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ABSTRACT OF THE DISSERTATION

Lagrangian Floer theory in symplectic fibrations

by Douglas Schultz

Dissertation Director: Christopher Woodward

Consider a fibration of compact symplectic manifolds F' — E — B with a compatible symplectic
form on FE, and an induced fibration of Lagrangian submanifolds Ly — L — L. We develop
a Leray-Serre type spectral sequence to compute the Floer cohomology of L in terms of the
Floer complex of Lr and Lp when F is symplectically small. Moreover, we write down a
formula for the leading order superpotential when F' is a Kdhler homogeneous space. To solve
the transversality and compactness problem, we use the classical approach in addition to the
perturbation scheme recently developed by Cieliebak-Mohnke [CM07] and Charest-Woodward
[CWb; [CWa]. As applications, we find Floer-non-trivial tori in complex flag manifolds and

ruled surfaces.
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Chapter 1

Introduction

In topology, the idea of a fibration is of central importance. In a certain sense, this is the topo-
logical version of a short exact sequence. A fibration provides a natural way of viewing a large

space as two smaller ones that are twisted together, or a way of constructing one space from two.

To say something about the topology of a fibration, one typically uses some sort of long exact
sequence, or more generally a spectral sequence. This idea was made popular by Leray, Serre,
Grothendieck, and others [Ser51} [Ler50a; [Ler50b; |Gro57; (Wei94|. For example, to compute the
de Rham cohomology of a fiber bundle FF — E — B, where B has a good cover i, one can
use a spectral sequence whose second page is EY'? = HP (4, H?), the Cech cohomology of the
cover, where H? is the presheaf U + H9(m~1(U)). The idea goes back to one of Leray |Ler50a;

Ler50b], where he develops his spectral sequence to compute sheaf cohomology groups.

We would like to develop a Leray-Serre type spectral sequence in the setting of pseudo holo-
morphic curves and Lagrangian Floer theory. Pseudo holomorphic curves were introduced circa
1985 by Gromov [Gro85|, and have become a powerful tool in symplectic topology. One of
the original applications was in defining a quantum cup product on the usual cohomology that
allows interactions between cocycles (or their Poincaré duals) that do not ”intersect” in the
classical situation. Further dynamical applications were considered by Floer and others [F1o88;

Flo89].

In this paper, the invariant of interest is Lagrangian intersection Floer cohomology [Flo88;



Oh93]. This theory takes as input two transversely intersecting Lagrangians (or often, a single

Lagrangian) and in nice cases provides an obstruction to displacement by a Hamiltonian isotopy.

Fukaya et. al. (culminating in [FOOOOQ9]) have discovered an underlying algebraic and
categorical structure in the information given from Lagrangian intersection theory, called the
Fukaya category of a symplectic manifold. Through homological mirror symmetry, the derived
Fukaya category is expected to be equivalent to the derived category of coherent sheaves in
the mirror manifold. Therefore, it seems feasible to try to find some generators for the Fukaya

category, or at least some Floer non-trivial Lagrangians.

The Floer cohomology for a single Lagrangian is constructed as follows: Choose a Morse-
Smale function on L and form the usual Morse complex CF(L). The Floer differential then
counts quantized Morse flows—isolated pseudo holomorphic disks u : (D,0D) — (M, L) with
boundary markings that map to specified stable/unstable manifolds. Assuming that we have
made the right assumptions (L is monotone or weakly unobstructed) and have perturbed the
almost complex structure correctly, this differential is well-defined and squares to zero, which

gives us a homology theory HF(L).

In this thesis, we will study compact fiber bundles where the base, fiber, and total space
are symplectic. We will denote this F' — E — B, where (F,wr) and (B,wp) are symplectic,
and F has an appropriately compatible symplectic form. We suppose further that we have a
Lagrangian L C F that fibers over a Lagrangian L C B with Lagrangian fibers Lp C F, and
we proceed to compute the invariant HF(L) from information about HF(Lg) and HF(Lp).
The first main result is the derivation of a spectral sequence in the vein of Leray [Ler50a;
Ler50b]. Each Morse-Floer configuration w : (C,0C) — (E, L) has a notion of energy, which is
the symplectic area under pullback e(u) = fc u*w. The energy of the configurations under the

projection 7 : E — B provides a filtration to induce a spectral sequence.



To provide a better method of computation of this Floer theory, we prove a formula for the
disk potential of a fibered Lagrangian. A version of the potential function was introduced in
[FOOO; FOOO0Y|, and provides a concrete way to show that the Floer cohomology of a La-
grangian torus is isomorphic to the Morse cohomology. Our formula gives the first and second
order terms in the disk potential as a computation that takes place in (B, Lp) and (F, Lp). We
then show that solving for critical points of this second order potential allows us to say that

the particular fibered Lagrangian is Hamiltonian non-displaceable.

Let us now outline the project in further detail. Consider a fiber bundle of smooth compact
manifolds F' — E — B where (F,wpg) and (B,wg) are symplectic, and the symplectic form on

E is the weak coupling form:

wg =a+ Kn*wg
1*a = wp

da =0

for large K. The two-form a is what’s known as the minimal coupling form, and is devel-
oped in Guillemin-Lerman-Sternberg [GLS96]. The essence is as follows: Let TF & H be a
connection on E. We say that H is Hamiltonian if the holonomy maps are Hamiltonian diffeo-
morphisms of the fibers. Further suppose that H = TF%-. Then for v, v, € H the assignment
(v1,v2) = a(vy, v2) is defined as the unique zero average Hamiltonian associated to the vertical
component of [v1, v3]. Since a may degenerate in the horizontal direction, so we choose K large

enough so that wk is non-degenerate. In section 2] we give more details of this construction.

In order for the Floer theory to work, we have to make some assumptions on the base and
fiber. These assumptions involve a crucial quantity assigned to holomorphic curves that is

known as the energy. For a symplectic manifold (E,w), choose an almost complex structure J



(where J? = —I) such that w(-,J-) is positive definite. A differentiable map from a Riemann
surface u : (C,0C) — (E, L) is said to be J-holomorphic if J o du = du o j, where j is an

integrable complex structure on C.

Definition 1. For a map u : (C,0C) — (FE, L), the energy of u is the symplectic area of C

e(u):/cu*w

Since w is closed and L is Lagrangian, it follows from Stokes’ theorem that this is a homotopy

under pullback:

invariant. For curves that are J-holomorphic we have the energy identity [MS04]:

/|du|3dvolcz/ ufw
c c

Thus, for a fixed homology class we get an L? bound on the derivative of a J-holomorphic

representative, and this is crucial to the compactness results in Floer theory.

We will need Lr to be monotone and B to be rational. Let u(u) be the boundary Maslov
index associated to a homology class [u] € hy o mo(F, Lr), where hy : mo(E,L) — Ho(E, L)
is the Hurewicz homomorphism. We say that Lg is monotone if there is a A > 0 such that
p(u) = X [, u*wp for any [u] € hy o ma(F, Lr). We say that B is rational if wp has a non-zero
representative in H?(B, Q). Moreover, we say that Lp is rational if there is an e € R such that

hg o ’/TQ(B,LB) Ce-Z.

Given Lr C F and L C B as above, some natural questions one can ask are:

1. Can we produce a Lagrangian L C E as fiber bundle Lr — L — Lp given some assump-

tions on the topology of F — E|., — Lp?

2. If L C E of the form Ly — L — Lp, what can we say about the Floer cohomology of L

given that of Ly and Lp?

In this paper, much of the work will culminate to a definitive answer for (2). We will provide



an answer for (1) in some special cases.

We set the following definition:

Definition 2. A Symplectic Mori Fibration is a fiber bundle of compact symplectic manifolds
(F,wr) = (E,wx) = (B,wp), whose transition maps are symplectomorphisms of the fibers,
(F,wp) is monotone, (B,wp) is rational, and wx = a + Kn*wp for large K where a is the

minimal coupling form associated to a Hamiltonian connection.

Usually, one defines Lagrangian Floer theory over some sort of Novikov ring. In our frame-
work, it is natural to work in a Novikov ring with two formal variables ¢ and r, in which the

r-exponent is allowed to be as negative as a multiple of the g-exponent. For 0 < € < 1, denote

A? = {Zczqurmcz‘j €C, pi,n €R, p; 20,(1—€)pi+1m; >0
i,J

#{cij #0,pi+n; <N} <OO}

Let

Ag = Zciqm 1, €C, pi €R>, #{i:¢; #0,p; < N} < 0
i>0

be the universal Novikov ring with non-negative powers of ¢ and let
Alg] = { > ciqi”}
1€Np
for some p > 0. Filtration of the Floer chain complex by base energy induces a spectral sequence,

which is our first main theorem:

Theorem 1. Let (F,wr) — (E,wg) — (B,wg) be a symplectic Mori fibration. Suppose we
have a fibration of Lagrangians Ly — L — Lp, with Ly monotone, Ly rational, L Lagrangian
with respect to wy, and a divisor D = w=*(Dg) for a Donaldson hypersurface [Dp]’'P = njwg]
of large degree in the base. Choose an a regular, coherent, stabilizing, convergent perturbation

datum (Pr)r (for each configuration type I'). Then there is a spectral sequence EX that converges



to HF*(L,A?) whose second page is the Floer cohomology of the family of Ly over Lg. The

latter is computed by a spectral sequence with second page
& = H*(Lp, HF(Lp,Alr])) ® Alg] (1.1)

where the coefficients come from the system that assigns the module HF (Lp, ,A[r]) to each

critical fiber.

In many cases, it is convenient to use the disk potential to compute the Floer cohomology
of L. In case the fibers of E are Kahler with a G-invariant integrable complex structure, we
use Donaldson’s version of the Oka principle to trivialize the bundle u*E for any holomorphic
disk u : (D,0D) — (B, Lp). This allows us to produce J-holomorphic lifts of configurations
into (F,L) that are vertically constant (and hence regular!). We use this lifting operation
and a small perturbation of almost complex structures to write down a formula for the ”sec-

ond order” potential for L in terms of the leading order potential of L g and the potential for L.

Let e,(u) = [, u*a, e(mou) = [, Kmou*wpg, and Hol,(u) be the evaluation at a represen-
tation p € Hom(m (L), A?*) on the boundary of a configuration u. Define the 0*"-order A,
composition map as

u%p = Z +(m!)~ Hol , (u) g ("W per (W (1.2)
uEM(E,L,x)o
=1

where m is the number of marked points on the domain of u. Here we are assuming that the
0-dimensional moduli spaces M(E, L, x)q of holomorphic configurations with one output are of
expected dimension, which is a large technical obstruction that will be detailed in chapter [4]

Let = € crit(f) € CF(L,A?) refer to a generating critical point of a Morse function f.

Definition 3. The second order potential for a symplectic Mori fibration is

WOL(p) = Z E(U) (m!)_1Holp(ui)qe(ﬂ'ou)rev(u)x

UEL,
z€Ecrit(f)



where for each x
I, = {u e M(E,L,z)ole(mrou) = 0}

o{uletw = _ min (e etmov) £ 0}

The number m is the number of marked points on the domain of u;, and £(u) is £1 depend-

ing on a choice of orientation on the moduli space.

The second order potential counts the holomorphic disks contained in a single fiber, or those
with minimal total energy among the homology classes with non-zero base energy. For mono-
tone Lp and large enough K in the weak coupling form, the second order potential becomes

the terms of lowest and second lowest total degree in [1.2

The utility of this definition is the following: We view it as a function Wy : Hom(m; (L), A?) —
CF(L,A?) and attempt to find critical points. Once one has a non-degenerate critical point p,
we show that it induces a critical point ¢ of ¥, Finally, we show that at a critical point & we
have H(L, LL%) = gMorse([, A2). The cohomology H (L, ,u%) is by definition the Floer cohomol-

ogy of L.

To this end, let WP (p) be the terms of minimal energy appearing in 1e s and iz,
CF(Lp,Alr]) — CF(L,A?) the map induced from inclusion of the fiber above the unique

maximum of the Morse function on Lg. In subsection [I.5] we will introduce a lifting operator
L: M(B, LB,.%‘)Q — M(E, L,y)o

that lifts unbroken holomorphic configurations in the base to regular holomorphic configurations
in the total space with a chosen output y. One can pick y to be the unique maximum of the
Morse function restricted to the fiber, and we denote this operator £”. This operator induces

a count of holomorphic disks £ o WOLB arising from the count that one does in the base, and



induces a function

L" o WP - Hom(mi (L), A?) — CF(L, A?)

Theorem 2. Let E be a compact symplectic fibration with Kdahler fibers, and let (Pr)r be
an appropriate choice perturbation data for each configuration type I'. Then the second order
potential for (E, L) decomposes into a sum of a lifted leading order potential and the full potential
for the fiber:

Wy (p) = L 0 W (p) +wgre © Wl vy (1.3)

Asa corollary we show that if Lp has a well defined Floer cohomology (that is, (u},,)* = 0
for an undeformed 4 ), then so does L. The details of this theorem and corollaries are carried

out precisely in section |5.2

Before any of the results come about, sections [£.3|[£.4] develops the usual transversality and
compactness results for the moduli space of J-holomorphic disks. We use a system of domain
dependent almost complex structures, as developed in Cieliebak-Mohnke |[CMO07| and Charest-
Woodward [CWbi |CWa, to overcome the multiple cover problem in achieving transversality
in the base manifold. We summarize the technicalities for rational symplectic manifolds: In
order to make use of domain dependent perturbation data on the space of k differentiable, p
integrable maps from a disk into E, denoted Map(D, E, L)y, ,,, one needs the domain to be stable
(no non-trivial automorphisms), since when defining the moduli of pseudo-holomorphic curves
one identifies domains up to reparameterization. To stabilize our J-holomorphic domain con-
figurations, we use the idea of a stabilizing divisor [CMO07] (the existence attributed to [Don96|)
that is typically Poincaré dual to some large multiple of the symplectic class. By requiring
additional marked points on our configurations to map to the divisor, we obtain stable domains

and can therefore use a more refined perturbation system.

The transversality and compactness results in the fibration setting F¥ — E — B requires us

to balance the aforementioned technique for a rational (B, Lp) with the more classical results



for a monotone (F, Lr). The main transversality result requires the use of an upper triangu-
lar perturbation system (with respect to a symplectic connection TF @ H) to show that the
linearized Cauchy-Riemann operator is surjective in the particular case that a disk is constant
along the fibers. One can then apply the classic density argument from [MS04] that uses the
regularity for the ajoint of the linearized CR operator. The fact we are using domain-dependent
perturbation data for B allows us to choose a section of T);J that is only non-zero in a small
neighborhood of some point p in the domain, thus bypassing the multiple cover problem in-
herent in the base manifold. For surjectivity in the fiber, we use the decomposition result for
monotone manifolds due to Lazzarini [Laz10]. This removes the need to stabilize components
that are horizontally constant, and allows us to use a single almost complex structure for each
component that is contained in a fiber. Compactness in this situation is a similar combination
of techniques from the rational and monotone cases: basically, we use the divisor in the base
to rule out any unstable bubble components under the projection, and the classical type of
regularization/dimension count to rule out vertical bubbles. The net result is that the only
possibility for an unusual configuration in the limit is the formation of a stable disk component
that does not break over critical points and is non-constant in the horizontal direction. Due
to the assumption that the minimal Maslov index of Lg is 2, we do get the usual disk bubble
connected to a constant disk that cancels in the differential due to the different orderings of the

boundary markings.

In order to write down a spectral sequence, we use coefficients from A?, with r appearing

as rle @ and ¢ appearing as ¢/c K™u"ws  Filtering the complex CF(L,A?) with respect to
g degree induces a spectral sequence similar to the one in [FOOO09] section 6.2. However,
the result here is that the second page is the cohomology of the complex CF(L,Asq[r]) with

respect to the differential d° that counts configurations with no ¢ degree. Morally, the second

page contains the Floer theory of the fiber Lagrangian along with the Morse theory of the base.



10

Once the usual technical results are out of the way, we get a Floer cohomology theory that
accepts as input Lagrangian fibrations Lr — L — Lp that is about as computable as the the-
ory for the base and fiber. Using this, we find some Floer-non-trivial tori in certain classes of
minimal models, e.g. P! bundles over a Riemann surface; we compute some lower dimensional
examples at the end of the paper. The implication of this is further reaching than one would
expect, due to a program of Gonzalez-Woodward |[GW; WC]. In their program, they use the
minimal model program from algebraic geometry to produce Floer-non-trivial generators for
the Fukaya category. The starting point is what some refer to as a Mori fibration, and at each
stage of a running of the minimal model program, more generating Lagrangians are created that
persist to the beginning of the running, i.e. the original space. Thus, finding Floer-non-trivial
Lagrangians in a Mori fibration will (in nice cases) give Floer-non-trivial Lagrangians in the

original space. Moreover, the end stage Mori fibration typically has Fano fiber.

In addition to the Mori surfaces exemplified at the end of this paper, the following example

of full flags has been a toy model for this project.

1.1 Example: Full Flags in C?

We expose a 3-torus T in the three dimensional complex flag manifold that fibers over the
Clifford torus in P? that is Floer-non-trivial. It is conjectured that this is the same torus as in

INNUJ, but viewed from the perspective of our fibration machinery.

Consider the space of nested complex vector spaces V; C Vo C C3. We can realize this as a
symplectic fiber bundle P! — Flag(C?) — P2, with the both the base and fiber monotone. The
type of Lagrangian that we are looking for is of the form Lp — L — Lg, where L and Ly are
the so-called Clifford tori in P™. More generally, Ly is any smooth, simple, closed curve that
divides the symplectic area of P! into halves. By the Riemann mapping theorem, the Floer

cohomology of L is isomorphic to that of any equator. Such an L constructed this way should
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be non-displacable, and we describe the construction after some preliminaries.

Holomorphic (but not symplectic) trivializations for Flag(C?) can be realized as follows.
Start with a chain of subspaces Vi C Vo C C? with V; € P2 represented as [20, 21, 22] with
20 # 0. Using the reduced row echelon form, there is a unique point in P(Vs) with first
coordinate zero, [0,wy,ws]. On the open set Uy of P?, we get a trivialization

Ty : Flag(C?) — Uy x P!

([20, 21, 22], V2) = ([20, 21, 22], [w1, w2])

If z; # 0, then the transition map Uy x P! — U; x P! is given by

Zow ZowW
gor([w1, wa]) = [~ =, wy — =]
Z1 Z1
which is a well defined element
—z0

21

—Z2
z1

in PGL(2). A similar transition matrix works for the other trivializations.

Unfortunately, the above algebraic viewpoint does not contain any sort of symplectic struc-
ture. There is a natural symplectic form that we could use given by viewing Flag(C?) as a
coadjoint orbit U(3)/T with

we(X,Y) = (X, Y])

where X, Y are in su(3)/{stab(¢)} [Sil01].

Finding a fibered Lagrangian requires a careful argument based on results from Guillemin-
Lerman-Sternberg |[GLS96]. In P™, there is a distinguished Clifford torus, denoted Cliff (P™) of
the form

(2055 2n] [zl = [l25]1 V2, 5
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that is also realized as the central moment fiber with regard to the action of T™. It was
demonstrated in [Cho04] that this is a monotone, Floer-nontrivial Lagrangian. In P!, this is
simply an equator with respect to a Hamiltonian height function. The main idea is that we

want to find a Lagrangian sub-bundle
Cliff(P') — L — Cliff(P?)

for which we will be able to compute the Floer cohomology.

The relevant result that we will use gives a description of the moment map for a symplectic
fibration over a Hamiltonian base manifold that will trivialize the fibration above Cliff(P?).
Let F — E — B be a symplectic fibration with a compact G-action where the projection is
equivariant. Denote 1 as the moment map for the action of G on B. Let A be an open set
of the moment polytope where the action is free. Given these assumptions, the discussion in

|GLS96| section 4.6 leads to the following theorem:

Theorem 3. [GLS96] Over U = ¢~1(A), there is a symplectic connection T such that the

moment map for the action on ©~1(E) with the weak coupling form a + m*wy is Yo

See chapter 4 of [GLS96] for a proof.

In lieu of the ability to change the connection on an open set (see the G-equivariant versions
of theorems |§| and , this new symplectic structure is not much different from (in fact, isotopic

to) the weak coupling form associated the original fiber-wise structure.

We sketch the proof of this theorem, as well as how it ties into our example: The key
component involves constructing a space Eyy that is a symplectic fibration over the family of
reduced spaces W, and one obtains a new symplectic connection (and associated weak coupling
form) on E|y — U by pulling back the connection from this new space. Moreover, the fibration

Ew — W can be shown to induce a fibration of reduced spaces (¢ o )71 (a)/G — ¥~ 1(a)/G.
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In our situation, we take G = T2, ¥ : P2 — ¥ to be the associated moment map, and a as the
barycenter of the moment polytope for P2. Thus, the modified connection on E|;; — U is trivial
over 1~ !(a) due to the fact that it is induced from (¢ o )~ (a)/G — {point}. Therefore, the

fibration is symplectically trivial above Cliff(P?) with the new connection.

1.1.1 Choosing a Lagrangian and computing Floer cohomology

Once we have the trivialization, we pick a trivial section of Cliff(P!), so our Lagrangian is T°.
On the other hand, there may be more ways to pick a non-trivial S! bundle over Cliff(P?); this

is currently under investigation.

To start, we pick a Morse-Smale function on Cliff(P2), such as the sum of two height functions
h1 + hs. In the case that the Lagrangian we pick is trivially Cliff(P?) x Cliff(P!), we can use the
three-way sum of S* height functions hq + hg + h3 as our Morse-Smale function. Alternatively,
one can follow a standard recipe when the fibration is non-trivial: Choose a Morse-Smale
function on each critical fiber 7! (z;) and extend to the rest of the space using cutoff functions
in local trivializations. Explicitly, let ¢; : Cliff(P?) — R be a cutoff function that is 1 in a
neighborhood of x; and 0 outside of some local trivialization U; 3 x;, with the U; disjoint. Pick

an identification of each critical fiber 7=!(z;) with S, a height function g : S* — R, and form

3
f(p) =hiom(p) +haom(p) + Y ¢iom(p)g(h)
=0

We will assume that we can perturb this function in a neighborhood near each critical point to

make it Morse-Smale and not change the individual critical points.

