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ABSTRACT OF THE DISSERTATION

HIERARCHICAL STATISTICAL MODELING OF RATES AND

VARIABILITY OF SEA LEVEL

by Erica L. Ashe

Dissertation Director: Robert E. Kopp

Climate change is driving sea-level change around the world. Understanding the physical mecha-

nisms behind global and regional sea-level variations requires historical reconstructions. Prior to

the instrumental period – over which tide gauges, beginning about 2-3 centuries ago, and satel-

lites, over the last three decades, record relative sea level (RSL) and sea-surface height (SSH),

respectively – the sea-level record depends upon proxy-based reconstructions. Proxy data contain

vertical and temporal uncertainties that create challenges to modeling paleo-sea levels. One specific

problem in interpreting these proxy data is parsing the complex spatial and temporal patterns of

RSL and its rates of change from sparse data of different resolutions from distinct locations and

sources. Another challenge is accounting for known uncertainties in a consistent and realistic man-

ner. Making use of data that do not adhere to normality assumptions poses additional challenges

to models of RSL.

This dissertation employs several methods to handle these challenges in order to quantify past

rates of RSL change probabilistically. Hierarchical models are central to model clarity. They explic-

itly distinguish between a process level, which characterizes the spatio-temporal sea-level field, and a

data level, which characterizes the way in which sparse proxy data and noise are recorded. A param-

eter level depicts prior expectations about the structure of variability in the spatio-temporal field.
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Many past statistical models have not included a spatial component; here, we demonstrate meth-

ods for incorporating sparse data from disparate locations that share information over space and

time through covariance functions that describe Gaussian process (GP) priors in spatio-temporal

empirical hierarchical models (STEHMs). An analysis of several techniques recently implemented

in the literature with both instrumental and proxy data illustrates the transparency and flexibility

of hierarchical statistical modeling frameworks for sea-level studies. Non-parametric methods, such

as the Kalman smoother and hierarchical models with GP priors, incorporate physical prior infor-

mation into the process levels and provide flexible and robust ways to model the spatio-temporal

RSL field and GMSL. Empirical Bayesian analyses provide a good approximation for large datasets

and require fewer computational resources than fully Bayesian analyses; conversely, fully Bayesian

analyses include parameter uncertainties to more thoroughly characterize known uncertainties.

Whereas past models frequently assumed Gaussian uncertainties in RSL proxy data, or ex-

cluded data that cannot be approximated with a normal distribution, this dissertation presents

an approach, within a Bayesian hierarchical framework with GP priors, that incorporates non-

Gaussian uncertainties through Markov Chain Monte Carlo (MCMC) sampling. This approach

readily accommodates parametric and non-parametric likelihood distributions; in our case study

of south Florida coral and sedimentary archives, non-parametric likelihoods are more robust to

geographical distribution differences. Incorporating non-Gaussian likelihoods allows the inclusion

of a variety of coral taxa with distinct empirical depth distributions, as illustrated here, as well as

many other types of RSL proxy data that have previously been excluded or estimated improperly.

We also introduce a new method of modeling high-resolution proxy data, and illustrate it using

mid-Holocene sites in Southeast Asia. This approach incorporates a periodic process term in the

modeling, based on analysis of the modern processes, as well as methods for optimizing temporal

shifts due to age uncertainties. It reveals ∼0.6 m fluctuations in RSL, as well as a peak rate of RSL

rise of 9.6±4.2 mm/yr and a peak rate of RSL fall of 12.6±4.2 mm/yr. These fluctuations may

have been driven by dynamic, steric, or eustatic effects, and they are unprecedented in the region

in modern times. . Although each dataset has unique characteristics, this method can be extended

to other high-resolution proxy records of RSL around the globe.
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1

Chapter 1

Introduction

Around the globe, sea levels are rising at an accelerating rate, and this acceleration is likely to

continue into the future (Church et al., 2013a). Rising sea levels are causing serious impacts,

including increased flood risk, and will continue to do so even in the most the optimistic projections.

Understanding sea-level change in the past is vital to projecting future sea-level change, as it

contextualizes current changes and constrains physics-based models of the processes used to project

future changes.

Only a short history of sea-level data exists from the instrumental record. Since sea-level

variations occur over a broad range of temporal and spatial scales, this short temporal record only

provides so much insight into the mechanisms behind these variations. As a result, it is necessary

to reconstruct sea level over longer time periods from sources that are proxies for sea level, which

have both temporal and vertical uncertainty. This creates a non-trivial problem, particularly when

the spatial field is brought into the picture. The paleo record from past periods can provide

insight into the magnitude of change as well as the mechanisms that create this change, but only

if analyzed objectively to arrive at estimates, with uncertainties, through space and time. Using

spatio-temporal hierarchical models, it is possible to constrain the uncertainty in and reconstruct

the entire relative sea level (RSL) field and its rates of change from such noisy data.

Many processes contribute to sea-level change at a given time and location, with variability on

distinct temporal and spatial scales. Sea-surface height (SSH) is the height of the ocean above a

known reference ellipsoid, while relative sea level (RSL) is the difference between the sea surface

height and the height of the solid Earth. Global mean sea level (GMSL) is the average of RSL

or SSH over the surface of the ocean. This dissertation focuses on RSL proxies that give insight

into changes over time scales of thousands of years, for the period beginning with the Last Glacial

Maximum (LGM), which occurred between 26 and 19 ka (e.g., Walker et al., 2009; Clark et al.,
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2009; Milne et al., 2009; Khan et al., 2015), when ice sheets reached their greatest extent, sufficient

to draw down global mean sea level by about 120 to 135 m (e.g., Clark and Mix, 2002). The last

glacial period ended with the beginning of the current interglacial stage, the Holocene epoch (past

∼11,700 years; Walker et al., 2009; Milne et al., 2009), also a prime focus period for paleo-sea level

research. The Last Interglacial (LIG) stage, also known as marine isotope stage 5e (MIS5e) or

the Eemian, occurred about 130,000 to 115,000 years ago (130 ka to 115 ka) and had peak global

average surface temperatures comparable to, or slightly higher than, present levels (Hoffman et al.,

2017); it is another period of primary interest for the paleo-sea level community.

Global mean sea level (GMSL)

GMSL changes occur due to changes in volume of the oceans or to alterations in the shape of the

ocean basin, and thus to the relationship between volume and sea-surface height. Land-based ice

sheets shrink (or grow), increasing (or decreasing) the mass and volume of water in the oceans.

This is known as glacio-eustasy and occurs on hundred-meter scales over tens of thousands of years.

Redistribution of water between different hydrological reservoirs, hydro-eustasy (Rovere et al.,

2016), also alters the mass of the oceans, which could result in sea-level changes of meters over

tens of thousands of years (Hay and Leslie, 1990). Ocean temperatures and salinity, thermosteric

and halosteric changes, result in density, and therefore volume, changes of the ocean water (Church

et al., 2013a). Global mean thermal expansion produces rates of sea-level change on meter scales

over hundreds to thousands of years (and smaller variability over shorter time periods). In addition,

continental movement and visco-elastic Earth deformation alter the boundaries of the oceans (van

Andel, 1994; Mitrovica and Milne, 2003), which changes their capacity. Convective mantle flow

drives vertical deflections of the crust, which causes alterations in bedrock elevation (Hays and

Pitman, 1973). This geological process, known as mantle dynamic topography (Braun, 2010), may

affect sea levels on meter scales over hundreds of thousands of years (Austermann et al., 2017;

Conrad and Husson, 2009). At active continental margins, tectonic plate movement also causes

vertical and horizontal movement of ocean floors, which results in tectonic subsidence or uplift.

Tectonics and sediment compaction may cause a few hundred meters of GMSL change in 10-100

million years (Flemming and Roberts, 1973). The combination of all of these processes influence
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GMSL on a continuum of time scales, spanning years to hundreds of millions of years (Morrow,

2014), and could therefore be separated by their characteristic temporal scales or be estimated by

physical process models.

Many analyses have concluded that GMSL has risen at rates between 1.6 and 1.9 mm/yr over

the twentieth century (e.g., Holgate, 2007; Jevrejeva et al., 2008; Church and White, 2011; Church

et al., 2013a), whereas Hay et al. (2015) and Dangendorf et al. (2017) estimate the rate of rise

prior to 1990 averaging 1.2±0.2 and 1.1±0.3 mm/yr, respectively, increasing to an average 3.0 ±0.7

and 3.1 ±1.4 mm/yr, respectively after 1993. GMSL levels have varied during the Common Era

(Kopp et al., 2016) and the last deglaciation. Dutton and Lambeck (2012) estimated GMSL peaked

between 5.5 and 9 m higher than present, and Kopp et al. (2009) concluded (with 67% probability)

that GMSL exceeded 8 m higher than present.

Static equilibrium

Several underlying processes affect sea level on various time scales as mass is redistributed across

the surface of the Earth due to changes in the dispersement of ice and water. Static equilibrium

sea-level change refers to the unique pattern of sea level that is produced as a close-to-instantaneous

response to melting of land ice (Kopp et al., 2015a). The sea-level response created by gravitational,

rotational, and deformational changes on these time-scales is also sometimes called ‘contemporary

GRD.’ The diminished direct gravitational pull of a shrinking ice sheet results in RSL fall in its

vicinity (the near-field) as water migrates away from the ice sheet, resulting in changes in the

geoid (the hypothetical shape of an equipotential surface, if the oceans and atmosphere were in

equilibrium). RSL rise is enhanced in the far-field of the melting ice, due to the migration of water

from the near-field. The weight exerted on the earth by an ice mass causes elastic deformation of

the lithosphere, which is the rigid outer part of the earth, comprising the crust and upper mantle.

As ice sheets melt, mass is redistributed to oceans, resulting in crustal uplift from the unloading.

As well as producing changes in the geoid, redistribution of mass changes the orientation and rate

of rotation of the Earth (Kopp et al., 2015a; Mitrovica and Milne, 2003). The unique patterns

of sea-level change produced by static-equilibrium processes have come to be known as sea-level

“fingerprints.” On the border of a melting ice sheet, RSL can fall at a rate many times greater
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than the GMSL rise from the melt event, while far-field RSL rise can be as much as ∼30% more

than the global average (Mitrovica et al., 2001; Kopp et al., 2015a; Hay et al., 2014).

Dynamic sea level (DSL)

DSL changes are produced by a variety of processes, which can generally be separated into density-

driven or mass-driven. Just as thermal expansion creates GMSL rise, density changes in ocean water

result in regional differences in sea level. These changes, known as steric effects, refer to the way that

salinity and temperature affect the expansion or contraction of water, and therefore ocean volume

(Antonov et al., 2002): water expands with heat and the addition of fresh water, whereas it contracts

as it becomes colder or saltier. Mass changes include the addition of freshwater and redistribution

of water due to atmospheric forcing, buoyancy fluxes and ocean circulation, and occur on a range of

spatial scales and temporal scales. Ocean currents are continuous and directed movements of ocean

water (National Ocean and Atmospheric Administration, 2017), such as the Gulf Stream, and are

affected by heat redistribution as well as wind patterns (Church et al., 2013a). Currents occur

at various depths, locally and globally (National Ocean and Atmospheric Administration, 2017),

and have a continuous effect on sea level. Coupled ocean-atmosphere systems, such as the El Niño

Southern Oscillation (ENSO) and the Pacific Decadal Oscillation (PDO), and seasonal cycles affect

sea levels seasonally to decadally and reflect different modes and spatial scales of variability. All

of these dynamics, which result in distinct spatial patterns of SSH, vary regionally and on seasonal

to multi-annual timescales. Additionally, static-equilibrium effects can amplify or reduce changes

associated with water-mass redistribution, a process known as self-attraction and loading.

Recent studies have found that wind stress and buoyancy fluxes dominate small-scale geographic

variability, while mass redistribution and barotropic adjustments influence larger-scale variability

in DSL (Piecuch et al., 2013; Johnson and Chambers, 2013). Thermosteric effects contribute to

DSL variability around the world, whereas halosteric effects drive variability closer to the poles

(Fukumori and Wang, 2013; Rye et al., 2014; Kohl, 2014). Dominant modes characterize these

changes over inter-annual times scales.
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Glacial isostatic adjustment (GIA)

Driven by the flow of the mantle, GIA is the result of ongoing land and geoid changes, produced as

a visco-elastic response (multi-centennial and longer time scales) to past melting of land-based ice

sheets. The rebound of land that was previously depressed under glacial ice and the collapse of the

forebulge on the perimeter of the former ice both continue for thousands of years after deglaciation

(Farrell and Clark, 1976). Ocean syphoning, the process by which water migrates to the subsiding

peripheral forebulge (Rovere et al., 2016), leads to a decrease in SSH in the far-field. Increases in

water mass on continental shelves slowly produces a crustal tilt downwards, continental levering

(Milne et al., 2009), which raises shorelines, resulting in ∼0.5 mm/year of sea-level fall in some

places (Kopp et al., 2015a).

GIA is a primary process affecting present-day observations of RSL, especially within ∼3000

km of the center of previous glacial ice. Sea-level change from GIA varies geographically and is

approximately linear over shorter time periods (<3 ka), while over the Holocene (∼12 ka), the form

is non-linear. As an example, the Laurentide ice sheet, which covered most of Canada and the

Northern US, disappeared between 6,000 and 9,000 years ago and continues to affect RSL on the

east coast of Canada and the United States. In transitional zones, which occur at the margins of

ice-sheets from the LGM (e.g., Massachusetts on the U.S. Atlantic coast), glacio-isostatic uplift was

followed by subsidence from the migration of the forebulge (Quinlan and Beaumont, 1981). Some

models estimate GIA contributing as much as 6 mm/yr to sea-level rise (at the forebulge of the

Laurentide Ice Sheet) and 16 mm/yr to sea-level fall (e.g., in the Hudson Bay, the former core of

the Laurentide Ice Sheet) regionally (Peltier, 2009).

Other processes

In addition to GIA, other processes, such as tectonics and sediment compaction, also cause vertical

land movement (VLM). Tectonics are changes in the structure of the surface of the earth. Near

active subduction zones, where collisions of tectonic plates (pieces of Earth’s crust) occur, one

plate may slip beneath another, causing either uplift or subsidence. Volcanically active regions

may also experience abrupt changes in RSL locally. Conversely, passive margin environments (e.g.,

the Bahamas) are slowly subsiding due to tectonics. Long-term average tectonic subsidence or uplift
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rate estimates, since the Last Interglacial at sites included in the analysis of Kopp et al. (2009),

range from 1-2 cm/ky (kiloyear) to as much as 28 cm/ky (Kopp et al., 2009), and these effects are a

primary cause of RSL change in some regions more recently (e.g., Holocene or century time scales,

Shennan and Woodworth, 1992; Rovere et al., 2016). Sediment compaction, which results both from

natural loading and from anthropogenic groundwater and hydrocarbon withdrawal (Brain et al.,

2015), produces a local rise in sea level, especially in deltas, in some areas contributing more than

∼9 mm/yr (e.g., Grand Isle, LA; Törnqvist et al., 2015 with characteristic timescales of variability

that vary from inter-annual for human-driven processes to millennia for natural loading.

Dissertation organization

This dissertation is divided into three main parts. Chapter 2 reviews the current analytical and

modeling choices available in sea-level modeling. Statistical models using instrumental and geologi-

cal RSL proxy data require consistent and objective methods to comprehensively quantify multiple

sources of uncertainty. Although statistical methods have played a major role in reconstructing

other paleoclimate variables, such as temperature (e.g., Visser and Molenaar, 1988; Fritts, 1991;

Smith et al., 1996; Mann et al., 1998; Dirren and Hakim, 2005; Haslett et al., 2006; Briffa et al.,

2008), their application for both instrumental sea level (e.g., Church and White, 2004; Jevrejeva

et al., 2006; Hay et al., 2013; Kopp, 2013) and for paleo-sea level (e.g., Parnell, 2005; Kopp et al.,

2009; Cahill et al., 2016; Khan et al., 2015) is more recent. Tingley et al. (2012) formalized the

spatio-temporal paleo-climate reconstruction problem and unified past innovations in modeling

within a hierarchical framework. Similarly, this chapter provides a qualitative background for the

formal statistical developments, including hierarchical models, with respect to the reconstruction of

sea-level time series and spatio-temporal fields. We define different models representing the data-

generation process by which RSL is transformed into a sea-level proxy observation. We describe

time-series models for representing RSL at a single site and spatio-temporal models for representing

the temporal evolution of sea-level across a regional or global domain. We compare and contrast

linear, change-point, Gaussian process, and Kalman Smoother models through their application

to common datasets that include tide gauges, continuous cores, and discrete index points at sites

along the Atlantic coast of the United States.
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Chapter 3 introduces a new statistical framework to estimate past sea-level change using modern

depth distributions of individual coral taxa, incorporating non-Gaussian likelihoods of sea-level

proxy elevations. Using Gaussian process (GP) priors, we use MCMC sampling to approximate

these likelihoods in order to estimate the posterior distribution of sea level over time. We evaluate

model performance for an illustrative Holocene dataset of coral and sedimentary proxies from south

Florida. This analysis highlights differences in model results from trade-offs between quantity,

precision, and temporal distribution of the data within the model, developing robust multi-proxy

models of relative sea level.

Chapter 4 introduces new analyses within the hierarchical statistical framework. A process

that can affect high-precision proxy sea-level data is the 18.61-year nodal tidal cycle. This chapter

presents an innovative technique to incorporate this process and limiting data (which places an

upper or lower bound on RSL) into a model of RSL. High-resolution proxy data from coral microa-

tolls in East and Southeast Asia had previously seen limited use in RSL reconstructions. At the

data level in our EHM, we simulated coral growth using maximum coral growth rates with various

amounts of interannual sea-level variability, using a periodic sinusoidal term for the tidal cycles.

We fit the results of the simulations to a GP with a periodic component, and used the optimal

GP (with tuned maximum-likelihood parameters) within the EHM at the process level. Also at

the data level, we account for three types of chronological uncertainty. Using relative ages of indi-

vidual coral slabs, we optimize (within the calibrated radiocarbon age errors and localized marine

reservoir correction, ∆R) age-shift parameters to maximize the likelihood of the EHM, given the

data. Separating a non-linear component, periodic term, and site-specific offset at the process level,

we produce probabilistic estimates of RSL change, finding previously unmodeled variability during

this era. This section is an abridged variation of the original publication, Meltzner et al. (2017),

which includes greater detail on the development of the coral microatoll proxy and the field and

laboratory analyses.

Additional Contributions

I have employed numerous statistical techniques to expand and improve upon current methods.

Each dataset is unique with uncertainties arising from different dominant processes. In some cases,
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these processes are known and adjusted for in the data. In other cases, analytical and modeling

choices must be made to appropriately characterize uncertainties.

I began my research applying spatio-temporal empirical hierarchical models (STEHMs) with

GP priors to regional models of Holocene RSL in Khan et al. (2015). In that paper, we examined

the range of Holocene RSL variability in locations representing a pole-to-pole transect across the

Americas and Eurasia/Oceania. We described the spatial variability of RSL on a global scale,

not previously done with these non-parametric techniques, revealing spatial and temporal changes

caused by varying dominance of eustatic and isostatic factors over the Holocene.

Many sea-level modelers avoid data that may have been influenced by the process of sediment

compaction or simply add additional uncertainty to the data. In Khan et al. (2017), I developed a

STEHM with a novel method of accounting for sediment compaction through stratigraphic position

(overburden thickness). Using GP priors, we conditioned on data that could not have been influ-

enced by sediment compaction and calculated the residuals between predicted RSL and observed

data that were likely influenced by compaction. We found a linear correlation between overburden

thickness and these residuals, correcting with a shift and addition of bidirectional uncertainty for

compacted data in the STEHM. The STEHM included basinal (uniform across the entire Caribbean

basin), sub-basinal (exhibiting regional variability), and local (exhibiting little spatial correlation)

signals as well as a term for high-frequency variability, and incorporated temporal uncertainty

through the noisy input GP (NIGP) methods of McHutchon and Rasmussen (2011). We placed

Matérn correlation GP priors on each term, and produced posterior probability distributions over

time and space throughout the Caribbean.

In addition, I developed a simple model of the radiocarbon reservoir age correction (∆R) vari-

ability in southern Florida in Toth et al. (2017). These values are critical for precise calibration

of ages of marine samples, as evidenced by their use in multiple fields including RSL modeling

(e.g., Meltzner et al., 2017). We found significant spatial influence of ∆R, which is used to date

marine samples in reconstructions of oceanography and hydrology through the implementation of

this STEHM.

In Vacchi et al. (in review), I constructed a STEHM to estimate magnitudes and rates of RSL
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change (with associated uncertainty) throughout northeastern Canada. Within this implementa-

tion, I interpolated glacial isostatic adjustment (GIA) predictions from the physics-based model of

Peltier et al. (2015) throughout the region. I used these predictions as the GP prior mean function

in the STEHM by modeling the difference between the sea-level proxy observations and GIA.
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Chapter 2

Statistical modeling of rates and trends in Holocene sea level

By Erica L. Ashe1, Niamh Cahill2, Carling Hay 3, Nicole Khan4, Andrew Kemp 5, Simon Engelhart6,
Benjamin P. Horton 4, Andrew Parnell7, and Robert E. Kopp1

Rutgers University1, University College Dublin2, Boston College3, Nanyang Technological Uni-
versity4, Tufts University5, University of Rhode Island6

Abstract

Statistical modeling of relative sea-level (RSL) change has advanced considerably over the last
decade. Formal statistical treatment of RSL data is necessary to consistently account for the un-
even distribution of data in time and uncertainties in both time and elevation. Time-series models
have adopted more flexible and physically informed specifications with better quantification of un-
certainties. Spatio-temporal models have evolved from simple regional averaging to non-parametric,
hierarchical frameworks that more richly represent the spatio-temporal correlation structure of sea
level. The multiple solutions to both temporal and spatio-temporal analyses range from simple
to complex, with more complex approaches enabling separation of the sea-level field into various
components, the combination of geographically disparate data, and more rigorous quantification
of spatial and temporal variability, even when data are sparse. This chapter reviews the range of
statistical modeling and analytical choices, reformulating them in a common statistical hierarchical
framework, which separates each model into different levels. The hierarchical framework clearly
separates measurement and inferential uncertainty from process variability and highlights both the
similarities and differences among choices. We illustrate the implications of analytical choices by
comparing the results of their application to common datasets within a hierarchical framework. In
any application, the type of data and the scientific question determine appropriate analytical and
modeling choices. We make recommendations to use for temporal and spatio-temporal estimates
of local, regional, and global scale trends from instrumental and geological proxy data.

2.1 Introduction

Relative sea level (RSL) exhibits complex spatial and temporal patterns arising from a range

of underlying processes (e.g., Clark et al., 1978; Farrell and Clark, 1976; Peltier and Fairbanks,

2006; Shennan and Horton, 2002). Interpreting the rates and spatial patterns of RSL change,

on timescales ranging from decades to millennia, often involves piecing together instrumental RSL
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measurements spanning the past ∼ 200years and/or RSL proxy records that are sparse, noisy (with

vertical and/or geochronological error), and unevenly distributed in time and space (e.g., Törnqvist

et al., 2015; Piecuch et al., 2017). Statistical models allow RSL records to be fused in a consistent

manner that allows rigorous quantification of multiple sources of uncertainty. Although statistical

advancements have played a major role for decades in reconstructing other paleoclimate variables,

such as temperature (e.g., Visser and Molenaar, 1988; Fritts, 1991; Smith et al., 1996; Mann et al.,

1998), their application to both instrumental sea level (e.g., Church and White, 2004; Jevrejeva

et al., 2006; Hay et al., 2013; Kopp, 2013), and for paleo RSL (e.g., Parnell, 2005; Kopp et al., 2009;

Cahill et al., 2016; Khan et al., 2015), is more recent.

Advanced techniques are needed to answer fundamental questions in sea-level research, such as

quantifying rates of RSL change (e.g., Cahill et al., 2015a; Khan et al., 2015), assessing geographic

variability (e.g., Khan et al., 2017; Vacchi et al., in review), identifying the global-mean sea-level

(GMSL) signal (e.g., Church and White, 2004; Jevrejeva et al., 2006; Kopp et al., 2009; Hay et al.,

2015), and improving estimates of the contributions of dominant physical processes (e.g., Milne

et al., 2005; Dangendorf et al., 2017; Kopp et al., 2014; Hay et al., 2015). Something these studies

all have in common is the potential for use of a hierarchical statistical framework; we present such

a framework, which permits a range of analysis choices (i.e., how to implement a model structure)

and modeling choices (i.e., how to characterize the relationships between variables). Hierarchical

models are flexible, can accommodate missing data, and are probabilistic, enabling probabilistic

statements about sea level over time and space. The hierarchy divides the model into levels, enabling

construction of the underlying space-time relationships in sea level (process level) separate from the

relationship between the type of observation and sea level (data level) as well as a clear distinction

between their uncertainties (Cressie and Wikle, 2015; Tingley et al., 2012). Using a hierarchical

framework to present modeling choices in a parallel way, we highlight similarities and differences

among these choices with an integrated perspective on the temporal and spatio-temporal analysis

of RSL data. The appropriate model and analysis depends on the research question to be answered,

the type of data being used, and the spatio-temporal scale (i.e., local to global, years to milennia)

under consideration.

We briefly introduce sea-level processes and data, providing a qualitative background (Section
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2.2) for the formal statistical developments of a hierarchical framework (Section 2.3). We then define

different models representing the data-generation process (Section 2.4) by which RSL is transformed

into a sea-level proxy record. We describe time-series models (Section 2.5) for representing RSL at

a single site and spatio-temporal models (Section 2.6) for representing the temporal evolution of

sea level across a regional or global domain. We discuss the advantages and disadvantages of using

different analysis techniques (Section 2.7). We illustrate the similarities and differences between

linear, change-point, Gaussian process, and Kalman Smoother models by applying these methods to

case studies (Section 2.8) using datasets that include tide gauges, continuous core data, and index

points at sites along the Atlantic coast of the United States. Finally, we make recommendations

on which technique is appropriate to use based on the data being analyzed and the objective of the

study (Section 2.9).

2.2 Sea-level processes and data

2.2.1 Sea-level processes

RSL is defined as the difference in elevation between sea-surface height (SSH) and the height of the

solid Earth. Both RSL and SSH are typically averaged over a short period (e.g., years to decades

to minimize the influence of the 18.6-year tidal cycle; Shennan et al., 2012). Global mean sea level

(GMSL) is defined as the average of RSL or SSH over the surface of the ocean. Many processes

contribute to sea-level change at a given time and location, with variability on distinct temporal

and spatial scales.

GMSL changes occur due to changes in the volume and mass of water in the ocean or to

alterations in the shape of the ocean basin, and thus to the relationship between volume and SSH.

The processes affecting GMSL include glacio- and hydro-eustasy on hundred-meter and meter

scales, respectively, over tens of thousands of years (e.g., Schwartz, 2005; Hay and Leslie, 1990), as

well as steric changes (global mean thermal expansion) on meter scales over hundreds to thousands

of years (and smaller scales over shorter periods) (Gornitz et al., 1982). Plate tectonic movement,

which reshapes the ocean basins, may cause large-scale GMSL change over tens of millions of years

(Flemming and Roberts, 1973), but the changes are negligible on time scales that are the focus of

this thesis. These different processes influence GMSL on a continuum of time scales, spanning years
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to hundreds of millions of years, and can therefore be partially separated by their characteristic

temporal scales.

Regional sea-level changes occur due to several distinct processes (Kopp et al., 2015a). Dynamic

sea level (DSL) causes distinct spatial patterns of SSH that vary regionally on seasonal to multi-

annual timescales (e.g., Gill and Niller, 1973; Stammer et al., 2013). The unique patterns of short-

term RSL change produced by static-equilibrium processes, which affect the Earth’s gravitational

field, rotation, and lithosphere in response to changing distribution of water and ice mass at Earth’s

surface, have come to be known as sea-level “fingerprints.” On the border of a melting ice sheet,

RSL can fall at a rate greater than the associated GMSL rise, while far-field RSL rise can be as

much as ∼30% more than the global average (Farrell and Clark, 1976; Mitrovica and Milne, 2002;

Mitrovica et al., 2011). Sea-level change from glacial isostatic adjustment (GIA) is the longer term

response to mass redistribution between ice and water. GIA produces approximately linear trends

over shorter time periods (<3ka, e.g., Peltier et al., 2015) and non-linear trends over longer periods

(i.e., throughout the Holocene ∼12 ka; Peltier et al., 2015). GIA is largest in the aftermath of a melt

event and decays over time (e.g., Farrell and Clark, 1976; Mitrovica and Milne, 2003). Changes as

a result of mantle dynamic topography (Hays and Pitman, 1973) affect RSL on meter scales over

hundreds of thousands of years (Austermann et al., 2017; Braun, 2010). At a more localized scale,

tectonics can drive both slow, steady RSL change (e.g., Vacchi et al., 2012) and abrupt, coseismic

change (e.g., Shennan et al., 1996; Dura et al., 2016). Anthropogenic sediment compaction (which

can vary interannually in response to fluctuations in groundwater withdrawal; Allison et al., 2016)

and natural sediment compaction (which can vary on millenial time scales; Allison et al., 2016) can

annually contribute millimeters to tens of millimeters in some deltaic regions (e.g., Grand Isle, LA;

Törnqvist et al., 2015).

2.2.2 Sea-level data

Sea-level data include both direct observations of SSH via satellite altimetry and RSL by tide

gauges and also indirect inferences of RSL from geological proxies. Direct observations of RSL

from tide gauges, the oldest of which date to the 1700s (e.g., Van Veen, 1945; Woodworth, 1999),

are available over the last 2-3 centuries. Tide gauges are restricted to coastal sites and measure
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RSL with high resolution and small uncertainties. Modern, quality-controlled measurements from

Northern Hemisphere sites are available from the early-to-mid 19th century onward and globally

from the mid 20th century onward (PSMSL, 2017; Holgate et al., 2013), although their global

distribution remains highly uneven (Pugh, 1987), and individual records are often discontinuous.

The instrumental record is short, and RSL proxies are required to infer RSL changes and the

contribution of processes that operate over longer timescales (Törnqvist et al., 2008; Lambeck et al.,

2014; Toscano et al., 2011; Dutton et al., 2015). Whereas instrumental records are continuous with

relatively small vertical error and essentially no age uncertainties, RSL proxy data exhibit sample-

specific inferential and measurement uncertainties, as well as age uncertainty associated with the

method used to date a sample (e.g., Törnqvist et al., 2015; Woodroffe et al., 2015; Hibbert et al.,

2016). Generally, although not ubiquitously (e.g., Meltzner et al., 2017), uncertainty and temporal

sparsity increase with the age of the data (Lambeck et al., 2014).

RSL proxy data provide different types of constraints on Holocene RSL. Index points constrain

the discrete position of RSL at a given point in time and location and can be treated as independent

records in statistical analyses, whereas continuous core records provide a near-continuous history

of RSL change through time at a single geographic location (Gehrels et al., 2002; Varekamp et al.,

1992). An age model is usually applied to continuous core records, and because all samples may not

be directly dated, the points are not independent of one another. Like the distribution of tide gauge

measurements, the distribution of RSL proxy data is uneven in time and space with the additional

complexity of inherent age and vertical uncertainties. A particular challenge when working with

RSL proxy data is the irregular distribution of geochronological uncertainty that arises from the

process of radiocarbon calibration (Reimer et al., 2013). Age-depth models (e.g., Parnell et al.,

2008) often handle these difficulties of radiocarbon dates for continuous sediment cores, and some

return predicted age distributions with approximately normal uncertainties.

