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ABSTRACT OF THE DISSERTATION

Various Minimization Problems Involving the Total

Variation in One Dimension

by Thomas Sznigir

Dissertation Director: Dr. Haim Brezis

We consider certain minimization problems in one dimension. The first one is the ROF
filter, which was originally introduced in the context of image processing. For the
one-dimensional case, we show that the problem can be reformulated as a variational
inequality, and use this to extend existing regularity results. In addition, we look at the
jump set of solutions and investigate its behavior as certain parameters are changed.
The second functional to be considered arises in the context of regularized interpolation.
The second problem is in the context of regularized interpolation, and the functional
to be minimized uses the total variation as a penalty term. This problem is shown
to be ill-posed with multiple solutions, and the set of solutions is described. Next, we
introduce further regularization methods that lead to unique solutions, and use these
regularized solutions to determine special solutions of the original problem. Finally,
we consider the functional in the space L?. To investigate it, the lower semicontinuous

envelope is constructed. We then characterize the minimizers of the LSC envelope.
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Chapter 1

ROF Filter in One Dimension

1.1 Introduction and Basic Results

1.1.1 Background

Given a function f and a parameter A > 0, the problem of minimizing

J[u] —/Q]Du|+A/Q(f—u)2 (1.1)

was posed by Rudin, Osher, and Fatemi in [21] in the context of image processing,
where it was formulated as a constrained minimization problem. The two-dimensional
case was the focus originally, but the methods used obtained existence and regularity
results in other dimensions as well.

Briefly, the method used was to show that the level sets {u > ¢} of the minimizer

satisfied the following minimization problem:

min {Per(E, Q) + /

min (¢~ (@) s

Next, one could use properties of the level sets to deduce results about regularity. We

will not go into the details here. See [14] for an overview.

Here, we will concentrate on the one dimensional case. In higher dimensions, the
behavior of the singular part of the derivative of a BV function can be very complicated.
In 1-D, the picture is much simpler. In fact, we can always find nice representatives of
BV functions which will let us consider pointwise behavior. This enables us to obtain

some stronger results in one dimension.

The plan is as follows. For the remainder of Section 1.1, we will show that unique



minimizers of the ROF filter exist, provide a basic regularity result, and give a solution
in the special case where f is a step function, with the viewpoint of later using step
functions to approximate more general functions. In Section 1.2, we will show that
the problem is equivalent to a certain variational inequality, and use this to deduce
some further regularity results. In Section 1.3, we will consider the effect of varying
the parameter A, in particular showing that the sizes of the jumps of the minimizer are

nondecreasing in A.

For convenience, the relevant background information on functions of bounded variation

can be found in Appendix A.

1.1.2 The Problem

Here, we will define the ROF filter in one dimension. We prove existence of a unique

solution and provide a basic regularity result. Consider the following problem:
Problem 1.1.1. Let f € L? and A > 0. Minimize the functional

1 1
J[u]:/o yDu|+A/O (f — u)? (1.2)

over the space BV ([0, 1]).

Proposition 1.1.2. There exists a unique solution to Problem 1.1.1.

Proof: The functional J in (1.2) is nonnegative. Let {u,} be a minimizing sequence.

Then quantities J[u,| are bounded. Hence, there is some M > 0 such that

/Ol(f—un)2<M

1
/ \Duy| < M
0

forn = 1,2, .... This implies that {u,} is bounded in BV. Hence, there is a subsequence

{un, } converging strongly in L? to some ug € BV. In Corollary A.10 it is shown that



the total variation is lower semicontinuous in L?, and so J is also lower semicontinuous

in L?. Hence,

Juo] < liminf J[u,]

n—oo
Since J is strictly convex we conclude that wug is the unique minimizer of J in BV.

O

Since the minimizer is of bounded variation, it may contain jumps. In higher dimensions
it has been shown that if f € BV then the jump set of the minimizer w is contained
in the jump set of f, except possibly for a set whose (n — 1)-dimensional Hausdorff

measure is zero (see [12]). In one dimension, we have a stronger result:

Proposition 1.1.3. Let f € L? and u be the corresponding solution of Problem 1.1.1.

If xg € (0,1) such that f(xo —0) and f(xo+ 0) exist and are finite, then

(o + 0) — u(xo — 0)| < [f (0 + 0) — f(x0 — 0)] (1.3)

Moreover,

sgn(u(zo + 0) — u(zo — 0)) - sgn(f(zo +0) — f(zo — 0)) = 0
Proof: Without loss of generality we may suppose f(zo —0) < f(zo +0).

If u(zp — 0) = u(zo + 0), then u does not have a jump at zp and we’re done. Suppose
that u(zo — 0) # u(xo +0).

Step 1: We will show u(zg — 0) < u(xg + 0). We do this by contradiction.

Suppose u(zg — 0) > u(xo + 0). Since f(xg —0) < f(zo + 0), this means that either

u(xg—0) > f(zo—0) or u(xo+0) < f(xo+0). The cases are similar, so we will consider

the case u(zg — 0) > f(zo —0).

Let A = max{f(xo —0),u(zo+0)} and h = u(zp — 0) — A\. By our assumptions, ~ > 0.

We will construct a function @ such that J[a] < J[u].



Choose n > 0 such that

u(x) — u(zo +0) > g
u(e) = @) > 5 (1.4
7() ~ fao—0)| < &

whenever x € (zg — 1, z9). Note that

u(zo +0) <max{f(xg—0),u(zo+ 0)} < u(zo—0)

Let
A ifoxg—n<ax<xg

u(z) = (1.5)

u(x) otherwise

The conditions (1.4) imply that on (xg — 7, xo),

Hence,

A?a—n2<41u—ﬂ2

Since u(zg + 0) < A < u(xg — 0) on a closed interval containing xg, we may apply

Proposition A.16, and so it holds that

1 1
/\Dayg/ Dul
0 0

It follows that J[u] < J[u| and so u could not have been the minimizer. The case where

u(zg 4+ 0) < f(zo + 0) is similar. Thus, we may conclude that u(xg — 0) < u(zo + 0).

Step 2: We will show that if u is a solution to Problem 1.1.1, then u(xzg—0) < u(zo+0)

implies f(zg —0) < a(xg — 0) < @(zg + 0) < f(zo + 0).



We distinguish three (not necessarily exclusive) possible arrangements of the left- and

right-hand limits of u with those of f, namely:
(i) f(zo—0) <u(xg—0) < u(zg+0) < f(zo+0)
(ii) u(zg — 0) < f(zo — 0)
(iii) u(xo 4+ 0) > f(xzo +0)

Since u(zp — 0) < u(xo + 0) and f(xg — 0) < f(xo + 0), at least one of (i)-(iii) must
be true. If (i) holds, then there is nothing to prove. We will show that neither (ii) nor
(iii) can hold under the hypothesis u(zg — 0) < u(xg + 0). Since (ii) and (iii) are very

similar, we will prove our result for (ii).

Suppose then that u(zg—0) < f(zxo—0). We will show that this leads to a contradiction.
The method of proof will depend on whether u(xg + 0) < f(xo — 0) or u(zg + 0) >

f(zo — 0). We therefore distinguish two cases:
Case 1: u(zg+0) < f(xo—0)

Since u(xzg — 0) < u(zp + 0) < f(xo — 0), there exists n > 0 such that

f(x) > u(zo +0) > u(x) (1.6)

whenever = € [xg — 1, z¢]. Let

u(zo+0) ifxg—n<ax<x
u(z) =
u(x) otherwise

From (1.6) it follows that |u(z)— f(z)| < |u(z) — f(z)| whenever x € [zg—n, xo]. Hence,

[a-2< [w-p7

By Proposition A.16,

1 1
| 1wl < [ 1D
0 0

This implies J[a] < J[u], which is a contradiction.



Case 2: u(zg+0) > f(xzo +0).

Let a = f(xg — 0) — u(xg — 0). Then the assumption (ii) implies & > 0. Choose n > 0

such that

f@) > F(wo = 0) = 5 > u(x) (L7)

whenever = € [xg — 1, z¢]. Let

flag—0) =% ifwg—n <<
u(x) = 2

u(x) otherwise

By (1.7), |u(x) — f(z)| < |u(z) — f(z)| whenever x € [xo — 1, x0]. Hence,

[ [ gy

Moreover, since u(zg —0) < f(zo —0) — § < u(zo +0), we may apply Proposition A.16

and deduce that

1 1
/|Da|§/ Dul
0 0

This implies J[u] < J[u], which is a contradiction.

We have obtained a contradiction both cases, so statement (ii) is not consistent with
the assumption u(xg — 0) < u(zg + 0). We may similarly prove that statement (iii) is

not consistent with this either. Hence, statement (i) must hold, i.e.

fzo—0) <u(xog—0) <u(zg+0) < f(zo+0)

Note that the statement f(xo —0) < f(zo + 0) is a consequence of our assumptions.

This implies (1.3).

We have also shown that if f(xg —0) < f(xo + 0), then either u is continuous or

flzo—0) <u(xog—0) < u(zg+0) < f(zog+0)



This implies that either sgn(u(xg+0) — u(xo —0)) = sgn(f(zo+0) — f(zo — 0)) or else
sgn(u(xo +0) — u(zg — 0)) = 0. Hence,

sgn(u(zo +0) — u(zg —0)) - sgn(f(xo+0) — f(zog—0)) >0

0

Remark: It was shown that if the minimizer satisfies u(zg — 0) < u(xg + 0), then
flxzog—0) < u(zg—0) < u(zog+0) < f(zop+ 0). In particular, if one of the one-sided
limits of u does not fall into the interval between f(xo—0) and f(zo+ 0), then v must

be continuous at zg.

1.1.3 Special Case: Step Functions

Here, we analyze solutions to Problem 1.1.1 in the case where f is a step function. In
this case, the minimizer has a simple form. We provide a method for computing this

minimizer.

Proposition 1.1.4. Let 0 = 29 < 21 < ... < &y, < Tpt1 = 1 and E; = [x;,2441).
Denote by xg, the indicator function of E;. If there exist constants co,c, ..., ¢, such

that

@) = i, (@) (18)
1=0

then there exist numbers g, A1, ..., Ap such that the function
n
u(@) = 3 Ao, () (1.9)
i=0
1s the solution of Problem 1.1.1.

Proof: Fix v € BV and 0 < i < n. Choose a left-continuous representative of v and let

pi = igf lv(x) — ¢l (1.10)

7

There exists a sequence {z} of points in E; such that



lim |v(z) — | = pi
k—o0

This sequence has a limit point yy in the closure of F;. Since v € BV, left- and

right-hand limits exist at every point. This implies that either |v(yg + 0) — ¢;| = p; or
[v(yo — 0) — il = pi.
If |u(yo+0) —ci| = pi, let \j = v(yp+0). Otherwise, let A\; = v(yo—0). Then \; = ¢; £p;.

Now consider the function

vi(z) =
v(xz) otherwise

By construction,

i1 (1.11)

with the inequality being strict if v is nonconstant on F;.

Since 1o is in the closure of F; and A; equals one of the one-sided limits of v at yg, we

may apply Proposition A.16. Thus,

1 1
/ | D | g/ | Dv|
0 0

Hence,

J[v;] < J[v]

with strict inequality if v is nonconstant on FE;.



Thus, we cannot do better than a constant on £;. This holds for ¢ = 1,2, ...,n. Hence,
(1.2) is minimized by a piecewise constant function if f is piecewise constant, and this
is the unique minimizer.

This effectively reduces the problem to a finite-dimensional one:

Problem 1.1.5. Let 0 = 29 < 71 < ... < Ty, < Tpa1 = 1 and let Az; = 241 — 7;.

Given numbers ¢q, ¢y, ..., ¢y, minimize the function
n n
3(A0s ALy An) = D Ihin — Al + A (A — ) A (1.12)
i=0 i=0

Next, let us compute an explicit solution. First, we have a very basic result:

Lemma 1.1.6. Let 0 = 2p < 21 < .... < & < Tpt1 = 1 and let numbers cg,cq, ..., Cy
be given. Let Ay, A1, ..., A\p be the corresponding solution of Problem 1.1.5. If ¢; < ¢iq1,

then

Ai < it

Similarly, if If ¢; > c¢;41, then

Ai > Aig1

Proof: The numbers ¢y, ¢y, ..., ¢, define a function f be asin (1.8). Then, by Proposition
1.1.4, the corresponding solution to Problem 1.1.1 is a function w as in (1.9), with

coefficients Ag, A1, ..., A, which are the solutions to Problem 1.1.5.

Hence, we may apply Proposition 1.1.3. Since f € BV, this implies that

sgn(u(x +0) —u(z —0)) -sgn(f(x+0) — f(z—0)) >0

for any x € (0,1). In particular, we may fix ¢ and let z = z;. In this case, u(x; —0) = \;,

u(z; +0) = Nj+1, f(zi —0) = ¢, and f(z; +0) = ¢;+1. Hence,
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sgn(Xiy1 — Ag) -sgn(ciy1 —¢) >0

Thus, if ¢; < ¢;41, then sgn(Aip1 — ;) > 0, so A\; < \j1. Likewise, if ¢; > ¢;41, then

Ai > Aig1.

Next, we try to compute the values of the ;. Differentiation of § gives:

3
O\

= sgn(/\i — Ai—&-l) + Sgn()\i — )\i—l) + 2A()\i — Ci)AH,’Z‘
with the obvious modification if ¢ = 0 or ¢ = n. If the values of sgn(A; — A\j+1) and

sgn(A; — A\;—1) are known, then we can solve for \;. If \; # \;—1 and \; # \;41, then

osgn(A — Aigr) +sgn(Ai — Ai1)
2AA$Z'

A = ¢i (1.13)

It is also possible that A\; = A\;_1 or A\; = Aj;1. Suppose there is a number 7;;, with the
property that \; = 7j;, whenever j <i <k, and \j_1 # 7j; and A\py1 # 7jr. We want

to minimize

j—1 -1 n n
Z ’)\Z‘Jrl — >\Z| + AZ()\Z — Ci)QAZCi + Z ‘Ai+1 — >\z| + A Z ()\Z - Ci)QACL‘i
=0 1=0

i=k+1 i=k+1
k
+ N1 = Tkl + e = Nea |+ A (e — ) Az (1.14)
i=j

We can differentiate with respect to 7;; and find that it vanishes when

k
S Zi:j ciAm; _ sgn(Tjk — A1) + Sgn(Tjk — )\j—l) (1.15)
T mpg -y 2A(wk 11 — 25)

Remark: Observe that if f is the step function taking the value ¢; on Fj;, then the

first term in the expression for 7 is the average of f from x; to xj4;.

Let us recall the combinatorial notion of a composition. A composition of positive
integer N is a finite sequence ay, ag, ..., ar of positive integers such that Zle a; = N.

A solution of Problem 1.1.5 determines a composition n+ 1. If we let m be the greatest



11

index such that \yp = A\; = ... = \,;,—1, then a3 = m. In the same way we can determine

as,as, ..., ap. Let

J
Sj: E aj
i=1

Let the sets Ay, As, ..., Ag be defined by

Aj = Lj E; (1.16)

i:Sj_l
We will say that these sets form a partition of [0, 1] into contiguous blocks, and refer

to A; as a block.

We summarize the above in the following:

Proposition 1.1.7. Let 0 = 29 < 21 < ... < @, < XTpy1 = 1 and let numbers
€0, Cl, .-+, Cp, be given. Let Ao, A1, ..., An be the corresponding solution of Problem 1.1.5.
Let ay, as, ..., ai be the induced composition of n+1 and A1, As, ..., Ay, the corresponding

partition of [0, 1] into contiguous blocks. If E; C A;, then
Ai = T(s; 15)

where T(5, s,y 18 given as in (1.15).

In fact, we may apply Lemma 1.1.6 and write

k
20 GiATE sen(fy — frrr) +sen(fy — fi-1)
Tht+1 — Xy 2A<mk+1 - xj)

ik = (1.17)

This gives a way to compute the solution to Problem 1.1.1 if we know the appropriate
composition of n + 1 in advance. We have not provided a way to determine this from
the initial conditions. However, it is possible to brute force the solution by trying every
possible composition and using Lemma 1.1.6 to determine the values of sgn(Aj+1 — ;).

There are 2" compositions of n + 1, so this method takes exponential time.
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1.1.4 Stability Under Convergence of f

The space of step functions is dense in L? (see Proposition C.2). We would like to
approximate the function f in Problem 1.1.1 with step functions, with the aim of using
the simple form of the solutions to deduce properties of the general case. This question
will be taken up in Section 3. To facilitate our discussion there, we will present some
results on the behavior of J and the minimizers when the function f is varied. In
particular, we will show that if there is a sequence f,, converging to f in L?, then the

corresponding sequence of minimizers converges strictly in BV.

To this end, we introduce some notation. Given f € L?, let

= [ pula [y

and let u/ denote the corresponding minimizer. If we have a sequence {f,}, we may

use J" and u” in lieu of J/» and u/».

We have chosen to use superscripts here to denote dependence on f. In Section 3, we

will also investigate dependence on A, and for that application we will use subscripts.

Lemma 1.1.8. If {f,} C L? and f, — fo in L%, then J"[u"] — JO[u"].

Proof: For any u € BV,

MMPJWA:AAWm—w%4h—wﬂ

1
:a4/Kﬁ—ﬁHJMh—mM
0 (1.18)

1
=A/Xm+n+mxm—m
0

< Allfo+ fn+ 2ull2]|fn — foll2

Since fo,u € L?, and {f,} is a bounded subset of L?, there exists M such that ||fy +

fn 4 2ul|l2 < M for n =1,2,.... Hence, (1.18) implies

lim [J%[u] — J™[u]| =0

n—oo
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Let € > 0. Then, for sufficiently large n,

|J0[u?] — J" ]| < e

Since J"[u"] < J"[u’] for all n, this implies J"[u"] < J°[u°] + . Hence,

limsup J"[u"] < J°[u] (1.19)

n—oo

Denote the average value of f by f. The minimizer u/ satisfies

/ Foul? < g
0
< JI[f]

=/01<f—f>2

It follows that

a1z < 11 fllze + [luf = £l
<A1z + 11 = fllz2 (1.20)
< 2[[fllz>

By (1.18), this implies

| 70[w) = T [u]] < Allfo+ fo + 2ull2 || fa = foll2

< ([[foll2 + 5l1fnll2)[|fn = foll2
< (6[[foll2 + Be)e

for sufficiently large n. Thus, for some constant C' and € small, J°[u"] < J"[u"] + Ce for

0

sufficiently large n. Since u° is a minimizer of JO, for any n, J°[u°] < J°[u™]. Hence,

JO[uC] < liminf J"[u"]

n—oo

It follows from (1.19) that

lim J"[u"] = JO[u’]

n—oo
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Proposition 1.1.9. Under the same hypothesis as in Lemma 1.1.8, u™ — u° in L2.

Proof: First, we find that

B S e (| e P A (T [ A T R (T

Both quantities on the right hand side to go 0 as n — oo, so we conclude that

lim [JO[u"] — J°[u®]] = 0 (1.21)

n—oo

Next, we compute

- 2

JO[UO]<JO|:
! ul 4+ un 1 u™ +u0\ 2
[l (=)l (-5

1 A4 1 o
:;/0 |D(u”+u0)|+2/0 ((fo_u0)2_|_(f0_un)2)_A O <u2_u2)
1

5 (V1) 4+ T — A/ (uz - I;O>2

IN

Hence

JO[u0] < IO — 2A/ <“2n — “;)2

Taking the limit on both sides, it follows from (1.21) and the fact that A > 0 that

u  ud 2
. A T
nlgnoo <2 2) <0

Since this quanity is nonnegative, the limit must be 0.

Proposition 1.1.10. The sequence {u™} converges strictly to u® in BV .
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Proof: Lemma 1.1.8 and Proposition 1.1.9 imply that

1 1
lim/ \Du"\:/ D]

Moreover,

[ =i < (/01<u"—u>2)5

whence it follows that u™ — u in L!. Therefore, {u"} converges strictly to u" in BV .