We use the 2nd order potential from theorem to show that this Lagrangian is Floer-
non-trivial. First, we compute the first order potential for P?: Let the stabilizing divisor

be U?_;®~1(OP;) the inverse image of the faces of the moment polytope. For the standard
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integrable complex structure Jpg, take the holomorphic disks
ui(z) = [z, 1,1], u2(z) = [1,2,1], us(z) = [1,1,2]

and suppose that —hy —hg takes its maximum at zo = [1, 1, 1]. By the classification of disks with
boundary in Cliff (P?) and the fact that the integrable complex structure is regular [Cho04], these
are the only Maslov index 2 disks (up to reparameterization) through [1, 1, 1]. By monotonicity
and an index count, x¢ is the only term showing up in ,uOChff(Pz). Thus, the leading order

potential for the base is
Cliff /2 P P 1 P
Wo  (P7)(y1,y2) = | 116” + y20” + ) o

where p = K [, ufwpg. Let x be the unique maximum of f (in the fiber above x). The lifted

leading order potential |[45|is

Cliff (P?
Lo Wy (y1, o) :<yly§qp7‘e”(£“1) + yoyhgPrevFu2) 4

e
Y1Yy293

for some integers k, [, and j. The inclusion of the potential for Cliff(P!) in the fiber above x is
e 0 WOITED () = (gr®+ 1) 4 g7 1)) (1.4)

where v1(2) = [2,1] resp. va(z) = [1,z]. Thus, the second order potential for the total La-

grangian is

’Uz)

W()L(ylvaaQS) = y3’rev(vl) + y:i_lrev(

1
+ Yy alrer ) yoyhgPrer ) 4 ———gPper(Eus)
Y1Y2Y3

Let us change basis of Hom(m; (L), A%*) so that the second order potential takes the form

WE W1, 52, y3) = yaree WD) 4 ygtpeo(v2)

1
Y1Y2y3"

+ qupreu(ﬁul) + yqu,,,ev([wz) + p,reu(ﬁu;;)

for some m € Z. Since the first part of this expression is symmetric in y3, we can assume that

m > 0 by a further change of basis.
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For the partial derivatives of W}, we have

1

0,y WE = gPyev(fu) _ qPrev(Fus) 1.5
vy Yiyayy (1)
1
9, WL = qprev(ﬁm) _ qpreu(ﬂus) 1.6
v2nro Y155 0
aygwél = peu(v1) _ yg—27ﬁey(v2) . mm+1 qprev(ﬁug) (1.7)
Y1Yy2ys3

The S3 action on C? gives an action on Flag(C?) that permutes the relative homology classes
of the lifted disks Lu;. If we assume that the form a is invariant under this action, then we
have that e, (Lu1) = e,(Lus) = e,(Lus). Hence, setting expressions[L.5|and [I.6]equal to 0 gives
three convenient solutions y; = ya = y5' /3 Tt remains to solve which we sketch. Making

the substitutions for y;, y2, and setting equal to zero gives us

=2 ey(v2) _

v m o(Lus) _
eolor) _ g2y qure (Lus) _ g
3

r
We normalize via the transformation ys — y3

7161,(1)1) o y?TQ,,,eq,(vg) _ qu'ev(LuS) =0

5m—+3
3

and clear the denominator

y§m+3rev(v1) _ y§m+1Te”(U2) _ mqueU(EU3) =0

Let n = e,(Lus) — e, (v2). Dividing by the appropriate power of r gives:
yPms — ygmﬂ —mgPr" =0 (1.8)

While the power of r is negative, we can pick K large enough in the weak coupling form so that

g°r" is in the ring A2

The ring A; becomes a A2-algebra via the homomorphism ¢, — ¢, so let us instead solve

the equation

5m—+3 5m—+1
-y _

Y3 mt* =0 (1.9)

with o > 0.
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Equation[I.9) has two unital solutions in the universal Novikov ring A;. Indeed, the reduction
mod t has 1 and —1 as solutions. By Hensel’s lemma, there are unique solutions 1, = 1 (modt)
and 1, = —1 (modt) in A;.

By proposition there is a representation 7 € Hom(m (L), A;*) such that
HF(L7Atun) = H*(L7At)

which says that this Lagrangian is non-displacable via Hamiltonian isotopy and recovers the

result from [NNU]J.

Remark 1. As suggested by Marco Castronovo, one can take the base Lagrangian as one of
Vianna’s exotic tori [Viab; [Viaa]. The computation of the potential for an exotic torus is done
in [Viab]. Using this, we believe that the construction and Floer-non-triviality of a Lagrangian

which fibers over an exotic torus should be similar to the Clifford case.

1.2 Outline

The paper is divided into six sections and an appendix. In section [2| we follow the literature to
lay the necessary groundwork to discuss symplectic fiber bundles.

In section [3] we give a review of Floer theory for rational symplectic manifolds, as developed
in [CWa; |(CMO7].

In section [d] prove the transversality and compactness results fibered setting.

In section [p] we define Floer theory for a symplectic Mori fibration.

Section [6] is devoted to explicit examples in the case of ruled surfaces.

The appendix is background taken from [CWa.
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Chapter 2

Background: Symplectic fibrations

We would like to unravel what we mean by the definition of a symplectic Mori fibration 2] and
state some results pertaining to our situation. The idea is that we require the transition maps
of our fiber bundle to be symplectomorphisms of the fibers. Then, for any global form a such
that t*a = wp, we get a connection by taking the symplectic complement H = TFt«. If B is
also symplectic then the form a + K7*wpg is non-degenerate for large K. The main obstruction

in this setup is finding such an a that is closed. We elaborate.

Following [MS98] chapter 6, we start with fiber bundle with connected total space E with
a compact symplectic base (B,wpg) and fiber (F,wg). A symplectic fibration is such a space E

where the transition maps are symplectomorphisms of the fibers:
®; 7 Y U) - U; x F
®;0® :U,NU;xF—=U;NU; x F
(P, q) = (P, ¢5i(a))
where ¢;; : U; NU; — Symp(F,wp) are Cech co-cycles.
Assume that there is a class [b] € H?(E) such that .*[b] = [wp, ] for all p. Then for large K,

a theorem of Thurston (Theorem 6.3 in [MS98|) tells us that there is a symplectic form wg on

E that represents the class [b + Kn*wpg] and is compatible with the fibration structure.

Theorem 4 (Thurston, theorem 6.3 from |[MS98]). Let (F,wp) - E — (B,wp) be a compact

symplectic fibration with connected base. Let wr, be the canonical symplectic form on the fiber
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F, and suppose that there is a class b € H*(E) such that
tyb = [wr,]

for some (and hence every) p € B. Then, for every sufficiently large real number K > 0, there
exists a symplectic form wx € N*(TVE) that makes each fiber into a symplectic submanifold

and represents the class b+ K[r*wp)]

The existence of the class b is not, a priori, easy. However, one can assume that F' is a

surface of genus g # 1.

Lemma 1 (lemma 6.6 from |[MS98]). Let (F,wp) - E — (B,wp) be a compact symplectic
fibration such that the first Chern class c1(TF) = Nwpr] for X # 0. Then the class A\= e (T M)

pulls back to [wr]

One then applies Thurston’s theorem to get a symplectic representative of A\~tei (T M) +

K[r*wg]. Thus, if F is a Riemann surface but not a torus, then E has compatible structure.

From here on, let us denote the two-form representative of the class b from theorem [ by
a. Given that (Fj,a) is fiberwise symplectic, we get a well defined connection by taking the
symplectic complement of TF, denoted H = TF1 . We will call a connection arising in this
way a symplectic connection, or equivalently a connection whose parallel transport maps are
symplectomorphisms on the fibers. While there may be many (closed) such a that define the
same connection H, Guillemin-Lerman-Sternberg [GLS96] and McDuff-Salamon [MS9§| give a

construction that uses the (assumed) Hamiltonian action of parallel transport.

Theorem 5 (|GLS96),theorem 6.21 from [MS98|). Let H be a symplectic connection on a

fibration FF — E — B with dim F' = n. The following are equivalent:
1. The holonomy around any contractible loop in B is Hamiltonian.

2. There is a unique closed connection form wy on E with i*wy = wp and

r
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where fF is the map from T B that lifts vi A vy and integrates Lvl/\vzwi}”rz over the fiber.

The form wpy is called the minimal coupling form of the symplectic connection H. Any (sym-

plectic) form wy + Km*wp is called a weak coupling form.

The idea is that wpy is already determined on vertical and verti-zontal components, so it
remains to describe it on horizontal components. This is done assigning the value of the zero-
average Hamiltonian corresponding to [v?, v3] — [v1, vo]?, where the v} are horizontal lifts of base

vectors v;.

One might then ask: if we have two connection forms wy, and wp,, how are the symplectic

forms wy, + Kn*wp and wy, + Kn*wp related. We have the following result.

Theorem 6 (theorem 1.6.3 from |GLS96|). For two symplectic connections H;, i = 1,2, the

corresponding forms wg, + Kn*wp are isotopic for large enough K.

The hard part is actually finding a Lagrangian in the form Lp — L — Lp. If we can find
such an L, it is not guaranteed to be Lagrangian due to small contributions from the horizontal
part of wy. However, it seems feasible that we could alter the connection in a neighborhood of

L to make it Lagrangian. Precisely, we have

Theorem 7 (theorem 4.6.2 from [GLS96|). Let A C B be a compact set, A C U an open
neighborhood, and H' a symplectic connection for m=*(U). Then there is an open subset A C

U’ c U and connection H on E such that H = H' over U’.

In light of theorem [6] nothing is lost if we modify the connection on our candidate La-

grangian and then extend it using theorem [7]

Methods to construct a submanifold L C F of the form Lr — L — Lp seem to be dependent
on the situation. In the case when the ambient base manifold is dimension 2, we do not need

to worry about horizontal contributions to wg so long as the candidate Lagrangian is parallel
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to the connection. In particular, we detail some examples of ruled complex surfaces in a later

section of this paper.
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Chapter 3

Background: Perturbation in rational symplectic

manifolds

3.1 Moduli space of treed stable disks

In this section we include the background and results of Charest-Woodward [CWa]. They prove
transversality and compactness for rational, non-fibered symplectic manifolds and Lagrangians
[CWbj; (CWa, following the techniques of [CMO7|. This section is included for completeness and

will be adapted for our use in later sections.

A fundamental problem in defining and Floer theory lies in making the right choices of per-
turbation data to resolve the problems of transversality and compactness. There are a number
of methods, including the polyfolds approach and the method of Kuranishi structures. The
author chose to use a more geometric approach developed in [CMOT7; |CWb} (CWa]. The main
idea is to use the existence of a symplectic almost complex divisor that represents the Poincaré
dual of (a large multiple) of the symplectic class [Don96] in order to stabilize domains and
allow the use of domain dependent almost complex structures. We consider Morse-Floer trees
that are stabilized by extra marked points that map to the divisor. We then show that we can
choose an appropriate system of perturbation data that regularizes any reasonable configuration,
including those with sphere or disk ”"bubbles”. This regularization of bubble configurations al-

lows us to then proof appropriate compactness results (which in turn rules out sphere bubbling).

A tree is a planar graph T' = (Edge(T"),Vert(I')) with no cycles, that can be decomposed as
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follows:

1. For nonempty Vert(I'), Edge(I") consists of

(a) finite edges Edge«~(I') connecting two vertices,

(b) semi-infinite edges Edges, with a single endpoint, or

2. if Vert(T') is empty, then I' has one infinite edge and let Edges, denote its two ends.

From Edge.(T") we can distinguish one open endpoint as the root or the tree, and the other

semi-infinite edges being referred to as the leaves.

A metric tree is a tree with an assignment of length to each finite edge, denoted I :
Edge_.(I') — [0, 00]. If a finite edge has infinite length, we call that edge broken, and thus we
have a broken metric tree. We think of this as two metric trees, where the first has a leaf with
extremal point oo, that is glued to the extremal point cos of the root of the second. Finally,

a broken metric tree is stable if the valence of each vertex is at least 3.

Definition 4. Let D be a collection of disk and sphere domains equipped with an identification
to D C C resp. P!, and a distinguished set of boundary marked points {x;} on the disk bound-
aries resp. interior marked points {z;} on the disk interiors and sphere components. A nodal
n-marked disk is the collection of domains together with identifications among the {z;} resp.
among the {z;} such that at most two points are identified and the resulting topological space is
simply connected. The boundary resp. interior nodes are the points where two boundary resp.
two interior markings are identified. We equip the unidentified boundary markings {zo,...,z,}
with a counter-clockwise cyclic order around the boundary starting with a distinguished root
Zg, and the unidentified interior markings with an order z1, ..., z,. A special point is a node or
marking. A nodal marked disk is stable if each sphere component has at least 3 special points,

and if each disk component has least three boundary special points or at least one interior
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special point and one boundary special point.

Denote a nodal n-marked disk as a triple (S, z, z), where S is the surface component together

with the nodes, and x resp. z are the boundary markings resp. the interior markings.
Definition 5. A treed disk C' is a triple (T, D, 0) consisting of
1. a broken metric tree T = (T, 1),

2. a collection D = (S, z,, 2, )vevery(r) Of stable marked nodal disks for each vertex v of T,

Zur Ly

with the number of boundary markings z, equal to the valence of v, and

3. an ordering o of the set of interior markings U,z, € int(D), so that we may denote the

interior markings z1,. .., Zm.

We will be studying J-holomorphic maps from a geometric realization of C, given by replac-
ing the vertices with their corresponding nodal disks by attaching the boundary markings z,
to the appropriate edges at v. A treed disk is stable if and only if each nodal disk is stable and

each vertex in 71" has valence at least three.

For a nodal marked disk D, there is an associated metric tree I'(D) constructed as follows:
Transform each disk/sphere component to a vertex and each node to a length zero edge between
the corresponding vertices. Further, replace each boundary marking and interior marking with

a semi-infinite edge.

The combinatorial type of a treed disk C' = (T, D, 0) includes the type of tree I obtained by

gluing I'(D,) into T such that the root of D, is closest to the root of T, as well as a labeling of
1. the set of edges Edge_ . (I") of length 0 or oo, and

2. the set of Edge_ (') with finite non-zero length.
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The vertices partition into the set
Vert(I') = Vertq(I") U Vert,(T")
that represent disk resp. sphere domains, and the edges decompose as follows:

Edge(I") =Edge_, (') UEdge_ ., 4(I') U Edge,

U Edge . (T') U Edge, (') U Edge %2 (I') U Edge, (T)

that are the spherical nodes, boundary nodes, interior markings, finite edges with zero, infinite,

and finite non-zero length, as well as semi-infinite edges.

Moreover, the combinatorial type includes a label of homology classes on the vertices:

[v] € Ho(X, L) if v € Verty(T") and [v] € Ha(X) if v € Vert,(T).

For each e € Edge,, ; UEdge_,, 4(I'), let m(e) € Z>o be a non-negative integer labeling.

This will represent the intersection multiplicity with the divisor.

We encode this data into a moduli space of stable treed disks 91", where n is the number
of semi-infinite edges and m the number of interior markings. The connected components of this

moduli space can be realized as a product of Stasheff’s associahedra, and thus it is a cell complex.

One can stratify 9™ by combinatorial type, i.e., for each stable combinatorial type I', let
Mr be the subset of treed disks of type I' endowed with the subspace topology. We have a
universal treed disk of type Ur — DM that consists of points (C,, m), where m is of type I'

and C,, is its geometric realization. Ur has the structure of a fiber bundle.

We can view a universal treed disk as a union of two sets: Sy UTr. The former being the
two dimensional part (with boundary) of each fiber, and the later being the one dimensional

part. Spr N1t is the set of nodes, interior markings, and boundary markings. Given a treed
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disk C', we can identify nearby disks with C' using a local trivialization. This gives us a map

for each chart

mi — J(C) (3.1)

where J(C) are holomorphic structures on the surface part of C.

Definition 6. (Behrend-Manin morphisms of graphs) A morphism of graphs T : T' — I" is

a surjective morphism on the set of vertices obtained by combining the following elementary

morphisms:

(a)

(Cutting edges) Y cuts an edge e € Edge__(I') with infinite length resp. an edge e €

Edge,, 4(T') (spherical node) if the map on vertices is a bijection and
Bdge(I") = Edge(T) — {e} + {es.e_}

where ey € Edge,, (I”) are attached to the vertices contained in e. We view I' as two

disconnected graphs I',,T'_.

(Collapsing edges) T collapses an edge if the map on vertices Vert(Y) : Vert(I') — Vert(I”)
is a bijection except the indentification of two vertices in Vert(I') that are joined by an

edge in e € Edge? (T) and

Edge(T) = Edge(T”) — {e}

(Making an edge length finite or non-zero) Y makes an edge finite or non-zero if I" has
the same tree as I and the lengths of the edges ¢(e) for e € Edge_ (I") are the same

except for a single edge e where £(e) = oo resp. 0 and the length ¢/(e) in IV is in (0, c0).

(Forgetting tails)Y forgets a semi-infinite edge and collapses edges to make the result-
ing combinatorial type stable. The ordering on Edge,, ,(I') naturally defines one on

Edg‘em’s(r’).

Each of the above operations on graphs corresponds to a map of moduli spaces of stable

marked treed disks.
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Definition 7. (Morphisms of moduli spaces)

(a)

(Cutting edges) Suppose that I is obtained from T' by cutting an edge of infinite length.
There are diffeomorphisms Mp — My, obtained by identifying the two endpoints corre-
sponding to the cut edge and choosing the ordering of the interior markings to be that of

r.

(Collapsing edges) Suppose that IV is obtained from I’ by collapsing an edge. There is an

embedding Mr — M whose image is a 1-codimensional corner of My

(Making an edge finite or non-zero) If T” is obtained from I" by making an edge finite resp.
non-zero, then M embeds in M as the 1-codimensional corner where e reaches infinite

resp. zero length, with trivial normal bundle.

(Forgetting tails) Suppose that I is obtained from T' by forgetting i-th tail, either in
Edge ;(I') or Edge,,(I'). Forgetting the i-th marking and collapsing the unstable com-

ponents and their distance to the stable components (if any) defines a map Mr — My.

We note that all of these maps extend to smooth maps of the corresponding universal treed

disks. If T' is disconnected, say the disjoint union of I'; and I's, then the universal disk is the

disjoint union of the pullbacks of the universal disks Ur, and Ur, .

Orientations can be put on the space of treed disks as follows:

(a)

(For a single disk) For m > 1, we can identify any point in the open stratum of ﬁn)m
with the half space H C C. To be consistent, say we map the root zy to co, an interior
marking z; to ¢ and the boundary markings x; to an n — 1-tuple of R C C. We then use
standard orientations on these spaces.

If m = 0, send x( to oo, z1 to 0, z2 to 1, and the remaining boundary markings to an

ordered tuple of (1,00) CR C C.

(Treed disks with multiple disk components) Given a treed disk in U, ,, with an edge of

zero length, we can realize it as being in the closure of a higher dimensional stratum by
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identifying the edge with a node. To obtain an edge of finite non-zero length, we use part
(¢) from the definition above. That is, the 1-codimensional corner where we have an edge
of zero length is also realized as the boundary of the higher dimensional stratum where that
edge has finite and non-zero length. Choose orientations on the top dimensional strata

that induce the opposite orientations on the aforementioned 1-codimensional corners.

3.2 Treed holomorphic disks

Now that we have the notion of a treed disk, we can begin constructing the moduli of Floer
trajectories. The vertices will represent domains for J-holomorphic maps (with boundary in a
Lagrangian) while the edge parts will represent flow lines for a domain dependent Morse func-

tion.

Fix a metric G on L that extends to a metric on X for which L is totally geodesic. Pick a
Morse-Smale function F' on L that has a unique maximum z,;. The gradient flow equation is

the following initial value problem:

dép(t)
dt

= —grad¢p ) (F)

¢p(0) =D

where X is the gradient vector field of F' with respect to g, so the image defines a unique set
of points ¢,(—00,00) that doesn’t depend on p € ¢,(—00,00). Denote the critical set as Z(L),

and for z € Z(L) denote the stable and unstable manifolds of x as

W) = {opl0) s, lim_6,(0) =

t—TFoo
The difference in sign is a convention that we will follow as though we are considering the sta-
ble/unstable manifolds of F', while the gradient flow is morally that of —F. The requirement
that F' is Morse-Smale guarantees that all of these submanifolds intersect transversely, and thus

have smooth intersections. The index I(x) is defined to be the dimension of W (z) = W*,.(z)
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An almost complex structure for a X is a fiber-preserving linear map J : TX — TX such
that J2 = —1. J is tamed with respect to w if w(-,J-) is positive definite. Let J,(X) denote

the space of tamed almost complex structures.

Given a disk or sphere domain S equipped with a complex structure j and a taming almost

complex structure J on X, the J-holomorphic curve equation for a map w: S — X is
Jodu=duoj

that will have boundary in a Lagrangian in the case S is a disk. Achieving transversality for
solutions to the gradient flow resp. holomorphic curve equation will involve Morse functions
resp. almost complex structures that depend on the domain of the solution. First, we fix sets
in the domain on which the perturbation will be non-constant. Let Sr C Ur be the two-
dimensional part of the universal treed disk, and 7r C Ur be the tree part of the universal
treed disk. Fix a compact set
St C S
not containing the boundary, nodes, or interior markings, but having open interior in every

fiber of the universal disk Ur. Also fix a compact set
TrCTr
that intersects each universal fiber. Thus, the compliments
S -3
71" - T?
are neighborhoods of the boundary, interior markings, and nodes resp. neighborhoods of oo in

each fiber of the universal disk.

Definition 8. (a) (Domain-dependent Morse functions) Let (F,g) be a Morse-Smale pair,

and [ > 0 an integer. A domain-dependent perturbation for F of class C! for type I is a
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C' map

Fr:TrxL—R
equal to F on Tr —7?.

(b) (Domain-dependent almost complex structure) Let J € J-(X) an [ > 0 an integer. A

domain-dependent almost perturbation for J of class C* for type I' is a C! class map
Jp : gr — jT (X)
that is equal to J on Sp — 3;,

Definition 9. |[CWa|(Perturbation Data) A C'-perturbation datum for type T' is a C' pair
Pr = (Fr, Jr) consisting of a domain-dependent C' Morse function Fr for type I and a domain-
dependent C' almost complex structure Jp for type I'. A perturbation datum is a family (Pr)rey

for types I' € ~.

It will be important to choose a perturbation datum that is compatible with operations on

treed disks:

Definition 10. (a) (Cutting edges) Suppose that T' is a combinatorial type and I’ is ob-
tained by cutting an edge of infinite length. A perturbation datum on I gives ruse to a

perturbation datum for I' by pushing forward P} under the map Zj{; — Ur

(b) (Collapsing edges/making an edge finite or non-zero) Suppose that I'" is obtained from T’
by collapsing an edge or making an edge finite or non-zero. Any perturbation datum PL

for I induces a datum for I' by pullback of P/ under Uy — Ur.

(¢) (Forgetting tails) Suppose that I' is a combinatorial type of stable treed disk obtained
from T by forgetting a marking. In this case there is a map of universal disks U — HIF
given by forgetting the marking and stabilizing. Any perturbation datum P/ induces a

datum Pr by pullback of P

Thus, it makes sense to define a perturbation datum that is compatible with the morphisms

on graphs and moduli spaces. We will call this property coherence:
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Definition 11. A perturbation datum P = (Pr) is coherent if it is compatible with the mor-

phisms between different 2 in the sense that

(a) (Cutting edges axiom) If T' is obtained from IV by cutting an edge of infinite length, then

Pr: is the pushforward of Pr.

ollapsing edges/making an edge finite or non-zero axiom is obtained from y
b) (Collapsi d ki dge fini i If T is obtained f b

collapsing an edge or making an edge finite or non-zero, then Pr: is the pullback Pr.

(¢) (Product axiom) If T' is the union of types I'1,T’s obtained from cutting an edge of IV,
then Pr is obtained from Pr, and Pr, as follows: Let m : M = My, x M, — ﬁpk
denote the projection onto the kth factor, so that Ur is the unions of mjlUr, and T3Ur,.

Then we require that Pr is equal to the pullback of Pr, on W;Hr‘k

(d) (Ghost-marking independence) If T” is obtained from T' by forgetting markings on com-

ponents corresponding to vertices with [v] = 0, then Jr is the pullback of Jp.

Definition 12. Given a perturbation datum Pr, a holomorphic treed disk in X with boundary

in L consists of a treed disk C'= S UT and a continuous map u : C — X such that
(a) (Boundary condition) u(0SUT) C L.

(b) (Surface equation) On the surface part of S of C' the map u is J-holomorphic for the
given domain-dependent almost complex structure: if j denotes the complex structure on

S, then

Jp7zdu|5 = du\sj.
(¢) (Tree equation) On the tree part T C C the map w is a collection of gradient trajectories:

d
Tulr = —gradp, (ulr)

where s is a local coordinate with unit speed so that for every e € Edge_(I'), we have

e 2 [0,4(e)] or e 2 [0,00) via s.