2.3 Hierarchical statistical model framework

Hierarchical statistical models are multilevel models that formalize the separation of total uncer-

tainty into measurement error and inferential uncertainty (e.g., from the conversion of a proxy’s

elevation through indicative meaning to a distribution of likely RSL), and uncertainty in model
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parameters (Cressie and Wikle, 2015). The primary goal in statistical analysis of sea-level data

is to estimate latent (unobserved) RSL (i.e., the noise-free time series or spatio-temporal field)

from observed, noisy data. At least three levels are defined in most sea-level model hierarchies.

The data level characterizes the relationship between the observed data (instrumental or proxy)

and RSL and incorporates measurement, inferential, and dating uncertainties of proxy data. The

process level models true (i.e., noise-free) RSL and in some cases, separates RSL into the under-

lying processes that comprise it; and the parameter level captures key attributes of the data and

process levels through unobserved parameters. Hierarchical models are well-suited to investigating

rates of sea-level change because they are flexible and can accommodate missing data. In addition,

the posterior probability distribution estimated in fitting a hierarchical model enables probabilistic

statements about sea level over time and space (see Cressie and Wikle, 2015, for further details on

hierarchical models).

2.3.1 Definition of relevant notation for hierarchical statistical framework

Conditional probability distributions are the basic mechanism for modeling uncertainty in hierar-

chical models. The conditional probability distribution of A, given B, is denoted p(A|B). Bayes’

theorem allows the inverse calculation of the conditional probability of unknown parameter(s) or

process(es) (θ), given data (y) (Bayes, 1763):

p(θ|y) =
p(y|θ)p(θ)
p(y)

. (2.1)

The likelihood function p(y|θ) (also known as a sampling or data distribution) is the probability of

observing the data y as described by the parameter(s) or process(es) θ of the fitted model. The

prior distribution p(θ) expresses a priori beliefs about the unknown parameter(s) or process(es),

before data have been observed, and p(y) is the marginal likelihood of the data. The conditional,

posterior distribution p(θ|y) is the resulting process or parameter distribution. The parameters

used to construct the prior distribution p(θ), known as hyperparameters, can be fixed, estimated,

or have (hyper)prior distributions themselves. For the remainder of this chapter, we will ignore

the marginal likelihood and use the alternative form of Bayes’ theorem that states the posterior is

proportional to the likelihood times the prior.
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In a simple hierarchical statistical model of sea level, the data model p(y|f, θd) expresses the

distribution of the sea-level data y given the latent (unobserved) sea-level process f and the param-

eters of that distribution θd. Below the data level, the sea-level process model p(f |θs) incorporates

scientific knowledge and uncertainty into the estimation of the true sea-level process through its

conditional parameters θs. On the bottom level, the parameter model p(θd, θs) specifies the distri-

bution of all unknown parameters and hyperparameters.

p(f, θs, θd|y)︸ ︷︷ ︸
posterior

∝ p(y|f, θd)︸ ︷︷ ︸
data model

· p(f |θs)︸ ︷︷ ︸
process model

· p(θd, θs)︸ ︷︷ ︸
parameter model

(2.2)

2.3.2 Analysis & modeling choices

Analysis choices describe decisions about how to implement a specific model structure (e.g., using

least-squares analysis, Aitken, 1934; likelihood maximization, Wilks, 1938; or fully Bayesian analysis

with Monte Carlo sampling, Hastings, 1970), whereas modeling choices refer to the relationships

defined within a model and the assumptions made in constructing these relationships (e.g., a linear

relationship between time and RSL). The hierarchical statistical framework accommodates a broad

range of complexity in analysis and modeling choices; therefore, most methods of statistical analysis

can be reframed as hierarchical models. For example, trends in sea level through time can be defined

prior to analysis by explicitly assuming linear, polynomial, piecewise-linear, or other forms of the

relationship between time and sea level at the process level. Non-parametric approaches, such as

spline regression (Gharineiat and Deng, 2015) or Gaussian process regression (GPR; Rasmussen

and Williams, 2006; e.g., Cahill et al., 2015a), can also be used to determine trends, without a

pre-determined functional form also at the process level. We reframe several sea-level analyses

from past publications within a hierarchical framework and highlight their analysis and modeling

choices (Table 2.1).

2.4 Implementing the data level

The data level defines the relationship between observations (instrumental and proxy) and sea level,

including associated uncertainties. The type of data determines its relationship with sea level and

its uncertainties. Different data, therefore, require distinct data-level models to incorporate these
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Table 2.1: Techniques table, which includes common techniques, analysis methods, modeling
choices, the type of data typically used, relevant time periods to which this approach has been
applied, and some examples in publications. Sections 2.5 and 2.6 provide details on the implemen-
tations of these techniques, and section 2.7 discusses specific analysis choices. TGs - tide gauges;
CCs - continuous core records; SLIPs - sea-level index points; EIV - errors-in-variables; IGP -
integrated Gaussian process; EOFs - empirical orthogonal functions.

Technique Analysis Methods Modeling Choices Data Time Period Example Publications

Linear Regression least squares linear model
TGs,CCs,
SLIPs

≤ 3 ky
Shennan et al. (2002); En-
gelhart et al. (2009)

EIV Change-point
errors-in-variable,
Bayesian

change-point model
CCs,TGs,
SLIPs

Common
Era, Late
Holocene

Kemp et al. (2013); Brain
et al. (2015)

EIV IGP
errors-in-variable,
Bayesian

Covariance functions,
IGP, proxy systems
model

TGs,CCs,
SLIPs

Common
Era,
Holocene

Cahill et al. (2015a)

Regional Averaging
virtual stations,
least-squares, ad
hoc

Physical models
altimetry
data,
TGs

instrumental

Holgate (2007); Douglas
(1991); Jevrejeva et al.
(2009); Dangendorf et al.
(2017)

EOF Regression least squares EOFs
altimetry
data,
TGs

instrumental
Church and White (2004,
2006, 2011)

Kalman Smoother multi-model KS
Covariance functions,
Physical models

TGs instrumental
Hay et al. (2013, 2015,
2017)

Gaussian processes EHM, Bayesian
Covariance functions,
spatio-temporal,
Physical models

TGs,CCs,
SLIPs

Common
Era,
Holocene,
LIGs

Parnell (2005); Kopp
(2013); Kopp et al.
(2015b); Khan et al.
(2015, 2017)

relationships and uncertainties.

Regression models often assume that the independent variable, time t, has been measured

exactly, and only account for error in time’s functional relationship with RSL f . Here,

yi = f(ti) + εi, (2.3)

where yi is proxy or instrumental observation i and f(ti) is true RSL at the time that yi was

observed. Many models assume measurement errors are normally distributed, such that εi ∼

N (0, σ2i ), where σi is the standard deviation of measurement uncertainty for observation i. In

analyses that do not incorporate measurement uncertainty specific to each observation, ε (equation

2.3) is assumed to be independent, identically distributed (iid) Gaussian error and includes data

and process uncertainty. The data level of a spatio-temporal model is equivalent to a time-series

model, where true sea-level f(xi, ti) is dependent on both geographic location xi and time ti.
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The distinction between measurement uncertainty and inferential uncertainty (the relationship

between RSL and a proxy’s position) can be explicit:

yij = f(ti) + εi + ηj , (2.4)

where εi is the measurement error for observation i, and ηj is the indicative meaning (vertical rela-

tionship of a proxy to contemporary tide levels) uncertainty for proxy type j (η = 0 for instrumental

observations).

Instrumental data have negligible temporal error, while proxy data have inherent temporal

uncertainties (e.g., from radiocarbon: Polach, 1976; Stuiver and Polach, 1977; Reimer et al., 2013;

or U-series dating: Cheng et al., 2013). Incorporating temporal uncertainty into a model can be

done in different ways, for example, using an errors-in-variables (EIV) framework (e.g., Kemp et al.,

2013, Brain et al., 2015, Cahill et al., 2015a) or through approximation (e.g., NIGP approach of

McHutchon and Rasmussen (2011); used, e.g., in Miller et al., 2013; Kopp et al., 2015b; Khan et al.,

2017). Regardless of the technique, measurement uncertainties are separated from process noise at

the data level:

t̄i = ti + δti , (2.5)

where t̄i is the midpoint of the calibrated age for radiocarbon dating or U-series age, ti is the true

age, which is unknown and unobserved, and δti is temporal error, which is often approximated as

normal within the analysis.

A transfer function, often called a forward model or proxy systems model, is a numerical tech-

nique used to derive past RSL estimates with uncertainty from raw micro-fossil input data (e.g.,

biological assemblages of foraminifera or diatoms) by establishing a formal relationship between

the microfossil species abundances and tidal elevation (i.e., sea level) in a modern environment and

using this relationship to infer past tidal elevation. It is a forward model in the sense that, given

elevation, it will generate a set of microfossil species counts/proportions (e.g., species response

curves produced by Cahill et al., 2016).

A key advantage of Bayesian hierarchical models (BHMs; Section 2.7.4) for RSL proxies is
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that the data level of the model can link RSL directly to the raw data (e.g., microfossil species

abundances, instrumental measurements) accounting for biases and measurement errors as part of

the stochastic approach (the way that random error is handled). An entire general approach to

proxy systems models has been developed by Parnell et al. (2015), which readily applies to RSL.

However, in practice when a transfer function is included in a BHM, the model tends to become

much more complex, as the link between the data and RSL is often highly non-linear and non-

Gaussian, and thus requires extra information to calibrate (e.g., via modern analogue datasets or

through physics-based deterministic models; Carson et al., 2018). This creates challenges for fitting

models and estimating parameters. Therefore, application of a transfer function to derive RSL is

usually carried out as an independent step prior to the process modeling we are discussing here.

2.5 Modeling the temporal sea-level process

RSL time series models have a long history, beginning with hand-drawn curves (e.g., Lighty et al.,

1982; Zong, 2004; Smith et al., 2011; Abdul et al., 2016), data plotted in comparison to physical

process models (e.g., models of GIA: Toscano et al., 2011; Engelhart and Horton, 2012), and

GIA-corrected data plotted to estimate GMSL change (e.g., Fairbanks, 1989; Bard et al., 1990;

Peltier and Fairbanks, 2006; Yokoyama et al., 2000). Models have evolved to include different

forms of statistical regression, most of which do not separate data error from process noise, and

instead incorporate both measurement noise and non-linear or high-frequency process variability

into the error term, ε. Recasting these models in a hierarchical framework allows the separation of

uncertainties of different types. Separating the data level from the process level enables more clear

distinctions to be made in sea-level time series models so as to evaluate the appropriate method to

use with a consistent comparison.

2.5.1 Temporally linear models

One of the simplest approaches to estimating RSL and an average rate of RSL change is fitting

a temporally linear model to tide gauge and/or RSL proxy data. As just two examples, Shennan

and Horton (2002) and Engelhart et al. (2009) applied simple linear regression to discrete index

points and tide gauges in order to find the linear rate of change in RSL from GIA over the past
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few thousand years, over which the rate of GIA is approximately constant. In both instances, the

authors performed a linear regression on the midpoints of each RSL proxy data point and did not

account for the vertical and temporal uncertainty in the data, combining equation 2.3 at the data

level with the process-level relationship

f(t) = m · t+ β, (2.6)

where f(t) is true RSL, m is the constant rate of change in RSL, and β is the intercept. The

slope m and y-intercept parameter β can be estimated using many analysis methods, but are most

typically analyzed using least-squares regression.

Linear models are common and easy to use, and they provide a simple way to find a first-order

constraint on rates over time periods when they are expected to be roughly constant. However,

linear models can provide biased estimates of the slope parameters, due to their sensitivity to the

temporal distribution of data. For example, intervals with a high concentration of data exert an

undue influence on rate estimates. In addition, the linearity assumption is rigid; linear models

lack the ability to model any evolution in rates of RSL change. Linear models are appropriate for

modeling a first-order estimate, but are generally inappropriate for any more in-depth analysis.

2.5.2 Change-point models

Change-point models represent a time series as separate, linear sections and are generally employed

to estimate the timing of changes in trend. For example, Kemp et al. (2013) tested whether late

Holocene RSL was stable or included persistent and distinctive phases of variability. Additionally,

Long et al. (2014) identified an acceleration in RSL change in the UK using this technique. At the

process level, RSL f is modeled through time t with a linear change-point model, which assumes

the underlying sea-level process is continuous and piecewise linear (i.e., linear in each section) and
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each section has a different rate of change:

f =


α1 + β1(t− γ1), when t < γ1

α1 + β2(t− γ1), when γ1 < t < γ2

αj−1 + βj(t− γj−1), for j = 3, . . . , (m+ 1), and t > γj−1,

(2.7)

where γk is the change point and αk is the expected value of RSL at the change point [with a

continuity constraint, such that αk = αk−1 +βk−1(γk−γk−1)], and βj is the rate of sea-level change

for each of the m+ 1 segments. The parameters of change-point models can be estimated using a

range of analysis approaches, including non-linear least squares and empirical Bayes (Section 2.7.3),

but in the RSL modeling literature, these models generally follow Cahill et al. (2015b) in employing

a change-point process model using a Bayesian Hierarchical Model (BHM; Section 2.7.4) within an

EIV framework (Section 2.4).

While change-point models improve upon simple linear models and are fairly simple to im-

plement, the linear constraints on each section are still fairly rigid and do not represent the true

behavior of RSL. Change-point models are appropriate for estimating the timing of distinct phases

when there is a clear pattern of phase-changes in the data. However, we recommend using an alter-

native model when fluctuations in the data reach a complexity that cannot be adequately captured

by a small number of change points (i.e., 3 to 4).

2.5.3 Gaussian process models

A Gaussian process (GP) is a generalization of the Gaussian (normal) probability distribution.

Extending the multivariate normal, which is fully defined by its mean vector and covariance matrix,

to continuous time (and space) (Rasmussen and Williams, 2006), a GP is fully defined by its mean

function µ(t) and covariance function, K(t, t′), where t is an input variable, here time (but can also

include geographic location in spatial sea-level modeling; see Section 2.6). When RSL f(t) is a GP,

this is expressed as

f(t) ∼ GP{µ(t),K(t, t′)}. (2.8)
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The covariance function K(t, t′) defines prior expectations about the correlation between points

in time (and space), and thus about the way in which information is shared between time points.

More specifically, in RSL time-series models, the covariance function defines prior beliefs about the

way that RSL varies over time. For example, Khan et al. (2015) applied models with GP priors to

RSL proxy data at a global subset of sites to characterize regional RSLs.

In a GP model, f(t) is a non-parametric depiction (i.e., the form is not predetermined). Ac-

cordingly, GP time-series models have much more flexibility than temporally linear or change-point

models. The shape of the curve is driven by the data, as opposed to a predetermined functional

form.

One specific type of GP model is an Integrated Gaussian Process (IGP) model, which places a

GP prior on the rate process rather than the sea-level process. For example, Cahill et al. (2015a)

estimated the continuous and dynamic evolution of RSL change in North Carolina from sediment

cores using change-point models. At the process level, IGP regression models f ′(t), the RSL rate

process, as a GP. The underlying RSL process f(t) is the integral of the rate process, plus a constant

intercept α:

f ′(t) ∼ GP{µ(t),K(t, t′)}, (2.9)

f(t) = α+

∫ t

0
f ′(u)du, (2.10)

where t is true time.

In both GP and IGP models, the covariance functions can take a range of functional forms

(Section A.1). The form and parameters of the covariance function [called hyperparameters, as

they set assumptions that inform the non-parametric representation of f(t)] define how abruptly

modeled RSL may change with temporal (or spatio-temporal) distance. Scale hyperparameters

express prior beliefs about the amplitude of variability over time (or space). Range hyperparameters

(or characteristic length scale) set the distance over which the correlation between two sites or times

decays toward zero. Smoothness parameters determine the speed of decay in the correlation in time

or space (e.g., the degree of differentiability). For fixed hyperparameters, GP posterior distributions
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are analytically tractable (i.e., no approximation or sampling is necessary) when data uncertainty

is represented as normally distributed; statistically speaking, this reflects the fact that the normal

distribution is self-conjugate.

Key disadvantages of GP and IGP models include their complexity and relatively long analysis

times. The common assumption that the covariance function is stationary – e.g., that prior expec-

tations about the relationship between RSL at 10 ka and 8 ka are the same as those between 4 ka

and 2 ka – is a rough approximation, although still more flexible than parametric approaches. IGP

models generally make the same assumption about rates as opposed to levels, which is a somewhat

more accurate approximation.

For the casual analyst, GP models are considerably more difficult to implement than linear

or change-point models, although an increasing number of tools are available to assist in their

implementation (e.g., Kopp, 2016; Cahill, 2018). The hyperparameters that characterize aspects

of the covariance function – e.g., prior expectations regarding amplitude and scales of variability

– are readily derived from the posterior probability estimate of f(t). GP models are appropriate

for many applications because of their flexibility and ability to incorporate physical knowledge

regarding ranges and scales of variability through their covariance functions (Section A.1).

2.6 Modeling the spatio-temporal sea-level process

Reconstructing the spatio-temporal RSL field allows information to be shared among disparate sites

and estimation of RSL and its rates of change at sites where there are no data. Spatio-temporal

models also support the estimation of change in global-mean sea level (GMSL), which is defined as

the spatial average of RSL or SSH (sea-surface height) over the ocean (Gornitz et al., 1982). Most

spatio-temporal models implemented in the literature are not explicitly hierarchical, but – as with

time-series models – they can be recast in this way in order to compare their process levels.

Spatio-temporal RSL models represent a continuum from purely statistical to purely physical

models. At the purely statistical end, the priors of the process level relating RSLs from different

locations to one another are based solely on their spatial and temporal proximity. At the purely

physical end, a deterministic model (e.g., a GIA model) is used to estimate the RSL field.
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2.6.1 RSL represented with single or multiple GP priors

The simplest and most fully statistical models place a single GP prior on RSL, as in equation 2.8

(with covariance dependent on both time and geographic location), conditioning on RSL proxy or

instrumental data, and result in a posterior distribution of RSL in time and space. The covariance

function in this context may be spatially and temporally separable, in which case it is represented

as the product of a temporal covariance function and a spatial covariance function. The former

describes prior expectations about scales of change in time, the latter about scales of change in

space. The analysis of a spatio-temporal GP is amenable to the same approaches as a temporal

GP.

A single GP with a parameteric covariance function is rarely implemented in the spatio-temporal

RSL modeling literature, however, because a single scale of temporal variability and a single scale of

spatial variability is too simple to capture physical behavior. More physical insight recognizes that

RSL should have multiple spatio-temporal scales of variability, and can therefore be represented

as the sum of multiple terms with GP priors. Kopp (2013) introduced this approach into the

the spatio-temporal RSL literature to model tide-gauge data along the east coast of the United

States in order to determine whether there was a regional acceleration in RSL. His process model

employed nine separate terms with GP priors, combining three spatial scales of variability (global,

regional, and local) with three temporal scales of variability (low, medium, and high frequency).

Lower resolution RSL proxy data frequently require a simpler process level. For example, several

studies (e.g., Kopp et al., 2016; Khan et al., 2017) employ models of the form:

f(x, t) = g(t) + r(x, t) +m(x, t), (2.11)

where g(t) represents a global term that is common to all sites and could include (in a global

analysis) the global-mean effects of thermal expansion and changing land ice volume; r(x, t) is

a regional term, which might represent processes like GIA, ocean/atmosphere dynamics, and the

static-equilibrium effects of land-ice mass changes; and m(x, t) might capture more local processes,

like tectonics and natural sediment compaction.
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2.6.2 Empirical orthogonal functions

Empirical orthogonal function (EOF) regression is an extension of principle component analysis

(PCA) and seeks structures that explain the maximum amount of variance in a dataset. For

example, Church and White (2004), Domingues et al. (2008), and Ray and Douglas (2011) used

EOF decomposition (after correction for GIA) to calculate the dominant spatial patterns of (high-

frequency) variability in SSH from altimetry observations, and applied those to tide gauge data in

order to estimate GMSL change. Using EOF decomposition can be viewed as a form of process

knowledge, although incorporating less physical knowledge than approaches that link to physical

models. The process level in EOF regression can be represented as:

f(x, t) = g(t) + ΣiUi(x)αi(t) +GIA(x, t− t0). (2.12)

Here, g(t) is a global “mode” that is constant over space, each U represents a leading spatial

EOF, α is a time series of amplitudes of the EOFs, and GIA(x, t − t0) represents the GIA term

(implemented through a correction from a single, selected GIA model). The solution, including the

amplitudes of the leading EOFs, models the change in RSL from one time step to the next (e.g.,

monthly averages for Church and White, 2004, 2011).

The assumption that dominant spatial patterns are constant over time, across frequencies of

variability, and over the changing selection of tide gauges may lead to biases because of the sen-

sitivity of EOFs to the choice of spatial domain and time period. Additionally, features can be

mixed between EOFs and there is no guarantee the EOF pattern has physical meaning; instead,

the patterns can represent noise (see Calafat et al., 2014 for a more extensive critique).

2.6.3 Incorporating physics-based models

Still more physical knowledge can be incorporated at the process level through physical models.

For example, Kopp et al. (2009) used physical models of glacial-isostatic adjustment (GIA) to help

define the covariance structure of a spatio-temporal GP for an analysis of GMSL and RSL change

during the Last Interglacial. Additionally, although the analysis methods (Section 2.7) used in the

implementations differ, the process models of Hay et al. (2015) and Dangendorf et al. (2017), used
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to analyze the instrumental record, are similar variants of:

f(x, t) = g(t) + ΣjFPj(x)Mj(t) +DSL(x, t) +GIA(x)(t− t0) +NL(x, t) + w(x, t). (2.13)

The spatio-temporal RSL field is split into several component fields. Here, g(t) is a globally-

uniform term that includes global thermal expansion and unmodeled sources of change. (It is

not, however, representative of GMSL, as several of the terms have non-zero global means). FPj

and Mj are the static-equilibrium fingerprint and melt, respectively, for each ice sheet/glacier

source regions, indexed by j. DSL(x, t) is dynamic sea-level change, estimated using information

from atmospheric/ocean global climate models. GIA(x) is the local contribution to RSL from

GIA, estimated using information from GIA process models, and w(x, t) is process noise. Each

implementation incorporated physics-based models in different ways (see Section 2.7).

An advantage to incorporating knowledge of processes through physical models is that they add

potential information in the open ocean, far from tide gauge sites, whereas purely statistical models

lose power away from the data. A disadvantage is that they can be more complex to implement

and may be overly rigid, relying on a small number of interpretations of physical processes, without

comprehensively accounting for uncertainties in the parameters that determine that process.

2.7 Analysis choices

Analytical approaches used in the sea-level modeling literature include least-squares analysis (e.g.,

Church and White, 2004; Shennan and Horton, 2002; Engelhart et al., 2009), ad hoc approaches

such as “virtual station” averaging (e.g., Jevrejeva et al., 2006; Dangendorf et al., 2017), and

Bayesian approaches including empirical Bayesian analysis (e.g., Kopp et al., 2009; Khan et al.,

2017; Meltzner et al., 2017), fully Bayesian analysis (e.g., Parnell, 2005; Cahill et al., 2016), and

Kalman smoother (KS) algorithms (e.g., Hay et al., 2015). Simple process models can be imple-

mented with almost any analysis choice, while more complex models may require non-linear least

squares or a Bayesian approach.
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2.7.1 Least squares

Least-squares analysis optimizes a model by minimizing the sum of squared deviations between the

observed RSL and a RSL-process model function (Legendre, 1805). It can be used with functions

as simple as a line (i.e., simple linear regression, Section 2.5.1) or as complex as in EOF regression

(Section 2.6.2). Least-squares analysis is included with most statistical software (e.g., R, MATLAB,

SAS) and is easy to implement with many modeling choices. However, ordinary least-squares (OLS;

Aitken, 1934) analysis does not include implementation of a data level, and therefore typically

excludes explicit measurement error and inferential uncertainties.

Slightly more advanced solutions than OLS include weighted least squares (WLS) and gen-

eralized least squares (GLS). WLS addresses the problem of heteroscedastic (unequal) variances,

and GLS additionally addresses the problem of autocorrelation among variances, both of which

are common characteristics of data used in sea-level analyses. GLS estimators can be more effi-

cient than OLS estimators (Goldberger, 1962). OLS, WLS, and GLS all require parametric linear

models (though note that a linear model need not be a linear function of time). Conversely, total

least squares (Golub, 1973; Golub et al., 1999) is a generalization of the least-squares approxima-

tion method and incorporates uncertainty in both the independent and dependent variable, and

non-linear least squares uses optimization algorithms to maximize the fit of more complex models.

2.7.2 Ad hoc approaches: regional averaging, virtual stations, pre-processing

We define “ad hoc” approaches as analysis methods constructed without an underlying statistical

theory. Modern estimates of GMSL change apply various versions of these ad hoc approaches,

including regional averaging, “virtual stations,” and pre-processing to different subsets of tide

gauges. The results of these techniques exhibit various GMSL curves (Figure 2.1).

Regional averaging effectively removes the contributions of some processes, such as those in-

cluded in the regional and local terms of purely statistical models. Definitions of the number of

regions and how the averaging is implemented vary by study. Jevrejeva et al. (2006, 2009, 2016)

attempted to address the spatial heterogeneity of tide gauges separated by geographic regions

through a “virtual station” approach, which iteratively averages rates between stations to esti-

mate a regional average and then averages across all regions to find a global average. Dangendorf
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Hay et al. (2015) Kalman smoother
Hay et al. (2015) Gaussian process regression
Jevrejeva et al. (2008) virtual stations
Church et al. (2013) EOF regression

Figure 2.1: Comparison of GMSL curves based on different subsets of tide gauges, process model
choices, and analysis methods, including KS, GP, virtual stations, and EOF regression (Jevrejeva
et al., 2008; Church et al., 2013b; Hay et al., 2015).

et al. (2017) adopted the general idea of Jevrejeva’s “virtual station” technique and weighted each

regional estimate by its approximate area in relation to the entire ocean.

Regardless of the model, many analyses in addition to regional averaging, “correct” for physical

processes prior to analysis (e.g., Cahill et al., 2015a; Tamisiea and Mitrovica, 2011; Church and

White, 2011) by subtracting out signals from physics-based process models ad hoc prior to analysis

(i.e., pre-processing). For example, within regional averaging implementations, Douglas (1991,

1997) and Holgate (2007) corrected for the effects of GIA using single GIA models. Dangendorf et al.

(2017) corrected each tide gauge, prior to analysis, according to the static-equilibrium fingerprint,
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a melt component, GIA, and vertical land motion, which were each estimated by physical process

models.

While some regional averaging techniques are fairly simple to implement, others are more com-

plex. Advantages of simpler approaches are ease of use and straight-forward implementation. The

Jevrejeva et al. (2006) technique assumes that RSL varies linearly in space, while the more sim-

plistic averaging does not take within-region spatial variability into account. The selection of a

subset of tide gauges (with bias toward sites at latitudes less than 60◦), without addressing sparsity

in time and space, introduces a potential bias into estimates of GMSL by not accounting for the

physics or geometry of the contributing processes (Hay et al., 2015). Regional averaging does not

produce the spatio-temporal RSL field, and only estimates regionally-averaged changes in RSL in

addition to GMSL.

2.7.3 Empirical Bayesian analysis

Empirical Bayesian analysis, employing an Empirical Hierarchical Model (EHM), uses point esti-

mates of the parameters based on the RSL data (e.g., Kopp et al., 2016; Hay et al., 2015). Maximum

likelihood estimates (MLEs, θ̂) are optimal point estimates found by maximizing the likelihood

p(y|θ) of the model, given fixed data. Each set of parameters has a distinct likelihood, and the

optimal parameters are the ones with the highest likelihood for the given dataset. An EHM results

in a posterior distribution of RSL, conditional on the data and the optimal parameters p(f |y, θ̂s, θ̂d).

Although explicit bounds are usually set for MLEs, there is no explicit prior distribution on the

parameters. Instead, the parameter level describes the optimization or estimation of the data and

process parameters, θd and θs, respectively:

p(f |y, θ̂s, θ̂d)︸ ︷︷ ︸
posterior

∝ p(y|f, θ̂d)︸ ︷︷ ︸
likelihood

· p(f |θ̂s)︸ ︷︷ ︸
prior

. (2.14)

Almost all published implementations of RSL process models with spatio-temporal GP priors for

proxy analysis use empirical Bayesian analysis (e.g., Kopp et al., 2009, 2015b; Khan et al., 2017).

For instrumental data, Hay et al. (2015) demonstrated an EHM with GP priors alongside the KS

approach (Section 2.7.5) to estimate GMSL, the spatio-temporal RSL field, and the components

contributing to RSL globally at decadal intervals from tide gauge records. Meltzner et al. (2017)
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implemented an empirical GP model using coral microatoll proxy data from the mid-Holocene in

Southeast Asia to estimate rates of RSL change by incorporating a periodic term to capture the

18.6-year tidal cycle (Chapter 4).

EHMs generally require fewer computational resources than fully Bayesian techniques; how-

ever, like fully Bayesian approaches, empirical GP implementations require computation of a full

covariance matrix (over all times and space), the computational demands of which are more stren-

uous than a state-space model (i.e., that estimates a covariance matrix at each time step). For

this reason, EHM analyses (and BHM analyses) do not scale to large datasets as easily as other

approaches.

2.7.4 Fully Bayesian analysis

Another analysis choice, fully Bayesian analysis, gives rise to a Bayesian Hierarchical Model (BHM).

A fully Bayesian analysis requires that all model parameters have prior probability distributions,

allowing parameters to take on a range of probable values. These prior distributions may incorpo-

rate a priori information or be uninformative, expressing vague information. Priors are typically

sampled using Markov Chain Monte Carlo techniques (MCMC: algorithms used to approximate

random samples from complex probability distributions, e.g., Gelman et al., 2011); however, for a

limited set of likelihood and conjugate prior distributions, combined with relatively simple model

structures and known hyperparameters, they can be solved analytically.

The output of a BHM is the posterior distribution f, θs, θd|y of the sea-level process f (e.g., the

probability distribution of RSL at a specific point in time and space) and the parameters, θs and

θd, given the observed data y. This posterior is proportional to the product of the likelihood of

the model p(y|f, θd), the prior distribution of the model p(f |θs), and the prior of the parameters

p(θd, θs), where θd and θs are the data and sea-level process hyperparameters, respectively:

p(f, θs, θd|y)︸ ︷︷ ︸
posterior

∝ p(y|f, θd)︸ ︷︷ ︸
likelihood

· p(f |θs) · p(θd, θs)︸ ︷︷ ︸
prior

. (2.15)

As with empirical Bayesian analysis, fully Bayesian analysis can be implemented with virtually

any process model (e.g., Parnell et al., 2015; Cahill et al., 2015b, 2016; Piecuch et al., 2017). In

general, it is more computationally demanding than an empirical Bayesian analysis but provides
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more thorough estimates of relative uncertainties (e.g., Piecuch et al., 2017).

2.7.5 Kalman smoother techniques

The Kalman smoother can combine process-based models of the drivers of sea-level change with

spatially and temporally sparse observations to estimate a temporal or spatio-temporal model.

Implementation of the Kalman smoother (KS) is based on the Kalman filter (Kalman, 1960), a data

assimilation technique that iteratively performs a least-squares analysis whenever observations are

available, but in the absence of observations relies on model dynamics to compute the best estimate

of the state vector. The Kalman filter method assumes that the state at time k evolves from the

state at k− 1. The approach is similar to a Bayesian updating process, which occurs one time step

at a time, or a linear Gaussian state-space model (examples of non-linear, non-Gassian state-space

models include Parnell et al., 2015 and Cahill et al., 2016). The Kalman smoother extends the

Kalman filter so that estimates at any given point in time are informed by observations in its future

as well as in its past. For example, Hay et al. (2013, 2015, 2017) used the Kalman smoother to

implement a model similar to that in equation 2.13 and thus model GMSL, the field of RSL change,

and different driving processes (see Section A.2.2 for more details on this implementation).

