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ABSTRACT OF THE DISSERTATION

Cominuscule flag varieties and their quantum K-theory:

Some results

by Sjuvon Chung

Dissertation Director: Anders S. Buch

This thesis investigates the ring structure of the torus-equivariant quantum K-theory
ring QK4 (X) for a cominuscule flag variety X. As a main result, we present an identity
that relates the product of opposite Schubert classes in QK4 (X) to the minimal degree
of a rational curve joining the corresponding Schubert varieties. Using this we infer
further properties of the ring QK,(X), one of which is that the Schubert structure
constants always sum to one.

We also introduce a formula for the product of Schubert classes in QK4 (P"). As a
corollary we establish Griffeth-Ram positivity of the Schubert structure constants for
QK (P™). After a closer analysis, we conclude that the rings QK (P") are isomorphic

for all n.
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Introduction

Classically, Schubert calculus addresses the enumerative geometry of points, lines,
planes, etc. of complex projective space P". This amounts to the intersection theory of
Schubert varieties in the Grassmannians X = Gr(k,n + 1). The classical theory culmi-
nates in the well-known Littlewood-Richardson rule for the cohomology rings H* (X, Z)
and their Schubert classes.

Today Schubert calculus explores richer, more general cohomology theories of spaces
which themselves generalise the Grassmannians X: the complex flag varieties. Two
such cohomology theories are quantum K-theory and torus-equivariant quantum K-
theory. Introduced in the early 2000’s by A. Givental [16] and developed by Y.-P. Lee
[21], (equivariant) quantum K-theory may be understood as a K-theoretic analogue of
(equivariant) quantum cohomology.

For a flag variety X, a focal point of its quantum K-theory are the K-theoretic
Gromov-Witten invariants of its Schubert varieties. These invariants are integers that
encode the geometry of curves in X, specifically the arithmetic genus of families of
rational curves in X that meet Schubert varieties X“, XY, X" in general position.
Equivariant quantum K-theory enriches this theory by having these numerical invari-
ants take values in I' = Z[tF!,... 5], the representation ring of a torus T = (C*)",
S0 as to convey the natural action of 7" on X. We shall focus on the equivariant theory.

Equivariant quantum K-theory assembles these invariants into the structure con-
stants of a ring. Denote this ring by QK4 (X). Given Schubert varieties X", X" con-
tained in X, let [Ox«] and [Oxv] denote their corresponding classes in QK (X). Then
the product in QK (X) of these Schubert classes is expressed as follows:

[Oxu] % [0x0] = Y NI [0xw].
w,d

Though they are not Gromov-Witten invariants themselves, each Schubert structure



constant Ny, deTisa polynomial in K-theoretic Gromov-Witten invariants involving
X", XV X", The formal parameter ¢ records the degrees d € Ho(X,Z) of the rational
curves described by the invariants. Thus the quantum product [Oxu] * [Oxv] may be
understood as a generating series in ¢ for the K-theoretic Gromov-Witten invariants of
X" and X". It is a goal in Schubert calculus to determine explicit formulas for these
products.

These Schubert structure constants Ny, i are difficult to compute; there is in fact
an active area of research devoted to computing them [5], [6]. However in joint work
with A. S. Buch, the following relation is established when X is cominuscule (a small
family of flag varieties that includes the classical Grassmannians):

Theorem A. For fized u,v we have Z N;‘jgjd =1ianT.
w,d

In other words, substituting 1 for ¢ and the Schubert classes [Oxw] in [Oxu] *
[Oxv] curiously yields the relation of Theorem A. These substitutions can in fact be
described by the (non-quantum) equivariant K-theory of X. Indeed, let Kp(X) be
the Grothendieck ring of T-equivariant coherent sheaves on X, and let Kp(pt) denote
the equivariant Grothendieck ring of a point, which may be identified Kp(pt) ~ T.
Then the Euler characteristic map x : Kp(X) — I, ie. pushforward to a point, is
characterised by x ([0xw]) = 1 on Schubert classes. Now QK7 (X) contains K7(X) as
a subgroup; moreover there is an intermediate subring QK%OIY(X ),

QKp(X) D  QKXM(X) o Kp(X),

subring

to which x naturally extends: X : QKP:}OIY(X ) — I'. This extension Y satisfies the

desired property x ([O Xw]) = X(q) = 1. With this, Theorem A becomes equivalent to
Theorem B. The extension X : QK{}OIY(X) — T is a ring homomorphism.

There is also an extension of y : Kp(X) — T’ to the entire equivariant quantum
K-theory ring QK (X); this extension however takes values in I'[¢]. Denote this x :
QK4 (X) — I'[q] as well. Theorems A and B then follow from:



Theorem C. For opposite Schubert varieties Xy, X* in X, we have in QKp(X)
X([OXu] % [on]) _ qdist(Xu,Xv)
where dist(X,, XV) is the minimal degree of a rational curve that meets X,, and X".

Recent work of Buch-Chaput-Mihalcea-Perrin [6] establishes a Chevalley formula for
cominuscule QK (X). This is a formula for multiplication in QK4(X) by a Schubert
divisor class. Together with the Chevalley formula of Buch-Chaput-Mihalcea-Perrin,
the aforementioned theorems help to determine a formula for the multiplication in

QK7 (X) when X is projective space P™:

Theorem D. Let the Schubert varieties XP of P be indexed by their codimension
0<p<n InQKp(P"), set [Oxn+1] = q. Then for all 1 < p < r < n we have the

recursive formula

(O] % [0xr] = (1P (ZE 1) (22 - 1) o]

t ty
z it t
+ (_1)p+2i1( r+l _1> (il—l)[OXi—l]*[OXr+l].
et t; \tip1 tp
The ring T' = Z[tlﬂ, - ,tfil] can be identified with the representation ring of

T = (C*)"*1, the maximal torus of G = GL,+1(C). Under this identification, the

tiy1
t;

G. Theorem D illustrates that the Schubert structure constants N;jﬁl of QK (P™) are

monomial corresponds to e~ the character of the negative simple root —q; of
expressible as polynomials in e® — 1. It can be used further to prove the following

positivity result:

Theorem E. For 1 < p,r,s <nandd >0, sete =p+r+s+dn+1). Then
the scaled Schubert structure constant (—1)¢ S,’f«l eI of QK4 (P") is a polynomial with

nonnegative integer coefficients in the classes e™ % — 1.

This property is the QK -analogue of the positivity conjectures of Griffeth-Ram [19]
for the equivariant K-theory Kp(X) of a flag variety X, proven by Anderson-Griffeth-
Miller [1]. Their quantum analogues are conjectured to hold for all flag varieties X, yet
remain open.

Theorem D can also be used to establish the following:



Theorem F. There exists an isomorphism of I'-algebras QK%Oly(]P’”) — QK%Oly(IP’”H).

Theorem F is reminiscent of a similar result for the quantum cohomology ring
QH*(P™) of P". In this setting there is an isomorphism of rings QH*(P") — Z[h]
where Z[h] is the polynomial ring in the single generator h; thus the rings QH*(P™)
are isomorphic for all n. In fact, this type of result has been known for both the quan-
tum cohomology QH*(P") and quantum K-theory QK(P") of projective space; it has
hitherto been unknown for their equivariant versions.

The goal of this thesis is to prove Theorems A, B, C, D, E, F. It is organised into
three parts: Chapter 2 presents the joint work with Buch in proving Theorems A, B, C;
Chapter 3 concerns the equivariant quantum K-theory of projective space P and the
demonstrations of Theorems D, E, F. Background information and notation are given

in Chapter 1.



Chapter 1

Preliminaries

1.1 Flag varieties in general

Let X = G/P be a flag variety defined by a connected, semisimple complex algebraic
group G and a parabolic subgroup P. Fix subgroupsT C B C P C G with T a maximal
torus and B a Borel subgroup. Denote by B°P the opposite Borel corresponding to B,
the Borel subgroup of G characterised by B N B°? =T.

Let W = Ng(T)/T be the Weyl group of G, and let R = RTUR™ denote the roots,
positive and negative. Let A denote the simple roots of G. For a € A the simple
reflections s, € W generate W. As such every w € W can be written as a product of
simple reflections: w = sq, - - - 5q,; the length ¢(w) is the minimal number of terms in
such a factorization of w.

The parabolic subgroup P corresponds to a subset Ap of A. If P is maximal
parabolic, then Ap comprises all but one simple root, say, «; in this case we denote the
maximal P by P,. In any case P has its own Weyl group Wp which may be identified
with Np(T')/T or equivalently as the subgroup of W generated by the simple reflections
sg € W, for g € Ap.

The torus T and the Borel subgroups B and B°P act on X by left translations,
and these actions bear fundamental consequences on the geometry of X. The torus
T has finitely-many fixed points in X—i.e., finitely many points wP € X such that
T.wP = wP; these points correspond bijectively to the cosets of W/Wp. Each coset
has a unique representative of minimal length; let W¥ denote the set of these minimal
length representatives.

