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By Jingnan Fan

Dissertation Director:

Andrzej Ruszczynski

In this thesis, we develop theoretical foundations of the theory of dynamic risk mea-
sures for controlled stochastic processes, and we apply our theory to Markov decision
processes (MDP) and partially observable Markov decision processes (POMDP).

We consider a new class of dynamic risk measures for controlled discrete-time s-
tochastic processes, which we call process-based. By introducing a new concept of
stochastic conditional time consistency, we derive the structure of process-based risk
measures enjoying this property. It is shown that such risk measures can be equiva-
lently represented by a collection of static law-invariant risk measures on the space of
functions of the state of the base process.

The results are first specialized to Markov decision problems (MDP), in which we
use process-based dynamic risk measures to evaluate control policies. We derive the
refined structure of risk measures for this kind of problems, along with the associated

dynamic programming equations.
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We then specialize our theory to partially observable Markov decision problems
(POMDP). Compared to MDP, in POMDP we can only observe part of the state, and
we need to infer the rest of the state conditional on our observations. We derive that the
stochastically conditionally time-consistent dynamic risk measures can be represented
by a sequence of law-invariant risk measures on the space of function of the observable
part of the state. The corresponding dynamic programming equations are also derived.

Finally, as an application to our theory on POMDP, we study a model for machine

deterioration problem.
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Chapter 1

Introduction and Preliminaries

1.1 Introduction

Quantifying risk in a dynamic multistage setup is a research subject that is intruiging
and of immense practical importance. In the extant literature, three basic approaches to
introduce risk aversion for discrete-time processes have been employed: utility functions
(see, e.g., [31, 32, 19, 7, 33]), mean—variance models (see. e.g., [63, 23, 42, 1]), and
entropic (exponential) models (see, e.g., [29, 43, 10, 17, 20, 40, 7]).

In recent years, as a multistage extension to the classical theory of risk measures,
the theory of dynamic risk measures emerges as a more general tool for quantifying risk
compared to the approaches mentioned above, see [58, 48, 53, 24, 15, 55, 4, 47, 35, 34, 16]
and the references therein. The basic setting is the following: we have a probability
space (§2,F,P), a filtration {F;},—1__r with a trivial 71, and we define appropriate
spaces Z; of Fi-measurable random variables, ¢t = 1,...,7. Foreacht =1,...,T, a
mapping p, . : Zr — Z; is called a conditional risk measure. The central role in the
theory is played by the concept of time consistency, which regulates relations between
the mappings p, ;. and p, ;. for different s and ¢. One definition employed in the literature
is the following: for all Z,W € Zr, if p, . (Z) < p, (W) then p, . (Z) < p, (W) for
all s < t. This can be used to derive recursive relations p, ,(Z2) = p, (p,,, (Z)), with
simpler one-step conditional risk mappings p, : Zex1 — Z¢, t = 1,...,7 — 1. Much
effort has been devoted to derive dual representations of the conditional risk mapping
and to study their evolution in various settings.

When applied to processes described by controlled kernels, in particular, to Markov
processes, the theory of dynamic measures of risk encounters difficulties. The spaces

Z; are different for different ¢, and thus each one-step mapping p, has different domain



and range spaces. With Z; containing all F; measurable random variables, arbitrary
dependence of p, on the past is allowed. Moreover, no satisfactory theory of law-
invariant dynamic risk measures exists, which would be suitable for Markov control
problems (the restrictive definitions of law invariance employed in [37] and [59] lead to
conclusions of limited practical usefulness, while the translation of the approach of [62]
to the Markov case appears to be difficult). These difficulties are compounded in the
case of controlled processes, when a control policy changes the probability measure on
the space of paths of the process. Risk measurement of the entire family of processes
defined by control policies is needed.

Motivated by these issues, a specific class of dynamic risk measures was introduced
in [57], which is well-suited for Markov problems. It was postulated in [57] that the
one-step conditional risk mappings p, have a special form, which allows for their repre-
sentation in terms of static risk measures on the space of functions defined on the state
space of the Markov process. This restriction allowed for the development of dynam-
ic programming equations and corresponding solution methods, which generalizes the
well-known results for expected value problems. The ideas were successfully extended
in [13, 12, 41, 61]. However, the construction of the Markov risk measures appeared
somewhat arbitrary.

Aiming at building more solid theoretical foundations for the Markov risk measures
introduced in [57], in this thesis, we introduce and analyze a general class of risk mea-
sures, which we call process-based. We consider a controlled process {X;}=1 7 taking
values in a state space X, whose conditional distributions are described by controlled

history-dependent transition kernels
Qi:X'xU—-PX), t=1,...,T -1,

where

Xl=Xx - xX,
N —
t times

and U is a certain control space. Any history-dependent (measurable) control u; =
me(21,...,2¢) is allowed. In this setting, we are only interested in measuring risk of

stochastic processes of the form Z; = ¢;( Xy, uy), t =1,...,T, where ¢; : X xU — R can



be any bounded measurable function. This restriction of the class of stochastic processes
for which risk needs to be measured is one of the two cornerstones of our approach.
The other cornerstone is our new concept of stochastic conditional time consistency.
It is more restrictive than the usual time consistency, because it involves conditional
distributions and uses stochastic dominance rather than the pointwise order.

These two foundations allow for the development of a theory of dynamic risk mea-
sures for controlled processes. We demonstrate that dynamic risk measures for history-
dependent controlled processes can be fully described by a sequence of static law-
invariant risk measures on a space V of measurable functions on the state space X.
This proves that our theory generalizes the utility and entropic models. On the other
hand, the mean—variance models do not satisfy, in general, the monotonicity and time
consistency conditions, except the version of [14].

In the special case of controlled Markov processes, we derive the structure postu-
lated in [57], thus providing its solid theoretical foundations. We also derive dynamic
programming equations in a much more general setting than that of [57]. For multistage
stochastic programming problems with decision-dependent probabilities, we derive from
our axioms the form of risk measures on a scenario tree and we also derive the associated
dynamic programming equations.

In the second part of the thesis, we develop risk theory for partially observable con-
trolled Markov processes. In the expected-value case, this classical topic is covered
in many monographs (see, e.g., [28, 9, 6] and the references therein). The standard
approach is to consider the belief state space, involving the space of probability dis-
tributions of the unobserved part of the state. The recent article [21] provides the
state-of-the-art setting. The risk-averse case has been dealt, so far, with the use of the
entropic risk measure [30, 22]. A more general partially-observable utility model was
recently analyzed in [8].

In a partially-observable model, with the state process {X;,Y;}i=1 . 7, where X;
is observable at time ¢, while {Y;} is unobservable, the concepts of conditional and
dynamic risk measures are insufficient. The reason is that the cost process, in general,

is adapted to the full filtration {]—'tX ’Y} defined by the full state process { Xy, Y;}, while



the dynamic risk evaluation has to be available at each time ¢, and thus must be adapted
to the sub-filtration {]:iX } defined by the observable part of the state process. To deal
with this difficulty, we introduce the concept of a risk filter. We postulate a new property
of stochastic conditional time consistency of such a filter. Our main result is that the
risk filters can be equivalently modeled by special forms of transition risk mappings:
static risk measures on the space of functions defined on the observable part of the
state only. We also derive dynamic programming equations for risk-averse partially
observable Markov models. In these equations, the state space comprises belief states
and observable states, as in the expected value model, but the conditional expectation

is replaced by a transition risk mapping.

1.2 Outline of the Dissertation

The thesis is organized as follows.

e We briefly review the fundamental theory of static risk measures in the rest of

this chapter.

e In Chapter 2 and 3 we consider general discrete-time stochastic processes and in-
troduce a new class of risk measures that are process-based. A new property for
process-based dynamic risk measures, which we call stochastic conditional time
consistency, is also introduced (Definitions 2.3.1, 3.2.1). Respectively for uncon-
trolled processes (Chapter 2) and controlled processes (Chapter 3), we charac-
terize the structure of dynamic risk measures enjoying this property (Theorems

2.4.5, 3.2.3).

e In Chapter 4 we specialize the concepts and results to controlled Markov processes.
We introduce the concept of Markov risk measures and we derive its structure
(Theorem 4.1.3). In Section 4.2, we prove the dynamic programming equations in
this case. In Section 4.3, we consider multistage stochastic programming problems
in which the exogenous (data) process is history-dependent, while the physical

state evolves according to a controlled state equation.



e In Chapter 5 we extend our theory to partially observable Markov process (POMD-
P). The concept of risk filters is introduced (Section 5.2) and their structures are
derived under stochastic conditional time consistency (Theorem 5.3.8). In Sec-
tion 5.4, we prove the dynamic programming equations for risk-averse partially

observable models.

e In Chapter 6, we apply our theory for POMDP to a machine replacement problem.

1.3 Static Risk Measures

The modern theory of static risk measures has been established since late 1990’s [2, 3,
25, 26, 27], while a list of axioms are imposed to define the concept of coherent risk
measures. We would like to point out that our convention throughout the thesis might
be different compared to some literature: we adopt the convention that smaller values
of random variables are preferred, while the values can be interpreted as “costs”. Let
us begin with presenting the rigorous definition for risk measures.
Definition 1.3.1. Assume that (2, F, P) is a probability space and Z = L,(2, F, P) is
the space of all p-integrable random variables with p € [1,+00]. A function p: Z — R
is called a convex risk measure if it satisfies the following axioms:

e Monotonicity. If V,Z € Z and V < Z, then p(V) < p(Z).

o Convexity. p(aZ+(1—a)V) <ap(Z)+(1—a)p(V), VZ,VeZ ac]01l].

e Translation Equivariance. If c€ R and Z € Z, then p(c+ Z) = c+ p(Z).

Furthermore, a risk measure is called a coherent risk measure if additionally it

satisfies
e Positive Homogeneity. If v > 0 and Z € Z, then p(vZ) = vp(Z).
A convex risk measure satisfies the following property.

Proposition 1.3.2. If p is a convex risk measure, then for all Z € Z, p(Z) is the

certainty equivalent to Z, namely



Let us discuss each of the properties in Definition 1.3.1 and explain their modeling
motivations. The theory of risk measure originates from the need of quantifying risk
in financial instruments, and here it is illuminating to think of Z as a random variable
representing the loss of a portfolio in different scenarios, where a positive number stands
for a loss and a negative number stands for a gain. The word “risk” in our discussion
that follows refers to a comprehensive summary of “unacceptability” a portfolio incurs,
with a higher number leading to a “less acceptable” portfolio. This includes the level of
uncertainty of the return of the portfolio, but also includes the average performance of
the portfolio. In contrast, sometimes in the literature, the term “risk” only corresponds
to the level of uncertainty.

The monotonicity axiom is straightforward and expresses the fact that if a portfolio
loses less than another portfolio in all circumstances, it is a better portfolio. The
convexity axiom corresponds to the benefit of diversification: by forming a convex
combination of two portfolios, the risk of the newly created hybrid portfolio is never
larger than the convex combination of the risks of the original two portfolios, and
sometimes the risk is lower. The translation equivariance axiom stipulates that all sure
losses contribute directly to the certainty equivalent. Finally, the positive homogeneity
means that we cannot achieve lower risk by simply combining identical portfolios.

Let us illustrate the definition of risk measures by several examples.

Example 1.3.3 (Ogryczak and Ruszczynski [44, 45]). The mean-semideviation risk

measure is defined as
p(Z) =E[Z] + k|(Z = E[Z])+[lp, € [0,1],
and it is a coherent risk measure.

Example 1.3.4 (Rockafellar and Uryasev [51, 52]). The average (or conditional)

value at risk is defined as

1
AVaR, () = min {t + éE[(Z - tm} - ;/1_ F;\(8)d, ac (0,1).

This risk measure is a coherent risk measure, and we shall see in the next section
that it is particularly important because it acts as a basic building block for Kusuoka

representation of law-invariant risk measures.



Example 1.3.5 (Follmer and Schied [26]). The entropic risk measure is defined as

p(Z) = ilnE (7], y>o.

It is a convex risk measure. Note that it is not a coherent risk measure as it does not

satisfy the positive homogeneity axiom.

1.4 Dual Representation of Coherent Risk Measures

One of the most remarkable properties of coherent risk measures is the following dual

representation.

Theorem 1.4.1 (Dual Representation). Assume that Z = LP(Q,F,P), p € [1,00),

and define q to be the conjugate of p, i.e. 1/p+1/q=1. We also define

Pq:{QeP(Q,}') | /Q‘Zg‘qu<+oo}.

A function p : Z — R is a coherent risk measure if and only if there exists a convex

closed set A C Py such that

p(2) = mae | 2l (1.1)

This dual representation theorem is a special case of conjugate duality in con-
vex analysis [50]. In the risk measure context, it was initially proved in the finite-
dimensional case in [3] and was later refined in several papers (e.g., [27, 56]). Theo-
rem 1.4.1 is important as it is the foundation of many numerical methods for optimizing
risk measures.

It turns out that if we additionally assume that the risk measure is law-invariant,

we have an even more explicit representation theorem.

Definition 1.4.2. A coherent risk measure p is called law-invariant (w.r.t. the
underlying probability P) if Z ~g W implies p(Z) = p(W), where ~g stands for

equality in distribution, i.e., P|Z <n] = P[W <] for alln € R.

We check readily that the Average Value at Risk (AVaR) presented in Example
1.3.4 is a law-invariant coherent risk measure. The following theorem, due to Kusuoka,

states that all law-invariant coherent risk measure can be represented using AVaR.



Theorem 1.4.3 (Kusuoka [39]). Assume that (2, F, P) is atomless and Z2 = LP(Q), F, P).
Then p : Z — R is a law-invariant coherent risk measure if and only if there exists a
convez set A C P((0,1]) such that

p(Z) = sup/ AVaRy(Z)Nda), VZ € Z, (1.2)
xe J[o,1)

The Kusuoka representation theorem establishes a correspondence between the set
of law-invariant coherent risk measures and the set of all convex sets of 73((0, 1]) We
hence obtain a very handy way to construct law-invariant coherent risk measures: it
suffices to define a convex set of P((0,1]) and define the risk measure via (1.2). In
the special case where A contains only one element, the corresponding law-invariant
coherent risk measure is called spectral.

Let us revisit some of the examples presented in the previous section and examine
these representation theorems in an explicit fashion.

We start with the Average Value at Risk (AVaR) presented in Example 1.3.4. We
check readily that it is a law-invariant coherent risk measure. In [56] it was proved that

AVaR,, has a dual representation (1.1) with

du 1
= <2<z =1%.
A {u|0_dp_a,,u((2) 1}

AVaR,, has an obvious Kusuoka representation (1.2) with A = {04}, where § stands for
the Dirac mass.

