalized such
that total weight of edges in each instance is 1. We’ll use & to denote the edge set of
graph Gy and also the distribution of the edges based on the weights. For each instance

£, we are given a target cut value ¢; that we would like to achieve.

Definition 9.3.1 (a-approximation of simultaneous MAX-CUT). A partition (U,U)

of V is said to be an a-approximation if for each instance Gy,

Cuty(U,U) > a - ¢4

9.3.2 Information Theory

In this section, we define and state some facts about entropy and mutual information

between random variables.

Definition 9.3.2 (Entropy). Let X be a random wvariable taking values in [q] then,

entropy of X is defined as:

1
H(X) := Pr[X =i]log =———
( ) Z r[ Z] Og PI‘[X — Z]
i€q]
Definition 9.3.3 (Conditional Entropy). Let X, Y be jointly distributed random vari-
able taking values in [q] then, the conditional entropy of X conditioned on'Y is defined

as:

H(X|Y) = By H(X|Y = i)

The following observations can be made about entropy of a collection of random
variables.

Entropy of a collection of random variables cannot exceed the sum of their entropies.

Fact 9.3.4. H(Xl, Xl, PN ,Xn) < Z?:l H(X,L)
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Entropy never decreases on adding more random variables to the collection.
Fact 9.3.5. H(X;,Xq|Y) > H(X4]Y)

Conditioning can only decrease the entropy.
Fact 9.3.6. H(X|Y) - H(X|Y,Z) >0

Definition 9.3.7 (Mutual Information). Let X, Y be jointly distributed random variable

taking values in [q] then, the mutual information between X and Y is defined as:

Pr[X =i,Y = j]

I(X;Y):= ) Pr[X =4,Y = j]log Pr[X = i| Pr[Y = j]

i,j€q]

Theorem 9.3.8. (Data Processing Inequality) If X, Y, W, Z are random variables such

that X s fully-determined by W and Y is fully-determined by Z, then

I(X,Y) < I(W, 2)

9.4 Algorithm for simultaneous weighted Max-CUT

In this section, we give our approximation algorithm for simultaneous weighted MAX-CUT

and the analysis.

9.4.1 Notation

We use the same notation as in [BKS15], which we reproduce here. Let £ = (‘2/) be the
set of all possible edges. Given an edge e and a vertex v, we say v € e if v appears in
the edge e. For an edge e, let e1,es denote the endpoints of e (arbitrary order). Let
f:V —{0,1} be an assignment. For an edge e € &, define e(f) to be 1 if the edge
e is cut by the assignment f, and define e(f) = 0 otherwise. Note that an assignment
cuts an edge if it assigns different values to the end points. Then, we have the following
expression for the cut value of the assignment:
val(£,€) £ 3" £(e) - e(f).
ecf
A partial assignment h : S — {0,1} is an assignment to S where S C V. We say

an edge is active with respect to S if at least one of the end vertices is not in S. We
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denote by Active(S) the set of all edges which are active with respect to S. For two
edges e, e’ € £, we say e ~g € if they share a vertex that is contained in V' \ S. Note
that if e ~g €/, then e, ¢’ are both in Active(S). Let actdistg(¢) denotes the distribution
&y conditioned on an edge being active w.r.t S.
Define the active degree given S of a variable v € V'\ S for instance ¢ by:
activedegreeg(v, ¢) &f Z Eule).
e€Active(S),e5v

We then define the active degree of the whole instance ¢ given S:

activedegreeg({) of Z activedegreeg(v, {).

veV\S

Note that we count weight of an active edge in activedegreeg(¢) at most twice. For a
partial assignment h : S — {0,1}, we define

val(h, &) € ST &) - e(h)

ecf
edActive(S)

which is the total weight of non-active edges cut by the partial assignment h. Thus,
for an assignment g : V'\ S — {0,1}, to the remaining set of variables, we have the
equality:

val(hUg,&) —val(h,&) = > &le)-e(hUg).
e€Active(S)

9.4.2 Algorithm

In Figure 9.1, we give the algorithm for Simultaneous MAX-CUT. The input to the
algorithm consists of an integer k > 1, € € (0,2/5]), k instances of MAX-CUT, specified

by weight functions &1, ..., &, and k target objective values ¢y, ..., cg.

9.4.3 Analysis of the Algorithm

The algorithm broadly proceeds in 3 sections, the pre-processing step, the SDP step
and the post processing step. The pre-processing step consists of identifying a small
subset S C V carefully. We then attempt all assignments to vertices in S by brute force

iteratively and use SDP with the partial assignment followed by a rounding to assign
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Input: £ instances of MAaX-CUT, with weights defined by &1,...,&; on the set of
variables V, target objective values c1,...,ck, and € € (0,2/5].

Output: An assignment to V.

26
Parameters: §y = ﬁ, go=5, 7= t= % -log (%) T =€

Pre-processing:

1. Initialize S « 0.

2. For each instance ¢ € [k], initialize county <— 0 and flag, - TRUE.

3. Repeat the following until for every ¢ € [k], either flag, = FALSE or count, = t:
(a) For each ¢ € [k], compute Uvar, =3 ./ E(e)&(e’).
(b) For each ¢ € [k] compute Lmeany d:efTZeeActive(S) Eule).
(c) For each ¢ € [k], if Uvar, > dpe3 - Lmean%, then set flag) = TRUE, else set

flag, = FALSE.

(d) Choose any ¢ € [k], such that count; < t AND flag, = TRUE (if any):

i. Find v € V such that activedegreeg(v, ¢) > -y - activedegreeg(¥).

ii. Set S - SU{v}. We say that v was brought into S because of instance
L.

iii. Set count, + county + 1.