Under the Borel actions, the orbit-closures of these T-fixed points give rise to the



Schubert varieties of X:!

Xw = B.wP, the B-stable Schubert variety defined by w € W,

XY = Bo.wP, the B°®-stable Schubert variety defined by w € W.

Although they are defined for each element of the Weyl group W, Schubert varieties
X, and X" depend only on the coset of w in W/Wp. In fact if w € WP, then
dim X,, = ¢(w) and codim(X™, X) = ¢(w). This is one reason why we shall henceforth
index Schubert varieties by elements of WF.

Richardson varieties are the intersections of opposite Schubert varieties X, N X",
provided the intersection is nonempty. Because X is itself a B- and B°P-stable Schubert
variety, all Schubert varieties are Richardson, but the converse is generally not true. As
the intersection of T-stable varieties, Richardson varieties are closed under the action
of T. They are irreducible [12], [25] with dim X, N XV = ¢(u) — £(v), where u, v € WF.

The following additional properties of Richardson varieties will be crucial to our work:
Theorem 1.1 ([23], [24], [2]). Richardson varieties are Cohen-Macaulay, normal and

rational with rational singularities.”

1.2 Cominuscule flag varieties

Let # € R be the highest (long) root of G. Express 6 in terms of the simple roots:

0=>" gen npB where the coefficients ng are nonnegative integers.

Definition 1.2. A simple root a € A is cominuscule if n, = 1. A flag variety
X = G/P is cominuscule if P = P, is a maximal parabolic whose corresponding

simple root « is cominuscule.

!The Schubert varieties X,, and X“ are also known as ordinary and opposite Schubert varieties
respectively, referring to the type of Borel subgroup that defines them. One word of caution: pairs of
Schubert varieties X, and X" are also referred to as opposite Schubert varieties. It should be clear
from context what is meant when we use the term “opposite” Schubert varieties.

2A variety Y has rational singularities if there exists a resolution of singularities 7 : Y — Y such
that 7.0y = Oy and R'm.Oy =0 for i > 0. It is a fact that if Y has rational singularities, then all of

its resolutions 7' : Y/ — Y satisfy this cohomological-triviality.



The cominuscule flag varieties comprise the following spaces: Grassmannians Gr(k, n)
of type A, Lagrangian Grassmannians LG(n,2n), maximal orthogonal Grassmannians
OG(n,2n), quadric hypersurfaces of P" and the two exceptional spaces known as the
Cayley plane and Freudenthal variety. See Table 1.1 below. Of these, the cominuscule

spaces of type A are perhaps the easiest to describe:

Example 1.3 (Grassmannians of type A). Let G = SL,(C), the group of complex
n X n matrices of determinant 1. Then T is the collection of diagonal matrices in
SL,,(C), B the upper triangular matrices and B°P the lower triangular matrices. The
torus 7' naturally embeds into (C*)", but its rank is one smaller: T ~ (C*)"~!. The
corresponding root system is type A,_1.

For each 1 < i < nlet g : (C*)" — C* be projection onto the ith component, and
consider their restrictions to 7' C (C*)™. Then the simple roots of G are «o; = Efﬁ (or
a; = €; — €;41 when written additively) for 1 <4 < n — 1. The highest root is precisely
0 =+ -+ a,_1 when written additively. Thus every simple root is cominuscule in
type A.

The normaliser Ng(T') is the collection of monomial matrices in SL,,(C). Conse-
quently the Weyl group W is isomorphic to the permutation group S,. The simple
reflection s,, is the permutation that transposes ¢ and i + 1. If P,, is a maximal
parabolic, then Wp, is the subgroup of S,, generated by all transpositions (4,7 + 1) for
i # k; it can be identified with S x S,,_r. The collection WT of minimal length coset

representatives of W/ Wp,, then comprises all permutations w € S, satisfying
w(l) <w(2) < - <wk) and wk+1)<--- <wn).

As observed earlier, all of the flag varieties X = G/ P, given by maximal parabolics
P, are cominuscule. If o = ay, then P,, = BWP% B is the stabiliser of a k-dimensional
subspace of C™ under the natural action of G on C"—specifically the subspace spanned
by the first k standard basis vectors of C". Therefore X is Gr(k,n) the Grassmannian
of k-planes in C™. In particular X is P"~! or its dual projective space (P*)"~! when

k=1lorn-—1.



Table 1.1: Dynkin diagrams with cominuscule roots filled-in

H Type Dynkin diagram Flag varieties H
A, (n>1) &——@------ *—o Gr(k,n+1)
B, ( ) @&—0O------ O0—O0==0 0Odd quadric hypersurfaces
oO—O------ o—O0=%=9 LG(n,2n)

Er

—O------ O—O<: Even quadric hypersurfaces, OG(n, 2n)

oo
N

Cayley plane Eg/Ps

Freudenthal variety E7/P;

We close this section with some remarks on the singular homology of a general flag
variety X = G/P. Each Schubert variety X,, C X defines a Borel-Moore homology
class [Xy] € Hi«(X,Z) in singular homology; these Schubert classes in turn form an

additive basis:

H.(X,Z) = P z[X.]
weWwP

In particular the (complex) one-dimensional Schubert classes generate Ho (X, Z). Since

these Schubert curves X;, correspond to the simple roots 8 € A\ Ap, we can identify

P zix.]

BEA\AP

Hy(X,Z) ~

Note that when P, is maximal parabolic, Hy(X,Z) ~ Z[ X ]| ~ Z.
Elements of Hy(X,Z) are called (curve) degrees; a degree d in Hy(X,Z) is effec-

tive if, when d is expressed d = ) ng[X;,], each of the coefficients ng is nonnegative.

1.3 Equivariant K-theory

In this section we present a brief account of equivariant K-theory for a smooth projective
complex variety X. For a detailed account, we refer the reader to the textbook of

Chriss-Ginzburg [9] and the references therein.



Let K7(X) be the Grothendieck group of T-equivariant algebraic vector bundles £
on X. The tensor product of vector bundles makes K7 (X) a commutative, associative
ring with 1, the multiplicative identity 1 given by the class of the trivial line bundle.

There is also Kp(X), the Grothendieck group of T-equivariant coherent sheaves
F on X. Connecting these two Grothendieck groups is a natural inclusion of groups
KT(X) — K7(X) defined by [E] — [&], where & is the sheaf of sections of the vector
bundle £ — X. In general this map is not an isomorphism, but it is when X is smooth.
In this case there is an inverse map K7(X) — KT (X) defined by [F] — Y_,(—1){[Ei],
where

0 = 6, = 1 — -+ = 6 — & - F = 0

is a resolution of the coherent sheaf F, with &; a locally free sheaf corresponding to
the vector bundle F;. The smoothness of X guarantees, for each coherent sheaf F', the
existence of such a (finite) locally free resolution. With this isomorphism we identify
the groups K7 (X) and K7 (X); since the former is also a ring, K7(X) is a ring as well,
with the ring structure inherited from K7 (X) under the identification.

Let f : X — Y be a T-equivariant morphism of smooth projective T-varieties
over C. The pullback of equivariant vector bundles extends to a ring homomorphism
ff i Kp(Y) = Kp(X). Thus K7(X) is a Kp(Y)-algebra. As an immediate consequence
we have that Kp(X) is always a Kp(pt)-algebra, where pt = Spec C. Indeed this follows
from the fact that X comes equipped with a canonical structure morphism X — pt,
pulling back over which yields the ring homomorphism Kp(pt) = Kr(X).

Since X and Y are projective over C, the morphism f is proper. Thus equivariant
coherent sheaves F' on X can be pushed forward to equivariant coherent sheaves fyF'
on Y; the derived pushforwards R’f,F are also coherent and T-equivariant on Y. All
of this comes together to produce the pushforward map f, : Kp(X) — Kp(Y) defined
by

[F] = > (1 [R'f.F].

i>0
These operations are functorial as well: given morphisms X i> y & 7 , we have

(gf)* = f*¢" and (gf)« = g«f«. The projection formula also holds: given a proper
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T-equivariant morphism f : X — Y and classes [F] € Kp(Y), [G] € Kp(X), we
have f.(f*[F] - [G]) = [F] - f«[G]. In particular this means f, is a Kr(Y)-module

homomorphism.

Example 1.4. Let X = pt. Then a T-equivariant vector bundle on X is precisely a
finite-dimensional C-linear representation of 7. Thus Kp(pt) is the representation ring

of T.
Notation. I' := Kp(pt).

