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ABSTRACT OF THE DISSERTATION
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by DIONYSIOS KALOGERIAS

Dissertation Director:

Athina P. Petropulu

This thesis is about fusion of optimal stochastic motion control and physical layer
communications. Distributed, networked communication systems, such as relay beam-
forming networks (e.g., Amplify & Forward (AF)), are typically designed without ex-
plicitly considering how the positions of the respective nodes might affect the quality
of the communication. Optimum placement of network nodes, which could potentially
improve the quality of the communication, is not typically considered. However, in
most practical settings in physical layer communications, such as relay beamforming,
the Channel State Information (CSI) observed by each node, per channel use, although
it might be (modeled as) random, it is both spatially and temporally correlated. It
is, therefore, reasonable to ask if and how the performance of the system could be im-
proved by (predictively) controlling the positions of the network nodes (e.g., the relays),
based on causal side (CSI) information, and exploitting the spatiotemporal dependen-
cies of the wireless medium. In this work, we address this problem in the context of
AF relay beamforming networks. This novel, cyber-physical system approach to relay

beamforming is termed as “Spatially Controlled Relay Beamforming”.
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First, we discuss wireless channel modeling, however, in a rigorous, Bayesian frame-
work. Experimentally accurate and, at the same time, technically precise channel mod-
eling is absolutely essential for designing and analyzing spatially controlled communi-
cation systems. In this work, we are interested in two distinct spatiotemporal statistical

models, for describing the behavior of the log-scale magnitude of the wireless channel:

1. Stationary Gaussian Fields: In this case, the channel is assumed to evolve as a
stationary, Gaussian stochastic field in continuous space and discrete time (say,
for instance, time slots). Under such assumptions, spatial and temporal statisti-
cal interactions are determined by a set of time and space invariant parameters,
which completely determine the mean and covariance of the underlying Gaus-
sian measure. This model is relatively simple to describe, and can be sufficiently
characterized, at least for our purposes, both statistically and topologically. Ad-
ditionally, the model is rather versatile and there is existing experimental evi-
dence, supporting its practical applicability. Our contributions are summarized
in properly formulating the whole spatiotemporal model in a completely rigorous
mathematical setting, under a convenient measure theoretic framework. Such
framework greatly facilitates formulation of meaningful stochastic control prob-
lems, where the wireless channel field (or a function of it) can be regarded as a

stochastic optimization surface.

2. Conditionally Gaussian Fields, when conditioned on a Markovian channel state:
This is a completely novel approach to wireless channel modeling. In this ap-
proach, the communication medium is assumed to behave as a partially observ-
able (or hidden) system, where a hidden, global, temporally varying underlying
stochastic process, called the channel state, affects the spatial interactions of the
actual channel magnitude, evaluated at any set of locations in the plane. More
specifically, we assume that, conditioned on the channel state, the wireless chan-
nel constitutes an observable, conditionally Gaussian stochastic process. The

channel state evolves in time according to a known, possibly non stationary, non
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Gaussian, low dimensional Markov kernel. Recognizing the intractability of gen-
eral nonlinear state estimation, we advocate the use of grid based approximate
nonlinear filters as an effective and robust means for recursive tracking of the
channel state. We also propose a sequential spatiotemporal predictor for tracking
the channel gains at any point in time and space, providing real time sequential
estimates for the respective channel gain map. In this context, our contribu-
tions are multifold. Except for the introduction of the layered channel model
previously described, this line of research has resulted in a number of general,
asymptotic convergence results, advancing the theory of grid-based approximate
nonlinear stochastic filtering. In particular, sufficient conditions, ensuring asymp-
totic optimality are relaxed, and, at the same time, the mode of convergence is
strengthened. Although the need for such results initiated as an attempt to the-
oretically characterize the performance of the proposed approximate methods for
statistical inference, in regard to the proposed channel modeling approach, they
turn out to be of fundamental importance in the areas of nonlinear estimation and
stochastic control. The experimental validation of the proposed channel model, as
well as the related parameter estimation problem, termed as “Markovian Chan-
nel Profiling (MCP)”, fundamentally important for any practical deployment, are

subject of current, ongoing research.

Second, adopting the first of the two aforementioned channel modeling approaches, we
consider the spatially controlled relay beamforming problem for an AF network with a
single source, a single destination, and multiple, controlled at will, relay nodes.

We consider a time slotted system, where the relays update their positions before
the beginning of each time slot. Under a general, rigorous and theoretically grounded
framework, based on a version of the so-called Fundamental Lemma of Stochastic Con-
trol, we propose a novel, 2-stage stochastic programming formulation for specifying
both beamforming weights and relay positions at each time slot. The objective is to
maximize the expected (long term) Quality-of-Service (QoS) of the network, at each
time slot, based on causal Channel State Information (CSI), while respecting a total

transmit power budget at the relays. The resulting motion control problem is shown to
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be equivalent to a set of much simpler, 2-dimensional subproblems, which may be solved
in a distributed fashion, one at each relay. However, these problems are all nonconvex,
and their objectives are impossible to evaluate analytically. Then, two methods are
proposed, one based on the Method of Statistical Differentials, and one relying on the
multidimensional Gauss-Hermite Quadrature Rule (brute force). Both methods allow
approximate, closed form evaluation of the aforementioned objectives, enabling the use
of any preferable nonlinear solver, thus allowing the determination of approximately
optimal relay controls.

Additionally, we show analytically that, although positions are optimized myopi-
cally at each time slot (based on all available CSI, though), the average network QoS
is mondecreasing across time slots, as long as the temporal dependence of the commu-
nication medium is sufficiently strong. Synthetic numerical simulations are presented,
confirming our theoretical predictions and corroborating the efficacy of the proposed
approach.

The extension of this formulation, when the second of the channel modeling ap-
proaches presented above is adopted, in which the channel is modeled as partially ob-

servable Markovian system, is nontrivial and constitutes a subject of further research.
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Chapter 1

Introduction

In the first chapter of this work, we present the basic relay beamforming model, which
will be of central interest in our subsequent developments. Based on this network-
ing model, the problem of spatially controlled beamforming is naturally introduced,
however in an informal and intuitive way. Additionally, the contributions and the out-
line of this dissertation are briefly presented, serving as a roadmap and connecting all

theoretical and applied concepts, presented and developed in this work.

1.1 System Model

On a compact, square planar region W C ]Rz, we consider a wireless cooperative network
consisting of one source, one destination and R € NT assistive relays, as shown in F ig.
?7?7. Each entity of the network is equipped with a single antenna, being able for both
information reception and broadcasting/transmission. The source and destination are
stationary and located at pg € W and pp € W, respectively, whereas the relays
are assumed to be mobile; each relay ¢ € NE moves along a trajectory p; (t) € S C
W — {ps,pp} C W, where, in general, t € R,, and where S is compact. We also
define the supervector p (t) = [pf t) pr (t) ... pR (1) ’ e 8 c R*™!. Additionally,
we assume that the relays can cooperate with each other, either by exchanging local
messages, or by communicating with a local fusion center, through a dedicated channel.
Hereafter, as already stated above, all probabilistic arguments made below presume
the existence of a complete base probability space of otherwise completely arbitrary
structure, prespecified by a triplet (£2,.%,P). This base space models a universal source
of randomness, generating all stochastic phenomena in our considerations.

Assuming that a direct link between the source and the destination does not exist,
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Figure 1.1: A schematic of the system model considered.

the role of the relays is determined to be assistive to the communication, operating in
a two phase Amplify & Forward (AF) relaying mode [1-10]. Fix a T' > 0, and divide
the time interval [0,T] into Np time slots, with t € N]JQT denoting the respective time
slot. Let s(t) € C, with E {|s (t)|2} = 1, denote the symbol to be transmitted at time
slot t. Also, assuming a flat fading channel model, as well as channel reciprocity and
quasistaticity in each time slot, let the sets { f; (t) € C}ieNE and {g; () € C}z‘eNE contain
the random, spatiotemporally varying source-relay and relay-destination channel gains,
respectively. These are further assumed to be evaluations of the separable random
channel fields or maps f (p,t) and g (p,t), respectively, that is, f; (¢) = f (p; (t), ) and
g; (t) = g (p; (t),1), for all i € N and for all ¢ € NJ](,T.

If Py > 0 denotes the transmission power of the source, during AF phase 1, the

signals received at the relays can be expressed as

ri(0) 2/ Pofit) s(t) +n;(t) € C, (1.1)
for all i € Nj; and for all ¢t € N}T, where n; (t) € C, with E {|nZ (t)|2} = ¢, constitutes
a zero mean observation noise process at the ¢-th relay, independent across relays.
During AF phase 2, all relays simultaneously retransmit the information received, each
modulating their received signal by a weight w; (t) € C,i € NE. The signal received at
the destination can be expressed as

y(t)2V/Py Z w;(t) gi(t) ri(t)

ieNg,



=Py Y wilt) gi(t) fi(t) s(t) + D wilt) gi(t) mi(t) + mp(t) € C, (1.2)

ieNg ieNg

signal (transformed) interference + reception noise

for all i € N, and t € N;QT, where np (t) € C, with E {\nD (t)]Q} = o7, constitutes a
zero mean, spatiotemporally white noise process at the destination.

In the following, it is assumed that the channel fields f (p,¢) and g (p,t) may be
statistically dependent both spatially and temporally, and that, as usual, the processes
s(t), [f (p,t) g (p,t)], n; () for all i € Nj, and np (t) are mutually independent. Also,

+ is known

we will assume that, at each time slot ¢, CSI {f; (t>}ieN§ and {g; (t)}ieNR

exactly to all relays. This may be achieved through pilot based estimation.

1.2 AF Beamforming via Convex Optimization

In classical AF relay beamforming, choice of the relay retransmission weights w;(t) ,i €
NE constitutes a central problem. Of course, relay weights should be chosen optimally,
according to some meaningful performance criterion. In the simple, one source, one
destination setting, of interest in this work, we may identify two basic such criteria,
which admit relatively simple solutions, and which, in a sense, may be considered dual

to each other [1,2,9].

1.2.1 Network Quality-of-Service (QoS) Maximization

A fundamentally important beamforming criterion, which will be of central importance
in our work, is that of enhancing network Quality-of-Service (QoS), or, in other words,
maximizing the respective SINR at the destination, subject to a total power budget
at the relays. At each time slot ¢ € NET, given instantaneous CSI and with w (t) =
[wy (t) ... wp (t)]T, this may be achieved by formulating the constrained optimization
problem [2,9]

e Ps (t)
axl1milze
wit)  Priy(t) (1.3)

subjectto Pg(t) < P,



where P (t), Ps (t) and P, y (t) denote the random instantaneous power at the relays,
that of the signal component and that of the interference plus noise component at the
destination (see (1.2)), respectively and where P, > 0 denotes the total available relay
transmission power. Using the mutual independence assumptions regarding CSI related

to the source and destination, respectively, (1.3) can be reexpressed analytically as [9]

maximize wH (t) R (p (t) 7t) w (t)
wt)  od 4wl (1)Qp (), ) w(t) 4

)

subjectto w™ (1)D (p(t),t)w(t) < P,

where, dropping the dependence on (p (t),t) or t for brevity,

T
D £ pyiog (1A 15 - ful?]" ) +0*Tn e 5., (1.5
R £ Pyhh! € ST, with h £ [fi91 fo9o ... frogr]” and (1.6)
T
Q2 otaing ([l ool .- lonl?]” ) €85, (1.7)

Note that the program (1.4) is always feasible, as long as P, is nonnegative. It is well

known that the optimal value of (1.4) can be expressed in closed form as [9]
-1
Vi=V(p(t),t) 2 P, <<U%IR + PCD‘WQD‘W) D‘l/QRD‘W) . (L.8)

for all t € NJJ\F]T. Exploiting the structure of the matrices involved, V, may also be

expressed analytically as [2]

V= Z PPy |f (P (1), 0% g (P (), 1)
o Poob 11 (0 (1), 0 + Peo® lg (p; (1), )" + 0
ieNp,

1.2.2 Total Relay Power Minimization

The second relay beamforming criterion of interest in this work is that of minimizing
the transmission power at the relays, while satisfying a user specified QoS demand at
the destination. This demand is quantified via an explicit lower bound on the achieved

SINR, which has to be strictly respected at the destination. In a sense, this problem



constitutes a dual version of the SINR maximization problem, previously considered in
Section 1.2.1. Its structure, though, is somewhat more complicated, as we shall shortly
see. At each time t € NJJ\F;T and given instantaneous CSI, transmission power minimiza-
tion at the relays this may be achieved by formulating the constrained optimization
problem [2,9]

minimize  Pg (1)

w(t)

Ps (t)

Priy (t)
where Pg (t), Ps(t) and Pp, (t) denote the same quantities as in Section 1.2.1, re-

(1.10)

subject to >(

spectively and where ( > 0 denotes the time slot independent QoS requirement at
the destination, translated in a hard SINR constraint. As with (1.3), (1.10) can be

reexpressed analytically as [9]

D(p(t),t)w(t)

W RO Hw(H)
oh +w™ (1) QP (), )w(t)
where the matrices D (p (¢),t), R(p(t),t) and Q (p (¢),t) are defined as in (1.5),(1.6)

minimize w? (1)
t

) (1.11)

subject to

and (1.7), respectively. Note that, contrary to (1.4), program (1.11) will not be feasible
for any choice of ¢ > 0. This is due to the fact that the constraint in (1.11) may be
expressed equivalently as

w™ (R - (Q)w > (0, (1.12)
from where it trivially follows that, if the matrix R—_Q is strictly negative definite, then
there is no w such that w® (R — ¢Q) w takes a positive value. This fact is important,
as it introduces considerable complications when one is interested in a motion aware
formulation. For now, however, let us assume that ¢ is chosen sufficiently small, such
that (1.11) is feasible; we will revisit this issue later on. Under these circumstances,

the optimal value of (1.4) can be expressed in closed form as [9]

2
¢op

Az (D72 (p(8),6) R (P (1).1) = CQP (). 1)) D (p (1).1))

for all t € N%T. It is very important to observe that, in this case, V, does not ad-

[I>

. (1.13)

mit any known analytical expression, simply because the eigenstructure of the matrix



D~ /2 (R-¢Q) D71/2, being a sum of a full rank and a rank-1 matrices, is, in general,

unknown.

1.3 Spatially Controlled Wireless Communications: Basic Concepts

In both relay beamforming formulations previously presented in Section 1.2, as well
as in distributed, networked communication systems, in general, spatial placement of
network nodes is rarely taken into account as a system design factor, although it is
clear that it could potentially improve the quality of the communication. This is due to
the widely accepted and experimentally validated fact that, at least in most practical
settings in physical layer communications, including relay beamforming, the Channel
State Information (CSI) observed by each node, per channel use, is both spatially and
temporally correlated. It is, therefore, reasonable to ask if and how the performance of
the system could be improved by (predictively) controlling the positions of the network
nodes (e.g., the relays), based on causal side (CSI) information, and exploiting the
spatiotemporal dependencies of the wireless medium.

In this work, this problem is addressed in the context of AF relay beamforming
networks. This novel, cyber-physical system approach to relay beamforming is thereafter
termed as “Spatially Controlled Relay Beamforming”. Intuitively, if, at each time slot ¢,
we are given causal information about the current and past positions of the relays and
the observed CSI, then, naturally, the high-level goal is to try to predictively decide on
the future positions of the relays, which will in some sense further optimize our agreed
future beamforming objective. This should be considered as a temporally dynamic
procedure, as the actions should be determined sequentially across time slots, depending
on what has been observed so far.

There are multiple interesting questions arising in this general concept of spatially
controlled relay beamforming (and wireless communications, in general), and which

need to be addressed. These questions may be categorized as follows:

1. Dynamic Wireless Channel Modeling: We have to agree on a specific model for

describing the spatiotemporal interactions of the communication medium. This



model might be either stochastic or deterministic, either hierarchical (layered) or
simply parametric, and should exhibit certain properties, which will allow precise
problem formulation and performance analysis. Although spatial and temporal
wireless channel models are separately available in the literature, development of
accurate representations for joint spatiotemporal channel modeling constitutes an

active research direction.

2. Scheduling of Communications and Controls: We have to agree on the temporal
order of the different tasks need to be carried out by the network. Should the
relays move-and-beamform (or communicate, in general), beamform-and-move,

or beamform while moving?

3. Formulation: There are multiple choices for meaningful problem formulation.
For example, we might be interested in a multistage or myopic, fully or partially
dynamic, single-period or multi-period formulation. Additionally, what causal

information will be used for updating the locations of the relays?

4. Optimality and Guarantees: It will be readily apparent that rigorous analysis of
such systems is far from trivial. Depending on the particular problem formulation
adopted, the resulting system inherits unique properties, translated into useful
theoretical guarantees. Such guarantees are extremely important in practice,
because they provide performance quantification in advance, prior to numerical

simulation or practical deployment.

Our contributions are generally concentrated around the various subproblems induced
by each of the aforementioned categories. Additionally, this work presents a holis-
tic treatment of the spatially controlled relay beamforming problem, which rigorously
combines relay communications and stochastic motion control into a unified framework.
This framework is sufficient for formulating other interesting and/or extended problems
in spatially controlled communications, as well; several of them are the subject of our

current and future research.



1.4 Contributions of the Dissertation

1.4.1 Performance Analysis of Grid-Based Approximate Nonlinear

Stochastic Filtering

We consider the problem of approximating optimal in the Minimum Mean Squared
Error (MMSE) sense nonlinear filters in a general, discrete time setting. More specifi-
cally, we consider a class of nonlinear, partially observable stochastic systems, comprised
by a (possibly nonstationary) hidden stochastic process (the state), observed through
another conditionally Gaussian stochastic process (the observations). Under general
assumptions, we show that, given an approximating process which, for each time step,
is stochastically convergent to the state process under an appropriate sense, an approx-
imate filtering operator can be defined, which converges to the true optimal nonlinear
filter of the state in a strong and well defined sense. In particular, the convergence is
compact in time and uniform in a completely characterized measurable set of probabil-
ity measure almost unity, also providing a purely quantitative justification of Egoroff’s
Theorem for the problem at hand. The results presented in this work can form a com-
mon basis for the analysis and characterization of a number of heuristic approaches
for approximating optimal nonlinear filters, such as approximate grid based techniques,
known to perform well in a variety of applications.

In particular, we then revisit the development of grid based recursive approximate
filtering of general Markov processes in discrete time, partially observed in conditionally
Gaussian noise. The grid based filters considered rely on two types of state quantiza-
tion: The Markovian type and the marginal type. We propose a set of novel, relaxed
sufficient conditions, ensuring strong and fully characterized pathwise convergence of
these filters to the respective MMSE state estimator. In particular, for marginal state
quantizations, we introduce the notion of conditional reqularity of stochastic kernels,
which, to the best of our knowledge, constitutes the most relaxed condition proposed,
under which asymptotic optimality of the respective grid based filters is guaranteed.
Further, we extend our convergence results, including filtering of bounded and continu-

ous functionals of the state, as well as recursive approximate state prediction. For both



Markovian and marginal quantizations, the whole development of the respective grid
based filters relies more on linear-algebraic techniques and less on measure theoretic
arguments, making the presentation considerably shorter and technically simpler.

This work has been published in:

e D. S. Kalogerias and A. P. Petropulu, “Asymptotically Optimal Discrete Time
Nonlinear Filters From Stochastically Convergent State Process Approximations,”
IEEE Transactions on Signal Processing, vol. 63, no. 13, pp. 3522 — 3536, July
2015.

e D. S. Kalogerias and A. P. Petropulu, “Grid-Based Filtering of Markov Processes
Revisited: Recursive Estimation & Asymptotic Optimality,” IEEE Transactions

on Signal Processing, vol. 64, no. 16, pp. 4244 - 4259, July 2016.

1.4.2 Hierarchical Wireless Channel Modeling & Markovian Channel
Profiling (MCP)

We propose a nonlinear filtering framework for approaching the problems of channel
state tracking and spatiotemporal channel gain prediction in mobile wireless networks,
in a Bayesian setting. We assume that the (log-scale) wireless channel constitutes
an observable (by the sensors/network nodes), spatiotemporal, conditionally Gaussian
stochastic process, which is statistically dependent on a set of hidden channel parame-
ters, called the channel state. The channel state evolves in time according to a known,
non stationary, nonlinear and/or non Gaussian Markov stochastic kernel. Recognizing
the intractability of general nonlinear state estimation, we advocate the use of grid
based approximate filters as an effective and robust means for recursive tracking of
the channel state. We propose a sequential spatiotemporal predictor for tracking the
channel gains at any point in time and space, providing real time sequential estimates
for the respective channel gain map, for each sensor in the network. Non trivial, real
time recursive estimators of the variance of the channel gain map predictions are also
developed. Additionally, we show that all three estimators converge towards the true

respective MMSE optimal estimators, in a common, relatively strong sense. Numerical
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simulations corroborate the effectiveness of the proposed approach.

This work has been published in:

e D. S. Kalogerias and A. P. Petropulu, “Nonlinear SpatioTemporal Channel Gain
Map Tracking in Mobile Cooperative Networks,” 16th IEEE International Work-
shop on Signal Processing Advances in Wireless Communications (SPAWC 2015),
Stockholm, Sweden, June/July 2015.

e D. S. Kalogerias and A. P. Petropulu, “Sequential channel state tracking & spa-
tiotemporal channel prediction in mobile wireless sensor networks,” CSPL Tech-
nical Report, Rutgers, The State University of New Jersey, 2015. Available at

Arxiv.

e A. Dimas, C. Koumpouzi, D. S. Kalogerias and A. P. Petropulu, “Markovian
Channel Profiling: Parameter Estimation & Space-Time Recursive Tracking”,

under preparation, 2017.

1.4.3 Spatially Controlled Relay Beamforming via Distributed Stochas-

tic Programming

The problem of enhancing Quality-of-Service (QoS) in power constrained, mobile re-
lay beamforming networks, by optimally and dynamically controlling the motion of
the relaying nodes, is considered, in a dynamic channel environment. We assume a
time slotted system, where the relays update their positions before the beginning of
each time slot. Modeling the wireless channel as a Gaussian spatiotemporal stochastic
field, we propose a novel 2-stage stochastic programming problem formulation for op-
timally specifying the positions of the relays at each time slot, such that the expected
QoS of the network is maximized, based on causal Channel State Information (CSI)
and under a total relay transmit power budget. This results in a schema where, at
each time slot, the relays, apart from optimally beamforming to the destination, also
optimally, predictively decide their positions at the next time slot, based on causally

accumulated experience. Exploiting either the Method of Statistical Differentials, or
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the multidimensional Gauss-Hermite Quadrature Rule, the stochastic program consid-
ered is shown to be approximately equivalent to a set of simple subproblems, which are
solved in a distributed fashion, one at each relay. Optimality and performance of the
proposed spatially controlled system are also effectively assessed, under a rigorous tech-
nical framework; strict optimality is rigorously demonstrated via the development of an
original version of the Fundamental Lemma of Stochastic Control, and, performance-
wise, it is shown that, quite interestingly, the optimal average network QoS exhibits an
increasing trend across time slots, despite our myopic problem formulation. Numerical
simulations are presented, experimentally corroborating the success of the proposed
approach and the validity of our theoretical predictions.

This work has been published in:

e D. S. Kalogerias and A. P. Petropulu, “Mobile Beamforming & Spatially Con-
trolled Relay Communications,” 41st IEEE International Conference on Acous-
tics, Speech and Signal Processing (ICASSP 2014), Shanghai, China, March 2016

(invited, selected as the “Best Paper of the Special Sessions”).

e D. S. Kalogerias and A. P. Petropulu, “Enhancing QoS in Spatially Controlled
Beamforming Networks via Distributed Stochastic Programming,” 42nd IEEE In-

ternational Conference on Acoustics, Speech and Signal Processing (ICASSP

2017), New Orleans, LA, USA, March 2017.

e D. S. Kalogerias and A. P. Petropulu, “Spatially Controlled Relay Beamform-
ing, Part I: 2-Stage QoS Enhancement Policies,” IEEE Transactions on Signal

Processing, to be submitted in early 2017.

e D. S. Kalogerias and A. P. Petropulu, “Spatially Controlled Relay Beamform-
ing, Part II: Optimality Analysis € Extensions,” IEEE Transactions on Signal

Processing, to be submitted in early 2017.
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1.5 Outline of the Dissertation

The rigorous investigation of the spatially controlled beamforming problem has led
to the development of fundamental and generally applicable theoretical contributions,
as well, especially in the context of approximate Bayesian inference and stochastic
nonlinear filtering. Therefore, we have decided to dedicate separate chapters to the
presentation of general theoretical results. Those chapters will be usually presented
prior to the relevant chapters discussing wireless channel modeling, and the actual
formulation of the spatially controlled relay beamforming problem.

In Chapter 2, we present a complete and rigorous analysis of approximate nonlinear
filtering in discrete time, with a focus on grid-based approximate nonlinear filtering of
Markov processes, observed in conditionally Gaussian noise. First, a general asymptotic
result is established, regarding general, possibly non-Markovian approximate filters.
Subsequently, this result is exploited in order to provide strong asymptotic optimality
guarantees for grid-based, recursive approximate filters, under various settings. The
analysis is theoretically precise and is presented under a convenient measure-theoretic
framework.

Chapter 3 is devoted to the discussion of the two distinct channel modeling ap-
proaches advocated and exploited in the dissertation. The two models are presented
under the assumption of a set of possibly mobile, single antenna nodes in the space,
communicating with some spatially fixed, reference base station. The first of these
models is based on parametric spatiotemporal Gaussian random fields. We present a
complete formulation of the model, its basic functional characteristics, as well as its
fundamental topological properties. The second channel model constitutes a hierar-
chical Bayesian modeling approach, where the communication medium is described as
a partially observable Markovian system. The hidden layer of the system, called the
channel state, which models the temporal changes in the surrounding environment, af-
fects the spatiotemporally interacting, actual channel magnitudes in a nonlinear way.
Leveraging our results from Chapter 2, we present a rigorous treatment of the prac-

tically important problems of spatiotemporal channel state estimation and channel
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map tracking/prediction, under a grid-based approximate nonlinear filtering frame-
work. Synthetic numerical simulations are also presented, confirming the effectiveness
of our approach.

Chapter 4 deals with the main problem of interest in the dissertation, namely, that
of properly formulating the spatially controlled relay beamforming problem under rea-
sonable assumptions, as well as providing a viable and effective solution. In this chapter,
we adopt exclusively the parametric spatiotemporal random field channel model pre-
sented in Chapter 3, mainly because of its practical relevance and simple structure.
The beamforming under consideration is selected to be the QoS maximization prob-
lem, introduced earlier in Section 1.2.1. The main idea in Chapter 4 is to formulate
the spatially controlled relay beamforming problem, under a fully dynamic stochastic
environment. In such a dynamic formulation, and assuming a time slotted system, the
relays are expected to update their positions at each time slot, based on their experience
accumulated so far, in order to further enhance the QoS of the network. We propose
a myopic stochastic programming framework, where, at each time slot, the relays opti-
mize their positions at the next time slot, based on CSI accumulated up to the current
time slot. Optimality and performance of the proposed system is technically justified,
under a rigorous, measure theoretic framework. Additionally, representative numerical
simulations are presented, confirming the success of the proposed approach, as well as
our theoretical predictions.

Finally, Chapter 5 concludes the dissertation and provides various directions for

further research and development.

1.6 Notation

It will be soon noticeable to the reader that mathematical notation in each of the
chapters to follow is somewhat intense. We will freely redefine variables, but all notation
will be consistent within sections. However, same basic conventions will be universal
throughout the main body of the dissertation, as follows.

Whenever applicable, the state vector will be represented as X;, its approximations
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as XtL 5, All other matrices and vectors, either random or not, will be denoted by
boldface letters (to be clear by the context). Real valued random variables and abstract
random elements will be denoted by uppercase letters. Calligraphic letters and formal
script letters will denote sets and o-algebras, respectively. Table 1.1 shows a list of
common, additional conventions, which have been globally adopted in the dissertation.
Additional special purpose notation will be specified explicitly, within each respective

section.



Table 1.1: Notation

Symbol Meaning

= “equals” (indirect equivalence)

= “coincides” (immediate equivalence)
LS “equals by definition”

(-)T Matrix transposition

Amin, (4) Minimum eigenvalue operator

Amaz (*) Maximum eigenvalue operator

Q
——
—

o-algebra generated by (+)
(a random element)

], z € C"

¢,-norm of a vector;
1
ll, 2 (T e, @ € C”

X5, X € C™

Spectral norm of a matrix;
X[, £ maxg,=1 [ Xzl

X, X € C*

Frobenius norm of a matrix;

X[, 2 /30 X

X>0,XeC™"

Positive demidefiniteness

X >0 XeC™"

Positive definiteness

I, orl, botheC""

Finite dimensional
identity operator of dimension n.

R+ [0700)

Ryt (0, 00)

NT {1,2,..}

N, neN' {1,2,...,n}

N, neNT {0}UN; ={0,1,2,...,n}
{A,B} x {C,D} {AXxC,AxD,BxC,Ax D}

(A, B, C, D are sets)

(overloading of the Cartesian Product)

15



16

Chapter 2

Grid-Based Nonlinear Stochastic Filtering

A novel, complete and rigorous convergence analysis of approximate nonlinear filtering
in discrete time is presented. The ultimate focus of the analysis is grid-based approxi-
mate nonlinear filtering of Markov processes, observed in conditionally Gaussian noise.
First, a general asymptotic result is established, applicable to general, possibly non-
Markovian, non-recursive approximate estimators. Then, this result is exploited, pro-
viding strong asymptotic optimality guarantees for grid-based, recursive approximate

filters, under various settings.

2.1 Asymptotically Optimal Discrete Time Nonlinear Filters From

Stochastically Convergent State Process Approximations

2.1.1 Introduction

Nonlinear stochastic filtering refers to problems in which a stochastic process, usually
called the state, is partially observed as a result of measuring another stochastic pro-
cess, usually called the observations or measurements, and the objective is to estimate
the state or some functional of it, based only on past and present observations. The
nonlinearity is due to the general, possibly non Gaussian nature of the state and ob-
servations processes, as well as the fact that, in general, the state may be partially
observed as a nonlinear functional of the observations. Usually, nonlinear state estima-
tors are designed so as to optimize some performance criterion. Most commonly, this
corresponds to the Minimum Mean Squared Error (MMSE), which is also adopted in
this work.

A desirable feature of a nonlinear filter is recursiveness in time, as it greatly reduces
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computational complexity and allows for real time estimation as new measurements
become available. However, not all nonlinear filters possess this important property
[11,12]. Recursive nonlinear filters exist for some very special cases, such as those
in which the transition model of the state process is linear (Gauss-Markov), or when
the state is a Markov chain (discrete state space) [13-16]. In the absence of recursive
filter representations, practical filtering schemes have been developed, which typically
approximate the desired quantities of interest, either heuristically (e.g., Gaussian ap-
proximations [17,18]) or in some more powerful, rigorous sense (e.g., Markov chain
approximations [19, 20]).

In this work, we follow the latter research direction. Specifically, we consider a
partially observable system in discrete time, comprised by a hidden, almost surely
compactly bounded state process, observed through another, conditionally Gaussian
measurement process. The mean and covariance matrix of the measurements both
constitute nonlinear, time varying and state dependent functions, assumed to be known
apriori. Employing a change of measure argument and using the original measurements,
an approximate filtering operator can be defined, by replacing the “true” state process
by an appropriate approximation. Our contribution is summarized in showing that if
the approximation converges to the state either in probability or in the C-weak sense
(Section I1.C), the resulting filtering operator converges to the true optimal nonlinear
filter in a relatively strong and well defined sense; the convergence is compact in time and
uniform in a measurable set of probability measure almost unity (Theorem 2.3). The
aforementioned set is completely characterized in terms of a subset of the parameters of
the filtering problem of interest. Consequently, our results provide a purely quantitative
justification of Egoroff’s theorem [21] for the problem at hand, which concerns the
equivalence of almost sure convergence and almost uniform convergence of measurable
functions.

To better motivate the reader, and in order to embed the problems to be considered
in the framework of the dissertation, let us describe two problems that fit the scenario
described above and can benefit from the contributions of this work, namely, those of

sequential channel state estimation and (sequential) spatiotemporal channel prediction.
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These problems will be considered in detail later in Chapter 3. Modern distributed
networks usually consist of cooperating mobile sensors, each of them being capable
of observing its communication channel (under a flat fading assumption), relative to
a reference point in the space. In most practical scenarios, the dominant quantities
characterizing the wireless links, such as the path loss exponent and the shadowing
power, may be modeled as stochastic processes themselves. For instance, such behavior
may be due to physical changes in the environment and also the inherent randomness
of the communication medium itself. Then, the path loss exponent and the shadowing
power can be collectively considered as the hidden state (suggestively called the channel
state) of a partially observable system, where the channel gains measured at each sensor
can be considered as the corresponding observations. In general, such observations are
nonlinear functionals of the state. Assuming additionally that the channel state is
a Markov process, the main results presented herein can essentially provide strong
asymptotic guarantees for approximate sequential nonlinear channel state estimation
and spatiotemporal channel prediction, enabling physical layer aware motion planning
and stochastic control. For more details, the reader is referred to Chapter 3.

The idea of replacing the process of interest with some appropriate approximation
is borrowed from [20]. However, [20] deals almost exclusively with continuous time
stochastic systems and the results presented in there do not automatically extend to
the discrete time system setting we are dealing with here. In fact, the continuous time
counterparts of the discrete time stochastic processes considered here are considerably
more general than the ones treated in [20]. More specifically, although some relatively
general results are indeed provided for continuous time hidden processes, [20] is primar-
ily focused on the standard hidden diffusion case, which constitutes a Markov process
(and aiming to the development of recursive approximate filters), whereas, in our set-
ting, the hidden process is initially assumed to be arbitrary (as long as it is confined to
a compact set). Also, different from our formulation (see above), in [20], the covariance
matrix of the observation process does not depend on the hidden state; the state affects
only the mean of the observations. Further, the modes of stochastic convergence con-

sidered here are different compared to [20] (in fact, they are stronger), both regarding
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convergence of approximations and convergence of approximate filters.

The results presented in this work provide a framework for analyzing a number of
heuristic techniques for numerically approximating optimal nonlinear filters in discrete
time, such as approximate grid based recursive approaches, known to perform well in
a wide variety of applications [22,23]. Additionally, our results do not refer exclusively
to recursive nonlinear filters. The sufficient conditions which we provide for the conver-
gence of approximate filtering operators are independent of the way a filter is realized
(see Section 2.1.3). This is useful because, as highlighted in [24], no one prevents one
from designing an efficient (approximate) nonlinear filter which is part recursive and
part nonrecursive, or even possibly trying to combine the best of both worlds, and there

are practical filters designed in this fashion [24].

2.1.2 Partially Observable System Model & Technical Preliminaries

In this section, we give a detailed description of the partially observable (or hidden)
system model of interest and present our related technical assumptions on its compo-
nents. Additionally, we present some essential background on the measure theoretic
concept of change of probability measures and state some definitions and known re-
sults regarding specific modes of stochastic convergence, which will be employed in our

subsequent theoretical developments.

2.1.2.1 Hidden Model: Definitions & Technical Assumptions

First, let us set the basic probabilistic framework, as well as precisely define the hidden

system model considered throughout this work:

e All stochastic processes considered below are fundamentally generated on a com-
mon complete probability space (the base space), defined by a triplet (Q, %, P),
at each time instant taking values in a measurable state space, consisting of some
Fuclidean subspace and the associated Borel o-algebra on that subspace. For
example, for each ¢ € N, the state process X; = X, (w), where w € , takes

its values in the measurable state space (RMXl, PB (RMX1)>, where £ (RMXI)
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constitutes the Borel g-algebra of measurable subsets of RM*1,

e In this work, the evolution mechanism of state process X, is assumed to be arbi-
trary. However, in order to avoid unnecessary technical complications, we assume
that, for each ¢ € N, the induced probability measure of X, is absolutely contin-
uous with respect to the Lebesgue measure on its respective state space. Then,
by the Radon-Nikodym Theorem, it admits a density, unique up to sets of zero
Lebesgue measure. Also, we will generically assume that for all t € N, X, € Z

MxT 1) what

almost surely, where Z constitutes a compact strict subset of R
follows, however, in order to lighten the presentation, we will assume that M = 1.
Nevertheless, all stated results hold with the same validity if M > 1 (See also

Assumption 2.2 below).

e The state X, is partially observed through the observation process
Ve 2 (X)) +o,(X)+& RV, VteN, (2.1)

where, conditioned on X, and for each ¢ € N, the sequence {ut 2 RNXl} N
te

is known apriori, the process o, (X;) ~ N (0,%, (X;) > 0) constitutes Gaussian

noise, with the sequence {¥; : Z — Dy}, y, where Dy is a bounded subset of

RNXN, also known apriori, and &, LY (0, UgINxN)'

As a pair, the state X; and the observations process described by (2.1) define a very wide
family of partially observable systems. In particular, any Hidden Markov Model (HMM)
of any order, in which the respective Markov state process is almost surely confined in
a compact subset of its respective Euclidean state space, is indeed a member of this

family. More specifically, let us rewrite (2.1) in the canonical form
i =y (X;) +VCp (X)u, e RV weeN, (2.2)

where u, = u, (w) constitutes a standard Gaussian white noise process and, for all
r € Z, C(x) & T, (x)+ O'EINXN € D¢, with Dg bounded. Then, for a possibly
nonstationary HMM of order m, assuming the existence of an explicit functional model

for describing the temporal evolution of the state (being a Markov process of order m),
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we get the system of standardized stochastic difference equations

X = [ <{Xt—i}z‘eNII ’Wt> €z

ye = py (Xy) + m’ut

where, for each t, f, : Z™ x W ¥3 Z (with 2™ £ X,,, times Z) constitutes a measurable

, VteN, (2.3)

nonlinear state transition mapping and W, = W, (w) € W C RMw>1 " denotes a
(discrete time) white noise process with state space W. For a first order stationary

HMM, the above system of equations reduces to

X, =f(Xy, Wy ez
, VteN, (2.4)

Yi = e (Xp) + VCy (Xp)wy
which arguably constitutes the most typical partially observable system model encoun-
tered in both Signal Processing and Control, with plethora of important applications.

Let us also present some more specific assumptions, regarding the nature (bound-

edness, continuity and expansiveness) of the aforementioned sequences of functions.

Assumption 2.1. (Boundedness) For later reference, let

Aing 2 inf inf A, (C 9.

inf ggN ;22 man ( t (x)) ) ( 5)

)‘SULD 2 sup sup /\maz‘ (Ct (x)) ’ (26)
teN zeZ

Psup = supsup [l (2]l (2.7)
teN zeZ

where each quantity of the above is uniformly and finitely bounded for all ¢ € N and
for all x € Z. If x is substituted by the stochastic process X; (w), then all the above
definitions continue to hold in the essential sense. For technical reasons related to the
bounding-from-above arguments presented in Section IV, containing the proof of the
main result of this work, it is also assumed that A;,; > 1, a requirement which can

always be satisfied by appropriate normalization of the observations.

Assumption 2.2. (Continuity & Expansiveness) All members of the functional

family { et Z— ]RNXI} N are uniformly Lipschitz continuous, that is, there exists a
te
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bounded constant K, € R, such that, for all ¢ € N,

e (2) — g W)y < Kplo—yl, Y(z,y) € ZxZ. (2.8)

Additionally, all members of the functional family {Et : Z+—Dx C RNXN} N are
te
elementwise uniformly Lipschitz continuous, that is, there exists some universal and

bounded constant Ky, € R, , such that, for all t € N and for all (4, j) € N§ x N§,
3 () =3 (y)| < Ksle—yl, V(ry) eZxZz (2.9)

If = is substituted by the stochastic process X; (w), then all the above statements are

understood in the almost sure sense.

Remark 2.1. As we have already said, for simplicity, we assume that Z C R, that is,
M = 1. In any other case (when M > 1), we modify the Lipschitz assumptions stated
above simply by replacing |z — y| with ||x — y/||;, that is, Lipschitz continuity is meant
to be with respect to the ¢; norm in the domain of the respective function. If this
holds, everything that follows works also in RM>1, just with some added complexity
in the proofs of the results. Also, because [|x||, < ||x||; for any x € R the assumed
Lipschitz continuity with respect to £; norm can be replaced by Lipschitz continuity
with respect to the ¢, norm, since the latter implies the former, and again everything
holds. Further, if M > 1, convergence in probability and £; convergence of random
vectors are both defined by replacing absolute values with the ¢; norms of the vectors

under consideration. [ |

2.1.2.2 Conditional Expectations, Change of Measure & Filters

Before proceeding with the general formulation of our estimation problem and for later

reference, let us define the complete natural filtrations of the processes X; and y; as

(23} en 2 {a {{Xi}iENt}}teN and (2.10)
Bhen 2 {o {vibien } . (2.11)

respectively, and also the complete filtration generated by both X, and y, as

{#i}ien = {U {{XiaYi}ieNz}}teN' (2.12)
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In all the above, o {Y'} denotes the o-algebra generated by the random variable Y.
In this work, we adopt the MMSE as an optimality criterion. In this case, one would

ideally like to discover a solution to the stochastic optimization problem

—~ |12
inf E {HXt _ XtHz}

subjectto E {)?t‘ @t} = )?t

vt €N, (2.13)

where the constraint is equivalent to confining the search for possible estimators )?t
to the subset of interest, that is, containing the ones which constitute %;-measurable
random variables. Of course, the solution to the program (2.13) coincides with the

conditional expectation [25]
E{X,|%}=X, VteN, (2.14)

which, in the nonlinear filtering literature, is frequently called a filter. There is also an
alternative and very useful way of reexpressing the filter process )?t, using the concept
of change of probability measures, which will allow us to stochastically decouple the
state and observations of our hidden system and then let us formulate precisely the
approximation problem of interest in this work. Change of measure techniques have
been extensively used in discrete time nonlinear filtering, mainly in order to discover
recursive representations for various hidden Markov models [12,15,16,26]. In the follow-
ing, we provide a brief introduction to these type of techniques (suited to our purposes)
which is also intuitive, simple and technically accessible, including direct proofs of the

required results.

Change of Probability Measure in Discrete Time:

Demystification € Useful Results

So far, all stochastic processes we have considered are defined on the base space
(Q, %, P). In fact, it is the structure of the probability measure P that is responsible
for the coupling between the stochastic processes X, and y;, being, for each ¢ € N,
measurable functions from (Q2,.7) to (R, % (R)) and (RN,%’ (]RN)), respectively. In-

tuitively, the measure P constitutes our “reference measurement tool” for measuring
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the events contained in the base g-algebra %, and any random variable serves as a
“medium” or “channel” for observing these events.

As a result, some very natural questions arise from the above discussion. First,
one could ask if and under what conditions it is possible to change the probability
measure P, which constitutes our fired way of assigning probabilities to events, to
another measure P on the same measurable space (€2,.%), in a way such that there
exists some sort of transformation connecting P and P. Second, if we can indeed
make the transition from P to ﬁ, could we choose the latter probability measure in a
way such that the processes X; and y; behave according to a prespecified statistical
model? For instance, we could demand that, under ﬁ, X, and y,; constitute independent
stochastic processes. Third and most important, is it possible to derive an expression
for the “original” filter X, = Ep { X;| %} under measure P, using only (conditional)
expectations under P (denoted as Es{-[-})?

The answers to all three questions stated above are affirmative under very mild
assumptions and the key result in order to prove this assertion is the Radon-Nikodym
Theorem [27]. However, assuming that the induced joint probability measure of the
processes of interest is absolutely continuous with respect to the Lebesgue measure of
the appropriate dimension, in the following we provide an answer to these questions,
employing only elementary probability theory, avoiding the direct use of the Radon-

Nikodym Theorem.

Theorem 2.1. (Conditional Bayes’ Theorem for Densities) Consider the (possi-
bly vector) stochastic processes X, (w) € RN and Y, (w) € RM*Y, both defined on the
same measurable space (Q,.F), for all t € N. Further, if P and P are two probability

measures on (2, F), suppose that:

e Under both P and ﬁ, the process X; is integrable.

e Under the base probability measure P (resp. 75), the induced joint probability mea-
sure of
<{Xi}i€Nt , {Yi}ieNt) is absolutely continuous with respect to the Lebesgue mea-

sure of the appropriate dimension, implying the existence of a density f, (resp.
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1.), with
fi: < X RNN) X < x RMN> — Ry (2.15)

ieN, ieN,

e For each set of points, it is true that

ﬁ(...)

= fi(--) =0, (2.16)
or, equivalently, the support of f; is contained in the support of f;

Also, for allt € N, define the Likelihood Ratio (LR) at t as the {J¢}-adapted, nonneg-

. . 1
ative stochastic process

At ey Q(XOMXM--'7Xt7Y07Y717-'-aYVt)' (217)
fi (X, X4y, X0, Y0, Y0, ... Y))

Then, it is true that
Es { XiAf| 2}

XtEEP{Xt|%}EW> (2.18)
almost everywhere with respect to P.
Proof of Theorem 2.1. See Section 2.1.6 (Appendix). |
Remark 2.2. The {7 }-adapted LR process
Ay =My (Xt 2 {Xi}ieNt DV & {}/i}ieNt> , tel, (2.19)

as defined in (2.17), actually coincides with the restriction of the Radon-Nikodym

derivative of P with respect to P to the filtration {4} e, that is,

dP (w)

P ) =N (X (W), Y (w), VteN, (2.20)

S,

a statement which, denoting the collections {xi}ieNt and {yi}ieNt as x; and 1, respec-

tively, is rigorously equivalent to
P = [ )9 w) 4P )

- / A () Py (031
B

L With zero probability of confusion, we use {#}ien and {6}, oy to denote the complete filtrations
generated by Y, and {X;,Y;}.
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=Py, (B) =P (X, ) € B), (2.21)

(2.22)
VF 2 {we Q& (W), (w) € B}y € # and (2.23)
VB € <i§%t@ (RNZ'“)) ® (g}t@ (RMN)) , VteN, (2.24)

respectively (in the above, “®” denotes the product operator for o-algebras). Of course,
the existence and almost everywhere uniqueness of A, are guaranteed by the Radon-
Nikodym Theorem, provided that the base measure P is absolutely continuous with
respect to P on 7 (P < A, P). Further, for the case where there exist densities
characterizing P and P (as in Theorem 1), demanding that P < P is precisely
equivalent to demanding that (2.16) is true and, again through the Radon-Nikodym
Theorem, it can be easily shown that the derivative A, actually coincides with the

likelihood ratio process defined in (2.17), almost everywhere. |

Now, let us apply Theorem 1 for the stochastic processes X; and y,, comprising our
partially observed system, as defined in Section II.A. In this respect, we present the

following result.

Theorem 2.2. (Change of Measure for the Hidden System under Study)
Consider the hidden stochastic system of Section II.A on the usual base space (2, 7, P),

Nx1

where X; € Z andy; € R , almost surely Vt € N, constitute the hidden state process

and the observation process, respectively. Then, there exists an alternative, equivalent

to P, base measure P on (Q,.%), under which:

o The processes X; and y, are statistically independent.
o X, constitutes a stochastic process with exactly the same dynamics as under P.

o y; constitutes a Gaussian vector white noise process with zero mean and covari-

ance matriz equal to the identity.

Additionally, the filter )/(\'t can be expressed as in (2.18), where the {7} -adapted stochas-

tic process Ny, t € N is defined as in (2.25) (top of next page).
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AE T (2.25)
ieN,

eXp(; Hyng . % (Yi—mi (Xz‘))T (Ei (Xi)+U§INxN)_1(Yi_Ui (Xi)))

lI>

1€N, \/det (21 (X,L) + UgINxN)

exp [ 537 Iyilld = (v (6T (2 (%) 402y (v (X))

ieN,
I1 \/det (21- (X,) + a?INxN>

i€N,

S

Proof of Theorem 2. Additionally to the similar identifications made above (see (2.19))

and for later reference, let

Vi 2 {yitien, and % = {y;}icy, - (2.26)

First, we construct the probability measure 75, this way showing its existence. To
accomplish this, define, for each ¢t € N, a probability measure 75Rt on the measurable

space (R;, & (R;)), where

R, = ( X ]R) X < X ]RNXl), (2.27)
i€N, ieN,

being absolutely continuous with respect to the Lebesgue measure on (R;, # (R;)) and

with density f"; : R — R,. Since, for each t € N, the processes X, (w) and y; (w) are

both, by definition, fized and measurable functions from (2, .74) to (R, B (R;)), with?
%Q%Méa{U%} CZ, (2.28)

teN

measuring any B € £ (R;) under 73721 can be replaced by measuring the event (preim-

age)

{weQ(X,Y,) € BY € # under another measure, say P, defined collectively for

all ¢ € N on the general measurable space (2, .7,) as

P{weQl(X,¥) € B =P ((X,¥,) € B) 2 Pg, (B), VBeB(R,).