A holomorphic treed disk u : C' — X is stable iff
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(a) Each disk on which u is constant contains at least three special points or at least one

interior special point and one other special point.
(b) Each sphere on which u is constant contains at least three special points.

We denote the moduli space of isomorphism classes of connected treed holomorphic disks with
n leaves and m interior markings by M, ,,(L,P). For a connected combinatorial type T,

Mr (L, Pr) denotes the subset of type T

Denote Z(L) as the set of critical points of F. For a tuple of critical points z = (xq,...,x,) C
Z(L)™ let Mp(L,z) C Mrp(L) denote the subset of isomorphism classes of holomorphic treed
disks w that have limits limg_, _oou(@e,(s)) = x; for i # 0 and lims_, 0 u(Pe, (8)) = Xo.

The expected dimension of the moduli space is as follows:

n k
i(T, z) :=dim W () — Z Wi () + Z I(u;) +n —2 — [Edgel . (I))|
—(|Edgene (D) = (n +1)/2) = 2Bdgec e (D) = > mle)= > mle).
ecEdge, ecEdge_

We note that (|[Edge,.(I')| — (n+ 1)/2) is the number of breakings on T'.

3.3 Transversality

In order to achieve transversality for the moduli space of stable treed J-holomorphic curves, we

need to restrict to a certain class of symplectic manifolds and Lagrangian submanifolds:
Definition 13. (Rationality)

(a) A symplectic manifold (X,w) is rational if the cohomology class [w] exists as an element
in H?(X,Q). Equivalently, X is rational if it has a linearization: there is a line bundle

X — X with a connection whose curvature is (27k/i)w for k € Z.

(b) Let hy : ma(X, L) — Ha(X, L) be the relative Hurewicz morphism. Let [w]Y : Ho(X,R) —
R be the map given by pairing with w. A Lagrangian L C X is rational if [w]¥ o

ha(ma(X, L)) =Z - e for some e > 0
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As we will see later, the rationality assumption will allow the existence of a stabilizing divisor

to kill any automorphisms of C' C Ur and make sense of domain-dependent data.
Definition 14. (Stabilizing Divisors)

(a) A divisor in X is a closed codimension two symplectic submanifold D C X. An almost
complex structure J : TX — TX is adapted to a divisor D if D is an almost complex

submanifold of (X, J).
(b) A divisor D C X is stabilizing for a Lagrangian submanifold L if

(1) DcX—-L, and

(2) There exists an almost-complex structure Jp € (J,w) adapted to D such that any
Jp holomorphic disk u : (C,0C) — (X, L) with w([u]) > 0 intersects D in at least

one point.

We get the following theorem (from |[CWb; (CWaj; [CMO07]) as an application of various

techniques:

Theorem 8. [CWa] There exists a divisor D C X that is stabilizing for L. Moreover, if L is
rational then there exists a divisor D C X that is stabilizing for L and such that L is exact in

the compliment (X \ D,w).
We will need conditions on the interaction between the treed disks and the divisor:

Definition 15. (Adapted stable treed disks) Let (X, L) be a symplectic manifold with La-
grangian L and a codimension two submanifold D disjoint from L. A treed disk u : C' — X with

boundary in L is adapted to D iff
(a) (Stable domain) The domain C' is stable;
(b) (Non-constant spheres) Each component of C' that maps entirely to D is constant;

(c) (Markings) Each interior marking z; maps to D and each component of u~!(D) contains

an interior marking.
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From here on out, we will use the notation Mr (L, D, Pr) to denote the space of holomorphic
tree disks with boundary in L that are adapted to D. We will prove a transversality result for
this moduli space, so long as I' is uncrowded. A combinatorial type is called uncrowded if each
ghost component has at most one interior marking. This condition is necessary to prevent the

expected dimension from running away to negative infinity.

For a partial ordering on combinatorial types of treed disks, we say that IV < T" iff T' is
obtained from I” by (Collapsing edges/making edge lengths finite or non-zero). Suppose that
perturbation data Pps has been chosen for all IV < T' (i.e. boundary types Ur: C Ur). Denote
P})BF, (X, D) as the space of perturbation datum Pr = (FT,Jr) of class C! equal to the given
pair (F,J) on (T — Tp,Sr — Sp), and such that the restriction of Pp to (T, Sp) is equal
to Pps for each boundary type I. Prescribing this equality guarantees that the resulting col-
lection satisfies the (Collapsing edges/Making edges finite or non-zero) axiom of the coherence

condition. Let Pr(X, D) be the intersection of the spaces PL(X, D) for all [ > 0.

Theorem 9. [CWad] (Transversality) Suppose that T is an uncrowded type of stable treed marked
disk of expected dimension i(T,x) < 1. Suppose reqular coherent perturbation data for types
of stable treed marked disks T with IV < T are given. Then there exists a comeager subset
PrE(X,D) C Pr(X, D) of regular perturbation data for type I' compatible with the previously

chosen perturbation data such that if Pr C Pr®(X, D) then

1. (Smoothness on each stratum) The moduli space Mr(L,D, Pr) of adapted stable treed

disks of type T' is a smooth manifold of expected dimension.

2. (Tubular neighborhoods) If T is obtained from I" by collapsing an edge of Edge_ . 4(T")
of making an edge finite or non-zero or by gluing I at a breaking, then the stratum

Mri(L, D, Pr) has a tubular neighborhood in My (L, D, Pr).

3. (Orientations) There exist orientations on Mrp(L, D, Pr) compatible with the morphisms
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(Cutting an edge) and (Collapsing an edge/Making an edge finite or non-zero) in the

following sense:

(a) IfT is obtained fromT" by (Cutting an edge) then the isomorphism Mr/ (L, D, Pr) —
Mr (L, D, Pr) is orientation preserving.

(b) If T is obtained from TV by (Collapsing an edge) or (Making an edge finite or non-
zero) then the inclusion Mr/(L, D, Pr') — Mr(L, D, Pr) has orientation (from the

decomposition
TMr (L, D)|myp (Do) ERSTMr (L, D, Pr)

and the outward normal orientation on the first factor) given by a universal sign

depending only on T',T”.

Proof. See |[CWa| O

3.4 Compactness

We wish to have compactness of the 0 and 1 dimensional components of the moduli space
Mr (L, D) satisfying a certain energy bound, and a natural realization of the boundary OMr(L, D)
as a concatenation of treed disks in My (L, D) for I" < T'. We record the following theory from

[CWa:

Definition 16. For e > 0, we say that an almost complex structure Jp € J.(X,D) is e-

stabilized by a divisor D iff

(a) (Non-constant spheres) D contains no non-constant Jp-holomorphic spheres of energy less

than e.

(b) (Sufficient intersections) each non-constant Jp-holomorphic sphere u : S? — X resp. Jp-
holomorphic disk w : (D,0D) — (X, L) with energy less than e has at least three resp.
one intersection points with the divisor D. That is, u~*(D) has order at least three resp.

one.
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Definition 17. A divisor D with Poincaré dual [D]" = k[w] for some k € N has sufficiently

large degree for an almost complex structure Jp iff

e ([D]", ) > 2(c1(X), ) + dim(X) + 1 for all « € Hy(X,Z) representing non-constant

Jp-holomorphic spheres.
e ([D]N,B) > 1 for all 8 € Hy(X, L, Z) representing non-constant .Jp-holomorphic disks.

Given J € J-(X,w) denote by J-(X, D, J,0) as the space of tamed almost complex struc-
tures Jp € J-(X,w) such that |Jp — J|| < 6 (in the sense of [[CMO07],lemma 8.3] or and

Jp preserves T D. We need the following lemma.

Lemma 2. [CWd] For 0 sufficiently small, suppose that D has sufficiently large degree for
an almost complex structure 0-close to J. For each energy e > 0, there exists an open and
dense subset J*(X,D, J,0,e) C J-(X,D,J,0) such that if Jp € J*(X,D,J,0,¢), then Jp is
e-stabilized by D. Similarly, if D = (D%) is a family of divisors for J, then for each energy
e > 0, there exists a dense and open subset J*(X, Dt J* 0 ¢) in the space of time-dependent
tamed almost complex structures J*(X, D', Jt,0) such that if Jp: € J*(X, Dt J* 0,¢), then

Jpt is e-stabilized for all t.

Let I" be a type of stable treed disk, and let I'1, ..., I'; be the components formed by deleting
boundary nodes of positive length, and Ur,,...,Ur, the corresponding decomposition of the
universal curve. In case L is rational and exact in the complement of D, any stable treed disk

with domain of type I' and transverse intersections with the divisor has energy at most

n(l';)
k

?’l(F“k) =

on the component Ur,, where n(T;) is the number of markings on Ur, with D.

Let Jp € J;(X, D, J,0) be an almost complex structure that is stabilized for all energies, (e.g.,
something in the intersection of Jp € J*(X, D, J,0,e) for all energies). For each energy e, there
is a contractible open neighborhood J**(X, D, Jp,0,¢) of Jp in Jp € J*(X, D, J,0,e) that is

e-stabilized.
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Definition 18. A perturbation datum Pr = (Fr,Jr) for a type of stable treed disk I' is

stabilized by D if Jr takes values in J*(X, D, J,0,n(T;,k)) on Ur,

Theorem 10. (Compactness for fixed type)[CWad] For any collection P = (Pr) of coherent,
reqular, stabilized perturbation data and any uncrowded type I' of expected dimension at most
one, the moduli space My (L, D) of adapted stable treed marked disks of type T' is compact and

the closure of My (L, D) contains only configurations with disk bubbling.

Proof. See [CWa. O
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Chapter 4

Transversality and compactness in the fibered setting

We would like to use parts of the previous scheme to help us achieve transversality for the

moduli space of curves into symplectic Mori fibrations. To recall:

Definition 19. A symplectic Mori fibration is a fiber bundle of symplectic manifolds (F,wg) —
(BE,wr) = (B,wg), where (F,wr) is monotone, (B,wp) is rational, and wx = a + K7*wp for

large K with t*a = wp.

Definition 20. A fibered Lagrangian is a Lagrangian in a symplectic Mori fibration L C E such

that there are Lagrangians Ly C F and Ly C B and 7 induces a fiber bundle Ly — L — Lp

In general, the Floer cohomology of L may not be defined due to bubbling. However, the
usual transversality and compactness should still hold for L if we combine the technical results
for Lp and Lg. On the other hand, our primary interest is in L C F which, a priori, is neither
monotone nor part of a rational symplectic manifold, so we take care in this section to make
sure that the usual results hold. Even if the pair (F, L) were rational, we would like a nice way

to compute invariants in the fibered case.

Summarily, we pull back the divisor from the base to stabilize Floer trajectories that intersect
fibers transversely, and use the usual monotone results for pseudo holomorphic curves that lie

completely in a fiber.
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4.1 Divisors

This is an expository section on the existence of a Donaldson hypersurface that is stabilizing

for a given Lagrangian. To start, we repeat the definition of a weakly stabilizing divisor.

Definition 21. [CWa]

(a) A symplectic divisor in B is a closed codimension two symplectic submanifold D C B.
An almost complex structure J : TB — T'B is adapted to a divisor D if D is an almost

complex submanifold of (B, J).
(b) A divisor D C B is stabilizing for a Lagrangian submanifold L if

(1) Dc B-L, and
(2) There exists an almost complex structure Jp adapted to D such that any Jp-
holomorphic disk v : (C,0C) — (B, L) with w(u) > 0 intersects D in at least

one point.

(¢) An almost complex structure is adapted to D if D is an almost complex submanifold of

B.

The existence of this is highly non-trivial. In the case of a smooth projective variety Bertini’s
theorem tells us that there are plenty of smooth hypersurfaces D C B [Har97). Picking one

that does not intersect L requires a further analysis as in [AGMO01].

To find at least one symplectic divisor D C B\ L in the general case, we appeal to the fact
that B is rational. Let K be an integer such that K|w] € H%(M,Z). Then there is a complex
line bundle B — B such that ¢;(B) = K[w]. Since 0 = K|w|;] € H?(L,Z), there is some
power ¢ so that B®*|y is topologically trivial over L. Thus, choose a section I of B®* that is
non-vanishing on L, and take a small smooth perturbation so that that ! intersects the zero

section transversly, so that [=1(0) is smooth. [CWa]
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For a given J, we would like to know if we can find a symplectic divisor that also stabilizes
L and such that J is adapted to D. While this may seem like a lot to ask, one can use the
techniques of Donaldson [Don96] and Auroux-Gayet-Mohsen [AGMO1]| to find an approximately
J-holomorphic submanifold. For a symplectic divisor D, and an w-compatible J, let us define
the Kéhler angle of D with respect to J as
w

k
Op(J): D — 0,7, x> cos ! L (4.1)
K'Qr b

where Qr, p is the volume form induced from the metric w(-, J-) and an orientation (see section
8 of [CMO7]). One says that a symplectic divisor is #-approximately holomorphic for J if its
Kéhler angle is ©p(J) < 0 for all x € D. Let ¢ty = |Tor(H(L))|. We say that a symplectic

divisor is of degree d if [D]F'P = d[w]. We have the following lemma:

Lemma 3 (lemma 4.17 from [CWb]|). Let B be rational and J € J(w). There exists an integer
km > 0 such that for every 6 > 0 there is an integer kg > 0 such that for every k > kg there

exists a O-approzimately holomorphic symplectic divisor D of degree toknyk that is stabilizing

for L.

Remark 2. More is true if we are to assume that there is a line bundle with connection B — B
that is covariant constant when restricted to L (or L is rational in the sense of [CWD]). In
this case, L becomes exact in the compliment of (B \ D,w), and so the symplectic area of any

[u] € ma(B, L) is proportional to the intersection number with the divisor.

A major result from [CWDb]|CMO07] is that we can actually find an almost complex symplectic

divisor that is stabilizing for L:

Lemma 4 (lemma 4.18 from [CWD]). Let (B,w) be a rational and compact symplectic manifold.
Then there exists divisors Dy C B of arbitrarily large degree d with adapted almost complex

structures Jp, such that the pair (Dg, JJp,) stabilize L.
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4.1.1 Divisors in the fibered setting

To be able to use the perturbation scheme from section [3] we pick a divisor in B and take its

inverse image under 7 to get a divisor in F.

For a compatible almost complex structure Jg on (B,wp), there exists a natural almost
complex structure 7*.Jg on the connection bundle H = TF+% of E. We will denote this a.c.s.
Jp by abuse of notation. An almost complex structure on the sub-bundle H is called basic if it

is the pullback of some a.c. structure from the base.

We will achieve transversality by using almost complex structures of the form

where the block decomposition is with respect to the connection TF ¢ H on F.

Thus, for a stabilizing pair (Dg, Jp,) for Lg, the pair (m=*(Dp), Jp) with

Jr K
Jp = (4.2)
0 W*JDB
forms an almost complex submanifold for any particular choice of Jr and K. This almost

complex submanifold is stabilizing for L with respect to Jp-holomorphic disks that have positive

area when projected to the base.

Definition 22. 1. A divisor D is stabilizing for L if it is the inverse image of a stabilizing
divisor Dpg for Lp in sense of definition :
There exists an almost-complex structure Jp, € (J,wp) adapted to Dp such that any
Jp, holomorphic disk w : (C,0C) — (B, Lg) with wg([u]) > 0 intersects Dp in at least

one point.

2. We label an adapted a.c.s. as in Jp.
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4.2 Perturbation Data

4.2.1 Adapted Morse functions and pseudo-gradients

Part of the input data requires the choice of a Morse-Smale function and a Riemannian metric
on L. It will be important later on that we choose the function so that it descends to a datum
on B. We can construct a Morse function on L by the following recipe: take Morse functions b
resp. g on Lp resp. Lp. Take trivializations {(U;, ¥;)} with the U; small neighborhoods of the
critical points {z;} for b. Let ¢ be a sum of bump functions equal to e << 1 in a neighborhood
of each z; and 0 outside U;. The function f = 7*b + en*¢g is a Morse function for L with the

property that its restriction to fibers near critical points of b is also Morse.

To ensure that critical points only occur in critical fibers of f, the € can be made small enough
so that the derivative of the bump function doesn’t contribute significantly to the horizontal
component of the flow. The Morse function can then be perturbed in small neighborhoods

outside of critical points to a Morse-Smale function.

An approach to Morse theory that is more adapted to the fibration setting is that of a
pseudo-gradient with details carried out in [[Hut| section 6.3]. The connection H on E induces a
connection TLNH ®TF on L (this particular connection is merely convenient and can be chosen
in many ways). Let us choose a Riemannian metric Gg on Lp and let X}, := gradg, b€ TLp.
Assume that G g is given by the Euclidean metric in neighborhood of critical points of b. Then
X} has a horizontal lift to the connection on T'L. Next, choose a metric Gg on Lr and denote
Xy = gradg,g, with Gr the pullback of the Euclidean metric in a neighborhood of critical

points of g. We will show that
XXy €TLrp®TLNH

has the property of a pseudo-gradient for the Morse function f with respect to the metric

Gr ® Gp. By this, we mean the following:
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Definition 23. Let f be a Morse function on a Riemannian manifold (M, G). A pseudo-gradient

for f is a vector field X such that X, = 0 for p € crit(f) and
1. G(grads(f), X) < 0 and equality holds only at critical points of f

2. In a Morse chart for f centered at p € Crit(f), grad,f = X where e is the standard

Euclidean metric.

We check that our construction satisfies the pseudo-gradient property: Let G := Gp ® Gp.

From the construction of f, we have

gradg f = ¢ - gradg, g ® (gradg,b + g - gradg, ¢)

By the Morse lemma and the local Euclidean property of the metric G, there are coordi-

nates centered at p € Crit(b) so that Gp is Euclidean and

In this chart, we choose ¢ to be a bump function that is radial, with
Igll|0i¢] < 2|]

and such that d¢ has annular support. It is clear that G(gradg,b+g-gradg, ¢, X3) < 0 in these
coordinates (with equality as in property. It is also clear that G(gradg,b+g-gradg, ¢, Xp) <
0 outside of these coordinates where ¢ vanishes. Moreover, we have that G(¢-gradg, g, Xy) <0
with equality only at critical points of g and outside the support of ¢. The locality property [2]
follows from the Euclidean-near-critical-points property of Gr @& Gp and the Morse lemma for

b and g.

Morse theory for pseudo-gradients is spelled out in chapter 2 of [AD14]. In particular, the
Smale condition can be achieved by perturbing the pseudo gradient X := X, @ X, in finitely

many neighborhoods outside of critical points.
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A particular nicety of the pseudo-gradient approach is the following: any flow line v for X
on L projects to a flow line w oy for Xp in L. This feature makes it so that Morse-Floer
trajectories behave well under the projection 7 : £ — B.

Finally, we can define the type of perturbation data that we will be using: Fix a Morse
function f and pseudo gradient X,® Xj as in the above connection. In regards to the connection

TF®H on E, let

. Jre Ja| l
jUt(E’wK) = J“tv"' = IJut = _I7 Jut € '-77-<E7 wK)

0 Js

be the space of taming upper triangular almost complex structures for (E,wg). Let TL =

TLr ®TLg be a connection on L.

Definition 24. An M-type perturbation datum for (FF — E — B,w) of type I', denoted
Pr(E,D), is a map Up — J.(F,wk) x Vect'(TF) @ Vect'(Hy) where the first factor has
Jp resp. Jg equal to Jp resp. 0 in a neighborhood of the interior markings, spherical nodes,
and on the boundary component of each disk. The vector field factor is required to be equal to

X in a neighborhood of co. Denote the set of all perturbation data for type I' by Pr(F, D).
Definition 25. A perturbation datum for a collection of combinatorial types = is a family
(Pr)rey

We modify our definition of treed holomorphic disk [12|to be a flow on edges:
Definition 26. A treed holomorphic disk with respect to the pseudo-gradient X for f satisfies

the properties of [12| with the following instead of the (Tree equation):

(c)’ (Tree equation’) On the tree part T C C the map u is a collection of flows:

d

ulr(p) = X4 (u(p))

We will also refers to the above as a pearly Morse trajectory or a Morse-Floer trajectory.

From here on, we use the terms ”"Morse flow” or ”Morse trajectory” to describe a flow of

any pseudo-gradient that is compatible with our Morse function.
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4.2.2 Block upper triangular almost complex structures

For an even dimensional real vector space V with V' = X @Y, the space J,:(V') can be viewed as
a (trivial) vector bundle K — J,; — Jx X Jy, where the base are the bundles of a.c. structures

on X resp. Y respectively. Suppose that dim X = 2m resp dimY = 2n with almost complex

J L
structure J resp. K. The matrices L that make into an almost complex structure
0 K
on V structure satisfy the linear relation JL + LK = 0. For Jy resp. Ky in normal form
0 I A B
, this is the set of matrices where A and B are m x n. The set of almost
-I 0 B -A

complex structures on X resp. Y are given by the homogeneous space GL(2n,R)/GL(n,C)
resp. GL(2m,R)/GL(m,C). For J = CJyC~', K = DKqD™1, the fiber at (J, K) is given by

matrices of the above form conjugated by C, D1,

For a contractible open neighborhood U of (J, K), choose a section of the bundle GL(2n,R) x
GL(2m,R) — Jx x Jy. This gives a smooth choice of coset representatives ([4],[B]) —
(s1(A),s2(B)) € A-GL(n,C) x B - GL(m,C). We define a local trivialization of J!,(V) on U
by

([A], [B], L) = ([A],[B], 57 (A) - L 52(B)).
Transition maps for a choice of section ([A],[B]) — (t1(A),t2(B)) over an intersecting V are
given by
Lt (A)s1(A) - L-s3"(B)ta(B).

Now let us choose a symplectic form wy = a + kw on V with V.= X @Y, a|x is non-
degenerate, Y = X% and w is a symplectic form on Y with k >> 1. We would like to pick an
open set of Jye - (V,wy) (that we will also denote ¢ (V,wy) by abuse of notation) such that
there is a well defined projection to J-(X,a) x J-(Y,w): Indeed, write v =2 dy € X &Y.

Then we can write down the fiber of this projection as the open set of L such that

a(x, Jx) + a(y, Ky) + kw(y, Ky) > a(x, Ly)



46

for all x G y. Let us see that this is open: By Cauchy-Schwarz, |a(x, Ly)| < |||l - || JLyl|le. Thus

we need to choose L such that

212 = lzllall JLylla + aly, Ky) + kw(y, Ky) > 0

We notice that a(y, Ky) + kw(y, Ky) is positive definite for large enough k. Viewing this as

quadratic in ||z, it is sufficient to only consider L’s such that
ITLy|1% < 4(aly, Ky) + kw(y, Ky)) (4.3)

for all y in a compact set. This is equivalent to choosing an L whose (a + kw, a) norm is suffi-

ciently small.

The above argument establishes 7., . (V,w) as a fiber bundle over Jx ,(w) X Jy,r(w), whose

fiber is an open ball in a linear space.