Fix an identification of 7" with (C*)". By the semisimplicity of 7', the irreducible
representations of T' form a Z-basis of I'; since T is abelian, these are precisely the
one-dimensional representations of 1. These representations in turn can be identified
with characters o : T' — C*, i.e., the one-dimensional T-representation C, defined by
t-z=a(t)z for t € T and z € C. Thus as an abelian group we have

r = @ Ze.

characters «

On the other hand the characters of T form a lattice themselves, with a basis
consisting of the projection maps ¢; : T — C* defined by (ay,...,a,) — a;. Thus as
a ring, I' is the Laurent polynomial ring Z[e®1, ..., e**»]. We shall simply identify I"

with Z[t£1, ... 5] by t; ¢ 5.7

Example 1.5. Let X = G/P be a flag variety, and consider its opposite Schubert
varieties X", w € WF. Since we have a closed immersion i : X% < X, the structure
sheaf Oxw pushes forward to a (T-equivariant) coherent sheaf on X, and the higher
direct images RPi,Oxw vanish. Thus pushing forward along this inclusion produces
the opposite Schubert class [Oxw] € Kr(X). These opposite Schubert classes [Oxw]
collectively form a basis for K7 (X) over I.

The same can be said about the ordinary Schubert classes [0x,] € K7(X), w € WF.

We shall make use of both bases in the sequel.

3In other words T' is the group ring of the character lattice X(T) of T. Thus each character
a: T — C” is formally an element of T'; we follow standard convention and denote by e® the element
in ' corresponding to a. This exponential notation has the benefit of distinguishing the additive group
structure of '—a purely formal operation—from the ring structure of I', which is inherited from the
group structure of X (7).
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Notation. For w € WF denote [0%] := [Oxw] and [0,] := [Ox,] in K7(X).

Example 1.6. Because the opposite Schubert classes form a I'-basis for K (X), for

each u,v € WF there exist unique K, € T such that
[04]-[0°] = Y K,[0"].

These coefficients K7, are the (opposite) Schubert structure constants of K7(X). They
satisfy the following “positivity” property, as conjectured by Griffeth-Ram [19] and

proven by Anderson-Griffeth-Miller [1]:

(-1 OHORY e Zsgle™™ —asea.

U,V

In others words, positivity asserts that the Schubert structure constants K/, are, up to

(€7

a predictable sign, polynomials in e~® — 1 with nonnegative integer coefficients, where

the —q; are the negatives of simple roots.

Example 1.7. When X = Gr(k,n) the Schubert structure constants K,’, can be

computed combinatorially by using the genomic tableauz and genomic jeu de taquin of

Pechenik-Yong [22].

Definition 1.8. The sheaf Euler characteristic x of X is the map x : Kp(X) —» T
defined by pushforward along the structure morphism X — pt. On generators [F] €
K7 (X) it is defined by

[F] = Y (1)'[H'(X, F)],

i
where HY(X, F) is the i*" cohomology group of F' (which is a T-module). It is I-linear

by the projection formula.

For an irreducible projective variety X, recall that X is unirational if there exists
a dominant rational map P*¥ --s» X from some projective space P¥. Also recall that
X is rationally connected if any two general points x,y € X are connected by an

irreducible rational curve.” Rational varieties are unirational, and projective unirational

varieties are in turn rationally connected.

4This means that there exists a nonempty open subset U of X such that for all distinct points z, y
of U, both x and y lie in the image of a morphism P* — X.
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Proposition 1.9. Let X be a smooth, projective T-variety. If X is unirational, then

x([0x]) =1inT.

Proof. For such a variety X, all of the higher cohomology groups H'(X, Ox) vanish. (In
fact this holds more generally for rationally connected X—see [10, Cor. 4.18] for a proof
involving Hodge theory.) Thus x([Ox]) equals [H°(X, Ox)], which, as an element of
I', is formally a Laurent polynomial in characters of T'. To identify this polynomial, we
must identify the action of T on H(X, Ox).

The zeroth cohomology group H°(X, Ox) coincides with the global sections of the
structure sheaf I'(X, Ox). Because X is irreducible (by smoothness) and projective, we
have T'(X,Ox) = C—i.e., the global regular functions on X are all constant. Conse-
quently the T-action on I'(X, Oy) is trivial. Thus as an element of ', [H(X,0x)] is

the class of the trivial character of T, i.e., X([OX]) =1. |

Proposition 1.9 extends to unirational varieties that are singular, provided the sin-
gularities are well-behaved (e.g., rational singularities). For this to hold equivariantly, a
singular T-variety must admit a T-equivariant resolution of singularities (defined below
in the proof of Corollary 1.10). This is always the case over C—see [27]. For a singular

Schubert variety, its corresponding Bott-Samelson resolution is T-equivariant [11], [3].

Corollary 1.10. Let X be a smooth, projective T-variety. Let Y be a closed, T-stable

subvariety of X. If Y is unirational with rational singularities, then X([Oy]) =1.

Proof. Let 7 : Y - Y bea T-equivariant resolution of singularities, meaning Y is a
smooth, projective T-variety and m proper, birational and T-equivariant. As unira-
tionality is preserved under such 7, we have Y is unirational. Because Y has rational

singularities, [Oy] = m[Oy] in K7(X); what’s more, by functoriality of pushforwards,

x([0y]) = x(m[053]) = x5([05]),

where xy : KT(XN/) — T is the sheaf Euler characteristic on Y. Thus the corollary
reduces to the computation of X{,([O};]) for smooth, projective, unirational Y. This is

the previous Proposition 1.9. |
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Example 1.11. Because Schubert varieties are rational with rational singularities
(Theorem 1.1), Corollary 1.10 says that x([0%]) = x([Ow]) = 1 for all w € WF.
Thus the sheaf Euler characteristic on X can be characterised as the I'-linear map that
evaluates all Schubert classes at 1. More generally X([O XN Xv]) = 1 whenever X, N X"
is nonempty because Richardson varieties are also rational with rational singularities.
It is a standard result that [O,] - [0Y] = [Ox,nx+] in K7(X).” Therefore by the
previous remarks we have
1 if X, N X" is nonempty,
x([04] - [07]) =
0 otherwise.
This example shows two things: 1) For X # pt, the sheaf Euler characteristic
X : Kp(X) — T is never a ring homomorphism; 2) As both types of Schubert classes
[Oy] and [O™] form a I-basis for K7 (X), the sheaf Euler characteristic defines a non-

degenerate pairing on Kp(X):
KT(X) XKT(X) — T
([F1[F]) = x([F]-[F]).

Notation. For an opposite Schubert class [0"], denote by [O"]" its dual under this
pairing, i.e., the unique element [0“]Y € Kp(X) satisfying x([0*] - [0“]Y) = Guu.

Similarly denote by [O,]" the dual of [O,].

1.4 Equivariant quantum K-theory

Here we sketch a construction of the (small) torus-equivariant quantum K-theory ring
QK7 (X) by using moduli spaces of stable maps into X. Our focus will be on QK1 (X)
for cominuscule X, although everything we describe in this section holds more generally

for all complex flag varieties. We refer the reader to the work of Lee [21] for a thorough

Indeed, let X be a smooth, projective T-variety, and let Y, Z be closed, irreducible, T-stable
subvarieties. Suppose Y and Z are Cohen-Macaulay. If codim(Y NZ, X) = codim(Y, X) 4+ codim(Z, X),
then Y N Z is Cohen-Macaulay, and [Oy] - [0z] = [Oynz] in K7(X). This can be proved using a local
computation of regular sequences and their Koszul resolutions. One may also appeal to the results of
S. J. Sierra [26] for more sophisticated techniques.
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account of quantum K-theory, and to the notes of Fulton-Pandharipande [14] for details
on moduli of stable maps into X.

Let X = G/P, be a cominuscule flag variety. Recall that for such an X, the
second homology group Hy (X, Z) can be identified with Z by means of the identification
Hy(X,Z) ~ Z[X,,]. Given an effective degree d € Hy(X,Z) and an integer N > 0,
let HQ ~(X,d) denote the (Kontsevich) moduli space of N-pointed, genus-0, degree-d
stable maps into X. The elements of Mo n(X,d) are isomorphism classes of tuples

(f,C,p1,...,pN) such that:

(1) C is a union of finitely many P!’s with at worst nodal singularities;
(2) The py,...,pn are nonsingular points in C' called marked points;
(3) The morphism f : C' — X satisfies f.[C] =d in Ha(X,Z);

(4) The morphism f is “stable”: a component of C' maps to a single point in X only

if this component has at least three special points, i.e., nodes or marked points.

Note that the image of a stable map is a rational curve in X, possibly reducible.
For 1 <i < N, denote by ev; : Mo n(X,d) — X the i*® evaluation map, which is
defined by ev;(f,C,p1,...,pn) = f(pi). Werecord the following facts about Mo (X, d)

and its evaluation maps for cominuscule X:

Theorem 1.12 ([14], [20]). The Kontsevich space Mo n(X,d) is an irreducible, pro-

jective, normal, rational variety over C. It has dimension dim(X) + / aa(Tx)+N -3
d

where c1(Tx) is the first Chern class of the tangent bundle T of X.° The evaluation

maps ev; : Mo n(X,d) — X are flat and proper.