2%00 constitutes the join, that is, the smallest o-algebra generated by the union of all 7, Vt € N.
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That is, the restriction of the probability measure P to the o-algebra 2 is induced by
the probability measure ﬁRw (also see Kolmogorov’s Extension Theorem [12]). Further,
in order to define the alternative base measure P fully on (2,.#), we have to extend
its behavior on the remaining events which belong to the potentially finer o-algebra %
but are not included in 5. However, since we are interested in change of measure
only for the augmented process (X}, Y;), these events are irrelevant to us. Therefore, P
can be defined arbitrarily on these events, as long as it remains a valid and consistent
probability measure.

Now, to finalize the construction of the restriction of P to F6,¥t € N, we have to
explicitly specify the density of 75Rt, or, equivalently, of the joint density of the random
variables (X}, Y;), ﬁ, for all t € N. According to the statement of Theorem 2, we have

to demand that

ﬁ (7&7.%) = fyt‘Xt (yt‘ Xf») th (?&)
= J?yt (yt) fx, (%)

= I1 /. o) | £ ()

i€N,

11 fx, (%)

i€N, (2m)N

1 2
exp _2'E§N ;I
= - fr, (%) - (2.29)
(2m)NE+D

Next, by definition, we know that, under P, the joint density of (X,,Y;) can be

expressed as
fe (1) = fyx, (3] %) fa, (26)

= | II fyux (wil @) | £, ()

i€N,
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_T ~—1_
exp (yi Ci2 yi)

= > fx, (%)
ieN, 1/ det (C;) (27)
Y; CZ Yi
exp Z —5
€N
_ : . (), (230
[ Vaet(Cy) | / 2m) ¥+
ieN,
where, for all ¢t € N,
Y= (w) 2y, — py (w) e RV and (2.31)
C,=Cy(zy) =%y () + UEINXN € Dc, (2.32)

where Dg constitutes a bounded subset of RY Y. From (2.29) and (2.30), it is obvious
that the sufficient condition (2.16) of Theorem 1 is satisfied (actually, in this case, we
have an equivalence; as a result, the change of measure is an invertible transformation).
Applying Theorem 1, (2.18) must be true by defining the {7 }-adapted stochastic
process

At = At (Xtv yt) £ ‘]3 (Xt’ yt) Jiytlxt (yt‘ Xt) = fytlj(t (yt’ Xt)

F XY fyx (VX)) fy, (V)

o [ 5 13l = (7 (X0)” (G103 ()

i€N 2
= - , (2.33)
H Vdet (C; (X))
ieN,
or, alternatively,
ly:ll; = (7 (X)) (C; (X)) 7'y (X))
exp GZN 5
A=TINE T s : (2.34)
i€N, ieN, det (C; (X;))
therefore completing the proof. |

2.1.2.3 Weak & C-Weak Convergence of (Random) Probability Measures

In the analysis that will take place in Section IV, we will make use of the notions of

weak and conditionally weak (C-weak) convergence of sequences of probability measures.
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Thus, let us define these notions of stochastic convergence consistently, suited at least

for the purposes of our investigation.

Definition 2.1. (Weak Convergence [28]) Let S be an arbitrary metric space, let
7 £ % (S) be the associated Borel o-algebra and consider a sequence of probability
measures {7, },y on .. If 7 constitutes another “limit” probability measure on .7

such that

TLILH;OWTL (A) =m(A), (2.35)

VA € . such that 7 (0.A) =0,

where dA denotes the boundary set of the Borel set A, then we say that the sequence

{mn}nen converges to m weakly or in the weak sense and we equivalently write

T, RANFS (2.36)

Of course, weak convergence of probability measures is equivalent to weak conver-
gence or convergence in distribution, in case we are given sequences of (.59, .%)-valued
random variables whose induced probability measures converge in the aforementioned
sense.

Next, we present a definition for conditionally weak convergence of probability mea-
sures. To avoid possibly complicating technicalities, this definition is not presented in
full generality. Rather, it is presented in an appropriately specialized form, which will

be used later on, in the analysis that follows.

Definition 2.2. (Conditionally Weak Convergence) Let (£, .#,P) be a base prob-
ability triplet and consider the measurable spaces (Si, AR (Sl)) ,i ={1,2}, where
S; and S, constitute a complete separable metric (Polish) space and an arbitrary metric
space, respectively. Also, let {X7 : Q — S1}nen be a sequence of random variables, let
Xy : 2 — S, be another random variable and consider the sequence of (regular) induced

conditional probability distributions (or measures) P}{L‘XQ 0. x Q0 — [0, 1], such that

Py, (Al X2 (@) =P (XT € Al {Xp}), (2.37)
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P — a.e., for any Borel set A € 7. If X; : Q@ — &; constitutes a “limit” random

variable, whose induced conditional measure Py |x, : /1 x Q — [0, 1] is such that

lim 7’};1|X2 (Al X3 (w)) =Px,x, (Al Xz (w)),

nTree (2.38)
VA € . such that 7 (0A) =0 and P — a.e.,
then we say that the sequence {P}H X, }nEN converges to P x, |x, conditionally weakly

(C-weakly) or in the conditionally weak (C-weak) sense and we equivalently write

n w
Px{“xg (| X2) e Px,1x, (1 X2)- (2.39)

Remark 2.3. Actually, C-weak convergence, as defined above, is strongly related to
the more general concepts of almost sure weak convergence and random probability

measures. For instance, the reader is referred to the related articles [29] and [30]. W

Further, the following lemma characterizes weak convergence of probability mea-

sures (and random variables) [28].

Lemma 2.1. (Weak Convergence & Expectations) Let S be an arbitrary met-
ric space and let . = B (S). Suppose we are given a sequence of random variables
{X"}, en and a “limit” X, all (S,.)-valued, but possibly defined on different base prob-
ability spaces, with {Pyn}, . and Px being their induced probability measures on .7,

respectively. Then,

X" n%O X & Pyn n%o Py, (2.40)
if and only if
B{H X} = [ faPyr = [ FaPc =B {7 (00}, (2.41)

for all bounded, continuous functions f : S — R.

Of course, if we replace weak convergence by C-weak convergence, Lemma 2.1 con-
tinues to hold, but, in this case, (2.41) should be understood in the almost everywhere
sense (see, for example, [30]). More specifically, under the generic notation of Definition

2.2 and under the appropriate assumptions according to Lemma 2.1, it will be true that

E{f(XT)[ X2} (W) — B{S (X1)| Xo} (@), (2.42)
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for almost all w € Q.

2.1.3 Problem Formulation & Statement of Main Results

In this section, we formulate the problem of interest, that is, in a nutshell, the problem
of approximating a nonlinear MMSE filter by another (asymptotically optimal) filtering
operator, defined by replacing the true process we would like to filter by an appropriate
approximation. Although we do not deal with such a problem here, such an approxi-
mation would be chosen in order to yield a practically realizable approximate filtering
scheme. We also present the main result of this work, establishing sufficient conditions
for convergence of the respective approximate filters, in an indeed strong sense.

Let us start from the beginning. From Theorem 2.2, we know that

Ep { XiA| %}

E']){XA%}E E“‘{AA%} ;
P

vt e N, (2.43)

where the RHS constitutes an alternative representation for the filter on the LHS, which
constitutes the optimal in the MMSE sense estimator of the partially observed process
X;, given the available observations up to time ¢. If the numerical evaluation of either
of the sides of (2.43) is difficult (either we are interested in a recursive realization of
the filter or not), one could focus on the RHS, where the state and the observations
constitute independent processes, and, keeping the same observations, replace X, by
another process Xf , called the approximation, with resolution or approximation param-
eter A € N (for simplicity), also independent of the observations (with respect to 75), for
which the evaluation of the resulting “filter” might be easier. Under some appropriate,
well defined sense, the approximation to the original process improves as A — oo. This
general idea of replacing the true state process with an approximation is employed in,
for instance, [19,20], and will be employed here, too.

At this point, a natural question arises: Why are we complicating things with change
of measure arguments and not using Xf directly in the LHS of (2.43)7 Indeed, using
classical results such as the Dominated Convergence Theorem, one could prove at least
pointwise convergence of the respective filter approximations. The main and most im-

portant issue with such an approach is that, in order for such a filter to be realizable
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in any way, special attention must be paid to the choice of the approximation, regard-
ing its stochastic dependence on the observations process. This is due to the original
stochastic coupling between the state and the observations of the hidden system of
interest. However, using change of measure, one can find an alternative representation
of the filter process, where, under another probability measure, the state and observa-
tions are stochastically decoupled (independent). This makes the problem much easier,
because the approximation can also be chosen to be independent of the observations.
If we especially restrict our attention to recursive nonlinear filters, change of measure
provides a rather versatile means for discovering recursive filter realizations. See, for
example, the detailed treatment presented in [12].

Thus, concentrating on the RHS of (2.43), we can define an approzimate filtering
operator of the process X;, also with resolution A € N, as
B { XAt 21}

B { ]}

ENX,| ) & , VteN. (2.44)
Observe that the above quantity is not a conditional expectation of Xf , because Xf
does not follow the probability law of the true process of interest, X; [20]. Of course,

the question is if and under which sense,
?
ENXi %) — Ep {Xi| %}, (2.45)

that is, if and in which sense our chosen approximate filtering operator is asymptotically
optimal, as the resolution of the approximation increases. In other words, we are looking
for a class of approximations, whose members approximate the process X; well, in the
sense that the resulting approximate filtering operators converge to the true filter as
the resolution parameter increases, that is, as A — oo, and under some appropriate
notion of convergence. In this respect, below we formulate and prove the following
theorem, which constitutes the main result of this work (recall the definition of C-
weak convergence given in Section II.C). In the following, 1 4 : R — {0, 1} denotes the
indicator of the set A. Also, for any Borel set A, 1 4 () constitutes a Dirac (atomic)

probability measure. Equivalently, we write 1 4 (-) = d(.y (A).
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Theorem 2.3. (Convergence to the Optimal Filter) Pick any natural T < oo and

suppose either of the following:

e For allt € Ny, the sequence {XtA} N is marginally C-weakly convergent to X,
A€

given X, that is,

1) 2%

Pﬁgf\xt( = 0x, (), VteNg. (2.46)

e For allt € Ny, the sequence {XtA} N is (marginally) convergent to X, in prob-
AC
ability, that is,

x* 25 X, VteNp. (2.47)

A—o0

Then, there exists a measurable subset QT C Q with P-measure at least 1 — (T + 1)170N

exp (—CN), such that

lim sup sup €% (X,| %) — Ep { X, %}| (w) = 0, (2.48)

A—o0 teNp WEQT
for any free, finite constant C > 1. In other words, the convergence of the respective

approzimate filtering operators is compact in t € N and, with probability at least 1 —

(T + 1) exp (~CN), uniform in w.

Interestingly, as noted in the beginning of this section, the mode of convergence of
the resulting approximate filtering operator is particularly strong. In fact, it is inter-
esting that, for fixed T, the approximate filter £* (X,| %) converges to Ep { X,| %}
(uniformly) in a set that approaches the certain event, exponentially in N. That is,
convergence to the optimal filter tends to be in the uniformly almost everywhere sense,
at an exponential rate (in N ). Consequently, it is revealed that the dimensionality of
the observations process essentially stabilizes the behavior of the approximate filter, in
a stochastic sense. Along the lines of the discussion presented above, it is clear that
Theorem 2.3 provides a way of quantitatively justifying Egoroff’s theorem [21], which
bridges almost uniform convergence with almost sure convergence, however in an indeed

abstract fashion.

Remark 2.4. The C-weak convergence condition (2.46) is a rather strong one. In partic-

ular, as we show later in Lemma 2.8 (see Section IV), it implies £, convergence, which
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means that it also implies (marginal) convergence in probability (which constitutes the
alternative sufficient condition of Theorem 2.3). In simple words, (2.46) resembles a sit-
uation where, at any time step, one is given or defines an approximation to the original
process, in the sense that, conditioned on the original process at the same time step,
the probability of being equal to the latter approaches unity. At this point, because
C-weak convergence is stronger than (and implies) convergence in probability, one could
wonder why we presented both as alternative sufficient conditions for filter convergence
in Theorem 2.3 (and also in Lemma 2.10 presented in Section IV). The reason is that,
contrary to convergence in probability, condition (2.46) provides a nice structural cri-
terion for constructing state process approximations in a natural way, which is also
consistent with our intuition: If, at any time step, we could observe the value of true
state process, then the respective value of the approximation at that same time step
should be “sufficiently close” to the value of the state. Condition (2.46) expresses this

intuitive idea and provides a version of the required sense of “closeness”. |

In order to demonstrate the applicability of Theorem 2.3, as well as demystify the
C-weak convergence condition (2.46), let us present a simple but illustrative example.
The example refers to a class of approximate grid based filters, based on the so called
marginal approximation [22], according to which the (compactly restricted) state pro-
cess is fed into a uniform spatial quantizer of variable resolution. As we will see, this
intuitively reasonable approximation idea constitutes a simple instance of the condition
(2.46).

More specifically, assume that X; € [a,b] = Z, Vt € N, almost surely. Let us
discretize Z uniformly into A subintervals, of identical length, called cells. The I-th
cell and its respective center are denoted as Z,i and :rf;,l € N . Then, letting X, £
{xi}leNJ’ , the quantizer Q, : (Z,%4(2)) — <XA,2XA> is defined as the bijective and
measuraf)]qe function which uniquely maps the I-th cell to the respective reconstruction
point =k, VI € Nj. That is, Q, (r) £ 2} if and only if z € Z. . Having defined the

quantizer Q, (-), the Marginal Quantization of the state is defined as [22]

X (w) 2 Q0 (X, (w) €Xy, VEEN, P—as., (2.49)
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where A € N is identified as the approximation parameter. That is, X, is approximated
by its nearest neighbor on the cell grid. That is, the state is represented by a discrete
set of reconstruction points, each one of them uniquely corresponding to a member of
a partition of Z.
By construction of marginal state approximations, it can be easily shown that (see
Section 2.2)
Xt @) "= X (), (2.50)

a fact that will be used in the following. Of course, almost sure convergence implies
convergence in probability and, as we will see, C-weak convergence as well. First, let

us determine the conditional probability measure P dz| X;). Since knowing X,

X|X(

uniquely determines the value of Xf , it must be true that

73 peipe (dz| Xy) = 7:'AQA(Xt)p(t (dz| Xy)
=dg,(x, (dz), P —as. (2.51)
However, from Lemma 2.1, we know that weak convergence of measures is equivalent

to showing that the expectations E { f (Xf) ‘ Xt} converge to E{ f (X})| X;} = f(X,),

for all bounded and continuous f (-), almost everywhere. Indeed,

B{f (x!)|x} @ = [ F@ Py, (4l X @)
E/ [ (@) dg,(x,w) (dz)
Z
= F(Qu (X () =57 £ (6, W), (2:52)

due to the continuity of f (). Consequently, we have shown that

w
pﬁ(é‘\xt (1 X0) = 8g,x) () 72 0x, () (2.53)

fulfilling the first requirement of Theorem 2.3. This very simple example constitutes
the basis for constructing more complicated and cleverly designed state approximations
(for example, using stochastic quantizers). The challenge here is to come up with such
approximations exhibiting nice properties, which would potentially lead to the devel-

opment of effective approximate recursive or, in general, sequential filtering schemes,
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well suited for dynamic inference in complex partially observable stochastic nonlinear
systems. As far as grid based approximate recursive filtering is concerned, a relatively
complete discussion of the problem is presented in Section 2.2 of this dissertation, where
marginal state approximations are also treated in full generality.

An important and direct consequence of Theorem 2.3, also highlighted by the exam-
ple presented above, is that, interestingly, the nature of the state process is completely
irrelevant when one is interested in convergence of the respective approximate filters, in
the respective sense of the aforementioned theorem. This fact has the following pleasing
and intuitive interpretation: It implies that if any of the two conditions of Theorem 2.3
are satisfied, then we should forget about the internal stochastic structure of the state,
and instead focus exclusively on the way the latter is being observed through time.
That is, we do not really care about what we partially observe, but how well we observe
it; and if we observe it well, we can filter it well, too. Essentially, the observations
should constitute a stable functional of the state, of course in some well defined sense.
In this work, this notion of stability is expressed precisely through Assumption 2.1 and
2.2, presented earlier in Section II.

Note, however, that the existence of a consistent approximate filter in the sense
of Theorem 2.3 does not automatically imply that this filter will be efficiently imple-
mentable; usually, we would like such a filter to admit a recursive/sequential represen-
tation (or possibly a semirecursive one [24]). As it turns out, this can happen when
the chosen state approximation admits a valid semimartingale type representation (in
addition to satisfying one of the sufficient conditions of Theorem 2.3). For example,
the case where the state is Markovian and the chosen state approximation is of the
marginal type, discussed in the basic example presented above, is treated in detail in

Section 2.2.

Remark 2.5. The filter representation (2.43) coincides with the respective expression
employed in importance sampling [23,31]. Since, under the alternative measure ﬁ, the
observations and state constitute statistically independent processes, one can directly
sample from the (joint) distribution of the state, fixing the observations to their respec-

tive value at each time ¢ (of course, assuming that a relevant “sampling device” exists).
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However, note that that due to the assumptions of Theorem 2.3, related at least to con-
vergence in probability of the corresponding state approximations, the aforementioned
result cannot be used directly in order to show convergence of importance sampling or
related particle filtering techniques, which are directly related to empirical measures.
The possible ways Theorem 2.3 can be utilized in order to provide asymptotic guaran-
tees for particle filtering (using additional assumptions) constitutes an interesting open

topic for further research. |

The rest of our development is fully devoted in the detailed proof of Theorem 2.3.

2.1.4 Proof of Theorem 2.3

In order to facilitate the presentation, the proof is divided in a number of subsections.

2.1.4.1 Two Basic Lemmata, Linear Algebra - Oriented

Parts of the following useful results will be employed several times in the analysis that

follows®.

Lemma 2.2. Consider arbitrary matrices A € (CNlXMl, B e CNlXMl, X € (CMQXNQ,

Y ¢ CMzXNQ, and let ||-||oy be any matriz norm. Then, the following hold:
o [f either
- Ny=M; =1, or
— Ny = Ny = My = My and ||-||gy is submultiplicative,
then

[AX = BY ||y < [|Allgn X = Yllgy + [[YTloy | A — Bllgy - (2.54)

o If Ny =1, M} = My and ||||oy constitutes any subordinate matriz norm to the £,

vector norm, |[|-||,,, then

[AX = BY]|, < [|Allgy X = Y], + [[Y]], [| A = Bllgy - (2.55)

*In this work, Lemma 2.3 presented in this subsection will be applied only for scalars (and where
the metric considered coincides with the absolute value). However, the general version of the result
(considering matrices and submultiplicative norms) is presented for the sake of generality.



39

Proof of Lemma 2.2. We prove the result only for the case where Ny = Ny = M; = M,
and ||-||oy is submultiplicative. By definition of such a matrix norm,
IAX — BY ||y = |[AX + AY — AY — BY|,,
=[AX-Y)+(A-B)Y|y
< [AX=Y)lge + (A =B) Y|y
< 1A fn X =Ygt + [[Y [z [1(A = B)lgy: (2.56)

apparently completing the proof. The results for the other two cases considered in

Lemma 2.2 can be readily shown following similar procedure. |

Lemma 2.3. Consider the collections of arbitrary, square matrices

{Ai € (CNXN} and {Bi € (CNXN}

i€N,, i€eN,,

Then, for any submultiplicative matriz norm ||-||oy, it is true that

n n n i—1 n
[Ta =118 <> {1L1Allw ) | II 1Billon | 14: = Billw- (257)
=0 =0 m =0 \j=0 Jj=i+1

Proof of Lemma 2.3. Applying Lemma 2.2 to the LHS of (2.57), we get

n n n n

i=0 i=0 i=1 i=1

n n

[a-1Te
i=1

i=1

m m

n

I

i=1

< [|Aollon +

m

Ao = Bollgy - (2.58)
m

The repeated application of Lemma 2.2 to the quantity multiplying ||Ag||g; on the RHS

of the expression above yields

HAi_HBi < 1 Aolon [[ A1 [lon HAi_HBi
i=0 i=0 m i=2 i=2 m
+l[ Aol [TIBi]| A1 =Billgn + | [IBil| 1140 — Bollon. (2:59)
i=2 m i=1 m

where, the “temporal pattern” is apparent. Indeed, iterating (2.59) and proceeding

inductively, we end up with the bound

i 1o
=0 =0

and the result readily follows invoking the submultiplicativeness of ||-||oy- [

n

i1 n
Z H Al H Bl [lA; — Billyn (2.60)

<
o i=0 \j=0 j=it1 on
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2.1.4.2 Preliminary Results

Here, we present and prove a number of preliminary results, which will help us towards
the proof of an important lemma, which will be the key to showing the validity of

Theorem 2.3.

First, under Assumption 2.2, stated in Section II.A, the following trivial lemmata

hold.

Lemma 2.4. Each member of the functional family {3, : Z — Dx},.y is Lipschitz

continuous on Z, in the Fuclidean topology induced by the Frobenius norm. That is,

VvVt € N,

15 (2) =% W)l < (NKx) 2 =yl (2.61)

V(x,y) € Z x Z, for the same constant Ks, € R, as defined in Assumption 2.2. The

same also holds for the family {C, : Z — Dc}yen-

Proof of Lemma 2.4. By definition of the Frobenius norm,

=@ -Swle= | Y (S@-sie)

(i.5)ENZ xNL

2 2
< Y Eglr—y

(i,5)ENL x N
=\/N°K% |z —y|>, VteN (2.62)

and our first claim follows. The second follows trivially if we recall the definition of

each C, (). [ |

Lemma 2.5. For each member of the functional family {C, : Z — D}y, it is true

that, Vt € N,

|det (C; () — det (Cy (y))| < (NKppr) [|Cy (2) = Cy (y)l (2.63)

V(z,y) € Z x Z, for some bounded constant Kppr = Kppr (N) € R, possibly

dependent on N but independent of t.
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Proof of Lemma 2.5. As a consequence of the fact that the determinant of a matrix
can be expressed as a polynomial function in NV 2 variables (for example, see the Leibniz
formula), it must be true that, vVt € N,
det (Cy (2) — det (C, (1) < Kppr Y. |CY (1)~ CF ()
(6.4)ENK xNY;

= KpprllC(z) — C, (W)l , (2.64)

where the constant Kppr depends on mazimized (using the fact that the domain D¢
is bounded) (N — 1)-fold products of elements of C,; () and C, (y), with respect to x
(resp. y) and t. Consequently, although Kppr may depend on N, it certainly does not
depend on t. Now, since the ¢; entrywise norm of an N x N matrix corresponds to the
norm of a vector with N2 elements, we may further bound the right had side of the

expression above by the Frobenius norm of C; (z) — C; (y), yielding
|det (Cy (2)) — det (Cy (y))] < NEKppr [Ct (x) = Co (9l (2.65)
which is what we were set to prove. |

Remark 2.6. The fact that the constant Kpppr may be a function of the dimension
of the observation vector, N, does not constitute a significant problem throughout
our analysis, simply because N is always considered a finite and fired parameter of
our problem. However, it is true that the (functional) way N appears in the various
constants in our derived expressions can potentially affect speed of convergence and, for
that reason, it constitutes an important analytical aspect. Therefore, throughout the
analysis presented below, a great effort has been made in order to keep the dependence

of our bounds on N within reasonable limits. [ |

We also present another useful lemma, related to the expansiveness of each member

of the functional family {Ct_l 2 Dcﬂ} .
teN

Lemma 2.6. Each member of the functional family {Ct_l 12— ch} N is Lipschitz
te
continuous on Z, in the Fuclidean topology induced by the Frobenius norm. That is,

Vit € N,

|crt @) - ¢t ), < Kivv 2=l (2:66)
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V(z,y) € Z x Z, for some bounded constant Ky = K;ny (N) € R, possibly depen-

dent on N but independent of t.

Proof of Lemma 2.6. As a consequence of Laplace’s formula for the determinant of a

matrix and invoking Lemma 2.2, it is true that

|t -t w)),
_ [|adj (Ct (2)) _ adj (Ct (v))
det (G, (x))  det (C, (1)) |
Jodi (Co () — o (Ce )y, det (G, (2)) — det (C, (1))
< det (G, (2)) i (€ WDllr =3(C, et (G, ) 67

where adj (A) denotes the adjugate of the square matrix A. Since C, (x) (resp. C, (y))
is a symmetric and positive definite matrix, so is its adjugate. Employing one more
property regarding the eigenvalues of the adjugate [32] and the fact that A;,; > 1, we

can write

ladj (Cy (y))[|p < VN ladj (C¢ ()|,

= \/N)\mam (adJ (Ct (y)))
= \/>max H)\ (C; (y
’LENN i
< VN det (Ci(y) s (2.68)
and then (2.67) becomes
- - ladj (C; (z))—adj (Cy (y))|l |det (C; (x)) —det (C; (y))|
Hctl(x)_ctl(y)HFS det (C, (z)) F+VN det (C; (z))
< ladj (C; (x)) _Nadj (C: W)l p + N’ KDETKZ gyl
(2.69)
Next, the numerator of the first fraction from the left may be expressed as
Jadi (C, (@) ~adi (C, Dp = | 30 (adi (G, (@)~ adi (C, ()"

(i,5)ENK xNL

=Y (0 My (€ o) - My (€ )]

(i,5)ENK xNL
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> My (€ (@) - My (C, ()7, (2.70)

(i,5)ENN xNL
where M,; (C; (z)) denotes the (i, j)-th minor of C, (), which constitutes the deter-
minant of the (N — 1) x (N — 1) matrix formulated by removing the i-th row and the
j-th column of C, (z). Consequently, from Lemma 2.5, there exists a constant K.,

possibly dependent on N, such that, Vi € N,

ladj (Cy (2)) — adj (C; (9))[|p < Y. N'KiEs |z -yl (2.71)

(i.5)eENL xN§

or, equivalently,
ladi (C; (x)) — adj (C; ()| p < N Kyt K |2 — ], (2.72)
V(z,y) € Z x Z. Therefore, combining with (2.69), we get

HC;1 (z) — C;* (y)HF < i\f;’ (Kppr + Kget) K |7 —

27)\'73/ log(Xins)
< Lg (Kppr + Kiet) K |z — y|
(log (Nins))
2 Kyl =yl (2.73)
and the proof is complete. |

Next, we state the following simple probabilistic result, related to the expansiveness
of the norm of the observation vector in a stochastic sense, under both base measures

P and P considered (see Section 2.1.2.2).
Lemma 2.7. Consider the random quadratic form
Qr (W) 2 Ny @)l5 = 19 (X () + 1 (X (W)]l5, tEN. (2.74)

Then, for any fired t € N and any freely chosen C > 1, there exists a bounded constant

v > 1, such that the measurable set

’Eé{weQ

su§ Qi (w) <yCN (1+1log(t+1)) } (2.75)
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satisfies
exp (—CN)

that is, the sequence of quadratic forms {Q; (w)}iENt s uniformly bounded with very

min {79 (T:) . P (7;)} >1- (2.76)

high probability under both base measures P and P.

Proof of Lemma 2.7. First, it is true that

1y (@)]13 = 17, (X; (W) + g (X (@))]5
= |17, (X, (@) + 257 (X (@) sy (X; (@) + [l (X, (@))]]3

<17 (Xe @)5 + 257 (X0 @)l sup + Houp: (2.77)

Also, under P, for each t € N, the random variable ¥, (X,) constitutes an N-dimensional,
conditionally (on X;) Gaussian random variable with zero mean and covariance matrix
C, (X;), that is

yi|X: ~N(0,C (Xy) = Cy, x, ) - (2.78)

Then, if X, is given,

- — 2

Qr (@) 2 [[7: (X¢ (W)l (2.79)
can be shown to admit the very useful alternative representation (for instance, see [33],

pp. 89 - 90)

Q= > N(C(X)U;, VteN, with (2.80)

JENN

(Ui} jent =N (0,1). (2.81)

From (2.80), one can readily observe that the statistical dependence of @, on X, con-
centrates only on the eigenvalues of the covariance matrix C, (X;), for which we have
already assumed the existence of a finite supremum explicitly (see Assumption 2.1).

Consequently, conditioning on the process X;, we can bound (2.80) as

Qi < Ay D UF 2N, U, with U~ x*(N), (2.82)
JENY
almost everywhere and everywhere in time, where the RHS is independent of X,;. Next,

from ([34], p. 1325), we know that for any chi squared random variable U with N
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degrees of freedom,
P (U >N +2VNu+ 2u) <exp(—u), VYu>0. (2.83)

Setting w = CN (1 +log (¢t + 1)) for any C > 1 and any ¢t € N,

exp (—CN)

P (U > N +2N/C (1 +log(t+1) + 20N (1 +log (t + 1))) < (2.84)
+
a statement which equivalently means that, with probability at least 1 — (¢t + 1)_CN
exp (—CN),
U< N+2N/C (1 +log(t+1))+20N (1+1log(t+1)). (2.85)

However, because the RHS of the above inequality is upper bounded by 5CN

(1+41log(t+1)),

P (U < 5CN (1 +log (t + 1))

2P(U<N+2N\/C(1+log(t+1)) + 2CN(1+log(t+1)))
_exp(=CN)

> 1 . (286
- (t+ 1)~ (2:36)
Hence, Vi € N,,
P(Q; = 5Xp,CN (1 +1log (t+1))| X;) <P (U =5CN (1+log(t+1)))
exp (—CN)
< 2.87
T+ 1) (2.87)

and, thus,

P (Q; = 5AeyCN (1 +log (t+1))) = /73 (Q:i > BAgyCN (1+1log (t +1))| X;) dPy,

< exp (—CN) /dPXi _ exp (—CN)

. 2.88
(t+1)“Y (t+1)“N (2.88)
However, we would like to produce a bound on the supremum of all the Q;,7 € N;.

Indeed, using the naive union bound,

ieN, ieN,

P (U {Qi = 52y, ON (1 +log (¢ + 1))}) <D P (Qi = AupSCON (1+ log (t + 1))

< (t+ 1)exp (—CN) _ exp (-=CN)

(t—l—l)CN (t—l—l)CN_l
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or, equivalently,

P (sup Q; < 5Xgy,CN (1+log (t—i—l))) =P ({Q; < BAupCN (1+log (t-+1)),Vi € N, })
ieN,

=P [ () {@ < 52yON (14105 (141))}
ieN,
xp (—CN
21 250

holding true V¢t € N. Consequently, working in the same fashion as above, it is true

that, with at least the same probability of success,

sup Q; (w) < 5Ag,,CN (1 +1log (t +1)) + 2\/5/\supCN (1 +1og (t + 1)) ttsup + Haup
1€N,

< BAgup (1 + gy + uiup) CN(1+log (t+ 1)) (2.90)
or, setting v, = 5Asup (1 + usup)Q > 1,

sup Q; (w) < mCN (1+1log(t+1)). (2.91)
ieN,

Now, under the alternative base measure 75, y; constitutes a Gaussian vector white
noise process with zero mean and covariance matrix the identity, statistically indepen-
dent of the process X; (see Theorem 2). That is, for each ¢, the elements of y, are
themselves independent to each other. Thus, for all ¢ € N and for all ¢ € N; and using

similar arguments as the ones made above, it should be true that

~ —CN
P(Q; <5CN (1+1log(t+1))>1-— M (2.92)
(t+1)
and taking the union bound, we end up with the inequality
~ exp (—CN)
Plsup@; <5CN (1+log(t+1)) | >1— ———=. (2.93
(mt (t+1) (t+1)“N ! )

Defining v = max {7;,5} = 7y, it must be true that, for all ¢t € N,

min {73 (sup Q; <~YCN (1 +log (t+ 1))) P <sup Q; <YCN (1+log (t+ 1))) }

i€N, i€N,

exp (—CN)

Z 1= o (@99

therefore completing the proof of the lemma. |
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Continuing our presentation of preliminary results towards the proof of Theorem
(2.3) and leveraging the power of C-weak convergence and Lemma 2.1, let us present the
following lemma, connecting C-weak convergence of random variables with convergence

in the £, sense.

Lemma 2.8. (From C-Weak Convergence to Convergence in L) Consider the
sequence of discrete time stochastic processes {X?}AEN’ as well as a “limit” process
Xt € N, all being (R,y = %’(R)) -valued and all defined on a common base space
(Q,.7,P). Further, suppose that all members of the collection {{XtA}AeN , Xt}teN are

almost surely bounded in Z = [a,b] (with —co < a < b < o0) and that
w
7>§¢|Xt (1X) =2 6x, () =1 (X)), VteN, (2.95)

that is, the sequence {Xf} N is marginally C-weakly convergent to X, given X, for
AC

all t. Then, it is true that

E{)Xt —Xf‘} — 0, VteN, (2.96)

L
or, equivalently, XtA A—1> Xy, for allt.
— 00

Proof of Lemma 2.8. Let all the hypotheses of Lemma 2.8 hold true. Then, we know
that, Vi € N,
lim Phai (Al X (W) =6x,) (A), P—ae, (2.97)

n—00 X£|Xt

for all continuity Borel sets A € .%. Using the tower property, it is also true that

E{‘Xt—XtA)}EE{E{‘Xt—XfHa{Xt}}}. (2.98)

. L .
Therefore, in order to show that Xf‘ A—1> X, for each t € N, it suffices to show that
—00

E { ‘Xt . X;‘*Ha{Xt}} (@) =50, VteN. (2.99)

Then, the Dominated Convergence Theorem would produce the desired result.

Of course, because all members of the collection {{Xf } N ,Xt} are almost
A teN

surely bounded in Z, all members of the collection {{‘Xt — Xf }A N? must be
€N/ teN

bounded almost surely in the compact set Z £ [0,26] C R, where § 2 max {|a|, |b]}.
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Let us define the continuous and bounded function

z, ifxe z
f@) 2 <95 if x> 26 (2.100)
0, ifx<O

Then, from Lemma 2.1 and using conditional probability measures it must be true that

for each t € N, a version of the conditional expectation of interest is explicitly given by

B {7 (|- )| o (X0} @) = [ 705 )~ o) Phayy, (@0 1X @)

A—o00

. /f (1%, (@) — 2]) by, () (d2) =0, P — ace., (2.101)

A—o00

since, for each w € 2, X, (w) is constant. Further, by definition of f,
B {s ([ - x2) o (X0} @) = E{ X - 1y (B) |0 (X} )
= E{ ‘Xt - X,f‘H o {Xt}} (W), P—ae, (2.102)
and for all ¢ € N, which means that
E{‘Xt—XfHa{Xt}}(w) %% 0, VteN. (2.103)
A—o0
Calling dominated convergence proves the result. |

Additionally, the following useful (to us) result is also true. The proof, being ele-

mentary, is omitted.

Lemma 2.9. (Convergence of the Supremum) Pick any natural T' < oco. If, under

any circumstances,

E{’Xt—XtA’} 0, VteNg, (2.104)
then
supE{’Xt—Xf“} 0. (2.105)
tENT A— oo

2.1.4.3 The Key Lemma

We are now ready to present our key lemma, which will play an important role in
establishing our main result (Theorem 2.3) later on. For proving this result, we make

use of all the intermediate ones presented in the previous subsections.
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Lemma 2.10. (Convergence of the Likelihoods) Consider the stochastic process

1

exp | =5 i (X;)Ci (X)), (X))
A2 il 2N (2.106)
H Vdet (C; (X;)) Dy
ieN,

Consider also the process Kf = ‘ﬁ?/@?, defined exactly the same way as Kt, but replacing
X, with the approzimation XZ-A, Vi € N;. Further, pick any natural T' < oo and suppose
either of the following:

e For allt € Ny, the sequence {Xf} N is marginally C-weakly convergent to X,
Ac

given X, that is,
A
PXf

w
x, C1Xe) =2 0x, (), VteNy. (2.107)

o For allt € Ny, the sequence {Xf} N is marginally convergent to X; in proba-
A€

bility, that is,
xt Py X, WteNg. (2.108)

A—o00

Then, there exists a measurable subset SAZT C Q, such that

) ~ B
Alggo tselll\I[:)F wseué)T Es { ’At — A @t} (w) =0, (2.109)
where the ’P,ﬁ-measures of QT satisfy
. ~ ~ [ exp (—CN)
>1- 22 .
min {73 (QT) P (QT)} > 1 T (2.110)

for any free but finite constant C > 1.

Proof of Lemma 2.10. From Lemma 2.2, it is true that

-

[

11
D, @f

n, N

+ M
@t @? | t‘

‘Kt_Kfj =

‘mt _ mﬁ‘ -
|| . (2.111)

+ -
Dy ”D?

<
[
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We first concentrate on the determinant part (second term) of the RHS of (2.111).

Directly invoking Lemma 2.3, it will be true that

11
Dy CD?

M ) 1

=i+l [det (C : (XJA))

det (C — det

\/det (Ci (X)) det <C (Xi ))

’\/m_ det (C@- (XZA))‘
J IJ_V[lAn (C; (X5)) A (CJ‘ (XJA»

‘det (Ci (X)) — det (Ci (XZA»’

-y
Ni/2 (t—1i)/2 N
=0 2)‘mf/ )‘mf V )‘z‘nf

QWZ‘det — det (C (XZA))‘ (2.112)

From Lemma 2.5, we can bound the RHS of the above expression as

p

xX;) - C; (x})

(2.113)
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And from Lemma 2.4, (2.113) becomes

L L NhRperks N KpprKs Z‘ (2.114)
D, D, 9 /)\N(t+2

We now turn our attention to the “difference of exponentials” part (first term) of

the RHS of (2.111). First, we know that

ﬁdet (c ( )) > HHAW = Ay, (2.115)
1=0

1=05=1
yielding the inequality
\mt - ]mt m
< (2.116)
’Qt‘ Ainf
where \;,; > 1 (see Assumption 2.1). Next, making use of the inequality [20]
lexp (@) — exp (B)] < | — B[ (exp (o) + exp () , (2.117)

V(a, B) € ]R2, the absolute difference on the numerator of (2.116) can be upper bounded

o, | < 5 ST () € (X)L () - 5T (xt) et (x8), (x2) | (o, + o)
=0
< i v et (X)y () - v (3 ot (3w (x)] e

Concentrating on each member of the series above in the last line of (2.118) and calling

Lemma 2.2, it is true that

vi (X)) |:Ci_1 (X:)¥i (Xi):| -y (XZA> [ ( )y ( )H
< v (K0l ot (v ) - ot (x) v (X?)H +
+Hci_1(Xi)yi(Xi> 1Y < )H (2.119)

Calling Lemma 2.2 again for the term multiplying the quantity ||¥; (X;)||, in the RHS

of the above expression, we arrive at the inequalities

v () (X)) s (x) - v () et (x) 3 (x|

<115 (Xl o7 (|| |7 60 -3 (1)
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# 5 ()], o () e =2 (x2)]
Iy (Xl |7 (x2) || et ) - et (x|,
SHyZ-A(;(;)Hz’yi( ( )H (nf>H ’ ( )H
+1I5: (X0l |7 (1), | o () - € (Xé‘) \ . (2.120)

or, equivalently,
v (X G (X)) v (x) - v (xb) et (1) v (x)
vi (X7 A
A
s ()l et e (), e

+ 1y (Xl
Now, recalling Assumption 2.2, the definition of y, (X;) (resp. for X} ) and invoking

157 (Xi)llo

Lemma 2.6, it must be true that
vE () € (X)) (%) - 5T (X ot (x5 (X))
A
w ()] A
Jis (60 = (2]

i m ()], ot xo - e ()]

2
+ KINV (HyzHQ + Msup) )

lyi — n; (Xz)HQ

)‘inf
+lyi — i (X5

K 2 (||yzH2 + :usup)
o
)‘inf

IN

26y, (2.122)

Using the above inequality, the RHS of (2.116) can be further bounded from above as

‘mt _;ﬁt‘ sup O (y;) t

- < ZGNtN(t+1) Z ’ (2123)
o NS
Therefore, we can bound the RHS of (2.111) as
sup© (y;)
~ - i N KpprK
‘At - AQ’ < | = DET 3 (2.124)

N(t+1) (t+2)
\/ 'mf 2 \/ )\'mf

Taking conditional expectations on both sides of (2.124), observing that the quantity

sup;en, © (y;) constitutes a {#;}-adapted process and recalling that under the base
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measure P (see Theorem 2), the processes y;, and X, (resp. X;) are statistically inde-

pendent, we can write

{‘At AAH@} zseué:@( ¥) NQKDETKE Eﬁ{i‘Xi—X?
i=0

/ N(t+1) [\ N(t+2)
znf 2 )‘mf

P — a.e., and, because P < 4, ﬁ, P — a.e. as well. From the last inequality, we can

} . (2.125)

readily observe that in order to be able to talk about any kind of uniform convergence
regarding the RHS, it is vital to ensure that the random variable sup,cy, © (y;) is
bounded from above. However, because the support of ||y;||, is infinite, it is impossible
to bound sup;cy, © (y;) in the almost sure sense. Nevertheless, Lemma 2.7 immediately
implies that there exists a measurable subset QT C Q with
min {P (Q,), P (Q,)} =1~ exp (“ON) (2.126)
(tr+1)

such that, for all w € SAIT,

sup ly: (@)II = Sup lyill3 < YON (1+1og (14 7)), (2.127)
€N 1eNL

for some fixed constant v > 1, for any C' > 1 and for any fized 7 € N. Choosing

7=T < o0, it is true that

sup O (y;) < sup O (y;)

1EN, €N
2 (llyillo + 4 2
< sup K;L ( 1)\ Sup) +KINV (HYi||2+Msup)
’iENT znf

2y ~
2 K,CN(+log(1+T)), VteNg, (2.128)
where 7 £ VY + tsup- Therefore, it will be true that
By { &~ At %)

[\ N(t+1) [\ N(t+2)
)\inf 2 )\znf
for all t € Np, with probability at least

exp (—CN)
(T + 1)V

<

-

} . (2.129)
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under either P or P. Further,

t
A
> {[x - x
i=0
Then, with the same probability of success,
B { | R - &4 o}

KCNQ+log(1+T)(t+1) KpprKaN2(t+1
0 (+og(+))(+)+ perKsN™(t+1) sup E {‘Xﬁxﬁ

)\%Sf"‘” 2 //\zn?+2) TEN;

} (t+1) sup E {’X — x*
TEN,

} (2.130)

j

IN

sup E5 {‘X X

}

K,ON (1 +10g(1+T) (T +1) KpprKsN> (T +1)
N/2 2)\N TEN
'mf inf t
2 K (T) sup E5 { X, — x* } . Ve Np, (2.131)
TEN,

where K (T') = O (T'log (T')). Alternatively, upper bounding the functions comprised
by the quantities ¢, N, A;,; in the second and third lines of the expressions above as

(note that, obviously, t +1 > 1,Vt € R})

2
N+ _ o N(@E+1)? (2.152)
[\N(t+1) — te]R+ [\N(+D) ’
1nf mf
N*(t+1 N*(t+1)°
/(Jff(j:rz)) = 7 - t+2)) ’ (2.133)
€
)‘inf " /\mf
respectively, we can also define
, 16K,C (1+log (1+T)) A,/ 50nr) 8K ppr KA A“ff/ tog(Ains)
K (T)4 L . (2.134)
N (log (Ning)) (1og (Ainy))”

where, in this case, K5 (T') = O (log (T")). Note, however, that although its dependence
on T is logarithmic, K (7)) may still be large due to the inability to compensate for
the size of K,. In any case, for all w € @T,

{’At AtH@} <KG(T)TSS£E {)X ~x*

} . VteNp, (2.135)
Therefore, we get

sup Ej {’At AtH@} ) < K¢ (T) sup E {’X ~ x*
GQT TeNt

}, Vte Ny (2.136)
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and further taking the supremum over ¢ € Ny on both sides, it must be true that

}

sup sup Ez { ’Kt — /AX?

¥} (@) < Ko (T) sup sup B {| X, - x2

teNT el teNy TeN,
= K¢ (T) sup E; {‘Xt - X;‘)} . (2.137)
teNy
Finally, if either
w
Py, C1X0) 72 0x, () =1y (X)), VteNy, (2.138)
or
x* 25 X, VteNp (2.139)
A—o0
and given that since the members of {Xf } N are almost surely bounded in Z, the
A€

aforementioned sequence is also uniformly integrable for all £ € N, it must be true that
(see Lemma 2.8)

Es {’Xt _ Xf‘} — 0, VteNg (2.140)

Then, Lemma 2.9 implies that

A
sup B {)Xt X! (} =0, (2.141)
which in turn implies the existence of the limit on the LHS of (2.137). QED. [

2.1.4.4 Finishing the Proof of Theorem 2.3

Considering the absolute difference of the RHSs of (2.44) and (2.43), it is true that (see

Lemma 2.2)
B (x Al B {Xem|a}| [Ep{xAfa} B { XM 2 (2.142)
B %Y s {Mw) || (R} E{R]w) |

due to the fact that the increasing stochastic process

1 9 1 9
IT v (5 15:03) = oo | 53 Iyl (2143

ieN, ieN,

is {#;}-adapted. Then, we can write
Bp {Xiki| ) By { XERY| %)

Bs{f|o}  Ep{R|a)
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_ [m (XA} g A R ) — mp { IR ) 5 {1}
RS RatiEd
\EP{XMH\ B -Re|}|  [Es {XtAt xitled| S
= ] %) Ratikd
(2.144)

Let us first focus on the difference on the numerator of the second ratio of the RHS of

(2.144). Recalling that 6 = max {|a|, |b|}, we can then write
[B5 { XA, - xtR| 2 }| <5 { | xR, - x!RY|| 2}

_Eﬁ{‘Xt‘ ‘Kt—IAX? +

g

<o {8 {5 - ] )
= 515:73{(& —KfH %} +E75{’Xt —Xf(}, (2.145)

On the other hand, for the denominator for (2.144), it is true that

exp [ —5 S5 (x1) ot (x4) . (x2)

Es {At|%} =E;

A\

(HYz'||2+Msup)2 gt

&=
holl
D
>
ho

”fieN

N(t+1)
sup

1 2
€xp 2\ (||Yi||2+Msup)
nf jeN,

AV (1)

sup

Y

. P,P—ae., (2.146)

2
since the process Z (I1yilla + tsup) is {Z;}-adapted. Now, from Lemma 2.7, we know
1€EN,
that

sup [ly;ll5 < sup [lyills < vON (1 +log (T +1)), Vte Ny, (2.147)
1€N, 1ENp
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where the last inequality holds with probability at least 1 — (T + 1)1_CN exp (—CN),
under both base measures P and ﬁ, for any finite constant C' > 1. Therefore, it can be

trivially shown that

2
(VACN T+ T0g (T + 1)) + pap) (T +1)
2Ning
1A
~ > .
Es {At ‘ %} > o >0, (2.148)

sup

exp | —

for all ¢t € Ny, implying that

inf inf inf B { A
teNr et AN

%} (w) > 0, (2.149)

where QT coincides with the event

{wEQ

with P, P-measure at least 1 — (T + 1)

sup [|y; 15 < YCON (1 +log (T +1)),Vt € NT}
1€EN,

1=CN exp (~CN). Of course, the existence of

follows from Lemma 2.7. Putting it altogether, (2.144) becomes (recall that the base

measures P and P are equivalent)

Ep {X,| %)} - & (X %)
o [~ 3 o0} 2 - ]

) inf B5 {132}

. P,P—uae., (2.150)

where 6 = max {|a|,|b|}. Taking the supremum both with respect to w € Q7 and

t € Nt on both sides, we get

sup sup [Ep { X, %} (@) — £ (X, %) ()

supE5 {‘Xt — Xf‘} + 26 sup sup E5 { ‘/A\t — KfH Q/t} (w)

. . . A
il it pEEp M| 91} @

, (2.151)

with

min {7? (QT) P (ﬁT)} >1- (eXp(_CN) (2.152)
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Finally, calling Lemma 2.10 and Lemma 2.9, and since the denominators of the fractions
appearing in (2.151) are nonzero, its RHS tends to zero as A — oo, under the respective
hypotheses. Consequently, the LHS will also converge, therefore completing the proof
of the Theorem 2.3. |

2.1.5 Conclusion

In this work, we have provided sufficient conditions for convergence of approximate,
asymptotically optimal nonlinear filtering operators, for a general class of hidden stochas-
tic processes, observed in a conditionally Gaussian noisy environment. In particular,
employing a common change of measure argument, we have shown that using the same
measurements, but replacing the “true” state by an approximation process, which con-
verges to the former either in probability or in the C-weak sense, one can define an
approximate filtering operator, which converges to the optimal filter compactly in time
and uniformly in an event occurring with probability nearly 1, at the same time con-
stituting a purely quantitative justification of Egoroff’s theorem for the problem of
interest. The results presented in this work essentially provide a framework for analyz-
ing the convergence properties of various classes of approximate nonlinear filters (either
recursive or nonrecursive), such as existing grid based approaches, which are known to

perform well in various applications.

