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Manufacture of commercial products such as chemicals, cosmetics, foods, and 

pharmaceutical solid dosage forms often involves particle processing. Compared to fluid 

processing, our fundamental understanding of solids processing lags behind, and 

therefore problems such as attrition, segregation, and agglomeration still occur during 

these processing steps. Moreover, the roles of material properties, equipment 

configurations, and process parameters on the flow behaviors of particulate systems 

remain unclear. In this dissertation, cohesionless (dry) and cohesive (wet) granular flows 

in a bladed mixer were studied using both computational and experimental techniques to 

obtain better understanding of the flow behaviors and mixing performance. First, the 

effect of the number of impeller blades used in an agitated mixer was examined via 

discrete element method (DEM) numerical simulations varying from one to four blades. 

It was found that granular temperature, particle diffusivity, and mixing rate in the 2- and 

3-bladed mixers were larger than those in the 1- and 4-bladed cases. This resulted from a 

larger magnitude of the tangential component of the blade-particle contact forces and a 

great extent of dilation of the granular bed in the 2- and 3-bladed mixers. Next, scale-up 



 

iii 

of cohesionless and cohesive granular systems to a larger, industrially relevant scale was 

accomplished in the DEM simulations. Scaling-up systems composed of cohesionless 

monodisperse spherical particles in 2- and 4-bladed mixers when increasing the mixer 

diameter to particle diameter (D/d) ratio from 63 to 90 revealed that changing the system 

size had insignificant impact on the granular flow behaviors and mixing kinetics. Scale-

up of non-cohesive granular systems based on the number of impeller blades (2 and 4 

blades) used in the agitated mixer could be scaled by the diameter of the mixer and the 

rotational speed of the impeller blades within the range from D/d = 63 to 90. Although 

there was an impact of cohesion that caused some differences between system sizes, it 

was found that wet granular flows in bladed mixers could be scaled by the diameter of the 

mixer and the tip speed of the impeller blades within the range of D/d ratio from 75 to 

100. Additionally, experimental measurements of the agitation torque exerted on a 

particle bed and the power draw for the motor driving the impeller blades in a mixing 

process were conducted to investigate the impact of particle properties and blade 

geometry as a function of the blade rotation rate. It was found that the torque exerted on a 

granular bed and the power consumption were a strong function of the impeller blade 

configuration, the position of the blades in a deep granular bed, the fill height of the glass 

beads, and the size and friction coefficient of the particles. It was observed that the time-

averaged torque and power consumption for different particle sizes qualitatively scaled 

with particle diameter. A scale-up relationship for a deep granular bed was developed: the 

time-averaged torque and average adjusted power consumption scaled with the square of 

the material fill height. 
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Chapter 1. Introduction 

 

1.1 Motivation and Significance 

Powders and granular materials occur in everyday life in situations ranging from baking 

to geophysical flows to industrial processes [1, 2]. A large number of industries including 

catalytic, chemical, cosmetic, food, and pharmaceutical industries frequently handle 

powders or granular materials [3]. Compared to fluid processing, our understanding of 

solids processing lags behind. The lack of fundamental understanding of granular systems 

can lead to inefficient process development and design, poor identification of critical 

process parameters, and scale-up problems [4]. A cylindrical mixer mechanically agitated 

by an impeller blade, also known as a bladed mixer, is a common geometry in a variety 

of particle processing technologies. Bladed mixers are used in a number of solids 

processing operations including blending, agitated drying, high-shear granulation, and 

during the tablet compaction unit operation to encourage flow in the feed-frame assembly 

[5, 6]. While there has been a significant amount of research on granular flow in bladed 

mixers, our understanding of bladed mixer operations is still incomplete. Problems such 

as segregation [7], particle attrition [8-12], and agglomeration [13, 14] are known to 

occur in this geometry during processing, but the role of particle properties, equipment 

configurations, and operating parameters on the flow behaviors and mixing kinetics 

remains unclear. Only little have the effects of these factors on solids flow and mixing in 

a bladed mixer been studied in detail. 
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Previous researchers have experimentally investigated solids flow in a bladed mixer. 

Measurements of power and torque were carried out in order to understand the force 

needed to move the blades through a bed of particles [15, 16]. Positron emission particle 

tracking was used to investigate the movement of particles in a bladed mixer [17]. 

Particle image velocimetry (PIV) was carried out at the free surface and walls of a 

cylindrical mixer in order to characterize flow behavior [18, 19]. These studies found that 

a periodic three-dimensional (3D) recirculation pattern developed with a frequency 

corresponding to that of the blade rotation speed. It was also observed that the size of the 

recirculation zones and the rate of mixing were significantly influenced by the fill level. 

Additionally, velocity profiles were found to scale linearly with the rotational speed of 

the blades. Although these experimental studies have provided insight into the granular 

behavior in bladed mixers, they have been limited to the effect of a small set of process 

parameters and particle properties on the measured variables. 

 

Numerical simulation techniques have the potential of bridging the knowledge gap 

because information can be obtained on local flow and stresses that are difficult, if not 

currently impossible, to obtain experimentally. Stewart et al. [20] and Zhou et al. [21, 22] 

performed simulations of bladed mixers with two flat blades using the discrete element 

method (DEM). They found that the frictional characteristics of particles had an impact 

on the velocity profiles and mixing kinetics. They also observed that particle size and 

density affected segregation patterns. Remy et al. [23] carried out DEM simulations of 

cohesionless spherical glass beads in a cylindrical vessel agitated by a four-bladed 

impeller. The effect of two different blade configurations (acute or obtuse blade pitch) 
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and the effect of particle friction on granular flow behaviors were investigated. It was 

found that the obtuse blade pitch orientation generated a strong 3D recirculation zone and 

promoted vertical and radial mixing. An increase in the sliding friction coefficient of 

particles led to a rise in granular temperature and an increase in diffusive mixing. 

Furthermore, Remy et al. [24] studied the effects of fill level and mixer properties (wall 

friction, blade position, and the ratio between mixer and particle diameters) on granular 

flow in a bladed mixer. The granular material behavior followed some simple scaling 

relations when the ratio of mixer size to particle diameter was increased above a critical 

ratio. They noticed that particle velocities and diffusivities scaled linearly with the mixer 

size and the blade speed. They also found that normal and shear stress profiles scaled 

linearly with the total weight of the granular bed. An additional study on the effect of 

blade speed was carried out by Havlica et al. [25] using DEM simulations. 

 

Remy et al. [26] experimentally examined torque and shear stresses and found that they 

scaled linearly with the total weight of the bed as predicted by DEM simulations. 

Comparisons between experiments and simulations for granular flows in agitated mixers 

have been carried out by varying parameters including surface roughness of particles 

[27], polydispersity [28], and moisture content in wet systems [29]. Hare et al. [30], Zafar 

et al. [31], and Chandratilleke et al. [32] reported granular flow behaviors of cohesive 

particles in a bladed cylinder and found good agreement between experiments and DEM 

simulations. Although granular flows in agitated mixers have been experimentally and 

computationally investigated by a large number of researchers, little of these studies have 
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examined the effect of impeller blade configurations, blending equipment designs, 

material properties, and process parameters on granular flow and mixing behavior. 

 

1.2 Granular Flow Regimes 

The behavior of flowing powders and granular materials is complicated in nature, and it 

noticeably differs from that of fluids in motion. Unlike the well understood features of 

fluid flows that have been studied in fluid mechanics, constitutive equations that describe 

granular flows under particular initial and boundary conditions and that link material 

properties and operating conditions to the resulting flow behaviors are still required. A 

number of researchers have therefore put tremendous amounts of effort on investigating 

particulate and granular flow behaviors in various situations. From previous 

examinations, Tardos et al. [33] suggested a powder flow regime map as shown in Fig. 

1.1. Solid particulate flow takes place in three different regimes depending on 

concentration of the granular system, the system’s compression state, and shear that is 

being applied to the system [34]. The three granular flow regimes are known as the quasi-

static regime (the slow, frictional or slowly deforming regime), the intermediate regime, 

and the rapid flow regime. The boundaries at which the flow regime transitions appear 

are not yet well determined. These different regimes of particulate flows are 

characterized based upon the dimensionless shear rate, γ°*, which is defined as [33] 

𝛾°∗  =  𝛾°√
𝑑p

𝑔
     (1.1) 

where γ° is the shear rate (s–1), dp is diameter of a particle (m), and g is the gravitational 

acceleration (m/s2). 
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Displayed in Fig. 1.1, the static regime is where particles are at zero shear and the 

particulate system is in static equilibrium. From this point, the granular system requires 

an initial amount of shear to overcome the yield condition at which particles begin to 

deform and flow. After the onset of flow (the stick-slip regime), there occurs the quasi-

static regime where interparticle frictional forces are predominant, particles encounter 

sustained contacts with their neighbors, and momentum transfer is governed by contacts 

between particles [34]. Solid particulate systems at high concentrations and low shear 

rates (γ°* less than 0.2) have a tendency to behave in this region. Examples of granular 

flows operated in the quasi-static regime include most geophysical flows [35], some 

gravity-driven flows (e.g. flow from a hopper in a tableting machine [36]), and some 

industrial mixing processes at low shear rates [23]. Continuum-like models for the quasi-

static flows have been established in the past [37, 38], but still the developed constitutive 

relations were found to be difficult to apply to granular flows for a specific material in 

industrially relevant geometries. 

 

The intermediate regime is located between the quasi-static and the rapid flow regimes. 

However, the boundary transition from the quasi-static to the intermediate flow regime 

has been uncertainly designated until now. In the intermediate flow regime, momentum 

transfer is regulated by both multiple particle-particle contacts and interparticle 

collisions. Shear stress is found to have a linear relationship with the shear rate in this 

region, which is the phenomenon similarly observed in fluid flows (τ ~ γ°). Generally 

scientists have focused on particulate flows in the quasi-static and the rapid flow regimes 

with less consideration of the intermediate regime. Continuum models have been 
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developed in recent years to explain flows in this intermediate region and to relate stress 

and strain rate to fluctuations [33, 39]. These fluctuating values of stresses and strain 

rates are naturally recognized to be varied with space and time, and the fluctuations 

increase as the dimensionless shear rate increases within the intermediate flow regime. 

Nonetheless, some aspects of flow inhomogeneity, such as shear bands and contact force 

chains, that are known to occur in high concentration particulate systems are not studied 

nor captured in these continuum models yet. 

 

The rapid flow regime is the region in which granular systems at low concentrations and 

high shear rates are situated. In this region, particles are moving so quickly that 

interparticle friction can be negligible. The character of the flow in this regime is 

identified by instantaneous short-lived binary collisions of particles, and momentum 

transfer is controlled by interparticle collisions. One of the important examples of solid 

particulate processing technologies that is conducted in this region is fluidization [40]. 

The description of rapid flow of granular systems is appropriate only for a restricted 

range of conditions and concentrations, and this regime will be obtained less attention in 

this research. 

 

1.3 Mixing Processes of Granular Materials 

Mixing is a unit operation that is widely used in a variety of production processes ranging 

from catalytic to chemical, cosmetic, food, and pharmaceutical industries [3, 41]. In 

pharmaceutical manufacturing, mixing is one of the steps of critical importance that 

needs to be carefully controlled. Homogeneity of a mixture of excipients and an active 
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pharmaceutical ingredient (API) needs to be achieved to ensure that the drug 

concentration in a finished product is consistent and that all dosage units produced are of 

uniform potency [42]. There are several different types of mixers (also called blenders) 

used in the pharmaceutical industry. Examples of mixers include rotating drums [3], 

bladed mixers [42], high-shear mixers [43], agitated filter beds/dryers [26, 44], and 

fluidized beds [45, 46]. Bladed mixers and high-shear mixers have advantages that they 

are simple in construction and that they take a relatively short time to complete the 

mixing operation [47]. The degree of uniformity of dosage units and the resulting quality 

of finished products are functions of the material properties, the design of the mixer, and 

the operating conditions [19, 29, 48]. Process monitoring and control are therefore 

important to maintain stable product quality and improve process efficiency. 

 

Mixing of solid particles in various types of blenders has been widely studied by means 

of the discrete element method. Alizadeh et al. [49] analyzed DEM simulation results for 

flow and mixing of granules in a rotating drum. They found that the Young’s modulus 

and the static friction coefficient were the important particle properties that affected 

particle dynamics. Tahvildarian et al. [50] explored the effects of rotational speed and fill 

level on the circulation intensity and the axial dispersion coefficient of non-cohesive, 

monodisperse solid particles in a V-blender via DEM simulations. It was shown that the 

circulation intensity increased with an increase in the rotational speed and a decrease in 

the fill level. They also reported that the axial dispersion coefficient of the particles was a 

linear function of the rotational speed of the V-blender. 
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Alizadeh et al. [51] compared mixing efficiency of a V-blender to that of a tetrapodal 

blender utilizing discrete element simulations. Higher axial and radial mean velocity 

profiles were observed in the tetrapodal blender compared to the V-blender. They found 

that the tetrapodal blender provided better diffusive axial and convective radial mixing 

and showed a shorter mixing time compared to the V-blender due to more efficient 

mixing mechanisms. Further analysis demonstrated that the tetrapodal blender was less 

susceptible to segregation of granules than the V-blender. 

 

DEM simulations of the mixing process of particles in a six-blade plough shear mixer and 

in a slant cone mixer with an intensifier bar were conducted by Alian et al [52], [53]. 

They studied the effect of operating conditions on mixing performance by computing the 

Lacey mixing index. In the plough shear mixer, they compared top-bottom loading to 

side-side loading and found that the rate of increase of the mixing index was larger for 

the side-side loading. They also showed that the mixing time decreased with an increase 

in the rotational speeds and that lower fill levels resulted in higher mixing indices. For the 

slant cone mixer, the side-side and top-bottom loading patterns led to faster mixing 

compared to the back-front loading. It was observed that increasing the rotational speed 

of the vessel enhanced the mixing index and that the kinetic energy of particles increased 

proportionally with the drum speed. In the slant cone mixer, the effect of the rotational 

direction of the agitator with respect to the direction of the drum was also analyzed, and it 

was shown that the mixing rate obtained in the co-rotating mode was higher than that in 

the counter-rotating mode. 
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With the current trend of moving from traditional batch manufacturing methods used in 

the pharmaceutical industry, continuous powder blending processes have been 

extensively studied in recent years. Gao et al. [54, 55] characterized and optimized a 

continuous mixing process by means of experimental residence time distribution (RTD) 

measurements and DEM simulations in order to develop a predictive model for the output 

mixture variance. Combined with the DEM model, Sen and Ramachandran [56] 

developed a new multi-dimensional population balance model (PBM) to quantify the 

dynamics of a continuous powder mixing process. Gao et al. [57] also proposed a scale-

up strategy for a continuous powder blender that can be used for different types of 

materials. Although a number of research papers have studied the influence of various 

operating conditions on the mixing performance, only little have they focused on the 

impeller designs/configurations and/or the number of the blades used in the blender. 