We then look at the mean-semideviation risk measure presented in Example 1.3.3.
Again we check readily that it is a law-invariant coherent risk measure. It was also

proved in [56] that the set A in the dual representation theorem is given by

A:{u j]/i:l—i—h—/ﬂh(w)P(dw), HthSH,hZO}.

Moreover, in [46, Lemma 3.6] the authors proved that the Kusuoka representation of

the first order mean-semideviation risk measure (p = 1) has the form
A={XeP(0,1)) | Ja € (0,1), A = kady + (1 — kKa)d1 },

where ¢ stands for the Dirac mass.



Chapter 2

Risk Measures Based on Observable Processes

In this chapter we introduce fundamental concepts and properties of dynamic risk mea-
sures for uncontrolled stochastic processes in discrete time. In Section 2.1 we set up our
probabilistic framework, and in Sections 2.2 and 2.3 we revisit some important concept-
s existing in the literature. In Section 2.4, we introduce the new notion of stochastic
conditional time consistency, which is a stronger requirement on the dynamic risk mea-
sure than the standard time consistency, and which is particularly useful for controlled
stochastic processes. Based on this concept, we derive the structure of dynamic risk
measures involving transition risk mappings: a family of static risk measures on the

space of functions of a state.

2.1 Preliminaries

In all subsequent considerations, we work with a Borel subset X of a Polish space
(a separable and complete metric space) and the product measurable space (Q =
XT,F = B(X)T) where T is a positive integer and B(X)” is the product o-algebra of

Borel sets. For an element of X7, we use {Xi}i=1,.. 7 to denote the discrete-time process

of projections of X on the coordinate spaces. For t = 1,...,T, we also define H; = X*
to be the space of possible histories up to time ¢, and we use h; = (z1,...,2) for a
generic element of Hy: a specific history up to time ¢. The random vector (X1, ..., X})

will be denoted by H;. In applications, X is usually a finite or finite-dimensional space,
but we use a more general setting to allow for X’ to be the space of probability measures

(for instance the space of belief states in POMDP).

We assume that for all t = 1,...,7 — 1, the transition kernels, which describe
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the conditional distribution of X1, given Xy, -, X}, are measurable functions
Qi : X' = PX), t=1,...,T—1, (2.1)

where P(X) is the set of probability measures on (X, B(X)). These kernels, along with
the initial distribution of X7, define a unique probability measure P on the product
space XT with the product o-algebra.

For a stochastic system described above, we consider a sequence of random variables
{Z;}4=1,...r taking values in R; we assume that lower values of Z; are preferred (e.g.,
Z; represents a “cost” at time t). We require {Z;};—1 .7 to be bounded and adapted
to {Ft}t=1,.. 1 - the natural filtration generated by the process X. In order to facilitate

our discussion, we introduce the following spaces:
Zy = { Z:xT SR ’ 7 is Fp-measurable and bounded} , t=1,...,T. (2.2)
It is then equivalent to say that Z; € Z;. We also introduce the spaces

ZtT:ZtX"'XZ

T

representing the space of sequences of costs starting from time ¢.
Since Z; is Fy-measurable, a measurable function ¢; : X* — R exists such that
Zy = ¢(X1,...,Xy). With a slight abuse of notation, we still use Z; to denote this

function.

2.2 Dynamic Risk Measures

In this section, we quickly review some definitions and concepts related to conditional
and dynamic risk measures. All relations (e.g., equality, inequality) between random

variables are understood in the “everywhere” sense.

Definition 2.2.1. A mapping p,, : Ze7 — Zt, where 1 <t < T, is called a con-
ditional risk measure, if it has the monotonicity property: for all (Zy,...,Z,)
and (Wy, ..., W) in Zyr, if Zs < Wy, for all s = t,...,T, then p, . (Zs, ..., Z;) <
Pt,T(th W),
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Definition 2.2.2. A conditional risk measure Pog i 2t — 21
(i) is normalized if p, .(0,...,0) = 0;

(i) is translation-invariant if for all (Z;,...,Z,) € Z 7,

pt,T(Zt7 e 7ZT) = Zt +pt,T<O7 Zt+1, e '7ZT>'

Compared to the properties introduced in Definition 1.3.1 for static risk measures,
the normalization property is weaker than the positive homogeneity and the translation
invariance is a dynamic version of translation equivariance. Throughout the chapter, we
assume all conditional risk measures to be at least normalized. Translation-invariance
is a fundamental property, which will also be frequently used; under normalization, it

implies that p, .(Z,0,...,0) = Z;.
Definition 2.2.3. A conditional risk measure p, ;. has the local property if

]lApt,T(Ztv SR ZT) = pt,T(]]-AZtu ce e ]lAZT)a
for all (Zy,...,Z,) € Zy7 and for all events A € F;.

The local property means that the conditional risk measure at time ¢ restricted to

any JFi-event A is not influenced by the values that Z;, ..., Z, take on A°.

is a sequence of

Definition 2.2.4. A dynamic risk measure p = {pt,T}tzl T

conditional risk measures Por @ 2t — Zi. We say that p is normalized, translation-
invariant, or has the local property, if all p, ., t =1,...,T, satisfy the respective con-

ditions of Definitions 2.2.2 or 2.2.3.

Note that the above definitions and time consistency in the following section can
be introduced on a underlying probability space (€2, F, P) equipped with filtrations
{Fi}t=1,.. 7, and cost spaces Z; = L,(2, F;, P), where Q is not necessarily XT. Here
we choose the natural model by starting from the process X and its transition kernels

for two reasons:

e In this work we really want to focus on the history H; that can happen.

e It is easy to extend this setup to the controlled case (Chapter 3) by allowing

various distributions P for (X7, B(X)T).
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2.3 Time Consistency

The notion of time consistency can be formulated in different ways, with weaker or
stronger assumptions; but the key idea is that if one sequence of costs, compared to
another sequence, has the same current cost and lower measure in the future, then it
should have lower current measure. In this and the next section, we discuss two for-
mulations of time consistency: the (now) standard one, and our new proposal specially
suited for process-based measures. We also show how the tower property (the recursive
relation between p, ;. and p,_, . that the time consistency implies) improves with the
more refined time consistency concept. The following definition of time consistency was

employed in [57].

is time-consistent if for

Definition 2.3.1. A dynamic risk measure {pt,T}tzl o

any 1 <t <T and for all (Zy,...,Z71),(Wy,...,W,.) € Z, the conditions

Zt = th
Piy1,r (Zt+17 ce ZT) < Piy1r (Wt+17 s WT)?

imply that p, . (Ze, ..., Z) < p o (Wey oo, W),

In the extant literature, time consistency is usually defined for mappings p, ;. :
Zr — Z;, which evaluate at time t the risk of a final cost Zp. In [4] it is required
that p, (Z;) = p,r(p.r(Zy)) for all 1 <t < s < T. Our definition, restricted to
sequences of form (0,...,0,Z,), is equivalent to it, which can be easily verified by
induction. In [60, Def. 6.79] a strong version of Definition 2.3.1 is introduced (with
sharp inequalities).

It turns out that a translation-invariant and time-consistent dynamic risk measure

can be decomposed into and then reconstructed from so-called one-step conditional risk

mappings.
Theorem 2.3.2 ([57]). A dynamic risk measure {pt,T}tzl . 18 translation-invariant
and time-consistent if and only if there exist mappings p, : Zy41 — Z¢, t=1,...,T -1,

satisfying the monotonicity and normalization properties, called one-step conditional
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risk mappings, such that for allt=1,..., T —1,

pz,T(Zt’ SR ZT) =Zi+ Py (pt+1,T (Zt-i-l’ ce ZT))‘ (23)

This relation is related to the Koopmans equation [36] for utility functions. The
operators A(Zy, Zy+1) = Zy+ p,(Zi41) generalize the concept of aggregator to measures
of risk.

In general, time consistency does not imply the local property, unless additional
conditions are satisfied.

Conceptually, the one-step conditional risk mappings play a similar role to one-step
conditional expectations, and will be very useful when an analog of the tower prop-
erty is involved. At this stage, without further refinement of assumptions, it remains
a fairly abstract and general object that is hard to characterize. In [33], for the case
of the expected utility model, p, was a conditional expectation of a pointwise mono-
tonic transformation of its argument. In [57], a more general, but seemingly special
form of this one-step conditional risk mappings was imposed, which was well suited
for Markovian applications, but it was unclear whether other forms of such mappings
exist. In order to gain deeper understanding of these concepts, we introduce a stronger
notion of time consistency, and we argue that any one-step conditional risk mapping is
of the form postulated in [57]. To this end, we use the particular structure of the space

(X T Bx )T) and the way a probability measure is defined on this space.

2.4 Stochastic Conditional Time Consistency and Transition Risk

Mappings

We now refine the concept of time consistency for process-based risk measures.

Definition 2.4.1. A dynamic risk measure {pt,T}tzl _p 1s stochastically condi-
tionally time-consistent with respect to {Q¢}i=1,..7—1 if for any 1 <t <T —1, for

any hy € X', and for all (Zy,...,2.), (Wy,...,W,.) € Z; 1, the conditions

Zi(he) = Wi(hy), (2.4)

(pt+17T(Zt+17 RN} ZT) | Ht = h’t) jst (pz+1’T(Wt+1a LRI WT) | Ht = ht)u
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imply

P (Zt7 R ZT)(ht) < P, (Wta AR WT)(h’t)7 (2'5)

where the relation =g is the conditional stochastic order understood as follows:

Qihe) ({1 prsra(Zests . Zg)(has2) > })

< Qulhe) ({21 prvr e Wertso -, W) (i) >0 }), Y€ R,

When the choice of the underlying transition kernels is clear from the context, we will

simply say that the dynamic risk measure is stochastically conditionally time-consistent.

Proposition 2.4.2. If a dynamic risk measure {pt,T}tzl 18 stochastically condi-

T

tionally time-consistent and has the translation property, then it is time-consistent and

has the local property.

Proof. Suppose { pt,T} =1 T is stochastically conditionally time-consistent. We verify
Definition 2.3.1. If Z; = Wy and p,,, . (Ziy1,--,Z;) < poiy e Wiy, ..., W,) (point-
wise) then (2.4) is true, for all h;. Then Definition 2.4.1 implies that (2.5) is true, and
thus {ptﬂT}t:L“"T is time-consistent.

Let us prove by induction on ¢ from 7" down to 1 that p, , have the local property.

Clearly, p; . does: if A € Fr, then Definition 2.2.2 yields
]]‘ApT,T(ZT) = ]]‘AZT = pT,T(:H‘AZT)'

Suppose p,, , satisfies the local property for some 1 < ¢ < T', and consider any

A€ Fy, any hy € X', and any (Zy,...,2Z,) € Z;r. Two cases may occur.

o If 14(ht) =0, then [14Z](ht) = 0. The local property for t + 1 yields:

[pt+1,T(]lAZt+17 s HAZT)} (ht7 ) = []]‘Apt+1,T(Zt+17 SER) ZT)] (ht, ) =0.

By stochastic conditional time consistency,

pt,T(]]‘AZt’ ]lAZt+1, ceey HAZT)(ht) = pt,T(O’ e ,0)(ht) =0.
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o If 14(ht) =1, then [14Z;](ht) = Z¢(ht). The local property for ¢ + 1 implies that

[thrl,T(ﬂAZter ceey ]lAZT)] (htv )
= []]‘Apt+1,T(Zt+17' "7ZT)] (hta')
= pt+1,T(Zt+17"')ZT)(ht)')'

By stochastic conditional time consistency,

pt,T(]lAZta sy ]lAZT)(ht) = pt,T(Zt7 s 7ZT)(ht)‘
In both cases, p, , (14Z¢,...,14Z;)(h) = [ﬂAPt,T (Zty ... Zp)] (). O

The following examples illustrate the differences between the concepts of time con-

sistency and stochastic conditional time consistency.

Example 2.4.3. Suppose X = {0,1}, T = 2, Q(x) = {1/2,1/2} for both x € X.
A random element Zy is a function of x1, while Zy is a function of the pair (x1,x2).

Consider the risk measure

p12(Z1, Z2) (1) = Z1(21) + Zo(21, 21),
(2.6)
p2.2(Z2)(x1, 22) = Za(x1, 22).

It is time-consistent: if Zy = W1 and Zo < Wy then also p12(Z1, Z2) < p12(W1, Wa).

It also has the normalization, translation, and local properties. Let

Zy(x1) =0,

Za (w1, 22) = T2;

Wi(z1) =0,

Wo(x1,22) = 1 — 9.
The conditional distributions of Zs and Wa are identical, and Definition 2.4.1 re-
quires that p12(Z1,Z2) = p12(Wi,Wa). But (2.6) yields p12(Z1,Z2)(x1) = x1 and
p12(W1, Wa)(z1) =1 — x1. The measure (2.6) is not stochastically conditionally time-

consistent. The reason is that it does not include the distribution of the next state in

the risk evaluation. O
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Generally, the definition of dynamic risk measures in Section 2.2 and the definition
of time consistency property in Section 2.3 are valid with any filtration on an underlying
probability space (2, F, P), instead of process-generated filtration. However, from now
on, we only consider dynamic risk measures defined with a filtration generated by a
specific process, because we are interested in those risk measures which can be evaluated
on each specific history path. That is why we call these risk measures “process-based.”

The following proposition shows that the stochastic conditional time consistency
implies that the one-step risk mappings p, can be equivalently represented by static

law-invariant risk measures on V, where
V ={v:X — R|v is measurable and bounded} . (2.7)

Let us first restate Definition 1.4.2 on law invariance and make the dependency on

the underlying probability measure explicit.

Definition 2.4.4. A measurable function r : V — R is law-invariant with respect

to the probability measure q on (X,B(X)), if for all v,w € V
(U\q ~t w|q) = (r(v) = r(w)),
where (v|q ~st w|q) means that ¢({v < n}) = q({w < n}) for alln € R.
We can now state the main result of this section.

18 translation-

Theorem 2.4.5. A process-based dynamic risk measure {pt,T}tzl o

invariant and stochastically conditionally time-consistent if and only if functionals oy :
graph(Qy) xV —= R, t =1,...,T — 1, exist, such that

(i) forallt=1,...,T—1 and all hy € X, the functional o¢(hy, Qi(ht), ) is a normalized,
monotonic, and law-invariant risk measure on V with respect to the distribution Q(hy);

(ii) forallt=1,...,T =1, for all (Z,...,Z,) € Zi 1, and for all hy € X*,

pt,T(Zt7 ) ZT)(ht) = Zt(ht) + ot (ht7 Qt(ht)a Pesir (Zt+17 T ZT)(h’t? )) (28)

Moreover, for allt = 1,...,T — 1, oy is uniquely determined by p, , as follows: for

every hy € Xt and everyv €V,

O't(ht, Qt(ht), U) = ,Ot’T (O, V, O, Ce ,0)(ht), (29)
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where V' € Z41 satisfies the equation V (he,-) = v(+), and can be arbitrary elsewhere.