2.1.6 Appendix: Proof of Theorem 2.1

The proof is astonishingly simple. Let the hypotheses of the statement of Theorem 1

hold true. To avoid useless notational congestion, let us also make the identifications
X, £ {Xi}ieNt and Y, £ {Yi}ieNt : (2.153)

Now, by definition of the conditional expectation operator and since we have assumed

the existence of densities, it is true that

XtEE'P{Xt’vaYla'-'vY;}

:/mthtDJt (4| Vy) da,
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/thf(Xt,yt) (z¢, Vy) dy
fy, (V%)

¢
/l'tft (5E0a$1a---$t,yt)Hd33i
_ i=0
= t
/ft (1’071‘17 oo Ty yt) dez
i=0

t
/%Atﬁ <{xi}ieNt vyt> Hdl‘i
=0

= : , (2.154)
/)‘tf; <{xi}z‘eNt 7371&) | J G2
=0
where
>‘t L é('xO?xl,--'xtv%(w)’Yl (W)w"v}/t(w))
ft (xo’xl""xtvyvo(w)vxfl (w)""7}/t(w))
=\ ({xi}iENt V(@) €Ry, Wweq, (2.155)

constitutes a “half ordinary function - half random variable” likelihood ratio and where
the condition (2.16) ensures its boundedness. Of course, although the likelihood ra-
tio can be indeterminate when both densities are zero, the respective points do not
contribute in the computation of the relevant integrals presented above, because these
belong to measurable sets corresponding to events of measure zero. From (2.154) and

by definition of the conditional density of {Xi}iGNt given {Y;} we immediately get

€N,

)?t =Ep { X4 %}

/Vﬁt)\tfxtyt ({xi}ieNt‘ yt) ﬁdﬂﬁi
i=0

/)‘thtDit ({xi}ieNt yt) ﬁdxi
i=0

CEp{XA] Yo Vi, V)
T B (A Yo Vi )
_Ep{XA%)
S ER (M)

(2.156)

which constitutes what we were initially set to show. |
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2.2 Grid Based Nonlinear Filtering Revisited: Recursive Estimation

& Asymptotic Optimality

2.2.1 Introduction

It is well known that except for a few special cases [13—-16,24], general nonlinear filters
of partially observable Markov processes (or Hidden Markov Models (HMMs)) do not
admit finite dimensional (recursive) representations [11,12]. Nonlinear filtering prob-
lems, though, arise naturally in a wide variety of important applications, including
target tracking [35,36], localization and robotics [37,38], mathematical finance [39] and
channel prediction in wireless sensor networks (see Section 3.2), just to name a few.
Adopting the Minimum Mean Square Error (MMSE) as the standard optimality cri-
terion, in most cases, the nonlinear filtering problem results in a dynamical system in
the infinite dimensional space of measures, making the need for robust approximate
solutions imperative.

Approximate nonlinear filtering methods can be primarily categorized into two
major groups [40]: local and global. Local methods include the celebrated extended
Kalman filter [?], the unscented Kalman filter [?], Gaussian approximations [18], cuba-
ture Kalman filters [?] and quadrature Kalman filters [?]. These methods are mainly
based on the local “assumed form of the conditional density” approach, which dates
back to the 1960’s [17]. Local methods are characterized by relatively small compu-
tational complexity, making them applicable in relatively higher dimensional systems.
However, they are strictly suboptimal and, thus, they at most constitute efficient heuris-
tics, but without explicit theoretical guarantees. On the other hand, global methods,
which include grid based approaches (relying on proper quantizations of the state space
of the state process [19,20,22]) and Monte Carlo approaches (particle filters and re-
lated methods [23]), provide approximations to the whole posterior measure of the state.
Global methods possess very powerful asymptotic optimality properties, providing ex-
plicit theoretical guarantees and predictable performance. For that reason, they are
very important both in theory and practice, either as solutions, or as benchmarks for

the evaluation of suboptimal techniques. The main common disadvantage of global
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methods is their high computational complexity as the dimensionality of the underly-
ing model increases. This is true both for grid based and particle filtering techniques
[31,41-44].

In this work, we focus on grid based approximate filtering of Markov processes ob-
served in conditionally Gaussian noise, constructed by exploiting uniform quantizations
of the state. Two types of state quantizations are considered: the Markovian and the
marginal ones (see [22] and/or Section 2.2.3). Based on existing results [12, 22, 40],
one can derive grid based, recursive nonlinear filtering schemes, exploitting the prop-
erties of the aforementioned types of state approximations. The novelty of our work
lies in the development of an original convergence analysis of those schemes, under
generic assumptions on the expansiveness of the observations (see Section 2.2.2). Our
contributions can be summarized as follows:

1) For marginal state quantizations, we propose the notion of conditional regularity
of Markov kernels (Definition 2.4), which is an easily verifiable condition for guaran-
teeing strong asymptotic consistency of the resulting grid based filter. Conditional
regularity is a simple and relaxed condition, in contrast to more complicated and po-
tentially stronger conditions found in the literature, such as the Lipschitz assumption
imposed on the stochastic kernel(s) of the underlying process in [22].

2) Under certain conditions, we show that all grid based filters considered here con-
verge to the true optimal nonlinear filter in a strong and controllable sense (Theorems
2.6 and 2.7). In particular, the convergence is compact in time and uniform in a mea-
surable set occurring with probability almost 1; this event is completely characterized
in terms of the filtering horizon and the dimensionality of the observations.

3) We show that all our results can be easily extended in order to support filters of
functionals of the state and recursive, grid based approximate prediction (Theorem 2.8).
More specifically, we show that grid based filters are asymptotically optimal as long as
the state functional is bounded and continuous; this is a typical assumption (see also
[12,20,45]). Of course, this latter assumption is in addition to and independent from any
other condition (e.g., conditional regularity) imposed on the structure of the partially

observable system under consideration. As it will be seen in Chapter 3, this simple
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property has been proven particularly useful, in the context of channel estimation in
wireless sensor networks. The assumption of a bounded and continuous state functional
is more relaxed as compared to the respective bounded and Lipschitz assumption found
in [22].

Another novel aspect of our contribution is that our original theoretical development
is based more on linear-algebraic arguments and less on measure theoretic ones, making

the presentation shorter, clearer and easy to follow.

Relation to the Literature

In this work, conditional regularity is presented as a relaxed sufficient condition for
asymptotic consistency of discrete time grid based filters, employing marginal state
quantizations. Another set of conditions ensuring asymptotic convergence of state ap-
proximations to optimal nonlinear filters are the Kushner’s local consistency conditions
(see, example, [19,20]). These refer to Markov chain approximations for continuous
time Gaussian diffusion processes and the related standard nonlinear filtering problem.

It is important to stress that, as it can be verified in Section IV, the constraints
which conditional regularity imposes on the stochastic kernel of the hidden Markov
process under consideration are general and do not require the assumption of any spe-
cific class of hidden models. In this sense, conditional regularity is a nonparametric
condition for ensuring convergence to the optimal nonlinear filter. For example, hid-
den Markov processes driven by strictly non-Gaussian noise are equally supported as
their Gaussian counterparts, provided the same conditions are satisfied, as suggested
by conditional regularity (see Section IV). Consequently, it is clear that conditional reg-
ularity advocated in this work is different in nature than Kushner’s local consistency
conditions [19,20]. In fact, putting the differences between continuous and discrete time
aside, conditional regularity is more general as well.

Convergence of discrete time approximate nonlinear filters (not necessarily recur-
sive) was previously studied in Section 2.1. No special properties of the state were
assumed, such as the Markov property; it was only assumed that the state is almost

surely compactly supported. In this work, the results of Section 2.1 provide the tools for
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showing asymptotic optimality of grid based, recursive approximate estimators. Fur-
ther, our results will be leveraged later in Chapter 3, showing asymptotic consistency of
sequential spatiotemporal estimators/predictors of the magnitude of the wireless chan-
nel over a geographical region, as well as its variance. The estimation is based on

limited channel observations, obtained by a small number of sensors.

2.2.2 System Model & Problem Formulation
2.2.2.1 System Model & Technical Assumptions

All stochastic processes defined below are defined on a common complete probability
space (the base space), defined by a triplet (2,.%#,P). Also, for a set A, # (A) denotes
the respective Borel o-algebra.

Let X, € RM*! be Markov with known dynamics (stochastic kernel)*
K,: % (RMXl) x RMX1 5 00,1], teN, (2.157)

which, together with an initial probability measure Px_ on (]RMXl, B (RMXl)), com-
pletely describe its stochastic behavior. Generically, the state is assumed to be com-
pactly supported in RMXl, that is, for all t € {-1} UN, X, € Z C RMXl, P — a.s..
We may also alternatively assume the existence of an explicit state transition model

describing the temporal evolution of the state, as
X, 2 fi (X, W) € Z, VteN, (2.158)

where, for each ¢, f, : Z x W ¥3 Z constitutes a measurable nonlinear state transition
mapping with somewhat “favorable” analytical behavior (see below) and W, = W, (w) €
W C RMWXI, for t € N, w € Q, denotes a white noise process with state space W. The
recursion defined in (2.158) is initiated by choosing X_; ~ Px__, independently of V.

The state X, is partially observed through the conditionally Gaussian process

RV 5y X, RN (1 () B0 (X)) + 031y ) (2:159)

*Hereafter, we employ the usual notation &, (A|X;_1==) =K, (A|z), for A Borel.
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os > 0, with conditional means and variances known apriori, for all t € N. Additionally,
we assume that 3, (X;) = 0, with 3, : Z — Dy, for all ¢t € N, where Dy ¢ RV
is bounded. The observations (2.159) can also be rewritten in the canonical form
Vi = i (Xy) + Cy (Xy)uy, for all ¢ € N, where u; = u; (w) constitutes a standard
Gaussian white noise process and, for all € Z, C, (z) £ %, () + ouIy. The process
u, is assumed to be mutually independent of X_;, and of the innovations W,, in case
Xy = [ (Xyo1, Wy).

The class of partially observable systems described above is very wide, containing
all (first order) Hidden Markov Models (HMMs) with compactly supported state pro-
cesses and conditionally Gaussian measurements. Hereafter, without loss of generality
and in order to facilitate the presentation, we will assume stationarity of state transi-
tions, dropping the subscript “¢” in the respective stochastic kernels and/or transition
mappings. However, we should mention that all subsequent results hold true also for
the nonstationary case, if one assumes that any condition hereafter imposed on the
mechanism generating X, holds for all ¢ € N, that is, for all different “modes” of the
state process. As in Section 2.1, Assumptions 2.1 and 2.2 are hereafter considered to

be in power.

Remark 2.7. In certain applications, conditional Gaussianity of the observations given
the state may not be a valid modeling assumption. However, such a structural as-
sumption not only allows for analytical tractability when it holds, but also provides
important insights related to the performance of the respective approximate filter, even
if the conditional distribution of the observations is not Gaussian, provided it is “suffi-

ciently smooth and unimodal”. |

2.2.2.2 Prior Results & Problem Formulation

Before proceeding and for later reference, let us define the complete natural filtrations

generated by the processes X; and y; as {27 },cny (-1} and {#}},.y, respectively.
Adopting the MMSE as an optimality criterion for inferring the hidden process X,

on the basis of the observations, one would ideally like to discover an efficient way

for evaluating the conditional expectation or filter of the state, given the available



65

information encoded in %, sequentially in time. Unfortunately, except for some very
special cases, [13-16], it is well known that the optimal nonlinear filter does not admit
an explicit finite dimensional representation [11,12].

As a result, one must resort to properly designed approximations to the general
nonlinear filtering problem, leading to well behaved, finite dimensional, approximate
filtering schemes. Such schemes are typically derived by approximating the desired
quantities of interest either heuristically (see, e.g. [17,18]), or in some more powerful,
rigorous sense, (see, e.g., Markov chain approximations [19,20,22], or particle filtering
techniques [23,45]). In this work, we follow the latter direction and propose a novel,
rigorous development of grid based approximate filtering, focusing on the class of par-
tially observable systems described in Section 2.2.2.A. For this, we exploit the general
asymptotic results presented in Section 2.1.

As in Section 2.1, our analysis is based on the well known representation of the
optimal filter, employing the simple concept (at least in discrete time) of change of
probability measures (see, e.g., [12,15,16,46]). Let Ep {X;|%;} denote the filter of
X; given %, under the base measure P. Then, there exists another (hypothetical)

probability measure P [12], equivalent to P, such that

Ep { XA #4}

Ep{Xi| %} = EL (A%}
P

(2.160)

where A, = HieNt Li (Xi,y:) and Ly (Xp,y,) = (\/%)N N (yes e (Xy)  C; (X)), for
all t € N, with N (z; u, C) denoting the multivariate Gaussian density as a function
of x, with mean p and covariance matrix C. Here, we also define A_; = 1. The
most important part is that, under 75, the processes X, (including the initial value
X_;) and y, are mutually statistically independent, with X, being the same as under
the original measure and y; being a Gaussian vector white noise process with zero
mean and covariance matrix the identity. As one might guess, the measure P is more
convenient to work with. It is worth mentioning (see Section 2.1) that the Feynman-
Kac formula (2.160) is true regardless of the nature of the state X;, that is, it holds
even if X, is not Markov. In fact, the machinery of change of measures can be applied

to any nonlinear filtering problem and is not tied to the particular filtering formulations
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considered in this work [12].

Let us now replace X, in the RHS of (2.160) with another process XtL 9, called the
approzimation, with resolution or approximation parameter Lg € N (conventionally),
also independent of the observations under ﬁ, for which the evaluation of the resulting

“filter” might be easier. Then, we can define the approximate filter of the state X,
%
%

It was shown in Section 2.1 that, under certain conditions, this approximate filter is

L L
Eﬁ{Xt sAFs

E~{Afs

Els (X,| %) & , VteN. (2.161)

P

strongly asymptotically consistent, as follows.

Theorem 2.4. (Convergence to the Optimal Filter) Pick any natural T < oo and

suppose either of the following:

o For all t € Ny, the sequence {XtLS}L N is marginally C-weakly convergent to
S

X, given X,, that is,

Lg ‘ W '
PXth‘Xt( X0, 0% (), VEENT. (2.162)

o For allt € Ny, the sequence {XtLS}L N is (marginally) convergent to X, in
sE

probability, that is,

xls 2, X, vteNp. (2.163)
LS—)OO

Then, there exists a measurable subset Q. C Q with P-measure at least 1 — (T + 1)1_CN

exp (—CN), such that

sup sup €7 (x| %) ~Ep {X,| %4} (@), — 0. (2.164)

teNT weQp s
for any free, finite constant C' > 1. In other words, the convergence of the respective

approximate filtering operators is compact in t € N and, with probability at least 1 —

(T + 1) N exp (~CN), uniform in w.

Theorem 2.4 constitutes the full-blown version of Theorem 2.3 of Section 2.1.3, and
is presented here for completeness. Let us also recall some basic facts from our earlier

development, presented in Section 2.1.
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Remark 2.8. It should be mentioned that Theorem 2.4 holds for any process X;, Markov

or not, as long as X; is almost surely compactly supported. |

Remark 2.9. The mode of filter convergence reported in Theorem 2.4 is particularly
strong. It implies that inside any fixed finite time interval and among almost all pos-
stble paths of the observations process, the approximation error between the true and
approximate filters is finitely bounded and converges to zero, as the grid resolution in-
creases, resulting in a practically appealing asymptotic property. This mode of conver-
gence constitutes, in a sense, a practically useful, quantitative justification of Egorov’s
Theorem [21], which abstractly relates almost uniform convergence with almost sure
convergence of measurable functions. Further, it is important to mention that, for fixed
T, convergence to the optimal filter tends to be in the uniformly almost everywhere
sense, at an exponential rate with respect to the dimensionality of the observations,
N. This shows that, in a sense, the dimensionality of the observations stochastically

stabilizes the approximate filtering process. |

Remark 2.10. Observe that the adopted approach concerning construction of the ap-
proximate filter of X, the approximation XtL 9 is naturally constructed under the base
measure 73, satisfying the constraint of being independent of the observations, y,. How-
ever, it is easy to see that if, for each ¢ in the horizon of interest, XtL 9 is {2 }-adapted,
then it may be defined under the original base measure P without any complication;
under P, X, (and, thus, XtL %) is independent of y,; by construction. In greater gener-
ality, XtL 5 may be constructed under P, as long as it can be somehow guaranteed to
follow the same distribution and be independent of y, under P. As we shall see below,
this is not always obvious or true; if fact, it is strongly dependent on the information
(encoded in the appropriate o-algebra) exploited in order to define the process XtL 5, as

well as the particular choice of the alternative measure P. |

2.2.3 Uniform State Quantizations

Although Theorem 2.3 presented above provides the required conditions for convergence
of the respective approximate filter, it does not specify any specific class of processes

to be used as the required approximations. In order to satisfy either of the conditions
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of Theorem 2.3, XtL % must be strongly dependent on X,. For example, if the approx-
imation is merely weakly convergent to the original state process (as, for instance, in
particle filtering techniques), the conditions of Theorem 2.3 will not be fulfilled. In
this work, the state X; is approximated by another closely related process with discrete
state space, constituting a uniformly quantized approximation of the original one.
Similarly to [22], we will consider two types of state approximations: Marginal
Quantizations and Markovian Quantizations. Specifically, in the following, we study
pathwise properties of the aforementioned state approximations. Nevertheless, and as in
every meaningful filtering formulation, neither the state nor its approximations need to
be known or constructed by the user. Only the (conditional) laws of the approximations

need to be known. To this end, let us state a general definition of a quantizer.

Definition 2.3. (Quantizers) Consider a compact subset A C ]RN, a partition
= {‘Ai}ieNf of A and let B £ {{bi}z‘eNf} be a discrete set consisting of distinct
reconstruction points, with b, € RM,W € Nz. Then, an L-level Fuclidean Quantizer is
any bounded and measurable function Q : (A, B (A)) — (B, 2B>, defined by assigning
all x € A; € 11,0 € NZL to a unique b; € B, j € NJLF, such that the mapping between the

elements of II and B is one to one and onto (a bijection).

2.2.3.1 Uniformly Quantizing Z

For simplicity and without any loss of generality, suppose that Z = [a, b]M (for a € R
and b € R with obviously a < b), representing the compact set of support of the state

X,. Also, consider a uniform L-set partition of the interval [a,b], IT; £ {Z1}ien, _, and,
A

additionally, let II; . = x II; be the overloaded Cartesian product of M copies
M times

of the partitions defined above, with cardinality Lg = LM As usual, our reconstruc-

tion points will be chosen as the center of masses of the hyperrectangles comprising

{lm}m +
the hyperpartition Il , denoted as T = mg;”}, where [,, € N;_;. According
to some predefined ordering, we make the identification m{Ll;”} = a:lL o L E st. Fur-

ther, let X7 = {x};s,wis,...,xéz} and define the quantizer Qr  : (Z,%(Z2)) —
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(XLS , QXLS) , where

l
QLS (:)3) 2 w}{L;n} = mlLs € XLS
(2.165)

iff xe x 2 22; el
mENL

Given the definitions stated above, the following simple and basic result is true. The

proof, being elementary, is omitted.

Lemma 2.11. (Uniform Convergence of Quantized Values) [t is true that

lim suIZ)HQLS (m)—mHl =0, (2.166)

LS—)OO xEe

that is, Q. (x) converges as Lg — oo, uniformly in .

Remark 2.11. We should mention here that Lemma 2.11, as well as all the results to be
presented below hold equally well when the support of X, is different in each dimension,
or when different quantization resolutions are chosen in each dimension, just by adding

additional complexity to the respective arguments. |

2.2.3.2 Marginal Quantization

The first class of state process approximations of interest is that of marginal state

quantizations, according to which X, is approximated by its nearest neighbor
X[ (w) 2 Qp, (X, (w) € Xy, ¥te{-1}UN, (2.167)

P —a.s., where Lg € N is identified as the approximation parameter. Next, we present
another simple but important lemma, concerning the behavior of the quantized stochas-
tic process XtL 9 (w), as Lg gets large. Again, the proof is relatively simple, and it is

omitted.

Lemma 2.12. (Uniform Convergence of Marginal State Quantizations) For

X; (w) € Z, for all t € N, almost surely, it is true that

lim sup ess sup HXtLS (w) — Xy (w)H 0, (2.168)

Ls—o0 teN  we 1
that 1is, XtLS (w) converges as Lg — oo, uniformly in t and uniformly P-almost every-

where in w.
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Remark 2.12. One drawback of marginal approximations is that they do not possess
the Markov property any more. This fact introduces considerable complications in
the development of recursive estimators, as shown later in Section 2.2.4. However,
marginal approximations are practically appealing, because they do not require explicit

knowledge of the stochastic kernel describing the transitions of X,. |

Remark 2.13. Note that the implications of Lemma 2.12 continue to be true under the
base measure P. This is true because XtL 9 is { Z; }-adapted, and also due to the fact that
the “local” probability spaces (2, Z,.,P) and (Q, 3{00,75) are completely identical.
Here, 2., £ o {UteNU{—l} %} constitutes the join of the filtration {2 },cnyq_13- In
other words, the restrictions of P and P on Z -the collection of events ever to be

generated by X;- coincide; that is, P|, = 73‘% . |

2.2.3.3 Markovian Quantization

The second class of approximations considered is that of Markovian quantizations of
the state. In this case, we assume explicit knowledge of a transition mapping, modeling
the temporal evolution of X,. In particular, we assume a recursion as in (2.158), where
the process W, acts as the driving noise of the state X; and constitutes an intrinsic

characteristic of it. Then, the Markovian quantization of X, is defined as
xts 2o, <f (Xthl,Wt)) € Xy, VtEN, (2.169)

with Xf*f =Qr, (X_1)€XL,, P—a.s., and which satisfies the Markov property trivially;
since X7, is finite, it constitutes a (time-homogeneous) finite state space Markov Chain.
A scheme for generating XtL 5 is shown in Fig. 2.1.

At this point, it is very important to observe that, whereas X, is guaranteed to be
Markov with the same dynamics and independent of y, under 75, we cannot immedi-
ately say the same for the Markovian approximation XtL S, The reason is that XtL S is
measurable with respect to the filtration generated by the initial condition X_; and
the innovations process W, and not with respect to {2Z;},cnu (-1}- Without any ad-

ditional considerations, W; may very well be partially correlated relative to y, and/or
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Time & Lg
Nature () ;s (1) X% (w)

I 1

Wi(w)— f() [&27!

Figure 2.1: Block representation of Markovian quantization. As noted in the cloud,
“Nature” here refers to the sample space 2 of the base triplet (Q2,.7,P).

X_1, and/or even non white itself! Nevertheless, P may be chosen such that W, indeed

satisfies the aforementioned properties under question, as the following result suggests.

Lemma 2.13. (Choice of 75) Without any other modification, the base measure P
may be chosen such that the initial condition X_; and the innovations process W,
follow the same distributions as under P and are all mutually independent relative to

the observations, y;.
Proof of Lemma 2.13. See Section 2.2.7.6 (Appendix F). |

Lemma 2.13 essentially implies that Markovian quantizations may be constructed
and analyzed either under P or 75, interchangeably. Also adapt Remark 2.13 to this
case.

Under the assumption of a transition mapping, every possible path of X, (w) is
completely determined by fixing X_; (w) and W, (w) at any particular realization, for
each w € . As in the case of marginal quantizations, the goal of the Markovian
quantization is the pathwise approximation of X, by XtL 5. for almost all realizations of
the white noise process W; and initial value X_;. In practice, however, as noted in the
beginning of this section, knowledge of W, is of course not required by the user. What
is required by the user is the transition matrix of the Markov chain XtL §, which could
be obtained via, for instance, simulation (also see Section IV).

For analytical tractability, we will impose the following reasonable regularity as-

sumption on the expansiveness of the transition mapping f(-,-):

Assumption 2.3. (Expansiveness of Transition Mappings) For all y € W,

f:ZxW— Zis Lipschitz continuous in & € Z, that is, possibly dependent on each
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y, there exists a non-negative, bounded constant K (y), where sup,,¢)y K (y) exists and

is finite, such that

1f (@1, y) = [ (@2, 9)]l, < K (y) @1 — 2], (2.170)

V(zy,2) € Z x 2. If, additionally, sup,c)y K (y) < 1, then f(-,-) will be referred to

as uniformly contractive.

Employing Assumption 2.3, the next result presented below characterizes the con-
vergence of the Markovian state approximation XtL % to the true process X;, as the

quantization of the state space Z gets finer and under appropriate conditions.

Lemma 2.14. (Uniform Convergence of Markovian State Quantizations) Sup-
pose that the transition mapping f : Z x W — Z of the Markov process X; (w) is Lips-
chitz, almost surely and for all t € N. Also, consider the approxzimating Markov process

XtLS (w), as defined in (2.169). Then,

lim esssup HXtLS (w) — X ((,L))H1 =0, VteN, (2.171)

LS—N)O weN
that is, XtLS (w) converges as Lg — o0, in the pointwise sense in t and uniformly almost
everywhere in w. If, additionally, f (-,-) is uniformly contractive, almost surely and for

all t € N, then it is true that

lim sup ess sup HXtLS (w) — X, (w)H =0, (2.172)
Lg—00teN  we 1
that is, the convergence is additionally uniform in t.
Proof of Lemma 2.14. See Section 2.2.7.1 (Appendix A). |

Especially concerning temporally uniform convergence of the quantization schemes
under consideration, and to highlight its great practical importance, it would be useful
to illustrate the implications of Lemmata 2.12 and 2.14 by means of the following simple

numerical example.

Example 2.1. Let X, be a scalar, first order autoregressive process (AR (1)), defined

via the linear stochastic difference equation

X, 2aX, 1 +W, VteN, (2.173)
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Figure 2.2: Absolute errors between each of the quantized versions of the AR (1) process

of our example, and the true process itself, respectively, for (a) a« = 0.6 (stable process)
and (b) « =1 (a random walk).
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where W, i N (0,1),Vt € N. In our example, the parameter o € [—1,1] is known
apriori and controls the stability of the process, with the case where oo = 1 corresponding
to a Gaussian random walk. Of course, it is true that the state space of the process
defined by (2.173) is the whole R, which means that, strictly speaking, there are no
finite a and b such that X, € [a,b] = Z,Vt € N, with probability 1. However, it is true
that for sufficiently large but finite a and b, there exists a “large” measurable set of
possible outcomes for which X;, being a Gaussian process, indeed belongs to Z with
very high probability. Whenever this happens, we should be able to verify Lemmata
2.12 and 2.14 directly.

Additionally, it is trivial to verify that the linear transition function in (2.173) is
always a contraction, with Lipschitz constant K = |«|, whenever the AR (1) process of
interest is stable, that is, whenever |a| < 1.

Fig. 2.2(a) and 2.2(b) show the absolute errors between two AR (1) processes and
their quantized versions according to Lemmata 2.12 and 2.14, for « = 0.6 and o = 1,
respectively. From the figure, one can readily observe that the marginal quantization
of X, always converges to X, uniformly in time, regardless of the particular value of «,
experimentally validating Lemma 2.12. On the other hand, it is obvious that when the
transition function of our system is not a contraction (Lemma 2.14), uniform conver-
gence of the respective Markovian quantization to the true state X, cannot be guaran-
teed. Of course, we have not proved any additional necessity regarding our sufficiency
assumption related to the contractiveness of the transition mapping of the process of
interest, meaning that there might exist processes which do not fulfill this requirement
and still converge uniformly. However, for uniform contractions, the convergence will

always be uniform whenever the process X, is bounded in Z. |

2.2.4 Recursive Estimation & Asymptotic Optimality

It is indeed easy to show that when used as candidate state approximations for defining
approximate filtering operators in the fashion of Section 2.2.2.B, both the marginal and
Markovian quantization schemes presented in Sections 2.2.3.B and 2.2.3.C, respectively,

converge to the optimal nonlinear filter of the state X;. Convergence is in the sense of
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Theorem 2.3 presented in Section 2.2.2.B, corroborating asymptotic optimality under a
unified convergence criterion.

Specifically, under the respective (and usual) assumptions, Lemmata 2.12 and 2.14
presented above imply that both the marginal and Markovian approximations converge
to the true state X, at least in the almost sure sense, for all ¢ € N. Therefore, both will
also converge to the true state in probability, satisfying the second sufficient condition

of Theorem 2.3. The following result is true. Its proof, being apparent, is omitted.

Theorem 2.5. (Convergence of Approximate Filters) Pick any natural T < oo
and let the process XtLS represent either the marginal or the Markovian approzima-
tion of the state X;. Then, under the respective assumptions implied by Lemmata
2.12 and 2.14, the approximate filter gls (X:| %) converges to the true nonlinear filter

Ep { X;| %}, in the sense of Theorem 2.3.

Although Theorem 2.5 shows asymptotic consistency of the marginal and Markovian
approximate filters in a strong sense, it does not imply the existence of any finite dimen-
sional scheme for actually realizing these estimators. This is the purpose of the next
subsections. In particular, we develop recursive representations for the asymptotically
optimal (as Lg — 0o) filter £ (X;| %), as defined previously in (2.44).

For later reference, let us define the bijective mapping (a trivial quantizer) QF ¢
(XLS,QXLS) — (VLS,QVLS>, where the set Vp = {elLS, e ,eég} contains the com-
plete standard basis in RE5*L Since {BZL . is bijectively mapped to elLS for all l € N+S,
we can write CL‘ZLS = XelLS, where X £ [mlLS m%s wiﬂ e RM*Es constitutes the

respective reconstruction matrix. From this discussion, it is obvious that

Es {XtLSAtLS %} =XEj { Q5 (XtLS> ALs %} , (2.174)
leading to the expression
pis = 21 % Q{fs) ks (2.175)
Es { A7 %}

for all t € N, regardless of the type of state quantization employed. We additionally

define the likelihood matrix

A, 2 diag (Lt (leS,yt) L (xfg,yt)) cREsxLs, (2.176)
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Also to be subsequently used, given the quantization type, define the column stochastic

matrix P € [0, 1]75%5s as

P 2P (X =a,

I .
X, 5 = :cis) , (2.177)

for all (4,7) € Nj, x Nf _.

At this point, it will be important to note that the transition matrix P defined in
(2.177) is implicitly assumed to be time invariant, regardless of the state approximation
employed. Under the system model established in Section 2.2.2.A (assuming temporal
homogeneity for the original Markov process X, ), this is unconditionally true when one
considers Markovian state quantizations, simply because the resulting approximating
process XtL 5 constitutes a Markov chain with finite state space, as stated earlier in
Section 2.2.3.C. On the other hand, the situation is quite different when one considers

marginal quantizations of the state. In that case, the conditional probabilities

P (Xth =a) | Xt = mgs) —p (Xt €z |x_ e Zis), (2.178)

which would correspond to the (i, 7)-th element of the resulting transition matrix, are,
in general, not time invariant any more, even if the original Markov process is time
homogeneous. Nevertheless, assuming the existence of at least one invariant measure (a
stationary distribution) for the Markov process X, also chosen as its initial distribution,
the aforementioned probabilities are indeed time invariant. This is a very common
and reasonable assumption employed in practice, especially when tracking stationary
signals. For notational and intuitional simplicity, and in order to present a unified
treatment of all the approximate filters considered in this work, the aforementioned

assumption will also be adopted in the analysis that follows.

2.2.4.1 Markovian Quantization

We start with the case of Markovian quantizations, since it is easier and more straight-
forward. Here, the development of the respective approximate filter is based on the fact
that XtL S constitutes a Markov chain. Actually, this fact is the only requirement for

the existence of a recursive realization of the filter, with Lemma 3 providing a sufficient
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condition, ensuring asymptotic optimality. The resulting recursive scheme is summa-
rized in the following result. The proof is omitted, since it involves standard arguments
in nonlinear filtering, similar to the ones employed in the derivation of the filtering
recursions for a partially observed Markov chain with finite state space [12,15,47], as

previously mentioned.

Theorem 2.6. (The Markovian Filter) Consider the Markovian state approzima-
tion X}'S and define E, £ Es { Ql (XtLS> As

%} e RESXY for allt € N. Then,
under the appropriate assumptions (Lipschitz property of Lemma 2.14), the asymptoti-

cally optimal in Lg approrimate grid based filter gls (X %) can be expressed as

XE
Els (X, %) = W vVt e N, (2.179)
1

where the process E, satisfies the linear recursion
E,=ANPE, ;, VteNlN (2.180)
The filter is initialized setting E_, = Ep {QGLS (Xff) }

Remark 2.14. Tt is worth mentioning that, although formally similar to, the approx-
imate filter introduced in Theorem 2.6 does not refer to a Markov chain with finite
state space, because the observations process utilized in the filtering iterations corre-
sponds to that of the real partially observable system under consideration. The quantity
EXS (X, %) does not constitute a conditional expectation of the Markov chain associ-
ated with P, because the latter process does not follow the probability law of the true

state process X;. [ |

Remark 2.15. In fact, E, may be interpreted as a vector encoding an unnormalized
point mass function, which, roughly speaking, expresses the belief of the quantized state,
given the observations up to and including time ¢. Normalization by || E;||; corresponds

precisely to a point mass function. |

Remark 2.16. For the benefit of the reader, we should mention that the Markovian filter
considered above essentially coincides with the approximate grid based filter reported

n ([23], Section IV.B), although the construction of the two filters is different: the
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former is constructed via a Markovian quantization of the state, whereas the latter [23]
is based on a “quasi-marginal” approach (compare with (2.178)). Nevertheless, given
our assumptions on the HMM under consideration, both formulations result in exactly
the same transition matrix. Therefore, the optimality properties of the Markovian filter

are indeed inherited by the grid based filter described in [23]. [

2.2.4.2 Marginal Quantization

We now move on to the case of marginal quantizations. In order to be able to come
up with a simple, Markov chain based, recursive filtering scheme, as in the case of
Markovian quantizations previously treated, it turns out that a further assumption is
required, this time concerning the stochastic kernel of the Markov process X;. But
before embarking on the relevant analysis, let us present some essential definitions.
First, for any process X;, we will say that a sequence of functions { f,, ()},, is Px; U1,
if {f, (-)},, is Uniformly Integrable with respect to the pushforward measure induced

by Xy, Px,, where t € NU {—1}, i.e.,

lim sup/ | fn ()| Px, (dz) = 0. (2.181)
{Ifn(@)[>K}

K—oo p

Second, given Lg, recall from Section 2.2.3.A that the set Il contains as members
all quantization regions of Z, Z7 o JE st. Then, given the stochastic kernel IC(-|-)
associated with the time invariant transitions of X, and for each Lg € N*, we define

the cumulative kernel

/ K (A|6) Py, . (d6)
Zr4()

P (Xt_l € Zp (m))

B{KAXD T o]

B {]l{xt_lezLS@)}}

=E{K (Al X, )| X, €2, (x)}, (2.182)

IC(A|€ZLS (a:))é

for all Borel A € ,%’(RMM) and all ¢ € Z, where Z;_(z) € I}, denotes the unique

quantization region, which includes . Note that if x is substituted by X,_; (w),
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the resulting quantity Z;_(X,_;(w)) constitutes an Zj-predictable set-valued ran-
dom element. Now, if, for any * € Z, K(-|x) admits a stochastic kernel density
kot RMXL o pMXL R, , suggestively denoted as s (y|x), we define, in exactly the

same fashion as above, the cumulative kernel density
k(yleZ, (x) 2E{r (Y| Xo1)| Xy €2, ()}, (2.183)

for all y € RM*!. The fact that (] €Zp, (z)) is indeed a Radon-Nikodym derivative

of K(:|€ 21 (®)) readily follows by definition of the latter and Fubini’s Theorem.

Remark 2.17. Observe that, although integration is with respect to Py, | on the RHS of
(2.182), K(-|€ 2, () is time invariant. This is due to stationarity of X;, as assumed
in the beginning of Section 2.2.4, implying time invariance of the marginal measure
Px,, for all t € NU {-1}. Additionally, for each z € Z, when A is restricted to
I, K(Al€ 2L, (x)) corresponds to an entry of the (time invariant) matrix P, also
defined earlier. In the general case, where the aforementioned cumulative kernel is
time varying, all subsequent analysis continues to be valid, just by adding additional

notational complexity. |

In respect to the relevant assumption required on K (-|-), as asserted above, let us

now present the following definition.

Definition 2.4. (Cumulative Conditional Regularity of Markov Kernels) Con-
sider the kernel K (-|-), associated with X, for all ¢t € N. We say that K (-|-) is Con-
ditionally Regular of Type I (CRT 1), if, for Px, = Px_,-almost all @, there exists a

Px_,— UI sequence {5,{L () > 0} . with §T () 2% 0, such that
- neN n— o0

I
sup |K(Alz)— K (AleZ., (x))] < OLs (ac) (2.184)

ATl Lg
If, further, for Px_ -almost all x, the measure K (-|x) admits a density « (| ), and
if there exists another Py  — U sequence {57? () > O} . with SE () 2% 0, such
- neN n—o0
that

essiupi‘/i(ym)—la(y]EZLs ()] §6ﬁg (x), (2.185)
yeR"”

K (+|-) is called Conditionally Regular of Type II (CRT II). In any case, X; will also be

called conditionally regular.
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A consequence of conditional regularity is the following Martingale Difference (MD)

[11,12] type representation of the marginally quantized process Qf s (XtL )

Lemma 2.15. (Semirecursive MD-type Representation of Marginal Quanti-
zations) Assume that the state process X, is conditionally reqular. Then, the quantized

process QF < <XtL S ) admits the representation

Q5. (XtLS) = PQ;, (Xf_sl) + M+ el (2.186)

Ls><1

where, under the base measure ﬁ,Mf eR constitutes an Z,-MD process and

sfs e REs*Y constitutes a { 2;}-predictable process, such that

o if X, is CRT I, then

Hsfs <&t (X)) — 0, P—as, (2.187)
1 Lsi)OO
e whereas, if X, is CRT II, then
Hsfs <lb—a™ 6l (X,o) — 0, P—as., (2.188)
1 Ls—N)O
everywhere in time.
Proof of Lemma 2.15. See Section 2.2.7.2 (Appendix B). [ |

Now, consider an auxiliary Markov chain ZtL ¥ €V, with P (defined as in (2.177))
as its transition matrix and with initial distribution to be specified. Of course, ZtL s
can be represented as ZtLS = PZtL_S1 + ./\N/l:, where ./\N/ltt2 € RE™1 constitutes a Z-MD
process, with {Z}},.y being the complete natural filtration generated by ZtL s,

Due to the existence of the “bias” process stL % in the martingale difference repre-
sentation of Q7 (XtL s ) (see Lemma 2.15), the direct derivation of a filtering recursion
for this process is difficult. However, it turns out that the approximate filter involving
the marginal state quantization XtL 5. Ls (X, %), can be further approximated by the
also approximate filter
XE { zFs \PLs

(7

)

Es (X, ) £
%)

: (2.189)

Ez
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for all ¢ € N, where the functional AtZ L5 is defined exactly like AtL 5, but replacing
XtL S with ZtL S, This latter filter indeed admits the recursive representation proposed
in Theorem 2.6 (with P defined as in (2.177), reflecting the choice of a marginal state
approximation).

Consequently, if we are interested in the asymptotic behavior of the approximation

error between £ (X,|%;) and the original nonlinear filter Ep { X,| %}, we can write

|Er (X012} = & (x2)|

< |Ep{ X%} — €5 (X )|| + |7 (X %) — €5 (X1 %)|| . (2.190)
1 1

However, from Theorem 2.5, we know that, under the respective conditions,

sup sup HELS (X4 %) —Ep{Xt]@t}H — 0. (2.191)
tGNT LUEQT 1 LSA)OO

Therefore, if we show that error between £55 (X,|%;) and £ (X,|%;) vanishes in the
above sense, then, £ (X,|%) will converge to Ep { X;| %}, also in the same sense.
It turns out that if X, is conditionally regular, the aforementioned desired statement

always holds, as follows.

Lemma 2.16. (Convergence of Approximate Filters) For any natural T < oo,
suppose that the state process X, is conditionally regular and that the initial measure of

the chain ZtLS s chosen such that

Ep {255} =Ep {Qf, (x15)}. (2.192)
Then, for the same measurable subset QT C Q of Theorem 2.3, it is true that

sup sup HSLS(Xt|Z’/t)—§LS(Xt|@t)H 0. (2.193)

teNT LeQ, 1 Lg—o0

Additionally, under the same setting, it follows that

sup sup HELS (X,|%) —Ep{X,| %}H 0. (2.194)
teNp wEﬁT 1 Lg—o0
Proof of Lemma 2.16. See Section 2.2.7.3 (Appendix C). |

Finally, the next theorem establishes precisely the form of the recursive grid based

filter, employing the marginal quantization of the state.
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Theorem 2.7. (The Marginal Filter) Consider the marginal state approrimation
XtLS and suppose that the state process X, is conditionally regular. Then, for each
t € N, the asymptotically optimal in Lg approximate filtering operator gls (X %;) can
be recursively expressed exactly as in Theorem 2.6, with initial conditions as in Lemma

2.16 and transition matriz P defined as in (2.177).

Remark 2.18. (Weak Conditional Regularity) All the derivations presented above
are still valid if, in the definition of conditional regularity (Definition 2), one replaces

almost everywhere convergence of the sequences {5£ ()} and {(57? ()} with conver-
n

n
gence in probability. This is due to the fact that uniform integrability plus convergence
in measure are necessary and sufficient conditions for showing convergence in £; (for
finite measure spaces). Consequently, if we focus on, for instance, CRT I (CRT II is
similar), it is easy to see that in order to ensure asymptotic consistency of the marginal
approximate filter in the sense of Theorem 2.7, it suffices that, for A € I, and for any
€ >0,

€

Px, , (sjp!lC(A|m)lC(A| €z (z))|> %>L;>wo, (2.195)

for all t € N (in general), given the stochastic kernel K (-|-) and for the desired choice
of the quantizer Q; _ (). Here, the Px, —UI sequence {5711 ()} is identified as
o1, () = Sw Lg|K (Alz)-K (A€ 2, ()], (2.196)
€ Lg

Mx1

for all Lg € N* and for almost all z € R . In other words, it is required that, for

any € > 0,
€

KAl X, )-K(AleZ;_ (X,_ <—,
ASGLIITI;‘ (Al Xi—q) ( | LS( tl))l_LS

(2.197)
with probability at least 1—m;_1(€, Lg), for all £ € N (in general), where, for each ¢,
{m_1(e,;n)}, o+ constitutes a sequence vanishing at infinity. This is a considerably

weaker form of conditional regularity, as stated in Definition 2. |
2.2.4.3 Extensions: State Functionals & Approximate Prediction
All the results presented so far can be extended as follows. First, if

{(bt cRMXL oy rMo, Xl} N is a family of bounded and continuous functions, it is easy
te
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to show that every relevant theorem presented so far is still true if one replaces X; by
¢, (X;) in the respective formulations of the approximate filters discussed. This is made
possible by observing that (2.18) still holds if we replace X; by ¢, (X;), by invoking
the Continuous Mapping Theorem and using the boundedness of ¢, (X;), instead of the
boundedness of X;, whenever required.

Second, exploiting very similar arguments as in the previous sections, it is possible to
derive asymptotically optimal p-step state predictors, where p > 0 denotes the desired
(and finite) prediction horizon. In particular, under the usual assumptions [12], it is
easy to show that, as in the filtering case, the optimal nonlinear temporal predictor

Ep {Xt +p} @t} can be expressed through the Feynman-Kac type of formula

Es{ X, A%
Ep{ X, ,| %} = Pléﬁ{tm%}t}, Vt € N. (2.198)

Therefore, in analogy to (2.175), it is reasonable to consider grid based approximations

XEj { 91, (Xi) AL
E~{Afs %}

P
for all ¢ € N. Focusing on marginal state quantizations (the Markovian case is similar,

of the form

%} (2.199)

)

ghs (Xitp| ) =

albeit easier), then, exploiting Lemma 2.15 and using induction, it is easy to show that
oL p . p .
QL ( t+p> P’ QL ( S) +Y PPTIMG L+ Y PPTers, Wie N (2.200)
i=1 i=1

Thus, using simple properties of MD sequences, it follows that the numerator of the

fraction on the RHS of (2.199) can be decomposed as

" (X1 %)

%)

= XPpEﬁ{QLs ( t+p) A @t} .\ XZPP E {EtﬂALS
= @t}

E~{Afs @t} E~{AtLS
The first term on the RHS of (2.201) is analyzed exactly as in the proof of Lemma 2.16.

(2.201)

P P

For the second term, it is true that

L (t+1)
szpw s {ersats| ) <M%/Amf W ZE {|let=

} . (2:202)
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which can be treated as an extra error term, also in the fashion of Lemma 2.16.
Putting it altogether (state functionals plus prediction), the following general theo-

rem holds, covering every aspect of the investigation presented in this work.

Theorem 2.8. (Grid Based Filtering/Prediction & Functionals of the State)
For any deterministic functional family {q’)t (RMX RM¢tX1}t€N with bounded and
continuous members and any finite prediction horizon p > 0, the strictly optimal filter
and p-step predictor of the transformed process ¢, (X;) can be approrimated as

P’E,

=t e RMo 1 (2.203)
1Bl

5LS (¢t+p (Xt+p)‘ @t) = (I)t+p

for allt € N, where the process E, € RES*1 can be recursively evaluated as in Theorem

2.6, P is defined according to the chosen state quantization and

Py, = [¢t+p <$}Ls> s Pryp <$£§)} e RMebs, (2.204)

Additionally, under the appropriate assumptions (see Lemma 2.14 and Lemma 2.16,
respectively) the approximate filter is asymptotically optimal. in the sense of Theorem

2.5.

Remark 2.19. As Theorem 2.8 clearly states, for each choice of state functionals and any
finite prediction horizon, convergence of the respective approximate grid based filters
is in the sense of Theorem 2.3. This implies the existence of an exceptional measurable
set of measure almost unity, inside of which convergence is in the uniform sense. It
is important to emphasize that this exceptional event, (AZT, as well as its measure, are
independent of the particular choice of both the bounded family {¢,}, and the prediction
horizon p. This fact can be easily verified by a quick detour of the proof of Theorem 2.3.
In particular, for any fixed choice of T', (AZT characterizes exclusively the growth of the
observations y,, which are the same regardless of filtering, prediction, or any functional
imposed on the state. Therefore, stochastically uniform (in QT) convergence of one
estimator implies stochastically uniform convergence of any other estimator, within
any class of estimators, constructed employing any uniformly bounded and continuous

class of functionals of the state and finite prediction horizons. |
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2.2.4.4 Filter Performance

The uncertainty of a filtering estimator can be quantified via its posterior quadratic
deviation from the true state, at each time ¢. This information is encoded into the

posterior covariance matrix
_ T T
V{X,|%} =E {XtXt ‘ @4}—1@ X, ZHE (X, |27, (2.205)

for all ¢t € N. Next, in a general setting, we consider asymptotically consistent approx-
imations of V{cl)t +p (Xt +p)‘ @t}, which, at the same time, admit finite dimensional
representations. In the following, ||HE denotes the entrywise ¢;-norm for matrices,

which upper bounds both the ¢;-operator-induced and the Frobenius norms.

Theorem 2.9. (Posterior Covariance Recursions) Under the same setting as in
Theorem 2.8, the posterior covariance matrix of the optimal filter of the transformed
process @, (Xt +p) can be approximated as

ding < P'E, > _P'E, (PpEt )T
1Bl Bl B

phs (¢t+p (Xt—&-p)‘ @t) £ @, <I>£rp, (2.206)

for all teN. Under the appropriate assumptions (Lemma 2.14/2.16), the approzimate

estimator is asymptotically optimal in the sense of Theorem 2.3.