 

Bladed mixers are a relatively simple geometry – a cylinder with an impeller – and thus 

provide an opportunity for research on particulate flow and mixing. As discussed above, 

the effect of the number of blades on solids flow and mixing in a bladed mixer has not 

been studied in detail. In contrast to particulate systems, the effect of the number of 

impeller blades in liquid stirred tanks has been extensively investigated in a number of 

papers. Wu et al. [58] conducted experiments to determine the effect of the number of 

impeller blades on the turbulent velocity fields and the minimum speed required to 

suspend solids. Kumaresan and Joshi [59] investigated the effect of the number of blades 

in stirred tanks using computational fluid dynamics and found that increasing the number 

of blades from four to six led to an increase in the power consumption and the average 
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normal stress. Jirout and Rieger [60] carried out experiments to investigate the effect of 

the number of blades on a suspension of solids. They reported that the minimum speed 

necessary for particle suspension for three, four, and six blades decreased with the 

increasing number of blades. They also observed that the impeller with the lowest 

number of blades had the lowest torque value. 

 

1.4 Impeller Torque and Power Consumption 

As mentioned earlier, process monitoring and control are essential to maintain stable 

product quality and improve process efficiency. Monitoring of the mixing process can be 

carried out by various methods, such as employing the particle image velocimetry (PIV) 

technique [61], measuring agitation torque, and recording power consumption of the 

mixer [47]. While getting mixed, solid particulate matter exerts a load on agitator blades 

and vice versa, thus, giving rise to the agitation torque [15]. Changes in powder 

characteristics and flow behaviors in the mixer are reflected by changes in the value of 

the impeller torque, e.g., when the endpoint of granulation is reached [47]. The torque 

required to turn an impeller in a particle bed depends on a number of factors, including 

blade design, agitator rotational speed, material fill level, and mixer size [32, 62, 63]. In 

the case where agglomeration is being carried out in a high shear mixer, torque 

measurement helps in control and monitoring of the granulation process [64-66]. Since 

torque is sensitive to changes in operating conditions, with rapid measurement and good 

precision, it can be used as a parameter to probe the efficiency of mixer designs [64]. In 

addition, impeller torque measured from a laboratory scale mixer can be used to 

characterize and predict the risk for agglomeration in powder beds with varying degrees 
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of moisture content at industrially relevant scales. Bulk friction coefficient can also be 

measured for wet powder beds using torque data [59]. 

 

Impeller torque measurements can be implemented to monitor not only mixing and 

agglomeration/granulation processes, but also agitated drying processes. Drying of API 

crystals can be carried out in an agitated filter-bed dryer, which has advantages over tray 

dryers as it reduces operation time by improving heat and mass transfer. In an agitated 

dryer, torque data can provide a correlation between shear stress experienced by a powder 

bed and the degree of attrition of particles [26]. Impeller torque at the laboratory scale 

can also be used to obtain an estimate of the amount of work done per unit mass by the 

impeller at larger scales. This relationship can help improve scale up of the agitated 

drying process [26]. The ability to predict attrition and to obtain uniform size distribution 

of API particles results in better critical quality attributes of the finished dosage forms 

including content uniformity, dissolution rate, bioavailability, and stability. 

 

Besides the impeller torque measurement, recording power consumed by the impeller 

motor can also be employed to monitor and control mixing processes. Previous research 

by Ritala et al. [67] demonstrated that power consumption during rotation of the blades 

was a function of intra-granular porosity and surface tension of a binder solution in wet 

mixing operations. Additionally, a correlation existed between power consumption and 

the strength of the moist agglomerates. An increase in cohesiveness or tensile strength of 

the moist granule mass resulted in a change in power consumption, indicating that the 

liquid solution characteristics, such as surface tension and contact angle, had an influence 
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on power consumption [67]. Jirout and Rieger [60] illustrated that, in the case of 

suspending solids in liquid systems, the power consumption required for off-bottom 

suspension of the solid particles could be used to compare the efficiency of different 

types/configurations of impellers for the mixing operation. Although power consumption 

measurement has been extensively carried out in previous research on the liquid mixing 

process, there has been limited work for monitoring mixing of solids systems. 

 

With the current interest of moving from batch to continuous manufacturing in the 

pharmaceutical industry, continuous mixing processes have been extensively studied in 

recent years [56, 68, 69]. Vanarase et al. [70, 71] conducted experiments on a continuous 

powder mixer to examine the effects of operating conditions, design parameters, and 

material flow properties of pharmaceutical mixtures as a function of shear rate. Relative 

standard deviation (RSD), one of the most common mixing indices, was used to 

characterize mixer’s performance and in turn the efficiency of the mixing process. RSD is 

a measure of blend homogeneity, and for a continuous process they found RSD depended 

on several factors such as blade rotation rate, material flow rate, and mixer blade 

configuration. They demonstrated that the number of blade passes, a measure of the 

strain, was a function of the blade rotational rate. Although there is interest in the 

pharmaceutical industry in continuous manufacturing, most products are still 

manufactured in batch mode. Thus there is still a need to better understand batch 

operations. The importance and measurements of the torque that the impeller blades 

exerted on particles and the power consumed by the agitator motor in a batch bladed 

mixer will be explained and discussed further in detail in Chapter 4. 
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1.5 Cohesive Granular Flows 

In a number of real life situations, interparticle adhesion forces occur in granular systems 

[72]. Particle dynamics behaviors observed in cohesive granular systems are different 

from what is encountered in cohesionless particulate materials because of these adhesion 

forces [29]. The complicated behaviors of cohesive granular systems make the operation 

and the control of solid particulate processing difficult and cause issues founded in 

industries which are not easily resolved or avoided, such as non-uniform flows, bridging, 

channeling, accumulation on device walls, and broadening particle size distributions. 

Therefore, basic research involved with the transfer, mixing, and storage of cohesive 

granular materials is important. 

 

Cohesion of granular materials is governed by intrinsic material and particle properties as 

well as moisture content in the system. Generally, there are three types of forces that are 

responsible for cohesion in granular systems: van der Waals forces, electrostatic forces 

[2], and capillary forces. In this research, we focus on capillary cohesive forces which 

result from the presence of moisture in granular systems. When moisture is present in the 

system, a liquid bridge forms in-between particles due to capillary action. The formation 

of this liquid bridge leads to the development of an interparticle attractive force due to 

surface tension and hydrostatic pressure inside the bridge. Particles in cohesive systems 

can occur in various states depending upon the level of moisture content in the systems: 

low moisture content (pendular state), intermediate moisture content (funicular state), and 

high moisture content (capillary state) (see Fig. 1.2) [73]. The amount of moisture present 
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in the system and the distribution of the liquid capillary bridge network throughout the 

particle bed control the resulting flow behaviors and mixing kinetics. Significance of 

cohesive forces with respect to gravitational and shearing forces can be measured by the 

granular Bond number (Bog), which is a dimensionless number comparing the cohesive 

force to the gravitational force. The impact of cohesion becomes significant when the 

granular Bond number is above one in slowly shearing systems. The granular Bond 

number will be described further in detail in Section 5.2 of Chapter 5. 

 

1.6 Unanswered Questions 

In this dissertation, a combination of both DEM computational modeling and 

experimental method will be used to study cohesionless and cohesive granular materials 

in a bladed mixer by varying equipment configurations, particle properties, and process 

parameters in order to gain a better understanding on how those factors affect flow 

behaviors and mixing kinetics. The discrete element method (DEM) will be employed to 

model particle dynamics with and without cohesive forces.  DEM numerical simulations 

will be carried out to obtain solid particulate flow information that is difficult to measure 

experimentally. Experimental techniques such as impeller torque and power 

measurements will be conducted to acquire additional data, and they can be used to 

validate the accuracy of simulation results. The granular flow behaviors that will be 

investigated include particle velocities, mixing kinetics, granular temperature, particle 

diffusivities, bulk density, solids and void fractions, blade-particle contact forces, and 

normal contact force network. Furthermore, scaling-up the size of dry and wet mixing 

systems will be accomplished by incorporating the factors that have been studied so far, 
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and the influence of scale-up on the aforementioned flow behaviors and mixing 

performance will be also examined. The knowledge obtained from investigating granular 

flows in a bladed mixer at a laboratory scale can be applied to larger, more industrially 

relevant agitated mixing systems. An overview of previous work reported in literatures 

will be provided in this dissertation as well as comprehensive computational and 

experimental investigational plans. 

 

This dissertation addresses some unanswered questions that still remain regarding 

behaviors of particulate flows in a bladed mixer. In Chapter 2, numerical and 

experimental methods that were employed in this research to investigate the effect of 

particle properties, equipment configurations, and process parameters on cohesionless 

and cohesive granular systems will be described. The effect of the number of impeller 

blades on granular flow behaviors and mixing kinetics in computational simulations will 

be studied in Chapter 3. Chapter 4 will emphasize experimental results on the impeller 

torque and power consumption measurements of granular material flows in a bladed 

mixer. Scale-up of cohesionless and cohesive particulate systems will be examined in 

Chapter 5. Overall conclusions of this dissertation will be presented in Chapter 6 along 

with suggestions for the direction of future research work. 
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1.7 Figure for Chapter 1 

 

 

Fig. 1.1. A schematic diagram of particulate flow map as a function of the dimensionless 

shear rate representing the quasi-static, intermediate, and rapid flow regimes (from 

Tardos et al. [33]). 
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Fig. 1.2. Different states of cohesive granular materials depending on the level of 

moisture content in the system (adapted from am Ende et al. [73]). 
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Chapter 2. Numerical and Experimental Methods 

 

2.1 Numerical Simulations 

Although experimental work can provide insight into granular flow behaviors, these 

studies are often limited by the capabilities of current analytical techniques. Numerical 

simulation techniques have the potential of bridging the knowledge gap because 

information can be obtained on local flow and stresses that are difficult, if not currently 

impossible, to obtain experimentally. A discrete element method (DEM) is one of the 

numerical tools that has been widely used in recent years to investigate particulate flows 

in various systems ranging from simple shear flows to more complicated geometries [74, 

75]. This computational technique has granted understanding with regard to a granular 

system’s dynamics and transient behavior. The DEM models used in this dissertation as 

well as theories behind these models will be described in the following sections of this 

chapter. Analytical methods for calculating important macroscopic quantities from the 

discrete simulation data will be also explained. 

 

2.1.1 Theoretical Basis 

Macroscopic flows of granular systems are dictated by particle interactions that happen at 

the microscopic level. DEM describes behaviors of particulate systems by taking into 

account interparticle or particle-boundary contacts. DEM models are commonly 

categorized into two classifications: hard-sphere models and soft-sphere models [74]. In 

this work, the soft-sphere approach was adopted as it can simulate granular systems in 

which particles encounter sustained contacts and as it is more proper for solids particulate 
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processing in quasi-static and intermediate flow regimes. For soft-sphere DEM model 

simulations (also called time-stepping simulations), Newton’s equations of motion are 

numerically integrated with time for each particle starting from an initial system 

configuration. If the time-step for integration is sufficiently small, it can be assumed that 

the state of a particle is only affected by contact with its neighbors (and the gravitational 

force). Therefore, at any given time-step, the discrete element method considers only 

pair-wise interactions of neighboring particles or between a particle and a boundary. 

 

2.1.2 Contact Force Model 

The DEM method provides information regarding the particle’s position, velocity, and 

resultant forces. The motion of each particle is described by the following equations, i.e., 

𝑚𝑖
d𝑣𝑖

d𝑡
 =  ∑ (𝐹𝑖𝑗

𝑁  +  𝐹𝑖𝑗
𝑇)𝑗  +  𝑚𝑖𝑔   (2.1) 

𝐼𝑖
d𝜔𝑖

d𝑡
 =  ∑ (𝑅𝑖  ×  𝐹𝑖𝑗

𝑇)𝑗  +  𝜏𝑟𝑖𝑗.   (2.2) 

Both, Eqs. (2.1) and (2.2), are written for all three coordinate directions. Here mi, vi, Ii, ωi, 

and Ri are the mass, linear velocity, moment of inertia, angular velocity, and radius of 

particle i, respectively, and g is the acceleration due to gravity. 𝐹𝑖𝑗
𝑁 and 𝐹𝑖𝑗

𝑇 are the normal 

and tangential forces, respectively, resulting from the contact of particle i with particle j. 

The effect of rolling friction μr is included in the stress term τrij, which is given by 𝜏𝑟𝑖𝑗  =

 −𝜇𝑟|𝐹𝑖𝑗
𝑁|𝑅𝑖𝜔𝑖. In this work, the model developed by Tsuji et al. [76] was adopted to 

compute contact forces. This model provides a nonlinear force based on Hertzian contact 

theory. The normal contact force is given by 

𝐹𝑁  =  −�̃�𝑛𝛿𝑛
3/2

 − �̃�𝑛�̇�𝑛𝛿𝑛
1/4

    (2.3) 
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where �̃�𝑛 is the normal stiffness coefficient, δn is the normal displacement, and �̃�𝑛 is the 

normal damping coefficient. The normal stiffness coefficient is obtained from 

�̃�𝑛  =  
𝐸√2𝑅∗

3(1 − 𝜎2)
.    (2.4) 

with E being the particle’s Young’s modulus and σ the particle’s Poisson ratio. R* is 

defined as the effective radius of the contacting particles and is obtained by 

𝑅∗  =  
𝑅𝑖𝑅𝑗

𝑅𝑖 + 𝑅𝑗
.     (2.5) 

The normal damping coefficient is given by 

�̃�𝑛  =  − ln 𝑒
√𝑚�̃�𝑛

√(ln𝑒)2 + π2
    (2.6) 

where e is the coefficient of restitution. This model assumes a constant coefficient of 

restitution and results in a velocity-dependent collision time. Although experimental data 

suggests an impact-velocity dependent coefficient of restitution, this model has been 

shown to produce DEM results in good agreement with experimental data [76-79] and 

comparable with other commonly used contact models [80, 81]. 

 

The tangential force is calculated from 

𝐹𝑇  =  −�̃�𝑡𝛿𝑡  − �̃�𝑡�̇�𝑡𝛿𝑛
1/4

    (2.7) 

where �̃�𝑡 is the tangential stiffness coefficient, δt is the tangential displacement, and �̃�𝑡  is 

the tangential damping coefficient. The tangential stiffness coefficient is based on the 

work from Mindlin [82] and is given by 

�̃�𝑡  =  
2√2𝑅∗𝐺

2 − 𝜎
𝛿𝑛

1/2
    (2.8) 

where G is the particle’s shear modulus. The tangential displacement is calculated by 

𝛿𝑡  =  ∫ 𝑣𝑟𝑒𝑙
𝑡 d𝑡    (2.9) 
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where 𝑣𝑟𝑒𝑙
𝑡  is the relative tangential velocity of the colliding particles and is defined as 

𝑣𝑟𝑒𝑙
𝑡  = (𝑣𝑖  −  𝑣𝑗) ∙ 𝑠 +  𝜔𝑖𝑅𝑖  +  𝜔𝑗𝑅𝑗 .   (2.10) 

In Eq. (2.10), s is the tangential decomposition of the unit vector connecting the center of 

the particle. The tangential force is limited by the Coulomb condition, 𝐹𝑇  <  𝜇𝑠|𝐹
𝑁|. 