O

Next, let us recall the notion of I'-convergence (see [1], Definition 6.12):

Definition 1.1.11. Let (X,d) be a metric space and let F, F}, Fy,... : X — [0, 0]
be functions. We say that the sequence {F,,} T'-converges to F' if the following two

conditions are satisfied:

(i) for any sequence {z,} in X converging to x, the following holds:

hrr_l)inf F,(zy) > F(x)

(ii) for any = € X there exists a sequence {z, } converging to x such that

lim sup Fy,(z,) < F(x)

n—oo

Given a sequence of functions {f,} converging in L? to some function f, we would
like to determine whether the functionals Jf* I'-converge to the functional Jf. The
definition requires us to define the functionals J/» on a metric space. The norm on BV
is not convenient for this purpose. Instead, we can use strict convergence to define a

metric on the space BV([0,1]), namely

1 1 1
plu) = [ |u—vr+\/ Dul = [ 10
0 0 0

In this context, we have the following result:

(1.23)
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Proposition 1.1.12. Let {f,} be a sequence of functions in L* converging to some
function f. Then the functionals J, as defined on the metric space (BV([0,1]), p),

I'-converge to J7.

Proof: Let {f,} be a sequence of functions in L? converging to some function f, and
consider the corresponding functionals J7, Jf1, J/2 ... We will check that conditions

(i) and (ii) of Definition 1.1.11 are satisfied.

Begin with condition (i). Let {v,} be a sequence strictly converging in BV to a limit

function v. This implies that there exists some M > 0 such that

1
/ |Dv,| < M
0

for n = 1,2,.... Moreover, these functions are all bounded. Since the sequence {v,}

converges in L! to v, for sufficiently large n it must be the case that

[v][zee = [[onllLee —2M

Hence, the quantities ||vy || are uniformly bounded. From the inequality

1 1
[ ton=v < llo=wnlli= [ oo
0 0

it follows that v, — v in L%. Since f, — f in L? as well, it must be the case that

1 1
lim (fn - Un)Q = /0 (f - U)Q

n—oo 0

Since the total variation is lower semicontinuous in L?, it is true that

1 1
liminf/ | Dvy,| > / | Dv|

Hence,

lim inf J/* [v,] = J/ ]

n—oo

This concludes the proof of condition (i).
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Next, we consider condition (ii). Let v € BV be given. Since f, — f in L2,

1 1
lim [ (fu—0)? = / (f —v)?

n—oo 0

Hence,

lim J/[v] = J/[v]

n—oo
Condition (ii) is then satisfied by taking the constant sequence defined by v, = v for

k=1,2,...

Therefore, the sequence {J/} I'-converges to J/.

1.2 The Dual Problem and Regularity

We will reformulate our problem in terms of a variational inequality. Specifically, we

relate Problem 1.1.1 to the following:

Problem 1.2.1. Given f € L?, find v € H}([0,1]) that minimizes

1 1
L[v] = ;/0 (v’)2—|—2A/0 fo' (1.24)

under the constraint |v| < 1.

See Appendix B for analysis of Problem 1.2.1.

1.2.1 Dual Problem

The following result connects Problem 1.1.1 and Problem 1.2.1:

Theorem 1.2.2. Let u be the solution of Problem 1.1.1 and v the solution of Problem

1.2.1. Then

v =2A(u— f) (1.25)

Before presenting the proof, we will give some motivation.
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Motivation

The connection between Problem 1.1.1 and Problem 1.2.1 was suggested by H. Brezis in
[7]. Here we will present a formal calculation, without concern over whether each step
can be rigorously justified. The actual proof relies on a somewhat different argument

and will be presented afterward.

We begin by approximating the absolute value function z ~ |z|. We take a C? ap-

proximation by interpolating a polynomial on a small interval [—e,¢e]. This is given

by
- if x < —¢
Je(x) = z* 3362—1—36 if—e<zx<e
. — _ il _
8e3 4e 8 -7 =
T ifx>e¢

Consider the modified functional

Jofu] = /Olje(u’) 24 /Ol(u oy

This has the Euler-Lagrange equation

—(@)) +24(u—f) =0 (1.26)

with the natural boundary condition «/(0) = /(1) = 0. Define 8. = j., and introduce
the new unknown v = S.(u’). Note that the range of 3. is [—1, 1], so we always have
|v| < 1. Moreover, since u' vanishes at 0 and 1 and S¢(0) = 0, we must also have

v(0) = v(1) = 0. Substituting, this satisfies

' +2A(u—f)=0

Differentiate this expression to obtain

—v" + 24U —2Af =0
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Observe that (.(u') has range [—1, 1], and is in fact one to one on 8-1((—1,1)). So we

can define 7. = -! on (—1, 1) and extend by continuity to [—1,1]. Then 7,(v) = v, so

- + 2Ay.(v) = 2Af =0

Now we let € — 0. Then . — 0 on (—1,1), so

—v" —2Af =0

This is the Euler-Lagrange equation corresponding to the functional

Lv] = ;/Ol(v’)2 — QA/O1 flv

We need v € H! for this to be defined. We have observed above that v(0) = v(1) = 0,
so we want to minimize over the space H}, and we also have the constraint |v| < 1. In

other words, we recover Problem 1.2.1.

Next, we provide the actual proof.

Main Result

Let f € L? be given and let v be the corresponding solution to Problem 1.2.1. Then
f has a distributional derivative f' € H~!. By Theorem B.3, there exists a Radon

measure £ concentrated on the set where |v| = 1 such that

" =2Af +p (1.27)

in the sense of distributions. Moreover, ul_ {z : v(z) = 1} is nonpositive and pL {z :

v(z) = —1} is nonnegative. There exists 4 € BV such that

Dii = —2Ap (1.28)

and

"= 2A(i — f) (1.29)

S
|
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We will show that this @ is the minimizer of (1.2). Recall first the notion of a subdif-

ferential:

Definition 1.2.3. Let I be a functional on L?([0,1]). The subdifferential of I at u,

denoted OI(u), is the set of h € L? such that

Tw] — I[u] Z/o h(w — u) (1.30)

for all w € L2.

Extend (1.2) to L? as follows:

1 1
A —u)? if
Jlu] = /o‘Du’+ /o(f v ifue By (1.31)
+00

otherwise
Thus extended, J is convex and lower semicontinuous over L2, so we may show that @

is a minimizer by demonstrating that 0 € 9.J(u).

Let V(u) = V(u,|0,1]), the total variation of u over [0,1]. The full subdifferential of
the total variation has been computed in [3]. We shall only need the following special

case:

Lemma 1.2.4. Let v and @ be as above. Then —v' € OV ().

Proof: We need to show that

1 1 1
/ | Dw| —/ |Du| > —/ v(w — )
0 0 0

for all w € L?. If w ¢ BV, then the left hand side is infinite and so the inequality

holds. Suppose then that w € BV.

Let Da™ and D4~ be the positive and negative components of D1, respectively. As
noted above, Dat is concentrated on the set {x : v(z) = 1} and D4~ is concentrated

on the set {z : v(x) = —1}. Hence,

1 1
/ vDl = / | Dl
0 0
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Integrating by parts, it follows that

1 1
/|Day:—/ !
0 0

Since v € H} and |v] < 1, there exists a sequence {¢,} C C°([0, 1]) such that ||¢p||f~ <

1 for every n and ¢,, — v in the H! norm. Thus, for any w € BV,

1 1
lim we = wv’

Hence,

ool

where the supremum is taken over all ¢ € C§° such that |¢(z)| < 1 for all z € [0,1].

This implies

1 1
/ |Dw| > —/ wv'’
0 0

Therefore,

1 1 1
/Dwy_/ yDa\z/ o (w— @)
0 0 0

Proof of Theorem 1.2.2: Let

1
T[] = A/o (u— f)? (1.32)

This has a Gateaux derivative

(us ) = 2A/0 h(u — f)

Since J =V + I, this means (see [16], Chapter I, Proposition 5.3)

0J (i) = OV (1) + {2A(i — f)} (1.33)
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By Lemma 1.2.4, —v' € 0V (). Hence, 0 € 90J(u). Therefore, @ is a minimizer of J,
which is unique by Proposition 1.1.2.
0

Corollary 1.2.5. Let A = {z : |v(z)| = 1}. Then u = f on A and u is constant on

any connected component of [0,1] \ A.
Corollary 1.2.6. There exists n > 0 such that u is constant on [0,n] and [1 —n,1].

Proof: Since v € Hy, v(0) = v(1) = 0, and by continuity it follows that there exists 7
such that |v| < 1 on [0,7] and [1 — 7, 1]. The result follows from Corollary 1.2.5.
O

Corollary 1.2.7. There exist finitely many intervals FE1, Fa, ..., E, such that UE; =

[0,1] and u|g, is monotone for i =1,2,...,n.

Proof: If A = (), then u is constant and we’re done. Suppose, then, that A is nonempty.
Let 1 = min{z : |v(z)| = 1}. Without loss of generality we may assume v(z;) = 1.
Let E; be the maximal subinterval of [0, 1] containing z; and satisfying v(z) > —1 for
all z € F;. Then Dul FE; is a nonnegative measure, so u is nondecreasing on Ej. If

E, =[0,1], we’re done.

If not, let zo = sup{z : x € E1}. Then v(z2) = —1. Let E3 be the maximal subinterval
of [0,1] containing zo and satisfying v(x) < 1 for all # € Ey. Then Dul E3 is a
nonpositive measure, so u is nonincreasing on FE5. Note that while £, and E5 are not
disjoint, E1 N Es is a connected subset of [0, 1] \ A, so u is constant there by Corollary
2.5.

By repeating this process, we get a sequence of intervals 1, Fs, ... such that u is nonde-
creasing on sets of the form Fsi 11 and nonincreasing on sets of the form FEa;. Moreover,
for every i, there exists x € E; such that v(z) = (—1)**!. Since v € H{, it must be the
case that v € BV, which then implies that this process terminates after finitely many

steps.
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1.2.2 Regularity

Theorem 1.2.2 enables us to apply results from the theory of variational inequalities
directly to Problem 1.1.1. For the remainder of this subsection, we shall use u to denote

the solution to Problem 1.1.1.

The following regularity result was shown in [13]. It was originally proven for open,

convex domains of finite perimeter in dimension N < 7.

Theorem 1.2.8. If f € C% locally in (0,1) for some B € (0,1], then u € C% locally
in (0,1).
In one dimension, we have the following:

Proposition 1.2.9. If f € WP for some 1 < p < oo, then u € WP,

Proof: We have f' € LP. In our case, the results of [10] imply v" € LP. From (1.27) it

then follows that v’ € LP. Hence, u € WP,

If we impose some extra regularity on f, we can push this a little bit further.
Proposition 1.2.10. If f € C%! and f' € BV, then u € C%' and v’ € BV

Proof: By a result in [9], since f' € BV, the solution v of Problem 1.2.1 has the
property that v € BV. From (1.27) it then follows that u’ € BV.

g

If f is nonconstant, then w need not have continuous derivatives, as shown in the

following example:

Example: Let f(x) = z. We compute the solution of Problem 1.2.1. On [0,1] \ A, v

must satisfy

—" =24

This means that v is a quadratic polynomial on any subinterval of [0,1] \ A. We have
shown that v € C1((0,1)). This can only be satisfied if A has at most one connected

component.
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If A <4, then v(z) = Az(1 — x) satisfies the Euler-Lagrange equation and lies in the
constraint set, so that is the solution and we have u = 0. Suppose A > 4. We want to

find a point & and constants Bj, C7 such that

v(x) = —Az? + Bix + Oy

on [0,&1], v(0) = 0, v(&) = 1, and v/(§;) = 0. This is satisfied by & = A"z, Cy =0,
and B; = 2v/A. We have a similar problem of finding an interval [£2, 1] over which v is

a quadratic polynomial. In this case, it is found that & =1 — &;.

From this, we can compute the solution to Problem 1.2.1. It is found to be

1
— fo<e <
VA sesh
u(z) =19 =z if& <x <&
1
1—— if <zx<l1
i <z <

This is not differentiable at &; or &, and so u ¢ C1.

1.3 Dependence on the Fidelity Parameter

We investigate the dependence of Problem 1.1.1 on the parameter A. When we wish

to emphasize the dependence on A, we will use the notation

1 1
JA[u]:/O yDu|+A/O (u— f)? (1.34)

and the corresponding minimizer will be denoted w4. We will be making use of se-
quences of the form {4, } , and to keep notation simple we may write u,, and .J,, in lieu

of ua, and Jga,, respectively.

Let us consider the effect of changes in A on the solution of Problem 1.1.1.

Lemma 1.3.1. If Ay < Ag, then Ja, [’LLAl] < JA2[UA2].

Proof: We have



JAI [UA1] < JAl [qu]

1 1
= / |DUA2| + Al/ (’LLA2 — f)2
01 0

S/o ]DuA2|+A1/01(UA2—f)2+(A2—A1)/

0

= Ja, [qu]

(UAQ - f>2
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g

Proposition 1.3.2. Let f be given. Then the mapping A — Ja[ua] is continuous for

A>0.

Proof: If f is constant, then we’re done. So suppose f is nonconstant. Fix Ag. Let

€ > 0, let f be the mean value of f, and let

=/01<f—f>2

Note that for any A > 0,

1
Jalf] = A/O (f - P2

and so the minimizer u4 must satisfy

/01<f Cua) < /01<f e

Choose A such that Ag < A < Ag + % Then:

0 < Jalua] — Ja,[uo

by Lemma 1.3.1. Since u4 minimizes J4,

Jalua] = Jaglua,] < Jaluag] — Ja,lua,]
1
— (A~ Ag) /0 (f — uap)?
< (A—Ap)b

<€

(1.35)
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Hence, the mapping is continuous from the right.

Now choose A such that Ag > A > Ay — g Then

0 < Jaglua,] — Jalual
< Jaglual — Jalual
1
< (o= 4) [ (F =P
< (Ao — A
< €

This implies continuity from the left. Therefore, A — Ja[ua] is continuous.

O
Proposition 1.3.3. If the sequence {A,} converges to Ay, then
! 2
nlli{jgo 0 (uAn - U'AO) = 0
Proof: By Lemma 1.3.1, there exists M > 0 such that
Ja, [ua,] < M
for n = 1,2, .... Recalling the expression for Jy,, (1.1.1), this means that sequence of

minimizers {u4, } is bounded in BV, so there is a subsequence converging strongly in
L? to some uy, € L2 N BV. Relabel the subsequence as {u4, }. Lower semicontinuity

of Ja, in L? implies

J a0 [Uoo] < lini)inf Jaglua,)

We may write

1 1
Tagltia,] = /0 Du, |+ A, /O (f —un,)?
1 1 1
:/ \DuAn]+A0/ (f—uAn)2+(An—A0)/ (f—us)?  (1.36)
0 0 0

1
= Ja,lua,] + (An — AO)/O (f —ua,)?
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Since A, — A and {ua,} is bounded in L2, taking the limit inferior on both sides

implies

liminf Ja,[ua, ] = liminf Ja, [ua, ]
n—oo n—oo

By Proposition 1.3.2, liminf, o Ja, [ua,] = Ja,[wa,]. Hence,

JAO [uoo} < JAO [UAO]

Since ug is the unique minimizer of J4,, this implies u, = ug. Hence, for any sequence
{A,} converging to Ag, the sequence {u4,} has a subsequence converging in L? to ug.

0

Corollary 1.3.4. Let {A,} be a sequence of positive numbers converging to some Ag >

0. Then

1

1
lim [ (f —ua,)? = /0 (f — uny)?

n—o0 0

Corollary 1.3.5. Under the hypotheses of Corollary 1.3.4,

1 1
lim/ |DuAn\:/ | Du g, |

Proof: Follows from Corollary 1.3.4 and Proposition 1.3.3.

1 1
Corollary 1.3.6. Both/ (f —un)? and/ |Duy| are continuous functions of A for
0 0
A>0.

Remark: The above continuity can be used to extend J4[u4] to the case A = 0, where
the minimizer is a constant. In fact, the minimizer of fol( f —¢)? over all constants c is

the average of f over [0, 1].
1
Proposition 1.3.7. / (f —ua)? is a nonincreasing in A.
0

Proof: Suppose, on the contrary, that there exist Ay and Ay such that A; < As and
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/Ol(f—ul)2 < /Ol(f—U2)2

Extending (1.2) by continuity to the case A = 0, where u4 is the constant f, it follows
from (1.35) that

A%f—uMQZA%f—mf
A%fum2z[ﬁfuﬂ2

Hence, by continuity, there exists 0 < Ay < Ao such that

A?f—uw?—ﬁif—wﬁ

Since up minimizes J4, and up minimizes J4,, we must also have

1 1
/\Duoy—/ | Dus)|
0 0

This implies that uo minimizes J4, and us minimizes J4,. Since minimizers are unique,

(1.37)

we must have ug = ug. Let:

1 1
wz/awmm, @:/rmm i=0,1
0 0

Then

g + ApPo < a1 + A

and

ag + A200 < a1 + A2b1

Since «; + AB; is affine in A and Ay < Ay < Ao, it must also be true that

ap + A8y < a1+ Ai1Br

Hence, J4, [ug] < Ja,[u1], contradicting our assumption that u; is a minimizer.
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Corollary 1.3.8. The total variation V(uy) is a nondecreasing function of A.

As the following example shows, Proposition 1.3.7 need not hold locally.

Example: Let

5 7
-1 ifo< 1 —<zx< =
fo<z< 01r2_96_2

fx)=14 0 ifg§x<2

3
1 if1§x<§or2§x<

For reference, here is a plot:

1 5 T T T T T T T

10} — —_— 1

05t i

00 —_— ]

=05} 4

-1.0} —_— —_— i

-15 i i i i i i i i
-0.5 040 5 10 15 20 25 3.0 315 40

Since f is a step function, we may compute an exact solution, as in Section 1.1.3. For

this example, we need only worry about As.

When A = 2,

A3

I
o

However, when A = 4, we find that

As =5
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Thus, letting us denote the minimizer corresponding to A = 2 and w4 denote the

minimizer corresponding to A = 4,

/32<U2 — <

(us — f)?

NM\
[N}

1.3.1 The Jump Set

In contrast to the counterexample at the end of the previous section, we will show that
the sizes of the jumps of the minimizers are nondecreasing in A. First we will prove it

for step functions, and then we will use that to prove the general case.

Lemma 1.3.9. Let 0 = 29 < 1 < ... < T < Tpy1 = 1 and E; = [x;,xi41). Let
€0, Cl, ..., Cp, be real numbers and let
n

) =3 eove (@)

=0

Let ua be the corresponding solution of Problem 1.1.1. Then

n
ua(@) = Ni(A)x, ()
i=0
and the mapping A — X\;(A) is continuous for i =0,1,2,...,n.
Proof: This follows from Proposition 1.1.7.

For convenience, when the value of A is fixed, we may write \; in lieu of \;(A).

Proposition 1.3.10. Let 0 =29 < 21 < ... < Ty < Tpy1 = 1 and E; = [z, x41). Let

€0, C1, ..., Cp, be real numbers and let

fl@) = exe, (@)
=0

Write the minimizer ua in the form
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If A1 < Ag, then

[Ai(A1) = A1 (A1) < [Ai(A2) — A1 (A2)]

Proof: If N\j(A1) = Ait+1(A1), there is nothing to prove. So suppose without loss of
generality that Az(Al) > )\i—i-l(Al)‘

We show that this implies

Ci > Ni > ANip1 > Ciyt

Suppose not. If \; > ¢;, let

S\i = max{c,;, /\i+1}

Then

(5\, — Ci)2 < (>\$ — Ci)2

and

IXic1 = Nl + [N = X ] < [Nim1 = Xl + [N = A

which contradicts our hypothesis that u was a minimizer. Hence, ¢; > )\;. We may

similarly show that A\;11 > ¢;41

Next, we show that A\;11(A) is a nonincreasing function of A. We consider the various

cases:
Case 1: >\i+1 75 )\i+2-

This means that A;;1 is not part of any larger contiguous block. By continuity this will
be true for all A in some interval (Ag — 9, Ag + ). If i + 1 = n, then
1

An = et AT
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The plus sign comes from the hypothesis A\; > A; 1. This is a nonincreasing function of

A. If i +1 # n, then either

1

Ny = ¢
i+1 Cz+1+AAZL‘Z'+1

or

Ait1 = Cig1
Either way, A\it1(A4) > X\it1(A+n) for 0 <n <J4.