4. After exiting the loop, all instances for which flag, is set to FALSE are labelled
“low-variance” instances and all instances for which count, = ¢ are labelled

“high-variance” instances.
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Main algorithm:
5 For each possible partial fixing h : S — {0,1} do the following

(a) Run the Lasserre version of SDP*(h) mentioned in Figure 9.2 on the low

variance instances. (Refer Section 9.4.3)

(b) Follow the procedure in Figure 9.4 to make the solution locally indepen-

dent. (Refer Section 9.4.3)

(¢) Round the solution based on the rounding procedure described in Fig-
ure 9.5 to get a partial assignment g : V\ S — {0,1}. (Refer Section 9.4.3)

(W
%jg,&ﬂ and return

(d) For every assignment h’ : S — {0,1}, compute mzin

the assignment A’ U g that maximizes this. (Post-processing step)

Figure 9.1: Algorithm ALG-SIM-MAXCUT for approximating weighted simultaneous
Max-CUT
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vertices in V' \ S. The post-processing step involves perturbing the assignments to the
vertices in S, the need for which is explained in detail in Section 9.4.3.

In what follows, we stick to the following notation. Let S* denote the final set S
that we get at the end of Step 3. of ALG-SIM-MAXCUT. Let f*: V — {0,1} be the
assignment that achieves val(f*, &) > ¢, for all [ € [k] and h* be the restriction of f*

to the set S*.

Pre-processing: Low and High variance instances

Definition 9.4.1 (7-smooth distribution). A distribution D on {0, 1} is called T-smooth
of
xEIb[.CI}:l]ZT, JCEI[')[.%:O] > T

Let h : S — {0,1} be an arbitrary partial assignment to the vertices in S. Let
g:V\S — {0,1} be the random assignment such that each of the marginals g(v) is
7-smooth. For an instance ¢, define the random variable

Y Eval(hUg,&) —val(h,&) = Y. &le)-e(hUg).
e€Active(S)

Y, measures the total active edge weight cut by the assignment in the instance £.

Consider the two quantities defined in Step 3. of the algorithm. They depend only
on S (and importantly, not on h), which will be useful in controlling the expectation
and variance of Yy. The first quantity is an upper bound on Var[Yy]:

Uvare € 3 &(e)&(e)
e~ge!

The second quantity is a lower bound on E[Y7]:

Lmeany Lo Z Eule)

e€Active(S)

Lemma 9.4.2. Let S C V be a subset of vertices and h : S — {0,1} be an arbitrary

partial assignment to S. Let Yy, Uvarg, Lmeany be as above.

1. If Uvary < §oe2 - Lmean?, then Pr[Yy < (1 — o) E[Y2]] < do-
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2. If Uvary, > (50&?% . Lmean?, then there exists v € V'\ S such that

1
activedegreeg(v, () > 17'25(2]50 - activedegreeg(?).

We defer the formal proof to Section 9.5. The first part is a simple application of
the Chebyshev inequality. For the second part, we use the assumption that Uvar, is
large, to deduce that there exists an edge e such that the total weight of edges adjacent

to the vertex/vertices in e that belong to V'\ S, i.e., > E(ea), is large. It then

ez~vge
follows that at least one variable v € e must have large active degree given S.

The above lemma (Lemma 9.4.2) ensures that Step 3.(d)i in the algorithm always
succeeds in finding a variable v. Next, we note that Step 3. always terminates. Indeed,
whenever we find an instance ¢ € [k] in Step 3.d such that county, < ¢ and flag, = TRUE,
we increment county. This can happen only tk times before the condition county < ¢
fails for all ¢ € [k]. Thus the loop must terminate within tk iterations.

To analyze the approximation guarantee of the algorithm, we classify instances

according to how many vertices were brought into S* because of them.

Definition 9.4.3 (Low and high variance instances). At the completion of Step 3.d in
Algorithm ALG-SIM-MAXCUT, if £ € [k] satisfies county = t, we call instance ¢ a high

variance instance. Otherwise we call instance ¢ a low variance instance.

The next section describes the SDP* that we formulate and solve for just the low
variance instances. The claim that Step 0d of the algorithm shown in Figure 9.1 handles

the high variance instances is discussed and proved in Section 9.4.3.

Basic SDP formulation for simultaneous MaxX-CUT

We write the SDP* for simultaneous MAX-CUT problem, after the partial fixing given
by pre-processing step, as in Figure 9.2. Let L denote the set of indices of the low
variance instances. We have vectors v, for all 7" and o where T is a subset of V' of
size at most 2, and « is an assignment to the vertices in 7.

If we consider the SDP* without the constraint (9.4.2), it is easy to see that this is

a relaxation. Given a partition (U,U) of V that achieves a simultaneous optimum, we
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> &@)Uviai o3 + Vg, wopl3) = 1 —3e)e, VL€ [K],
e:{i,j}Ggg

(9.4.1)

> &) Iviag o33 + IViag.onlls) = o/s.activedegrees. (¢) VL€ L
e={1,j }€Active(S*)

(9.4.2)

(vis0y: Vi) =0 Vi € [n],
V463, bab2)} 12 = (Viibays Viiba)) Vi, j € [n]
and by,by € {0,1}

IviT.apl? = (viTap: vo) VT C V,|T| < 2,a € {0,1}/7

V{ib} = V0 Vi € S*, b= h(l)

Figure 9.2: SDP*(h : S* — {0,1}) for simultaneous MAX-CUT with partial fixing

can set vectors v o = vy if the pair (7, «) is consistent with 1y (i.e. 1y assigns « to
T) and vt o = 0 otherwise. vy can be viewed as a vector that denotes 1.

A part of our analysis require that for every low variance instance, the expected
weighted fraction of active edges that we cut is at least a constant fraction of its active
degree. An optimal SDP solution without constraint (9.4.2) may not guarantee this
condition (for the rounding procedure we choose). Hence, we force the SDP solution to
satisfy this property by adding constraint (9.4.2). We need to relax constraint (9.4.1)
to make sure that there is a solution that satisfies all the constraints.

We now prove that SDP*, in its present form, has feasible solutions.
Lemma 9.4.4. SDP*(h*) shown in Figure 9.2 has a feasible solution.