Proof. e Assume { J } 1 is translation-invariant and stochastically condition-

T

ally time-consistent. We shall prove the existence of o; satisfying (2.8)—(2.9).
Formula (2.9) defines a normalized and monotonic risk measure on the space V.
Define, for a fixed h; € X,

U($) = pt+1,T(Zt+17 . '7ZT)(ht7x)a Vz e Xa

v(x), if hipr = (he, x),
V(hi1) =

0, otherwise.

By translation invariance and normalization,

pt+1,T(V7 0,... 70)(ht7 ) = V(ht7 ) = pt+1,T(Zt+17 SER) ZT)(ht7 )

Thus, by the translation property and stochastic conditional time consistency,

Pir (Zt7 ) ZT)(ht) = Zt(ht) + P, (07 Zt-‘rlv R ZT)(ht)
= Zt(ht) + lot,T (0, ‘/, O, . ,0)(ht>

= Zi(ht) + ot(he, Qe(he), v).
This chain of relations proves also the uniqueness of oy.

We need only verify the postulated law invariance of o¢(he, Q¢(hy), ). If V.V’ €
Z11 have the same conditional distribution, given h¢, then Definition 2.4.1 implies
that p, ,.(0,V,0,...,0)(h¢) = p,,(0,V',0,...,0)(h), and law invariance follows
from (2.9).

e On the other hand, if such transition risk mappings exist, then { pt’T} =1 T is
stochastically conditionally time-consistent by the monotonicity and law invari-
ance of o(h¢,-). In order to show the translation invariance of p, ., we can use

(2.8) to obtain for any t = 1,...,7 — 1, and for all h; € X* the following identity:

p@T (07 Zt+17 ceey ZT)(ht) = 0y (ht7 Qt(ht)a Piy1T (Zt+17 ceey ZT)(hta ))

= pt,T(Ztv SRR ZT)(ht) — Zy(ht).
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Remark 2.4.6. With a slight abuse of notation, we included the distribution Q¢(ht)
as an argument of the transition risk mapping in view of the application to controlled

processes.

In the following examples, we apply common static risk measures (Examples 1.3.3-

1.3.5) to oy to construct dynamic risk measures.

Example 2.4.7. In the theory of risk-sensitive Markov decision processes, the following

family of entropic risk measures is employed (see [29, 43, 18, 54, 10, 17, 20, 40, 7]):

pt’T(Zt,...,ZT):iln(E[exp(’nyths)‘]—"4), t=1,...,7, ~v>0.

It is stochastically conditionally time-consistent, and corresponds to the transition risk

mapping

oi(hy,q,v) = iln (Eqle™]) = iln (/X @) q(daz)), v > 0. (2.10)

In the construction of a dynamic risk measure, we use ¢ = Q(hy). We could also make
v in (2.10) dependent on the time t, the current state xy, or even the entire history hy,
and still obtain a stochastically conditionally time-consistent dynamic risk measure. If
v depends on t and x; only, the mapping (2.10) corresponds to a Markov risk measure

discussed in Sections 4.1 and 4.2. [l

Example 2.4.8. The following transition risk mapping satisfies the condition of The-
orem 2.4.5 and corresponds to a stochastically conditionally time-consistent dynamic

risk measure:

outa.e) = [ oty atas) ) [ (o) [ w06 at@) [ @)

(2.11)
where » @ X' — [0,1] is a measurable function, and p € [1,+00). It is an analogue
of the static mean—semideviation measure of risk (Example 1.3.3), whose consistency
with stochastic dominance is well-known [44, 45]. In the construction of a dynamic risk
measure, we use ¢ = Q¢(hy). If 3 depends on xy only, the mapping (2.11) corresponds

to a Markov risk measure (see Sections 4.1 and 4.2). O
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Example 2.4.9. The following transition risk mapping is derived from the Average

Value at Risk [51]:

. 1
oulhrsa) =min {n+ o [ (o) = 0), atan ). (2.12)

where ay(hy) is a measurable function with values in [aumin, dmax] C (0,1). The map-
ping (2.12) satisfies the condition of Theorem 2.4.5; its consistency with stochastic

dominance is well-known [{6]. O

Our use of the stochastic dominance relation in the definition of stochastic condi-

tional time consistency rules out some candidates for transition risk mappings.

Example 2.4.10. Suppose o(ht,q,v) = v(x1), where x1 € X is a selected state. Such
a mapping is a coherent measure of risk, as a function of the last argument, and may
be law-invariant. In particular, it is law-invariant with X = {x1,z2}, q(z1) = 1/3,
q(z2) = 2/3, v(x1) = 3, v(z2) = 1, w(z1) = 2, w(z2) = 4. For this mapping, we have
v 2t w under q, but oy(hy,q,v) > oi(hy,q,w), and thus the condition of stochastic
conditional time consistency is violated. This is due to the fact that the probability of
reaching x1, no matter how small, does not affect the value of the risk measure. We
consciously exclude such cases, because in controlled systems, to be discussed in the
next section, the second argument (q) is the only one that depends on our decisions. It
should be included in the definition of our preferences, if practically meaningful results

are to be obtained. O
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Chapter 3

Risk Measures for Controlled Stochastic Processes

We now extend the setting of Chapter 2 by allowing the transition kernels (2.1) to

depend on control variables u;.

3.1 The Model

We still work with the process {X;}:—1 7 on the space X T and introduce a control
space U, which is assumed to be a Borel subset of a Polish space. At each time ¢, we
observe the state x; and then apply a control u; € U. We assume that the admissi-
ble control sets and the transition kernels (conditional distributions of the next state)
depend on all currently-known state and control values. More precisely, we make the

following assumptions:

1. For all t = 1,...,T, we require that u; € U(x1,u1,...,T4—1,u—1,7;), where
U : G = U is a measurable multifunction, and Gy, ..., Gy are the sets of histories

of all currently-known state and control values before applying each control:
gl = X7
Gir1=graph(Uy) x X C (X xU)' x X, t=1,...,T—1;

Here graph(U;) = {(ml,ul, oo ug) € (X XU up € Uy, ug, .. ,azt)}.

2. For allt=1,...,T, the control-dependent transition kernels
Q: : graph(Uy) — P(X), t=1,...,T —1, (3.1)
are measurable, and for allt = 1,...,T—1, for all (x1,uy,...,z, u) € graph(U),
Q¢(x1,u1,. .., 2, up) describes the conditional distribution of X4, given currently-

known states and controls.
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For this controlled process, a (deterministic) history-dependent admissible policy
m = (m,...,m,) is a sequence of measurable selectors, called decision rules, 7, : Go — U
such that m(g;) € Uy(g;) for all g, € G,. We can easily prove by induction on ¢ that for
an admissible policy 7 each m; reduces to a measurable function on Xt as ugs = ms(hs)
for all s = 1,...,t — 1. We are still using 75 to denote the decision rule, although it
is a different function, formally; it will not lead to any misunderstanding. The set of

admissible policies is

o:={r=(m,...,m)] (3.2)

Vt, Wt(l‘l,. . .,th) S Ut(l'l,ﬁl(.%'l), R ,:):t_l,wt_l(xl, . ,xt_l),:z:t) }

For any fixed policy m € II, the transition kernels can be rewritten as measurable

functions from X* to P(X):

ijr : (xla'“ ,.I't) = Qt($1,7ﬁ<1’1),. . 'axtaﬂt(q}l?- . 'axt»: t= 17' . '7T_ 17 (33)

just like the transition kernels of the uncontrolled case given in (2.1), but indexed by
m. Thus, for any policy @ € II, we can consider {X;};,—; 7 as an “uncontrolled”
process, on the probability space (/'\.’T, BX)T, P™) with P™ defined by {QF }i1=1,...17-1.
The process {X;} is adapted to the policy-independent filtration {F;}1=1,. 7. As before
and throughout this chapter, h; € X! stands for (x1,...,2;).

We still use the same spaces Zy, t = 1,...,T, as defined in (2.2) for the costs
incurred at each stage; these spaces also allow us to consider control-dependent costs
as collections of policy-indexed costs in Zy 7. Thus, we are able to define and analyze
(time-consistent) dynamic risk measures p™ for each fixed 7w € II, as in Chapter 2. Note
that p™ are defined on the same spaces independently of 7, because the filtration and
the spaces Z;, t =1,...,T, are not dependent on 7; however, we do need to index the
measures of risk by the policy 7, because the transition kernels and, consequently, the

probability measure on the space X7, depend on .
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3.2 Stochastic Conditional Time Consistency and Transition Risk

Mappings

We need to compare risk levels among different policies, so a meaningful order among
the risk measures p™, with w € I, is needed. It turns out that our concept of stochastic

conditional time consistency (Definition 2.4.1) can be extended to this setting.

mell

Definition 3.2.1. A family of process-based dynamic risk measures {pr}tZI pq 1S
stochastically conditionally time-consistent if for any m, 7' € II, for any 1 <t <

T, for all hy € X, all (Zy,...,2Z,) € Zir and all (Wy,...,W,) € 2,1, the conditions
Zy(he) = Wi(he),
(P72 (Zesr . Zy) | HY = ha) 2 (07, (Wi, W) | HY = he)),
imply
P (Zay oo Zy) (he) < pT (W, o W) ().
Remark 3.2.2. As in Definition 2.4.1, the conditional stochastic order “<g” is un-

derstood as follows: for all m € R we have

Q7 (h) ({107, (Zerrs- o Zp)(has2) > })
< Q7 (h) ({2107, x Wesr, .. Wy (hes) > m } ).

This definition helps us build a connection among dynamic risk measures p™, for
w € II, as we explain it below. Before passing to the details, we can say in short that
the same transition risk mappings as in the uncontrolled case are the only possible

structures of such risk measures.

well

If a family of process-based dynamic risk measures { J. } =1 T—1

is stochastically
conditionally time-consistent, then for each fixed = € IT the process-based dynamic risk

measure {p is stochastically conditionally time-consistent, as defined in

ZT}tZI,...,Tfl
Definition 2.4.1. By virtue of Proposition 2.4.5, for each w € II, there exist functionals
of :graph(QF) x V — R, t=1...T — 1, such that for all t =1,...,T — 1, all h; € &?,

the functional of (he, QF (h¢), - ) is a law-invariant risk measure on V with respect to the

distribution Q7 (h:) and

L (Zas oo Zp)(he) = Zi(he) + of (he, QF (he), 07, 1 (Zeras -+, Zp) (M), Vhy € Xt

t+1,T
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Consider any m, 7' € II, hy € X', and (Z,...,2,) € Zir, Wi, ..., W,) € 21 such
that

Ze(he) = Wi(hy),

Q7 (he) = QF (hu),

Oy (Zegs oo Zp) (e ) = Pﬂl,T(WtH, s W) (hes ).

Then we have

(0F o (Zigas s Zy) | HE = he) st (070, (Wagn, o, W) | HY = hy),

where the relation ~g means that both < and =4 are true; in other words, equality

in law. Because of the stochastic conditional time consistency,

T (Zas o Zy)(ha) = pT (W, -, W) (h),

whence

O-Zr (ht7 Q?(h’t)7 lel’T(Zt-ﬁ-la sy ZT)(h’tv ))

= o7 (he, QF (ha), 07, (Wi, .o, W) (B, ).

All three arguments of of and o] " are identical. Consequently, o™ does not depend on
7 directly, and all dependence on 7 is carried by the controlled kernel QF. This is a
highly desirable property, when we apply dynamic risk measures to a control problem.
We summarize this important observation in the following theorem, which extends

Theorem 2.4.5 to the case of controlled processes.

mwell

Theorem 3.2.3. A family of process-based dynamic risk measures {pr} 1. T

translation-invariant and stochastically conditionally time-consistent if and only if there

exist functionals

O't:{ U graph(Q?)}xV—)]R, t=1...T -1,

well
such that:

(i) Forallt=1,...,T—1 and all hy € X%, o¢(hy,-,-) is normalized and has the following

property of strong monotonicity with respect to stochastic dominance:

Vgt 4% € {Qf(ht) = H}, Vol,v? eV,

(vl | ql) st (U2 |q2) = Ut(htaqlavl) < Ut(ht’q27v2)>
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L means “the distribution of v under q;”

where (vl | ql) =qouv~
(ii) For all m € II, for allt = 1,...,T — 1, for all (Z,...,Z,) € Zi7, and for all

h, € Xt,

p:T(Zta ) ZT)(ht) - Zt(ht) + oy (htv Q?(ht)v p?—_‘_l’T (Zt—i-lv ) ZT)(ht7 )) (34)

Moreover, for allt = 1,...,T — 1, ot is uniquely determined by p, . as follows: for

every hy € Xt, for every q € {Qf(ht) cmell }, and for every v € V,
O't(ht,q,’l)) :p:T(O,‘/,O,,O)(ht), (35)

where T is any admissible policy such that ¢ = QF(hy), and V € 241 satisfies the

equation V (hy,-) = v(-), and can be arbitrary elsewhere.

Proof. We have shown the existence of {o;};—1, . 1 satisfying (3.4) and (3.5) in the
discussion preceding the theorem. We can verify the strong monotonicity with respect

to stochastic dominance by (3.5) and Definition 3.2.1. O

It follows that the transition risk mappings of Examples 2.4.7, 2.4.8, and 2.4.9 are
perfectly suitable transition risk mappings for controlled processes as well, provided

that the corresponding parameters (v, >, and «) depend on ¢t and z; only.



25

Chapter 4

Application to Controlled Markov Systems

Our results can be further specialized to the case when {X;} is a controlled Markov

system, in which we assume the following conditions:

e The admissible control sets are measurable multifunctions of the current state,

e, U : X = U, t=1,....T;

e The dependence in the transition kernel (3.1) on the history is carried only through

the last state and control: @ : graph(Uy) —» P(X), t=1,...,T — 1,

e The step-wise costs are dependent only on the current state and control: Z; =
ci(xe,ue), t = 1,...,T, where ¢; : graph(Uy) — R, ¢t = 1,...,T are measurable

bounded functions.
Let IT be the set of admissible history-dependent policies:
I:={rm=(m,...,m,)|Vt, m(w1,...,2¢) € Up(ws) }.
To alleviate notation, for all 7 € IT and for all measurable ¢ = (cy,...,c, ), we write
v (he) = P (X 1 (Hy))s - s 00 (X, 7 (HT))) ().
The following result is a direct consequence of Theorem 3.2.3 in the Markovian case.