Proof of Theorem 2.9. See Section 2.2.7.4 (Appendix D). [

2.2.5 Analytical Examples & Some Simulations

This section is centered around a discussion about the practical applicability of the grid
based filters under consideration, mainly in regard to filter implementation, as well as
the sufficient conditions for asymptotic optimality presented and analyzed in Section
2.2.4. In what follows, we consider a class of 1-dimensional (for simplicity), common
and rather practically important additive Nonlinear AutoRegressions (NARs), where

X, evolves according to the stochastic difference equation
Xt = h (thl) + Wt? Vt S N, (2207)

X_y ~ Px_,, where h(:) constitutes a uniformly bounded and at least continuous

nonlinear functional and W, is a white noise process with known measure. To ensure
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that the state is bounded, we will assume that the white noise W, follows, for each
t € N, a zero location (and mean), truncated Gaussian distribution in [—«, «], with

scale o and with density

fur (z) 2 mﬂ[—wl (z), Vz € R, (2.208)

where ¢ (-) and @ (-) denote the standard Gaussian density and cumulative distribution
functions, respectively. Under these considerations, if sup,cg |k (z)| = B, then | X;| <

B + «a and, thus, Z is identified as the set [a,b = —a], with b 2 B + a.

2.2.5.1 Markovian Filter

In this case, the respective approximation of the state process is given by the quantized

stochastic difference equation
X/ 2 (n(xfs)+w), veen, (2.209)

initialized as Xff =9, (X_;), with probability 1. In order to guarantee asymptotic
optimality of the respective approximate filter described in Theorem 2.6, the original
process X, is required to at least satisfy the basic Lipschitz condition of Assumption 2.3.
Indeed, if we merely assume that h(-) is additionally Lipschitz with constant L; > 0

(that is, regardless of the stochastic character of W;, in general), then the function
f(z,y) = h(x)+y, (z,y)€[-B,B]x[-a,qa] (2.210)

is also Lipschitz with respect to z (for all y), with constant L; as well. Therefore, under
the mild Lipschitz assumption for h (-), we have shown that the resulting Markovian
filter will indeed be asymptotically consistent. In practice, we expect that a smaller
constant L; would result in better performance of the approximate filter, with best
results if & () constitutes a contraction, which makes f (-, y) uniformly contractive in y.
The above is indeed true, since filtering is essentially implemented via a stochastic dif-
ference equation itself, and, in general, any discretized approximation to this difference
equation is subject to error accumulation.

Of course, in order for the Markovian filter to be realizable, both the transition

matrix P and the initial value E_; have to be determined. In all cases, under our
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assumptions, P (and obviously E_;) may be determined during an offline training
phase, and stored in memory. A brute force way for estimating P is to simulate X,
(recall that the stochastic description of the transitions of X, is known apriori). Then,
P can be empirically estimated using the Strong Law of Large Numbers (SLLN). The
aforementioned procedure results in excellent performance in practice (see Section 3.2).
Exactly the same idea may be employed in order to estimate E_;, given the initial
measure of X;. Note that the above described empirical method for the estimation of
P and E_; does not assume a specific model describing the temporal evolution of X,
or any particular choice of state quantization. Thus, it is generally applicable.
However, for the specific (though general) class of systems discussed above, we may
also present an analytical construction for P (and E_,, assuming Px_, is known),
resulting in compact, closed form expressions. Indeed, by definition of XtL 5. P(i,7)

and each Zj , whose center is x7 , we get

P(i,j)=7P (h <Xthl) + W, € ZES Xthl = w]LS>

- /ngfw (x_h (xjis))dx’ (2.211)

which, based on (2.207), can be written in closed form as

@<p2js<a,3>)_¢(ng<a,3>)
P(i,j)= 1

2.212
for all (4, ) € st X NES, where
ij A . i j B+«
p? (e, B) 2 min{a,a}_~h (mLS>+L—S and (2.213)
y , . B
qIL]S (o, B) & max {—a,aﬁ:s—h (xJLS> — L—Za} ) (2.214)

Consequently, via (2.212), one may obtain the whole matrix P for any set of parameters
o, a, B and for any resolution Lg. As far as the initial value E_; is concerned, assuming
that the initial measure of Xy, Px_ , is known and recalling that the mapping Q7 s ()

is bijective, it will be true that

E =Y ep (Xff = xgs) , (2.215)
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where P (Xf*f = acJLS> = fzis Px_,(dz), for all j € NJLFS. Thus, E_; can be evaluated
in closed form, as long as the aforementioned integrals can be analytically computed.

2.2.5.2 Marginal Filter

Marginal filters are, in general, slightly more complicated. However, at least in theory,

they are provably more powerful than Markovian filters, as the following result suggests.

Theorem 2.10. (Additive NARs are Almost CRT II) Let X; € R evolve as in
(2.207), with X_4 ~ Px_,, and where

e h(-) is continuous and uniformly bounded by B > 0.

o W, follows the truncated Gaussian law in [—a,al, a > 0, with scale zero and

location o > 0.

Then, for any quantizer Q. (1) and any initial measure Px_,» Xy is almost condi-

tionally regular, in the sense that

1T
esssup (3] 2) = (41 € 24, (0) | <61 (0)+ i (). (2.216)
ye
for some uniformly bounded, time invariant, nonnegative sequence {(5;7 ()} - con-
ne
verging to zero Py, -almost everywhere, for allt € {-1}UN.
Proof of Theorem 2.10. See Section 2.2.7.5 (Appendix E). |

As Theorem 2.10 suggests, regardless of the respective initial measures and without
any additional assumptions on the nature of h (-), except for continuity, the truncated
Gaussian NARs under consideration are almost conditionally regular of type II, in
the sense that the relevant condition on the respective stochastic kernel is modified by
adding the drift fyy (). In general, this drift parameter might cause error accumulation
during the implementation of the marginal filter. On the other hand though, it is true
that for any fixed scale parameter o, fyr (o) = O(exp (—a2)>. Thus, for sufficiently

large «, fyr () will not essentially affect filter performance.
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Nevertheless, technically, this drift error can vanish, if one considers a white noise
W, following a distribution admitting a finitely supported and essentially Lipschitz in
[—a, o] density, taking zero values at +c. This is possible by observing that the proof to
Theorem 2.10 in fact works for such densities, without significant modifications. Then,
fw (£a) = 0 and, hence, the resulting NAR will be CRT II. Such densities exist and are,
in fact, popular; examples are the Logit-Normal and the Raised Cosine densities, which
constitute nice truncated approximations to the Gaussian density, or more interesting
choices, such as the Beta and Kumarasawmy densities.

Regarding the implementation of the marginal filter, unlike the Markovian case,
closed forms for the elements of P are very difficult to obtain, because they explicitly
depend on the marginal measures of X, for each , as (2.182) suggests. Even if Px__ is
an invariant measure, implying that the transition matrix is time invariant, the closed
form determination of P (i,j) requires proper choice of Py  , which, in most cases,
cannot be made by the user. Therefore, in most cases, P ;) has to be computed via, for
instance, simulation, and employing the SLLN. As restated above, this simple technique
gives excellent empirical results. Also, assuming knowledge of the initial measure Px_,
E_, is again given by (2.215).

In order to demonstrate the applicability of the marginal filter, as well as empirically
evaluate the training-by-simulation technique advocated above, below we present some
additional experimental results (note that the following also holds for the Markovian
filter, under the appropriate assumptions). As we shall see, these results will also
confirm some aspects of the particular mode of convergence advocated in Theorem
2.3. Specifically, consider an additive NAR of the form discussed above, where h (z) =
tanh (1.3z) € (—1,1), that is, B = 1, and where a = 1 and ¢ = 0.3. Additionally, the
resulting state process X, is observed via the nonlinear functional y;, = [X,]* 1 y+w, (1,
being the n-by-1 all-ones vector), where w, A (O, ai,IN>, 0121, =2 forallteN. In
order to stress test the marginal approximation approach, we set Py _ =U [—2,2] and
we arbitrarily assume stationarity of X;, regardless of Py | being an invariant measure
or not. This is a common tactic in practice. Under this setting, E_; = Lgll Lg» Whereas

a single P is estimated offfine from 3 - 10° samples of a single simulated version of X;.
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T = 150, # of Trials: 10

2 T T T T T
—o—N=14

L8r —a— N =12

1.6 —— N = 20|

Worst Absdolute Error

5 10 15 20 25 30 35 40 45 50
Grid Resolution

Figure 2.3: Marginal filter: worst error with respect to filter resolution (Lg), over 10
trials and for different values of N.

As Theorem 2.3 suggests, one should be interested in the approximation error be-
tween the approximate and exact filters of X,. However, the exact nonlinear filter of X,
is impossible to compute in a reasonable manner; besides, this is the motive for develop-
ing approximate filters. For that reason, we will further approximate the approximation
error by replacing the optimal filter of X, by a particle filter (an also approximate global
method), but employing a very high number of particles. The resampling step of the
particle filter is implemented using systematic resampling, known to minimize Monte
Carlo (MC) variation [23]. In our simulations, 5000 particles are employed in each
filtering iteration.

In the above fashion, Fig. 2.3 shows, for each filtering resolution Lg, ranging from
2 to 50, the worst absolute approximation error, chosen amongst 10 realizations (MC
trials) of the (approximate) filtering process, where the filtering horizon was chosen as
T = 150 time steps. The error process depicted in Fig. 2.3 provides a good approxi-
mation to the exact uniform approximation error of (2.164) in Theorem 2.3.

From the figure, we observe that convergence of the worst approximation error is

confirmed; for all values of N, a clear strictly decreasing error trend is identified, as
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Lg increases. This roughly justifies Theorem 2.3. What is more, at least for the 10
realizations collected for each combination of NV and Lg, the decay of the approximation
error is superstable, for all values of N. This indicates that, in practice, the realizations
of the approximate filtering process, which will ever be observed by the user, will be
such that convergence to the optimal filter is indeed uniform, and almost monotonic
(the “outliers” present at Lg = 22,30, 34 are most probably due to the use of a particle
filter -a randomized estimator- for emulating the true filter of X;). In the language
of Theorem 2.3, it will “always” be the case that w € QT (an event occurring with
high probability). This in turn implies that, although general, Theorem 2.3 might
be somewhat looser than reality for “good” hidden model setups. Finally, another
practically significant detail, which is revealed via Fig. 2.3, and seems to be a common
feature of grid based methods, is that the uniform error bound of the approximate
filters does not increase as a function of N. Note that this fact cannot be verified via

Theorem 2.3.

2.2.6 Conclusion

We have presented a comprehensive treatment of grid based approximate nonlinear
filtering of discrete time Markov processes observed in conditionally Gaussian noise,
relying on Markovian and marginal approximations of the state. For the Markovian
case, it has been shown that the resulting approximate filter is strongly asymptotically
optimal as long as the transition mapping of the state is Lipschitz. For the marginal
case, the novel concept of conditional regularity was proposed as a sufficient condition
for ensuring asymptotic optimality. Conditional regularity is proven to be potentially
more relaxed, compared to the state of the art in grid based filtering, revealing the
potential strength of the grid based approach, and also justifying its good performance
in applications. For both state approximation cases, convergence to the optimal filter
has been proven to be in a strong sense, i.e., compact in time and uniform in a fully
characterized event occurring almost certainly. Additionally, typical but important ex-

tensions of our results were discussed and justified. The whole theoretical development
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was based on a novel methodological scheme, especially for marginal state approxima-
tions. This focused more on the use of linear-algebraic techniques and less on measure
theoretic arguments, making the presentation more tangible and easier to grasp. In
our companion work (see Section 3.2), the results presented herein have been success-
fully exploited, providing theoretical guarantees in the context of channel estimation in
mobile wireless sensor networks.

2.2.7 Appendices

2.2.7.1 Appendix A: Proof of Lemma 2.14

Consider the event £ = {w € Q|X, (w) € Z, Vt € N} of unity probability measure, that

is, with P (£) = 1. Of course, by our assumptions so far, P (£°) = 0, with
E2{weN|X, (w) ¢ Z, for some t € N} (2.217)

being an “impossible” measurable set. Then, for w € &, we have X, (w) € Z for all

t € N and we may rewrite (2.169) as

L Lg L
X[5 (@) = f (X5 @), W (@) + 205 (), (2.218)
for some bounded process afs (w). By Assumption 2.3,

|xEs @) - X, @), <KW @))|| X @) - X @)+ @)

o (2219

for all £ € N. By construction of the quantizer Q; _ (-), it is easy to show that, for all

Ls w)Hl < M |b—a|/2Lg, for all t € N. Then, iterating the right hand side

of (2.219) and using induction, it can be easily shown that

|t @) - X @),

t

< (ﬁK(Wi(w))>HXff (w)—X_l(w)Hl M|b a +iHK . (2.220)
1=0

j=li=j

where X ff (w) and X_; (w) constitute the initial values of the processes XtL ¢ (w) and

X, (w), respectively. Let us focus on the second term on the RHS of (2.220). Since,
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by assumption, the respective Lipschitz constants are bounded with respect to the

supremum norm in £ and for all ¢ € N, it holds that

t

iﬁK ) < SHPZHK ) & iﬁk’ (W7). (2.221)

t

j=1i=j wes j=1li= j=1l1i=j
Note, however, that the supremum of (2.221) in ¢ € N indeed might not be finite.
Likewise, regarding the first term on the RHS of (2.220), we have

t t t

[[EW; (@) < sugHK(WZ» (w) & [ & (W7). (2.222)
i=0 weE =0 i=0

As a result, assuming only Lipschitz continuity of f(-,-) and recalling that Xff =
Qr, (X_4), taking the supremum on both sides (2.220) yields

sup HXtLS (w) — X, (w)le ess sup HXtLS (w) =X, (w)H

we€ weN 1

§M2|bLSa’ HZHK +HK — 0, (2.223)

Ls—>OO
j=1li=j

where the convergence rate may depend on each finite ¢, therefore only guaranteeing
convergence of XtL ¥ (w) in the pointwise sense in ¢ and uniformly almost everywhere in
w. Now, if f(-,-) is uniformly contractive for all w € £, and for all ¢t € N, then it will be
true that K (W, (w)) € [0,1), surely in £ and everywhere in time as well. Consequently,
focusing on the second term on the RHS of (2.220), it should be true that

t t t

1+ T K W; () Z
j=1i=j j=li
2]

| /\

t
[T s sup s (1)
" leN we&

t 41
- 1-K! 1

|| _E:KJ < 2.224

el 1k, Siog, (22

IID

where K, € [0,1) constitutes a global “Lipschitz constant” for f(-,-) in £ and for all
t € N. The situation is of course similar for the simpler first term on the RHS of (2.220).

As a result, we readily get that

M\b—a\ 2—-K,
20y 1-K,

sup esssupHX — X (w H <
teN  weQ

(2.225)

where the RHS vanishes as Lg — 00, thus proving the second part of the lemma. W
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2.2.7.2 Appendix B: Proof of Lemma 2.15

Since the mapping QF ¢ () is bijective and using the Markov property of X, it is true

that

£ {5, ()] i) =55 0h, (7))

3 elp (Xt c ng‘ XH) . (2.226)

Nt
JGNLS

First, let us consider the case where X, is CRT II. Then, assuming the existence of a
stochastic kernel density, it follows that there is a nonnegative sequence {6?5 () }L N
s€

Pk (ylw) <

converging almost everywhere to 0 as Lg — 00, such that, for all y € R
(5£{g () + K (y|EZLS (a:)) Thus, for each particular choice of (y,x), there exists a

process €1, (y,x) € [—6£IS (x) ,5?5 (m)], such that

k(yle)=ep, (v, ) +r(yleZ, (x)). (2.227)

Consequently, (2.226) can be expressed as

£s {0, (x/)| Zin} = el [ | el Xoms )

Nt
JeNL ¢

L L
= Y o [ wl@lezs, (X @) da+ el
Ls

jENL

_ Lsp ( wLs — i L L

= 3 e P (X = a:jLS‘ X[5) +ef?, (2.228)
JENL,

where the {2 }-predictable error process ef s e RYs*! s defined as
T
L
g5 & {/; €Ly (:Bt,Xt_l)dmt} . (2.229)

ZLs jENL

Then, since the state space of QF s (XtL S) is finite with cardinality Lg, we can write
Es { Q5 (XtLS> ‘ %H} = PO (Xffl) tebs, (2.230)
or, equivalently,

Es { Q. (XtLS> - PO}, (X,:L_S1) — &/

Ziap 2B {M]| 2,1} =0, (2.231)
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As far as the quantity HstL s : is concerned, it is true that

Ls
=

< Z / |5LS y, Xy_1)| dey

1 ZL

jeNp, ts

11
< ) 0Ly (Xe) dey
jENL s
=b—a™ L (X, ) = 0, P — a.s. (2.232)
S

— 00

and for all ¢ € N.
For the case where X; constitutes a CRT I process, the situation is similar. Specif-

ically, (2.226) can be expressed as

Es{ Q3 (XtLS>’ Ziaf= Y e P (x) =], ’XLS) s, (2.233)
JENT
where the process sf s € REs*! ig defined similarly to the previous case as
T
els 2 [ELS (ziS,Xt_l) D (ng,xt_l)] : (2.234)
with
Lol A
<], = 32 Jeve (22, %)
jeNT
O (K1) _
< - L = (X 2.2
< Z I Ls (Xio1) L:oo 0, (2.235)
JENT
P — a.s. and for all ¢t € N. The proof is complete. |

2.2.7.3 Appendix C: Proof of Lemma 2.16

Let us first recall some identifications. First, it can be easily shown that

Eﬁ{AtLS %} = Eﬁ{Qis (XtLS) AS %}H1
2 \E; and (2.236)
By {a"| o) = |5s {zoal" |}

s 125”1. (2:237)
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Then, we can write®
=], - |l==], |« |2 - 27

=]
1

|t (i@ - & (xi 7| <1, (2.238)

Since || X||; = M max {|a|, |b|} £ M~ and using the reverse triangle inequality, we get

&b (xim) -8 (x| m)|| <207 (2:239)

Since ZtL 5 is a Markov chain, it can be readily shown that EtZ satisfies the linear
recursion EtZ = AtPEtZ_l, for all ¢ € N (also see Theorem 2.6). Similarly, using the
martingale difference type representation given in Lemma 2.15, it easy to show that

X . .
E; satisfies another recursion of the form

EX = A,PEY, + AE; {afSAffl

@H} , Ve N. (2.240)

Then, by induction, the error process EtZ — Ef( satisfies

Z X Z X
B/ - B} = | [[ (AP) | (B, - BY))
i€EN,

-3 (H (A, )At ]EP{EtSAtLSJ 1‘@ j_l}, (2.241)

JEN; \i=0

for all t € N. Setting

EZ =K {ZL } Ep {QLS ( ES)} = g% (2.242)

and taking the ¢;-norm of EtZ — Ef(, it is true that

t—7—1
Z X n N AL L
e -], <3 (T1 o], IR, Efaze o] oo}
TEN, 1=0
—N(t—1+1) [\—Nr L
SZ\/Amf \/)‘mf Ez { Er —1}
TEN,
—N(t+1 e
O ER{ e} P-ae, (2.243)

®Here, ||A]; denotes the operator norm induced by the ¢;-vector norm.
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Lg

since the process €, is {Z;}-predictable and, under 73 the processes X; and y,; are
statistically independent.

Now, assuming, for example, that X; is CRT II (the case where X, is CRT I is
similar), we get

Z X —Nt+1
| ]| <25 el S E o x )
TEN,

|b— a|M IT
—————— sup E5 167 (X 2.244
= Nlog (Aznf) féth { LS( T*l)}? ( )

P—a.e. (and, since P and P are equivalent, P—a.e. as well) and for all t € N. Regarding
the denominator on the RHS of (2.239), in the last part of the proof of Theorem 2.3,

the authors have shown that, in general, for any fixed T' < oo,

inf inf inf Es {A
tENTWEQ LséN

t} (w) > 0, (2.245)

where QT C Q constitutes exactly the same measurable set of Theorem 2.4, occur-
ring with P-probability at least 1— (T+1)'"“Yexp (=CN), for C > 1. Thus, (2.239)

becomes

) 2MAb— a|™ sup E {1k (X,1)}
Hs S (X,| %) — (th)H < : . (2.246)

a Nlog()\mf 1nf HEt H

P — a.e., and taking the supremum both with respect to w € (AZT and t € Ny on both

sides, we get

sup sup HE S(Xy| %) —E75 (X %) H

2My b~ o sup B {1, (X, 1)}
< LSS . (2.247)

. X
Viog (o) iaf int int [,

Since the sequence {5,{; (-)}LS is Px_, =Px,— Ul, it is trivial that the sequence

{(5?3 (X4 ())}L is uniformly integrable, for all ¢ € N.. Then, because 5}4] (X1 (1)
S
L—) 0 (with respect to P), Vitali’s Convergence Theorem implies that Es {5 Lq (Xi— 1)}
§—00
— 0, for all ¢ € Ny, which in turn implies that sup ¢y, E5 {5£{9 (XT_l)} — 0.

LS‘)OO S*)OO

Thus, the RHS of (2.247) converges, and so does its LHS as well. |
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2.2.7.4 Appendix D: Proof of Theorem 2.9

For simplicity and clarity in the exposition, we consider the standard case where
¢, (X;) = Xy, for all t € N and p = 1. Starting with the definitions, since V{X;| %;} is

given by (2.54), for all ¢ € N, it is reasonable to define the grid based “filter”
T
Vhs (x| o) £ &5 (X, XT | ) - e (X, ) (M (X %)) (2.248)

for all ¢t € N, where gls (XtXtT ’ Q/t) constitutes an entrywise operator on the matrix

XtXtT e RMM defined as

. 1 . .
ghs (XtXtT‘ @75) (i,5) & m Z wlLS (1) C'flLs () E (1) (2.249)
1 ’
A 1 ij l ] Et
= o (x E,(l) = ®" ) (2.250)
1By 2 ( LS) : [
S

for all (i,j) € Ni; x Nj;. In the above, the function(al) ¢” : R¥s*! — R is obviously
bounded as continuous. Then, making use of the triangle inequality, the entrywise
y-norm of VS {X,| %} — V{X,| %} may be bounded from above by the sum of the
entrywise ¢;-norms of the differences between the first (Difference 1) and the second

(Difference 2) terms on the RHSs of (2.54) and (2.248), respectively. For Difference 1,

e (ot o0) -t |}

2o (X)| %) -2V

< M?
= e AR

C ot ot
(4,) €Ny XNy

. (2.251)

for all ¢ € N, where we have exploited the definitions above and which means that
Difference 1 converges to zero as Lg — 00, in the sense of Theorem 2.8, for any fixed
natural T' < oo and for the same measurable set (AZT of Theorem 2.8 (also see Remark
2.19). For Difference 2, it is easy to show that

|

€55 (X,| 7) (5 0%, 94)) ~E{X, | %) BLX 24)) E

1

< ([|erscaim)|, + IELGI 2, ) || ol ) -ELx 243 |

< 2My |[€%5(X,| %) ~E{X,| %)

. (2252)
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for all t € N, where we recall that v = max{|al,|b|}. Again, Difference 2 converges
to zero as Lg — 00, exactly in the same sense as Difference 1 above. Consequently,
putting it altogether, we have shown that

sup sup [|vEs (Xt|zf/t)—V{Xty@t}Hf Y (2.253)

tENT UJGQT LS—)OO

proving asymptotic consistency of the approximate estimator.
Now, in order to show that yhs (X,| %) indeed has the form advocated in Theorem

2.9, it suffices to observe that (2.249) in fact coincides with the (7, j)-th element of the

matrix
E
Xdiag< t >XT — ghs (XtXtT ‘ %) : (2.254)
[rain
for all t € N. The proof is now complete. |

2.2.7.5 Appendix E: Proof of Theorem 2.10

ess sup | k(y| x) —ry (y| € 21, (x))]
yeR

/ w(y]6) Px, . (d9) / w(y|2)—r(y] 6) Py, (d6)
Z Z

=esssup |k(y|x)— Ls (@ =ess sup st
y€ER 73 (Xt—l S ZLS (.:U)) yeR 7) (Xt—l € ZLS (.’L‘))

< esssup |k (ylz) —r(y[0)] = esssup [fy (y —h(2)) = fw (y — 1 (0))]

yHEZ, () y9EZ, ()
o (D - ) o (D) 1 - 1)
= poernte 200 (a/0) o /
< esssup min {QO (y_Z(x)> Y (y_]; :0)2}( \]1/[—;1»@ (y=h (2))—Lg,0) (y—0 ()]
YOz () o¥\ajo)—o
“h(@)\__(y=h(6)
M)

By Definition 2.4 and the additive model under consideration, it is obvious that we

are interested in CRT II, which, for the case of an arbitrary initial measure Px__, is
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equivalent to the strengthened global demand that

11
esssup [ (y|@) =k (y|€ 21 (@))] < 0L (), (2.256)
yer™

being true Px,— a.e., for some Py,— UI, nonnegative sequence {6,{71,5 (.)}nENJr’ with
(5% () — 0, Px,—a.e, for all t € {~1} U Np, for some desired T" € [0,00]. Of
course, k; (-|€Zp, s (-)) is defined exactly as in (2.183), but with an explicit subscript
“t” indicating possible temporal variability.

Then, in regard to the additive NAR under consideration and using the respective

definitions, it is true that (see (2.255))

esssup |k(y| x)—kri(y| €2 (x))]| < esssup
yeR ‘ ( s )‘ yEROEZ,  (z) 209 (afo) — o

= fir (@) + esssup
yER,@EZLS (z) 209 (Oé/U) -0

sup |h(z) —h(0)
OEZLS(x)

(20245 (a/o) — 02) VZer

< fw (@) + , Px,—a.e.,

(2.257)

for all t € {—1} UNp. From (2.257), it is almost obvious that SUPyez, (x) |h(z) — h(0)]

vanishes as Lg — oo. Indeed, for each fixed z, by definition of Z;  (z), it follows that

s |h(@)—h®)=  swp  |h(@)—h(0)
0€2 4 (x) |00, 4 (@) < B2
= |h (z)—h (0L ()], (2.258)
where 67 (z) it Px,—a.e.. Thus, due to the continuity of A (-),
§—>00
sup |h(xz)—h(0)] — O, (2.259)
b€z, () Lg—oo

Px,~a.e., for all t € {—1} UNy. Now, note that SUPgez, (x) |h(x) — h ()] < 2B, set

) )\h(m) —h(9)|
5 () & s 2.260
Ls (7) (20245 (afo) — 02) V2er ( )

and choose T' = oco. The proof is complete. |
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2.2.7.6 Appendix F: Proof of Lemma 2.13

This is a technical proof and requires a deeper appeal to the theoretics of change of
probability measures. Until now, we have made use of the so called reverse [12] change

of measure formula

Es { X¢Ay| 2}
Ep{X,|#%}=-"F—"°" " vteN. 2.261
73{ t| t} Eﬁ{At‘ @t} ( )

Formula (2.261) is characterized as reverse, simply because it provides a representation
for the conditional expectation of X, under the original base measure P via operations
performed exclusively under another auxiliary, hypothetical base measure P. In full

generality, the likelihood ratio process A; on the RHS of (2.261) may be expressed as

IT e (5 13415 - 5 3~ s ()" (zi (X)+ UEINxN)‘l (i (X))

AtEiENt
1€N,
1 T 9 -1
H (27-‘-)N exp|—5 (yi—m; (X5)) <2i (Xi)+U§INxN> (yi—m; (X5))
= 1
e (=3 Iyl o™ faet (2.06) + ot
_H yz?/"'z X)7Cz (Xz))
1€N, y“ 0 I)
STJL (X y:) € Ry, (2.262)
i€eN,

for all t € N. Also, A_; = 1. Note that we have slightly overloaded the definition of the
A;’s and L;’s, compared to (2.18). But this is fine, since the term exp (— HytHg /2) is
{#;}-adapted. Here, A,, as defined in (2.262), is interpreted precisely as the restriction
of the Radon-Nikodym derivative dP/dP on the filtration {46} cn, generated by both
X; (including X_; in %)) and y,. That is,

d
Pl A, WeNU{-1} with (2.263)
dP |z

1=A,. (2.264)
Observe that, for at ¢t € N, %, C . and, thus, (2.261) is a valid expression. In other

words, the Radon-Nikodym Theorem is applied accordingly on the measurable space

(Q,.54), for each t € N.
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However, because the base measures P and P are equivalent on 7, (that is, the one
is absolutely continuous with respect to the other), it is possible, in exactly the same
fashion as above, to “start” under P and express conditional expectations under P via

a forward change of measure formula. In particular, it is true that

Ep { X072}

Es{ X, %} = vVt e N (2.265)
P tl <t _ )
2 (3]
where, as it is natural, this time we have
ap _
dP1 A7, WeNU{-1} with (2.266)
dP|
1=A"7]. (2.267)

From the above, one may realize that the “mechanics” of the change of measure pro-
cedures (forward and reverse), at least in discrete time, are very well structured and
much simpler than they may initially seem to be at a first glance. In more generality, it

is true that if %, is a sub o-algebra of 7] and for a {7 }-adapted process H, [?,12,15],
Ep { HA; |4}
SGn
And, of course, we can even evaluate (conditional) probabilities under P as
Ep {]1{HteA}Af1’ Cft}
N

E’ﬁ{Ht|cgt} =

vt e N. (2.268)

P(Hy € Al6) =E5 {Ly,en| 6} = , VteN, (2.269)

for any Borel set A.

Now, consider the process X; = f (X;_1,W;),t € N. As assumed throughout this
work, X; is Markov under P, with W, being a white noise (i.i.d.) innovations process.
Also, under 75, X, is again Markov with exactly the same dynamics, but independent of
y;. However, at this point nothing is known regarding the nature of W, (distribution,
whiteness) and how it is related to X_; and y;. The proof of the remarkable fact that,
without any other modification, P may be chosen such that W, indeed satisfies the
aforementioned properties under question, follows.

Without changing the respective Radon-Nikodym derivatives for either the forward

or reverse change of measure formulas presented above, let us enlarge the measurable
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space for which the change of measure procedure is valid, by defining {74}, to be the
joint filtration generated by, y,, the initial condition X_; and the innovations process
W, (Why enlarged?). Our goal in the following will be to show the following, regarding

the base measure 73, defined, for each t € N, on the enlarged measurable space (2, 74):

1. First, we will show that, under ﬁ, the observations process y; is mutually inde-

pendent of both X_; and W, and therefore also independent of the state X;.

2. Second, we will show that, under 75, W, is white and identically distributed as as

under P (in addition to it being independent of y; from (1)).

3. Third, we will show that, under 73, X, is Markov with the same dynamics as

under P (in addition to it being independent of y; from (1)).
In order to embark on the rigorous proof of the above, define, for each ¢t € N, the
auxiliary o-algebra ¢ , generated by {Yi}ieNt,l , X_; and {Wi}ieNt.

1. For any o € ]RNXl, it is true that (the “<” operator is interpreted in the elementwise

sense)
P (yt < O“%”t ) EEﬁ{ﬂ{y <a}\%f}
_Ep {ﬂ{ytSa}A?1‘ %’f}
e ()
_* {]l{”ga}Lt ‘%} Vt € N. (2.270)
oo (1)
Let us consider the denominator Ep { L, 1‘ jﬁ_} We have
_ _ N (y;
EP{Lt 1‘% } EEP{N(YﬁHt(&t? ét (X1)) ’%ﬂ }

N (Nt (X) + v Cy (Xy)uy; 0, I)

=Ep
N(Nt (Xy) + Oy (Xp)ug; py (X)), Cy Xt

S %, (2.271)
and given the facts that knowledge of X ; and {W;},cy, completely determines {X; };cy,

and that the observations are conditionally independent given the states {X;} we

iEN,

get, for every t € N,

_ Yt70 I) . _
Er {7} = [ Srrm ey (s (X0 € (X)) dy, = 1. (2272)
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Likewise, concerning the numerator Ep {]l (y,<arlt 1‘ T }, it is true that

- B N (y+0,1)
1 o i)
Ep{ﬂ{ytga}l-t “% }:EP{H{ytSQ}N(YﬁUt (X1), C (X)) ‘%ﬂ }
ﬂ{yt<a}N yt’O I)
N (ves e (Xy), G (X))

= / Liy,<ayN (3450, 1) dyy, (2.273)

N (ye e (Xy), Cy (Xy)) dy,y

or, equivalently,
P(yt <a‘ff ) Ply,<a), VteN (2.274)

N Therefore, y, is white standard normal under P and, addition-

and for any o € R
ally, mutually independent of X_; and W, and, therefore, mutually independent of X,
too.

2. Similarly, concerning the innovations process W,, for any o € RMw 1

Ep {H{tha}Lfl‘ %’271}

, it is true that

PW, <l )= — , VteN. (2.275)
Ep { L ‘ 95’%—1}
In this case, for the denominator, we again have
o N (Ht (Xy) +/Cy (Xt)ut;OaI)
EP{Lt ‘%ﬂt—l}EEP «%’i 1 (- (2.276)

N(Nt (Xy) +VCy (X uy; py (X)), Cy Xt

but because X; = f(X,_1, W,), knowledge of X_; and {Wi}ieNt,l completely deter-
mines {X;},cy, |, the processes W; and u; are mutually independent and since the

random variable W, is independent of {y,} we get

ieNy
-1
Ep{L; \%;_1}

Ht (Xy) + vV Cy (Xp)uy; 0,I>
/ / N (uy;0,1) duy Py, (dW;)
Wy Ju, N ﬂt (Xy) + VCy (X uy; py (X)), Cy (Xt)>

_ /W /u Vet (Cr X))V (1, (X)) +v/C; (X3 0,1) duy Py, (dW)

= [ e (VETR) N (e (X0) + V(K 0.1) duPu, (W)
Wy Juy

/ / By (X)) + vV Cy (X )uys 071) d [/J‘t (Xy) +VCy (Xt)ut} Pw, (dW,)

Py, (dW7)
W,
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Il
=

(2.277)

Likewise, the numerator can be expanded as

Ep {]l{tha}Lt_l) %-1}
/ ) N (ut (X)) + /C; (X;)uy: 0,1) N (u;;0,1)
= {tha}
Wi u N (Nt (Xy) + VG (Xp)uy; g (X)), Cy (Xt)>

du, Py, (AW3)

_ / 1w, <o) Pov, (A7), (2.278)
Wy
or, equivalently,

PW,<al#_)=PW,<a)=P(W,<a), VteN (2.279)

My, x1

and for any o € R Therefore, W, is white under 75, in addition to it being

independent of y; and with the same distribution as under P.

3. It suffices to show that, under 75, the initial condition X_; has the same distribution
as under P. If this is true, then, given all the above facts, under 75, the process
X, = f (X1, W,),t € N is Markov with the same dynamics as under P. Indeed, for

Mx1

any a € R , it is trivially true that

PX1<a)=P(X_; < a‘{(va})

E A
_ P{ﬂ{x—lga} : } Vt e NU{-1}. (2.280)

5 (00

Simply, choose t = —1. QED. |
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Chapter 3

Space-Time Dynamic Wireless Channel Modeling

In addition to the temporal variation of the wireless medium, recently, considerable
interest has been expressed concerning its spatial variation as well. Such knowledge
are beneficial in emerging areas such as mobile beamforming [48] spatially controlled
communications (which is the concentration of the dissertation, as well), mobility en-
hanced physical layer security [49-51], communication-aware motion and path planning,
network routing, connectivity maintenance and physical layer based dynamic coverage
[62-54]. In all these cases, dynamic spatiotemporal channel estimation/tracking and
prediction becomes an essential part of mobility control, since it would provide valu-
able physical layer related information (channel maps), which is necessary for dynamic
decision making and stochastic control.

Two distinct models describing the spatiotemporal interactions of the communica-
tion channel, the latter seen holistically as a stochastic space-time field, are presented
below. The first model is based on parametric spatiotemporal Gaussian random field
theory. The second model is based on a hierarchical approach to channel modeling. Ad-
ditionally, for the latter model, non-trivial statistical inference is discussed, under an
approximate grid-based nonlinear filtering framework, exploiting the results presented
previously in Chapter 2.

The two models are presented under the assumption of a set of possibly mobile,
single antenna nodes in the space, communicating with some spatially fixed, reference
base station, as in Section 1.1. Both models are based on the and widely acceptable
description of the respective communication links as a multiplicative stochastic system,
consisting of three components; path loss, shadowing (large scale fading), and multipath

(small scale) fading.



107

3.1 Parametric Spatiotemporal Gaussian Channel Modeling

This section introduces a general parametric stochastic model for describing the spa-
tiotemporal evolution of the wireless channel. For the benefit of the reader, a more
intuitive justification of this gemeral model is also provided. Additionally, some ex-
tensions to the model are briefly discussed, highlighting its versatility, along with some
technical considerations, which will be of importance later, for analyzing the theoretical

consistency of the subsequently proposed techniques.

3.1.1 Large Scale Gaussian Channel Modeling in the dB Domain

At each space-time point (p,t) € S X N+T, the source-relay channel field may be
decomposed as the product of three space-time varying components [55], as

2r||p—Ps|l

PL SH MF — e

Fo.t) =) £ e ) M ) (3.1)
————
path loss shadowing fading

where J £ /=1 denotes the imaginary unit, A > 0 denotes the wavelength employed

for the communication, and:

1. fPL (p) 2 |p— pgﬂgg/z is the path loss field, a deterministic quantity, with £ > 0

being the path loss exponent.

2. o1 (p,t) € R is the shadowing field, whose square is, for each (p,t) € S x NJJ(,T, a

base-10 log-normal random variable with zero location.

3. fMF (p,t) € C constitutes the multipath fading field, a stationary process with

known statistics.

The same decomposition holds in direct correspondence for the relay-destination chan-
nel field, g (p,t). Additionally, if “1L” means “is statistically independent of”, it is

assumed that [56]

st M )] L [ 0,1 ¢ (p)] and (3.2)

M (pot) 1L g™ (pot). (3.3)
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In particular, if the phase of fM¥ (p,t) is denoted as ¢s(p,t) € [—m, 7], is further

assumed that
P 1) ALy (o). (3.4)

and the same for for g™ (p,t). It also follows that
HfMF (p7t)’ IQMF (pﬂf)H AL [fSH (p.1) ¢°" (p.1)| - (3.5)

We are interested in the magnitudes of both fields f (p,t) and g (p,t). Instead of
working with the multiplicative model described by (3.1), it is much preferable to work

in logarithmic scale. We may define the log-scale magnitude field

F(p,t) = ag(p)l+0s(p,t) +&s (Pt (3.6)
where we define
—ag (p) £ 10logyo (Ip — Pslly) - (3.7)
75 (p.1) £ 10logyy (£ (p.1))" and (33)
A MF 2 .
65' (p7t) = 1010glO ‘f (p7t)‘ - P with (39)
pLE {mIoglo I (w)f} | (3.10)

for all (p,t) € S x NJ](,T. It is then trivial to show that the magnitude of f (p,¢) may

be reconstructed via the bijective formula
log (10
17 (0,8)] = 107/ exp (g;O)F <p,t>> , (3.11)

for all (p,t) € S x NET, a “trick” that will prove very useful in the next section.
Regarding ¢ (p, t), the log-scale field G (p, t) is defined in the same fashion, but replacing
the subscript “S” by “D”.

For each relay i € NE, let us define the respective log-scale channel magnitude
processes F; (t) £ F (p; (t),t) and G, (t) £ G (p; (t) ,t), for all t € NET. Of course, we

may stack all the F; (t)’s defined in (3.6), resulting in the vector additive model

F ()2 ag(p(t)l+os(t)+&s(t) e RT, (3.12)
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where ag (t), og(t) and €g (t) are defined accordingly. We can also define G (t) =
ap ()l +op(t)+ &y (t) € R with each quantity in direct correspondence
with (3.12). We may also define, in the same manner, the log-scale shadowing and
multipath fading processes afg(D) (t) = ospy (P; (t),t) and §g(D) (t) = Espy (Pi (1) 51),
for all ¢ € NET, respectively.

Next, let us focus on the spatiotemporal dynamics of {|f; ()|}, and {|g; (¢)|},, which
are modeled through those of the shadowing components of {F; (¢)}, and {G; (t)},. It
is assumed that, for any Np and any deterministic ensemble of positions of the relays

in N]JQT, say {p (t)}teNﬁT’ the random vector

FT1)G6Tq) ... FT (N;) GT (NT)]T € RN (3.13)

is jointly Gaussian with known means and known covariance matrix. More specifically,
on a per node basis, we let fg(D) (t) YN (0,(72) and afg(D) (t) N <0,772), for
all t € NJ+VT and i € N}, [56,57]. In particular, extending Gudmundson’s model [58]
in a straightforward way, we propose defining the spatiotemporal correlations of the

shadowing part of the channel as

E{afg (k) Ug (l)} 22 exp <_sz‘ (k) — p, (Z)HQ k= l|> 7 (3.14)

B 0

)

and correspondingly for {UD (t)} - and additionally,
1€ R

E {ag (k) oy (l)} AR {gg (k) o, (l)} exp (—”ps_épD"?> , (3.15)

for all (4, 5) € Nf x Nj;, and for all (k,1) € Ny x N} . In the above, n* > 0 and 8 > 0
are called the shadowing power and the correlation distance, respectively [58]. In this
fashion, we will call v > 0 and § > 0 the correlation time and the BS (Base Station)

correlation, respectively. For later reference, let us define the (cross)covariance matrices

Ssp (k1) 2E{os (k) oh ()} + 1 (s=py1pyoils € S, (3.16)

as well as
Ygs (k1) Zgp (k1) c §2R
Ysp (k1) Zpp (k1)

S (k1) & , (3.17)
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for all (k,l) € NET X N}T. Using these definitions, the covariance matrix of the joint

distribution describing (3.13) can be readily expressed as

S(1,1) £(1,2) ... =(1,Np)
ga| @D @2 BN |y, -
_E(NT>1) Z(NT72) 2(]VT7]VT)_

Of course, in order for X to be a valid covariance matrix, it must be at least positive
semidefinite, that is, in SiRNT. If fact, for nearly all cases of interest, ¥ is guaranteed

to be strictly positive definite (or in Si}iNT), as the following result suggests.

Lemma 3.1. (Positive (Semi)Definiteness of X) For all possible deterministic
trajectories of the relays on S* x NET , it is true that 3 € SiﬁNT, as long as 0? £ 0.
Otherwise, ¥ € SiRNT. In other words, as long as multipath (small-scale) fading is

present in the channel response, the joint Gaussian distribution of the channel vector

in (3.13) is guaranteed to be nonsingular.

Proof of Lemma 3.1. See Section 3.1.4.1 (Appendix A). |

3.1.2 Model Justification

As already mentioned, the spatial dependence among the source-relay and relay-
destination channel magnitudes (due to shadowing) is described via Gudmundson’s
model [58] (position related component in (3.14)), which has been very popular in the
literature and also experimentally verified [56,58,59]. Second, the Laplacian type of
temporal dependence among the same groups of channel magnitudes also constitutes
a reasonable choice, in the sense that channel magnitudes are expected to be signifi-
cantly correlated only for small time lags, whereas, for larger time lags, such dependence
should decay at a fast rate. For an experimental justification of the adopted model,
see, for instance, [60]. Of course, one could use any other positive (semi)definite kernel,
multiplying Gudmundson’s spatial correlation exponential kernel, without changing the
statement and proof of Lemma 3.1. Third, the incorporation of the spherical /isotropic

BS correlation term in our proposed general model (in (3.15)) can be justified by the
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Figure 3.1: A case where source-relay and relay-destination links are likely to be corre-
lated.

the existence of important cases where the source and destination might be close to
each other and yet no direct link may exist between them, as least as far as relay beam-
forming is concerned, which is the main ultimate focus of this work. See, for instance,
Fig. 3.1, where a “large” physical obstacle makes the direct communication between
the source and the destination impossible. Then, relay beamforming can be exploited in
order to enable efficient communication between the source and the destination, making
intelligent use of the available resources, in order to improve or maintain a certain QoS
in the network. In such cases, however, it is very likely that the shadowing parts of the
source-relay and relay-destination links will be spatially and/or temporally correlated
among each other, since shadowing is very much affected by the spatial characteristics
of the terrain, which, in such cases, is common for both beamforming phases (recall
that an AF policy is considered). Of course, by taking the BS station correlation § — 0,
one recovers the generic/trivial case where the source-relay and relay-destination links

are mutually independent.
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3.1.3 Extensions & Some Technical Considerations

It should be also mentioned that our general description of the wireless channel as a
spatiotemporal Gaussian field, does not limit the covariance matrix 3 to be formed as
in (3.18); other choices for 3 will work fine in our subsequent developments, as long as,
for each fixed t € NJ](,T, some mild conditions on the spatial interactions of the fields
osp) (P;t) and Eg(py (P, t), are satisfied. In what follows, we consider only the source-
relay fields og (p,t) and €5 (p,t). The same arguments hold for the relay-destination
fields op (p,t) and &p (p, ), in direct correspondence.

Fix t € NKT. Recall that, so far, we have defined the statistical behavior of both
og (p,t) and &g (p,t) only on a per-node basis. However, since the spatiotemporal
statistical model introduced in Section 3.1.1 is assumed to be valid for any possible
trajectory of the relays in & R NJJ(;T, each relay is allowed to be anywhere in S, at each
time slot ¢. This statistical construction induces the statistical structure (the laws) of
both fields og (p,t) and {5 (p,t) on S.

As far as og(p,t) is concerned, it is straightforward to see that it constitutes a
Gaussian process with zero mean, and a continuous and isotropic covariance kernel

3, R? R, defined as

3, (1) 2 nexp (- HT8H2> , (3.19)

where 7 £ p —q > 0, for all (p,q) € 82, which agrees with the model introduced in
(3.14), for k = [ (Gudmundson’s model). Thus, og (p,t) is a well defined random field.

However, this is not the case with {5 (p, t). Under no additional restrictions, g (p, t)
and &g (q,t) are implicitly assumed to be independent for all (p,q) € 82, such that
p # q. Thus, we are led to consider g (p, t) as a zero-mean white process in continuous
space. However, it is well known that such a process is technically problematic in a
measure theoretic framework. Nevertheless, we may observe that it is not actually
essential to characterize the covariance structure of &g (p,t) for all (p,q) € S°, with
p # q. This is due to the fact that, at each time slot ¢ € N;{;T, it is physically tmpossible
for any two relays to be arbitrarily close to each other. We may thus make the following

simple assumption on the positions of the network nodes/sensors/relays, at each time
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slot t € N}T.

Assumption 3.1. (Relay Separation) There exists an ey p > 0, such that, for all

te NX}T and any ensemble of relay positions at time slot t, {p; ()} it is true that

ieNL’

inf N sz (t) — p, (t)H2 > Eenp- (3.20)

(6.4)EN Ny
with i#7j
Assumption 3.1 simply states that, at each ¢t € N]JQT, all relays are at least e,
distance units apart from each other. If this constraint is satisfied, then, without any
loss of generality, we may define g (p, ) as a Gaussian field with zero mean, and with
any continuous, isotropic (say) covariance kernel 3 : R? - R, which satisfies
02, ifr=0
A 3
3 (1) = , (3.21)
0, if [|7lly = enr
and is arbitrarily defined otherwise. A simple example is the spherical, compactly
supported kernel with width e,,p, defined as [61]

3lIrlly 1 (Il .
o (T) & 1_§5MF+§ cur) 1fHT”2<€MF.

(3.22)
0, if |7l > emr

Of course, across (discrete) time slots, {g (p, t) inherits whiteness without any technical
issue.

We should stress that the above assumptions are made for technical reasons and
will be transparent in the subsequent analysis, as long as the mild constraint (3.20) is
satisfied; from the perspective of the relays, all evaluations of g (p, t), at each time slot,
will be independent to each other. And, of course, €;;7 may be chosen small enough,
such that (3.20) is satisfied virtually always, assuming that the relays are sufficiently
far apart from each other, and/or that, at each time slot ¢, their new positions are
relatively close to their old positions, at time slot ¢ — 1.

Based on the explicit statistical description of og (p,t) and &g (p, t) presented above,
we now additionally demand that both are spatial fields with (everywhere) continuous

sample paths. Equivalently, we demand that, for every w € Q, og(w,p,t) € C(S)
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and &g (w,p,t) € C(S) , where C(A) denotes the set of continuous functions on some
qualifying set A. Sample path continuity of stationary Gaussian fields may be guar-
anteed under mild conditions on the respective lag-dependent covariance kernel, as the

following result suggests, however in a, slightly weaker, almost everywhere sense.

Theorem 3.1. (a.e.-Continuity of Gaussian Fields [62—64]) Let X (s), s € RV, be
a real-valued, zero-mean, stationary Gaussian random field with a continuous covariance
kernel 3y : RY & R. Suppose that there exist constants 0 < ¢ < 400 and €, > 0,

such that

< )
Tx (0)  Jlog (|l rll)I"**

(3.23)
for all T € {:B € RN’ x|y < (}. Then, X (s) is P-almost everywhere sample path
continuous, or, equivalently, P — a.e.-continuous, on every compact subset K C RrRY

and, therefore, on RrY itself. Additionally, X (s) is bounded, P-almost everywhere, as

well.