In general we will consider an open set of the space jit,T(E,wK) (by abuse of notation,
also denoted Jim (F,wk)), that is a Banach manifold and can be realized as a Banach bundle
Ta — ._Zim(E,w) — j%F,T X Jllgﬁ, where the fiber at a point (Jr, Jp) is the space of sections
over E such that JpJy + JgJp = 0 and the supremum norm of Jy with respect to (Jp, Jr) is

sufficiently small. Thus the tangent space to a point

Jr Ja
0 Jp
Wrp Wy
is given by the set of matrices where the Wr resp. Wp anti-commute with their
0 Wpg

respective almost complex structure and W, satisfies JpW 4 + WaJp = 0.
It should be noted that the space of such upper triangular structures that are adapted the the di-

visor is still a Banach bundle, as this only imposes a constraint on the base part of the structure.
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4.2.3 Coherence and 7-stability

The type of requirements that we need for stability are slightly more delicate than those in the

case from section

As above, the combinatorial type T" of a treed disk will contain the following information:

1. the set of vertices, edges, edges lengths, and node/marking type where edges meet vertices,

2. the homotopy class that each vertex is required to represent as a domain for a map wu,

3. the tangency of each interior marking to the divisor 7=1(Dp) along the connection H,

and

4. a binary marking that dictates how each vertex as a disk/sphere domain behaves with

respect to m (see below).

Definition 27. A binary marking of a combinatorial type I' is a subset of the vertices and
edges, denoted mVert(I") and mEdge(T"), for which any map w: C — E is required to map the
domain for mv € mVert(I') resp. me € mEdge(I") to a constant under 7. The set of unmarked

vertices and edges will be denoted uVert(I') resp. uEdge(T).

Let (I',Z) be a combinatorial type and let [v;] denote the homology class of the vertex v;.

Let S; denote the disk/sphere domain corresponding to the vertex v;.

Definition 28. The combinatorial type (m.I", 7(Z)) is the combinatorial type of the underlying

metric tree of I' along with the labeling 7, [v;] and boundary markings m(x;).

Definition 29. The m-stabilization map I' — Y(T") is defined on combinatorial types by for-

getting any unstable vertex v; for which [v;] = 0 and identifying edges as follows:

1. If v; has one incoming edge e; and one outgoing edge f; that is closer to the root,
then Vert(Y(T')) = Vert(T') — {v;} and we identify the edges e; and f;: Edge(T(T)) =

Edge(I")/{fi ~ e} where £(T(f;)) = £(Y(ei)) = L(es) + £(fi)
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2. If v; has one outgoing edge e; and no incoming edge, then Y (T') has vertices Vert(T(T")) =

Vert(T') — {v;} and edges as follows:
(a) If £(e;) = 0, then Edge(T(T")) = Edge(T") — {e;}

(b) If £(e;) > 0, then Edge(Y(I")) = Edge(T") and set £(Y(e;)) = £(e;)

It follows that Y (m.I') forgets (unstable) marked vertices and identifies the adjacent edges.

This is precisely the combinatorial type of 7w o u if u is of type I'.
Definition 30. A combinatorial type is called 7-stable if T(m.I') is stable.

Definition 31. A coherent M-type perturbation datum (Pr)r for m-stable types is one with

the following properties:
1. Jr,rF is constant on each surface component of the universal treed disk Ur

2. On domains corresponding to marked vertices, all perturbation data is constant and Jg =

0 on the corresponding surface component.

3. If T is obtained from I" by forgetting a marked vertex and stabilizing the domain, then the
perturbation data Pr agrees with the pullback of Prs under the natural map of universal

disks.

4. The collection {(Jr u,Jr.B, fr)}r obeys the axioms for a coherent perturbation system

from the rational case .

4.3 Transversality

This section establishes the smoothness of moduli spaces whose expected dimension is 0 or 1.

Definition 32. A Floer trajectory v : C' — FE based on a m-stable combinatorial type is called

m-adapted to D if o u is adapted to Dp in sense of definition

(a) (Stable domain) The geometric realization of Y(m,I") is a stable domain;
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(b) (Non-constant spheres) Each component of C' that maps entirely to D is constant;

(c) (Markings) Each interior marking z; maps to D and each component of u~!(D) contains

an interior marking.

Denote by My (L, D, P) the moduli space of type I' Floer trajectories with boundary in L
that are m-adapted to D with respect to some M-type perturbation datum P, and for a tuple
(zo,-..,2n), by Mp(L, D, P,T) the ones that limit to o along the root and (z1,...,z,) along
the leaves, arranged in counterclockwise order.

The expected dimension of the stratum Mr(FE, D, P,T) is

m

oD, ) s=dimWi (z0) — Y dimWi (z;) + Y I(u;) +n — 2 — [Edge , (T)|
i=1 i=1

— ([Edge ()| = (n + 1)) /2 = 2[Edge o ,(T)| — [Edge., ()]

- Z m(e) — Z m(e).

ecEdge e€Edge o s

Let St C Ur be the two-dimensional part of the universal treed disk, and 7 C Ut be the tree
part of the universal treed disk. Fix a compact set
3; C Sr

not containing the boundary, nodes, or interior markings, but having open interior in every

fiber of the universal disk Ur. Also fix a compact set
7; CTr

having non-trivial intersection with each universal fiber. Thus, the complements
S -3
Te—T;

are neighborhoods of the boundary, interior markings, and nodes resp. neighborhoods of oo in
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each fiber of the universal disk. We require that the perturbation data vanish in these neigh-

borhoods. In addition, we only consider types I' that are uncrowded.

We say that a type IV < T iff T is obtained from I" by (collapsing edges/making an edge

length finite or non-zero).

Theorem 11 (Tranversality). Suppose I' is an uncrowded combinatorial of expected dimension
T, ZT) < 1. Suppose that a coherent system of M-type perturbation data has been chosen for
all types I < T'. Then there is a comeager subset of M-type perturbation datum Pp®(E, D) C
Pr(E, D), that is coherently compatible with the previously chosen data, such that the following

hold:
1. The moduli space Mr(L, D, P) for P € PL% is a smooth manifold of expected dimension.
2. The (orientations) and (tubular neighborhoods) statements from theorem [ hold.

Proof. The proof follows some of the ideas in [CWa] in addition to making special choices of
perturbation data for the fiber and upper triangular part. If C is a nodal disk of type I'; for
p>2and k > 2/p let MapO(C',E,L);w denote the space of (continuous) maps from C to F
with boundary and edge components in L that are of the class W*P on each disk, sphere, and

edge. We have the following standard result:
Lemma 5. Maupo(C7 E,L)i, is a C? Banach manifold, g < k —n/p, with local charts centered
at u given by the product space of vector fields that agree at disk nodes and interior markings:

T WEP(C,uiTE, u 5o TL) ®rdge, WHP(C,uiTL)
(v,e)€ Vert(T')® Edge(T")

where the chart into Map® is given by geodesic exponentiation with respect to some metric on

E that makes L and D totally geodesic.

Let Maup%(C7 E L), C MapO(C, E, L), denote the submanifold of maps whose spheres
and disks map to the labeled homology classes that have the prescribed tangencies to the divisor,

and whose marked vertices are constant with respect to .
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In general, the space Maplq(C’,E, L)k is a C? Banach submanifold where ¢ < k —n/p —
max.m(e). Following Dragnev [Dra04], the universal space is constructed as follows. Given a
trivialization of the universal disk C' € Ul — DMk, we get a map m — j(m) € J(S) obtained by

identifying nearby curves with C. Consider the space

Bi. v = Mp & Mapp(C, B, L)y, & Pp(E, D). (4.4)

Over this Banach manifold we get a vector bundle 5,2,17,” given by

Ehpr)mausr C D A (Couf(TF @ H))g-1y (4.5)
v,e€l’
© A (C,ulTL) k-1, (4.6)

where A?,’}I(O, uwi(TF & H))g—1, resp. A (C,ulTL),_1, denote the space of sections of (0,1)-
forms resp 1-forms, and (£f , 1 ;)m.u.s.F is the subspace of sections that vanish to order m(e) —1
at the node or marking corresponding to e. Local trivializations of this bundle are given by
parallel transport along geodesics in E via the associated Hermitian connection in the fibers.
For the transition maps to be C%, we need the [ in Jlﬁm large enough so that ¢ <1 — k.

There is a C'? section 0 : By , p;, — &}, 1) Via

= d
(m,u, J, F) — (6j(m)“}u3,(£ — X)ur) (4.7)
with
Oj(m),sus = dug + J o dug o j(m) (4.8)

The a.c. structure J depends on (m,p) € ML & C. The local universal moduli space is defined
to be

univ,t =1 i
M E, L D) =0 By (4.9)

where Bi,p,” is identified with the zero section.

With respect to the variable in Map%(C’, E, L)y p, the linearization of the Cauchy Riemann
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operator gj(m)“] is

Dy, (&) = vE+ JovEoj—J(u)(Ved)djm),rus (4.10)

We also have zeroth order terms coming from the domain dependent data: The differential of

Jj(m),s at a Jr holomorphic map with respect to the variable in Pr(E, D) is given by
T3 Pr — A" (C,w*TE)_1.,, K +— Kodugoj (4.11)

The surjectivity argument for linearized 0 is divided into multiple cases: given a component
u, of a Floer trajectory, the component can either be constant in the horizontal direction,
the vertical direction, both, or neither. Notably, we have the splittings of the domain of the

linearized Cauchy-Riemann operator:

D, (K): WEP(S uw*TF,usTF NTL) & W*P(S,u*H,ujgH NTL)

— AY!

O (S, w'TF & H)po1yp  (4.12)

While the range does not split in such a manner (unless Jy = 0), we have the nice feature of
additional freedom in the choice of perturbation data. Now, supposing that u is J-holomorphic,

D,, restricts to a map

Dy : WHP(S,u*TF,upsTF NTL) = A (S,u"TF)i_1, (4.13)

By construction, any J-holomorphic disk/sphere u gives rise to a Jg holomorphic disk/sphere

mowu. We use this fact in each of the following 3 cases:

Case 1: u is only constant in the horizontal direction.
In this case, the domain corresponds to a marked vertex of I". In the vertical direction, we
have that dup o j = Jrrpdup since the horizontal differential vanishes. Thus, u is a Jrp-
holomorphic curve in the monotone manifold F,, (with boundary conditions in F, N L in
the disk case). First, assume that u is simple. In this case, we use the standard argument

from [MS04] to get surjectivity for the restriction of the linearized operator in (4.13).
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Now suppose u is a disk component but not simple. Then by decomposition results due to
[Laz10], we have that u represents a sum of elements of Ho(E, L). If dimF > 3, we must
have that I(u) = mI(a), where @ o p = u for simple J-holomorphic % and holomorphic
covering map p. Replacing v with @ in the configuration I' gives a simple configuration
f, which can be made regular by the above paragraph. Since I(@) > 2 and L(f,f) >0,
we must have had that «(I',Z) > 2, which is a contradiction. The case when dimF = 2 is
similar, see [Cha).

If u is a non-constant and nowhere injective sphere component attached to a configuration
f, then we must have that u = @ o p for a degree d > 1 branched covering map p. From
this, we get that 2c¢1(A,) = 2dei1(Az) > 0 since u is non-constant and F' is monotone.
The configuration I" with u replaced by @ is regular by the above paragraph, and so it has
expected dimension. This gives us that I' with the map u must be of index > 2, which

goes against the assumption.

The above argument tells us that
DI WRP(SwTFu*TFNTL) — AY) (S,u"TF)p_1,
is surjective. To see that

D, : WrEP(S w*TF,w*TFNTL) ® W"P(S,uw*H,u*HNTL)

= A (S, uTF @ H)g_1,
is surjective, it suffices to check surjectivity after composing with the projection
AP (S TF & H)j1p 225 A% (S, 7m0 u*TB)
j,J,0 (2, U k—Lp g, g (P T OU k—1,p

since A?:})F(S’, w*TF)g_1,, = kerdm,. We have the following commutative diagram
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WkP (S u*TE, u*TL)

x

0,1 *
Tk,p Aj,Jr (S,u TF (5) H)k:—l,p

ldﬂ'*
D

WkP(S mou*TB,mou*TLg) —=% A?:}B (S,mou*TB)k_1,p
where D, is surjective by a doubling argument for constant disks; see the argument in

theorem [[5

u is only constant in the vertical direction.

To get surjectivity onto the first summand we leverage the upper triangular part of the
a.c. structure. First consider the case when u has no tangencies to the divisor. Following
the type of argument in [MS04], we prove that the image of the linearized map is dense
in AYY(S,u*TF)k_1,. Suppose that the image is not dense. Since this is a Fredholm
operator, the image is closed. By the Hahn-Banach theorem, there is an non-zero element

n € A% (S, u*TF)j_1 4 such that
/C<D§F§+KoduHoj,n>:o (4.14)

for every ¢ € W*P(S,w*TF) and K with JpK + KJp = 0. Thus, we have the following

identities:
/<D5F§ﬂ7> =0 (4.15)
c
/(KoduH oj,m) =0 (4.16)
c
It follows [MS04] that 7 is a solution the Cauchy-Riemann type equation
DI'f*p =0

where DTF* is the formal adjoint. Thus, 7 is of class (k — 1, q), and it follows that 1 # 0

on a dense subset of S.
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Lemma 6. Let 0 #n € Y and 0 # £ € X with corresponding a.c. structures Jy resp.

Jx. Then there is a K with Jy KJx = K such K =n

Proof. This requires us to find a complex anti-linear K such that K¢ = 7, which is

straightforward. See [MS04].

O

Pick a point p where dug # 0 # 7 that is contained in the complement of thrhin. Then
there is a Ko € Ty, J such that (Ko o dupp o j,n(p)) > 0. From the perturbation data
Jr : C = Jut(w, D), we construct a section Kp : C — Ty Jus such that Kr(p,u(p)) = Ko
and K is supported in a sufficiently small neighborhood U x V' with u injective on U and

(Kr(z,u(z)) odug 4 o j,n(x)) > 0 whenever Kp(z,u(x)) # 0. We must then have that

/(KoduHoj,n>>0
C

which is a contradiction. Therefore, the linearized operator must be surjective onto the
TF part of the summand in this case.
When there are tangencies to the divisor, the above method in combination with Lemma

6.6 from |[CMO7] gives surjectivity.

To check surjectivity onto the compliment of A% (S, u*TF);_1 4, we again use the fact
that A (S, u*TF)x_1 4 = ker dmr, and that the diagram from case 1 commutes. It is then
enough to check the surjectivity of

* * D71'0u *
WHFP(S,mou*TB, mou*TLp) == A?:}B (S, mou"TB)k_1,

wherefore 7 o u is adapted to Dp after forgetting constant and unstable surface compo-

nents, so surjectivity follows from the work of [CWa).

d'U,H, duF 75 0
This is a combination of cases 1 and 2 by working with the splitting A?:}LF(S, w*TF @

H)p—1,p Z kerdnm, & Ag:}B (S,mouw*TB)k_1,
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Surjectivity on the edges is a matter of a standard argument: The linearization of the

operator d% — X at a solution up is
(Vva Xl") = VsV — Xrur

where (V, Xt) € ufTL x VectL(T, x L,R). If z € ufTL is in the cokernel this linearization,

| v =0

/T<XpuT,x> =0

then we have

for all V € u}TL and Xr € Vecté(?o x L,R). Thus, if x # 0, choose Xr so that the pairing

(Xrur,v) is non-trivial and positive. This gives a contradiction.

By the implicit function theorem, this universal moduli space is a C'? Banach manifold.
The general theory of real Cauchy-Riemann operators [MS04] tells us that the linearization
D, + K oduoj is Fredholm, so has finite dimensional kernel. We now consider the restriction of
the projection II : Bli,p,l‘,l — PL(E, D) to the universal moduli space. The kernel and cokernel
of this projection are isomorphic the kernel and cokernel of the operator D,,, respectively. Thus,
IT is a Fredholm operator with the same index as D,. Let M4 be the component of the
universal space on which II has Fredholm index d. By the Sard-Smale theorem, for ¢ large

enough, the set of regular values of II, Pllfeg(E, D)g, is comeager. Let

PE(E, D)g = [\ PE"*(E, D)a

7

Then this is also a comeager set. An argument due to Taubes (see [MS04]) shows that the set

of smooth regular perturbation datum

Pr(E,D)q = (| Pr"(E,D)q
!

is also comeager. For Pr = (Jr, fr) in the set of smooth regular data, notate M4 (E, L, D, Pr)
as the space of Pr trajectories in the trivialization ¢, a C'? manifold of dimension d. By elliptic

regularity, every element of ML(E, L, D, Pr) is smooth. Using the transition maps for the
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universal curve of I, we get maps g;; : Mk N M% — Min M% that serve as transition maps
for the space

Mr(E,L, D, Pp) = | JM(E, L, D, Pr)

Since each piece M%(Pr) and the moduli space of treed disks is Hausdorff and second countable

and the moduli space of treed disks is, it follows that My (Pr) is Hausdorff and second countable.

The gluing argument that produces the tubular neighborhood of M (E, L, D, P) in My (E, L, D, P)

is the same as in [CWb}; |[CWa]. The matter of assigning compatible orientations is also similar.

4.4 Compactness

The main goal of this section is to establish the boundary strata of the compactified moduli
space Mr(L, D, Pr) as a product of moduli Mr/(L, D, Pr) x Mrn(L, D, Pr) of sub types
when we have a coherent perturbation datum. We use the existence of a divisor Dy and
an appropriate choice of perturbation datum to rule out sphere bubbling in the base, and then

complete the result with well known facts about compactness in monotone symplectic manifolds.

Definition 33. For a divisor D = 7~!(Dpg), we say that an adapted (upper triangular) a.c.
structure J with basic lower block diagonal Jp, is e-stabilized by D if Jp, is e-stabilized by

Dp as in definition

(a) (Non-constant spheres) Dp contains no non-constant Jp,-holomorphic spheres of energy

less than e.

(b) (Sufficient intersections) each non-constant Jp,-holomorphic sphere u : S? — B resp.

Jp-holomorphic disk w : (D,0D) — (B, Lg) with energy less than e has at least three
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three resp. one intersection points resp. point with the divisor Dg. That is, u=!(Dp)

has order at least three resp. one.

Definition 34. We say that D is of large enough degree for an adapted J if Dp is for Jp, as

in definition

1. ([D]", @) > 2(c1(B),a) + dim(B) + 1 for all « € Hy(B,Z) representing non-constant

Jp5-holomorphic spheres.
2. ([Dp]", B) > 1forall B € Hy(B, Lp,Z) representing non-constant Jp ,-holomorphic disks.

A similar result holds as in Lemma [2| for a dense open set that is e stabilizing. Indeed,
suppose we have a basic a.c. structure Jp, for which Dp is of sufficiently large degree and
is f-close to Jp. There is an open, dense set J*(B, Dg, Jg,0,e) C J-(B,Dg, Jp,0) given by
Lemma[2] To get a collection of upper triangular e-stabilizing a.c. structures on E, we take the
inverse image of this set under the projection 7 : Jyr — Jp,-. We shall denote the (dense,

open) set obtained in this manner J*(E, D, Jg, 0, ¢).

For a m-stable combinatorial type I', let I'y, ..., I'; be the decomposition obtained by cutting
at boundary disk nodes of positive finite length. Let Ur,,...,Ur, be the corresponding decom-
position of the universal curve. In the case where Lp is rational, any stable treed holomorphic
disk projected to B with domain of unmarked type I'; and transverse intersections with the

divisor has energy at most

n(Ty, k) == (4.17)

on the component Ur,, where n(T;) is the number of markings on Ur, and C(k) is an increasing

linear function of k arising in the construction of Dp in |[CMO07].

Definition 35. A perturbation datum Pr(F, D) = (Fr, Jr) for a type of stable treed disk I" is

stabilized by D if Jp takes values in 71 7*(B, Dg, Jg,0,n(T;, k)) on Ur,
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If the sub types I'; are only obtained by deleting positive finite length nodes, then we must

have

T, T) = ()

i=1

Moreover, if «(I',Z) < 1, then regularity can be achieved for T' by theorem so each of
the sub types I'; are also regular and therefore of positive index. On the other hand, if the
configuration I" has an edge of length 0, then we can obtain a configuration of index ¢(I") 4 1
by either deforming the node into a single disk or making the edge length non-zero by (tubular
neighborhood) part of theorem Therefore, the limit of configurations that leave a length 0

edge unchanged will not contribute to the A, algebra, so we will not pay heed to this case.

Theorem 12. For any collection P = (Pr) of coherent, reqular, stabilized M -type pertur-
bation data and any uncrowded type I' of expected dimension at most one, the moduli space
My (L, D, Pr) of m-adapted stable treed marked disks of type I is compact and the closure of

Mr(L, D, Pr) only contains configurations with horizontally non-constant disk bubbles.

Proof. We check sequential compactness. Let I' be a connected, uncrowded, w-stable combi-
natorial type, and let u, : C,, — E be a sequence of Jp-holomorphic maps. As in the above
discussion, decompose I' into regular sub types I'1,...,I"; of index 0 or 1 that contain only

marked or unmarked vertices.

Case 1: T'; is an unmarked partial sub type.

Since we are on an unmarked subtype, the m-adapted Floer trajectories are actually
adapted to D in the sense of [CWal. The sequence u” : C¥ — E has a subsequence
that converges in the Gromov topology to u : C} — E for a possibly unstable curve class
[C!] of combinatorial type I'$°. Since m(u”) — 7(u), the fact that u is m-adapted follows
from [CWa]. We include the argument here for completeness’ sake.

Since Jpr = Jp € J¥(B,Dg,Jp,0,n(T;,k)) over D, Dp contains no m,.Jp-holomorphic

spheres from 7(u). Thus, the (non-constant spheres) property.
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Any unstable disk component u; in the limit would be Jp-holomorphic. Unless it is con-
stant, 7 o u; would be Jp,-holomorphic and have at least one intersection with Dp by
the stabilizing property of Dp. Thus, unstable disk components can only occur in the
vertical direction.

Similarly, suppose we have a non-constant unstable sphere component u;. Then 7 o u;
has energy at most n(I';, k) since it is the limit of types with this energy bound. Since
Jr = Jp on mo uj, there must be at least three intersection points with Dp on this
component, unless mowu; is constant. Thus, unstable sphere components only occur in the
vertical direction.

Therefore, for an unmarked sub-type, the only unstable component that we can pick up is
constant in the horizontal direction (a marked vertex). We argue that this cannot occur:
If we have a vertical sphere bubble v from an unmarked disk, then it must have positive
energy and hence positive Chern number by the monotone property of the fiber. The lim-
iting configuration is regular by appropriate choice of coherent perturbation data, and by
the coherence condition we also have regularity for the configuration without the sphere
bubble, so both are of non-negative expected dimension. This tells us that a vertical
sphere bubble is a codimension 2 phenomenon. However, the index of I'; is at most 1, and
since the index of the limit is at most the limit of the indices, we arrive at a contradiction.
We would like to rule out vertical disk bubbles, which the rest of case 1 is devoted to.
Suppose that in the limit, we get a vertical disk bubble u; : C; — (F, Lg) off of an un-
marked sub type ug : Co — (E, L). Let us first consider the case that us is non-constant:
The index of the limiting configuration I'S® is either 0 or 1, and so u lies in a smooth
moduli space by [[I} The minimal Maslov index for a Jp holomorphic disk with boundary
in Lp is 2 by assumption, so the map us lies in a moduli space of type f;’z that is smooth
of expected dimension by theorem 11| since L(f‘\fg) < (T'$°) < 1. However, this tells us
that us is a codimension 2 configuration, which is a contradiction.

Next, suppose that u; is constant on surface components (so a Morse flow tree). First
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suppose that the total limiting configuration has only one input (so u; has two inputs).
Then there are algebraic cancellations in the output of ! given by considering the dif-
fering orientations on the moduli spaces corresponding to the different orderings of the

marked points on u;.