Proof. To show that SDP* has a feasible solution, it suffices to show that there exists

an integral solution that satisfies the constraints.
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Fix an optimal assignment f*: V — {0, 1} to the simultaneous instance. f* satisfies

Ve € [k], val(f*,Er) > cp. Consider the following random assignment: For all v € V'\ S*

f*(v) with probability (1 —¢)
r(v) =
f*(v) otherwise
and for v € S*, set r(v) = f*(v). Now, for any ¢ € L, let Y; denote the random variable
Yo=Y E&le)-elr)

e€Active(S*)

We have Ele(r)] > ¢, hence E[Yy] > ¢/2 - activedegreeg. (¢). Also,

Epal(r,&)] > ) &le) Ele(r)]+ Y &) Ele(r)

<

e¢Active(S*) e€Active(S*),
e(f)=1
= Y &@-efH+ Y Ele)-((1-e)+eP)
e¢Active(S*) e€Active(S*),
e(f)=1
>(1-2) Y ge (1 —2e)val(f*, &) > (1 — 2e)ey
ee(f*)=

Thus, we have,
1. E[Y] > ¢/2 - activedegreeg. (£).
2. Er[val(r,&)] > (1 —2¢)cy

Recall that the SDP* involves only the low variance instances. Also, the assignment
r is e-smooth on the set V' \ S*. Therefore, we have concentration guarantees as given

by point 1 of Lemma 9.4.2.

Pr[Yy < (1 — o) E[Y7]] < do
Prival(r, &) < (1 — eo) E[val(r, &)]] < do

Hence, with probability at least 1 —2dg, we have Yy > (1 —¢/2) - ¢/2 - activedegreeg. (¢) >
¢/3 - activedegreeg. (¢) and val(r, &) > (1 —¢/2)(1 — 2¢)cp > (1 — 3¢e)cy.
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Now we do union bound over all low variance instances, we get with a probability
at least 1 — 2 - 0g - k = 4/5, all the SDP constraints are satisfied by integral solution
r. Thus, there exists an integral solution which satisfies all SDP*(h*) constraints and

hence is feasible. [ |

Lasserre Hierarchy SDP formulation

The rt" level Lasserre SDP for the SDP in Figure 9.2 can be written as follows: The
SDP formulation has vectors vy 4 for all T'C V such that |T| < r and « € {0, 17l
In terms of local distribution, the SDP solution consists of consistent local distribution
on every set T of size at most r (denoted by pr). The random variable corresponding
to set T is denoted by X7 distributed over {0,1}/Tl. The vector solution and the
local distribution are related as follows: Suppose T and U are subsets of V such that
|TUU| < r and the assignments a € {0,1}/”1 and 8 € {0,1}IVI are consistent on TN U

then

(VIa Vug) = Pr (Xr=a,Xy=p)

HTUU

To ensure the consistency among local distributions, we have to add the con-
straints 9.4.5 and 9.4.6 to the SDP in Figure 9.3. Here if a € {0,1}/*! is an assignment
to the vertices in S, and if S C S, g € {0, 1M1 denotes the assignment o restricted
to the vertices in S’. Also, if @ and 8 are assignments to sets S and T agreeing on
SNT, then we denote avo 8 an assignment to SUT. We also add the set of constraints
(Equation 9.4.7 in Figure 9.3) to capture the partial assignment h : S* — {0, 1} given
by pre-processing.

With these definitions and constraints, the objective is to ensure that for all £ € [k],

> &le) (Pr(Xiyy = (0,1) V X5y = (1,0))) > (1 - 3¢)e
e={i,j}€&

A simple way to capture this would be to write the objective of the SDP solution
similar to the basic SDP formulation, as follows.

> &le) (Vg3 + Iviag . wonlls) = (1 = 3e)ce
ez{ivj}egf
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Z ( gf(e)(HV{SU{i,j},ao(O,l)}H% VS CV, |S| <r—2ac¢ {07 1}|S|’
Ei{i,j}Ege 9
+visutigyacol2) ) Ve € (k]
> (1 30)crvis oy (9.4.3)
Z ( gf(e)(HV{SU{i,j},ao(O,l)}H% VS C v, |S‘ <r—2ac {07 1}|S|’
e={i,j}€Active(S*) )
+HVisugigrac(1,002) ) Vie L
> ¢/3.activedegreeg. (¢) (9.4.4)

<V{S,a}7V{T,B}> = ||V{SUT,aOB}H% VS7T - ‘/7 ’S U T| < T,

a € {0,135 € {0,137,

(9.4.5)
(VS0 VT 8) = VS, T CV,|SUT| <,
a € {0,135, 8 € {0,1}I7,
s.t. oysnr # Bisar (9.4.6)

Vira > = (Vi vy VT CV,|T| < ra € {0,117
<V{S,a}av{i,b}> = <V{s,a}=V®> VS CV, |S| <r—lLae {07 1}|S|

Vi € S*, b= h(i) (9.4.7)

Figure 9.3: Lasserre version of SDP*(h : S* — {0, 1}) for simultaneous MAX-CUT with

partial fixing

However, in order to make the solution locally independent, we will need to condition
based on the local distribution (Refer Section 9.4.3). Therefore, we need to re-write
the objective so that it is satisfied (w.r.t the conditioned local distribution) even after

conditioning on at most r variables, as shown in Equation 9.4.3 in the SDP formulation.
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Also, similar to the previous case, we need to ensure that the solution post-conditioning
still cuts at least a constant fraction of the active edges, which is ensured by adding
the set of constraints specified in Equation 9.4.4 in the SDP.

We observe that solving the SDP using ellipsoid method can result in a small additive
error, and if activedegreeg. (¢) is small compared to this additive error, the error would
be significant. This will not cause any issues and we elaborate on this more. We can
solve the SDP using ellipsoid method with an error of ¢ in time polynomial in n and
log(1/e). Therefore, we can take € to be exp(—poly(n)) and still solve the SDP time
polynomial in n. We assumed that the edge weights are at least exp(—n¢) for some
constant ¢ > 0. Therefore, if the active degree is non-zero, it is at least exp(—n¢). If we
take € = exp(—ncl) for ¢ >> ¢, we can solve the SDP in time polynomial in n and get
a vector solution which satisfies all the constraints upto additive error € which is upto
multiplicative factor of (1 4+ o(1)). This will not have a major effect on our analysis
and hence we assume from here that the vector solution that we get satisfies the all the

constraints exactly.

Obtaining independent local solution

The notion of independent solution (which is formalized below in Definition 9.4.5) that
we need is different from [RT12]. Following procedure in Figure 9.4 is used to achieve

the kind of independence we need.

