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ABSTRACT OF THE DISSERTATION

A Framework for Developing Optimal Tensile Strength

Relationships Based on Characterization Tools with Focus

on: Particle Size, Lubricant Sensitivity, and Tablet Shape

by

SONIA MODARRES RAZAVI

Dissertation Director: Alberto M. Cuitiño

This work is a collection of problems all focused on mechanical strength of pharmaceuti-

cal tablets. The first problem focuses on relating material strength to the breaking force

of non-flat faced tablets. We propose a general framework for determining optimal re-

lationships for tensile strength of doubly convex tablets under diametrical compression.

This approach is based on the observation that tensile strength is directly proportional

to the breaking force and inversely proportional to a non-linear function of geometric

parameters and materials properties. This generalization reduces to the analytical ex-

pression commonly used for flat faced tablets, i.e., Hertz solution, and to the empirical

relationship currently used in the pharmaceutical industry for convex-faced tablets, i.e.,

Pitt’s equation. Under proper parameterization, optimal tensile strength relationship

can be determined from experimental results by minimizing a figure of merit of choice.

This optimization is performed under the first-order approximation that a flat faced

tablet and a doubly curved tablet have the same tensile strength if they have the same

relative density and are made of the same powder, under equivalent manufacturing

conditions. Furthermore, we provide a set of recommendations and best practices for
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assessing the performance of optimal tensile strength relationships in general. Based on

these guidelines, we identify two new models, namely the general and mechanistic mod-

els, which are effective and predictive alternatives to the tensile strength relationship

currently used in the pharmaceutical industry.

The second problem targets the utilization of a non-destructive technique to assess

tablet strength. An ultrasound measurement system was employed as a non-destructive

method to evaluate its reliability in predicting the tensile strength of tablets and inves-

tigate the benefits of incorporating it in a continuous line, manufacturing solid dosage

forms. Tablets containing lactose, acetaminophen, and magnesium stearate were man-

ufactured continuously and in batches. The effect of two processing parameters, com-

paction force and level of shear strain were examined. Elastic modulus and tensile

strength of tablets were obtained by ultrasound and diametrical mechanical testing,

respectively. It was found that as the blend was exposed to increasing levels of shear

strain, the speed of sound in the tablets decreased and the tablets became both softer

and mechanically weaker. Moreover, the results indicate that two separate tablet ma-

terial properties (e.g., relative density and elastic modulus) are necessary in order to

predict tensile strength. A strategy for tensile strength prediction is proposed that

uses the existing models for elastic modulus and tensile strength of porous materials.

Ultrasound testing was found to be very sensitive in differentiating tablets with similar

formulation but produced under different processing conditions (e.g., different level of

shear strain), thus, providing a fast and non-destructive method for hardness prediction

that could be incorporated to a continuous manufacturing process.

The third problem aims to adopt a Quality by Design paradigm to better control the

mechanical strength of tablets as a critical quality attribute by understanding the ef-

fects of critical process parameters and critical material attributes. To this end, the

effect of particle size distribution, lubricant concentration, and mixing time on the

tensile strength and stiffness of tablets were studied. Two grades of lactose, lactose

α-monohydrate and spray-dried lactose, were selected. Tablets were compressed to

different relative densities ranging from 0.8 to 0.94 using an instrumented compactor
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simulator, and compaction curves showing the force-displacement profiles during com-

paction were obtained. The total work input during the compaction process is found

to be higher for spray-dried lactose compared to lactose monohydrate. We propose a

general model, which predicts the elastic modulus and tensile strength envelope that

a specific powder can obtain based on its lubrication sensitivity for different particle

size distributions. This was possible by introducing a new parameter in the existing

tensile strength and elastic modulus models. A wide range of lubrication conditions was

explored and the model exhibited a good predictability. The mechanical properties of

lactose monohydrate tablets were noticeably dependent on particle size, unlike spray-

dried lactose where little to almost no sensitivity to initial particle size was observed.

The model is designed in a general fashion that can capture all the possible mechanical

integrity behaviors in response to different lubrication conditions and initial particle

size. Our model can be extended to all the powders that undergo different deformation

mechanisms and is applicable for more complex pharmaceutical formulations.
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1

Chapter 1

Introduction

1.1 Background

Solid dosage forms account for almost 80% of all marketed pharmaceutical products in

the United States [6]. Tablets are the most common dosage form, due to their relatively

low manufacturing cost, high production rates, acceptable shelf life, dosage accuracy,

and contolled drug release [7, 8]. Tablets are mainly fabricated by pressing powders into

various shapes and geometries. The compacted powder is always a mixture of two or

more powder ingredients. The ingredients are classified into two groups: active pharma-

ceutical ingredients (APIs) and excipients. API, which delivers the therapeutic effect,

is formulated with excipients to ensure desirable tablet behavior from its production to

release in human body.

1.2 Powder Compaction

Direct compression, compared to dry granulation and wet granulation, is the simplest

and preferred route to produce oral solid dosage forms, which refers to the compaction

of the dry mixed of the individual ingredients [9]. Tableting (i.e., powder compaction)

is the last stage in a tablet production, if coating is not required.

The compaction mechanism starts with particle re-arrangement, which refers to parti-

cles moving into closer packing and volume reduction. With an increase in the com-

paction pressure particles deform either plastically, elastically, or fracture into smaller

particles (i.e., fragmentation) [10]. In most cases, more than one of the aforementioned

mechanisms occur [11]. The applied energy is completely recovered in elastic defor-

mation, unlike plastic deformation and fragmentation where the the particles undergo
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irreversible deformation. Interparticulate attraction occurs between the particles as

their surfaces are brought closer together resulting in bond formation. Finally, elas-

tic recovery occurs during the decompression stage [12]. There are three dominating

bonding mechansims that act between particulate solids: solid bridges, intermolecular

forces, and mechanical interlocking [13]. The sum of number of bonds remained af-

ter the decompression stage and the strength of each bond are reflected in the tablet

strength.

Figure 1.1: Schematic of a compaction curve; upper punch force vs. upper punch displacement
[1].

Single station compaction simulators are the ideal devices to study powder deformation

behavior by accurate recording of upper punch force and displacement, if the die wall

friction is negligible [14]. This profile depends on the material and equipment. Fig.

1.1 schematically shows how the forces evolve during powder compression. Ideally, the

force-displacement cruve follows the triangle ABC. However, in reality compression

takes place along curve AB followed by decompression along curve BD. Area A1

represents the work of friction and area A3 is the work recovered during decompression

stage. The area under the curve AB, (A2 +A3) represents the net work of compaction.

The bigger the area A2 is, the better the compressibility. Materials that undergo a

large irreversible deformation are expected to yield a large net work [14].
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Both powder properties (e.g., particle size [15] and crystal structure of the material

[16]) and processing parameters (e.g., compression force, compression speed [17, 18])

affect the compaction behavior and tablet properties [19].

1.3 Compaction Cycle

Tablet compaction is divided into four distinct stages. These stages include die filling,

metering, compressing, and ejection. In the filling stage, the powder is introduced into

the die followed by metering stage, where the the weight is adjusted and the excessive

powder is pushed out of the die. Powder compression usually consists of two steps: pre-

compression and main compression. In the pre-compression step, a low compression

force is applied to the powder to release air trapped between the powder particles.

During the main compression loading the punches get closer and the thickness of the

powder bed decreases until it reaches its minimum, where the maximum compaction

pressure is applied (Point B in Fig. 1.1). When the force is released, the unloading

stage starts and some of the energy is recovered and tablet expands axially. The last

stage of the tablet compaction is the ejection, where the tablet is ejected from the die.

Fig. 1.2 schematically shows a high speed rotary press in motion.

Figure 1.2: Tablet compression cycle stages. Courtesy of Kikusui Seisakusho Ltd., Kyoto,
Japan.

The main types of tablet presses are mechanical and hydraulic. In mechanical presses
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the distance between the punches can be controlled and powders are compressed to

constant thickness. In hydraulic presses the force exerted on powders is the processing

variable and powders are compressed to constant force.

In order to adequately characterize the mechanical properties of powders, properties

during and after compaction of tablets are extracted and analyzed. Although powder

mixing is not the focus of this disseration, but since different mixing techniques were

employed that affect the powder properties and their compaction behavior, a section is

dedicated to briefly introduce mixing mechanisms and techniques.

1.4 Mixing Mechanisms

Mixing mechanism can be categorized in two ways: the scale at which mixing occurs

and the driving force. The former can be classified as macro-mixing and micro-mixing

and the latter is classified into convective, dispersive, and shear mixing [20, 21, 22].

Macro-mixing refers to the transportation and mixing of group of particles, while micro-

mixing focuses on the mixing at individual particle level. The two classifications are

obviously correlated; convective mixing is a macro-mixing and dispersive and shear

mixing are micro-mixing. Shearing occurs in all the mixers. Shear mixing is caused

by slipping planes within the powder bed. There exists velocity gradients between

individual particles or particle planes [23]. Three types of mixers that were used in this

work are: V-blender, Resonant Acoustic Mixing (RAM), and Glatt GCG-70 continuous

blender. A brief description of each blender is provided as follows:

V-blender

V-blender, a popular tumble mixer, uses tumbling motion of a vessel containing pow-

der ingredients. A combination of all the aforementioned mixing mechanisms exists.

However, faster convective mixing occurs compared to dispersive mixing. The charging

method of the material into the V-blender, the volume of the loaded material, mixer

speed, and the number of revolutions may all affect the mixing efficiency.

For understanding the performance and mechanism of this type of mixer the reader is
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referred to [24, 25, 26].

Resonant Acoustic Mixer (RAM)

RAM, which is rather a new and not thoroughly studied mixer, transfers low frequency,

high-intensity acoustic energy to the material to be mixed. There are no impellers used

in RAM technology, so a wide range of mixing conditions can be achieved with a simple

vessel design [27]. All three mixing mechanisms (convection, dispersion, and shear)

are expected to be present. Micro-mixing zones as well as the bulk movement of the

materials take place throughout the entire vessel.

The total mixing power, Pmix, which is independent of the material properties, can be

calculated by the following empirical equiation:

Pmix = 0.707 Frms

(
∆P

100

)(
apeak g

2πf

)
= Emix ×

m

tmix
(1.1)

where ∆P is the difference in power intensity of the loaded from the unloaded masses,

Frms is the machine force constant (' 70 N), g is the gravitational constant, apeak is

the peak acceleration experienced at the specific power intensity and f is the frequency

of (61 Hz) at which the resonant acoustic mixer operates. The value of 0.707 is the

correction factor. Measuring the total mixing time, tmix, and the total powder mass,

m, the total energy per unit mass, Emix can be determined. Fill level, blending time,

and acceleration are the key parameters that affect the RAM performance [28].

For more information regarding the performance and technology of RAM, please refer

to [27, 28, 29].

Glatt Continuous Blender

Continuous powder mixing has received more attention by the increasing interest toward

continuous pharmaceutical oral solid dose manufacturing. Continuous blenders use

rotating blades that force the ingredients to transport and mix along the way. Like

RAM, continuous blenders are independent of material properties. Blade configuration

(i.e., orientation and number of blades) and impeller speed, which determines the mass
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flow rate, affect the mixing performance [30, 31, 32, 33].

1.5 Tablet Tensile Strength

It is important to assure that tablets have sufficient strength to endure post-compaction

loading such as coating, packaging, handling, and storage. The dissolution profile of

a drug tablet is also influenced by its mechanical properties [34]. Hardness is thus an

important quality factor that is tested during tablet production [35]. The mechanical

strength of tablets is typically measured by traditional destructive tests, such as three-

point bending, four-point bending, diametrical compression, and axial tensile strength

tests [36, 37, 38, 39].

Figure 1.3: Geometry and failure behavior in a flat faced cylindrical tablet.

Among these experimental techniques, the diametrical compression test, also referred

to as Brazilian test [40], is the most conventional method used in the pharmaceutical

industry to measure the breaking force of a tablet. The test consists in placing and

compressing a tablet along its diameter between two rigid platens as shown in Fig. 1.3.

Hertz [41] developed a mathematical description for the stress states of an elastic disk

under point loading diametrical compression, where here the equations are presented

considering a tablet as the sample:

σx =
−2F

πt

[
x2(D − y)

((D − y)2 + x2)2
+

x2(D + y)

((D + y)2 + x2)2
− 1

2D

]
(1.2)
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σy =
−2F

πt

[
(D − y)3

((D − y)2 + x2)2
+

(D + y)3

((D + y)2 + x2)2
− 1

2D

]
(1.3)

σxy =
2F

πt

[
x(D − y)2

((D − y)2 + x2)2
+

x(D + y)2

((D + y)2 + x2)2

]
(1.4)

where F is the breaking force, D is the diameter of the tablet, and t is its thickness.

Maximum principal tensile stress occuring in the center of the disc and along the x-

direction is predicted to be the cause of failure assuming the maximum stress criterion

(σy = σxy = 0). Thus, by replacing x and y with zero, corresponding to the center of

the tablet, in Eq. (1.2), Hertz solution is obtained:

σt =
2F

πDt
(1.5)

where σt is the tensile strength. The above expression is only valid for flat cylindrical

tablets that fail in tension across the symmetry plane of the loaded diameter.

Hardness (i.e., breaking force) has been traditionally reported and still used as a critical

quality attribute (CQA). However, tensile strength is a better representative of the

tablet strength, which actually is a measure of tablet strength and is independent of

the tablet dimensions [42, 43].

1.6 Compressibility, Compactibility, and Tabletability

Tye et al. [44] introduced three important terms that give a lot of information about

tablet compaction: Tabletability (tensile strength vs. compaction pressure), compress-

ibility (relative density vs. compaction pressure), and compactability (tensile strength

vs. relative density). There is a big difference between compressibility and compactabil-

ity of powders. Compressibility refers to the ability of the powder to undergo volume

reduction under pressure, whereas compactibility is the ability of a powder to form a

coherent compact.

Relative density is used to characterize powders at different stages of densification. By

applying more force to the powder bed the relative density of the tablet increases.
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There are two main factors that affect the tablet properties (e.g., hardness, disintegra-

tion, and dissolution profiles): (i) material properties (e.g., constituents of the powder

mixture, particle size and shape) and (ii) processing parameters (e.g., mixing conditions,

compaction force, compaction speed, etc.). By understanding the behavior of process-

ing parameters on the performance of the tablet, the tablet properties can actually be

engineered.

1.7 Organization of the Dissertation

Given the brief introduction of powder compaction and some relevant terminologies in

Chapter 1, the three specific objectives of this dissertation are summarized as follows:

1. Finding an optimal relationship for tensile strength of doubly convex tablets under

diametrical compression.

2. Predicting tensile strength of pharmaceutical tablets by ultrasound measurement

in continuous manufacturing.

3. Quantifying the lubrication and particle size distribution effects on tensile strength

and stiffness of tablets.

A chapter has been dedicated for each specific objective. Each chapter starts with the

background of the problem and relevant published literature. Materials and methods

used in the work are provided followed by the results and key findings. Each chapter

ends with a summary and concluding remarks. Chapter 5 provides an overall conclusion

and a set of recommendations for future studies.
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Chapter 2

General and Mechanistic Optimal Relationships for

Tensile Strength of Doubly Convex Tablets Under

Diametrical Compression

2.1 Introduction

Diametrical compression test was first implemented by Carneiro and Barcellos [40]

to measure the tensile failure of flat cylindrical concrete samples using the equation

Eq. (1.5) developed by Timoshenko and Goodier [45] and Frocht [46]. In 1968, the

test was employed on lactose tablets to determine their tensile strength [47] and has

been used ever since. There has been controversy about the applicability of the Hertz

solution. For example, Procopio et al. [48] discussed that the strain at which failure

occurs under diametrical load is an important crtierion for the validity of Hertz solution.

It bears emphasis that all compacted powders are brittle [37] and, in sharp contrast to

ductile materials, they do not exhibit significant permanent deformations before failure.

Nowadays, tablets are no longer produced only in a flat cylindrical shape and are manu-

factured in different shapes and dimensions to aid identification, subsequent processing

or to just simply enhance marketability. In this chapter, the tensile strength determi-

nation of a doubly convex cylindrical tablet is presented.

The diametrical compression test can still be used for non-flat faced tablets. However,

the conversion of a breaking force to tensile strength is not that simple. In sharp

contrast to flat faced tablets, there is no closed-form analytical solution that relates

tensile strength and breaking force for curved faced tablets.

Tensile strength and breaking force increase exponentially with increasing relative den-

sity for typical pharmaceutical powders, tableting speeds, and tablet shapes (see, e.g.,
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[44, 49, 50, 51]). In addition, the breaking force exhibits a strong dependence on the

shape of the tablet and only a mild dependence on the diametrical compression speed.