The T-action of X naturally extends to an action on Mg n(X,d): the torus T acts on
a stable map by acting on its image in X. The evaluation maps ev; are then compatible
with this action. Therefore we have Kp (MQ N (X, d)), the T-equivariant K-theory of

-
(

coherent sheaves on Mo n(X,d)

5The integral fd c1(Tx) means the degree of the zero-cycle obtained from the pairing d - ¢1(Tx) :=
d[Xs,] c1(Tx) in Ho(X,Z).

"Because Mo,n(X,d) is not smooth, Kr (MoyN(X, d)) can not be identified with KT (MO,N(X7 d))
This will not present any problems for us.
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Definition 1.13. Let 01,...,0n € K7(X). Their (IN-point, degree-d) K-theoretic

Gromov-Witten invariant is the Laurent polynomial I4(oq,...,0n) € ' defined by

Iq(o1,...,0n) = XMO’N(X,d)(eVT o1 eVNON),
where X771, (x.a) Mo n(X,d) — T is the Euler characteristic map on Mo y(X,d)."

Of particular interest to us are the I;([0], [0"],[0%]") € T, the three-point K-
theoretic Gromov-Witten invariants of [O"], [0Y], [0*]Y € Kp(X) of various degrees
d. Because the evaluation maps ev; are flat, the pullbacks of Schubert classes ev}[0"]
coincide with the Krp-classes of the closed subvarieties ev; ' (X®) in M n(X,d). Thus
the invariants I4([0%], [0"], [0"]) capture information about the families of rational
curves meeting Schubert varieties X*, X" (and X").

We may now describe the construction of the (small) torus-equivariant quantum
K-theory ring QK4(X). Let I'[¢] denote the ring of formal power series over I' in the
single parameter q. Then QK,(X) is an algebra over I'[¢] whose underlying abelian
group is defined to be K7(X)®rI'[¢]. Consequently, QK (X) is free as a I'[g]-module
with the opposite Schubert classes [0"] forming a basis, where w € WP the ordinary
Schubert classes [O,] also form a basis.

The ring structure x of QK (X) is not induced by the tensor product of Kr(X) and
I'[¢]. Instead, it is the I'[¢g]-bilinear extension of the following operation on opposite

Schubert classes:

[0 %[0"] == > Nilq'[0“).
weWw?r
d>0
For each u,v,w € W¥ and d € Hy(X,Z), the structure constant fof;)d is the follow-
ing recursively defined element of I' involving three-point and two-point K-theoretic

Gromov-Witten invariants:

Ny = 1[0, [0, 10°]) = D Nt eL([07],[0]Y).

rew?
0<e<d

8Even though Kr (M(),N(X, d)) can not be identified with KT (MO,N(X, d))7 the pullbacks ev} o
still exist: since X is smooth, we identify o € K7 (X) with vector bundles on X; these vector bundles
pull back to vector bundles on Mo, (X, d), which in turn define classes in Kr (Mo n(X,d)).
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Thus we obtain the ring structure of QK,(X).

If equivariant quantum K-theory were exactly like, say, the quantum cohomology
QH*(X) of X, then the K-theoretic Gromov-Witten invariant I,([0"], [0"], [0*]") itself
would be the structure constant N, i, This however is not the case: for d # 0, we gener-
ally have Ny # 1,([0%],[0°],[0]"). The additional term 3, , Nuo~ L ([07], [0*]")
arises in the structure constant N, i as a type of correction term. It ensures the

following result:
Theorem 1.14 ([16]). The quantum product = of QK1 (X) is associative.

Thus QK4 (X) is a commutative, associative I'[g]-algebra with 1, free as a module

over I'[¢].

Example 1.15. In the special case of d = 0, the structure constant Nﬁ‘f{,o of [0%] x
[0Y] equals Io([0“],[0"], [0"]") by definition. This in turn is the Schubert structure
constant K/, of [0] - [0°] in K7(X). (See Example 1.6 for the notation.)

To see this, recall the definition of Io([0"],[0"],[0*]") as Xﬂo,g(X,O)(eVT[Ou] :
ev3[0Y] - evi[0¥]Y). Since a degree-zero stable map into X must be constant, we
have Mo 3(X,0) = M3 x X, where Mg 3 is the Deligne-Mumford space of stable ra-
tional curves with three marked points. Since ng = pt, we have M3(X,0) = X,
and each evaluation map ev; is the identity map on X. Thus I ([0"], [0], [0%]Y) =

xx ([0¥] - [0¥] - [0*]). By definition of x and [0"]", this is precisely K.

Example 1.15 shows that QK (X) is a formal deformation ring of Kp(X). That is,
QK4 (X) is a ring with a grading such that K7 (X) is contained in the zeroth-degree
component; furthermore, for 0,7 € Kp(X), the degree-zero term of o * 7 in QK,(X)
is precisely the product o - 7 in Kp(X).

Even though the K-theoretic Gromov-Witten invariants I;([0%], [0¥], [0%]") are not
the structure constants N, & of QK7 (X), it is still worthwhile to retain the following
pairing on QK (X): for o,7 € K7(X) define

coOT = Y Iio,7,[0"])[0"]

wew?P
a>0

and extend I'[¢]-bilinearly to the rest of QK4 (X).
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Chapter 2

Sums of Schubert structure constants

The motivation for this chapter’s work is the following observation: consider QK,(X)
for X, say, a Grassmannian of type A. Then for all Schubert classes [O"],[0"] €
QK (X), if [0"] % [0Y] = 32, 4 Niti'q?[0%], then 3, , N’ = 1in T.

For example when X = Gr(2,4), where the Schubert varieties may be parametrised
by Young diagrams of the 2 x 2 rectangle, and I' = Z[tfl,tfl,tgﬂ,tfl],

H oM = 7" i H tj_i
[O57] % [07] <1 t1 t3+t1t3>[o I <t3 t1t3>[OEH]

+ tﬁ_i [(9@] + i[oﬂ]
T\# ~ tits Tty

and (1= § = 4+ ) + (8 = o) + (- ) + ok = L

This phenomenon translates to a statement about the sheaf Euler characteristic
X @ Kp(X) — I'. We prove this statement for cominuscule flag varieties: X = G/P
where P = P, is a maximal parabolic corresponding to a cominuscule root a.

The proof in the cominuscule case follows from a characterisation of the ring struc-
ture of QK4 (X), due to Buch-Chaput-Mihalcea-Perrin [6]. This characterisation, in
turn, rests on a ‘quantum equals classical’ result proved by the same authors [5]. For
cominuscule X, this ‘quantum equal classical’ result relates the K-theoretic Gromov-
Witten invariants I;([0,], [0], [0*]") of opposite Schubert varieties X, X to the K-
theory of their (generalised) curve neighborhoods. Introduced by Fulton-Woodward [15]
and studied extensively by Buch-Chaput-Mihalcea-Perrin [4], [5] and Buch-Mihalcea [8],
these curve neighborhoods have proven to be extremely valuable in understanding the

quantum theory of flag varieties.



18

2.1 Curve neighborhoods

Let X = G/P, be a cominuscule flag variety, and let Y be a Schubert variety of X,
ordinary or opposite. Given an effective degree d € Hy(X,Z), the degree-d curve
neighborhood of Y is defined to be the union of all degree-d (reducible) rational
curves in X that meet Y. We denote this curve neighborhood by I'y(Y). Alternatively
[4(Y) can be defined using moduli of stable maps: T'4(Y) = eva(evy ! (Y)) where ev; :
Mo2(X,d) — X are the evaluation maps. Thus I'4(Y) is the image of the one-point
Gromov-Witten variety evl_l(Y): the locus of genus-0, degree-d stable maps into X

whose first marked point maps into Y.

Example 2.1. Any two points of P are connected by a P!, ie. a degree d = 1 curve;
thus for all Schubert varieties Y, the line neighborhood I'1 (Y) is precisely all of P". In
fact we have in general that I'y(Y) C g1 (Y). Thus I'y(Y) =P for all d > 0.

Recall that B is the Borel subgroup of X, and B°P the opposite Borel. If YV is
B-stable, then so is I'y(Y): for if C' is any degree-d rational curve passing through Y,
then so is b.C—for b € B—as each b.C' passes through b.Y = Y. The same argument

holds for B°P-stable Y. Remarkably, the following is also true:

Theorem 2.2 ([4]). Let Y be a Schubert variety of X, ordinary or opposite. Then

L'4(Y) is rationally connected. In particular it is irreducible.

Proof. The map evy : Mo2(X,d) — X is a locally trivial fibration [4, Prop. 2.3]; to-
gether with the rationality of Mg 2(X,d) (Theorem 1.12) this can be used to deduce that
the fibers of evy are unirational. But since Mo,g (X, d) is also projective, unirationality
and projectiveness imply that the fibers of evy are rationally connected.

Now consider the restriction evy : ev; ' (Y) — Y. This restriction is still a locally
trivial fibration, which means evy*(Y) is birational to Y x evi!(y), where ev!(y) is
the fiber of some general point y € Y. This product Y x evl_l(y) is rationally connected
since each factor Y and evi'(y) is. Thus ev;'(Y) is also rationally connected, hence
[y(Y) = eva(evi*(Y)) as well. As rationally connected varieties are irreducible, the

result follows. [ |
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Corollary 2.3. I'y(Y) is a B-stable (or B°P-stable) Schubert variety whenever Y is.