Definition 9.4.5. A Lasserre solution is §-independent if it satisfies the following con-
dition.

Vel E x| <5
a’vbNaCtdiSts* (f) . Z ( ? b] )
1,7€{1,2}

Lemma 9.4.6. For all § > 0, there exists t < 2k/§, there exists el e?,... el € £ such

that

VleLl, E ((Xay, Xag; Xbyy Xpg| Xety Xety ooy Xot, X)) <0 (9.4.8)
a,b~actdist g« (£) 1 2 1 2
Proof. Consider the following potential function,

¢ = E  H(Xa, Xay)-
el a€actdistgx (£)
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Input: 7 + 2 round Lasserre solution of a given simultaneous MAaX-CUT instance,

3
2

. 8k
5= 8

Output: d-independent 2-round Lasserre solution.

1. Sample /1, ..., ¢, € L each u.a.r. Sample edges e’ € actdistg(¢;) u.a.r. for all

i€ r].
2. Do the following until the solution becomes d-independent. Set t = 1.

e Sample (Xetl,Xeé ) from the marginal distribution after previous ¢ — 1
fixings.
e Condition the SDP solution on (X,¢, Xt).
1 2

e t=1¢t+1

Figure 9.4: Making locally independent solution

As entropy of a bit is at most 1, clearly ¢ < 2k. We have the following identity for each

¢ € £ which follows from conditional entropy and linearity of expectation

E [H(Xalea2|Xb17Xb2)] = E [H(XGUXGQ)]_

a,beactdistg« (£) a€actdistgx (£)

E I(XalaXGQ;XblﬁXbQ)'
a,beactdistgx (£)

This identity suggests that if for some £ € L, Eq peactdister (¢) 1(Xar> Xag; Xby, Xpy) > 6
then there exists a conditioning which reduces the potential function by at least J.
Thus, either the current conditioned solution satisfies (9.4.8) in which case we are done
or there exists an edge b such that if we condition the SDP solution based on the
value of its endpoints (b, b2) according to the local distribution then the potential
function decreases by at least 4. So, if we fail to achieve (9.4.8) then ¢ decreases by
at least §. As entropy is always non-negative and conditioning never increases entropy

(Fact 9.3.6), this process cannot go beyond 2k/d conditioning. Thus, before at most
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2k/d conditioning, we are guaranteed to achieve (9.4.8).

The following fact follows from the data processing inequality (Theorem 9.3.8)

Fact 9.4.7. If X1, X2,Y1 and Y are random variables then for i,j € {1,2}, we have
I(X33Y)) < I(X1, Xo3 Y1, Y2)
The following corollary follows from Lemma 9.4.6 and Fact 9.4.7.

Corollary 9.4.8. For all 6 > 0, there exists t < %, and edges e, e?,... et € &,
Vle L, E I(Xe; Xp | X1, Xoa, oo, X o1, X 1) | <46
a,beactdistgx (¢) ijgl:ﬂ ( i b]’ ep) e i ey )

Lemma 9.4.9. There exists a fixing of at most 52/—’“4 variables such that the conditioned

solution is § independent as well as satisfies all constraints from SDP*(h*).

Proof. ¢ independence follows from Corollary 9.4.8 and Fact 9.4.7. We now prove the
later part.

As the conditioning maintains the marginal distribution of variables and because of
the the Inequality (9.4.3) and (9.4.4), the constraints about the SDP cut value as well
as the fraction of active edges that are cut remain valid in the conditioned solution.

Hence, from Lemma 9.4.4 SDP*(h*) remains feasible. ]

Rounding Procedure

In this section, we describe the rounding procedure for variables in V\S*. The input
to this procedure is 2 round Lasserre solution which is d-independent. We use a slight
variation of GW rounding procedure to round the SDP vector solution. In particular,
we want to maintain the bias of heavily biased random variable in our rounding proce-

dure.

SDP gives the vector solution vj g, vi 1 for alli € [n]. Let u; = E[X;], the expectation

is according to the local distribution. Define vi = vj1 — vjgo. These vj are the unit
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vectors (as ||vil|? = [[vi1 — violl®? = [[vi1ll® + [[violl® — 2{vio,vi1) = Pr[X; = 0] +
Pr[X; = 1] —0=1). Let w; be component of v; orthogonal to vy (vi = pivy + wi),
lwill2 = 4/1 — u?. Let w; be the normalized unit vector of wi. The rounding procedure
is applied on vectors w;j along with the “bias” of each variable (vj, vy). The rounding

procedure is shown in Figure 9.5.

Input: d-independent 2 round Lasserre solution, biases u; € [—1,+1] and a function
fr : [-1,1] — [-1,1] which is bounded by above and below with some constant

degree polynomials
Output: A partition of V.

1. Pick a random Gaussian vector g orthogonal to vy with each co-ordinate dis-

tributed as N(0,1).
2. For each i € [n]

e Calculate & = (g, W;).
o Let r; + fR(,ui)

o Set y; = 1if & < ®71(r;/2 + 1/2), otherwise set y; = —1. (Here, ® is the
Gaussian CDF)

Figure 9.5: Rounding procedure

Analysis of the rounding procedure

We use the notation poly(x) to denote a fixed constant degree polynomial in x such
that poly(z) — 0 as x — 0.

Note that if we simply use the rounding function fr(x) = = as used in [RT12] the
we get for each instance, in expectation the cut produced by the rounding procedure is
at least 0.85 times the SDP value (and hence eventually 0.85 approximation for simul-

taneous MAX-CUT). Here, we leverage the fact that the constraints on what rounding
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functions are good for us are mild compared to [RT12] as explained in Section 9.2.1.