Case 2: There exists > 0 such that A\;;1 is part of a block that remains both maximal

and contiguous for A € [Ag, Ag + 9).

There exists k such that ;11 = Aj120 = ... = A;. Let T(i+1)k denote their common value.
As shown in Proposition 2.7,
k
Zj:iJrl ¢jAz; sen(T(ir 1)k — A1) + 880(T(ig1)k — Ai)

T(i+1)k = -
(1) Tht1 — Titl 2A(Th1 — Tig1)

By hypothesis, sgn(7(;11)x — Ai) = —1. Hence,

k
> j=i+1 cjAz;

Ci Z A > Tk 2 .
k+1 — Li+1

If the last two terms are equal, then Agi1 < 7(;41)x, and by continuity there is some 7

such that

Ai(A) > 71k (A) > A1 (4)

for all A € [Ag, Ao+ n). Hence, equality continues to hold and A;;1 is nonincreasing in

some neighborhood of Ag.
On the other hand, if

k
Zj=i+1 ¢jAz;

T(i+1)k =
(1) Th+1 — Tit+1
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then sgn(7(;41)r — Ak+1) is constant on some half-open interval containing A and our

expression for 7(;; 1), shows it is nonincreasing there.

Case 3: The maximal contiguous block containing A;11 splits at Ag. More precisely,
suppose Aj+1 = Ajy2 = ... = A and A\p # Mgr1. Then there is a decreasing se-
quence A, — Ap and a sequence {a,} where i +1 < a; < k for j = 1,2, ... such that

Aan (An)Nit1(Ap).

Lemma 1.3.9 and the formulas from Proposition 1.1.7 imply that blocks cannot recom-
bine. Every A determines a corresponding solution u4 of Problem 1.1.1, which in turn
determines a partition of [0, 1] into contiguous blocks as in Proposition 1.1.7. There
are only finitely many such partitions, so there are only finitely many values of A for

which blocks split.

Hence, there exists ¢ > 0 such that no splits occur on (Ag— 9, Ag) or (Ag, Agp+6). Then
Cases 1 and 2 apply, so ;41 is nonincreasing on (Ag— 4, Ag) or (Ag, Ag+6). The result

follows by continuity.

Similarly, we may show J; is nondecreasing. Therefore, |A\; — A;+1| is nondecreasing.

g

We will prove the general case by an approximation argument. As we will be varying
both the function f and the fidelity constant A, we will introduce some notation to

simplify our expressions. Our functional will be denoted

1 1
J};[u]:/o |Du|+A/0 (u— )2 (1.38)

and the corresponding minimizer will be denoted uf;. As before, if we have indices as

in fp, or A,, we will use J;* and u]" to simplify things.

Theorem 1.3.11. If f € BV([0,1]) and A; < A, then

lua, (x 4+ 0) —ua, (x —0)| < |luay(z 4+ 0) —ua,(z — 0)] (1.39)

for all z € (0,1).
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Proof: Fix zp € (0,1) and let 0 < A} < Ay. Let u1 = ug, and ug = uy,. If fis
continuous at xg, then so are u; and us and we’re done. Suppose then that f has a

jump at zg.
Define a sequence {fi} of step functions such that

1
lim (f —f1)?=0

k—500
The fi in turn determine sequences {ul} and {uX} corresponding to solutions of Prob-
lem 1.1.1 for A; and As. These are step functions, so Dui is a purely atomic measure
for i =1,2 and k = 1,2, .... Proposition 3.10 implies that |Duf|({z}) < |Du5|({z}) for

any x € (0,1).

Hence, for any nonnegative ¢ € C§°,

1 1
| vaupat < [ waqoug) (1.40)
By Proposition 1.1.10, the sequences {u¥} and {u}} converge strictly in BV, so they

also converge weak™ in BV. Hence,

Jim. ¢d\Duk| /wd|Duz|
0

for i = 1,2. By (1.40), this implies

1 1
/ pd(|Dui]) < / P d(|Duy))| (1.41)
0 0
for all ¢ € C5°(]0, 1]).

Now suppose, on the contrary, that |ui(xg+0) —u1(zo—0)| > |u2(zo+0) —uz(xg—0)|.

Let

€ = |ui(xo +0) — ui(xg — 0)| — |uz(zo + 0) — uz(xzo — 0)]

We can decompose 11 into the sum of a continuous function ¢g; and a pure jump function
J1. We may enumerate the jumps of j;. Excluding a possible jump at xg, let y1,y2, ...

denote the other jump points. There exists d; > 0 such that
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Do lulw+0) —ul 0 < g

yi€(xo—01,20+01)

and, since Dg; is a diffuse measure, we may further require that

zo+01 €
Dgi| < =
| ipal<

0—01

Thus,

x0+01
\ul(xg + 0) — U1<1‘0 — 0)’ ]Duﬂ

zo—01

€
<z 1.42
: (1.42)

We may similarly decompose ug into g + jo and likewise choose d2 such that

x9+d2
"UQ(CEO"‘O) —ZLQ(.T()—O)| —/ ’DU2|

x0—02

€
<= 1.43
. (1.43)

Let 06 = min{dy,d2}. Let ¢ be a continuous function supported on the interval (zo —

d, 20 + 0) such that ¢(zo) =1 and 0 < ¢(z) < 1 for all z € [0,1]. Then

1 zo+0
/ b d(|Duy |) = / b d(|Dus )
0 xro—9 (144)

= s (20 + 0) — un (20 — 0)| +/ ¢ d(|Duy))
(zo—6,0+8)\{z0}

Since 0 < ¢ < 1, it follows from (1.42) that

og/ ¢d(|Duy) < <
(zo—b.20+6)\{zo} 3

Likewise,

1
/O(Z)d(\DUg):\uQ(xo—l—O)—uQ(a:o—O)]—i-/ 6d(|Dus|)  (1.45)

(zo—0,0+6)\{zo}

and

0<

/ dd(|Dusl) <
(wo—6,20+6)\{wo}
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Hence,

1 1
/O bd(|Dus]) - /O b d(|Dus)
2¢

> |U1(.73() + 0) — U1($0 — O)‘ — ’ILQ(I‘() + O) — UQ(.IQ — 0)| — § (1.46)

This is strictly positive, which is a contradiction. Therefore,

|ui(zo 4+ 0) — ui(zo — 0)] < |ua(xo + 0) — uz(xg — 0)] (1.47)

The choice of xg was arbitrary, so this holds for all x € (0, 1).
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Chapter 2

Regularized Interpolation

2.1 The Problem

2.1.1 Introduction

The classical interpolation problem is as follows: given a finite sequence of abscissas

r1 < o9 < ... < T, and a set of numbers f1, fo, ..., fn, find a function u such that

u(zi) = fi Vi=1,2...,n (2.1)

We relax this requirement. Instead of mandating equality, we trade goodness of fit off
against a penalty term that imposes regularity. Specifically, we consider the following

functional:

n 1
Flu =AY 1~ u(e) + [ |yl (2.2)
=1

This was posed by H. Berestycki in [5]. To investigate its minimizers, we must choose
an appropriate function space. A minimizer would have to be of bounded variation. In
addition, it would have to be continuous at z1, xs, ..., z, in order to make sense of the
first term in (2.2). We begin by investigating minimizers in the space W!. Consider

the following problem:

Problem 2.1.1. Let 0 < 21 < 22 < ... <, < 1 be given, and to every x; associate a

number f;. Find a function u € W! that minimizes (2.2).

It will be shown that this has many solutions in W', In the remainder of Section 2.1,
we will prove that these minimizers have certain characteristics in common, namely

that they are monotone on the intervals (x;, z;+1) for i = 1,2, ..., (n — 1) and moreover
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share a common value at the x;. Afterward, we consider some variants of the problem

and see how things change.

In Section 2.2, we will introduce regularization terms to force a unique solution. Our
first method will replace the total variation term in (2.2) by the L? norm of the deriva-
tive, for p > 1, which will be shown to have a unique solution in WP, Our other

approach will consider the modifications

1
Flu] + ¢ / ol
0

. (2.3)
Flu] + 6/0 |u”|?

which will force a unique solution to the problem in H' and H?, respectively. Then we

will consider the behavior as e — 0.

In Section 2.3, instead of restricting the space, we expand our scope to L?. As (2.2) is
badly behaved there, we will construct its lower-semicontinuous envelope and investigate
that. We will end by partially combining this problem with the ROF filter from Chapter

1 (we take f = 0). While in Section 2.1 we show that

1
U|—>F[u]+/ u?
0

does not have a minimizer in W', in Section 2.3 we show that by replacing F with its

lower semicontinuous envelope, the new problem has a minimizer in L? N BV.

Finally, a word on notation. We will associate x1,xs, ..., x, and f1, fo, ..., fn as ordered
pairs (z;, f;). These will be called control points. For simplicity, we will take A =1 in

(2.2) except where otherwise noted.

2.1.2 Minimizing in W1

We consider Problem 2.1.1. The space W'! is not reflexive. Thus, a bounded se-
quence need not have a subsequence weakly converging to a limit in W', In general,

minimizing sequences of (2.2) can at best be expected to have a weak limit in BV
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As a result, we will not use general principles to prove existence. Instead, we will
explicitly construct solutions in W11, To this end, we begin by considering a finite-
dimensional problem in terms of the numbers u(x;) appearing in the first term on the

right-hand side in (2.2).

We introduce the auxiliary problem:

Problem 2.1.2. Given control points (z1, f1), ..., (Tn, fn), find u1, ua, ..., u, that mini-

mize the function

n n—1
8(ul)u2)"')un) = Z|ul_fl’2+zyul+l _u’L| (24)
i=1 i=1

This is a finite, strictly convex and coercive function on R", so a unique minimizer
exists. We shall henceforth use the symbols Uy, Us, ..., U, to denote the points that
solve Problem 2.1.2. When convenient, we may represent them as an n-dimensional

vector

U= (UlaUQa"'vUn) (25)

Proposition 2.1.3. A function w € Wb is a solution to Problem 2.1.1 if and only if
the numbers u(z1),u(x2), ..., u(xy,) are solutions to Problem 2.1.2, and w is monotone

on the intervals (z;, xit+1) and constant on the intervals (0,x1) and (xn,1).

Proof: Let u € WH!l. Since w is continuous, the total variation is equivalent to the

classical pointwise variation. In particular,

1 n—1
| 1ul = 3 uwisn) - (e
0 i=1

Hence,

§u(zr), u(xe), ..., u(xy,)) < Flu]

This implies that the minimum of F' is bounded from below by the minimum of §, i.e.

that for any u
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Flu] > §(Uy, Us, ..., Uy) (2.6)

If u is monotone on the intervals (z;, z;+1), then

1 n—1
/ DUl = 3 fulrin) — u(:)
0 i=1

and so

Flu] = §(u(z1),u(z2), ..., u(zy))

Therefore, if u(z;) = U; for every i, and the monotonicity condition holds, then equality

is attained in (2.6). Hence, F' attains its lower bound at u and so w is a minimizer.

Conversely, if u is not monotone on some interval [z;, z;+1], then

n—1

1
JRLZED SEMERTER]

=1

and Flu] > §(u(x1),u(x2),...,u(zy)), so u cannot be a minimizer.

Likewise, if u(z;) # U; for some i, then

Flu] > §(u(zy), u(xa), ..., u(xy)) > §(Ur,Us, ..., Uy)
Since it is possible to attain equality, as noted above, this implies that u cannot be a
minimizer.
O
Thus, Problem 2.1.1 can be solved by first solving Problem 2.1.2, then interpolating

the values with any monotone functions. Hence, there are many possible solutions to

Problem 2.1.1.

On the Solution of Problem 2.1.2

Here we provide an explicit method to find the exact solution of Problem 2.1.2. We

have shown that a unique solution exists.
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Let control points (z1, f1), (2, f2), ..., (Tn, frn) be given and let Uy, Uy, ..., U, denote the

solution to Problem 1.2.

There are similarities to the methods used in Section 1.1.3 to find minimizers of (1.1.1)
for step functions. We may recall the notions of a composition and a partition into
contiguous blocks. The difference here is that instead of intervals, we focus on the

discrete set of points 1, o, ..., Tp.

A maximal contiguous block will be a set of indices for which

Ui=Uis1 = ... = Uiy

and either ¢ = 1 or U;_1 # Uj;, and either 1+ k = n or U;+, # U;11+1. As a convention,
all future contiguous blocks will be assumed maximal unless otherwise noted. If a

contiguous block does not contain 1 or n, we shall call it an interior block.

A solution of Problem 1.1.2 therefore partitions the set {1,2,...,n} into contiguous

blocks Cy, Co, ..., Cp,.

We introduce some more notation. For a maximal contiguous block Cj, the average of

the ordinates of the corresponding control points will be denoted by

- 1
fi= il > fi (2.7)

1€C)
where |C)| is the cardinality of C;. For simplicity, we may drop the subscript [ if no

confusion will result.

We will begin by computing the value of the solution on points corresponding to a given

block. To do this, we will have need of the following results:

Lemma 2.1.4. For anyi=1,2,...n— 1, if fi = fiy1, then U; = U;41.

Proof: Suppose i is chosen so that f; = f;+1. Without loss of generality, assume

Ui = fil <|Uiy1 — fival
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Let Ujy1 = U;. Then

Uis1 — fis1]* < |Uipa — fil?
and
U1 — Uil + [Uiv2 — Uipa| = Uiz — Uil
<|\Uit1 — Ui| + |Uis2 — Uit1]
Hence,
§(ULUs, ..., U, Uiy, ..., Up) < §(UL, Us, ..o, Ui, Uiy 1, .., Up)

By hypothesis, U minimizes §. Since the minimizer is unique, it must follow that

Uis1 = Ui
and therefore
U1 =U;
O
Lemma 2.1.5. For anyi=1,2,...n— 1, if U; # U;11 then
sgn(U; — Uit1) = sgn(fi — fit1) (2.8)

Proof: Lemma 2.1.4 implies that under these hypotheses, f; # fi+1. Without loss of

generality we may assume f; < fiy1.

Compare (2.4) with the (1.12) from Part I. We may apply Lemma 1.1.6 in Part I to
show that f; < f;11 implies U; < U;y1. Since we have assumed U; # U, 11, this implies

U; < Ujy1, as desired.
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Proposition 2.1.6. Let C = {j,j + 1,....,5 + k} be an interior mazximal contiguous

block. Then Uj,Ujy1,...Ujtk have the common value

= sen(firre1 — fivw) —sen(fy — fi-1)

_ 2.9
c=/+ 2(k+ 1) (29)
Proof: By hypothesis, the following hold:
Ui=Ujt1=...=Ujsi
Uj # Uj—1

Ujsk 7 Ujti

Let ¢ = U;. Then

§(UL, U,y .y Up) = §(U1, .o, Uy, Ujiy ooy Uiy ooy Un)
= 8(U1, ceey Uj—].a C,y...,C, Uj—i—k—i—la ceny Un)

Jj+k Jj—2
= = filP+ D le— HilP Y Juirn — udl
igC i=j i=1

By hypothesis, this is the minimum. This is differentiable in a neighborhood of ¢, so it

must satisfy

3
de

Now,

j+k

9 _ 2 Z(c — fi) +sgn(c — Uj—1) — sgn(Ujp41 — ©)
i=j

dc
Setting this equal to zero, and rearranging,
jtk
2(k+1)c =2 fi —sgn(c—Uj_1) + sgn(Uj k41 — )
i=j

Hence
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18 sgn(Ujtk+1 — ¢) —sgn(c — Uj—1)
c=— Z fi+ / J
k
i=j

2k
(2.10)
_ 7y sgn(Ujqr4+1 —c) —sgn(c —Uj_1)
2(k+1)
Now, Uj4k = c and U; = ¢, so Lemma 1.5 implies
o= f—l— Sgn(fj+k+1 - fj+k) - sgn(fj - fj—l)
2(k+1)
O

The following corollaries give the value of ¢ when one of the endpoints of the contiguous

block is 1 or n.

Corollary 2.1.7. If k < n and C = {1,2,...,k} is a mazimal contiguous block, then

U1, Us, ..U, have the common value

sgn( frr1 — f)

=f 2.11
=TS0 (211)
Corollary 2.1.8. If j > 1 and C = {j,j+1,...,n} is a maximal contiguous block, then

Uj,Ujs1, ..Uy have the common value

7 osen(fy — fi-1)
c=/- ﬂ2+ﬁ

Corollary 2.1.9. If C ={1,2,...,n} is a maximal contiguous block, then Uy, Us, ..., Uy,

(2.12)

have the common value

c=f (2.13)

The formulas given here assume that we already know the decomposition of {1,2,...,n}
into contiguous blocks. However, there are only finitely many such partitions, so in
principle the correct one can be found with brute force. That is, one may try every
possible partition into contiguous blocks and use the above formulas to obtain a corre-
sponding trial solution. One of these must be the minimizer, and this can be determined

by direct substitution.
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2.1.3 Change of Parameters

We may generalize Problem 2.1.1 by adjusting some parameters. The first will be to

consider terms of the form

|u(ei) — fil?

in lieu of

[u(as) — fil?

We will also consider what happens when A # 1 in (2.2).

2.1.4 On the Term |u(z;) — f;|?

The first generalization we shall consider is to replace the terms |u(z;) — f;|*> with

|u(z;) — fi|%, giving us the modified functional

n 1
Fylu) =3 I — u(ai)|? + /0 Dul (2.14)
=1

To ensure convexity, we require ¢ > 1. The case ¢ = 1 is undesirable, as can be seen

from the following example:

Example: Let ¢ = 1 and suppose we have two control points (z1, f1) and (z2, f2).

Suppose fi < fo. We wish to minimize

1
Fifu] = |1 — u(zy)| + [fo — ulea)| + /0 Dul

For any u € Wbt

|10l = ful) — uta)
0

Hence,

Filu] 2 [fi = u(@)| + [ fa — w(z2)] + [u(z2) — u(z1)]
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for any u. If we choose points such that

fi<ui <up < fo

and interpolate a function u that is monotone in the interval (z;,z2) and constant

otherwise, then we will have

Filu] = fo— f1
So any choice of u; and usg satisfying the above inequality leads to a minimizer.
To avoid this situation, we will take g > 1.

To find a minimizer, we use the same device as we used for ¢ = 2 case. We introduce

the auxiliary function

n n—1
Bo(ur,ug, oo un) = > Jui = filT+ > uis — uil

i=1 =1

and find its minimizers. Since g > 1, the problem is strictly convex and so a unique

solution exists. Differentiating,

93 _
i qlui — fil7 " sgn(u; — fi) + sgn(ui — ui—1) — sgn(uit1 — u;)
(2

Finding a complete solution is similar to the case ¢ = 2, so we will not pursue it.
Instead, we will assume that u; # w;—1 and w;+1 # w; in the solution. Setting the

derivative equal to 0 and solving for u;, we obtain

1

g o _ N
u; = fi — sgn(ui _ fz) (sgn(uz szl) ; Sgn(qu Uz)) q

We may elimiate the appearance u; in the right-hand side by considering the configu-

ration of f;_1, fi, and fi+1 as we did earlier.

As we can see, adjusting g will change the distance between the control points and the

minimizer. The following plot shows the distance as a function of ¢:
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As ¢ increases, the function levels off. For smaller values of ¢, the distance seems to

grow, but in practice this just means the minimizer tends toward a horizontal line.

If one wants to control the closeness of fit to the control points, ¢ is not a useful

parameter to adjust.

The Fidelity Parameter

Here, we will consider what happens when the parameter A is varied. Let

n 1
Fali =AY fi=u@)P + [ 1Du (2.15)
=1

As before, we introduce an auxiliary function

n n—1
Balur,ug,.yun) = AY fui = fil> + D Juip1 — il (2.16)
i=1 i=1

Minimizing this is essentially the same as the A = 1 case. We therefore just give the

modified result. For any contiguous block of length m,

c=f+ sgn(fj+m+1 —;z;b sgn(f — fiz1)

(2.17)
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where f is as in (2.9). In particular, when m = 1, we see that the gap between a control

1
point and the minimizer is either 0 or —.