Utilizing Theorem 3.1 and generically assuming that 3, £ 3, it is possible to
show that both fields og (p,t) and &g (p,t) satisfy the respective conditions and thus,
that both fields are a.e.-continuous on S. For og (p,t), the reader is referred to ([63],
Example 2.2). Of course, instead of 3, any other kernel may be considered, as long
as the condition Theorem 3.1 is satisfied.

As far as &g (p,t) is concerned, let us choose ¢ = 1 and ( = 1 . We thus need to

show that, for every 7 £ |||, € [0,1), it holds that

3, (T c
SRR T &2
or, equivalently,
37 1 7 \° c
1= (1 T 2enp 2 <5MF> ) Hrcenr) = (log (1)) (3.25)

for some finite, positive constant c. We first consider the case where 1 > 7 > ey >0

(whenever e, < 1, of course). We then have

(log (EMF))Q A ! (3.26)

(log(r))*  (log(7))*
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easily verifying the condition required by Theorem 3.1. Now, when 0 < 7 < min {e;p, 1},

it is easy to see that there exists a finite ¢y > 0, such that

¢
(log (7))’

If 7 = 0, then the inequality above holds for any choice of ¢y. If 7 > 0, define a function

T <<

(3.27)

h:(0,1) = R,, as
h(r) 2 7 (log (7))%. (3.28)

By a simple first derivative test, it follows that

h(t) < max h(T)

7€(0,1)
= h(exp(—2))
=4exp(-2), Vre(0,1). (3.29)

Consequently, (3.27) is (loosely) satisfied for all 7 € [0,min{ey;pr,1}) C (0,1), by
choosing ¢y = 4exp (—2). Now, observe that

3 1 53 3
S_T _<T><T < 2 (3.30)
2eyrp 2 \EumF 2epmr T 2epp (log (7))

Finally, simply choose

302
C = max\« Cq, 2&‘7
MF

= max {(log (enrr)?, 6exp(—2)} < 400, (3.31)
EMF

which immediately implies (3.25). Therefore, we have shown that, if we choose ¥, = X,
, then, for any fixed, but arbitrarily small £y, > 0, the spatial field £g (p,t) will also
be almost everywhere sample path continuous.

Observe that, via the analysis above, sample path continuity of the involved fields
can be ascertained, but only in the only almost everywhere sense. Nevertheless, it
easy to show that there always exist everywhere sample path continuous fields og (p, t)
and ES (p,t), which are indistinguishable from og (p,t) and &g (p,t), respectively [65].
Therefore, there is absolutely no loss of generality if we take both og (p,t) and &g (p,t)

to be sample path continuous, everywhere in €2, and we will do so, hereafter.
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Sample path continuity of all fields og(p) (p,t) and {g(p) (p,t) will be essential in
Chapter 4, where we rigorously discuss optimality of our proposed relay motion control
framework, with special focus on the relay beamforming problem.

We close this section by discussing, in some more detail, the temporal properties of
the evaluations of the fields o4 (p,t) and op (p,t) at any deterministic set of N (say)
positions {p; € S}i Nt SaMe across all Nt time slots. This results in the zero-mean,

stationary temporal Gaussian process

T
C(t) 2 [{os Pis Dby {00 01D}y | RN teNg,  (332)

with matriz covariance kernel ¥ : Z — SiN, defined, under the specific spatiotemporal

model considered, as

Yo (V) £ exp (-'i’) Yo e s, (3.33)
where v 2 t — s, for all (¢,5) € NET X NJJ(;T,
- A L & $ 2N
So 2 o%ce s, (3.34)
Kk 1
K £ exp <_HPS_6PD”2> <1, (3.35)
Sc(i.4) 28, (b —py), V(i) €NF x Ny, (3.36)

and with “©” denoting the operator of the Kronecker product. Then, the following

result is true.

Theorem 3.2. (C (t) is Markov) For any deterministic, time invariant set of points
{p; € S}ieNE’ the wvector process C (t) € RQNXl, t € NJJ(;T, as defined in (3.32)-
(3.36), may be represented as a stable order-1 vector autoregression, satisfying the linear

stochastic difference equation
X(t)=eX(t-1)+W(t), teNy, (3.37)
where

02 exp(—1/7) <1, (3.38)

X (0) ~ N (0, 'i:c) and (3.39)
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W () " N (o, (1 - @2) i:c) . VteN} . (3.40)
In particular, C (t) is Markov.

Proof of Theorem 38.2. The proof is a standard exercise in time series; see Section 3.1.4.2

(Appendix B). |

From a practical point of view, Theorem 3.2 is extremely valuable. Specifically,
the Markovian representation of C (t) may be employed in order to efficiently simulate
the spatiotemporal paths of the communication channel on any finite, but arbitrarily
fine grid. This is important, since it allows detailed numerical evaluation of all meth-
ods developed in this work. Theorem 3.2 also reveals that the channel model we have
considered actually agrees with experimental results presented in, for instance, [60,66],
which show that autoregressive processes constitute an adequate model for stochasti-

cally describing temporal correlations among wireless communication links.

Remark 3.1. Unfortunately, to the best of our knowledge, the channel process along a
specific relay trajectory, presented in Section 3.1.1, where the positions of the relays
are allowed to vary across time slots is no longer stationary and may not be shown to
satisfy the Markov Property. Therefore, in our analysis presented hereafter, we regard
the aforementioned process as a general, nonstationary Gaussian process. All inference

results presented below are based on this generic representation. |

Remark 3.2. For simplicity, all motion control problems in this work are formulated on
the plane (some subset of RZ). This means that any motion of the relays of the network
along the third dimension of the space is indifferent to our channel model. Nevertheless,
under appropriate (based on the requirements discussed above) assumptions concerning
3D wireless channel modeling, all subsequent arguments would hold in exactly the same
fashion when fully unconstrained motion in R? is assumed to affect the quality of the

wireless channel. [
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3.1.4 Appendices
3.1.4.1 Appendix A: Proof of Lemma 3.1

In the following, we will rely on an incremental construction of 3. Initially, consider

the matrix
»(1,1)  £(1,2) ... X(1,Np)
_ > (2,1 (2,2 ... X(2,N
52 (' ) (' ) ( ‘ 7) e siNr, (3.41)
_i (NT? 1) ij(‘]\'fTaz) E(NTaNT)_

where, for each combination (k,1) € NET X N+T, > (k,1) € S*, with
i (kv l) (27]) = i (pi (k) 7pj (Z))

2 772 exp <_ sz (k) —BPJ’ (Z)HQ> ’ (3.42)

for all (i,7) € NE X NE. By construction, > is positive semidefinite, because the well

known exponential kernel S:RExR* SR 1 defined above is positive (semi)definite.

Next, define the positive definite matrix

1 &

K= ., with (3.43)
k 1

K £ exp (_HPS_(SPDHQ) <1 (3.44)

and consider the Tracy-Singh type of product of K and >

KoX(1,1) KeX2(1,2) ... KeX(1,Ny)
N N Kox(21 Kex(22 .. KeoX(2N
EKéKOEé < ) ( ) ( T) GSzRNT,
Ko X (Np,1) KoX(Ng,2) -+ KoX(Ng, Ny)
(3.45)

where “©@” denotes the operator of the Kronecker product. Then, for each (k,l) €

+ +
Ny, x Ny, we have

_ S (k1) kE (k1
Ko X (k) (.1) .1 s?E.

(3.46)

k3 (k1) (k1)
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T

It is easy to show that EJK is positive semidefinite, that is, in SiRN . First, via a simple

inductive argument, it can be shown that, for compatible matrices A, B, C, D,
(AB)o (CD)=(AoC)(BoD). (3.47)

Also, for compatible A, B, it is true that (A o B)T = AToB”. Since K and X are sym-
metric, consider their spectral decompositions K = UKAKUﬂ and ¥ = UiAiUg

Given the identities stated above, we may write

Sk=KoX = <UKAKU£) ° (UiAiUg)
= (Ux o Ug) (A o Ag) (Uk o UF))

= (Ug o Ug) (Ag 0o Ag) (Ug o Ug) ", (3.48)

T T T T
where (Ug o Ug) (UK oUi) = (UKUK) o (UEUE) = Lo Ty, = Ly, and
where the matrix AgoAys; is easily shown to be diagonal and with nonnegative elements.
Thus, since (3.48) constitutes a valid spectral decomposition for EIK, it follows that
S € 2V
As a last step, let E € SNT, such that
k—1
E (k1) £ exp (—H> , (3.49)
Y

for all (k1) € NET X NJJ(,T. Again, E is positive semidefinite, because the well known

Laplacian kernel is positive (semi)definite. Consider the matrix
Yg 2 (E© lyp.op) © Bk € ST, (3.50)

where “®” denotes the operator of the Schur-Hadamard product. Of course, since
the matrix 1ypyop is rank-1 and positive semidefinite, E € 195,95 will be positive
semidefinite as well. Consequently, by the Schur Product Theorem, f]E will also be

positive semidefinite. Finally, observe that

from where it follows that X € SiiNT, whenever 02 # 0. Our claims follow. |
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3.1.4.2 Appendix B: Proof of Theorem 3.2

Obviously, the vector process X (t) is Gaussian with mean zero. This is straightforward
to show. Therefore, what remains is, simply, to verify that the covariance structure of

X (t) is the same as that of C (t), that is, we need to show that
E{X(s) xT (t)} EE{C(S) cT (t)}, (3.52)

for all (s,t) € Ny x Ny .

First, consider the case where s =¢. Then, we have
E{X (s)X (1)} =E {X ) xT (t)}
— ’E {X t—1)XT(t— 1)} + (1 - @2) So. (3.53)
Observe, though, that, similarly to the scalar order-1 autoregressive model, the quantity
So=E {X 0) X7 (0)} (3.54)

is a fixed point of the previously stated recursion for E {X ) xT (t)} Therefore, it

is true that
E{X(t) xT (t)} =S =3¢ (0) EE{C(t) c” (t)}, (3.55)

which the desired result.

Now, consider the case where s < ¢t. Then, it may be easily shown that
E{X (5) X (1)} = OB {X (s—1)XT(t— 1)} + ok {W () XT (t - 1)} . (3.56)

Let us consider the second term on the RHS of (3.56). Expanding the recursion, we

may write

¢E{W(s) xT (¢ 1)} = <pE{W(s) ((pXT t—2)+WwT(t- 1))}

. g02> > (3.57)
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We observe that this term depends only on the lag ¢ — s. Thus, it is true that

E{X (s)X (1)} = ﬁa{x (s—1)XT(t - 1)} + ot (1 - ¢2) S

— *2E {X (s—2) X7 (t - 2)} tt (1 - @2) S (1 + @2)

SR (XA e (1 )Se T ()"

iEN,_;

= {X ) XT (t - s)} bt (1 . @28) o (3.58)

Further, we may further expand E {X (0) X T (t— s)} in similar fashion as above, to
get that
E {X 0 XT (t - s)} = S, (3.59)

Exactly the same arguments may be made for the symmetric case where ¢t < s. There-

fore, it follows that

E{X (5) X (t)} =" I8¢

=S (t—s) (3.60)

for all (s,t) € NET X NET, and we are done. |

3.2 Hierarchical Spatiotemporal Channel Modeling & Tracking

3.2.1 Introduction

The first basic approach to joint hierarchical spatiotemporal channel (specifically shad-
owing) tracking and prediction was presented in [67,68], where the use of Channel Gain
(CG) maps was advocated as an advantageous alternative to Power Spectral Density
(PSD) maps for cooperative spectrum sensing in the context of cognitive radios. Al-
though analytically appealing, the state space model considered in [67,68] for describing
the evolution of the wireless channel is rather restrictive; both the temporal dependen-

cies of the shadowing field and its spatial interactions are characterized by purely linear
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relationships, focusing mainly on modeling the spatiotemporal variations of the trend
of the field.

In this work, the descriptive channel parameters (e.g., the path loss exponent, the
shadowing power, etc.), referred to here as the channel state, are assumed to be tem-
porally varying. Specifically, the whole channel state constitutes a Markov process,
with known, but potentially non stationary, nonlinear and/or non Gaussian transition
model. Then, the spatiotemporal evolution of the channel is modeled as a two layer
stochastic system, or, in more specific terms, as a Hidden Markov Model (HMM) [12].

Our main contributions are summarized in the following. 1) Recognizing the in-
tractability of state estimation in partially observable nonlinear systems, we show that
grid based approximate nonlinear filtering is meaningfully applicable to the channel
state tracking and spatiotemporal channel prediction problems of interest. Due to the
relatively small dimension of the channel state, grid based methods constitute excel-
lent approximation candidates for the problems at hand. Exploiting filtered estimates
of the channel state, a recursive spatiotemporal predictor of the channel gains (mag-
nitudes) is developed (Theorem 3.4), providing real time sequential estimates for the
respective CG map, for each sensor in the network. Relevant recursive estimators
of the (conditional) variance of the channel gain predictions are also developed, pro-
viding the user with an additional measure of estimate uncertainty (Theorem 3.5).
2) Leveraging the fundamental theory developed in Section 2.2, we provide condi-
tions, under which the proposed channel state tracker, spatiotemporal predictor and
conditional variance estimator, briefly described above, are asymptotically optimal, in a
common, strong sense (Theorems 3.4 and 3.5), providing a unified convergence criterion
for all three sequential estimators.

The proposed statistical model describing the joint spatiotemporal behavior of the
channel is inspired by [56], where the channel state was assumed to be constant through
time and space, therefore constituting a set of fixed but unknown parameters. More-
over, the proposed formulation is more general than [67], since it can deal with complex

variations in the channel characteristics, other than linear variations in the shadowing
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trend. However, in our state space description of the channel, spatial statistical de-
pendencies are present only in the observations process, whereas in [67], the trend of
the shadowing component of the channel, constituting the hidden state, respectively, is
jointly spatiotemporally colored. Also, here, we will consider the detrended problem,
which, as stated, is similar to the one treated in [56] (in a non Bayesian framework).
This is a good approximation of reality [52-54,56,59]. A complete channel model,
combining both a non zero spatiotemporally varying shadowing trend in the fashion of
[67,68] with the temporally varying channel parameters advocated here, would result
in a non trivial problem in nonlinear estimation and constitutes a subject of future
research.

Note on notation: In this work, notation is generic and is not in direct agreement
with Section 1.1. This is because the respective channel modeling problem is considered
in generic terms. However, it should be easy for the reader to make the necessary con-
nections. Additionally, the reader might observe that some quantities, defined previously
in Section 3.1, are refined under another framework. This is intentional and is made
for the sake of clarity in the exposition. Essentially, the meaning of those quantities

will depend on the particular channel model considered.

3.2.2 System Model & Problem Formulation

Here, for simplicity, we consider the wireless network illustrated in Fig. 3.2. This net-
work may be seen as either the source-relay or relay-destination half of the beamforming
network of Section 1.1. As before, the environment is assumed to be a compact planar
region S C Rz, where there exists a fixed, stationary antenna at a reference position
Pref € S, capable of at least information broadcasting. There also exist a set of IV single
antenna sensors, possibly mobile and located at p; = p; (t) € S,i € N]J\r,, monitoring the
channel relative to the reference antenna. These sensors may be a subset of the total
nodes in the network and are responsible for the respective channel estimation tasks.
The sensors can cooperate, and further, can either communicate with a fusion center
(in a centralized setting), or exchange basic messages amongst each other (in a decen-

tralized /infrastructureless scenario) using a low rate dedicated channel. Concerning
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Figure 3.2: The wireless network of interest.

channel modeling, we adopt a flat fading model between each node and the reference
antenna. It is additionally assumed that channel reciprocity holds and that all network
nodes can perfectly observe their individual channel realizations (e.g. magnitudes and
potentially phases) relative to the reference antenna [56]. The channels are modeled
as spatially and temporally correlated, discrete time random processes (spatiotemporal
random fields), sharing the same channel environment, at least as far as the underlying
characteristics of the communication medium are concerned.

As already mentioned, the channel state encompasses statistics of the communi-
cation medium, and is here modeled as a multidimensional discrete time stochastic
process, evolving in time according to a known statistical model. The channel state
is assumed to be hidden from the network nodes; the nodes can observe their respec-
tive channel realizations, but they cannot directly observe the characteristics of the

mechanism that generates these realizations.

3.2.2.1 Hierarchical Description of the Wireless Channel

Let X; = X, (w) C RM*1 ¢ € N, w € Q denote the hidden channel state. As in Section

3.1, and employing generic notation, the relative to the reference antenna complex



125

channel process at each network node i € NX, can be decomposed as [55]

Y, (pi (£). X,) = Y, (X,) = Y (X) Y57 () YAP (1) exp (ﬁ”d(”) . (36D)
! g,_zg,—/%,_/ A

path loss shadowing  fading
where J £ /=1, A > 0 denotes the wavelength employed for the communication, and

where: 1) er_ L(X,) € R denotes path loss, defined as

—0(X, _
Y (X)) 2 ||pi () = Preg|l; "% 2 (d; (1) 102, (3.62)

where £(X,;) > 0 is the state dependent path loss exponent, which is the same for all
network nodes. 2) Y;SH (X;) € R denotes the shadowing part of the channel model. Its
square, conditionally on X,, constitutes a base-10 log-normal random variable with zero
location and scale depending on X;. 3) Yp]\i/[F (t) € C represents multipath fading, which,
for simplicity, is assumed to be a spatiotemporally whitel, strictly stationary process
with fully known statistical description, not associated with X;, therefore being an
unpredictable complex “observation noise”. Making the substitution Y; (p; (t), X;) <
exp (—J2nd; (t) /N)Y; (p; (t), X;), we can define the observation of node i in logarithmic

scale as

i 2 2
yi £ 10logyq |Yp, (X;)|” — 10E {mgw ’Ypfi”F (t)) }

= —10¢(Xy) logyq (d; (t)) + 101ogyg (Yz‘SH (Xt))2

2 . . .
+101logy, ‘Yri_” (t)‘ 241 (X,) +ol (X)) +E, (3.63)

where (-) denotes the zero mean version of a random variable. We should emphasize
here that by “measurement” or “observation” we refer to the predictable component of

the channel, which is described in terms of the channel magnitude.

Remark 3.3. In the above, we have assumed that the path loss exponent is spatially
invariant over §. This assumption is essential for our subsequent derivations. It should

hold in sufficiently small, spatially homogeneous environments, in a statistical sense.

'See [66] and references therein for arguing about the validity of this assumption. Also, throughout
this work, the samples of a discrete time white stochastic process are understood to be independent.
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For instance, the path loss exponent is spatially invariant when changes in the spa-
tial characteristics of the environment have a common global effect on the large scale

characteristics of the wireless channel. Also see [54,56] and the references therein. W
3.2.2.2 Modeling SpatioTemporal Correlations of the Observations

In similar fashion as in [52-54,56,59], where relevant experimental verification was also
presented, the following further assumptions are made”: §,f i (0, O'g) ,Vi € NJ]\F, and
Vvt € N [57]. Second, conditioned on X, o} (X,) W (O, n’ (Xt)> ,Vi € N§,. This stems
from the fact that (YiSH (Xt)>2 is (base-10) log-normally distributed. Additionally, it is
assumed that the members of the set {ag (Xt)}z‘eN + constitute jointly normal, spatially

correlated random variables with conditional on X; autocorrelation kernel (covariance

matrix) [56,58]

2,(0.(X0) (1.9) & 0, () ewp 510, (3.64)

for all (i,j) € Ni x NY, where d;; (t) 2 ||p; (t) —p; ()|, € Ry and (X, £
[0, (X,) 65 (X)]T with 6, (X,) = *(X,). As in Section 3.1, this is the Gudmund-
son’s model, where, in this case, the first parameter, 6, (X;), is the shadowing power,
controls the variance of the shadowing part of the channel, whereas the second, 8, (X;),
is the correlation distance, controls the decay rate of the spatial correlation between the
channels for each pair of network nodes. Note that instead of (3.64), any other kernel
can be assumed, as long as it satisfies some mild continuity properties (see below).

In order to completely define an overall observation process for all nodes in the

network, we may stack the N individual channel processes of (3.63), yielding
vi=oul (X)) +o,(Xy) +&, VteN, (3.65)

where y, € RV a, € RM! o, (X,) € RV*! and ¢, € RV are defined accord-
ingly. The observation process (3.65) can also be rewritten in the canonical form
vi = ol (X;) + /Cy (Xy)uy, ¥Vt € N, where u, = u, (w) constitutes a standard Gaus-
sian white noise process and C, (X;) £ 3, (0 (X,)) —l—a?INxN € D¢, with D¢ obviously
bounded.

*In what follows, “i.d.” means “identically distributed” and “i.i.d.” means “independent and i.d.”.
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3.2.2.3 Modeling Temporal Correlations of the State

Let us now concentrate more on the channel state process X; € RM* In this work,
we will assume that X, constitutes a Markov process with known but nonlinear and
(possibly) nonstationary dynamics, described by a stochastic kernel K, : £ (RMXI) X
RM*! 5 10,1] ,t € N (2 (A) denotes the Borel o-algebra generated by the set A). Also,
we will assume that the state is compactly supported, that is, Vt € N, X, € [a, b]M =
Z C RMXl, almost surely. Depending on the available information, instead of using
stochastic kernels, we may alternatively assume that X, 2 f, (X,_,,W,) € Z,Vt € N,
where, for each t, f, : Z x W ¥3' Z constitutes a state transition mapping and W, =
W, (w) e W C RMWXI, for t € N, w € Q, denotes a white noise process with known
measure and state space W.

From now on, without loss of generality, we will drop the subscript “¢” from both
the stochastic kernels and transition mappings governing X,, therefore assuming sta-
tionarity of the state. In the case of nonstationary nonlinear dynamics, all subsequent
conditions on the stochastic mechanism generating X, (see Section 3.2.3) must hold for
all t € N (that is, for each “mode” of the state X;). Further, for mathematical sim-
plicity, we will assume that £ (X,) = X, (1) € R and 0 (X,) = [X, (2) X, (3)]T e RM*!,
that is, M = 3. From the previous discussion, it follows that the partially observable

system defined above can be described by

X[ Xy ~K(X; €dz|Xy ) or
Xi = (X1, W) , VEEN, (3.66)
yi = AXy + o (X)) + &

where A, £ [at ONX(M_I)] e RVM,

Remark 3.4. The assumption that the channel state is almost surely compactly sup-
ported in Z is not restrictive. There is no constraint on how large Z is; it just needs
to be compact. In fact, our approach will still be valid as long as the state process
lies in some compact set, at least with very high probability. Here, the aforementioned

compactness assumption is made mainly for analytical tractability. |
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3.2.2.4 Technical Assumptions

In addition to the above and in favor of supporting our analytical arguments presented in
subsequent sections, we make the following mild assumptions on the functional structure

of the observation process of (3.66). First, throughout this work, we assume that

Ning = inf inf i (Cy (2)) > 1, (3.67)

a requirement which can always be satisfied by appropriate normalization of the ob-
servations. Second, regarding modeling spatial correlations due to shadowing, any
choice of autocorrelation kernel is permitted, as long as the resulting covariance ma-
trix 3, : Z+— Ds, C RN s elementwise Lipschitz continuous on Z with respect to
the ¢;-norm, uniformly in N (Assumption 2.2 in Section 2.1). Note that the isotropic
autocorrelation previously defined by (3.64) can be easily verified to satisfy the afore-

mentioned Lipschitz assumption, considering the compactness of the state vector.

3.2.2.5 Precise Definition of Problems of Interest

Let us now define the problems of interest in this work in a mathematically precise
way. Hereafter, strict optimality will be meant to be in the Minimum Mean Square
Sense (MMSE). Also, in the following, the natural filtration generated by the causal
observation process y, is defined as the sequence {#;}, ., where %, Lo {{yi}ieNt} ,

for all t € N.

Problem 3.1. (Sequential Channel State Tracking (SCST)) Develop a sequen-
tial, finite dimensional scheme for (approximately) evaluating the optimal filter or p-
step predictor of the channel state X, on the basis of the available channel magnitude

observations up to time t, given by
X, 2E{X, ,|#}, vteN, (3.68)

where p > 0 constitutes the prediction horizon. The computational complexity of the

sequential scheme may not grow as more observations become available.

Problem 3.2. (Sequential Spatiotemporal Channel Prediction (SSCP)) De-

velop a sequential, finite dimensional scheme for (approzimately) evaluating the optimal
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spatiotemporal predictor of the channel magnitude at position q € R? and time t + p
(p > 0 is the prediction horizon) given the available channel magnitude observations up

to time t, expressed as

?/Jt—&-p (Q) £ E {yt+p (q” %} ) vVt € N. (369)

Again, the computational complexity of the sequential scheme may not grow as more

observations become available.

It should be emphasized that the main ingredients rendering the Bayesian solution
of the SCST and SSCP problems possible are the assumption of spatial invariance of
the path loss exponent in S, as well as modeling the log-shadowing part of the wireless
channel as a conditionally Gaussian stochastic process. As a result, the channel mea-
surements at the sensors can be stochastically described by the HMM defined through
(3.66), enabling the use of the theory of nonlinear filtering for deriving effective recur-
sive algorithmic schemes allowing temporal tracking/prediction of the channel state, as
well as spatiotemporal prediction of the channel itself at unobserved locations.

As we will see later in Section 3.2.4, the SSCP problem can be solved sequentially
using the respective sequential solution of the SCST problem. However, unfortunately,
it is well known that, except for some very special cases [13—16], the respective nonlinear
filtering and prediction problems do not admit any known sequential (in particular,
recursive) representation [11,12]. Therefore, in order to solve the SCST problem defined
above, one typically has to rely on carefully designed and robust approximations to the
problem of nonlinear filtering of Markov processes in discrete time, focusing on the class
of systems (HMMs) described by (3.66). This is exactly where the theory developed
in Chapter 2 may be exploited, providing theoretical guarantees for correctness and

stability.

3.2.3 Grid-Based Approximate Filtering: Preliminaries

In the following, we present some preliminary results in asymptotically optimal, approx-
imate recursive filtering of Markov processes. These results were previously developed

in Section 2.2, and are presented here for immediate reference and completeness.
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3.2.3.1 Uniform State Quantizations

In the previous section, we have assumed that X, € Z = |a, b}M ,Vt € N, a.s., where,
geometrically, Z constitutes an M-hypercube, representing the compact set of support
of the state X,. In the fashion of Section 2.2, let us discretize Z into Lg = M
hypercubic M-dimensional cells of identical volume (each dimension is partitioned in to
L intervals). The center of mass of the [-th cell is denoted as :z:lL YA NZS. Then, letting
Xy, £ {leS}leNZ , the quantizer Qp_ : (Z,%(2)) (XLS,2XLS> is defined as the
bijective and measurable function which uniquely maps the [-th cell to the respective
reconstruction point ZBlL g VI E NJLFS, according to some predefined ordering. That is,

9, (z) = aclLS if and only if z belongs to the respective cell. Given Q, (-), we consider

the following discrete approximations of the process X;:
e The Markovian Quantization of the state, defined as
Xls2 o, ( f ()?f_sl, Wt)) €X,,, VteN. (3.70)
where we have assumed explicitly apriori knowledge of a transition mapping, and
e The Marginal Quantization of the state, defined as

X529, (X)€ex,, VieN (3.71)

Additionally, for later reference, define the column stochastic matrices Pe [0, I]LS xLs

and P € [0,1)"5*Fs as

P, 2P ()?fs =

)thLfl = :):JL ) and (3.72)

P(i,j) 2P (st EaciLS

X/ =al ) : (3.73)

for all (i,7) € NJLFS X NJLFS, obviously related to the Markovian and marginal state quan-
tizations, respectively. Due to its structure, P can at least be constructed simulating
)N(tL 5. From the Law of Large Numbers, the entries of P can be estimated with arbi-
trary precision from a sufficiently large number of realizations of )~(tL 5.t € Ny, for some
T < oco. Similarly, P can be estimated also with arbitrary precision from multiple real-

izations of X, . Note, however, that in this case, it is possible to obtain P only using
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o) e T D AR ) I e ) I

\/det <Et (mJLS) + O‘?INXN)

available realizations of the state, without actually knowing either the stochastic kernel
or the transition mapping of X, (if such exists). For example, this could be made
possible in sufficiently controlled physical experiments, specially designed for system
identification, where the state X; would be a fully observable stochastic process. In all
subsequent analytical arguments, we will assume perfect knowledge of either P or P,
depending on the type of state quantization employed. The case where the aforemen-
tioned transition matrix is imperfectly known (as it actually happens in reality) or not
(initially) known at all raises interesting questions with practical significance, however

out of the scope of this particular work.

3.2.3.2 Asymptotically Optimal Recursive Estimators

Leveraging the ensemble of results presented in Section 2.2, we may carefully formulate
the following fundamental result, which will be the basis for all subsequent analysis. In
the following, Qis : (XLS, QXLS) — (BLS, 23L5> constitutes a fixed bijective mapping

A Lg

between the sets X7, and By = {el , where the latter contains as elements

+
NLS

the complete standard basis in REsxt

Theorem 3.3. (Approximate Filtering of Markov Processes) Define the recon-
struction and likelthood matrices
X2 o af, .owps| e RS and (3.75)
A, £ diag ()\t (mlLS) D (még)) € ]RLsts7 (3.76)

respectively, where, for all t € N, )\, <m]LS> is given by (3.74) (top of page). Then,

for any deterministic functional family {d)t (RMXL RM¢tX1} N with bounded and
te
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continuous members, and any finite prediction horizon p > 0, the optimal filter and

p-step predictor of the transformed process ¢, (X;) may be approximated as

P’E
gLs (¢t+p (Xt—i-P)‘ @t) (I)H-p HE HI € RMd)tle (3'77)

for all t € N, where the process E, € RS> on the RHS of (3.77) satisfies the simple
linear recursion

E,=A,PE, ,, VteN, (3.78)

with P = P ( ) being the transition matriz when the Markovian (marginal) quantiza-

tion is employed, and

By 2 [y (2he) - Gy, (w]2)] € RYo s, (3.79)

The filter is initialized accordingly setting E_; = {QLS ( 73)} orE {QLS ( £S> }

Additionally, pick any natural T < oo and suppose either of the following:

o The Markovian quantization is employed, whose initial value coincides with that

of X,, and f : Z x WS Z is Lipschitz in Z, for every element of W.

o The marginal quantization is employed and X, is conditionally reqular.

Then, for any finite prediction horizon p > 0, there exists a measurable subset QT cQ
with P-measure at least 1 — (T + 1)170N exp (—CN), such that

sup sup (€75 (brp, (Xip)| %) — B { by (Xes))| 2] — 0, (3.80)
teNTweQ 1 Lg—o0

for any free, finite constant C > 1.

We observe that the two quantization strategies of interest (Markovian and marginal)
both guarantee the same filter performance, in the sense that the respective approx-
imate filters converge to the optimal MMSE state estimator under the same criteria.
However, the assumptions on the internal nonlinear dynamics of the hidden state are
quite different for the two types of state quantization considered and require different
level of apriori knowledge about the structure of the hidden system under consideration

(e.g., system description via a transition mapping or a stochastic kernel).
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3.2.4 SCST & SSCP in Mobile Wireless Networks

In this section, we present the main results of this work. In a nutshell, we propose two
theoretically consistent sequential algorithms for approximately solving the SCST and
SSCP problems, defined previously in Section 3.2.2.5, both derived as applications of
Theorem 3.3, presented in Section 3.2.3. Non trivial, real time recursive estimators of

the variance of the proposed spatiotemporal channel predictors are also developed.

3.2.4.1 SCST

At this point, it is apparent that Theorem 3.3 in fact directly provides us with an ef-
fective approximate and recursive estimator for the channel state X,. Simply, choose
¢, as the identity, for all t € N (recall that the channel state is assumed to be almost
surely compactly supported). Therefore, Theorem 3.3 immediately solves the SCST
problem, since the resulting filtering/prediction scheme is sequential and, as new chan-
nel measurements become available, its computational complexity is fixed, due to time

invariance of the type of numerical operations required for each filter update.

3.2.4.2 SSCP

Defining the natural filtration generated by both the state X, and the observations y,
as {0 } ey A Lo {{Xt, yi}ieNt} and using the tower property of expectations, it is
true that g, (q) = E{E{y; (q)| #}| %}, for all t € N. Let us define the quantities

1£ —101log; (Hq prefH ) (3.81)
X)X N (0,77 (X)) and (3.82)
1% N (0,a§> , (3.83)
where, also by definition,
T
o (Xp)| |0 (Xy) v La (X)) of (Xy) (3.84)
t - T ) .
o (Xy)] o (Xy) (U? (Xt)) 772 (Xt)
with each element of o3l (X;) € RY*! given by

o (X)) (7) 2 01 (X) exp (— la” lo_r il “2> , (3.55)
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for all j € N%. Then, it must be true that
v (a) = A%X, + 0% (X)) + &9, (3.86)

where A9 £ [aq 015( M—1)] € RlXM, since y; (q) can be equivalently considered as an
additional observation, measured by an imaginary sensor at position q, which of course
was not used for state estimation in the SCST problem treated above. Using well known

properties of jointly Gaussian random vectors [25],
T —_
E{y (a)| 4} = AMX+ (0 (X)) C; HX) (vi— AX)
= oy (X, ye) - (3.87)

As a result, y; (q) can be expressed as

Y (a) =E{ o (X4, y0)| %} (3.88)

that is, the SSCP problem coincides with the problem of sequentially evaluating the
optimal nonlinear filter of the functional ¢, (-,-). However, note that Theorem 3.3 is
not directly applicable for developing an approximate recursive filter for the MMSE
optimal predictor (3.88), because the functional ¢, (-,-) depends, except for the state,
on the observations process (sensor measurements) as well. However, exploiting the
linearity of ¢, (+,-) on y;, the following result is true, which constitutes a generalization
of Theorem 3.3, and provides a closed form approximate solution to the SSCP problem,

at the same time enjoying asymptotic optimality in the sense of Theorem (3.3).

Theorem 3.4. (Approximate Solution to the SSCP Problem) The optimal spa-
tiotemporal predictor of the channel magnitude at an arbitrary position q € RQ, Yitp (q),

can be approximated as

<¢t (Yt) ) HE‘E}H>’ p= 0
5LS (yt+p (Q)‘ @t) t ) (3.89)

P’E,
1Bl

>

ATX p>1

Ls><1

for allt € N, where the process B, € R can be recursively evaluated as in Theorem

3.8 and where the stochastic process ¢, (y;) € REs*1 g defined as

B0y 2 00 (o) - on (wh23)] (390)
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with ¢y - RMXL o RV R defined as in (3.87). Additionally, under the same

conditions as in Theorem 8.8, it is true that

sup sup €55 (., (@)] %) = Gy ()], — 0. (3.91)
tENT WGQT LS—>OO
Proof of Theorem 3.4. See Section 3.2.7.1 (Appendix A). |

Theorem 3.4 presented above provides asymptotically optimal estimators for the
approximate evaluation of the conditional expectation of y;,,(q), for all p > 0 and
qe€ R?. In a practical setting, though, the availability of a measure of uncertainty of
the point estimate 7, ,(q) would also be of interest. Next, we provide approximate
estimators for the conditional variance of y,,(q), given the available information up

to and including time ¢, %. In the following, let B 2 [010,, (3 o] € R™M.

Theorem 3.5. (Approximate Filters for the Conditional Variance of Channel
Predictions) The optimal predictor of the variance of y,y,(q), conditional on the

filtration {#}},cn, at an arbitrary position q € R?, Vg, {pr (q)}, can be approximated

as follows:
If p=0,
Lg 2 52 ¢ Et
Vs (e (@) = og + <¢t ), HEtH1>
. 2
- (5 S (Y (q)lﬁ’é)> ; (3.92)

whereas, if p > 0,

L 2 vy P°E
Vi (Werp (@) = 0g + <¢t+p’ HEtHi>

(&5 (s (@] ) (399)

Lsxl

for all t € N. In the above, the process E, € R can be recursively evaluated as in

Theorem 3.3, the process ¢, (y;) € REs*1 is defined as
v a [ V(. 1 V(,Ls T
¢ (yi) = [¢t <$Lsa}’t> e O (st’yt)} ’ (3.94)
with ¢} <wis,yt> € R given by (3.97) and (3.98) (bottom of next page), and

T
By 2 Pﬁip(wis>---¢ﬁﬂj(xﬁg)} e REs*, (3.95)
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S\ 2 A
with ¢2}+p <:ch$> £ <AqazJLS> + Bw]LS,j € NJLFS. Additionally, under the usual circum-

stances, it is true that

Ls ~v, |
sup Vi Wirp (@) = Vo {91, (@)} L5 O (3.96)
WEQT
Proof of Theorem 3.5. See Section 3.2.7.2 (Appendix B). |

3.2.4.3 Computational Complexity: A Fair Comparison

A careful inspection of the filtering schemes proposed for the solution of the SCST
and SSCP problems, respectively, reveals that, in the worst case, the computational
complexity of both algorithms scales as O (L% + LgN 3). The two algorithms can also
be combined into one with the same computational requirements. The cubic term is
due to the inversion and the determinant calculation of the involved covariance matrices
and it is computationally bearable, at least for a relatively small number of sensors.
However, note that when the sensors are stationary or when their trajectories are fixed
and known apriori, these operations may be completely bypassed by precomputing
the required set of matrices and storing them in memory. Then, the computational
complexity reduces to O (L%v + LgN 2).

Treating N as a constant, the complexity of both algorithms considered scales as
@) <L%) In the particular problems we are interested in here, though, the state di-
mension M is relatively low, almost always between 2 and 5 (here, it is assumed that
M = 3 at most), which makes grid based filters practically feasible. Additionally, as
it has already been shown in [56] in a non Bayesian framework, the sensitivity of the
quality of spatial channel prediction on the estimation error of the shadowing power
and decorrelation distance of the channel is indeed very weak, making it possible to
potentially consider a lower quantization resolution for the aforementioned quantities

without significant compromise in terms of the prediction quality. As a result, grid

of (2],1) 2 61 (21, v) + vfq (a],) + Bal, €R, (3.97)

0 (2h.) 2 (o0 (2))) C (2h,) o? (2)) € B jeNL.  (399)
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based approximate filters are indeed adequate for the problems of interest, taking ad-
vantage of their strong asymptotic properties.

Naturally, particle filters [23,69] would constitute the rivals of our grid based filtering
approach. Particle filters exhibit a computational complexity of O (Lg), with Lg being
the number of particles [23]. That is, their complexity is one order of magnitude smaller
compared to the complexity of grid based filters. Note, though, that in grid based
filtering, the one and only computational operation incurring a complexity of O (L%)
is the Matrix-Vector (MV) operation PFE, ;. In fact, in the numerical simulations
conducted in Section 3.2.5, it was revealed that, at least for the problems of interest, the
required operations on the involved covariance matrices are far more computationally
intensive than the aforementioned MV multiplication. These operations would be also
required in any particle filter implementation as well.

Continuing the comparison with particle filters, another issue of major importance
is filter behavior with respect to the curse of dimensionality. Particle filters do suffer
from the curse. In general, their expected approximation error scales exponentially with
respect to the dimensionality of the HMM under consideration [41-43,70]. Of course,
it can be easily seen that grid based filters also suffer from similar drawbacks, a fact
that strengthens the common belief that, at least in the context of nonlinear filtering,

the curse of dimensionality constitutes a ubiquitous phenomenon.

3.2.4.4 Advantages of Grid Based Filters over Particle Filters

When applied to lower dimensional hidden systems, which are of interest in this work
(see previous section), grid based filtering possesses some definite advantages over par-
ticle filtering techniques. From the theoretical point of view, as stated in Theorems
3.3, 3.4 and 3.5, the convergence of the grid based approximate filters proposed in this
work for effectively solving the SCST and SSCP problems is compact in time and,
most importantly, uniform in a purely characterized set of almost full probability mea-
sure, which explicitly depends on 7" and N. In favor of the particle filtering approach,
Egoroff’s Theorem [21] states that almost sure convergence implies almost uniform con-

vergence, that is, there exists a measurable set of arbitrarily small measure, such that
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the convergence is uniform in the complement of this set (almost uniform convergence).
However, Egoroff’s Theorem constitutes a purely abstract result, being of small prac-
tical importance, providing no practically useful theoretical guarantee. On the other
hand, for the proposed grid based filters, Egoroff’s Theorem is purely quantitatively
justified. In fact, for fixed T, convergence to both the MMSE optimal nonlinear fil-
ter and channel gain map tracker (channel spatiotemporal predictor) occurs uniformly
in a common set that approximates the certain event, at an exponential rate in N.
As a result, the dimensionality of the observations process stochastically stabilizes the
proposed approximate filter. This is practically important because it shows that the
proposed estimators will behave better with a larger number of channel measurements,
favoring networks with a large number of sensors. Our results provide a way of the-
oretically justifying the aforementioned intuitively expected behavior of the proposed
estimators. To the best of our knowledge, such type of results do not exist in the case of
particle filters. Also see for a thorough theoretical comparison of grid based filters with
particle filters, showing that, at least theoretically, a larger class of hidden processes
can be supported by the former, compared to the latter.

From the practical point of view, grid based approximate filters exhibit two impor-
tant advantages over particle filters, as follows. First, at least for lower dimensional
systems, grid based filters require a smaller number of quantization cells when compared
to the number of particles required in order to attain the same level of performance.
See the comparative survey [44], where this favorable behavior of grid based filters is
clearly demonstrated. Of course, smaller number of cells are practically important,
since, this way, the actual computational resources required for the implementation of
the filtering process are greatly reduced, also justifying the somewhat higher compu-
tational complexity of grid based filtering schemes. Second, grid based approximate
filters can be implemented in a lot easier and definitely more robust manner, compared
to particle filtering schemes. One reason for this is that grid based filters constitute
truly recursive and deterministic estimators, without the need of any random sampling

operation, which can be a complicated procedure, especially for hidden systems with
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complex internal nonlinear dynamics. Additionally, it is well known [23,45] that parti-
cle filters suffer from some inherent defects, such as the problem of properly choosing
the importance density and the phenomenon of particle degeneracy, potentially causing
performance degradation. On the other hand, by nature, grid based filters require no
fine tuning at all and their performance is determined almost exclusively by the grid

resolution, in order to ensure satisfactory filtering performance.

3.2.5 Numerical Simulations

The effectiveness of the proposed estimation schemes will be validated through a number
of synthetic experiments. Specifically, we consider N = 30 sensors randomly scattered
on a fine square grid, in the region S = [0, 40]2 (in m xm). The position of the reference
antenna is fixed at p,..; = [25 10]T. The variance of the multipath fading is set at ag =2
and, as far as shadowing is concerned, we assume that the correlation distance is known
and equal to 10m. As a result, in this example, the channel state is two dimensional,
with X, (1) = p(X,) and X, (2) = n° (X,) = 0 (X,). Each component of the channel

state evolves according to

X, (1) =tanh (v (X;,_; (1) = 2)) + W, +2, and (3.99)
X, (2) = 0.3 [tanh (sin (yX,_; (2) W) +

+X, 4 (2)W,) + W,|+25, VteN, (3.100)

for some arbitrary but known initial conditions, where v = 1.6 and W, = clipj_ 1) (Gy),
G, bt (0,1), with clip;_; 1; (), denoting the hard limiter operation into [—1,1]. Note
the strong coupling between the two equations, driven by the same noise realizations.
The above equations attempt to model a situation where the path loss exponent is
somewhat slowly varying between 0 and 4, whereas the shadowing power is rapidly
varying between 25 and 25.6. The state X, = [X, (1) X, (2)]T was uniformly quantized
into Lg = 30% cells (that is, L = 30). Concerning state quantization, the marginal type
was employed, where the transition matrix P = P was simulated from 10° realizations

of the Markov process under consideration. More specifically, each entry of the ma-

trix, corresponding to a conditional probability, was estimated by counting how many
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Figure 3.3: (a) Demonstration of channel state tracking for 250 time steps. The es-
timates are produced from the observations of 30 randomly scattered sensors in the
square region [—20m, 20 m]2. (b) Spatial prediction and temporal tracking of the chan-
nel combined. The spatial grid consists of 3600 points and the results are obtained

using just 30 spatial measurements.
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times the respective event happens given the respective condition, how many times the
respective condition happens and, then, dividing the former with the latter. For sim-
plicity, we focus on the case where p = 0, that is, we consider the problems of temporal
filtering of the channel state and spatial prediction of the channel, both being instances
of the SCST and SSCP problems, respectively.

Fig. 3.3a demonstrates the channel state tracking (temporal filtering of the state)
for 250 time steps, according to the experimental setting stated above. As illustrated
in the figure, the quality of the estimates is very good, considering the nonlinearity
present both in the state process and the observations at each sensor in the network.
It also apparent that the produced estimation process behaves in a stable manner, as
time increases.

The filter of the channel state can subsequently be used for predicting the channel
magnitude at unexplored positions. This is illustrated in Fig. 3.3b. The random field
used for modeling the spatial channel process was generated using a spatial grid of 3600
points and the respective predicted values were obtained from just N = 30 randomly
scattered spatial channel measurements in the region of interest. From the figure, it can
be seen that the quality of the predicted process is very good, especially considering
the fact that the channel is reconstructed using only 0.83 % of the total number of grid
points in the region of interest. Of course, the quality of the spatial prediction improves
as the number of spatial measurements (and therefore nodes/sensors) increases.

The practical advantages of the grid based filtering approach discussed in this work
against particle filtering techniques will also be experimentally evaluated, confirming
the discussion presented in Section 3.2.4.4. Focusing only on hidden state estimation
(in our context, SCST), let us additionally fiz the shadowing power as 772 = 25, set
02 = 4.1 and assume that the time varying path loss coefficient p (X;) = X, evolves

according to the non-Gaussian model
X, =tanh (y (X, —2) W) + W, +2, VteN, (3.101)

with the rest of parameters same as before. This system simulates a particularly noisy

environment for state estimation, which is typical in wireless channel realizations. Fig.
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Figure 3.4: (a) MSE comparison between particle and grid based filters. Left: Monte
Carlo (MC) estimate of the MSE for T = 300 time instants (10° MC trials). Right:
MSE as a function of grid resolution/number of particles. (b) MSE as a function of
training realizations: Left: keeping N fixed and varying Lg. Right: keeping Lg fixed
and varying N.
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3.4a shows two different comparisons of the achieved MSE between the grid based
estimator described herein and a standard SIR (Sequential Importance Resampling)
particle filter with systematic resampling in the resampling step, known to minimize
the Monte Carlo (MC) variation [23]. Resampling is performed at each iteration of
the particle filter. Specifically, Fig. 3.4a (left) shows an MC estimate of the MSE for
T = 300 time instants of the operation of the two filtering schemes, where Lg = 10,
N = 10 and the total number of MC trials averaged in order to produce the presented
results is 1000. From the figure, it is apparent that the grid based filter performs
considerably better than the particle filter. The average MSE for the grid based filter
more than 3dB lower than that for the particle filter, which translates into more than
twice as large quadratic error for the latter. What is more, the fluctuations of the
estimates of the MSE around the average is quite larger for the particle filter compared
to the grid based one, translating in larger variance of the corresponding state estimates.

Fig. 3.4a (right) shows the MSE of the two filtering schemes as a function of the
grid resolution/number of particles, Lg. N is the same as before and the respective
estimates of the MSE were computed by time averaging of T' = 3000 filtering estimates.
Again, grid based filtering performs strictly better than particle filtering, since all MSE
estimates for the former are strictly smaller than the respective estimates for the latter,
for the same Lg. In particular, we observe that grid based filtering with a grid resolution
of 10 to 20 performs better than particle filtering utilizing 50 particles, or more. Overall,
Fig. 3.4a shows that grid based filters perform better especially in the low-resolution-
high-noise regime, which is important regarding the applications of interest in this
work.

Finally, Fig. 3.4b provides an experimental assessment of the discussed grid based
filters with respect to model mismatch. As noted earlier in this section, the transition
matrix P is produced using the Law of Large Numbers, by simulation. This is performed
as an offline training phase, before the actual operation of the approximate filter. As
a result, it is important to at least experimentally verify the behavior of the filter
as a function of the number of state realizations employed in the training phase for

estimating P. This is what Fig. 3.4b depicts, where the hidden system is assumed to
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be the same as before (see (3.101)), but where ° = 1 and ag = 1. These choices are
made in order to reduce the error floor of the filtering process, making the errors due
to model mismatch more pronounced.