Lemma 9.4.10. For a fized instance, in expectation, the rounding procedure described

in Figure 9.5 gives an approrimation ratio 0.8782 for the following fr,

fr(z) = (0.794 0.1 - 2°)z if x| < 0.47

fr(z) = (0.815 4 0.185 - 2%)x otherwise

Proof. The proof of this lemma is numerical. We arrive at a informal approximate
value for the bound using Matlab code (0.8782) and verify it using computer assisted
techniques. The program works in a recursive fashion, by continuously splitting the
cube into sub-cubes. In each sub-cube, the program checks if either across all points
in the region, the lower bound on a exceeds the approximation ratio we try to prove
or if the upper bound on « is lower than the approximation ration we try to prove. It
proceeds with further division into smaller sub-cubes until one of the above is satisfied.
If the latter is true at any point, the code returns a failure, and it returns a success if
the entire region can be proved to come under the former case. The prover was adapted
from [ABG12] and modified to suit our rounding procedure. For more details on the

workings of the prover, refer [ABG12]. ]

Lemma 9.4.11 ([RT12]). Let v; and vj be the unit vectors, wi and w;j be the compo-

nents of vi and vj that are orthogonal to vy. Then |(wi, w;)| < 2I(X;; X;).

Above lemma along with Lemma 9.4.9 implies that if we sample edge (i1,142), (j1,72) ~

actdistg«(¢) then we have on average,

‘(Wilij1>’ + ’<Wi1’Wj2>| + ‘(Wi27wj1>‘ + ’<Wi27wj2>| <4

The rounding procedure is assigning values 41 to variables y; where y; is the variable
for vertex ¢ € V and its value decides on which side of cut the vertex ¢ is present in
the final solution. Thus y; is a random variable taking values in {+1,—1}. We now
wish to prove similar guarantee as the following lemma from [RT12], which relates the
mutual information between the pair of rounded variables with the inner product of

the corresponding vectors w.
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Lemma 9.4.12 ([RT12]). For fr such that fr(x) = x, if |(wi, w;)| < 6 then I(y;;y;) <
51/%,

In our case, we need that the mutual information between the events that a pair of
edges are cut is small on average. Thus, our notion of local independence will be useful

in proving this guarantee about mutual information.

Lemma 9.4.13. Fix fr to be the rounding function given by Lemma 9.4.10. For a
pair of edges (i1,1i2) and (j1,J2), suppose the vectors w corresponding to their endpoints

satisfy the following condition,
|<Wi17Wj1>’ + |<Wi1awj2>| + |<Wi27W.i1>‘ + ’<Wi2’W.i2>| <4
then I(YiyYin; Y Yj») < poly(d).

Proof. Since W; is a normalized vector of w; and ||wi|| = /1 — u?, we have

\/1 — 13, - \/1 — 5 (Wi, W)
+1- VI 12, (0, 95)]
+\/1 — 2 \/1 — 15 Wiy, W)
L= L= 12 (i, )

Since the total sum is bounded and each quantity is non-negative, at least one of the

<4 (9.4.9)

three quantities in each summand is at most §'/3. We use two crucial properties of the

rounding procedure:

e For the heavily biased variable according to the local distribution, the rounding

procedure also keeps the rounded value heavily biased and

e If two vectors w; and wj are nearly orthogonal, the corresponding rounded values

y; and y; are nearly independent.

We need following claim which we prove in Section 9.5.

Claim 9.4.14. If all these quantities |(W;,, Wj,)|, [(Wi,, Wj,) |, [(Wiy, Wj )|, [(Wiy, W) |

are upper bounded by 63, then we can upper bound I(yi,, iy ); (Yirs ¥jn)) < poly(d)
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We now formally prove the upper bound on I(y;, yi,; ¥j,yj,) by case analysis. We

use the following upper bound which follows from data processing inequality.

I(yil Yios Yja ij) < I(yil ) yiz); (yj1 ) yjz))

We now bound the right hand side based on following case analysis.

e Case 1: If all these quantities |(W;,, W, )|, (Wi, , Wj,) |, [(Wi,, W}, )|, [(Wi,, Wj,)| are
upper bounded by §'/3 then using Claim 9.4.14, we can upper bound

I(yh 5 yi2); (yjl ) yj2)) < pOIY(é)'

e Case 2: Consider the case when both the endpoints of an edge (w.l.o.g. of (i1,12))

have large bias i.e. /1 —p? < o3 /1 — i < §1/3. Tt implies,

min(‘l = iy, ’1 +ﬂi1‘) < 52/37 min(‘l _Mi2|7 |1 +:“i2’) < 6%/3,

Assume both g, , i, > 0 (there cases can be handled in a similar way). Then we
have, 1—p;, < 6% and 1—p;, < 6%°. Since the rounding procedure maintains the
bias of a variable for a heavily biased variables, up to some constant polynomial

factor, we have,

T(Yiys Yin); (Wia Yin)) < H(Yiy s vin) < H(yiy) + H(yiy)
= O(—(1 — poly(ui,)) log(1 — poly(ui,)))+
O(—(1 — poly(ui,)) log(1 — poly(ui,)))

< poly(é).

e Case 3: Consider the case when exactly two non-endpoints of an edge (w.l.o.g. of
(i1,7i)) have large bias. This implies that (W;,,w,,) < 6'/3. Using the analysis

of the previous case we have H(y;, ), H(y;,) < poly(d). Mutual information can
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be bounded as follows:

I((Yir» Yin); (Wirs ¥ia) < H((Yir» Yin)) — H((Yir s Yin) | (Y515 Y5a))
< H(yll) + H(ylz) - H(yi2|(yj17yj2))
= H(yiy) + 1((Yjr Yj2); Yin) (9.4.10)

= poly(é) + I((yh ) yjz); yiz) (9'4'11)

Now,

(Y515 Y52 )s Yia) = H (Y515 ¥52)) — H((Y515 Y52 ) Wiz
< H(?/jl) + H(ng) - H(yj2|yi2)

= H(yj,) + 1(Yj2; Yiz) = poly(0) + I(yjy; Yiy)

Therefore, we have

I(Yiy Yins i Ysa) < POly () + 1(yja3 iy )
From Claim 9.4.14, I(y;,;¥i,) is bounded above by poly(8) as (W;,,w,,) < 6%/3

e Case 4: Consider the only remaining case in which exactly one variable, say X;,,
has a large bias i.e. /1 — “’121 < §1/3. From (9.4.9), it implies that pairwise inner
products of W;,,w;, and Wj, are at most 6/3. Hence by Claim 9.4.14, we have

I(Yiy; (Y515 Yj2)) < poly(6). As before from (9.4.10),

I(Yiys Yin )i Yjrs Y52)) < H(Yiy) + L((Y15 Y52 ); Yin) < POLY(9)

We can now upper bound the variance of a cut produced by the randomized rounding
in graph ¢ € L. Define Y, to be a random variable which is equal to the total weight of
active edges cut by the rounding procedure.

o= > &(C)e(g).