A
As A goes to 0, the quantity A~! grows without bound. Hence, eventually the solution

will consist of a single contiguous block. In that situation, we will have

1 n
U= n Z fi
=1
which is just the arithmetic mean of the f;.

As A — oo, the quantity A~! goes to 0, so in the limit we expect to get a function
that interpolates the control points. The following proposition shows that any such

interpolant, monotone on the intervals (z;, x;+1), can be so obtained.

Proposition 2.1.10. Let control points (x1, f1), ..., (Zn, fn) be given. Let v be contin-
uwous at x; and attain the value v(x;) = U; for i = 1,2,...,n. If v monotone on the
intervals (x;, ;1) and constant on the intervals (0,21) and (x,,1), then there exists a

sequence {uy} such that

1
lim/ lup —v| =0
k—o00 0

and a sequence Ay — oo such that uy is a minimizer of Fa, for every k.
Before commencing the proof, we will have need of the following lemma:

Lemma 2.1.11. Let g be a bounded, monotone function on [0,1]. Then there exists a

sequence {vg} C WH1 of monotone functions such that

1
lim / lvg —g| =0
k—o00 0
and vi(0) = g(0 4+ 0) and vi(1) = g(1 — 0) for every k.
Proof: There is a representative of g that satisfies g(0) = g(0+0) and g(1) = g(1 —0).

Pick one such representative, which will also be called g. Since g is monotone, it can

be decomposed as
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9=9"+9¢ +4°

where g% is absolutely continuous, ¢/ is a jump function, and g¢ is a Cantor function.
Moreover, all three will be monotone as well. We will approximate each component

separately.
For the absolutely continuous component ¢¢, it is already in W1 so we let ay, = g

Next we consider the jump function ¢/. Since g is bounded, for every k there can be at
most finitely many jumps larger than +. Let M = [¢7(1) — ¢(0)|. This is finite since g

is bounded.

Since g € BV, the sum of the sizes of the jumps of g converges absolutely. Define a

finite sequence 0 = sp < 51 < ... < 8, = 1 satisfying the following conditions:
i): g is continuous at s; for every i

1
ii): Intervals (s;, s;+1) containing jumps of size at least z have total length at most
1

kM

1
iii): If the interval (s;, s;+1) does not contain a jump of size at least o then

| =

g7 (si41) — ¢ (si)] <

Let i be the piecewise-linear interpolant of ¢/ with nodes at the s;. Condition (iii)

implies that

|Br(x) — ¢’ ()| <

| =

except on a set of total length at most ﬁ Hence,

/lm g < (1oAYl Ly
, RTT = KM ) & kM
<z

The function 3 € Wh! since it is continuous and piecewise linear with finitely many

components.
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Finally, we approximate the Cantor component g¢. Let N = |g°(1) — ¢°(0)|. Let

1

hy = —
FTONE?

and let s; = ihy for i = 0,1,..., Nk%. Let 55, be the piecewise-linear interpolant of ¢°

with nodes at the s;. This is possible because ¢g¢ is continuous. There are at most Nk

subintervals where

x| =

lg°(si+1) — g°(s:)| >

1
and these have total length at most T As before, we obtain

/l\c— | I
o TR = Kk k
Let v = ap + Bk + y&- Then

1 1 1 1
/ |k, — g S/ Iak—g“|+/ B — ¢+ | | — 9"
0 0 0 0

A

Hence,

By construction, we have vi(1) = g(1) and vx(0) = g(0), so the result is proven.

O

Clearly, this remains true if the interval [0, 1] is replaced by any other interval [t1, to].

We proceed to the proof of the proposition.

Proof of Proposition 2.1.10: Let v be given. For every k, choose Ay such that

|fi — Us(Ap)| < %
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For every interval (z;, z;+;), let {vi} be defined as in Lemma 2.1.11, i.e. let vi € Wh! be
monotone on (z;, z;11) and satisfy vi(z;) = v(x;) and vi(z;11) = v(zi41), and suppose
that
Tit1
lim v, —v| =0

k—o0 o

Suppose without loss of generality that f; < fiy1. Then the interval (U;(Ag), Uiy1(Ax))
is a subset of the interval (f;, fi+1). Hence, there is a point p;(Ag) € (U;(Ax), Ui+1(Ax))

and a number 7;(Ag) > 0 such that the mapping

$(y) = 1:(Ax)(y — pi(Ar)) (2.18)

satisfies

o1 (fi) = Ui(Ay)

&1 (fir1) = Uit1(Ax)

(2.19)

1 )
Then, since | f;—U;(Ag)| < z and v}, is a monotone interpolant of (z;, f;) and (zi11, fit1),

we have

i) i 1
|0k (vk (2)) = vi(2)] <
whenever © € (z;, Tiy1).

Define a sequence {uy} as follows:

Ui(Ag) if0<zr<n
up() = 4 @i (vi(x)) if & € (2, xi41)
Un(Ag) ifa, <z <1
By construction, uj, € W, uy(z;) = U;(A) for every 4, and uy, is monotone on inter-
vals of the form (x;,z;1+1) and constant on the intervals (0,x1) and (zy,,1). Therefore,

uy, is a minimizer of Fy, for every k. Moreover,
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1
/0 g — v < (U2 (Ax) — ) (@) + Un(Ax) — f) (1 — 20)

n—1

Ti41 . . ) Ti4+1 .
Y [ [ ke @)+ [ ) - o)
i=1 T T
1 11—z, 1 4
<4 (=42
szt * (n—1) <l<: + k:)
< 1+5(n—1)
- k
Hence, for any € > 0,
1
lup, —v| <€
0
whenever
1 -1
. +5(n )
€
Therefore,

1
lim/ lug —v| =0
k—o00 0

g

Proposition 2.1.12. Let v satisfy the hypotheses of Proposition 2.1.10, and let {uy}

satisfy the conclusion of Proposition 2.1.10. Then {ug} converges to v strictly in BV'.

We have already shown convergence in L', so we need to show that

1 1
lim/ |Duk|:/ | Dv|
k—o0 0 0

The values of ug(z;) are given by (2.17). When the maximal block contining i has

length 1, (2.17) implies

fur(s) — fi] < jk (2.20)

For sufficiently large values of A, the maximal contiguous blocks all have length 1.
Hence, there exists some N such that for £ > N, (2.20) holds for i = 1,2, ...,n. Suppose

then that k > N. Since
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[ug(wir1) — up ()| < |un(@izt) — firrl + | firr — fil +[fi — ur(zs)]

it follows that

g (@iv1) — ug(za)| = [fir1 = fill < lug(@iz1) = figr| + | fi — wi (@)
) (2.21)

< —
=7,
Since uy, is the solution of Problem 2.1.1 with A = Ay, it is monotone on the intervals

(24, i+1). This means

n—1

1
JREZIED N ERER)

=1

From (2.21) it follows that

< 2(n—1)
STA

1 n—1
/o | Dug| = > | fix1 — fil

i=1

(2.22)

Moreover, since v interpolates the points (z;, f;) and is monotone in intervals (z;, z;4+1),

we have

1 n—1
/0 |Dv| =) |fix1 — fil
i—1

Hence,

2(n—1)

<
= AL

(2.23)

1 1
’/ \Duk|—/ Dl
0 0

As k — oo, A — oo, whence it follows that

1 1
lim/ \Duk\:/ | Dv|
k—o0 0 0




54

2.1.5 Adding an Extra Term

We consider a modification of Problem 2.1.1, something of a combination between this

and the ROF filter. Namely, suppose we wanted to minimize

1
H[u :F[u]+/0 u? (2.24)

The functional H is strictly convex, so if a minimizer exists it will be unique. Here we
are confronted with the problem that a minimizing sequence in W' need not converge
in Wbl That a minimizer need not exist in Wh! can be seen from the following

counterexample:

Example: Consider the case with two control points

(1, f1) = (zll’o)

(2, f2) = (?175)

First, we will show that the minimizer is not a constant. To compute the minimum

among constant functions, we minimize

hic) = (¢ —0)* + (¢ —5)* +¢?

Differentiating,

h'(c) = 6¢c— 10

Hence, the minimum occurs at
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Now let
1 2
=1 B 2y 1 2 3
=Y 3\*PT5) T3 Tt 5
3 if§§x§1
5
Then

8164 91

12 s 8 2/12 5 (40 2\ 1)\?

Hjy] == - S .

p =5 +3 5)+3+5<3 +3>+/§ <3(x 5)+3>

1
B AERCIRT

1498
135

which is better than we got with the optimal constant. Therefore, no constant function

can be the minimizer.

Next, we show that there is no minimizer in W1, Suppose, on the contrary, that
there exists u € W' that minimizes H. As we have shown above, it is nonconstant.
It is clear from the choice of control points that any minimizer must be nonnegative.
Continuity assures us that on at least one of the intervals (0,z1), (x1,2z2), or (z2,1),

there exist two points a; and ag such that u(a;) < u(az). Either a1 < ag or a; > as.

If a1 < a9, then by continuity there exists a point + such that a; < v < as and
u(y) > u(ar). Let y be the equation of the line connecting the points (v, u(a1)) and

(a2,u(az)) Define a function @ as follows:

u(z) ifx <ayorz>as

=g
Il

u(ay) ifa; <z <y
min {u(z),y(z)} ify<z<ag
This function still in W1, The interval where u # @ does not contain any of the control

points, so

|a(z:) — fil* = Ju(zs) — fil®
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for i = 1,2. Moreover, @ is monotone on the interval (a;,az) and equals u outside the

interval and on the endpoints, so

On the interval (aj,az2), 0 <@ < wu and a(y) < u(7y), so continuity implies

1 1
/ W’ < u?
0 0

Therefore, H[u] < H[u] and so u cannot be the minimizer. The case where a; > ag is

handled similarly. Thus, we conclude that there is no minimizer in Wh!,

In the above example, it appears that we may obtain a sequence of functions converging
to a step function. However, H is not defined for a function that has jumps at the control
points, so the problem of minimizing H has no solution. We will revisit this in Section

3.

2.2 Regularization

2.2.1 Introduction

As seen in Section 1, Problem 2.1.1 admits many solutions in the space W, In this
chapter, we consider ways to regularize the problem that lead to a unique solution.
We will consider the following modifications on (2.2). First, we will replace the total

variation by an LP norm of the derivative, obtaining

n 1
Fylu = 3" [u(w) = P+ [P
i=1 0
The minimizer will be shown to be piecewise-linear, and to converge uniformly to a

limit as p — 1.

Next, consider a slightly different approach where the approximations are all in W12,

namely
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n 1 1
Elu) =Y luw) — £+ [ 1Dul+e [ uf
i=1 0 0
The behavior will be shown to be similar to the previous regularization method.

The final method will look for approximations in H?. We will seek to minimize

n 1 1
Elu) =Y lutw) = 5+ [ 1Dul+e [ P
i=1 0 0
It will be shown that as € — 0 the minimizers converge in H? to a minimizer of (2.2).

In fact, the limit will be the solution of a certain variational inequality.

1
2.2.2 The term/ |u'|P
0

Modify Problem 2.1.1 to a functional defined on W2,

Problem 2.2.1. Let p > 1. Minimize

n 1
Fylul = 3" [u(w) = £+ [P (2.25)
i=1 0
over the space WP,

Proposition 2.2.2. Problem 2.2.1 admits a unique solution in WP,

Proof: Since the space WP is reflexive, it is sufficient to show that F}, is continuous,

strictly convex, and coercive.

The mapping

1
u»—>/ |u'|P
0

is continuous and strictly convex.

Next, the Dirac delta, &, (u) = u(x;), is a continuous linear functional on WP, so

n

wer Y 1ba,(u) = fil?

i=1
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is continuous and convex. Hence, F}, is continuous and convex.

To prove coercivity, we may write

u(x) = u(zy) + /fﬂ o' (t) dt

1

By Holder’s inequality,

/ (o) de < (/ 1 \u’|p)’l“

Hence,

B =

1
sup |u| — u(zy) < </ |u'\p>
[0,1] 0

Thus, F}, is continuous, coercive, and convex, whence it follows that a unique minimizer

This proves coercivity.

exists.

g

Proposition 2.2.3. The solution of Problem 2.2.1 is a piecewise-linear function with

nodes at x1,%9, ..., Tn. It is constant on the intervals (0,x1) and (xy,,1).

Proof: By Proposition 2.2.2, there exists a unique solution to Problem 2.2.1. Call it u.
Then it takes values ui, uo, ..., uy at x1,xo, ..., Tn, respectively. If we restrict our focus

to the interval (z;,2;11), 1 <i <n — 1, u must minimize

with boundary values u(z;) = u; and u(z;j+1) = Uit1.

Under these boundary conditions,

Tit1
|uipr —wi| < / | Dul
x;
and, since u is absolutely continuous, the right-hand side is just the integral of |u/|.

Making this substitution and applying Holder’s inequality, we find that
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1

Ti41 1 Ti+1 D

[uipr — ug| < / [u'| < | — $i|(1_;) </ |u’|P> p
T; Tq

K3

Raising each side to the power of p,

1 Ti41 ,
i1 — wil? < @i — P / |u'[P
Ty
Hence,
Tig1 . — u:|P
/ '[P > |u’+1—“1|1 (2.26)
. |71 — 24P

This holds for any w € WP satisfying the boundary conditions. Equality holds if and
only if, on the interval (x;,z;+1), u is the straight line connecting the points (x;,u;)

and (x;y1,u;+1). We can repeat this for i =1,2,...,n — 1.

On the interval (0, 1), v must minimize

gl
/ P
0

under the boundary constraint u(z1) = u;. A constant is the best we can do. Similarly

for the interval (z,,1).

Thus, a piecewise-linear function is a solution to Problem 2.2.1.

O

A continuous piecewise linear function is entirely determined by its value at the nodes.
Proposition 2.2.3 therefore provides a way to reduce Problem 2.2.1 to a finite-dimensional

problem.

Proposition 2.2.4. Fiz p and let control points (x1, f1), ..., (n, fn) be given. Let u, be

the corresponding solution of Problem 2.1. For i =1,2,...,n, let U;j(p) = uy(x;). Then

the numbers Uy (p), Ua(p), ..., Upn(p) are the unique minimizers of the following function:
it — ugl?

n n—1
Bp(u1, sz, .oy ) :Z\ui—fi|2+2i— (2.27)
=1 =1

(@ip1 — )P !
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Proof: By Proposition 2.2.3, u,, is piecewise linear. For ¢ =1,2,...,n,

_ Uip1(p) — Ui(p)

U P =
p‘[xumrl»l] xl+1 _ $i

(z — xi) + Ui(p)

and therefore

/ _ Uip1(p) — Ui(p)

Uu . =
PHCEZ#EH—I] Tip1 — T

and w, vanishes on (0,z1) and (xy,1). Thus,

/1 , i1
-3
0 P x;

Uir1(p) — Ui(p) ’p

Tit1 — X4
— Z(m 1 _:1:) UZ+1(p) - Ul(p) P
Z+ Tit1 — T4
_ Z Ui (0) ~ Vo)
‘xH-l — T ’p !
Hence
s 2 |Uz+1 p) — Ui(p)|?
v) —;rw( ~ il +Z = (2.28)
and so

Fp[up] = 8:p(zjl (p)7 U2(p)7 SE) Un(p))

Next we show that the numbers Uy (p), ..., U, (p) uniquely minimize §,. Suppose v1,va, ..., vp

are real numbers that satisfy

8p(,017 V2 vevy 'Un) < 8p(U1(p)’ Ug(p), ) Un(p))

Let v be a continuous, piecewise linear function with nodes at the x; such that v(z;) = v;
and v constant on the intervals (0,z1) and (z,,1). By same argument we used for u,,

we have
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Therefore,

Fy[v] < Fyluy)

However, we have shown that Fj, has a unique minimizer u,. Hence, v = u, and so

v; =Ui(p) for i =1,2,..,n

Remark: When p = 2,
U U
82(“171/‘27 ce U Z |ul fl’2 E ’ s . Z|
=1
and

0%, 2 9
Ou; T — Ti—1 iyl — T

Hence, setting

Vg, =0
leads to a system of linear equations, so the problem is easy to solve explicitly.

So far, we have shown that that the regularized problem has a unique solution. We
now wish to investigate what happens as p — 1 and see how the regularized problem

relates to Problem 2.1.1.

Proposition 2.2.5. For p > 1, let u, be the solution to Problem 2.2.1. The limit as
p — 1 of up is the piecewise-linear function passing through the points Uy,Us, ..., U,

which minimize the function

n n—1
§(u1, ug, .oy up) = Z i — i + Z iy —u
i=1 i=1

Proof: Introduce the auxiliary function

Ujp1 — Ui [P
g(u17u27"'7un)p) Z‘u’b f’b|2+ZM (229)

erl_xzp 1
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This is continuous in R™ x (0,00). Let {p;} be a sequence such that p; > py > ..
and p; — 1. Let {U;} denote the corresponding minimizer of §, . Clearly, |[U;]| is
uniformly bounded, so the sequence {U;} has a point of accumulation. Let Uy, denote

one such point of accumulation, and let Uy denote the minimizer of §.

Suppose Uy # Up. Let D = g(Uq, 1) — g(Ugp,1). By hypothesis, D > 0. Let
n=|Usx — Ul

By continuity of g, there exists § such that 0 < § < g and

D
l9(U,p) —g(Up, 1)| < 5}

whenever

max{|[U = Uy||,Jp— 1]} <

This implies that a sufficiently small neighborhood of U, can contain at most finitely
many of the U;. Therefore, the only possible point of accumulation for the sequence
{U;} is Ug, which must then be the limit as the sequence is bounded. This holds for

any sequence of minimizers corresponding to a sequence {p;} such that p; — 1. Hence,

up(acz) — Ui

as p — 1 for any ¢« = 1,2,...,n. Since u, is piecewise linear for every p > 1, this
implies that u, converges uniformly to a limit function u, which is the piecewise linear

interpolant of U.

1
2.2.3 Adding the term (—:/ ' |?
0

Consider now a new regularization method. Instead of adjusting the exponent as in the
previous section, we take (2.2) and add an extra term to ensure a unique minimizer in

w2
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Problem 2.2.6. Let ¢ > 0. Minimize

n 1 1
F.Ju] = Z lu(z;) — fil? +/ | Du| + 6/ |/ |? (2.30)
i=1 0 0
over the space W2,

Proposition 2.2.7. Problem 2.2.6 admits a unique solution in W12,

Proof: 1t is sufficient to prove that F, is strictly convex, coercive, and lower semicon-

tinuous. The proof of Proposition 2.1.2 shows that the functional

n 1
Glid = 3 fulw) = £ e [ 1P (2.31)
=1

is already stricly convex, coercive, and continuous in W12, The total variation is
nonnegative, convex, lower semicontinuous in W2, Hence, the sum of (2.31) and the
total variation is strictly convex, coercive, and continuous in W12,

g

Proposition 2.2.8. The solution of Problem 2.2.6 is a piecewise-linear function with

nodes at x1,x9, ..., Tyn. It is constant on the intervals (0,x1) and (xy,,1).

Proof: Let 4, be the solution of Problem 2.2.6. For i = 1,2,...,n, let U;(€) = te(xiy1)

and let w be the piecewise-linear interpolant of these points. Let

K(e)={ue W2 u(x;) = Ui(e)  for i=1,2, ey (2.32)

Given ¢, the minimizer of

Tit1
U e/ |/ |?
.

3

under the boundary conditions u(x;) = Uj(e) for j = i,i + 1 is a straight line, and so
its minimizer over K (€) is just w. Moreover, w is a minimizer of the total variation

functional over the set K (e).

Given u € K,
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n 1 1
=S (U0 — i +/ Du| +e/ 2
i=1 0 0

The summation term on the right-hand side is constant on K. Then

1 1
| > 12 . 72
mf Flu E \Ui(e) — fil +u12[f(/0 | Du| +6ulélf</0 |u]

As noted above, w minimizes the right-hand side. Hence,

n 1 1
i 2 31 = £+ [ 1Dul e [
=1

so Felw] < F¢lu]. Since u is the unique minimizer, it follows that w = 4. Hence 4 is
piecewise-linear.