In order to find an optimal tensile strength relationship for curved faced tablets, Pitt

et al. [52] used a photoelastic method to measure the stress distribution of doubly con-

vex tablets subject to diametrical load. For doubly convex cylindrical gypsum discs,

they established the following empirical relationship [53] between geometric parameters,

breaking force and tensile strength:

σt =
10F

πD2
[
2.84

(
t
D

)
− 0.126

(
t
W

)
+ 3.15

(
W
D

)
+ 0.01

] (2.1)

where W is the length of the cylindrical portion of the tablet (see Fig. 2.1). This equa-

tion is valid for any brittle doubly convex disc with 0.1 ≤ W/D ≤ 0.3, and also for

discs with W/D = 0.06 and D/R < 1.0. However, it is worth noting that Pitt’s equa-

tion (2.1) does not reduce to the Hertz solution (1.5) when the geometric parameters

correspond to those of a flat faced tablet. Pitt and Heasley [54] subsequently modified

Eqs. (1.5) and (2.1) to be applicable for elongated tablets by multiplying both equations

by a factor of 2/3—this factor is exact only for the limiting case of large length to width

ratios.

effective 
cross section 

Figure 2.1: Geometry and failure behavior in a doubly convex tablet under diametrical com-
pression.

Shang et al. [2] adopted the form of Pitt’s original equation and calibrated its empirical

coefficients to an extensive experimental campaign of doubly convex microcrystalline
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cellulose (MCC) tablets with various curvatures and of various relative densities. Specif-

ically, they fit experimental measurements to

σt =
F

πD2
[
a
(
t
D

)
+ b

(
t
W

)
+ c

(
W
D

)
+ d
] (2.2)

where a, b, c, and d are empirical coefficients (see Table 2.1 for numerical values). This

equation, which from now on is referred to as the 4-parameter model, has the same

application space as Pitt’s equation but shows a better fit to experimental data. They

also simplified Eq. (2.2) by observing that there are only two independent geometric pa-

rameters (e.g., t/D and W/D) and that the correct limiting behavior for flat geometries

can be enforced analytically. Thus, they proposed

σt =
F

πD2
[
a
(
t
D

)
+ c

(
W
D

)] (2.3)

which we refer to as the 1-parameter model, where a = 0.14 and c = 0.5− a = 0.36 are

empirical parameters. It is interesting to note that Shang et al. [55] reported that the

optimal values for a and c do not necessarily sum up to one-half (i.e., they do not enforce

the correct limiting behavior in Eq. (2.3)) when calibrated to detailed finite element

numerical results (e.g., a = 0.187 and c = 0.284 are proposed). Furthermore, and in

contrast to Shang’s results, Podczeck et al. [56] calibrated finite element simulations to

a = 0 and c = 0.5, for doubly convex geometries with 0.06 ≤ W/D ≤ 0.5 and D/R ≤

1.85, which fail in accord with Fig. 2.1. These results suggest that the elucidations

of optimal tensile strength relationships and of optimal procedures to calibrate their

parameters are important areas worthy of further research.
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Table 2.1: A comparison of existing models according to their optimal coefficients, 90% con-
fidence intervals and residual errors obtained from each figure of merit, for all flat
and doubly convex tablets. (◦ indicates that ◦ is an assumption.)

Models a b c d e f g
σ-

no
rm

Q
-n

or
m

Q
σ-

no
rm

Pitt’s [53] 0.284 0.0126 0.315 0.001 1 1 1 14.96 0.469 2.26

1-parameter [2] 0.14 0 1
2 − a b 1 - 1 − 0.260 −

1-parameter 0.1717 0 1
2 − a b 1 - 1 − 0.236 −

±4.9%

1-parameter 0.1612 0 1
2 − a b 1 - 1 8.11 − −

±4.2%

1-parameter 0.1530 0 1
2 − a b 1 - 1 − − 1.07

±4.8%

4-parameter [2] 0.227 −0.00432 0.117 0.0192 1 1 1 − 0.191 −

4-parameter 0.2256 −0.0033 0.142 0.0192 1 1 1 − 0.164 −

±10% ±60.4% ±23.7% ±36.5%

4-parameter 0.1224 0.0079 0.3267 −0.0055 1 1 1 6.22 − −

±22.9% ±46.2% ±15.1% ±170.2%

4-parameter 0.1625 0.0027 0.2595 0.0029 1 1 1 − − 0.772

±14.7% ±94.6% ±15% ±294.2%

There is some controversy over which MCC undergoes elasto-plastic deformation and

thus it is invalid to use Eq. (1.5) for this material [48]. We argue that the brittle failure

is the key parameter in using the Hertz solution and MCC, or in general compacted

granular tablets, break in a brittle-like manner.

In the present work we propose a general framework for determining optimal relation-

ships for tensile strength of doubly convex tablets under diametrical compression. This

approach is based on the observation that tensile strength is directly proportional to

the breaking force and inversely proportional to a non-linear function of geometric pa-

rameters and materials properties. Under proper parametrization, the tensile strength

relationship can be determined from experimental results by solving an optimization

problem that minimizes a figure of merit of choice. Based on this general framework,
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we develop three new optimal tensile strength relationships and three different figures

of merit to determine their optimal parameters. We also provide a set of guidelines

for assessing the performance of optimal tensile strength relationships, with which we

compare the new models with two models previously proposed in the literature (i.e.,

equations (2.2) and (2.3)). This analysis reveals that two of the new models, namely the

general and mechanistic models, are effective and predictive alternatives to the tensile

strength relationship currently used in the pharmaceutical industry.

2.2 Material and Methods

In the current study, microcrystalline cellulose MCC (Batch no. 1H59965, Avicel Ph102,

FMC biopolymer, Newark, DE) was employed. The true density of the pure MCC was

provided by the manufacturer and equal to 1540 kg/m3 and the original powder has

particle sizes between 0.23 µm and 700 µm.

Figure 2.2: Presster, a linear mechanical replicator of any rotary tablet press.

Tablets were manufactured using a 10 mm flat faced B tooling in a linear compaction

emulator (The Metropolitan Computing Corporation of East Hanover, NJ) to simulate

a Fette 2080 press (Fig. 2.2). A dwell time of 28.88 ms, corresponding to a production

speed of 38, 700 tablets per hour, was used. Tablets were stored for two weeks at ambient
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room temperature and inside a sealed, clear plastic bag prior to the determination of

the breaking force.

The thickness and diameter of the tablets were carefully measured by a digital caliper

(±0.01 mm, Absolute digimatic Caliper), and the mass was recorded by a precision

balance (±0.001 g, Adventurer Ohaus). From these measurements, the volume and bulk

density of tablets were caluclated. The relative density of the tablets was determined

by the following equation

ρ̄ =
ρb
ρt

(2.4)

where ρb is the bulk density of the tablet and ρt is the true density of the powder.

As depicted in Fig. 2.3, the tablets were diametrically compressed using an Instron

testing machine (Model 4411, Instron, MA, USA) at a loading rate of 10 mm/min (see

Table 2.2 for numerical values). All tablets exhibited failure under pure tensile stress

with no significant permanent deformations during diametrical loading—verifying the

assumption of brittle fracture.

Figure 2.3: Instron 4411- 5kN tension compression test machine, used for diametrical com-
pression tests. Compression platens are not installed in the figure.
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Table 2.2: Characteristics of flat faced tablets and their calculated tensile strength values.
Tensile strength values were calculated using Hertz solution Eq. (1.5).

Actual mass (g) Thickness (mm) Actual diameter (mm) Break force (N) Tensile strength (MPa)

1 0.2969 2.79 10.04 339.4 7.71

2 0.272 2.55 10.03 323.1 8.04

3 0.2718 2.58 10.05 299.1 7.34

4 0.2706 2.84 10.06 193.1 4.30

5 0.268 3 10.06 136.7 2.88

6 0.2687 3.03 10.08 141.4 2.95

7 0.267 3.42 10.08 84.2 1.55

8 0.2428 3.66 10.1 38.7 0.67

9 0.2416 3.61 10.09 39.3 0.69

10 0.2828 3.03 10.07 189.6 3.96

11 0.2696 3.02 10.06 150.2 3.15

12 0.2701 2.96 10.06 159.6 3.41

13 0.3022 2.8 10.04 372.7 8.44

14 0.2995 2.8 10.04 299.9 6.79

15 0.2999 2.8 10.04 365.6 8.28

16 0.3105 2.82 10.02 472.0 10.63

17 0.3261 2.9 10.02 483.1 10.58

18 0.3249 2.86 10.01 553.4 12.30

19 0.3584 3.17 10.03 588.5 11.78

20 0.357 3.2 10.03 606.2 12.02

21 0.3592 3.15 10.01 610.3 12.32

22 0.3626 3.19 10.02 616.1 12.27

23 0.3661 3.24 10.02 621.0 12.18

24 0.3775 3.28 10.01 645.4 12.51

25 0.3726 3.28 10.02 620.5 12.02

26 0.2716 3.58 10.08 59.2 1.04

27 0.2693 3.56 10.07 78.8 1.40

28 0.2659 3.05 10.06 110.6 2.29
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2.3 Results

2.3.1 Optimal Tensile Strength Relationships

The tensile strength σt is related to the breaking force F under diametrical compression

by the following general equation

σt =
F

πD2Q
(2.5)

where Q is a non-linear function of geometric parameters and material properties. For

example, for flat faced elastic isotropic cylindrical tablets, Q = t/2D when the tablet

is under concentrated loads [45] and Q = t/2D[1− (b/D)2]3/2 when the tablet is under

loads uniformly distributed on a stripe of width b [57]. Analytical expressions for

Q can also be derived under the assumption of radial pressures acting on the tablet

(see, e.g., [58] for uniform radial pressure and [59] for parabolic radial pressure) and for

flattened cylinders subject to uniform diametrical compression [60]. The functionQmay

additionally account for the effect of anisotropy [61] and plastic behavior [48], among

other material behavior. It may also account for the lack of plane stress conditions,

and the size and shape of the tablet, among other geometric characteristics.

For given powder and manufacturing conditions, we firstly presume that the tensile

strength σt depends on the relative density, ρ̄, the size s and shape S of the tablet,

σt := σt(ρ̄, s, S) (2.6)

Basically, there is an inevitable variability in the strength of tablets with same size,

shape and relative density distribution. In addition, the relative density distribution

depends on the shape of the tablet. These factors will statisitcally condition the spatial

distribution and severity of the microscopic and material defects within the region of

the tablet subject to the higher stresses where fracture will initiate and propagate from

[37].

Here as a first order approximation, we assume that σt is a material property that solely

depends on the relative density ρ̄ of the tablet, for given powder and manufacturing



17

conditions, as also shown in [44] and [62]. To this end, several assumptions are taken

into consideration. First, the spatial distribution of density is assumed to have a second

order effect. Second, the size-dependency of tablet strength is not taken into account

for flat and doubly convex tablets with very similar diameters. This simplification is

based on the observation that the region of the tablet subject to the higher stresses

under diametrical compression is centered in the cross section. Third, the variability

of tablet strength is assumed negligible, that is the Weibull modulus m of the material

(i.e., a reciprocal measure of the strength variability of the brittle material) is assumed

to have a very large value and thus the distribution of measured strength to be very

narrow [63].

The function σt(ρ̄) can then be readily obtained from an experimental campaign of

flat faced cylindrical tablets. We also assume that Q is strictly a geometric function,

for given powder properties or manufacturing variables. Based on such assumptions,

the function Q can be determined from experimental results by solving the following

optimization problem

min
Q:S→R

 ∑
{Si,ρ̄i}∈S×D

(
σt(ρ̄i)−

Fi
π D2

i Q(Si)

)2
1/2

=: min
Q:S→R

σ−norm

where S is the space of all possible tablet shapes that fail in tension under diametrical

compression, D is an interval of tablet relative densities (e.g., from the smallest density

at which a solid tablet free of macroscopic defects is formed, to full compaction or rela-

tive density of 1.00), and Di is the diameter of shape Si along which the breaking force

Fi is applied. In the above expression, σt(ρ̄i) is obtained from a flat faced cylindrical

made with the same powder and under the same manufacturing conditions is employed

for making the tablet with shape Si and relative density ρ̄i. Alternatively, the function

Q can be determined by solving any of the following equivalent problems

min
Q:S→R

 ∑
{Si,ρ̄i}∈S×D

(
Q(Si)−

Fi
π D2

i σt(ρ̄i)

)2
1/2

=: min
Q:S→R

Q−norm
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min
Q:S→R

 ∑
{Si,ρ̄i}∈S×D

(
Q(Si) σt(ρ̄i)−

Fi
π D2

i

)2
1/2

=: min
Q:S→R

Qσ−norm

It bears emphasis that these equivalent optimization problems determine Q by enforc-

ing Eq. (2.5), that is they determine an optimal tensile strength relationship. If there

were no experimental uncertainty and second order effects mentioned above were neg-

ligible, these three optimization problems behave similarly and have the same solution.

However, in reality, experimental uncertainty is unavoidable and the form of Q has to

be approximated and parametrized. Thus, our goal is to find the optimal form for Q

and the most stable optimization problem to determine its fitting parameters (i.e., for

example, the minimization of the Q-norm, the σ-norm, or the Qσ-norm).
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Figure 2.4: Relationship between tensile strength and relative density of flat faced tablets.
According to Eq. (2.4), A and B are 24.68 kPa and 6.516 for the full curve and
20.65 kPa and 6.787 for the dashed curve, respectively.

In the interest of applicability, we restrict attention to doubly convex tablets whose

shapes can be parametrized by t/D, t/W , W/D as depicted in Fig. 2.1. Specifically, we

consider MCC tablets for which Shang et al. [2] have obtained the relationship between

tensile strength and relative density using flat faced tablets (see Fig. 2.4 and Table 2.3
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for the numerical values extracted from [2]). The experimental data is best fit to an

exponential function, that is

σt = A eBρ̄ (2.7)

where A = 24.68 kPa and B = 6.516. Shang and co-workers have additionally reported

results for an extensive experimental campaign of doubly convex tablets with various

curvatures and of various relative densities. The relative density of each tablet is com-

puted by dividing the tablet density over the material true density, i.e., 1590 kg/m3 for

MCC [55].

Table 2.3: Tensile strength and relative density of flat faced tablets extracted from [2].

Relative density Tensile strength, MPa

0.5910 1.39

0.7290 3.14

0.8103 4.79

0.8568 6.38

0.8942 8.22

0.9239 9.63

0.9355 11.19

0.9406 11.70

For the sake of simplicity, we assume a form for Q that only captures the leading order

term of each geometric parameter, that is

Q = a

(
t

D

)e
+ b

(
t

W

)f
+ c

(
W

D

)g
+ d

with the constraint that Q → t/2D as W → t, in order to enforce the correct limit

for flat tablets. Thus, the relationship between tensile strength, breaking force, and
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geometric parameters, i.e., Eq. (2.5), simplifies to

σt =
F

πD2
[
a
(
t
D

)e
+ b

(
t
W

)f
+ c

(
W
D

)g
+ d
] (2.8)

where the parameters {a, b, c, d, e, f, g} are either assumed known or optimally estimated

from a set of experimental observations (e.g., Shang’s dataset [2]) using different figures

of merit (e.g., σ-norm, Q-norm, and Qσ-norm). If e = f = g = 1, the 4-parameter

model is recovered, i.e., Eq. (2.2). However, if Pitt’s coefficients are used in the 4-

parameter model then the correct limit for flat tablets is not attained, indicating that

there is a different set of coefficients that further minimizes the problem presented

above. Similarly, if b = 0, c = 1/2 − a and e = g = 1, the 1-parameter model is

recovered, i.e., Eq. (2.3). Table 2.1 summarizes the optimal values for the parameters

of these two particular forms of Q when determined from the dataset reported in [2]

using MATLAB multistart algorithm [64] and each of the three figures of merit. In

addition, the 90% confidence bound of each optimal parameter and the residual error

obtained from each optimization are reported in the table. It bears emphasis that the

optimization is performed under the assumption that a flat faced tablet and doubly

curved tablet have the same tensile strength if they have the same relative density.

The minimization of the Q-norm has been used by previous authors and therefore the

corresponding fitted parameters are close to those reported in [2]. It is interesting to

note that our optimal values for the parameters result in a smaller residual error than

that obtained with previously reported values. This may be attributed to the good

performance of the multistart algorithm employed or to rounding errors in the values

of σt(ρ̄) retrieved from [2]. In the case of the 4-parameter model, the improvement over

Pitt’s equation is evident. These results also reveal that the 1-parameter model leads

to a well-defined stable optimization problem (i.e., error bounds are small and solutions

are less sensitive to the figure of merit) and that the 4-parameter model leads to a better

physical description of the tensile strength (i.e., the residual errors are systematically

smaller than those obtained with the 1-parameter model).