CeActive(S*)
Lemma 9.4.15. Fiz a rounding function fr given in Lemma 9./.10 and let the SDP

solution is § independent then

poiyg(é) ED/Z]2

Var(Yy) <
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Proof. Let o := 0.8782. Note that by Lemma 9.4.10, we have for an active edge e(i, j),

1- <Vi7Vj>

Prle(i,j)iscut | > a - 5

(9.4.12)
We now lower bound the expected value of Y.

ElY/ = Z Eu(e) - Prle(i, ) is cut |
e€Active(S*)

(from (9.4.12))  >a Y &le)-

e€Active(S*)

1 — (vi,vj)
2

=a- Y &@)viag.0033 + Ve o)
e€Active(S*)

( from (9.4.2)) > - /3 - activedegreeg. (¢),
We can now bound the variance as follows:

Var(YVy) = Y &) &) [Cov(yiyYins Ua Uio)]
1,j~Active(S*)

< S EMEDON Wiy viys))

1,j~Active(S*)

S i) poly ([ )

i,j~Active(S*) ’<Wi2 » Wi >| + ’<Wi2 ) Wj2>|

(from Lemma 9.4.13) <

( from Lemma 9.4.11) < Z Eu(i)Ep(j)poly E [1(Xa; X3)]
i,j~Active(S*) cl;:gllz;}}

< activedegreeg. (£)* E poly E [I(Xa; Xp)]
i,j~actdistgx (£) a~{i1,i2},
b~{j1,52}

IN

activedegreeg. (£)*poly i) E {E' } [I(Xa; Xbp)]
11,12), . anqt1,225,
G 7j2)~actd|st5* £) be{jr o}

< poly (§) - activedegree. (£)*

Thus, we have

Var(¥y) < pofff‘” E[Vi]’.
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Corollary 9.4.16. If we set r := poly(k,1/e) then for every low wvariance instance

¢ € [k],with probability at least 1 — 1/10k we have val(h* U g) > (0.8782 — 4¢)cy.

Proof. Choosing r a large constant, by Lemma 9.4.15 and application of Chebyshev’s
Inequality, we can deduce that with probability at least 1 — 1/10k, we have Y, >
(1 —¢) E[Y;]. Thus, with probability at least 1 — 1/10k, we have,

val(h* U g,&) = val(h*, &) + Yo > val(h*, &) + (1 — ) E[Y/]

Y

(1—¢)-E[val(h*,&) + Yy = (1 —¢) - E[val(h* U g, W))]

> (1—¢)-0.8782- (1 —3¢) - ¢; > (0.8782 — 4¢) - ¢y,

where we have used Lemma 9.4.10 for the lower bound E[val(h*Ug, Wy)] > 0.8782- (1 —

3¢e)ey, ]

Post-Processing

Lemma 9.4.17. For all high variance instances £ € [k], we have
1. activedegreeg. () < 2(1 — )t

2. For each of the first t/2 variables that were brought inside S* because of instance
{; the total weight of constraints incident on each of that variable and totally

contained inside S* is at least 10 - activedegreeg. (¢).

Proof. Consider any high variance instance ¢ € [k]|. Initially, when S = (), we have
activedegreey(£y) < 2 since the weight of every edge is counted at most twice, once for
each of the 2 active vertices of the edge, and ) .o &/(e) = 1. For every v, note that
activedegreeg, (v,&) < activedegreeg, (v, Ey) whenever S1 C Ss.

Let u be one of the vertices that ends up in S* because of instance ¢. Let S,
denote the set S C S* just before u was brought into S*. When u is added to S,,, we
know that activedegreeg, (u,&) > 7 - activedegreeg, (¢). Hence, activedegreeg 1,1 (¢) <
activedegreeg (f) — activedegreeg (u,&) < (1 — ) - activedegreeg (¢). Since t vertices
were brought into S* because of instance ¢, and initially activedegreey(¢) < 2, we get

activedegreeg. (£) < 2(1 —~)".
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Now, let u be one of the first ¢/2 vertices that ends up in S* because of instance £.
Since at least /2 vertices are brought into S* because of instance ¢, after u, as above, we
get activedegreeg. (¢) < (1—v)"?-activedegreeg (¢). Combining with activedegreeg (u, &) >
7 - activedegreeg (), we get activedegreeg (u,&;) > v(1— )~ "?activedegreeg. (£), which
is at least 11 - activedegreeg. (), by the choice of parameters. Since any edge incident
on a vertex in V' \ S* contributes its weight to activedegreeg.(¢), the total weight of
edges incident on u and totally contained inside S* is at least 10 - activedegreeg. (¢) as

required. [ |

We now describe a procedure PERTURB (see Figure 9.6) which takes h* : S* — {0,1}
and g : V' \ S* — {0,1}, and produces a new h : S* — {0,1} such that for all (low
variance as well as high variance) instances ¢ € [k], val(h U g, &) is not much smaller
than val(h*Ug, &), and furthermore, for all high variance instances ¢ € [k], val(hUg, &)
is large. The procedure works by picking a special vertex in S* for every high variance
instance and perturbing the assignment of h* to these special vertices. The partial
assignment h is what we will be using to argue that Step 0d of the algorithm produces

a good Pareto approximation. More formally, we have the following Lemma.

Lemma 9.4.18. For the assignment h obtained from Procedure PERTURB (see Fig-
ure 9.6), for each £ € [k], val(h U g,&) > (1 —¢/2) - val(h* U g,&). Furthermore, for

each high variance instance &, val(h U g, &) > 4 - activedegreeg. (¢).