Corollary 4.0.1. For a controlled Markov system, a family of process-based dynam-

. . ell . . . . . ..
ic risk measures {pr}Ll o 18 translation-invariant and stochastically conditionally

time-consistent if and only if functionals
o - {(ht,Qt(xt,u)) th € Xt,u Gut(l't)} xV—-R, t=1...T -1,

exist, such that
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(i) For allt = 1,...,T — 1 and all hy € X', oy(hy,-,-) is normalized and strongly
monotonic with respect to stochastic dominance on { Qy(wy,w) : u € Up(wy) };
(ii) For all w € II, for all bounded measurable ¢ = (c1,...,c,), forallt =1,...,T —1,

and for all hy € X,

v; " (he) = co(@y, mi(he)) + oy (ht7 Qe m(hy)), vl (e, )> (4.1)

Proof. To verify the “if and only if” statement, we can show that (3.5) is true if oy

satisfies (4.1) for all measurable bounded c. O

4.1 Markov Risk Measures

Consider a Markov policy m composed of state-dependent measurable decision rules
m: X —U,t=1,...,T. Because of the Markov property of the transition kernels, for
a Markov policy m, the future evolution of the process {X;};— 7 is solely dependent
on the current state xy, so is the distribution of the future costs ¢ (X;, (X)), 7 =
t,...,T. Therefore, it is reasonable to assume that the dependence of the conditional

risk measure on the history is also carried by the current state only.

n

Definition 4.1.1. A family of process-based dynamic risk measures { pr}::el

r Jora

-----

controlled Markov system is Markov if for all Markov policies m € II, for all measurable
c=(c1,...,¢p), and for all hy = (x1,...,m¢) and b} = (2,...,2}) in X' such that

zy = ), we have vy (hy) = vy (h}).

Proposition 4.1.2. Under translation invariance and stochastic conditional time con-

Yy

tT}::GIHT 1s Markov if and only if the dependence of oy on hy is carried

sistency, {p

only by xy¢, forallt=1,..., T — 1.

Proof. Suppose {pr};elﬂT is Markov. For all t = 1,...,T — 1, for all hy,h} € X!
such that z; = xj}, for all u € Uy(x¢) and for all v € V), there exists a Markov 7 € IT such
that m(x¢) = u. By setting ¢ = (0,...,0,¢41,0,...,0) with ¢;y1 : (2/,u') — v(a), the

Markov property of p™ implies that

oi(he, Qe u),v) = Uf’w(ht) = vf’”(hé) = Ut(h:ea Qi(x1,u),v).
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Therefore, oy is indeed memoryless, that is, its dependence on h; is carried by x; only.

Suppose gy, t =1,...,T — 1, are all memoryless. We prove by induction backward
in time that for all t = T,...,1, v;"" (ht) = v{"" (h}) for all Markov 7 and all h¢, h) € X!
such that z; = x;. For t = T we have: v2"(h,) = cr(z,, 7, (2,)) = v37(h}). We can

just write it as v&™ (2,.). If this relation is true for some ¢ +1 < T, then for ¢ we obtain

v (he) = co(@e, me(24)) + 0 («Tt; Qi me(wt)), vyl (e, ))

= ci(xy, T () + 04 (l‘u Qi (we, mi(xt)), Ufﬂ())

The right hand side is a function of z;, rather than h;, and we can write the value of

the risk measure as v;"" (x;). By induction, the result holds true for all . O

Theorem 4.1.3. For a controlled Markov system, a family of process-based dynamic

v

tT}Zle o s translation-invariant, stochastically conditionally time-

risk measures {p

consistent, and Markov, if and only if there exist functionals
oy {(x,Qt(x,u)) cx € X, u GL{t(x)} xV—=R, t=1...T—1,

where V is the set of bounded measurable functions on X, such that:
(i) Forallt=1,...,T—1 and allx € X, oy(x,-,-) is normalized and strongly monotonic
with respect to stochastic dominance on {Qt(x, u) @ u € Uy(x) };
(ii) For all m € II, for all measurable bounded c, for allt = 1,...,T — 1, and for all
he € XY,
vy (he) = c(my, m(he)) + oy (wt, Qe(wy, my(hy)), vy (ha, )> (4.2)

Theorem 4.1.3 provides us with a simple recursive formula (4.2) for the evaluation

of risk of a Markov policy 7:

e for final time T'

U (2) =cp(a,mp(2)), z€X
e for timet=T-1,...,1,

c,m

v, (x) = ez, m () + oy (:1:, Qt(az,wt(:n)),vfﬂ), reX

It involves calculation of the values of functions v;""(+) on the state space X.
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4.2 Dynamic Programming

In this section, we fix the cost functions ¢ = (¢1,...,¢,) and consider a family of
dynamic risk measures { [ }Zfln . which is normalized, translation-invariant (Defini-
tion 2.2.2), stochastically conditionally time-consistent (Definition 3.2.1), and Markov

(Definition 4.1.1). Our objective is to analyze the risk minimization problem:

ﬂmeigvir(xl), r; € X. (4.3)

For this purpose, we introduce the family of value functions:

vi(hy) = inf  of(hy), t=1,....,T, h€X’ (4.4)
Went,T(ht)
where I1, ,.(h) is the set of feasible deterministic policies 7 = {m,..., 7, }. As stated

in Theorem 4.1.3, transition risk mappings {O't} 1 exist, such that

JT—1

vf (he) = ci(wy, m(he)) + oy (-'L'ta Qt(xe, T (he)), viq (P, )>,

t=1,...,T—1, €I, hy € X'. (4.5)

Our intention is to prove that the value functions v;(-) are memoryless, that is, for
all hy = (z1,...,2) and h}, = (2,...,z}) such that z; = z}, we have v} (hy) = v;(h}).
In this case, with a slight abuse of notation, we shall simply write v} (x).

In order to formulate the main result of this section, we equip the space P(X) of

probability measures on X with the topology of weak convergence.

Theorem 4.2.1. Suppose a family of dynamic risk measures {pr};leT s nor-
malized, translation-invariant, stochastically conditionally time-consistent, and Markov.
We assume the following conditions:

(i) The transition kernels Q¢(-,-), t =1,...,T, are weakly continuous;

(ii) For every lower semicontinuous v € V the transition risk mappings oy(-,-,v), t =

1,...,T, are lower semicontinuous;
(iii) The functions c(-,-), t =1,...,T, are lower semicontinuous;
(iv) The multifunctions Us(-), t = 1,...,T, are compact-valued, and upper semicontinu-

ous.
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Then the functions vf, t =1,...,T, are memoryless, lower semicontinuous, and satisfy

the following dynamic programming equations:

= mi u), T€AX, 4.6
vi(@)= min er(eu), (4.6)

vy (x) = min {ct(x,u) + o¢(, Qt(x,u),val)}, reX, t=T-1,...,1. (4.7)
Moreover, the Markov policy © given by the equations:
7, (z) € argmin ¢, (r,u), =z € X,
u € Ur(x)

7it(z) € argmin {ct(:c,u) + Jt(x,Qt(x,u),fo)}, reX, t=T-1,...,1,
u € U ()

is optimal for problem (4.3).

Proof. We prove the memoryless property of v;(-) and construct the optimal Markov

policy by induction backwards in time. For all h, € X7 we have

U; (hT) = ;gij Cr (xT7 ’R—T(hT)) = uel/llgﬂl(fmT) Cr (xT7 u). (4.8)

Since ¢, (-, -) is lower semicontinuous, it is a normal integrand, that is, its epigraphical
mapping z — {(u,a) € U xR : ¢, (x,u) < a} is closed-valued and measurable [49, Def.
14.1, Ex. 14.31]. Due to assumption (iv), the mapping

cp(x,u) ifuelr(z),
Cp(x,u) =

400 otherwise,

is a normal integrand as well. By virtue of [49, Thm. 14.37], the infimum in (4.8) is
attained and is a measurable function of x,.. Hence, v} (-) is measurable and memoryless.
By assumptions (iii) and (iv) and Berge’s theorem, it is also lower semicontinuous (see,
e.g., [5, Thm. 1.4.16]). Moreover, the optimal solution mapping ¥r(z) = {u € Ur(z) :
cp(z,u) = v (w)} is measurable and has nonempty and closed values. Therefore, a
measurable selector 7, of ¥ exists [38], [5, Thm. 8.1.3].

Suppose v{, (+) is memoryless and lower semicontinuous, and Markov decision rules

{7t+1,..., 7, } exist such that

Vi (heg1) = 034 (Te41) = Ut{flﬂw"ﬂT}(‘TtH), Vhit1 € XL
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Then for any hy € X we have
vy (he) = gg’]vf(ht) = T:Ielfj {ci(e, me(he)) + ot (20, Qe me(he)), vy 1 (he,+)) } -

On the one hand, since vf,(hs,-) > v/, (-) and o is non-decreasing with respect

to the last argument, we obtain

vf (he) > lglf] {Ct(!Et,Wt(ht)) + Ut(l‘ta Qi(we, mi(he)), U;sk+1)}
" (4.9)
= ueiuntf(mt) {Ct(xt,u) + o (w4, Qt(l’tvu),vfﬂ)}'
By assumptions (i)—(iii), the mapping (z,u) — c¢;(z,u) + o¢(z, Q¢(x, u), v ) is lower

semicontinuous. Invoking [49, Thm. 14.37] and assumption (iv) again, exactly as in

the case of t = T', we conclude that the optimal solution mapping

() = {u € Uh(o) | i) + 0r(z, Qu ), v71) =

ueiz/Iflfzx) {cr(@,u) + o1 (2, Qelw,u),vi4a) } }

is measurable and has nonempty and closed values; hence, a measurable selector 7y of

U, exists [5, Thm. 8.1.3]. Substituting this selector into (4.9), we obtain
* A~ ~ {ﬁt+1,...,ﬁT} _ {frt:“wﬁ'T}
vf (he) > ci(we, T (w4)) + Ut($t7 Qi(we, T (4)), Vet ) = Uy (m¢).

In the last equation, we used (4.5) and the fact that the decision rules 7, ..., 7, are

Markov.

On the other hand,
vf (ht) = inf o] (hy) < v{frt""’ﬁT}(xt).
t well =t
Therefore, vf(hy) = vt{ﬁt""’ﬁT}(fL‘t) is measurable, memoryless, and

v (xy) = ueﬂbllit?zt) {Ct(l‘uu) + ot (3325> Q¢(z, U)aval)}

= cp(we, (@) + oo (24, Qe (e, Fele)), vp)-

By assumptions (ii), (iii), (iv), and Berge’s theorem, vy (-) is lower semicontinuous (see,

e.g. [5, Thm. 1.4.16]). This completes the induction step. O
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Remark 4.2.2. If we replace semicontinuity with continuity in assumptions (ii)—(iv),

then the value functions vy, t =1,...,T, will be continuous. The proof is identical.

Let us verify the weak lower semicontinuity assumption (ii) of the mean—semidevia-
tion transition risk mapping of Example 2.4.8. To make the mapping Markovian, we
assume that the parameter s» depends on x only, that is,

1/p

owa.0) = [ ote)atas) + o) ([ [ (o6 [ o) q(ds’>)+]pq<ds>> - (4.10)

As before, p € [1,00). For simplicity, we skip the subscript ¢ of o and .

Lemma 4.2.3. Suppose s(-) is continuous. Then for every lower semicontinuous func-

tion v, the mapping (z,q) — o(x,q,v) in (4.10) is lower semicontinuous.

Proof. Let qi. — q weakly and xp — x. For all s € X we have the inequality

0< [o(o) = [ o) atas)]
.
< o= [ o) qk<ds'>]++ [ o) aas) - [ us) q(ds’>L.

By the triangle inequality for the norm in £,(X, B(X), qx),

([ [ [ o) q<ds'>K ) v
SURECEIRE qk<ds’>}iqk<ds>)l/p+ [ o) aas) = [ o) q(ds'>]+.
Adding [, v(s) q(ds) to both sides, we obtain

[ oratas+ ([ o= [ o) q(ds'>]iqk<ds>)l/p
g( / [U@)— [ o) qk<ds'>]iqk<ds>)l/p+max{ [ v atas), [ o) q(ds>}.

By the lower semicontinuity of v and weak convergence of ¢ to ¢, we have

/)(U(S) q(ds) < liminf/Xv(s) qr(ds),

k—o0

that is, for every € > 0, we can find k. such that for all k& > k.

[ oo atds) = [ o) atas)

X
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Therefore, for these k& we obtain

/XU(S) q(ds) + </X [U(S) - /Xv(sl) Q(ds’)}i Qk(ds))l/p

< [ o atas + ([ fo = [ o) qk<ds’>]iqk<ds>)l/p+a

Taking the “liminf” of both sides, and using the weak convergence of g; to ¢ and the

lower semicontinuity of the functions integrated, we conclude that

/XU(S> q(ds) + </X [’U(S) - /X v(s)) q(ds’)]i q(dg))l/p
< lim inf {/X v(s) qr(ds) + </X [U(S) - /Xv(s’) Qk(dS,)K Qk(ds)>1/p} L

As € > 0 was arbitrary, the last relation proves the lower semicontinuity of ¢ in the
case when »(z) = 1. The case of a continuous »(x) € [0, 1] can be now easily analyzed
by noticing that o(x, ¢, v) is a convex combination of the expected value, and the risk

measure of the last displayed relation:

o(x,q,v) = (1 — %(m))/ v(s) q(ds)

x
p 1/p
+ »(x) / v(s) q(ds) + (/ [v(s) —/ v(s) q(ds')] q(ds)) .
X X X +
As both components are lower semicontinuous in (z,q), so is their sum. ]

We can also verify the weak continuity of the Average-Value-at-Risk transition risk
mapping of Example 2.4.9. To make the mapping Markovian, we assume that the

parameter @ depends on x only, that is,

o) =i {2 [ (006) =), atas)}. (4.11)

neR a(x)

For simplicity, we skip the subscript ¢ of o and a.

Lemma 4.2.4. Suppose «a(-) is continuous and takes values in [Gmin, ¥max] C (0,1).
Then for every continuous function v, the mapping (x,q) — o(x,q,v) in (4.11) is

continuous.