It is important to note that the fidelity and robustness of these optimal tensile strength



21

relationships can be further improved by: (i) considering a more general, mechanisti-

cally informed expression for Q, (ii) extending the size and variety of the experimental

dataset, (iii) restricting attention to those tablets which failed under pure tensile stress

(see, e.g., [2, 55, 56] for other failure mechanisms). These three aspects are examined

next in turn.

General Model

The correct limit of Q for flat tablets, i.e., Q → t/2D as W → t, can be imposed

analytically by writing Eq. (2.8) as follows

σt =
F

πD2
[
a
(
W
D

)e
+ b

(
t
W

)f
+ 1

2

(
t
D

)
− a

(
t
D

)e − b] (2.9)

where {a, b, e, f} are the fitting parameters. We note that Eq. (2.9), referred to as

the general model, not only exhibits the correct limit for flat geometries and captures

the leading order behavior of Q but it also reduces the dimension of the search space

from 7 to 4. Coincidentally, the general model and the 4-parameter model (i.e., any

re-calibration of Pitt’s equation) have a search space of dimension 4. Therefore, the

general model requires a computation effort for the optimization of its parameters

similar to that of previous models but it allows for a better physical description of the

tensile strength. Moreover, by imposing e = f = 1 on Eq. (2.9)—or the correct limit

on Eq. (2.2)—a new 2-parameter model is recovered

σt =
F

πD2
[
a
(
t
D

)
+ b

(
t
W

)
+
(

1
2 − a

)
W
D − b

] (2.10)

where {a, b} are the fitting parameters.
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Figure 2.5: Failure modes of doubly convex MCC tablets [2].

In order to assess the behavior of the proposed models, we restrict attention to those

tablets with diameter D = 10.318 mm reported in [2], which exhibited crack formation

and propagation under pure tensile stress. Fig. 2.5 illustrates the change in the failure

mode under diametrical load as the radius of curvature incerases in the doubly convex

tablets. Specifically, we excluded ball (D/R = 1.842), extra deep (D/R = 1.374) and

some deep tablets (D/R = 0.988) having W/D ≈ 0.2 and t/D ≈ 0.45.

The optimal values for the parameters of the 1-parameter (2.3), 2-parameter (4.5), 4-

parameter (2.2), and general (2.9) models are reported in Table 2.4. Confidence bounds

and residual errors are also reported in the table.
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Table 2.4: A comparison between all models according to their optimal coefficients, 90% confi-
dence intervals and residual errors obtained from each figure of merit, for only those
flat and doubly convex tablets that failed under pure tensile stress. (◦ indicates
that ◦ is an assumption.)

Models a b c d e f g
σ-

no
rm

Q
-n

or
m

Q
σ-

no
rm

Pitt’s [53] 0.284 0.0126 0.315 0.001 1 1 1 13.3 0.43 2.13

1-parameter 0.1316 0 1
2
− a b 1 - 1 − 0.196 −

±10.1%

1-parameter 0.1236 0 1
2
− a b 1 - 1 6.43 − −

±7.5%

1-parameter 0.1016 0 1
2
− a b 1 - 1 − − 0.739

±9.5%

2-parameter −0.0202 0.0285 1
2
− a −b 1 1 1 − 0.16 −

±164.7% ±20.7%

2-parameter −0.0538 0.0278 1
2
− a −b 1 1 1 4.71 − −

±51.3% ±16%

2-parameter −0.0550 0.0278 1
2
− a −b 1 1 1 − − 0.568

±50.1% ±16.9%

4-parameter 0.1406 0.0077 0.2626 −0.0037 1 1 1 − 0.139 −

±35% ±107.7% ±28.8% ±430.5%

4-parameter −0.0382 0.0296 0.5615 −0.0390 1 1 1 4.5 − −

±114.8% ±24.9% ±13.3% ±37.2%

4-parameter −0.0132 0.0262 0.5193 −0.0332 1 1 1 − − 0.539

±328.5% ±29.5% ±14% ±46.5%

general 0.3231 0.0240 a 1
2
t
D
− b 1.6963 −263.5 e − 0.146 −

±10.9% ±36% ±12% ±∞%

general 0.0484 0.8688 a 1
2
t
D
− b −0.8553 −0.3147 e 3.85 − −

±267.6% ±83% ±82.7% ±43.4%

general 0.7289 2.3185 a 1
2
t
D
− b −0.3151 −0.2156 e − − 0.463

±689.1% ±409% ±283.8% ±209.9%

The residual errors for 1-parameter and 4-parameter models are noticeably reduced in

comparison to Table 2.1, confirming that those tablets that did not fail under tensile

stress should not be included and treated as the rest of the tablets. Furthermore, it

is evident from the table that the 2-parameter outperforms the 1-parameter model,
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suggesting that t/W is required in the expression for Q—though perhaps to a power

f different from 1. Finally, the 4-parameter and the general models have very similar

residual errors for all three figures of merit and, in particular, the 4-parameter model

exhibits a better performance for the Q-norm.

This last observation provides additional insight into the role of flat faced tablets in

the optimization process. The 4-parameter model does not have the correct limiting

behavior for flat faced tablets. However, only 5.7% are flat faced tablets in the dataset

and thus their contribution to the overall residual error is negligible. In other words,

the optimization process reduces the error for doubly convex tablets in detriment to

the predictability of the model for shallow/flat tablets. Specifically, the 4-parameter

model exhibits, in average, a 65% larger error for flat faced tablets and a 5% smaller

error for curved tablets than the general model. The inclusion of more flat tablets in

the dataset may, however, have the opposite effect. We further study this issue in the

next subsection.

Role of Flat Faced Tablets in the Optimization Process

We extended the experimental dataset in [2] with a new series of tests on flat faced

tablets. Specifically, 28 flat tablets of pure MCC were manufactured according to the

description explained in Section 2.2. The new fitting parameters to the exponential

function (2.4) are A = 20.65 kPa and B = 6.787, as depicted in Fig. 2.4. We specif-

ically tested few tablets with relatively low and high relative densities to capture a

wider range. Even though, the manufacturing conditions were different, the two fitting

exponential curves are very close to each other. Thus, combining the data points is

acceptable for the purpose of this study.

Table 2.5 shows the optimal values for the parameters of the 1-parameter (2.3), 2-

parameter (4.5), 4-parameter (2.2), and general (2.9) models when calibrated with the

extended experimental campaign. Flat faced tablets now represent 21.3% of the total

number of tablets (cf. 5.7% in the previous section). In contrast to results in Table 2.4,

the general model exhibits smaller residual errors than those of the 4-parameter model

for all the figures of merit. This result confirms that, by including more flat faced
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tablets in the dataset, the limiting behavior of the 4-parameter model is improved only

in detriment of its overall behavior. Specifically, the 4-parameter model now exhibits,

in average, a 1% smaller error for flat faced tablets and a 17% larger error for curved

tablets than the general model. The general model, however, automatically exhibits

the correct limit, rendering the unnecessary need of a large number of experiments for

flat geometries. The cost- and time-effectiveness of using the general model is evident.

It bears emphasis that experimental errors and uncertainty in the functionality of the

geometric function Q render the problem ill-posed (i.e., the solution is not unique,

sensitive to errors, and dependent on the norm which is minimized). Experimental

errors cannot be eliminated but one can minimize the figure of merit that provides

more stability to the optimization process. According to our case study, this is the case

of the σ−norm and thus the optimization problem reduces to

min
a,b,e,f

∑
i∈P

σt(ρ̄i)− Fi

π D2
i

[
a
(
Wi
Di

)e
+ b

(
ti/Di
Wi/Di

)f
+ 1

2

(
ti
Di

)
− a

(
ti
Di

)e
− b
]


2
1/2

where P is a set of experimental points and σt(ρ̄i) is obtained from a small number of

flat faced tablets.

Mechanistic Interpretation

A major source of uncertainty is the fact that the functionality of Q is unknown in

general. However, further insight can be gained by recasting the problem in terms of

an effective cross-sectional surface area, Ā, associated with strength, that is

σt =
2F

πĀ
(2.11)

where Ā = tD for flat-faced tablets (cf. Eq. (1.5)). For doubly convex tablets, we

parametrize Ā by an effective thickness t̄ (see Fig. 2.1) as follows

Ā = D2

[
2

(
t̄

D
− W

D

)[
1

3
+

1

15

(
t̄

D
− W

D

)2
]

+
W

D

]
+O

(
(t̄−W )5

D3

)
(2.12)
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Table 2.5: Recalibration of optimal coefficients, 90% confidence interval and residual errors for
flat and doubly convex tablets that failed under pure tensile stress, using a larger
group of flat faced tablets in the optimization process. (◦ indicates that ◦ is an
assumption.)

Models a b c d e f g
σ-

no
rm

Q
-n

or
m

Q
σ-

no
rm

1-parameter 0.1145 0 1
2
− a b 1 - 1 − 0.229 −

±12.4%

1-parameter 0.0949 0 1
2
− a b 1 - 1 8.95 −

±11%

1-parameter 0.0654 0 1
2
− a b 1 - 1 − − 1.025

±17.7%

2-parameter −0.0380 0.0287 1
2
− a −b 1 1 1 − 0.200 −

±99% ±23.3%

2-parameter −0.1117 0.0321 1
2
− a −b 1 1 1 6.90 − −

±29.4% ±16.6%

2-parameter −0.1205 0.0330 1
2
− a −b 1 1 1 − − 0.838

±29.1% ±18.2%

4-parameter 0.0442 0.0198 0.4183 −0.0185 1 1 1 − 0.187 −

±109% ±46.6% ±18.1% ±99.5%

4-parameter −0.1187 0.0415 0.6975 −0.0655 1 1 1 6.26 − −

±31.2% ±15.7% ±7.9% ±18.8%

4-parameter −0.1316 0.0444 0.7211 −0.0720 1 1 1 − − 0.776

±29.2% ±16.6% ±8% ±20.8%

general 3.0992 3.9923 a 1
2
t
D
− b −0.1640 −0.2006 e − 0.178 −

±1313% ±972.5% ±593.1% ±508.3

general 0.0342 0.6553 a 1
2
t
D
− b −0.9648 −0.436 e 5.54 − −

±278.9% ±76.4% ±82% ±41.1

general 0.1344 0.8150 a 1
2
t
D
− b −0.6065 −0.4411 e − − 0.687

±517.8% ±199.8% ±182.4% ±186.3

This parametrization is made only in the interest of simplicity. However, a geometric

interpretation of the above equation suggests that t̄/D may be a function of D/R, which

we postulate to be

t̄

D
=
W

D
+ α

(
D

R

)β ( t

D
− W

D

)
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where α > 0 and β ≥ 0 are fitting parameters. As a result, a new relationship between

geometric parameters, breaking force, and tensile strength is obtained, i.e.,

σt =
2F

πD2
[
2α
(
D
R

)β ( t
D −

W
D

) [
1
3 + α2

15

(
D
R

)2β ( t
D −

W
D

)2]
+ W

D

] (2.13)

which is referred to as the mechanistic model. It is interesting to note that the mech-

anistic model has a substantially different functionality compared to the one of the

general model (2.9). In the case of t̄ = (t + W )/2, however, the 1-parameter model

is approximately recovered with a = 1/6, which is very close to the optimal value ob-

tained in our case study (see Table 2.1). Thus, a more clear connection between the

mechanistic model and the general model is desirable, which is beyond the scope of this

work.

Table 2.6: Mechanistic model optimal coefficients, 90% confidence bound and residual errors
from each figure of merit, for those tablets in the extended dataset that failed under
pure tensile stress.

Model α β
σ-

no
rm

Q
-n

or
m

Q
σ-

no
rm

mechanistic 0.5817 3.9736 − 0.172 −

±8.6% ±25.5%

mechanistic 0.5562 3.9877 5.97 − −

±9.4% ±15.4%

mechanistic 0.5377 5.0030 − − 0.699

±9.4% ±18.3%

The optimal values for α and β, determined from the extended dataset with four dif-

ferent shapes of tablets (Section 2.3.1) using each of the three figures of merit, are

presented in Table 2.6. The residual errors are comparable to those of the general

model and the stability is remarkable, as shown by the tight confidence bounds. The

optimal values are clearly insensitive to the figure of merit. In addition, the search space

of the mechanistic model is of dimension 2 whereas the one of the general model is of

dimension 4. Fig. 2.6 compares the predictability between the four models discussed

in this study. The error distributioin plot for each model is presented in Fig. 2.7. The
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mechanistic model has the largest number of small errors compared to the other models.

Thus, the mechanistic model is preferable both in terms of efficacy and efficiency.
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Figure 2.6: The relationship between tensile strength and relative density of the experimental
data using σ−norm.

2.4 Summary and Conclusion

We have proposed a general framework for determining optimal relationships for tensile

strength of doubly convex tablets under diametrical compression. The approach is based

on the observation that tensile strength is directly proportional to the breaking force and

inversely proportional to Q, a non-linear function of geometric parameters and materials

properties. This generalization reduces to the analytical expression commonly used for

flat faced tablets, i.e., Hertz solution, for Q = t/2D. Here, we have assumed that Q

is solely a function of geometric parameters that, for doubly convex tablets, reduces to
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Figure 2.7: Error distribution plots for 1-parameter, 4-parameter, general, and mechanistic
models.

t/D and W/D, and a combination thereof. Based on such assumptions, the function Q

can be determined from experimental results by solving an optimization problem that

minimizes a figure of merit of choice. We have postulated that this figure of merit has

to be based on the assumption that a flat faced tablet and doubly curved tablet have

the same tensile strength if they have the same relative density and are made of the

same powder, under equivalent manufacturing conditions.

We have specifically investigated three different figures of merit, which we referred to

as σ-norm, Q-norm and Qσ-norm, and we have proposed three new optimal tensile

strength relationships, which we referred to as general model, 2-parameter model and

mechanistic model. The general model captures the leading order behavior of Q on the

geometric parameters, it has the exact limiting behavior for flat faced tablets, and it
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has four optimal parameters to be determined. The 2-parameter model simplifies the

general model by assuming that Q is linear on the geometric parameters, and thus the

number of parameters is reduced to two while the correct limiting behavior is retained.

The mechanistic model is based on an effective cross-sectional surface area associated

with strength (i.e., in contrast to previous models, it has a well-defined mechanistic

interpretation), it exhibits the exact limiting behavior for flat geometries, and it only

has two optimal parameters.

Here, we present guidelines for assessing the performance of optimal tensile strength

relationships. Under this framework, other expressions for the non-linear function Q

can be explored and the assumption that Q only depends on geometric parameters can

even be relaxed. Similarly, figures of merit other than those studied here (i.e., σ-norm,

Q-norm and Qσ-norm) can be examined. It bears emphasis that, regardless of the

choice of Q and the optimization procedure, the performance of a new model can be

assessed following the same procedure presented here. A desirable model needs to have

a small number of optimal parameters to make it less computationally expensive. It

has to have the correct analytical limiting behavior for flat tablets (i.e., Hertz solution),

so that the tensile strength can be obtained from a small number of flat faced tablets.

It has to be predictive, i.e., the optimization has to result in a narrow and symmetric

distribution of errors around zero, for a given figure of merit. This figure of merit

in turn has to render the optimization problem stable, i.e., it has to provide optimal

parameters with tight confidence bounds.

Table 2.7: A systematic comparison of the proposed and existing models based on four differ-
ent performance criteria.

Model Equation Number of Limiting Stability Predictability

Parameters Behavior (1:best–5:worst) (1:best–5:worst)

1-parameter (2.3) 1 X 1(σ-norm) 5

2-parameter (4.5) 2 X 3 (σ, Qσ-norm) 4

4-parameter (2.2) 4 × 4 (σ, Qσ-norm) 3

general (2.9) 4 X 5 (σ-norm) 1

mechanistic (2.13) 2 X 2 (σ-norm) 2
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We have assessed the performance of the proposed new models together with two models

previously proposed in the literature, i.e., Shang’s model (a 1-parameter model intro-

duced in [2]) and a 4-parameter model (based on the model introduced by Pitt et al.

[52] which is widely used in the pharmaceutical industry [35]), as shown in Table 2.7.

It shows that the general model and the mechanistic model are more predictive than

previously proposed tensile strength relationships. Both models automatically exhibit

the correct limit for flat geometries, thus only a small number of flat faced tablets has to

be tested in order to accurately capture the strength-relative density relationship. Our

analysis also indicates that the mechanistic model is the most stable among the predic-

tive models. This is in sharp contrast to the 4-parameter model, i.e., a re-calibration

of Pitt’s equation, that leads to an unstable optimization problem which, in addition,

requires a large number of flat faced tablets in order to remain predictive in the limit

of shallow/flat tablets.