Proof. Consider the special vertex vy that we choose for high variance instance ¢ € [k].
Since vy ¢ B, the edges incident on vy only contribute at most a ¢/2k fraction of the
objective value in each instance. Thus, changing the assignment vy can reduce the
value of any instance by at most a 57 fraction of their current objective value. Also, we
pick different special variables for each high variance instance. Hence, the total effect
of these perturbations on any instance is that it reduces the objective value (given
by h* U g) by at most 1 — (1 — 5)F < £ fraction. Hence for all instances ¢ € [k],
val(hU g, &) > (1 —¢/2) - val(h* U g, &).

For a high variance instance £ € [k], since vy € U, the vertex vy must be one of

the first {/2 variables brought into S* because of ¢. Hence, by Lemma 9.4.17 the total
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Input: h*: S* — {0,1} and g : V' \ S* — {0, 1}

Output: A perturbed assignment h : S* — {0,1}.

1. Initialize h < h*.

2. For £ =1,... k, if instance ¢ is a high variance instance case (i.e., county = t),

we pick a special variable vy, € S* associated to this instance as follows:

(a) Let B={v eV |3l e[k] with > ¢ .o, Ele)-e(hUg) > 5 -val(hUg, &)}
Since the weight of each edge is counted at most twice, we know that

4k?

|B| < =
(b) Let U be the set consisting of the first ¢/2 vertices brought into S* because

of instance 4.

(c) Since t/2 > |B| + k, there exists some u € U such that u ¢ B U

{v1,...,v—1}. We define v, to be u.

(d) By Lemma 9.4.17, the total & weight of edges that are incident on vy
and only containing vertices from S* is at least 10 - activedegreeg. (). We
update h by setting h(vg) to be that value from {0,1} such that at least

half of the & weight of these edges is satisfied.

3. Return the assignment h.

Figure 9.6: Procedure PERTURB for perturbing the optimal assignment
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weight of edges that are incident on v, and entirely contained inside S* is at least
10 - activedegreeg. (¢). Hence, there is an assignment to v, that satisfies at least at least
half the weight of these MAX-CUT constraints in £. At the end of the iteration when
we pick an assignment to v,, we have val(h U g,&) > 5 - activedegreeg. (¢). Since the
later perturbations do not affect value of this instance by more than ¢/2 fraction, we
get that for the final assignment h, val(h U g,&) > (1 —¢/2) - 5 - activedegreeg. (¢) >

4 - activedegreeg. (¢). ]

Theorem 9.4.19. Suppose we’re given € € (0,2/5], k simultaneous MAX-CUT in-
stances &1, ..., &, onn variables, and target objective value c1, . . ., ci with the guarantee
that there exists an assignment f* such that for each ¢ € [k]|, we have val(f*,&p) > ¢y.
Then, the algorithm ALG-SIM-MAXCUT runs in time exp(*/=2 log(¥/=2)) - nP°W®) | and
with probability at least 0.9, outputs an assignment f such that for each £ € [k], we have,
val(f, &) > (0.8782 — 5e) - ¢y.

Proof. Let o := 0.8782. By Corollary 9.4.16 and a union bound, with probability at
least 0.9, over the choice of g, we have that for every low variance instance ¢ € [k],
val(h* U g,&r) > (a — 4e) - ¢;. Henceforth we assume that the assignment g sampled
in Step Oc of the algorithm is such that this event occurs. Let h be the output of the
procedure PERTURB given in Figure 9.6 for the input A* and g. By Lemma 9.4.18, h

satisfies
1. For every instance ¢ € [k], val(h U g,&) > (1 —¢/2) - val(h* U g, &).
2. For every high variance instance ¢ € [k], val(h U g, &) > 4 - activedegreeg. (¢).

We now show that the desired Pareto approximation behavior is achieved when h is
considered as the partial assignment in Step Od of the algorithm. We analyze the
guarantee for low and high variance instances separately.

For any low variance instance £ € [k], from property 1 above, we have val(hUg, &) >
(1 —¢/2) -val(h* U g,&). Since we know that val(h* U g,&) > (a — 4e) - ¢g, we have

val(hU g, &) > (o — 5e) - ¢4
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For every high variance instance ¢ € [k], since h* = f*|g«, for any g we must have,
val(h* U g, &) > val(f*, &) — activedegreeg. (¢) > ¢y — activedegreeg. ().
Combining this with properties 1 and 2 above, we get,

val(hU g,&) > (1 —¢/2) - max{c, — activedegreeg.(¢), 4 - activedegreeg. () }

> (a—e)- ¢

Thus, for all instances ¢ € [k], we get val(h U g) > (o — 5e) - ¢. Since we are taking
the best assignment hUg at the end of the algorithm ALG-SIM-MAXCUT, the theorem

follows.

9.5 Deferred Proofs

9.5.1 Proof of Claim 9.4.14
We need following bounds on the gaussian random variables.
Claim 9.5.1. For all z > 0, Pry n0)llg] > 2] < e~/

Claim 9.5.2. For all1>x >0, Prgononllgl <z] <z

Random process P:

Let wq, wa, w3, ws € R* be unit vectors and 11, 2, 43, tt4 be any real numbers. Con-
sider the following random variables (yi1,y2,¥ys3,y4) where y; € {—1,+1} which are
sampled as follows: Pick a random vector g := (g1,92,93,94) € R* with each entry

distributed as N'(0,1). Set

yi=—1 if (g, w;) <y

=41 otherwise

The following lemmas gives sufficient conditions when I(y1, y2;y3,vy4) is small.
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Lemma 9.5.3. Suppose |(w;, w;)| < 6 for all i,j € [4] and i # j, then for all b €

{~1,+1}*, we have

Pr{(y1, y2,y3,94) = bl = [ Prlys = bil| = O(6""),
1<i<4

where y; are sampled according to the random process P. In fact, joint distribution on

any subset of variables is close to its product distribution pointwise with an additive

error of at most O(5"4).