More specifically, Fig. 3.4b (left) shows the MSE, computed by time averaging
as above, as a function of training realizations, for different values of Lg, keeping N
fixed at 10. From the figure, it is apparent that the sensitivity to model mismatch is
very well behaved, with around 200 training realizations being sufficient in order for
the approximate filter to reach its error floor. The situation is similar in Fig. 3.4b
(right), where Lg = 20 and N is varying. However, in this case, a larger number of
realizations (~ 3000) is required in order to achieve the respective MSE floors. This is
due to the larger grid resolution (Lg = 20). Nevertheless, in any case, the sensitivity
to model mismatch shows a definitely regular behavior, and a relatively small number
of (channel) state realizations is required in order for the respective grid based filters

to be able to produce consistent estimates.

3.2.6 Conclusion

A nonlinear filtering framework was proposed for addressing the fundamental problems
of sequential channel state tracking and spatiotemporal channel prediction in mobile
wireless sensor networks. First, we formulated the channel observations at each sen-
sor as a partially observable nonlinear system with temporally varying state and spa-
tiotemporally varying observations. Then, a grid based approximate filtering scheme
was employed for accurately tracking the temporal variation of the channel state, based
on which we proposed a recursive spatiotemporal channel gain predictor, providing real
time sequential CG map estimation at each sensor in the network. Non trivial, ap-
proximate recursive estimators of the variance of the CG map predictions were also
proposed. Further, we showed that all three estimators are asymptotically optimal, in
the sense that they converge to the respective optimal MMSE estimators/predictors,
in a technically strong sense. In addition to these theoretical results, numerical simu-
lations were presented, validating the practical effectiveness of the proposed approach

and increasing the user’s confidence for practical consideration in real world wireless
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networks.

3.2.7 Appendices
3.2.7.1 Appendix A: Proof of Theorem 3.4

Let us first consider the filtering case, that is, the one where p = 0. Substituting (3.87)
to (3.88) and defining

T
Xia (%) 2 (08 (X))"C' (X)) e RV and (3.102)
Xiq (X)) 2 (08 (X))" €M (X)) AX, €R, tEN, (3.103)
we can write
T
5 (@) = AE (X 2} + (B xd (50| %)) v~ E{ Wi (0|2} (109)
Then, for all t € N, define the approximate operator
N5 (yy (@)| %) £ A%E™S (X| %)
T
+ (ELS <x§,q (Xt)’ %)) y, — ks (Xiq (Xt)’ %) . (3.105)

Using the triangle inequality, the Cauchy-Schwarz Inequality and the fact that the ¢,

norm of a vector is upper bounded by its £; norm, it is true that

5LS (yt (Q)‘ @t) - ?jt (Q)

< |t (&" (xim) —E{x 23|

il €5 (xia (X0 %) — B {xiq (X0 24|

+ |ets (o (X0)| ) ~E{xdq (X0 24} |. (3.106)

Now, from Lemma 2.7, it follows that for any natural T' < oo, there exists a bounded

v > 1, such that sup,en,, [[y; (W)l < VYCN (1+1og (T + 1)), forallw € Qp C Q, with

1-CN

measure at least 1 — (T'+ 1) exp (—CN), exactly as in Theorem 3.3. Therefore,

invoking Theorems 3.3 and 2.8, it readily follows that, under the respective conditions,

timsup sup €55 ( (@)] %) - 5 (a)| =0, (3.107)
S%OOtGNTweﬁT
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showing the second part of the theorem, when p = 0. For the first part, observe that

&Y (y, (q)| %) can be explicitly expressed as (see Theorems 3.3 and 2.8)

T T E
£ (g (@)l %) = <(AqX) + (\If%,q) Ye+ Xiqr HEt||> (3.108)
til1
where
‘I’;q = |:X%,q (x}/s) e X%,q (méi)] € RNXLS, (3.109)
T
(¥1a) 2 [ia(Ls) - xia (@12)] e RS (3.110)

and which, after simple algebra, can be easily shown to coincide with the vector process
¢, (y;) of Theorem 3.4.
In the prediction case (p > 1), the procedure is slightly different. Let us define
- +p A -
{Qt p}teN, 2" £ a{{Xi+p,yi,yi (q)}ieNt}’ the complete filtration generated by
Xitpye and g, (q). Also, note that, for all p > 1, the augmented observation vector

process (and therefore each one of its elements) yfﬁf) = [yt+p Yitp (q)]T c RIVHIXT i

aug _ aug

conditionally independent of y; °,y, 1,..., given the state al time t + p, X;y,. Thus,

using the tower property, it is true that

G (@) =E{E Ly, (@) 277} %}
=E{E{A%X,, +0% (Xyy,) + & Xiy, }| %}

=AE{X, ,|%}. (3.111)

Consequently, defining the approximate spatiotemporal predictor gls (yt +p (q)| @t) £
Adghs (Xtﬂ,‘ @t) , substituting ghs (Xtﬂ,‘ @t) from Theorem 3.3 and following a very

similar convergence analysis to the filtering case treated above, the respective results

present in the statement of Theorem 3.4 follow. The proof is complete. |

3.2.7.2 Appendix B: Proof of Theorem 3.5

Fix q € R%. If p = 0, the conditional variance of y, (q) given % is given by

Vo {n (@} =E{o} (@| %} -5 (@), VteN (3.115)
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Also, from (3.87), we have E { y? (q)‘ %} =V {w (@)} +¢7 (X,,y;). Using the tower

property in (3.115), we get

Vi, {u (@} =E{ Vo {m @} %} +E{ 6 (X.3)| 2}~ 5 (@), VEeN, (3116)

what is otherwise called the Law of Total Variance. From (3.116), we observe that
Va, {y: (q)} can be split as a nonlinear combination of three estimators.

Using well known properties of jointly Gaussian random vectors and the definition
of Y2 () in (3.98), it is true that [25] V. {y, (@)} = of +n” (X;) + ¥Pq (X,), and,

therefore,
E{ V. {y: (@)} %} =0f+E{ BX,+v7q (X,)| %}, (3.117)

for all £ € N, with B = [OlOlX(M_2)] € RPM . For the second term on the RHS of

(3.116), from (3.87) and after quite some algebra, we arrive at the expression

01 (X, y)=yi TR (X)) ys + i (X0) yi + g (X)), (3.118)

holding true for all ¢ € N, where ¥, (-), ¢fq () and I'{(-) are defined as in (3.112),

(3.113) and (3.114), respectively. Consequently, Vg, {y, (q)} can be expressed as

Vo, {ye (@)} =0f +y E{T}(X)| %}y,
+E{ ;o (X)| %}y — 3i (@)

+E{BXt+1,Z)Zq(Xt)+¢5q(Xt)‘@/t}, VteN. (3.119)

Now, for all ¢t € N, define the approximate filtering operator

ViE (i (@) 2 0f +y[ &8 (P} (X)| %) y,

€S (97 (X)) i — (€5 (@] %))

P (Xy) 2 249X, (6 (X)) G (X)) - 2(AX) " TP (X;) e RVY (3.112)
Vg (X)) £ A%, (49X, -2 (0 (X)) 7 (X)) A, X, )

+(AX)T Y (X,) A X, R (3.113)

r{(x, = ((0? (X)) ¢! (Xt))T x (o (X)) M (X)) e RVN teN. (3.114)
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85 (BX, + 00q (X)) + 0 (X)| %), (3.120)

where £°s ('3 (X)|#) € RYN is defined as

s a .y 1 o] J .
gFs (I (X)) %) ‘||Et||1j§ i (},) B (). (3.121)

+
Lg

Using the triangle inequality as in the proof of Theorem 3.4, the error
V;ts (v (@) — Vo, {ye (q)}‘ is bounded from above by the sum of the errors between
each pair of true and approximate estimators, respectively (excluding O'g). Then, be-
cause of the boundedness and continuity of the functionals associated with the third
and fifth terms on the RHS of (3.120), these will converge to the respective MMSE
optimal estimators, in the sense of Theorem 3.3 (also see Appendix A). Thus, we only
need to focus on the second and fourth terms on the RHS of (3.120).

For the second term, the Cauchy-Schwarz Inequality and the consistency of the

spectral norm imply that

’nyLS (I (X)) v — yi E{T}(X,)| %) Yt’
< llvili3 |5 (0 (X0 ) ~E{ I (x| %4}, (3.122)

As in the proof of Theorem 3.4 presented above, we know that supey,. [ly: (w)H§<
~ON (14 log (T + 1)), forallw € Op C Q, with P (QT)Z 1—(T + 1) N exp (~CN).

As a result, it suffices to show that

HgLS (rd(x,)|%) -E{rd (Xt)]@/t}H 0, (3.123)

2 Lg—00

uniformly in Q7 and for all ¢ € Ny, Of course, it is true that E{I}(X,)|%} (,j) =
E{I}(X,)(i,5)| %}, for all (i,5) € N x NA, that is, the conditional expectation of
' (X,) given %, is the matrix formed by the respective conditional expectations of
cach entry. But observe that the approximate estimator £ (r¢ (Xt)| %) in (3.121)
also satisfies the same property. As a result, the error matrix gls (1"§l (Xt)‘ %) —
E{I‘? (Xt)‘ @t} = R? q contains as elements the errors of the corresponding entries.
Additionally, we can easily show that

<N sup

,
HRLQ
(i.5)ENg xNL

%,
2 - HRt’q

; R (z,j)’ . (3.124)
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Now, all entries of I'}! (X,) are of the form

(X, (i,5) = (0 (X)) G (X)) () x (0 (X)) G (X) (), (3.125)

for all (4,7), from where it follows that each I' (X;) (4,7) constitutes a bounded and
continuous functional of the (almost surely compactly supported) state X, for all ¢t €

Np. Therefore, the conditions of Theorem 3.3 are satisfied, from which it follows that

Z,
SUPreN, SUPLeh,. || Bial|, L:oo 0, which is what we were set to show.

Regarding the fourth term on the RHS of (3.120), it is true that

(£ e@190) - 32 a)

= &% (v (@) %) — G ()| [€5 (e (@) ) + G (a)| - (3.126)

Since, from Theorem 3.4, we know that the error |55 (v, (q)| %) — U (q)’ converges to

zero in the sense of Theorem 3.3, it will suffice to show that the quantity

XS (y, ()| %) + T (q)‘ is uniformly bounded in €y and for all ¢ € Np. Indeed,

the triangle inequality implies that

155 (0 (@1 %) + 50 ()] < €7 (v (@) 20)| + {6, (Xpoy)| %} (3.127)

Again from the Cauchy-Schwarz Inequality, it can be easily shown that

B {6 (X, y)| ZiH < Ciq + Crgllyilla, (3.128)
where
Cly 2 sup |4z + (0% ()" €' () Ata:‘ and (3.129)
xEZ
CPq 2 sup H ) et (@ )H : (3.130)
' xEZ 2

implying that sup sup [E {6, (X,,y,)| #}| < Cq, with

teNs ey
Cq= sup th (\/70]\7 (1+log (T + 1))) sup Ctz,q, (3.131)
teN teNT

where the RHS is always finite, by assumption. For the first term on the RHS of (3.127),

by definition of gls (y; (@)] %;) and using Holder’s Inequality, we have (see Theorem
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3.4)

" (w ()| )| < sup
jENL

ol <$is»}’t>‘

1 2
< Ciqt+ Cigllyily (3.132)

as above, yielding the same uniform bound for [£X5 (1, (q)| %) ’ The above lead directly

to the inequality

sup. sup €7 (y, ()] %) + i (a)| < 2Cq, (3.133)

showing uniform boundedness in QT and Np. Therefore,

sup sup

Vi (@) = Vi {u (@) — 0. (3.134)

§—>00

The explicit form of Véts (y; (q)) presented in Theorem 3.5 can be determined after
some algebraic manipulations of (3.120).
The case where p > 0 is similar, albeit simpler. Specifically, the conditional variance

of Ypy, (a) given  is given by Vi, {yiy, (@)} £ E{yt2+p (q)‘ %} ~Gitp (q), for all
t € N. Also, recall the definition of the filtration {Q; r } N in the proof of Theorem
te

3.4. Then, the law of total variance reads

Vy, {yt+p (@)}

= E{V o {urep (@}| 2%} + E{ (4°X,,)°| %4} - B (@), WEEN. (3.135)

Exploiting the fact that y,,,(q) is conditionally independent of y;™,y;"7,..., given

the state at time ¢ + p, X;,, and using the tower property, it can be shown that

2 o
ngrp {y1+,(a@)} = BX;,, + o¢, yielding

Va, {yt+p (q)}

= of +E{BX,p,| %} +E{ (4°X,1,)"| %} ~ 71y (@), VLEN. (3.136)

Let us define the approximate predictor

V?L%S (yt+p (q)>
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2
£ ot + 5 ((A9X01,)" + BXpp| %) = (8% (wyp (@] %)), WEEN. (3137)

Since (Ath +p)2 + BX,,, is functionally independent of the observations, Theorem
3.3 can be applied to arrive at the estimator of Theorem 3.5. Further, the convergence
analysis of the approximate predictor is very similar to the case where p = 0, treated

in detail above, and it is omitted. QED. |

3.2.8 A Note on Practical Applicability

The validation and verification of the proposed model based approach to spatiotemporal
wireless channel estimation/prediction, as well as its adaptation, on the basis of real
experimental data, is a challenging task. It constitutes an important topic for further
investigation in our research agenda.

In particular, we are currently in the process of developing an efficient meta-method,
termed as Markovian Channel Profiling (MCP), which will ultimately solve the re-
spective parameter estimation problem, enabling the use of the channel map tracking
methods described above. Additionally, efforts are currently made for the complete
experimental validation of the proposed channel modeling approach, using real world
wireless channel measurements, coming from inexpensive sensing equipment, such as

consumer oriented cell phones.
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Chapter 4

Spatially Controlled Relay Beamforming: 2-Stage Optimal

Policies

4.1 Introduction

Distributed, networked communication systems, such as relay beamforming networks
[1,2,6,7,9,10,71] (e.g., Amplify & Forward (AF)) are typically designed without ex-
plicitly considering how the positions of the networking nodes might affect the quality
of the communication. Optimum physical placement of assisting networking nodes,
which could potentially improve the quality of the communication, does not constitute
a clear network design aspect. However, in most practical settings in physical layer
communications, the Channel State Information (CSI) observed by each networking
node, per channel use, although (modeled as) random, it is both spatially and tempo-
rally correlated. It is, therefore, reasonable to ask if and how system performance could
be improved by controlling the positions of certain network nodes, based on causal
side (CSI) information, and exploiting the spatiotemporal dependencies of the wireless
medium.

Recently, autonomous node mobility has been proposed as an effective means to
further enhance performance in various distributed network settings. In [72], optimal
transmit AF beamforming has been combined with potential field based relay mobility
control in multiuser cooperative networks, in order to minimize relay transmit power,
while meeting certain Quality-of-Service (QoS) constraints. In [50], in the framework of
information theoretic physical layer security, decentralized jammer motion control has
been jointly combined with noise nulling and cooperative jamming, maximizing the net-
work secrecy rate. In [51], optimal relay positioning has been studied in systems where

multiple relays deliver information to a destination, in the presence of an eavesdropper,
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with a goal of maximizing or achieving a target level of ergodic secrecy.

In the complementary context of communication aware (comm-aware) robotics, node
mobility has been exploited in distributed robotic networks, in order to enhance system
performance, in terms of maintaining reliable, in-network communication connectivity
[73-76], and optimizing network energy management [77]. Networked node motion con-
trol has also been exploited in special purpose applications, such as networked robotic
surveillance [78] and target tracking [79].

In [50,51,72], the links among the nodes of the network (or the related statistics) are
assumed to be available in the form of static channel maps, during the whole motion of
the jammers/relays. However, this is an oversimplifying assumption in scenarios where
the channels change significantly in time and space [56,67, 68].

In this paper, we try to overcome this major limitation, and we consider the problem
of optimally and dynamically updating relay positions in one source/destination relay
beamforming networks, in a dynamic channel environment. Different from [50,51,72],
we model the wireless channel as a spatiotemporal stochastic field; this approach may
be seen as a versatile extension of a realistic, commonly employed “log-normal” channel
model [56]. We then propose a 2-stage stochastic programming problem formulation,
optimally specifying the positions of the relays at each time slot, such that the Signal-
to-Interference+Noise Ratio (SINR) or QoS at the destination, at the same time slot,
is maximized on average, based on causal CSI, and subject to a total power constraint
at the relays. At each time slot, the relays not only beamform to the destination, but
also optimally, predictively decide their positions at the next time slot, based on their
experience (causal actions and channel observations). This novel, cyber-physical system
approach to relay beamforming is termed as Spatially Controlled Relay Beamforming.

Exploiting the assumed stochastic channel structure, it is first shown that the pro-
posed optimal motion control problem is equivalent to a set of simpler, two dimensional
subproblems, which can be solved in a distributed fashion, one at each relay, without
the need for intermediate exchange of messages among the relays. However, each the
objectives of the aforementioned subproblems involves the evaluation of a conditional

expectation of a well defined ratio of almost surely positive random variables, which is
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impossible to perform analytically, calling for the development of easily implementable
approximations to each of the original problems. Two such heuristics are considered.
The first is based on the so-called Method of Statistical Differentials [80], whereas
the second constitutes a brute force approach, based on the multidimensional Gauss-
Hermite Quadrature Rule, a readily available routine for numerical integration. In both
cases, the original problem objective is replaced by the respective approximation, which,
in both cases, is shown to be easily computed via simple, closed form expressions. The
computational complexity of both approaches is also discussed and characterized. Sub-
sequently, we present an important result, along with the respective detailed technical
development, characterizing the performance of the proposed system, across time slots
(Theorems 4.4 and 4.5). In a nutshell, this result states that, although our problem
objective is itself myopic at each time slot, the expected network QoS exhibits an in-
creasing trend across time slots (in other words, the expected QoS increases in time,
within a small positive slack), under optimal decision making at the relays. Lastly, we
present representative numerical simulations, experimentally confirming both the effi-
cacy and feasibility of the proposed approach, as well as the validity of our theoretical
predictions.

During exposition of the proposed spatially controlled relay beamforming system,
we concurrently develop and utilize a rigorous discussion concerning the optimality of
our approach, and with interesting results (Section 4.5.1 / Appendix B). Clearly, our
problem formulation is challenging; it involves a wvariational stochastic optimization
problem, where, at each time slot, the decision variable, a function of the so far available
useful information in the system (also called a policy, or a decision rule), constitutes
itself the spatial coordinates, from which every network relay will observe the underlying
spatiotemporal channel field, at the next time slot. In other words, our formulation
requires solving an optimal spatial field sampling problem, in a dynamic fashion. Such a
problem raises certain fundamental questions, not only related to our proposed spatially
controlled beamforming formulation, but also to a large class of variational stochastic
programs of similar structure.

In this respect, our contributions are partially driven by assuming an underlying
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complete base probability space of otherwise arbitrary structure, generating all random
phenomena considered in this work. Under this general setting, we explicitly iden-
tify sufficient conditions, which guarantee the validity of the so-called substitution rule
for conditional expectations, specialized to such expectations of random spatial (in gen-
eral) fields/functions with an also random spatial parameter, relative to some o-algebra,
which makes the latter parameter measurable (fixed) (Definition 4.6 & Theorem 4.6).
General validity of the substitution rule, without imposing additional, special condi-
tions, traces back to the existence of regular conditional distributions, defined directly
on the sample space of the underlying base probability space. Such regular conditional
distributions cannot be guaranteed to exist, unless the sample space has nice topologi-
cal properties, for instance, if it is Polish [81]. In the context of our spatially controlled
beamforming application, such structural requirements on the sample space, which, by
assumption, is conceived as a model of “nature”, and generates the spatiotemporal
channel field sampled by the relays, are simply not reasonable. Considering this, our
first contribution is to show that it is possible to guarantee the validity of the form
of the substitution rule under consideration by imposing conditions on the topological
structure of the involved random field, rather than that of the sample space (a part
of its domain). This results in a rather generally applicable problem setting (Theorem
4.6).

In this work, the validity of the substitution rule is ascertained by imposing simple
continuity assumptions on the random functions involved, which, in some cases, might
be considered somewhat restrictive. Nevertheless, those assumptions can be signifi-
cantly weakened, guaranteeing the validity of the substitution rule for vastly discontin-
uous random functions, including, for instance, cases with random discontinuities, or
random jumps. The development of this extended analysis, though, is out of the scope
of this paper, and will be presented elsewhere.

The validity of the substitution rule is vitally important in the treatment of a wide
class of variational stochastic programs, including that involved in the proposed spa-
tially controlled beamforming approach. In particular, leveraging the power of the sub-

stitution rule, we develop a version of the so-called Fundamental Lemma of Stochastic
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Control (FLSC) [82-87] (Lemma 4.2), which provides sufficient conditions that permit
interchange of integration (expectation) and max/minimization in general variational
(stochastic) programming settings. The FLSC allows the initial variational problem
to be exchanged by a related, though pointwise (ordinary) optimization problem, thus
efficiently reducing the search over a class of functions (initial problem) to searching
over constants, which is, of course, a standard and much more handleable optimization
setting. In slightly different ways, the FLSC is evidently utilized in relevant optimal-
ity analysis both in Stochastic Programming [84,85], and in Dynamic Programming &
Stochastic Optimal Control [82,83,86,87].

A very general version of the FLSC is given in ([84], Theorem 14.60), where un-
constrained variational optimization of integrals of extended real-valued random lower
semicontinuous functions [85], or, by another name, normal integrands [84], with re-
spect to a general o-finite measure, is considered. Our version of the FLSC may be
considered a useful variation of Theorem 14.60 in [84], and considers constrained varia-
tional optimization problems involving integrals of random functions, but with respect
to some base probability measure (that is, expectations). In our result, via the tower
property of expectations, the role of the normal integrand in ([84], Theorem 14.60) is
played by the conditional expectation of the random function considered, relative to a
o-algebra, which makes the respective decision variable of the problem (a function(al))
measurable. Assuming a base probability space of arbitrary structure, this argument
is justified by assuming validity of the substitution rule, which, in turn, is ascertained
under our previously developed sufficient conditions. Different from ([84], Theorem
14.60), in our version of the FLSC, apart from natural Borel measurability require-
ments, no continuity assumptions are directly imposed on the structure on either the
random function, or the respective conditional expectation. In this respect, our result
extends ([84], Theorem 14.60), and is of independent interest.

On the other hand, from the strongly related perspective of Stochastic Optimal
Control, our version of the FLSC may be considered as the basic building block for
further development of Bellman Equation-type, Dynamic Programming solutions [86,

87], under a strictly Borel measurability framework, sufficient for our purposes. Quite
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differently though, in our formulation, the respective cost (at each stage of the problem)
is itself a random function (a spatial field), whose domain is the Cartesian product of
a base space of arbitrary topology, with another, nicely behaved Borel space, instead
of the usual Cartesian product of two Borel spaces (the spaces of state and controls),
as in the standard dynamic programming setting [86,87]. Essentially, our formulation
is “one step back” as compared to the basic dynamic programming model of [86,87],
in the sense that the cost considered herein refers directly back to the base space.
As a result, different treatment of the problem is required; essentially, the validity
of the substitution rule for our cost function bypasses the requirement for existence
of conditional distributions, and exploits potential nice properties of the respective
conditional cost (in our case, joint Borel measurability).

Finally, emphasizing on our particular problem formulation, our functional assump-
tions, which guarantee the validity of the substitution rule, combined with the FLSC,
result in a total of six sufficient conditions, under which strict optimality via problem
exchangeability is guaranteed (conditions C1-C6 in Lemma 4.3). Those conditions are
subsequently shown to be satisfied specifically for the spatially controlled beamforming
problem under consideration (verification Theorem 4.1), ensuring strict optimality of a

solution obtained by exploiting problem exchangeability.

4.2 Spatially Controlled Relay Beamforming

As mentioned above, the beamforming objective adopted will be maximization of the
Signal-to-Interference+Noise Ratio (SINR) at the destination (measuring network QoS),
under a total power budget at the relays, as in Section. For the single-source single-
destination setting considered herein, the aforementioned beamforming problem admits
a closed form solution, a fact which will be important in deriving optimal relay motion
control policies, in a tractable fashion. But first, let us present the general scheduling
schema of the proposed mobile beamforming system, as well as some technical prelim-
inaries on stochastic programming and optimal control, which will be used repeatedly

in the analysis to follow.
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Figure 4.1: Proposed TDMA-like joint scheduling protocol for communications and
controls.

4.2.1 Joint Scheduling of Communications & Controls

At each time slot ¢t € NET and assuming the same carrier for all communication tasks, we

employ a basic joint communication/decision making TDMA-like protocol, as follows:

1. The source broadcasts a pilot signal to the relays, which then estimate their respec-

tive channels relative to the source.
2. The same procedure is carried out for the channels relative to the destination.

3. Then, based on the estimated CSI, the relays beamform in AF mode (assume perfect

CSI estimation).

4. Based on the CSI received so far, strategic decision making is implemented, motion
controllers of the relays are determined and relays are steered to their updated

positions.

The above sequence of actions is repeated for all Ny time slots, corresponding to the
total operational horizon of the system. This simple scheduling protocol is graphically

depicted in Fig. 4.1.



159

Concerning relay kinematics, it is assumed that the relays obey the differential
equation

p(r)=u(r), Vrel0,T], (4.1)

where u 2 [u; ... ug]? € 8%, with u; : [0,7] — S being the motion controller of relay
i€ NE. Apparently, relay motion is in continuous time. However, assuming the relays
may move only after their controls have been determined and up to the start of the next

time slot, we can write

pt)=p(t—1) +/ w,_q (r)dr, Vte N?VT, (4.2)
ATi_q

with p (1) = p;pir, and where A7, C R and u; : A1, — S™ denote the time interval that
the relays are allowed to move in and the respective relay controller, in each time slot
te NET_l. It holds that u (1) = ZtGNﬁT_l u, (1) La,, (1), where T belongs in the first
Np — 1 time slots. Of course, at each time slot ¢, A7, must be sufficiently small such
that the temporal correlations of the CSI at adjacent time slots are sufficiently strong.
These correlations are controlled by the correlation time parameter +, which can be a
function of the slot width. Therefore, the velocity of the relays must be of the order
of (ATt)il. In this work, though, we assume that the relays are not explicitly resource
constrained, in terms of their motion.

Now, regarding the form of the relay motion controllers w,_; (7),7 € A7,_q, given
a goal position vector at time slot t, p° (t), it suffices to fix a path in SR, such that the
points p° (t) and p (¢ — 1) are connected in at most time A7,. A generic choice for such
a path is the straight line' connecting p; (t) and p; (¢t — 1), for all i € NE. Therefore,

we may choose the relay controllers at time slot ¢ — 1 € NKT_l as

Wi (1) 2 = (B (0 —p(=1)), VreAn. (4.3

As a result, any motion control problem considered hereafter can now be formulated in
terms of specifying the goal relay positions at the next time slot, given their positions

at the current time slot (and the observed CSI).

'Caution is needed here, due to the possibility of physical collisions among relays themselves, or
among relays and other physical obstacles in the workspace, S. Nevertheless, for simplicity, we assume
that either such events never occur, or that, if they do, there exists some transparent collision avoidance
mechanism implemented at each relay, which is out of our direct control.
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In the following, let & (7;) denote the set of channel gains observed by the relays,
along the paths of their point trajectories T, = {p(1) ... p(t)}, t € NET. Then, 7,
may be recursively updated as T, = T,_; U {p(t)}, for all ¢t € N+T, with 7, £ @.

In a technically precise sense, {% (7;)} will also denote the filtration generated

teNy,.
by the CSI observed at the relays, along 7T;, interchangeably. In other words, in case
the trajectories of the relays are themselves random, then ¢ (7;) denotes the o-algebra
generated by both the CSI observed up to and including time slot ¢t and p (1) ... p (¢),
for all t € NET. Additionally, we define € (Ty) = € ({@}) as € (Ty) £ {2, Q}, that is,

as the trivial o-algebra, and we may occasionally refer to time ¢t = 0, as a dummy time

slot, by convention.

4.2.2 2-Stage Stochastic Optimization of Beamforming Weights and
Relay Positions: Base Formulation & Methodology

At each time slot ¢ € N;{;T, given the current CSI encoded in € (7;), we are inter-
ested in determining w® (£) £ [w; (t) wy (¢) ... wg (t)]T, as an optimal solution to a
beamforming optimization problem, as a functional of ¢ (7;). Let the optimal value
(say infimum) of this problem be the process V, = V (p (t),t), a functional of the CSI
encoded in ¢ (7;), depending on the positions of the relays at time slot ¢.

Suppose that, at time slot t —1, an oracle reveals ¢ (7T, = T,_; U {p (t)}), which also
determines the channels corresponding to the new positions of the relays at the next time
slot t. Then, we could further consider optimizing V; with respect to p (¢), representing
the new position of the relays. But note that, % (7;) is not physically observable and in
the absence of the oracle, optimizing V; with respect to p (t) is impossible, since given
% (T;_1), the channels at any position of the relays are nontrivial random variables.
However, it is reasonable to search for the best decision on the positions of the relays at
time slot ¢, as a functional of the available information encoded in € (7;_;), such that

V, is optimized on average. This procedure may be formally formulated as a 2-stage



161

2nd Stage Problem at ¢t — 1

Beamforming "
Optimization w (t—1)
{fi-g:}: CSL at p° (t) and
(p?(t—1),t—1) uiy (1), 7 € Ay
l 1st Stage Problem at t
Relay Controller
E(Ti_s) €(T,_1)|__Optimization

@ Time Slot t — 1

Figure 4.2: 2-Stage optimization of beamforming weights and spatial relay controllers.
The variables w’ (t — 1), ui_; and p° (¢) denote the optimal beamforming weights and
relay controllers at time slot ¢ — 1, and the optimal relay positions at time slot ¢,
respectively.

stochastic program [85],

minimize E{V (p(¢),t)}
p(t)

subjectto p(t) = M (€ (T,_1)) € C(p° (t—1)), > (4.4)

for some M : R2ECE-D _, 2R

to be solved at each t — 1 € N;{;T_l, where C : R* = R* is a multifunction, with
C (p° (t — 1)) C 8™ representing a physically feasible spatial neighborhood around the
point p° (t — 1) € ST, the decision vector selected at time ¢t — 2 € Ny, —o (recall that
t = 0 denotes a dummy time slot). Note that, in general, the decision selected at t — 2,
p’ (t — 1), may not be an optimal decision for the respective problem solved at t — 2
and implemented at ¢t — 1. To distinguish p° (t+ — 1) from an optimal decision at t — 2,
the latter will be denoted as p* (t — 1), for all ¢ € N?VT. Also note that, in order for
(4.4) to be well defined, important technical issues, such as measurability of V; and
existence of its expectation at least for each feasible decision p (¢), should be precisely
resolved. Problem (4.5), together with the respective beamforming problem with opti-
mal value V; (which will focus on shortly) are referred to as the first-stage problem and
the second-stage problem, respectively [85]. Hereafter, aligned with the literature, any
feasible choice for the decision variable p (¢) in (4.5), will be interchangeably called an
(admissible) policy. A generic block representation of the proposed 2-stage stochastic

programming approach is depicted in Fig. 4.2.
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Mainly due to the arbitrary structure of the function M, (4.4) is too general to
consider, within a reasonable analytical framework. Thus, let us slightly constrain the

decision set of (4.4) to include only measurable decisions, resulting in the formulation

minimize E{V (p(¢),t)}
p(t)

subjectto p(t) = M (€ (T,_1)) € C(p° (t—1)), ; (4.5)
MY (A) e B (R2R) VA€ B (RW—U)
provided, of course, that the stochastic program (4.5) is well defined. The second
constraint in (4.5) is equivalent to M being Borel measurable, instead of being any
arbitrary function, as in (4.4).

Provided its well definiteness, the stochastic program (4.5) is difficult to solve, most
importantly because of its wvariational character; the decision variable p (¢) is con-
strained to be a functional of the CSI observed up to and including time ¢ — 1. A
very powerful tool, which will enable us to both make (4.5) meaningful and overcome
the aforementioned difficulty, is the Fundamental Lemma of Stochastic Control [82-87],
which in fact refers to a family of technical results related to the interchangeability of
integration (expectation) and minimization in general stochastic programming. Under
the framework of the Fundamental Lemma, in Appendix A, we present a detailed dis-
cussion, best suited for the purposes of this work, which is related to the important
technical issues, arising when one wishes to meaningfully define and tractably simplify
“hard”, variational problems of the form of (4.5).

In particular, Lemma 4.3, presented in Section 4.5.1.4 (Appendix A), identifies
six sufficient technical conditions (conditions C1-C6, see statement of Lemma 4.3),
under which the variational problem (4.5) is ezchangeable by the structurally simpler,

pointwise optimization problem

minimize E{V (p(t),t)|€ (T;_1)}
p(t) 7 (4.6)

subjectto p(t) € C(p°(t—1))

to be solved at each t — 1 € N;{;T_l. Observe that, in (4.6), the decision variable p (t)
is constant, as opposed to (4.5), where the decision variable p (¢) is itself a functional

of the observed information at time slot ¢ — 1, that is, a policy. Provided that CSI
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% (T,—1) and p’ (t—1) are known and that the involved conditional expectation can be
somehow evaluated, (4.6) constitutes an ordinary, nonlinear optimization problem.

If Lemma 4.3 is in power, exchangeability of (4.5) by (4.6) is understood in the sense
that the optimal value of (4.5), which is a number, coincides with the ezpectation of
optimal value of (4.6), which turns out to be a measurable function of ¢ (7;_;). In
other words, minimization is interchangeable with integration, in the sense that

inf E{V (p(t),1)} :E{ inf E{V(p(1),1) I‘f(ﬁ_ﬁ}}, (4.7)

p(t)ED, p(t)ec(p’(t-1))

for all t € N?VT, where D; denotes the set of feasible decisions for (4.5). What is more,
under the aforementioned technical conditions of Lemma 4.3, exchangeability implies
that, if there exists an admissible policy of (4.5), say p* (t), which solves (4.6), then
p" (t) is also optimal for (4.5). Additionally, Lemma 4.3 implies existence of at least one
optimal solution to (4.6), which is simultaneously feasible and, thus, optimal, for the
original stochastic program (4.5). If, further, (4.6) features a unique optimal solution,
say p* (t), then p* (£) must be an optimal solution to (4.5).

In the next subsection, we will specify the optimal value of the second-stage sub-
problem, V,, for each time ¢ € NX]T. That is, we will consider a fixed criterion for
implementing relay beamforming (recourse actions) at each t, after the predictive de-
cisions on the positions of the relays have been made (at time t — 1) and the relays
have moved to their new positions, implying that the CSI at time at time ¢t has been
revealed. Of course, one of the involved challenges will be to explicitly show that Con-
ditions C1-C6 are satisfied for each case considered, so that we can focus on solving
the ordinary nonlinear optimization problem (4.6), instead of the much more difficult

variational problem (4.5). The other challenge we will face is actually solving (4.6).

Remark 4.1. Tt would be important to note that the pointwise problem (4.5) admits
a reasonable and intuitive interpretation: At each time slot ¢ — 1, instead of (deter-
ministically) optimizing V; with respect to p (t) in C (p° (t—1)), which is, of course,
impossible, one considers optimizing a projection of V (p,t), p € S onto the space of
all measurable functionals of € (T;_1), which corresponds to the information observed

by the relays, up to ¢ — 1. Provided that, for every p € SR, V (p,t) is in the Hilbert
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space of square-integrable, real-valued functions relative to P, Ly (2, .7, P;R), it is then
reasonable to consider orthogonal projections, that is, the Minimum Mean Square Er-
ror (MMSE) estimate, or, more accurately, prediction of V (p,t) given € (7;_;). This,
of course, coincides with the conditional expectation E{V (p,t)|%€ (T;_1)}. One then
optimizes the random utility E{V (p,t)|€ (T,_1) }, with respect to p in the random set
C(p°(t—1)), as in (4.6).

Although there is nothing technically wrong with actually starting with (4.6) as
our initial problem formulation, and essentially bypassing the technical difficulties of
(4.5), the fact that the objective of (4.6) depends on € (7,_;) does not render it a useful
optimality criterion. This is because the objective of (4.6) quantifies the performance of
a single decision, only conditioned on € (T;_,), despite the fact that an optimal solution
to (4.6) (provided it exists) constitutes itself a functional of € (7;_;). In other words,
the objective of (4.6) does not quantify the performance of a policy (a decision rule); in
order to do that, any reasonable performance criterion should assign a number to each
policy, ranking its quality, and not a function depending on % (7;_;). The expected
utility E {V;} of the variational problem (4.5) constitutes a suitable such criterion. And
by the Fundamental Lemma, (4.5) may be indeed reduced to (4.6), which can thus be
regarded as a proxy for solving the former.

There are two main reasons justifying our interest in policies, rather than individual
decisions. First, one should be interested in the long-term behavior of the beamforming
(in our case) system, in the sense that it should be possible to assess system perfor-
mance if the system is used repeatedly over time, e.g., periodically (every hour, day) or
on demand. For example, consider a beamforming system (the “experiment”), which
operates for Np time slots and dependently restarts its operation at time slots k Ny +1,
for k in some subset of N*. This might be practically essential for maintaining system
stability over time, saving on resources, etc. It is then clear that merely quantifying the
performance of individual decisions is meaningless, from an operational point of view;
simply, the random utility approach quantifies performance only along a specific path
of the observed information, € (T,_;), for t € N}T. This issue is more profound when

channel observations taking specific values correspond to events of zero measure (this
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is actually the case with the Gaussian channel model introduced in Section ?7). On
the contrary, it is of interest to jointly quantify system performance when decisions are
made for different outcomes of the sample space 2. This immediately results in the
need for quantifying the performance of different policies (decision rules), and this is
only possible by considering variational optimization problems, such as (4.5).
Additionally, because decisions are made in stages, it is of great interest to consider
how the system performs across time slots, or, in other words, to discover temporal
trends in performance, if such trends exist. In particular, for the beamforming problem
considered in this work, we will be able to theoretically characterize system behavior un-
der both suboptimal and optimal decision making, in the average (expected) sense (see
Section 4.2.4), across all time slots; this is impossible to do for each possible outcome
of the sample space, individually, when the random utility approach is considered.
The second main reason for considering the variational program (4.5) as our main
objective, instead of (4.6), is practical, and extremely important from an engineering
point of view. The expected utility approach assigns, at each time slot, a number to
each policy, quantifying its quality. Simulating repeatedly the system and invoking the
Law of Large Numbers, one may obtain excellent estimates of the expected performance
of the system, quantified by the chosen utility. Therefore, the systematic experimental
assessment of a particular sequence of policies (one for each time slot) is readily possible.
Apparently, such experimental validation approach is impossible to perform by adopting
the random (conditional) utility approach, since the performance of the system will be

quantified via a real valued (in general) random quantity. |

Remark 4.2. The stochastic programming methodology presented in this subsection is
very general and can support lots of choices in regard to the structure of the second-
stage subproblem, V;. As shown in the discussion developed in Appendix A, the key
to showing the validity of the Fundamental Lemma is the set of conditions C1-C6. If
these are satisfied, it is then possible to convert the original, variational problem into

a pointwise one, while strictly preserving optimality. |
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4.2.3 SINR Maximization at the Destination

The basic and fundamentally important beamforming criterion considered in this work
is that of enhancing network QoS, or, in other words, maximizing the respective SINR
at the destination, subject to a total power budget at the relays. At each time slot
te N}T, given CSI encoded in € (T;) and with w (¢) £ [wy () ... wg ()], this may
be achieved as in Section 1.2.1, by formulating the constrained optimization problem

[2,9]

maximize E{Ps ()¢ (T,)}
wiy . E{Prin 0] (T)}

; (4.8)
subjectto E{ Py (t)|% (T;)} < P,

where P, > 0 denotes the total available relay transmission power. It was shown earlier

in Section 1.2.1, that the optimal value of (4.8) may be expressed analytically as [2]

PPy |f (pi (8) D) |g (P () . 0)”

V, =
55 Roob I i (0).0F + Po” lg (b1 (), O + 0%
£ Vipi(t).1), VEENY,. (19)
iEN

Adopting the 2-stage stochastic optimization framework presented and discussed in

Section 4.2.2, we are now interested, at each time slot ¢t — 1 € NJ](;T_l, in the program

maximize E Z Vi (pi (t),t)
p(t) —
i€Ng

subjectto p(t) = M (€ (T,_1)) € C(p° (t—1)),
M7 (A) € 2 (R, va e 2 (RPCD)

, (4.10)

where p° (1) € S™ is a known constant, representing the initial positions of the relays.
But in order to be able to formulate (4.10) in a well defined manner fully and and sim-
plify it by exploitting the Fundamental Lemma, we have to explicitly verify Conditions
C1-C6 of Lemma 4.3 in Section 4.5.1.4 of Appendix A. To this end, let us present a

definition.

Definition 4.1. (Translated Multifunctions) Given H ¢ RY, A4 C RY and any
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fixed h € H, D : RY = R” is called the (7, h)-translated multifunction in A, if and
onlyif D(y) £ {zxc Az —ycH}, foralyec A—h=2 {LBERN‘w—I—hE.A}.

Note that translated multifunctions, in the sense of Definition 4.1, are always unique
and non empty, whenever y € A — h. We also observe that, if y ¢ A — h, D(y)
is undefined; in fact, outside A — h, D may be defined arbitrarily, and this will be
irrelevant in our analysis. The following assumption on the structure of the compact-
valued multifunction C : R*? = R?*E is adopted hereafter, and for the rest of this

work.

Assumption 4.1. (C is Translated) Given any arbitrary compact set 0 € G C SR,

C constitutes the corresponding (G, 0)-translated, compact-valued multifunction in SE.
Then, the following important result is true.

Theorem 4.1. (Verification Theorem / SINR Maximization) Suppose that, at

time slot t — 1 € N]J(,T_l, the selected decision at t — 2, p°(t —1) = p° (w,t — 1), is

measurable relative to € (T;_y). Then, the stochastic program (4.10) satisfies conditions
C1-C6 and the Fundamental Lemma applies (see Appendiz A, Section 4.5.1.4, Lemma

4.3). Additionally, as long as the pointwise program

maximize Y E{V; (p;,0)| € (T,1)}
P
ieNG; (4.11)

subjectto p € C(p°(t—1))

has a unique mazimizer p* (t), and p° (t) = p* (t), then p°(t) is € (T;_,)-measurable

and the condition of the theorem is automatically satisfied at time slot t.
Proof of Theorem 4.1. See Appendix B. [ |

As Theorem 4.1 suggests, in order for conditions C1-C6 to be simultaneously sat-
isfied for all t € N?VT, it is sufficient that the program (4.11) has a unique optimal
solution, for each t. Although, it general, such requirement might not be particularly

appealing, for the problems of interest in this work, the event where (4.11) does not
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have a unique optimizer is extremely rare, almost never occurring in practice. Nev-
ertheless, uniqueness of the optimal solution to (4.11) does not constitute a necessary
condition for ¢ (7;_;)-measurability of the optimal decision at time slot ¢ — 1. For
instance, p* (t) will always be % (7,_;)-measurable when the compact-valued, closed
multifunction C : R?? = R?® is additionally finite-valued, and p°(t) = p”* (t). This
choice for C is particularly useful for practical implementations. In any case, as long
as conditions C1-C6 are guaranteed to be satisfied, we may focus exclusively on the
pointwise program (4.11), whose expected optimal value, via the Fundamental Lemma,
coincides with the optimal value of the original problem (4.10).

By definition, we readily observe that the problem (4.11) is separable. In fact, given
that, for each t € NET_D decisions taken and CSI collected so far are available to all
relays, (4.11) can be solved in a completely distributed fashion at the relays, with the
i-th relay being responsible for solving the program

maximize E{V;(p,t)|€ (T,_1)}
p 7 (4.12)

subjectto p € C; (p° (t—1))

ateacht—1 € NET,D where C; : R? = R? denotes the corresponding part of C, for each
1€ NE. Note that no local exchange of intermediate results is required among relays;
given the available information, each relay independently solves its own subproblem. It
is also evident that apart from the obvious difference in the feasible set, the optimization
problems at each of the relays are identical. The problem, however, with (4.12) is that
its objective involves the evaluation of a conditional expectation of a well defined ratio of
almost surely positive random variables, which is impossible to perform analytically. For
this reason, it is imperative to resort to the development of well behaved approximations
to (4.12), which, at the same time, would facilitate implementation. In the following,

we present two such heuristic approaches.



169

4.2.3.1 Approximation by the Method of Statistical Differentials

The first idea we are going to explore is that of approximating the objective of (4.12)

by truncated Taylor expansions. Observe that V; can be equivalently expressed as

1
Vi(p.t) = 2 . 33 (4.13)
-2 -2 —2 —2
Llgm.0) 7+ 5 If (p,1)] (p,t)| %19 (p.1)]
Pc PO
a1
VYII (p7t>’

for all (p,t) € S x NET. Then, for t € N?VT, we may locally approximate
E{V;(p,t)| € (T,—1)} around the point E{V;; (p,t)| € (T;_1)} (see Section 3.14.2 in

[80]; also known as the Method of Statistical Differentials) via a first order Taylor ex-

pansion as
1
E{V;(p,t)|€ (T,—1)} = , 4.14
N T () 1y
or via a second order Taylor expansion as
5 { (Vs 00| (7))
E{Vi(p, )| (T-1)} = 5 (4.15)

(EA{Vir (p, )€ (Ti-1)})

where it is straightforward to show that the square on the numerator can be expanded

2 2\ 2 o2 2
(Vir (p,4))° = (;};) .0 g ()" (.0 lg (p, 1)
O'2 2O'2 O'2 0'2
+2<PO> ?f\f<p,t>r‘4|g<p,t>r‘2+2ﬁo (;) If (.1) 2 g (p.t)] "
2\ 2 2\ 2
+<j§0> f<p,t>|‘4+<j;:> 9 (p, )" (4.16)

The approximate formula (4.15) may be in fact computed in closed form at any point

p € S, thanks to the following technical, but simple, result.

Lemma 4.1. (Big Expectations) Under the wireless channel model introduced in

Section 77, it is true that, at any p € S,

[F (p,1) G (0.0]"| € () ~ N (1 (0) 207, ()) (4.17)
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for allt € N?VT, and where we define

uh 0)2 [y (0) 1 )] (418)
Uf\t—l (p)2ag (p) ¢+ ciyi (p) Eig—l(mlzt—l_ulzt—l) €R, (4.19)
MtG\t—l (p)Eap (p) L+ i (p) 2;%—1(m1:t—1_/1'1:t—1) €R and (4.20)
llps—pplls
2 + o2 L
Ef\‘fil (p)é 9 71|‘Ps_§D||2 ! 2
ne g N+ o
F F T
B |:Cgt1 (P)] Ei%—l [Cgt1 (P)] c S%——i—v (4.21)
ci—1(P) crie—1 (P)
with
my  2[FT)GT (1) ... FT(t—-1) GT(t - 1)]T € RIRU=1xT, (4.22)
pro1 2es(p (1) ap(p (1) ... ag(p (t—1)) ap(p (t—1))]"CeR*FD (4,23
et ()2 [ef (B) .. el ( } R (4.24)
Clit—1 (P)é ClG( Ct 1 ( ] € R1X2R = 1) (4.25)
cf ()2 _{E{ s} (E{oseiobml} ] went, g
¢ (p)2 _{E {UD(p,t) gg(k)} it {E {UD(p,t) o (k) }}jeNJ}S] k€ N, and

(4.27)
S(1L,1) - B(Le—1)
DI : : € Si}i(t_l), (4.28)

S(t-1,1) - S{t—1,t—1)

for all (p,t) € S x N?VT. Further, for any choice of (m,n) € Z X Z, the conditional
correlation of the fields |f (p,t)|" and |g (p,t)|" relative to € (T,_1) may be expressed

in closed form as

E{|f (p, )" g (P, )" € (Ts—1)}

m o 2
] uﬂfil(pH(l g2(010>)

at any p € S and for allt € N?VT.

= 1O(ern)p/QO exp 10g2(010>
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Proof of Lemma 4.1. See Appendix B. |

Since, by exploitting Lemma 4.1 and (4.16), formula (4.15) can be evaluated without
any particular difficulty, we now propose the replacement of the original pointwise
problem of interest, (4.12), with either of the heuristics

. 1
maximize
p E{Vir (p, )| € (Te—1)} (4.30)

subjectto p € C; (p° (t—1))

and

o E{(VH ‘Cg t— 1}
P E (0] € (T

subjectto p €C; (p° (t—1))

: (4.31)

to be solved at relay ¢ € NE, at each time t — 1 € N}T_l, depending on the order of
approximation employed, respectively. Observe that Jensen’s Inequality directly implies
that the objective of (4.30) is always lower than or equal that of (4.31) and that of the
original program (4.12), as well. As a result, (4.30) is also a lower bound relazation to
(4.12). Both approximations are technically well behaved, though, as made precise by

the next theorem.