When the tangential force obtained from Eq. (2.7) exceeds the Coulomb limit, the 

tangential displacement is set to 𝛿𝑡  =  𝐹𝑇/�̃�𝑡 in order to account for slip during a 

contact. It is interesting to note that, as a consequence of setting δt equal to 𝐹𝑇/�̃�𝑡, δt is 

always less than 𝐹𝑁/�̃�𝑡. In this work, the tangential damping coefficient is assumed to be 

the same as the normal damping coefficient. In the Appendix attached at the end of 

dissertation, we present a comparison between the PIV experimental data and the DEM 

simulation results for normalized velocity fluctuations of non-cohesive granular flows in 

a 4-bladed mixer in order to validate the computational model used in this work. 

 

2.1.3 Cohesive Force Model 

Once the flow of dry monodisperse spherical granular materials has been characterized, 

the particle dynamics code will be modified in computational modeling to include 

cohesion forces due to capillary liquid bridges in order to study a system of cohesive 

particles. Therefore, the equation of translational motion of particles (Eq. (2.1)) will 

become 

𝑚𝑖
d𝑣𝑖

d𝑡
 =  ∑ (𝐹𝑖𝑗

𝑁  +  𝐹𝑖𝑗
𝑇)𝑗  +  𝐹𝑖𝑗

𝐶  +  𝑚𝑖𝑔   (2.11) 

where 𝐹𝑖𝑗
𝐶 is the cohesive force experienced by particle i due to the formation of a liquid 

bridge between it and particle j. The same equation of rotational motion of particles (Eq. 

(2.2)) will be employed in the cohesive particle dynamics model. 
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In this section, the computational model for cohesive granular flows in numerical 

simulations will be set up. For the case of low moisture contents, also known as the 

pendular regime (see Fig. 1.2 in Chapter 1), it can be assumed that discrete liquid bridges 

form only when particles come into contact. This assumption makes the inclusion of a 

capillary force into a particle dynamics algorithm straight forward. A schematic 

representation of the liquid bridges in the pendular regime is shown in Fig. 2.1. The 

capillary force (FC) resulting from the surface tension and the pressure difference inside 

the liquid bridge can be expressed as 

𝐹𝐶  =  2π𝛾 sin 𝛽 sin(𝛽 + 𝜃) +  π𝑅2∆𝑃 sin2 𝛽  (2.12) 

where, as denoted in Fig. 2.1, β is the half filling angle, θ is the contact angle of the liquid 

bridge, γ is the surface tension of the liquid, R is radius of the particle, and P is the 

pressure difference across the air-fluid interface. 

 

In order to obtain the exact value of the cohesive force, due to the curvature of the liquid 

bridge, the Laplace-Young equation must be solved. Several solutions to this equation are 

available in the literature [83-85]. The cohesion force model proposed by Mikami et al. 

[84] will be used for this work. This model is based on an empirical fit of regression 

expressions acquired from the numerical solutions of the Laplace-Young equation. In the 

Mikami model, the cohesion force can be calculated from 

�̂�𝐶  =  e𝐴ℎ̂ + 𝐵  +  𝐶    (2.13) 

𝐴 =  −1.1�̂�−0.53    (2.14) 

𝐵 =  (−0.34 ln �̂�  −  0.96)𝜃2  −  0.019 ln �̂�  +  0.48  (2.15) 
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𝐶 =  0.0042 ln �̂�  +  0.0078    (2.16) 

where �̂�𝐶 is the normalized capillary force which is defined as �̂�𝐶  =  𝐹𝐶/2π𝑅𝛾, �̂� is the 

dimensionless liquid bridge volume which is defined as �̂�  =  𝑉/𝑅3 where V is volume of 

the liquid bridge, and ℎ̂ is the dimensionless separation distance between the particle-

particle or particle-wall surfaces which is defined as ℎ̂  =  ℎ/𝑅 where h is the separation 

distance between two surfaces. The constants A, B, and C can be computed from Eqs. 

(2.14) to (2.16) and are fitted from the solution to the Laplace-Young equation. When the 

pendular bridges are stretched, the thickness of the liquid layer decreases eventually 

leading to the rupture of the liquid bridge. The distance at which these pendular bridges 

break is called the dimensionless critical rupture distance (ℎ̂𝑐  =  ℎ𝑐/𝑅, where hc is the 

critical rupture distance) and is given by the following equation proposed by Lian et al. 

[83]: 

ℎ̂𝑐  =  (0.62𝜃 +  0.99)�̂�0.34    (2.17) 

 

The presence of moisture also leads to the development of viscous forces between 

particles. The capillary number (Ca) relates the magnitude of the viscous force to the 

capillary forces in a liquid bridge, and it is calculated by 

     𝐶𝑎 =  
𝜂𝑈

𝛾
     (2.18) 

where η is the dynamic viscosity of the liquid and U is the characteristic velocity. For a 

water wet granular materials flowing at a velocity of 0.2 m/s (a typical velocity in a 

bladed mixer), the value of the capillary number is Ca < 0.01. This indicates the effect of 

the viscous forces is negligible compared to the effect of the capillary forces. The effect 

of dynamic viscous forces will not be considered in this work. 
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There were few assumptions that should be made to implement the liquid bridge model 

along with the cohesive contact force model into the DEM simulation protocol [29]: 

1. The total amount of liquid in the system is uniformly distributed throughout the 

entire granular bed such that each capillary bridge has the same volume of liquid. 

2. There is no condensation nor evaporation of the liquid occurred in the systems. 

3. A pendular liquid bridge is formed at the point of contact when two particles 

come in contact. The liquid bridge continues to act between the two particles until 

the distance between the two particles exceeds the critical rupture distance, hc. 

4. A pendular liquid bridge is formed at the point of contact when a particle comes 

in contact with the mixer wall. The liquid bridge continues to act until the 

distance between the particle and the wall exceeds the critical rupture distance, hc. 

5. Liquid bridges move tangentially and slip over the surfaces of the particles and 

the walls, i.e., the capillary force acts only in the normal direction. 

6. The roughness of particle surfaces is completely covered by the liquid layer 

making the particles appear smooth and completely wettable [86]. 

 

2.1.4 Mixer Geometry and Input Parameters 

A schematic of the mixer geometry used in our studies is shown in Fig. 2.2. In the 

coordinate system we have adopted, the origin is located at the center of the cylindrical 

mixer’s bottom plate. Table 2.1 shows dimensions of the mixer that will be used in our 

base case simulations in Chapter 3. D0 denotes the diameter of the top and bottom plates 

of the cylindrical mixer. D1 is the diameter of the cylindrical impeller shaft, and L is the 
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distance from the center of the mixer to the edge of the blades. H0 is the height of the 

granular bed above the blades. H1 is the blade height or vertical span of the blades. The 

height from the bottom of a mixer to the bottom of the blades is denoted by H2. 

 

The input parameters used in our base case simulations are listed in Table 2.2. These 

values correspond to the physical properties of glass beads, except for the value of 

Young’s modulus which is decreased to reduce computational time [20, 22]. The values 

of the input parameters have been shown to afford DEM results comparable to those 

obtained experimentally with glass beads [20, 22]. The physical properties listed in Table 

2.2 were used for the particles, the blades, and the mixer walls in all simulations. The 

particle bed consisted of monodisperse, cohesionless or cohesive spherical glass beads. 

Particles were created in the simulation software and allowed to settle under gravity 

while the blades remained stationary. A sufficient number of particles were created so 

that the final fill level of particles in the mixer just covered the top of the blades. 

 

For cohesive granular systems (Section 5.2 in Chapter 5), the input parameters used for 

the capillary liquid bridge model are listed in Table 2.3. Most of the liquid properties, 

except for the surface tension (which will be explained later in Chapter 5), are those of 

water. A contact angle of θ = 0° was used since this simulates the formation of liquid 

bridges in hydrophilic materials [87]. The amount of liquid in granular systems is 

represented by the liquid volume fraction (ϕliq) which is defined as the ratio of the total 

volume of liquid in the system to the total volume of particles. In this dissertation, 

granular systems with ϕliq equal to 0, 0.01, and 0.045 were studied. By assuming a 
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uniform distribution of liquid within the granular bed, the values of �̂� can be computed. 

For an average particle coordination number of 5 (typical in the cohesionless particle 

flows in an agitated mixer at the blade rotational speed used in this work), the ϕliq values 

listed above are equivalent to the �̂� values of 0, 0.021, and 0.094, respectively. The 

amount of liquid in each capillary bridge is assumed to be constant in all simulations, i.e., 

the �̂� value is the same for each particle-particle and particle-wall contact. 

 

Blade movement was started once deposition of particles had finished. After the total 

kinetic energy of the system reached a constant value, the system was considered to be at 

a statistically steady state and measurements were commenced. Under these conditions, 

the steady state was reached within 2 seconds of the blade movement. Base case 

simulations in Chapter 3 were performed using a blade rotational speed of 20 revolutions 

per minute (RPM). At this rotational speed, granular flow in the bladed mixer occurred in 

the quasi-static granular flow regime where previous work has shown that stresses are 

independent of the blade speed as long as the blades are moving [23]. The blades were 

rotating counter-clockwise, which led to an obtuse-angle blade orientation, a commonly 

used configuration in industries. A counter-clockwise rotation is denoted by a positive 

tangential velocity. 

 

2.1.5 Macroscopic Flow Properties 

In this dissertation, a numbers of granular flow properties and measures of mixing 

kinetics were computed and employed to characterize particle dynamics simulations. 

Spatial and temporal averaging of the discrete particle data were implemented to 
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determine such macroscopic variables. In this section, important macroscopic quantities, 

including granular temperature, particle diffusivities, Péclet number, bulk density, solids 

and void fractions, collisional stresses and pressure within a particle bed, relative 

standard deviation, and Lacey index, will be explained. 

 

2.1.5.1 Granular Temperature 

Granular temperature is one of the important macroscopic properties of interest of a 

granular assembly since it provides a measurement for the degree of random movement 

of particles in the system. Knowledge of granular temperature profiles can assist in the 

development of continuum models. Granular temperature profiles can be used to gauge 

the diffusive behavior of particles and the tendency of the system to segregate as 

temperature gradients have been shown to produce segregation. The granular temperature 

(T) is defined as [19] 

𝑇 =  
1

2
〈𝑢′𝑢′〉     (2.19) 

where 𝑢′ is the fluctuation velocity of each particle, which is the instantaneous deviation 

from the mean velocity in a control volume around the point being examined. The mean 

velocity is the averaged velocity for a group of particles within the control volume at 

each particular time-step. 〈 〉 denotes the temporal averaging of the quantity 𝑢′𝑢′ (the 

square of the fluctuation velocity of each particle within the control volume). Temporal 

averaging is done after the particulate system reaches the quasi-steady state. In our 

previous computational work [23, 24, 29], we were able to find a range of control volume 

sizes and time intervals where the values of granular temperatures did not change. The 

time interval used for temporal averaging of the square of the fluctuation velocity 〈𝑢′𝑢′〉 
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for computing granular temperatures is 0.1 s. Changing the time interval within the range 

of 0.1 to 1 second did not affect the granular temperature values. The control volume 

chosen for calculation of the mean velocity and the granular temperature in this section is 

defined by a cube with a size of six particle diameters and centered at the specified 

coordinates of vertical position y and of radial position r. The coordinates are selected so 

that the control volumes are located in the positions between the impeller shaft and the 

cylinder wall, and that the control volumes include particles just above and within the 

span of the blades. 

 

2.1.5.2 Particle Diffusivities and Péclet Number 

Particle motion at the microscopic level was also gauged by calculating particle 

diffusivities which describe the mass flux rate due to particles’ random walk. The 

diffusive tensor calculation was taken from Campbell [88] and is given by 

𝐷𝑖𝑗  =  〈(∆𝑥𝑖  −  ∆𝑥𝑖
̅̅ ̅̅ )(∆𝑥𝑗  −  ∆𝑥𝑗

̅̅ ̅̅ )〉/2∆𝑡   (2.20) 

where ∆𝑥𝑖 represents the particle displacement in the i direction relative to the particle’s 

initial position, ∆𝑥𝑖
̅̅ ̅̅  is the mean particle displacement, and Dij is the corresponding 

diffusion coefficient in the i direction due to a gradient in the j direction. Particle 

diffusivities were computed with a Δt of ¼ of a revolution and were averaged over all the 

particles within the span of the blades. However, particle diffusion has been previously 

shown to depend on system geometry and size in dense granular flows [89]. Therefore, 

particle diffusivities were normalized by the tip speed of the blades (Vtip) and the mixer 

diameter (D). For example, the normalized diffusion coefficient in the tangential 

direction (𝐷𝜃𝜃
∗ ) can be computed by 
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𝐷𝜃𝜃
∗  =  

𝐷𝜃𝜃
𝐷𝑉𝑡𝑖𝑝

⁄ .     (2.21) 

The convective and diffusive contributions to particle motion were compared by 

calculating the Péclet number (Peij), which is defined as 

𝑃𝑒𝑖𝑗  =  
𝑈𝑖𝑅cyl

𝐷𝑖𝑗
     (2.22) 

where Ui is the average particle speed in the i direction, Rcyl is the mixer radius, and Dij is 

the corresponding diffusion coefficient. 

 

2.1.5.3 Bulk Density, Solids Fraction, and Void Fraction 

Bulk density of a system is another important macroscopic property of a granular 

assembly. Measuring the bulk density of a granular system can provide insight into the 

system’s compression and dilation states and can help to determine other macroscopic 

properties such as pressure. The time-averaged solids fraction (ϕ) of the granular bed is 

defined as 

𝜙 =  
𝜌bulk

𝜌𝑝
     (2.23) 

where ρbulk is the bed bulk density during flow and ρp is the density of the particles. 

 

Void fraction (ε) is a measure of the empty spaces available in the granular bed that are 

not occupied by the solid particles where 

휀 =  1 −  𝜙.     (2.24) 

In particle dynamics simulations, the local voidage within the particle bed is calculated 

using the method of overlapping spheres. Spherical control volumes are created 

throughout the computational domain, and the number of particles which overlap each 



30 

 

spherical control volume is determined. The local void fraction is calculated by 

subtracting the overlapping volume of each particle from the control volume size as the 

following equation: 

휀 =  1 − 
∑ (π(𝑅𝐶+𝑅𝑘−𝑎)2 [𝑎2+2𝑎(𝑅𝑘+𝑅𝐶)−3(𝑅𝑘

2+𝑅𝐶
2)+6𝑅𝑘𝑅𝐶])𝑘

12𝑎𝑉𝐶
  (2.25) 

where RC is the radius of the spherical control volume, Rk is the radius of particle k, a is 

the distance between the center of the particle and the center of the control volume, and 

VC is the size (volume) of the control volume. 

 

2.1.5.4 Collisional Stresses and Pressure 

According to previous research [23], collisional stresses were found to be three orders of 

magnitude larger than kinetic stresses. Therefore, it is assumed in this dissertation that 

only the contribution of collisional stresses due to particle collisions is considered and 

responsible for calculation of stresses. Following the methodology outlined by Campbell 

[34], collisional stresses (τij) within a granular bed are obtained and computed from 

𝜏𝑖𝑗  =  
𝑑

𝑉𝐶
〈𝐹𝑖𝑘𝑗〉    (2.26) 

where d is particle diameter, VC is the size (volume) of a control volume, Fi is the total 

contact force, and kj is the unit vector pointing along the line connecting the centers of the 

two colliding particles. As before, 〈 〉 represents the temporal averaging within the control 

volume. Stresses in a bladed mixer were known to be dependent upon the scale of 

particulate systems [90]; therefore, the computed stress values are affected by the size of 

the control volume. The size of the control volume used in this work was determined by 

varying this parameter until the stress values obtained are independent of the control 

volume size (~ 5 particle diameters). 
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The collisional stress tensor is computed in a 3-dimensional cylindrical coordinate 

system. Analysis from previous work [23] revealed that following the aforementioned 

methodology a symmetric stress tensor was acquired, for example τθr = τrθ. The stress 

tensor components on which this research’s attention is primarily focused are the average 

normal stress (τii) and the shear stress in the plane of the impeller blade rotation (τθr). 