The KS approach is flexible in terms of process models that can be represented and is computa-

tionally faster than approaches (such as EHMs or BHMs) that require estimating all spatio-temporal

points simultaneously. However, it fails for low data density (which can be shown analytically; see

Hay et al., 2017; Gelb et al., 1974), does not readily handle temporal uncertainty (Kalman, 1960;

Visser and Molenaar, 1988), and has not yet been implemented in the literature using proxy data.

2.8 Illustrative analyses

To illustrate the advantages and disadvantages of specific implementations in RSL modeling, we

applied several modeling and analytical methods to common datasets. We focused on pairs of

modeling and analytical choices that commonly occur together in the literature: temporal-linear

models with least-squares analysis (e.g., Shennan and Horton, 2002; Engelhart et al., 2009); change-

point and EIV-IGP models with fully Bayesian analysis (e.g., Brain et al., 2015; Cahill et al.,

2015b; Cahill, 2018); temporal and spatio-temporal models with GP priors with empirical Bayesian
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analysis (e.g., Khan et al., 2015; Hay et al., 2015; Kopp et al., 2016); and Kalman smoother

with a physically informed model (e.g., Hay et al., 2013, 2017). The type of data, time period of

interest, and relevant question determine which techniques are appropriate. First, we demonstrate

the differences between several time-series models (linear, change-point, GP, IGP) to estimate RSL

change from continuous-core data over the Common Era. The quasi-linearity of RSL over this period

warrants an evaluation of linear and change-point models. Next, we demonstrate a spatio-temporal

GP model with empirical Bayesian analysis, which characterizes spatial and temporal variability

in RSL change over the Holocene using RSL proxy data. This is the only technique currently used

in the literature that accommodates both temporal uncertainties and spatial correlations. Last, we

analyze tide gauge data with KS and GP models, as they are capable of estimating both GMSL

and the spatio-temporal field of RSL and its rates of change with uncertainties.

2.8.1 Estimating rates of RSL change from continuous cores (Common Era to

present)

Identifying accelerations in rates of RSL change, and their causes, can be challenging based on

short instrumental records, and thus requires RSL proxy data. In particular, the near-continuous

records from single cores of salt-marsh sediment are well-suited to capturing the onset of modern

rise because they bridge the gap between instrumental measurements and sea-level index points,

and they possess sufficient vertical and temporal resolution to provide a meaningful estimate of

when modern RSL rise was initiated. The data used in the following analyses include previously

published data from continuous cores from two sites in New Jersey (i.e., Leeds Point and Cape

May Courthouse; Kemp et al., 2017b, 135 data points) and one site in North Carolina (i.e., Sand

Point; Kemp et al., 2017c, 109 data points), where the NJ sites are assumed to be independent of

the NC site.

Models and implementations

Temporally linear model: Using a simple, temporally linear model, we applied ordinary (OLS)

and general (GLS) least-squares analyses to the continuous core records. The OLS analysis was

conducted on the mean RSLs and median ages for each continuous core record (i.e., excluding
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vertical and temporal uncertainties). The GLS analysis included vertical (RSL) uncertainty (Figure

2.2). The estimated OLS and GLS parameters are similar for the two sites (Figure A.1, table a).

Change-point regression: We implemented a linear change-point model with fully Bayesian

analysis and incorporated temporal uncertainty within an errors-in-variable framework. The NJ

record was best fit by a model with three change points, whereas the NC record was best fit with

two change points (Figure A.1, table b).

Empirical temporal GP model (ET-GP): We implemented a temporal-only model with GP

priors using empirical Bayesian analysis with the following process model:

f(t) = l(t) +m(t) + w(t), (2.16)

where l(t) and m(t) are low- and medium-frequency terms, respectively, and w(t) is high-frequency

variability, interpreted as white noise. The l(t) and m(t) terms were each assigned zero-mean GP

priors with once-differentiable Matérn(3/2) covariance functions (Section A.1). Using empirical

Bayesian analysis, the optimal point estimates of the hyperparameters varied for the two indepen-

dent models (Figure A.1, table d).

Bayesian EIV-IGP: We implemented the EIV-IGP model (Section 2.5.3) with fully Bayesian

analysis, where the posterior distributions on the hyperparameters differed for the two models

(Figure A.1, table c).

Results and discussion of temporal models during the Common Era from continuous

cores

The uncertainties in these implementations differ more than their central-tendency estimates of

RSL, although the disparities in predictions at the beginning and end of the analysis period are

greater than in the middle. The ET-GP, change-point, and EIV-IGP models allow the incorporation

of temporal and vertical uncertainty and therefore more appropriately characterize the errors in

the models (Figure 2.2). The rigid linearity of the temporally linear model does not accommodate

the process underlying the data. The ET-GP and Bayesian EIV-IGP models yield similar mean

estimates, although the Bayesian EIV-IGP makes somewhat more precise predictions (Figure 2.2)

in this particular application.
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The residuals of the linear model display a non-random pattern (Figure 2.3) indicating that

the model does not fit this dataset well. The non-linear models (Figure 2.3) show less structure

in the residuals, as well as smaller residuals than the linear model. The non-parametric nature of

the Bayesian EIV-IGP and ET-GP lead to estimates of both RSL and rates of RSL change (Figure

2.2) that are more informed by the data as opposed to predetermined by the functional form.
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Figure 2.3: (a,c) Linear model and (b,d) all models residuals plotted against the predicted values
for each site (a,b: NJ, c,d: NC).

There are a number of analytical methods that can be used to evaluate a given scientific question.

When the question relates to the rates of change during a specific time period, and the relevant

data are continuous cores, fully Bayesian and empirical Bayesian analyses, for a given modeling

choice, are both appropriate. An advantage of both of these analytical methods is that they can be

applied flexibly to many modeling choices and allow the data to determine the form of the posterior

distribution when using non-parametric models.

Relative to simpler analysis choices, a challenge of empirical Bayesian analysis and fully Bayesian

analysis can be the computational time. On a desktop computer, with the 135 New Jersey data

points, least-squares analysis is trivially fast (<2 seconds). With relatively similar process models,
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the ET-GP model takes ∼60 seconds to run, with most of the computational time occupied by

the hyperparameter optimization. The sampling required for the fully Bayesian EIV-IGP model

yields a computational time about two orders of magnitude slower (6.1 hours). Considering four

different possible numbers of change points, the fully Bayesian change-point regression took about

24 minutes to run. Although these run times are all trivial with respect to the time to collect data,

computational time is not in general a trivial consideration. Statistical modeling is an iterative

process of model development, model fitting, and model criticism, and slow analysis methods can

be a hindrance to this process. Moreover, the computational time can scale rapidly with the

number of data points. The time to invert a covariance matrix for a GP analysis scales with the

cube of the number of data points, and the computational time of a model that both inverts a

covariance matrix and samples temporal uncertainty (e.g., the EIV-IGP) scales with the number

of data points to the fourth power. Conducting the empirical Bayesian analysis with 5000 data

points, for example, would lead to a computational time for a single model iteration of about 35

days; the fully Bayesian EIV-IGP analysis on the same dataset and same computational platform

would – without improvements in computational efficiency – take about 1,300 years.

Each modeling choice has advantages and disadvantages. As a modeling choice, linear regression

is sensitive to the temporal distribution of data and influential data points. However, when uncer-

tainties in the data are incorporated into the model, linear regression is appropriate to determine

first-order rates of change in processes that have approximately constant rates, and advantages in-

clude its ease of use and computational speed. One limitation of the change-point approach is that

phases of persistent sea-level behavior are approximated by linear trends that may not accurately

represent the underlying physics of RSL change and mask (to some degree) the continuous evolu-

tion of RSL through time (Cahill et al., 2015a). Drawbacks of these more simplistic approaches

motivated Cahill et al. (2015a) to develop an objective (non-parametric IGP) methodology for

estimating rates of RSL change from multiple types of proxy data (Sections 2.5.2 and 2.5.3) and

Kopp (2013) to use spatio-temporal GP models (Section 2.6), which share information from nearby

geographical sites to overcome the limited length of records in certain locations.

Some of the differences between the ET-GP and EIV-IGP models are associated with the con-

ventional choices of covariance functions used. The squared-exponential covariance function, used
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in the Bayesian EIV-IGP, is slightly smoother in this implementation than the Matérn covariance

function in the ET-GP (Figure 2.2). The ET-GP method as employed enables more complexity for

various processes through multiple separate covariance functions, summed together to create the

composite RSL process. Either method could incorporate various covariance functions, however.

Whereas the Bayesian EIV-IGP models rates as the variable of interest and integrates to produce

the RSL estimates from the rate curve, each of the other implementations model RSL, and the

ET-GP derives the rates of RSL change and their uncertainties through a linear transformation.

Both the EIV models and the ET-GP incorporate temporal uncertainty into the models. The

EIV method implements this directly through sampling, and the ET-GP approximates and recasts

temporal noise into RSL uncertainty using noisy input GP (NIGP) methods. If the goal of an

analysis is to evaluate rates of change at a specific site, then the Bayesian EIV-IGP implementation

has hyperparameters that are more readily interpretable. However, if combining information from

various sources and locations is important in an analysis, a spatio-temporal version of the ET-

GP would enable this over the Bayesian EIV-IGP, which has only been implemented in a purely

temporal model.

2.8.2 Characterizing spatial and temporal variability in RSL change from proxy

data (Holocene to present)

We compiled data from previously published studies (Engelhart and Horton, 2012; Kemp et al.,

2013, 2014, 2015, 2017a,c; Khan et al., 2017) in the Caribbean and along the Atlantic coast of the

United States (latitudes 24.95−44.68◦N, longitudes 67.38−81.73◦W) from 12 ky BP (years before

1950 CE) to present (Supplemental A.4). The dataset compiled in Engelhart and Horton (2012)

consists of 450 index points spanning from 8 ky BP to present. The dataset compiled in Khan et al.

(2017) consists of 66 index points from 11 ky BP to present. The datasets of Kemp et al. (2013,

2014, 2015, 2017a,c) consist of 498 continuous core records and 28 index points from 3 ky BP to

present.
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Models and implementations

Empirical spatio-temporal GP model (EST-GP): We implemented an empirical spatio-

temporal GP model (EST-GP) using discrete index points and continuous core records with the

process model in equation 2.11 with an addition white noise term, w(t). In this implementation,

g(t), r(x, t), and m(x, t) are common, regional, and local terms, respectively, each with zero-mean

GP priors with Matérn(3/2) covariance functions. We removed the data from one site, Inner

Delaware, to test the performance of the EST-GP model without any site-specific input, such that

all information for predicting RSL comes from the correlation in RSL with other sites (Figure 2.4).

Bayesian EIV-IGP for single sites: As in Section 2.8.1, we implemented the Bayesian EIV-IGP

(Section 2.5.3), which does not include a spatial component, in order to provide a comparison to

the spatio-temporal model. The input data for New Jersey and North Carolina were equivalent to

the EST-GP, including index points and continuous core records from each location.

Results and discussion of empirical spatio-temporal GP (EST-GP) and temporal-only

Bayesian EIV-IGP models for full Holocene

Whereas the Bayesian EIV-IGP model only predicts RSL and rates of RSL change at sites with

data (because the model is temporal only and runs independently for each site), the EST-GP makes

predications at any point in space and time. Despite the omission of data at Inner Delaware (Figure

2.4f), where the data are only shown for comparison purposes, the predictions fall quite close to the

data. Only two out of 28 data points fall outside of the 95% confidence interval model prediction

of RSL.

One notable difference between the EIV-IGP and the EST-GP difference in modeling choices is

the spatial correlation within the EST-GP model. The form of the RSL curve in North Carolina

(Figure 2.4e) is influenced by this correlation. Whereas the Bayesian EIV-IGP model produces

higher RSL at 11 ka than 10 ka, the EST-GP uses information from the correlation with other sites

to estimate increasing RSL throughout the Holocene. The EST-GP also maintains fairly constant

uncertainties throughout the period of interest, whereas the Bayesian EIV-IGP has less precision
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when data are sparse, due to the assumption of independence between sites (through the temporal-

only implementation). However, at times and locations farther away from the data, the uncertainty

increases in the EST-GP model, as well (Figure 2.4c). Predicted uncertainty in RSL is greater at

sites that are far from data (e.g., Merrit Island, FL; Figure 2.4g), whereas uncertainties decrease

at times and locations with precise data points.

In these specific implementations, another notable difference is the process level model of the

EST-GP, which has three distinct terms capturing common, regional, and local signals. These
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terms can be separated and analyzed (Figure 2.5), resulting in maps of the spatio-temporal signal

for each term (Figure 2.5a) and plots of each term for specific sites. The common signal (which is

uniform over the entire domain) absorbs a majority of the signal (Figure 2.5b), whereas the regional

and local signals explain the variation between sites. The higher RSL heights along the southern

coast in the early- and mid-Holocene (12ka to 4ka) are evident in the maps and in the regional curve

for South Carolina (Figure 2.5b). The Outer Delaware and New Jersey sites have lower regional

signals, and the differences in these two sites is represented in the local signal (Figure 2.5b).

In some cases, borrowing hyperparameter learning from multiple sites, through optimization



41

of hyperparameters in a spatio-temporal model, is valuable. When the processes influencing the

sites are known to be similar during a period of time, adding a spatial component to a model can

add useful information (Figure 2.4). In the particular example here, sharing among sites has led

to smoother temporal structure. In the case of the North Carolina record, the spatio-temporal

model learns from the overall database that the kyr-scale fluctuations seen in the EIV-IGP fit to

the North Carolina data is most likely due to measurement noise.

2.8.3 Estimating spatio-temporal RSL and GMSL from instrumental data (1900

to present)

During the instrumental record, data include satellite altimetry measurements and tide gauges.

These data are inherently different from proxy data with negligible temporal error and smaller

vertical uncertainties than proxies produce, and thus allow different methods. Estimating GMSL

through time and interpolating the spatio-temporal field of RSL change from instrumental records

in the past are well-suited to KS and GP model techniques. We implemented both techniques using

multiple tide gauge records obtained from the permanent service for mean sea level (PSMSL, 2017;

Holgate et al., 2013), with results shown at two sites: Atlantic City, New Jersey, (39.4◦N, 74.4◦W)

and Wilmington, North Carolina (34.2◦N, -78.0◦W) (Figure 2.6).

Models and implementations

Empirical spatio-temporal GP model (EST-GP): Using a regional subset of tide gauges from

the U.S. Atlantic coast (from the same geographic range as the proxy data in Section 2.8.2), we

implemented an empirical spatio-temporal GP model (EST-GP). Results include estimates of the

spatio-temporal fields of RSL and its rates change with uncertainties along the U.S. Atlantic coast

and estimates at two specific sites (Figure 2.6). Although this technique can produce estimates of

GMSL (as in Hay et al., 2015), this implementation does not include global results, because it is

implemented on a regional subset of data.

KS implementation Using a subset of global tide gauges (see Hay et al., 2015 for further in-

formation on the tide gauges used), we implemented the process model in equation 2.13 with a

multi-model KS (Section 2.7.5). The KS estimates GMSL and the spatio-temporal fields of RSL
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and rates of RSL change along the U.S. Atlantic coast and at specific sites (Figure 2.6).

Results and discussion of KS and EST-GP from 1900 to present

Both techniques can compute posterior estimates of GMSL (Figure 2.6) as well as reconstruct

the spatio-temporal sea-level field, conditioned on observed data, but their implementations are

very different. The KS approach (Section 2.7.5; described in more detail in Supplemental A.2.2)

steps through a forward filtering pass and a backward smoother pass for each time step, enabling

computation of the covariance for a smaller subset of points and thus faster solution times (∼45

seconds for a single KS run at the tide gauge sites only, and ∼4 hours for the entire multi-model

implementation globally). Conversely, the EST-GP conditions on all observations at all time points

concurrently. In Hay et al. (2015), both KS and GP implementations use output from physical

process models. However, in the current implementation, the EST-GP model has no physical-model

input and is purely statistical, based solely on the data. See Hay et al. (2015) for a more complete

treatment of these two analytical approaches.

Because of the differences in implementation of the KS and EST-GP, there are some drawbacks

and advantages to each. The full covariance matrix (over all space and time points for data and

predictions) that is required for the EST-GP makes the resolution of annual tide gauge data difficult

to handle when attempting to model these data on a global scale. As a solution, lower-resolution

averages can be used as input (Hay et al., 2015). Conversely, the KS becomes unstable during the

backward smoothing pass when persistent data gaps are present in the records. The KS therefore

requires a subset of tide gauges which ensures observation availability over time.

The spatial field computed by Hay et al. (2017) is less refined because of their modeling choice

to compute the global field on a 5◦ grid. A higher resolution field can be computed with the KS;

however, this will be accompanied by longer model run time. Moreover, embedded in the KS spatial

maps are DSL fields from several global climate models, and the resolution of the KS reconstruction

is limited by the resolution of these models. These physical models have the potential to provide

information about processes occurring in the open ocean, far from tide gauge sites, whereas the

purely statistical model loses power when moving away from observed data. When less data are

available, for example earlier in time because the tide gauges are sparse, the KS predicts a much
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Figure 2.6: Comparison of KS and EST-GP predictions at (a) two sites based on annually-averaged
tide gauges, which are shown in red. Both models include a spatial component and produce maps
of RSL rates of change, for the (b) KS and (c) EST-GP. (d) GMSL time series obtained using the
KS applied to subsets of tide gauges from previous studies, with 1σ uncertainties (Hay et al., 2017).

rougher sea-level time series for each location, despite the fact that there are tide gauges at these

particular sites, whereas the EST-GP has larger uncertainties when there are no tide gauges as

input at a specific site (Figure 2.6a).

The KS model has also been tested on various subsets of tide gauges (Church and White, 2011;

Holgate, 2007; Ray and Douglas, 2011), which can slightly influence the results (Figure 2.6d, Hay

et al., 2017). However, the results with a single technique are more similar than when the data

and technique are both different. When the research question relates to estimating GMSL, fully

Bayesian methods may be too computationally intensive for the datasets; however, ad hoc (Section

2.7.2) choices may lead to different conclusions than the KS or GP techniques, especially when

analyzing different sets of instrumental data.

GMSL reconstructions from a combination of proxy and instrumental data are possible using
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empirical Bayesian analysis, although they have rarely been implemented. Kopp et al. (2016)

provide the only example of using both instrumental and proxy data to construct an empirical

GMSL reconstruction over the past 3000 years using spatio-temporal modeling with empirical

Bayesian analysis (Figure 2.7). They find a robust GMSL fall from 1000–1400 CE and a 20th

century rise at a rate that is unprecedented in at least 2800 years. The pattern of GMSL seems to

have a lot of variability through the Common Era; however, this is due to several modeling choices,

including that the model is conditioned on the assumption that mean GSS over -100–100 CE is

equal to mean GSL over 1600–1800 CE to focus on submillennial variations. (see Kopp et al. 2016

for additional details).
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Figure 2.7: GMSL estimate over the last ∼2500 years from Kopp et al. (2016) using a model with
GP priors, applied to RSL proxy data and instrumental data in an empirical Bayesian analysis.

2.9 Conclusions

Hierarchical statistical modeling frameworks provide a transparent approach for separating model-

ing choices at the data and process level from analysis choices. Appropriate modeling and analysis

choices in sea-level research depend on the type of data and the scientific question(s) being ad-

dressed. Estimating past GMSL requires techniques that account for the physics or geometry of

the contributing processes. For example, Kalman smoother techniques are especially valuable for

estimating GMSL and RSL over the instrumental period. Because the KS is recursive, one of its

benefits is computationally enabling analysis of data at a higher temporal resolution (e.g., yearly)
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compared to other methods. Conversely, this approach is poorly suited to proxy data that have

temporal uncertainties, and therefore cannot in current implementations be used to reconstruct

trends over longer timescales. Alternative methods, including EIV and NIGP, have been imple-

mented within GP models to incorporate temporal uncertainties. However, the use of full covariance

matrices within GP models may restrict estimation to lower temporal resolutions (e.g., decadal),

particularly when using instrumental data and for large datasets. There are several approxima-

tion and estimation techniques in the GP and machine-learning literature that have not yet been

applied in a sea-level context, such as reduced-rank approximation (Gabriel and Zamir, 1979) and

variational inference (Blei et al., 2017), which could speed up analyses and improve resolution with

large datasets.

Another related goal in sea-level research is identifying accelerations in rates of RSL and GMSL

change (e.g., Church and White, 2006; Jevrejeva et al., 2008; Kopp, 2013). Although change-

point regression attempts to address these types of questions, the inherent assumptions that RSL

or GMSL is piecewise linear can be restrictive. Non-parametric models with statistically robust

methods for calculating GMSL and estimating RSL, such as KS or GP models, can help answer

questions about acceleration in a manner that recognizes that acceleration may occur gradually

rather than abruptly.

Identifying the physical processes that explain patterns of spatial variability in RSL is a further

objective of the sea-level community. Spatio-temporal approaches are required to address this

problem in a manner that allows rigorous comparisons between sites. Current methods incorporate

different processes through physics-based models (as in Hay et al., 2015) or by reconstructing the

sea-level field statistically and compare it to the relevant physics-based models (e.g., atmosphere-

ocean global circulation models on recent timescales with higher resolution records, or GIA over

longer periods with lower resolution data).

Improving estimates of GIA is a related goal to explaining spatial variability because it is the

dominant driver of spatial variability in RSL change over Holocene timescales (Peltier et al., 2015).

Traditionally, this is done through an iterative, manual process, where data from specific sites are

compared to different versions of physical GIA models. However, alternative approaches include

using a suite of GIA models (Hay et al., 2015) or using a single GIA model as a mean prior
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estimate and fitting the mismatch with a Gaussian process (e.g., Kopp et al., 2016; Vacchi et al.,

in review). The latter approach enables further constraints on the role of spatially-variable GIA,

while appropriately characterizing uncertainties.

An important area of development for statistical sea-level models is more comprehensive and

accurate use of data. Most proxies do not conform to normal distributions, so techniques for in-

corporating non-Gaussian likelihoods, such as integrating transfer functions into spatio-temporal

models, have the potential to make use of previously underutilized proxies. The development of

transfer functions is now a widely researched topic in the general field of palaeoclimate reconstruc-

tion (e.g., Ohlwein and Wahl, 2012 for pollen, Tolwinski-Ward et al., 2011 for tree rings, Hughes

et al., 2002 for pollen, Zong and Horton, 1999 for diatoms, Guilbault et al., 1996 for forams). A gen-

eral approach has been developed by Parnell et al. (2015), which readily applies to RSL. Although

they are usually carried out prior to process modeling, integrating transfer functions into full sta-

tistical models (e.g., Cahill et al., 2016) is a key goal for the next generation of palaeo-RSL models.

Another example of valuable information, which is underutilized to date, is field data indicating

the rate or direction of change of sea-level (e.g., stratigraphic context). Quantitatively incorporat-

ing this information into statistical models would enhance future estimation and prediction of the

sea-level field.

Identifying future directions for growth in statistical models could inform the standardization

and treatment of data collection and database structures, all of which are required for advanced

statistical methods in the present. Data compilation efforts (e.g., Düsterhus et al., 2016) aim to

standardize and synthesize RSL data, which will enhance the comparability and accessibility of

information to improve both physical models and statistical reconstructions. The accuracy and

consistency of all statistical models will be enhanced when databases are standardized. Currently,

the challenge of standardization often falls to the authors of individual statistical studies. However,

progress will be faster if standard protocols and database formats are applied as a routine matter.

Over the last decade, the tools used to conduct inference have greatly advanced, making more

analytical and modeling choices available to address different questions. Spatio-temporal statistical

modeling is an active area of research, which will benefit from further interdisciplinary collaboration.

Formalizing a hierarchical statistical framework for sea-level analysis and standardizing the data
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used for RSL reconstructions brings clarity to problems and potential future advancements in

paleo-sea-level modeling.

2.10 Glossary

Table 2.2: Definitions of relevant terms

Term Meaning

analysis choices decisions in how to implement a specific model structure (e.g., least-squares,

likelihood maximization, empirical Bayesian analysis, fully Bayesian analysis

(MCMC), Kalman Smoother, ad hoc, EIV, NIGP)

BHM Bayesian Hierarchical Model; uses fully Bayesian analysis, which approximates

complicated distributions through sampling, usually using MCMC sampling

conditional probabilities the distribution of a random quantity, given a particular value of another (un-

known) random quantity; express uncertainties in hierarchical models

conjugate prior prior distribution that comes from the same family of distributions as the likeli-

hood distribution, so as to enable an analytically tractable solution for the pos-

terior

continuous core near-continuous records from a single core of salt-marsh sediment or a single coral

head

covariance function function defining prior beliefs about the relationship between one or more vari-

ables in a Gaussian process, as a measure of how much they change together

EHM Empirical Hierarchical Model; uses empirical Bayesian analysis, which estimates

parameters with point estimates, usually by maximizing their likelihoods, as op-

posed to a BHM, which samples the prior distributions on parameters

EIV errors-in-variable framework; accounts for the measurement error in the indepen-

dent variables by assuming that errors in both variables are independent of one

another
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EIV-IGP errors-in-variables integrated Gaussian process model; implements a temporal

model of the rate of RSL change, deriving the RSL curve from the rate curve;

incorporates uncertainty in the independent (time) variable and the dependent

variable through EIV framework

EOF empirical orthogonal function; technique used to find the dominant spatial pat-

terns in a dataset; when analyzing sea level, used to find the dominant patterns

in SSH from satellite altimetry measurements and apply to tide gauges in order

to estimate GMSL change

error the difference between a measurement and the true value, for a particular data

point; one can model the error as a random draw from an uncertainty distribution

EST-GP empirical spatio-temporal Gaussian process model; model with Gaussian process

priors, which incorporates spatial and temporal covariance functions to produce

the fields of RSL and rate of RSL change as maps; solved using an empirical

methodology that maximizes the likelihood of the model conditional upon the

parameters of the prior

ET-GP empirical temporal Gaussian process model; model using Gaussian process priors,

which is independent in space (no spatial component) and solved using an em-

pirical methodology that maximizes the likelihood of the model conditional upon

the parameters of the prior

GP Gaussian process; a generalization of the multi-variate Gaussian distribution to

continuous time (and space), which is fully defined by its mean function and

covariance function; GP regression provides an analytically tractable solution

when adopting the assumption of normality for all distributions

heteroscedasticity heterogeneous (unequal) errors

hyperparameter parameter of a prior distribution

hyperprior prior distribution on a hyperparameter

index point discrete data that constrain RSL at a single point in time and space

inferential uncertainty the error that arises from the data-generation process from true RSL to the cre-

ation of a RSL proxy
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KS Kalman Smoother; iterative method that comprises a forward filtering pass and

a backward smoother pass; used in a multi-model implementation to compute

posterior estimates of GMSL and spatio-temporal RSL fields, conditioning prior

estimates from physical models of several processes on observations

latent unobserved or hidden (e.g., the true values of RSL)

likelihood the probability of observing the data as described by the fitted model; also known

as the sampling or data distribution; a conditional distribution that is a function

of unknown parameters for observed data and incorporates the form of uncertainty

in the data (e.g., measurement and/or inferential)

marginal distribution unconditional probability distribution of a random quantity, found by integrating

over all values of the conditional distribution in Bayesian analyses

MCMC Markov Chain Monte Carlo techniques; methods used to generate random vari-

ables, perform complicated calculations, and simulate complicated distributions

through sampling in Bayesian hierarchical models (common algorithms include

Gibbs sampling, Metropolis-Hastings, Metropolis within Gibbs, importance sam-

pling)

modeling choices decisions that define the relationships in a model, usually at the process level;

in sea-level analysis, the relationship between time, space and RSL (e.g., linear,

polynomial, change-point, GP (integrated), incorporation of physical models)

NIGP noisy-input Gaussian process method; a method for incorporating uncertainty in

the independent variable within a Gaussian process model; using a Taylor expan-

sion about each input point to recast input noise as output noise proportional

to the squared gradient of the GP posterior mean (McHutchon and Rasmussen,

2011); in sea-level analysis, geochronological uncertainty is recast as proportional

error in RSL

noise error; statistical noise refers to unexplained variation or randomness

noisy data error-prone data that have been corrupted by known or unknown processes

non-parametric not involving any assumptions as to the functional form
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posterior distribution the probability distribution of an unknown quantity, conditional on observed data;

in sea-level analysis, estimates (for example) the true RSL time series or field of

RSL with uncertainties, given proxy or instrumental data

prior distribution the information about an uncertain parameter that is combined with the probabil-

ity distribution of new data to yield the posterior distribution; can be subjective,

based on a priori beliefs, or noninformative, which minimizes the impact on in-

ference

uncertainty parameter characterizing the range of values within which a measured value can

be said to lie with a specified probability

white noise serially uncorrelated random variation (zero mean and finite variance)
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Chapter 3

A statistical framework for integrating non-Gaussian proxy

distributions into geological reconstructions of relative sea level

By Erica L. Ashe1, Nicole Khan2, Lauren Toth3, Andrea L. Dutton4, and Robert E. Kopp1

1Rutgers University, 2Nanyang Technological University, 3United States Geological Survey, 4University
of Florida

Abstract

Robust, proxy-based reconstructions of sea-level change are critical to discerning the processes that drive
variability in relative sea level (RSL); however, these reconstructions rely on the ability of statistical models
of RSL to accurately constrain the relationship between the proxy and sea level. These relationships can
be complex, and are often poorly described by traditional methods that assume Gaussian distributions. We
develop a new statistical framework to estimate past sea-level change based on the modern distributions of
RSL proxy elevations in relation to sea level, using corals as an illustrative example. The new statistical
framework is hierarchical and comprises 1) data, 2) process, and 3) parameter levels. In a case study based on
coral archives, the data level describes each observed proxy’s elevation and geochronological uncertainty from
field and laboratory measurements and uses modern depth distributions of individual coral taxa to infer the
likelihood of RSL, given the observed proxy elevations. The process level uses the full temporal covariance to
model RSL through time. The parameter level dictates prior expectations regarding the temporal correlation
structure of RSL. Using MCMC sampling, we approximate the posterior distributions on these parameters
and RSL, conditioned on the observed data. We find that incorporating the non-parametric empirical
distributions of coral taxa in models of RSL in south Florida produces robust and realistic estimates of RSL
and its uncertainty through time.

3.1 Introduction

Far-field (i.e., distal to ice sheets) records of RSL change derived from low-latitude locations are critical for

constraining physical processes that drive sea-level change; however, records from these regions are sparse

due to the limited availability of reliable relative sea level (RSL) proxy records (e.g., Milne et al., 2005;

Woodroffe and Horton, 2005; Woodroffe et al., 2015). Realistically characterizing the relationships between

proxy records and RSL is vital to constraining the geophysical and oceanographic processes that control RSL

changes over a variety of spatial and temporal scales. Using proxy records to quantify RSL and the rates

of RSL change in the past can help to determine the role that these processes may play in the present and

in the future. For example, the geologic record from previous interglacial periods can provide insight into

potential ice-sheet instabilities under conditions analogous to our presently warming climate (Dutton and



52

Lambeck, 2012; Dutton et al., 2015; DeConto and Pollard, 2016). Similarly, periods of deglaciation reveal

short intervals of acceleration in RSL rise, termed ‘meltwater pulses’ (e.g., Bard et al., 1990; Yokoyama et al.,

2000; Abdul et al., 2016; Renema et al., 2016; Blanchon, 2017), which may provide insight into non-linear,

or abrupt changes, in ice-sheet volume (e.g., Abdul et al., 2016). Reconstructions of RSL from more stable

periods, like the middle-to-late Holocene, reveal internal variability that modulates local- to regional-scale

processes (Engelhart et al., 2009; Kopp et al., 2016; Khan et al., 2017). Although reconstructions of past

RSL change are central to understanding modern sea-level variability, the quality of the information that can

be uncovered from geologic archives is constrained by the accuracy and precision of the RSL proxy records

they yield.