In the case where we have more than one input, we see that v, must be equal to a critical
point zg. The disk bubble us must be part of a non-constant Jg-holomorphic configuration
ug with a single output to x¢. By monotonicity of Ly and the assumption on the minimal
Maslov number, I(up) > 2. Moreover, uy is regular by the coherence assumptions on
the perturbation datum. In order for the total configuration to be isolated, we must
have that that dim W;r (x9) = 0. Therefore, all of the inputs of the original sequence of
configurations are zy. Since the Maslov index is preserved under taking limits, this shows
that the original combinatorial type has an expected dimension of at least 2: This is a

contradiction.

I'; is a marked sub type.

By construction, the pseudo-gradient X restricted to any critical fiber is Xg4, a pseudo-
gradient for g. Thus, for a connected marked sub type mapping to a critical fiber, we are
considering Morse-Floer trajectories on a monotone Lagrangian Lp, C Fp. Away from
the critical fibers, the flow lines intersect the fibers transversely, so the only marked con-

figurations contained in non-critical fibers are nodal-disks with zero length edges.

The index formula that gives us that the dimension of the open strata for an admissible

set of critical points (x, ..., Z,), after modding out by isomorphism, is:

(T, Z) :==dimWy (zo) — idimW;(xi) + zn:l(ui) +n—2

i=1 i=1

— [Edgel ()] — [Edge (T') — (n + 1)|/2 — 2/Edge o (D)

where I(u;) is either the Maslov index of u; or 2¢(4;) with A; as the spherical homology
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class of u;. For a fixed energy, Gromov compactness gives us a subsequence that Gromov-
Floer converges to a limiting treed holomorphic trajectory u of the same energy, that is
again contained in a single fiber. The total Maslov/Chern class ), I(u;) is preserved
under limits (see |[Oh93]), and this configuration is of expected dimension < 1. Thus it
can be made regular by the transversality argument above. First assume that the limiting
configuration I' contains a non-constant sphere bubble. Because of the spherical node
and the fact that ¢1(A4;) = AE(A;), this configuration is of codimension at least 2, giving
negative expected dimension. This is a contradiction.

The case against a vertical disk bubble is the same as at the end of Case 1.

4.5 The case of a Kahler fiber

When the fibers are Kéahler, we prove a version of the Oka principle to lift holomorphic curves
in the base to the total space. The Kahler structure need not be regular, so we describe a
correspondence between disks/spheres for a fiber wise integrable J; and disks for a small per-
turbation of Jj. Later, this correspondence will help us compute the associated superpotential

for a fibered Lagrangian and subsequently some Floer cohomology groups.

We set blanket assumptions for this section. Let G be a compact lie group and G its

complexification.
Definition 36. 1. A symplectic Kdhler fibration is a symplectic Mori fibration
(F,wp) — (E7WK) — (B,OJB)

with structure group G such that (F,wp) is a Hamiltonian G space. We assume that the
action of G extends to an action of G¢ for which there exists a Gc-invariant integrable

wp-compatible complex structure Jg.
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2. A fibered Lagrangian in this situation is a sub-bundle Ly — L — Lp of Lagrangians
such that Lpg is rational and L is monotone G-invariant. We assume that the transition

functions are Cech co-cycles in G, so that E has an associated principle G-bundle.

An example of a symplectic Kahler fibration a Hirzebruch surface, with structure group S*.

The flag manifold [I.1] is not a good example, as the structure group can only be reduced to
SU(2), so there is no invariant Lagrangian Ly C P!. However, we will see that results of this

section can still be applied, due to the fact that SU(2) is simply connected.

On the other hand, any bundle of the form P(O @ O,,,) — P? is an example of a symplectic

Kahler fibration, for which one can find fibered Lagrangians.

Let TF @ H be a symplectic connection on (E,wg), and denote J& as an almost complex
structure that tames wg of the form

JG =
0 Jg

where the block decomposition is with respect to the decomposition TF & H, and Jp is part of

a coherent, domain dependent perturbation datum for (B, Lg, Dg). Denote

Jr K
Jp =

0 Jp

as part of a domain-dependent coherent perturbation datum for E given in theorem [0

Let w : D — B be a Jp holomorphic map. The pullback of the fiberwise Kéhler form a
induces a connection TF @ Hp on u*E, where Hp = TFL% ® such that the projection w* is

holomorphic with respect to the structure

Ja 0
(4.18)
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on u*F and j on D.

Let P,«g be the associated principle G-bundle to u*FE. Since parallel transport on u*FE is

G valued, Hp defines a connection on P,~g. We also denote this connection Hp.

The space of diffeomorphisms of P,«g covering the identity form an infinite dimensional Lie
group, called the group of gauge transformations G(P,~g). Let ¢ € G(P,+g), and let g, be the
unique element in G such that ¢(p) = p - gp. We require that ¢ preserve the G-structure of

Pog: ¢(p-g) = ¢(p) - g. From this we get
P-9g-9Gpg =P 9Gp- 4

so that g,y = ¢ 'gpg. Thus G(Py-p) C>®(P,-g,G)%, where the superscript denotes the
equivariance f(p-g) = g~ f(p)g. When the domain of u is a disk, we have that P,-g = D x G

as a smooth G-bundle, so the group of gauge transformations becomes C*°(D, G).

In a similar manner, we denote the complexified gauge group as G¢ := C*°(D, G¢).

Given a G € G¢(P,~g) we can obtain a different connection via G(Hp). Thus, the complex
gauge transformations act on the space of connections of P,«g. Moreover, we can consider
holomorphic gauge transformations, that we define as elements in Hol(D, G¢).

We will expose the following result:

Theorem 13. There is a holomorphic gauge transformation G € Hol(D,Gc) that is G-valued
along 0D such that G(Hp) is a flat connection on Pysg. Thus, uw*E = D x F as a (j,Jg)

holomorphic fiber bundle via an isomorphism that preserves Lagrangian boundary conditions.

We will see that this theorem is a corollary of a result by Donaldson, which is an h-principle

for complex manifolds with boundary:

Theorem 14. [Don92] Let V. — Z be a holomorphic vector bundle over a complex manifold
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with boundary. Let f be a metric over the boundary. Then there is a unique Hermitian metric

h satisfying:

1) hloz = f
2) iAF, =0

Item (2) is known as the Hermitian Yang-Mills equation. Fy, is the curvature of the con-
nection associated to h, and A : Map(l’l) — Q0 is the Kéhler component in the decomposition

QD V=l eV + 2w V.

When Z is complex dimension one, the Hermitian Yang-Mills equation says that the Chern
connection induced by h is flat. Moreover, when Z = (D, dD), the existence of a flat connection

allows trivialization via parallel transport.

Sketch of proof for[I4 We study the evolution equation

h
h*l% = —2iAFy, hloz=f (4.19)

starting with some arbitrary smooth extension hg of f. The key facts to establish a limiting
solution to this heat flow are short/long time existence, the observation that the highest order

term of —2iAF}, is the laplacian, and the following lemma;:

Lemma 7. [Don92/Suppose 6 > 0 is a sub-solution to the heat equation on Z x [0,00), e.g.

% + A0 <0. If0 =0 on dZ for all time, then 0 decays exponentially

supf(z,t) < Ce
where p depends only on Z, and C on the initial value of 6.

One then observes that for a solution to the quantity ¢ = ||iAF},||? is non-negative
sub-solution to the homogeneous heat flow.
On the other hand, consider the bundle of metrics H — V, with transition functions given by

some reduction of structure group on V and metric . The quantity ¢AF}, is the time derivative
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of h in this bundle, and the quantity /e is the velocity of the family h:(z). By the above
exponential bound, h:(z) has finite length as a path in the fiber .. By completeness of H.,
there is a limiting metric in each fiber. Then by [Don92|, there is a subsequence of h,, that

converges in C'* to heo that by (4.19) is a solution to the Yang-Mills problem. O

Proof of [1] following[I]} Since Jg is G¢ invariant and G acts by symplectomorphisms on F,
we get an induced representation p : G — Symp(V,wr) NGL(V, Jg) for some symplectic vector
space V. We form the associated vector bundle V := u*E x, V that has an integrable complex
structure and Hermitian metric arising from (wp, Jg) := hg. Applying Donaldson’s result

we get a flat Hermitian metric ho, that agrees with hg on dD. The following is immediate:

1. There is a complex gauge transformation G € Hol(D, G¢) so that G*hg = heo-
2. By Gg invariance, G*Jg = Jg, so Jg is compatible with hy.
3. Since hg = hs on 0D, so G is constant there.

4. (V,heo, Jg) has a flat Chern connection, so it can be trivialized by parallel transport.

This induces a further isomorphism
d: VS DXV (4.20)
which corresponds to an element Gg € C*°(D, G) since the connection is G-valued.

Applying the complex gauge transformation Gg oG to u* E we have an isomorphism of (j, J¢)
complex manifolds

uw*E =y (D x F,0D x Ly) (4.21)

that preserves the sub-bundle (u|sp)*L by the G-invariance of Lp.

O

Corollary 1. For a symplectic Kdhler fibration and any JC-holomorphic disk u : (D,0D) —

(E, L), the bundle (m o u)*E is holomorphically trivial. Thus u can be written as mou X 4 :
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(D,0D) — (B, Lg) x (F,LF), where @ is a Jg-holomorphic section of the bundle w o u*E with

boundary values in Lp.

Remark 3. In the case of Flag(C?3), the structure group is SU(2). Since SU(2) is simply
connected, the boundary values of the complex gauge transformation Gg oG can be extended to
a gauge transformation Gg € C°°(D, G). The resulting bundle G; ' 0Gg oG has a flat connection
(since C*°(D, G) preserves curvature), so it is trivial. The result of Theorem [13|and the above

corollary continue to hold in this situation.

4.5.1 Existence of regular lifts

Given a regular Jp-holomorphic disk, we show that we can find a regular lift using the results

of the previous section.

It follows from theorem |L3| that any section @ : (D,dD) — D x (F, L) will induce a J%-
holomorphic section of the bundle u : D — u*E with Lr boundary values. In particular, we can
choose a p € Lr and take the constant section @,(z) = (z,p). We will prove a theorem below
that such a section is regular in the sense that the linearized 0 is surjective. However, we would

b2

like to characterize these ”vertically constant” sections based on their covariant derivatives. To

this end, let H be a connection on £ — B, and for Y € T'B let ®; y be the associated flow of

the horizontal lift of Y to H.
Definition 37. The covariant derivative of a section s with respect to Y and H is
d
Vs = Zplo®-ty(se.y)

This is going to be a section of the bundle s*TF — B. It is a general fact that Vy-s(p) only

depends on the value of Y at the particular point p, see [DK90| for instance.

For a smooth map u : D — B, we can define a covariant derivative on u*FE by V%L,*H X =

u*Vau(y)X. We note again that the dependence in Y is only at a single point z € D, so we



68

need not define du(Y") everywhere.

If G is an element of the complex gauge group of E, then the covariant derivative of G(H)
is given by V9(H) s = GVH (G~1s) [DK90|. Therefore, if s is an H covariant constant section in

the sense that

then Gs is a G(H) covariant constant section. This shows that the following definition is

independent of complex gauge transformation:

Definition 38. A J%-holomorphic map u is vertically constant with respect to H if it induces

a covariant-constant section of mo u*E.

When mou*E = D x F and TD is the trivial connection, we have that 7wpp o du = V7 Py,

so the covariant derivative agrees with the derivative of a section in the vertical direction.

The uniqueness statement in Donaldson’s result gives us a uniqueness of vertically constant
lifts:

Lemma 8. Letu: D — (B, Lg) be a Jg-holomorphic disk with a distinguished boundary value

Jo 0
u(xg). Given a point p € 7~ (u(xg)) N L there is a unique vertically constant -

0 Jp
holomorphic lift G with 4(x¢) = p
Proof. For uw*E = D x F the statement is clear. Therefore, it suffices to show that the gauge
transformation in theorem [13|is unique.

Let & : D — D x F be the section 4(z) = (z,p) and let G be a trivializing (complex) gauge
transformation from theorem given by first applying the unique complex gauge transforma-
tion G¢ from [I4] that is the identity on the boundary, followed by the real gauge transformation
Gk that trivializes the bundle via parallel transport from the point p. Then Ga is a vertically
constant section of w*E with Gi(xzg) = p. If Q]g is a trivializing gauge transformation corre-

sponding to parallel transport from a point p’, then there is an element g € G so that Gr = ¢g-Gp
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since the connection is flat. Either g fixes p € Lg or it does not. Since the gauge transforma-
tions commute with the G action, we have that @ is unique up to stabg(p), but any choice of
coset representative will give the same section since @ is constant.

O

Theorem 15. Letu : C — B be a regular Jg-holomorphic type with one output u(xo) = q € Lp,
no sphere components, and no broken edges. Then for anyp € m=1(q)N L, there is a unique lift

@ : C — E with 4(xg) = p that is vertically constant on disk components and JC-holomorphic

Proof. First, we construct a lift by matching a chain of boundary conditions, and then we prove
transversality. Let ug be the restriction of u to the disk component Dy closest to the output,
let Ey; denote the edge between Dy and some adjacent component Di, and let u; denote the
restriction of u to D that meets Ey; at x2. By lemma there is a unique vertically constant
lift ¢ with tg(2z9) = p. Let 21 be the boundary point corresponding to the output on Dy. The
projection of the flow of X starting at @(x1) agrees with the flow of X;, so flowing X for time
{(Eo1) lands at a point p; € 7~ (u(x2)). Take the unique lift of @y of u; with @(z2) = p1, and
continue in this fashion until a lift of w is constructed on every disk component. This gives a

J&-holomorphic Floer trajectory 4 : C' — E with boundary in L.

The linearized operator at this particular @ is actually surjective, and this is due to the facts
that we are using a block diagonal almost complex structure and that 4 is vertically constant.

Indeed, let us focus on a single disk component. The range splits in the expression as

Da(K) : WrP(D, &*TF, aygTF N TL) & W*P(D, 4" H, 0} H N TL)

0,1 Ak 0,1 *
— AMG (D, 0"TF )1, ® AMB (D, u*H)g—1,

so it suffices to show surjectivity onto each summand; We achieve surjectivity onto A?”}G (S, w*TF)g—1,p
by the usual doubling trick for constant maps (outlined below), and surjectivity onto the second

summand by the argument for theorem [11f following [CWal].
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To show surjectivity onto the first summand, it is enough to consider the properties of
Dy(K) : Wr?(D,a*TF,uysTF NTL) — A?:}G (S,a*TF). Since @ is constant, it extends to a

map @ : P! — F. The map

0,1
A

e (PLTF) o — AYS (D, TF)

is surjective by a Schwartz reflection principle, so for the smooth case it suffices to show that
the linearized operator is surjective onto A?”}G (P, TF)s. Since Jg is integrable, Dj is pre-
cisely the Dolbeault operator for this vector bundle, and the cokernel is the Dolbeault co-
homology group H%!(P!,@*TF). On the other hand, @*TF splits as a direct sum of holo-
morphic line bundles with respect to Jg, all of which are trivial, so it suffices to consider
HOY P C) = HYO(P, CV) = C. But the linearized operator at @ is not identically 0, so it
must be surjective. Thus Dy is surjective when we consider smooth 1. In the (k — 1,p) case,

we use the usual elliptic bootstrapping argument of the adjoint operator DY .

O

Contained in the the proof of this theorem is the fact that we can achieve transversality for

vertically constant J%-holomorphic disks:

Corollary 2. Let u : D — (B,Lg) be a Jg-holomorphic disk at which the linearized Oy,
operator is surjective. Then the linearized 0y operator is surjective at any vertically constant

JG -holomorphic lift of u.

Remark 4. By the uniqueness content in Donaldson’s result the vertically constant lift that
we get is unique once we prescribe a constant boundary condition in Lp. We will refer to this
unique lift as the Donaldson lift through p € L.
Jr K
For completeness, we record the following result: Let Jp = be a regular (domain-

0 Jg

dependent) almost complex structure from theorem and up : S — FE a regular configuration

of index 0 without sphere components. We would like to see that 7o up is regular and thus lies
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in a moduli of expected dimension.

Lemma 9. Let up : Ur — E be a reqular Jr-holomorphic configuration for smooth Jr. Then

mour is a reqular Jg-holomorphic configuration.

Proof. The fact that m o u is Jp holomorphic is clear. Furthermore, by the choice of pseudo-
gradient perturbation data and the discussion in section we have that 7 o u is a Morse

flow on edges. It remains to check transversality.

For ur|p =: u restricted to a single disk or sphere component, we need to show that the

linearized operator
Doy : WFP(S, 1 ou*TB,mou*TLpg) — A?:}B (S,mou*TB)k_1,
is surjective for k > 2/p with p > 2. By the regularity assumption on u we have that

Dy : WEP(S w*TF,ulygTF NTL) ® W*P(S,u*H,u})g H N TL)

— A2

O (S, u™TF & H)p—1y

is surjective, where H is the symplectic connection. The projection dr : w*TF & H — u*H is

equivariant with respect to the almost complex structures (Jr, Jg), and so it induces a map

dr, : A (S, u*TF & H)poyp — AY)

(S,u"H)p-1,p
via n +— dm on. To see that this projection is surjective, we use the isomorphism
g0t A (S U TF @ H)yo1p — A6 (S,u'TF @ H)pqy
1 G .

e 50+ J7ono )

Wherefore A?:}G (S,u*TF & H)p—1,, now splits as
A% (S, u*TF) @ A (S, u H)
§,JG ) k—1,p 4,JG ) k—1,p

= A?:}]G (S, U*TF)k—l,p D A?’J;G (S,mo U*TB)k—l,p
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One checks that the following diagram commutes:

0,1
AL

JiTr (57 uw*TE ® H)kfl,p

<I’JF,JG

dr. A?;}G (S, u*TF)p_1,® A?;},G (S,mou*TB)_1,

«/

A?:}B (S, mouw*TB)k_1,
It commutes due to the fact that both are spaces of anti-holomorphic forms with Jg in the
lower diagonal block. Thus, we see that dr is surjective. To see that D, o, is surjective, we just

need to check that the next diagram commutes:

WkP(S, uw*TE, u*TL)

&»

Tk,p Ao.’l (S, U*TFEBH)IC—L;D

J,Jr
ldﬂ'*

Wk (S, 7o u*TB, mouTLg) =222 A%L (S 70w TB)i 1,

J,JB

4.5.2 Perturbation of vertically constant lifts

In lieu of the regularity statement of theorem [15| and corollary [2| it may seem that we can just
compute vertically constant .J-holomorphic disks with J<. However, a perturbation datum (Pr)
containing J¢ may not satisfy the coherence axioms causing compactness to fail. Therefore,
we want to make sure that the J%-holomorphic disks can be related to some Jp-holomorphic
disks where Jr is part of a coherent datum. We accomplish this relation by using perturbations

that are contained in a small enough neighborhood of J.

Definition 39. For a combinatorial type I" with «(T',Z) < 1, and two regular almost complex

structures J; ¢ = 0,1, define a regular smooth homotopy J; € J-%(Jo, J1) C Jr(Jo, J1) as



73

Jt : [07 ” - 'L?to,‘r

Jo=Jo

J=h
such that the linearized operator

0
Du7Jt—|—aJt0du0j

is surjective at each t € [0,1] and w € Mp(L, J;).
We use the following adaption of a theorem by McDuff-Salamon:

Theorem 16. [MS04] For a combinatorial type T with «(I',Z) < 1 and a regular Jg, let
Ji, i = 0,1 be regular upper triangular almost complexr structures for type (T',Z) such that
T, z) <1, and let Jr,j,(Jo, J1) be the Banach manifold of smooth upper triangular homo-
topies that are constantly equal to Jg in the lower diagonal block. Then there is a Baire set of
smooth homotopies J1.7. (Jo, J1) C Jr,15(Jo, J1) such that if Jy € Ji5 (Jo, J1), then there is

a parameterized moduli space Wr, j, (J¢) that is a smooth oriented manifold with boundary
(9WF(J,§) = MF(L, Jo)i ] MF(L, J1)
so that these two moduli spaces are oriented (compact) cobordant.

Proof. The proof is the same as an argument of theorem The projection MYY(L, J;) —
Jr,Js (Jo, J1) has the same Fredholm index and cokernel dimension as the linearized 0 operator,
and the points where the projection is surjective are precisely the regular homotopies. One then

uses the Sard-Smale theorem to find a Baire set where the projection is submersive. O

Let 0 < € < €9 < 1. The above theorem tells us that Mr(L, Jy) and Mr(L, J.) compact
cobordant, and thus are diffeomorphic for ¢ << 1. Indeed, any regular homotopy induces a

cobordism Wy (J;) — [0, 1] that is a submersion at 0. Since the property of being a submersion
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is an open condition, this must be a submersion in a neighborhood [0, €).

Since our choice of smooth homotopy can lie in a Baire set, we may assume that there is some
e € [0, €9) such that J. is regular for (T, yo). Indeed, let us identify an open neighborhood B, (.Jy)
of Jo with an open neighborhood of 0 in 7,72 ,. Then the image of the map J1°°7 (Jo, J1) x

[0,€0) = Ty, Tyr ~ given by

(Jt,S) — JS

forms a Baire set of a neighborhood of Jy. The intersection of this Baire set with the set of

regular perturbation data J“/(E, L) N B¢(Jy) must also be Baire.

With this in mind, let us only consider perturbations Jr in theorem [11| such that Jg resp.

K are C° close to Jg resp. 0.

For a connected combinatorial type T for B, let us restrict to the case when (T, zo) = 0 with
a single output, and such that I' has no sphere components or breakings at critical points. Let
u € Mr(B,Lg,Jg, ) with domain C, and for simplicity let us assume that the evaluation at
the marked point zp on the boundary of C has ev,(z0) = xo . For any lift yo of z¢, Donaldson’s
heat flow gives us a unique vertically constant lift v of u with ev,(z9) = yo. For the purposes

of this section, we repeat the index formula:

m

0=u(l,z0) =Y I(u;) — 2 — |Edgel o (T)| - |Edgen (1)

i=1

- Z m(e)

ecEdge

where |Edge? . (T')| resp. |[Edge,, (I')| is the number of disk nodes resp. number of interior
markings that intersect the divisor. Let (7*T',yo) be the combinatorial type of the Donaldson

lift through yy. This contains the following information:

1. The combinatorial type of the underlying metric tree

T = (Vert(T'), Edge(T"))
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2. The labelings D : Vert(T') — w3 (F, L) of the relative homotopy classes
3. The enumeration m : Edge,, ((I') = Z>o

Let Jp be a regular, domain dependent perturbation data for the type I' in (B, Lp) as in

theorem [9] and let

Jrp K
Ik, =
0 Jg

reference a taming almost complex structure on (E,a + Nn*wpg) for which K is also domain

dependent. Then, by theorems there is a Baire set of these for which the moduli space

Mr(L, Ik, 71, Yo)

is smooth and compact of dimension 0.

Crucially, we want to see J¢ is regular for configurations of type 7*T', so that we can use

theorem (16| to construct a parameterized moduli space.

Lemma 10. J€ is a regular almost complex structure for the moduli space M -r(L, J% yq).

Proof. By corollary [2] the linearized operator is surjective at any vertically constant lift, so we

show that u € M -r (L, JE, 1) is necessarily vertically constant.