Proof. Every closed, irreducible, B-stable (or B°P-stable) subvariety of X is a Schubert

variety. |

In view of these results, it is natural to try to identify the Schubert variety I'y(Y)
in terms of W¥, the set of minimal length coset representatives of W/Wp. For all

w € WP and for all effective d € Ha(X,Z), define w(d), w(—d) € W¥ by
Xw(d) = Fd(Xw)v
XvED = ry(xv).

Both w(d), w(—d) can be identified using a Hecke product on W/Wp; recent work has
shed light on the combinatorics of this Hecke product apropos this geometry of X [8].

Curve neighborhoods pertain to a single Schubert variety, but the notion extends
to any number of varieties. Our interest is particularly in pairs of opposite Schubert

varieties:

Definition 2.4. Given an effective d € Ho(X,Z) and opposite Schubert varieties X,

XY, let I'y(Xy, XV) be the union of all degree-d (reducible) rational curves in X meeting
both X, and X".

Like T'y(Y), this I'y(X,, X") is a projected Gromov-Witten variety [5] as it
is the image of a Gromov-Witten variety: I'q(X,, X") = evs (evy'(X,) Nevy'(XV))

where ev; : Mo 3(X,d) — X are the evaluation maps.

Notation. For future use let GW4(X,, X”) denote ev; '(X,) Nev, (X?). Tt is the
subvariety of My 3(X,d) consisting of all genus-0, degree-d stable maps whose first two

marked points map into X, and X" respectively.

The curve neighborhoods I'y(X,,), I'¢(X™) are Schubert varieties, so how are pro-
jected Gromov-Witten varieties I'y(X,, X") related to, say, Richardson varieties? A
natural candidate to consider is T'g(X,) N T'¢(X"), which is Richardson by Corollary
2.3, provided the intersection is nonempty. Certainly I'g(X,, X") C I'q(Xy) N Ta(X?);

the converse however need not be true even in simple cases:
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Example 2.5. In X = P3, let X,, = P! be the B-stable Schubert curve, and X" the
B°P-fixed point. Then T'1(X,) NT1(X?) = P3 by Example 2.1; on the other hand
I'1(Xy, XV) is isomorphic to P2, specifically P(eq, e2, e4) where (e1, ea,e4) is the vector
space spanned by the first, second and fourth standard basis vectors of C*. Thus

(X, XY) CT(Xy) NT(XY).

Even though T'y(X,, X") is not necessarily equal to T'4(X,) N Ty(X?), there is still
a possibility that T'g(X,, X") be Richardson, or close to it. The following result of

Buch-Chaput-Mihalcea-Perrin addresses this:

Theorem 2.6 ([5]). For a cominuscule flag variety X, the projected Gromov- Witten
varieties I'q(Xy, XV) are images of Richardson varieties under morphisms G/P" — X
from larger flag varieties G/P’. Consequently any nonempty Tq(Xy, XV) inherits prop-

erties of Richardson varieties: in particular Cohen-Macaulay with rational singularities.

2.2 Quantum equals classical

The projected Gromov-Witten varieties T'y(X,, X") also inherit properties from the
Gromov-Witten varieties GW4(X,, XV) that define them. For example GW 4(X,, X")

is either empty or unirational [26], which means I'4(X,, X") is too. More is true:

Theorem 2.7 ([5]). When X is cominuscule, the restricted map evs : GW4(X,, XV) —
L4(Xu, XV) is cohomologically trivial: (ev3)«Oaw,(x.,xv) = Ory(x.,xv), and fori >0,
Ri(ev?))*OGWd(Xu,XU) = 0

This last fact yields the main theorem of this section:

Theorem 2.8 (Quantum equals classical, [5]). The following holds in Kp(X):

[Or,xuxn] = > 1a([04],[07], [0"]")[0"],
weW?P

where 14([0.],[0"],[0%]) € T is the K-theoretic Gromov-Witten invariant of [O.],
[0%], [0"]".

Proof. Because evsg : GW (X, X?) — ['y(Xy, XV) is cohomologically trivial,

(ev3)«[Oaw,(xu,x)] = [Or,(x.,xv)]
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in K7(X). If we express (ev3)«[Oaw,(x.,x*)] = 2wewr @w[0™] in terms of the oppo-
site Schubert basis, where a,, € T, then we must show that a,, = I;([04], [0"], [0%])
for all w € Wr.

On the other hand if [0"]" is the element dual to [O"] under x = xx, we then have

aw = X((ev3):[Oaw,(xu.x)] - [0*]Y).

Also, by Sierra’s Kleiman-Bertini theorem [26],

[Ocw,(x..xv)] = evi[Ou] - ev3[0]
in Kp (Mo,g(X, d)) Together with the projection formula,
ay = X<(€V3)*[Oewd(xu,xv)] : [Ow]v>
= xeva). ([Oaw,(x,x)] - ev3107]")
= x(eva).(evi[Ou] - ev3[0"] - ev3[0"]")
= XWfps(x.0)(€Vi[0u] - ev3[0"] - ev[0™]7),
which by definition equals I4([0.], [0*], [0"]"). |

Corollary 2.9. For opposite Schubert classes [0,], [0Y] € K7 (X), we have in QK,(X)
[0.] ©[0"] = qu[ord(xu,xv)]-
d

Proof. This is simply an application of Theorem 2.8 to the definition [0,] ® [0Y] =
Pw.ala([04],[07],[07])¢?[0"]. u

Lastly let ¢ : QKp(X) — QK7(X) be the I'[¢]-linear endomorphism defined on
the Schubert basis by [0%] — [0®(-D]. In other words % is the endomorphism that
sends an opposite Schubert class [9"] to the class of its line neighborhood [O®*(=D]. (It
may be defined more succinctly as 1) = (eva).(evi)* where again ev; : Moo(X,1) — X
are the evaluation maps.) Together with 1, the ideas of this section culminate in
Buch-Chaput-Mihalcea-Perrin’s alternate characterisation of the quantum product x

for cominuscule QK (X):
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Theorem 2.10 ([6]). Let X be cominuscule. For all classes o, T € Kp(X), we have
ox7 = (1—qyY)(c®T)

in QKp(X).

2.3 Euler characteristics of cominuscule quantum K-theory

As Hy(X,Z) ~ Z[X,] ~ Z for cominuscule X = G/P,, the following is well-defined:

Definition 2.11. The distance between opposite Schubert varieties X,, X? C X is
the smallest effective degree d € Ha(X, Z) of a rational curve in X meeting both X,, and
X"V. (Here we identify Ho(X,Z) with Z[X_].) Denote this distance by dist(X,, X").

This degree dist(X,, XV) may be understood in other ways: it is the smallest degree
d for which I'y(X,,X") is nonempty; it is also the smallest degree d for which the
quantum parameter ¢¢ appears in [0,] * [0¥] in QK,(X). Perhaps the earliest it has
appeared in the literature is in work of Fulton-Woodward [15], in which they identify
the smallest degree of g appearing in products of Schubert classes in QH*(X), the

quantum cohomology of the Grassmannian X of type A.

Example 2.12. For cominuscule X, if X,, N X" is nonempty, then dist(X,, X"?) =0

because a point is none other than a degree-0 curve.

Example 2.13. Let X = P". Since pairs of points in P" are connected by a degree-one
P!, we have
0 if X, N X" is nonempty
dist(X,, X") =
1 otherwise.
Recall from Definition 1.8 the sheaf Euler characteristic x : K7(X) — I'. Then x is

a map of I'-modules (but rarely a map of I'-algebras). It naturally lifts to a ‘quantum-

valued’ sheaf Euler characteristic QK,(X) — I'[¢] by extending I'[¢]-linearly:

QK7 (X) = Kp(X)@rT[q] X2 T[q].