Many RSL models (Khan et al., 2017; Hay et al., 2015; Cahill et al., 2016; Kemp et al., 2014) assume that

the relationship between RSL and an individual proxy data point’s elevation follows a normal distribution,

an assumption that does not accurately represent the observed distribution of many proxies with respect to

RSL. For example, Khan et al. (2017) and Kopp et al. (2009) used a normal distribution to approximate

an assumed uniform distribution for the coral records used in their models. Meltzner et al. (2017) and

Kopp et al. (2009) treated other corals as lower (marine) limits on RSL, and Khan et al. (2017) excluded

A. palmata from their statistical modeling. Our aim is to develop a method for incorporating modern depth

distributions from empirical observations into a statistical framework for estimating RSL. Using individual

coral taxa as examples of RSL proxies that have non-Gaussian relationships with sea level (Hibbert et al.,

2016; Blanchon et al., 2009; Camoin and Webster, 2015), we implement an approach that is compatible with

previous models used in spatio-temporal hierarchical modeling of RSL.

Early coral-based reconstructions of past RSL from the Caribbean (e.g., Lighty et al., 1982; Bard et al.,

1990) relied primarily on a single taxon, A. palmata, which was the dominant coral in the regional fossil record

from reef-crest environments throughout the late Quaternary (Budd et al., 1994; Kuffner and Toth, 2017;

Renema et al., 2016). Drawing on the assumption that A. palmata predominantly occurred within five meters

of the sea surface, these corals have been used as estimates of “minimum” sea-level height (e.g., Lighty et al.,

1982; Toscano and Macintyre, 2003) and more recently, as quantitative indicators of millennial-scale RSL

variability (e.g., Khan et al., 2017). Combining A. palmata records with more precise RSL proxy records,

such as mangrove peat (Toscano and Macintyre, 2003), records from additional coral taxa (Blanchon and

Shaw, 1995; Peltier and Fairbanks, 2006; Abdul et al., 2016), or other sedimentary or geomorphic records not

traditionally incorporated into multi-proxy reconstructions has the potential to increase both the accuracy

and precision of RSL estimates.

Many RSL studies in the circum-Caribbean region have focused on A. palmata because of the relatively

large paleodepth uncertainty of most other coral taxa compared to other RSL proxy types (Camoin and
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Webster, 2015). It is because of the relatively high uncertainty of coral-based RSL proxies that accurately

constraining the relationship of corals to RSL is so important. Few RSL studies (see Hibbert et al., 2016;

Stanford et al., 2011 for exceptions) have attempted to systematically quantify the distributions of other

coral taxa with depth using modern observational datasets. One challenge to doing this is that coral depth

distributions can vary significantly based on a myriad of factors that may depend on geography (Hibbert

et al., 2016). Although Hibbert et al. (2016) used Markov Chain Monte Carlo (MCMC) sampling to estimate

RSL at single points in time from taxon-specific coral depth distributions empirically, they stopped short of

inferring a sea-level curve or rates of RSL change with time-series statistical methods. Austermann et al.

(2017) used the empirical distributions of Hibbert et al. (2016) to constrain dynamic topography signals, but

still treated the records as uncorrelated over time. Stanford et al. (2011) inferred a sea-level curve, combining

multiple RSL proxy records from various sites using non-Gaussian distributions applying a spline smoothing

function to estimate a probabilistic sea-level curve. They assumed far-field sites at low latitudes represented

the same signal, precluding a spatio-temporal implementation. Through the use of Gaussian processes (GP)

priors with covariance functions, the framework we present here can be easily adapted to include multiple

sites with spatial correlations.

We build upon the models of Khan et al. (2015, 2017) and Kopp et al. (2016) and the analysis of Hibbert

et al. (2016) in a hierarchical statistical framework. We first compile and fit probability distributions to data

comprising the modern occurrences of various coral taxa by depth. We then construct a hierarchical statistical

model and use MCMC sampling to condition Gaussian process (GP) prior probability distributions on the

non-Gaussian likelihoods (the modern fitted distributions) of RSL proxy records. To evaluate its performance

and sensitivity to various types of data and uncertainties, we apply the model to Holocene records of coral and

sedimentary archives from south Florida. Although we use the example of corals to implement the modeling

framework, our method could be applied to any sea-level proxy that has a non-Gaussian relationship to sea

level.

3.2 Methods

The International Geological Correlations Programme (IGCP) projects 61, 200, 495 and 588 (e.g., van de

Plassche, 1986; Hijma et al., 2015) endorsed a universal approach to reconstruct RSL histories from different

locations and environments with quantified age and RSL uncertainty terms inherent in inference and mea-

surement (e.g., van de Plassche, 1986). We employ this approach (briefly described below) in a hierarchical

statistical framework, which partitions uncertainties among model levels.

Geological proxy records for RSL are derived from sediments, fossils, and morphological and archeological

features, the formation of which were controlled by the past position of RSL (Shennan, 2015). These proxy
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records possess a systematic and quantifiable relationship to elevation with respect to a tidal datum (e.g.,

mean sea level [MSL]). The relationship of a proxy record to sea level, known as the proxy’s indicative

meaning, is defined by 1) a reference water level, which is the central tendency (e.g., mean or median) of the

distribution of the proxy record with respect to a tidal datum, and 2) an indicative range, which describes

the uncertainty in the vertical distribution of the proxy record.

Dated RSL proxies record the past position of RSL as

RSL = E −RWL, (3.1)

where E is the elevation of the proxy record and RWL is the proxy’s reference water level (Hijma et al.,

2015). Each sample has unique uncertainty estimates, where its age uncertainty is based on inferential

and measurement uncertainties associated with the method used to date the sample (e.g., laboratory and

calibration uncertainties for radiocarbon-dated samples), and its RSL uncertainty stems from uncertainties

in interpretation of the distribution of the proxy in relation to RWL (i.e., δ, indicative range or sometimes

refered to as inferential uncertainty) and measurement of E (i.e., ε) in Equation 3.2. When reconstructing

RSL, the uncertainties are combined by summing their variances to estimate the total uncertainty variance.

This relationship can be statistically formalized by adding terms for the errors inherent in the observation

of a proxy record, such that:

RSLi


= Ei −RWLi + εi + δi

> Ei −RWLi + εi + δi

< Ei −RWLi + εi + δi,

(3.2)

where the observed RSL proxy record is indexed by i, ε is the measurement error, and δ is the error associated

with the proxy record’s indicative range. Two types of RSL proxy records are identified: 1) index points,

which record the unique (or discrete) position of RSL in space and time, and 2) limiting data, which define

an upper (terrestrial) or lower (marine) bound on RSL at a given point in space and time.

To incorporate the IGCP approach into a hierarchical statistical framework, we first fit parametric

probability distributions to the modern depth occurrences of individual coral taxa to describe their indicative

meanings (Section 3.2.2). These parametric probability distributions are incorporated in the hierarchical

statistical model, which accommodates measurement and inferential data uncertainties in its different levels

(Section 3.2.1). We implement the model (Section 3.2.2) and test its performance given different data types

with a case study of south Florida sea-level archives (Section 3.2.3).
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3.2.1 Statistical model structure

The goal of our analysis is to determine the probability distribution of RSL (f) through time, based on the

observed elevations (ŷ) of proxy data points and their estimated ages (t̂). Using hierarchical modeling, we

explicitly distinguish between three levels: (1) a data level, (2) a process level, and (3) a parameter level.

The data level describes p(ŷ, t̂|z, t,Θd), the probability of the measured elevations ŷ and times t̂ of the

proxies, conditional upon sample-wise noisy RSLs z, true times t, and data-model parameters Θd. The data

model characterizes the way in which RSL is recorded by different proxies according to their modern depth

distributions, measurement errors, and dating errors. The process level describes p(f , t|Θs), the probability

of true RSL f at true time t conditional upon the process-level hyperparameters Θs. The parameter level

characterizes key attributes (Θs) of the process level.

We use Bayesian analysis (Cressie and Wikle, 2015) to infer all unknown quantities (including RSL, its

uncertainty, and parameters within the model), as described in the model implementation (Section 3.2.2).

Throughout, we use italicized variables to represent scalars (e.g., the elevation of a single observation) and

bold variables to represent vectors (e.g., the elevations of all observations). The variables used throughout

the statistical analyses are summarized in Table 3.1.

Table 3.1: Definitions of all relevant notation in the model

Variable Definition

i indexes the observed proxy elevations and ages, as well as their uncertainties
j indexes the type of proxy (e.g., coral taxa) and thus its likelihood distribution,

which is common to all proxies of that type
f true, unobserved RSLs, which have a prior relationship with t characterized by

fixed parameters Θs

z sample-wise, noisy RSLs corresponding to each observation (produced in the
sampling module) after accounting for the relationship between elevation and
RSL as well as the correlations in time from the sea-level processes

y true, unobserved elevations
ŷi noisy, observed elevation
t true, unobserved ages
t̂i estimated age, based on radiocarbon dates (midpoint of calibrated age)
µj log mean (for log-normal) or mean (for normal) parameter of the likelihood

distribution for proxy type j
σj log standard deviation (for log-normal) or standard deviation (for normal)

parameter of the likelihood distribution for proxy type j
εi standard deviation of elevational measurement uncertainty for observation i
τi standard deviation of age uncertainty for observation i
Θd data-level parameters {µj , σj , εi, τi} for all proxy types j and all observations

i, which are estimated in the distribution-fitting module
Θs process-level hyperparameters {αm, βm, αw}, which are approximated

in the sampling module
k minimum probability constant

We create a Bayesian hierarchical model to estimate the posterior distribution of RSL and parameters
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given observed data:

p(f , t,Θs, z|ŷ, t̂,Θd)︸ ︷︷ ︸
posterior

∝ (3.3)

p(ŷ|z,Θd)× p(t̂|t,Θd)︸ ︷︷ ︸
data model

× p(z|f , t,Θd)× p(f , t|Θs)︸ ︷︷ ︸
process model

× p(Θs)︸ ︷︷ ︸
parameter model

Before we describe each component of the model, we follow Parnell et al. (2015) and Cahill et al. (2016)

in making some simplifying assumptions. As described in Section 3.2.2, we assume that the data model

parameters can be estimated by the modern data and that all measurement errors can be estimated by

the uncertainties (temporal and elevational) defined in the collection of the data. We also assume that the

relationship between RSL and the elevation of each proxy is independent of the RSL process. We define three

modules–a distribution-fitting module, a sampling module, and a sample-wise prediction module–which are

implemented in succession and described in more detail in Section 3.2.2:

p(z,Θs|ŷ, t̂,Θd) ∝ p(ŷ|z,Θd)× p(z|f , t,Θd)× p(f , t|Θs)× p(t̂|t,Θd)× p(Θs) (3.4)

p(f , t,Θs, z|ŷ, t̂,Θd) ∝ p(z,Θs|ŷ, t̂,Θd)× p(t̂|t,Θd)× p(f , t|Θs) (3.5)

The distribution-fitting module is implemented through the ‘fitdist’ function in MATLAB. The sampling

module (equation 3.4) is implemented through MCMC sampling, resulting in a conditional posterior dis-

tribution on z and Θs. We then use the approximation of p(z,Θs|ŷ, t̂,Θd) from the sampling module in

the sample-wise prediction module (equation 3.5) to infer true RSL over true time through the noisy input

Gaussian process (NIGP) method of McHutchon and Rasmussen (2011). These modules are outlined after

defining the levels of the hierarchical model in detail.

Data level

The data level includes the observed elevation ŷi of each RSL proxy data point with measurement uncertainty.

This level characterizes the relationship between these elevations and noisy RSL z, as well as between true

age ti and interpretation of age, t̂i.

We make the simplifying assumption that vertical measurement uncertainty in RSL proxies is independent

and normally distributed, such that:

ŷi|yi, εi ∼ N (yi, ε
2
i ), (3.6)

where yi is true (unobserved) elevation and εi is the standard deviation of measurement uncertainty for
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observation i.

We make the simplifying assumption that age uncertainty in RSL proxies is independent and normally

distributed, such that:

t̂i|ti, τi ∼ N (ti, τ
2
i ), (3.7)

where t̂i is the midpoint of the calibrated age and ti is the true (unobserved) age of observed record i and

τi is the standard deviation of the temporal measurement uncertainty defined in the dating process (Section

B.6.6). Age uncertainties are incorporated using the noisy-input GP method of McHutchon and Rasmussen

(2011), which translates errors in the independent variable (time) into equivalent errors in the dependent

variable (proxy elevation) (Section B.2).

The model can accommodate both parametric and nonparametric fitted distributions as likelihoods,

which characterize the relationship between the measured elevation of the RSL proxy ŷij and the sample-

wise, noisy RSL zi for each observation i of proxy type j. Unobserved zi is an intermediate variable, which is

created within the sampling module and is conditioned on all other sample-wise, noisy RSLs, in addition to

being conditioned on the observed elevation ŷij . In the case study of south Florida, analysis of the modern

distributions of coral taxa with depth are defined with both nonparametric likelihoods and distinct functional

forms of likelihood distributions, which are based on the modern depths of distinct coral taxa and indicative

meanings of sedimentary proxies (Section 3.3.1): kernel, log-normal, normal, censored/upper-limiting, and

censored/lower-limiting.

Each coral taxa is fit to a nonparametric empirical distribution (see section 3.2.2), determined by its

modern depth data, such that:

zi − ŷij |zi,modern data ∼ empirical pdf (3.8)

where the pdf is given by the fitted distribution found using the ‘fitdist’ function in MATLAB (using a kernel

density with bandwidth = 0.15 and positive support).

Because the populations of many organisms closely track an optimal suite of environmental conditions

that vary with respect to sea level, the distributions of many species follow log-normal distributions (e.g.,

Brown, 1984). Although the non-parametric distributions provide the best fit to the empirical data, we

additionally fit the modern coral taxa to log-normal distributions (see section 3.2.2), such that for taxon

j ∈ {1, 2, ...10}:

zi − ŷij |zi, µj , σj ∼ LN (µj , σ
2
j ) (3.9)

where LN signifies the log-normal distribution and scale and shape parameters (µj and σj ; the mean and

standard deviation of the log of the distribution) are estimated for each taxon j (Section 3.2.2) and are in
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the vector of data parameters Θd.

Mangrove peats are assumed to form between MTL (mean tide level) and HAT (highest astronomical

tide) in a normal distribution with mean µ and standard deviation σ based on the indicative meaning

of mangrove peat and local tidal levels (Khan et al., 2017; Section B.6.6). A coral taxon with a fitted

normal depth distribution (i.e., the Caribbean-wide distribution for Orbicella spp.) takes the same form,

but with mean µ and standard deviation σ estimated from its modern depth distribution. For both normally

distributed coral taxa records and mangrove peat records (records indexed by i, this relationship is defined

as:

ŷij − zi|zi, µj , σj ∼ N (µj , σ
2
j ) (3.10)

when the proxy type j is assumed to follow a normal distribution. For mangrove peat index points, µj is

always positive because the mangrove peat grows above RSL, whereas for normally distributed corals, µj is

always negative because corals grow below RSL.

Marine-limiting and freshwater-limiting data define lower and upper limits on sea level, respectively,

where the relationship between ŷ and z takes the following form:

p(ŷij |zi) ∝


1, for marine limiting, if ŷij ≤ zi

τi · k, for marine limiting, if ŷij > zi

(3.11)

p(ŷij |zi) ∝


1, for freshwater limiting, if ŷij ≥ zi

τi · k, for freshwater limiting, if ŷij < zi

(3.12)

where k is a minimum probability constant, which is multiplied by the standard deviation of the age un-

certainty τi to account for uncertainty in the depositional age of the limiting data. Just as the noisy input

Gaussian process recasts age uncertainty as RSL uncertainty, the limiting data distributions much also ac-

count for age uncertainty. This is accomplished with the minimum probability constant. Because the precise

date the proxy was living above/below the water is unknown, k is used to permit the unobserved sample-

wise RSL zi to take on values above marine limiting elevations and below terrestrial limiting elevations,

proportional to the uncertainty in age of a given record. We use the proportionality constant to provide a

constraint on the data at the calibrated date, one point in time, to account for this uncertainty over likely

age of the observation with age uncertainty. In order to allow slight flexibility in these limiting constraints,

because of the age uncertainty of the observed proxy record, we assigned a value of 1x10−4 to k. This enables

more flexibility when there is less precision in a given observation.

We maintain the simplifying assumption of conditional independence among observed elevations [p(y1|z1) ⊥
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p(y2|z2)] and among calculated ages [p(t̂1|t1) ⊥ p(t̂2|t2)], although there is clearly a correlation at the process

level in the underlying RSL. In other words, the relationship between sea level and the elevation of one ob-

servation does not affect that relationship for any other observation. The same is true for age uncertainties.

The assumed independence may not strictly hold in all cases (e.g., measurements in a sediment core, where

elevation estimates may be correlated). However, most samples in these types of analyses are not collected

from the same core, therefore, they are independent with respect to age, and the law of superposition does

not apply here (or in highstand locations). If the elevation estimates were correlated because they came from

a single core such that an age model were used, however, we would use the law of superposition to inform

these estimates.

Process level

True RSL is modeled at the process level:

f(t) = m(t) + w(t) (3.13)

where m(t) is a medium-frequency non-linear signal, and w(t) is a white-noise process, which captures high

frequency variability. The medium-frequency signal is modeled with a mean-zero Gaussian process prior

distribution:

m(t) ∼ GP{0, α2
mρ(t, t′;βm)}, (3.14)

where ρ is a Matérn correlation function with a smoothness parameter of 3/2 (Rasmussen and Williams,

2006), which ensures that the function is once-differentiable, α is the amplitude, and β is the characteristic

time scale for each term. The white noise term has a standard deviation of αw, and captures sea-level

variability at temporal scales shorter than those characterized m(t). These hyperparameters are described

at the parameter level (Section 3.2.1).

Parameter level

At the parameter level of the model Θs= [αm, βm, and αw] represent the hyperparameters that characterize

the process level of the model, where αm represents the amplitude of the sea-level process, βm represents

the characteristic time-scale of variability, and αw is the amplitude of the white noise term w(t). We use

MCMC sampling to approximate the posterior distributions of each of the parameters, conditional on the

observed proxy records. We restrict the bounds of the amplitude and temporal scale proportionally, based

on the ratio of magnitude of RSL change during the Holocene epoch, such that the amplitude parameter

may take on values between 5 and 30 meters, and the temporal scale parameter may take on values between
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4 and 40 ky. We restrict the bounds on the white-noise amplitude according to the average uncertainties

on the proxy elevations, with a maximum value of 4 meters. Subject to these bounds, each parameter is

assigned a uniform prior distribution.

When implementing with parametric distributions, Θd = [µj , σj ] (for j ∈ {1, ...q}, where q is the number

of different proxy types) are the data-level parameters characterizing the likelihood distributions or indica-

tive meanings associated with the different proxies. These data-level parameters are optimized prior to

implementing the statistical model, as described in Section 3.2.2.

3.2.2 Statistical model implementation

Distribution-fitting module

In the distribution-fitting module, we determine the indicative meaning of each coral taxa by analyzing the

modern depth distributions (i.e., water depth of living coral) of corals prevalent throughout the western

Atlantic/Caribbean region (“Caribbean-wide distributions”). We also examine the distributions of these

same coral taxa using data only from south Florida (“Florida-specific distributions”), the location of the

RSL proxy dataset. We follow Hibbert et al. (2016) for both analyses, basing the distributions on data

from the ecological studies archived on the Ocean Biogeographical Information System database (OBIS,

2017, Appendix B.6.6). We analyze nine coral taxa (Figure B.3), based on their high prevalence in the

Quaternary fossil record of the western Atlantic (Pandolfi and Jackson, 2006; Kuffner and Toth, 2017) and

presence in the south Florida coral dataset. Data from the Flower Garden Banks National Marine Sanctuary

are not included in the Caribbean-wide analysis because the relatively deep-water setting of these reefs is

not representative of most Caribbean reef environments (Pattengill-Semmens et al., 2000). The majority

of the data used in the Caribbean-wide analysis come from the Atlantic and Gulf Rapid Reef Assessment

(AGRRA, 2017). AGRRA monitoring protocols suggest sampling should focus on reef zones within 1−15 m

water depth, which could bias the distribution data; however, the fact that the depth optima of some coral

taxa in the database are deeper than 15 m water depth suggests that this bias is small.

We fit the modern coral depth data to nonparametric, empirical probability distributions, using the kernel

smoother with the ‘fitdist’ function in MATLAB, to assign the likelihood distribution of each coral taxon for

use in the statistical model. We used a nonparametric approach in order to avoid making assumptions about

the distribution of the data. The kernel smoother assumes that each data point has normal uncertainties

and fits an individual probability density curve to each data point. The final probability density function is

the sum of all of the smoothed curves (for details, see ‘ksdensity’ in MATLAB).
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Sampling module

In the sampling module, we transform the observed proxy elevations ŷ into noisy RSLs z and estimate the

parameters Θs that characterize the sea-level processes. The likelihoods used in the sampling module are

as defined in the data level (Section 3.2.1), such that:

p(ŷ|z,Θd) =

n∏
i=1

p(ŷij |zi, µj , σj), (3.15)

where n is the number of RSL proxy records in the model, and Θd is the vector of data-level parameters

µj , σj or the empirical pdf for each proxy type j.

We produce samples of noisy RSLs z successively by conditioning on all other noisy RSLs and incorpo-

rating temporal uncertainty using a NIGP (see Appendix section B.2.1), such that:

p(z|f , t,Θd)× p(f , t|Θs)× p(t̂|t,Θd)× p(Θs) ∝

n∏
i=1

p(zi|z−i, t̂,Θs)× p(t̂i|ti,Θd)× p(f , t|Θs)× p(Θs) (3.16)

where the subscript −i signifies all records except i, p(f , t|Θs) is the GP prior created with a sample from

p(Θs), p(t̂i|ti,Θd) introduces the age uncertainty, and p(zi|z−i, t̂,Θs) creates one RSL sample at time t̂i,

conditioned on all other data.

Equations 3.15 and 3.16 are implemented in succession. Using an adaptive Metropolis-within-Gibbs

sampling algorithm (Gelman et al., 2011) produces posterior estimates of p(z,Θs|ŷ, t̂,Θd). For details on

the algorithm, see Appendix section B.2.2.

Sample-wise prediction module

In the sample-wise prediction module, we combine the samples of noisy RSL (z) with the samples of the RSL

hyperparameters. Each sample Θs represents a prior distribution on RSL and is conditioned on a sample

z through the NIGP (see Section B.2.1 for details). The resulting sample-wise predictive distributions are

then sampled and combined to estimate the overall posterior distribution of true RSL through time.

In order to test whether our model can successfully estimate RSL under various data and RSL scenarios,

we designed a simulation experiment. We created two synthetic RSL time series representing RSL changes

characteristic of deglacial and interglacial periods. We applied the model to data of different quantity, type,

precision, and temporal distribution to evaluate performance. Results indicate that the best models are those

that have high quality (low uncertainty) and/or quantity of data with trade-offs between the two (Appendix
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section B.4.1).

3.2.3 Case study using Holocene data from south Florida

RSL archives from south Florida are chosen as a case study to evaluate the performance of the new statistical

model framework because of the large quantity of data available from multiple proxy types, the length of

the record (spanning ∼11 ka to present), and the record’s representativeness of the best constrained period

of deglaciation. The south Florida dataset consists of 159 coral records and 62 sedimentary records. The

159 coral samples include Orbicella spp. (n = 54), A. palmata (n = 53), P. strigosa (n = 18), Montastraea

cavernosa (n = 10), Diploria labyrinthiformis (n = 9), Colpophyllia natans (n = 6), Pseudodiploria clivosa (n

= 5), Siderastrea siderea (n = 3), and Porites astreoides (n = 1). In addition, we add two extra data points to

inform the model of prior knowledge on RSL at present and 13,000 years ago. One point is placed at −67±10

m at 13 ka, and the other at 0± 0.2 m at 0 ka, based on data from a nearby site (i.e., Barbados; e.g.,Abdul

et al., 2016). Coral and sedimentary archives of sea level are compiled following standardized protocol

described in Hijma et al. (2015) and Khan et al. (2017), where each sample’s location, age, and elevation

related to sea level is estimated or known and uncertainties associated with measurement and interpretation

of the sample are quantified. A detailed description of the types of data, sampling methodologies, and

assignment of uncertainties are in Section B.6.6.

To analyze how the various taxon-specific coral depth distributions affect RSL predictions within our

framework, we apply the model to the database of Holocene coral and sedimentary archives from south

Florida. We vary the types and interpretations of data in six distinct models (Table 3.2) to simulate how

the model would perform with limited proxy types and/or quantities of data. Although the non-parametric

kernel distributions fit the data better than parametric distributions, since they are an empirical distribution,

we also implement a series of models using the best fit parametric distributions according to AIC criteria

(see Table B.1 in Appendix B for AIC comparison). We compare the effects on the model estimates using

log-normal, normal, and limiting fitted distributions against the results of models using non-parametric

empirical distributions as likelihoods. We estimate RSL, rates of change, and uncertainties averaged over

1000-year periods, from 11 ka to present, and evaluate differences among the models.

The first two models (Parametric Caribbean Corals Only, PCCO; and Nonparametric Caribbean Corals

Only, NCCO) use only coral (no sedimentary) proxies to model RSL. PCCO and NCCO both use the

Caribbean-wide modern dataset to determine the relationship between all coral taxa and RSL. However,

PCCO applies parametric fitted distributions of the Caribbean-wide modern coral dataset (Figure B.3)

in Appendix B as likelihoods, whereas NCCO applies nonparametric distributions. The next two models

(Nonparametric Florida Coral & Sedimentary, NFCS; and Nonparametric Caribbean Coral & Sedimentary,
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Table 3.2: South Florida case study models

Interpretations of Proxies in each Model

Model Coral Dist. A. palmata Massive corals Sedimentary data

PCCO Caribbean parametric Index points Index points not included
NCCO Caribbean nonparametric Index points Index points not included
NFCS Florida nonparametric Index points Index points Index/Limiting
NCCS Caribbean nonparametric Index points Index points Index/Limiting
Khan Uniform 0-5 m Index points not included Index/Limiting not included
SDCL not included Marine limiting Marine limiting Index/Limiting

The Coral Dist. column indicates which, if any, modern depth distribution is applied to the data
in the given model, whereas the A. palmata and Massive corals columns indicate whether those
corals were treated as index points, using the specified coral distribution, as marine limiting data,
or not included in the given model. The Sedimentary data column indicates whether that data
were included in the given model.

NCCS) use the complete database of fossil proxies, where the relationship between all coral taxa and RSL

is based on either the nonparametric fitted Florida-specific or Caribbean-wide coral depth distributions, re-

spectively. We compare the two full models to evaluate the impact of using location-specific versus regional

coral depth distributions. We use these models as the ‘best’ representations of true RSL change in south

Florida because they are informed by the most sea-level data. The ‘Khan’ model is based on the interpreta-

tions of data in Khan et al. (2017), where limiting data are not incorporated into the model quantitatively,

and only one coral taxa, A. palmata, is used, with a normal distribution approximating an assumed uniform

distribution. The last model (Sedimentary Data Coral Limiting, SDCL) interprets all coral taxa as marine

limiting.

3.3 Results

3.3.1 Distributions of living Caribbean corals

The modern depth distributions of the Caribbean corals that we analyzed are generally similar in form

whether analyzing the Caribbean-wide dataset or the Florida-specific dataset. However, the broader Caribbean

region tends to have more variability in the depths of living coral, which results in less precise (wider) non-

parametric distributions (Figure 3.1). In order to compare the posterior RSL estimates of models using

nonparametric likelihoods to a more conservative approach that assumes more generalized parametric dis-

tributions of the coral depths, we also fit the data to log-normal or normal density functions based on which

distribution provided the best fit to the data (Appendix section B.1.1). The parametric distributions of the

Caribbean-wide dataset are also wider than the Florida-specific (Figure B.3b).
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Figure 3.1: (a) Fitted distributions (shaded curves) and histograms of the 9 coral taxa, based on
the Caribbean-wide modern depth data and Florida-specific modern depth data. (b) All fitted
distributions for the Caribbean and for Florida up to 20 meters depth.

3.3.2 Comparison of different proxy data and their interpretation in the model

framework

The data included in the Holocene case study from south Florida provide an opportunity to test the perfor-

mance of the model under different data scenarios (Figure 3.2). This type of analysis can reveal information
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about the existence of a ‘debated’ sea-level highstand in the Gulf of Mexico region (e.g., Donnelly and

Giosan, 2008; Blum et al., 2008; Hawkes et al., 2016), provide constraints for GIA model parameters (e.g.,

Milne et al., 2005; Miller et al., 2013; Khan et al., 2017), or serve as a baseline with which to offer context

for predicted RSL changes in the future (e.g., Lidz and Shinn, 1991; Törnqvist et al., 2002). Four of the

six models produce similar patterns and estimated uncertainties (95% credible intervals [CIs]) of predicted

RSL and rates of RSL change (estimated every 1000 years from 11 ka to present; Figures 3.2 and B.9). The

most distinct differences in RSL estimates occur in PCCO, which predicts an anomalous highstand due to

the wide parametric distribution (normal) of Orbicella, and in SDCL, where all of the corals are treated as

marine limiting, which predicts higher RSLs in the early Holocene.
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Figure 3.2: Models (a) PCCO, (b) NCCO, (c) NFCS, (d) NCCS, (f) Khan and (g) SDCL of
Holocene RSL in south Florida. The individual model predictions and the interpretations of their
data are plotted in the left and middle panels (a, b, c, d, f, and g) and the RSLs and rates of change
from all six models are compared in the right panels (e and h) (see Figure B.9 for rates broken out
into separate panels). Solid lines represent the median RSL or rate and shading represents the 95%
credible interval.
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3.4 Discussion

Because of the putatively large depth ranges of massive corals, these proxies have not generally been quan-

titatively incorporated into millenial-scale models of RSL (e.g., Khan et al., 2017). Instead, they have been

interpreted by most researchers as marine limiting (e.g., Kopp et al., 2009), as in the SDCL model. Treating

all corals as marine limiting results in higher estimates of RSL and larger uncertainties when there are no

index points to anchor the RSL estimate, as in the early Holocene in model SDCL (Figure 3.2g).

Although massive coral RSL proxy records may be imprecise relative to mangrove peats, the taxa we eval-

uate can provide valuable constraints on RSL, when they supplement more precise proxy records; however,

accurately constraining the relationship of these indicators to sea level is critical.

The multi-proxy models (NFCS, NCCS, and Khan) produce predictions that are in close agreement (Fig-

ure 3.2c,d,f). However, the reimplementation of the Khan model has smaller RSL prediction uncertainties

(95% CI widths of 2.0−6.0 m, compared with 4.8−8.0 m for NCFS) and estimates the position of RSL to be

∼0.5 m lower throughout the Holocene because the reimplementation of the Khan model is driven by the

more precise sedimentary data and the inaccurate uniform distribution of the A. palmata, which record a

lower RSL position. The offset observed between the models may be explained by biases associated with each

type of proxy (see discussion below). The simplifying assumption of normality for all data in the reimple-

mentation of the Khan model allows for increased computational efficiency; however, the empirical Bayesian

model does not incorporate any uncertainty in model parameters, in contrast to the new framework. Al-

though the distribution of A. palmata in the reimplementation of the Khan model is represented inaccurately

and underestimates the tail of the distribution, the assumed uniform distribution approximated through a

normal distribution does not vary considerably from the Caribbean-wide or Florida-specific nonparametric

distributions. The general agreement between all three multi-proxy models justifies conclusions made in

Khan et al. (2017) about RSL histories in the wider Caribbean region. Incorporating more proxy data with

empirical likelihood distributions aids in estimating both RSL and its uncertainty more realistically. The

additional information also provides a way to reduce the influence of potential biases associated with each

proxy on its own.