O

Proposition 2.2.9. Fiz p and let control points (z1, f1), ..., (Tn, fn) be given. Let u. be
the corresponding solution of Problem 2.2.6. Fori=1,2,...,n, let U;j(€) = u¢(x;). Then

the numbers Uy (€), Ua(€), ..., Up(€) are the unique minimizers of the following function:

U U
Be(ut,uz, ..., u Z‘uz f2| +Z|uz+1 — i +€Z’ AR Z‘ (2.33)

Ti+1 — T4

Proof: This uses the same method as the proof of Proposition 2.2.4.

Next, we examine what happens as € — 0. Let § be as in (2.4)

Lemma 2.2.10. Let u. be the minimizer of F.. Let U;(e) = uc(z;) for i =0,...,n+ 1.

Finally, let U denote the corresponding minimizer of (2.4). Then

lim U;(e) = U;

e—0

Proof: Given e > 0, we may consider the collection of points {u;(€)} as components of
a vector U(e). Being points on the minimizer of the regularized problem, they must be
bounded. Consider now a sequence {¢;} tending to 0 as j — oco. For convenience, we

will write U; instead of Ul(e;).
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The sequence {U,} is bounded in R", so it has at a point of accumulation as j — oo.
Let U, denote one such point of accumulation, and u., denote its piecewise linear

interpolant.

Suppose that Uy, does not minimize §. Let Uy be the minimizer of the function § and

interpolate a piecewise linear function ug. Let

1
M—/ e
0

Then
Fe[uo] = §(uo) + eM
Since Uy is the minimizer of § and Ug # U, §[Uw] > §[Up]. Thus, whenever

8(Uss) —3(Uo)
M

€<

it will also be the case that

Fe[uoo] - Fe[UO] > g(Uoo) - 8(U0) —eM

As € — 0, the right-hand side is bounded away from zero. Hence, Uy, cannot be a
point of accumulation of the sequence {U;}. For any such sequence, the only possible
point of accumulation is therefore Uy, and so this must be the limit.

O

Once we know that the solution passes through the points u;, we can show that it is

piecewise linear.

Proposition 2.2.11. Let u. be the minimizer of F,. Then lim._,ou. exists and is a

piecewise linear function passing through the points Uy, Us, ..., U, that minimize §

Proof: By Lemma 2.2.10, the points U;(e) converge to U;. Since the functions are

piecewise linear whose nodes have abscissas x;, the interpolants also converge.
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1
2.2.4 Adding the term e/ |||
0

Our third and final regularization method is similar to the previous one. We now add
a term that controls the second derivative, and so the regularized problem will have a

solution in H?2. Specifically, we investigate the following problem:

Problem 2.2.12. : Let € > 0. Minimize

n 1 1
Ffu] :Z|u(mi)—fi|2+/ |Du+e/ 2 (2.34)
i=1 0 0
over the space H2([0,1]).

We will prove existence of a unique solution, then investigate the behavior of the so-
lutions as € — 0. There are minimizers of (2.2) besides the piecewise-linear ones we

encountered earlier in this chapter.

Consider, for example, a piece-wise cubic interpolant w such that w(z;) = U; and
w'(z;) =0 for i = 1,2,..,n. This is monotone on the intervals (z;, x;1+1), and so is also
a minimizer of (2.2). Moreover, w € C! and, in fact, w” € L™, so w € H?. Thus,
we expect that the solutions of Problem 2.2.12 will be uniformly bounded in H? as
e — 0. We therefore expect there to be a weak limit v € C'. We will show, in fact, that
the solutions of Problem 2.2.12 converge strongly to v in the H? norm, and we give a

characterization of v.

Proposition 2.2.13. There exists a unique solution to Problem 2.2.12.

Proof: If n =1, then the minimizer is just u = f.

Suppose n > 1. Since the space H? is reflexive, it is sufficient to show that F, is lower

semicontinuous, strictly convex, and coercive in H?2.
Each term in (2.34) is continuous in H?, so F, is continuous.

Next, we consider convexity. We know (2.34) is convex. We show it is strictly convex.

Let uy,us € H%([0,1]). If u} = u}, then



67

ui(z) =ug(z) + Az + B

for some constants A and B. If uj(x;) = ug(xz;) for i = 1,2, then uy = uy. If not, then

for any ¢ € (0,1),

ltuy (1) + (1 — tyug(z1) — fil* + [tur (w2) + (1 — t)uz(z2) — fof

<t (Jur(x1) = fi* + Jur(w2) — fol?) + (1 = 1) (Jua(z1) = f1l* + |ua(z2) — fo|*) (2.35)

and therefore

Futur + (1 — thus] < tE.Jus] + (1 — t)F.[us]

If v} and ) are not identically equal, then, for ¢ € (0,1),

1 1 1
/ bl + (1 — Dylf? <t / W2 4 (1 1) / Wi
0 0 0
Thus, (2.34) is strictly convex.

Finally, we must show coercivity. Let M > 0 and suppose F¢[u] < M. Then

1
/ |u”|2<M,
0
1

/ |Du| < M,
0

and

(1) — fil*> < M
Hence,

1
sup ] < fu(e1)| + / Dul
0

)

1
SIU(xl)—f1|+\f1|+/O | Du (2.36)

<VM+ il + M
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This implies

/1u2§ (\fly+M+\/M)2

0

Next, we have the interpolation inequality

1 1 1
/ W')? <C (/ u? +/ ]u”\2> (2.37)
0 0 0

We have shown that the right-hand side is bounded by a constant depending only on
the control points and the bound on F¢[u]. Consolidating the constants into a number

D, we conclude that

lullg2 < D
This is true of any w such that F.[u] < M. Hence, F, is coercive.

Thus, we have shown F is lower semicontinuous, strictly convex, and coercive. There-
fore, Problem 2.2.12 has a unique solution.

O

Next, we will investigate the behavior as ¢ — 0. To this end, it will be convenient to

introduce the auxiliary problem:

Problem 2.2.14. Let control points (z1, f1), ..., (n, fn) be given. Let Uy, Us,...,U,

minimize (2.4). Find a function v € H? that minimizes

b = [ P

under the constraints

v(xi):Ui i:1,2,...,n

and such that v is monotone over intervals of the form [z;, ;4] and constant on the

intervals (0,z1) and (x,, 1).
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Lemma 2.2.15. Problem 2.2.14 has a unique solution.

Proof: If there is only one control point, then the solution is clearly the constant u = f;.

Suppose then that n > 1. Let K be the subset of H? satisfying the constraints of
Problem 2.2.14. To prove a unique solution of Problem 2.2.14 exists, it is sufficient to
show that K is closed and convex, and that the functional L is strictly convex, coercive,

and continuous on K. Continuity of L on H? is known.

Next, we show that K is convex. Let uj,us € K. Then, for i =1,2,...,n and t € [0, 1],

tug (x;) + (1 — tug(x;) =tU; + (1 —t)U;
= U;
The constraints imply that on any interval (x;, x;41), u1 and ug are both either mono-
tone increasing or monotone decreasing. Fix ¢ and suppose without loss of generality
that u; and ug are increasing. Then if 1 < 21 < 22 < 241, we will have u;(z2) > u1(21)

and ug(22) > uz(z1). Hence, for t € [0, 1],

tug(z2) + (1 — t)ua(z2) > tui(z1) + (1 — t)ua(21)

and so monotonicity is preserved. Thus, if u; and wuo satisfy the constraints, then so

too does tuj + (1 — t)ug, and we therefore conclude that K is convex.

In the proof of Proposition 2.2.13, we noted that if uy,us € H?, ui(z;) = ua(a;) for

i =1,2, and u}] = uf, then uy = ug. This implies that L is strictly convex on K when

n > 2.

Finally, we consider coercivity. If u € K, then the monotonicity constraints imply that

min{ f;} <u(x) <max{f;} Vzel0,1]

Hence, the quantity

1
0
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is uniformly bounded for all u € K. From (2.37) it then follows that if u € K and L[u]

is bounded, then so to is ||u||g2. This proves coercivity.

We have shown that K is convex, and that on K the functional L is continuous, stricly
convex, and coercive. Therefore, Problem 2.2.14 has a unique solution.

g

The following result shows that in the limit as ¢ — 0, the solution of Problem 2.2.12

converges to the solution of Problem 2.2.14.

Theorem 2.2.16. Fiz control points (x1, f1), (2, f2), ..., (Tn, fn). Let ue minimize Fr

and let v be the solution to Problem 2.2.14. Then

lim ||ue —v||g2 =0 (2.38)

e—0t

To prove this, we will first need some intermediate results.

Lemma 2.2.17. Fore > 0, let u. be the solution of Problem 2.2.12. Let U;(€) = uc(z;)

fori=0,...,n+ 1. Finally, let U; denote the corresponding points of the minimizer of

n n—1
B(ut, ug, ... un) = Z jus — fil® + Z i1 — ui
i=1 i=1
Then

lim UZ(E) = Ui

e—0t

Proof: For a given €, we may consider the collection of points {U;(e} as components of
a vector U(e). For sufficiently small values of €, ||U(¢)|| is uniformly bounded. To see
this, let ug be the piecewise cubic interpolant of the points (z1, U1), (22, U2), ..., (Tn, Uy)

such that

ué(xl) =0

for i = 1,2,...,n and which is constant on the intervals (0,21) and (z,,1). Then
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n n—1 1
Fluo) =Y Ui = fiP + ) |Uip1 — Uil + 6/0 Jug ?
i=1 i=1

Let

Then, for any 0 < e <1,

Fe(ue) < FE(UO)

n n—1
<Y MU= fiP+ ) Ui = Uil + M
i=1 i=1
The boundedness of ||U(e)|| follows.

Consider now a sequence {¢;} tending to 0 as j — oco. For convenience, we will write U;
instead of U(e;). Since the vectors U; are a bounded subset of R™, {U;} has at least
one point of accumulation. Let Uy, denote one such point of accumulation. Let § be
as in Problem 2.2.14. Suppose that U, does not minimize §. Let us be an arbitrary
function whose values at the x; are the corresponding points of Ug.

For any e,

Fe[UQ] = 8(U0) +eM
Since Uy is the unique minimizer of §, (U ) > §(Uy). Whenever

8(Uso) —§(Uo)

€< Vi

it will also be the case that

Fs[uoo] - Fe[uO] > 8(Uoo) - 8(U0) —eM

As € — 0, the right-hand side is bounded away from zero, so U, cannot be a point of
accumulation of the sequence {U;}. For any such sequence, the only possible point of

accumulation is therefore Uy, and so this must be the limit.
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Lemma 2.2.18. Let u. be the solution to Problem 2.2.12. Let U minimize §. Then

1 n—1
lim Due| = Z Uit1 = U;
s [ 1Dl = 30—

Proof: Let {¢;} be a nonincreasing sequence of positive numbers converging to zero.

For any j,

1 n—1
/0 Dug| > S Ui (e5) — Us(ey)]
=1

where, as before, we have U;(¢;) = uc;(v;). We may take the limit inferior on both sides

and apply Lemma 2.17 to obtain

1 n—1
lim inf Due.| > i1 —U; .
min || 2 3 U = (2:39)

We want to show equality holds in the limit. We proceed by contradiction.

Suppose, on the contrary, that

1 n—1
hHlSUP/ |Due,| > Z |Ui+1 — Uil
Jmee J0 i=1

and let

1 n—1
n= limsup (/ Du5j|> — Z |Ui+1 — UZ| (2.40)
0 i=1

Jj—00

Passing to a subsequence if necessary we may assume that

1 n—1
/0 Dug | = S Ui (es) - Us(es)
i=1
for all j.

Let ug be as in the proof of Lemma 2.2.17 and let

1
M= [l
0

Then
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Felug) = §(uo(x1),uo(z2), ..., uo(zn)) + M

By Lemma 2.2.17, for any J > 0, we may find some N such that whenever j > N,
n n
> IUies) = 2 = S0 U= £ < 5
i=1 i=1
Let 0 = g and choose a such that

n
a<3M

For sufficiently large j, €; < . When this holds,

Fej [uej] — Fej [UO] >

w3

which is a contradiction since u, , minimizes Fe, . Therefore,

1 n—1
timsup [ |Dug | < 3 Uia ~ Ui
0 i=1

Jj—o0

It then follows from (2.39) that

Jj—0o0

1 n—1
lim / |Due, | = Z |wir1 — u;
0 i=1

Lemma 2.2.19. Let v be the solution of Problem 2.2.14. For every e > 0, let u. be a

solution to Problem 2.2.12. Then

1 1
| e < [ (2.41)
0 0

Proof: The constraints of Problem 2.2.14 imply that v is a solution of Problem 2.1.1.

Hence,

n 1 n 1
) — fil? Dy| < () — fil? Du,
> leta) ~ f +/0| o< 3 fude) = i +/0\ el
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for any € > 0. Since u, minimizes (2.34) it must be true that

1 1
/ \ué’\Q S / |v//‘2
0 0

g

Lemma 2.2.20. For every sequence {e;} such that e | 0, the corresponding sequence

{ue, } of solutions of Problem 2.2.12 has a weakly convergent subsequence.

Proof: The space H? is a Hilbert space, so the result will follow if we prove that the
sequence {uc, } is bounded. Lemmas 2.2.17 and 2.2.18 show that ||ue, || 2 is bounded

as k — oo. Lemma 2.2.19 shows that

1
/O |

is bounded. This implies that the H? norms are also bounded, as desired.

g

Proposition 2.2.21. Let uy be a weak limit of some sequence {ue, } for which € | 0.

Then
Uso(i) = Uy, 1=1,2,..,n
and
1 n—1
/ |Duoo| = > [Uir1 — Uy
0 i=1
Proof: Let

where x € [0,1]. This is a continuous linear functional on H?([0,1]), so by weak

convergence and Lemma 2.2.17
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Uoo (i) = O, [Uoo]

= lim oy, [ue, ] (2.42)
k—o0

Next, since the total variation is convex and lower semicontinuous on H?, it is weakly

lower semicontinuous. This means that

1 1
/ | Duso| < liminf/ | Due, |
0 k—o00 0

By Lemma 2.2.18, this means

1 n—1
/ |Duce| <> |Uis1 = Uil
0 i=1

Since ueo(x;) = U; for i = 1,2, ..., n, it must also be true that

1 n—1
JRLISES pie]
0 i=1
Therefore, equality holds.
O

Proposition 2.2.22. For any sequence € | 0, the corresponding sequence of minimiz-

ers {ue, } converges weakly to a function v, which is the solution to Problem 2.2.1/.

Proof: Let us be a limit point of the sequence {ue, }. The mapping

1
u»—>/ ‘u//‘Z
0

is continuous in H?, so

1 1
/Iuiiolkhgninf/ Jug, |?
0 — Jo

By Lemma 2.2.20, this implies
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1 1
| [
0 0

Proposition 2.2.21 says that u., satisfies the constraints on Problem 2.2.14. As v is the

unique minimizer under those constraints, the above inequality implies 1, = v.

Thus, any subsequence of {u,,} will have a sub-subsequence converging weakly to v.

Therefore v must be the weak limit of the full sequence.

We now complete the proof of Theorem 2.2.16.

Proof of Theorem 2.2.16: Compact imbedding of H? into C' and Proposition 2.2.22

imply that the sequence {u,, } converges in C! to v. Hence,

1
VA
! 2
. !/ /
kli}r{.lo/o |ug, — V|7 =0

By Lemma 2.2.21,

1 1
[ [
0 0

Hence,

|[v]| g2 = limsup [[ue, || g2
k—o00

Since H? is uniformly convex and u,, converges weakly to v, by Proposition 3.32 of [6]
this implies that the convergence is strong. These results hold for any sequence {u., }

for which € | 0. Therefore,

Jim [l = vl =0
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Suppose 4 is a solution to Problem 2.2.14. For j = 1,2,...,n, let p; = @/(z;). On any

interval (x;, z;+1), & minimizes

G
z;

subject to the boundary conditions

u(z;) = Ui, u'(x:) = pi

w(zit1) = Uiy,  W(@iy1) = pit1

and the constraint that u be monotone on (z;, x;y1).

We may therefore focus on a fixed interval between two control points. If we can find the

minimizer with arbitrary p; and p;+1, then we can treat the full problem as a question

of finding appropriate values of p1, po, ..., p,. To simplify our analysis, we translate and

rescale the interval [z;, z;+1] to be the unit interval. We will treat the case where the

function is monotone decreasing and take U; = 1 and U;+1 = 0. Thus we consider:

Problem 2.2.23. Let numbers pg,p1 < 0 be given. Find a function © € H? that

minimizes

b= [ W

under the boundary conditions

and the constraint v’ < 0.

Proposition 2.2.24. There exists a unique solution to Problem 2.2.25.

(2.43)

(2.44)
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Proof: Let K be the subset of H? satisfying the boundary conditions (2.2.4 and the
constraint. Then K is closed and convex. Since pg and p; are nonpositive, it is possible
to find a nonincreasing smooth function taking on the prescribed boundary conditions.

Hence, K is nonempty.

We want to show that L is continuous, strictly convex, and coercive over K in the H?

" —

topology. Given two functions v and vy that satisfy the (2.2.4), if v] = vf, then

xX
@) =p+ [ ol(o)d
0
x
vh(x) = po +/ vl (t) dt
0
Hence, v} = v}. Likewise, v1 = v9. Hence, the functional L is strictly convex over K.

To show coercivity, we observe that, given v € K,

T

v'(z) = po + /0 v (t) dt

v(x)zl—l—/om <p0+/0tvg(s)ds> dt

Hence, boundedness of L[v] implies boundedness of v, so L is coercive.

Thus, a unique solution exists.

g

As Problem 2.2.23 is an obstacle problem, there will be a coincidence set A such that

9" vanishes on A and

gait =0

on (0,1) \ A.

Proposition 2.2.25. Let 0 be the solution of Problem 2.2.23. If po = p1 = 0, then ¥
18 a cubic polynomial. Otherwise, A is closed and connected and the restriction of v to

any connected component of [0,1] \ A is a cubic polynomial.
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Proof: We consider three cases:
Case 1: pg =p; = 0.

Consider the Hermite interpolating polynomial

P(x) =22%(x — 1) —2® + 1

This minimizes an unconstrained version of Problem 2.2.23. Its derivative is a quadratic
that vanishes at 0 and 1, so it cannot change sign on (0, 1). Hence, P’ < 0 and so satisfies

the constraints of Problem 2.2.23. Therefore, it must be the minimizer.
Case 2: pp < 0 and p; = 0.

Let us consider a modified version of Problem 2.2.23 where the constraint v’ < 0 is
replaced by v > 0 on [0, 1]. The set of functions satisfying this constraint is convex, so

we still get existence of a unique solution. Let @ be this solution.

Any monotone function satisfying the boundary conditions is certainly nonnegative on

[0,1]. Thus, if the @ is monotone, it must also solve Problem 2.2.23.

Let £ = min{z € [0,1] : 4(x) = 0}. The boundary conditions (2.2.4) imply 0 < £ < 1.
On the interval [, 1], @ minimizes L with homogeneous boundary data, so it must
vanish identically. On [0,&), @ > 0 and so must satisfy

84

PRt

Hence, it is a cubic polynomial. On the boundary of A in (0, 1), we require that the

second derivative be continuous. Hence, to find & we solve:

whence it follows that

Clx—¢&)? ifo<z<¢ (2.45)

>
Il

0 ife<ar<i
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This is a monotone function, so it also solves Problem 2.2.23.
Case 3: pp < 0 and p; < 0.

If ¥’ is strictly positive, then

ot
%’U:O

on [0,1] and so ¥ is a cubic polynomial. If not, then ¢/(£) = 0 for some & € (0,1). Let
n = 0(£). In that case, we can split the problem into two components, minimizing L

on [0,¢] and [¢, 1] with respective boundary conditions

and

These can be separately solved using covered by Case 2. Hence, there exist £ € (0, ¢]
and & € [£,1) such that ¢’ vanishes on [£1, &3], and © when restricted to [0, &;] or [€2, 1]

is a cubic polynomial.