Suppose that u is not vertically constant. The combinatorial type 7*I" has the same geomet-
ric realization as that of the regular configuration I', so it has no sphere components. Without
lack of generality, let us assume that C' = D is a single disk component. Once we trivialize
mou*E = D x F following theorem we get an induced Jg-holomorphic map v : D — (F, Lp)

with [, u*wp > 0. By the monotonicity of Lp,
)\/ w'wp = p(*TF,v*TLr) >0
D

where u(-,-) is the boundary Maslov index. It follows from the axioms of the Maslov index

that p(u*TE,w*TL) = p(v*TF,v*TLr) + p(rou*TB,mou*TLg) > p(rou*TB,mou*TLg).
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But for a Donaldson lift w of 7 o u, we have u(w*TE,w*TL) = p(r ouw*TB, 7 ou*TLF), so u
is not in the same relative homology class as a Donaldson lift. This is a contradiction on the

homology class [7*T7. O
We will need a corollary of this argument later:

Corollary 3. Let u(-,-) be the boundary Maslov index, and v a J%-holomorphic disk with
Lagrangian boundary. Then p(u*TF,uw*TLr) >0 and p(v*TF,w*TLr) =0 if and only if u is

vertically constant.

Proof. Take v as in the previous proof. Since the gauge transformation G is an isomorphism
that preserves Lg, we have that u(u*TF,w*TLr) = p(v*TF,v*TLg) > 0.

For the second statement, we have that v = 0 iff u(v*TF,v*TLgr) = 0 by monotonicity.
Since the property of vertically constant is independent of gauge, we have that u is vertically

constant iff v = 0.

O

For a regular upper triangular datum close to J that is part of coherent system P = (Pp)r
reg

from theorem |§|, we apply theorem (16| to pick a homotopy J; € Jr 7, (JC, JK 1) that gives us

a parameterized moduli space of dimension 1:
WW*F(Jt)

OWr(J;) = My-r(E, L, J) ™ UMyr(E, L, Ji 1)

The map p : Wy-r — [0, 1], (u, J;) = t has a surjective derivative at p~1(0) by the definition of
cobordism, so it must be a submersion in a neighborhood p~1([0, €y)), which shows that p~1(0)
and p~1(e) are diffeomorphic for € < €. Thus in theorem |§|, we choose perturbation coherent

data for type 7*T that lies along some regular homotopy and is close enough to JC.

With this, we can finally define a lifting operator:
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Definition 40. Choose a combinatorial type (T', zo) for (B, Lp) of expected dimension 0, and
let 7*T" be the unique combinatorial type of a Donaldson lift through yq. For a coherent, regular,
upper triangular perturbation datum (Pr)r that lies in a small enough neighborhood of J¢ for
any type (7*T, o), and a choice of regular homotopy J; € J;"7, (JC, Jeer), the lifting operator

is defined as the map between moduli spaces

‘CF : MF(B7LBM]B’$O) _>M7T*F(EaL7 J‘n’*FvyO) (422)

Jt,y0

as the map that factors through
MF(B7 LBa JBa .To) — MTK’*F(E7 L7 JGa yO) — MW*F(E7 L; Jﬂ*Fa yO)

as first taking the unique J%-holomorphic Donaldson lift & with output g, and then applying

the isotopy (i, J¢) + (i, Je) along Wy-p(J;) with J. = Jp

The lifting operator does depend on our choice of homotopy, but only up to a permutation
of the points in the resulting moduli space M+ (E, L, Jr+1r, yo). The discussion in this section

shows that the operator is well-defined.

We will also reference the following

Definition 41. The unperturbed lifting operator LSG vo is the map
Mr(B, L, Jp,0) = Maer(E, L, J% yo)
from E.22]

We will use both of these operators to compute the leading order potential in section [5.2
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Chapter 5

Floer invariants for symplectic fibrations

5.1 Leray-Serre for Floer Cohomology

We derive a spectral sequence that converges to the Floer cohomology of L a la Leray-Serre.

Our coefficient ring is a modification of the universal Novikov ring in two variables:

)
#{cij #0,pi +n; < N} < 00}
for a fixed 0 < € < 1 that we will specify in later lemma Choose a brane structure on

the Lagrangian L (as in the appendix) and let Hol,(u) be the evaluation of u with respect to a

chosen rank one local system p : (L) — (A2)*.

The symplectic form on FE is the weak coupling form wx = a + Kn*wp for K >> 1. We

define the vertical symplectic area of a J-holomorphic configuration v as

eulu) = /C wa

This is a topological invariant, although it may not be positive due to horizontal contribu-

tions. To avoid mentioning ” K” too many times, denote e(m ou) = [, K (7 o u)*wp.

%

Label the critical points in L by z7%,

where j enumerates the critical points y; such that

W(xg) = y;, and define the Floer chain complex of a fibered Lagrangian as:

CP(L,A%) = @ A}
z%€Crit(f)
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For a taming, coherent, stabilizing (as in the appendix) perturbation datum P = (Xr, Jr)r,

define the A, maps as:

Mn(xla s 7.’177;,) =

Z (—1)°(o(u))) " Hol, (u)re* W gsmeWe(u)zl  (5.1)
x;,[u]eﬁr(LaDﬁ)O

where ¢ = Y1, i|2;| and o(u) is the number of interior markings on I',,. £(u) is =1 depending
on the orientation of the moduli space that contains [u] By the following lemma, this sum

is well defined for appropriate choice of €

Lemma 11. p"(z1,...,2,) € CF(L,A?) for € small enough.

Proof. The transversality and compactness theorems tells us that for a fixed energy F,
there are finitely many J-holomorphic configurations with fc uw*wg < e. Thus, the output
satisfies the criterion #{i,j : ¢;; # 0,e(mou) + e,(u) < N} < o0.

For e << 1, the form wg ;) is also a non-degenerate symplectic form. If P"*9(wk ) is the

Baire set of perturbation data that tames wg from theorems [[T[[2] we have that
Pr(wra-¢) C Pr¥(wk)

as an open subset by the discussion in subsection (specifically, inequality [4.3]). Therefore,
one can either chose perturbation from a slightly smaller set, or take K7 so that K1(1 —¢) > K

and consider the A maps for L in the symplectic manifold (F,wg, ). O

In the next section, we will prove that these maps actually satisfy the A..-algebra axioms.

Let us filter the Floer chain complex by ¢ degree: .F[;“CF (L) is generated by critical points
with coefficients from A? of minimal degree > kX in the ¢ variable for some fixed A that we will

specify later.

For this section, let us assume that we have a solution b to the Maurer-Cartan equation.

In section [5.2] we will provide sufficient conditions on Lp and Lp for which we can find some
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natural solution to this. Let hy : mo(FE,L) — Hy(FE, L) be the relative Hurewicz morphism.
From the definition of a rational Lagrangian, the image of the energies [wp] o ha(ma(B, L)) is

discrete. This allows us to use a smaller Novikov ring:

Ai= {Z cijqPr"cij € C, i € Lo 2 0,(1 —€)ip+n; 2 0
ij

#{i,j : cij # 0,ip+1n; §N}<oo}

Where p > 0 is the energy quantization for (B, Kwg). Let us pick a solution b to the

Maurer-Cartan equation for the A, algebra CF(L,A?). Then p} respects the filtration by g.

Let A, be the subring of A?

A= {Z cir'™

and similarly for A,. Define A; as the analogous ring

At = {Z Citni

for a formal variable ¢. Define the Floer cohomology of L with respect to this rank one local

¢i € C, nj € R, #{i:ci#O,anN}<oo}

CiE(C,njERZ(), #{i:ci#o,anN}<OO}

system, Maurer-Cartan solution, brane structure, and coherent perturbation datum to be
HEF*(L,A%) == H* (u})

In section we will show that this is independent of choices and is an obstruction to dis-

placement by constructing a natural map to HF' (L, A(t)).

Filtration by g-degree with step size less than p leads us to the following result:

Theorem 17. Let F — E — B be a symplectic Mori fibration along which we have a fibration
of Lagrangians Ly — L — Lp with Lg rational, and a divisor D = n=Y(Dg) for a stabilizing
divisor Dp of large enough degree in the base. Choose a reqular, coherent, stabilizing, convergent,

M -type perturbation datum (Pr)r and a solution b to the Maurer-Cartan equation. Then there is
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a spectral sequence EF that converges to HF* (L, A?) whose second page is the Floer cohomology

of the family of Lr over Lg. The latter is computed by a spectral sequence with second page
& = H*(Lp, HF(Lr, A,)) @ gr(FyA,) (5.2)

where the coefficients come from a system that assigns the module HF (Lp,, A,) to each critical

fiber.

Proof. We pick the filtration step A > 0 so that 0 < A < p, or arbirarily if p = 0. This induces
a the spectral sequence £ with the differential § = p}. We will first show that the criteria
from The Complete Convergence Theorem from [Wei94] section 5.5 are satisfied. These include
showing that the filtration is exhaustive and complete, and showing that the spectral sequence

is regular. We suppress some notation by setting CF (L) := CF(L, A?).
The filtration is exhaustive if CF(L, A?) = U0 FFCF(L), which is clear in this situation.

The filtration is complete if
: k
{inCF(L)/]:q CF(L)=CF(L)

For simplicity, let us first assume that the rank of CF(L) over A? is one, or equivalently we
show that the filtration on A? is complete. Here, the inverse system is given by the projection

w : CF(L)/FFCF(L) — CF(L)/F.CF(L)

S Hm)gr = > filr)g”

pi<k pi<l
by forgetting the terms of g-degree > I, where fi(r) = 3, ciyr™ € A(r) with n; > —(1 —€)p;
and lim;_, o, p; = co. The inverse limit is constructed as
. ko o
1(21 C’F(L)/]-"q CF(L) =

{(#a.n) & TTCF@YFCEL) s m(fularr) = far) Vi < k)
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where each fi(q,7) =", <, fi(r)g?" and (1 — €)p; +n; > 0. Surely we have an inclusion
: k
CF(L) C lim CF(L)/FLCF(L)

given by collecting all of the degree p; terms:
Zciqurm = Z fi(r)g” ( Z fi(r)q’”>
0] i pi<k

The reverse map is given by

L =) filr)e”
=0

pi<k
and we want to know that this converges in A%2. In other words, if f;(r) = Z;io cijr’i, we
want to know that # {c;; # 0: p; +1n; < N} < co. Given that n; > —(1 — €)p;, we have that
pi +1n; = €p;, which goes to co as i — oco. It follows that the sum converges.
When rank(CF (L)) > 2 use the fact that the filtration and inverse system projections
commute with the direct sum decomposition, so that the inverse limit is the direct sum of the
inverse limits. Le.

lim CF(L) JFECF(L) = 1}3@ A2 FEA* ()

i=1

=~ @@AQ/}'(;“AQ(%)

=1

Thus, the filtration is complete.

Next, we nee to show that the spectral sequence is regular, i.e. that §s = 0 for s >> 1. We
imitate the idea behind theorem 6.3.28 in [FOOO09]. Essentially, the proposition we need is

the following

Proposition 1. There exists a ¢ > 0 such that
S(CF(L))NFFCF(L) C §(F; °CF(L))

that doesn’t depend on k.
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Proof of proposition. We find a standard generating set, which is inspired from the notion of a
standard basis in [Definition 6.3.1, [FOOOO09]]. Let {v;}7, be a generating set for for A over
A? (for example, given by §(z%)). Denote F(v;) = k as the lowest power of ¢ appearing in v;,
and let o(v;) € CF(L,A(r)) the be the coefficient of the lowest power of ¢. For example, the

element v = ¢” >, ciry; has F(v) = p and o(v) = 3,54 c1ry;.

Let M be a finitely generated A%2-module and suppose S = {vy,...,v;} is a generating set
for M. S is said to be a standard generating set for M if (after reordering) there exists a

sequence (p’) € (0, 0] so that
F(vi) < F(vit1)
J j—1
7 o(v;) ¢ A - {o(vi) 12y
Lemma 12. A standard generating set for finitely generated M exists.

Proof. Let {v1,...,v;} be a generating set ordered so that F'(v;) < F(v;41). Denote F(v;) = p;
and denote

Sj = AT . {0’(1)1), NN ,CT(’U]')}.

If kK = 1, then there is nothing to show. If o(v;) ¢ S;j_1, then there is also nothing to show.

Assume that 7’ € S for
0 S pj S (1 - E)minlgigjle(’Uj) — F(’UZ)
Then there are elements a;; € A, so that
, g1
J
o) = aijo(v;)
i=1
Hence,
Jj—1
P
vjl = — Zaijr" qP7 Py,
=1

is such that F(vj) > F(v;) and

AQ'{Ul,...7Uj}:AQ'{Uh...,Uj_l,’U;}
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We then replace v; with v} reorder {vjl., Uj41,..., Uk} by increasing g-valuation, and continue.
If it happens that 7“”50(1);-) € &y, for all ¢ and some non-decreasing sequence /; and decreasing pg,
then vj— € A*{v1,...,0j,...,v} for all i and we can disregard v; from the original generating

set. O

By applying a change of coordinates to C'F (L), the existence of a standard generating set
for 6(CF (L)) essentially says that the matrix for J is square upper triangular with columns
that obey the ¢ filtration. Roughly, we can start with the generating set d(x;) and reorder as
decribed by the algorithm in the proof of Lemma Notably, if (s;(;)) is the matrix for § in

these coordinates, we have that s;;) = 0 for ¢ > j and for each j:
min; F(s;;—1)) < min; F'(s;(;)).
Moreover, any element in the range is expressible as a linear combination of the columns

v= E a;v;,

and the expression is unique provided the relative difference in r-valuation of o(a;) is not too

large. For such a generating set, we can set

c=max F(s;(;))-

O
Let
z¥ ={x e FFCF(L) | py(x) € FF*7'CF(L)} + F*TCOF (L) (5.3)
BY = {p(F**F*CF(L)) N F*CF(L)} + F*'CF(L) (5.4)
£ =Z:/B; (5.5)

and let 7 > ro with ro — 1 —c¢ > 1 and x € ZF. Then pi(x) € CF(L) N F*+r=1CF(L),

so by our proposition, u}(x) € ui(F*r=1=¢CF(L)) C p}(F*1CF(L)) since k+7r—1—c¢ >
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k419 —1—c>k+ 1. The differential induces a map
py : Zf = FETICOF(L) — ef !

that we must show is 0. Indeed, B¥*"=1 > pl(F*F+1), so put(x) =0 € -1,
Now, we apply the complete convergence theorem from [Wei94]. Since the filtration of this

cohomology spectral sequence is bounded below, it converges to H*(u}).

Next, we calculate the second page. By definition, we have
£ = CF(L,C) @c gr, (FA2)

where

gro(FA?) = @ Fya2/FpA?
TLEZZO

is the associated graded ring of A2. The differential §; on &; is induced from the Floer differ-

ential on CF (L), and counts pearly Morse trajectories whose pearls project to constants.

To compute £ via a spectral sequence, we follow Leray-Serre for Morse cohomology of a
fibration. Let FCF(L,A?) be the filtration of (CF(L,A?),d;) by degree of m(z;) as a critical
point of b. This is a well-defined filtration of cell-complexes, since any Morse-Floer configuration
that is horizontally constant on disk component projects to a Morse flow line between critical
points in the base. The latter only exists when the output critical point has index more than

the index of the input.

The base index filtration is bounded, so by the classical convergence theorem from [Wei94],

we get a spectral sequence &, that converges to &.

It remains to compute the second page of the spectral sequence ENT:

1. The Oth page is the associated graded complex with differential dy that counts pearly

Morse trajectories between critical points of the same base index whose pearls project to
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constants. By the construction of the pseudo-gradient, flow lines project to flow lines.
Since there are no flow lines in Lp between critical points of the same index, dg counts
pearly Morse trajectories contained exclusively in critical fibers. Therefore,
&= @ HF(Lg,A,)
yeCrit(b)

2. dj counts trajectories u on &, for which we know that 7 o u is constant on surface
components. Moreover, u must form a trajectory between critical point classes [2,,¢] and
[2in) such that WH (m(2out)) — Wy (m(24n)) is at most 1 (hence, exactly one when d is

induced on ker(dp)/im(dy)). Following our convention, c[Z,y:] is a summand of dy[z;y].

To compute gg we need to understand exactly what trajectories are in item |2l We show that
these must be zero energy Morse flows in L by virtue that they lie in a 0-dimensional moduli

space and project to Morse flow lines between relative index 1 critical points.

For a contradiction, suppose that [u] € Mr(L, D, Zout, Tin) has a non-trivial pearl with
image in 7~ (p) which is counted by d; on 5~1. Let u|s denote the restriction of a representative
to the pearl component, with u(ye,:) € W;(xout) and u(yin) € W (2i,). Since the almost
complex structure is the same in each fiber, u|g is a regular Jg-holomorphic configuration. Say
U(Yout) € W;g(zout) and u(y;n) € W;g (zout) in Lp. Let (T'g, 2out, 2in) be the combinatorial
type of u|g. Since the total configuration w is isolated, we must have that «(T'r, zout, zin) = 0.
Flowing X starting at 2z, gives an critical point z/,, in the same fiber as .. Since index
of a critical point is an orientable diffeomorphism-invariant, dim W;g (Zowt) = dim W;g (@l 1)

Similarly, there is a critical point z}, for X, (and X) in the same fiber as ;,. We have

dlmW)—(i_ (xout) — dim W)—(i_ (x”l) =

dim W3 (m(zout)) + dim W;g () — dim W (7(24,)) — dim W;gg (x},)

But since we are on £, we know that

dim W, (7(@out)) — Wi, (7(25n)) = 1
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which tells us that ¢(T, Zout, Zin) = t(T'F, Zout, 2zin)) + 1. This is a contradiction on the the
definition of the Floer differential.

O

Remark 5. As an alternative to using propostion [I} one can simply use the existance of such
a ¢ > 0 for the total energy filtration, given by [Proposition 6.3.9 [FOOO09]]. If such a ¢’ is

sharpened by a holomorphic configuration u, then by a computation in the next subsection:

eK/u*wBS/u*(a—i—KwB)gc'
c c

/
where the left hand side holds for any holomorphic v and K >> e. Thus, one can take ¢ = C—.
€

5.1.1 The spectral sequence in the setting of the usual Novikov ring

In order to provide a link to the invariants in the literature, we define the A., algebra of a

fibered Lagrangian with coefficients in the universal Novikov ring A;.

Definition 42. For e(u) = [;u*wk, define the one variable Ay-maps as

Vn(xlv cee 7xn) =

> (—1)°(o(w))) " Hol, (u)t“e(u)al  (5.6)

i, [ul€ Mr(L,D,z)o
In theorem [I9, we will prove that the A-maps [5.1] satisfy the axioms of an A-algebra

composition, and the proof is the same for

Choose a regular, coherent, convergent perturbation datum (Pr) = (Jp, Fr) (which can be
the same choice as in theorem . Assume that L is weakly unobstructed, i.e. there is a

solution to the Maurer-Cartan equation b so that

(11)* =0
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(see appendix @ we define the Floer cohomology of L with coefficients in A; to be
HF(L,A;) = H(CF(L,\y),v})

Following |OhJ, we can compute the cohomology via a spectral sequence, whose first page is
the Morse cohomology: By energy quantization, there is a minimal number ey so that for any

(Pr)-holomorphic configuration « with boundary in L, we have
eo < e(u)

Therefore, let us filter the complex CF(L,A;) =: CF(L) by t-degree:

F:CF(L,Ay): CF(L) D t*CF(L) > t*CF(L) D ... (5.7)

for p = ep. By positivity of energy, the differential v/} preservers this filtration. Denote the
induced spectral sequence G;. The convergence of this spectral sequence is another application
of the Complete Convergence Theorem [Wei94] as in the proof of theorem However, this
case is simpler, as exhaustiveness and completeness follow easily, and regularity follows from

lemma 6.3.2 in [FOOO09]. We have that
Goo Z gr(FHF (L, Ay)) (5.8)

Details can be found in [FOOO09).

Altering the filtration step

The choice of p above was arranged so that
Go = gr (FHMO™¢(L, Ay))
However, we are free to choose p so that the second page provides a different type of information:

Theorem 18. Let F — E — B, Lr — L — Lp, a divisor D = 7=Y(Dpg), and (Pr)r be as in

theorem [17, and b a solution to the Maurer-Cartan equation for v™. Then there is a spectral
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sequence BY that converges to HF*(L,\;) whose second page is the Floer cohomology of the

family of Ly over Lp. The latter is computed by a spectral sequence with second page
By = H* (L, HF(Lr, Ay)) ® gr(FiA,) (5.9)

Sketch of proof. For a particular Morse function g on Lp, let ;42 7, be an upper bound on
the energy of disks appearing in the Floer differential for (F, Lr). This can be finite due to the

fact that (F, Lr) is a monotone pair that is also compact.

For e << 1 and K large enough, the coupling form a + (1 — €) Kn*wp is positive definite, so
we get the inequality

a+ Krn*wp > eKn*wpg

If ¥ is the energy quantization for B, choose K large enough so that
eKYB > Ymax,F

and choose p so that

6[(EB >p > Zma:v,F

Considering the spectral sequence induced by the filtration with step size p, the second

page is the cohomology of the complex
(CF(L, ), do) (5.10)

where §g counts pearly Morse trajectories that have 0 energy when projected to B. Filtration of
by base Morse index induces another spectral sequence that converges to the cohomology

as in theorem [ m

5.2 A, -algebras and disk potentials

The disk potential, introduced in the physics literature and mathematically in [FOOO09), is a

powerful tool that is used to compute the Lagrangian Floer cohomology in toric manifolds. In
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this section, we prove that we can associate an A, algebra to a fibered Lagrangian and derive

a relationship between the potential for the base and that of the total space.

For a symplectic Mori fibration and a fibered Lagrangian L, define its A, -algebra as the
family

A(L) = (CF(L,A?), ")

with

/J/n(l‘l, s ,.’I}n) =

> (=1)°(o(u)!) " Holy, (u)re W ¢* W (u)zy  (5.11)
@0,[u]€Mr (L,D.z)o

This sum is well defined by our transversality and compactness results for fibrations. We
will prove, up to signs/orientations, that these products satisfy the A, axioms
0= Z (_1)"“’2?:1 |ai|ud_m+1(a1a ceey Gny,

n,m>0
n+m<d

um(an+1, ceey an+m), Ap+m—+1s .-+, ad)

Theorem 19. For a coherent, reqular, stabilizing M -type perturbation system, the products in

5.11) satisfy the axioms of a A -algebra.

Proof. For bounded energy, theorems|[I1]and [[2]say that the compactification of the 1-dimensional
component of the moduli space M(L, D, z,e(u) < k); is a compact 1-manifold with boundary.
Thus, with proper orientations:

1 e}
0= Z Z EHOIL(U)T‘%(U)Q(&(W We(u) (5.12)

LeEMm,n [ul€cOMr (L,D,z,e(u)<k)1

where we divide by m! to signify that there are m! different orderings of interior markings for
a given configuration. More importantly, each boundary combinatorial type is obtained by

gluing two types I'y1, I'y along a broken edge that is a root for I'y resp. leaf for I's. Since our
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perturbation is coherent with respect to cutting an edge, we have that

OMr(L,D,z)1 = | J Mr,(L, D20, ., %1, ¥, Tig14k - Tn)o
y,I'1,T2

X Mr, (L, Dy, @i, ..., Zivk)o
Thus, for each boundary [u] = [u1] X [uz], we have that
e(u) = e(ur)e(uz)
Holy, (u) = Holy, (u1)Holy, (ug)
ep(u) = ey(u1) + ey (ug)
e(mou) =e(mouy) + e(mous)

Let m; = o(u;). Then for each [u1] x [uz] of combinatorial type I'y x T'a, there are mq!ms! ways

to order the interior markings. These observations give us the formula

1
0= Z Z m1!m2!

y, I, [u1]€Mr, (L,D,y,zi,....Tit1k)o
[ug] EMry (L, D,xos- i —1,Y5Tit 14 ks En )0

Hol, (ug )Holy, (ug )€ (1) pev(u2) ge(mou) ge(mouz) ¢ (4 Ye(uy)  (5.13)

This is the n** A, relation up to signs. O

5.2.1 The disk potential

The 0" order multiplication map is of particular interest. In the literature this is some-
times referred to as the superpotential or the disk potential. One can often compute the non-
displaceability of a Lagrangian by simply finding critical points of u°. We prove a formula that

expresses the leading order part of p® as a sum of terms coming from the base and fiber.