We abuse notation and call this extension x as well.
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As it turns out, x detects the distance between opposite Schubert varieties X, and

X"
Theorem 2.14. Let X,,, X" be opposite Schubert varieties in X. Then in QK,(X),
X([0] % [0%]) = it (Xu X")
Proof. By Theorem 2.10 and Corollary 2.9,
[0 %[0T = (1—q¥)([0.] ®[0"])

= (1-q) qu[ord(xu,xv)]-
d>0
Thus X([Ou] * [(9“]) = X(1 = q¥) >0 qd[Opd(Xu’Xv)]. By Corollary 1.10, the Euler
characteristic y evaluates Schubert classes at 1, and by definition ¥ maps Schubert

classes to Schubert classes. Since the Schubert classes form a basis, the composition

property x = x holds, whence

x(1—qv) Z qd[ord(xu,xv)] = (x—aow) Z qd[ord(xu,xv)]
d>0 d>0
= qux([ord(xu,xv)]) - qu+1x([ord(xu,xv)])
d>0 d>0
qdiSt(X“’X”)X([OFdisqxu,xv)(Xu,X”)])‘

Since Tgis(x,, xv)(Xu, X) is unirational and x([Oy]) = 1 for Y unirational with ratio-

nal singularities, we have x ([0,] * [0?]) = gdst(Xu.X"), |

Example 2.15. Theorem 2.14 puts into larger context the following fact about Richard-
son varieties in Kp(X):

1 if X, N X" nonempty, i.e., dist(X,, X"?) =0,

v
X([OU] [0 ]) =

0 if X, N X" empty, i.e., dist(X,, X") > 0.
As we have seen earlier in Chapter 1, equivariant K-theory understands x([O,] - [0"])
to be 1 or 0 depending on whether X,, N X" is empty. Theorem 2.14 instead casts this
into a larger enumero-geometric framework involving curve distances. This example

further illustrates the degree-zero nature of the classical theory in quantum K-theory.
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Theorem 2.14 has immediate consequences on the Schubert structure constants of

QK7(X). To discuss these consider

QKEY(X) == Kr(X)@r g,

where I'[g] is the polynomial ring in the parameter q. Then QK%OIY(X ) is free as I'[¢]-

module with basis of opposite Schubert classes [0"]; the ordinary Schubert classes [Oy]

form another basis.
Theorem 2.16 ([4]). QK2Y(X) is a subring of QK (X).

In other words the Schubert structure constants Ny, i vanish for sufficiently large d.

Consider now the following schema of maps.

QK (X) —— T[q]

Thus the induced map y : QKPTOIY(X ) — I'[q] may be viewed either as an extension of
X : K7(X) = T or as a restriction of x : QK7(X) — T'[q] to QKEY(X).
In either case, because QK%OIY(X ) consists of polynomials in ¢, there is also the map

X : QKEY(X) — T defined by the composition

—1

QKYY(X) = Kr(X)erllg -5 Tlg & T

Then Y : QKPTOIY(X ) — I'is a map of I'[g]-modules, provided ¢ acts on I" as the identity.

It is yet another lift of x : K7(X) — I', one with an unexpected algebraic property:

Theorem 2.17. The map X : QKEY (X) — T such that x([0*]) = X(q) =1 is a ring

homomorphism.

Proof. As X is I'-linear by definition, we need only verify that X is multiplicative on all

of QKP™Y(X). For this it suffices to show that ¥ is multiplicative on products of the
T
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form [0,] * [OV], as each type of Schubert class [O,] and [O"] forms a I'[¢]-basis for

QK%OIY(X). But by Theorem 2.14,

%([Ou] * [(f)”]) — %(qdiSt(Xquv))

=1
- 1-1
= X([04]) - x([0"]). u

Corollary 2.18. Let u, v € WP, For [0%],[0%] € QK4 (X), let N2 be the elements
of I such that
[0 [0 = > Niila'10"]

w,d

in QKp(X). Then Y, 4 Neal = 1.

Proof. Because QK2?Y (X) is a subring of QK7(X) with the same structure constants,
we may prove the claim for QKpT‘)ly(X ) instead. Since Y : Qijfﬂy(X ) - T'is a I
linear ring homomorphism, we have 1 = X([0“]) - X([0"]) equals X([0“] * [0"]) =

Zw,d Ngjbd L
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Chapter 3

A formula for quantum K-theory of projective space

In this final chapter, we prove a recursive formula for the products [0%] * [O"] in
QKp(P"). With this formula we establish Griffeth-Ram positivity of the structure
constants Ny, i of QK4 (P"). This was originally conjectured by Griffeth-Ram [19] for
the equivariant K-theory ring K7(G/B) of a complete flag variety G/B; their conjec-
ture was eventually proven by Anderson-Griffeth-Miller [1] for K7 (G/P) for all flag
varieties G/P. A similar positivity property is expected to hold for QK,(G/P), but
this conjecture currently remains open in general.

We also establish an isomorphism between the equivariant quantum K-theory rings
of P* and P"*!. This may be understood as the equivariant K-theoretic analogue of
the fact that, for any projective space P", the quantum cohomology ring QH*(P") is
isomorphic to the polynomial ring Z[h].

Our work builds on the Chevalley formula of Buch-Chaput-Mihalcea-Perrin. Their
Chevalley formula describes products [0%] x [0Y] involving the (opposite) Schubert

divisor class [O**]. In the notation of Section 3.1, the Chevalley formula states:

Chevalley formula ([6]). For 1 <r <n we have in QK(P")

t ~ t ~
(—M1 — 1) O + Ztlgrl ifr <n;
t1 t1

Olx 0" =

t ~ t
( ntl 1)(9" + (—1)""’1qn—+1 if r =n.
i1 tq

3.1 The recursive formula for QK (P™)

It will be convenient to identify P" as a quotient of G = GL,,+1(C) instead of SL,, 41 (C).
We still have the torus 7' as the set of diagonal matrices in G, but now T ~ (C*)"*1,

The Borel subgroups B and B°P remain the upper and lower triangular matrices. The
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(n + 1)-many characters ¢; : T — C defined by (ai,...,ant+1) — a; generate the
character lattice of T'; when written additively the simple roots are a; = ¢; — ;41 for
1 <4 <n. With this we have P" = G/P,,.

The opposite Schubert varieties X? are the B°P-stable linear subspaces of P*. In
terms of homogeneous coordinates [y : -+ : z,41] they can be identified as XP =
Z(z1,...,xp), the zero locus of the first p-homogeneous coordinates. Thus the X? can
be indexed by their codimension p in P, where 0 < p < n. Then QK4 (P") has a

I'[¢]-basis of opposite Schubert classes [OP] where I' = Z[e®®!, ... eten+1].!

Notation. Identify I' = Z[tlﬂ, .. ,tfil] by e +— t;. In this notation, the negative

41

. —a t
simple root e™* corresponds to =
1

For reasons that shall become apparent soon, it will be convenient to introduce the

following “alternating” Schubert classes:

Notation. For each 0 < p < n, let OF := (—1)P[07] in QK,(P").2 These alternating
Schubert classes OP form a I'[¢]-basis for QKp(P") since the Schubert classes [OF]
already form a basis.

Let O™ ;= (=1)"*1g in QK (P") as well. We shall sometimes denote this by .
We emphasise that no Schubert variety X" *! actually exists in P that corresponds to
this class O"*1; we nevertheless make the convention in QK (P™) because algebraically,
the quantum parameter ¢ functions as though it were this missing Schubert class 6”“,
at least according to the Chevalley formula. Indeed, with this convention the Chevalley
formula succinctly becomes

Olx0" = (@_1)6r+“i6r+l
t ty

forl <r<n.

We now arrive at the main theorem of this chapter:

'Recall from Example 1.4 that ' is the group ring of the character lattice of T. The characters
a:T — C* are formally elements of I', which we denote in exponential notation by e®.

2Note 0° = [0°] = [Ox0] = 1 in QK (P") since the opposite Schubert variety X° is precisely P".
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Theorem 3.1 (Recursive formula). Let 1 < p < n. Then for all p < r < n, we have

in QK,(P™)

OP % O" = (t’"“ — 1) (t“rl _ 1)67"
t t

n zp: tri1 (tr+1 B 1) (tr+1 _ 1) -1, g+l
Pl t .

ti—f—l D

Observe that when p = 1, this recursive formula reduces to the Chevalley formula
of Buch-Chaput-Mihalcea-Perrin. Also note that Theorem 3.1 provides a recursive
formula for [OP]x[O"]. Moreover, if we write [OP]x[0"] = }__ Nﬁ’ﬁqd[(‘)w] and OPxO" =
>sd NyE G 0%, then the structure constants are related by Npf = (—1)¢Ny where
e=p+r+s+dn+1).

We prove Theorem 3.1 in Section 3.6 below. We shall present consequences of the

theorem first.

3.2 First consequences of the formula

We begin by addressing Griffeth-Ram positivity of the structure constants N;f,’fl relative

to the Schubert classes [OP]. Let Iy denote ZZO[%’ —1,..., t’zzl —1], the set of elements

Lit1

in I' that are polynomials in the classes =

— 1 with nonnegative integer coefficients.
This set I'y is closed under addition and multiplication. In particular a + b # 0 and

ab # 0 whenever a and b are nonzero elements of I'; .

Lemma 3.2. For1 <p <r <n, we have the identity in T’

r—=p

t t t
L ZSZ.(L“_ ;1_1>
tp i=1 by b
where Si(tptzl =1 t?:l —1) is the i™ elementary symmetric polynomial in t,;; —1,
< trt% — 1. Consequently, for p < r, the polynomials of the form t”"t—:l —1 and t%l

are elements of I'y .

Proof. The identity follows from induction on r — p. |
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Theorem 3.3 (Griffeth-Ram positivity for QK (P")). For 1 <p,r,s <n and d > 0,
let e =p+7+s+d(n+1). Then the scaled Schubert structure constant (—1)°Nyt € T
of QK1 (P") is an element of T'4.