Il
2.3 The Lower Semicontinuous Envelope
2.3.1 Introduction
Let us return to Problem 2.1.1. We may extend (2.2) to L? as follows:
n 1
Z|u(xi)—f¢|2+/ \Du| ifue Wi
Flul =< =1 0 (2.46)

00 otherwise
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This functional is not lower-semicontinuous in the L? topology, as can be seen from the

following example:

1
Example: Let 1 = B and f; = 2. Let v =0 and define the sequence {v;} by

0 ifo<t L S
1I T 2 korx 2 ]{j
1 1 1 1 1
u(e)=q Kle-gty) HMg-gpsesy
1 1 1 1 1
- o) ifo<z< 4
k‘(m 5 k>1 TSty

Then vj, — v in the L? norm and F|v;] = 3 for every k, but F[v] = 4.

To analyze the problem in the L? topology, we construct the lower semicontinuous

envelope of (2.46).

2.3.2 On LSC envelopes

Definition 2.3.1. The lower semi-continuous envelope in L? of a functional F' on

Whl is the map G : L2 — RU {—00, 00} defined by

G[u] = inf {lim ian[uk]} (2.47)

k—o0

where the infimum is taken over all sequences {uz} C W such that
lim ||jug —ul|f2 =0
k—o0

The density of W1 in L? ensures that G is well-defined. Before constructing the LSC

envelope of F', we will first prove some statements directly from the definition.

Lemma 2.3.2. The lower semicontinuous envelope of a functional is lower semicon-

tinuous.

Proof: Let v € L? and consider a sequence {v;} C L? such that v; — v. We want to

show

G[v] < liminf G[vj]

J—00
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Let € > 0. There exists some a subsequence {vj, } such that

1 ) €
| w0t < 5

For every k, there exists uy € WH! such that

and

Glu) > Fluy] - ¢ (2.48)

Then

A%Hwygﬁﬂﬁ_w+ﬂwﬁ‘WV (2.49)

< £
k

Hence, the sequence {u;} converges to v in L2, By (2.47) and (2.48),

Glv] < liminf Fluy]
hoo (2.50)
< liminf G[v;, ] + €
k—o0

This holds for all € > 0, so

Gv] < h;?_l,g}fG[vjk]

Hence, G is lower semicontinuous in L?.

g

Proposition 2.3.3. Let F be as in (2.46) and let G be its lower semicontinuous enve-

lope. Then

if and only if u € BV.
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Proof: If u € BV, then there exists a sequence {u} C WH! that strictly converges to

u, i.e. that satisfies

1
1irn/ |lu —uk| =0
k—o0 0

and

1 1
/]Du\: lim/ | Dug|
0 k—o0 0

Compact embedding of BV into L? (Theorem A.14) then ensures {uy} converges to u

in the L? topology.

Moreover, since {uy} is bounded in BV and wuy is continuous for every k, there exists

M > 0 such that

S O Ifi = up(@)P < M
i=1
for every k. Hence, the numbers Fuy] are bounded, and (2.47) implies that G[u] is

finite.

For any u € L2, if G[u] is finite then there exists a sequence {u;} converging to a u in

L? and a number K such that

1
/ |Duk| <K
0

for every k. The total variation of a function is lower semicontinuous in the L? topology,

whence it follows

1
/ |Du| < K
0

and therefore u € BV.

O

Proposition 2.3.4. Let u € L?. If there evists a sequence {ui} C WhHl such that
u, — u in L% and vy, is a minimizer of (2.46) for k = 1,2, ..., then u is a minimizer of

(2.47).
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Proof: By hypothesis, Flu;] = Flu;] for all 4,5 = 1,2,.... Let C denote their common
value. Then G[u] = C. Hence,

inf G[v] <C
veL?

Now let w € L? and {w,,} C Wh! be some sequence converging to w in L?. Then

Flwy,] > C for m = 1,2, .... Hence,

liminf Flw,,| > C

m—ro0

This holds for every such sequence. By (2.47), this implies G[w] > C. The choice of w

was arbitrary, so

inf G[v] > C

veL?
Therefore,

inf Glv] =C

veL?

Since G[u] = C, this means v is a minimizer of G.

2.3.3 Constructing the LSC Envelope

The construction of the LSC envelope draws on the idea used in the example in Section
2.3.1. There, we had f; — v(x;) > 1 and chose an approximating sequence {vg} that
converged to v in L? and satisfied f; — vy, (z;) = 1. The increase in variation was offset
by the decrease in the distance squared to f;. This is the approach we will use to
construct minimizing sequences of (2.47). Proposition 2.3.3 shows that we expect G to
be finite for any v € BV, so in particular it may have jumps at the z;. In general, the
value G[u] will depend on the configuration of f; and the left- and right-hand limits of

u at x;. This will require us to consider the various cases.
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A convenient formula for the lower semicontinuous envelope has been suggested by H

Brezis ([8]). To this end, we introduce some notation.

Define a function

t2 ift<1
D(t) = (2.51)
2t —1 ift>1

Given u € BV([0,1]), for any x € (0,1) let

Jj(u)(z) = [min{u(x — 0),u(z + 0)}, max{u(z — 0), u(x + 0)}] (2.52)

This takes a function u and associates it with the interval between its left- and right-
hand limits at x. These always exist for a function of bounded variation, so j(u) is

well-defined.

Let d: R x P(R) — [0,00) be the distance function between a point and a set.

Theorem 2.3.5. Let F' be as in (3.1). Then its lower semicontinuous envelope is given

by

1
Zcb (for 3 () (22))) + /0 Dyl (2.53)

Our method of proof has two stages. First, we will show that the proposed formula is a
lower bound for G. Then, we show that for any u € BV, we can construct a sequence

uy } converging to u in L? such that
{ur} ging

1
lim Flug] = Z@ (fi, j(u)(z4))) +/0 | Dul

k—o0

To establish the lower bound, we introduce an auxiliary problem:

Problem 2.3.6. For a fixed control point (x;, f;) and a given function v € BV, mini-

mize the function

9i(c) = le = fil® + le — u(z; — 0)| + |e — u(=; + 0)] (2.54)
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This is quadratic in ¢, so there’s a unique minimizer.

Proposition 2.3.7. The minimum attained in Problem 2.5.6 is given by

inf{gi(c)} = @ (d(fi, j(u)(2:))) + [u(zi = 0) — u(i + 0)]
Proof: We consider separately the cases f; € j(u)(z;) and f; ¢ j(u)(x;).
Case 1: f; € j(u)(z;)

For any real number c,

lc —u(z; — 0)] + |¢ — u(x; + 0)| > |u(x; +0) — u(x; — 0)]

From (2.54) it follows that

gi(c) > |u(x; +0) — u(z; — 0)| (2.55)

for any ¢. When ¢ = f;,

® (d(fi,j(u)(z:))) =0

Hence,

9i(fi) = [u(zi +0) — u(z; — 0)]
and by (2.55) this must be the minimum.

Case 2: f; ¢ j(u)(z;)

If ¢ € j(u)(x;), then

lc —u(z; — 0)| + |c — u(x; + 0)| = |u(x; + 0) — u(z; — 0)

and the minimum of the term

lc— f;?
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under the constraint ¢ € j(u)(x;) occurs at one of the endpoints, i.e. at ¢ = u(x; + 0)

or ¢ = u(x; —0). Then

gi(e) = d(fi, j(u)(x:))* + [u(z; +0) — u(z; — 0)]

On the other hand, if ¢ ¢ j(u)(z;), then we compute

gi(c) =2(c— f;) +sgn(c — u(x; — 0)) + sgn(c — u(z; +0))

and it moreover holds that

sgn(c — u(x; — 0)) = sgn(c — u(z; +0))

setting the derivative of g; equal to 0 and solving for c, it follows that

c=fiF1l
depending on whether sgn(c — u(x; — 0)) = 1. If this is the minimizer, that implies
d(fi, j(u)(zs)) = 1.
We combine these cases. Let ¢* denote the minimizer of g;. Then

d(fi, 3 (u) (i) if d(fi, j(u)(zi)) <1

1 otherwise

" — fil =

Moreover,

|u(x; +0) — u(z; — 0)] if ¢* € j(u)(x;)
2d(c*, j(u) () + |u(@s +0) — u(z; — 0)] if ¢ & j(u)(x:)

|c* —u(x;—0)|+|c* —u(z;+0)| =

Now, if ¢* ¢ j(u)(x;), then |¢* — f;] =1 and

d(c", j(u)(zi)) = d(fi, j(u)(zi)) =1

Hence
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g = d(fi, j(u)(@:))? + [u(zi + 0) — u(z; - 0)] if d(fi, j(u)(zi)) <1
1+2(d(fi, j(u)(xi)) = 1) + |u(zi + 0) —w(z; — 0) if d(fi, j(u)(2:)) = 1

Comparing this with (2.51), we conclude

9i(c”) = @ (d(fi, j(u)(x:))) + [u(xi — 0) — u(z; + 0)]

Lemma 2.3.8. For any v € BV,

>§:® (fird( »»+A!Dm

Proof: Let u € BV be given and let {uz} C W1 be such that uy — u in the L? norm.

Passing to a subsequence if necessary, this implies that {uj} converges pointwise a.e.

Let € > 0. Since u € BV, there exists § > 0 such that, for ¢ =0,1,...,n

lu(z; +0) —u(x)| < %

whenever 0 <z —z; < §,and fort=1,2,....,.n+1

[u(z: = 0) = u(a)| <
whenever 0 < z; — x < 4.

For i =0,1,...,n, let a; be chosen such that

xi<ai<xi—|—5,

u is continuous at a;, and

lim uk(az) = u(az)
k—o0

Since u has at most countably many discontinuities, we may always find such an a;.
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Similarly, for i = 1,2, ...,n + 1, we may choose b; be chosen such that

xi—5<bi<§ci,

u is continuous at b;, and

lim uk(bl) = u(bz)

k—o0

Hence, for sufficiently large k and i = 1,2, ..., n,

|up () —up(a;) |+ |ug (25) —uk (b5)| > Jug (i) —w(z; —0)|+ |ug(z;) —u(x; +0)| —€ (2.56)

Recalling (2.54), it follows from Proposition 2.3.7 that

lu (i) = fil® + Jun(w:) — uplag)| + [up(2s) — ug(by)]

= @ (d(fi, j(u)(xi))) + |u(zi — 0) — u(z; + 0)] — 2¢  (2.57)

Since uy is continuous, we have

1 n bit1 n
/ Dug| >3 / ] + 5 Jue(s) — wp(aa)] + k() — i (b0
0 i=0 v @i i=1

Lower semicontinuity of the total variation in L? ensures that for sufficiently large k,

n b; n bi+l

>

=0 v % i=0 v %

Hence, for sufficiently large k,

n

Flug] = @ (d(fiy j(u)(x:) —|—Z|u (i +0)|+ §;</:i+l|Du|>—(2n—l)e

i=1

Now, as € = 0, (b; —a;) — 0, so

151(1)(2/ |Du|+Z|u ;—0) —uxz—i—(J) /|Du| (2.58)
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Hence,

n 1
Flug) = 320 @£ j()(@)) + [ |Du
i=1 0
This is true for sufficiently large k, so in particular

1
hmmfF [ug] >Z‘I’ (firj(u)(x Z)))_'_/O | Dul

=1

This is true for any sequence {uy} satisfying the requirements of Definition 2.3.1. There-

fore,

Gl > Y @ (s + [ 1D

0

Having established the lower bound, we show that minimizing sequences can always be

constructed. First, we will handle the special case where v € W1,

Lemma 2.3.9. Let u € WL, Then

1
Z¢,m @)+ [ 1Du

Proof: We construct a minimizing sequence for (2.47).

Fori=1,2,...,n, let C; be the minimizer of Problem 2.3.6. Let

d — o
121%};’%-&-1 ;|

If C; # u(w;), let ¥F be a piecewise linear function with nodes at

1 1 1 1
<l’i - Mau <$’L - 2dk’>> 7('Ti70i)a and <$’L + ﬂau (xz + 2d]€>>

Otherwise, if C; = u(x;) let ¥F = u.

Define a sequence {ug} by
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k if |2,
wa(a) = vil(e) if |z —al < o (2.59)

u(xz)  otherwise

Then |ug(z;) — fil <1fori=1,2,...,n. By (2.51), this implies

Z‘P (o i / D

By Lemma 2.3.8, this implies

1
Z@ (e dtm)@) + [ D

If C; = u(z;) for every i, then ug = u so there’s nothing to prove.

Suppose that C;j # u(z;) for at least one index j. Let {m1, ma, ..., m;} be the collection
of indices such that Cy,, # u(zm,). Let Ar = {z|uk(x) # u(x)}. By (2.59), this is a

finite union of intervals, so we may write

:Z|Cz—fl|2+/ |’LL/|
i—1 [0,1\Ag
l
+> [
i=1

1 1

Now we compute the limit inferior. Since w is absolutely continuous and the measure

of Ay goes to zero as k — oo,

1
lim | Dl :/ | D
k=00 J[0,1]- Ay 0

Moreover, continuity of u ensures that

l l
. 1 1
lim g Hszu<xmz2dk>'+‘le u<$ml+2dk‘>‘:| =2 g |Crny — u(zm,)|

k—oo 4 ;
i=1 i=1

Hence,

Jim Gluy] = Z|c fil® + /|Du\+22|0mz— (T,
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For 1 = mq1,mao, ..., my,

@ (d( fi, j(u)(:))) = |Cs — fil”> + 2|C; — u(a;)]

Otherwise, C; = u(z;) and so

O (d(fi, j(u)(x:))) = |Ci — fil®

Hence,

1
lim Glug] = Z@ (i i)))+/0 |Dul (2.61)

By Lemma 2.3.2, we have

lim inf Glug] > G[u]

k—o0

Applying Lemma 2.3.8 then shows that

1
Zcb (i) + [ 1Dl

O

Proof of Theorem 2.3.3: Let u € BV and suppose there exists § > 0 such that u is
continuous on (z; — d,z; +9) for i = 1,2,...,n. We will approximate u by absolutely

continuous functions.

Let a; = x; — % and let b; = x; + %. For | = 1,2,...,n — 1, define functions vlk €

Whi([by, a;41]) satisfying

vof (br) = u(by)

Ulk(al—i-l) = u(ai41)

a1 . 1 (2.62)
[ipe 1
b (TZ + 1)](5

[t [T o
vr| < u| + ——
b, ! b, (n+1)k

IN
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It was shown in Propositions 2.1.10 and 2.1.12 that the above conditions can be satisfied
for monotone functions on [b;, a;11]. Since u € BV, it is the difference of two monotone

functions, and so we may find functions v¥ satisfying the above conditions.

Let vf € W1([0, ay]) satisfy

/al ]u—vk2<71

. nl” < "+ 1k (2.64)

Define a sequence {ux} by

k

0
vi(z) ifl1<l<nandb <z <aq

up(x) = .

n

vi(x) ifx>0b,

| u(z) otherwise
Then uy, — u in the L? norm, ® (d(f;, j(ux)(x:))) = @ (d(fi, j(u)(x;))) for i = 1,2,...,n,

and, since u is continuous at the points a; and b;, we also have

1 1 1
/ | Duyg| < / |Du| + —
0 0 k

fori=1,2,...,n.

By Lemma 2.3.9,

n 1
Gl = 3 @ (d(fo () (20))) + /0 Duy|
=1
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Hence,

1
Glug] <Z<I> (fid( Z)))—i—/o \Du!—i—%

Lower semicontinuity of G' in L? therefore ensures

1
E Zcb (i@ + [ 1Dl
and by Lemma 2.3.8 equality holds.

Finally, we consider the general case of u € BV. Let C1, Cy, ..., C}, be the corresponding

solutions of Problem 2.3.6. Let D = max{|x; — z;_1|}. Define a sequence {uy} by

Ci(z) if |z — x| < ==
up(z) = 2Dk

u(x)  otherwise

The functions ug are continuous in a neighborhood of z; for ¢ = 1,2,..,n and for every

k=1,2,.... As we have shown, this implies

1
Z@ (e dtw)@) + [ D

Since ug(z;) = C;, we have

n 1
ur) = Y| fi = Gif? +/O | Du|
=1

Now,

hm/ |Duy| = /\Dul-l-Qd(Cu](uk)(%))

Hence,

1
Tim Gluy] = Z@ (i@ + [ 1Dl

By construction, u; — v in L?. Lower semicontinuity of G in L? implies
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n

1
Glul < 3-@ ((fui(w(@) + [ 1Du

=1

Lemma 2.3.8 then implies that equality holds.

2.3.4 The Minimizers of G

Now we characterize the functions which minimize G. Recall that in Section 2.1, it was
shown that for Problem 2.1.1, there were numbers Uy, Us, ..., U, such that any solution
u satisfied u(z;) = U; and that u was moreover monotone in the intervals (z;, z;4+1).
We will show that an even larger class of functions minimizes G. Minimizers will still
have to be monotone in intervals (z;, z;+1), but the endpoints will, loosely speaking,

only have to lie between U; and Uj4;.
Our first result connects the numbers C; which minimize Problem 2.3.6 and the numbers

U; corresponding to a minimizer of F'.

Proposition 2.3.10. Let control points (z1, f1), (z2, f2), -, (Tn, fn) be given. Letu be a
minimizer of G, and let the numbers C1, Cs, ..., Cy, denote the corresponding minimizers

of Problem 2.3.6. If U1,Us,, ..., U, are the minimizers of Problem 1.2, then

C; =U;
fori=1,2,...,n.
Proof: Let v be a continuous piecewise linear function interpolating the points (z;, C;),

which is constant on the intervals (0,z1) and (zp,1). Then v is also a minimizer of G

and G[v] = F[v].

Suppose, for the sake of contradiction, that C; # U; for some . In this circumstance,

v 1s not a minimizer of F'.

Let w be a minimizer of F'. Then F|w] < F[v]. Hence,
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Glw] < Flw] < Fv] = G[v]

so v could not be a minimizer of G, which is a contradiction.

Theorem 2.3.11. Let control points (x1, f1), (22, f2), ..., (Tn, fn) be given. Let Uy, Us, ..., Uy,

be the numbers that minimize Problem 2.1.1, and let

B; = [min{U;, Uj4+1}, max{U;, U; 41}
A functionuw € BV is a minimizer of G if and only if it satisfies the following conditions:
1. uw(z; +0) € B; and u(x;41 —0) € B; fori=1,2,...,.n—1
2. wu is monotone on (xi,x;11) fori=1,2,..,.n — 1.
3. sgn(Uijt1 — U;) - sgn(u(ziyr — 0) — u(z; +0)) > 0.
4. u=U; on (0,271).
5. u=U, on (zp,1).
Remark: Conditions 1 and 2 imply that instead of having to pass through the points

U;, a minimizer of G need only have its range in the interval between U; and Ujy;.

Condition 3 ensures that u is decreasing if U;11 < U; and increasing if U; < U;41.

Proof: First we prove that each condition is necessary. Suppose v € BV is a minimizer.

It has a left-continuous representative, which we also denote w.

Begin with Condition 2. To see that Condition 2 holds, first observe that

1 n—1 n
/0 Dul = 3 Julaie —0) — u(a; +0)| + 3 Julw; — 0) — u(a; +0)|
=1

i=1
and equality holds iff u is monotone on the intervals (z;,z;+1). Since the numbers

® (d(fi,j(a)(z;)))) depend only on the values of the left- and right-hand limits of u at

the x;, it is clear that only a function monotone on (x;, z;4+1) can minimize G.

Now consider Condition 1. For i = 1,2, ...,n, choose \; € j(u)(x;) such that
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[fi = Ail = d(fi, 5 (u) () (2.65)

Let w be a piecewise-linear function with nodes at the points (z;, A;). Then Glw] < Gu].
Let v be a minimizer of (2.2). Then G[v] = F[v]. Moreover, G[w] = G[v] since both

are minimizers. Explicitly,
n n—1
Gl =D i —UlP+ > _ U1 — Ui
=1 =1

n n—1
Glw] =) @ (1fi = X))+ D [Xiy1 — Al
=1 =1

If |fi = Ni] <1 fori=12,...,n, then

@ (1f; = Nil) = Ifi = Nl

This would imply that A;, As, ..., A, are solutions to Problem 2.1.2, so by uniqueness we

must perforce have \; = Uj.