Proof. Consider the function

(@) /X (0(s) = )., q(ds). (4.12)
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Suppose g — g weakly and iy — n. We have

[ =), autds) < [ (066) =), au(ds) + =l

X

Taking the “liminf” of both sides and using the weak convergence of g to ¢ and the

lower semicontinuity of the functions integrated, we conclude that

AAM@—m+«m>

< li}gi;;f/x (U(S) —77)+ qr(ds)
< I%Eigfjaf(U(S)—‘ﬁk)+Qk(dsy

Thus the function (4.12) is lower semicontinuous. It follows that the function being
minimized with respect to 1 in (4.11) is jointly lower semicontinuous with respect to
(z,q,m). Since g — ¢ weakly, the collection {qx} is tight (Prohorov’s theorem; see,

1

e.g., [11, Sec. 1.6]). Since v(-) is continuous, the measures g; o v~ are tight as well.

1

Hence, a bounded interval C' C R exists such that all a-quantiles of all ¢ o v™" and

I are contained in C, for all a € [@min, @max]. Therefore, we can restrict n to C' in

qou~
(4.11), without affecting the values of o(zy, gk, v) and o(z,q,v). By Berge’s theorem,

the optimal value in (4.11) is continuous (see, e.g., [5, Thm. 1.4.16]). O

4.3 Application to Multistage Stochastic Programming with Decision-
Dependent Probabilities

In this section, we consider a multistage stochastic programming problem with three
ingredients in the model. The first one is the history-dependent process {I}i=1 . 7
with each I; taking values in a Borel space Z; (a Borel subset of a Polish space). We
can interpret {I;} as the process of exogeneous random inputs (data process).

The second one is the “physical” state process {Y;}+=1,.. 7 on the Borel space ), and
the third is the control process {U;}+=1,. 7 on the Borel control space U. The processes

are related by the equation:
}/t-i-l :ft(}/;vatv-[t+1)7 t:]-u"'vT_]-a (413)

in which f; : Y x U X Zyy1 — )Y are measurable functions. We assume that Y7 € )V is

deterministic and known.
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The distribution of the process {I;} is defined by the controlled transition kernels
Ki: Ty x - x1Iy ><Z/{—>’P(It+1),

P(l41 € Bl = Ki(i1, ... ,it,u)(B), VB € B(Zi1).

We can now proceed as in Section 3.1, substituting X by (/,Y) and @ by K.
1. The information revealed at time ¢ is i; and y;, and then we make decision u; in the
admissible control set Uy (i1, ..., 0, yt).

2. The set of admissible policies is

I = {7‘(‘: (7T1,...,7TT)| Vt, ﬂt(il,...,it,yt) Eut(il,...,it,yt)}.

3. For a fixed policy w € II, the physical state Y; is formally a function of i1, ..., 1.

Therefore, the resulting transition kernels can be formally written as

Kgr : (il,... ,it) — Kt(’il,ﬂ'l(il),... ,’it,ﬂt(’il,. . .,it,yt(il,.. .,it,ﬂ'))) S P(It+1),

t=1...T—-1.

Example 4.3.1. In a special case, {I;} may be a process on a scenario tree, where Iy is
deterministic (the root node), and each set Iy is the set of possible histories (i1, ..., i)
which are represented as nodes at level t of the tree. The variable Ii41, given iy, ..., 1,
has a finite number of possible realizations: a set of successor nodes of the node at
level t representing the history (i1, ...,i). In this case, K[ (i1,...,1) is the conditional
probability distribution of the next I;11 on this finite set. Our model allows for these

conditional probabilities to depend on the control u; at time t. O

It follows that the process

{Xt = (I1,... ’It’YU}t:l,n.,T
is a controlled Markov process with values in the spaces

Xe=T1 x---xLix)y, t=1,...,T

) )

because of {(I1,...,I;)},_, . being Markov, and because of (4.13).



35

If we assume in addition that stage-wise costs have the form Z; = ¢;(Y;, Uy), we can
apply the results of Chapter 4 (in particular Theorem 4.1.3) with the notions of Hy, hy,
Qt, 24, p, I, v, associated with the process X. The policy evaluation equation (4.2) in

this case takes on the form

vy (he) = (e, m(he)) + oy (l’u Qe m(he)), vy (B, )) (4.14)

for any m € II = {7 = (m,...,7)|Vt, m(21,...,21) € Up(zy) }. As for a fixed
policy 7 € II, H; is function of (I3 ...I;), the transition kernel Q. (x¢, 7 (h¢)) is solely
determined by K[ (i1,...,7;). Consequently, if we only consider the histories h; that

can happen, (4.14) becomes

wy (i1, vy ie) = ce(ye, me(in, .. ., iz))

+Jt(i1, ity KT (i, i) wiT (i, i, .)>, Vre I, (4.15)

where
wy (i1, oy ie) = v (HT (i1, -+, 0t)).
In this equation, y; is considered as a dependent variable, which can be evaluated for
a given policy m as a function of the history 41,...,4;. Thus, the policy evaluation can
be carried out on the space of functions of (i1, ...,%).
In the dynamic programming equation (4.6) we must take into account the entire
state X;. The equation takes on the form:

wy (i1, .., it,yt) = e (rirlnni " {ct(yt, u)
t yeeeslty

+ ot <i1, . ,it,yt,Kt(il, c. ,it,u),i — w;‘H(il, . ,it,i,ft(yt,u,i))>.

The reason is that the dynamic programming equation is solved backwards, and there
is no way to know the value of y;. For each y;, however, the last argument of o; is a
function of the new information i, only, because the next y;+1 follows from (yy, u, i¢41)
via (4.13).

In the scenario tree case, this result extends the dynamic programming equations

of [60, sec. 6.8.4] in two ways: it is derived from the assumptions about the stochastic
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conditional time consistency and the Markovian structure of the risk measure, and it

covers the case of decision-dependent probabilities.
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Chapter 5

Partially Observable Markov Decision Processes

5.1 The Model

In this chapter, we introduce a partially observable Markov decision process {Xi,
Yiti=1,.. 7, in which {X;},—1 7 is observable and {Y;};—1 . 7 is not. We use the term
“partially observable Markov decision process” (POMDP) in a more general way than
the extant literature, because we consider dynamic risk measures of the cost sequence,
rather than just the expected value of the total cost.

In order to develop our subsequent theory, it is essential to define the model in a
clear and rigorous way. This section follows [6, Ch. 5], which the readers are encouraged
to consult for more details.

The state space of the model is defined as X’ x ) where (X, B(X)) and (), B(})) are
two Borel spaces (Borel subsets of Polish spaces). From the modeling perspective, z € X
is the part of the state that we can observe at each step, while y € ) is unobservable.
The measurable space that we will work with is then given by Q = (X x V)T endowed
with the canonical product o-field F, and we use z; and y; to denote the canonical
projections at time t.

Let {ftx’y}t:l’,_j denote the natural filtration generated by the process (X,Y") and
{ftx}t:17_,,,T be the filtration generated by the process X.

The control space is given by a Borel space U, and since only X is observable, the
set of admissible controls at step ¢ is given by a measurable multifunction U; : X = U

with nonempty values. The transition kernel at time ¢ is
Ky : graph(Uy) x Y — P(X x ),

where P(X x )) is the space of probability measures on X’ x ). In other words, if the
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state at time ¢ is (z,y) and we apply control u, the distribution of the next state is
Kt('a' | l‘,y,U).
At time t, the history of observed states is hy = (x1,x2,...,2¢), while all the infor-

mation available for making a decision is g = (x1,u1, 2, ug, ..., x;). We use

Hi =X =X x--xX

t times

and

G =X,

(5.1)

G = {(ge—1,w—1) | gt—1 € Go—1, w—1 € Up(xs—1)} x X, t>2,
to respectively denote the spaces of possible histories h; and g;. Here we make dis-
tinction of g; and h; because we should make decision of u; based on ¢; as the past
controls wuq, ..., us—1 are also taken into consideration when estimating the conditional
distribution of Y; (see Section 5.3). We still write H; = (X1,..., X¢).

For this controlled process, a (deterministic) history-dependent admissible policy
7w = (m1,...,m,) is a sequence of measurable decision rules m : G; — U such that
m(ge) € Up(xy) for all g, € G ( such a policy exists, due to the measurable selector
theorem of [38]). We can easily prove by induction on ¢ that for such an admissible
policy 7, each m; reduces to a measurable function of hy = (x1,z9,...,2¢), as us =
ms(x1,...,x5) forall s =1,...,t — 1. We are still using 75 to denote the decision rule,
although it is a different function, formally; it will not lead to any misunderstanding.

Therefore the set of admissible policies is
I = {7[': (1o, mp) | me(xn, .o @) € Up(ay), t = 1,...,T}.

For a random Y7, any policy m € II defines a process {Xy,Y;,Ui}i=1,. 7 on the
probability space (2, F, P™), with Uy = m(X1,..., X}).
We assume that the cost process Zf", t = 1,...,T is bounded and adapted to FXY

i.e., 4] € Z; for all m and t, where
Z = {Z Q>R | Zis Ff’y—measurable and bounded} , t=1,...,T.

For any Z € Z;, there is a measurable and bounded functional Z : (X x V)! — R
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such that Z = Z(X1,Y1,...,X;,Y;). With a slight abuse of notation, we still use Z to

denote this function.

5.2 Risk Filters for Partially Observable Systems

5.2.1 Dynamic risk filters

In this subsection, we fix any policy m € II, and our objective is to evaluate at each time
t the sequence of costs Zf, ..., ZT in such a way that the evaluation is F{¥-measurable.

We denote Zy 7= Zy x -+ x Zp, t =1,...,T, and
St = {S 02— R ‘ S is .EX—measurable and bounded}, t=1,...,T.

We have S; C Z;, and any element S € S; can also be considered as a measurable
bounded functional on X*; with slight abuse of notation, S = S(H;). All equality
and inequality relations between random variables are understood in the “everywhere”

sense.

Definition 5.2.1. A mapping p,; : Zt7 — St, where 1 <t < T, is called a condi-
tional risk evaluator, if it satisfies the monotonicity property: for all (Zs,...,Z,)

and Wy, ..., W) in Zyr, if Zs < W forall s =t,...,T, then

pz,T(Ztv Tt ZT) < pt,T(Wt’ Tt WT)'

Definition 5.2.2. A conditional risk evaluator Por 26T = S;
(i) is normalized if p, ;. (0,...,0) = 0;

(i) is translation invariant if V(Z;,...,Z,) € S X Zep11,
Por(Ztseo s Zy) =21+ 0, (0, Ziy1, - Zy);

(iii) is decomposable if a mapping p, : Z; — S exists such that:
Pt(Zt) = Zt, VZ; € St,

pz,T(Zta RN ZT) = Pt(Zt) + pt,T(Oa Zt+1a LR ZT)7 V(Zta AR ZT) € Zt,T-
The concept of conditional risk evaluator reduces to the conditional risk measure
Definition 2.2.1), if the arguments Z;, ..., Z_. are in the spaces S; X --- X Sp; and the
( g T p

translation invariance property in the above definition is defined in the same way as
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in Definition 2.2.2, while the spaces of arguments Z;1,...,Z, are larger. The decom-
posability property is a similar but stronger assumption compared to the translation
invariance.

Throughout the chapter, we assume all conditional risk evaluators to be at least

normalized. The properties (i) and (iii) of Definition 5.2.2 imply that
pt(Zt) :pt,T(Ztvov"'ao)' (52)

We also redefine the local property (see Definition 2.2.3 for the conditional risk

measures) specifically for the conditional risk evaluators.

Definition 5.2.3. A conditional risk evaluator p, ;. has the local property if for any

event A € FiX and all (Zy,...,Z,) € Zi7 we have
Vap,+(Zty. s Zy) = pp(LaZi, ..., LaZy).

The local property means that the conditional risk evaluator at time ¢ restricted to

any F; -event A is not influenced by the values that Z, ..., Z, take on A°.

Definition 5.2.4. A risk filter {pth}tZL...,T s a sequence of conditional risk evaluators
Por 2t — St We say that it is normalized, translation-invariant, decomposable,
or has the local property, if all p, ., t = 1,...,T, satisfy the respective conditions of
Definitions 5.2.2 or 5.2.3.

5.2.2 Stochastic conditional time consistency

mwell

For a POMDP defined in Section 5.1, we have to use a family of risk filters {pr }t:1 s

because the policy affects the probability measure on the space 2 = (X x Y)T. When
two policies m and 7’ are compared, even if the resulting costs were pointwise equal,
p:T(Zt, ...y Z,) and p:/T(Zt, ..., Z,) should not be necessarily equal, because the prob-
ability measures P™ and P™ could be different. We extend the concept stochastic
conditional time consistency (Definition 3.2.1) that allows us to relate the whole family

of risk filters.
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Definition 5.2.5. A family of risk filters {pr}::eln . 1s stochastically condition-

ally time-consistent if for any ©,n' € II, for any 1 < t < T, for all hy € X, all

(Zeyt1, .., Zy) € Zipar and all (Wi, ..., W,) € Zip1r, the condition
(OF 2 (Zegr, o Zy) | HE = he) S (07, (Wi, .., W) | HY = hy),

implies
P70, Zegr, o Zo)(he) < pT (0, Wiga, o, W) (Be).

U

Remark 5.2.6. The conditional stochastic order ‘X4 ” is understood as follows: for

alln € R we have

P7 [p:rl,T(Zt‘Hb o "ZT)(HH-I) < U‘Ht = ht]

’

< P7 [/’fﬂ,T(WtHv T ‘7WT)(Ht+1) < W‘Ht = ht]
Proposition 5.2.7. A family of risk filters {pr};leT that is normalized, decom-

posable, and stochastically conditionally time-consistent has the local property if and
only if all pT (Definition 5.2.2) satisfy the local property: pT(1aZ;) = 1apT(Zy) for all
AcFX ZyeZ,mell,andt=1,...,T.

Proof. The “only if” part is obvious because of (5.2); we need to prove that if all pT

satisfy the local property, then for any 7 € IT, for any t = 1,...,T, and any A € F;¥,
lAp:T(Zt""7ZT) :P:T(]lAZt,.--,]lAZT). (53)

We use induction on ¢ from T" down to 1. At the final time,

07 (LaZs) = p7(LaZy) = Lap}(Zy).