Data with less precise distributions, such as massive coral taxa, can and should be used to augment more

precise proxies of RSL; however, we do not recommend their use alone to generate RSL reconstructions, as

the large uncertainties in these data increase the possibility of generating inaccurate predictions of RSL.

Using multi-proxy models with accurate estimates of empirical proxy distributions leads to predictions of

RSL with the most accurate uncertainties, and potentially the least bias. Explicitly incorporating empirical

coral depth distributions into RSL models provides quantitative data when or where more precise peat

archives are not available and controls for possible biases of single-proxy models. Although full models may
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Figure 3.3: Comparison between two frameworks that incorporate corals as proxies for RSL and the
current framework, using all available data. Khan et al. (2017) produced models that used spatial
correlations to incorporate additional information, whereas Hibbert et al. (2016) used MCMC
techniques to infer the probability of RSL at specific times based on modern empirical distributions,
without considering correlations in time. Predictions of RSL (a-d) using our statistical framework
with the Caribbean-wide coral distributions (CCS), Florida-specific coral distributions (FCS), and
based on the statistical model developed by Khan et al. (2017) (Khan) and one similar to the coral
framework of Hibbert et al. (2016).

have greater uncertainties in some cases (Figure 3.3), these uncertainties are likely to be more realistic as

they incorporate more information. Our ‘database approach,’ which uses all available proxies, allows for

the inclusion of a large number of sea-level data with varying degrees of precision and careful estimation

of potential measurement errors associated with those data. This approach allows some inaccurate data

without generating erroneous estimates of RSL. For example, the ‘Hibbert approach’ (Figure 3.3) uses the

empirical distributions of each coral taxa, without statistically modeling the auto-correlation of the RSL

process over time. This approach would predict a highstand from a single data point at ∼4ka and a drop

in RSL at ∼500 years ago based on another single data point. In contrast, our hierarchical models with an

autocorrelated process level are robust to these sorts of data anomalies. Our new statistical framework for
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including the depth distributions of multiple coral taxa, not just A. palmata, into models of RSL provides

an important step forward in reconstructing RSL variability from low-latitude environments and a way to

include previously underutilized additional proxies in other areas.

The depth distributions of both coral reefs and individual coral taxa exhibit some spatial variability

as a result of environmental factors. The variability in the incident light reaching the water surface and

other factors affecting the penetration of light to depth (e.g., water clarity or turbidity) are fundamental

controls on the growth and abundance of corals across depths (Huston, 1985; Kleypas et al., 1999; Dullo,

2005). There are also local differences in light availability (Kleypas et al., 1999; Hubbard, 2009; Hibbert

et al., 2016). For example, even putatively ‘shallow-water’ taxa like A. palmata have much broader depth

distributions in Puerto Rico and the Virgin Islands (PRVI) than elsewhere in the Caribbean (Figure B.2;

Hubbard, 2009). This is likely a result of both relatively clear waters and the presence of mesophotic (deeper

water) coral reefs in this area (Smith et al., 2010). The depth uncertainties of all coral taxa, however, are

largely dependent on the subset of data being used to model their relationship with depth. Therefore, care

should be taken with the selection of data and the type of distribution used.

When applying nonparametric distributions in our model framework, the geographic differences in the

likelihood distributions did not have a significant effect on predicted RSL models; however, the using the

Florida-specific dataset seemed to result in more realistic estimates of RSL than using the Caribbean-wide

dataset with parametric distributions. Although the full models using the Caribbean-wide and Florida-

specific parametric depth distributions produce remarkably similar estimates of Holocene RSL, the coral-only

model that uses the parametric Caribbean-wide distributions (PCCO) results in an anomalous highstand

(Figure 3.2a) caused by the larger uncertainty in the normal distribution of the Orbicella spp. (Figure

B.3). For reconstructions of Holocene RSL, using location-specific coral depth distributions based on robust

empirical data may ideal for developing the most accurate coral-based models of RSL variability (Hibbert

et al., 2016); on the other hand, some location specific-factors may have changed over time, which would

argue for the use of distributions from a broader geographic area.

The use of empirical data distributions to characterize additional proxies for RSL, such as taxon-specific

coral depth distributions, has the potential to improve both the accuracy and precision with which proxy

data are included in models of Quaternary RSL variability. Nonetheless, the uncertainties of coral-based

proxies may still be too large to reconstruct subtle RSL changes, such as melt-water pulses. Although it is

beyond the scope of the present study, the empirical depth ranges applied to individual coral data could be

further constrained by evaluating characteristics of the depositional environment and the taphonomy of the

coral samples (Lighty et al., 1982; Neumann and Macintyre, 1985; Blanchon and Perry, 2004; Gischler and

Hudson, 2004; Blanchon, 2005; Gischler, 2006; Perry and Hepburn, 2008; Hubbard, 2013) (See section B.6.7
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in Appendix B for further discussion).

3.5 Conclusions

We develop a new technique for integrating non-Gaussian likelihoods into a hierarchical statistical framework

to allow for a more realistic treatment of proxy uncertainties in probabilistic models of past RSL change. This

approach is flexible, with the ability to include parametric and nonparametric likelihood distributions, and is

compatible with approaches used in spatio-temporal hierarchical models of RSL. Our framework provides a

method for incorporating empirical and parametric fitted depth distributions of a variety of proxies into RSL

models, illustrated with coral taxa, and provides a way to incorporate new types of RSL proxies. Statistically

reconstructing RSL within this hierarchical framework is necessary to achieve robust estimates of RSL. Our

results suggest that using nonparametric distributions as likelihoods of proxy data in multi-proxy models

provide the best estimates within the new framework.

The new framework developed in this study has broad applicability to the study of past RSL. Although

we focus on a Holocene case study here, in order to assess the model in a time period that had overlapping

constraints, a key application would be to areas where corals provide the only constraints (e.g., Barbados).

This type of model can be used to assess rates of change during meltwater pulses by applying the model to

deglacial datasets or to create more precise models to better understand interglacial periods. In addition,

the incorporation of non-Gaussian likelihoods creates an opportunity to quantitatively integrate previously

underutilized RSL proxy types, aside from corals, with the flexibility of distributions it can incorporate.

Future work could expand the framework to include a spatial component, allowing nearby sites to share

information with one another to improve the accuracy and precision of predictions of past sea level over a

larger spatial scale.
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Chapter 4

Half-meter sea-level fluctuations on centennial timescales from

mid-Holocene corals of Southeast Asia

This chapter is adapted from Meltzner et al. (2017). The development, application, and description of the

hierarchical sea-level models, as well as the results of the application of these models, were led by the author

of this thesis, with guidance from Robert Kopp. The overall project was designed and led by Aron Meltzer,

who led the writing of the overall manuscript. 1

Abstract

Sea-level rise is a global problem, yet to forecast future changes, we must understand how and why relative

sea level (RSL) varied in the past, on local to global scales. In East and Southeast Asia, details of Holocene

RSL are poorly understood. Here we present two independent high-resolution RSL proxy records from

Belitung Island on the Sunda Shelf and predict RSL and its uncertainty through an empirical hierarchical

statistical model. The results of the model capture spatial variations, suggesting glacial isostatic adjustment

and paleotidal range differences, and a common RSL signal between 6850 and 6500 cal years BP that includes

two 0.6 m fluctuations, with rates of RSL change reaching 13±4 mm per year (2σ). Proxy records along

the south coast of China, although of a lower resolution, reveal fluctuations similar in amplitude and timing

to those on the Sunda Shelf, which we model with an alternate version of the Belitung statistical model.

The consistency of the Southeast Asian records, from sites 2,600 km apart, suggests that the records reflect

regional changes in RSL that are unprecedented in modern times.

4.1 Introduction

More than 100 million people, mostly in East and Southeast Asia, live within 1m of sea level and are acutely

susceptible to sea-level rise brought about by climate change (Li et al., 2009). Regional sea-level change

1By Aron J. Meltznera, Adam D. Switzera, Benjamin P. Hortonb, Erica L. Asheb, Qiang Qiua, David Hillc Sarah
L. Bradleyd,e, Robert E. Koppb, Emma Hilla, Jedrzej Majewsk a, Danny Natawidjajaf , Bambang Suwargadif

aNanyang Technological University, bRutgers University, cOregon State University, dUtrecht University, eDelft
University of Technology, f Indonesian Institute of Sciences (LIPI)
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is a superposition of secular eustatic trends and interannual regional oscillations, not all of which are well

studied. The largest interannual variability of sea level occurs in the tropical Pacific and is related to the

El Niño-Southern Oscillation (ENSO); early (1993-2001) satellite data showed high rates of sea-level rise in

Southeast Asia that approached 30 mm per year (Church and White, 2006), though those extreme rates

have not persisted (Zhang and Church, 2012; White et al., 2014).

Understanding the extent to which sea-level changes in East and Southeast Asia are affected by inter-

annual sea-level variations is important to protecting vulnerable coastal assets in low-lying deltas (Syvitski

et al., 2009) and atoll islands (McLean and Kench, 2015). But how interannual sea-level fluctuations will

change in association with a projected increase in extreme ENSO and other patterns of atmosphere/ocean

variability due to climate change remains unknown (Widlansky et al., 2015). Proxy-based paleo-sea level

reconstructions characterize patterns of natural variability and provide a target for calibrating models of the

relationship between climate and sea level, as well as a pre-Industrial background against which to compare

recent trends (Kemp et al., 2011). These proxy reconstructions, however, have hitherto been hindered by

accuracy and precision, particularly in East and Southeast Asia (Horton et al., 2005).

One relative sea level (RSL) proxy that has seen limited use in East and Southeast Asia is coral microa-

tolls. Microatolls track RSL with accuracy and high precision. Prolonged subaerial exposure at times of

extreme low water restricts the highest level to which the coral colonies can grow (e.g., Scoffin et al., 1978;

Taylor et al., 1987; Zachariasen et al., 2000; Briggs et al., 2006). Portions of the coral living above this

elevation die during a period of extreme low water, but portions below this continue to grow outward (and

upward) until the next incidence of extreme low water. A microatoll’s concentric annuli form as a result

of this repeating sequence of slow upward growth and sudden diedowns, superimposed on longer-term RSL

trends (Meltzner and Woodroffe, 2015).

With regard to microatolls, the term diedown refers to a partial mortality event on a coral colony in

which the portion of a coral above a certain elevation dies, while coral polyps at lower elevations survive.

Unlike a complete mortality of a coral colony, for which the interpretation of the cause of death is not always

straightforward, a diedown to a uniform elevation around the perimeter of the coral is a clear indication that

the diedown resulted from low water. The elevation above which all coral died is termed the highest level

of survival (HLS) (Taylor et al., 1987). A related term, the highest level of growth (HLG) (Meltzner et al.,

2010), reflects the highest elevation up to which a coral grew in a given year. Although both HLS and HLG

refer to the highest living coral at a particular time of interest, HLG is limited by a coral’s upward growth

rate. Hence, in years during which no diedown occurs, HLG provides only a minimum estimate of the HLS

that would theoretically be possible.

A microatoll’s basic morphology reveals important information about RSL during the coral’s lifetime.
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Although a fall in RSL that triggers a diedown might be very short lived, such as during a single extreme

low tide, multi-decadal trends in RSL can be established by comparing the elevations of several successive

diedowns. Flat-topped microatolls record RSL stability; colonies with diedowns (HLS unconformities) that

rise radially outward towards their perimeter reflect rising RSL during their decades of growth; corals with

progressively lower diedowns reflect falling RSL. As RSL rises and falls over time, microatoll morphologies

record these changes in RSL. Because these corals’ skeletons have annual growth bands – a result of the

contrasting density in growth at different times of the year – we can precisely count the years over which

these changes occur.

We derive proxy records of mid-Holocene RSL from coral microatolls at two sites on Belitung Island,

Indonesia, on the Sunda Shelf: TBAT, in the southeast; and TKUB, 80 km to the northwest (Figure 4.1).

To extract climate-related rates of RSL change, we chose a region that is inferred to be tectonically stable

(Simons et al., 2007), and sites where abundant granitic outcrops suggest minimal sediment compaction.

Through an empirical hierarchical model, the Indonesian proxy records reveal 0.6-m swings in RSL over

several centuries during the mid-Holocene. Accounting for systematic shifts in elevation between the time

series at the two sites, and for peculiarities of microatoll growth over the 18.61-year nodal tidal cycle, the

implementation of this hierarchical statistical model shows that a substantial majority of the multi-decadal

scale fluctuations observed in each dataset can be explained by a shared sea-level curve. Consideration of

reinterpreted data from an earlier study (Yu et al., 2009), which suggest coeval fluctuations of a similar

amplitude 2,600 km away along the southern coast of China, argues that these changes were at least regional

in scope.

4.2 Data

The proxy RSL records used in our analysis came from coral microatolls at two sites on Belitung Island, where

we distinguish between four types of observations. At the TBAT site on southeastern Belitung, we found a

population of microatolls, TBAT-F01, spread over a minimum distance of 200 m, with each microatoll at a

similar elevation as one another. At the TKUB site on northwestern Belitung, no single coral recorded the

complete RSL history from ∼6,750 to ∼6,550 cal years BP, but we compiled a RSL history for the period

6,800 to 6,440 cal years BP from five individual microatolls that all grew over a 3-km stretch, TKUB-F04,

TKUB-F05, TKUB-F16, TKUB-F19 and TKUB-F23.

We distinguish between four types of observations from a coral slab: uneroded HLS elevations immedi-

ately following a diedown; uneroded HLG elevations immediately before a diedown; uneroded HLG elevations

in years during which no diedown occurred, when the coral was in unrestricted upgrowth mode; and eroded

HLG elevations (the highest level of preserved coral growth) for which it is unknown whether a diedown
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Figure 4.1: Map of the stable Sundaland block showing site locations. The extent of Sundaland,
encompassed by the dashed blue curve, is approximated as the region deforming horizontally at ≥4
mm yr−1 relative to its core (Simons et al., 2007). Yellow circles mark coral microatoll study sites:
LP, Leizhou Peninsula site (Yu et al., 2009); TKUB and TBAT (shown in inset), Tanjung Kubu
and Tanjung Batuitam sites presented here. The inset location is denoted on the main map by a
dashed box. Solid lines depict primary faults; barbed lines represent traces of subduction zones.
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occurred. The first data type (HLS) is the most direct measurement of RSL, but it tracks only the most

extreme low tides and may be biased by an unusual climate or weather event that results in a short duration

lowering of sea level. The other data types (HLG) are all technically minimum bounds on low water level,

because their elevations are controlled by the coral growth rate and not by RSL. The second data type (HLG

just before a diedown) is considered to be a closer approximation to RSL than the third and fourth data

types, but such data points are rarely preserved (Meltzner et al., 2010).

As proxies for sea level, we consider diedowns (HLS elevations) as sea-level index points. A sea-level

index point estimates the unique position of RSL in space and time (Kelsey et al., 2015). HLG data are

minimum limiting data, as they provide only a minimum bound on the theoretical HLS in a particular

year. A perhaps counterintuitive consequence of microatoll growth over the 18.61-year tidal cycle is that the

highest minimum limiting points in each cycle are expected to be up to 0.2 m higher than the lowest index

points in the same cycle, even if RSL is stable over that interval. Any modeling methodology must account

for this expected periodicity, and interannual trends and rates of RSL change may be meaningful only when

averaged over periods longer than one 18.61-year cycle.

Because microatoll HLS is governed by extreme low water, diedowns tend to occur during portions of

the 18.61-year cycle when the year-to-year lowest tides are becoming increasingly low, or when the tides are

near their lowest levels. Subsequently, the year-to-year lowest tides rise more rapidly than corals can grow

upward. For instance, if a microatoll at TKUB experienced a diedown during the lowest tide in 2006 and

grew upward at 15 mm per year thereafter, it would have grown 0.15m vertically over the following 10 years,

but its highest coral polyps (its HLG) would have been 0.20 m lower than the theoretical HLS in 2016 (Figure

4.2c). It would only be in 2020 that the upward coral growth would catch up to HLS, and with the lowest

tides falling each year from 2020 until 2025, diedowns would be expected only in that interval. Similarly,

diedowns at TKUB would have been expected in roughly the intervals 2001-2006, 1982-1987, 1964-1969 and

so forth in the past. Transient meteorological conditions (such as rain, wind or cloud cover) and longer-

term hydroclimatic oscillations (such as ENSO) also influence local sea level and coral diedowns, so minor

deviations are expected in the actual timing and amplitude of the diedowns (for example, Figure 4.2d-g).

To determine the indicative meaning of coral HLS, we must determine the range of coral HLS elevations

relative to tidal datums at each site. To calculate tidal datums, we used the Oregon State University

regional tidal inversion for the Indian Ocean region (Egbert and Erofeeva, 2002). We extracted the harmonic

constituents for each site and used them to calculate mean high water and mean low water (MLW) using

formulas from the Manual of Harmonic Constant Reductions. We note that, because the Belitung region

is characterized by diurnal tides, mean high water is equivalent to mean higher high water and MLW is

equivalent to mean lower low water (MLLW) at each site. We also determined highest astronomical tide
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and lowest astronomical tide (LAT) for each site by first computing predicted tide levels every hour over an

18.61-year tidal cycle, and then finding the maximum and minimum elevations. The tidal datums are shown

in Figure 4.3; note the substantially larger tidal range to the northwest.

4.2.1 Chronological constraints and uncertainties

We distinguish between three kinds of chronological uncertainty in our study, and we treat the coral records

as ‘floating chronologies,’ which we define as a groups of coral records with relative ages that are well-defined,

with appropriate constraints from radiocarbon dating. First, the relative age uncertainty between two parts

of an individual coral slab is simply the annual band-counting uncertainty, which is commonly less than ±1

year. At the TBAT site, where the entire record comes from a single coral, relative age uncertainties are all in

this category. In cases where two slabs have overlapping calibrated radiocarbon age estimates and matching

diedown chronologies, those slabs can be coupled together as a single floating chronology, and the relative

age uncertainty between various parts of those slabs is also determined from the band-counting uncertainty

(Meltzner et al., 2010, 2012, 2015; Philibosian et al., 2014); this is the case for some of the TKUB corals, as

discussed later.

Second, the relative age uncertainty between distinct corals at an individual site is governed by calibrated

radiocarbon age errors. For radiocarbon dating of marine samples such as corals, a marine calibration curve

is used (Reimer et al., 2009), and every site has a localized marine reservoir correction, ∆R, expressed as an

offset (in years) from a global-mean value. Although site-specific ∆R values typically have uncertainties of

decades to centuries, we extracted multiple samples from each slab for dating, and the exceptional consistency

between the redundant dates on each coral (Meltzner et al., 2017) indicates that the ∆R value at each site

did not vary temporally over the period of study. We can, therefore, ignore uncertainties in ∆R if we are

interested only in the relative age of two corals at the same site. At the TKUB site, relative age uncertainties

between the corals do not exceed 70-80 years (2σ). To estimate absolute ages, we assumed ∆R≈ +89 years,

based on a nearby sample from southwestern Borneo (Southon et al., 2002), but our primary conclusions do

not depend upon knowing this correction accurately.

Third, absolute ages for each RSL proxy time series carry additional uncertainty resulting from the

unmodeled error in ∆R. This uncertainty applies uniformly to each site’s RSL time series as a whole, based

on the argument that ∆R at each site remained constant over the period of study, affecting the absolute

timing of each curve, but not its shape. The uncertainty may be ±85 years, based on the ∆R error of modern

samples collected nearby (Southon et al., 2002) and mid-Holocene samples from the South China Sea (Yu

et al., 2010). Each site’s RSL curve could therefore be shifted uniformly by up to ±85 years.

A total of eight radiocarbon samples were dated from TBAT-F01 and at least two radiocarbon samples
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Figure 4.2: Schematic coral growth scenarios at the TKUB and TBAT sites. The observed propen-
sity for and occasional clustering of coral diedowns toward the end of each 18.61-yr nodal tidal cycle
is predicted by schematic models of coral growth over the 18.61-yr cycle. These models illustrate
the year-to-year variability of the difference between the highest living coral polyps and the lowest
water levels. (a) Highest and lowest tides in each calendar year predicted for each site by a tidal
model . In black, we fit a sinusoid (fixed period: 18.61 yr) to the annual lowest tides; that sinusoid
is reproduced in (b) through (g) as the “theoretical HLS based on predicted minimum tide.” (b, c)
Expected highest level of growth (HLG) or highest level of survival (HLS) based on coral growth
rates of 12 mm yr−1 (b) or 15 mm yr−1 (c) in light of the predicted annual minimum tides at
each site. There is a nonzero vertical offset between coral HLS and minimum water level, but that
offset is assumed to be constant over time and is ignored here for the sake of simplicity. (d, e)
The scenario in (c), but with the added complexity of interannual, random sea-level variability of
±0.03 m. (f, g) The scenario in (c), but with the added complexity of interannual, random sea-level
variability of ±0.06 m.
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were dated from each TKUB coral. All dates were consistent with other coral samples from the same coral

colony at 1σ. The radiocarbon dates were modeled using the OxCal calibration program (Ramsey, 2008).

We applied the Marine13 radiocarbon age calibration curve (Reimer et al., 2009), assuming the marine

reservoir correction ∆R≈= +89 years, based on a value established from an early 20th century sample from

southwestern Borneo (Southon et al., 2002). Although ∆R at TKUB may differ from ∆R at TBAT, the

consistency among the unmodeled TKUB dates precludes significant variation in ∆R over the lifetime of

each coral at the TKUB site. Additionally, although there is considerable uncertainty in any ∆R value and

its extrapolation spatially and to samples from the mid-Holocene, we can establish that, whatever ∆R was at

our sites at the time, it did not vary in a statistically significant way over the lifetimes of our mid-Holocene

corals. This observation is crucial, because it allows us to ignore uncertainties in ∆R if we are concerned

with only the relative age, or the difference in age, between two corals at the same site.

We use the following argument to demonstrate that ∆R at TBAT did not vary over time. Comparing the

unmodeled calibrated radiocarbon dates, assuming for now that ∆R≈= +89 years (with zero uncertainty

about that assumed value) and accounting for the number of annual growth bands separating the various

samples, seven of the eight ages agree at 1σ and all agree at 2σ (Meltzner et al., 2017). This is consistent

with the hypothesis that the reported laboratory errors and the calibration curve correctly describe the

uncertainty: 68% of data should agree at 1σ, and 95% should agree at 2σ. This agreement precludes

significant variation in ∆R over the 250-year lifetime of TBAT-F01; if the marine reservoir correction varied

by more than a few decades over that period, we would not expect such consistency among the unmodeled

radiocarbon dates.

The proxy records from southeastern Belitung were reconstructed from a single coral microatoll slab

(TBAT-F01), whereas the records from the northwestern Belitung were reconstructed from five shorter-

lived coral slabs at different elevations (TKUB-F04, TKUB-F05, TKUB-F16, TKUB-F19 and TKUB-F23) .

Analyses of slab growth patterns and radiocarbon dates from each microatoll suggest that TKUB-F04 and

TKUB-F05 were coeval and constitute a single floating chronology, while TKUB-F16 and TKUB-F19 also

overlapped in time and form a second floating chronology; the TKUB-F23 record, by itself, is a third floating

chronology at the TKUB site. See Meltzner et al., 2017 for more details on all coral microatoll slabs used in

analysis.

4.2.2 Vertical uncertainties of microatoll data

We distinguish between two types of vertical uncertainty in our study. The first is aleatoric and quantifiable:

random errors that affect the elevation of one part of a curve relative to another part of the same curve.

This accounts for the natural distribution of HLS elevations in any population of corals, including the
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possible effects of unrecognized ponding. Ponding is a phenomenon whereby some corals can survive at

higher elevations than they could otherwise, in elevated enclosed pools that do not drain fully at low tide

(Meltzner and Woodroffe, 2015; Hopley, 1982). Ponding is not always easy to recognize, as the effect can

be gradual: one pool may raise the water level at extreme low tide by only a few centimetres over the level

in an adjacent pool immediately seaward. Nonetheless, the cumulative effect of multiple subtle ponds at

progressively higher elevations tends to exceed 0.1 m only on the wider and more physiographically complex

reefs (Smithers and Woodroffe, 2000).

To estimate a formal uncertainty about the elevation of any one RSL proxy data point, we surveyed

a distribution of HLG elevations on living corals (including some that were clearly ponded) at each site.

We augmented this dataset with the elevation differences between coeval diedowns seen in slabs from two

different living corals at the TKUB site (Meltzner et al., 2017). The standard deviation of differences in

elevation of coeval HLG or HLS at each of our Belitung sites is 0.090 m. This is consistent with observations

in Australia, but slightly larger than estimates from off the west coast of Sumatra (Meltzner and Woodroffe,

2015). The wider distribution of coral HLS on Belitung than off the west coast of Sumatra may occur because

of the wider reefs on Belitung, and/or because the tidal range there is larger.

Because ponding is a concern in sea-level studies using coral microatolls, we specifically address whether

our results might be biased by ponding in ways that we have not yet considered. At the TKUB site, because

the RSL curve was constructed from five separate corals, it is possible that some of the higher and more

landward corals (TKUB-F04, TKUB-F05 and/or TKUB-F23) were ponded by significant amounts, that is,

by ≤0.1 m. However, the amplitude of the mid-Holocene oscillations is twice the range of HLS observed

among living microatolls on the modern reef, even considering the highest ponded corals (Figure 4.3). At the

TBAT site, ponding is less likely to explain the observed oscillations, as the oscillations are entirely recorded

on individual microatolls. Finally, the two sites are located 80 km apart, on opposite sides of Belitung Island

(Figure 4.1). This separation is sufficient that it would require a remarkable coincidence to explain the

similar changes at the two sites if those changes were caused primarily by localized ponding at each site.

The second type of vertical uncertainty is epistemic and affects the elevation of the entire RSL curve as a

whole. These systematic vertical errors are not shown on any figures in this chapter, but include uncertainty

in the change in tidal range at each site; uncertainties in tectonic effects or compaction at each site; and

uncertainty in the HLS elevation of living corals at each site, which is used as the reference elevation for

past RSL (Meltzner and Woodroffe, 2015; Woodroffe et al., 2015). These errors are difficult to quantify, but

they are likely small. Tide modeling (Meltzner et al., 2017) and tectonic modeling (Meltzner et al., 2017)

suggest both of those effects are on the scale of centimeters, and neither compaction of the thin sediments

underlying the fossil corals nor ponding of the living microatolls is likely to bias the RSL curve at a site by
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more than ∼0.1 m.

To estimate vertical uncertainties, we surveyed living coral microatolls at both the TBAT (southeastern)

and TKUB (northwestern) sites (Meltzner et al., 2017). Ponding of water at low tide, particularly on a wide

coral reef, is a known complication that allows individual corals to grow above the theoretical HLS (Meltzner

and Woodroffe, 2015). We therefore considered a mix of ponded and open-ocean microatolls in our survey,

classifying each colony as either clearly open-ocean, clearly ponded or possibly ponded. The result, shown in

Figure 4.3, represents the distribution of HLS elevations immediately following a diedown. HLG elevations

in subsequent years would be higher than the elevations shown, by an amount dependent upon the coral

growth rate and the time since the most recent diedown. The standard deviation of modern HLS at each

Belitung site, including ponded and open-ocean microatolls, is 0.09 m; we apply this as the error to the fossil

(mid-Holocene) coral data as well.

4.3 Statistical methods

To analyze the RSL proxy data, we constructed an empirical hierarchical statistical model (Chapter 2),

separated into three levels: a data level, which models the recording of RSL by proxies; a process level,

which models RSL at the different sites; and a hyperparameter level, which characterizes key attributes of

the first two levels.

At the data level, RSL index points (HLS elevations following diedowns) from Belitung are preserved

typically once or twice per 18.61-year nodal tidal cycle, whereas minimum limiting data (HLG elevations,

or minimum bounds on low water level) are resolved each year. We use all of the index points, as they are

indicative of sea level. The selection of limiting data is more complicated, however, as our model treats

limiting data as faithful sea-level indicators, yet in reality some limiting data are severe underestimates of

sea level. Specifically, any limiting data from before a microatoll’s initial diedown represent coral growth up

to that initial HLS, and these data may be decimetres (or even metres) below HLS14. Even after a coral’s

initial diedown, some limiting data from our sites are expected to be as much as 0.20 m lower than the

theoretical HLS (Figure 4.2); in these cases, the highest limiting data point within each 18.61-year cycle

should be a reasonable approximation of theoretical HLS for that year, and therefore a useful proxy for

RSL. In principle, erosion should also be considered at the data level, but because we selected slabs that

were well preserved, erosion was negligible (∼0.05 m or less) and can be ignored over most of the time series

in our study. An exception to this is the later RSL peak at both sites, ∼6,600-6,550 years BP, where no

diedowns are preserved and erosion may locally exceed 0.15 m. Because of this limitation, our model may

underestimate the elevation of the second RSL peak, and the amplitude of the fluctuations we infer in our

study should be considered a conservative minimum estimate.
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Figure 4.3: Living coral HLS at each site compared to tidal datums. Tidal datums are estimated
from the Oregon State University regional tidal inversion for the Indian Ocean region (Parrenin
et al., 2007). HAT, highest astronomical tide; MHW, mean high water; MLW, mean low water;
LAT, lowest astronomical tide. See Meltzner et al. (2017) for details of the construction of this
plot.
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Our preferred strategy for modeling limiting data from the Belitung sites is therefore to subsample the

limiting data by selecting only the highest limiting point in each 18.61-year bin (Figure 4.4); nonetheless, we

also consider an alternative strategy, in which we use the highest limiting point available for each year (the

only point available in most years), excluding only the early part of TKUB-F16, before the coral had grown

up to HLS. The preferred strategy is an attempt to use only data that reliably approximate a given year’s

theoretical HLS; the alternative strategy is an attempt to use as much of the limiting data as is possibly

justifiable.

We model noisy proxy observations (yi) of RSL elevation as:

yi = fj(ti + ∆k) + εi, (4.1)

where i indexes data points and j indexes sites, and the function fj(t) is true RSL at site j and time t.

Each observation belongs to one of four floating chronologies (the entire record at TBAT, plus three discrete

floating chronologies at TKUB), indexed by k ∈ [0, 3]; each floating chronology is associated with an age

shift ∆k. The sea-level observation errors, εi, are treated as uncorrelated and normally distributed, with σ

of 0.09 m, determined as discussed in the data methods (Section 4.2.2).

Coral ages are constrained by radiocarbon dating methods. Because we can assume that the marine

radiocarbon reservoir correction, ∆R, is fixed over time at each site, the relative age uncertainties between

the three floating chronologies at the TKUB site are determined by the radiocarbon ages (Meltzner et al.,

2017); these inter-slab age uncertainties result in the possibility that one, two or all three of the TKUB

floating chronologies are as much as 21 years older. In addition, uncertainty in ∆R at each site allows for

an inter-site relative age shift between the overall time series at the TKUB site and that at the TBAT site

of up to approximately ±120 years (the ±85-year uncertainty from each site added together in quadrature).