Knowing the normal stress values, the pressure (P) inside a granular bed can be 

calculated by 

𝑃 =  1

3
(𝜏𝜃𝜃  +  𝜏𝑟𝑟  +  𝜏𝑦𝑦)    (2.27) 

where τθθ, τrr, and τyy are the normal stresses in the tangential, radial, and vertical 

directions, respectively. 

 

2.1.5.5 Relative Standard Deviation 

Relative standard deviation (RSD) is one of the most common mixing indices that can be 

used to characterize mixer’s performance and in turn the efficiency of the mixing process. 

RSD is a measure of blend homogeneity, and the RSD values depend on several factors 

such as blade rotation rate, material flow rate, and mixer blade configuration. Mixing 

performance of granular flows in bladed mixers can be measured by performing 

statistical analysis on particle concentration for a particular type of particles and 

calculating the systems’ relative standard deviation values in the computational domain. 

At a specific time step, we calculate the RSD of a particular type of particle concentration 

for the whole system. The RSD is computed from the following formula: 

RSD =  
𝜎𝑐𝑜𝑛𝑐

𝑀𝑐𝑜𝑛𝑐
     (2.28) 
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where σconc is the standard deviation of the specified particle concentration over all 

samples taken and Mconc is the overall mean particle concentration. The RSD value 

obtained can be highly sensitive to a sample size and the sample number. The sample grid 

size for the RSD calculation is determined by varying the sample number and size until 

the RSD value obtained is independent of sampling grid (approximately 5-particle 

diameters). While a fully segregated system yields an RSD value of 1, a perfectly mixed 

system results in an RSD value of zero. 

 

2.1.5.6 Lacey Index 

Besides relative standard deviation, discrepancies in the degree of mixing (or mixing 

kinetics) for different cases of numerical simulations can be also measured by computing 

the Lacey’s mixing index of the granular system. The Lacey index can be used to analyze 

spatial distribution of one component in a binary mixture and quantify the global mixing 

state in the mixer and the mixing performance. The Lacey index (M) is given by [21, 42] 

M =  
𝜎0

2 − 𝜎2

𝜎0
2 − 𝜎𝑟

2     (2.29) 

where 𝜎0
2 is the variance of an initial, typically completely segregated state, 𝜎𝑟

2 is the 

variance of a fully random or perfectly mixed state, and σ2 is the actual variance obtained 

from the mixing process. 𝜎0
2 and 𝜎𝑟

2 are given by the following equations: 

𝜎0
2  =  𝑝 ∙ 𝑞     (2.30) 

𝜎𝑟
2  =  

𝑝 ∙ 𝑞

𝑁
     (2.31) 

where p and q are the proportions of the two components in the binary mixture, and N is 

the total number of particles in the mixture. The actual variance σ2 of a mixture is 

analyzed using the equation below: 
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𝜎2  =  
1

𝑁
∑ [(𝑝𝑖 − 𝑝)2]𝑚𝑠

𝑖=1     (2.32) 

where pi is the proportion of one component in the ith sample and ms is the number of 

samples. 

 

2.2 Experimental Method 

2.2.1 Experimental Set-up 

The laboratory equipment used in this work is shown in Fig. 2.3. The unit was composed 

of a bladed mixer, a signal transducer with a load cell, a data recorder with a monitor, and 

a power meter. The unit is similar to what was used in previous work [26]. A cylindrical 

glass vessel and Teflon impeller blades were purchased from Chemglass Life Sciences©. 

The glass chamber was mounted on a rotating table with a metal lever arm which applied 

force on a load cell when the blades moved through the particle bed. In the experiments, 

the impeller blades were attached to one end of a cylindrical stainless steel agitator shaft 

which was connected to a motor at the other end. The motor was firmly held on a 

Chemglass© benchtop support stand and wired to a digital motor controller which was 

used to adjust the direction and the speed of rotation of the impeller blades. The data 

acquisition device used in this research was a Yokogawa™ DX1006-1. It was employed 

to record voltage signals to monitor the blade rotation speed and the force applied on the 

load cell (from which torque can be calculated). The power meter used was a Vernier 

Software & Technology© Watts Up PRO; it was connected to the motor controller to 

measure power consumed by the impeller blades when rotated through a granular bed. 
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A schematic of the mixer geometry used in this work is depicted in Fig. 2.2, and the 

dimensions of the bladed mixer are reported in Table 2.4. The cylindrical vessel has an 

inner diameter (D0) of 100 mm and a total internal height of 155 mm, which can hold a 

volume of approximately 1.2 liters. The mixer is mechanically agitated by impeller 

blades, and the agitator shaft is placed at the center of the cylindrical mixer. The diameter 

of the cylindrical impeller shaft (D1) is 10 mm, and H0 is the height above the blades 

which is 128 mm for our standard setup. The vertical span of the impeller blades (H1) is 

25 mm, and the length (L) of each blade measured from the center of the impeller shaft to 

the edge of the blade is 45 mm for the initial impeller blades used in this work. The 

clearance between the bottom of the blades and the base of the mixer (H2) is set to 

approximately 2 mm in all experiments. 

 

2.2.2 Materials Used in Experiments 

The granular material used in this research was Dragonite composite glass beads (Jaygo 

Incorporated, Randolph, NJ) with a density of 2,500 – 2,550 kg/m3. Physical properties of 

the cohesionless spherical glass beads used in the experiments are listed in Table 2.5. 

Three different diameter sizes of the beads were utilized in the experiments: 1 mm (0.60 

– 1.40 mm), 2 mm (1.70 – 2.36 mm), and 5 mm (4.71 – 5.01 mm). Particle size 

distribution analysis of the glass beads was conducted using sieve analysis, and the 

ranges for the three different particle diameters were reported in the parentheses above. 

The glass beads of the 1-mm diameter were colorless, and the 5-mm particles were 

surface-colored purple. Two types of 2-mm glass beads were used in the experiments: 

surface-colored red beads and clear beads. The 2-mm red glass beads were used for our 
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initial experiments while the 2-mm colorless glass beads were used for subsequent 

particle surface roughness modification experiments which will be described later in 

Section 2.2.4. It was noticed that after running the experiment for some time, particles 

started to stick to the walls of the vessel. An anti-static ionization blower and anti-static 

spray were therefore used to reduce static charges [2] and to produce reliable and 

repeatable results. 

 

2.2.3 Impeller Torque and Power Measurements 

Before performing each experiment, the impeller shaft was first placed at the center of 

the bladed mixer, and then glass beads were gently loaded into the mixer and allowed to 

settle while the blades remained stationary. Blade movement was then started, and the 

signal measurement and recording were commenced. The impeller blades were rotated in 

the counter-clockwise direction leading to an obtuse-angle blade orientation which is a 

commonly used configuration in industry. Experiments were carried out at various blade 

rotational speeds ranging from 10 to 200 revolutions per minute (RPM). At these shear 

rates, granular flows in the bladed mixer occurred in the quasi-static and intermediate 

regimes according to the flow regime map proposed by Tardos et al. [33]. When starting 

the blade movement, the rotational speed of the impeller was gradually increased from 0 

RPM to a desired rotation rate for each experiment. In this research, the signal data was 

measured and recorded once every second for the time-averaged torque and every 0.125 

seconds for the torque fluctuation analysis. The total time duration for recording signals 

for each individual experiment was 3 minutes and 30 seconds, and for each blade 

rotational speed the experiment was repeated three times. Mean and standard deviation of 
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instantaneous data at each time step were calculated from the three separate data sets. In 

general, the steady state was usually reached within 30 – 45 seconds of the blade 

movement for all experiments. Once the steady state was reached, the time averaging 

procedure for the mean torque and power readings was performed throughout the 

measurement period. 

 

The torque was measured by measuring a force and multiplying this by the lever arm 

length. In this set-up, force was measured by using a load cell attached to a metal arm 

that pivots around a rotating table in which the glass vessel assembly sits, as shown in 

Fig. 2.3. As the impeller moves through the granular bed, the blades transmit force to the 

particle bed causing the material to rotate relative to the mixer wall. The rotation of the 

glass vessel causes the pivot arm to apply force on the load cell which measures the 

force. With this set-up, torque can be calculated from cross-multiplying the length of the 

lever arm and the measured force: 

�⃗�  =  ℓ ×  𝐹      (2.33) 

where �⃗�  is the torque acting on the load cell, ℓ is the lever arm length (whose value is 

17.9 cm in this set-up), and 𝐹  is the measured force that the lever arm acts on the load 

cell. 

 

It can be shown that the torque exerted on the impeller at the shaft equals the torque 

exerted on the mixer (walls) due to the moving granular bed [91]. In addition, the average 

shear stress experienced by the granular bed can be related to the impeller torque [26, 

92]: 
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     〈𝜏𝜃𝑟〉  =  
�⃗� 

2π𝑅cyl
2 𝐻

    (2.34) 

where 〈𝜏𝜃𝑟〉 is the average shear stress, �⃗�  is the measured impeller torque, Rcyl is the 

radius of the cylindrical glass mixer, and H is the height of the particle bed when the 

blades are rotating. Moreover, work done by the impeller can be calculated from the 

impeller torque by using the following expression: 

𝑊 =  ∫ �⃗� 
𝑡

0
∙ 𝜔d𝑡    (2.35) 

where W is the work done by the impeller blades over time t, �⃗�  is the impeller torque, and 

ω is the angular velocity of the impeller blades. 

 

As described above, the torque measured in our experiments is the torque needed to move 

the granular bed. However, for power consumption measurement, the power is made up 

of two components. One component is the power needed to run the motor, and the other 

is the power needed to move the particle bed. The power needed to run the motor is 

therefore subtracted from the actual power reading measured by the power meter when a 

mixer is loaded with particles: 

P* = P - Pemp     (2.36) 

where P* is an adjusted power for the charged cylinder for a given RPM, P is the actual 

power measured by the power meter for the charged cylinder for a given RPM, and Pemp 

is the power measured for an empty mixer at that same RPM. All powers are measured in 

watt (W). 
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2.2.4 Particle Surface Roughness Modification 

A method for modifying the surface of glass beads is described by Remy et al. [27], and 

this protocol was adopted in this study in order to investigate the effect of particle surface 

friction on the impeller torque and power. In this procedure, a rotating drum was 

employed to coat the surface of 2-mm colorless glass beads with magnesium stearate 

(MgSt). Magnesium stearate was chosen as a coating material due to the increased 

asperity and the irregular shape of its primary particles. The adhesive interaction between 

MgSt and the surface of the glass beads occurred to physically coat the glass beads with 

MgSt. The magnesium stearate was purchased from Sigma-Aldrich® (CAS No. 557-04-0) 

and was composed of irregular plates with a mean diameter of 15 µm. The rotating drum 

used as a coater was made out of glass with an outer diameter of 20.5 cm and a length of 

8 cm. The rotating drum contained 4 Teflon baffles equally spaced along the side wall 

of the drum. The baffles were 3 cm deep and 7 cm in height. The protocol for particle 

surface roughening is briefly mentioned as follows: In total 200 – 400 g of the beads were 

added into the rotating drum, followed by 50 – 100 g of MgSt to achieve a 25% w/w 

MgSt concentration. The drum was rotated at 30 RPM under atmospheric pressure for 15 

minutes. Some small MgSt agglomerates were created during the coating procedure. The 

resulting mixture was sifted through No. 8 and No. 12 sieves in order to separate the 

coated beads from the MgSt agglomerates. The resulting MgSt-coated glass beads had a 

particle diameter ranging from 1.7 mm to 2.4 mm, a size range similar to that of the 

uncoated glass beads (see Section 2.2.2). Using a Freeman Technologies FT4 rheometer, 

a macroscopic/bulk friction coefficient (µ) was measured. For the 2-mm MgSt-coated 

glass beads the macroscopic friction is 0.38 ± 0.008 compared to 0.32 ± 0.009 for the 
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uncoated beads [27]. Results for the effect of particle surface roughness on measured 

impeller torque and power consumption will be discussed in Section 4.3 of Chapter 4. 

 

2.2.5 Water Addition for Cohesive Granular Systems 

In order to study the effect of moisture content on the experimentally measured impeller 

torque and power draw, water as a liquid binder was incorporated into a particle bed to 

add cohesive forces to the granular system. Three levels of moisture content were chosen 

in this work – 1%, 2.4%, and 4.5% v/v – according to the research previously done by 

Remy et al. [29]. The experimental set-up (see Section 2.2.1) for the wet granular systems 

was similar to that in the dry cases with 300 g of 2-mm glass beads, except for the fact 

that water was added and moisture content was varied in the wet systems. To start the wet 

particle experiments, colorless beads were gently loaded into the cylindrical mixer after 

the blades were initially placed in a position. The impeller blades were then set into 

motion by rotating in the counterclockwise direction at 25 RPM, and water was added 

dropwise from the top at different locations in a container with the use of a small dropper. 

A sheet of aluminum foil was taken to cover the top opening of the mixer in order to 

minimize water loss due to evaporation. The wet glass bead bed was allowed to mix for 5 

min prior to taking the torque measurements. After the total amount of water was 

uniformly mixed throughout the whole particle bed, experiments were carried out using a 

rotational speed of the blades within the range from 10 to 200 RPM. The impeller shaft 

was driven by a motor with a speed controller with an accuracy of  0.1 RPM under load. 

Torque data in a wet granular system was recorded for 210 s for each experiment. This 

water addition protocol was found to yield reproducible results in the laboratory [29] and 
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was consistent with the procedure used by Lekhal et al. [19]. After a set of experiments 

was done, wet beads were removed out of a mixer and then the inner surface of the mixer 

as well as the surface of the blades were let to be dry. A new set of glass beads was 

loaded followed by addition of the desired volume of water into a mixer before beginning 

to perform a new set of experiments. 
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2.3 Figures for Chapter 2 

 

 

Fig. 2.1. A schematic of a capillary bridge between two particles (from Remy [93]). 

 

 

Fig. 2.2. A schematic of the 4-bladed mixer used in the DEM simulations and the 

experiments. Dimensions of the unit are shown in Tables 2.1, 2.4, and 2.6. 
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Fig. 2.3. A schematic of the laboratory experimental set-up for the impeller torque and 

power measurements. 
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2.4 Tables for Chapter 2 

Table 2.1. Mixer dimensions for the base cases. 

Dimension Value (mm) 

D0 315 

D1 32.5 

L 152.5 

H0 105 

H1 45 

H2 5 

 

Table 2.2. Input parameters in EDEM™ simulations. 