Suppose p has the local property. Then by decomposability we have

us
t4+1,T
p:T(]]'AZt’ ctt ]]'AZT) = pg(:ﬂ'AZt) + p:T (07 ]]-AZt-i-la B ]]-AZT)

and

]lApZT(Zta . 'aZT) = HAP?(Zt) + ]lApZT(Oa Zt+17 s 7ZT)'

As pl(14Zs) = 1ap] (Z;), to verify (5.3) we need to show that

PZT(O, 1aZig1,...,14Z,) = ]lAp:T(O, Zit1y ooy Zy).
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For any hy € X7 we have

[(ILAIO:T (0’ Zig1,- -y ZT))](ht) = ﬂA(ht)p:T (0’ Ziy1, -, ZT))(ht)'

The local property of pf, | yields

Pzrl’T(]lAZtJrl, 1aZito,. .., HAZT)(ht’ )= ]lA(ht)p:rLT (Zt41s- s ZT)(ht7 s

so by stochastic conditional time consistency,

0, if ]lA(ht> =0;
p:T (0, ]lAZt+1, ceay HAZT)(ht) =

P70, Zita, .. Zp)(he),  if La(hy) =1

Thus,
pre(0,0aZsn, ., LaZy)(he) = Lapl (0, Zogs o, Zy) (he), Vhy € XY,

which proves (5.3).
O

The following theorem shows that the stochastic conditional time consistency implies
that one-step risk mappings can be represented by static law-invariant risk measures
on

V ={v:X — R|v is measurable and bounded} . (5.4)

Recall that a measurable function r : V — R is said to be monotonic, normalized
and translation invariant if it satisfies the Definition 1.3.1. It is said to be law-invariant
with respect to a probability measure ¢ on (X, B(X)) if it satisfies Definition 2.4.4.

The conditional distribution of p:rl‘T (Zis1,- .., Z,)(Heg1) given Hy = hy under P™
plays an important role in the stochastic conditional time consistency, so does the

conditional distribution of X;11, given h;. We denote the latter by Q7 (h;) € P(X):

QT (h)(C) = P™[Xy1 € C|Hy = hy], VC € B(X). (5.5)

Later in Section 5.3 we will show that ()7 can be computed in a recursive way with the
help of belief states and Bayes operators.

We can now state the main result of this section.
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Theorem 5.2.8. A family of risk filters {pr}:ff T s mormalized, translation in-
variant, and stochastically conditionally time-consistent if and only if transition risk
mappings

O'ti{ U graph(Qf)}xV—ﬂR, t=1...T -1,

well

exist, such that
(i) Forallt=1...T—1 and all hy € X%, 04(hy, -, ) is normalized and has the following

property of strong monotonicity with respect to stochastic dominance:

Vgt 4% € {Qf(ht) = H}, Vol e,
(Ul ‘ ql) jst (U2 | q2) - Ut(htaqlavl) S O't(ht,QQ,U2),

L means “the distribution of v under q;”

where (v | q) =qov~
(ii) ForallmeIl, forallt =1...T —1, for all (Z,...,Z,) € St X Zi11,1, and for all

h; € Xt,

p:T (Ztv Zig1,- -y ZT)(ht) =Zi1+ Ut(htv Q?(ht% pzr+1’T(Zt+1a s ZT)(htv )) (56)

B . . . I .
Moreover, for allt =1...T —1, o, is uniquely determined by {pZT}Tre as follows: for

every hy € Xt, for every q € {Qf(ht) eIl }, and for every v € V,
Jt<ht7 q, U) = p:T(Oa ‘/7 07 o 70)(ht)7

where 7 is any admissible policy such that ¢ = QF (ht), and V € Si41 satisfies the

equation V (hy,-) = v(-), and can be arbitrary elsewhere.

well

Proof. e Assume {per}tzl o

is translation invariant and stochastically condition-
ally time-consistent. For any v € V and any h; € X' we define V(hy,-) =
v(-). The function V is an element of S;y;. Then the formula o] (h, q,v) =

pr . (0,V;0,...,0)(ht), defines for each 7 a normalized and monotonic risk mea-
sure on the space V. For any (Z;,...,Z,) € 8 X Ziy1,7, setting
w(z) = PZLT(ZtHa s Zp)(he, ), VreX,
w(z), if by = (e, ),

W(hiy1) =
0, otherwise,
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we obtain, by translation invariance and normalization,

p:}—l,T (VV, 0, e ,0)(ht, ) = W(ht, ) = p:r+1,T (Zt+1, ceey ZT)(ht, )
Thus, by translation invariance and stochastic conditional time consistency,

pr o (Zty ..o, Zp) (he)
= Zi(h) + p:T(O, Ziity ey Zp)(he)
= Zy(he) + 7, (0, 0,0, 0)(h)
= Zi(h) + of (ht, g, w).
This chain of relations proves also the uniqueness of o for each .

We can now verify the strong monotonicity of o] (h, -, -) with respect to stochastic

dominance. Suppose

(0! | Q7' (he)) st (v | QP (hu)), (5-8)

where vl v? € V and hy € Xt. Define V1(hy, ) = v1(:) and V3(hy,-) = v2(").

Then Definition 5.2.5 implies that
pr(0,V1,0,...,0)(he) < pl2.(0,V2,0,...,0)(hy).
This combined with (5.7) yields
ol (he, Q7 (he), vY) < o7 (he, Q7 (he), v?). (5.9)

Suppose Q7' (ht) = Q7?(ht) and v! = v2. Then both < and =g are true in (5.8)
and thus (5.9) becomes an equality. This proves that in fact o] does not depend
on 7, and all dependence on 7 is carried by the controlled kernel QF. Moreover,
the function oy(hy,-,-) is indeed strongly monotonic with respect to stochastic

dominance.

On the other hand, if such transition risk mappings o; exist, then { me};elH. s
stochastically conditionally time-consistent by the monotonicity and law invari-
ance of o¢(hy,-,-). We can now use (5.6) to obtain for any ¢t = 1,...,7 — 1, and

for all hy € X! the translation invariance of .
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Let us stress that in Theorem 5.2.8 we assume the translation invariance and there-
fore Z; € & in formula (5.6) (Z; is observed at time ¢). For general Z; € Z; we have

the following corollary.

Corollary 5.2.9. If a family of risk filters {pr}?:elﬂT is normalized, decomposable,
and stochastically conditionally time-consistent, then for any m € I, t =1...T — 1,

for all (Zy,...,Z,) € Zyp and all hy € XY,

07 (B Zost, o Z) (he) = 97(Z0) + 01y QF (he), 07, (Zists- s Z) (e ), (5.10)

with the transition risk mappings o defined in Theorem 5.2.8. Moreover, the function-

mwell . . . . . .
als {pf}t_l r» are monotonic, normalized, and translation invariant risk measures.
=1,.,

Proof. The derivation is identical, just in the chain of relations (5.7) we use decom-
posability instead of translation invariance. The properties of the functionals p! follow

directly from the corresponding properties of the risk filter. O

Theorem 5.2.8 and Corollary 5.2.9 can be considered as the counterpart of Theo-
rem 3.2.3 in the POMDP case. They allow us to characterize and construct stochasti-
cally conditionally time-consistent risk filters defined on space of cost functions adapted

to FXY by static risk measures defined on the space of the observed state X.

Corollary 5.2.10. If a family of risk filters {p’T };r:elﬂ o 18 normalized, decomposable

t,T

and stochastically conditionally time-consistent, then for anyw e I, t=1,...,T —1

7

for all (Zy,...,Z,) € Zyp and all hy € XY,
p:T (Zt7 Zt-i—l) sy ZT)(ht) - p:T (Wta Wt+17 sy WT)(ht)7
where Wy € S is defined as Wy = pf(Zy), fort=1,...,T.

Proof. The result can be verified from (5.10) by induction on ¢ from 7" down to 1.
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5.3 Bayes Operator and Belief States

5.3.1 Bayes operator

At each time ¢, the conditional distribution of the next observable state QF (h) defined
in (5.5) can be easily computed if we know the conditional distribution of the current

unobservable state, called the belief state:
ET(h) € P(Y) : 7 (he)(D) =P7[Y; € D|Hy = h], VD € B(Y), (5.11)

as we have
QF () = /y KX (o0, mo(he)) =7 (he) (dy), (5.12)

where K;X(zy,y,m(hy)) is the marginal distribution of Ky(z¢,y, 7 (hy)) on X.

In a POMDP, the Bayes operator provides a way to update from prior belief to
posterior belief. Suppose the current state observation is z, the action is u, and the
conditional distribution of the unobservable state, given the history of the process, is €.
After a new observation 2’ of the observable part of the state, we can find a formula to
determine the posterior distribution of the unobservable state.

Let us start with a fairly general construction of the Bayes operator. Assuming the
above setup, for given (z,§,u) € X x P()) x U, define a new measure my(x,&, u) on

X x Y, initially on all measurable rectangles A x B, as

mt(x,f,u)(AxB):/th(AxB|:L“,y,u) ¢(dy).

We verify readily that this uniquely defines a probability measure on X x ). If the
measurable space (), B())) is standard Borel, i.e., isomorphic to a Borel subspace of R,
we can disintegrate my(z, &, u) into its marginal A\¢(z, &, u)(dz’) on X and a transition

kernel Iy(x, &, u) (2, dy’) from X to Y:
mt(xv 67 u)(dx/, dy,) = )‘t(w, 67 u)(dl‘,) Ft(ma 57 u)(xlv dy/)
For all C' € B(Y), we define the Bayes operator of the POMDP as follows:

(I)t(sv,f,u,x')(C) = Ft(maé)u)(xlv C)
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The above argument shows that the Bayes operator exists and is unique as long as the
space ) is standard Borel, which is almost always the case in applications of POMDP.

In the following considerations, we always assume that the Bayes operator exists.

Example 5.3.1 (Bayes operator with kernels given by density functions). Assume that
each transition kernel K(x,y,u) has a density q(-,- | x,y,u) with respect to a finite

product measure px @ py on X X Y. Then the Bayes operator has the form

_ Jaly @@y T2y, u) E(dy) py (dy')
fy fy qt(l‘/7 Y ’ Y, u) f(dy) :U’Y(dy/) ’

[@4(, &, u,2)] (A) VAeB().

If the formula above has a zero denominator for some (x,&, u,x’), we can formally

define @¢(x,&,u, z') to be an arbitrarily selected distribution on .

Thus, we can calculate Q¢ and = (defined in (5.5) and (5.11)) based on

gt = (z1,u1, ..., m—1,u—1,2¢) € Gy (5.1) recursively with the help of Bayes operators:
e The initial belief =7 (z) is the conditional distribution of Y7 given X = x1;
e The Bayes operator provides us the following formula to update the belief states:
El1(her) = Py (e, ST (he), me(he), Teg)

and, by induction on ¢,
E7(he) = S (@1, mi(21), -y @om1, Tt (1), 21) = E¢(GT (b))
e The conditional distribution of X;y; can be calculated by (5.12), and
Q7 (he) = Q¢ (z1, (1), .. 2, e (he)) = Qe (G (he), e (he)).

5.3.2 Markov problems
For this section, we make the following additional assumptions:

Assumption 5.3.2. The costs Zy,...,Z, are only dependent on the current states and

controls, that is, they have the following form

ZtTr = Zt(Xt,Y;g,T['t(Ht)), YVt = 1,...,T, Ve II. (513)
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Assumption 5.3.3. For any t = 1,...,T and aoll # € II the operators {pf}ﬂen

(introduced in Defintion 5.2.2) are law-invariant in the following sense:
(7 (2D} (h) = [pF (Z7)) ()
for all m, 7" € IT and all hy, b}, € Hy such that
PT[Z7 < | Ho=h] =P7[Z] <n| H=h], VneR.

Under these assumptions we are able to express the immediate risk of a cost Z; as

a function of the extended state.

Proposition 5.3.4. Under Assumptions 5.3.2 and 5.3.3, a bounded measurable func-
tion ry : X X P(Y) x U — R exists, such that for allt =1,...,T, all hy € Hy, and all

mell,

p7 (Zu( X, Ye, mi(Hy))) (he) = ri(@e, E (he), me(he)),

Proof. Forany t =1,...,T, all hy, b}, € Hy, all m, 7’ € II, if x; = 2}, ZF (he) = S (),
and m¢(he) = 7 (h}), then

P™ [ Z,( Xy, Vi, m(Hy)) < | Hy = hy] = P™ [Zy(Xy, Yy, my(Hy)) < n | Hy = h}).
By Assumption 5.3.3, the following equality holds:
P Ze( Xty Ye, me(H))) (he) = pT (Ze( Xy, Yo, ) (Hy))) (h).

This means that p7 (Z;(X¢, Ys, m¢(Hy)))(hy) is in fact a function of , 57 (hy), and m;(hy).

The boundedness of r; follows from the boundedness of pT(Z;).

Proposition 5.3.4 allows us to substitute ZT, ..., ZT of the form (5.13) with
Wtﬂ- :Tt(mt,Etﬂ(ht),ﬂ't(ht)), t= 1,...,T, (514)

and the conditional risk evaluator keeps the same values. For example, in expected value
models, we have r(x, &, u) = fy ci(z,y,u) £(dy), where ¢, : X xYxU — R is the running

cost function, but more general functionals can be used here instead of the expectation
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with respect to the belief state. We call the functions r(-, -, -) the running risk func-
tions. In the case when the running cost does not depend on the unobservable state,
i.e., Z = c( Xy, m(Hy)) in (5.13), we simply have r(z¢, ZT (he), mi(he)) = eo(@e, m(hye))
and the running risk function reduces to the running cost function.

The transition risk mappings of Examples 2.4.7, 2.4.8, and 2.4.9 satisfy the condi-
tions of Theorem 5.6 corresponding to stochastically conditionally time-consistent risk

filters.

5.3.3 Markov risk measures

We say that a policy m € IT is Markov if each decision rule m(-) depends only on the

current observed state x; and the current belief state &;.

Definition 5.3.5. In POMDP, a policy © € II is Markov if m(hy) = m(h}) for all

t=1,...,T and all hy, b}, € X* such that x; = x} and EF (hy) = E] (h}).

—_
—

For a fixed Markov policy =, the future evolution of the process {(X,, Z7)},;= 7 is
solely dependent on the current (z;, =] (ht)), and so is the distribution of the future risk

functions r-(X,, ZF, 7 (X;, ET)), 7 = t,...,T. Therefore, we can define the Markov

property of risk measures for POMDP. To alleviate notation, for all # € II and for a

measurable and bounded r = (r1,...,77), we write

vy (he) == p:T (rt(Xt, Sl m(He))y ooy (X E;r, WT(HT))) (ht). (5.15)
Definition 5.3.6. A family of risk filters {pr}::elnT for a POMDP is Markov if
for all Markov policies m € II, for all bounded measurable r = (ry,...,r,), and for all
he = (z1,...,2¢) and b}, = (2}, ..., 7)) in X! such that z; = x} and ZF(hy) = ZF(h}),
we have

vi (he) = vf (ht).