Because the modeling depends only upon relative ages and not upon absolute ages, and because the inter-site

relative age uncertainty is so much larger than the intra-site relative age uncertainties, we need only three

age-shift parameters, ∆0,∆1,∆2, and we can define them in a way that is more intuitive than elicited by

the formula above (we fix ∆3 at 0 years). For convenience, we hold the time series at TBAT fixed to that

determined assuming ∆R= +89 years, as discussed in the text. ∆0 is the overall age shift of the TKUB

record relative to the TBAT record, and we allow −120 years ≤ ∆0 ≤ +120 years. ∆1 and ∆2 are the

age shifts of the oldest and youngest floating chronologies at the TKUB site relative to the central floating

chronology at the site, such that the sum of ∆1 and ∆2 is a maximum of 21 years (and a minimum of 0

year), where ∆1 and ∆2 are shifts in opposite directions, ∆1 making the oldest slabs older and ∆2 making

the youngest slab younger. Age uncertainties within individual floating chronologies are not incorporated

into the model, as the law of superposition prohibits swapping the order of data derived from successive
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Supplementary Figure 6  |  Modeled RSL based on a preferred subset of proxy data.  
Posterior sea-level curves based on an empirical hierarchical model that includes a non-linear term, 
common to both sites, in addition to a site-specific constant vertical shift and a periodic term, tuned to 
simulated coral growth over the 18.61-yr nodal tidal cycle at each site.  The timing of the TBAT site 
time series is fi[ed to tKat determined using ¨5   ���� Eut tKe tKree floating cKronologies for 7.8% are 
individually allowed to float relative to the TBAT time series, as described in the text.  Here all index 
points and the highest limiting data point within each 18.61-yr bin are conditioned upon in the model.  
(a, b� 7Ke full model� for sites 7.8% and 7%$7� including tKe ��.6��\r periodic term for eacK site.  
(c, d� 7Ke model ZitK periodic terms e[cluded� to sKoZ onl\ secular trends in 56/� for 7.8% and 7%$7.  
The modeled curves in (c) and (d� are identical� e[cept for a uniform sKift in 56/ EetZeen tKe tZo sites.  
(e� 5ates of cKange� averaged over �0�\r running ZindoZs� determined from tKe model in �c) and (d).  
)or tKe inde[ points and limiting data� s\mEols sKoZ ��ı vertical error Ears ��� cm� and ��ı relative 
timing errors ��0.� \r Eand�counting uncertainties�.  )or tKe models� dasKed and dotted curves depict 
��ı and ��ı error envelopes� respectivel\.
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Figure 4.4: Posterior sea-level curves based on an empirical hierarchical model that includes a
non-linear term, common to both sites, in addition to a site-specific constant vertical shift and a
periodic term, tuned to simulated coral growth over the 18.61-yr nodal tidal cycle at each site. The
timing of the TBAT site time series is fixed to that determined using ∆R= +89, but the three
floating chronologies for TKUB are individually allowed to float relative to the TBAT time series,
as described in the text. Here all index points and the highest limiting data point within each
18.61-yr bin are conditioned upon in the model. (a, b) The full model, for sites TKUB and TBAT,
including the 18.61-yr periodic term for each site. (c, d) The model with periodic terms excluded,
to show only secular trends in RSL, for TKUB and TBAT. The modeled curves in (c) and (d) are
identical, except for a uniform shift in RSL between the two sites. (e) Rates of change, averaged
over 20-yr running windows, determined from the model in (c) and (d). For the index points and
limiting data, symbols show ±1σ vertical error bars (±9 cm) and ±2σ relative timing errors (±0.5
yr band-counting uncertainties). For the models, dashed and dotted curves depict ±1σ and ±2σ
error envelopes, respectively.

annual bands, effectively rendering the relative age uncertainty to be negligible.

At the process level, fj(t) is specified as the sum of a common (shared) regional sea-level signal g(t), a
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site-specific periodic signal representing the 18.61-year nodal tidal cycle pj(t), a site-specific offset cj , and

high-frequency variability wj(t):

fj(t) = g(t) + pj(t) + cj + wj(t) (4.2)

The prior distribution of the shared signal, g(t), is a mean-zero Gaussian process (GP) (Rasmussen

and Williams, 2006) characterized by hyperparameters that comprise an amplitude σg and a timescale of

variability τ ,

g(t) ∼ GP
{

0, σ2
gρ(t, t′; τ)

}
, (4.3)

where ρ is the Matérn correlation function with smoothness parameter 3/2 and scale τ . The use of a

smoothness parameter of 3/2 ensures that the first derivative of the process will be defined everywhere, but

allows for abrupt changes in rate.

The prior distribution of the periodic signal representing coral growth over the nodal tidal cycle, pj(t), is

a mean-zero GP characterized by hyperparameters that comprise an amplitude σp, a smoothness parameter

νp and a fixed period corresponding to the nodal tidal period, 18.61 years (Haigh et al., 2011):

pj(t) ∼ GP

{
0, σ2

pexp

(
−2sin2

(π(t−t′)
18.61

)
ν2
p

)}
, (4.4)

where t and t0 are defined in years. The hyperparameters of this periodic component are tuned for each site

to simulations of coral growth under present-day nodal tidal cycles at the site. We assumed a coral growth

rate r that is normally distributed with a mean of 12 mm per year and s.d. of 2 mm per year and a periodic

cycle with tidal amplitudes (σp) of 0.186 and 0.089 m at TKUB and TBAT, respectively. For tuning these

hyperparameters, simulated RSL is given by:

RSL(t) = σ2
p

(
1 + cos

(
− π +

2πt

18.61

))
(4.5)

The simulated coral height at any given time, CH(t), is equal to the minimum of RSL(t) and the

potential growth of the coral according to the randomized growth rate, based on the coral height in the

previous year, CH(t− 1) + r:

CH(t) = min[CH(t− 1) + r,RSL(t)]. (4.6)

We generate five random, 100-year-long time series at each site with random growth rates for each time

series, and fit these synthetic coral height data to a mean-zero GP, equivalent to the periodic component of

the process model plus white noise. We use these maximum-likelihood parameters from this exercise as the
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amplitude and smoothness hyperparameters in pj(t) of the original process level, above.

The prior distribution of the constant site-specific offset, cj , is normal with mean zero and variance σ2
c

. We restrict this site offset to being constant because we do not expect any physical processes to give rise

to significant centennial-scale or sub-centennial-scale variations in RSL between the two sites. The two sites

should be exposed to essentially indistinguishable dynamic sea-level changes, and any tectonic deformation

at these sites should be small and similar at the two sites (discussed later in Methods). While GIA and

changes in tidal range do vary spatially, any changes due to these processes should be small enough on a

centennial scale that they are well within any noise.

The prior distribution of the high-frequency variability in RSL, wj(t), is modeled as white noise, with a

normal distribution with mean zero and variance σ2
w.

We employ an empirical Bayesian analysis method, in which the age-shift parameters ∆0,∆1,∆2 and the

hyperparameters σg, t, σc, σw are point estimates calibrated based on the data to maximize the likelihood of

the model (optimized values are 0.7, 20.3, and 54.0 years for the age-shifts and 878 mm, 182.6 years, 590

mm, and .02 mm, respectively) . The hyperparameters σp, νp are optimized as described above (optimized

values are 66.3 mm and 0.98, respectively), based on the present-day tidal cycles and coral growth models

at TKUB and TBAT, and are held constant during the optimization of the other hyperparameters. The key

output of the empirical Bayesian model is an estimate of the posterior probability distribution of the RSL

field, fj(t), conditional on the tuned hyperparameters (Figures 4.4 and 4.5).

4.3.1 Reinterpretation of published data from southern China

Yu et al. (2009) surveyed, sampled and dated a suite of coral microatolls from a site on the Leizhou Peninsula,

along the southern coast of China. Unlike in our study, where we collected and analyzed full radial slabs of

each microatoll, they presented primarily point data from the upper surfaces of microatoll annuli. In total,

they published 13 dated samples, each of which was tied to the elevation from which it was collected. They

also provided photos and cross-sectional sketches of each microatoll, so although those authors focused only

on the upper surfaces, they provided enough information to estimate the timing and elevations of the more

prominent diedowns.

We reinterpreted the RSL curve of Yu et al. (2009) (Figure 4.9) by estimating the timing and elevations

of those more prominent diedowns. The reported ages were based on U-Th techniques (typically with small

errors) and were all in the expected sequence (ages from the outer annuli of each microatoll were sequentially

younger than ages from the inner annuli), so it was straightforward to estimate the timing of each diedown,

and to correlate diedowns from one coral to another. Numerous points in each photograph were marked with

surveyed elevations, providing a sense of scale, so we were able to estimate the elevations of those diedowns
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Supplementary Figure 7  |  Modeled RSL based on a larger subset of proxy data.  
Posterior sea-level curves based on an empirical hierarchical model that includes a non-linear term, 
common to both sites, in addition to a site-specific constant vertical shift and a periodic term, tuned to 
simulated coral growth over the 18.61-yr nodal tidal cycle at each site.  The timing of the TBAT site 
time series is fi[ed to tKat determined using ¨5   ���� Eut tKe tKree floating cKronologies for 7.8% are 
individually allowed to float relative to the TBAT time series, as described in the text.  Here all index 
points and tKe KigKest limiting data point availaEle for eacK \ear �e[cluding tKe earl\ part of 7.8%�)�6� 
before the coral had grown up to its highest level of survival, or HLS) are conditioned upon in the model.  
(a, b� 7Ke model ZitK periodic terms e[cluded� to sKoZ onl\ secular trends in 56/� for 7.8% and 7%$7.  
The modeled curves in (a) and (b� are identical� e[cept for a uniform sKift in 56/ EetZeen tKe tZo sites.  
(c� 5ates of cKange� averaged over �0�\r running ZindoZs� determined from tKe model in �a) and (b).  
)or tKe inde[ points and limiting data� s\mEols sKoZ ��ı vertical error Ears ��� cm� and ��ı relative 
timing errors ��0.� \r Eand�counting uncertainties�.  )or tKe models� dasKed and dotted curves depict 
��ı and ��ı error envelopes� respectivel\.
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Figure 4.5: Posterior sea-level curves based on an empirical hierarchical model that includes a non-
linear term, common to both sites, in addition to a site-specific constant vertical shift, excluding
the periodic term. The timing of the TBAT site time series is fixed to that determined using
∆R= +89, but the three floating chronologies for TKUB are individually allowed to float relative
to the TBAT time series, as described in the text. Here all index points and the highest limiting
data point available for each year (excluding the early part of TKUB-F16, before the coral had
grown up to its highest level of survival, or HLS) are conditioned upon in the model. (a, b) The
model with periodic terms excluded, to show only secular trends in RSL, for TKUB and TBAT.
The modeled curves in (a) and (b) are identical, except for a uniform shift in RSL between the
two sites. (c) Rates of change, averaged over 20-yr running windows, determined from the model
in (a) and (b). For the index points and limiting data, symbols show ±1σ vertical error bars (±9
cm) and ±2σ relative timing errors (±0.5 yr band-counting uncertainties). For the models, dashed
and dotted curves depict ±1σ and ±2σ error envelopes, respectively.

with sufficiently conservative vertical errors.

Last, we correlated coeval annuli from one coral to another based on their reported ages. Again, this was

straightforward, as the microatolls provide a consistent, reproducible RSL history, with the same number
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Supplementary Figure 8  |  Mid-Holocene RSL proxy data and model for site TBAT.  
Mid-Holocene RSL proxy time series determined from the TBAT-F01 microatoll at the TBAT site on southeastern Belitung.  Data from 
each of two slabs are shown in a different color.  The relative age uncertainty between two observations at this site is simply the annual 
Eand�counting uncertaint\� commonl\ less tKan �� \r� KoZever� unmodeled uncertaint\ in ¨5 could affect aEsolute ages and Zould 
alloZ tKe entire curve to Ee sKifted uniforml\ E\ up to ��� \r.  ,n particular� ¨5 at 7.8% ma\ differ from ¨5 at 7%$7 ZitKin tKe 
bounds of uncertainty.  Overlain on the data is the posterior estimate of the common regional RSL signal, conditioned upon all index points 
(HLS data; open circles) and the highest minimum limiting data point (triangles) within each 18.61-yr bin.  Vertical uncertainties about 
eacK data point are uniforml\ �� cm ��ı� Eut are not sKoZn Kere for clarit\.  )or tKe models� darN and ligKt sKading depict ��ı and ��ı 
error envelopes, respectively.
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Figure 4.6: Mid-Holocene RSL proxy time series determined from the TBAT-F01 microatoll at
the TBAT site on southeastern Belitung. Data from each of two slabs are shown in a different
color. The relative age uncertainty between two observations at this site is simply the annual band-
counting uncertainty, commonly less than ±1 yr; however, unmodeled uncertainty in ∆R could
affect absolute ages and would allow the entire curve to be shifted uniformly by up to ±85 yr. In
particular, ∆R at TKUB may differ from ∆R at TBAT within the bounds of uncertainty. Overlain
on the data is the posterior estimate of the common regional RSL signal with the periodic term
removed, conditioned upon all index points (HLS data; open circles) and the highest minimum
limiting data point (triangles) within each 18.61-yr bin. Vertical uncertainties about each data
point are uniformly ±9 cm (1σ) but are not shown here for clarity. For the models, dark and light
shading depict ±1σ and ±2σ error envelopes, respectively.

of prominent diedowns on the various microatolls between any two dates. The advantage of correlating the

annuli manifests when considering the handful of U-Th ages in their study that had sizable errors. In the

few cases where the chronological errors were so large that the sample age overlapped with sample ages from

adjacent annuli, our effort to group the age-elevation data based on the coral morphologies allowed us to

minimize the ambiguity of whether a particular sample belonged on one downward swing of the RSL curve

or on the subsequent upward swing (Figure 4.9).

4.3.2 Model cross-validation

Cross-validation is used to compare the performance of different predictive modeling procedures. For the

preferred model (Figure 4.8), we performed an exhaustive (64 runs, one for each training point) Leave-One-

Out Cross-Validation of the model (. Since the model is tuned to envelop 95% of the data, we expect the

point that is left out of the optimization of the model to be included ∼95% of the time. Table 4.1 shows the

number and percentage of data points that were within the 95% interval of our model’s posterior predictive
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Supplementary Figure 9  |  Mid-Holocene RSL proxy data and model for site TKUB.  
Mid-Holocene RSL proxy time series determined from coral microatolls at the TKUB site on northwestern Belitung, as in Figure 8, 
but with the timing of each discrete floating chronology (indicated by a dotted box) optimized by our model relative to the timing of the 
TBAT time series (Figure 6�.  &olors correspond to data from different corals.  ¨5 did not var\ over tKe lifetime of corals at tKis site� 
and tKerefore uncertaint\ in ¨5 can Ee ignored ZKen calculating tKe relative �differential� age of tKese corals� KoZever� unmodeled 
uncertaint\ in ¨5 could affect aEsolute ages and Zould alloZ tKe entire curve to Ee sKifted uniforml\ E\ up to ��� \r.  ,n particular� 
¨5 at 7.8% ma\ differ from ¨5 at 7%$7 ZitKin tKe Eounds of uncertaint\.  2verlain on tKe data is tKe posterior estimate of tKe common 
regional 56/ signal� conditioned upon all inde[ points �+/6 data� open circles� and tKe KigKest minimum limiting data point �triangles� 
ZitKin eacK ��.6��\r Ein.  9ertical uncertainties aEout eacK data point are uniforml\ �� cm ��ı� Eut are not sKoZn Kere for clarit\.  )or tKe 
models� darN and ligKt sKading depict ��ı and ��ı error envelopes� respectivel\.
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Figure 4.7: Mid-Holocene RSL proxy time series determined from coral microatolls at the TKUB
site on northwestern Belitung, as in Figure 4.6, but with the timing of each discrete floating
chronology (indicated by a dotted box) optimized by our model relative to the timing of the TBAT
time series (Figure 4.8). Colors correspond to data from different corals. ∆R did not vary over
the lifetime of corals at this site, and therefore uncertainty in ∆R can be ignored when calculating
the relative (differential) age of these corals; however, unmodeled uncertainty in ∆R could affect
absolute ages and would allow the entire curve to be shifted uniformly by up to ±85 yr. In
particular, ∆R at TKUB may differ from ∆R at TBAT within the bounds of uncertainty. Overlain
on the data is the posterior estimate of the common regional RSL signal, conditioned upon all
index points (HLS data; open circles) and the highest minimum limiting data point (triangles)
within each 18.61-yr bin. Vertical uncertainties about each data point are uniformly ±9 cm (1σ)
but are not shown here for clarity. For the models, dark and light shading depict ±1σ and ±2σ
error envelopes, respectively.

distribution. The model achieved 92.2% inclusion within the prediction interval. In addition, Table 4.1 shows

the mean, median and median absolute value of all of the differences (or residuals) between predicted RSL

and sea-level height of the data point. For the mean and median, over-predictions and under-predictions

tend to cancel one another out, so values near zero suggest that the differences are randomly distributed.

For a model that treats each training point as a sea-level index point, we expect such behavior. The median

absolute error is the median of the absolute value of each difference, so values near zero suggest better

predictive power of the model.

4.4 Results

We model the RSL proxy reconstructions as a combination of a shared non-linear signal and a site-specific

offset, plus a periodic term to model microatoll growth over the 18.61-year tidal cycle. We constructed
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Table 4.1: Model cross validation

95% Prediction Interval Errors (mm)
Observations Below Within Above Mean Median Median Absolute

Actual Count (out of 64) 2 59 3 -1.1 7.5 64.7
Actual Percentage 3.1% 92.2% 4.7%
Expected Count (out of 64) 1.6 60.8 1.6 0 0
Expected Percentage 2.5% 95% 2.5%

a hierarchical statistical model after Kopp et al. (2016), separated into three levels: a data level, which

models the recording of RSL by proxies; a process level, which models RSL at the different sites; and a

parameter level, which characterizes key attributes of the underlying RSL processes. This model optimizes

the relative timing of each floating chronology, subject to appropriate radiocarbon dating constraints. It

also allows separation of the non-linear and periodic signals and the site-specific offset. Details are given in

the Statistical Methods, Section 4.3. The optimized model appears in Figure 4.8 with the chronologically

optimized time series from the TKUB site.

In the end, the model based on our preferred strategy (selecting a subset of the coral data as index points)

does a reasonable job of separating the non-linear and periodic signals (Figure 4.4), and the rates of RSL

change it estimates should reflect secular trends, minimally biased by vagaries of coral growth variability

over the 18.61-year tidal cycle. The alternative model, with a larger subset of data, selecting the maximum

limiting point at each year (Figure 4.5), in contrast, does a poor job of separating out the periodic term,

and it forces more high-frequency variability into the non-linear signal, likely overestimating short-term rates

of sea-level change. Although we suspect that the high-frequency variability (period ∼30 years) seen only

in the alternative model (Figure 4.5c) is an artifact of that model trying to fit limiting data that severely

underestimate theoretical HLS, the fact that both strategies yield fluctuations at a 200-year timescale with

peak-to-trough amplitudes of 0.5-0.7 m and similar timing suggests that these model results are robust.

4.4.1 Common signal

Holding the timing of the TBAT curve fixed, we optimized three floating chronology shifts, assuming ∆R

= ± 89 years. The TKUB curve is shifted 54 years older overall; the oldest floating chronology at TKUB

(TKUB-F04 and TKUB-F05) is shifted an additional 20 years older relative to the central floating chronology

(TKUB-F16 and TKUB-F19); and TKUB-23 is shifted 1 year younger relative to TKUB-F16 and TKUB-

F19 (Figures 4.7 and 4.8). The 54-year shift of the overall TKUB curve is reasonable given that it is well

within the ±85-year unmodeled error in ∆R, and the 20- and 1-year shifts between the floating chronologies

at TKUB are at the limit of what is permitted by the uncertainties of the various 2σ calibrated radiocarbon

age errors.

Collectively, the corals provided 25 sea-level index points (HLS elevations following diedowns) and annual
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Figure 9.
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Figure 4.8: Modeled RSL histories. Posterior estimates of mid-Holocene RSL from the optimized
model for the three sites: (a) TBAT; (b) TKUB; (c) Leizhou Peninsula (Yu et al., 2009). For
TKUB, the timing of each discrete floating chronology (indicated by a dotted box) is shifted from
based on model optimization. Unmodeled uncertainty in ∆R could allow the results for sites TKUB
and TBAT to be shifted uniformly by several additional decades, allowing for a slightly improved
fit (cyan bars) between the RSL histories at those sites and at the Leizhou Peninsula site. At
Leizhou Peninsula, microatoll morphologies allow us to place groupings of data points (numbered
1-9 in the upper left corner of each box) in chronological sequence; this sequence was imposed on
the reported U-Th ages (Meltzner et al., 2017), and the ages were then refined using the computer
program OxCal (Ramsey, 2008). Amplitude hyperparameters for the Leizhou Peninsula site were
scaled by a factor of 2 compared to those at the TKUB and TBAT sites, to compensate for poorer
data quality at Leizhou Peninsula. Data show ±1σ vertical and ±2σ chronological uncertainties;
dashed and dotted model curves depict ±1σ and ±2σ error envelopes.

minimum limiting data (minimum bounds on the theoretical HLS) for a span of ≥350 years (Figure 4.8).

The results suggest an initial RSL peak at ∼6,800 cal years BP; RSL then fell ∼0.6 m and remained at a

lowstand for 80-100 years, before rising 0.4-0.6 m to a second peak at ∼6,590 cal years BP. Corals at TKUB

record a second drop at ∼6,530 cal years BP, with a third peak shortly thereafter. Although no data exist
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from this later period at TBAT, this second drop in RSL could explain the death of TBAT-F01 at ∼6,530

cal years BP.

The peak rate of RSL rise, averaged over a 20-year running time window over the period of study

(∼6,850-6,500cal years BP), is +9.6± 4.2 mm per year (2σ); the peak rate of RSL fall is 12.6±4.2 mm per

year (table X). If the 21-year shift between the floating chronologies at TKUB were reduced as contemplated

in the previous paragraph, the peak rate of RSL fall (∼6,770 cal years BP) would be even faster.

4.4.2 Site-specific offset between TKUB and TBAT

Several possible mechanisms could explain the systematically higher elevations at the TKUB site. The

primary cause of this offset is the interplay between two processes of glacial isostatic adjustment (GIA) that

drove RSL change at far-field sites during the mid-Holocene: equatorial ocean syphoning and continental

levering (Mitrovica and Peltier, 1991; Mitrovica and Milne, 2002). The possible mechanisms are discussed

further in Meltzner et al. (2017).

4.4.3 Comparison to distal records

The Belitung RSL record is the highest resolution in the mid-Holocene yet obtained in East or Southeast Asia.

Only one previous study from the region (Yu et al., 2009) resolves centennial-scale sub-meter fluctuations

in RSL prior to 6000 cal yr BP. Interestingly, that dataset – a RSL history from southern China based on

the surveyed elevations of the upper surfaces of coral microatolls – tells a story of similar rapid oscillations.

We reinterpreted the published RSL curve, considering not only the upper surfaces of the microatolls but

also the coral diedowns. The RSL curves from southern China and Belitung are plotted together in Figure

4.8 and all suggest a peak in RSL ∼6800 cal yr BP, followed by a trough in RSL ∼0.6 m lower, and then

a second RSL peak ∼6590 cal yr BP, ∼0.2 m lower than the first. Additional minor fluctuations at the

southern China site, with an intermediate peak ∼6700 cal yr BP, may reflect additional complexity in ocean

circulation that has a more profound impact north of Belitung Island.

4.5 Discussion

The similarities between the RSL curves from Belitung Island on the Sunda Shelf and from the southern

coast of China, 2,600 km to the north, suggest that the records reflect widespread changes in sea level.

To put the ∼0.6m mid-Holocene fluctuations in context, annual mean sea level in some modern tide-gauge

records is seen to change by as much as 0.2-0.3 m on interannual timescales (Church and White, 2006), and

the interannual s.d. of sea surface height between 1979 and 2013 approached 0.1 m in some portions of the
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Supplementary Figure 10  |  Mid-Holocene RSL proxy data and models for the Leizhou Peninsula site.  
Reinterpreted RSL history at the Leizhou Peninsula site of Yu et al.13.  The boxes with shaded red fill represent the four diedowns reflected 
in tKe microatoll morpKolog\ at tKe site.  'ated samples� eacK tied to a surve\ed elevation� are sKoZn E\ open Eo[es� ZitK �ı vertical 
errors and �ı temporal errors.  $ll Eo[es are color�coded �for ease of visuali]ation� to correspond to one of tKe seTuential sea�level drops 
reTuired E\ microatoll diedoZns at tKe site� and tKe suEseTuent sea�level rise.  <u et al.13 did not consider the diedowns in their 
interpretation, nor did they consider the detailed morphology of the individual microatolls, but observations presented in their paper allow 
us to reconstruct the history as shown here.  The solid red curve is our preferred model, with amplitude hyperparameters scaled by 2, as 
discussed in the Methods; dotted and dashed curves are the unscaled model, and the model with amplitude hyperparameters scaled by 3.  
Overlain on the plot is the Belitung RSL curve from Supplementary Figures 8–9 ��ı error envelope in gra\�� tKe %elitung curve is sKifted 
verticall\ to optimi]e tKe fit� Eut tKere Kas Eeen no temporal sKift.  $ different cKoice of ¨5 for tKe 7%$7 site� ZKicK pins tKe timing of tKe 
Belitung chronology, would allow for a temporal shift of the Belitung curve and could improve the agreement between the sites further.
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Figure 4.9: Reinterpreted RSL history at the Leizhou Peninsula site of Yu et al. (2009). The boxes
with shaded red fill represent the four diedowns reflected in the microatoll morphology at the site.
Dated samples, each tied to a surveyed elevation, are shown by open boxes, with 1σ vertical errors
and 2σ temporal errors. All boxes are color-coded (for ease of visualization) to correspond to one
of the sequential sea-level drops required by microatoll diedowns at the site, and the subsequent
sea-level rise. Yu et al. (2009) did not consider the diedowns in their interpretation, nor did they
consider the detailed morphology of the individual microatolls, but observations presented in their
paper allow us to reconstruct the history as shown here. The solid red curve is our preferred model,
with amplitude hyperparameters scaled by 2, as discussed in the Methods; dotted and dashed curves
are the unscaled model, and the model with amplitude hyperparameters scaled by 3. Overlain on
the plot is the Belitung RSL curve from Figures 4.8 (2σ error envelope in gray); the Belitung curve
is shifted vertically to optimize the fit, but there has been no temporal shift. A different choice
of ∆R for the TBAT site, which pins the timing of the Belitung chronology, would allow for a
temporal shift of the Belitung curve and could improve the agreement between the sites further.

western Pacific (Widlansky et al., 2015). Using coupled climate models, Widlansky et al. (2015) project a

5-25% increase in the interannual standard deviation over most of that region for 2006-2100. Many of the

regions of high sea-level variability were also areas of extraordinarily high rates of sea-level rise (approaching

30 mm per year) between 1993 and 2001 (Church and White, 2004), though those high rates have been shown

to be biased by the aliasing of interannual and decadal variability into linear sea-level trends over the brief

period of observation (Zhang and Church, 2012; White et al., 2014). Although the highest 1993-2001 rates

are higher than those inferred from the mid-Holocene corals, the mid-Holocene rates were averaged over and

sustained for considerably longer periods of time. Indeed, the amplitude of the mid-Holocene fluctuations

on the Sunda Shelf and in the South China Sea exceeds any observed there in modern times. On the

Great Barrier Reef in Australia, reconstructions of centennial scale ≥0.3-m RSL fluctuations 5,500-5,100

years BP (Leonard, 2016), and 4,800-4,500 and 3,000-2,700 cal years BP (Lewis et al., 2008) suggest that

oscillations may be more common than previously appreciated, particularly in the tropics, but sufficiently
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high-resolution RSL proxy records are needed to identify them. If a similar oscillation were to occur in

East and Southeast Asia in the next two centuries, it could directly impact tens of millions of people and

associated infrastructure. If this oscillation were to begin with a RSL fall, it would (in the short term)

mitigate regional effects of projected eustatic sea-level rise. But if it were to begin with a pronounced RSL

rise, this would occur on top of, and exacerbate the effects of, projected long-term global sea-level trends.

The observed RSL fluctuations may result from changes in dynamic sea surface height, local steric effects

or eustatic changes. The Southeast Asia-Northern Australia region has considerable interannual and decadal

sea-level variability associated with phenomena such as ENSO, the Pacific Decadal Oscillation and the Asian-

Australian monsoon (Church and White, 2006; Zhang and Church, 2012; White et al., 2014; Strassburg et al.,

2015). Over the 17-year period from 1993 to 2009, ENSO and Pacific Decadal Oscillation-related signals

raised sea-level trends by 4-6 mm per year north of Australia and by up to 12 mm per year in the tropical

western Pacific. Effects of interannual and decadal climate variability on the Sunda Shelf and South China

Sea have been smaller, but still significant (∼2 mm/yr), since 1993 (Zhang and Church, 2012). If either of

these climate oscillations entered a persistent strengthened or weakened state over sufficiently long timescales

during the mid-Holocene, it is conceivable that they contributed to the sea-level fluctuations observed on

Belitung and in southern China, through either dynamic or steric changes in sea level. A coral-based proxy

record of tropical Pacific climate variability over the past 1,100 years reveals variations in the strength

and frequency of ENSO activity at multi-decadal to centennial timescales – suggesting that variability in

ENSO at relevant timescales is physically possible – but the amplitude of sea-level variability in Southeast

Asia that would result from such climate fluctuations is unknown. Alternatively, the sea-level fluctuations

documented in our study might have been triggered by a shift of the Inter-Tropical Convergence Zone, which

would affect the strength of the monsoon. Today, sea-level extremes in the South China Sea (up to ±0.25m)

are primarily monsoon driven, but it is unclear how this would be different under a stronger or weaker

monsoon. Unfortunately, the poorer temporal resolution of existing regional paleoclimate proxy data from

the mid-Holocene limits our ability to make meaningful comparisons. If the 0.6-m amplitude fluctuations

within decades are a global signal, then they imply a heretofore-unknown instability in the mid-Holocene

global ice budget. Beyond Southeast Asia, existing ice and sea-level records do not have the necessary

resolution to test such a hypothesis (members, 2004; Parrenin et al., 2007), and models are equivocal as

to whether such fluctuations are permissible (Golledge et al., 2014). High-resolution RSL proxy records

from other tectonically stable sites in Southeast Asia, and records spanning more recent time periods, would

permit a better understanding of the spatial scale of these sea-level oscillations and could provide insight

into whether the period from 6,850 to 6,500 cal years BP was unique.
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Chapter 5

Conclusions and further work

The hierarchical statistical models and innovations presented within this thesis suggest several prospective

applications and directions for future research. In chapter 3, I illustrated the incorporation of non-Gaussian

RSL proxies in a temporal hierarchical model in a location where RSL is well-constrained by a range of

different proxies. The true utility of this framework, however, relates to spatio-temporal modeling in lo-

cations where other proxies, more conventionally modeled using statistical approaches, are not available.

For example, applying the model to a deglacial dataset, such as the Barbados coral record (e.g., Abdul

et al., 2016), will improve estimates of RSL and address open questions about melt-water pulses during the

deglacial period (e.g., Blanchon, 2017). Adding a spatial component to the model can open up a wide range

of opportunities to answer questions about the variability of sea level in the past by incorporating data from

far-field and near-field locations that have previously been underutilized. In particular, applying a spatio-

temporal version of the model introduced in chapter 3 to a pole-to-pole transect could help to constrain GIA.

Similarly, applying the model to a region where GIA has large variability over short geographic scales, such

as the region examined in Vacchi et al. (in review), could also help constrain GIA and ice-history parameters.

Spatio-temporal hierarchical models can be enriched by integrating knowledge about the physical drivers

of RSL change into the process level of statistical models. One context in which this is useful is modeling

RSL in situations where the data are quite sparse and the prior thus wields strong influence on the inferred

spatio-temporal structure. Another context is where the goal is to infer the processes driving RSL change –

for example, to constrain the solid-Earth or ice-history parameters of a model of glacial isostatic adjustment.

Statistical emulation of complex physical models, including 1-D and 3-D GIA models and ice-sheet models,

could provide a flexible way of explicitly embedding this knowledge in a hierarchical framework. Statistical

emulation reduces the processing time of these physical models, which are computationally intensive; it

produces continuous output, in contrast to the discrete sea-level curves that are output for each set of

discrete input parameters; and it enables probabilistic conclusions about the input parameters driving the

physical models. For example, applying an integrated hierarchical model with an emulated process level to

datasets from the Last Interglacial could both yield a reassessment of GMSL during a time period analogous

to the present and constrain the physical model parameters for use in improving the projections of future
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sea-level rise.