Suppose, on the other hand, that for some index k, |fx — Ax| > 1. Then

Q(f — M) =2(fk — | —1)+1

Then there exists ay such that |fy — ax| = 1 and

M = N1l + Aegr — Al +2(1fk — Al = 1)

> lag — Ag—1| + [ A1 — | (2.66)

We may do this for any such index k. Now let

~ Q; if z'_)\i >1
; fi= A
A [ fe — M| < 1

Then
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n n—1
BEDI: (|fz‘ - :\i|> + ) i1 — Al
i=1 i=1
n n—1
=D 1= AP+ A — A
i=1 i=1

Since G[w] = G[v], this implies

(2.67)

n n—1 n n—1
SNAE=UP D U1 = Uil =D 1fi = AP+ N1 —
i=1 i=1 i=1 i=1
However, the numbers U; minimize this quantity and the minimizer is unique, so this

implies equality holds \; = Uj.
Hence, equality must hold in (2.66). This implies Condition 1.

Next, consider Condition 3. Fix ¢ and assume without loss of generality that U; < U;1.
Suppose, on the contrary, that u(x; + 0) > u(z;+1 — 0). Conditions 1 and 2 assure us
that there exists some v € [U;, U;y1] and some x¢ € (24, zi+1) such that u(x;) =, and

that u(z; +0) > v > u(xi11 —0). Let

vy if v € (x4, Tit1)
u(x) otherwise

Then

@ (d(fi, (@) (xi))) < @ (d(fi, j(u)(2i))),
® (d(fi, j(@)(ziv1))) < P (d(fis j(w)(@it1))) ,
/ \Dal| < / Dl
whence it follows that G[@] < G[u], a contradiction. Therefore, Condition 3 holds.

On to Condition 4. Let A = u(z1 — 0). If u is nonconstant on (0, 1), then let

~ A if x < a2y
t(x) =
u(z) otherwise
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Then d(f;, j(u)(x;)) = d(fi,j(@)(z;)) for i = 1,2,...n, but, by Proposition A.16,

1 1
/\Du!>/ Dl
0 0

so G[u] < G[u]. Now that we know u must be constant, we find the optimal constant.
We claim this is Cy. If |Cy — fi| < 1, then Cy € j(u)(x;). If u(zy 4+ 0) = Cy, then it’s
clear that taking A = C7 will minimize the total variation. If u(z; + 0) # Ci, then
A must be chosen so that C; € j(u)(x;), and setting A = C will minimize the total

variation.

If |Cy — fi| > 1, then C1 ¢ j(u)(x;). Hence,

@ (d(fi, j(u)(xi))) = 2d(Ci, j(u) (i) + 1

Meanwhile, the total variation of u, isolating terms depending on A, is

1 1
/ |Du| = |u(x1 +0) — A —l—/ | D
0 2

Thus, we seek to minimize the quantity

2d(Ci, j(u)(wi)) + |u(z1 +0) = Al

which can be rewritten as

2min{]u($1 + 0) — Cz|, ’/\ - Cz‘} + |u(a:1 + 0) — M
and it is clear that the minimum occurs when A\ = C;.

Finally, Condition 5 is entirely analgous to Condition 4. Thus, we have shown that
Conditions 1-5 are necessary for a minimizer. We proceed to prove that they are

sufficient.

Let u € BV satisfy Conditions 1-5. Let D = max{|z; — x;41|}. In Lemma 2.1.11, we
gave a method for constructing a sequence {vy} C W'l of monotone functions that

converge in L' to a given bounded, monotone function v on an interval (a, b), such that
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vg(a) = v(a 4+ 0) and vg(b) = v(b—0). Since we are on a bounded interval, these will

also converge in L2,

Fori=1,2,..

xi<ozf<x7;+

and where u is continuous at af .

Likewise, let ﬁf be chosen such that

YT oDk

and where v is continuous at Bf .

,n—1, let af be chosen such that

2Dk

k
< B <z

On every interval (af, 8), let vF € W1 be monotone and satisfy v¥(al) = u(al +0),

ok (BF) = u(BF - 0), and

B 1
/ of —u? < ——
ok (n -

(3

%

1)k

For i =1,2,...,n — 2, let @Z)f be the piecewise linear function connecting the points

(B¢,

w(B), (i1, Uit1), and (af q,u(al ;). Let 4§ be the line connecting the points

(z1,U1) and (af,u(af) and 9% _; the line connecting the points (8%_;,u(8%_;) and

(zn,Up). Define a sequence {ug} by

Ui
v

k
Ui

ug(z)
k

Vi1
Un

if © <

if 1) <2 <af

if af <o <pf (2:68)
ifﬂf’gazgafﬂ '
if BF <z <ua,

if x>z,

For every k, uy is continuous, monotone on the intervals (z;, z;41), and u(x;) = U;. It

also takes the constant value U; on (0, 1) and the constant U,, on (z,,1). Hence, it is

a minimizer of the functional F'.
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Moreover, we have

n—1 gzk ) 1
Z lug —ul” < —
i1 Jat g
Since u satisfies Conditions 4 and 5, we have u = uy on the intervals (0, z;) and (x,, 1).

Hence,

! 2 1 — [ 2
lug —ul* < — + / |ug — (2.69)
/0 K ; B
The functions uy, are uniformly bounded and of, | — 8F < 3z, so the term

ool 9
S [ el
5 Bk
=1 k3
vanishes as k — oco. Hence, u;, — u in the L? norm. This means u is the L? limit of

minimizers of F', and by Proposition 2.3.4 this implies u is a minimizer of G.

g

Notice that we proved the sufficiency of Conditions 1-5 by constructing an approximat-

ing sequence of minimizers of F'. This implies the following corollary:

Corollary 2.3.12. If u € BV is a minimizer of G, then there exists a sequence {uy}

converging to u in L? such that uy is a minimizer of F for every k.

1
2.3.5 Minimizing G[u]+/ u?
0

In Section 2.1.5, we considered the functional (2.24), and showed that it did not have
a minimizer in W1, Here, we will reconsider it in terms of the functional G instead of

F'. Thus, we have the following problem:

Problem 2.3.13. Let control points (1, f1), ..., (Zn, fn) be given. Find u € L? that

minimizes the functional

H[u]:G[u]—i-/O u? (2.70)
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Proposition 2.3.14. There exists a unique solution to Problem 2.3.13.

Proof: Since L? is reflexive, it is sufficient to show that H is lower semicontinuous,

strictly convex, and coercive.

The functional

1
u|—>/u2
0

is coercive and strictly convex and continuous. The functional G is convex, nonnegative,
lower semicontinuous in the L? norm. Therefore, H is coercive, strictly convex, and
lower semicontinuous in L?.

O

Proposition 2.3.15. If {v;.} € WY is a minimizing sequence of (2.24), and if 0 is

the unique minimizer of H, then

1
lim [ |vp—al*=0
k—o0 0
Proof: Since G is the lower semicontinuous envelope of F', there exists a sequence

{ur} € WH! such that limg_,e. fol lup — 4> = 0 and limy_,oo Flug] = G[@]. Hence,

1 1
lim Flug) +/ uy = Gl +/ 0 (2.71)
k—o0 0 0
and so {uy} is a minimizing sequence.

Let {vy} € W be an arbitrary minimizing sequence. By coercivity, {v;} is bounded
in Wbl and compact embedding of W11([0,1]) into L?([0,1]) ensures that there is
a subsequence converging strongly to some v € L?. Relabeling if necessary, we may
denote this subsequence by {v;}. Since G is the lower semicontinuous envelope of F,

we have

G[v] < liminf Flvy]

Since {vy} converges strongly in L2, limy_,oo ||vg||z2 = ||v]|12; therefore,
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kaﬁéu2§mmﬁ{FMJ+Aii}

We have taken {vx} to be a minimizing sequence, so

1 1
lim inf {F[Uk] +/ v%} = lim inf {F[uk] + / uz}
0 0

Hence,

G[v]+/01v2§G[a]+/ola2

The function 4 is the unique minimizer, whence it follows that @ = v.

The minimizers can be characterized as follows:

Proposition 2.3.16. Let u be the solution to Problem 2.3.13. Then u is constant on

(zi,xiq1) fori=1,2,...,n—1 as well as the intervals (0,x1) and (x,,1).

Proof: Suppose, on the contrary, that « minimizes H and there exists k£ such that no
representative of u is constant on (zy, zx+1). There exist «, 5 € (x, xg4+1) such that

is continuous at « and 8 and

u(a)] < |u(B)] (2.72)

Without loss of generality, we may suppose a < (. There exists yo € [, 5] and a

sequence {yi} C [a, 8] converging to yo such that

lim |u = inf |u
i Ju(yx)| yew}l (y)]

Let A denote this value. Then either A = u(yo + 0) or A = u(yp — 0). Let

A ifa<z<p
u(z) = (2.73)

u(x) otherwise
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The only change happens in a closed subinterval of (zy, xx+1), so in particular we have,

fori=1,2,...,n,

u(z; +0) = u(x; +0)
u(z; —0) = a(x; — 0)

and therefore

@ (d(fi,j(u)(x:))) = @ (d(fi, 5 (@) (xi)))

The function @ satisfes the hypotheses of Proposition A.16. Hence,

1 1
| 1wl < [ 1D
0 0

Moreover, on the interval [, 5], |a| < |u|. Hence,

1 1
/ jap? < / u?
0 0

Using (2.72) and the continuity of w at (3, this inequality must be strict. This implies

1 1
G[a]+/0 a2 <G[u]+/o fuf?

which is a contradiction.

We conclude this section by considering explicit solutions to Problem 2.3.13.

Finding an explicit solution

Since the minimizers are piecewise-constant, we may treat the functional as being de-

fined on R™*!. Specifically, a point (ag, a1, ..., a,) shall be identified with the function

u(@) =) aixg,(z)
i=0
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where E; = (7, xi+1) for i = 1,2,..,n and xg, is the corresponding indicator function.
As we will be considering functions depending on finitely many parameters, it makes
sense to define an analogue of (2.52) in terms of these parameters. To that end, define

a function

i(a,b) = (min{a, b}, max{a, b}) (2.74)

Let

Ary = xi41 — T4

Let a = (ag, a1, ..., a,) and £ = (f1, fo, ..., fn). We can write

n n
Zé flv 1\a;— lyal )+Z|CL¢+1—(I¢‘+ZCL%A{E¢ (2.75)
=0 =0

where for future convenience we have made explicit the dependence on the f;. When

the f; are understood to be fixed, we shall use the notation

n n
9(ao, az, ..., an Z‘I’ (firi(ai—1, a;) )+Z|ai+1_ai‘+za?Axi
=0 =0

Problem 2.3.17. Given control points (x1, f1), ..., (Zn, fn), find numbers A;, A, ..., A,

such that $ attains a minimum.

Since (2.75) is nonnegative and goes to infinity as ||a|| — oo, it attains a minimum. In

fact, it is strictly convex in a so the minimum is unique.

Our solution to Problem 2.3.17 will be developed in the following way: we will show that
if f1, fo, ..., fn are sufficiently large, then the minimizer takes a specific form depending
only on x1, x9, ..., z,. Next, we will show that if we have two sets of control points which
differ only in the ordinate of the k*" point, then the minimizers are equal except possibly
on the intervals (xy_1, k) and (xg, zx+1). We may thus transform the minimizer of a

special case to a minimizer for arbitrary fi, fa, ..., fn.
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1
Proposition 2.3.18. Let D = max{A } If fi, fo, e, fu > D+ 1, and if
7 ZT;
1
A; =
! AI‘Z
fori=1,2,...,n—1, and
1
Ay =
0 QAI’O’
1
A, =
" 2Ax,’

then u= Y"1 Aixp, is the minimizer of 9.
Proof: Suppose first that the numbers Ax; are all distinct. Let Ag = ﬁ, A, = ﬁ,

and A; = ﬁ fori=1,2,...,n — 1. For any ¢ between 1 and n — 1, we have

0% 0P 0P

%’(AO,AL...A”) = 94, (d(fi i(Aim1, Ai)) + 9 (d(fiv1,i(Ai, Air1))

+sgn(A; — A;_1) —sgn(Ajr1 — A;) +2

If A; > Aj41, then % (d(fi-i,-hi(Ai,AiJ,-l)) = —2 and sgn(AH_l — Az) = —1. Otherwise,
gTi (d(fit1,i(Ai, Aix1)) = 0 and sgn(A;+1 — A4;) = 1. In either case,

0P
90, (d(fir1,1(Ais Aig1)) —sgn(Aipr — Ay) = —1
and similarly
0P
9, (d(fii(Ai-1, Ag)) +sgn(A; — Ai—1) = =1
Hence,
09
Sa (Ag, Ay, ..., Ay) =0
If ¢ =0, then
0% 0P ,
8(10 |(A0,A1,...,An) = 8704 (d(fi+17 I(AO) Al)) - SgU(Al - 0) + 1
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which also vanishes by the above argument, and similarly for ¢ = n. Thus,

VH(Ap, Ay, Ap) =0
Since 9 is convex, this must be the minimizer.

We proceed to the general case, where the numbers Az; need not be distinct. Given f;

fori=1,2,...,n, let

n
h(z1, 2, ..., Tp; a0, A1, ..., Qp) = Z S (d(fi,i(ai—1,a;)))
i=1
n n—1
+ Z @it — ail + Z af (wip1 — mi) + agry + ap (1 — )
i=0 i=1
This is continuous in both the x; and the a;. Let x1, 2o, ..., x, be given. If Ax; are not

all distinct, suppose there exist numbers «g, ..., o, such that

h(x1, o, ..y Tp; o, Q14 ooy ) < B(21, T2, ..., T Aoy Aty oy Ap) (2.76)

and let 77 denote the difference between the right hand side and the left hand side. If we
take 0 < € < 2, then by continuity there exists 6 > 0 such that if max{|z; — Z;|} <,

and max{|a; — a;|} < J, then

|h(21, T2y ooy T3 Q05 A1y vy Q) — B(T1, oy ey T A0, A1y ooey G )| < €

There exist &1, &2, ..., &, such that the numbers AZ; are all distinct, max{|z; — ;|} < 4,
and max{|A4; — 4;|} < 0, where A; = (Az;)"! for i = 1,2,...,n — 1, Ag = (2Ad0) ",
and A, = (2A%,)~!. Then

|h(x1, @2, ooy T ag, Q14 vy ap) — h(Z1, T, oy By Ag, Ad, v Ap)| < e
|h(x1, o, vy Ty A0y Oy vy ) — B(T1, T2y ooy T QU5 ALy ooy Q)| < €

This then implies
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h(Z1, &9, ...y Tn; Aoy A1y ooy An) > h(&1, T2, ooy Tny , Ly oney i)

However, since the AzZ; are distinct it must be the case that

h(i’l,i'Q, ...,i’n; AQ, Al, ey An) < h({i‘l,{i‘g, ...,i‘n; ap, 01, ...,an)

which is a contradiction. Hence, the numbers «; cannot exist.

g

Lemma 2.3.19. Let 21,2, ..., 2, be fived. Define a mapping T : [0,00)" — R+ as

follows: given a vector f= (f1, fay-.., fn), let T(f) satisfy

DT = igfb(f, A) (2.77)
Then T is continuous.
Proof: Let fy be given and consider a sequence {f;} converging to fy. Let A; = T'(f;).
From Proposition 2.3.18 it follows that the range of T is bounded, and therefore the

sequence {A;} has a limit point Ag. There is a subsequence {Ay,} converging to Ay.

Let

e = H(fo, Ao)) — H(fo, T'(fy))
By hypothesis, € > 0.

Suppose, on the contrary, that ¢ > 0. Continuity of £ implies that there exists some

6 > 0 such that

19(fo, T'(f0)) — H(f, A)| <

whenever ||[fy — f]| + ||T(fo) — A|| < I, and

9(fo. Ao)) — 9(F A))| < 3
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whenever ||fy — f|| + |[Ao — A| < 4.

Hence, for sufficiently large j

D(fy,, Ag,)) — H(fr,, T(fr,)) >

Wl

which is a contradiction. Hence, we must have Ay = T'(fp).

Thus, any sequence {f;} converging to fy has a subsequence for which T'(fy) — T'(fp).

This implies that if

lim f; = f,

k—o0

then

k—o0
whence it follows that T is continuous at fy. The choice of fy was arbitrary, so T is

continuous on its domain, as desired.

O

The following proposition shows that if a minimizer is found with a given set of control
points, then changing the ordinate of a control point only has a local effect on the new

minimizer.

Proposition 2.3.20. Let control points (z1, f1), ..., (Tn, fn) be given and letu ="  AiXE,

be the minimizer of (2.70). Let k € [0,n] be an integer and k > 0. Define a new set of

control pOint‘S (xlv fl)v ceey (ﬂfk, fk)7 (xk‘-i-lv ’{)7 (xk—‘rQa fk+2)°-') (xnv fn) Letu = Z:‘L:() AZXEZ

the corresponding minimizer of (2.70). Ifi # k and i # k + 1, then

Proof: We proceed by cases:

Case 1: Ay > Ap_1 and Ak > Ap_q
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Suppose first that the second inequality is strict. Let D = Ay — Ai_1. By continuity,
there exists § > 0 such that if | fr11 — k| < 8, then |4 — Ax| < D and |Ay_y —Ay| <

$D. Let

k—2 k—1
Sk = k=10 (d(fi,i(Ai-1, A) + Y |Aip1 — A + > AFAz
=1 1=0 =0

k—2 k—1
i=1 i=0 i=0
We claim that Sy = S. Without loss of generality, suppose Ay > Ay,. Consider three

subcases:

Subcase A: fr > Ag
In this case, we have @ (d(f,i(Ak—1,Ax))) = P (d(f,-,i(flk,l, Ak))> and
) (d(fk,i(jlk_l,flk))> = <d(fi,i(Ak_1,Ak))). If S # Sj, then uniqueness of the

minimizer implies

Sk + © (d(fr,i(Ap—1, Ak))) + A, — Ap—1 < S + @ <d(fi,i(/~1k—1, Ak))) + A — Apy
Sy + ® (d(fk,i(flk—hlek))) + A A < S+ @ (d(fz', i(Ag—1, Ak))) + Ap — Ay

This simplifies to

S+ Ag_1 < S + Ap_1
Sk + A1 < Si+ Aga
which is a contradiction.
Subcase B: fi < Ay
In this case, we have ® (d(fy, i(Ap_1, Ap))) = ® (d( Firi(Ap1, Ak))) and

) (d(fk,i(flk,l,flk))) = (d(fi,i(flk,l,Ak))). If S, # Sj, then uniqueness of the

minimizer implies

Sk + @ (d(fryi(Ak—1, Ar))) + Ap — A1 < Sp + @ (d(fiai(lekflyAk))) + Ap — Ay



111

Sy + ® (d(fkyi(lekflafik))) + A — A < S+ @ (d<fi7i(Ak71a zzlk))) + Ap — A

Subracting the right hand side of the second inequality from the left hand side of the
first inequality, and subtracting the left hand side of the second inequality from the

right hand side of the first inequality reduces to

A — fik < A — fik
which is a contradiction.

Subcase C: Ay < fi, < Ay,

In this case, ® (d(f,i(Ak-1,Axk))) = P (d(fi,i(lek—hx‘lk))) = 0 and
o (d(fk,i(Ak,l,flk))) = (d(fi,i(Akq,/ik))). If S # Sk, then uniqueness of the

minimizer implies

Sk + © (d(fr,i(Ap—1, Ak))) + A — A1 < S + @ <d(fi>i(Ak717Ak))) + Ay — Ay

S+ ® (d(fkyi(;lkflafik))) + Ay~ A < S+ @ (d<fi7i(Akfla Ak))) + Ap — Ay

This simplifies to

Sp+ A1 < gk + ./Zlk_l
S'k + zzlk_l < Sp+ Ap_1
which is a contradiction.

In any case, we have S;, = Si. Since minimizers are unique, and we did not modify any

of the f; except fii+1, we must have A=A fori=0,1,..,k—1.