It is interesting to note that stability and predictability are generally inversely cor-

related, with a Spearman’s rank correlation coefficient, of −0.7 for the five models

studied in this work. Spearman’s rank correlation coefficient measures the monotonic

relationship between two variables. However, the mechanistic model exhibits the oppo-

site behavior, i.e., it is highly stable and predictive. The predictability characteristic of

the mechanistic model is a consequence of a simple mechanical concept which mathe-

matically turned out more complicated. Moreover, the stability characteristic is due to

the small number of fitting parameters in this model.

It bears emphasis that experimental errors and uncertainty in the functionality of the

geometric function Q may render the problem ill-posed. Therefore, these guidelines

have to be followed with caution to resolve ambiguities in the results.

These observations suggest that both general and mechanistic models are cost- and

time-effective, predictive alternatives to the tensile strength relationship currently used

in the pharmaceutical industry. Furthermore, our analysis showcases the benefits of

adopting a general framework for developing and evaluating the performance of optimal

relationships for tensile strength of doubly convex tablets under diametrical compres-

sion.
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We close by pointing out some limitations of our analysis and possible avenues for

extensions of the general framework.

First, it is clear that the proposed parametric approximations for Q are not the only

non-linear functions of geometric parameters that exhibit the correct limit for flat faced

tablets. In addition, tensile strength of flat faced tablets may not be optimally described

by an exponential function of the relative density. It is also possible that the function

Q has to depend on powder properties or manufacturing variables in some cases of

industrial relevance. The systematic investigation of functions Q of the type proposed

here, the elucidation of their properties and the determination of the best optimal

relationships in each area of application, are worthwhile directions of future research.

Second, our general framework relies on the assumption that, for given powder and

manufacturing conditions, a flat faced tablet and doubly curved tablet have the same

tensile strength if they have the same relative density. This is indeed a good first order

approximation for the case study presented here (i.e., pure microcrystalline cellulose

pressed at low compaction speeds). There are experimental techniques that can as-

sess the density distribution of a tablet such as gamma-ray attenuation, x-ray micro

computed tomography, or solid-state nuclear magnetic resonance. However, there is

a lack of experimental technique that can test directly the point-to-point strength of

the material. Most techniques perform indirect measurements of effective properties,

with the exception of a beam-bending test that suffers from the difficulty of requiring

ad-hoc geometries for the specimen. Thus, particle mechanics simulations capable of de-

scribing strength formation and evolution during the compaction process are desirable

[65, 66, 67], but are beyond the scope of this work.
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Chapter 3

Toward Predicting Tensile Strength of Pharmaceutical

Tablets by Ultrasound Measurement in Continuous

Manufacturing

3.1 Introduction

3.1.1 Batch vs. Continuous Manufacturing

Batch manufacturing consists of multiple discrete steps, which typically involves “hold

times” between steps. On the other hand, in continuous manufacturing (CM) the

material is processed in one step and sent directly and continuously to the next one

[68]. There are many advantages to CM, including: (i) integrated processing with

fewer steps, which results in minimal manual handling and increased safety; (ii) smaller

facilities (i.e., reduced cost); and (iii) on-line monitoring and control for enhanced

product quality assurance in real-time [69]. Many industries, such as petrochemical,

household goods, and food technologies, have shifted to CM. In the pharmaceutical

industry, CM has been introduced [68], but products are still manufactured mainly in

batches due to heavy regulations. The major barriers to CM are replacing old equipment

with new technology, which requires extensive training and employing reliable sensors

for quality assurance and control [70].

In an attempt to explore and address the manufacturing issues in the pharmaceutical

industry, the U.S. Food and Drug Administration (FDA) has released the Process Ana-

lytical Technology (PAT) initiative [71]. Designing and developing rapid techniques and

ultimately improving the quality of pharmaceutical products are the goals of the PAT

initiative. Quality by Design (QbD) initiative is a more recent attempt [72] to have a
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better control on the critical quality attributes (CQAs) by understanding and explor-

ing the effects of critical material attributes (CMAs) or/and critical process parameters

(CPPs) [73]. Real time release testing (RTRT) is another terminology defined as “the

ability to evaluate and ensure the quality of in-process and/or final product based on

process data, typically include a valid combination of measured material attributes

and process controls” [74]. All these initiatives gear toward measuring techniques to

be rapid, robust, and preferably non-invasive. Just recently, FDA has approved two

continuously manufactured products [75].

Many researchers have explored and studied utilizing non-destructive techniques (e.g.,

Near Infrared (NIR) spectroscopy [76], NIR chemical imaging [77], Raman spectroscopy

[78], ultrasound and photoacoustic measurements [79, 80], and terahertz pulsed imaging

[81, 82, 83]) to predict or measure CQAs.

As discussed in the previous chapter, the mechanical strength of tablets is typically

measured by traditional destructive tests. The time spent to test the tablets destruc-

tively is in the order of minutes, which is not suitable for an on-line monitoring process.

Perhaps, the biggest drawback of these destructive tests is that they damage the tablet

structure and cause loss of product, not allowing measurement of final attribute - tablet

dissolution, which is also destructive. Moreover, they also provide limited information

about the mechanical state of a tablet. In recent past, ultrasound (US) testing has been

introduced as a fast, non-invasive technique to measure tablet strength [80, 84, 85]. In

the following section the fundamentals of ultrasonics are provided.

3.1.2 Principle of Ultrasonics

Ultrasound is sound waves pitched above human range with frequencies beyond 20 kHz.

Sound waves are transmitted through any substance, solid, liquid, or gas having elas-

tic properties [86] and travel through the material by vibrating the molecules. Based

on the motion pattern, ultrasound waves are classified into four groups: longitudi-

nal/compressional, transverse/shear, surface/Rayleigh, and plate/Lamb waves [87]. In

ultrasound testing, longitudinal and shear waves are the two modes of propagation

most widely used. The direction of particle motion is the same as the wave traveling
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through the medium in longitudinal wave, whereas in shear wave the particle motion

is perpendicular to the direction of propogation, shown in Fig. 3.1.

Figure 3.1: Particle motion vs. the direction of ultrasound wave propogation [3].

An ultrasonic wave displaces the particles of a medium from their equilibrium positions

and as a result elastic restoring forces arise. Inertial and elastic restoring forces between

the particles lead to the oscillatory motions of the medium [88].

There are two modes of ultrasound setup: pulse-echo (PE) and through-tranmission

(TT). In PE, the sound wave is sent and received with the same transducer. In TT

setup, two transducers are used and placed on two opposite sides of the sample, one

tranmitting and the other receiving.

3.1.3 Ultrasonics in Pharmaceutics

US testing has been introduced as a non-invasive technique to gain information about

the microstructure and mechanical state of tablets (e.g., capping tendency) [89, 80, 84,

85, 90, 91]. Amongst its other applications, we focus on the measurement of the elastic

properties of tablets. This requires measuring time of flight (TOF) of a low intensity

mechanical wave propagating in a medium. Elastic modulus, E, can be extracted by

measuring the longitudinal speed of sound (SOS) of this transmitted US signal for a

known sample size [80]. Hakulinen et al. [92] have observed that SOS decreases as the

porosity of the tablet increases. In addition, the SOS in a tablet was found to increase
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with its tensile strength [93, 85]. The ease of implementation, fast computing time, and

low cost of this method make it possible to be placed on-line for real-time mechanical

characterization of tablets.

Akseli et al. [94] evaluated the potential of a real-time acoustic technique as an on-line

compaction monitoring tool. Good correlation between elastic properties, determined

using US, and compaction profiles was observed. Leskinen et al. [84] introduced an in-

die US measurement system by incorporating US transducers inside the upper and lower

punches. US attenuation was found to be a good approach to detect defective tablets.

In a later study, they measured the SOS in binary mixtures (i.e., mixtures of an active

ingredient with an excipient) during tableting using the same system. They found that

SOS is sensitive to the mixing time of magnesium stearate and the dwell time of the

compaction cycle [95]. The in-die real-time tablet monitoring system has also been used

by Liu et al. [96] to determine the thickness and integrity of the coating layer of dry-

coated tablets and by Stephens et al. [97] to evaluate the tablet mechanical integrity and

the presence of defects, and validate its applicability as a control system. Although the

in-die measurement provides valuable information, the mechanical strength of a tablet

is different if measured out-of-die. After compaction and in-die unloading the tablet

experiences ejection forces, as well as radial and axial elastic relaxation, which might

siginificantly affect the mechanical integrity of the tablet [12, 98, 99]. Only recently,

Akseli et al. [100] presented a novel methodology to predict the breaking force and

disintegration time of pharmaceutical tablets using US and machine learning tools.

In this study, we focused on evaluating the mechanical integrity of tablets after com-

paction via US testing. Cylindrical tablets were prepared either continuously or in

batch. The formulation was kept constant (90% lactose monohydrate, 9% acetaminophen

(APAP), and 1% MgSt), while the compaction force and level of shear strain varied. US

testing was used to evaluate the strength of tablets by measuring the TOF. The tensile

strength of the same tablets was then determined using a mechanical hardness tester. It

was observed that, as the blend was exposed to an increasing level of total shear strain,

the speed of sound decreased and the tablets became both softer and mechanically
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weaker. It is also noticed that in order to predict the hardness of a tablet, two proper-

ties should be taken into account: elastic modulus and relative density. A strategy for

tensile strength prediction is proposed that uses the existing theoretical/semi-empirical

models for elastic modulus and tensile strength of porous materials. Overall, US test-

ing is found to be a reliable technique to predict the variation of tablet strength with

processing conditions.

3.2 Materials and Methods

3.2.1 Materials

α-Lactose (monohydrate N.F., crystalline, 310, Regular, Foremost Farms USA, Roth-

schild, Wisconsin, USA), acetaminophen (semi-fine, USP/paracetamol PhEur, Mallinck-

rodt, Raleigh, North Carolina, USA), and magnesium stearate N.F. (non-Bovine, Tyco

Healthcare/Mallinckrodt, St. Louis, Missouri, USA) were used as purchased. A formu-

lation containing 90% lactose, 9% acetaminophen (APAP), and 1% magnesium stearate

(MgSt) was prepared on a weight basis and kept constant in both batch and continuous

production.

The true density was measured with five parallel measurements with a pycnometer

(AccuPyc 1340, Micromeritics) using helium as the measuring gas, shown in Fig. 3.2.

The nominal particle sizes reported by the manufacturer and the measured true densities

of the powders are listed in Table 3.1.

Table 3.1: Blend constituents, nominal mean particle size, and true density.

Material Mean particle size (µm) True density (g/cm3)

Lactose 180 1.56

Acetaminophen (APAP) 45 1.30

Magnesium Stearate 10 1.04
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Figure 3.2: Accupyc II 1340 Pycnometer, which uses the gas displacement method to measure
volume/density accurately.

3.2.2 Continuous Manufacturing

The pilot plant employed for continuous direction compaction is situated at the En-

gineering Research Center for Structured Organic Particulate Systems (ERC-SOPS),

Rutgers University (Fig. 3.3). A detailed description of this plant can be found in

[101]. There are four main unit operations when tablets are produced by direct powder

compression: feeding, delumping, blending, and compacting. We will present a brief

overview of each of these operations next.

Feeding and delumping : First, gravimetric feeders from Coperion-KTron (Sewell, NJ),

KT20 for APAP and KT35 for lactose were used for feeding. The powders were sepa-

rately fed into a Quadro S197 Comil, which was used to delump the powders. MgSt was

added using an MT12 feeder after the mill to prevent overlubrication of the formulation.

Blending : The blend was then sent to a continuous blender (Glatt GCG-70) with a

speed set at 200 rpm. The blade configuration is described in [102, 4]. Chemical

composition of the powder was monitored using a Bruker Matrix near-infrared (NIR)

spectrometer.

Compaction: The desired formulation was sent through a hopper into the fill-o-matic

with a speed set at 25 rpm. Finally, the blend was compressed using a 36-station

Kikusui Libra-2 double layer tablet press with a 10 mm tooling at a compaction speed
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of 20 rpm.

Figure 3.3: Continuous direct compaction manufacturing line [4].

The overall flow rate and the tablet mass were set to 20 kg/h and 350 mg, respectively.

The tablets made in the continuous line will be referred to as continuous tablets. The

compaction force (Fc) was varied during the run by changing the distance between

punches. Since the individual Fc values are not recorded for each tablet, we categorize

the tablets based on their nominal compaction force values (Fn). Tablets were collected

after all the processing parameters reached steady state. 6 different Fn settings were

selected ranging from 8 to 28 kN. 12 tablets for each of 8, 20, and 28 kN and 18 tablets

for each of 12, 16, and 24 kN Fn conditions were analyzed.
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3.2.3 Batch Production

Blend Preparation

Two different powder mixing equipments were used in the batch production of tablets:

a V-blender (Patterson-Kelley Co., East Stroudsburg, PA) and a laboratory scale res-

onant acoustic mixer (labRAM) (Resodyn Acoustic Mixers, Butte, Montana, USA).

Figure 3.4: V-blender, a tumbling mixer and shearing device used to impart uniform shear to
the blend.

In the V-blender mixer, a 15-minute pre-blending step was applied at a rotation rate

of 15 rpm to reduce the stickiness of APAP and improve its flowability. MgSt was

added and mixed with the blend for 2 additional minutes. The blended powder was

then unloaded from the V-blender and subjected to a controlled shear environment in

a modified Couette cell at a shear rate of 80 rpm (Fig. 3.4). For additional information

about this instrument, the reader is referred to [103, 104]. Three different shear strain

environments were selected in this study: 0, 160 and 640 revolutions, corresponding

to 0, 2, and 8 minutes in the shear device. As we increase the number of revolutions

in the shear cell, the degree of MgSt coverage on the particles increases. The effect of

lubricant on powder properties is highlighted in more detail in the following chapter.

The tablets made using this mixing method will be named according to the strain level

experienced by the blend in the shear cell i.e., 0 rev, 160 rev, and 640 rev tablets.
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Figure 3.5: Laboratory scale resonant acoustic mixer (LabRAM).

The low frequency and high intensity acoustic field in labRAM facilitate the movement

of the loose powder mass to induce mixing. In the labRAM mixer (Fig. 3.5), 80% fill

level was selected. Lactose and APAP were first blended for 2 minutes at an acceleration

of 40 g, followed by the lubrication stage, where MgSt was added and the blend was

mixed for an additional 1 minute at an acceleration of 60 g. These tablets will be

referred to as labRAM tablets.

Tablet Compaction

The blends were compacted using a Presster tablet press simulator equipped with a

10 mm flat-face, B-type tooling. A Kikusui Libra-2 tablet press was emulated at a

press speed of 20 rpm. A dwell time of 22.2 ms, corresponding to a production speed

of 43, 100 tablets per hour, was used. No pre-compression force was applied. These

parameters in the Presster (e.g., tooling type and dwell time) were selected based on

those employed in the tablet press of the continuous line. A total of 36 tablets for 0

rev, 160 rev, and 640 rev conditions and 25 labRAM tablets were analyzed.
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3.2.4 Tablet Characterization

All the compacted tablets were stored at ambient room temperature and inside a sealed,

clear plastic bag and kept for at least one week to allow for elastic relaxation prior to

any characterization.

Density

All the tablets (made in batch or continuous) were weighed with a precision balance

(±0.001 g, Adventurer Ohaus). Their thickness was carefully measured by a digital

caliper (±0.01 mm, Absolute digimatic Caliper). The relative density of the tablets

was calculated using Eq. (2.4). The true density of the blend was determined by

1

ρt
=

3∑
i=1

ni
ρt,i

(3.1)

n and ρt represent the concentration and true density of each ingredient. The thickness,

mass, and relative density of all the batch tablets are listed in Tables 3.2 and 3.3. For

continuous tablets, the mean values and standard deviations of all the measured param-

eters are provided in Table 3.4. It can be seen that some of the continuous tablets have

masses significantly different from the targeted value (350mg) which resulted in devi-

ations in their relative density. Detailed information about each individual continuous

tablet is provided in the appendix.
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Table 3.2: Compaction force (Fc), mass (m), thickness (t), relative density (ρ̄), speed of sound
(SOS), tensile strength (σt), and elastic modulus (E) of the labRAM tablets.