A key methodological challenge is scaling spatio-temporal hierarchical modeling approaches for paleo-sea

level data to large, yet still temporally noisy, datasets. Unlike Gaussian process models, whose computational

complexity grows in proportion with the cube of the number of data points, the computational complexity of

a Kalman smoother grows linearly. Adapting the Kalman smoother for temporally noisy data may provide an

approach to overcoming the scaling problems described in chapter 2 and thus allow the simultaneous analysis

of much larger proxy datasets. Recent work in the machine-learning literature exploring the translation

between Gaussian process models and linear-Gaussian state space models (e.g., Hartikainen and Särkkä,

2010) may prove useful here. There are also several approximation and estimation techniques in the GP

and machine-learning literature that have not yet been applied in a sea-level context, such as variational

inference (Blei et al., 2017), which could speed up analyses and improve resolution with large datasets.
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Appendix A

Supplement to Chapter 2

A.1 Covariance functions

Spatio-temporal covariance functions define a correlation (shared information) through time and space, which

decays as the temporal and spatial distances increase (Rasmussen and Williams, 2006). Some frequently used

covariance functions for modeling RSL using GPs include dot-product (e.g., Khan et al., 2017), powered-

exponential (e.g., Cahill et al., 2015a), rational quadratic (e.g., Kopp, 2013; Hay et al., 2015), and Matérn

(e.g., Hay et al., 2015; Khan et al., 2015; Kopp et al., 2016; Khan et al., 2017) function. Each covariance

function has distinct characteristics and requires different parameters. For example, a dot-product covariance

function (K(t1, t2) ∝ t1·t2) produces a linear trend, which would be appropriate to model GIA over centennial

scales. A squared-exponential covariance function (K(t1, t2) ∝ e−
(t2−t1)2

θ ) is infinitely differentiable, and is

thus very smooth. Therefore the squared-exponential function would be inappropriate for tectonics, since

it would not adequately capture the abrupt changes. The powered-exponential covariance function (see

equation A.1) and the Matérn (see equation A.2) family of functions are highly generalizable and allow

specification of the degree of differentiability (and therefore smoothness), while having a small number of

parameters:

K(ti, tj) = ν2ρ|ti−tj |
κ

(A.1)

where ρ ∈ (0, 1) is the correlation parameter and κ ∈ (0, 2] is the smoothness parameter. The IGP employed

in Cahill et al. (2015a) placed a zero-mean GP prior, with a powered-exponential covariance function on the

rate process f ′(t). The squared-exponential function is powered-exponential with a smoothness parameter

of two. As the smoothness parameter decreases, the function becomes more rough. For the Matérn,

kMatern(r) =
21−ν

Γν

(√
2νr

l

)ν
Kν

(√
2νr

l

)
, (A.2)

where r is the difference in time or space, ν is a positive smoothness parameter, l is a positive characteristic

length-scale parameter, and Kν is a modified Bessel function. When ν is a half-integer, the covariance
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function is the product of an exponential and a polynomial, and it is simpler. For example,

kν=3/2(r) =

(
1 +

√
3r

l

)
exp

(
−
√

3r

l

)
, (A.3)

kν=5/2(r) =

(
1 +

√
5r + 5r2

3l2

l

)
exp

(
−
√

5r

l

)
, (A.4)

There is some trade-off between the Matérn exponent values and the characteristic length scale parameter:

the selection of a lower exponent (which creates a less smooth function) is somewhat comparable to a longer

length scale with a greater exponent (Hay et al., 2015).

The sum of several covariance functions can be used to model the RSL field, with each term separated

by spatial or temporal scales. While it may not be possible to explicitly distinguish between sea-level

processes through the characteristic scale hyperparmeters alone, information from physical models can be

incorporated into the covariance structure of GPs. For example, in the GP model from Hay et al. (2015),

the melt component M(x, t) was the sum of individual ice sheets or mountain glaciers, where each had a

linear term and a rational quadratic term, both of which were dependent in time. The sum of the two terms

was multiplied by a spatial weighting BM , which applied the sea-level fingerprint associated with the melt

for each land-based ice source. The covariance of the GP prior for the melt was:

n∑
j=1

M(x, t) =

n∑
j=1

ma ·∆tq,p + c

(
1 +

∆t2q,p
2ατ2

M

)−αBM (A.5)

where j represents each ice sheet or glacier, tq and tp represent the time at the qth and pth time step,

∆tq,p represents the time difference between the steps, and m, c, α, and τM are hyperparameters that

defined the prior standard deviation of the linear rate, the prior standard deviation on non-linear variability

and the roughness and characteristic timescale of non-linear variability. These parameters were estimated

by maximizing their likelihood, using published reconstructions of the time series of glacier and ice sheet

estimates.

The choice of prior covariance function(s) characterize stationarity, isotropy, smoothness, and periodicity

in Gaussian processes (2.5.3). For a full treatment of covariance functions, see Rasmussen and Williams

(2006), Chapter 4.
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A.2 Analysis choice details

A.2.1 Regional averaging

One form of regional averaging separates the ocean into pre-defined oceanic regions or basins. The method-

ology averages two monthly-mean tide gauges together, creating a virtual station located at the halfway

point between the two original stations. This averaging is repeated until one virtual station exists in each

region. The global average is then computed by averaging all of the virtual stations. Jevrejeva et al. (2006,

2008) also removed 2-30 year variability using a method based on Monte Carlo Singular Spectrum Analysis.

In an extension of the original virtual station technique of Jevrejeva et al. (2006, 2008), Dangendorf et al.

(2017) computed regional mean sea-level rates from subsets of tide gauges after first correcting for processes

that affect RSL and SSH, such as GIA, vertical land motion, and geoid changed due to glacier melting. The

regional averages were then combined by weighting each region by the area of the ocean it represents.

A.2.2 Kalman smoother

In the Kalman smoother, yk, which are observations of RSL at each time step taken from a global network

of tide gauge sites, are modeled as:

yk = Hxk + vk (A.6)

where the observation matrix, H, maps the state vector into the observation space, and the measurement

noise, vk, is assumed to have a mean of zero with covariance R.

Equation 2.13 can be reframed in KS terminology, where the spatial sea-level field fk is a vector of local

RSLs at time step k and locations of interest, and βk is a vector that contains the melt rates Mj of 18

mountain glaciers, 3 ice sheets, and a globally uniform term, g(t). At each time step, the filter constructs a

prior estimate of the state vector, xk, defined as:

xk =

 fk

βk

 = Φxk−1 + Buk + w (A.7)

where Φ is the state transition matrix, uk is the input control parameter, B maps the input control parameter

into the state vector, and w is the zero-mean process noise with covariance Q. The normalized sea-level

fingerprints (FPj from equation 2.13), which connect local RSL to the eustatic melt rates being estimated,

are contained in Φ, and uk includes the rates of local sea-level change controlled by both GIA and ocean

dynamics (see Hay et al., 2013 for an explicit description of each matrix).
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The Kalman filter consists of two main steps: the time update step and the measurement update step.

In the time update step, the filter constructs a prior estimate of the state vector, x̂−k , and its covariance,

P−k , at time step k conditioned upon the state vector at time k−1. The superscript minus sign, −, indicates

that the estimate is computed in the time update stage (prediction) and represents the prior estimate of the

states.

x̂−k = Φxk−1 + Buk (A.8)

P−k = ΦPk−1Φ
T + Q (A.9)

The time update step, described by equations A.8 and A.9, contains all the process-based physical models

of the drivers of sea-level change.

In the measurement update step, the prior estimates, x̂−k and P−k , are conditioned upon the available

observations zk at time k. The goal is to find the optimal estimate of the state vector, x̂k, and covariance,

Pk, that combines the prior estimates with the observations:

x̂k = x̂−k +Kk(zk −Hx̂−k ) (A.10)

Pk = (I−KkH)P−k (A.11)

Here Kk is the Kalman gain matrix defined as

Kk = P−k HT (HP−k HT + R)−1 (A.12)

The prediction and measurement steps (equations A.8, A.9, A.10, and A.11) are recursively computed

through time until all observations have been assimilated (Kalman, 1960).

Once the forward pass is complete, the Kalman filter is run backwards in time and a weighted combination

of the forward and backwards passes is computed. This three-pass-filter (Gelb et al., 1974) ensures that in

every year the optimal estimate of the state vector and its covariance includes all observations over the

analysis time window.

The final component of the multi-model Kalman smoother implemented by Hay et al. (2015) is the

multi-model step. In this step, the likelihood of obtaining the observations, given the model, is computed.

These probabilities are then used to compute a weighted sum of the Kalman smoother estimates (Blom and

Barshalom, 1988).
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Within the KS terminology, the state vector x contains g(t), and Φ contains M(x, t), whereas u maps

to DSL(x, t) and GIA(x, t) from equation 2.13.

In Hay et al. (2015), the melt rates Mj(x, t) along with their associated covariance, are summed to

produce an estimate of GMSL over the 20th century. Unmodeled local processes, such as tectonics and

groundwater withdrawal, are not explicitly modeled in the Kalman smoother and are therefore not mapped

into GMSL. Instead, these unmodeled effects are captured by the process noise term. While the unmodeled

local processes are not included in GMSL, they are present in the Kalman-smoother reconstructed tide gauge

and global sea-level time series. An alternative approach for reconstructing the local sea-level time series is to

use the Kalman smoother posterior estimates of the melt rates (with the normalized fingerprints), uniform

sea-level change, GIA, and ocean dynamics. The site-specific components of each of these processes can

be summed together to reconstruct the local sea-level field. This field will not contain the local processes

that are observed in the data since they are not mapped into the individual components estimated in the

smoother. It will, therefore, be an inherently smoother reconstruction and will have lower uncertainties than

the field estimated within the Kalman smoother (Hay et al., 2017).

A.3 Details of implementations

The hyperparameters for each of the time-series implementations are summarized in figure A.1.

Table A.1: RSL predictions (m) with 95% CI below from EST-GPR

Site Lat Lon 14 ka 13 ka 12 ka 11 ka 10 ka 9 ka 8 ka 7 ka 6 ka 5 ka 4 ka 3 ka 2 ka 1 ka 0 ka

New Jersey 39.09 284.77
-59.0 -51.2 -43.0 -35.1 -28.1 -22.4 -18.2 -14.6 -11.4 -9.1 -7.0 -4.9 -3.4 -1.7 -0.1

-63.9 -54.1 -54.6 -47.8 -45.3 -40.7 -36.7 -33.5 -29.2 -27.0 -23.1 -21.6 -18.7 -17.7 -15.1 -14.1 -11.8 -11.0 -9.4 -8.8 -7.3 -6.7 -5.2 -4.7 -3.6 -3.2 -1.9 -1.6 -0.1 0.0

North Carolina 34.98 283.8
-53.1 -45.2 -36.9 -29.0 -22.0 -16.4 -12.5 -9.4 -6.9 -5.4 -4.2 -2.9 -2.0 -1.3 0.1

-57.5 -48.7 -48.0 -42.4 -38.6 -35.2 -30.2 -27.7 -23.1 -20.8 -17.5 -15.3 -13.5 -11.4 -10.3 -8.5 -7.6 -6.2 -5.9 -4.8 -4.6 -3.7 -3.2 -2.5 -2.2 -1.8 -1.4 -1.1 -0.1 0.2

Inner Delaware 38.75 284.88
-58.6 -50.8 -42.5 -34.7 -27.7 -22.0 -17.8 -14.3 -11.2 -8.9 -6.9 -4.9 -3.4 -1.7 -0.1

-57.5 -48.7 -48.0 -42.4 -38.6 -35.2 -30.2 -27.7 -23.1 -20.8 -17.5 -15.3 -13.5 -11.4 -10.3 -8.5 -7.6 -6.2 -5.9 -4.8 -4.6 -3.7 -3.2 -2.5 -2.2 -1.8 -1.4 -1.1 -0.1 0.2

Table A.2: Predicted rates (m/ky) averaged over 1000 year periods from EST-GP with 95% CI
below

13-14 ka 12-13 ka 11-12 ka 10-11 ka 9-10 ka 8-9 ka 7-8 ka 6-7 ka 5-6 ka 4-5 ka 3-4 ka 2-3 ka 1-2 ka 0-1 ka

New Jersey
7.8 8.2 7.9 7.0 5.7 4.2 3.6 3.2 2.3 2.1 2.1 1.5 1.7 1.7

5.9 9.7 6.7 9.7 6.8 9.0 6.2 7.8 5.1 6.4 3.7 4.7 3.2 4.0 2.8 3.6 2.0 2.7 1.8 2.4 1.8 2.4 1.2 1.8 1.5 1.9 1.5 1.8

North Carolina
8.0 8.3 7.9 7.0 5.5 4.0 3.1 2.5 1.5 1.2 1.3 0.9 0.7 1.3

6.07 9.8 6.8 9.8 6.9 9.0 6.3 7.7 5.0 6.1 3.5 4.5 2.6 3.6 2.0 2.9 1.1 2.0 0.8 1.6 0.9 1.7 0.6 1.2 0.5 1.0 1.2 1.5

Inner Delaware
7.8 8.2 7.9 7.0 5.7 4.2 3.5 3.1 2.2 2.0 2.0 1.5 1.7 1.6

5.9 9.7 6.7 9.7 6.8 9.0 6.2 7.8 5.0 6.3 3.6 4.7 3.1 4.0 2.7 3.5 1.9 2.6 1.7 2.4 1.7 2.3 1.2 1.7 1.5 1.9 1.5 1.7

A.4 Data

The data used in the models of chapter 2 can be found in the following file:

Holocene Data.xlsx
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Figure A.1: (a) Table showing linear model parameters and statistics, including intercept and
slope with their standard errors and root mean squared error, for two versions of least-squares
linear implementation (OLS and GLS). (b) Table showing change points fit to continuous core
records at New Jersey and North Carolina, where the mean and 95% credible intervals are shown
for the rates and change points. (c) Bayesian EIV-IGP posterior distributions of hyperparameters
for each of the independent models at New Jersey and North Carolina. The intercept is α in
equation 2.9, the scale is ν in equation A.1, the error standard deviation is σ as in equation 2.3,
and the correlation is ρ from equation A.1. (d) Table of maximum-likelihood hyperparameters
for independent empirical-temporal GP models in New Jersey and North Carolina, including prior
amplitude and temporal-scale parameters of the low-frequency and high-frequency terms, the white
noise amplitude.
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Appendix B

Supplement to Chapter 3

Caribbean-wide coral 
distributions

Normal Exponential Half Normal Log-Normal Minimum AIC

Acropora palmata 29946.6 22523.7 24798.8 21696.1 21696.1
Colpophyllia natans 16812.3 15421.3 15543.7 15024.3 15024.3
Pseudodiploria clivosa 10061.6 8392.9 8919.8 8291.1 8291.1
Diploria labyrinthiformis 11438.9 10451.5 10560.0 10431.7 10431.7
Pseudodiploria strigosa 37151.9 32951.6 33826.3 33644.4 32951.6
Montastraea cavernosa 47519.0 42346.2 43459.2 42555.2 42346.2
Orbicella spp. 98444.0 110438.8 104478.2 107321.7 98444.0
Porites astreoides 74356.4 64261.0 66893.8 64449.2 64261.0
Siderastrea siderea 53605.7 48437.6 49251.6 48702.6 48437.6

Floirida-specific coral 
distributions

Normal Exponential Half Normal Log-Normal Minimum AIC

Acropora palmata 693.9 850.0 780.6 560.3 560.3
Colpophyllia natans 1009.2 1096.9 1041.6 961.4 961.4
Pseudodiploria clivosa 698.4 730.3 694.9 616.5 616.5
Diploria labyrinthiformis 298.8 309.3 297.4 268.3 268.3
Pseudodiploria strigosa 578.6 619.2 589.2 567.2 567.2
Montastraea cavernosa 2681.9 3060.6 2878.1 2647.4 2647.4
Orbicella spp. 4212.1 3828.8 3822.4 3584.3 3584.3
Porites astreoides 4022.9 3941.0 3813.8 3677.5 3677.5
Siderastrea siderea 3509.6 3514.9 3391.2 3387.5 3387.5

Figure B.1: Akaike information criteria (AIC) for Caribbean-wide and Florida-specific distributions,
where the highlighted box indicates which distribution fits the data best, out of the parametric
distributions tested, according to the AIC.

In cases where the modern elevation data are insufficient to justify using a nonparametric distribution,

a parametric distribution, such as the log-normal density, can be substituted.

B.1 Parametric distributions of living Caribbean corals

B.1.1 Local variability of coral distributions

The regional-scale analyses of A. palmata, Orbicella spp., and P. clivosa suggest that there is considerable

variability in the depth distributions of Caribbean corals by location. The fitted parametric depth distribu-

tions of A. palmata are approximately log-normal for all five locations; however, there are regional differences
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in the fitted distributions (Figure B.2). Whereas the peak abundances of this taxon are at similar depths to

the Caribbean-wide mode (-0.8 m MSL) in the Bahamas (-0.9 m MSL), southern Cuba (-0.7 m MSL), and

Belize (-1.6 m MSL), and only slightly deeper in Florida (-2.9 m MSL), A. palmata is most abundant at a

considerably deeper water depth in Puerto Rico and the Virgin Islands (-3.8 m MSL).
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Figure B.2: Histograms (b) and fitted distribution (c) of A. palmata throughout the Caribbean
and in five distinct sub-regions indicated by the colored shading on the map (a). The distribution
of data of this species in the OBIS database is indicated by the colored points on the map.

B.1.2 Caribbean-wide coral depth distributions

The modern depth distributions of the Caribbean corals that we analyzed were generally best fit by log-

normal probability distributions when considering only parametric distributions (Figure B.3). The only

exception was the Orbicella spp. complex, whose depth distribution was best fit by a normal distribution.

As expected, A. palmata, has the shallowest depth distribution, occurring in peak abundance at -0.8 m

MSL, followed by P. clivosa, P. strigosa, A. cervicornis, and P. astreoides, which peak between -1.1 and -2.1

m MSL. In contrast, the majority of corals with massive morphologies are most abundant at intermediate

depths (-4.9 to -10.0 m MSL).
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  Caribbean-wide distributions Florida-specific distributions 

Coral Taxa Distribution µ  σ  Distribution µ  σ  
Acropora cervicornis Log-normal 1.66 0.96 Log-normal 1.49 0.42 
Acropora palmata Log-normal 0.54 0.91 Log-normal 1.17 0.32 
Colpophyllia natans Log-normal 2.42 0.85 Log-normal 1.87 0.51 
Diploria labrynthiformis Log-normal 2.35 0.87 Log-normal 1.66 0.51 
Pseudodiploria clivosa Log-normal 1.65 1.24 Log-normal 1.32 0.51 
Pseudodiploria strigosa Log-normal 2.20 1.23 Log-normal 1.65 0.60 
Montastraea cavernosa Log-normal 2.54 0.94 Log-normal 1.90 0.49 
Orbicella spp. Normal 10.04 4.61 Log-normal 1.20 0.75 
Porites astreoides Log-normal 2.04 1.14 Log-normal 1.22 0.53 
Siderastrea siderea Log-normal 2.34 0.96 Log-normal 1.51 0.59 

 

Figure B.3: Parametric depth distributions of the 9 coral taxa used in the statistical model: a)
histograms of the Caribbean-wide modern occurrences of the taxa by depth with fitted distributions
over-laid (note: frequencies are not on the same scales), b) table showing the Caribbean-wide and
Florida-specific fitted distributions and parameters (µ and σ, which are the mean and standard
deviation for normal distributions and the scale and shape parameters for log-normal distributions),
and c) the probability density function of the best-fit parametric Caribbean-wide distributions for
each taxon.

B.1.3 Florida-specific depth distributions

The modern depth distributions of the corals, based on the Florida-specific dataset, were all well-fit by

log-normal distributions (Figure B.3b), when considering only parametric distributions. These fitted dis-

tributions are generally shallower than in the Caribbean-wide dataset. All of the coral taxa we analyzed,

except for M. cavernosa, peaked at depths shallower than -5 m MSL. Interestingly, A. palmata is the only

coral that has a deeper (but narrower) distribution in Florida than in the broader Caribbean.

B.2 Model implementation

B.2.1 Noisy-input Gaussian process (NIGP) method

Age uncertainties are incorporated using the NIGP method of McHutchon and Rasmussen (2011), which uses

the first-order Taylor-series approximation (a linear expansion about each input point) to translate errors in



104

the independent variable (time) into equivalent errors in the dependent variable (RSL), such that temporal

error is recast as sea-level error proportional to the squared gradient of the GP posterior mean (McHutchon

and Rasmussen, 2011).

f(ti) ≈ f(t̂i) + γti
∂f(t̂i)

∂t̂
(B.1)

where f(ti) is the sea-level process at time, ti, γ is the temporal error, and ∂f(t̂i)/∂t̂ is the partial derivative

of f with respect to t̂. Age uncertainties are assumed to be normally distributed, such that γi ∼ N (0, τ2
i ):

z = f(t+ γ) + δ, (B.2)

where δ is the normally distributed elevation measurement uncertainty in Section 3.2.1, such that δi ∼

N (0, ε2
i ) (from equation 3.6). The approximation of z is:

z ≈ f(t̂) + γ
∂f(t̂)

∂t̂
+ δ (B.3)

The predictive posterior distribution is a GP with mean, f̄∗, and variance V[f∗]):

E[f∗|t̂, z, t∗] = k(t∗, t̂)[K(t̂, t̂) + ε2I + diag{Γf̄ΣtΓ
T
f̄ }]
−1z (B.4)

V[f∗|t̂, z, t∗] = k(t∗, t∗)− k(t∗, t̂)[K(t̂, t̂) + σ2
zI + diag{Γf̄ΣtΓ

T
f̄ }]
−1k(t̂, t∗) (B.5)

where ε2 is the vector of all ε2
i , Σt is the temporal noise matrix, Γ is the matrix of derivatives, K is the

original training covariance matrix, k is the covariance between test t∗ and training points, and Γf̄ΣtΓ
T
f̄

is

the corrective variance term added to output noise, so that inputs (times) can be treated as deterministic.

See McHutchon and Rasmussen (2011) for more details.

B.2.2 Markov Chain Monte Carlo (MCMC) sampling

The MCMC samples of z and Θs, conditional on ŷ and Θd, are generated using a Metropolis-within-Gibbs

algorithm based on the following derivation. Assuming an uninformative prior on Θs,

p(Θs, z|ŷ, t̂,Θd) ∝ p(ŷ|z,Θd,Θs) · p(z|t̂,Θd,Θs). (B.6)

Since ŷi depends only on zi and Θd for all i, the first term on the right-hand side simplifies to
∏
i p(ŷi|zi,Θd).

If we know the values of all z except zi (denoted z−i), we can estimate the posterior probability of zi,
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p(zi|z−i, t̂,Θs,Θd) analytically from the NIGP predictive equations of McHutchon and Rasmussen (2011)

(Section B.2.1), which incorporate temporal uncertainty. Therefore, samples of p(Θs, z|ŷ, t̂,Θd) are created

according to the likelihood of each randomly generated z′i by calculating and multiplying p(z′i|z−i, t̂,Θs,Θd)

and p(ŷi|zi,Θd) and accepting or rejecting proposed samples based on the ratio A:

A = min

(
1,
p(ŷi|z′i,Θd) · p(z′i|z−i, t̂,Θs,Θd)

p(ŷi|zi,Θd) · p(zi|z−i, t̂,Θs,Θd)

)
(B.7)

Proposed samples of Θs are equivalently accepted or rejected based on the ratio A′:

A′ = min

(
1,
p(θ′i|z,θ−i)
p(θi|z,θ−i)

)
, (B.8)

where θi represents each hyperparameter in Θs.

The entire algorithm is summarized in the following four steps:

1. Modern coral distribution fitting: The indicative meanings each type of coral taxa are analyzed

and fit to parametric distributions (Section 3.2.2). These distributions and their parameters Θd for

each taxa are used as likelihoods in the sampling module (2).

2. Sampling module: This step generates samples of RSL (z) and RSL process hyperparameters (Θs).

Inputs comprise ŷ, t̂, and f(t) (GP prior distributions, see equations 3.13).

(a) Initialize z, Θs (the vector of sea-level hyperparameters {αm, βm, αw}), and all step sizes.

(b) Sequentially sample new z′i, based on NIGP and likelihood, with acceptance probability A (Sup-

plemental equation B.7) and each θ′s = with acceptance probability A′ (Supplemental equation

B.8).

(c) Every 80th iteration, reassign step size (proposals are randomly sampled from a normal distribu-

tion with standard deviation of the initialized or recalculated step size) to optimize acceptance

ratio (Gelman et al., 2013) according to:

• If accept ratio > 0.3 or accept count < 5, increase step size standard deviation.

• If accept ratio < 0.2, decrease step size standard deviation.

3. Estimate f, conditional upon the paired samples of z and Θs: Combine samples of noisy RSL

and RSL hyperparameters: f |z, t̂,Θs,Θd from the NIGP predictive equations of McHutchon and

Rasmussen (2011) (Section B.2.1).

4. Draw samples & pool: Generate estimates of final posterior distribution of RSL by drawing 10

random samples from each combined pair of z and Θs. Pool all samples to generate an estimate of
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p(f,Θs, t|ŷ, t̂,Θd).

B.3 Results

All of the coral-only models are similar, except for the one based on the parametric Caribbean-wide data.

The model uses a wide normal distribution to estimate the likelihood for Orbicella spp., which creates a

highstand in the late Holocene, when other data are not present to anchor the RSL signal (Figure B.4).
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Figure B.4: Comparison between the four models that only use corals.

B.4 Simulation and synthetic analysis

B.4.1 Synthetic tests

To determine the data requirements necessary to detect RSL changes characteristic of interglacial and

deglacial periods, we employ synthetic data tests to identify the quantity, type, precision, and temporal
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distribution of data needed to accurately and precisely reconstruct these patterns. We construct two syn-

thetic RSL time series to approximate the rates of RSL change observed during the best constrained and

most recent interglacial and deglacial periods: the Holocene and the last deglaciation. The first synthetic

RSL time series, “SL1” (Figure B.5a), uses a sine curve to simulate rates of change representative of the

Holocene epoch, ranging from ∼-10 to ∼+10 m/ky. The second synthetic RSL time series, “SL2” (Figure

B.5a), contains abrupt changes, simulating meltwater pulses, which occurred during deglaciation with rates

of change up to ∼40 m/ky (e.g., Abdul et al., 2016; Rohling et al., 2008; Lambeck et al., 2014). Both time

series extend over 12000 year time periods.

To evaluate model performance, we apply it to a total of 81 synthetic datasets for each of the two RSL

time series. These 81 datasets include every combination of the following 4 factors : 1) the number of data

points (25, 50, or 100), 2) the percentage of data with log-normally distributed uncertainties (25%, 50%, or

75%; the remaining data are normally distributed), 3) the uncertainty of the normally distributed data (σ

of 1 m, 5 m, or 10 m), and 4) the uncertainty of log-normally distributed data (scale and shape parameters

of LN 1: (0.7,1.0), LN 2: (1.7, 1.1), or LN 3: (2.5, 1.2); Figure B.5b). The normal and log-normal synthetic

data distribution parameters are based on the uncertainties observed in, and the fitted distributions of, the

modern coral data. Percentiles of the synthetic data distributions are presented in Figure B.5, and the

factors for each individual test and description of the synthetic data generation are detailed in Section B.4.1.
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Figure B.5: (a) Synthetic RSL time series SL1 and SL2, which simulate rates characteristic of the
Holocene and the last deglaciation, respectively; (b) probability density functions of log-normal
and normal synthetic data distributions, which incorporate different levels of data precision in the
synthetic tests.

We apply the statistical framework to model sea level from the synthetic data, taking 20,000 MCMC

samples for each of the 81 tests. We run each set of tests with 5 starting seeds (random numbers for
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replication) in order to maximize the randomness and increase sample size for accurate statistical evaluation

of the models. Each model run produces a distribution of predicted RSL and its rates of change at 100-year

intervals in addition to the following summary statistics, which describe the precision and accuracy of the

modeled sea-level curve relative to ‘true’ (synthetic) sea level:

RSL Precision [=mean(CI width for RSL)]: The posterior uncertainty of predicted RSL averaged over

100-yr predictions for 67% and 95% CIs.

Mean Absolute Error [=mean(|median(f)-true RSL|)]: The average absolute error in predicted sea level

averaged over 100-yr predictions.

RSL Bias [=mean(median(f)-true RSL)]: The mean difference between the predicted and true sea level.

If the average bias is positive (negative), the model is predicting RSLs that are too high (low).

Rate Precision [=mean(CI width for rate)]: The posterior uncertainty (67% and 95% CIs) in predicted

rate of change, which is averaged over 500-yr intervals for predictions every 100 years.

Rate Accuracy [=mean(|median rate-true rate|)]: The average absolute error in the predicted rate.

Maximum Rate Distribution [=distribution of max(rate)]: The median and 95% CI of max(rate) over

all samples (where rates are averaged over 500-yr intervals and calculated every 100 years). This

metric can be compared with the maximum ‘true’ rate of change of the synthetic sea-level curve.

RSL Coverage Ratio [= count of true RSL within CI
count of total ]: Quantifies the accuracy of the 67% and 95% credible

intervals. If coverage for a 95% CI is greater (less) than 95%, then the CIs are too wide (narrow).

Rate of Change Coverage Ratio [= count of true rate within CI
count of total ]: Quantifies the accuracy of the rate credible

interval, as described for the RSL Coverage Ratio.

B.4.2 Synthetic data generation

For each synthetic test, we generate random sea-level index points based on the parameters defined by the

factors of that test. The ages are defined based on

t̂i = ti + γi (B.9)

where t is the true age drawn from a uniform distribution between 0 and 12 ka (ti ∼ U(0, 12000)BP), γ is

age error, such that γi ∼ N (0, τ2
i ), and τ is drawn from a normal distribution with a mean of 140 years, and

a standard deviation of 75 years, but must be at least 11 years (τi ∼max[11,N (140, 752)] years), and t̂i is
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the noisy age. This choice was informed by the age uncertainties from the south Florida dataset analyzed

in this study (Section 3.2.3).

For each true age, the true RSL is zi, and the index point’s observed elevation ŷ is shifted according

to the assigned relationship (normal or log-normal) by a random draw from that distribution as well as a

random draw from N (0, 1) to account for measurement error.

B.4.3 Synthetic test results

The synthetic analyses test the performance of the new model framework under distinct sea-level scenarios

with different combinations of quantity and quality of data. The models that perform well are those that

accurately and precisely detect true RSL and rates of change (e.g., Figure B.6a,d for SL1 and Figure B.6g,h,j,k

for SL2), whereas poorly performing models have low accuracy and/or precision (e.g., Figure B.6b,c,e,f for

SL1 and Figure B.6i,l for SL2). Details of the effects of each data factor and results of each test are in

Section B.4.1. We summarize the overall trends below.

Consistent with statistical expectations, higher quantity and quality (precision) of data leads to higher

accuracy (lower error) in posterior predictions of RSL with similar results in both synthetic sea-level scenarios,

SL1 and SL2. Comparing the Mean Absolute Error of each test to its “precision factor,” defined as a ranking

(which is highest for the most precise data) of the combined precisions of the two data distributions used as

input (Table B.1), and its sample size reveals a strong relationship (Figure B.7). In both sea-level scenarios,

the average Mean Absolute Error decreases monotonically as the precision factor increases for a sample size

of 100 data points. In contrast, with only 25 data points in both sea-level scenarios, the average Mean

Absolute Error is lower for precision factor 8 (N1,LN3) than 7 (N2,LN1) and for precision factor 5 (N2,LN3)

than 4 (N2,LN1), suggesting that the low precision data has little value when sample size is low. Overall,

this visualization demonstrates that increasing precision of data has a similar effect to increasing sample

size.