Variable Symbol Value 

Particle diameter d 3.5, 5, 10 mm 

Number of particles N 5,000 – 216,000 

Poisson’s ratio σ 0.25 

Shear modulus G 2.6 × 106 Pa 

Particle density  2.2 g/ml 

Coefficient of restitution e 0.6 

Sliding friction coefficient µs 0.5 

Rolling friction coefficient µr 0.005 

Time step  < 1 × 10–5 s 

Save interval  0.1 – 0.01 s 

Simulator grid cell size  2 R min 
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Table 2.3. Cohesive force model input parameters in EDEM™ simulations. 

Variable Symbol Value 

Liquid surface tension γ 1.825 N/m 

Contact angle θ 0° 

Liquid density ρliq 1.0 g/ml 

Liquid volume fraction ϕliq 0 – 0.045 

Dimensionless liquid bridge volume �̂� 0 – 0.094 

Granular Bond number Bog 5 

 

Table 2.4. Dimensions of a laboratory mixer. 

Dimension Value (mm) 

D0 100 

D1 10 

L 45 

H0 128 

H1 25 

H2 2 
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Table 2.5. Glass bead properties used in experiments. 

Variable Symbol Value 

Particle diameter d 1, 2, and 5 mm 

Particle density ρp 2.50 – 2.55 g/ml 

Macroscopic friction coefficient (uncoated beads) µ 0.32 

Mass of granular bed m 300 – 900 g 

 

Table 2.6. Dimensions of a mixer (D/d = 50) used in Section 5.2 of Chapter 5. 

Dimension Value (mm) 

D0 500 

D1 50 

L 225 

H0 640 

H1 125 

H2 10 
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Chapter 3. Effect of the Number of Impeller Blades on Granular Flow 

in a Bladed Mixer 

 

A cylindrical mixer agitated by an impeller blade is commonly used for liquid mixing, 

and it has been observed that the number of blades on the impeller can significantly affect 

mixing efficiency [58]. The effect of the number of blades on solids flow and mixing in a 

cylindrical mixer has not been studied in detail. We begin with studying the effect of 

impeller blade geometries/configurations on cohesionless granular flow behaviors and 

mixing kinetics by varying the number of the blades used in an agitated mixer via 

discrete element method. The particle bed in a bladed mixer consists of monodisperse, 

cohesionless spherical glass beads. A schematic of the four impeller blade configurations 

(1 blade, 2 blades, 3 blades, and 4 blades) used in our simulations is presented in Fig. 3.1. 

All of the blades are pitched at a 45-degree angle and have the same length (L) and, 

except for the 1 blade case, the blades are symmetrically placed about the vertical axis. In 

the simulations, the impeller blades were attached to a cylindrical shaft, and the shaft was 

placed at the center of the mixer. To study the effect of the number of impeller blades, we 

carried out DEM simulations using mixer dimensions and input parameters in Tables 2.1 

and 2.2 of Chapter 2, respectively, and the blade configurations in Fig. 3.1. Velocity 

components of particles, kinetics of mixing, granular temperature, bulk density, blade-

particle contact forces, and the normal contact force network in the systems were 

examined. 
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3.1 Velocity Fields and Velocity Frequency Distributions 

Fig. 3.2 depicts time-averaged radial and vertical velocity fields in a vertical plane in 

front of a blade. The vertical plane goes from the wall to the center of the mixer and from 

the bottom of the container to the top of the granular bed. The length of vectors 

represents magnitude of the radial and vertical velocity components. The length of the 

marker arrow on the top left of each panel indicates the velocity magnitude equal to 0.02 

m/s. The magnitude of the tangential velocity is represented by the colors of the vectors 

which point out of the plane of the graph for the obtuse blade pitch. 

 

In a 1-bladed mixer (Fig. 3.2a), a strong three-dimensional (3D) recirculation pattern 

develops as particles close to the cylinder wall flow vertically upward forming heaps. 

Particles above the heap move radially inward to the impeller shaft, and particles by the 

shaft flow vertically downward and radially outward creating a pronounced 3D 

recirculation zone. A velocity field similar to that seen in the 1-blade system is also 

observed in the 2-blade case (Fig. 3.2b). In the 3-bladed (Fig. 3.2c) and 4-bladed (Fig. 

3.2d) systems, the recirculation zones are still present but with smaller values of radial 

and vertical velocities, and thus the recirculation shows less prominent flow patterns 

compared to those in the 1-blade or 2-blade cases. A quantitative comparison of the radial 

and vertical velocity fields shows that these velocity components in front of the blades for 

the 1- and 2-bladed systems can at some points be as much as a factor of 2 times larger 

than the corresponding velocities for the 3- and 4-bladed systems. However, magnitudes 

of the tangential velocities of particles in the 3- and 4-bladed systems are higher than 
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those seen in the 1- and 2-bladed systems, which means that for 3 and 4 blades the 

particles are pushed in the tangential direction by the blades more strongly. 

 

Frequency distributions of the instantaneous velocities of the particles within the whole 

particle bed were also analyzed. Fig. 3.3 shows the velocity frequency distributions for 

the tangential, radial, and vertical velocity components from simulations using different 

numbers of blades. The velocities presented in Fig. 3.3 have been normalized by the tip 

speed of the blades (Vtip). The tangential velocities shown are relative to the angular 

movement of the blades, i.e., 𝑉𝑡
∗  =  (𝑉𝑡𝑖𝑝  − 𝑉𝑡)/𝑉𝑡𝑖𝑝. As can be seen from Fig. 3.3, the 

tangential velocities (Figs. 3.3a, d, g, and j) have left-skewed distributions with all 

particles possessing velocities below the tip speed of the blades (Vt
* > 0). On one hand, 

the frequency distributions of particle tangential velocities for the 1- and 2-bladed mixers 

are non-symmetric with modes at zero. On the other hand, the frequency distributions of 

tangential velocities for 3- and 4-bladed systems are more symmetric, much closer to 

normal distributions, and have higher frequencies of the large tangential velocity 

magnitudes. These results are consistent with the interpretation from the velocity fields 

(Fig. 3.2). The shapes of the frequency distributions of radial velocities for different 

numbers of blades (Figs. 3.3b, e, h, and k) show distributions centered at zero, and their 

general shapes are similar with the highest frequency in a 1-bladed mixer. The vertical 

velocities for the 1-blade (Fig. 3.3c) and the 2-blade (Fig. 3.3f) cases have slightly right-

skewed distributions with the mode values at zero; while, the vertical velocities for the 3-

blade (Fig. 3.3i) and the 4-blade (Fig. 3.3l) cases show a more symmetric distribution 

centered at zero. The differences in the probability distribution functions of the velocity 
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components suggest that the number of impeller blades used in the mixing system has a 

strong effect on the granular flow velocities and the characteristics of the mixing 

behavior. 

 

3.2 Blade-Particle Contact Forces and Force Frequency Distributions 

Interparticle forces and the forces that the blades exert on particles play an important role 

in mixing and segregation of granular materials in an agitated mixer [94]. In addition to 

the investigation of particle velocities, we also analyzed the contact normal forces that the 

blades exerted on particles in the system. Similar to the velocity fields in Fig. 3.2, the 

time-averaged vector fields of the contact forces that the blades exert on particles are 

visualized in Fig. 3.4 for the four different blade configurations. The force fields are 

plotted in the vertical plane (Fig. 3.4) in an analogous way to the velocity fields (Fig. 

3.2). The length of vectors represents magnitude of the radial (Fr) and vertical (Fy) 

components of the contact forces. The length of the marker arrow on the top left of each 

panel indicates the force magnitude equal to 0.05 N. The magnitude of the tangential 

component of the contact forces (Ft) is represented by the colors of the force vectors. In 

general, the force vector fields in Fig. 3.4 are similar to the flow patterns of the velocity 

vectors in Fig. 3.2 for all cases. We find that particle velocities in each direction 

correlates with each component of the contact forces that the blades exert on particles. 

The blade-particle radial and vertical forces in the 1-bladed (Fig. 3.4a) and 2-bladed (Fig. 

3.4b) systems are larger than those in the 3-bladed (Fig. 3.4c) and 4-bladed (Fig. 3.4d) 

systems. However, the magnitudes of the tangential components of the blade-particle 

forces in the 3- and 4-bladed mixers are larger than those in the 1- and 2-bladed cases. 
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We propose a mechanistic explanation for this phenomenon that, due to the greater 

number of blades in the 3- and 4-bladed cases, the blades transfer more energy to the 

particles via the blade-particle forces leading to particles moving in the tangential 

direction more quickly than in the other cases. The larger blade-particle forces in the 

tangential direction lead to higher tangential velocities in the 3- and 4-bladed systems. 

 

In addition to the probability distribution functions of the particle velocity components in 

Fig. 3.3, we analyzed the instantaneous contact forces that the blades exert on particles 

within the granular bed. Frequency distributions of the tangential (Ft), radial (Fr), and 

vertical (Fy) components of the contact forces for the four configurations of bladed 

mixers are presented in Fig. 3.5. In general, the shapes of frequency distributions of the 

contact force components are similar to the ones we observed for the velocity 

distributions (Fig. 3.3), except that the distributions of the forces are much narrower. For 

all blade configurations, distributions of the contact forces show high frequencies in only 

a few bins around the mode values and thus display narrow distribution curves. 

 

Distributions of the tangential component of the contact forces have left-skewed shapes 

and are most frequent at approximately zero Newtons in the 1-bladed (Fig. 3.5a) and the 

2-bladed (Fig. 3.5d) mixers. In contrast, the distributions in the 3-bladed (Fig. 3.5g) and 

4-bladed (Fig. 3.5j) cases are closer to normal distributions, and the magnitudes of the 

tangential component of the force in the 3- and 4-bladed mixers are larger than those in 

the 1- and 2- bladed cases, which is consistent with the tangential velocity distributions 

(see Fig. 3.3). In the 2-bladed mixer (Fig. 3.5d), a larger magnitude of the tangential 
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component of the contact force can be seen compared to that in the 1-bladed mixer (Fig. 

3.5a). 

 

For the blade-particle radial and vertical forces, the force distributions are particularly 

narrow and centered around zero Newtons for all blade configurations (Figs. 3.5b–c for 1 

blade, Figs. 3.5e–f for 2 blades, Figs. 3.5h–i for 3 blades, and Figs. 3.5k–l for 4 blades, 

respectively). A comparison of the frequency distributions of the blade-particle force 

components (Fig. 3.5) with the particle velocities (Fig. 3.3) shows that the velocities are 

related to the forces that the blades exert on particles in the granular bed. The tangential 

component of the blade-particle force is larger than the other components, and this is 

consistent with the larger tangential component for the particle velocities. 

 

3.3 Normal Contact Force Network  

In quasi-static flows, the main mechanism for momentum transfer comes from the 

formation of contact force chains [34]. A force chain is a network of interparticle contacts 

in which force is transmitted along the contact path. It has been shown that in static 

granular systems contact chains possess a characteristic length of a few particle diameters 

[95]. Fig. 3.6 depicts instantaneous normal contact force networks in the horizontal plane 

near top of the blades for our four simulation cases; the blades are moving in the counter-

clockwise direction. In this figure, each line represents the contact vector connecting the 

center of the particles, and the thickness of the line represents the magnitude of the 

normal force associated with that contact. Higher forces are represented by thicker lines 

and vice versa. Two distinct regions in the normal contact force network obtained from 
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the 1-bladed mixing process are observed in Fig. 3.6a. The region in front of the blade is 

characterized by a number of thick lines showing high normal force magnitudes and high 

loads that particles in front of the blade carry. In contrast, there are very small contact 

forces presented in the region far away from the blades, which is represented by the large 

white area in Fig. 3.6a where there is almost no momentum transfer occurring in this 

region. 

 

In the 2-blade case, two symmetrical sections of the normal contact force network can be 

seen in Fig. 3.6b. The regions in front of the blades are described by a higher number of 

interparticle contacts but lower magnitude forces than those in the 1-bladed case. Regions 

far away from the front of the leading blades still display some blank areas where there 

are very few contact force networks. For the 3-bladed system (Fig. 3.6c), the network is 

comprised of three symmetrical sections of contact chains, which is characterized by a 

large number of interparticle contacts. There are only small regions of white space 

associated with relatively small contact forces in the 3-bladed case. The normal contact 

force networks developed in the 4-bladed mixer (Fig. 3.6d) resemble the pattern found in 

the 3-bladed system, except for the fact that four symmetrical sections of the networks 

are observed and that there are even smaller regions of white space. Normal contact force 

network data shows that using different numbers of the impeller blades leads to 

significant differences in the force distribution within the particle bed. 
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3.4 Mixing Kinetics 

We investigated the effect of the number of impeller blades on the degree of mixing by 

coloring particles on the left side (red) of a horizontal plane differently from the particles 

on the right side (yellow) prior to the blade movement. The particles have identical 

properties except for their color. We then observed the mixing pattern after the blade 

motion had begun. Fig. 3.7 displays snapshots of the top horizontal plane view for the 

four simulation cases using different numbers of impeller blades (1 blade through 4 

blades, respectively) at different numbers of revolutions. In general, well-mixed zones are 

first observed by the wall of the cylindrical vessel while the areas around the impeller 

shaft remain unmixed for longer periods of time [23]. Enhanced mixing is obtained for 

the 2- and 3-bladed mixers when compared to the 1-blade or 4-blade cases at the same 

revolution of the blades. This mixing difference is observed as early as after 1 revolution. 

After 4 revolutions, the 2- and 3-bladed systems (Figs. 3.7b and c, respectively) are well 

mixed, and mixing is down to the particle-particle level. On the contrary, large unmixed 

regions still remain in the 1 blade case (Fig. 3.7a), and some unmixed areas near the shaft 

are still present in the 4-bladed system (Fig. 3.7d). 

 

Furthermore, we performed statistical analysis on particle concentration for a particular 

color of particles. The differences in mixing performance between the four simulation 

cases are confirmed by calculation of the systems’ relative standard deviation (RSD) 

values. At a specific time step, we calculated the RSD of the red particle concentration 

for the whole system. The RSD was computed from the Eq. (2.28) in Chapter 2. Fig. 3.8 

displays RSD curves of the red particle concentrations as a function of the number of 
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blade revolutions for the four different numbers of blades cases. After 5 revolutions, the 

RSD value of the 1-bladed system is approximately 0.45 and the 4-bladed system is 0.37; 

whereas, the RSD value for the 3-bladed case is approximately 0.31 and the 2-bladed 

case is 0.29. The differences in the degree of mixing are still present after 10 revolutions. 

 

The discrepancies in mixing kinetics for the different numbers of impeller blades are also 

observed by computing the Lacey index (M) of the granular system (see Eq. (2.29) in 

Chapter 2). The effect of using different numbers of impeller blades on the computed 

Lacey mixing index M of the granular systems is shown in Fig. 3.9. In Fig. 3.9, we plot 

the Lacey index of the red particle concentration as a function of the number of blade 

revolutions. After 1 revolution, little difference in the M values for each case is observed, 

except for the 1-blade case that has the lowest Lacey index indicating the poorest 

homogeneity of the mixture. As blades move, the Lacey indices in all cases increase with 

blade revolutions and start to flatten out after 6 revolutions. From these Lacey index 

curves, it is confirmed that 2- and 3-bladed mixers result in better mixing performance 

than 1- and 4-bladed systems. We will come back to the differences in mixing 

performance after we have investigated a number of other quantities of interest. 