Proof. Assume that 0 < 6 < 1/100 (Otherwise, the lemma is trivial). Let e; is a unit
vector with 1 in the i coordinate. By rotational symmetry, we can assume that
(w;,e;) > 1— 206 for all i. We can write vector w; = /1 — &;e; + /6;n; where 7; is a
unit vector. The conditions on inner products therefore imply each d; < 406. We will

prove the lemma for b = (—1,—1,—1, —1) (all other cases are similar). We have,

Prly; = —1,Vi € [4]] = Pr[Vi, (g, w;) < ;]

= Pr[Vi, /1 — 8igi + V/0i(g,mi) < pi)

Let B be the following event,
B : There exists 1 <i < 4, such that (g, n;)| > 1/64.

By union bound,

__1
Pa{B) = Y Prl(g. )] = o] < 4-Prll(gon)] 2 s =4 Pr [l > o] < 4e

(2

Now,

Prly; = —1,V1 <i € [4]] = Pr[B] - Prly; = —1,Vi € [4]|B] + Pr[B] - Pr[y; = —1,Vi € [4]|B]

< 4¢73VF 4 Prly; = —1,Vi € [4][B), (9.5.1)

where last inequality uses Claim 9.5.1. We now estimate the probability conditioned
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on event B.
Prly; = —1,Vi € [4]|B] = PrVi, /1 — &;g; + \/3;(g, m) < i B]
. 1
< PrVi, /1 — 8igi < pi + /6 - M]

(9i are independent) = HPT[Mgi < i+ /6 ﬁ]
(6 <405) < JJPrlv1—6igi < pi + V4057]
(6 <1/2) < HPY[% < (14 6;) (i + V40874)]
(6 <Y2) <[] Prlgi < i+ Siss +3/2- V405")]

< HPr[gi < (i + Oipi + 158"4)]
We now analyse the above probability in cases, and try to show the following.

Prlg; < pi + ipi + 15674)] < [ Prlgi < ] + O(5"*) (9.5.2)

Notice that

[1Prlg: < pi+ 6" < ] Prlg < pul + Prilgi] < 5"

% 7

(Claim 9.5.2) < H Prly; = b;] + 5"/*
1<i<4

IN

IT Prly: =il + 05" (9.5.3)

1<i<4
e Case 1: u; < 0.
In this case, we can directly say the following.
TIPrlos < pi+ Gipi +15674)] < T[ Prlgs < ps + 1557%]
i i

e Case 2: u; < We can say the following because §; < 400.

53/4

[1Prlg: < s+ Giai + 155" < T Prlgi < i+ O(5)]

e Case 3: pu; > 55 /4 In this case, since p; is large, we have the following from

Claim 9.5.1.

HPT[% <pl>1- 0(51/4)

i
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[ Prlos < s+ 6ips + 1564 < 1= [ [ Prlgs < ] + 0(87*)

Form (9.5.1), (9.5.2) and (9.5.3) we get
Pr((y1,y2,Y3,y4) = b] — H Prly; = b;] < 0(5"%)
1<i<4

The other direction can be shown in an analogous way. |

We can now bound the Mutual information between (y1,y2) and (y3,ys) if the

vectors w; satisfy the condition from Lemma 9.5.3

Lemma 9.5.4. Suppose |(w;, w;)| < 6 foralli,j € [4] andi # j, then I((y1,vy2); (y3,y4)) <

poly(d), where y; are sampled according to the random process P.

Proof. The lemma follows from Lemma 9.5.3 as the distribution is close to the product
distribution.

To formally prove the lemma, first we assume that each of the random variables
y; is not heavily biased i.e. Prly; = —1] € [01/190, 1 — §/190], Using the definition of

mutual information,

Prly = b]

HryiGsw) = > Prly=bl-lg g

bubabe b 141} y1,y2) = (b1,b2)] - Pr(ys,y4) = (b3, bs)]

(9.5.4)

Form Lemma 9.5.3, we have
Pr((y1,2) = (b1, b2)] > Prlys = by] Prlys = bo] — O(57%)

Pr((ys,ya) = (b3, ba)] > Prlys = b3] Prlys = ba] — O(5"/*)

=

Plugging any simplifying in ( 9.5.4), we get

[Ti<ics Prlyi = bi] + O(6"%)
I((y1,92); (y3,94)) < Z Prly = b] - log ng §4P AR
b1,b2,b3,ba{—1+1} 1<i<a TIYi = 05

(9.5.5)
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As each variable is not heavily biased, we have [[;,, Prly; = b;] > 61/%5 and hence

51/25_,’_0(51/4)

STE_O(57A) which is at

the log in the above expression can be upper bounded by log

most log(1 + O(61/19)) < O(6'/19). Hence we have

I((y1,y2); (y3, ya)) < O(61/10)

If a variable is heavily biased, suppose say y; has large bias, then we can claim
I((y1,92); (y3,ya)) < poly(d) + I(y2; (y3,y4)) using derivation similar to ( 9.4.11) and

then proceed by upper bounding I(ys2; (y3,¥4)) in a similar fashion as above. [

Proof of Claim 9.4.14: The proof follows from Lemma 9.5.4 noting the fact that the

upper bound is independent of ;.

9.5.2 Proof of Lemma 9.4.2

Proof. Ttem 1 of the lemma follows from Chebyshev’s inequality. We now focus on the

proof of Item 2. We have

Uvar, > 8oe2 - Lmean? = Z Ei(e)Er(e') > dped - Lmean?

e~ge’

Let eg be an edge in Active(.S) that maximizes &i(e). We can now upper bound

e~seo

the expression on the left as follows
Yo EleE(e) < Y Ele) DY Eule)
e~ge' e~seq e€Active(S)

Therefore, we have

Z Eole) - Z Ei(e) > dpe? - Lmean? > §ped - 72 - Z Ele)

e~sep e€Active(S) e€Active(S)

= Y &ile)=dosp T2 Y. Ele)

e~sep e€Active(S)

Let v be the end vertex of eg that has greater weight of active edges adjacent to it,

v €V \S. We can say the following

. (5053 2. Z Ele)

e€Active(S)

activedegreeg(v, () >

N
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From the definition of activedegreeg(¢), we can say the following

activedegreeg(¢) < 2- Z Eu(e)
e€Active(S)

as each edge could contribute at most twice to the sum, once for each end vertex. This

gives us the following required result.

2

1
activedegreeg (v, £) > ~ - §oei - 7% - activedegreeg(¥)
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