This is valid for any k € (fx+1 — 9, fr+1 + 6). By Lemma 1, the conclusion will still be
true if k is in the closed interval [fi11 — 9, fr+1 +6]. Next, we extend this result outside
the interval. For if k = frx11 — 0 or kK = fr41 + 6] and Ay > Aj_1, we may repeat the
above argument and find a larger closed interval I where A; = A4; for i = 0,1,...,k — 1

provided k € 1.
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Consider now the maximal interval K with the property that Ay > Ap_q and A; = A,
for e = 0,1,...,k — 1 whenever k € K. We claim that the infimum m of K has the
property that Ay = Ap_q and A; = A, for i = 0,1,....k — 1. Lemma 1 already assures
us that Ay, > A1 and A; = A; fori =0,1,...,k—1. Suppose A, > Aj_1. Then we may
repeat the above argument to find some § such that the result holds in KU(m—43, m+9),

contradicting the maximality of K.

This concludes Case 1.

Case 2: A;, < Aj_1 and Ay < Aj_4

This is similar to Case 1.

Case 3: Ay = Ap_1 and Ay, # Ap_1

This follows from Cases 1 and 2 by interchanging fry1 and k.
Case 4: A, > A1 and Ay < Ap_q

We may split this into two sub-problems. By continuity, there exists & where the
corresponding minimizer satisfies A, = Ap_q, and by Case 1 we have A; = A; for
1=0,1,...,k— 1. Then we may apply Case 3 with % in place of f;1 and Ay, and Aj_q

in place of Ay and Aj_1, respectively.

Case 5: Ay < A1 and Ay > Ap_;

This is similar to Case 4.

Case 6: Ay = A1 and Ay = Ap_q

We have Aj, = A, and the rest follows by uniqueness of minimizers.

So far, we have shown that in all cases, A; = A, for i = 0,1, ..., k— 1. Similar arguments
hold for i = k + 2,k + 3, ...,n. Hence, we have A; = A; provided i # k and i # k + 1,

as desired.

In light of Proposition 2.3.22, we pose the following problem:
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Problem 2.3.21. Given control points (z1, f1), ..., (Tn, fn), and Ao, A1, ..., Ax—2, Agt1, -, An,

find Ay and Ay that minimize

hk(av b) =¢ (d(fl’ 1(A/€—27 a)) + @ (d(fza i(av b)) + & (d(flv b, Ak-l—l))

+la — Ap_o| + |b— a| + |Apr1 — b + a*Axy + b Axp iy

We have

Ohy, 0P - 0P N

B0 = Ba (d(fi,i(Ag—1,a))) + 9 (d(fi,i(a,b)) +sgn(a — Ax_2)) —sgn(b — a) + 2aAxy,
Oh 0P 0P

87; = 5y (A(fi,)(a,8))) + = (d(fi b, Ar41))) + 5g0(b — a) — sgn(Aps2 — b) + 2bAy,

In general, the derivative of ® (d(f;,i(«, 3))) depends on the configuration of f;, «, and
6. If a < f; < B, then the partial derivatives with respect to a and § vanish. If

a<,8<fi,theng—§:0and

98 [ 2f-8) if-p<1

0B —2 otherwise
We may impose a definite configuration of @ and b with respect to the given numbers
Ag—2, Ak+1, fr—1, fx, and fri1. We assign definite values to the terms involving the
signum function as well as ®. This makes the minimization problem straightforward
and gives us a candidate solution. Since a unique minimizer exists, it defines some

configuration, and by iterating over all possible configurations we are sure to find it.
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Appendix A

Functions of Bounded Variation

Begin with the classical definition:

Definition A.1. The variation of a function u over an interval [a, b] is

n—1
V() = sup {Z u(ais) — u(xm} (A1)
=1

where the supremum is taken over all finite sequences a < 1 < T3 < ... < z, < b.

A function is said to be of bounded variation if V?(u) is finite. The space of functions

of bounded variation is denoted BV ([a, b]).
If a < ¢ <b, then VC+ VP = VP,
We have the following result due to Jordan:

Proposition A.2. If u € BV([a,b]), then u can be written as the difference of mono-

tone increasing functions.

Proof: Let T(x) = V¥(u). Then T and T' — u are nondecreasing and v =T — (T — u).

a

O

Corollary A.3. If u € BV ([a,b]), then for all € (a,b) the left- and right-hand limits

u(z —0) and u(z + 0) exist and are finite.

Proof: The left- and right-hand limits exist for any monotone function. Since the

taking of limits is finitely additive, the result follows from Proposition A.2.
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We will want to compute the variation of functions in some LP space. Definition A.1
is very sensitive to changes in the function value at individual points, and in fact we
may modify any function on a set of measure zero to ensure that the supremum in
(A.1) is infinite. On the other hand, if we take some equivalence class [u] € LP, and
there is a representative u € BV, then by Corollary A.3 we may find a left-continuous
representative, which we may take to be right-continuous at a. This choice in fact
minimizes the pointwise variation over the equivalence class [u]. Thus, when we refer

to the variation of some u € LP, we will refer to the variation of this representative.

Let u € BV and let ¢ be continuous and compactly supported in (a,b). Let 6 > 0. To
any finite sequence a < z1 < x9 < ... < Tp41 < b satisfying max{z;y+; —z;} < J, and to
any corresponding finite sequence t1,to, ..., t,, satisfying t; € [z;, z;41], we associate the

quantity

n

D vt (i) — ulz:) (A2)

i=1

Now, the difference between any two such sums is bounded above by

2sup {[1(t) — v(s)| : |t — 5| < 3} V2 (u)

This implies that the sums converge to a limit § — 0. The limit is the Riemann-Stieltjes

integral

L[y =/:wdu

This is a linear functional on Cy([a,b]). Since
| Lu()] < |2V (w),
it follows that L, is bounded. Recall the Riesz Representation Theorem:

Theorem A.4. Let X be a locally compact, separable metric space. Let F': Cp(X) —

R be bounded and linear. There exists a unique Radon measure g on X such that
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for all g € Cp(X).

Thus, there exists a Radon measure Du such that

b
Lu() = / b d(Du) (A.3)

for all ¥ € C.

Proposition A.5. Let ¢ € C}([a,b]) and u € BV. Then

bqﬁd(Du) =_ bud)'d:c
/ /

Proof: Consider a finite sequence a = z; < 2 < ... < Tpy1 = b. By the Mean
Value Theorem, for every i there exists ¢; € (z;,x;4+1) such that ¢(x;11) — ¢(x;) =

¢ (ti)(xip1 — x;). Hence,

u(z;)(P(zit1) — ¢(xi))

I
~—
8
S_/
L
=y
N
~—
8

JF
—
|
8
N
|
NE

= > d@ir) (@) — ulwii)) + ul@n)d(b) — ula)é(a)
i=1
= dl@in)(u(@i) — ulzis1))
i=1
where the last equality follows from the fact that ¢(a) = ¢(b) = 0 Now, ug’ is continuous
outside of a countable set and hence Riemann integrable. If given 6 > 0 we require that

our finite sequence satisfy z;11 — z; < 6, then as § — 0,

n

b
S (@) () (@i — w:) — / ud! da

=1

Also, since ¢ is continuous and u is of bounded variation,

n b
D b)) (ul@i) — u(@ip)) = —/ ¢ du
=1 a
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where the term on the right is a Riemann-Stieltjes integral. The result follows from

(A.3).

Corollary A.6. Du is the distributional derivative of u.

Given Radon measure p, we can consider the total variation measure |u|. For any Borel

measurable set F,

|u|(E) = sup {Z ’M’(Ei)}

where the supremum is taken over all countable partitions of E into measurable sets.

If ¢ € G} and ||¢||r=~ < 1, then

/ " (D) > / ' pd(Du)

From Proposition 2 it follows that

/abduDuoz/abuqb'

Define a functional

b
V (u, [a,b]) = sup {/ ug dz: ¢ € Ci([a,b]) and ||§||r= < 1} (A.4)

Proposition A.7. Let u € BV ([a,b]). Then

V(u, [a,b]) = [Dul((a, b))

Proof: There exist disjoint Borel-measurable sets A C (a,b) and B C (a,b) and pos-
itive Radon measures Du™ and Du~ such that Du™ is concentrated on A, Du~ is

concentrated on B, Du = Dut — Du~, and |Du| = Du™ + Du".

Let € > 0. By inner regularity of Radon measures, there exist compact sets A, C A

and B, C B such that
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Dut(A\ A) <

N

Du (B\ B.) <

N

There exists a function ¢ € C¢ such that ¢ |4,.=1, ¢ |5,= —1, and ||¢||r~ < 1. Then

/abgbd(Du) > /abd|Du| .

We also have a converse:

Proposition A.8. Let u € L'([a,b]). If V(u,[a,b]) < oo, then there exists a Radon
measure Du which is the distributional derivative of w and satisfies V' (u,[a,b]) =

[ Dul((a,b)).

Proof: Define a functional

6] = / i di

Since V (u, [a,b]) < oo, J is bounded. In fact, it is bounded on a dense subset of unit
ball in Cp, so we may extend it to a bounded linear functional on all of Cy. Hence,
we may apply the Riesz Representation Theorem to deduce the existence of a Radon

measure Du satisfying

’ ¢d(Du) = — ’ ug! da
/ /

This implies that Du is the distributional derivative of w.

The proof of Proposition 3 shows that V' (u, [a,b]) = |Dul|((a,b)).

The connection between V (u, [a,b]) and V,?(u) is provided by the following:
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Proposition A.9. Let u € L!([a,b]). There exists a representative of u, also denoted

u, such that

V(u, [a,b]) = V2 (u) (A.5)

a

Proof: See [1], Theorem 3.27

Corollary A.10. The total variation functional is convex and lower semicontinuous in

LP for 1 < p < 0.

Proof: By (A.4) and Proposition A.9, the total variation is the pointwise supremum of
a family of linear functionals that are continuous on LP for 1 < p < oco. Hence, it is
convex and lower semicontinuous in LP.

O

We now have an expression for the total variation that does not depend on the choice
of representative of u. Henceforth, we will refer to (A.4) as the total variation, and to

Definition A.1 as the pointwise variation. Moreover, we will use the notation

b
Viwfat) = [ 14 (A.6)
to denote the total variation of w.

We have the following integration by parts formula

Proposition A.11. If u € BV ([a,b]) and v € W!([a,b]), then
b 1
/ wv' dx + / vu(Df) =ub—0)v(b) —ula+ 0)v(a)
a 0
Proof: See [17], 2.9.24.

A.1 Properties of BV Functions

We may endow BV ([a,b]) with the norm
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b b
ul gy = / ] + / Dul
a a

It can be shown that BV is a Banach space under this norm. However, it is too strong for
our purposes, as it greatly limits the ways in which BV functions can be approximated.
For example, there is no smooth approximation to the Heaviside function in the BV

norm.

Instead, we will use a weaker form of convergence.

Definition A.12. Let u € BV([a,b]). A sequence {u,} C BV([a,b]) weakly* con-

verges in BV to u if

b
nh_)ngo/a |, —u| =0 (A.7)

and, for all ¢ € Cy([a,b]),

b

b
lim ¢ d(Duy,) :/ ¢ d(Du)

n—o0 a

If moreover

b b
11_}111/ |Dun|:/ | D (A.8)

we say {u,} strictly converges to u.

Using this sense of convergence, we have smooth approximations to BV functions.

Proposition A.13. Let u € BV ([a,b]). There exists a sequence {¢,} C C*([a,b])

that strictly converges to u in BV.
Proof: See [1].
Next, we have the following result on compact embedding of BV into LP spaces:

Theorem A.14. Let {u;} C BV([a,b]) and suppose there exists M such that

b b
/ |uk|—|—/ \Duk| <M
a a
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for K =1,2,.... Then there exists u € BV and a subsequence uy; such that

b
lim ug, —ulP =0
j—= J,

whenever 1 < p < 0.

Proof: See [1] for a proof in the case p = 1. The general case follows from Holder’s
inequality and the inclusion BV ([a,b]) C L*°([a,b]).

0

Another useful property is the decomposition of BV functions. Let v € BV. By
the Radon-Nikodym-Lebesgue Theorem, there exists a measurable function u’ and a

measure Du® concentrated on a set of Lebesgue measure zero, such that

Du = v'dx + Du®

The singular part Du® can be further decomposed into a purely atomic measure Du’

and a diffuse measure Du®. We may write Du® = u/dz as well.
These measures may be interpreted as follows:

Du® is the absolutely continuous component, and there is an absolutely continuous

function u® such that v’ is its almost-everywhere derivative and satisfies

Du(FE) :/ o' (z) dz
E
for any measurable set F.
Next, Du? is known as the jump component. It corresponds to a jump function u/.

Finally Du¢ is known as the Cantor component, and corresponds to a Cantor function

u€. This terminology is taken from the classical example of the Cantor-Vitali function.

This leads to a decomposition of u, namely

u=u"+u +u

We conclude this section with a result about modifying BV functions on intervals.



Lemma A.15. Let u € BV ([a,b]) and let ¢ € (a,b). Let g € [¢,b]. For any

A € [min{u(zp — 0), u(xo + 0)}, max{u(zg — 0),u(xo + 0)}]

define the function

A fe<z<d
u(z) =
u(x) otherwise

If xg = b, take A = u(b —0). Then uy € BV ([a,b]) and

b b
/]Duﬂﬁ/ | Dul

Proof: First, note that

b c b
[ 1ul= [C1Dul+ [ 1Dul+ e+ 0) ~ uge -0

If xg = b, then

ulb—0) ife<z<b

uy(r) =

u(x) otherwise

and
b c
[ 1Dwsl = [ 1Dul 4 uts ~ 0) ~ u(e - 0)

Now,

b
/ Du| > Ju(c +0) — u(b —0)|

and by the triangle inequality

lu(c+0) —u(c —0)| + |u(c +0) —u(b —0)| > |u(b—0) — u(c — 0)]

Hence,

122



123

b b
/|Du,\|§/ Dul
a a

Next, suppose xg < b. Then

b
/ |Du| > |u(c +0) —u(xo — 0)| + |u(xo + 0) — u(zo — 0)| + |u(zo + 0) — u(b — 0)]

Our hypotheses imply

|u(zo +0) — u(zg — 0)| = |\ — u(zo — 0)| + |u(zo + 0) — Al

Applying the triangle inequality, it follows that

b
/ Dul + Ju(e +0) — u(e — 0)] = [u(e—0) — Al + A — u(b — 0)]

Hence,

b b
/|Du,\|§/ | Dul

Similarly, we may prove the following;:

Proposition A.16. Let v € BV([a,b]). Let xz¢ € [a,b] and let [c,d] be an interval

containing xg. For

A € [min{u(zp — 0), u(xo + 0)}, max{u(zg — 0),u(xo + 0)}]

define the function

A fe<z<d
u(z) =
u(x) otherwise

Then uy € BV ([a,b]) and

b b
/ |Duy| < / | D
a a
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Appendix B

Variational Inequalities

Problem B.1. Given g € H~!, find v € H}([0,1]) that minimizes

1
Ljv] = /0 ()2 — (g,v) (B.1)

under the constraint |v| < 1.

Define the constraint set

K ={veH0,1]): ||v]|~ <1} (B.2)

If a solution v of B.1 were to exist, then, given € € (0,1] and u € K, then since K is

convex v + ¢(u —v) € K and hence

Liv] < Ljv+ €(u —v)]

That is,

1 1 9
/ (W) — (g,0) < / (o + (el — )’ — (g0 + e — v)
0 0

Take the difference

2 [l 1
Liv+e(u—wv)] — L[v] = ) /0 (v — ')+ 6/0 V(W =) —€elg,u —v)

This is nonnegative for all e € (0, 1], whence it follows that

1
/0 V(=) > (g, u—v) (B.3)
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for all v € K. An expression of this form is known as a variational inequality. In

general, we have the following result:

Theorem B.2. Let H be a Hilbert space and K C H closed and convex. Let a(u,v)
be a coercive bilinear form on H and F' a continuous linear functional on H. Then there

exists a unique v € K such that

a(v,u —v) > F(u—v) (B.4)
for all u € K.

For a proof, see [20], Chapter II, Theorem 2.1.

In the context of Problem B.1,

1
a(u,v):/ o'’
0

Coercivity follows from Poincare’s inequality. Since K is closed and convex, this implies
that there is a unique v € K that satisfies B.3. Then v is a unique solution of Problem

B.1.

Let A = {z: |v(z)| = 1}. This is known as the coincidence set. Since v € H}([0,1]),
it follows that A is a closed subset of (0,1). Let g € (0,1) \ A. Let 0 < § < d(xo,A)

and let Bs(xo) denote the ball of radius ¢ centered at xg.

Let ¢ € C*°(]0,1]) such that supp(¢) C Bs(zp). For sufficiently small ¢, v + e¢ € K.

Letting u = v + e¢ and substituting into B.3, it follows that

1
/d&z@@
0

If instead we set u = v — €¢, then it would follow that

1
/udg@@
0

Hence,
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/01 v'¢' = (g, ¢)

This holds for all ¢ € C°([0,1]) such that supp(¢) C Bs(xo). Repeating this for all

xo € (0,1) \ A we conclude that

=g (B.5)
on (0,1) \ A, where the equality is in the sense of distributions.

This is not yet the full picture. We want to see what happens to v” on A, especially on

its boundary. We have the following (cf. [20], Chapter II, Theorem 6.9):

Theorem B.3. Let v be the solution to Problem B.1. Then there exists a Radon

measure u concentrated on A such that

V" =p+yg

in the sense of distributions. Moreover, L {x : v(x) = —1} is nonnegative and

wl{z : v(xz) = 1} is nonpositive.
We shall make use of the following:

Theorem B.4. Let X be an open subset of R. If F' is a continuous linear functional
on C§°(X) with F(¢) > 0 for all nonnegative ¢ € C§°(X), then there exists a positive

measure pu such that

F@:A¢w (B.6)

For a proof, see [19], Theorem 2.1.7.

Proof of Theorem B.3: Let X = {z: v(z) < % The mapping

¢H/v¢ (0.6

is continuous and linear for all ¢ € C§°(X). If ¢ is nonnegative on X, then v +e€¢p € K

for sufficiently small €. As above, we use the variational inequality to deduce that
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/dd—@@zo
X

Hence, there exists a nonnegative Radon measure u+ such that

J =00 = [ oan

From B.5 it follows that u™ is concentrated on X N A.

Similarly, if we let Y = { : v(z) > —2, we deduce the existence of a nonpositive Radon

measure —u~ concentrated on X N A that satisfies

| oo —ta.0) == [ oar

for all ¢ € CF°(Y).

Letting g = u™ — p~, we can combine the above and deduce that

l/ vl - /‘édu

for all ¢ € C§°([0,1]). Hence,

—v'=pu+g

in the sense of distributions.
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Appendix C

Approximation of L? Functions by Step Functions

We will show that step functions are dense in L?. We show that smooth functions can
be approximated by step functions in the L? norm, and then use the density of C* in

L2

Lemma C.1. : Let ¢ € C*(]0,1]). For all ¢ > 0, there exist disjoint intervals
Ey, Es, ..., Ey, whose union is the interval [0,1], and numbers A1, g, ..., A\x such that

the step function

k
ge@) =Y Nixe, (2) (C.1)
i=1

satisfies

1
/0 6—gl<e (C.2)

Proof: Suppose ¢ € C*([0,1]) and let

M = sup {|¢(z)[}

z€[0,1]

Let € > 0. Choose a natural number N such that

M?
N> ——
€
Define a sequence {xg,x1,...,xN} where
1

Define a function g. by
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N
9e(®) =Y (@i 1)X[w_y 00) () (C.3)
i=1
Then, on the interval [z;_1,x;),
M
|lge = ¢llL~ < N
Hence,
zi 1 /M\?
2
_ < = )
[ o< 5 (F) ()
We may write
1 N T4
/0 G- => [ (0P
i=1 v Ti-1

By (C.4), this implies

k%)z (C.5)
<€
O

Proposition C.2. Let f € L?([0,1]). For all € > 0, there exists a step function g, such

that

1
/O If — g2l <e (C.6)

Proof: Suppose f € L%([0,1]) and let ¢ > 0. The density of C*([0,1]) in L? ensures

that there exists a smooth function ¢ such that

A%¢—ﬁ2<

N
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By Lemma C.1, there exists g, such that

/01(45—96)2 <

N

Therefore,

1
/If—gf\<6
0
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