 

3.5 Granular Temperature 

We next computed granular temperature, according to Eq. (2.19) in Chapter 2, for each 

simulation case that has a different number of the impeller blades in an agitated mixer. 

The control volume chosen for calculation of the granular temperature in this section is 

defined by a cube with a size of six particle diameters and centered at the coordinates of  
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height H = 0.10 m and of various radial positions r (0.05 to 0.15 m, as specified in Fig. 

3.10). Fig. 3.10 shows the time-averaged granular temperature as a function of the radial 

position. In this figure, granular temperature curves obtained from the 2- and 3-bladed 

cases are generally higher than those from the 1- and 4-bladed systems, which suggests 

higher particle velocity fluctuations and less uniform particle flows in the 2- and 3-bladed 

cases. These results imply that using 2 or 3 impeller blades in a mixing process is able to 

provide better diffusive behavior of particles. Furthermore, granular temperatures for the 

3- and 4-bladed mixers are gradually increasing with the radial position, which follows 

the trend observed by Remy et al. [23] studying DEM simulations of free flowing grains 

in a four-bladed mixer. They found that lower granular temperature existed near the 

impeller shaft at the center of a mixer and that granular temperature maximum was 

observed near the cylinder wall. However, for the 1- and 2-bladed systems, granular 

temperatures rapidly increase in the region near the shaft, then decrease slightly after r > 

0.067 m, and remain steady until r = 0.15 m, which indicates that there is little 

temperature gradient in the region near the mixer wall. 

 

3.6 Particle Diffusivities 

We also gauged particle motion at the microscopic level by calculating particle 

diffusivities which describe the mass flux rate due to particles’ random walk. 

Quantitative measurements of particle diffusion and convection for all four simulation 

cases varying the impeller blade number were followed by using Eqs. (2.20) to (2.22) in 

Chapter 2. Table 3.1 lists the normalized diffusion coefficients and the Péclet numbers in 

the tangential, radial, and vertical directions obtained from the different numbers of 
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blades cases. Particle diffusivities are the lowest for the 1-bladed system while these 

values are the highest for the 2- and 3-bladed cases as granular temperature and bed 

dilation are highest for these cases. Dθθ
*, Drr

*, and Dyy
* values for the 4-bladed mixer are 

lower than those values obtained from the 2- and 3-bladed cases but are higher than those 

from the 1-bladed system. Little difference in values of the normalized diffusion 

coefficients in all directions is observed between the 2-bladed case and the 3-bladed case. 

The Péclet numbers obtained from all cases studied using different numbers of blades are 

significantly higher than unity, which indicates that convection is the dominating 

mechanism for particle transfer. The convective process is most significant in the vertical 

direction (Peyy) since these values are larger than Peθθ and Perr, except for the 4-bladed 

system where the Péclet number in the tangential direction (Peθθ) is the largest one. This 

is probably due to the fact that the 4-bladed mixer has the greatest number of impeller 

blades resulting in the highest tangential velocity magnitude. 

 

3.7 Bulk Density, Solids Fraction, and Void Fraction 

In this section, we now look at the effect of the number of impeller blades used in a 

mixing process on the system’s bulk density and compression/dilation states by 

evaluating the solids fraction and the void fraction of the granular beds (see Eqs. (2.23) to 

(2.25) in Chapter 2). Values of void fraction as a function of dimensionless radial 

position (r/R) for different numbers of blades are shown in Fig. 3.11a. Void fractions 

were computed within the particle bed by setting up spherical sampling bins at a height H 

= 0.1 m and various radial positions. The sampling bins had a diameter equal to 20 

particle diameters, and averaging was carried out for 27 seconds. Void fractions in all 
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cases are generally increasing with the radial distance from the center to the wall of the 

mixer, except for the 3- and 4-bladed cases where the values of void fractions are 

decreasing in the regions near the mixer impeller shaft (r/R < 0.5). Additionally, void 

fraction values decrease with an increase in the number of impeller blades in the system 

at a particular dimensionless radial position, which suggests that spherical glass beads are 

densely packed in the cases of higher numbers of impeller blades. We hypothesize that, 

with an increase in the number of blades, the magnitudes of the forces transferred from 

the blades to the particles increase, which results in a more compressed granular beds and 

less void spaces. 

 

To prove this hypothesis, the same sampling procedure as the one we used while 

calculating void fractions was adopted to determine contact forces between the blades 

and particles within spherical sampling bins. Fig. 3.11b shows the magnitude of the 

blade-particle forces as a function of dimensionless radial position (r/R) for the different 

numbers of blades. For the 1- and 2-bladed mixers, the magnitudes of the blade-particle 

forces decrease with an increase in radial position. For the 3- and 4-bladed mixers, the 

magnitudes of the blade-particle forces initially increase with r/R, go through a maximum 

and then decrease. All of the bladed mixers have a similar magnitude of the blade-particle 

force at r/R = 0.35 and r/R = 0.93. For a dimensionless radial distance between 0.5 and 

0.9, the magnitudes of the blade-particle forces increase when increasing the number of 

impeller blades, which correlates inversely with the void fraction data in Fig. 3.11a. In 

general, there is very good agreement between the trends observed for the void fractions 

and the blade-particle forces although the trends are in the opposite direction. It is 



58 

 

therefore verified that the greater the number of the blades used in the mixing system, the 

larger is the magnitude of the blade-particle forces, which leads to greater compression of 

the granular bed. 

 

One of the characteristics of dense granular materials is that dilation must occur to disrupt 

interlocking particle structures before particles can flow past one another. Moreover, it 

has been observed that a less densely packed state enhances mobility [7]. For our 

systems, we have observed that the blade-particle contact forces increase as the number 

of blades increases. The larger blade-particle contact forces correspond to lower voidage 

and higher tangential velocities and lower radial and vertical velocities. Thus, there are a 

number of competing factors that occur as the number of blades increases. The increased 

voidage means that the probability of a particle finding a void increases, and this has been 

shown to increase diffusion and convection [7]. At the same time, one would expect that 

larger tangential velocities would also increase convection. In terms of the mixing 

process, the optimal number of blades is two or three blades. We also observe that for the 

granular temperature and diffusion coefficients the optimal number of blades is two or 

three blades. Our results suggest that this optimum is due to a competition between 

increasing tangential velocities and decreasing voidage as the number of blades increases. 

 

To further investigate the effect of the number of blades on compression of the bed, we 

have examined periodic variations of the packing state of the particles. Fig. 3.12 depicts 

the periodic behavior of the average solids fraction (ϕ) of the particle bed at a 

dimensionless radial position r/R = 0.5 and height H = 0.1 m when plotted as a function 
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of the number of blade revolutions for the four different numbers of impeller blades 

cases. Solids fractions were computed within the particle bed by setting up a spherical 

sampling bin with a diameter equal to 20 particle diameters at H = 0.1 m and r/R = 0.5. In 

this figure, the number of solids fraction oscillations per revolution correlates with the 

number of impeller blades. It can be seen that the solids fraction fluctuations for the 

different cases vary in amplitude. For the 1-bladed system (Fig. 3.12a), the main broad 

peak shows a range of solids fraction values between a minimum of approximately 0.3 

and a maximum of ~0.6. For the 2-bladed mixer (Fig. 3.12b), the solids fraction 

fluctuations exhibit the largest amplitude with a maximum value of ~0.6 and the lowest 

minimum value of ~0.2. For the case using 3 blades (Fig. 3.12c), the maximum solids 

fraction value stays the same as that in the 1- or 2-bladed cases; however, the minimum 

value is slightly higher than that in the 2-bladed case. In the 4-bladed system (Fig. 3.12d), 

the solids fraction fluctuations display the smallest amplitude ranging from ~0.4 to ~0.6. 

It is important to note that the maximum values of the solids fraction in all cases are 

almost the same and equal to ~0.6 while the minimum values are altered depending on 

how many impeller blades are used. This implies that changing the number of impeller 

blades in the system has no impact on the compressed state but influences the dilated 

state of the granular bed. It has been seen that the particle bed is dilated to the greatest 

extent for 2 impeller blades and to the least extent for 4 impeller blades. In order to 

achieve good mixing performance, not only does one need to effectively agitate the bed, 

but the bed also needs to be dilated to allow some available space for random movement 

of particles. It has been demonstrated that increasing the number of impeller blades 

beyond 2 blades does not provide better mixing performance to any appreciable extent. 



60 

 

 

In Fig. 3.13, the average solids fraction at a dimensionless radial position r/R = 0.5 is 

plotted as a function of the number of blade revolutions for different bed heights. In 

general, the solids fraction values in all cases at the bottom of the blender are close to 

0.64 because the particles at the bottom carry the whole granular bed’s weight and thus 

are densely packed. The solids fraction fluctuations above the top of the blades (H > 0.05 

m) are similar to those shown in Fig. 3.12. For H > 0.05 m, the values of solids fraction 

and the amplitude of fluctuations decrease with an increase in bed height. The power 

spectrums corresponding to the results in Fig. 3.13 are shown in Fig. 3.14. The main peak 

height in the power spectrums shows that the amplitude of the fluctuations remains fairly 

constant within the region that spans the height of the blades. Above the blades, the mean 

values and amplitudes of solids fraction fluctuations change significantly. For the regions 

H > 0.05 m, the heights of the main peaks in the power spectrums in all cases decrease 

with an increase in bed height. The data on void fraction and solids fraction suggests that 

using different numbers of the impeller blades in a blender causes significant differences 

in the dilation state of a granular assembly and the efficiency of a mixing process. 

 

3.8 Conclusions for Chapter 3 

In this chapter, numerical simulations using the discrete element method were carried out 

to investigate the effect of the number of impeller blades on cohesionless granular flow in 

an industrially relevant geometry. It was found that particle velocities and movements in 

an agitated mixer were impacted by the number of the blades used in the mixing system. 

Although higher radial and vertical velocities of particles and more pronounced three-
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dimensional recirculation patterns were observed in velocity fields obtained for the 1- and 

2-bladed mixers, the tangential velocity components were larger in the 3- and 4-bladed 

cases. Differences in the frequency distributions of particle velocity components in an 

agitated mixer were also observed, which confirmed that the number of the impeller 

blades had a significant effect on the granular flow velocities. It was also found that the 

particle velocities in each direction correlated with each component of the blade-particle 

contact forces. The larger blade-particle forces in the tangential direction led to higher 

tangential velocities in the 3- and 4-bladed systems due to the greater number of impeller 

blades. 

 

The number of impeller blades used in a blender was shown to significantly affect mixing 

kinetics of a granular system. It was demonstrated that using two or three blades in a 

blending process provided better mixing performance for a binary mixture of particles 

than using one blade or four blades, as evaluated by calculation of the relative standard 

deviation (RSD) and the Lacey index of the systems. Granular temperature and particle 

diffusivities in the 2- and 3-bladed mixers were also larger than those in the 1- and 4-

bladed cases. Using different numbers of impeller blades in an agitated mixer influenced 

the extent of dilation of the particle bed, which yielded different degrees of mixing of the 

final mixture. Results for the void fraction and the solids fraction showed that dilation of 

the particle bed occurred to the greatest extent in the 2-bladed mixer. Normal contact 

force network data showed that using different numbers of the impeller blades led to 

significant differences in the force distribution within the particle bed. It was concluded 

that higher particle diffusivities and better mixing performances in the 2- and 3-bladed 
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mixers were resulted from the optimal balance between a large magnitude of the 

tangential component of the blade-particle contact forces and a great extent of dilation of 

the granular bed. 

 

The results found in this chapter provide an insight into how the number of impeller 

blades affects granular flow in bladed mixers. These findings complement our preceding 

knowledge and grant better understanding with regard to the processing of particulate 

systems. At the same time these results are for a limited number of parameters, and 

further work is needed to confirm that the results of this study hold for other parameter 

values. Additional experimental data is also needed to confirm the results of this work. 

Further research is also needed to study the effect of other material properties and process 

parameters on flow and mixing operations in bladed mixers. 
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3.9 Figures for Chapter 3 

 

 

Fig. 3.1. Schematics of the four different impeller blade configurations: (a) 1 blade, (b) 2 

blades, (c) 3 blades, and (d) 4 blades. 

  

 a) b) c) d) 
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Fig. 3.2. Time-averaged radial (Vr) and vertical (Vy) velocity fields in a vertical plane in 

front of the blade for different numbers of blades: (a) 1 blade, (b) 2 blades, (c) 3 blades, 

and (d) 4 blades. The color bar indicates magnitude of the tangential velocity (Vt). The 

schematic at the top of the figure shows the position of the vertical plane for the 4-blade 

configuration. Analogous vertical planes are used for the other cases. 
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Fig. 3.3. Normalized velocity frequency distributions for the tangential (Vt
*), radial (Vr), 

and vertical (Vy) velocity components for different numbers of blades: (a)–(c) 1 blade, 

(d)–(f) 2 blades, (g)–(i) 3 blades, and (j)–(l) 4 blades. The velocity values shown here are 

relative to the tip speed of the blades. 
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Fig. 3.4. Time-averaged vector fields of the radial (Fr) and vertical (Fy) components of 

the blade-particle contact forces in a vertical plane in front of the blade for different 

numbers of blades: (a) 1 blade, (b) 2 blades, (c) 3 blades, and (d) 4 blades. The color bar 

indicates magnitude of the tangential component of the contact force (Ft). The schematic 

at the top of the figure shows the position of the vertical plane for the 4-blade 

configuration. Analogous vertical planes are used for the other cases. 
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Fig. 3.5. Frequency distributions for the tangential (Ft), radial (Fr), and vertical (Fy) 

components of the blade-particle contact forces for different numbers of blades: (a)–(c) 1 

blade, (d)–(f) 2 blades, (g)–(i) 3 blades, and (j)–(l) 4 blades. 
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Fig. 3.6. Effect of the number of blades on the normal contact force network near top of 

the blades. (a) 1 blade, (b) 2 blades, (c) 3 blades, and (d) 4 blades. 

  

 

c) d) 

a) b) 
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Fig. 3.7. Top view snapshots of the mixing process for the left-right segregated system at 

20 RPM for different numbers of blades: (a) 1 blade, (b) 2 blades, (c) 3 blades, and (d) 4 

blades. 
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Fig. 3.8. Effect of the number of blades on mixing performance at 20 RPM. Relative 

standard deviation (RSD) of the red particle concentrations vs. number of revolutions of 

the blades. 
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Fig. 3.9. Effect of the number of blades on degree of mixing at 20 RPM. Lacey index (M) 

of the red particle concentrations vs. number of revolutions of the blades. 
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Fig. 3.10. Effect of the number of blades on time-averaged granular temperature as a 

function of the radial position. 
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Fig. 3.11. Effect of the number of blades on (a) void fractions, ε and (b) magnitude of the 

blade-particle contact forces vs. dimensionless radial position (r/R) in a mixer. Both 

quantities were calculated by time-averaging using spherical sampling bins at a height H 

= 0.1 m. 
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Fig. 3.12. Solids fraction (ϕ) vs. number of blade revolutions at the position r/R = 0.5 and 

H = 0.1 m for different numbers of blades: (a) 1 blade, (b) 2 blades, (c) 3 blades, and (d) 

4 blades. 
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Fig. 3.13. Solids fraction (ϕ) vs. number of blade revolutions and heights at the position 

r/R = 0.5 for different numbers of blades: (a) 1 blade, (b) 2 blades, (c) 3 blades, and (d) 4 

blades. 
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Fig. 3.14. Power spectrum of solids fraction (ϕ) at the position r/R = 0.5 for different 

numbers of blades: (a) 1 blade, (b) 2 blades, (c) 3 blades, and (d) 4 blades. 
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3.10 Table for Chapter 3 

Table 3.1. Effect of the number of blades on normalized particle diffusivity (Dij
*) and 

Péclet number (Peij). Particle diffusivities were computed with a Δt of ¼ of a revolution 

and were averaged over all the particles in the computational domain. 