Fc (kN) m (mg) t (mm) ρ̄ (%) SOS (m/s) σt (MPa) E (GPa)

5.2 359.2 3.67 81.7 614 0.24 0.47

6.1 352.8 3.55 83 677 0.28 0.58

6.6 344.6 3.43 83.9 681 0.33 0.59

10.6 349.5 3.34 87.4 823 0.64 0.9

8.3 354.4 3.46 85.5 783 0.43 0.8

8.6 349.6 3.4 85.9 787 0.48 0.81

6.6 348.5 3.46 84.1 721 0.32 0.67

10.3 343.3 3.28 87.4 808 0.61 0.87

13.5 355.3 3.34 88.8 831 0.88 0.93

12.1 353.2 3.33 88.6 816 0.81 0.9

11 345 3.28 87.8 812 0.72 0.88

15.6 350.7 3.24 90.4 920 1.06 1.17

15.6 345.4 3.21 89.8 907 1.13 1.13

21 350.4 3.17 92.3 955 1.48 1.28

22.9 348.9 3.15 92.5 972 1.66 1.33

29.5 354.3 3.14 94.2 1006 2.09 1.45

23.6 352.9 3.18 92.7 1013 1.83 1.45

23.1 357.7 3.22 92.7 1006 1.74 1.43

24.8 353.7 3.17 93.2 991 1.99 1.39

19.5 351.1 3.2 91.6 958 1.44 1.28

17.5 353.7 3.26 90.6 931 1.26 1.2

15.9 359.7 3.35 89.6 936 1.06 1.2

9.5 336.5 3.26 86.2 799 0.55 0.84

23.2 340.7 3.06 93 974 1.77 1.35

25.3 346.2 3.11 92.9 972 1.85 1.34
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Table 3.3: Compaction force (Fc), mass (m), thickness (t), relative density (ρ̄), speed of sound
(SOS), tensile strength (σt), and elastic modulus (E) of the batch tablets mixed in
the V-blender and then experienced different shear strain environments.

Fc (kN) m (mg) t (mm) ρ̄ (%) SOS (m/s) σt (MPa) E (GPa)

0rev 8.2 318.4 3.14 84.7 969 0.74 1.21

10.7 343.1 3.32 86.3 1012 1.01 1.35

14.3 347 3.28 88.3 1116 1.43 1.68

17.1 363.2 3.37 90 1138 1.74 1.78

16 351 3.28 89.3 1131 1.71 1.74

18.6 354.2 3.25 91 1169 1.96 1.9

21.4 359.1 3.26 92 1216 2.41 2.07

23.1 351.3 3.18 92.2 1252 2.59 2.2

23.8 346.4 3.12 92.7 1200 2.62 2.04

13.7 348.2 3.28 88.6 1108 1.37 1.66

6.2 327.1 3.32 82.3 878 0.49 0.97

9.3 334.5 3.28 85.1 1000 0.84 1.3

160rev 17.3 383.2 3.54 90.4 1066 1.46 1.57

14.4 367.2 3.45 88.9 975 1.25 1.29

13 360.4 3.4 88.5 971 1.08 1.27

8.2 325.6 3.22 84.4 852 0.54 0.93

14 346.9 3.27 88.6 962 1.18 1.25

16.6 352.6 3.27 90 1035 1.47 1.47

22.9 352.5 3.19 92.3 1139 2.07 1.83

25.4 347.8 3.14 92.5 1113 2.25 1.75

23.2 346.8 3.15 91.9 1064 2.2 1.59

9.5 342.4 3.35 85.3 872 0.67 0.99

6 343.7 3.48 82.4 756 0.39 0.72

16.5 343.6 3.2 89.6 1039 1.4 1.48

640rev 24.4 382.5 3.46 92.3 925 1.55 1.2

22.2 371.8 3.39 91.6 897 1.29 1.12

18.9 353.8 3.26 90.6 867 1.11 1.04

9.1 350 3.41 85.7 682 0.42 0.61

7 339.9 3.38 84 663 0.26 0.56

12.1 350.5 3.35 87.3 761 0.6 0.77

16.8 349.8 3.24 90.1 853 0.96 1

13.4 336.6 3.18 88.4 799 0.69 0.86

17.2 332.7 3.08 90.2 865 0.97 1.03

22.1 355.3 3.23 91.8 892 1.28 1.11

25.9 356.7 3.22 92.5 894 1.61 1.13

8 354.9 3.49 84.9 712 0.34 0.66
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Table 3.4: Mean values and standard deviations of mass (m), thickness (t), relative density
(ρ̄), speed of sound (SOS), tensile strength (σt), and elastic modulus (E) of the
continuously manufactured tablets compacted at various nominal compaction forces
(Fn).

Fn (kN) m (mg) t (mm) ρ̄ (%) SOS (m/s) σt (MPa) E (GPa)

8 343.9±8 3.35±0.03 85.6±1.3 1147±50 1±0.16 1.72±0.17

12 350.5±14 3.31±0.07 88.4±1.9 1222±82 1.34±0.44 2.03±0.34

16 347.8±11.6 3.21±0.07 90.5±1.1 1330±39 1.83±0.28 2.45±0.17

20 345.8±8.3 3.13±0.04 92.4±1 1378±27 2.43±0.31 2.68±0.13

24 344.9±10.1 3.11±0.06 92.7±0.8 1389±28 2.5±0.31 2.73±0.13

28 342.9±5.4 3.05±0.03 94±0.6 1407±26 3.12±0.19 2.84±0.12

Acoustic Measurements

The experimental setup for the US measurements consisted of a pulser/receiver unit

(Panametrics, 5077PR), a pair of protected-face longitudinal wave contact transducers

(Panametrics, V606-RB) with a central frequency and diameter of 2.25 MHz and 13 mm,

respectively, a digitizing oscilloscope (Tektronix TDS3052), and a computer controlling

the data acquisition (Fig. 3.6). During experiments, the pulser/receiver unit was set to

a pulse repetition frequency (PRF) of 500 Hz, a pulser voltage of 100 V, an amplification

gain of +10, a central frequency of 2-2.25 MHz, and the entire frequency spectrum of

the transducers was allowed to pass through the tablets.



46

Figure 3.6: The acoustic experimental setup showing ultrasound transducers, pulser/receiver
unit, and a digitizing oscilloscope.

In this method, the tablet is placed in direct contact between two piezoelectric transduc-

ers (TT geometry). A square electrical pulse from the pulser/receiver unit is launched

into the transmitting transducer. Electrical signal is converted into ultrasound and

propagates through the tablet as mechanical waves and is captured by the receiving

transducer at the other end and digitized as a waveform by the oscilloscope. The time

that it takes for the high frequency pressure pulses to pass through the tablet will be

measured (i.e., TOF). From the acquired data, the TOF was obtained using the first

peak of the received US signal, according to Fig. 3.7. The SOS was calculated as follows:

SOS =
t

TOF
(3.2)

where t is the tablet thickness. The US transmission measurement system was tested

using steel and aluminum samples with four different thicknesses for each case, as

shown in Fig. 3.8. A delay time of 1.1 µs was measured for the setup independent of

the material used. Subsequently, this delay time was subtracted from the measured

TOF in this study.
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The elastic modulus (E) of each tablet was then calculated from the SOS assuming the

material is isotropic [90, 91]:

E = SOS2ρb. (3.3)

Figure 3.7: Time of flight measurement of a US waveform.
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Figure 3.8: Calibration of the ultrasound testing using steel and aluminum samples.
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We note that in this study, the US measurements of the continuous tablets were con-

ducted off-line. However, the micro-second TOF of the US signal shows that in principle

the US methodology is sufficiently fast to be placed as an in-line measurement.

Tensile Strength Measurements

The diametrical compression test was performed using a standard mechanical hardness

tester (Dr. Schleuniger, Pharmatron, model 6D) (Fig. 3.9). The tensile strength of

tablets, σt, is calculated using Eq. (1.5). Diameter of the tablets are assumed to be

constant and equal to 10 mm as radial relaxation was minimal.

Figure 3.9: Standard hardness tester used to measure the breaking force of tablets.

3.3 A Strategy for Tensile Strength Prediction of Tablets

The mechanical properties of a pharmaceutical tablet not only depend on the material

but also on the porosity of the compact. Finding these properties at zero porosity

would make it possible to compare blends and predict their maximum strength in com-

pact form. In this study, the fundamental assumption is the existence of a correlation

between the elastic modulus and tensile strength at zero porosity of the powder, E0

and σ0, respectively. US testing enables us to indirectly measure E0 and, analogously

diametrical compression testing allows us to indirectly measure σ0. These two param-

eters serve as mechanical characteristics of tablets, which are a function of material

properties and processing history. Once we find the relationship between E0 and σ0,

we can predict hardness, using US measurements alone.
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In the following sections, the existing theoretical/semi-empirical models to determine

E0 and σ0 are summarized.

3.3.1 Elastic Modulus-Porosity Correlation

The relationship between E and porosity, φ, is well established in the literature, and

both empirical correlations as well as analytical results have been reported. The porosity

is defined as φ = 1 − ρ̄, and Phani and Niyogi [105] derived a semi-empirical relation

with the elastic modulus:

E

E0
= (1− aφ)n = f(φ), (3.4)

where a and n are material constants, providing information about the packing geom-

etry and pore structure of the material. The constant a is equal to 1/φc,E , where φc,E

is defined as the porosity of which E vanishes. The minimum value that a can take is

1 corresponding to the maximum value of φc,E = 1.

Bassam et al. [106] explored the elastic modulus of fifteen representative tableting

excipient powders for different porosities using a four-point beam bending technique

and analyzed the data following an empirical function proposed by Spinner et al. [107]:

E = E0(1−Bφ+ Cφ2), (3.5)

where B and C are fitting coefficients. Note that Eq. (3.5) is equivalent to a second-

order Taylor series approximation of Eq. (3.4) around zero porosity, with B = an and

C = a2

2 n(n−1). The model can be further approximated by a linear regression (C = 0):

E = E0(1−mφ), (3.6)

where m = an. According to Rossi [108], m accounts for the stress concentration factor

around pores in the material and depends on pore geometry and orientation, which is

consistent with the description by Phani and Niyogi [105].
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3.3.2 Tensile Strength-Porosity Correlation

We considered a theoretical model based on percolation theory proposed by Kuentz

and Leuenberger [5] to relate σt and ρ̄:

ln(1− σt
σ0

) = ρ̄− ρ̄c,σt + ln(
1− ρ̄

1− ρ̄c,σt
), (3.7)

Eq. (3.7) can be rewritten as follows

σt = σ0

[
1− (

φ

φc,σt
)e(φc,σt−φ)

]
, (3.8)

where φc,σt is the porosity at which σt goes to zero.

The relationship between σt and ρ̄ is generally presented by an exponential form [49,

109, 44, 110]. Although this relationship usually provides a good fit to the data, it

is empirical and does not provide the limiting values (i.e., φc,σt and σ0) needed to

implement the strategy discussed above.

3.4 Results and Discussion

The calculated SOS, σt, and E values for continuous and batch tablets are listed in

Tables 3.2, 3.3, and 3.4.

In Fig. 3.10, we present the relationship between ρ̄ and σt for all the continuous and

batch tablets. The diametrical compression test results were fitted to Eq. (3.8) using

the nonlinear regression method based on the Trust-Region algorithm [111]. Table 3.5

lists the fitted parameters and R2 values. We found a reasonable agreement between

the model and the experimental results as shown by the R2 values. Blends with the

same formulation but experiencing different level of shear strain resulted in different

mechanical properties. As expected, the strength of tablets decreased with the level of

shear strain.
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Figure 3.10: The relationship between relative density and tensile strength following the
Kuentz and Leuenberger [5] model.

Table 3.5: Tensile strength at zero porosity (σ0) and critical relative density (ρ̄c,σt
) found from

Eq. (3.8) for all the differently produced tablets.

cases σ0 (MPa) ρ̄c,σt (%) R2

continuous 4.60 82.2 0.911

0rev 4.36 80.9 0.966

160rev 3.46 81.0 0.921

640rev 2.65 82.4 0.954

labRAM 3.19 82.8 0.944

Fig. 3.11 shows a linear relationship between ρ̄ and E in agreement with Eq. (3.6).

We also fitted the experimental data to Eqs. (3.4) and (3.5). Table 3.6 lists the

fitted coefficients and R2 values of all the tablets. Bassam et al. [106] reported that

lactose monohydrate resulted in a linear regression in terms of porosity, with a vanishing

quadratic term (i.e., C = 0 in Eq. (3.5)). However, in our study the C values are not

negligibly small and change noticeably from one case to the other. The E0 values
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are almost the same for all the three models. It is worthwhile to note that the fitting

coefficients are dependent on many parameters selected in the optimization process, and

for the same R2 values we can find a different set of fitting parameters. In addition, we

are considering a relatively small range of relative densities and thus, it is acceptable

to use a linear regression to estimate E0. It bears emphasis that these results might

change for a wider range of relative densities but the methodology would still hold.
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Figure 3.11: Elastic modulus as a function of relative density.

It is worth to mention that φc,σt and φc,E describe two different phenomena, and can be

different for the same material and processing conditions. For the material studied here,

at a certain relative density we can start to see tensile stiffness in the blend without

forming a bond between the particles.

Figs. 3.10 and 3.11 allow us to estimate the effective shear strain level corresponding

to labRAM and continuous tablets. The selected parameters in labRAM mixer make

the hardness of labRAM tablets fall between the 160 rev and 640 rev tablets, indicating
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that labRAM is a fast and efficient mixing technique [28]. On the other hand, the

continuous manufacturing process resulted in a low effective shear strain, even below

the 0 rev tablets.

Table 3.6: Elastic modulus at zero porosity (E0) and other fitting coefficients according to
Eqs. (3.4), (3.5), and (3.6) for all the group of tablets.

Phani Spinner Rossi

cases E0 (GPa) a n R2 ρ̄c,E (%) E0 (GPa) B C R2 ρ̄c,E (%) E0 (GPa) m R2 ρ̄c,E (%)

continuous 3.73 3.81 0.98 0.935 73.7 3.71 3.61 -1.06 0.935 74.2 3.74 3.78 0.935 73.5

0rev 3.04 3.44 1.22 0.978 70.9 3.06 4.28 2.40 0.978 72.4 2.91 3.77 0.977 73.5

160rev 2.68 3.37 1.46 0.971 70.3 2.70 5.08 5.22 0.971 72.6 2.46 4.02 0.965 75.1

640rev 1.96 2.93 1.98 0.978 65.9 1.95 5.77 8.18 0.978 69.3 1.71 4.21 0.978 76.2

labRAM 1.90 4.25 0.93 0.97 74.0 1.90 3.91 -1.13 0.967 0.76 1.93 4.11 0.967 75.7

It is clear that the total shear strain had an effect on E values. As shear strain increased

the SOS values decreased and the tablets became both softer and mechanically weaker.

The decrease in E0 values with shear strain (Table 3.6) is also an indication of weaker

bonding stiffness between particles.
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Figure 3.12: Tensile strength as a function of elastic modulus. Mean values are shown for the
continuous tablets.
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Based on Figs. 3.10 and 3.11, US testing seems to be more sensitive than the hardness

tester in differentiating tablets. Comparing the continuous and 0 rev tablets, for the

same ρ̄, σt values are very similar. However, their E values are noticeably different.

Fig. 3.12 shows that we can associate different σt values for one value of E. However,

ρ̄ values are different for those tablets with the same E and different σt. Therefore,

knowing both ρ̄ and E it is possible to predict tablet hardness. Fig. 3.13 shows that by

considering ρ̄ and E simultaneously we are able to distinguish the differently produced

tablets.
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Figure 3.13: σt as a function of ρ̄ and E and the projection of datapoints on each plane.

Following our proposed strategy, we examine the correlation between the tensile strength

and elastic modulus at zero porosity. Fig. 3.14 shows a one-to-one relationship between

E0 and σ0. Once this relationship is found for a certain blend formulation, we can use

US testing only to predict the tensile strength of tablets adopting Eq. (3.8). This is

possible when we know the relative density of tablets prior to US testing.
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Figure 3.14: A one-to-one relationship between E0 and σ0 for tablets with the same formula-
tion but different processing history. E0 values are derived from Eq. (3.6). Note
that 0 rev, 160 rev, and 640 rev tablets have experienced a 2-minute mixing with
MgSt in the V-blender.

3.5 Conclusion

We successfully used ultrasound (US) measurement system on tablets. The effect of two

processing parameters, compaction force and level of shear strain were examined. US

speed of sound was found to be sensitive to the relative density and the level of shear

strain. US testing could detect even small differences between tablets that a hardness

tester failed to do so. This is an added advantage of using this technique to monitor

mechanical properties, because a slight change could have a significant consequence on

dissolution.

A strategy for hardness prediction is proposed that uses the existing models for elastic

modulus and tensile strength of porous materials. A clear correlation between elastic

modulus and tensile strength at zero porosity is presented. Thus, US testing is a

good candidate to be placed on/at-line to measure the mechanical integrity of tablets
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non-destructively. These results provide information about the behavior of processing

parameters on the performance of tablets and the ability to engineer product properties.