Definition 43. The second order potential for a symplectic Mori fibration is

WE(p) = 3 elus)(m!) ™ Hol, (u)g" e (g

u€Zl,
zEcrit(f)
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where for each x
I, = {u e M(E,L,z)ole(mrou) = 0}

U{u|e(u): min {e(v):e(wov);«éO}}

vEM(E,L,x)o

This potential captures any isolated holomorphic disks counted by u9 that are contained
in a single fiber, along with the holomorphic disks of minimal energy in the total space that
have non-zero base energy. By theorem [I2] the minimal energies are obtained for L, since there
are only finitely many isolated holomorphic configurations bounded by a finite energy. In our
framework, it seems unreasonable to expect much information from the leading order potential
as defined in the literature [FOOO)]|. For instance, we can take K in the weak coupling form to
be so large that the only terms of minimal energy are contained in a single fiber. Using this
same line of reasoning, let zr be the unique maximum of g|; .. Since Ly is monotone and has

minimal Maslov number 2, we have that

ny . (0) = Y. Hol(w)rfzp
wEM(F,Lp,xp)

where the sum is finite and x is a multiple of 2 corresponding to the energy of Maslov index 2
disks. It follows that the only terms with ¢ = 0 in u° appear as coefficients of ), the unique

maximum of f.

As in the proof of theorem let € << 1 be such that wg(1_¢) is also tamed by (Jr), and

take K large enough so that

eKYXp >k

where ¥ is the energy quantization constant for (B,Lp,wpg). Then the terms in with
e(mou) # 0 are precisely the terms of 2nd lowest degree appearing in ¢ as a coefficient of the

maximum x; and the terms of lowest degree for any other critical point.

Define the leading order potential for Lp to be the minimal energy terms appearing in u%B:
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Definition 44. For generating critical points © € CF(Lg, A,), the leading order potential for

a Lagrangian in a rational symplectic manifold as in section [3]is

WEs (9) = > (o(u))) " Holg (u)e(u)g* Wz (5.14)
z, ue M (B,Lg,x)o
e(u)=min{e(v): veM(B,Lp,x)o}
The main theorem of this section is that we can express the second order potential as the
sum of the leading order potentials for the base and fiber. In order to get a representation

for m(Lp) from one for 7 (L), we use the lifting operator from section Given a

representation p € Hom(my (L), (A?)*), define a representation
U HOIP(ESt,you)

for elements in u € My «r(B, Lp, Jg, ).

Enumerate the critical fibers F;, and let y; be the unique maximum of g| Ly, in the fiber
above z;. Using the lifting operator from section we perform a transformation on the

leading order base potential:

Definition 45. The lifted leading order potential for Lp — L — Lp is

L,0W5" (p) =

I
Z (o(u) !)_1H01p(£§iu)5(£5i u)qe(“)re”(’c “)yi
i, ueM(B,Lp,zi)o

e(u)=min{e(v): veEM(B,Lg,xi)o}
that takes each configuration v € M(B, Lp, z;) and computes its Donaldson lift through y;.
We remark that there may be cancellations between configurations in that may not occur

in the lifted potential. We interpret the lifted potential as a formula in its own right and not

as something dependent on WOL 5(0) in an algebraic sense.

By theorem and the discussion thereafter, the choice of regular homotopy J; induces a
bijection on moduli spaces M« (E, L, y;, J;)o for i = 0,1. Therefore it does not matter which

regular homotopy we pick, or if we pick one at all so long as we know that there exists one.
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If 23 is the unique maximum for bon Lg, let i,,,« : CM(Lp,C) — CM (L, C) be the map in-
duced from the inclusion i,,, : Lr — L of Lf as the fiber of z5;. Let «* : Hom(my (L), (A%)*) —

Hom(m1(LF), (A?)*) be the map on representations induced from ¢y, .

Theorem 20. Let E be a compact symplectic Kahler fibration. There is an open neighborhood

of Ug of Jg resp. Uk of 0 such that if

|

ut —

0 Jh
is choice of regular, coherent, convergent, smooth perturbation datum with K'' € Uk and J5 €
Ug, then there is a homotopy J; with Jo = J¢ and J, = JL, that is reqular for vertically
constant types I' such that the second order potential for (E, L) decomposes into a sum of the

lifted leading order potential and the full potential for the fiber:
W (p) = LW (p) + dapre © 1 1 1o (5.15)

First, we state a sequence of lemmas to make the main proof go smoothly. The primary focus
will be on configurations which are horizontally non-constant and of minimal energy. Let I' be
an unmarked, 7-stable combinatorial type of a non-zero energy Jp-holomorphic configuration
u: Cr — (E, L) through W5 (y) appearing in definition and m,I" the combinatorial type
obtained by changing the labeling of homology classes to m.[v;]. Since I' is unmarked, we have

that 7.[v;] = 0 if and only if [v;] = 0: in the notation of subsection , Y(m, ) = 7T

Proposition 2. (7., 7(y)) < (T, y).

Proof of proposition. The quantity ¢ is topological, so this follows from the fact that 7 is sur-
jective and that all of the input data (divisor, pseudo-gradient, almost complex structure) are

compatible with 7. Specifically, flow lines of X project to flow lines of X

Lemma 13. For an interior marked point zo € C' for u, the degree of tangency of wou at 2o

is the same as that of u at 2.
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Proof. This essentially follows from the definition of tangency degree as the order of vanishing
along the normal bundle to the divisor. Let u(z) = (up(z),un,(2)) in coordinates centered
at u(zpg) and adapted to D @& Np where Np is the normal bundle to D. Further, choose a
neighborhood of 2y in which u is Jp-holomorphic. The degree of tangency of u at zy is defined
as

my(z0) =7 : rjrlzigldg)ﬂ)uND #0

Since 7(Np) = Np,, and mou = (7 o up(2),un,(2)) in coordinates adapted to D and m, it is

clear that myoyu(20) = myu(20) O

It follows from this discussion and corollary [3| that ¢(7.I', w(z)) < (T, z).

O

The one caveat of the above proposition is that ¢(m,I", ) could be negative if there any
unstable disk components D; such that m o u|p, is constant. This does not happen if T is an

unmarked type.

Proof of theorem. The outline of the proof is as follows: First, we pick a configuration corre-
sponding to a term on the left hand side of and show that it is either horizontally constant,
or that it must be a lift of a configuration through z to a configuration through the unique max-
imum in L,. Then, we show that we can realize a term in 45| as a term on the left hand side of

0. 1o

Suppose that we have a Jg-holomorphic configuration u with one output z in the base
of index 0 and minimal non-zero energy e(u) = e,. We first record a few things about the

combinatorial type of u

1. T does not have any sphere components once an appropriate divisor and perturbation

datum have been chosen.
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2. The index formula is

o, x) =dim W3 (v) + > I(u;) — 2 — |[Edge ()]
1=1
- |Edgeoo,s(r)| - Z m(e) =0
ecEdge

00,8

where the u; are the individual disk components for wu;

We can also assume that I" is an unbroken trajectory, by the definition of the moduli space
and the nature of the bubbling phenomenon. We apply the lifting operator to obtain a
regular, J;rt*r—holomorphic configuration L, yu : C — E through any generator y € CF (L, g)
of the Morse chain complex of the fiber L, with Morse function g. This configuration is verti-
cally constant before perturbation, and since perturbation is a homotopy equivalence of maps,
we have that I(u) = I(Ly, yu). Moreover, the lifting operation preserves divisor intersection
multiplicity by the argument in [I3], and perturbing in the direction of Jr can be arranged so
that the lower diagonal block of J; is constantly Jh: Thus o Ly, ,u = u. It follows from
these observations that the lifted and perturbed configuration will be index 0 precisely when
dim W3 (y) = dim W, (z), which occurs only when y is the unique maximum of g|,. . Hence,
a configuration in the lifted leading order potential is realized as a configuration listed on the

left hand side of [5.15]

Going in the opposite direction, suppose that « is an index 0 configuration into (E, L) with
some output y € CF(L,A?) corresponding to a term appearing on the left hand side of
By the property that e(u) is minimal, we have that either u has no marked components or is
comprised entirely of marked components. Let us take the latter (easier) case first: u defines
an index 0 Jp-holomorphic configuration in the fiber 7=!(z) with output i*y € CF(L,,g) in
the Morse chain complex of g|r,. Using u, we can construct an equivalent Jp-holomorphic
configuration u,, in the critical fiber 7=1(w) with output ¢(y), where ¢ is an appropriate sym-

plectomorphism. Any configuration u,, must have positive index by regularity, so it must be
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that x is the unique maximum on Lg. Hence, the configuration u, = w is realized in the po-

tential for the fiber on the right hand side of

Finally, take the case that the combinatorial type I' of u consists purely of unmarked com-
ponents. Projecting to the base yields a regular configuration by lemma [9] whose combinatorial
type is (Y (m.I'), 7(y)) in the notation of subsection . Since I' has no marked components,
we have that (7. I') = 7. By proposition and the regularity/stability of mow, it follows

that (7T, w(y)) = 0.

Through a sequence of lemmas, we deduce the possibility for y and u, after which the theo-

rem will follow:

Proposition 3. y must be the unique mazimum of g|r,, and u is in the image of the lifting

operator.

Proof. We derive a lower bound on the index of the configuration u, and show that it must be

> (0 unless y is the unique maximum on L.

Let L;c , be the unperturbed lifting operator through y € L,. We compare the in-
dices of the configurations u® := Ljc ,(mowu) and u. The index of u® is 0 precisely when
Wi(y) = W;('b(ﬁ(y)), and the same holds true for the perturbed lifting operator Ly, , (so
precisely when y is the maximum of g|; ). Let J; be a regular homotopy (as in section
) such that Jo = J¢ and J; = J&,, along which the lower diagonal block (J;)p = Jp is
constant. The parameterized moduli space Wr(E, L, {J; }o<i<1,y) for t # 0 is cut out trans-
versely for small perturbation data by theorem . Thus, we can pick a sequence of maps in
u; € Wr(E, L, {J:}o<t<1,y) that are Js,-holomorphic such that mow; = mow and J, is regular

for u;. By Gromov compactness, the limit v is a J%-holomorphic configuration, possibly with
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sphere components. Since 7 o u; = m o u, we must have that 7 o v = m o u, and any sphere/disk

bubbles are contained in the fibers.

On one hand, u% is vertically constant, so u(u“*TF,u“*TLr) = 0 by corollary [3| On the
other hand, we have the following: p(uw*TF,u*TLr) = p(v*TF,v*TLg) since v is homotopic
to u, p(v*TF,v*TLr) > 0 by corollary 3| and m,(z;) = mcrou(z) by lemma . Therefore,
0 < «(uy) = (u,y) — pw*TF,uw*TLr) + p(u*TF,u*TLE), so t(u®,w) < t(u,w). This
inequality tells us that the only index 0 configuration that is possible is when y is the unique
maximum of g|;, and v is vertically constant. Therefore, v must be in the image of the
unperturbed lifting operator and w is in the image of the lifting operator.

O
This concludes the proof of theorem O

An important consequence of this formula lies in the role of unique maximum z); €
CF(L,A?). This element often behaves like a unit in the A, algebra for L, (see ICWa]),
and generally it can be shown that if 49 is a multiple of @z, then (u})? = 0 and the Floer

cohomology of L is defined. The following is an immediate corollary of 20}

Corollary 4. If ,uOLBﬁ s a multiple of the unique mazimum of b on Lp, then ,U%,p is a multiple

of the unique maximum of an appropriate Morse function g+ 7*b on L.

To actually see that x, is a strict unit for A(L), we require more delicate assumptions on
the coherence axioms for perturbation data, and the introduction of weighted edges. This is

done in detail in [CWa].

Aside from units, the main point of potential is to allow us to calculate Floer cohomology
in simple way. The general theorem that one looks to prove is: if we have a critical point
of this potential at a particular representation, then the differential at the higher pages of the

Morse-to-Floer spectral sequence vanishes and the Floer cohomology is isomorphic to the Morse
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cohomology. This is detailed in the next subsection.

5.2.2 The weak divisor equation

Moduli spaces defined via divisorial perturbations satisfy a weak form of the divisor equation
from Gromov-Witten theory. With this principle one can use the cup product to count the
number of holomorphic disks in a certain moduli, which allows us to get a relation between p!

and the derivative of u°.

First, we want to know that the exponential function makes sense in A2: In order for the

exponential sum to converge, we have to introduce a natural topology as in |Fuk].

Definition 46. Let

— k  pi,m; 2 _ -
Xp = E ciig” ' €N, x = E cijqir™
i,j 0,J

be in A2. We say that x;, converges to x if each cfj converges to ¢;; in C

Lemma 14. For p € A%, the sequence ij:o %L converges in the above topology.

Proof. Define

X .n

_ p
exp(p) = Z ol

n=0
If this is well defined in A2, then it is clear that this is the limit of the sequence. Let
p = Zi,jZO cijqPiri € A? with py and ny such that po + n9 = min; j p; + n;. Then exp(p) =
L+ 300 o chog™r™ /n! 4 higher degree terms. From pg + 19 > 0 and (1 — €)pg + 179 > 0, we
have that pg +no = 0 if and only if pg = 0 and 79 = 0, so we take two cases. First let us assume
that po + 19 > 0. Then npg + nny — oo, so there are finitely many non-zero coefficient below

any bounded degree.

If p = cgo + higher degree terms with cog # 0, then

o0 (oo}
exp(p) =1+ Z cho/n! + Z et ™ Il 4 -
n=1 n=1
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It is also clear that exp(p) € A? in this case. O

It follows that we can endow the space of representations Hom (7 (L), A2X) = H'(L, A*¥)
with the structure of a smooth manifold using exp. Indeed, the exponential allows us to form

the tensor product

H' (L, A?) @72 A?

If we assume that H'(L,A?) is free, then H(L,A?) @72 A?* = HY(L,A?*), and we have a
surjective map given by H'(L,A?) — H'(L,A?) ®,2 A?>* that is locally an isomorphism. By
the universal coefficients and Hurewicz homomorphism, H'(L,A?*) = Hom(H; (L), A**) =
Hom(m (L), A?*). This gives us a tangent space at each point, and it only remains to check

that the transition maps are smooth.

From the above discussion, both 9 and the second order potential define smooth maps
HY(L,A**) — CF(L,A?). Let v = Zle x* be a Morse 1-cocycle and let W+ (y) = |J W]j'(xk)
be the homology class of the union of the stable manifolds of the critical points appearing in
the expression of v (so this is a codimension 1 cycle). We have the following straightforward
computation from [CWal:

pp(v) = > Hol,(w)[du, W (y)]e(u)g" ™ re Wy
weM(L,D,y)o

_ 0
= Oy/1,

Where the perturbations for the moduli space M(L, D, y)q are given by pullback under the map
that forgets an incoming edge. Thus if p is a critical point for Mg, then the Floer differential

vanishes on Morse 1-cocycles.

In practice, it is much easier to search for critical points of v/° As in the discussion in

section [5.3] of this chapter, we have a ring homomorphism

fIA2—>At
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given by

Z cijqa"r"j — E Cijtai-HH

0,0 i,j>0

that makes A; into a A2-algebra. We have
HF(L,A?) ®p2 Ay & HF (L, Ay)

and the weak divisor equation

holds for Morse 1-cocycles. Let
Wi =W ®@1eCF(L,A)

denote the single variable second order potential for L. The following theorem is a powerful

tool introduced in [FOOOO09|[FOOQ]:

Theorem 21. Let 0 be a solution to the Maurer Cartan equation for (CF(L),u™) (and hence
for (CF(L),v™)). Suppose that for a p € Hom(mi (L), ), D,Wg, = 0 and the Hessian D2W[,
is surjective. Suppose further that H*(L, ;) is generated by degree one elements via the cup

product. Then there is a representation T € Hom(mi (L), A;) so that
HF(L7 At7 T) = HMOTS&(L7 At)
Proof. Let ¢; = min,cxq1, p o, €(v), and define

B2 (0) = Z (=1)° (o (u)!) " Holg (u)t*™We (u)z

zeCrit(f)
uE Ty

where J, C M(L, D, x)o with

if  # xp; the maximum of f, and

T 1= {u te(u) = Cac} U {U re(u) = veﬂr(ngr}:) 2) e(v)}

e(v)#¢a
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if x = xps. These minima are attained due to the compactness result for configurations with
finite energy In order to relate By to Wy ¢, we choose K in the weak coupling form to be

large enough: As in the proof of theorem let K be such that
eK¥p > 2\

where A is the monotonicity constant for Ly and X p is energy quantization for (B, Lg). As in

the discussion after definition we have
By = Wo s

for this particular K.

B2(0) is the first and second order terms of v§. Therefore, we can apply the induction
argument from the proof of the strongly non-degenerate case of Theorem 10.4 [FOOQ] to
produce a critical point & of ¥°. By the weak divisor equation we have that the Floer differential

1

v+ vanishes on Morse 1-cocycles.

Finally, we use an induction on cohomological degree and symplectic area, similar to Lemma

13.1 of [FOOO09] and Proposition 2.31 of [CWa], to argue that v! vanishes on all Morse cocycles.

Lemma 15. v!(y) = 0 for any Morse cocycle on the first page of the Morse-to-Floer spectral

sequence [5.8
Proof. By the A, relations,
v (12 (,72)) = 22V (1), 72)) £ 2 (01,0 (72))
£0° (71,72, %) £ (71,00, 72) £ (00,71, 72)

We remark that there are no 3 terms due to the assumption that »° is a strict unit. Let Vg

be the sum of terms in Z/g containing t? for B > 0. We have

Sk R = Y =R L))+ Y, 5 (nvh, ()

B1+p2=8 B1+p2=8 B1+p2=8
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Move any terms involving B2 # 0 on the right hand side to the other side:

V,r_la(’Yl Ue) = Z ngl(Vglaz(’Yl)>’YQ))+ Z ngl(’Yl,V;laQ(’Yz))
B1+B2=p B1+B2=p

- > vh, (V3,(71,72))

B1+B2=p, B2>0

Using this expression, we proceed by induction on cohomological degree and energy. For d; € Ny
and a; € R, say that (a1,d1) < (az2,ds) if @1 < ag or @y = ag and di < d2. The base step
(0,d) is given, since the computation takes place on the second page of the Morse-to-Floer
spectral sequence. The above expression immediately implies the induction step, since the
first two terms on the right hand side vanish by the induction hypothesis, since (32, deg(v;)) <
(8,deg(y1U2)). The last term on the right hand side also vanishes by the induction hypothesis

since B < . This proves the lemma. O

It follows from the lemma that the Morse-to-Floer spectral sequence collapses after the first
page, and

HF(L,Ay) = HM™(L, Ay)

5.3 Invariance

One wants to know that the Floer cohomology defined before theorem is independent of
choices of M-type perturbation datum and Maurer-Cartan solution. While a Hamiltonian iso-
topy of L may destroy the fibration structure, we want to know if our definition of fibered Floer

cohomology coincides with any standard definition.

5.3.1 Choices of M-type perturbation data and pullback divisors

To establish the invariance of the Fukaya algebra (within choices that are compatible with the

fibration), one can follow the proof of invariance in Charest-Woodward [CWa|. We summarize
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their result for rational Lg C B:

For two divisors Dp, and Dp, of the same degree and two stabilizing perturbation datum
PO Pl one defines a theory of quilted-P°'-holomorphic treed disks that are P° resp. P! at the
root resp. leaves and are Ppl-holomorphic in between for some some path between P° and P*.

The full result is:

Theorem 22 (|[CWa] Corollary 3.12). For any stabilizing divisors D° and D' C B\ Lg,
and any convergent, coherent, reqular, stabilized perturbation systems P, and Po, the Fukaya

algebras CF(L,P,) and CF(L,P,) are convergent homotopy equivalent.

Pick a time parameterization for each quilted type that takes O on the root, 1 on the leaves,
and only depends on the edge distance from the single quilted component. We assume that the
two divisors we pick are built from homotopic sections of the same line bundle. Given an energy
e, lemma guarantees the existence of a path (or even an open dense set) of a.c structures Jp¢
such that D; contains no .Jp:-holomorphic spheres. We then take a time dependent perturba-
tion system PP that takes values in the open, dense set guaranteed by lemma [2| and is equal
Jpt on the thin part of the domain. Then, transversality and compactness follow for quilted
PPt treed disks, and we can define a perturbation morphism P°! from P° to P! on products by
taking the isolated P! trajectories. This, in turn defines an A, morphism between the A,
algebras CF(L,P° D) and CF(L, P!, D). To show that the composition of the two pertur-
bation morphisms P19 o P%! is homotopic to the identity, one develops a similar theory with

twice-quilted treed disks.

When the divisors D? and D! are not of the same degree, one follows [[CM07], Theorem
8.1] to find divisors DY and D' built from homotopic sections of the same line bundle that are
e-transverse to D° resp. D'. One uses a theory of holomorphic configurations that are adapted
to both D® and D to get a perturbation morphism (and similarly for D' resp. D) as in the

proof of [[CWa] Theorem 3.11]. Finally, we apply the previous argument to the data adapted
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to the divisors D% and D' to get a perturbation morphsim with homotopy inverse between

data adapted to these two divisors.

The fibered situation

The divisor 7=(Dp) used in our Floer theory is not stabilizing, but the Floer theory is well
behaved with respect to #=1(Dp) as chapter |4 shows. Thus, we follow the same quilted con-
struction as [[CWa| Section 3] to prove invariance of divisor 7~!(Dp) and M-type perturbation
system. For two divisors D% and DL built from homotopic sections of a line bundle and two M-
type perturbation datum P° resp. P! for m-stable types, we choose a path of coherent M-type
perturbation data PP and define a theory of quilted P°!-holomorphic m-stable types that are
m-adapted to 7=1(D%) near the root and to 7~1(D}) near the leaves. This theory defines an

Ay "perturbation” morphism P°! where one checks that P°' o P! is homotopic to the identity.

When the divisors D% are of different degrees, the story is the same as in the rational case
[ICWa] Theorem 3.11]. Given a homotopic divisors of high degrees D% that intersects Di
e-transversely, the divisors 7~ (D) and 7~ 1(D%) also intersect e-transversely. Therefore, one
uses a quilted theory of types that are m-adapted to both 7= *(D%) and 7~ '(D%) to get a

perturbation morphism, and similarly for ¢ = 1.

Agreement with rational case

In case the pair (E, L) is rational, we would like to see that our definition of the Fukaya algebra

agrees with that of [CWa]. We begin with the ring homomorphism

A% = A(t)

E Cijqpi’f"m ,_>§ Cijtpitnj
4,J 4,J
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where A(t) is the universal Novikov field. This algebra homomorphism is well defined by the
definition of A?: specifically, the requirement that #{c;; # 0: p; + n; < N} < oo tells us that
250 ¢;jtPiTMi converges in A(t). Therefore, A(t) is a A? module and we can form the base

change by extending f linearly to a map between A2-modules

f:CF(L,A%) — CF(L,A(t))

As in the proof of proposition define the single variable A,-maps on CF (L, A(t)) as

Vn(xla ce 71'77,) =

> (—=1)% (o (u)!)) " Hol, (u)t*We(u)zo  (5.16)
x0,[u]EMr(L,D,z)o

then § defines an A.-morphism
vy (fz1, .o fan) = fuy (21, .00 2n)

In particular, we get a chain map at the n = 1 level that induces an isomorphism
CF(L,A?) @p2 A(t) = CF(L, A(t))

as chain complexes. Since A(t) is a field, we have the identity
HF(L,A%) ®> A(t) = HF(L, A(t))

It follows that tensoring the result of [I7] with A(t) gives something that we expect to be a

Hamiltonian isotopy invariant.