Blade # Dθθ
* Drr

*
 Dyy

* Peθθ Perr Peyy 

1 4.7 × 10–3 1.1 × 10–3 1.1 × 10–3 29 39 85 

2 1.2 × 10–2 2.1 × 10–3 2.5 × 10–3 24 33 50 

3 1.3 × 10–2 2.1 × 10–3 2.3 × 10–3 35 32 44 

4 1.0 × 10–2 1.9 × 10–3 1.7 × 10–3 57 31 43 
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Chapter 4. Effect of Particle Properties and Process Parameters on 

Impeller Torque and Power Consumption: Experimental Investigations 

 

In spite of some previous research in this area, the roles of material properties, blade and 

equipment configurations, and operating parameters on the impeller torque and power 

consumption in a batch mixer are still poorly understood. In this chapter, we studied a 

bed of particles in a batch bladed mixer consisting of a cylindrical glass vessel and a 

vertical impeller blade. Particle properties and impeller blade configurations of the 

mixing system were varied to investigate their effects on the experimentally measured 

torque that the impeller exerted on particles and on the power consumption that the motor 

drew to move the blades through the granular bed. The methodologies we used for the 

experimental measurements of torque and power were explained in detail in Section 2.2 

Experimental Method of Chapter 2. This chapter is arranged in the following format. We 

will first present results for a base case, which is the flow of a shallow particle bed. This 

will be then followed by results for altering various material properties and equipment 

configurations for several impeller blade rotational rates. Also, a relationship for scaling 

torque and power measured in a deep granular bed will be proposed. We eventually 

conclude our study and suggest future work for this chapter. 

 

4.1 Granular Flow in a Shallow Bed 

In this section, we first consider granular flows in a shallow bed, which we will refer to 

as “the base case”. In our base case the 2-mm monodisperse, cohesionless, spherical, 

uncoated red glass beads were used. The amount of a granular material loaded in the 
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mixer was approximately 300 g, which was sufficient to cover just the top tip of the 

impeller blades, and the initial fill height of the stationary particle bed, H, was measured 

as 30 mm (H/D = 0.30). Experiments were performed in the bladed mixer with 

dimensions given in Table 2.4 of Chapter 2. The impeller (Fig. 2.2 in Chapter 2) used in 

experiments in this part consisted of 4 blades pitched at 135° angle with respect to a 

horizontal plane, and each blade had a length of 45 mm, which we will consider as “the 

standard impeller blades”. 

 

4.1.1 Torque and Power Measurements 

The protocol described in Section 2.2.3 of Chapter 2 was followed, and the torque signals 

were measured and recorded every second for experiments in this section. The time-

averaged torque and the average adjusted power are plotted as a function of the 

dimensionless shear rate (γ*) as shown in Fig. 4.1. The dimensionless shear rate (γ*) is 

defined by the following equation according to Tardos et al. [33]: 

𝛾∗  =  𝛾°√
𝑑

𝑔
     (4.1) 

where γ° is the shear rate (s–1), d is the diameter of particles (m), and g is the gravitational 

acceleration (m/s2). The shear rate (γ°) can be computed from the blade rotational speed 

(in RPM) by using the formula: 

𝛾° =  
2π × Rotational Speed

60
    (4.2) 

 

In Fig. 4.1a, it can be seen that the average torque increases linearly with the blade 

rotational speed. One may expect that there would be two granular flow regimes as 

described by Tardos et al. [33]. The first one is the quasi-static or slow regime (γ* is 
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smaller than ~0.1). The second regime is called the intermediate regime (γ* > ~0.1). In the 

quasi-static regime one would expect the torque to be independent of rotation rate. We do 

not observe such a regime for a shallow particle bed (H/D = 0.30). We will come back to 

this point when we examine deep beds as in that case we do observe a quasi-static regime 

where torque is independent of shear rate. The trend of the linear increase in torque as a 

function of shear rate in the intermediate regime observed from experimental results in 

this section are qualitatively similar to numerical results from previous research studies 

using a discrete element method (DEM) computational technique done by Chandratilleke 

et al. [32] and Sato et al. [47]. 

 

Fig. 4.1b displays a graph of the average adjusted power plotted as a function of the 

dimensionless shear rate. The adjusted power (P*) was obtained by subtracting the power 

consumed at a specific RPM with an empty cylinder from the power consumed by the 

impeller in the mixer loaded with particles. Similar to the torque graph in Fig. 3a, the 

average adjusted power linearly increases for the entire range of the dimensionless shear 

rate. In this research, it is assumed that the power needed to run the motor under load can 

easily be separated from the power needed to move the impeller by subtracting the power 

needed to run the motor when the mixer is not under load (i.e., when the mixer is empty 

and has no particles charged). However, this assumption might not be always true for all 

settings. Nevertheless, the power consumption measurement still provides useful 

information for pharmaceutical and other industries dealing with mixing processes, but 

care needs to be taken since recording power data is not as easily interpreted as 

measuring torque. 
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4.1.2 Fluctuation Analysis of Torque Data 

The torque signals were measured and recorded every 0.125 seconds for all the 

experiments in this part. The instantaneous torque values (�⃗� ) measured at each time step 

were normalized by the time-averaged torque, 〈�⃗� 〉, at each blade rotational speed: 

�⃗� ∗  =  
�⃗� 

〈�⃗� 〉
     (4.3) 

where �⃗� ∗ is the dimensionless normalized torque at each time step. Fig. 4.2a – d display 

the normalized torque (�⃗� ∗) fluctuation profiles after the particulate systems have reached 

a steady state for different blade rotational speeds: 10 RPM, 20 RPM, 60 RPM, and 200 

RPM, respectively. The time span shown in these graphs is 25 seconds and was sampled 

from the middle period of the experiments at steady state. The smallest fluctuation 

amplitudes can be seen in the case where the impeller blades rotate at 10 RPM (Fig. 

4.2a). The torque fluctuation profiles for 10 RPM (Fig. 4.2a) are comparable in amplitude 

to those for 20 RPM and 60 RPM (Figs. 4.2b – c, respectively). As the shear rate 

increases in the intermediate regime of granular flow, i.e., increasing the blade rotational 

rate from 60 RPM (Fig. 4.2c) to 200 RPM (Fig. 4.2d), the fluctuation amplitudes 

increase. At 200 RPM (Fig. 4.2d), there is a noticeable recurrence of a periodic burst 

behavior of the torque fluctuations, indicating low and high values of torque which we 

conjecture are due to the expansion and compression states of the granular bed in the 

highest shear rate case of our experiments. 
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4.1.3 Fast Fourier Transform (FFT) of Torque Data 

We also computed the discrete Fourier transform of the torque signals using the fast 

Fourier transform (FFT) algorithm in MATLAB® for the same blade rotation rates 

mentioned in Section 4.1.2. Torque data input for the FFT was measured and recorded 

every 0.125 seconds. Single-sided amplitude spectrums of the FFT torque data are 

depicted in Fig. 4.3 for various rotational speeds of the impeller blades corresponding to 

Fig. 4.2. As a check of the algorithm, we confirmed that the values of the 0-Hz 

components (the peaks at 0 Hz) always corresponded to the time-averaged torques for 

each blade rotation speed. Peaks corresponding to the impeller blade rotational rates (in 

RPM) can be observed (as circled for each RPM in Fig. 4.3), and the frequency (f) of 

each peak in Hz can be calculated by the following formula where the rotational speed is 

in RPM: 

f =  
Rotational Speed

60
    (4.4) 

For example, the peak at frequency of 0.167 Hz can be seen in Fig. 4.3a for the impeller 

blades rotating with 10 RPM. The height of the blade frequency peaks increases with an 

increase in the rotational speed of the impeller blades. It is interesting to note that there 

are several overlapping peaks occurring between 2 – 3 Hz for all shear rates. We 

hypothesize that these peaks between 2 – 3 Hz are associated with natural frequencies of 

the moving granular material itself. It is also important to state that in all cases these 

peaks are higher in amplitude than the rotating blade frequency peaks. 
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4.2 Effect of Impeller Blade Configurations 

A photo of the different types of the impeller blades used in our experiments is presented 

in Fig. 4.4. The black squares in this figure show an area of 1 × 1 cm2. Fig. 4.4a is what 

we referred to as “the standard impeller blades”, which was described in Section 2.2.1 of 

Chapter 2. In this part we explore the effects of the impeller configurations on the 

measured torque and power by changing the number, the angle, and the length of the 

blades using the impellers in Figs. 4.4b – f. 

 

4.2.1 Effect of the Number of Impeller Blades 

DEM simulations have been used by Boonkanokwong et al. [96] to study the effect of the 

number of impeller blades on granular flow behaviors and mixing kinetics in an agitated 

mixer. Different numbers of the blades in a mixer resulted in different impeller contact 

forces and particle velocity profiles, and thus, different mixing performance. The number 

of the blades used in a mixing system can also affect the impeller torque exerted on 

granular materials in a mixer and the equipment power consumption. This will be 

experimentally investigated further in this section. Experiments were carried out with 

different sets of impeller blades used in a mixer: 4 blades, 2 blades, and 1 blade as shown 

in Figs. 4.4a – c, respectively. All of these impeller blades are pitched at a 135° angle and 

have the same length (L) of 45 mm. The 2 and 4 blades are symmetrically placed about 

the vertical axis of the impeller shaft. All other particle parameters and operating 

conditions were the same as in the base case discussed in Section 4.1. 
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In Fig. 4.5a, the time-averaged torque for different blade numbers is plotted as a function 

of the dimensionless shear rate. The trends of how torque behaves as a function of the 

impeller blade rotational rate for the 1- and 2-bladed mixers are similar to that for the 4-

bladed mixer (see Section 4.1.1). Interestingly, the average torque measured in the 2-

bladed mixer is larger than that in the 4-bladed mixing system at all blade rotational 

speeds, and the value measured from the single-bladed mixer is significantly less than 

those of the 2 and 4 blades cases. The average adjusted power is presented in Fig. 4.5b, 

and it can be seen that the 1-bladed mixer has lower values than that of the 2- and 4-

bladed mixers. In addition, the average adjusted power for the 2-bladed case is higher 

than the 4-bladed case which is in agreement with the torque measurements (see Fig. 

4.5a). The trend of a linear increase of the adjusted power with an increase in the shear 

rate is observed for all numbers of blades used in this section. The fluctuations of both 

torque and power values (not shown) at each rotation rate in the 1-bladed mixer are 

generally higher than those in the 2- and 4-bladed cases because of asymmetry of the 

single blade when rotating through a granular bed. 

 

4.2.2 Effect of the Impeller Blade Angle 

We next explore the effect of varying the impeller blade angle on granular flow 

properties. For the standard impeller (Fig. 4.4a), blades are pitched at a 135° angle with 

respect to the horizontal plane. The angles of the blades used for the experiments in this 

section were altered to 90° (Fig. 4.4d) and 150° (Fig. 4.4e). The impellers were set to 

rotate in the counter-clockwise direction to provide obtuse blade angle configurations, 

which are commonly used in industries and considered to result in better mixing 
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performance than the acute angles [23]. All other particle parameters and operating 

conditions were the same as in the base case. Time-averaged torque and average adjusted 

power plotted as a function of the dimensionless shear rate are displayed in Fig. 4.6. 

From Fig. 4.6a, it can be seen that the blades with 90° angle have the highest average 

torque values, followed by 135° and 150° angles, respectively. In general, the torque 

values for the 135° and 150° cases are quite similar. In Fig. 4.6b, it is seen that the 

average adjusted power readings for the three different blade angle configurations are 

closer to one another than the torque values (see Fig. 4.6a). In general, the average torque 

and the adjusted power decrease with an increase in the impeller blade angle. Our 

experimental data is in good agreement with the DEM simulation results accomplished 

by Chandratilleke et al. [32], examining the effect of rake angle of the impeller on the 

shaft torque for cohesive particles in a vertical bladed mixer. 

 

4.2.3 Effect of the Impeller Blade Length 

We next investigate the effect of the length (L) of blades by using two different types of 

impeller configurations in our experiments: the 45-mm standard blades (Fig. 4.4a) and 

the 37.5-mm blades (Fig. 4.4f). Both impellers have four blades with a 135° angle. All 

other particle parameters and operating conditions were the same as in the base case. In 

Fig. 4.7a, it is noticed that when the time-averaged torque is plotted as a function of the 

dimensionless shear rate, torque values for both blade lengths increase fairly linearly with 

shear rate. In addition, the time-averaged torque of the 45-mm blades is significantly 

higher than that of the 37.5-mm blades for the entire range of impeller rotational rates. It 

can be observed in Fig. 4.7b that the average adjusted powers at low shear rates are not 
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obviously different for the two blade lengths. However, as the dimensionless shear rate 

increases, the average adjusted power is higher for the 45-mm standard blades than the 

37.5-mm blades. 

 

4.3 Effect of Particle Friction Coefficient 

Remy et al. [27] experimentally and computationally studied the effect of varying 

roughness of particle surface on granular flow behaviors and mixing kinetics. They found 

that particle friction had a tremendous impact on particle velocity profiles and mixing 

patterns of granular materials in a bladed mixer. In this section, the effect of particle 

surface roughness on impeller torque and power will be investigated. The experiments 

were conducted for two sets of 2-mm glass beads; one was the standard uncoated red 

beads, and the other was the magnesium stearate (MgSt)-coated colorless beads 

fabricated according to a protocol in Section 2.2.4 of Chapter 2. The fill height of the 

particle bed for both cases was 30 mm (H/D = 0.30). The standard impeller blades (Fig. 

4.4a) were used, and all other operating conditions were as in the base case. The results 

for the effect of roughness of the particles on the measured torque and adjusted power are 

shown in Fig. 4.8. It is observed in Fig. 4.8a that the MgSt-coated beads (µ = 0.38, see 

Section 2.2.4) exhibit a distinctively higher average torque than the uncoated beads (µ = 

0.32, see Section 2.2.4). The reason for this is that the coated beads have a higher friction 

than the uncoated beads, and thus the impeller blades require more force to move through 

the particle bed. Also, the standard deviations of the torque values at each rotational rate 

are more for the MgSt-coated beads than those in the regular bead case as shown by the 

magnitude of the error bars in Fig. 4.8a. As shown in Fig. 4.8b, the average adjusted 
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power for the uncoated beads is noticeably less than that of the MgSt-coated beads for the 

entire range of the impeller blade rotational speed. These trends of torque and power 

consumption as a function of shear rate are similar to results for an experimental study 

performed by Remy [93] and DEM simulations carried out by Benque [97]. 