3.6 Appendix

Table 3.7: Mass (m), thickness (t), relative density (ρ̄), speed of sound (SOS), tensile strength
(σt), and elastic modulus (E) of each individual continuously manufactured tablet
compacted at a nominal compaction force (Fn).

Fn (kN) m (mg) t (mm) ρ̄ (%) SOS (m/s) σt (MPa) E (GPa)

8 344 3.37 85.23 1154 1.07 1.73
341.2 3.33 85.55 1117 0.97 1.63
332.7 3.32 83.67 1092 0.81 1.52
352.4 3.37 87.31 1178 1.17 1.85
341 3.35 84.99 1139 0.89 1.68

346.3 3.35 86.31 1147 0.97 1.73
341.6 3.34 85.40 1106 1.03 1.59
330.4 3.3 83.60 1058 0.74 1.43
338.6 3.35 84.39 1139 0.82 1.67
348.4 3.38 86.06 1207 1.16 1.91
354 3.39 87.19 1219 1.14 1.98

356.2 3.4 87.47 1206 1.19 1.94

12 351.3 3.29 89.15 1183 1.42 1.90
376 3.41 92.07 1421 2.43 2.83

342.8 3.26 87.80 1148 1.15 1.76
338.9 3.23 87.61 1122 1.16 1.68
341.8 3.24 88.08 1165 1.12 1.82
366.5 3.34 91.62 1315 2.02 2.42
342 3.28 87.41 1188 0.93 1.88

331.8 3.26 85.32 1156 0.88 1.74
343.6 3.29 87.38 1183 1.10 1.87
346.4 3.3 88.00 1196 1.14 1.92
343.7 3.29 87.40 1201 1.18 1.92
340.2 3.29 86.68 1183 1.06 1.85
350.8 3.33 88.13 1224 1.26 2.01
371.6 3.43 90.46 1319 1.91 2.40
352.8 3.34 88.37 1256 1.33 2.12
357.2 3.35 89.21 1232 1.29 2.06
334.1 3.27 85.48 1112 0.88 1.61
377.7 3.47 90.88 1399 1.91 2.71

16 340.1 3.13 90.72 1249 1.80 2.52
330.1 3.09 89.20 1309 1.56 2.33
340.3 3.15 90.20 1346 1.76 2.49
343.6 3.16 90.79 1374 1.90 2.61
354.6 3.21 92.23 1408 2.29 2.79
345.3 3.16 91.24 1374 2.0 2.63
340.2 3.18 89.5 1303 1.79 2.32
341.8 3.17 90.03 1299 1.48 2.32
337.7 3.17 89.13 1278 1.56 2.22
369.7 3.34 92.42 1358 2.22 2.6
352 3.24 90.71 1361 1.97 2.56
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Table 3.7 Continued

347.4 3.21 90.36 1338 1.69 2.47
347.1 3.23 89.90 1292 1.55 2.29
342.2 3.2 89.29 1280 1.54 2.23
341 3.19 89.43 1297 1.63 2.29

347.7 3.22 90.34 1278 1.67 2.25
364.7 3.33 91.63 1343 2.25 2.52
375.2 3.38 92.87 1363 2.27 2.63

20 344.1 3.11 92.38 1401 2.37 2.76
334 3.06 91.14 1354 2.04 2.55

336.9 3.08 91.33 1375 2.17 2.63
363 3.22 94.13 1438 2.81 2.97

337.8 3.1 90.98 1360 2.05 2.56
351.6 3.15 93.20 1358 2.54 2.62
351.5 3.15 93.17 1406 2.72 2.81
341.1 3.11 91.58 1341 2.15 2.51
348.1 3.14 92.56 1389 2.51 2.72
352.2 3.16 93.06 1386 2.73 2.73
340 3.09 91.87 1343 2.14 2.53

349.6 3.14 92.96 1389 2.90 2.74

24 378.6 3.31 95.50 1465 3.11 3.12
339 3.06 92.50 1366 2.69 2.63

352.7 3.15 93.49 1394 2.81 2.77
327.8 2.99 91.54 1384 2.0 2.67
347.6 3.13 92.72 1410 2.83 2.81
341.3 3.08 92.52 1413 2.68 2.82
341 3.09 92.14 1392 2.36 2.72
343 3.08 92.98 1400 2.09 2.78

341.8 3.08 92.66 1375 2.11 2.67
343.9 3.08 93.23 1351 2.39 2.59
342.3 3.09 92.49 1392 2.53 2.73
340 3.08 92.17 1363 2.47 2.61

345.2 3.11 92.68 1341 2.61 2.54
350.6 3.15 92.23 1419 2.85 2.85
347.6 3.13 92.72 1397 2.67 2.76
345.4 3.12 92.43 1381 2.38 2.69
334.9 3.06 91.38 1366 2.06 2.60
346.3 3.13 92.38 1397 2.41 2.75

28 354.2 3.11 95.09 1427 3.39 2.95
340.2 3.03 93.75 1390 3.17 2.76
347.5 3.07 94.51 1448 3.17 3.02
340.8 3.01 94.54 1433 3.05 2.96
345.3 3.07 93.91 1435 3.01 2.95
338 3.01 93.76 1394 3.30 2.78

339.3 3.02 93.81 1398 2.96 2.80
337 3.04 92.56 1382 3.16 2.70

349.4 3.1 94.11 1422 3.30 2.90
343.3 3.04 94.29 1407 2.98 2.85
343.4 3.06 93.70 1378 3.22 2.71
336.7 3.01 93.40 1368 2.70 2.67
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Chapter 4

Quantification of Lubrication and Particle Size

Distribution Effects on Tensile Strength and Stiffness of

Tablets

4.1 Introduction

Lubricants are one of the key ingredients in the pharmaceutical formulations to im-

prove flowability, increase bulk powder density, and reduce die wall friction and ejec-

tion forces [112, 113, 114, 115, 116, 117, 118, 119]. Magnesium stearate (MgSt) is the

most frequently used lubricant [9]; typically added to the formulation in small amounts

(0.25% − 1.0% (w/w)) [120, 116]. It has been shown that MgSt can adversely affect

the physical and chemical properties of tablets [121, 122]. Hypothetically, MgSt forms

a layer on the host particles weakening the interparticle bonding [123, 124, 125]. The

lubricant type and concentration, type of mixer and its operation method, and mixing

time are all important processing variables that affect the tablet compactibility, inter-

particle bonding and thus, final mechanical properties [126, 127, 128, 115, 129, 130, 131].

However, the deformation mechanism of host particles also play a role [123]. For exam-

ple, brittle materials that undergo fragmentation are said to be unaffected by MgSt due

to the creation of unexposed surfaces during compression [124, 132]. In contrast, plasti-

cally deformable powders are significantly impacted by lubricant mixing [133, 134, 135].

Mollan and Çelik [136] ascribed the reduction in the total work of compaction by in-

creasing the lubricant concentration to decreased particle cohesiveness. Zuurman et al.

[137] argued that the decrease in tablet strength of pharmaceutical powders such as

microcrystalline cellulose mixed with MgSt is caused by a more extensive relaxation of

the lubricated tablets corresponding to a weaker interparticle bonding.
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There has been growing interest in quantifying what the powder experiences in mixing

with lubricant to enable a more robust prediction of tablet quality attributes. Over a

decade ago, the blender parameters were translated to a more relevant and fundamental

variables, strain and shear rate, using a modified Couette shear cell to better quantify

lubrication effect [103, 138]. Shear rate is proportional to the energy input rate per

unit mass and total strain is proportional to the total energy input per unit mass.

Narang et al. [139] derived a dimensionless equation to quantify total shear imparted

by the force feeder on the granulation in terms of a shear number, which provides

guidance to the scale-up and interchangeability of tablet presses. Kushner and Moore

[140] proposed an empirical model, which can describe the impact of both formulation

and process parameters on the extent of lubrication in a pharmaceutical powder blend.

Just recently, Nakamura et al. [141] suggested to use Carr’s flowaibility index (FI),

which showed a strong correlation with MgSt mixing time, as an effective index to

control physical properties of tablets like friability and hardness.

Particle size distribution (PSD) also plays an important role on the compaction and

tablet properties [142]. A decrease in particle size of the powdered material has been

shown to increase tablet porosity [43, 143]. Smaller particles are inclined to be more

cohesive since the interparticle cohesive forces are comparable to the weight of the

particles making them more compressible [144, 145]. Reduction in particle size typically

results in an increase in the mechanical strength of tablets [146, 147, 43, 148]. This is

attributed to a greater packing density after the particle rearrangement and an increase

in the surface area available for interparticulate attractions [149, 150, 143]. Attempts

were made to correlate specific surface area to the mechanical strength of tablets and a

linear relationship was found for different types of lactose [150, 143]. However, Nyström

et al. [10] suggested that the intermolecular forces are the dominating mechanism in

the compactibility of powders and only in some cases the available surface area could

be used to establish a model to correlate with mechanical strength of tablets. On the

contrary, sodium chloride tablets have been reported to become stronger as their particle

size increased associated to more bonding between particles through solid bridges [151].
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Katikaneni et al. [152] investigated the tableting properties and predominant consoli-

dation mechanism of ethylcellulose as lubricant concentration and particle size varied

individually. The concurrent effect of lubrication and particle size on mechanical prop-

erties of pharmaceutical tablets during and after compaction has also been explored.

Van der Watt [153] was the first to show that tablet properties change after the same

MgSt mixing time for different particle sizes of Avicel PH 102. In more recent years,

Almaya and Aburub [154] examined the effect of particle size on lubricant sensitivity

for different types of materials (e.g., plastic, brittle, and viscoelastic). They concluded

that for MCC (a plastically deforming material) particle size impacts tablet strength

only in the presence of lubricant. For starch (a viscoelastic material) tablet strength

is affected by the particle size with or without added lubricant. Finally, for dibasic

calcium phosphate dihydrate (a brittle material) particle size has no effect on tablet

strength with or without the lubricant. However, there is no previous work that goes

beyond the qualitative predictions.

The primary goal of the present study is to quantify the lubrication effect combined

with the particle size on the tensile strength and elastic modulus of tablets. To this

end, the tablet strength envelope of two grades of lactose, lactose α-monohydrate (LM)

and spray-dried lactose (SDL), caused by different PSD and lubrication conditions was

explored. Creating this tablet strength (i.e., stiffness and tensile strength) spectrum

allows for optimal selection of lubricant concentration, mixing time, and particle size

range with respect to the resources available. Tablets were compressed to different

relative densities ranging from 0.8 to 0.94 using an instrumented compactor simulator.

We have introduced a new parameter in the existing optimal tensile strength and elastic

modulus relationships that accounts for the PSD, lubricant concentration and its mixing

time with the host particles. The new model is predictive and effective and can be

expanded to include other blend properties or processing parameters effects. Moreover,

it can be explored for other quality attributes of tablets as well.



61

4.2 Material and Methods

4.2.1 Materials

The materials used in this study include α-lactose monohydrate (Foremost Farms, Wis-

consin, USA), spray-dried Fast-Flo lactose monohydrate N.F. (Foremost Farms, Wis-

consin, USA) and magnesium stearate N.F. non-Bovine (Mallinckrodt, Missouri, USA)

as lubricant. Lactose monohydrate (LM) exhibits relatively poor binding properties.

Spray drying is a method used to enhance its binding properties [14]. Spray-dried lac-

tose (SDL) (i.e., Fast-Flo lactose) is a mixture of crystalline and amorphous lactose,

which is a more common direct compression ingredient compared to LM.

The true density of LM, SDL, and MgSt powders was measured using the AccuPyc

Pycnometer (Accupyc II 1340, Micromeritics) with helium as density medium (Fig. 3.2).

The powders were dried at 50◦C for 24 hours before the test.

4.2.2 Blend Preparation

Each powder was sieved through a vibrational sieve shaker (Octagon 2000, Endecotts

Ltd., England) into different particle size distributions (Fig. 4.1). LM was divided into

three particle size fractions 0-75, 75-106, and 106-150 µm. SDL was divided into four

particle size fractions 0-75, 75-106, 106-150, and 150-212 µm. The sieve shaker was

operated at amplitude of 8. The as-received powder was poured in the top pan of the

clamped sieve stack. The powders on the lower pan (corresponding to 0-75 µm) were

collected at an interval of approximately 15 min. This procedure was repeated until

the powder in the lower pan was a negligible amount.



62

Figure 4.1: Endecotts sieve shaker with multiple pans stacked and clamped.

The particle size distribution (PSD) was measured using a Beckman Coulter LS 13 320

laser diffraction particle size analyzer (Fig. 4.2) to ensure if the desired distribution was

achieved. The measurement is based on the principles of light scattering [155]. The

instrument measures particle size over the range of 0.017 µm to 2000 µm.

MgSt was pre-sieved through a #50 mesh (300 µm opening) prior to mixing with

powders using a LabRAM. As discussed in section 1.4, the mixing intensity (0− 100%)

is the parameter that can be controlled in the LabRAM, which determines the amplitude

of the mechanical vibration, translating into acceleration values (0−100 g’s) depending

on the load mass [28]. In all the experimental work presented here the acceleration of

40 g was used. In other words, for each blending condition, based on the powder mass

and powder properties, the mixing intensity was adjusted to give the same apeak (cf.

Eq. (1.1)). Regardless, the variations in powder mass were kept minimal.

Overall, MgSt concentration and mixing time varied from 0.25% to 2% and 30 sec

to 2400 sec, respectively, aiming to produce tablets with a wide range of mechanical

properties. Samples were stored in airtight plastic bags until used.
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Figure 4.2: Beckman Coulter LS 13320 laser diffraction particle size analyzer.

4.2.3 Tablet Compaction

The samples were compacted using a Presster tablet press simulator equipped with an

8 mm flat round face, B-type tooling. A Fette 1200 tablet press was emulated at a

constant speed of 25 rpm. A dwell time of 26 ms, corresponding to a production speed

of 36, 000 tablets per hour, was used. Compression force and punch displacement are

measured via strain gauges placed on the compression roll pins and a linear variable

displacement transducer connected to each punch, respectively. No pre-compression

force was applied. The total number of tablets per case varied from 8 to 17. All the

compacted tablets were stored at ambient room temperature and inside a sealed plastic

bag and kept for at least 24 hours prior to any characterization.

4.2.4 Tablet Characterization

The mass of tablets was measured with a precision balance (±0.001 g, Adventurer

Ohaus). The thickness and diameter of tablets were measured using a MultiTest 50

(MT50) tablet hardness tester (±0.01 mm, Sotax, Allschwil, Switzerland) (Fig. 4.3).
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From these measurements, the relative density of the tablets was calculated

ρ̄ =
4m
πD2t

ρt
(4.1)

where m, D, and t are the mass, diameter, and thickness of the tablet and ρt is the true

density of the blend.

Figure 4.3: MultiTest 50 - manual tablet hardness tester.

Ultrasound measurements were conducted followed by the instructions explained in

Chapter 3, except the protected layer on the transducers were replaced by Parafilm tape

to improve the contact between transducers and tablets, as suggested by Hakulinen et al.

[92]. A delay time of 0.8µs was measured for the setup independent of the material used.

The elastic modulus of tablets were determined by Eq. (3.3). The tablets were then

diametrically compressed using an MT50 tablet hardness tester. The tensile strength

of tablets, σt, is calculated using Eq. (1.5).

4.3 Results and discussion

The average true density of LM, SDL, and MgSt was measured to be 1.555, 1.546,

and 1.040 gcm−3, respectively. According to Yohannes et al. [156], the true density of

lactose and MCC particles was found to be independent of the PSD. Thus, the density

measurements were only conducted on the as-received samples and the changes in the

true density of powders with different PSD were assumed negligible. A total of 19
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blends of LM and 23 blends of SDL were prepared varying in lubricant concentration

(cl), mixing time (tm), and PSD, listed in Table 4.1.
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Figure 4.4: Particle size distribution of (a) lactose monohydrate and (b) spray-dried lactose.
Red lines show the Gaussian fitting for each distribution.
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Table 4.1: Mean (µ) and standard deviation (σ) for each particle size distribution, MgSt
concentration, and the mixing time for all the cases studied.