Theorem 4.2. (Behavior of Approximation Chains I / SINR Maximiza-
tion) Both heuristics (4.30) and (4.31) each feature at least one measurable mazi-
mizer. Therefore, provided that any of the two heuristics is solved at each time slot
t—1 € NKT_D that the selected one features a unique maximizer, p* (t), and that
p (t) =p°(t), forallt € N?VT, the produced decision chain is measurable and condi-

tion C2 is satisfied at all times.
Proof of Theorem 4.2. See Appendix B. |

Theorem 4.2 implies that, at each time slot ¢ € N}TA and under the respective
conditions, the chosen heuristic constitutes a well defined approximation to the original
problem, (4.12) and, in turn, to (4.10), in the sense that all conditions C1-C4 are

satisfied.
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At this point, it will be important to note that, for each p € S, computation of the
conditional mean and covariance in (4.17) of Lemma 4.1 require execution of matrix
operations, which are of expanding dimension in t € N?VT; observe that, for instance,
the covariance matrix 3;.;_; is of size 2R (¢t — 1), which is increasing in t € N ?VT‘ Fortu-
nately, however, the increase is linear in ¢. Additionally, the reader may readily observe
that the inversion of the covariance matrix ¥;.;,_; constitutes the computationally dom-
inant operation in the long formulas of Lemma 4.1. The computational complexity of
this matrix inversion, which takes place at each time slot ¢t — 1 € NET_I, is, in general,
of the order of O (R3t3> elementary operations. Fortunately though, we may exploit
the Matrix Inversion Lemma, in order to reduce the computational complexity of the
aforementioned matrix inversion to the order of O (R3t2). Indeed, by construction,

3;.;—1 may be expressed as

2l:t—2 li:t—2
Y41 = ) (4.32)

(35407 Z(t-1,t-1)
where

S, L 2B t—1) ... 2@t —2,t— 1) e RPEE-2DX2R (4.33)

Invoking the Matrix Inversion Lemma, we obtain the recursive expression

-1 -1 -1 T -1 -1 -1
21:t—2 + 21:1&—22{1::7&—2515—1 (Eizt—2> 21:15—2 _Elzt—QET:t—Zst—l

St = . with
—1 T — _
_Stfl (Zi:th) 21:7}72 Stjl
(4.34)
S, 2S(t—1,t—1)— (2,9 By %0 e S, (4.35)

where S,_; is the respective Schur complement. From (4.34) and (4.35), it can be easily
verified that the most computationally demanding operation involved is 2&1—22?:1&—27
of order O <R3t2>. Since the inversion of S;_; is of the order of O <R3>, we arrive at a
total complexity of O <R3t2) elementary operations of the recursive scheme presented
above, and implemented at each time slot ¢—1. The achieved reduction in complexity is
important. In most scenarios, R, the number of relays, will be relatively small and fixed

for the whole operation of the system, whereas t, the time slot index, might generally
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take large values, since it is common for the operational horizon of the system, N, to be
large. Additionally, the reader may readily observe that the aforementioned covariance
matrix is independent of the position at which the channel is predicted, p. As a result,
its inversion may be performed just once in each time slot, for all evaluations of the
mean and covariance of the Gaussian density in (4.17), for all different choices of p on
a fixed grid (say). Consequently, if the total number of such evaluations is P € N*,
and recalling that the complexity for a matrix-vector multiplication is quadratic in the
dimension of the quantities involved, then, at worst, the total computational complexity
for channel prediction is of the order of O (PR2t2 + R3t2>, at eacht—1 € N JJ(’T—l' This
means that a potential actual computational system would have to be able to execute
matrix operations with complexity at most of the order of O (PRQN% + R3N72~), which
constitutes the worst case complexity, over all Ny time slots. The analysis above
characterizes the complexity for solving either of the heuristics (4.30) and (4.31), if the
feasible set C; is assumed to be finite, for all i € NE. Of course, if the quantity RNy is
considered a fixed constant, implying that computation of the mean and covariance in
(4.17) is considered the result of a black box with fixed (worst) execution time and with
input p, then, at each t — 1 € NET_l, the total computational complexity for channel

prediction is of the order of O (P) function evaluations, that is, linear in P.

4.2.3.2 Brute Force

The second approach to the solution of (4.12), considered in this section, is based on the
fact that the objective of the aforementioned program can be evaluated rather efficiently,
relying on the multidimensional Gauss-Hermite Quadrature Rule [88], which constitutes
a readily available routine for numerical integration. It is particularly effective for
computing expectations of complicated functions of Gaussian random variables [89].
This is indeed the case here, as shown below.

Leveraging Lemma 4.1 and as it can also be seen in the proof of Theorem 4.1

(condition C6), the objective of (4.12) can be equivalently represented, for all t € N3 -
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via a Lebesgue integral as

BV (.01 (T} = [, r @A (msfif,0) 20 0) dos (430)

for any choice of p € S, where N (+; u, X) : R? - R, , denotes the bivariate Gaussian

2x2

density, with mean p € R**! and covariance X € S777, and the function 7 : R? 5 R T

is defined exploitting the trick (3.11) as

log(10)
P.P, 10%°/10 lexp (1 + 29)] 10

log(10) log(10)

POO'QD [exp (x)] 10 +Pca2 [exp (zq)] 10 —1—10_’)/10020%

r(x) =7 (21, 25) 2 , (4.37)

for all @ = (2q,2,) € R Exploitting the Lebesgue integral representation (4.36), it
can be easily shown that the conditional expectation may be closely approximated by

the double summation formula (see Section IV in [89])

7G ,G
BV e Tl x Y om, 3w (R 0 + @)
l,eNy, l,eNY,

(4.38)
where M € NT denotes the quadrature resolution, g, ;) = [ql ) ql2]T € R**! denotes
the (I,ly)-th quadrature point and (1, 1) = [wll wb]T e R**! denotes respective
weighting coefficient, for all (I;,1y) € N, x NL. Both sets of quadrature points and

weighting coefficients are automatically selected apriori and independently in each di-

mension, via the following simple procedure [89,90]. Let us define a matrix J € RMXM,
such that
/minAz,j L
. N A ; }7 |.7 - Z‘ =1 L. + +
J(i,5) = . V(i,7) € N3y x N, . (4.39)

0, otherwise

That is, J constitutes a hollow, tridiagonal, symmetric matrix. Let the sets

{N(T) e R}ieNL and {’UZ- (J) € RMXI} contain the eigenvalues and normalized

ieNY;
eigenvectors of J, respectively. Then, simply, quadrature points and the respective

weighting coefficients are selected independently in each dimension j € {1,2} as

q, = \/§Alj (J) and (4.40)

w, = (vlj (J) (1))2, Vl; € Ni;. (4.41)
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In (4.41), vy (J) (1) denotes the first entry of the involved vector.
Under the above considerations, in this subsection, we propose, for a sufficiently
large number of quadrature points M, the replacement of the original pointwise problem

(4.12) with the heuristic

.. F.G F.G
maximize Z w,, W, < Et\t—l(p)q(ll,lz) + “tt—l(p)>
(I1,l2)ENRy XNy , (4.42)

subjectto p € C; (p° (t—1))

to be solved at relay i € Nj, at each time t — 1 € NET_I. As in Section 4.2.3.1 above,

the following result is in power, concerning the technical consistency of the decision
. . . . 2

chain produced by considering the approximate program (4.42), for all t € Ny,. Proof

is omitted, as it is essentially identical to that of Theorem 4.2.

Theorem 4.3. (Behavior of Approximation Chains IT / SINR Maximization)
Consider the the heuristic (4.42). Then, under the same circumstances, all conclusions

of Theorem 4.2 hold true.

Since the computations in (4.40) and (4.41) do not depend on p or the information
collected so far, encoded in € (7,_,), for t € N?VT, quadrature points and the respective
weights can be determined offline and stored in memory. Therefore, the computational
burden of (4.38) concentrates solely on the computation of an inner product, whose
computational complexity is of the order of O (M 2) , as well as a total of M ? evaluations
of r( zﬁ}c_l(P)(I(ll,b)+N§£1(P))» for each value of p. Excluding temporarily the
computational burden of ufl’t(il(p) and Zf"il(p), each of the latter evaluations is of
fixed complexity, since each involves elementary operations among matrices and vectors
in R**? and RZXI, respectively and, additionally, the involved matrix square root can

be evaluated in closed form, via the formula [91]
F,G F,G
Et\t_l(p) + \/det <2t|t—1(p)>12
7G ,G
\/ tr (25 (p) + 2\/ det (27, (p))

where we have taken into account that Ef"ﬁl(p) is always a (conditional) covariance

=0 (p)

He1 e ST, (4.43)

matrix and, thus, (conditionally) positive semidefinite. As a result and considering
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the last paragraph of Section 4.2.3.1, if (4.38) is evaluated on a finite grid of possi-
ble locations, say P € NT, then, at each t — 1 € N;T_l, the total computational
complexity of the Gauss-Hermite Quadrature Rule outlined above is of the order of
@) (PM >4+ PR + R3t2) elementary operations / function evaluations. This will be
the total, worst case computational complexity for solving (4.42), if the feasible set C; is
assumed to be finite, for all ¢ € NE. As noted above, a finite feasible set greatly simpli-
fies implementation, since a trial-and-error approach may be employed for solving the
respective optimization problem. If M is considered a fixed constant (e.g., M = 103),
and the same holds for Rt < RNy, then, in each time slot, the total complexity of the
Gauss-Hermite Quadrature Rule is of the order of O (P) evaluations of (4.38), that is,
linear in P. In that case, the whole numerical integration routine is considered a black
box of fixed computational load, which, in each time slot, takes p as its input. Observe
that, whenever M ~ RNy, the worst case complexity of the brute force method, de-
scribed in this subsection, over all Np time slots, is essentially the same as that of the

Taylor approximation method, presented earlier in Section 4.2.3.1.

4.2.4 Theoretical Guarantees: Network QoS Increases Across Time

Slots

The proposed relay position selection approach presented in Section 4.2.3 enjoys a very
important and useful feature, initially observed via numerical simulations: Although a
2-stage stochastic programming procedure is utilized independently at each time slot for
determining optimal relay positioning and beamforming weights at the next time slot,
the average network QoS (that is, the achieved SINR) actually increases, as a function
of time (the time slot). Then, it was somewhat surprising to discover that, additionally,
this behavior of the achieved SINR can be predicted theoretically, in an indeed elegant
manner and, as it will be clear below, under mild and reasonable assumptions on the
structure of the spatially controlled beamforming problem under consideration. But

first, it would be necessary to introduce the following definition.

Definition 4.2. (L.MD.G Fields) On (€2,.%#,P), an integrable stochastic field = :
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Q x RY x N — R is said to be a Linear Martingale Difference (MD) Generator, rel-
ative to a filtration {J; C F}, .y, and with scaling factor p € R, or, equivalently,
L.MD.G<$ (44, 1), if and only if, for each ¢ € N, there exists a measurable set Q,CQ,

with P (€;) = 1, such that, for every x € RY | it is true that
E{E(z, )| 1} () = pE{E (2, t — 1)| A1} (), (4.44)
for all w € €.

Remark 4.3. A fine detail in the definition of a L.MD.G{ (.7, i) field is that, for each
t € N, the event €2, does not depend on the choice of point x € RY. Nevertheless, even
if the event where (4.44) is satisfied is indeed dependent on the particular x € RN, let
us denote it as {2, ;, we may leverage the fact that conditional expectations are unique

almost everywhere, and arbitrarily define
E{Z(z,t)] 1} (w) & pE{E (2, t — 1)| A 1} (), (4.45)

for all w € Qf ;, where P (Qg ;) = 0. That is, we modify both, or either of the random
elements E{Z (x,t — 1)| #_1} and E{Z (2,t)| #_,}, on the null set Qg ;, such that
(4.44) is satisfied. Then, it may be easily verified that both such modifications result
in valid versions of the conditional expectations of = (x,t — 1) and = («,t) relative to
A4, respectively and satisfy property (4.44), everywhere with respect to w € Q.

In Definition 4.2, invariance of 2, with respect to = € RN, in conjunction with
the power of the substitution rule for conditional expectations (Section 4.5.1.1), will
allow the development of strong conditional arguments, when x is replaced by a random

element, measurable relative to J_,. |

Remark 4.4. There are lots of examples of L.MD.G stochastic fields, satisfying the
technical properties of Definition 4.2. For completeness, let us present two such ex-
amples. Employing generic notation, consider an integrable real-valued stochastic field
Y (z,t), z € R, t € N. Let the natural filtration associated with Y (z,t) be {%} iens
with %; £ o {Y (x,t),x € RN}, for all t € N. Also, consider another, for simplicity
temporal, integrable real-valued process W (t) ,t € N. Suppose, further, that Y (x, ) is

a martingale with respect to ¢t € N (relative to {#}},y), and that W (t) is a zero mean
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process, independent of Y (x,t). In particular, we assume that, for every ¢ € NT, there
exist events Qz/ C Q and QZV C Q, satisfying P (Qf) =land P (QZV) = 1, such that,

for all x € RN,

E{Y (z,t)|%_1} (w) =Y (w,z,t —1) and (4.46)

E{W ()| %1} (w) =0, (4.47)

for all w € Qf N QZV , where, apparently, P (Qf N QXV ) =1.

Our first, probably most basic example of a L.MD.G field is simply the martingale
Y (z,t) itself. Of course, in order to verify this statement, we need to show that it
satisfies the technical requirements of Definition 4.2, relative to a given filtration; in
particular, let us choose {#;},. to be that filtration. Then, for every (x,t) € RY x Nt

it is trivial to see that
E{Y (ib,t)’ %71} (w) =Y (w’mat - 1) = E{Y (mat - 1)| gtfl} (w) ) (448)

for all w € Q) , where Y (z,t — 1) is chosen as our version of E{Y (z,t —1)|%_4},
everywhere in Q. As a result, the martingale Y (,t) is itself a LMD.G<$ (%, 1), as
expected.

The second, somewhat more interesting example of a L.MD.G field is defined as
X (2,8) 2 oY (w,t) + W (1), (4.49)

for all (x,t) € RY x N, where, say, 0 < o < 1. In order to verify the technical
requirements of Definition 4.2, let us again choose {#;},.y as our filtration. Then, for

every (x,t) € RY x N, there exists a measurable set Qi?/ C Q, with P (QY’W> =1,

x,t

Y W
Qm,t ’

such that, for all w €

E{X (2,8)| %1} (w) = oY (w,2,t — 1) + E{W (£)}

= oY (w,z, t —1). (4.50)
Therefore, we may choose our version for E{ X (x,t)| %,_;} as

E{X (z,8)%_ 1} W)= oY (w,z,t—1), Ywe (4.51)
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In exactly the same fashion, we may choose, for every (z,t) € RY x N+,
E{X (z,t—1)|%_1} (w) =0Y (w,xz,t—1), Ywe. (4.52)
Consequently, for every (x,t) € RY x N7, it will be true that
E{X (2, 8)] %1} (w) = oY (w2, t = 1) = E{ X (@,t = 1)[#_1} (w), (4.53)

for all w € Q, showing that the field X (z,?) is also LMD.G<$ (%}, 1). [

Leveraging the notion of a L.MD.G field, the following result may be proven,
characterizing the temporal (in discrete time) evolution of the objective of myopic
stochastic programs of the form of (4.5). In order to introduce the result, let us define

the family {@J}t , with WtT being the limit o-algebra generated by all admissible

+
NNT

policies at time slot t, defined as

2lEad | olp®} | C€(Ty), VieNf, (4.54)

pP(t)€D;

with L@I being the trivial o-algebra; recall that p (1) € 8™ is assumed to be a constant.

Also, for every t € NJJQT, let us define the class
D, = {p Q=S p T (A) e D], forall Ac B (SR>} . (4.55)
The result now follows.

Theorem 4.4. (L.MD.G Objectives Increase over Time) Consider, for each
2 L. . . .

t € Ny, the mazimization version of the 2-stage stochastic program (4.5), for some

choice of the second-stage optimal value V (p,t), p € SR, t € N?VT. Suppose that

conditions C1-C6 are satisfied at all times and let p* (t) denote an optimal solution to

(4.10), decided att —1 € NET—I- Suppose, further, that, for everyt € NJ—GT,

e V(p,t) is LMD.GS (4, 1), for a filtration {%‘Z D) 3”;} and some j € R,

+
teNy,

and that

o V(- t) is both SPOE 4 and SPQC%_N with Dy C €, € T (Remark 4.8 /
Section 4.5.1.1).
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Then, for any admissible policy p° (t — 1), it is true that

PE{V (p°(t—1),t— 1)} =E{V (p°(t—1),t)} and (4.56)

PE{V (p"(t—-1),t-1)} <E{V (p*(t),t)}., VteNy,. (4.57)

In particular, if © = 1, the objective: o does not decrease by not updating the decision

variable, and e is nondecreasing over time, under optimal decision making.
Proof of Theorem 4.4. See Appendix B. |

Remark 4.5. When the stochastic program under study is separable, that is, when the

objective is of the form

Vip),H= ) Vip:(t),1) (4.58)

ieNy,
(and the respective constraints of the problem decoupled), then, in order to reach the
conclusions of Theorem 4.4 for V, it suffices for Theorem 4.4 to hold individually for

each V,, i € N]J\r/[. This is true, for instance, for the spatially controlled beamforming

problem (4.10). [

We may now return to the beamforming problem under consideration, namely
(4.10). By Remark 4.5 and Theorem 4.4, it would suffice if we could show that the
field V (p,t) is a linear MD generator, relative to a properly chosen filtration. Unfor-
tunately, though, it does not seem to be the case; the statistical structure of V (p,t)
does not match that of a linear MD generator ezxactly, relative to any reasonably chosen
filtration. Nevertheless, under the channel model of Section 77, it is indeed possible
to show that V' (p, t) is approzimately LMD.G< (¢ (T;_1),1), a fact that explains, in
an elegant manner, why our proposed spatially controlled beamforming framework is
expected to work so well, both under optimal and suboptimal decision making.

To that V (p,t) is approzimately LMD.G (€ (T;_1), 1), simply consider project-
ing V (p,t — 1) onto € (T;_»), via the conditional expectation E{V (p,t — 1)| € (T;_2) }.
Of course, and based on what we have seen so far, E{V (p,t — 1)| % (T;_2)} can be
written as a Lebesgue integral of V (p,t — 1) expressed in terms of the vector field

[F(p,t—1) G (p,t —1)]7, times its conditional density relative to € (7,_5). It then
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easy to see that this conditional density will be, of course, Gaussian, and will be of ex-
actly the same form as the conditional density of [F' (p,t) G (p, t)]T relative to € (T;_1),
as presented in Lemma 4.1, but with ¢ replaced by ¢t —1. Likewise, E{V (p,t)| %€ (T;_2)}

is of the same form as E{V (p,t —1)| ¢ (T;_2)}, but with all terms

exp (Jy) exp <_j> o exp <_t72> (4.59)
exp <_i> exp (f;) L exp <_t71> , (4.60)

for all ¢ € N?’VT. Of course, if t = 2, we have

simply replaced by

E{V (p,2)|% ()} =E{V (p,2)}
=E{V (p. 1)} =E{V (p. )| € (To)}. (4.61)

Now, for v sufficiently large, we may approximately write

1
exp (—H) ~ exp (—x) Yz >, (4.62)
y y

and, therefore, due to continuity, it should be true that
E{V (p, )| € (T—2)} = E{V (p,t = 1)[C (T;-2)}, (4.63)

for all t N?VT (and everywhere with respect to w € ). As a result, we have shown
that, at least approzimately, V (p,t) is LMD.G$ (¢ (T;—1),1). We may then invoke
Theorem 4.4 in an approximate manner, leading to the following important result.
Hereafter, for z € R and y € R, z < y will imply that = is approzimately smaller or

equal than y, in the sense that x < y + ¢, where € > 0 is some small slack.

Theorem 4.5. (QoS Increases over Time Slots) Consider the separable stochastic
program (4.10). For ~y sufficiently large, and for any admissible policy p° (t — 1), it is

true that

E{Vi(p7 (t —1),t = 1)} » E{Vy(p} (t — 1), 1)}, (4.64)

E{Vi(p; (t—1),t— 1)} SE{Vi(p; (t),t)}, VieNj (4.65)



182

E{V(p’(t—1),t— 1)} ~E{V(p°(t—1),t)} and (4.66)

E{V(p"(t—1),t—1)} SE{V(P"(t),t)}, (4.67)

for allt € N?VT. In other words, approximately, the average network (QoS: e does not
decrease by not updating the positions of the relays and e is nondecreasing across time

slots, under (per relay) optimal decision making.

Theorem 4.5 is very important from a practical point of view, and has the following
additional implications. Roughly speaking, under the conditions of Theorem 4.5, that
is, if the temporal interactions of the channel are sufficiently strong, the average network
QoS is not (approximately) expected to, at least abruptly, decrease if one or more relays
stop moving at some point. Such event might indeed happen in an actual autonomous
network, possibly due to power limitations, or a failure in the motion mechanisms of
some network nodes. In the same framework, Theorem 4.5 implies that the relays
which continue moving contribute (approximately) positively to increasing the average
network QoS, across time slots. Such behavior of the proposed spatially controlled
beamforming system may be also confirmed numerically, as discussed in Section 4.3.
For the record, and as it will be also shown in Section 4.3, relatively small values for
the correlation time ~, such as v = 5, are sufficient in order to practically observe the
nice system behavior promised by Theorem 4.5. This fact makes the proposed spatially
controlled beamforming system attractive in terms of practical feasibility, and shows
that such an approach could actually enhance system performance in a well-behaved,

real world situation.

4.3 Numerical Simulations & Experimental Validation

In this section, we present synthetic numerical simulations, which essentially confirm
that the proposed approach, previously presented in Section 4.2, actually works, and
results in relay motion control policies, which yield improved beamforming performance.
All synthetic experiments were conducted on an imaginary square terrain of dimensions
30 x 30 squared units of length, with W = [0, 30]2, uniformly divided into 30 x 30 = 900

square regions. The locations of the source and destination are fixed as pg = [15 O]T and



183

Expected SINR (dB)

5 10 15 20 25 30 35 40
’—9— 2nd Order —»— 1st Order Agnostic —¢— Oracle‘

= =
o] o N

St. Deviation (dB)

5 10 15 20 25 30 35 40
Time Slot ()

Figure 4.3: Comparison of the proposed strategic relay planning schemes, versus an
agnostic, randomized relay motion policy.

pp =[15 30]T. The beamforming temporal horizon is chosen as 7' = 40 and the number
of relays is fixed at R = 8. The wavelength is chosen as A = 0.125, corresponding to
a carrier frequency of 2.4 GHz. The various parameters of the assumed channel model
are set as £ = 3, p = 20, ag = 20, 772 =50, 5 =10, v =5 and 6 = 1. The variances of
the reception noises at the relays and the destination are fixed as ol = 0,23 = 1. Lastly,
both the transmission power of the source and the total transmission power budget of
the relays are chosen as P = P, = 25 (=~ 14dB) units of power.

The relays are restricted to the rectangular region S = [0,30] x [12,18]. Further, at
each time instant, each of the relays is allowed to move inside a 9-region area, centered at
each current position, thus defining its closed set of feasible directions C;, for each relay
i € Nj,. Basic collision and out-of-bounds control was also considered and implemented.

In order to assess the effectiveness of our proposed approach, we compare both
heuristics (4.30) and (4.31) against the case where an agnostic, purely randomized relay
control policy is adopted; in this case, at each time slot, each relay moves randomly
to a new available position, without taking previously observed CSI into consideration.

For simplicity, we do not consider the brute force method presented earlier in Section



184

4.2.3.2. For reference, we also consider the performance of an oracle control policy at
the relays, where, at each time slot t — 1 € NTVT_I, relay ¢ € NE updates its position
by noncausally looking into the future and choosing the position p;, which maximizes
directly the quantity Vj (p;,t), over C; (p; (t —1)). Of course, the comparison of all
controlled systems is made under exactly the same communication environment.

Fig. 4.3 shows the expectation and standard deviation of the achieved QoS for all
controlled systems, approximated by executing 4000 trials of the whole experiment. As
seen in the figure, there is a clear advantage in exploiting strategically designed relay
motion control. Whereas the agnostic system maintains an average SINR of about
4 dB at all times, the system based on the proposed 2nd order heuristic (4.31) is clearly
superior, exhibiting an increasing trend in the achieved SINR, with a gap starting from
about 0.5dB at time slot ¢ = 2, up to 3dB at time slots ¢ = 10,11,...,40. The 1st
order heuristic (4.30) comes second, with always slightly lower average SINR, and which
also exhibits a similar increasing trend as the 2nd order heuristic (4.31). Additionally,
it seems to converge to the performance achieved by (4.31), across time slots. The
existence of an increasing trend in the achieved average network QoS has already been
predicted by Theorem 4.4 for a strictly optimal policy, and our experiments confirm this
behavior for both heuristics (4.30) and (4.31), as well. This shows that both heuristics
constitute excellent approximations to the original problem (4.12). Consequently, it is
both theoretically and experimentally verified that, although the proposed stochastic
programming formulation is essentially myopic, the resulting system performance is
not, and this is dependent on the fact that the channel exhibits non trivial temporal
statistical interactions. We should also comment on the standard deviation of all sys-
tems, which, from Fig. 4.3, seems somewhat high, relative to the range of the respective
average SINR. This is exclusively due to the wild variations of the channel, which, in
turn, are due to the effects of shadowing and multipath fading; it is not due to the
adopted beamforming technique. This is reasonable, since, when the channel is not ac-
tually in deep fade at time ¢ (an event which might happen with positive probability),
the relays, at time ¢ — 1, are predictively steered to locations, which, most probably,

incur higher network QoS. As clearly shown in Fig. 4.3, for all systems under study,
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Figure 4.4: Performance of the proposed spatially controlled system, at the presence of
motion failures.
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Figure 4.5: Performance of the proposed spatially controlled system, at the presence of

motion failures.
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including that implementing the oracle policy, an increase in system performance also
implies a proportional increase in the respective standard deviation.

Next, we experimentally evaluate the performance of the system at the presence of
random motion failures in the network. Hereafter, we work with the 2nd order heuristic
(4.31), and set T' = 20. Random motion failures are modeled by choosing, at each trial,
a random sample of a fixed number of relays and a random time when the failures occur,
that is, at each time, the selected relays just stop moving; they continue to beamform
staying still, at the position each of them visited last. Two cases are considered; in
the first case, motion failures happen if and only if ¢t € [12,15] (Figs. 4.4a and 4.5a),
whereas, in the second case, t € [5,6] (Figs. 4.4b and 4.5b). In both cases, zero, one,
three and five relays (chosen at random, at each trial) stop moving. Two cases for ~
are considered, v = 5 (Figs. 4.4a and 4.4b) and v = 15 (Figs. 4.5a and 4.5b).

Again, the results presented in Fig. 4.4 pleasingly confirm our predictions implied
by Theorem 4.4 (note, however, that Theorem 4.4 does not support randomized mo-
tion failures; on the other hand, our simulations are such in order to stress test the
proposed system in more adverse motion failure cases). In particular, Fig. 4.4a clearly
demonstrates that a larger number of motion failures induces a proportional, relatively
(depending on ) slight decrease in performance; this decrease, though, is smoothly
evolving, and is not abrupt. This behavior is more pronounced in Fig. 4.5a, where the
correlation time parameter 7 has been increased to 15 (recall that, in Theorem 4.4, v is
assumed to be sufficiently large). We readily observe that, in this case, over the same
horizon, the operation of the system is smoother, and decrease in performance, as well
as its slope, are significantly smaller than those in Fig. 4.4a, for all cases of motion
failures. Now, in Figs. 4.4b and 4.5b, when motion failures happen early, well before
the network QoS converges to its maximal value, we observe that, although some relays
might stop moving at some point, the achieved expected network QoS continues ex-
hibiting its usual increasing trend. Of course, the performance of the system converges
values strictly proportional to the number of failures in each of the cases considered.
This means that the relays which continue moving contribute positively to increasing

network QoS. This has been indeed predicted by Theorem 4.4, as well.
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4.4 Conclusions

We have considered the problem of enhancing QoS in time slotted relay beamforming
networks with one source/destination, via stochastic relay motion control. Modeling
the wireless channel as a spatiotemporal stochastic field, we proposed a novel 2-stage
stochastic programming formulation for predictively specifying relay positions, such
that the future expected network QoS is maximized, based on causal CSI and under
a total relay power constraint. We have shown that this problem can be effectively
approximated by a set of simple, two dimensional subproblems, which can be distribu-
tively solved, one at each relay. System optimality was tediously analyzed under a
rigorous mathematical framework, and our analysis resulted in the development of an
extended version of the Fundamental Lemma of Stochastic Control, which constitutes a
result of independent interest, as well. We have additionally provided strong theoretical
guarantees, characterizing the performance of the proposed system, and showing that
the average QoS achieved improves over time. Our simulations confirmed the success of
the proposed approach, which results in relay motion control policies yielding significant

performance improvement, when compared to agnostic, randomized relay motion.

4.5 Appendices

4.5.1 Appendix A: Measurability & The Fundamental Lemma of Stochas-

tic Control

In the following, aligned with the purposes of this paper, a detailed discussion is pre-
sented, which is related to important technical issues, arising towards the analysis and
simplification of variational problems of the form of (4.5).

At this point, it would be necessary to introduce some important concepts. Let us

first introduce the useful class of Carathéodory functions [85,92]°.

*Instead of working with the class of Carathéodory functions, we could also consider the more general
class of random lower semicontinuous functions [85], which includes the former. However, this might
lead to overgeneralization and, thus, we prefer not to do so; the class of Carathéodory functions will
be perfectly sufficient for our purposes.
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Definition 4.3. (Carathéodory Function) On (Q,.#,P), the mapping H : Q x
RY - R is called Carathéodory, if and only if H (-, x) is .%-measurable for all € RrY

and H (w,-) is continuous for all w € Q.

In the analysis that follows, we will exploit the notion of measurability for closed-

valued multifunctions.

Definition 4.4. (Measurable Multifunctions [84,85]) On the measurable space
(Q,.7), a closed-valued multifunction X' : Q = RY is .Z -measurable if and only if, for

all closed A C R the preimage
X! (A)é{wGQ‘X(w)ﬂA#Q} (4.68)

is in . If % constitutes a Borel o-algebra, generated by a topology on €2, then an

ZF-measurable X will be equivalently called Borel measurable.

We will also make use of the concept of a closed multifunction (Remark 28 in [85],
p. 365), whose definition is also presented below, restricted to the case of Euclidean

spaces, of interest in this work.

Definition 4.5. (Closed Multifunction) A closed-valued multifunction X’ : RY =

RN (a function from R to closed sets in RN) is closed if and only if, for all sequences

{T)} ey and {yy} ey, such that x, — @, y, — y and x;, € X' (yy), for all k € N,
k—o0 k—o0

it is true that « € X (y).

4.5.1.1 Random Functions & The Substitution Rule for Conditional Ex-

pectations

Given a random function g (w, ), a sub c-algebra %/, another #-measurable random
element X, and as long as E{g (-, x)|#} exists for all  in the range of X, we would

also need to make extensive use of the substitution rule

E{g(X)|Z} (W) =E{g(, X (W)} (W)

=E{g(2)|¥} (W)lg=x(@w), P—ae, (4.69)
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which would allow us to evaluate conditional expectations, by essentially fixing the
quantities that are constant relative to the information we are conditioning on, carry
out the evaluation, and then let those quantities vary in w again. Although the substi-
tution rule is a concept readily taken for granted when conditional expectations of Borel
measurable functions of random elements (say, from products of Euclidean spaces to
R) are considered, it does not hold, in general, for arbitrary random functions. As far
as our general formulation is concerned, it is necessary to consider random functions,
whose domain is a product of a well behaved space (such as ]RN) and the sample space,
), whose structure is assumed to be and should be arbitrary, at least in regard to the
applications of interest in this work.

One common way to ascertain the validity of the substitution rule is by exploitting
the representation of conditional expectations via integrals with respect to the relevant
regular conditional distributions, whenever the latter exist. But because of the arbitrary
structure of the base space (2, %, P), regular conditional distributions defined on points
in the sample space €2 cannot be guaranteed to exist and, therefore, the substitution rule
may fail to hold. However, as we will see, the substitution rule will be very important
for establishing the Fundamental Lemma. Therefore, we may choose to impose it as
a property on the structures of g and/or X instead, as well as establish sufficient

conditions for this property to hold. The relevant definition follows.

Definition 4.6. (Substitution Property (SP)) On (92,.%#,P), consider a random
clement Y : © — R™ | the associated sub o-algebra % £ o {Y} C .%, and a random
function g : © x RY — R, such that E{g (-, )} exists for all z € R". Let €, be any

functional class, such that®

X ') e, forall Ac # (RN)

€y Chy 2{X: Q- RY (4.70)

E{g(-,X)} exists

We say that g possesses the Substitution Property within €4, or, equivalently, that g is

SP{Cy, if and only if there exists a jointly Borel measurable function A : RM xRN —

3Hereafter, statements of type “E {g (-, X)} exists” will implicitly imply that g (-, X) is an .#-
measurable function.
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R, with 2 (Y (w),x) = E{g(-,2)|#} (w), everywhere in (w,z) € Q x R", such that,

for any X € €4, it is true that
E{g( X7} (w) =h(Y (w),X (v)), (4.71)
almost everywhere in w € € with respect to P.

Remark 4.6. Observe that, in Definition 4.6, h is required to be the same for all X € €4 .
That is, h should be determined only by the structure of g, relative to %, regardless of
the specific X within €4, considered each time. On the other hand, it is also important
to note that the set of unity measure, where (4.71) is valid, might indeed be dependent

on the particular X. [ ]

Remark 4.7. Another detail of Definition 4.6 is that, because E{g (-, )} is assumed
to exist for all # € R™, E{g(-,@)|#} also exists and, as an extended % -measurable
random variable, for every « € ]RN, there exists a Borel measurable function h,, : rRM
R, such that

hy Y (w)=E{g(,a)| ¥} (w), Ywe. (4.72)

One may then readily define a function h : R x RY — R, such that h (Y (w),z) =
E{g(-,z)| %} (w), uniformly for all points, w, of the sample space, €. This is an
extremely important fact, in regard to the analysis that follows. Observe, however, that,
in general, h will be Borel measurable only in its first argument; h is not guaranteed
to be measurable in x € RN, for each Y € ]RM, let alone jointly measurable in both its

arguments. [ ]

Remark 4.8. (Generalized S P) Definition 4.6 may be reformulated in a more general
setting. In particular, % may be assumed to be any arbitrary sub o-algebra of .%, but
with the subtle difference that, in such case, one would instead directly demand that
the random function  : Q x RY — R, with h (w,z) = E{g(,x)| ¥} (w), everywhere
in (w,x) € Qx RY, is jointly % ® A (]RN>—measurable and such that, for any X € €4

(with €4 defined accordingly), it is true that

E{g(X)|Z}(w)=h(w, X (w)), P—ae. (4.73)
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Although such a generalized definition of the substitution property is certainly less
enlightening, it is still useful. Specifically, this version of SP is explicitly used in the

statement and proof of Theorem 4.4, presented in Section 4.2.4. |

Keeping (2,.7, P) of arbitrary structure, we will be interested in the set of ¢’s which
are SP{J4. The next result provides a large class of such random functions, which is

sufficient for our purposes.

Theorem 4.6. (Sufficient Conditions for the SP{J,) On (Q,.#,P), consider a
random element Y : Q0 — RM, the associated sub o-algebra % = o {Y} C .Z, and a

random function g : X RY 5 R. Suppose that:
e ¢ is dominated by a P-integrable function; that is,

I e Ly (,F,P;R), such that sup |g(w,z)| <¢(w), Ywe, (4.74)
zeRY

e g is Carathéodory on §2 x ]RN, and that
o the extended real valued function E{g (-, )| %} is Carathéodory on Q x R™.
Then, g is SP{Tyy .

Proof of Theorem 4.6. Under the setting of the theorem, consider any % -measurable
random element X : Q — RN, for which E{g (-, X)} exists. Then, E{g(-,X)| %}
exists. Also, by domination of g by ¢, for all z € RY, E{g(-,z)|#} exists and
constitutes a P-integrable, % -measurable random variable. By Remark 4.7, we know
that

E{g(x)Z}(w)=h(Y (w),z), Y(wz)eQxRY, (4.75)

where h : RM x RY — R is Borel measurable in its first argument. However, since
E{g ()| 7} (w)

= h(Y (w),x) is Carathéodory on Q x RY, h is Carathéodory on R x RY | as well.
Thus, h will be jointly £ <RM) ® B (RN>—measurable (Lemma 4.51 in [92], along with

the fact that R is metrizable).
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We claim that, actually, h is such that
E{g(.X)|#}=h(Y,X), P-ae. (4.76)

Employing a common technique, the result will be proven in steps, starting from
indicators and building up to arbitrary measurable functions, as far as X is con-
cerned. Before embarking with the core of the proof, note that, for any x; and x,
in RY and any A € .Z, the sum g (-, 1) 14 + g (-, &5) 1 4 is always well defined, and
E{g(-,x1) 14} and E{g (-, 25) 1 4o} both exist and are finite by domination. This im-
plies that E{g (-,x1) 14} +E{g (-, 25) 1 4} is always well-defined, which in turn implies

the validity of the additivity properties (Theorem 1.6.3 and Theorem 5.5.2 in [27])

E{g(2) Latg (@) Ly} =E{g (@) L4} +E{g (-, @) L 4o} € R, and (4.77)

E{g(,x)lg+g(C,x) L 4| Z}=E{g(-,2) L4| Z}+E{g(-x0) L 4| Z}, (4.78)

P — a.e.. Hence, under our setting, any such manipulation is technically justified.
Suppose first that X (w) = Z1 4 (w), for some & € RY and some A € %. Then, by

([27], Theorem 5.5.11 & Comment 5.5.12), it is true that

E{g(,X)‘@} EE{Q('?£)1A+9('aO)1AC|@}
=E{g(,x)14/#} +E{g(-,0)1 4|}
=1E{g(x)|Z}+1,4,E{g(-,0)]%}

=140 (Y, %) + 1 4h (Y,0)

h(Y, %1 )

h(Y,X), P-—ae., (4.79)

proving the claim for indicators.

Consider now simple functions of the form

X(w) =) &y (), (4.80)

ieN}

where &, € R, A; € %, for all i € Nf, with A; (A; = @, for i # j and User 4i =
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Then, we again have

E{g(.X)|Z}=EQ > g(&)1y|¥
ieNt
=Y Ef{g(.@)14|%}
ieNT
= Y 1 E{g ()2}
ieNT

=Y 14h(V,2)

ieNy

=h(Y,X), P-ae, (4.81)

and the proved is claimed for simple functions.

To show that our claims are true for any arbitrary random function g, we take
advantage of the continuity of both h and ¢ in x. First, we know that A is Carathéodory,
which means that, for every w € 2, if any sequence {mn € ]RN} is such that x,, —

neN n—00

x (for arbitrary x € RN), it is true that
h(Y (@), 2,) =E{g(,2,)[Z} (W) — E{g(2)[Z}(w)=h(Y (v),z). (482)

Second, we know that g is Carathéodory as well, also implying that, for every w € €,

if any sequence {azn € RN} is such that , — x, it is true that

neN n—00
g (wa mn) j g (wa 33) . (483)
Next, let {Xn Q) — }RN} . be a sequence of simple Borel functions, such that, for
ne
all w € Q,
X,, (w) — X (w). (4.84)

Note that such a sequence always exists (see Theorem 1.5.5 (b) in [27]). Consequently,
for each w € 2, we may write (note that g is .7 @ # <RN)—measurable; see ([92], Lemma
4.51))

9w, Xy (W) — g(w, X (W), (4.85)

n—oo
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that is, the sequence {g (-, X))}, cn converges to g (-, X), everywhere in Q.

Now, let us try to apply the Dominated Convergence Theorem for conditional ex-
pectations (Theorem 5.5.5 in [27]) to the aforementioned sequence of functions. Of
course, we have to show that all members of the sequence {g (-, X,,)},,cry are dominated
by another integrable function, uniformly in n € N. By assumption, there exists an

integrable function ¢ :  — R, such that
g (w,z)| <Y (W), V(wz)eQxRY (4.86)
In particular, it must also be true that
|9 (w, Xy, (W) <Y (W), V(w,n) € QxN, (4.87)

verifying the domination requirement. Thus, Dominated Convergence implies the exis-

tence of an event Qp, C (2, with P (in) = 1, such that, for all w € Qp,
E{g(-X)| %} (@) — E{g(.X)| 7} (w). (4.88)
Also, for every w € Q) Qqp, = Qyy, (4.82) yields
h(Y (@), Xy (@) —2 A (Y (W), X (@) (4.89)

However, by what we have shown above, because the sequence {X,}, .y consists of
simple functions, then, for every n € N, there exists Qpn C €, with P (Qpn) = 1, such

that, for all w € Qpn,
E{g(, X)|Z} (W) =h(Y (w), X, (W)). (4.90)

Since N is countable, there exists a “global” event Qp, C Q, with P (QHQ) = 1, such

that, for all w € O,
E{¢g(-,X)¥}(w)=h(Y (w),X,(w)), VneN. (4.91)

Now define the event Qpy, = Qn, N O, Of course, P (Qnd) = 1. Then, for every
w € Qy,, (4.88), (4.89) and (4.91) all hold simultaneously. Therefore, for every w € Qyy,

it is true that (say)

h(Y (W), Xy (@) —> E{g (-~ X)|#} (w) and (4.92)



196

h(Y (w),X, (w) — h(Y (w),X (w)), (4.93)

n—o0

which immediately yields
E{g (. X)[Z} (w) =h(Y (w), X (w), P-—ae, (4.94)
showing that g is SP{Jy . |

Remark 4.9. Note that the assumptions of Theorem 4.6 can be significantly weakened,
guaranteeing the validity of the substitution rule for vastly discontinuous random func-
tions, including, for instance, cases with random discontinuities, or random jumps.
This extended analysis, though, is out of the scope of the paper and will be presented

elsewhere. ]

4.5.1.2 A Base Form of the Lemma

We will first state a base, very versatile version of the Fundamental Lemma, treating a
general class of problems, which includes the particular stochastic problem of interest,

(4.5), as a subcase.

Lemma 4.2. (Fundamental Lemma / Base Version) On (Q,.%,P), consider a
random element Y : Q@ — RM | the sub o-algebra ¥ = o {Y'} C .F, a random function
g: QxRY = R, such that E{g (-, x)} exists for all x € R”, a Borel measurable
closed-valued multifunction X : RY = RY, with dom (X) = RY, as well as another
Y -measurable random element Zy : QO — R | with Zy (w) = Z (Y (w)), for allw € Q,

for some Borel Z : RM s RN, Consider also the decision set

X (w) € X (Zy (w)), ae. inweQ

XY (A) e, forall A MY [ (4.99)
, for a E%(R )

f;l(zy)é X:Q—)RN

containing all % -measurable selections of X (Zy). Then, fz(zy) is nonempty. Suppose

that:

e E{g(-,X)} exists for all X € f;%(zy), with inf o E{g(,X)} < 400, and

Fx(zy)
that



197

o gis SPOFrz,).-

Then, if % denotes the completion of % relative to the restriction Plyy, then the optimal

value function infye (7, )E{g (-, z)| %} £ 9 is % -measurable and it is true that

inf E{g(-,X)}E]E{ inf E{g(,m)|@}}EE{ﬁ} (4.96)

2

. . . . . . 7 . . .
In other words, variational minimization over ]-";J(/( 7zy) 18 exchangeable by pointwise (over

constants) minimization over the random multifunction X (Zy ), relative to % .

Remark 4.10. Note that, in the statement of Theorem 4.7, assuming that the infimum
of E{g(-,X)} over .7-";}?/( 7y) is less than +o0 is equivalent to assuming the existence of

an X in ‘/—'fyy(zy), such that E{g (-, X)} is less than +oc. |

Before embarking with the proof of Lemma 4.2, it would be necessary to state an

old, fundamental selection theorem, due to Mackey [93].

Theorem 4.7. (Borel Measurable Selections [93]) Let (S, % (S1)) and (Sy, # (S>))
be Borel spaces and let (Sy, B (S,)) be standard. Let p : B (S;) — [0,00] be a stan-
dard measure on (Sy, A (S1)). Suppose that A € B (S;) ® B (S,), such that, for each
y € Sy, there exists v, € S,, so that (y,wy) € A. Then, there exists a Borel subset
O € B(S,) with u(O) =0, as well as a Borel measurable function ¢ : S; — Ss, such
that (y, ¢ (y)) € A, for ally € §; \ O.

Remark 4.11. Theorem 4.7 refers to the concepts of a Borel space, a standard Borel
space and a standard measure. These are employed as structural assumptions, in order
for the conclusions of the theorem to hold true. In this paper, except for the base
probability space (€2,.%#,P), whose structure may be arbitrary, all other spaces and
measures considered will satisfy those assumptions by default. We thus choose not
to present the respective definitions; instead, the interested reader is referred to the

original article, [93]. |

We are now ready to prove Lemma 4.2, as follows.

Proof of Lemma 4.2. As usual with such results, the proof will rely on showing a dou-

ble sided inequality [82-84,86,87,94]. There is one major difficulty, though, in the
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optimization setting considered, because all infima may be potentially unattainable,
within the respective decision sets. However, it is immediately evident that, because g
is assumed to be SP(}]:;}Z/(Zy), and via a simple application of the tower property, it

will suffice to show that

inf E{h(Y,X)}EIE{ inf h(Y,m)}. (4.97)

Y
XG‘/—-X(ZY) :BEX(Zy)

This is because it is true that, for any #-measurable selection of X' (Zy), say X : Q —

RY for which E {g (-, X)} exists,
E{g(,X)| %} (@)= h(Y (@), @),y €, (4.98)
where the event Q€ 7 is such that P (QH X) = 1 and h is jointly Borel, satisfying
Efg ()| @} =h(Y (), ), (4.99)

everywhere in (w,x) € 2 x RY.
For the sake of clarity in the exposition, we will break the proof into a number of

discrete subsections, providing a tractable roadmap to the final result.

Step 1. .F;(J(Zy) s nonempty.

It suffices to show that there exists at least one % -measurable selection of X (Zy),
that is, a % -measurable random variable, say X : Q — RY such that X (w) €
X (Zy (w)), for all w in the domain of X' (Zy).

We first show that the composite multifunction X (Zy (+)) : @ = R" is #-measurable.

Recall from Definition 4.4 that it suffices to show that
X2y (A)é{wGQ‘X(Zy (w))ﬂA#Q}e@, (4.100)

for every closed A C R”. Since the closed-valued multifunction X is Borel measurable,
it is true that X' (4) € & (RN), for all closed A C RY. We also know that Zy is
% -measurable, or that Zy' (B) € &, for all B € 2 (RN>. Setting B = X' (A) €

B (RN), for any arbitrary closed A C RN, it is true that

Vs 75 (2(‘1 (A)) = {w €0 ‘ZY (w)ex! (A)}
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E{WGQ‘X(ZY(W))QA#Q}

= X7y (A), (4.101)

and, thus, the composition X' (Zy (+)) is & -measurable, or, in other words, measurable
on the measurable (sub)space (2, %/).

Now, since the closed-valued multifunction X' (Zy) is measurable on (2, %), it ad-
mits a Castaing Representation (Theorem 14.5 in [84] & Theorem 7.34 in [85]). There-
fore, there exists at least one % -measurable selection of X (Zy), which means that

.7-";%( 7y) contains at least one element. *

Step 2. ¥ is % -measurable.