We want to see that this definition coincides with Charest-Woodward’s definition of the
Fukaya algebra [CWa|]. We sketch the idea as follows. The divisor 7=!(Dp) is not stabilizing
for L, but as in [Theorem 8.1 |[CMO07]], we take a Hermitian line bundle X — F with a unitary
connection of curvature iw, and construct a section s, of X ** whose intersection with the zero
section is e-transverse to 1 (Dg). The set D := s, '(0) is a smooth codimension 2 sub-manifold

such that
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1. [D]PP = k[w] for large k,
2. D is e-transverse to 7~ (Dp), and

3. by an extension of lemmaand e-transversality, there is a perturbation datum (Pf) that is
arbitrarily close to (Pr) and agrees with (Pr) on #—(Dp) and makes D into a stabilizing

divisor for L.

We then construct a theory of quilted (P})-holomorphic configurations that are m-adapted
to Dp up to the quilted component and adapted to D from the quilted component and onward.
The compactness and transversality of these types is expected to hold, and it is further expected
that we get a perturbation morphism P : CF(L, Pr,n~'(Dg)) — CF(L, P}, D). When we
consider the reverse map P° : CF(L,P., D) — CF(L, Pr,7—*(Dg)), it is expected that an
adaption of Charest-Woodward’s [CWa] results will show that these two morphisms provide a
homotopy equivalence of A..-algebras. The details of this section are to be carried out in the

shortened version of this thesis.
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Chapter 6

Applications

6.1 Flags

The demonstration of a Floer-non-trivial three torus in Flag(C?3) inspires a search of non-
displaceable tori in higher dimensional partial or full flag manifolds using our framework. We
give a construction of a fibered Lagrangian in a type of partial flag manifold, and compute the

disk potential in an easy case.

Let F,’f be the manifold of partial flags V; C --- C Vi C C™ where dim¢c V; = i. Identify
this homogeneous U(n) space with the coadjoint orbit G - £ equipped with the U(n)-equivariant
KKS form we(X,Y) = (£,[X,Y]). Technically we need small fibers for the Floer theory to
work, so we won't try to keep track of the symplectic structure too much. The idea is this:

assume that we have chosen Ly C F¥ with HF(Ly, A(t)) # 0, and proceed to construct Ly1.

1. Base step: We illustrate the step from k£ = 1 to kK = 2 to derive a model for the higher
order cases. F! = P", so let us take L; = ClLffP". we that a fibration my : F2 — P"
with fiber P*~!, so by theorem [3| there is a 7"~ !-invariant open neighborhood Uf; of
CliffP" and a symplectic connection on F2 such that the moment map for the action of
T Cc U(n)/U(1) on 7y ' (Uy) is ® o 7, where ® : P" — "'V is the moment map for
P™. At the level set of ® oy which lies above ClLiff P", we have a symplectic trivialization
® o1, 1(0) = CliffP" x P! by an argument similar to that in example Thus, pick
the Lagrangian Ly = ClLiffP" x CliffP"~! C F2. If one chooses, one may deform back to

the original symplectic connection.
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We calculate the second order potential for Ly using theorem [20] and show that it has a
critical point. Since it is a product torus, let y; be the evaluation of the local system p on
the first n factors, and z; be the evaluation on the last n — 1 factors. The (leading order)

potential for CliffP™ is
e o 1
WE0) = D) 4 e o)
i=1 n

where e(u;) = %ﬂ [FOOOQ]|. We leave out the unique maximum since it is known that

ClLiffP" is unobstructed. The lifted potential of CLffP" in F? is

n
N 1
£ o WSHEE™ () — Vi ge(us) e(unt1) 6.2
o W™ (p) ;yz T TS (6.2)

Vi1

where v; is the multindex 2z := 2{*' - - - zi» given by evaluation of Lu; on the local system

p. By theorem [20] the second order potential of Lo is

n
1
WE (p) = 5 goai o) (ns)
0 (p) ;yzz TR
n—1 1
+ opev(wi) + = peo(wn)
; v Zl ... Zn—l

we have the partial derivative with respect to the y-variables

-1

Dy Wo* = ") +
Yi 0 yi.yl...ynZVl...ZVn

getun+1) (6.3)

and with respect to the z variables

n n
_ ARy
b ,WLZ — V"y‘ZViiejqe(ui)—F Zz:l (] qe(un+1)

-1

Zj.zl...zn_l

pev(wi) 4 rev(wn)

where ¢; = (0,...,0,1,0,...,0) is the j** standard multindex and v = 3_, ;. Solutions to
are givenby y1 =--- =y, = e2mik/(nt1) and 2y = -+ = 2,1 = 2™/l with |v| denot-
ing the sum of the indices. Solutions to 0., WOL > = 0 only seem possible if z; = 1 Vj (unless

we have more information about the lifted representation) and y; = - - - = g,, = €27/ (n+1),
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By proposition there is a local system & such that HF(Lg, A(t),&) =2 HMom5¢(Ly, A(t)) #

0.

2. Induction step: Assume that we have constructed a Lagrangian Ly C F¥ with HF (L, A(t)) #
0. Viewing 7 : F¥ — P" as a symplectic fibration we assume that Ly fibers over CliffP".
Apply theorem [3| to get a symplectic connection on F* such that the moment map for
the action of 7! on the open set m~(U;) is ® o 7. Now consider the symplectic fi-
bration 741 : F¥*1 — F* and apply theorem [3| to once again deform the symplectic
form so that the moment map for the 7"~! action on w;jl(ﬂ_l(ul)) is ®omompyq.

Then, ;5 [~ (CLffP")] & Pr—F+1 x 7~1(CliffP") as a symplectic fibration, so choose

Lk+1 ~ Cliffpr—k+1 x L.

The computation of the disk potential and the critical points involves many different
indices and multindices in this case, but is morally similar to the base case. We omit the

calculation.

6.2 Projective ruled surfaces

There are some low dimension applications that naturally show up in the Gonzalez-Woodward
symplectic minimal model program [WC}; |(GW]|. In dimension 4, a typical end stage of run-
ning of the minimal model program is a so called ruled surface, or a holomorphic P! bundle
over a Riemann surface. These occur in the classification of surfaces due to Enriques-Kodaira
IBHPVO04|, which we review in this section. Then, we show that one can construct a fibered

Lagrangian torus that is Floer-non-trivial.

In the classification of projective surfaces [BHPV04], there is the case where no exterior

powers of the cannonical line bundle admit holomorphic sections. More precisely, let E be a
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projective surface, and Kg = T*E A T*E be the canonical line bundle. We have the object
H°(E,Kg) that is the vector space of holomorphic sections. Form the sequence of integers
Pi(E) = dim H(E,K%"). If P(E) = 0 for all positive integers i, then the Kodaira dimen-
sion of E is said to be —oo (This is in contrast to the other possible cases when P;(E) has
asymptotics like i* for k > 0). Surfaces with Kodaira dimension equal to —oo are known as
the ruled surfaces, where E fibers as a P! bundle over a Riemann surface B. For the complete

classification, see [BHPV04].

Basic cohomology theory gives us that any algebraic P bundle with structure group PGL(n+
1,C) over a Riemann surface B is actually the projectivization of a vector bundle. This follows

from the long exact sequence of sheaf cohomology groups
— HY(B,GL(n,C)) - HY(B,PGL(n —1,C)) — H*(B,0p)

Since B is a curve, H*(B,0p) = 0 by Grothendieck vanishing. Thus, H'(B,GL(n,C)) —
HY(B,PGL(n,C)) is surjective, so that every algebraic projective bundle lifts to an algebraic

vector bundle.

6.2.1 Ruled surfaces with P! base

We compute the disk potential for a Lagrangian torus in the Hirzebruch surface F,, that may

not be a level set of the moment map.

Let E — P! be a rank two complex vector bundle. A result of Grothendieck [BHPV04], say
that this splits as a sum of complex line bundles O,,&0,,. One can then projectivize P(E) — P*.
Since tensoring before projectivizing has no effect, we can normalize to get P(O ® O,,) — PL,

which we define as the n'* Hirzebruch surface F,,.
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Take Cliff P! := Lp. Appealing to a deformation lemma in lSeiOSI one can deform the
connection above CliffP! so that the holonomy is trivial, and pick a section of CliffP! := L in
above Lp. We then deform back to the original symplectic form to obtain a Lagrangian torus

L C T, that fibers as Cliff P! — L — CIliffP!.

For a representation p € Hom(m (L), A*) let y1,y2 denote the values on the canonical gen-
erators. We take the weak coupling form w = a + Kn*wp with +*a = wp, and a regular
perturbation datum that is close to the integrable structure. Let u; ¢ = 1,2 denote the Maslov
index 2 disks in P! with a single marked boundary point and boundary contained in Lg, and

v; the holomorphic disks of the same type with boundary in Lp.

Jo 0
Following section 4.5 we will take the vertically constant J¢ = -holomorphic

0 Jp

lifts and then perturb. The evaluation of the representation on the lift of uy is y; if we were
to consider the fibration as trivial over the hemisphere described by w;. This determines the
representation evaluated on a vertically constant lift of ug, which is y; lyg ™ since the transition

map between the two hemispheres of the base P! is [z, 29] = [21, 2™ 25]. We then perturb

Jr K
these lifts to J = -holomorphic disks, denoted Lu;, where this J is part of a coherent

0 Jg

perturbation datum. The perturbation process is a homotopy equivalence, so the evaluation on
the local system does not change after perturbing. In order to avoid cluttered notation, we let

e(u) :==e(mrou) = [ mou*wp. From the formula we have
Wg (p) — y27,,e,,(111) + yg—lrev (v2) + que(ul)re,,(ﬁul) + y1—1y2—nqe(u2)reu (Lugz)
The partial derivatives are as follows:

ayl Wg (p) — qe(ul)rev(ﬁul) _ y;ngnqe(uz)TeU(Lug) (6.4)

By, W (p) = 1o (1) — gy 2pelv2) — gy ly o=l gelua) pen (Luz) (6.5)

The base Lagrangian is a Clifford torus, so we have that e(u;) = e(uz). If we assume thusly
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that e, (Lu1) = e,(Lusg), then the zero locus of contains the locus y = y; ". Substituting

into [6.5] gives the equation
peo(1) _y=2pea) S e(ua) —
Viewing this expression under the transformation yo +— y2 gives a degree n + 2 polynomial
peo(1) _ y=tpen(va) | pyn=2ge(ua) pen(Lu) _ g (6.6)

Since the fiber Lagrangian is a Clifford torus, we can assume that r¢ (1) = r¢(¥2) " Dividing
out by this variable gives a simpler equation:

1— y54 _ ny5n72qe(u2)7ﬂev(Lug)—eu(vl) -0 (67)

Assuming n > 2, we can consider as a monic equation

Y3 =y =g =0 (6.8)
with p = [ Kubwp and n = e,(Lug) — e,(v1). While n may be negative, we can take K >> 1
in the weak coupling form so that ¢°r" actually lies in our ring A2.

By Hensel’s lemma, there are four unital solutions to in A? (see discussion in example

1.1)). Tt follows from proposition [21| that there is a representation 7 € Hom(m; (L), A;) so that

HF(LaAth) = HMDTS@(LvAt)

6.2.2 Base genus > 2

We give a description of a Lagrangian in a ruled surface E with base genus > 2, and show that

is has non-trivial Floer cohomology whenever the topology allows.

Let B be a Riemann surface of genus > 2. Considering Lagrangians as simple closed curves,
we say that an embedded Lagrangian is balanced if it is null-homologous and

Area(B.) _ Area(B_)
x(B+) X(B-)




114

whenever Lp divides B into two Riemann surfaces with boundary. The notion of balanced is
really a monotonicity condition of sorts, and allows one to construct the Lagrangian intersec-
tion theory. It has been observed by Seidel, Efimov and others |[Efi12; |Seill|] that these curves

generate the Fukaya category.

Since Lp is not contractible, we have that mo(B, Lg) = 1, so there are no non-trivial disks
with boundary in Lg. Therefore, the Floer cohomology is isomorphic to the classical Morse co-
homology with Novikov coefficients (which one can see from the spectral sequence in [FOOO09|),

and this balanced Lagrangian is non-displaceable

Now let V be a rank 2 vector bundle over B and P(V') — E — B be its projectivization. Let
us pick a Lagrangian with Ly C P! dividing the symplectic area of P! into two equal parts. As
in [FOOO)|, one can compute the disk potential for L, and the requirement that it is balanced

gives us critical points at the representations +1, hence HF(Lg, A[t]) & H*(Lp, Alt]).

Let us denote our ruled surface as ¥, 1, with base genus g and ruling V. To find a sub-
bundle Ly — L — Lp in ¥y, we deform the connection and use parallel transport to flow out
a torus. Let Lp be balanced, simple and closed as above with a parameterization yg, and let
w define a connection on ¥,y by TF & H with H = TF“L. Then, parallel transport along vz
gives maps

¢s 11 (7(0)) = 7 (v(s))
that are Hamiltonian diffeomorphisms since the P! fiber is simply connected. Following Seidel
[Sei08] section 15, we then deform the symplectic form (and horizontal splitting) by da where
« is a vanishes on T'F to prescribe different parallel transport maps. This is made precise in

the following lemma:

Lemma 16. [Sei08] Let v be a path in B and let s be a Hamiltonian isotopy of Fy oy starting

with o = Id. Then there is a deformation of the fibration along v that extends to all of E such
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that the parallel transport maps along v satisfy

¢ =50

In particular, when v is a loop as in this case, we can deform the structure so that holonomy
around the loop is the identity. Thus, pick a simple closed curve Ly C F and look at the image

of its transport along . This gives us a Lagrangian torus in the deformed manifold.

Proof of lemma. The idea is as follows: Let a be a 1-form that vanishes on TF and in a
neighborhood of 771(v). Then w + do = w when restricted to TF, and so is non-degenerate.
Let Y¥ = (X,Y) (in the w splitting) be a horizontal lift (in the w + da splitting) of a vector

field Y. Then, Ly:a =0 on TF since it is the pullback of a base form, and vertically we have

0=tyt(w+da)
=1xw + tyrda

= lxW — dLyOé

which says that parallel transport in the w + da splitting is infinitesimally the Hamiltonian flow
of —ty . Thus, for a Hamiltonian isotopy s with associated time-dependent Hamiltonian H

let a be any 1-form that vanishes on T'F' such that

by @lr=1(y(s)) = Hs

and vanishes outside of a neighborhood of 7~ !(«y). Parallel transport with respect to the a

splitting will then be prescribed by ¢, o 5. The desired deformation is then
w+ Kn*wg — w+tda + Kn*wp
for K large enough. O

The deformation only changes the symplectic form by an exact form. Thus, an application of

Moser’s theorem gives us a symplectic isotopy back to the original symplectic structure, which
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in turn gives a Lagrangian.

We use the spectral sequence to compute HF(L, A?). According the second page is the
cohomology of the Morse chain complex of L with coefficients in the local system HF(Lg, A,.).
The filtration is with respect to the base energy, but the differential induced on any of the higher
pages does not include any ¢ terms. Therefore, the sequence collapses after the second page,
and we have that the Floer cohomology of L is isomorphic to the homology of the complex
CF(L) with differential §p that counts isolated Floer trajectories in each fiber in addition to

zero-energy Morse configurations in the base:

gr(HF(L,A?)) 2&((CF(L), A?), 60, F,)

The second page of the Floer fibration spectral sequence can be computed via the usual Leray-
Serre spectral sequence of a fibration with vertical differential given by §5°°" and horizontal

differential given by §Merse
52(CF(L7 A2)7 503 ./_"q) = 5(505(0(L)7 5%{01@6 + (sg‘loﬂ7 J—_-bd)

where the filtration Fpq is given by base degree, i.e. degm(z;) for x; a critical point on the total

space. The second page of this is given as follows

52LS = H*(Lp,HF(Lr,A)) @ gr(FeAq)

as in theorem [17]

A modification of the proof of theorem [17| will show us that the higher differentials on £-°
count only Morse flow lines in the total space. Briefly, the point in the base at which a vertical
disk component occurs induces a free parameter in the moduli space, so it is not an isolated

configuration. The proof of the existence of this free parameter is slightly more complicated
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that in the proof of as a trajectory between critical points of a higher base index difference
no longer projects to a reparameterization of a Morse trajectory.

Assuming the above discussion holds, the Floer cohomology of L Lagrangian only depends
on the topology and the action of m;(S') on the Floer cohomology of the fibers. In particular,

if L is a product Lagrangian and the action is trivial, then we have
£ 2 €&y° = H*(Lp) ® HF (Lp, Ay) @ gr(FyAy)

so that

HF(L,A?) = H*(Lp,A,) ® H(Lp,A,)

which shows that L is non-displaceable.
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Chapter 7

Appendix

For completeness, we include some aspects of the A,.-algebra and Maurer-Cartan equation for

a rational Lagrangian in a rational symplectic manifold. This section is taken from |[CWal.

7.1 A, algebras and composition maps

We define the necessary algebraic notions to consider Fukaya algebras of Lagrangians. Define

the universal Novikov field of formal power series:

A= {Z ciq”
i

The subalgebra of only non-negative powers will be denoted A>¢ (similarly Asg).

c; € C,p; R, ,oi—>oo} (7.1)

The axioms for an A, algebra are as follows. Let A be a Z4-graded vector space and let
pd s A% A2 —d]

be multilinear maps. (A, u?) is said to be an A, algebra if the composition maps satisfy the

following relations:

0= Z (—1)rt iz lail yd=mttig, o a,

n,m>0n+m<d

W Anat1s e Qnm)s Gndmatds - - -5 0d)

We will also need the notion of an A, morphism between two algebras. Let Ay and A; be two

A algebras.

Definition 47. An A,, morphism from Ay to A; is a collection of maps

FliASY — A1 —d], d>0
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such that the following equation holds:
Z (71)14”2]':1 ‘ajlfd7j+1(ala <oy Ay, N{L}O (ai—i-la ) ai+j)7 it i1y -+ - ’ad) =
i+j<d

Z ugl (]:“ (ala sy Qg "Fim (ai1+"'+i’nl—1+17 R ad))

In order to properly define the Fukaya algebra for a Lagrangian, we require that the La-
grangian have additional structure, called a brane structure. Let E be a symplectic manifold
and Lag(E) the fiber bundle bundle whose fiber at p is the Grassmanian of Lagrangian sub-
spaces of T,E. For an even integer g, a Maslov cover is a g-fold cover Lag?(E) — Lag(FE)
such that the induced two-fold cover Lag?(E)/Z, /> — Lag(E) is the oriented double cover. A
Lagrangian submanifold is admissible if it is compact and oriented (we assume connectedness
for now).

A grading on L is a lift of the canonical map
L — Lag(X), I—TL

to Lag?(X). A relative spin structure for L is a lift of the transition maps ¢,g for T'L to Spin

satisfying the cocycle condition
Yaplay by = i*Capy
where €,3, is a 2-cycle on E. Let

A* = {CQ + Ei>00iqpi C A20|CO 7é 0}

be the subgroup of formal power series with invertible leading coefficient. A rank one local
system (with values in A*) is a representation 71 (E) — A*. A brane structure for a compact

oriented (connected) Lagrangian L consists of the following data:
1. A Maslov cover Lag?(E) — with a grading,
2. A rank one local system with values in A* and

3. A relative spin structure with the given 2-cycles.
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An admissible Lagrangian brane is an admissible Lagrangian submanifold equipped with a brane

structure. For such an object, the space of Floer cochains is defined as

CF(L)= @ CFu(L), CFy(L)= €P M)

deZy z€Zq(L)

Given a Lagrangian brane L, we denote by Holy,(u) € C* the evaluation of the local system on
the homotopy class of loops defined by going around the boundary of the treed disk once. We

denote by o([u]) the number of interior markings of [u] € Mr(L, D, z).

Definition 48. For regular stabilizing coherent perturbation data (Pr) define the composition
maps

u": CF(L)®" — CF(L)

on critical points by the following equation:

p(@e, . @) = > (=) (o([u]))) = Holy (u)g“ M Ve([u])ao (7.2)
z0,[u]EMr(L,D,z)o

where O = >0 |z

So far, we have neglected to mention anything about units. In fact, everything that has

been recorded so far can be done to incorporate a strict unit.

Definition 49. Let A be an A, algebra. A strict unit for A is an element e4 such that

MQ(eAva) =a= (_1)|a‘/’62(a7 €a)

p(...,ea,...) =0, n#2

An A .-algebra is called strictly unital if it equipped with a strict unit.

One obtains such a thing by replacing the unique maximum « with 3 copies such that
i(@hy) = i(2}y) = 0, i(zhy) = —1

The notion of a treed holomorphic disk, morphisms of moduli spaces, and a coherent per-

turbation system can be modified to incorporate these three additional copies. See |[CWa] for
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the full details.

Let CF(L) be the chain complex with this additional structure

We have the following theorem.

Theorem 23 (A relations). [CWdl Let P be a coherent,stabilizing, reqular perturbation da-
tum. Then (C/'Z?(L),{,u"}n) is Ao algebra with strict unit. The subcomplexr CF(L) is an

Aoo-algebra without unit.

Sketch of proof. For an admissible tuple (o, . . ., z,, ), components of the moduli space M(L, D, z);
are compact manifolds with (possibly overlapping) boundary. Thus they obey the following re-

lation:

0= Y > (o(u)) e (u)g* ™ Hol(u) (7.3)

FeMn, m [ul€dMr(L,D,z):

When T is a type without weights, then the boundary points of the moduli space are types with
a (one additional) breaking, equivalent to the union of types I'y and T's with ny resp. n—nq —1
leaves. By the (product axiom),
aﬂ(lﬂDyg)l = U MF1 (La D,l’o, s Ti—1,Y, idngs - - - axn)x
y,I'1, 2

Mr, (L, Dy, iy .o Tipn,—1)  (74)
Say o([u]) = m Since there are m choose my, my ways of distributing the interior markings to
the two component graphs,

0= > (m)(=D) ( . )qe("l”e(“”

. mi
7,m1+mo=m
[ur]€eMr | (L,D,x0,.,Ti—1,Y,Titng s Tn)o
[u2]€EMr, (L,D,y, iy, Titny—1)o0

e(uy)e(uz)Holy (ug)Hol(ug) (7.5)

This is the Ay relation up to signs, and it now remains to show that the signs arising from the

orientations are consistent with those of the A, relations. We refer the reader to [CWaj.
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O

Next, we include the necessary statements to find a perturbation system so that the resulting

A algebra is convergent:

Definition 50. A perturbation system P = (Pr) is convergent if for each energy bound E,
there exists a constant C'(F) such that for any I'" and any treed Jp-holomorphic disk u : C — X

of type T, the total Maslov index I(u) := > I(u;) satisfies
(e(u) < e) = (I(u) < c(E)). (7.6)

Lemma 17. [CWd] Any convergent, coherent, reqular, stabilizing perturbation system P = (Pr)

defines a convergent Fukaya algebra E’F’(L,B).

Proposition 4. [CWd] There exist convergent, coherent, reqular, stabilizing perturbations P =

(Pr).

See |CWa] for the proof.
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