Powder Cases PSD (µm) µ (µm) σ (µm) cl (%) tm (sec)

Lactose monohydrate 1 0-75 62.83 22.87 0.5 30
2 0-75 62.83 22.87 0.25 120
3 0-75 62.83 22.87 0.5 120
4 0-75 62.83 22.87 1 120
5 0-75 62.83 22.87 2 120
6 0-75 62.83 22.87 2 300
7 0-75 62.83 22.87 0.25 1200
8 0-75 62.83 22.87 0.25 2400
9 0-75 62.83 22.87 2 1200

10 75-106 114 26.89 0.25 120
11 75-106 114 26.89 0.25 1200
12 75-106 114 26.89 2 1200

13 106-150 149.3 25.6 0.25 120
14 106-150 149.3 25.6 0.5 120
15 106-150 149.3 25.6 0.25 1200
16 106-150 149.3 25.6 2 1200

17 as-received 77.72 31.85 0.25 120
18 as-received 77.72 31.85 0.25 1200
19 as-received 77.72 31.85 2 1200

Spray-dried lactose 20 0-75 65.14 17.15 0.5 30
21 0-75 65.14 17.15 2 30
22 0-75 65.14 17.15 1 120
23 0-75 65.14 17.15 0.5 600
24 0-75 65.14 17.15 2 600
25 0-75 65.14 17.15 2 1200

26 75-106 89.39 17.74 1 30
27 75-106 89.39 17.74 0.5 120
28 75-106 89.39 17.74 2 120
29 75-106 89.39 17.74 1 600

30 106-150 120.9 27.04 0.5 30
31 106-150 120.9 27.04 2 30
32 106-150 120.9 27.04 1 120
33 106-150 120.9 27.04 0.5 600
34 106-150 120.9 27.04 2 600
35 106-150 120.9 27.04 2 1200

36 150-212 171.9 33.91 0.5 30
37 150-212 171.9 33.91 2 30
38 150-212 171.9 33.91 1 120
39 150-212 171.9 33.91 0.5 600
40 150-212 171.9 33.91 2 600

41 as-received 128.3 39.5 0.25 120
42 as-received 128.3 39.5 2 1200

Figs. 4.4(a) and 4.4(b) show PSD measured for the sieved and as-received samples of
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LM and SDL, respectively. A Gaussian or normal distribution (Eq. (4.2)) was fitted

to all the curves using Matlab 2016a and the mean (µ) and standard deviation (σ) for

each PSD are reported in Table 4.1.

y =
1

σ
√

(2π)
exp

(
−(x− µ)2

2σ2

)
(4.2)

In our case, y is the Volume (%) and x is the particle diameter (µm). There is a clear

difference between the as-received powders. As-received LM contains mainly of fine

particles with average particle size close to the smallest PSD (0-75 µm), whereas as-

received SDL has larger particles. This justifies the addition of the fourth PSD (150-212

µm) selected for SDL. For each PSD sample, there are particles smaller (except for 0-75

µm) and larger than the target PSD. Possible reasons were mentioned in Yohannes et al.

[156]. Optical microscopy on samples with different PSD showed insignificant change

in particle shape. Thus, particle shape was assumed to be a constraint in this study.

PSD was shown to be affected by the RAM mixing time [29]. However, our goal is to

be able to correlate the mechanical strength of tablets to the initial properties of the

powder. Thus, the PSD measurement was only done on the unlubricated samples.

4.3.1 Effect of Particle Size and Lubrication on Compaction Proper-

ties

Compaction pressure is calculated by dividing the compaction force over the cross

sectional area of the tooling used. The in-die relative density is determined by Eq. (4.1),

but t varies as the gap between the upper and lower punches changes during loading

and unloading. During loading the punches get closer and the thickness of the powder

bed decreases until it reaches its minimum, where the maximum compaction pressure

is applied. When the force is released, the unloading stage starts and some of the

energy is recovered and the tablet expands axially. The total work input during the

compaction process is the area under the loading curve of a force-displacement profile.

In this study, instead of force-displacement, we used compaction pressure vs. in-die

relative density profiles, which allows for a fair comparison between the samples.
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Figure 4.5: Lubrication effect on compaction pressure vs. in-die relative density of lactose
monohydrate for different particle size distributions: (a) as-recieved, (b) 0-75 µm,
(c) 75-106 µm, and (d) 106-150 µm.

Fig. 4.5 compares the axial compaction pressure vs. in-die relative density profiles of

three similar lubrication conditions for the as-received and sieved LM powders. It has

been reported that better packing can be achieved during die filling, in particles exposed

to higher shear strain levels causing higher initial relative densities (i.e., the die-fill

relative density) [103, 157]. In this study, this phenomenon was noticeably observed in

the as-received LM. For the sieved samples, by keeping the MgSt concentration constant,

the mixing time did hardly affect the loading and unloading path as a function of relative

density. On the other hand, in all the cases, the increase in MgSt concentration results in

a different compaction profile, moving toward the right-hand side. This shift is partially

caused by the decrease in the true density of the blend. Fig. 4.5(b) discernibly shows
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that the forces evolved during compression are slightly lower when more lubrication was

used, i.e. less work was needed. It has been reported that with increase in lubricant

level lower input work is expected attributing it to reduced particle cohesiveness and

decreased frictional effects at the punch faces and die wall [136, 158].
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Figure 4.6: Particle size effect on compaction pressure vs. in-die relative density of lac-
tose monohydrate for different lubrication parameters: (a) 0.25%MgSt-120sec,
(b) 0.25%MgSt-1200sec, and (c) 2%MgSt-1200sec.

Fig. 4.6 was plotted to better compare the compaction profiles for different PSD with

the same lubrication history. There is no significant difference among the compaction

profiles for each condition, indicating that PSD does not affect the deformation behavior

of LM with the presence of lubrication. The high initial relative density in the as-

received sample compared to the sieved samples, may be explained by its relatively
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larger standard deviation in PSD (31.85 µm) (Table 4.1). The fine particles fill the

voids in between the large particles increasing the bulk density of the powder [156].
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Figure 4.7: (a) Compaction pressure vs. in-die relative density for as-received spray-dried
lactose. (b) Comparison of compaction curves of as-received lactose monohydrate
and spray-dried lactose for two extreme lubrication conditions.

The compaction pressure- in-die relative density profiles of as-received SDL for two

extreme lubrication conditions ascertained little lubricant sensitivity of SDL, as depicted
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in Fig. 4.7(a). Fig. 4.7(b) compares the compaction behavior between the two as-

received powders. The total work input during the compaction process is much higher

for SDL. Mollan and Çelik [136] argued that as the total work input increases, the

compacted powder is expected to be stronger as a result of higher energies used to

form bonds between particles. If this hypothesis holds, we expect SDL tablets to be

much stronger than LM tablets. We should be mindful that the energy of a tablet

formation that affects the bond strength, according to the first law of thermodynamics,

is associated with both the work done on the powder to form a tablet and the heat

released by the system [159].

It is also interesting to mention that for the same lubrication condition the difference

in the compaction profiles between the two powders almost disappears when it reaches

its maximum. This happens at relative densities beyond 0.9, where the area of true

contact between particles is large.

Figs. 4.5 and 4.7(a) suggest that for the two materials studied, PSD and lubrication

history have no impact on the unloading curve. One way to characterize the decom-

pression phase is to measure the axial elastic recovery (ER%) [160], which is computed

by
ρ̄max−ρ̄f

ρ̄f
× 100%, where ρ̄max is the relative density at maximum compaction force

and ρ̄f is the final in-die relative density. According to Table 4.2, the computed values

were in agreement with the observations and showed no trend. Fig. 4.8 is depicted to

ease the comparison between the cases. Clearly, more data points should probably be

used to determine if such a trend exists or not. Moreover, determining ER% alone is

not sufficient for comparing the unloading curves.

It bears emphasis that the upper punch force-displacement curves were used to charac-

terize the powder compaction behavior under the assumption that the die wall friction

was negligible. Since in this work the lubrication of the powder has been changed con-

siderably it may have resulted in different die wall frictions. To investigate the effect

of die wall friction the lower punch force readings should be studied. Therefore, in

order to better understand and characterize the compaction behavior of powders more

information needs to be extracted from the compaction profiles, which is outside the
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scope of this dissertation.

Table 4.2: Percentage elastic recovery and the maximum relative density for different particle
size distribution and three lubrication conditions (in consecutive order: 0.25%MgSt-
2min, 0.25%MgSt-20min, and 2%MgSt-20min) of lactose monohydrate.

PSD Cases (cf. Table 4.1) ER% ρ̄max

0-75 µm 2 0.995 6.72

7 0.9997 7.37

9 1.002 6.36

75-106 µm 10 1.0113 7.73

11 0.9983 6.99

12 1.023 7.09

106-150 µm 13 1.005 6.83

15 1.018 7.29

16 1.026 6.95

as-received 17 0.9802 6.52

18 0.9955 5.97

19 1.0084 6.8

0.98 0.99 1 1.01 1.02 1.03

Maximum relative density

5.5

6

6.5

7

7.5

8

E
la

s
ti
c
 r

e
c
o
v
e
ry

, 
%

0-75

75-106

106-150

as-received

Figure 4.8: Elastic recovery vs. in-die maximum relative density for different particle size
distributions of lactose monohydrate.
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4.3.2 Effect of Particle Size and Lubrication on Tensile Strength and

Stiffness of Tablets

Elastic modulus and tensile strength vs. out-of-die relative density for different PSDs

of LM tablets are depicted in Figs. 4.9 and 4.10. Since there were more cases studied

for 0-75 µm, the results are plotted separately.

As was expected, both the elastic modulus and tensile strength decreased by adding

more lubricant and/or mixing time. Although, the effect is more significant in smaller

PSD compared to large PSD. This can be attributed to smaller particles having more

available surface area to be covered by MgSt coating. For all the PSD levels, the lubri-

cation affects the strength and stiffness level until it reaches a saturation regime, where

the powder would no longer be affected with the addition of lubricant concentration

or mixing time, in accordance with Kikuta and Kitamori [130]. It should be noted

that the lubricant concentration and mixing time do not affect the tensile strength

and elastic modulus of tablets by the same rate. The results demonstrate an envelope

for tensile strength and elastic modulus obtainable for tablets with relative densities

ranging between 0.8 and 0.94 considering different PSDs and lubricant conditions.
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Figure 4.9: Elastic modulus and tensile strength vs. out-of-die relative density of all the
lactose monohydrate tablets with PSD of 0-75 µm.
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Figure 4.10: Elastic modulus and tensile strength vs. out-of-die relative density for different
PSDs of lactose monohydrate; (a,b) 75-106 µm, (c,d) 106-150 µm, and (e,f)
as-received.

The reduction in strength of large particles (106-150 µm), even for the least lubricated
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tablets (case 13), was to a degree that hardly particles formed a solid and the tablets

were extremely weak. In fact, the elastic modulus measurements of highly lubricated

tablets with high relative densities (case 16) failed, indicating that there was not suf-

ficient bonding stiffness to pass the ultrasound wave. Obviously, in practical purposes

this level of strength is not desirable but since our goal is to have a model based on

lubrication sensitivity we created a vast collection of data.

The initial particle size of LM affects the mechanical strength of tablets, as depicted

in Fig. 4.11. Large mean particle sizes exhibited faster response to tablet strength

saturation by increasing lubricant concentration and/or mixing time. For 0.25%MgSt-

2min case, the difference between each PSD is noticeable. This may be due to the more

available surface area in smaller particles requiring more mixing time to fully be coated

by MgSt. The as-received tablets in the low lubrication condition show high elastic

modulus and tensile strength because of having a large population of small particles.

However, as the shear strain increases, the larger particles are overlubricated causing

a significant drop in the elastic modulus and tensile strength. Altogether, we have

observed that the lubricant and PSD sensitivity of LM are more pronounced in the

tablet properties than in its deformation behavior during compaction.

The elastic modulus and tensile strength of all the SDL tablets are plotted against

their relative densities for different PSD levels in Fig. 4.12. SDL shows a non-negligible

sensitivity to lubrication. As expected by the compaction profiles, SDL tablets showed

higher values of elastic modulus and tensile strength compared to LM tablets. This

difference is more remarkable between the stiffness of tablets compared to the their

tensile strength.



77

0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96

Relative density

0

1

2

3

4

5

E
la

s
ti
c
 m

o
d

u
lu

s
, 

G
P

a

0.25%MgSt-2min

0-75

75-106

106-150

as-received

(a)

0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96

Relative density

0

0.5

1

1.5

2

2.5

3

3.5

4

T
e

n
s
ile

 s
tr

e
n

g
th

, 
M

P
a

0.25%MgSt-2min

0-75

75-106

106-150

as-received

(b)

0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96

Relative density

0

1

2

3

4

5

E
la

s
ti
c
 m

o
d

u
lu

s
, 

G
P

a

0.25%MgSt-20min

0-75

75-106

106-150

as-received

(c)

0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96

Relative density

0

0.5

1

1.5

2

2.5

3

3.5

4

T
e

n
s
ile

 s
tr

e
n

g
th

, 
M

P
a

0.25%MgSt-20min

0-75

75-106

106-150

as-received

(d)

0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96

Relative density

0

1

2

3

4

5

E
la

s
ti
c
 m

o
d

u
lu

s
, 

G
P

a

2%MgSt-20min

0-75

75-106

106-150

as-received

(e)

0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96

Relative density

0

0.5

1

1.5

2

2.5

3

3.5

4

T
e

n
s
ile

 s
tr

e
n

g
th

, 
M

P
a

2%MgSt-20min

0-75

75-106

106-150

as-received

(f)

Figure 4.11: Particle size effect on elastic modulus and tensile strength of lactose monohy-
drate tablets at different lubrication conditions (a,b) 0.25%MgSt-2min, (c,d)
0.25%MgSt-20min, and (e,f) 2%MgSt-20min.
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Figure 4.12: Elastic modulus and tensile strength vs. out-of-die relative density for different
PSDs of spray-dried lactose; (a,b) 0-75 µm, (c,d) 75-106 µm, (e,f) 106-150 µm,
(g,h) 150-212 µm, and (i,j) as-received.
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Figure (4.12 Cont.): Elastic modulus and tensile strength vs. out-of-die relative density for
different PSDs of spray-dried lactose; (a,b) 0-75 µm, (c,d) 75-106 µm,
(e,f) 106-150 µm, (g,h) 150-212 µm, and (i,j) as-received.
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Figure 4.13: Particle size effect on elastic modulus and tensile strength of spray-dried lactose
tablets at different lubrication conditions (a, b) 0.5%MgSt-30sec, (c, d) 1%MgSt-
2min, (e, f) 0.5%MgSt-10min, and (g, h) 2%MgSt-20min.
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Four different lubrication conditions were selected to compare the PSD effect on the

tensile strength and elastic modulus of SDL tablets. According to Fig. 4.13, unlike LM,

particle size does not affect the tensile strength and elastic modulus of SDL tablets,

taking into account different lubrication conditions.

All the 42 cases (cf. Table 4.1) were individually fitted to Eq. (4.3) [108] and Eq. (4.4)

[5], thoroughly explained in subsections 3.3.1 and 3.3.2.

E = E0

(
1−

(
1− ρ̄

1− ρc,E

))
(4.3)

σt = σ0

[
1−

(
1− ρ̄

1− ρc,σt

)
e(ρ̄−ρc,σt )

]
(4.4)

where E0 and σ0 are the elastic modulus and tensile strength at zero-porosity, re-

spectively and ρc,E and ρc,σt are the relative density at which E and σt go to zero,

respectively. Table 4.3 lists all the fitted parameters and R2
adj values. A good fit was

shown for all the cases (R2
adj ≥ 0.92), except the elastic modulus fitting of cases 12 and

16, due to the implications of acquiring data from these tablets exhibiting low elasticity

using the already selected settings on the ultrasound testing.
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Table 4.3: σ0, ρ̄c,σt , E0, and ρ̄c,E together with their R2
adj values for all the cases.