To show the validity of this statement, we first demonstrate that, for any chosen

h:RM xRN - R, as in Definition 4.6, the function ¢ : RrRM R, defined as

2 inf  h(y,x), VyeRY, 4.102
§(y) el (y,x) Y ( )

is measurable relative to %’(RM>, the completion of %’(RM> relative to the pushfor-
ward Py-. This follows easily from the following facts. First, the graph of the measurable
multifunction X' (Z (+)) is itself measurable and in % (RM) ® B (RN> (Theorem 14.8
in [84]), and, therefore, analytic (Appendix A.2 in [86]). Second, h is jointly Borel
measurable and, therefore, a lower semianalytic function (Appendix A.2 in [86]). As
a result, ([87], Proposition 7.47) implies that £ is also lower semianalytic, and, conse-
quently, universally measurable (Appendix A.2 in [86]). Being universally measurable,
¢ is also measurable relative to @(RM>, thus proving our claim. We also rely on the

definitions of both % and % (RM>, stated as (Theorem 1.9 in [95])

BeW BECUD‘CGQ/andDgOGZ’/, with P, (0) =0 (4.103)
Be?(RM) — BECUD’CE%’(RM)

and DCOc 2 (RM) , with Py (0) = 0. (4.104)

Now, specifically, to show that ¢ is measurable relative to %/, it suffices to show
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that, for every Borel A € & (@),
A E{weQd(w) e A e, (4.105)

Recall, that, by definition of &, it is true that £ (Y (w)) = ¢ (w), for all w € Q. Then,

for every A € £ (R), we may write
9T (A) =Y (A)
={we QY (w) e A}
= {w €Y (w)e¢! (A)}
syl ((1 (A)) . (4.106)
But &' (A) € B (RM>, which, by (4.104), equivalently means that £ ' (A) = G 4 U H,
for some G4 € A <]RM) and some H, C Ey € A <RM), with Py (€4) = 0. Thus, we
may further express any A-preimage of 9 as
0 A) =Y (gA UHA)
=Y GIUY T (Ha). (4.107)

Now, because G 4 is Borel and Y is a random element, it is true that Y (G4) € #.

On the other hand, # 4 C &4, which implies that Y ™' (#4) C Y ' (£4), where

Play (Y*I (&1)) =Py (Ea) =0. (4.108)

Therefore, we have shown that, for every A € £ (@), 9t (A) may always be written
as a union of an element in % and some subset of a P|,-null set, also in %'. Enough

said. *

Step 3. For every X € ff\(y(zy), it is true that h (Y, X) > infycy(z,) h (Y, ) = 9.

For each w € Q (which also determines Y'), we may write

Y (w) = meA’/(izn(g/(w))) h(Y (w),x)
= inf h(Y (w), MY (w))), (4.109)

= n
M(Y (w))eX (Zy (w))
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where M : RM — RY is of arbitrary nature. Therefore, ¥ may be equivalently regarded
as the result of infimizing h over the set of all, measurable or not, functionals of Y,
which are also selections of X (Zy). This set, of course, includes .7-"%( 7y)- Now, choose
an X = Mx (Y) € ]:;%/(Zy), as above, for some Borel measurable My : RY — RY.

Then, it must be true that
J(w) <h(Y (w), Mx (Y (W) =h(Y (w),X (W), (4.110)
everywhere in w € €. *

Step 4. It is also true that

inf  E{h(Y,X) ZE{ inf h(Y,x } 4.111
(5 EBEXIZE{ gt e (4.111)

From Step 3, we know that, for every X € ]-';%( 7y)» we have
h(Y,X) > 9. (4.112)

At this point, we exploit measurability of 9, proved in Step 2. Since, by assumption,

inf E{h(Y.X)}= inf E{g(.X)} < +oo, (4.113)
XG}—X(ZY) XGJ:X(ZY)

it follows that there exists Xp € ]:f\gy(zy), such that E{h (Y, Xr)} < +oo (recall that
the integral E {g (-, X)} exists anyway, also by assumption). Since (4.112) holds for
every X € .7-"}0?( 7y)» 1t also holds for Xp € .7-"}0?( zy) and, consequently, the integral of
exists, with E {9} < 4o00. Then, we may take expectations on both sides of (4.112)

(Theorem 1.5.9 (b) in [27]), yielding
E{h(Y,X)} >E{9}, VX € Fuyz,. (4.114)

Infimizing additionally both sides over X & fjo?( 7y, We obtain the desired inequality.

We may also observe that, if ianE]_.oy( : E{h(Y,X)} = —oc0, then
X(Zy
inf E{h(Y,X)} =E{9} =—00, (4.115)

(28
XE]:X(ZY)
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and the conclusion of Lemma 4.2 holds immediately. Therefore, in the following, we

may assume that ianng(Z : E{h(Y,X)} > —oc0. *
Y

Step 5. For every e >0, n € N and every y € RM | there exists © = x, € X (Z(y)),
such that

h(y,z,) <max{¢(y),—n}+e. (4.116)

This simple fact may be shown by contradiction; replacing the universal with exis-
tential quantifiers and vice versa in the above statement, suppose that there exists ¢ > 0
,n €N, and y € R such that, for all & € X (Z (y)), h(y,x) > max {¢ (y),—n} +¢.
There are two cases: 1) £(y) > —oo. In this case, max{£ (y), —n} > £(y), which

would imply that, for all x € X (Z (y)),

hy,xz)>£&(y) +e, (4.117)

contradicting the fact that & (y) is the infimum (the greatest lower bound) of h (y, x)
over X (Z (y)), since ¢ > 0. 2) £ (y) = —oo. Here, max{{ (y), —n} = —n, and, for all

x € Xz (y), we would write
h(y,z) > —n+e€eR, (4.118)

which, again, contradicts the fact that —oo = £ (y) is the infimum of h (y,x) over
X (Z (y)). Therefore, in both cases, we are led to a contradiction, implying that the
statement preceding and including (4.116) is true. The idea of using the maximum
operator, so that £ (y) may be allowed to take the value —oo, is credited to and borrowed

from ([84], proof of Theorem 14.60). *

Step 6. There exists a Borel measurable function E: RrRM - R, such that

E(Y)=¢(y), Yy eR: 2Ry, (4.119)

where Ry € X (RM> s such that Py (Rg) =1, and ﬁf € @(RM> is such that

Py (ﬁg) =1, where Py denotes the completion of the pushforward Py .
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From ([95], Proposition 2.12), we know that, since ¢ is % <RM>—measurable, there

exists a & (RM)—measurable function §~ RM R, such that

E(y)=€(y), YyeER,, (4.120)

where ﬁg is an event in % (RM), such that Py (ﬁg) = 1. However, from Step 2
(see (4.104)), we know that Re = R, Uﬁf, where R, € # (RM> and Py (ﬁf) =0.
Then, it may be easily shown that Py (ﬁf) = Py (Rg) = 1 and, since Py and Py
agree on the elements of # (]RM>, Py (735) =1, as well. *

Step 7. There exists a (P,e,n)-optimal selector X, € f;%(zy)-' For every e > 0 and

for every n € N, there erists X, € fj%(zy), such that

h (Y, X,) < max inf h(Y,x),—ns+e, P—ae. (4.121)
xeX(Zy)

This is the most crucial property of the problem that needs to be established, in
order to reach to the final conclusions of Lemma 4.2. In this step, we make use of
Theorem 4.7. Because Theorem 4.7 works on Borel spaces, in the following, it will be
necessary to work directly on the state space of the random element Y, equipped with
its Borel o-algebra, and the pushforward Py-. In the following, we will also make use
of the results proved in Step 5 and Step 6.

Recall the definition of £ in the statement of Lemma 4.2. We may readily show
that the multifunction X (Z (-)) is £ (RM)—measurable. This may be shown in exactly
the same way as in Step 1, exploitting the hypotheses that the multifunction X' and
the function Z are both Borel measurable. Borel measurability of X (Z(-)) will be
exploited shortly.

Compare the result of Step 5 with what we would like to prove here; the statement
preceding and including (4.116) is not enough for our purposes; what we would actually
like is to be able to generate a selector, that is, a function of y such that (4.116) would
hold at least almost everywhere with respect to Py-. This is why we need Theorem 4.7.

The idea of using Theorem 4.7 into this context is credited to and borrowed from [96].



204

From Step 2 and Step 6, we know that ¢ is % (RM)—measurable and that there
exists a Borel measurable function E : RM 5 R, such that §~ (y) =& (y), everywhere in
y € Ry, where R € # (R) is such that Py (R¢) = Py (R¢) = 1. Then, it follows
that

= inf Ah(y,x), 4.122
§(y) e (y, ) ( )

for all y € Re.
Define, for brevity, Xz (y) £ X (Z (y)), for all y € R*. Towards the application of

Theorem 4.7, fix any € > 0 and any n € N and consider the set

zeX(Z(y) ,

en M N - ) lnyRg

Iy, =4 (y,z) eR" xR h(y,w)émax{g(y),—n}Jrs . (4.123)
zeX(Z2(y), if y € R¢

We will show that II7 constitutes a measurable set in % <RM) ® A <RN). Observe
that H;Z =Ily, (17" UIL,,,), where we define

I, 2 {(y,m) ceRY xRV |z ecx(z (y))}, (4.124)

zZ

" £ {(y,ac) eRY xRV |y € Re, b (y, ) < max {§ (y), —n} + 5} and (4.125)

Mo 2 { (y.2) € R xRN |y € RE}. (4.126)

Clearly, it suffices to show that both II_ and II°" are in & <RM> R B (RN>. First,
the set Ily_ is the graph of the multifunction Xz, and, because Xz is measurable, it
follows from ([84], Theorem 14.8) that Iy, € % <RM> ®A <]RN). Second, because g is
SPOf;%( Zy)» I is jointly Borel measurable. Additionally, R, is Borel and E is Borel as
well. Consequently, II®" can be written as the intersection of two measurable sets, im-
plying that it is in 2 (RM ) 0B (RN ) as well. And third, 11, € % (RM ) 0B (RN )
since Rg is Borel, as a complement of a Borel set. Therefore, H;Z € R (RM> QB (RN> .

Now, we have to verify the selection property, set as a requirement in the statement

of Theorem 4.7. Indeed, for every y € R, there exists x,, € X (Z (y)), such that

y
(4.116) holds, where & (y) = £(y) (see Step 6 and above), while, for every y € R,
any x, € X (2 (y)) will do. Thus, for every y € RY | there exists T, € R" such that

(y, ar:y) € H;Z As a result, Theorem 4.7 applies and implies that there exists a Borel
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subset RCH?&" of Py-measure 0, as well as a Borel measurable selector S;, : RrRM - RY,
Z
such that, (y,S;, (y)) € H}Z, for all y € Rpzn . In other words, the Borel measurable
=z

selector S;, is such that

S,(y) € X(Z2(y)) and

_ ~ , e (4.127)
h(y7sn (y)) S max {5 (y)7_n} +57 Vy € R.ﬁmRH‘;; = RH;;’

where, of course, Py (RgﬂRH;n) = 1. Additionally, (4.127) must be true at y =
Z

Y (w), as long as w is such that the values of Y are restricted to R%E,n. Equivalently,
Xz
we demand that
Xz Xz

But Rf—ls,n S (RM> and Y is a random element and, hence, a measurable function
Xz

for 2 to R . This means that Q€ % and we are allowed to write

PE= (e P (dw)

Xz

/{ yGRM ‘yGRf_Ia,n

Xz

} Py (dy)

=Py (Rﬁln> =1. (4.129)
Xz
Therefore, we may pull (4.127) back to the base space, and restate it as

S, (Y (w) € X (Zy (w and

(¥ (@) € X (Zy () o)
B(Y (@),55 (Y (@) < max {€(Y (@), —n} +2,  Vwe

where Q; C  is an event, such that P (€;,) = 1. Then, by construction, S;, (V) €

F;Og(zy). As a result, for any choice of ¢ > 0 and n € N, the selector X, = S (V) €

f;{( Zy) is such that

E{g(X)|Z} (w) <max{¥(w),—n}+e, P—a.e. (4.131)
We are done. *
Step 8. It is true that

inf E{h(Y,X)}gE{ inf h(Y,m)}. (4.132)

&
XG‘FX(ZY) zeX(Zy)
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Define the sequence of random variables {wn Q) — R} as (see the RHS of

neN
(4.121))

@, (W) = max {V (w),-n}, V(w,n)ecQxN. (4.133)

Also, recall that E {0} < 4+00. Additionally, observe that
w, (w) < max {V¥ (w),0} >0, V(w,n)eQxN, (4.134)

where it is easy to show that [E {max {},0}} < 4o0. Thus, all members of {w@,},,cy
are bounded by an integrable random variable, everywhere in w and uniformly in n,
whereas it is trivial that, for every w € Q, w,, (w) \, ¥ (w).

n—oo

Consider now the result of Step 7, where we showed that, for every € > 0 and for

every n € N, there exists a selector X, € fj}(/( 7y)» such that
h(Y,X;) <w,+e, P-—ae. (4.135)

We can then take expectations on both sides (note that all involved integrals exist), to

obtain

E{h(Y,X5)} <E{w,} +ec. (4.136)

Since X, € ]-"g}”( Zy)» 1t also follows that
inf E{h(Y,X)} <E{w,}+e. (4.137)
(278
XE]:X(ZY)
It is also easy to see that w,, fulfills the requirements of the Extended Monotone Con-
vergence Theorem ([27], Theorem 1.6.7 (b)). Therefore, we may pass to the limit on
both sides of (4.137) as n — oo, yielding

inf  E{h(Y,X)} <E{9} +e. (4.138)

128
XEJ:X(ZY)

But € > 0 is arbitrary. %
Finally, just combine the statements of Step 4 and Step 8, and the result follows,

completing the proof of Lemma 4.2. |
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Remark 4.12. Obviously, Lemma 4.2 holds also for maximization problems as well,
by defining ¢ = —f, for some random function f : ) x RrRY - R, under the corre-
sponding setting and assumptions. Note that, in this case, we have to assume that

EAS (X0} > —oo. ]

Sup e}';y( Zy
Remark 4.13. Lemma 4.2 may be considered a useful variation of Theorem 14.60 in [84],
in the following sense. First, it is specialized for conditional expectations of random
functions, which are additionally SPOf;(J(Zy), in the context of stochastic control.
The latter property allows these conditional expectations to be expressed as (Borel)
random functions themselves. This is in contrast to ([84], Theorem 14.60), where it is
assumed that the random function, whose role is played by the respective conditional
expectation in Lemma 4.2, is somehow provided apriori. Second, Lemma 4.2 extends
([84], Theorem 14.60), in the sense that the decision set ]:;;L/( 7z,) confines any solution to
the respective optimization problem to be a % -measurable selection of a closed-valued
measurable multifunction, while at the same time, apart from natural (and important)
measurability requirements, no continuity assumptions are imposed on the structure
of the random function induced by the respective conditional expectation; only the
validity of the substitution property is required. In ([84], Theorem 14.60), on the other
hand, it is respectively assumed that the involved random function constitutes a normal

integrand, or, in other words, that it is random lower semicontinuous. |

Remark 4.14. In Lemma 4.2, variational optimization is performed over some subset of
functions measurable relative to % = o {Y'}, where Y is some given random element.
Although we do not pursue such an approach here, it would most probably be possible
to develop a more general version of Lemma 4.2, where the decision set would be appro-
priately extended to include %-measurable random elements, as well. In such case, the
definition of the substitution property could be extended under the framework of lower
semianalytic functions and universal measurability, and would allow the development
of arguments showing existence of everywhere e-optimal and potentially everywhere

optimal policies (decisions), in the spirit of [86,87]. |
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4.5.1.3 Guaranteeing the Existence of Measurable Optimal Controls

Although Lemma 4.2 constitutes a very useful result, which enables the simplification
of a stochastic variational problem, by essentially replacing it by an at least structurally
simpler, pointwise optimization problem, it does not provide insight on the existence
of a common optimal solution, within the respective decision sets.

On the one hand, it is easy to observe that, similarly to ([84], Theorem 14.60), if

there exists an optimal selection X* € .7:;}}/( 7y)» such that

X*cargminE{g(-,x)| %} #2, P-—ae., (4.139)
zeX(Zy)

and Lemma 4.2 applies, then, exploitting the fact that g is SP<>.7:§( Zy)» We may write

inf  E{g(,X)} =E{} =E{(V)}
X€Fx(zy)
=E{h(¥,X")}
=E{E{y (. X7)|[7})
=E{g(.X")}, (4.140)

implying that the infimum of E {g (-, X)} over X € F;(y(zy) is attained by X*; there-
fore, X" is also an optimal solution to the respective variational problem. Con-
versely, if X* attains the infimum of E{g (-, X)} over X € f;{(zy) and the infimum is
greater than —oo, then both E {g (~, X*)} and E {0} are finite, which also implies that
E {g (-,X*)‘ @} and ¢ are finite P — a.e.. As a result, and recalling Step 3 in the

proof of Lemma 4.2, we have

E{E{g(.X")|#} -9} =0 and (4.141)

E{g(~X")|Z}-9>0, P—ae. (4.142)

and, consequently, ¥ = E {g (-,X*)‘ @}, P —a.e..

Unfortunately, it is not possible to guarantee existence of such an X € ]:/%(Zy),
in general. However, at least for the purposes of this paper, it is both reasonable and
desirable to demand the existence of an optimal solution X*, satisfying (??) (in our

spatially controlled beamforming problem, we need to make a feasible decision on the
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position of the relays at the next time slot). Additionally, such an optimal solution, if
it exists, will not be available in closed form, and, consequently, it will be impossible to
verify measurability directly. Therefore, we have to be able to show both existence and
measurability of X ™ indirectly, and specifically, by imposing constraints on the struc-
ture of the stochastic optimization problem under consideration. One way to do this,
emphasizing on our spatially controlled beamforming problem formulation, is to restrict
our attention to pointwise optimization problems involving Carathéodory objectives,
over closed-valued multifunctions, which are additionally closed -see Definition 4.5.
Focusing on Carathéodory functions is not particularly restrictive, since it is already
clear that, in order to guarantee the validity of the substitution rule (the S P Property),
similar continuity assumptions would have to be imposed on both random functions
g and E{g(-,-)|%#} = h, as Theorem 4.6 suggests. At the same time, restricting
our attention to optimizing Carathéodory functions over measurable multifunctions,
measurability of optimal values and optimal decisions is preserved, as the next theorem

suggests.

Theorem 4.8. (Measurability under Partial Minimization) On the base subspace
(Q,%,Ply), where % C F, let the random function H : xRY = R be Carathéodory,
and consider another random element Z : 0 — ]RN, as well as any compact-valued
multifunction X : RY = RN, with dom (X)) = RN, which is also closed. Additionally,

define H* : Q0 — R as the optimal value to the optimization problem

minimize H (w,x)
z , Yw e Q. (4.143)
subjectto x € X (Z (w))

Then, H* is % -measurable and attained for at least one % -measurable minimizer X ™

Q—RY. If the minimizer X* is unique, then it has to be % -measurable.

Proof of Theorem 4.8. From ([85], pp. 365 - 367 and/or [84], Example 14.32 & Theorem
14.37), we may immediately deduce that H" is % -measurable and attained for at least
one % -measurable minimizer X", as long as the compact (therefore closed, as well)-
valued multifunction X (Z(-)) : © = R" is measurable relative to 2. In order to

show that the composition X (Z (-)) is % -measurable, we use the assumption that the
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compact-valued multifunction X : RY = R" is closed and, therefore, Borel measurable
(Remark 28 in [85], p. 365). Then, #-measurability of X' (Z (-)) follows by the same

arguments as in Step 1, in the proof of Lemma 4.2. |

Remark 4.15. It would be important to mention that if one replaces RY with any
compact (say) subset H C R™ in the statement of Theorem 4.8, then the result continues
to hold as is. No modification is necessary. In our spatially controlled beamforming
problem, this compact set H is specifically identified either with the hypercubic region

SR, or with some compact subset of it. |

4.5.1.4 Fusion & Derivation of Conditions C1-C6

Finally, combining Theorem 4.6, Lemma 4.2, Theorem 4.8 and Corollary 7?7, we may
directly formulate the following constrained version of the Fundamental Lemma, which
is of central importance regarding the special class of stochastic problems considered in

this work and, in particular, (4.5).

Lemma 4.3. (Fundamental Lemma / Fused Version) On (Q,.%,P), consider

a random element Y : Q — RM | the sub o-algebra % £ o{Y} C F, a random

function g : Q@ x RY — R, such that E {9 (,x)} exists for all x € RY | a multifunction
X :RY = ]RN, with dom (X) = RY and , as well as another function Zy : Q@ — RY.

Assume that:

C1. X is compact-valued and closed, and that

C2. Zy is a % -measurable random element.

Consider also the nonempty decision set fg(zy). Additionally, suppose that:
C3. E{g (-, X)} exists for all X € f;{(zy), with ianG]:;?(zy) E{g(-,X)} < 400,
CA4. g is dominated by a P-integrable function, uniformly in x € RN,

C5. g is Carathéodory on ) x RN, and that

C6. E{g(-,x)|%} = h(Y,x) is Carathéodory on Q x RY
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Then, the optimal value function infyex(z ) E{g (-, x)| %} £ ¥ is % -measurable, and

it is true that

inf E{g(,X)}=E {g(.X")} =E{v}, (4.144)
Xe]-‘X(Zy)

for at least one X* € F;(J(Zy) , such that X™ (w) € arg Minge vz, E{g (-, )| 7} (w),
everywhere in w € . If there is only one minimizer attaining ¥, then it has to be

% -measurable.

Proof of Lemma 4.3. We just carefully combine Theorem 4.6, Lemma 4.2 and Theorem
4.8. First, if conditions C4-C6 are satisfied, then, from Theorem 4.6, it follows that ¢
is SP{$Jg. Then, since ]:f\g](zy) CJy,qgis SPQf;](Zy), as well. Consequently, with
C1-C3 being true, all assumptions of Lemma 4.2 are satisfied, and the first equivalence
of (4.144) from the left is true. Additionally, from Theorem 4.8, it easily follows that the
optimal value ¥ is %-measurable, attained by an at least one % -measurable X, which,
of course, constitutes a selection of X (Z (Y)) = X (Zy), or, equivalently, X~ € ffyy(zy).

Then, because g is S POF;{( Zy), We may write

9= infy)E{g(-,w)\?Z/}

x€X(Z
= megl(fzy) h(Y,x)
=h(Y,X")
=E{g(-X")|#}, P-ae, (4.145)
which yields the equivalence E {9} = E {g (-, X")}. The proof is complete. [ ]

Remark 4.16. Note that, because, in Lemma 4.3, X" (w) € X (Zy (w)), everywhere
in w € Q, it is true that X ™ is actually a minimizer of the slightly more constrained
problem of infimizing E {g (-, X)} over the set of precisely all % -measurable selections of
X (Zy). Denoting this decision set as ]:f(’gy) C .7-';?( 7y, the aforementioned statement
is true since, simply,

inf ~ E{g(,X)}> inf E{g(~X)}=E{g(,X")} (4.146)

% E
X% (zy) XE€Fx(zy)
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= inf  E{g(,X)}=E{g(,X")}. (4.147)
X% (zy)

where we have used the fact that X* € f}a?(’gy). This type of decision set is considered,
for simplicity, in (4.5), which corresponds to the original formulation of the spatially

controlled beamforming problem. |

Lemma 4.3 is of major importance, as it directly provides us with conditions C1-C6,
which, being relatively easily verifiable, at least for our spatially controlled beamforming
setting, ensure strict theoretical consistency of the methods developed in this paper.

At this point, our discussion about the Fundamental Lemma has been concluded. W

4.5.2 Appendix B: Proofs / Section 4.2
4.5.2.1 Proof of Theorem 4.1

Since, in the following, we are going to verify conditions C1-C6 of Lemma 4.3 in Section
4.5.1.4 (Appendix A) for the 2-stage problem (4.10), it will be useful to first match it to
the setting of Lemma 4.3, term-by-term. Table 4.1 shows how the components of (4.10)
are matched to the respective components of the optimization problem considered in
Lemma 4.3. For the rest of the proof, we consider this variable matching automatic.
Keep t € N?VT fized. As in the statement of Theorem 4.1, suppose that, at time
slot t —1 € N]J(;Tfl, p’ (t—1) = p° (w,t — 1) is measurable relative to ¢ (T;_3). Then,
condition C2 is automatically verified. Y
Next, let us verify C1. For this, we will simply show directly that closed-valued
translated multifunctions, in the sense of Definition 4.1, are also closed. Given two
closed sets H C RN, A C RY and a fixed reference h € H, let D : RY = RY be

(H, h)-translated in A and consider any two arbitrary sequences

{xp € A}peny and  {y, € A—h}; oy, (4.148)

such that ¢, — @, y, — y and x;, € D(y,), for all k¥ € N. By Definition 4.1,
k—o00 k—o0
x;, € D(y;) if and only if x;, —y;, € H, for all K € N. But =, — y;, A and H
—00

is closed. Therefore, it is true that € — y € H, as well, showing that D is closed. By
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Problem of Lemma 4.3 ‘ 2-Stage Problem (4.10)

M | All relay positions and channel observations,
up to (current) time slot ¢ — 1
o-Algebra € (T,_,), jointly generated
by the above random vector

Random element Y : ) — R

o-Algebra # 2 o {Y'}

Random Function Optimal value of the second-stage problem,
g: OxRY SR V(,t—1):Qx8T R,
Multifunction & : RY = RN, Spatially feasible motion region
with dom (X) = RY ¢: 8" = 8% with dom (C) = 8

Selected motion policy at time slot ¢ — 2,
p’(t—1): Q8%
w Decision set D,

Decision set Fx(z,) (precisely matched with fi?(’gy))

Function Zy : Q — RrRY

Table 4.1: Variable matching for (4.10) and the respective problem considered in Lemma
4.3.

Assumption 4.1, C : R?® = R?” ig the (G, 0)-translated multifunction in S%, for some
compact and, hence, closed, G C Sk, Consequently, the restriction of C in S® is closed
and C3 is verified. Y
Condition C5 is also easily verified; it suffices to show that both functions |f (-, -, ¢)[?
and |g (-, -, t)|* are Carathéodory on Q x S, or, in other words, that the fields |f (p, t)|*
and |g (p,75)|2 are everywhere sample path continuous. Indeed, if this holds, V7 (-, -, t)
will be Carathéodory, as a continuous functional of | f (-, -,¢)[* and |g (-, -, ¢)[?, and since
v <[p’{ pgr,t> = 3" Vi (i), (4.149)
ieNg,

it readily follows that V' (-, -, ) is Carathéodory on QxS R In order to show (everywhere)
sample path continuity of | f (p,t)|* (respectively |g (p,t)|*) on S, we may utilize (3.11).
As a result, sample path continuity of | f (p, t)\2 is equivalent to sample path continuity

of
F(p,t) =ag(p)l+os(p,t) +&s(p,t), VPES. (4.150)
Of course, ag is a continuous function of p. As long as the fields og (p,t) and &g (p, t)
are concerned, these are also sample path continuous; see Section 3.1.3. Enough said.
*
We continue with C3. Since we already know that V (-,-,t) is Carathéodory, it

follows from ([92], Lemma 4.51) that V (-,-,¢) is also jointly measurable relative to
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FRQAB <8R>. Next, let p (t) = p (w,t) € S% be any random element, measurable with
respect to € (T;_1) and, thus, %, too. Then, from ([92], Lemma 4.49), we know that
the pair (p (t,w), (t,w)) is also .Z-measurable. Consequently, [V (-, p (-,¢),t)|* must be
F-measurable, as a composition of measurable functions. Additionally, V' (-,-,t) is, by
definition, nonnegative. Thus, its expectation exists (Corollary 1.6.4 in [27]), and we
are done. Y

Conditions C4 and C6 need slightly more work, in order to be established. To
verify C4, we have to show existence of a function in £; (2, .#,P;R), which dominates
V (-, t), uniformly in p € SE. Everywhere in €, again using (3.11), and with ¢ =
log (10) /10 for brevity, we may write

r T )\ _ PP |f (i, 1) |g (i, 1)
V<{P1 ~--PR] ,t):Z+Pogf)|f
N

2 2 2 2 2
(pi7t)| +PCU ‘g(pi7t)| +o 0p

P,
S DI Ul

ieNg
S
eN}; p:€
107°p,R
- 2 0 SupeXp (CF (pvt))
o PES
10”°p,R
= 720exp csup F (p, t)
g PES

10°/1°p,
= —— —explcsupag (p)l +os(p,t) +&s(Pst)
g PES

107°p, R
——— " exp|esupag (p) £+ x5 (P, )
g PES

10°°p R
———"exp|clsup ag (p) | exp|csup xg (p.t)

oz peS peS

£ p(w,t) >0, Ywel (4.151)

Due to the fact that ag is continuous in p € S and that S is compact, the Extreme Value
Theorem implies that the deterministic term suppcs g (p) is finite. Consequently, it

suffices to show that

pPES

E {exp <c sup xs (P, t))} < +o00, (4.152)
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provided, of course, that the expectation is meaningfully defined. For this to happen, it
suffices that the function sup,cs xg (P, t) is a well defined random variable. Since both
og (p,t) and g (p, t) are sample path continuous, it follows that the sum field og (p, t)+
£s (p,t) is sample path continuous. It is then relatively easy to see that suppes X5 (P, )
is a measurable function. See, for instance, Corollary ??, or [64]. Additionally, the
Extreme Value Theorem again implies that suppcs x5 (p, ) is finite everywhere on €,
which in turn means that the field xg (p,t) is at least almost everywhere bounded on
the compact set S.

Now, in order to prove that (4.152) is indeed true, we will invoke a well known
result from the theory of concentration of measure, the Borell-TIS Inequality, which

now follows.

Theorem 4.9. (Borell-TIS Inequality [64]) Let X (s), s € RY, be a real-valued,
zero-mean, Gaussian random field, P-almost everywhere bounded on a compact subset

KcRrY, Then, it is true that

E {supX (s)} < 400 and (4.153)
sek
w2
P <supX (s)—E {supX (s)} > u) <exp |— , (4.154)
sek sek 25upE{X2 (s)}
sek

for all u > 0.

As highlighted in ([64], page 50), an immediate consequence of the Borell-TIS In-

equality is that, under the setting of Theorem 4.9, we may further assert that

2
P (SupX (s) > u) <exp | — <u - {EE’IC)X (S)}> (4.155)

2sup E {X2 (s)} ’
seK

seK

for all u > E {sup,cx X (s)}.

To show (4.152), we exploit the Borell-TIS Inequality and follow a procedure similar
to ([64], Theorem 2.1.2). First, from the discussion above, we readily see that the field
Xs (p,t) does satisfy the assumptions Theorem 4.9. Also, because xg (p,t) is the sum

of two independent fields, it is true that

E {X?g (p, t)} =n’+ 02. (4.156)
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As a result, Theorem 4.9 implies that E {supgcxc X (s)} is finite and we may safely write

E {exp <csup Xs (P, t))} = / P (exp (csup Xs (P, t)) > :L‘) dx
PES 0 pPES

:/ P (sup Xs (p,t) > log ($)>dx (4.157)
0 pES c

In order to exploit (4.155), it must hold that

log () >E {supX (S)} & x> exp (CE {SUPX (3)}> > 0. (4.158)

c sek sek

Therefore, we may break (4.157) into two parts and bound from above, namely,

E {eXp (c SUp X (P, )>}

exp(CE{SuppES Xs(Pvt)}) lo (:U)
_ / P (sust (p,t) > 2 )d:c
0
g

PES c

oo I
+/ P (SUP Xs (p,t) > ) C(m)>dx
exp(cE{suppes xs(P:t) }) pes

cxp(cE{suppeg Xs(P:t)})
S/ dzx
0
2
{SUPXS p,t })
pPES
d

o
277-1—0'5

+ exp| — x

exp(cE{suppes xs(pt) })

< exp (cE {sgg Xs (P; t)}>

[e.9]

2
(u —-E {sugxs (p,t)})
i du. (4.159)

+c exp(cu)exp | — SR
2 (77 + a§>

E{Suppes XS(p>t)}

Since both terms on the RHS of (4.159) are finite, (4.152) is indeed satisfied. Conse-

quently, it is true that
E{o(, )} <40 p(,t) e L (Q,.7,P;R). (4.160)

Enough said; C4 is now verified. *
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Moving on to C6, the goal here is to show that, for each fixed t € N?VT, the well

defined random function H : Q x ST — R, defined as
H(w,p) 2E{V (p,1) % (T;-1) } (W), (4.161)
is Carathéodory. Observe, though, that we may write

H (w,p) = Z Hy (w,p;), (4.162)

ieN},
where the random function H; : 2 x § — R is defined as

2 2
P.Py|f (p,t)]" g (P, 1)
POO.%) |f (p7t)|2 + P002 |g (p,t)|2 + 0'20'%)

Because a finite sum of Carathéodory functions (in this case, in different variables) is

H[ (W,p) £ E

%(ﬁ_n} ). (4.163)

obviously Carathéodory, it suffices to show that H; is Carathéodory.

First, it is easy to see that H; (-, p) constitutes a well defined conditional expectation
of a nonnegative random variable, for all p € §. Therefore, what remains is to show
that Hj (w,-) is continuous on S, everywhere with respect to w € Q. For this, we
will rely on the sequential definition of continuity and the explicit representation of
H; as an integral with respect to the Lebesgue measure, which exploits the form of
the projective system of finite dimensional distributions of |f (p,t)|* and |g (p,t)|*. In
particular, because of the trick (3.11), it is easy to show that H; can be equivalently

expressed as the Lebesgue integral

Hi ) = [ 7 (@) (@ins (0.) B (0.p) do. (4.164)

where the continuous function r : R? — R 1 is defined as

log(10)
N P.Py10°" [exp () +a5)] 1

log(10) log(10)

POU2D [exp (z1)] 10 +Pca2 [exp (z4)] 10 —1—10_’)/10020%

r(x) =r (21, 27) , (4.165)

for all ® = (z1,29) € ]RQ, and N : R x S x Q — R, ,, corresponds to the jointly
Gaussian conditional density of F' (p,t) and G (p,t), relative to € (7,_;), with mean
o (w,p) — R?*! and covariance 3 (w,p) — Sif explicitly depending on w and p

as

Ho (@,P) = 1 (€ (T;_1) ();p)  and (4.166)
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%, (@,p) = 55 (€ (1) (@):p), ¥(w,p) €QxS, (4.167)
Via a simple change of variables, we may reexpress H; (w,p) as

Hi(p) = [, 7@+ i (0. p) N (2302, (v, ) do. (4.168)

It is straightforward to verify that both u, (w,-) and 35 (w, ) are continuous func-
tions in p € S, for all w € Q. This is due to the fact that all functions involving p in the
wireless channel model introduced in Section ?? are trivially continuous in this variable.
Equivalently, we may assert that the whole integrand r (& + py (w, ) N (250,25 (w, -))
is a continuous function, for all pairs (w,x) € Q X R Next, fix w € €1, and for arbitrary
p € S, consider any sequence {pj € S}, such that py k:)(} p. Then, H; (w,-) is
continuous if and only if H; (w,py) kjo H; (w,p). We will show this via a simple
application of the Dominated Convergence Theorem. Emphasizing the dependence on

p as a superscript for the sake of clarity, we can write
r(z+ pg) N (2:0,23)
<r(z+ pb) N (z;0, %)
exp <_;xT Iz~ a:)
o (=5 (12817 1ol

2y /det (2F)

exp [ @l
2X 0z (25)

=r (x + pb)

<r(z+ pb

=r(z+p5)
2y /det (X5)
2
oy _lal?
P,10°/1° IR HET 2 maz (Z5)
<——5— [exp(zy +p5 (1))] 10
g 24/ det (27)
2
B |
log(10) p
Poloﬂ/lo o 5170 21831612 )‘ma:l: (22)
<———5—|exp|z;+sup py (1)
o pES 27 [ inf det (XF)
PES
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2
oxp (11
P,10°/1° expl )]logum 2p2
= exp(r; + 10
0_2 pP{T1 T P1 QW\/]T3
A Y (w, ), (4.169)

where, due to the continuity of p, (w,-) and ¥, (w, -), the continuity of the maximum
eigenvalue and determinant operators, the fact that S is compact, and the power of the
Extreme Value Theorem, all extrema involved are finite and, of course, independent of
p. It is now easy to verify that the RHS of (4.169) is integrable. Indeed, by Fubini’s
Theorem (Theorem 2.6.4 in [27])

/ b (w, @) da

R 10p/ 10 %P

< 1 > log (1 1 ]
0 o[, Ly (12 4,

v/ P3 R2 10 27 2p2
Plop/loeXp< 10 > o 102 (10) 1 MR
) x exp T
\/pg R2 10 2mpy 2py

—
Q
o
—~
—_
O
v

_R 10”/ !

0 €XP{ ¢ /e p(log(lO)x > 1. . 3 1
X X —_— Xz
\/ps R 10 ') V2 2p,)

(w) |p2 (@)
10 > ? exp <p2 w) <log1(010)>2> < +oo, (4.170)

R 10”/ 10 €XP

(
2
for w € Q. That is,

b (w,”) € Ly (RQ,%’ (R2) ,£;R) . weQ, (4.171)

where £ denotes the Lebesgue measure. We can now call Dominated Convergence;

since, for each z € R? (and each w € Q),
r (@4 py (0, Pr)) N (250,25 (w,pg)) — 7 (@41 (W, )N (20,3, (w,p)) (4172)

and all members of this sequence are dominated by the integrable function v (w,-), it

is true that

H1 (o) = [ 1 (@ + a3 (o, p) A (0.2, (v, p1)) do
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— | 7 (x+ py(w,p)) N (20,35, (w,p))dx =H| (w,p). (4.173)

k—oo JR2
But {py},cy and p are arbitrary, showing that H; (w,-) is continuous, for each fixed
w € ). Hence, H; is Carathéodory on ) x S. *
The proof to the second part of Theorem 4.1 follows easily by direct application of

the Fundamental Lemma (Lemma 4.3; also see Table 4.1) n

4.5.2.2 Proof of Lemma 4.1

In the notation of the statement of the lemma, the joint conditional distribution of
[F (p,t) G (p,1)]T relative to the o-algebra ¢ (T,_;) can be readily shown to be Gaus-

sian with mean Hﬂﬁl(P) and covariance EiTﬁl(p), for all (p,t) € S x N?VT. This is due

to the fact that we have implicitly assumed that the channel fields F' (p,t) and G (p,t)

are jointly Gaussian. It is then a typical exercise (possibly somewhat tedious though)

FG

to show that the functions uf"ﬁl and Z]ﬂt_

| are of the form asserted in the statement

of the lemma. Regarding the proof for (4.29), observe that we can write

E{Lf (2, )" |g (P, )" € (Te—1)}

= 10070 f ey (200 G (p, ) 4 16 (p.1) ) \ ¢ (70

= 10(m+me/20R {exp <1°g2(010) [mn] [F (p,t) G (p,t)]T> ' % (7;_1)} . (4174)

with the conditional expectation on the RHS being nothing else than the conditional mo-
ment generating function of the conditionally jointly Gaussian random vector
[F (p,t) G (p,1)]T at each p and ¢, evaluated at the point (log(10)/20) [mn]T, for
any choice of (m,n) € Z x Z. Recalling the special form of the moment generating

function for Gaussian random vectors, the result readily follows. |

4.5.2.3 Proof of Theorem 4.2

It will suffice to show that both objectives of (4.30) and (4.31) are Carathéodory in
2 x S. But this statement may be easily shown by analytically expressing both (4.30)
and (4.31) using Lemma 4.1. Now, since both objectives of (4.30) and (4.31) are

Carathéodory, we may invoke Theorem 4.8 and Corollary ?? (Appendix A), in an
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inductive fashion, for each t € N?VT, guaranteeing the existence of at least one € (7;_1)-
measurable decision for either (4.30), or (4.31), say p" (t), which solves the optimization

problem considered, for all w € €. Proceeding inductively gives the result. |

4.5.2.4 Proof of Theorem 4.4

By assumption, V (p,t) is LMD.G{ (44, 1), implying, for every t € NET, the exis-

tence of an event €, C Q, satisfying P (£2,) = 1, such that, for every p € SR,
pELV (p,t = V)| A1} (w) =E{V (p, 1) H#_1} (w), YweQ,. (4.175)

Fix t € N?VT. Consider any admissible policy p°(t) at t, implemented at ¢ and
decided at t — 1 € NETfl. By our assumptions, V (-,-,t) is SP{C .. Additionally,
because p° (t) is admissible, it will be measurable relative to the limit o-algebra @J
and, hence, measurable relative to . Thus, there exists an event Qf C Q, with

P <Qf0> = 1, such that, for every w € Qfo,

E{V (p” (1), )| 7} (w) = E{V (p, )| 4} ()] p—p®(ut)

= hy (w,p° (w, 1)), (4.176)

where the extended real-valued random function h; :  x St 5 Ris jointly 7] ®
B (SR)—measurable, with Ay (w,p) = E{V;(p,t)| 7} (w), everywhere in (w,p) € Q X
SR
Also by our assumptions, V' (-, -,t) is SPOE 4, as well. Similarly to the arguments
made above, if p° (¢) is assumed to be measurable relative to the limit o-algebra @j_l,
or, in other words, admissible at t — 1, then it will also be measurable relative to J#,_;.
Therefore, there exists an event Qf_o C Q, with P (Qf_o ) = 1, such that, for every
w € Qp,o,
t
E{V (p° (1) D 71} () = E{V (0.0)] A1} @),y
J— o
= ht_ (w7 P (wa t)) ) (4177)

where the random function h - : {2 X ST 5 Ris jointly J4,_1 @ X (SR) -measurable,

with h - (w,p) = E{V (p,t)| #{_1} (w), everywhere in (w,p) € Q x S%. Note that, by
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construction, p° (t) will also be admissible at time ¢ and, therefore, measurable relative
to and 77, as well.

Now, we combine the arguments made above. Keep t € N?VT fixed. At time slot
t—2€ Ny, _o, let p°(t — 1) = p° (w,t — 1) be a € (T;_5)-measurable admissible policy
(recall that C1-C6 are satisfied by assumption; also recall that, if t = 2, € (T,_5) =
% (Ty) is the trivial o-algebra). At the next time slot ¢t — 1 € NET,D let us choose
p’ (t) = p’ (w,t — 1); in this case, p° (t) will also be € (T;_5)-measurable and result in
the same final position for the relays at time slot t € N?VT. As a result, the relays just
stay still. Under these circumstances, at time slot t —1 € N]J(,Tfl, the expected network
QoS will be E{V (p° (t — 1) ,¢t — 1)}, whereas, at the next time slot ¢ € N?VT, it will be

E{V (p°(t —1),t)}. Exploiting (4.175), we may write
phi_y (w,p) = h,- (w,p), Y(w,p) € ﬂQf_ol ﬂQf,o x 8T (4.178)
where, obviously, P (Qt N Qf_ol N ij) = 1. Consequently, it will be true that
phy_q (w, p° (w,t = 1)) = h- (w,p° (w,t = 1)), YweQ, ﬂQf_ol ﬂ Qf,o (4.179)
From (4.176) and (4.177), it is also true that
PE{V (p°(t—1),t = 1) 1} (w) =B{V (p°(t - 1), )| 1} (w),  (4.180)
almost everywhere with respect to P. This, of course, implies that
PE{V (p°(t—1),t =1} =E{V (p°(t - 1), 1)}, (4.181)

and for all ¢t € N?VT, since t was arbitrary.
Since (4.181) holds for all admissible policies decided at time slot t —2 € Ny, _o, it

will also hold for the respective optimal policy, that is,
* — * 2
pE{V (p"(t—1),t—1)} =E{V (p"(t—1),t)}, VteNy,. (4.182)

Next, as discussed above, the choice p°(t) = p” (w,t — 1) constitutes an admissible
policy decided at time slot ¢t — 1 € NET_l; it suffices to see that p* (w,t —1) €

C (p>k (w,t — 1)), by definition of our initial 2-stage problem, because “staying still”
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is always a feasible decision for the relays. Consequently, because the optimal policy
p" (t) results in the highest network QoS, among all admissible policies, it will be true
that

PE{V (p*(t—-1),t-1)} <E{V (p*(t),t)}, VteNi,, (4.183)

completing the proof of Theorem 4.4. |
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Chapter 5

Conclusions & Future Research Directions

This dissertation is the first systematic piece of work on spatially controlled communica-
tions and, in particular, on spatially controlled relay beamforming, which is, admittedly,
a novel and highly interdisciplinary topic. The design of such systems is far from triv-
ial. We have demonstrated the importance of realistic wireless channel modeling, as
well as the need for utilizing and advancing theory and technical background from the
vast area of Operations Research, such as stochastic programming, which is clearly
non-traditional in the typical wireless communications and signal processing literature.
In a nutshell, and for the first time, we were able to propose an effective, reasonably
complicated spatially controlled relay beamforming system, suitable for realistic space
and time varying communication channel environments. The performance of the pro-
posed system was analyzed and predicted under a rigorous theoretical framework. Our
numerical simulations, in different stages of this work provided experimental evidence
which confirmed our theoretical predictions, and showed great potential of the proposed
system. In other words, our work is not only theoretically correct, but is expected to
result in significant (non-marginal) performance gains in practice.

Our research in the context of spatially controlled communications, also stimulated
novel theoretical research, with significant intellectual merit. In particular, our need to
characterize the performance of the hierarchical channel model of Chapter 3, led to the
development of new insightful results related to the convergence properties and asymp-
totic consistency of approximate nonlinear filters, both in Markov and non-Markov
cases. Additionally, our extensive work in the theoretical analysis of the proposed spa-
tially controlled beamforming system led to the development, among other results, of

a new, generalized version of the Fundamental Lemma of Stochastic Control, which is
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of independent theoretical and practical interest.
In conclusion, we would also like to provide a few directions for future research,

initiated by the research developed herein:

e As the reader might have noticed, although, in Chapter 3, two wireless channel
models have been presented and analyzed, whereas in Chapter 4, the proposed
spatially controlled beamforming system is designed assuming only one of them,
namely, that assuming the channel is a parametric spatiotemporal Gaussian field.
Therefore, an immediate direction for future research is to reformulate and ex-
tend the system proposed in Chapter 4 under a hierarchical channel modeling
assumption (the second model presented in Chapter 3), which, due to to time
constraints, has not been pursued in the dissertation. Such a channel model,
although slightly more complicated, would provide more numerically efficient so-

lution (due to Markovianity), and potentially increased flexibility.

e In the same context, real-world, experimental validation of the HMM-based, hi-
erarchical channel model of Chapter 3 will be highly valuable, since it would
provide evidence that such a model is practically relevant and realistic, therefore
justifying its consideration in the design of a spatially controlled communication
system. Additionally, the development of efficient methods for parameter estima-
tion, which have not been pursued herein, are of high practical importance. At

this point, this is a subject of current, active research.

e Another directly relevant research direction is the complete solution of the power
minimization beamforming problem of Section 1.2.2. Although the power mini-
mization problem was pursued at a preliminary stage in [97], its solution is far

from complete and requires further developments.

e In Chapter 4, we proposed relay motion control schemes, based, however, on a
myopic optimization approach, where the relays decide their future positions, by
optimizing an one-step-ahead conditional cost. As we saw, in this case, it was
also possible to characterize the performance of the system across time-slots, in

an effective and elegant manner. What about multi-stage formulations of the
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problem? Finite horizon or infinite horizon (stationary) solutions? In particular,
would such an approach result in better per-slot performance than the myopic
approach? And, would a per-slot characterization of system performance be pos-

sible?

In the same spirit, what about controlling risk? In the numerical simulations
provided, we have seen that, although the average performance of the system
improves (average SINR), its variance also increases. Therefore, in a practical
setting, it might be reasonable to search for solutions which also control the vari-
ability of the optimal system performance, in order to enhance system robustness,
in a stochastic sense. There is increased interest in risk-averse stochastic program-
ming over the last two decades, mainly in the Operations Research community,
which may be leveraged and further developed in order to provide such robust

solutions.

Another possible research direction can be the consideration of other, potentially
simpler models for describing the space time evolution of the communication chan-
nel. For instance, on such possibility could be the adoption of “more discrete”
channel models of, say, the Gilbert-Elliot, “good”, “bad”, “better” type. Such an
approach would be very different from what we have considered so far, and would
require effective channel characterization, in terms of ensuring a certain perfor-
mance level of the communication network under consideration, and then utilizing
such knowledge for performing stochastic decision making. The main benefit of
such an approach would be a much lower expected computational complexity, as
well as the potential for identifying optimal resource allocation policies in closed

form (for example, of the threshold type).

Finally, there are numerous extensions of the idea of spatially controlled relay
beamforming to physical layer communication tasks other than relay beamform-
ing, such as Physical Layer Security and Privacy, Spectrum Sensing, Radar and
Target Detection & Tracking, Multiuser/MIMO networks, Energy Harvesting and

Green Communications, to name a few.
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In this dissertation, we have provided the first systematic framework to spatially con-
trolled communications, focusing on a basic beamforming scenario. We have shown
that this idea is feasible, and that it provides significant performance gains. We thus
hope that our research will initiate interest in the context of spatially controlled com-

munications, and that this dissertation is just the beginning.
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