Proposition 5.3.7. A normalized, translation invariant, and stochastically condition-

ally time-consistent family of risk filters {p7T }:ZGH + @ Markov if and only if the

t, T 1,...,

dependence of oy on hy is carried by (z¢, Z7 (ht)) only, for allt =1,...,T — 1.



50

Proof. Fixt=1,...,7 —1 and w € V. Let m € Il be an arbitrary policy. Consider
he, by € Xt such that x; = 2}, ZF(h) = ZF(h}) = &, and QT (k) = QT(h}). By the
measurable selector Theorem [38], a Markov policy A € IT exists, such that m(h;) =
Az, &) (for the fixed ¢ and hy).

By setting r = (0,...,0,7¢41,0,...,0) with r,11(2’,&,u') = w(2’), we obtain from

the Markov property in Definition 5.3.6:

ot(he, QF (he), w) = oy (he, Q) (e, &), w) = v} (he) = v (h})

= O-t(h;’ Qi\(l’bgt)a w) = Ot(hgv Q?(ht)vw) = Ut(h;’ Q?(hg)’w)

Therefore, o; is indeed memoryless, that is, its direct dependence on h; is carried by
(1, &) only.

If oy, t =1,...,7 — 1 are all memoryless, we can prove by induction backward in
time that for all t = T,...,1, vT(hy) = vF(h}) for all Markov 7 and all hy, b} € X* such

that 2y = 2} and & = ¢].

The following theorem summarizes our observations.

well

Theorem 5.3.8. A family of risk filters {pr}t:L

o for a POMDP is normalized,
translation-invariant, stochastically conditionally time-consistent, and Markov if and

only if transition risk mappings
O¢ . {(I’t,EZT(ht),Q?(ht)) cmw eIl hy € Xt} xV—->R, t=1...T -1,

exist, such that

(i) forallt=1,...,T =1 and all (z,€) € {(x¢, 5] (hy)) : 7w € II, by € X'}, 04(x, &, -, ")
18 normalized and strongly monotonic with respect to stochastic dominance on { QF (ht) :
m € II, hy € X such that zy =z, ZT (hy) = € };

(ii) for all w € II, for all measurable bounded r, for allt = 1,...,T — 1, and for all
hi € X,

vf (he) = re(@e, &, mi(he)) + oe (20, Z7 (he), QF (he), v (e, ). (5.16)

This allows us to evaluate risk of Markov policies in a recursive way.
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Corollary 5.3.9. Under the conditions of Theorem 5.5.8, for any Markov policy w, the

function (5.15) depends on r, m,...,mp, and (x,&) only, and the following relation is

true:
v T (0, &) = (e & m(an &) +
at(a:ufu/ KX (e, yo (@, &) &(dy), 2’ — v 77 (@, By, &, (w4, &), 7))
Y

(5.17)

Proof. We use induction backward in time. For ¢ = T' we have v7(hr) = r.(X,,&;,

7. (X, &,)) and our assertion is true. If it is true for ¢ + 1, formula (5.16) reads

of (he) = re(xe, &, mi(xe, &) +

Ot (‘Ita gtv Qt(mh §t7 TFt(.'IZ't, gt))v xl = vzrjjil?'”’ﬂ—T (xlv (pt(w‘ta €t7 ﬂ-t(xta gt)7 ‘T/))) .

Substitution of (5.12) proves our assertion.

5.4 Dynamic Programming

mwell

+—1__o Which is normalized, translation-

We consider a family of risk filters {pr}
invariant, stochastically conditionally time-consistent, and Markov. Our objective is

to analyze the risk minimization problem:

7T]naeillr%vf(:vl,El(xl)), x; € X.

For this purpose, we introduce the family of value functions:

vi(ge) = inf ol (h), g = (x1,u1,...,u—1,2¢) €G,, t=1,...,T, (5.18)
ﬂ'GHt’T(gt)

where G, is defined in (5.1) and 11, ;.(g¢) is the set of feasible deterministic policies 7
such that 7s(hs) = us, Vs = 1...t — 1. By Theorem 5.3.8, transition risk mappings
{O-t}tzl,...,Tfl exist, such that equations (5.16) hold.

We assume that the spaces P(X) and P(Y) are equipped with the topology of weak
convergence, and the space V is equipped with the topology of pointwise convergence.

All continuity statements are made with respect to the said topologies.
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We also assume that the kernels K;(x,y, u) have densities ¢ (-, - | x, y, u) with respect

to a finite product measure px ® py on X x Y, as in Example 5.3.1. In this case,

/ngX(%%w é(dy)] (da') = [/y/yqt(x’jy’ |z, y,u) E(dy) py (dy') | px(da’).
(5.19)
Our main result is that the value functions (5.18) are memoryless, that is, they
depend on (x¢,&;) only, and that they satisfy a generalized form of a dynamic program-
ming equation. The equation also allows us to identify the optimal policy.
We remark that we cannot mechanically apply earlier results in Section 4.2 on fully
observable Markov models and new techniques are required to prove the result. The
difficulty is in the composite nature of the transition risk mappings, where the Bayes

operator features.

Theorem 5.4.1. We assume the following conditions:
(i) The functions (z,u) — q(2',y'|x,y,u) are continuous at all (z',y, z,y,u), uniform-
ly over (2',y,y);
(ii) The transition risk mappings o¢(-,+,-,-), t =1,...,T, are lower semi-continuous;
(iii) The functions r(-,-,-), t =1,...,T, are lower semicontinuous;
(iv) The multifunctions Up(-), t = 1,...,T, are compact-valued and upper-semicontinu-
ous.

Then the functions vf, t =1,...,T are memoryless, lower semicontinuous, and satisfy

the following dynamic programming equations:

vi(w,§) = min {rt(:f,f, u) +
O-t(xaga/ KtX(x?yvu) g(dy),fﬁl = v;_,_l(x/,@t(x,f,u,x')))},
y
zEX, £€PQ), t=T-1,...,1.

Moreover, an optimal Markov policy & exists and satisfies the equations:

iy (x,€) € argmin r,(z,&,u), z€ X, £e€P(Y), (5.20)
w€Ur ()
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#1(2,€) € argmin {mx,s, u) +
u€Us ()

O't<.7},§,/yK£X(CL’,y,U) g(dy),JI/ = Uerl(x’,@t(x,{,u,a:/)))},
TEX, £€PY), t=T—1,...,1. (5.21)
Proof. For all g, € Gr we have

vi(gy) = inf ro(x,, &, mp(hy)) = inf  ro(w,, &, u). (5.22)

ﬂT(gT) uEUT(mT)
By assumptions (iii) and (iv), owing to the Berge theorem (see [5, Theorem 1.4.16]), the
infimum in (5.22) is attained and is a lower semicontinuous function of (z,,§, ). Hence,
v is memoryless. Moreover, the optimal solution mapping ¥,.(z,§) = {u € Up(z) :

rp(w, & u) = vl (z, 5)} has nonempty and closed values and is measurable. Therefore,

a measurable selector 7, of ¥, exists (see, [38], [5, Thm. 8.1.3]), and

#
U;: (gT) = U; (I’T, ET) = UTT (I’T, £T)
We prove the theorem by induction backward in time. Suppose v}, () is memoryless,

lower semicontinuous, and Markov decision rules {71, ..., 7, } exist such that

{fl’ 17"'7ﬁ }
Uf+1(gt+1) = Uf+1($t+17§t+1) = ”t+t1+ " (we41,&041)5 V941 € Graa

Then for any g; € G; formula (5.16), after substituting (5.12), yields

* — : f by h
vy (9¢) WGI%ZIT(gt)/Ut( t)

= inf {rt(xt,&,m(ht)) + oy (xt,ft,/yKiX(SUmyaﬂt(ht)) &(dy),v%(ht,.))}-

ﬂ'GHt’T(gt)
Since v] 4 (he, @) > vf 1 (2, By (24, &, mi(he),2')) for all 2/ € X, and oy is non-decreasing

with respect to the last argument, we obtain
vy (9¢)

> inf h
> WeﬁfT(gt){ re(xe, &, me(he)) +

¢ (xt,ft,/ KtX(J?uvat(ht)) &(dy)axl = U:Jrl(xladst(xtyftyﬂt(ht)ax/))>}
y
w€U (zt)

= inf { re(zy, &, u) +

Ot (xt7§t7/:)]Ki)((mt7y7u) {t(dy),x' = U:+1($/7¢t($t7£t7u7$/)))}'
(5.23)
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In order to complete the induction step, we need to establish lower semicontinuity of

the mapping

(2.6 u) = 0w, /y K (2. y.0) §(dy),a’ = v (2, B, 6 ua)) ). (5.24)

To this end, suppose () — z, ) — ¢ (weakly), u®) — u, as k — oc.
First, we verify that the mapping (z,{,u) — fy K{X(z,y,u)&(dy) appearing in
the third argument of oy is weakly continuous. By formula (5.19), for any bounded

continuous function f: X — IR we have

| ) [ [ X)) 5<k><dy>] (da')
X y

(5.25)
- [ s [ [ [ ataf 129,50 €9(a) uy(dy’)] px (da)
X yJYy
By assumption (i),
Jim s [e(2' g | 2y, u®) — g2,y | 2y, )] P (dy) =0, (5.26)
uniformly over z’,13’. Moreover, by Lebesgue theorem, the function
v [ 1) [ el Ly ) x e (527)

is continuous. Therefore, combining (5.25) and (5.26), we obtain the chain of equations:

leI&Af( [/Kt )y, u )E(’“)(dy)] (da')

~ Jim [ / / ar(@' ' | 2y, u) € (dy) oy (dy >] jix (da')

k—o0

k—o0

/ [/ f(@ /Qt 'y |z, y,u) py(dy') MX(dx')F(dy)
:/Xf(x') [/thX(x,y,u) ,g(dy)] (d').

The last by one equation follows from the weak convergence of £*) to ¢ and from the

= lim [ / fz / @@,y | z,y,u) py(dy) ux<dx’>] £ (dy)

continuity of the function (5.27). Thus, the third argument of o; in (5.24) is continuous

with respect to (z, &, u).
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Let us examine the last argument of o; in (5.24). By (5.26), for every continuous

bounded function f(-) on Y, and for each fixed 2’ € X,

lim /f(y') B (2 e®) B 2 (dy)

k=eoJy

o W) yaay 2 ®, g, u) €0 (dy) py (dy)
koo [y [pa(asy | 2®,y,u®) €0 (dy) py (dy')

W) fy @y | ey, a) E(dy) py (dy')

L ha@y e y,u) E(dy) py(dy)

provided that (z, &, u,z’) is such that

//qt(ﬂ:/,y’lx,yw) &(dy) py (dy') > 0. (5.28)
yJy

Therefore, the operator ®;(-, -, -, 2’) is weakly continuous at these points. Let x, &, u be
fixed. Consider the sequence of functions V® : ¥ - R, k =1,2,..., and the function

V : X — R, defined as follows:

V(k) (.Z',) = U;:+l (.’B/, ét(x(k)a g(k), u(k)7 .Z'/)) )

V(l'/) = U;fk—f—l (.T/, @t(:ﬁ’ 57 u, .%'/)) .

Since v}, (-, -) is lower-semicontinuous and (-, -, -, ') is continuous, whenever condi-

tion (5.28) is satisfied, we infer that

V(') <liminf V¥ (2)),

k—o0
at all 2/ € X at which (5.28) holds. As v/, ; and @; are measurable, both V' and
lim infj,_,o V*) are measurable as well.

By Theorem 5.3.8, the mapping o; is preserving the stochastic order <g of the last

argument with respect to the measure fy KX (x,y,u) £(dy). Since

([ sfwom @) {zex: [ a6 100w e ) =0} <o

the value of liminfy,_,o, V*)(2’) at the set of 2’ at which (5.28) is violated, is irrelevant.

Consequently, by assumption (ii), with the view at the already established continuity
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of the third argument, we obtain the following chain of relations:
(w6, [ K <), V)

< ol [ K €l Hnint V09

= oy (:E,&, klirilo/Jij((m(k),y,u(k)) ¢ (dy),likrggéf V(k))

< Timinfo, (s, €0 /y K (@), y,u®) €9 (dy), V).
Consequently, the mapping (5.24) is lower semicontinuous.

Using assumptions (ii) and (iv) and invoking the Berge theorem again (see, e.g.,

[5, Theorem 1.4.16]), we deduce that the infimum in (5.23) is attained and is a lower
semicontinuous function of (z, ;). Moreover, the optimal solution mapping, that is, the
set of u € Up(x) at which the infimum in (5.23) is attained, is nonempty, closed-valued,
and measurable. Therefore, a minimizer 7; in (5.23) exists and is a measurable function

of (z4,&) (see, e.g., [38], [5, Thm. 8.1.3]). Substituting this minimizer into (5.23), we

obtain

’U;fk (gt) > T (xta {tv 'fft(i[ft, gt))

+O't<l‘t7£ta/)}Ktx(mtayaﬁ't(l‘t;&)) &i(dy), z’ — UZ‘+1($/7@t(%faﬁt(ﬂfz&»ft)aivl)))

_ v;{m&,...,ﬂT}(mt’ ft)
In the last equation, we used Corollary 5.3.9. On the other hand, we have

* . e {frfv“"ﬁ— }
vi(ge) = weﬂlilj(ht)vt (ht) < vy T (e, &).

Rty . L
Therefore v} (g;) = vt{ ” T}(act,&) is memoryless, lower semicontinuous, and

Uf (l‘t, §t)

= min {rt(:ct,ﬁt,u)

’u,eut(xt)

+ ot (iﬁt,ft,/thX(iﬁtay:U) €t(dy)7x/ = U;tk—i-l (x',@t(xt,ﬁt,u,:r/))>}

= (@, &, (@, &)+

of! <33t7§ta/)}Kt)((xtayaﬁt(xtagt)) &i(dy), ' — U:+1(x/7@t(ﬂﬁt,ﬁt,ﬁt(xtaﬁt%w,))>-
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This completes the induction step.

O]

The most essential assumption of Theorem 5.4.1 is assumption (ii) of the lower semi-
continuity of the transition risk mappings o(-, -, , ). If these mappings are derived from
convex or coherent risk measures, their lower semicontinuity with respect to the last
argument follows from the corresponding property of the risk measure. In particular,
[56, Cor. 3.1] derives continuity from monotonicity on Banach lattices. The semiconti-
nuity with respect to the third argument, the probability measure, is a more complex
issue. Lemmas 4.2.3 and 4.2.4, verified this condition for two popular risk measures:
the Average Value at Risk and the mean-semideviation measure. Similar remarks apply
to the assumption (iii) about the running risk functions. The assumptions (i) and (iv)
are the same as in the utility models of [8].