B.5 Evaluation of proxy and model performance using synthetic data

The synthetic analyses demonstrate that the most important factors determining the accuracy and precision

of the models are the quantity and quality of the data, but the required data criteria (minimum sample size

and precision) vary for different underlying sea-level scenarios.
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Figure B.6: Comparison between RSL predictions (SL1: a−c and SL2: g−i) and rate predictions
(SL1: d−f and SL2: j−l) of tests with different factors. Median (solid black line) with 67% and
95% CIs (dashed lines) are compared with true RSL/rate (red lines). For SL1: (a,d) test 22,
n=100, 50% log-normal, data distributions N1 and LN2; (b,e) test 72, n=50, 25% log-normal, data
distributions N3 and LN2; (c,f) test 33, n=25, 25% log-normal, data distributions N3 and LN2.
For SL2: (g,j) test 6, n=100, 25% log-normal, data distributions N1 and LN1; (h,k) test 6, n=100,
25% log-normal, data distributions N1 and LN1 (i,l) and test 15 (25 data points, 25% of which are
log-normal, using distributions N3 and LN1

B.6 Results and discussion of synthetic analyses

The factors for each synthetic test are given in the following file:

Synthetic Test Factors.xlsx

The average results of the analyses are in Tables B.2 & B.3, and the results of the individual synthetic

tests are given in the following files:

Synth Results 1.xlsx

Synth Results 2.xlsx

Synth SL1 SL2 Output.xlsx
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Table B.1: Precision Factor: a metric that combines the precisions of the two synthetic data
distributions used as input for each synthetic test.

Precision Normal data Log-normal data
factor distributions distributions

10 N1 LN1
9 N1 LN2
8 N1 LN3
7 N2 LN1
6 N2 LN2
5 N2 LN3
4 N3 LN1
3 N3 LN2
2 N3 LN3

B.6.1 Sample size:

As expected, increasing the number of data points in a model increases the accuracy and precision of the

predictions (Tables B.2 & B.3). Doubling the number of data points increases RSL Precision (by 13% &

43% for SL1, 32% & 49% for SL2) and RSL Accuracy (by 21% & 28% for SL1, 29% & 36% for SL2) in all

cases, but less, on average, for synthetic time series SL1, where RSL change is more gradual, than the more

abruptly varying SL2. The impact of doubling the sample size from 25 to 50 is also more moderate than

doubling it from 50 to 100. Rate Precision is less sensitive to changing sample size, with negligible increases

(≤ 3%) in all cases except when doubling from 50 to 100 points for SL1, which produces ∼20% increase

in Rate Precision. The RSL Coverage Ratio is not particularly sensitive to changes in sample size and is

generally too high for SL1, especially for the 67% CI (∼96% for the 95% CI and ∼77% for the 67% CI) and

too low for SL2, especially for the 95% CI (≤ 88% for the 95% CI and ∼63% for the 67% CI). The RSL Bias

is significantly higher with 25 data points for SL2 than in any other scenario, but RSL Bias, which is always

positive, decreases with increasing sample size and is negligible in predictions of SL1 with 100 data points.

The Maximum Rate Distribution for SL1 is centered consistently above the true maximum (10 m/ky) and

shifts upward with increased sample size. For SL2, the trend of increasing Maximum Rate Distribution with

increasing sample size is the same, but more data allow the model to more accurately approach the true

maximum rate of 40 m/ky. The Rate Coverage Ratios are significantly higher than expected (99.2% and

93.7% on average 95% and 67% CIs, respectively) for SL1, but do not change significantly with the amount

of data. For SL2, the Rate Coverage Ratio is too low for the 95% CIs, but is only marginally lower than

expected for the 67% CIs. The Rate Coverage Ratios do not vary consistently with changing sample size. A

further discussion of coverage ratios is presented in Appendix section B.6.5.
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Table B.2: Test results for synthetic time series SL1, with notable values highlighted in bold italics.

RSL Prec. (width m) Mean Abs. Err. (m) RSL Bias (m) RSL Cov. Ratio

95% CI 67% CI Abs. Error Ave. Error 95% CI 67% CI

N = sample size

25 14.3 6.8 2.5 0.5 96.2% 77.0%
50 12.6 6.0 2.0 0.3 96.3% 77.4%
100 8.9 4.2 1.6 0.2 96.6% 78.4%

% Log-norm.

25 12.6 6.0 2.1 0.5 96.0% 77.1%
50 12.7 6.0 2.3 0.2 96.0% 77.1%
75 10.5 4.9 1.7 0.2 97.1% 78.7%

Normal sd

1 5.9 2.8 0.8 0.0 98.7% 85.0%
5 9.2 4.3 1.5 0.1 97.5% 76.8%
10 20.7 9.8 3.8 0.9 92.9% 71.0%

Log-norm. dist.

LN1 (0.7, 1.0) 7.6 3.6 1.1 0.2 97.7% 82.9%
LN2 (1.7, 1.1) 11.3 5.4 1.9 0.4 96.3% 76.2%
LN3 (2.5, 1.2) 16.9 8.0 3.0 0.3 95.1% 73.7%

Rate Prec. (width) Rate Acc. MRD (m/ky) Rate Cov. Ratio

95% CI 67% CI Abs. Error Median 83%ile 17%ile 95% CI 67% CI

N = sample size

25 28.4 13.0 3.0 14.0 20.6 7.8 99.4% 95.2%
50 30.0 14.0 3.2 16.4 23.9 10.1 99.3% 94.0%
100 23.8 10.9 2.9 17.6 24.7 11.7 98.8% 92.0%

% Log-norm.

25 29.0 13.5 3.0 16.2 24.2 9.8 99.3% 93.7%
50 29.3 13.6 3.1 18.0 25.2 11.3 98.7% 92.3%
75 23.9 10.9 3.0 13.8 19.7 8.4 99.4% 95.3%

Normal sd

1 12.3 5.8 2.9 10.9 13.8 8.1 99.8% 97.5%
5 20.2 9.2 3.0 11.2 15.8 6.5 100.0% 97.5%
10 49.7 23.0 3.2 25.9 39.6 15.0 97.7% 86.2%

Log-norm. dist.

LN1 (0.7, 1.0) 16.7 7.7 2.8 11.6 15.5 7.9 99.6% 96.1%
LN2 (1.7, 1.1) 25.8 11.9 2.8 14.1 21.0 8.5 99.5% 94.4%
LN3 (2.5, 1.2) 39.8 18.4 3.5 22.3 32.6 13.2 98.4% 90.7%
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Table B.3: Test results for synthetic time series SL2, with notable values highlighted bold italics.

RSL Prec. (width m) RSL Acc. (m) RSL Bias (m) RSL Cov. Ratio

95% CI 67% CI Abs. Errr Ave. Err. 95% CI 67% CI

N = sample size

25 18.8 8.9 4.1 1.6 86.1% 64.7%
50 14.2 6.8 3.2 0.6 87.9% 63.1%
100 9.6 4.6 2.3 0.4 85.5% 61.0%

% Log-norm.

25 13.9 6.6 3.1 0.9 86.1% 62.5%
50 15.2 7.3 3.5 0.7 86.8% 64.0%
75 13.5 6.4 3.1 1.0 86.6% 62.3%

Normal sd

1 8.4 4.1 2.0 0.4 87.8% 67.3%
5 10.9 5.2 2.8 0.6 84.1% 58.1%
10 23.3 11.1 4.9 1.6 87.6% 63.4%

Log-norm. dist.

LN1 (0.7, 1.0) 10.1 4.8 2.4 0.9 86.6% 64.0%
LN2 (1.7, 1.1) 13.0 6.2 3.1 1.0 85.2% 61.2%
LN3 (2.5, 1.2) 19.5 9.3 4.1 0.7 87.7% 63.7%

Rate Prec. (width) Rate Acc. MRD (m/ky) Rate Cov. Ratio

95% CI 67% CI Abs. Err. Med. 83%ile 17%ile 95% CI 67% CI

N = sample size

25 37.8 17.4 6.6 28.5 37.6 20.7 88.5% 68.5%
50 34.1 16.0 6.2 33.7 42.0 25.9 89.8% 69.8%
100 25.5 11.9 4.4 33.6 40.1 27.8 85.9% 64.3%

% Log-norm.

25 32.2 14.8 5.8 30.9 38.9 23.9 88.9% 69.0%
50 35.0 16.4 6.7 34.1 42.4 26.5 88.6% 67.5%
75 30.2 14.1 4.9 30.9 38.5 24.0 86.7% 66.2%

Normal sd

1 18.4 8.7 4.1 28.7 33.2 24.4 86.0% 67.5%
5 23.5 10.7 5.1 26.2 31.8 20.8 85.3% 63.3%
10 55.4 25.8 7.0 41.0 54.8 29.2 92.9% 71.8%

Log-norm. dist.

LN1 (0.7, 1.0) 22.4 10.4 4.9 28.9 34.3 23.7 85.6% 65.1%
LN2 (1.7, 1.1) 29.1 13.5 5.8 30.5 37.5 24.0 87.2% 66.3%
LN3 (2.5, 1.2) 45.9 21.4 5.3 36.5 48.0 26.7 91.4% 71.3%
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Figure B.7: Sample size and precision of input data versus test model’s Mean Absolute Error: The
precision factor has a notable effect on the accuracy of the resulting model. A similar pattern can
be seen in the the results of the SL1 and SL2 models, but the scale of the accuracy measures is
different. The Average Mean Absolute Error for the group of tests with the same precision factor
and sample size is shown by the color in each box, and is also labeled in the lower right corner.
Each test is represented by a single point, the color of which depicts its Individual Mean Absolute
Error, and each test within a box has the same sample size and precision factor.

B.6.2 Percent Log-normal:

Increasing the number of log-normally distributed data points, relative to normally distributed data, has

more variable impacts on precision and accuracy, with an increasing proportion of log-normal data increasing

precision and accuracy in some cases, but having no impacts in others. For SL1, increasing the percentage

of log-normal data from 25% to 50% results in no change in accuracy or precision, whereas increasing the

percentage of log-normally distributed data points from 50% to 75% increases RSL Accuracy (by ∼18%) and

RSL Precision (by ∼17%); RSL Bias only decreases when the percentage of log-normal data increases from

25% to 50%. For SL2, RSL Precision and RSL Accuracy both increase with the 25% to 50% increase in log-

normal data and then decrease by similar amounts for the subsequent increase from 50% to 75% log-normal

data. Conversely, the Maximum Rate Distribution, for SL2, shifts upwards and then back downwards with

increases in the relative number of log-normal data points, suggesting that lower precision and accuracy

may allow for higher maximum rates predicted by the models. The same trend is observed for SL1 and the
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decrease in Maximum Rate Distribution when the percentage of log-normal data is increased from 50% to

75% results in a maximum predicted rate that is closer to the true maximum of 10 m/ky and is accompanied

by an increase in Rate Precision. For SL2, increasing the percent log-normal does not have a significant

impact (less than 2% increase or decrease) on the Rate Precision nor on the Rate Coverage Ratio.

B.6.3 Normal uncertainty:

Increasing the uncertainty (decreasing the precision) of the normally distributed data, by increasing the

standard deviations on their distributions, has significant effects on precision and accuracy, as expected.

Increasing the standard deviation from 1 to 5 m decreases RSL Precision by over 50% for SL1 and ∼28% for

SL2. Increasing normal uncertainty again from 5 m to 10 m decreases RSL Precision by over 110% for both

SL1 and SL2. Increasing uncertainty from 1 to 5 m decreases RSL Accuracy by 79% for SL1 and 41% for

SL2. Increasing uncertainty from 5 to 10 m decreases RSL Accuracy by 164% for SL1 and 75% for SL2. As

uncertainty increases, RSL Bias increases significantly, with a bias towards higher predictions of RSL, likely

as a result of the zero-mean prior. Rate Precision also decreases for SL1 (by ∼60% for 1 to 5 m & ∼150%

for 5 to 10 m), and both Rate Precision and Rate Accuracy decrease for SL2 (Rate Precision by ∼30% &

∼115%, Rate Accuracy by ∼40% & ∼75%). The Maximum Rate Distribution shift upwards for SL1 and SL2

precision decreases. Whereas this results in predicted maximum rates for SL1 that are significantly higher

than the true maximum rate, it increases the probability of the model predicting the true maximum rate of

40 m/ky for SL2, despite the accompanying decrease to Rate Precision. The RSL and Rate Coverage Ratios

generally decrease for SL1 as normal uncertainties in the data increase. Conversely, coverage ratios decrease

when increasing normal uncertainty from 1 to 5 m and then increase when increasing from 5−10 m for SL2.

Although the 95% CI coverage ratios are generally higher than expected for SL1, they are generally slightly

smaller than expected for the 95% CIs for SL2.

B.6.4 Log-normal uncertainty:

Increasing the uncertainty (or decreasing precision) in the log-normally distributed data, by changing the

parameters on the distribution (Section B.4.1; Figure B.5), also has significant effects on precision and

accuracy of the models. Decreasing the precision of the data for SL1 decreases RSL Precision by about 49%

and Rate Precision by about 54% for both distribution changes, while decreasing RSL Accuracy by 70%

(from LN 1 to LN 2) and 57% (from LN2 to LN3). The same changes in uncertainty for SL2 decrease RSL

Precision by ∼28% and 50%, respectively, and decrease RSL Accuracy by ∼28% and 33%, respectively. The

RSL Bias increases and then decreases for both synthetic time series with the successive increases in the

uncertainties of the log-normal distributions. The RSL Rate Precision decreases by ∼30% when changing
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from LN1 to LN2, and ∼58% when changing from LN2 to LN3 for both SL1 and SL2. The Maximum Rate

Distribution shifts upwards for both synthetic time series and both decreases in log-normal data precision,

with the central tendency of the distribution becoming larger than the true maximum rate for SL1, but closer

to the true maximum rate for SL2. The RSL and Rate Coverage Ratios decrease when increasing uncertainty

in the log-normal data, but always stay above their expected 95% and 67% for SL1, which indicates that

both RSL and Rate CIs should be narrower than their predictions in all models. The RSL Coverage Ratios

for SL2 do not change significantly, whereas the Rate Coverage Ratios increase when the precision of the

data decrease indicating that the CIs for rate should be wider for the more precise log-normal data.

B.6.5 Evaluating the results of synthetic coverage ratios

Table B.4: Results of synthetic tests with 25 data points and most precise data versus all other
tests

RSL Prec. (width m) RSL Acc. (m) RSL Bias (m) RSL Cov. Ratio

95% CI 67% CI Abs. Error Ave. Error 95% CI 67% CI

N=25, N1, LN1 6.2 3 0.8 0 99.6% 86.2%

All other tests 12.2 5.8 2.1 -0.3 96.3% 77.3%

Rate Prec. (width m/ky) MRD (m/ky) Rate Cov. Ratio

95% CI 67% CI Median 83%ile 17%ile 95% CI 67% CI

N=25, N1, LN1 11.1 5.3 10.3 13 7.7 100.0% 98.0%

All other tests 28 12.9 16.2 23.4 9.9 99.1% 93.6%

Many of the models of synthetic time series SL1 overcover their credible intervals (∼ 94% & ∼ 97% for

73%CI and 77%CI, respectively), in the sense that their coverage ratios are greater than the CI percentages

that they predict. Although some tests produce accurate coverage ratios (∼15% are within 2−3% of the

correct coverage), more than half of the tests we performed generated 95% CIs that included the true RSL

and the true rate 100% of the time (by definition, this should only occur 95% of the time). For example, some

models have inflated coverage ratios despite, or possibly due to, lacking precision (e.g., Figure B.6c,f). One

possible explanation for this is that the model is designed (with hyperparameter ratios between amplitude

and temporal scale) to detect more rapid changes in rate than SL1 exhibits. We see in the analysis of SL2

that this over-coverage disappears.

Many of the predicted CIs for both RSL and rate of change for SL2 are too narrow, such that the coverage

ratios average 87% to 89% instead of the expected 95% coverage (∼83% &∼60% undercover, for 95% and 67%

CI, respectively). The tests of SL2 that produce coverage ratios closest to 95% tend to be those incorporating

data with higher precision (e.g., Figure B.6g,j) whereas those that do not meet the expected coverage tend to

have hyperparameter combinations that are distinct from those models that do meet the expected coverage.
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In particular, the models that do not have sufficient coverage, on average, have lower amplitude to temporal-

scale hyperparameter ratios (ATHR), possibly due to unrealistic hyperparameter combinations. Higher

frequency variability can be picked up either with a short temporal scale, or a long temporal scale with

large amplitude (thus rendering the higher frequency variability a relative small proportion of the total).

These ATHRs could be the result of a combination of factors, including poor temporal coverage of the data,

which allows a gap during more extreme rates of change or when rates accelerate or decelerate. A predicted

curve could be too smooth (resulting from low ATHR, e.g., Figure B.6h,l), where it is unable to detect

abrupt changes in true RSL or too bumpy (resulting from high ATHR), where the model predicts changes in

RSL that are not present in the underlying process. Another possible explanation for the disparity between

expected and true coverage is a combination of high precision but poor temporal coverage in the data, which

results in the smaller CIs that are unable to capture the underlying curve.

B.6.6 Case study data

This section provides a detailed description of samples used in the Holocene case study from south Florida,

how they were analyzed, and how the uncertainties of those data were treated. We also provide a supple-

mentary figure that shows the estimated rates of change from each iteration of the model.

OBIS data can be found in the files:

Florida distribution data.xlsx

Caribbean-wide distribution data.xlsx

Parametric distribution fitting results and data for each taxon can be found in the following files:

Regional Pseudodiploria strigosa distribution data.xlsx

Regional Orbicella spp distribution data.xlsx

Regional Acropora palmata distribution data.xlsx

Depth distribution analysis.xlsx

The coral and sedimentary archive data used for the case study can be found in the following file:

Coral and sedimentary.xlsx

Corals

Coral data are derived from published records of Holocene drill cores, surface grab samples, and sub-

merged trench exposures sampled from southeast Florida, the Florida Keys, and Dry Tortugas (Shinn
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et al., 1977; Shinn, 1980; Robbin, 1984; Shinn et al., 1981; Lighty et al., 1982; Mallinson et al., 2003;

Lidz et al., 2003; Toscano and Macintyre, 2003; Reich et al., 2006; Banks et al., 2007; Reich et al., 2009;

Brock et al., 2010; Stathakopoulos and Riegl, 2014; Toth et al., 2015, 2017). Whenever possible, pub-

lished data on coral elevations are cross-referenced against physical samples using the core archive at the

U.S. Geological Survey Coastal and Marine Science Center, in St. Petersburg, Florida (Reich et al., 2012;

https://olga.er.usgs.gov/coreviewer/). The modern depth distributions of the coral are used to model their

relationship to sea level. Three unidentified coral taxa and one sample from Stephanocoenia intercepta are

interpreted to be marine limiting because their modern depth distributions are unknown.

Sedimentary records

Compilation and interpretation of sedimentary data was previously described in Khan et al. (2017). The

60 sedimentary records include 14 samples from estuarine or bay sediments, which place a lower bound on

the past position of sea level (i.e., marine-limiting points) and 16 samples from freshwater peats, muds and

soilstone crusts, which place an upper bound of the past position of sea level (i.e., terrestrial-limiting points).

The 30 mangrove peats are assumed to form within a normal distribution N (µ, σ2) between MTL (mean

tide level) and HAT (highest astronomical tide) (see Section 3.2 for details on indicative meaning). RWL

and IR are directly related to the tides, where µ ranges from 0.29 m to 0.42 m, and σ ranges from 0.15 m to

0.21 m, in our database.

Dating

The majority of Holocene coral and sedimentary records from south Florida are dated using radiocarbon

methodologies. Radiocarbon ages are measured by either accelerator mass spectrometry (AMS) or bulk ra-

diometric dating by gas proportional counting or liquid scintillation counting measurements. Most samples

using bulk radiometric dating were analyzed prior to the 1970s, before correction of 14C ages for isotopic frac-

tionation became routine procedure (Stuiver and Polach, 1977; Törnqvist et al., 2015). Isotopic fractionation

of δ13C values is accounted for using normally distributed uncertainty with 2σ of 4h (mangrove/freshwater

plant tissue or peat: −23 > δ13C > −31h; Vane et al. (2013); marine carbonates: 4 > δ13C > −4h; Stuiver

and Polach, 1977; Polach, 1976), which equates to ∼64 14C yr. We corrected for this effect by normalizing

for δ13C using the ‘dcorr’ spreadsheet of the CALIB radiocarbon calibration program (CALIB, 2017). Ad-

ditionally, bulk sediment or peat samples from the Florida dataset may have incorporated contaminating

sources of older carbon from dissolved CO2 or HCO−3 derived from radiocarbon-dead limestone or trans-

ported marine organic matter, or younger carbon from contemporary mangrove rootlets penetrating older

sequences beneath the sediment surface. Following analysis by Hu (2010) of 14C ages from bulk peat and
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plant macrofossils, a ±100 14C yr uncertainty is applied to bulk sedimentary samples to account for sample

contamination (Törnqvist et al., 2015). The total 14C uncertainty of these samples is calculated as the

quadratic sum of analytical (measurement), bulk, and isotopic fractionation uncertainties (Törnqvist et al.,

2015), and conventional ages (including total 14C uncertainty) are calibrated using IntCal13. Radiocarbon

ages from marine environments are calibrated using the global marine calibration curve (Reimer et al., 2013)

and are corrected for local variations in marine reservoir age by using the time-varying estimates of the local

reservoir correction (∆R) for the marine environments of south Florida modeled by Toth et al. (2017). Ages

are presented as thousands of calibrated years before present (ka), where “present” is 1950 CE (Stuiver and

Polach, 1977).

Ages of two Holocene corals from south Florida are determined with U-series dating by multiple collector-

inductively coupled plasma-mass spectrometry (MC-ICP-MS). The U-series ages and 2σ uncertainties are

recalculated using the most recent decay constants (Cheng et al. (2013) for 230Th and 234U and by Jaffey

et al. (1971) for 238U). Both U-series ages pass the screening criteria suggested by the IntCal Working Group

(Reimer et al., 2009).

Measurement uncertainties

Estimation of measurement uncertainties to determine sample elevation follow Hijma et al. (2015) and Khan

et al. (2017) and include uncertainties associated with determining sample depth in a core (e.g., sampling,

core shortening, non-vertical drilling uncertainties) and measuring the absolute elevation of core boreholes

(e.g., tidal, water depth, leveling, and differential GPS (dGPS) uncertainties). For coral archives from

drill cores, sampling uncertainties within the core are based on the estimated proximity of the sample to a

measured breakpoint (i.e., a boundary between successive core barrels) in the cores, which by convention

is given in feet. A 2σ sampling uncertainty of 0.5 feet (0.15 m) is assigned if the sample was taken within

0.5 feet of the top of a core, and a 2σ sampling uncertainty of 1 foot (0.30 m) is assigned if the sample was

taken within 0.5 feet of a measured breakpoint. In all other cases, a 2σ sampling uncertainty of 2 feet (0.61

m) is assigned, which is roughly the maximum distance a sample could move within a standard 5-foot core

section, given typical recovery. Elevations of a number of the Holocene coral records are measured precisely

in situ using differential GPS or bathymetric surveys. In these cases, the instrumental uncertainties are

used for estimating water-depth uncertainties. For Holocene coral records where reliable water depths are

measured using underwater depth gauges (in feet), we assign water-depth uncertainties of 1 foot (0.30 m;

i.e., the precision of the depth gauges) and correct the depths to MSL wherever possible. In cases where

water depth measurement was unreliable or when there was disagreement among data sources (i.e., published

manuscripts, unpublished field journals, notes on core boxes), an error of 2 feet (0.61 m) is assigned.
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B.6.7 Discussion of biases

There are a number of factors that may alter the elevation or distribution of sedimentary proxies and

cause apparent changes in RSL. For example, sedimentary proxies are susceptible to the effects of sediment

autocompaction, which causes the downward displacement of a dated sedimentary record from the elevation

at which it initially formed and results in a lower apparent position of RSL (Allen, 2000; Shennan et al.,

2000; Edwards and Horton, 2006; van Asselen et al., 2009; Horton and Shennan, 2009; Brain et al., 2015).

Previous studies from mangroves and temperate wetlands estimate that over Holocene timescales compaction

may reduce the thickness of sedimentary sequences by 13−55% (Bloom, 1964; Kaye and Barghoorn, 1964;

Stout and Spackman, 1989; Haslett et al., 1998; Bird et al., 2004; Törnqvist et al., 2008; Hijma et al., 2015),

although there are approaches to minimize or correct for this effect by considering the stratigraphic position

of a sample in a sedimentary column (e.g., Jelgersma, 1961; Shennan and Horton, 2002; Törnqvist et al.,

2004; Horton et al., 2013; Khan et al., 2017) or using geotechnical approaches (using physical properties of

sediments to assess or correct for compaction, e.g., Paul and Barras, 1998; Bird et al., 2007; Brain et al., 2012,

2015). Additionally, because the distribution of sedimentary proxies are primarily controlled by inundation

frequency, non-stationarity of tides could result in higher or lower apparent changes in RSL over time.

Such non-stationarity could arise due to local geomorphic changes, regional to global-scale changes in tidal

dissipation or the natural frequency of ocean basins (e.g., Shennan et al., 2000; Uehara et al., 2006; Hill et al.,

2011; Horton et al., 2013; Kemp et al., 2017c), changing wave climate (which affects inundation frequency),

or changing base level of river flows due to variability in regional storm climatology or hydroclimate (e.g.,

Otvos, 1995, 2000; Friedrichs and Aubrey, 1994; Donnelly and Giosan, 2008; Komar and Allan, 2008; Jay

et al., 2011; Hawkes et al., 2016).

A significant caveat of coral-based reconstructions of RSL is the difficulty of confirming that coral samples

were not subject to post-depositional transport to different depth zones on a reef (Gischler and Hudson, 2004;

Blanchon, 2005; Hubbard, 2013; Blanchon et al., 2017), which may result in a higher or lower elevation of

apparent RSL depending on the direction of transport. Hubbard et al. (1990) and Blanchon et al. (2017)

both suggest that many reefs in the western Atlantic are characterized by allochthonous deposits rather than

in situ framework, which is why many researchers have suggested that careful analysis of reef facies and coral

samples is critical for coral-based sea-level reconstructions (e.g., Gischler, 2006; Blanchon, 2005; Hubbard,

2013). Turbidity and coral mortality are two other potential sources of bias in coral-based reconstructions.

High turbidity can truncate the depth distributions of corals, and can even prevent reef growth entirely

(Neumann and Macintyre, 1985). If local water clarity is not taken into consideration when modeling coral

depth distributions, then coral data from turbid reefs could result in anomalously low estimates of RSL.

Corals are also sensitive to a variety of additional environmental perturbations including both high and low
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temperature, salinity changes, nutrient inputs, and wave energy (Geister, 1977; Kleypas et al., 1999; Dullo,

2005). Significant changes in any of these environmental parameters could have caused local mortality of

individual corals or entire reefs in the past, which could limit the availability of coral-based archives of RSL

in some locations. For example, some researchers (e.g., Shinn et al., 2003; Hubbard et al., 2005; Precht and

Miller, 2007; Hubbard, 2013; Stathakopoulos and Riegl, 2014) have suggested that both A. palmata and

A. cervicornis were absent from some locations in the western Atlantic during periods in the Holocene and

Pleistocene.

Careful consideration of the complete reef facies associated with a given coral sample is important not

only for ensuring that the sample was collected in situ (Lighty et al., 1982; Gischler and Hudson, 2004;

Blanchon, 2005), but also because it may allow researchers to narrow the most likely range of depths in

which the coral grew (Neumann and Macintyre, 1985; Blanchon and Shaw, 1995). For example, transitions

from slowly accreting facies dominated by massive species to more rapidly accreting sequences that include

A. palmata have been characterized as shallowing-upward sequences that indicate a reef is growing closer

to sea level though time (Neumann and Macintyre, 1985). Massive corals growing just below A. palmata

in such a sequence are likely growing in the shallower end of their depth range. In contrast, depositional

transitions from monospecific A. palmata framework to a reef with mixed A. palmata and massive facies,

could suggest that the reef is getting deeper through time and the youngest A. palmata in the sequence

may have grown in relatively deep water (Neumann and Macintyre, 1985; Blanchon et al., 2002). Similarly,

because most coral taxa are known to grow in a variety of reef zones, which occur in different depths (i.e.,

reef crests, reef flats, lagoons, etc.), a complete characterization of the reef facies and an understanding of the

reef’s geomorphology is important for interpreting the depositional setting, and therefore the depth range,

of coral archives.

The coral samples themselves can also provide valuable information about the depositional environment.

Coralline orientation, skeletal growth patterns, and the presence of basal attachment surfaces can all be used

to confirm the orientation of sub-fossil coral colonies in core records and to demonstrate whether the coral

was collected in situ (Lighty et al., 1982; Blanchon and Perry, 2004; Blanchon et al., 2017). Taphonomic

characteristics of coral skeletons may also provide justification for truncating the depth ranges of coral data

(Lighty et al., 1982; Blanchon et al., 2002; Blanchon and Perry, 2004; Perry and Hepburn, 2008). For

example, thick crusts of certain species of encrusting coralline algae, the presence of encrusting organisms

such as the foraminifera Homotrema rubrum or vermetid gastropods, and evidence of certain bioeroding

taxa, have all been shown to be characteristic of A. palmata growing on shallow-water reef crests (i.e., ≥ −2

m MSL; Blanchon and Perry, 2004; Perry and Hepburn, 2008). The precision of future models of RSL using

coral-based archives could be improved by incorporating all available prior information on the characteristics
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of coral samples and their depositional environments. To do this, databases need standardized metadata

that can inform likelihood selection.
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Vörösmarty, C., Saito, Y., Giosan, L., Nicholls, R.J., 2009. Sinking deltas due to human activities. Nature

Geoscience 2. doi:10.1038/ngeo629.

Tamisiea, M.E., Mitrovica, J.X., 2011. The Moving Boundaries of Sea Level Change: Understanding the

Origins of Geographic Variability. Oceanography 24, 24–39. doi:10.1111/j.1365-246X.2011.05116.x.

Taylor, F.W., Frohlich, C., Lecolle, J., Strecker, M., 1987. Analysis of partially emerged corals and reef

terraces in the central vanuatu arc: Comparison of contemporary coseismic and nonseismic with quaternary

vertical movements. Journal of Geophysical Research: Solid Earth 92, 4905–4933.

Tingley, M.P., Craigmile, P.F., Haran, M., Li, B., Mannshardt, E., Rajaratnam, B., 2012. Piecing together

the past: statistical insights into paleoclimatic reconstructions. Quaternary Science Reviews 35, 1–22.

Tolwinski-Ward, S.E., Evans, M.N., Hughes, M.K., Anchukaitis, K.J., 2011. An efficient forward model of

the climate controls on interannual variation in tree-ring width. Climate Dynamics 36, 2419–2439.
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Figure B.8: Diagnostics: Some examples of monitoring convergence and autocorrelation, in addition
to using a form of adaptive MH, evaluating and tuning the jump size for optimal acceptance ratios
(∼25%). The first row of figures are autocorrelations, which lead us to choose a thinning of every
40th sample. The second row of figures demonstrates the posterior distributions of a few of the
log-normally distributed data, where other data may have influenced positioning, but where the
original log-normal likelihood (independent of the other data) is shown in red. The third row
is posterior distributions of marine- and terrestrial- limiting data and their correlations with one
another.
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Figure B.9: Rates for models PCCO, NCCO, NFCS, NCCS, Khan, and SDCL.
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