Proof. By the remark following Theorem 3.1, we have N;jﬁl = (—1)° ;”f where the
N;;ﬁ are the structure constants relative to the alternating classes OP. By Theorem 3.1

ti+

. : Ss,d et
and induction, each of the Ny are polynomials in -+ and -2
7 7

— 1 with nonnegative

integer coefficients. The result now follows from Lemma 3.2. |

Let K7(P™) be the torus-equivariant K-theory ring of P". Since QK4 (P") is a
formal deformation of K7(P"),® Theorem 3.1 immediately restricts to a formula for

K7 (P™). The only modification needed is to change our convention O™ = (—1)"t1q

in QKp(P") to O™t := 0 in Kp(X):

Theorem 3.4. In Kp(P"), for all1 <p <r <mn,

OP. " — (t;+1 B 1) (tr+1 B 1)(7)”

1 tp
trt1 (trs1 lry1 el mral
+ ( —1)---(——1)01 oL,
; ti \tliy1 tp

Proof. On the one hand, the degree-zero piece of OP x O" is precisely OP - O". On the
other hand, by Theorem 3.1, the degree-zero piece of OP x O" is that of each term

i1 % O, which is the corresponding Kr-theoretic product =1 . O+, [ |

In [18], Graham-Kumar establish a formula for the Schubert structure constants of
Kp(P"). If we write OP - O7 = Y os I?;’Tés for the structure constants relative to the
alternating Schubert classes Os , then their formula [18, Thm. 6.14] states

bt [T 0=yt T, (1 yt)
bt by [T 0 - u)

~s
Kp7r -
ptr—s

Here, the formula should be computed in the formal power series ring I'[y] where y

is a formal parameter; then [ ],4,_s denotes the coefficient of y”*"~* in the resultant

3See Example 1.15 and the remarks that follow it.
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expression. With this formula, Graham-Kumar develop a recurrence relation [18, Thm.
6.14] among the structure constants IN(;J. Theorem 3.4 recovers this relation.

Returning to QK4 (P™), our next result concerns the vanishing of the structure

constants Ny
Proposition 3.5. Let p,r be such that 1 <p <r <n. Set OP % O" = std ]Vlfjﬁi q¢ 9s.

(1) If p+r < n, then the structure constant Kfps,’ﬁl s nonzero precisely when d = 0

with r < s <r+p.

(2) If p+r > n, then the structure constant ]\Nf;’g s nonzero precisely when d = 0 with

r<s<mn, and whend =1 with 0 < s < k—1 where k is such that p+r =n—+k.

Consequently, OP % O" = OP - O if and only if p +r < n; equivalently, quantum
terms appear in OP % O if and only if p+ 17 > n.

Proposition 3.5 can also be phrased as follows: the smallest I'-submodule of QK4 (P™)

containing OP x O is either the I-module generated by O7, O™+, ..., O™P when
p+ 1 < n, or the I'-module spanned by (?V, 6’““, R 6”, q, Z]V(T)l, ey ?j@k_l when
p+r=n+k.

Proof of Proposition 3.5. To prove Case (1), we induct on p. Suppose p +r < n. If
p=1,then 1 <r <n—1, and the result can be verified by directly inspecting each
Ol x O” with the Chevalley formula.

For general p, Theorem 3.1 states that OP x O" is a [-linear combination of O” and
011 % O™ for 1 < i < p. Thus, with the exception of N;;,Q, the structure constants
N3¢ are determined by the structure constants Nf;du 1 of the 01 % O™, Since each
(i—1)4+(r+1) <p+r <nandi—1 < p, the result follows from induction on p. (Note,
Griffeth-Ram positivity is tacitly used here to guarantee that cancellation among the
]Vflduﬂ does not occur. Thus N;;;f is nonzero for d = 0 with » < s < r+p as claimed.)

Case (2) can be proved in a similar manner, as OP O is still a T-linear combination
of O and O 1% O™ for 1 < i < p. The only difference is that there will be two cases
to consider here: when (i — 1)+ (r+1) <n, and when (i — 1)+ (r + 1) > n. Induction

will apply to the latter situation, whereas Case (1) above will apply to the former. W
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3.3 A closer look at QKE’Y (P™)

Proposition 3.5 allows us to take a closer look at the ring structure of QK4 (P"). Al-
though the results of this section hold over QK4 (P"), it is more natural to work in the
subring QK2Y (P). Recall that QK2?Y (P") is the [[g]-subalgebra of QK (P™) whose
underlying additive group is K7 (P") ®r I'[¢]; in other words, it is the subring of ele-
ments that are polynomials in ¢ (hence also in ¢). As the alternating Schubert classes
0P and their products OP x O" all lie in QK%OIY(P”), it follows that Theorem 3.1 and all
of the previous section’s results hold for QK (P™).

The set {&dép } of monomials with d > 0 and 0 < p < n form a basis for QKPC}OIY(IP’”)
over I'. Moreover this basis is totally ordered under lexicographic ordering; denote this
ordering by <. Then relative to this ordering, Proposition 3.5 states that each product
OP % O is a nonzero I'-combination of monomials qu(T)S satisfying or < (}dés < Or+p
when p+r < n, or 0" < §20° < GO*! when p +r = n + k for some positive k.
Thus, each product OP x O" has a well-defined leading monomial O™+ or 56’“_1 with a

) . . Srp0 . k=11
corresponding leading coefficient Nﬁfp or Np, .

Definition 3.6. For each monomial g0 in QK%OIY(IP’”), with d > 0 and 0 < p < n,
define its degree to be the integer deg (qu(T)p) =d(n+ 1) + p. In particular deg(q) =
n + 1. In general, for any element f € QK{}OIY (P™), define its degree to be the degree

of its leading monomial.

Clearly (Ydép = q~€6’” implies deg(qu(Ajp) < deg(&eé”); the converse is also true. In
particular we have 6‘167’ = aeéT if and only if deg(@d@’) = deg(ije@”). We omit the
elementary proof, but record this as a proposition as it will be fundamental to our

analysis of QKDY (P7):

Proposition 3.7. For monomials 0P and GO in QK%Oly(]P’”), we have FOP < GO

if and only if deg(q~d6p) < deg(q~667").

Proposition 3.8. In QKI%OIY(IP’”), we have deg((?)p*(NDT) = p+r. Thus for any product

OPL %+ % OPm | we have deg(OP % % OP™) = py + + -« + ppm.

Proof. This follows immediately from Proposition 3.5. |
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Proposition 3.9. The leading coefficient of OP x O is a unit in . Consequently, the

leading coefficient of OPL - .. % OPm g always a unit in T.

Proof. When p = 1, we have Ol x O" = (t“t% - 1)6T + %6”1, and the leading

. ¢
coefficient %1

coeflicient of %61@—1 * Ortl by Theorem 3.1 and Proposition 3.5. Thus the result

is a unit. For general p, the leading coefficient of OP x O" is the leading

follows from induction. |
Let Z>( denote the set of nonnegative integers with the usual linear ordering <.

Proposition 3.10. The assignment {(jdép} — Z>qo defined by cjdép — deg Ejd(~9p s a

bijection of totally ordered sets.

Proof. By Proposition 3.7, the assignment Zj‘@p — deg ?jdép preserves orders, hence is
injective. Now deg (q~d6p) = d(n+1)+p by Proposition 3.8, where d > 0 and 0 < p < n.
Thus surjectivity follows from the fact that every integer is uniquely expressible as a

quotient of n + 1 with remainder. |

Corollary 3.11. The collection of elements (6”)*d* OP forms a basis for QKFZ}OIY(IP’")

over I', where d>0 and 0 <p<n-—1.

Proof. The idea is straightforward: show that the (6”)*d*(~97’ form a “triangular” basis

for QKLY (P™) over I. (The standard monomials 2O form a “diagonal” basis.)

S

The product (6")*d % OP is a T-linear combination of monomials (766 satisfying

*

6363 = a’méz where @'m@E is the leading monomial of (6”) 4 op. By Proposition 3.8,
we have the equalities deg ?]7"65 = deg (6")*d * OP = dn + p, and this degree uniquely
determines the leading monomial E]m@g (Proposition 3.7 again). Since every nonnegative
integer can be uniquely expressed as dn + p for some d > 0 and 0 < p < n—1, we
can conclude from Proposition 3.10 that the (6”)“1 * OP correspond bijectively to the
standard a"m@f by way of their leading monomials. Thus the (6”)*d * OP are linearly
independent over I'.