We could have made the sets U; depend on &, but this is hard to justify.
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Chapter 6

Illustration: Machine Deterioration

6.1 Description of the Process

We consider the problem of minimizing costs of using a machine in T periods. The
condition of the machine can deteriorate over time, but is not known with certainty.
The only information available is the operating cost. The control in any period is to
continue using the machine, or to replace it.

At the beginning of period t = 1,...,T, the condition of the machine is denoted by
yr € {1,2}, with 1 denoting the “good” state, and 2 the “bad” state. The controls are
denoted by u; € {0,1}, with 0 meaning “continue”, and 1 meaning “replace”.

The dynamics is Markovian, with the following transition graph for the “continue”

control:

1—p 1

and the following transition matrices K1, v € {0,1}:

K[O]: l_p p ’
0
(6.1)
I-p p

We can observe the cost incurred during period ¢, denoted by x¢11. The increment of
the time index is due to the fact that this cost becomes known at the end of the period,

and provides information for the decision making in the next period. The conditional
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distribution of x441, given y; and w, is described by two density functions f; and f;
for all C € R,

C
]P[:UtHSC"yt:i,ut:O] :/ filz)dz, i=1,2,
e (6.2)

lP[xtH < C’}yt =1,u = 1] = /C filx) dz, 1=1,2.
—o0
Assumption 6.1.1. The functions f1 and fo are uniformly bounded and the condition-
al distribution of x¢y1 given that the machine is in “good” condition is stochastically
smaller than the conditional distribution of xiy1 given that the machine is in “bad”
condition, i.e.,

c c
/ fl(I)dQEZ/ fa(z) dz, VC € R;

with a slight abuse of notation, we write it f1 <g fo.

Thus the relations (6.1) and (6.2) define {4, y; } —1 as a partially observable

T+1

Markov process controlled by {ut} +—, - Based on observations (z1,...,2¢), the belief
state & € [0, 1] denotes the conditional probability that y; = 1. We can update the
posterior belief state as follows:

@(«St, $t+1), if Ut = 0;

§t+1 =
1—p, if up =1,

where @ is the Bayes operator,

@(€,$,) _ (1 — p)gfl(xl) ] (63)

A + (1= f()
We assume that the initial probability £ € [0,1] is known; then & (x1) = @(&o, z1).

Directly from (6.3) we see that ¢(0,-) = 0, &(1,-) = 1 — p, and &(-,2’) is non-

decreasing.

6.2 Risk Modeling

At the beginning of period ¢, if we replace the machine (u; = 1), there is an additional

fixed replacement cost R. Then the costs incurred are

re(xg,w) = R-w+ax, t=1,...,T;
(6.4)

Triq (.’ET+1) = TT+1-
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We denote the history of observations by h; = (x1,...,x¢) and the set of all history-

dependent policies by
I:={r=(m,...,m,)|Vt, m(z1,...,3) € {0,1} }.

We want to evaluate the costs (6.4) for any 7w € II, and find an optimal policy. The
risk-neutral approach is to evaluate the conditional expectations of the sum of future
costs:

T
E[Z (R - (hy) + xT) + X711

T=t

ht], heR, t=1,....,T+1, well

As shown in Theorem 5.3.8, construction of Markovian risk measures that replace the

above expectations, is equivalent to specifying transition risk mappings
o :RxP(R)x P(R) xV — R,

where V is the space of all bounded and measurable functions from R to R. For
simplicity, we assume that oy(-,-,-,-) is the same for all ¢ and does not depend on the

current state (z¢, &), that is,

Ut(x7 57 q, U) - U(q7 ’U).

Remark 6.2.1. For a probability measure g € P(R) that has f as the density function,

with slight abuse of notation, we also write o(f,-) instead of o(q,-).

6.3 Value and Policy Monotonicity

In this section, we assume that the transition risk mapping o : P(R) x V — R satisfies
all assumptions of Theorem 5.4.1. Then the optimal value functions vy, t =1,...,T+1
are memoryless and satisfy the following dynamic programming equations:
. ' R+o(fi,a" — v, (2,1 -p));
vy (z,€) = x + min ,

U(ffl + (1 - f)f%x/ = U:_H(SC,,@(&:C,)))

z€R, €€0,1], t=1,...,T, (6.5)

with the final stage value v} (7,&§) = z. Moreover, an optimal Markov policy exists,

which is defined by the minimizers in the above dynamic programming equations.
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Directly from (6.5) we see that vj (z,§) = v +w;(§), t =1,...,T + 1. The dynamic

programming equations (6.5) simplify as follows:

R+o(fi,2" 0 2’ +wiy (1-p));
wy (§) = min )

U(&fl + (1 - f)an .T/ = + w:—l—l(@(&l‘/)))

ce0,1], t=1,...,T, (6.6)
with the final stage value w}., () = 0. We can establish monotonicity of w*(-).

Theorem 6.3.1. If % is mon-increasing, then the functions wy : [0,1] — R, t =

1,..., T+ 1 are non-increasing.

Proof. Clearly, wy | is non-increasing. Assume by induction that wy,  is non-increasing.

For any & < & we have:

L &fi+ (1 =&)f2 =st Eafi + (1 — &) fa, because f1 =Zg fo.

2. For all 2/, we have ' + wf (P(&1,2") > o' + wi(P(&2,2")), as wy,, is non-

increasing and @(-,2’) is non-decreasing.

3. the mapping 2’ — 2’ 4+ w;, (P(£, 2')) is non-decreasing for all £. To show that, it
is sufficient to establish that 2’ — @(, 2’) is non-increasing, and this can be seen

from the formula (for 0 < p < 1):

T =T <1 * ﬁg; (2 - 1)) |

Thus
o(6fi+ (1= &) fo, ! = &/ + iy (B(61,2')))
> o(éfi+ (1= &) fo, 2’ = 2 +wjp (P&, 7)) (because of 2.)
> o(bafi + (1 — &) fo, 2’ = 2’ +wip (P&, 7)) (because of 1. and 3.)

which completes the induction step.

O

The monotonicity assumption on % is in fact a sufficient (but not necessary) con-

dition for fi =g fo. We illustrate this issue by the following examples.
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Example 6.3.2 (Exponentially distributed costs). We have

1 T —m; )
fz(m) = aexp <_ 0 > ]l{xzmi}v 1=1,2,

with my, mo, 01, o > 0. To have f1 =gt fa, we must have m1 < mg and 01 > 0. Thus

the non-increasing property of % 1s equivalent to f1 =gt f2, as

+ o0, for x < mo, if mp < mo;
h(z) =10, for x <my, if mo < my;
fa(z)

0 Tr—my X — M

—= exp — , for x > max(mi, ms2).

01 0o 01

Example 6.3.3 (Normally distributed costs). Consider the normal distributions trun-

cated to [0,400)

where 01,09 > 0 and p1, ue € R. We have

i 2 i 2
;;Eg = const - exp (—; (ﬂj Ulul) —i—% (x 02'“2) > ,

so the derivative of In % is —% + % A necessary and sufficient condition for %
1 2

being non-increasing on [0, 4+00) is

01§0'2 and &S%

o1 03
Example 6.3.4 (Uniformly distributed costs). We set

1

To have f1 =g fa, we must have mq < mo and My < Mo, and then

+ 00, for mi; <z < mg;
fi(z) My —mo

= ——= formo <ax < My;
folw) My —my

07 fOT'Q?ZMQ,

1S MON-INCreasing.
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From Theorem 6.3.1 we obtain the following threshold property of the policy.

Theorem 6.3.5. Under the assumptions of Theorem 6.5.1, there exist thresholds & €

[0,1], t =1,...,T such that the policy

0 lf€t>§;7
’U,t:

s optimal.
Proof. Suppose £ is such that replacement at time ¢ is optimal:
R+ O'(fl,.fli'/ — + w:—&-l(l _p)) < O—(ffl + (1 - f)f2,i[fl — ! + w:—kl(@(&a wl)))

Then for any ¢ < &, we have {f1 + (1 — &) f2 st (fi + (1 =) f2 and (&, ") > D(¢, ).

Consequently,

R+o(fi,2' =2 +wi,(1-p))
<o(fi + (1= &) fo, 2" = o + wipy(B(€,2)))
<o(Ch+ 1= fea = +wiy (B(E2))))
<o(Ch+(1—=Qfza" =2’ +wip (B¢ ),

and replacement is optimal for ¢ as well.

6.4 Numerical Illustration

In this section, we solve the problem in the special case where f; and fo are density
functions U(mq, M7) and U(me, Ma) with m; < mgo < My < My, as in Example 6.3.4.

Then the Bayes operator is piece-wise constant with respect to z’:

)
1—p, if mp <z’ < mao;

N Q=pea—ma) oo
@({,1‘)— f(M2—m2)+(1—§)(M1—m1) T ¢(§)7 f 2 < §M1a

0, if M1 §x’§Mg.
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The conditional distribution of z’ given & is described by the density function £f; +
(1 = &) f2, which is also constant in each of the three intervals [my, ms), [me, M7] and

(My, Ms)], with the following probabilities amassed in each of the three intervals:

£(ma —my)
M1 —ma

32(§) = (My — ma) <M1 Eml T Mi:im) )
(]3(5) — (1 - 5)(M2 - Ml)

MQ—mQ

a(§) =

We use the mean-semideviation transition risk mapping of Example 2.4.8, with p =1

and constant s, i.e,
0(q,v) = Eqfv] + 5Bq [(v — Eq(v)) "] .

It is strongly monotonic with respect to stochastic order and lower semi-continuous
with respect to (¢,v). Then the dynamic programming equations (6.6) for t =1,...,T
become:

wi(€) = min { R+ E{(1) + By, (2 = 2’ + wiy (1 - p) = B{(1) 3

B{ () + Bepiva-o (0 = @/ + i (@(6,2) - B(©), }, (67)

where
Ef (&) = Bepi-op(@ — a2 +wi (&)

m1 + mso

= @ (M5 a0 - )

) (M 4wt

) (M5 +0a0).

As 2’ — 2 +wl (D& ")) — Ef(€) is linear in each of the intervals [mq, ma|, [mo, My
t+1 t

and [My, M), we have

Eepr-ep (@ = o' +wi (86 2') — EF(€))
= q1(§) 0(m1, ma, B} (§) — wiy1(1—p))

+ q2(&) 0(ma, My, Ef(€) — wi 1 (6(€)))

+ q3(£) O(M1, Ma, Ef (€) — wi11(0)),
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where, for a; < as,

(a1 + ag), if ag < ay;

NO|—=

a2
c—a
O(ar,az,a3) == fal(—?’)+ _

az—as 1 .
a5 — a1 (as + a2) if a1 < ag < ag;

az—ay’

N[ =

if ag > as.

=

For any ¢ and any &, if we know w}, (1 —p), wf;(¢(§)) and wf, ;(0), then the compu-

tation of w; () can be accomplished in three steps:
1. Compute Ef(1) and E}(§) by (6.8).

2. Compute Ey, (¢/ — 2’ + wi, (1 —p) — Et*(l))+ and

Bepi-g (@ 2’ +wi (8(€ ) — E{(€), by (6.9).
3. Compute wj(§) using the dynamic programming equation (6.7).

Since we have the final stage value w},; = 0, all w;(§) can be easily calculated by
recursion backward in time.

In Figure 6.1, we present the value functions and optimal policies for an example
with mq1 = 0, mg = 80, M7 = 100, My = 500, p =0.2, T =6, R = 50, and s» = 0.9. In
Figure 6.2, we display the distribution of the total cost obtained by simulating 100,000
runs of the system with both policies.

We see that the application of the risk-averse model increases the threshold values
& of the optimal policies and results in a significantly less dispersed distribution of the

total cost.
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Figure 6.1: The value function for the risk-neutral model (dashed) and the risk-averse

model (solid). The stars denote the critical value £* below which replacement is optimal.
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Figure 6.2: Empirical distribution of the total cost for the risk-neutral model (blue)

and the risk-averse model (orange).
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Conclusion

In this thesis, we developed theoretical foundations of the theory of dynamic risk mea-
sures for controlled stochastic processes, and the results were successfully applied and
specialized to Markov decision processes (MDP) and partially observable Markov deci-
sion processes (POMDP).

We began with introducing a new class of dynamic risk measures for general discrete-
time stochastic processes, which we call process-based. Under the uncontrolled setting,
we introduced the notion of stochastic conditional time consistency, which is stronger
than the classical notion of time consistency. We proved under general assumptions
that a dynamic risk measure is stochastically conditionally time-consistent if and only
if it can be represented by a collection of static law-invariant risk measures on the
space of functions of the state of the base process. (These static law-invariant risk
measures are called “transition risk mappings”.) This full characterization allows us to
construct such dynamic risk measures from static risk measures, while the static risk
measures are mathematical objects that are much better understood and analyzed in
the literature. Under the controlled setting, due to the presence of different control
policies, we modified the notion of stochastic conditional time consistency so that it
connects different policies into one unified property. In other words, the dynamic risk
measures for all admissible policies share the same collection of transition risk mappings
that is policy-independent.

The results were first specialized to Markov decision problems (MDP), where we
evaluate different policies according to a process-based dynamic risk measure. We dis-
covered that under the assumption that risk measures are memoryless under Markov
policies, the history dependence of the transition risk mappings is reduced to the cur-

rent state only. With the help of this special form of characterization, the dynamic



69

programming equations governing the value function was derived. As a special case of
MDP, for multistage stochastic programming problems with decision-dependent prob-
abilities, we derived the form of risk measures on a scenario tree and we also derived
the associated dynamic programming equations.

We then specialized our theory to partially observable Markov decision problems
(POMDP). Due to the fact that part of the state is unobservable, the agent in POMDP
needs to optimize the objective function while making “best guesses” on the unobserv-
able part of the state. One of the major difficulties is that the cost process is adapted
to the filtration generated by the full state process, while the risk measure needs to be
assessed according to the filtration generated by the observable state process. To deal
with this difficulty, we introduced the concept of a risk filter. We postulated the prop-
erty of stochastic conditional time consistency adapted to such a filter. Our main result
was that the risk filters can be equivalently modeled by special forms of transition risk
mappings: static risk measures on the space of functions defined on the observable part
of the state only. We also derived dynamic programming equations under this setting.

Finally, our theory on POMDP was applied to the machine deterioration problem.
The problem was formulated as a cost minimization problem, where in each step we can
choose to continue using the machine or to replace it. We can observe the operating
cost, while the gradual deterioration of the machine is not directly observable. Our
numerical results showcased the power of our risk-averse theory, in the sense that the
dispersion of the total cost under the optimal policy noticeably decreased compared to

the risk-neutral case.
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