Powder Cases σ0 (MPa) ρ̄c,σt (%) R2
adj(%) E0 (GPa) ρ̄c,E (%) R2

adj(%)

Lactose monohydrate 1 5.6 76.16 97.83 6.47 72.93 95.84
2 5.36 77.27 98.41 5.4 71.29 97.36
3 6.19 78.07 97.88 5.77 73.7 93.82
4 5.64 79.61 98.81 4.86 74.42 98.5
5 4.99 79.7 97.12 4.28 73.14 97.98
6 4.21 82.47 99.42 3.69 75.3 94.9
7 4.92 80.08 98.13 4.52 75.12 96.93
8 3.31 81.26 96.7 2.4 75.68 98.22
9 3.79 82.9 98.28 2.73 76.68 95.89

10 4.18 82.13 98.22 2.69 76.82 95.98
11 2.81 81.9 99.03 1.36 68.71 95.95
12 1.78 83.72 99.37 1.06 70.27 48.36

13 3.3 82.78 99.29 1.36 69.58 92.44
14 2.47 82.34 96.89 1.16 72.02 96.32
15 2.26 81.22 97.63 1.01 61.14 97.06
16 1.45 84.28 97.78 - - -

17 6.01 81.05 98.94 4.07 74.52 96.29
18 3.02 83.38 97.65 2 75.6 97.87
19 2.62 85.1 96.59 1.84 78.37 92.92

Spray-dried lactose 20 6.91 74.65 95.83 9.8 72.78 96.16
21 6.49 77.13 96.11 7.23 74.09 95.58
22 6.56 76.89 95.42 7.29 72.45 97.03
23 6.23 76.76 95.56 6.85 73.55 96.77
24 5.7 79.32 97.22 5.76 74.42 98.2
25 5.58 79.22 98.29 5.48 70.42 95.82

26 6.15 75.09 94.81 8.74 72.71 97.22
27 6.49 76.39 94.75 7.98 74.2 96.82
28 5.39 76.86 94.56 6.7 74.06 96.99
29 5.67 76.87 97.63 6.54 72.75 97.13

30 6.71 75.2 96.37 10.66 76.53 95.92
31 5.6 76.17 94.33 7.5 72.96 96.45
32 5.97 76.19 98.65 6.85 73.25 96.55
33 6.42 77.87 96.53 6.94 73.27 95.9
34 5.13 77.73 96.27 5.57 72.62 96.86
35 4.77 77.87 99.11 5.39 71.23 98.53

36 6.47 75.51 99.59 9.43 74.48 96.17
37 5.66 76.74 98.12 7.65 73.37 96.05
38 6.44 79.05 98.41 7.37 74.81 97.31
39 6.29 77.22 96.35 8.27 74.77 97.6
40 4.95 76.83 98.75 6.31 71.99 96.39

41 6.91 76.36 99.5 9.47 73.97 99.24
42 4.63 78.08 99.49 5.3 71.68 97.89
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4.3.3 Proposed Model

Toward quantifying the PSD and lubricant sensitivity effects on mechanical properties

of tablets, we introduce a parameter “C” into the tensile strength and elastic modulus

relationships with relative density. For the sake of simplicity and generality, we assume

a form for C that captures the leading order term of the variables, that is

C =
cl
x1 tm

x2 µx3

x4
(4.5)

where {x1, x2, x3, x4} are the fitting coefficients. The coefficient x4 serves as a “normal-

ization” parameter to make C dimensionless. C will depend on the response variable

(i.e., tensile strength and elastic modulus) and material properties. Thus, we define

four distinct C parameters, referred to as CE,LM and Cσ,LM for lactose monohydrate

and CE,SPD and Cσ,SPD for spray-dried lactose.

In order to introduce C into the Eqs. (4.3) and (4.4), we need to find the relationships

between C and E0, σ0, ρc,E, and ρc,σt (the fitting parameters in those relationships).

Figs. 4.9, 4.10 and 4.12 show that the data points converge as ρ̄ decreases, in agreement

with what authors observed in Razavi et al. [161]. Thus, to keep the optimization

problem simpler and mathematically less complex, we assume constant ρc,E and ρc,σt

for each powder, regardless of its PSD, lubricant concentration or/and mixing time.

Thus, as a first order approximation only E0 and σ0 were considered as functions of C.

We parameterize E0 and σ0 as follows:

E0 =
E0,∅ − E0,∞

1 + CE
+ E0,∞, where CE =

cl
b1 tb2m µb3

b4
(4.6)

σ0 =
σ0,∅ − σ0,∞

1 + Cσ
+ σ0,∞, where Cσ =

cl
d1 td2m µd3

d4
(4.7)

where {b1, b2, b3, b4} and {d1, d2, d3, d4} are the fitting parameters presented in

function C for E0 and σ0, respectively. (E0,∅ and E0,∞) and (σ0,∅ and σ0,∞) correspond

to properties for when C = 0 and C = ∞, respectively. Thus, E0,∅ and E0,∞ are the

maximum and minimum values E0 can obtain, which are determined by fitting the
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experimental data to the above equation. The same holds for σ0. For most materials,

E0,∞ (or σ0,∞) will go to zero. However, it has been reported that materials, which

experience significant fracture may develop some tablet strength even if they are fully

lubricated [153, 130]. Therefore, the limit of infinite lubrication does not necessarily

need to be zero strength and stiffness.

The functionality of E0 and σ0 is in fact unknown. In this study, we parameterized these

two functions only in the interest of simplicity and generality. Other functionalities may

be explored, which falls outside the scope of this dissertation.

E0 and σ0 were predicted from experimental results by solving the following general

optimization problems

min
{b1,...,E0,∞,ρc,E}

[∑
i∈P

(
E(ρ̄i)− E0{b1,...,b4,E0,∅,E0,∞}

(
1− 1− ρ̄i

1− ρc,E

))2
]1/2

min
{d1,...,σ0,∞,ρc,σt}

[∑
i∈Q

(
σt(ρ̄i)− σ0{d1,...,d4,σ0,∅,σ0,∞}

(
1− 1− ρ̄i

1− ρc,σt

)
e(ρ̄i−ρc,σt )

)2
]1/2

where P and Q are a set of experimental points obtained from ultrasound and diamet-

rical compression tests, respectively. In this study, P and Q consisted of 316 points for

SPD and 204 and 214 points for LM, respectively. It is noted that those 10 observations

that were removed from the set for the elastic modulus optimization correspond to case

16 in Table 4.3. Case 5 from LM dataset and cases 24 and 33 from SDL dataset were

randomly taken out and adopted later to evaluate the validity of the model.

The solution to the optimization problems forced E0,∞ and σ0,∞ to go to zero for both

materials. Thus, Eqs. (4.6) and (4.7) were reduced to

E0 =
E0,∅

1 + cl
b1 t

b2
m µb3
b4

σ0 =
σ0,∅

1 + cl
d1 t

d2
m µd3
d4
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Table 4.4: Optimal coefficients and their residual error of elastic modulus optimization prob-
lem for lactose monohydrate and spray-dried lactose.

Powder E0,∅ (GPa) b1 b2 b3 b4 ρc,E E-norm (GPa)

Lactose monohydrate 28.1221 0.1491 0.2645 1.7082 841.377 0.7316 3.31

Spray-dried lactose 390932.897 0.1654 0.0859 -0.0179 0.0000266 0.7354 5.529

Table 4.5: Optimal coefficients and their residual error of tensile strength optimization prob-
lem for lactose monohydrate and spray-dried lactose.

Powder σ0,∅ (MPa) d1 d2 d3 d4 ρc,σt σ-norm (MPa)

Lactose monohydrate 14.9186 0.1982 0.301 1.2984 498.924 0.7924 3.739

Spray-dried lactose 10.0276 0.3342 0.1237 0.2154 7.5374 0.7653 3.31

The optimal values together with the residual errors for the optimization problems are

in Tables 4.4 and 4.5. For LM, b3 and d3 values indicate that changes in PSD result

in more drastic changes in elastic modulus and tensile strength of tablets compared

to cl and tm. On the other hand, cl seems to be the most influential variable on the

mechanical properties of SDL (see, b1 and d1 values in Tables 4.4 and 4.5). E0,∅ of

SDL resulted in an unrealistic prediction. Hence, we attempted to produce tablets of

SDL with no lubrication, but the compaction was not successful due to extremely high

frictional and ejection forces. Overall, caution must be taken in interpreting E0,∅ and

σ0,∅.

In summary, our proposed strategy shows that elastic modulus (or, tensile strength)

not only depends on the relative density of tablets, it is also inversely proportional to a

non-linear function of material and blending properties and can be presented as follows:

E =
E0,∅

1 + cl
b1 t

b2
m µb3
b4

(
1− 1− ρ̄

1− ρc,E

)
(4.8)

σt =
σ0,∅

1 + cl
d1 t

d2
m µd3
d4

(
1− 1− ρ̄

1− ρc,σt

)
e(ρ̄−ρc,σt ) (4.9)
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The groundwork of our model was to relate the variables that contribute to parameter

C, to E0 and σ0. Figs. 4.14 and 4.15 demonstrate the functionality of the proposed rela-

tionship. The model fitted the data well for both materials. The validation points were

in good agreement with the predicted curves. It should be noted that our optimization

problems were constructed to minimize the experimental and predicted values of elastic

modulus and tensile strength of tablets. Thereby, the fitting coefficients presented in

Tables 4.4 and 4.5 are not the optimal values for predicting E0 and σ0.

The measured and predicted elastic modulus and tensile strength as a function of rela-

tive density for all the LM and SDL tablets are plotted in Figs. 4.16 and 4.17, respec-

tively. The colorbar represents a normalized parameter C. The model well captured

the lubrication trend with respect to PSD in the elastic modulus and tensile strength

for the two compacted powders.
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Figure 4.14: The measured and predicted values of E0 and σ0 as a function of parameter “C”
for lactose monohydrate. A validation point, in blue, is also provided.
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Figure 4.15: The measured and predicted values of E0 and σ0 as a function of parameter “C”
for spray-dried lactose. Two validation points, in blue, are provided.
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Figure 4.16: (a) Elastic modulus and (b) tensile strength of lactose monohydrate tablets as
a function of the relative density capturing the lubrication and PSD effect. The
colorbar represents a normalized C parameter. 0: least lubricated+smallest PSD
and 1: most lubricated+largest PSD.
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Figure 4.17: (a) Elastic modulus and (b) tensile strength of spray-dried lactose tablets as
a function of relative density capturing the lubrication and PSD effect. The
colorbar represents a normalized C parameter. 0: least lubricated and 1: most
lubricated.

Figs. 4.18 and 4.19 compare the validation measurements with predicted lines for elastic

modulus and tensile strength of LM and SDL tablets, respectively (case 5 for LM and
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cases 24 and 33 for SDL). The agreement between the validations and model predictions

are very promising.
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Figure 4.18: Comparsion of the validation experiments to the model prediction for (a) elastic
modulus and (b) tensile strength of lactose monohydrate tablets as a function of
relative density (case 5 in Table 4.1).
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Figure 4.19: Comparsion of the validation experiments to the model predictions for (a) elastic
modulus and (b) tensile strength of spray-dried lactose tablets as a function of
relative density (cases 24 and 33 in Table 4.1).

Figs. 4.20(a) and 4.20(b) show the relationship between actual (measured) and predicted

elastic modulus and tensile strength for all the LM and SDL tablets. Good correlations

were observed between the predicted and actual values. For elastic modulus predictions,

R2 of 0.94 for both powders was found and for tensile strength predictions R2 was 0.96

and 0.91 for SDL and LM, respectively.
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Therefore, our proposed model can be successfully adopted to predict the mechanical

strength of tablets capturing the lubricant sensitivity and PSD effects.
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Figure 4.20: Predicted vs. actual values of (a) elastic modulus, where the R2 was 0.94 for both
powders and (b) tensile strength, where R2 was 0.96 and 0.91 for spray-dried
lactose and lactose monohydrate, respectively.
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4.4 Summary and Conclusion

We have proposed a general framework for predicting a wide range of elastic modulus

and tensile strength that a specific powder can attain based on its lubricant sensitivity

and considering different particle size distributions. This was possible by introducing

a new parameter in the existing tensile strength and elastic modulus models of porous

materials. The model showed a good predictability for two grades of lactose. Our model

can be extended to all the powders that undergo different deformation mechanisms and

explored for ternary or more complex mixtures.

Figure 4.21: Elastic modulus and tensile strength regime for lactose monohydrate and spray-
dried lactose tablets. Relative density of tablets ranged from 0.8 to 0.94.

We have covered a wide, if not the widest, strength level of lactose monohydrate and

spray-dried lactose tablets with respect to particle size distributions and lubrication

conditions. Fig. 4.21 depicts the measured tensile strength vs. elastic modulus of

all the lactose monohydrate and spray-dried lactose tablets. The data points show a

pattern, which can be identified by zones. An elliptic zone for LM and a trapezoidal zone

for SPD are sketched. These zones provide an “accessible” regime, which is ideal for
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design strategies. For a certain formulation, creating such a zone will help to optimize

the processing variables for the desirable mechanical properties of tablets and to keep

away from the boundaries.

As a validation of the proposed strategy in the previous chapter, we plotted σ0 vs. E0

(Fig. 4.22). The correlation is still clear with more number of observations and it seems

to follow a nonlinear behavior.
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Figure 4.22: E0 and σ0 relationship for lactose monohydrate and spray-dried lactose tablets.
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Chapter 5

Conclusions and Recommendations

5.1 Remarks

In Chapter 2, we proposed a general framework for determining optimal relationships

for tensile strength from the breaking force of doubly convex tablets under diametrical

compression. The approach is based on the observation that tensile strength is directly

proportional to the breaking force and inversely proportional to Q, a nonlinear function

of geometric parameters and materials properties.

We have proposed three new optimal tensile strength relationships, which we referred

to as general model, 2-parameter model and mechanistic model. The general model

captures the leading order behavior of Q on the geometric parameters, it has the exact

limiting behavior for flat faced tablets, and it has four optimal parameters to be de-

termined. The 2-parameter model simplifies the general model by assuming that Q is

linear on the geometric parameters, and thus the number of parameters is reduced to

two while the correct limiting behavior is retained. The mechanistic model is based on

an effective cross-sectional surface area associated with strength and exhibits the exact

limiting behavior for flat geometries with only two optimal parameters.

We provided a set of recommendations on how to compare the models based on their

number of parameters, stability, predictability, and having the correct limiting be-

havior. Our observations suggest that both general and mechanistic models are cost-

and time-effective, predictive alternatives to the tensile strength relationship currently

used in the pharmaceutical industry. Furthermore, our analysis showcases the bene-

fits of adopting a general framework for developing and evaluating the performance of

optimal relationships for tensile strength of doubly convex tablets under diametrical

compression.
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Chapter 3 demonstrated that ultrasound (US) measurement system can be successfully

used to attain information about the mechanical integrity of pharmaceutical tablets.

The effect of two processing parameters, compaction force and level of shear strain

were examined. US speed of sound was found to be sensitive to the relative density

and the level of shear strain. US testing could detect even small differences between

tablets that a hardness tester failed to do so. This is an added advantage of using

this technique to monitor mechanical properties, because a slight change could have a

significant consequence on dissolution.

A strategy for hardness prediction was proposed that uses the existing models for

elastic modulus and tensile strength of porous materials. A clear correlation between

elastic modulus and tensile strength at zero porosity was presented. Thus, US testing

was found to be a good candidate to be placed on/at-line to measure the mechani-

cal integrity of tablets non-destructively. These results provide information about the

behavior of processing parameters on the performance of tablets and the ability to engi-

neer product properties. The extension of this work was continued in Chapter 4, where

a general methodology was proposed for predicting a wide range of elastic modulus and

tensile strength that a specific powder can attain based on its lubricant sensitivity and

considering different particle size distributions. This was possible by introducing a new

parameter in the existing tensile strength and elastic modulus models of porous mate-

rials. The empirical model showed a good predictability for two grades of lactose. Our

model can be extended to all the powders that undergo different deformation mecha-

nisms and explored for ternary or more complex mixtures. This quantitative strategy

will enable formulators to better understand the formulation compaction behavior and

select optimal processing parameters.

5.2 Future Work

Based on the work presented in this dissertation, several potential areas are discussed

here for future study.

1. Chapters 3 and 4 demonstrated the efficacy of ultrasound measuring system to
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analyze the mechanical integrity of tablets in a fast and non-destructive fashion.

As a future plan, building a tablet testing toolbox is pursued, which consists

of weight, hardness using ultrasound, thickness, diameter or length, chemical

composition using NIR or Raman testing stations. This toolbox will ensure quick,

automated, non-destructive testing to ensure all the critical quality attributes are

measured for individual tablets.

2. To cut the amount of experimental work needed to characterize every new phar-

maceutical formulation, it is necessary to study the effect of material properties

on the tablet press performance. Thus, a general methodoloy for hardness model

needs to be developed considering material properties and tablet press variables.

3. In this dissertation we have only tested flat faced cylindrical tablets for ultrasound

testing. It would be of interest to study the stiffness of doubly convex tablets

and investigate if the framework presented in Chapter 2 can be applied for the

ultrasound measurements.

4. The particle size effect on lubrication sensitivity of an excipient was explored in

Chapter 4. The model can be extended and generalized for pharmaceutical for-

mulations taking into account other powder properties (e.g., bulk density) and/or

processing parameters (e.g., compaction speed). We can also use the Quette

shearing device to impart uniform shear to the powders and replace the mixing

time in the model to shear rate and mechanical strain.

5. In Chapter 4, we briefly presented the possible particle size effect and lubrication

sensitivity of powders on compaction profiles. More rigorous studies on the final

stage of the unloading curves are favorable, which is thought to have a good

correlation with tablet strength and are areas worthy of further investigation.
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