To show that they span QKl}Oly (P™), we must check that the leading coefficient of

each ((5”)*d * OP is a unit in I'. This follows from Proposition 3.9. |
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3.4 Final consequence: An isomorphism theorem

The results of the previous section bring us closer to presenting the final major con-
sequence of Theorem 3.1. This final result relates the equivariant quantum K-theory
rings of P* and P"*!. To state this precisely, we establish some notation for P**1,

All of the previous notation for P" and its torus 7" hold analogously for P"*! with
the obvious adjustments. For instance, let 7' denote the torus acting on P"*1!; it
may be identified with (C*)"*? in which case its representation ring IV = K (pt) is
isomorphic to Z[tiﬁl, ..,tff}rQ] under e®® — t;. The opposite Schubert varieties X?
are again indexed by their codimension in P"*!, with one Schubert variety for each
0 <p <n+1. (Note the additional Schubert variety xntl here.)

If QK (P"*!) denotes the T'-equivariant quantum K-theory ring of P"*! then
we have the alternating Schubert classes OF := (—1)P[OP] as before, where 0 < p <
n + 1. However we denote the quantum parameter in QK (P"*1) by @ to distinguish
it from the quantum parameter ¢ of QK,(P™). With this, we can again make the
convention O"2 := (—1)"+2Q as the imaginary “(n + 2)"-alternating Schubert class”
of QK (P"1); we shall also denote it by Q.

There is a natural inclusion of rings I' — I defined by t; — t; for 1 < i < n + 1.

We use this to endow QK4 (P™) with the structure of I"[g]-algebra:

Notation. Set QK (P") := QK (P") ®pg ['[¢q]. We refer to this as the quantum
K-theory ring of P, equivariant over 7”. The ring structure is induced by the tensor
product. Thus QK (P") is a I''[¢]-algebra, free on the alternating classes OP as a
module over T"[¢].
We similarly denote QK2 (P") := QK (P") @y ['g]. Then QKLY (P") is a
subring of QK (P"). (See Theorem 2.16.)
Consider the rings QKPY (P") and QKO (P1). As a I-module, QKPS (P") has a
. o~ - 1
basis given by the monomials ¢?OP, where d > 0 and 0 < p < n; similarly QK (P™1)
has a I"-basis given by the monomials @dép ford>0and 0 <p<n+1.
Theorem 3.12. Let ¢ : QK%?ly(]P’”) — QK:,pf,)ly(P”H) be the I'-linear map defined by

GloP s (6”*1)”* OP. Then ¢ is an isomorphism of I'-algebras.
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Analogous versions of Theorem 3.12 already exist for quantum cohomology QH* (P")
and quantum K-theory QK(P™); it has not been known whether they hold for their
equivariant versions, until now.

Theorem 3.12 is not stated for the full rings QK (P") and QK (P™*1) for patho-
logical reasons: for example 1 4 ¢+ ¢ 4 --- is an element of QK (P") whose image
under ¢ would be undefined. One way to circumvent these issues may be to work with

I’ instead, where I" is the completion of the ring I'". We shall not pursue this here.

Proof of Theorem 3.12. We must verify that ¢ is multiplicative and bijective. For the
first task, it suffices to show that ¢ is multiplicative on products of basis elements
G1OP % G°O"; in fact, since § acts freely on QKpT?ly(IP’”), we need only verify this for the
products OP x O". But this follows immediately from the recursive formula of Theorem
3.1, and from our convention that Ontl .= q in QKI%(,)ly(IP”).

To show that ¢ is an isomorphism, we show that ¢ maps a basis for QKpT?ly(IP")
bijectively onto a basis for QK%?ly(]P’"H). Indeed, ¢ sends the basis element §?OP
to the element (6”+1)*d * OP. By applying Corollary 3.11 to these (6”*1)“1 * OP in

QKEOY (P"+1) we obtain the desired result. |

3.5 Preliminaries to the proof of the recursive formula

Recall that the Schubert variety X! equals Z(x1), the zero set of x1 where [z1 : ... :
Zn+1] are homogeneous coordinates of P™. It is a smooth effective Cartier divisor of P"
with ideal sheaf J. This sheaf J is isomorphic to Opn(—1) as a coherent sheaf on P".

Since X! is T-stable, its structure sheaf O 1 is canonically a T-equivariant sheaf.
The sheaves J and Opn(—1) also have T-equivariant structure, but they are not the
same even though they are isomorphic as coherent sheaves. The sheaf Opn(—1) obtains
its T-equivariant structure from the tautological line bundle % on P": % is a sub-
bundle of the trivial bundle P* x C"*!, and the natural action of T" on P" x C"t!
restricts to an action on %. Thus Opn(—1) obtains its T-equivariant structure as the
sheaf of sections of the T-equivariant line bundle % — P".

The T-equivariant structure of J is built on this. Given the character —eg; : T' — C*
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and its corresponding one-dimensional T-representation C_.,,* let E_., denote the T-
equivariant line bundle P x C_,; this is the trivial line bundle equipped with the
non-trivial T-action of —e; on its fibers. If we also denote its corresponding invertible
sheaf by E_.,, then we have J = E_., ® Opn(—1) as T-equivariant sheaves. This can
be checked by comparing the T-action locally on J and Opn(—1).

Thus we obtain the following short exact sequence of T-equivariant sheaves:
0 - E_.,®0pn(—-1) - Opn — Ox1 — 0.
Therefore in K7 (P™) we have
L= (B ® O (-] 4 [0'] = e 1[0mm(-1)] + 0] = ~[0mm(~1)] + [0']
Thus [J] = £[Op«(—1)] and [0'] = 1 — [J], which means O = [J] — 1.

Notation. J := [J] in K7(P"). In other words, we shall abuse notation and let .J

denote both the ideal sheaf on P" and its class in K (P").

Though it is presented as a formula for 61, the Chevalley formula for QK4 (P") can

just as well be cast as a formula for multiplication by J:

Proposition 3.13. For 1 <p < n we have in QK (P")

~ t -~ -
p _ ‘ptl dop p+1
J*0 . (OF + OPF1).

Consequently P = (%J - 1) * OP—1, (Recall the convention that On+l .= (—=1)"*iq.)

t%l(t’”—“ — 1) e (tr—“ — 1) frequently appear in

Because coefficients of the form -~ ’
i P

Theorem 3.1, we introduce the following:

Notation. Let 1 <p <r <n. For 1 <17 < p define T(M,) = (trtfl — 1) e (trt—;l — 1) and

t'r+1
tp

Tipt1,p) = 1. Note T(, ) = ( — 1). Technically we should write T{; ;,,41) to indicate
the dependence on r; however we omit it from the notation as we shall only be working

with a fixed r in the sequel.

4See Example 1.4 for the notation.
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In this condensed notation, the recursive formula 3.1 becomes
-~ ~ Pt - ~
T ) —
OPx 0" = Tapn0" + ) = Lm0 < 07
i=1

For convenience we record two properties 7{; ;) which follow immediately from the

definitions:

Lemma 3.14. For 1 <i <p,

(@) Ty = (%—1)T(i+1,p)

(b)) Tap = Tipy(5 —1).
3.6 The proof of the recursive formula
Proof of Theorem 3.1. We must show that for all 1 < p < r < n, we have
- ~ Pt - -
T r T i—1 r+1
OO = Tup0" + ;MT(M,,)O * Ot

in QK7 (P™). We do this by induction on p.
When p = 1, the recursive formula reduces to the Chevalley formula of Buch-
Chaput-Mihalcea-Perrin, so there is nothing to prove. For general p, we have by Propo-

sition 3.13 and induction,

OP %O = (?J—l)*@p_l*é’"
p

= T, (ZJ - 1) %O

p—1
t t ~
+ 7;_1 T(i-l—l,p—l) (tiJ — 1) * Ol_l * OT+1
— 7 D
=1
- 7 Yo g
= 4(1p-1) tp tp

p—1
t+1 t+1 ~. ~ t 4173 =
+ § Tiis1p-1) (( ’“tp _:T>Ol 1*or+1+;—pouor+l o (%)
i=1

The proof now becomes a matter of simplifying the expression. We shall show that the

coefficient of each 0! x O™1 in (x) agrees with the recursive formula:
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- When i = 1, we have the term 00« O™+! = O"1, Its total coefficient in (x) is

7frJrl tr+1 tr+1
T, ( - —)T i
tp (LP 1) + tp tl (271’ 1)

tTtJlrlT(Q, p) which is precisely the coefficient of

By Lemma 3.14, this simplifies to

O™ in the recursive formula.

- For all other 2 < i < p—1, the coefficient of O* 1 %O in () simplifies as follows:

try1 bry1l g
—Tip-1) + ( Pl )T<z‘+1,p71)
P P 7

Lemma 3.14(a) tr+1 <t7«+1

try1 trg1
—1)T- B (’”* ——)T- )
tp t; (i+1,p—-1) + tp t; (i4+1,p—1)

_ lr41 (tr+1

. - 1>T<z‘+1,p71)
(2

tp

Lemma 3.14(b) Tpy1

= 3, L)

which is the coefficient of (TJi_l * (7)““1 in the recursive formula.

- Finally when ¢ = p — 1, the shift in the indices in (%) yields the extra term

t’;i@p_l * O™+1. This is precisely the i = p term of the recursive formula. |
p
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