 

4.4 Effect of Impeller Blade Position in a Deep Granular Bed 

Remy et al. [23, 24] demonstrated via DEM computational studies that granular flows in 

a shallow bed behaved differently from those in a deep particle bed. In this part, we will 

experimentally compare the measured agitation torque and the power consumption for 

shallow and deep beds. The granular material used in this section’s experiments was 2-

mm red colored glass beads, and the amount of material loaded into the laboratory mixer 

was increased from an initial bed height of 30 mm (as in the base case) to 90 mm. It 

should be noted that we observed in our experiments that when the blades are rotating the 

total height of the granular bed is approximately the same as the granular bed initial 

height at a stationary state. The particle bed with a 30-mm fill height (H/D = 0.30), i.e., 

the amount of glass beads just covering the top tip of the blades, was considered to be the 

shallow bed, and the particle bed with a 90-mm fill height was considered to be the deep 

bed. The H/D ratios in the deep bed are calculated from the height of the glass beads that 

cover and are above the span of the impeller blades, i.e., H is defined as the height from 

the bottom of the blades to the top of the granular bed. This was done as it had been 

shown previously that the material above the blades affected torque measurements [23, 

24]. In order to investigate this impact, the blade position in a deep granular bed was 

changed from the bottom (H/D = 0.90) to the middle (where the blades are at 30-mm 
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height from bottom, H/D = 0.60) and to the top (where the blades are at 60-mm height 

from bottom, H/D = 0.30) in the mixer, compared to results in the shallow bed (30-mm 

fill height, H/D = 0.30). The standard impeller blades (Fig. 4.4a) were used, and all other 

process parameters in the experimental set-up were the same as those in the base case. 

 

Comparison between the shallow and the deep granular beds for the measured torque and 

power plotted as a function of a dimensionless shear rate is shown in Fig. 4.9. From Fig. 

4.9a, one can see that the time-averaged torque for the deep bed cases for H/D = 0.60 and 

0.90 are considerably larger than that for H/D = 0.30. In addition, the deep and shallow 

bed cases for H/D = 0.30 agree fairly well. For the deep bed cases of H/D = 0.60 and 

0.90, we now see that for low shear rates there is a quasi-static region (for γ* less than 

approximately 0.05) where the torque does not vary with shear rate. For the intermediate 

regime (γ* larger than approximately 0.05), the torque values linearly increase as the 

blade rotational speed increases for all cases in the deep bed. Depicted in Fig. 4.9b, the 

average adjusted power for the deep bed increases with a relatively large slope as the 

impeller rotation rate increases; whereas, the power for the shallow bed increases with a 

relatively smaller slope as the blade rotational speed increases. 

 

From Figs. 4.9a – b, it can be seen that the time-averaged torque as well as the average 

adjusted power for the blades at the bottom case (H/D = 0.90) are significantly larger than 

those for the cases in which the blades are at the middle position (H/D = 0.60) and at the 

top position (H/D = 0.30) in the deep granular bed, respectively. This is because as the 

amount of materials on top of the blades increases, the hydrostatic pressure applied on the 
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impeller increases, and thus, the resulting shear stress also increases correspondingly (see 

Eq. (4.6)). It can be observed that the average torque and the adjusted power results for 

the blades at the top position (H/D = 0.30) in the deep bed case are not significantly 

different from those for the shallow bed case (30-mm fill height in which particles are 

just covering the top tip of the blades with the impeller at the bottom of a mixer, H/D = 

0.30). As was discussed, it has been shown in previous work [23, 24] that the materials 

underneath the impeller blades do not have any substantial influence on flow of grains in 

a mixing system since the only portion of a granular bed that moves is material within the 

span of the blades or close to the blades. The H/D = 0.30 case for the shallow and deep 

beds (see Fig. 4.9) are not identical; the small differences may be due to the fact that 

while the impeller at the top of a deep bed is rotating, the blades push some portion of the 

glass beads downward and cause some particles below to move which affects the 

agitation torque and power values. 

 

4.5 Effect of Particle Size and Scaling Relationship 

Particle size is one of the important material properties that plays a crucial role in 

granular flow and mixing. To understand the effect of particle size on power and torque 

exerted by an impeller blade on a granular material, three different particle sizes were 

examined in our experiments: 1-mm, 2-mm, and 5-mm diameter glass beads. All 

experiments in this section were performed using the standard impeller blades (Fig. 4.4a), 

and the fill height of the particle bed was kept constant to be 30 mm (H/D = 0.30) for all 

particle size cases. In addition, all other parameters and processing conditions were set to 

those in the base case. 
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In previous sections, the average torque and power values were plotted as a function of 

the dimensionless shear rate (γ*). However, when plotting in this manner, the data points 

for different bead sizes do not lie on the same x-axis scale, making it more difficult to 

interpret the results. This is because the dimensionless shear rate (γ*) is a function of 

particle size itself (see Eq. (4.1)). Therefore, in order to fit data points on the same x-axis 

scale, for this section only the time-averaged torque, as well as the average adjusted 

power, are plotted as a function of the shear rate (γ°), as shown in Fig. 4.10. In Fig. 4.10a, 

the average torque measured for the 5-mm diameter particles is the highest, followed by 

the values for 2-mm and 1-mm beads, respectively. A trend of linearly increasing torque 

values as the blade rotational rate increases can be observed for the 1-mm particles, 

similar to the 2-mm case (the base case in Fig. 4.1). At low shear rates (γ° < 4 s-1) fairly 

constant torques are observed for the 5-mm beads indicating a quasi-static regime, and 

for higher shear rates there are linearly increasing torque values (indicating an 

intermediate regime) as the shear rate (or the blade rotational rate) increases. Similar 

trends are generally observed for the adjusted power graph in Fig. 4.10b, but the values 

linearly increase with shear rate for all particle sizes. 

 

Jop et al. [98] and Andreotti et al. [99] have observed that granular flows can be 

characterized by a dimensionless inertial number which is proportional to the particle 

diameter, d, so it is possible that we may be able to scale the agitation torque by the 

particle diameter and have the results collapse on top of another. In addition, the power 

consumption of the motor can also be related to the torque, and thus, we expect that we 
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may also be able to scale the power consumption by the diameter of particles. In Fig. 

4.11, we normalize the time-averaged torque and the average adjusted power values in 

Fig. 4.10 by the particle diameter for the three different cases of 1-mm, 2-mm, and 5-mm 

glass beads. It can be observed from Fig. 4.11a that the 1-mm particles have the highest 

normalized torque, 〈𝑇〉/𝑑. It is interesting to note that, although the actual time-averaged 

torque increases with an increase in a particle diameter (see Fig. 4.10a), the normalized 

torque values, 〈𝑇〉/𝑑, for the 2-mm and 5-mm particles are lower than that of the 1-mm 

particles. Moreover, the normalized torque 〈𝑇〉/𝑑 values for the 2-mm and 5-mm 

particles are fairly similar, implying that the torque exerted by the impeller on the 

granular material flowing in our bladed mixer complies with this theoretical scaling. 

Discrepancy of the normalized torque values, 〈𝑇〉/𝑑, for the 1-mm particles from the 

other cases might be due to the relatively wide particle size distribution of the 1-mm glass 

beads (see Section 2.2.2 in Chapter 2) and electrostatic charges that could extensively 

affect flow behaviors of the 1-mm beads. Similar trends are observed in Fig. 4.11b for the 

average adjusted power normalized by the particle diameter, (P*/d), as a function of the 

shear rate. 

 

4.6 Effect of Material Fill Height and Scale-up 

Barczi et al. [100] studied the effect of the granular bed depth on particle flow and 

homogenization in a vertical bladed mixer with two flat blades using the DEM technique. 

They observed that both macroscopic and microscopic flow patterns were affected by the 

packed-bed depth and the blade rotational rate. Remy et al. [24] carried out DEM 

simulations of bladed mixers at different scales and found that the total weight of the 
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particle bed in a bladed mixer was an important parameter affecting stress profiles and 

granular flow behaviors. In this part, we will examine the effect of the amount of granular 

material, reported as the fill height in the mixer, on measured torque and power. To do so, 

5-mm glass beads and a lead weight were used in the experiments in this section to 

imitate the hydrostatic pressure experienced by the impeller blades. A circular lead 

weight was placed on a circular-cut piece of cardboard which was inserted through the 

impeller shaft assembly. The lead weight and the cardboard sat on top of the glass beads 

and distributed the normal load onto the particle bed during agitation to mimic the 

hydrostatic pressure experienced in the mixer. The experiments were carried out for the 

following different initial fill heights of beads: 30 mm (H/D = 0.30), 60 mm (H/D = 

0.60), and 85 mm (H/D = 0.85). It was determined that mass of the lead weight (530 g) 

was equivalent to the mass of a particle bed fill height of 44 mm. This information was 

used to increase the fill height without actually using glass beads. For the 85-mm fill 

height, we performed two different sets of experiments. One scenario was using the beads 

actually filled up to 85 mm (H/D = 0.85), and the other setting was using the glass beads 

filled up to 41 mm plus the lead weight (equivalent to 44 mm) on top (which we referred 

to as “Effective H/D = 0.85”). For the “Effective H/D = 1.04”, we placed the lead weight 

on top of the 60-mm fill height of the beads. It should be noted that the particle size of the 

beads used in these experiments was 5 mm. This was different from the other cases 

because the 2-mm particles were smaller than the hole through which the lead weight was 

inserted onto the impeller shaft. Because of this, the 2-mm beads would escape upward 

through this hole and get on top of the lead weight, making the lead weight sink into the 

particle bed. Therefore, in order to overcome this problem, glass beads with a 5-mm 
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particle size were used instead in the experiments in this section. All experiments in this 

part were performed using the standard impeller blades (Fig. 4.4a). Additionally, all other 

process parameters were the same as those in the base case. 

 

Fig. 4.12 shows the time-averaged torque and the average adjusted power results for 

cases with different fill heights of the glass beads as a function of the dimensionless shear 

rate. It can be observed from Fig. 4.12a that the shallow bed (H/D = 0.30) of 5-mm beads 

exerts the lowest normal load on the impeller blades, and thus the lowest values of torque 

are measured. As the amount of material in the bladed mixer increases, the 

experimentally measured torque generally increases with the fill height of the beads. The 

glass beads filled up to the 85-mm fill height (H/D = 0.85) yields comparable results to 

the case where the lead weight was placed on top of the material (Effective H/D = 0.85), 

implying that the lead weight can be a good representative of the normal load applied on 

the granular bed. In general, for the 104-mm fill height (Effective H/D = 1.04), the largest 

torque values are measured due to the largest amount of hydrostatic pressure experienced 

by the impeller blades during agitation. Similar trends for the average adjusted power in 

the shallow bed granular system (H/D = 0.30) plotted as a function of the dimensionless 

shear rate can be seen in Fig. 4.12b. 

 

A scale-up relationship for deep granular beds varying the material fill height in a bladed 

mixer can be then developed from the average torque and adjusted power information. 

From Eq. (2.34) in Chapter 2, it can be rearranged to the following expression: 

�⃗�  =  2π𝑅cyl
2 𝐻〈𝜏𝜃𝑟〉    (4.5) 
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Note that the impeller torque (�⃗� ) is proportional to the average shear stress 〈𝜏𝜃𝑟〉 

multiplied by the height (H) of the particle bed when the blades are rotating. In addition, 

Remy et al. [24, 26] found that, for non-cohesive materials, Coulomb’s law of friction 

was observed and the shear stress was proportional to the normal stress. Thus in a bladed 

mixer the average shear stress 〈𝜏𝜃𝑟〉 could be related to the hydrostatic pressure acting on 

the material: 

〈𝜏𝜃𝑟〉  =  𝜇𝜌bulk𝑔𝐻    (4.6) 

where μ is the bulk friction coefficient, ρbulk is the bulk density of the granular bed, g is 

the acceleration due to gravity, and H is the fill height of the bed. It will be assumed that 

changes in the granular bed bulk density ρbulk during agitation are negligible, i.e., ρbulk is 

approximately constant within the flow regimes we are investigating. This implies that 

the height, H of the granular bed does not change with rotation rate. We indeed observed 

in our experiments that when the blades are rotating the total height of the granular bed is 

approximately the same as the granular bed initial height at a stationary state. Substituting 

Eq. (4.6) into Eq. (4.5), the following relationship is derived subsequently: 

�⃗�  =  2π𝜇𝜌bulk𝑔𝑅cyl
2 𝐻2   (4.7) 

Expression (4.7) implies that the measured impeller torque scales by the square of the 

material fill height (�⃗�  α 𝐻2) in a bladed mixer when all other parameters are constant. 

 

In Fig. 4.13, we normalize the experimentally measured time-averaged torque 〈�⃗� 〉 and the 

average adjusted power P* values in Fig. 4.12 by the square of the granular bed fill height 

(H2) for each case. The normalized torque 〈𝑇〉/𝐻2 results shown in Fig. 4.13a illustrate 

that all of the normalized torque data points for the deep particle beds (H/D ≥ 0.60) 
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essentially collapse into one single curve. It is interesting to note that, even though the 

actual time-averaged torque increases with an increase in the material fill height (see Fig. 

4.12a), the normalized torque 〈𝑇〉/𝐻2 for all deep granular bed cases (H/D ≥ 0.60) is 

lower than that of the shallow bed case (H/D = 0.30). Moreover, the fact that the 

normalized torque 〈𝑇〉/𝐻2 values for the deep particle beds (H/D ≥ 0.60) collapse into 

one single curve, with the exclusion of the shallow bed case (H/D = 0.30), implies that 

the impeller torque exerted on deep granular beds behaves differently from that in a 

shallow bed. We hypothesize this difference in the shallow bed case is because particles 

on the surface of the shallow bed can form heaps and valleys freely when the impeller 

blades are rotating, resulting in significant changes in the bed height and the bulk density 

especially at high shear rates which can in turn affect the torque scaling relationship in 

Eq. (4.7). An analogous principle can be applied to the impeller blade power 

consumption, and the normalized adjusted power P*/H2 results are depicted in Fig. 4.13b. 

Similar trends are observed for the normalized adjusted power P*/H2 both in the shallow 

and deep particle bed cases for the entire range of the granular flow regime. 

 

4.7 Effect of Moisture Content 

Last but not least, we examined the effect of cohesion due to moisture in granular 

systems on the agitation torque and power consumption. Remy et al. [29] 

computationally and experimentally demonstrated that particle flows and mixing 

performance in cohesionless system differed from those in cohesive granular systems and 

that different levels of moisture content in the systems resulted in different behaviors. In 

our experiments, water was incorporated into the particle bed according to the protocol 
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described in Section 2.2.5 of Chapter 2. Wet experiments were performed using the 

standard impeller blades and the colorless glass beads with a diameter of 2 mm loaded to 

a 30-mm fill height (H/D = 0.30). Moisture content added in cohesive granular systems 

was varied from 1% to 2.4% and 4.5% v/v, and the measured torque and power in 

cohesive systems were compared to those in non-cohesive system. 

 

Fig. 4.14 shows the effect of the moisture content in granular systems on the impeller 

torque and power draw as a function of the dimensionless shear rate. In Fig. 4.14a, the 

averaged torque values measured in wet granular materials are qualitatively greater than 

that in cohesionless system. However, the torque values in the three different levels of 

moisture content cannot be obviously distinguished from each other due to high 

variations of the data. High deviation and less reproducibility of the torque results in 

cohesive granular systems are because of formation of agglomerates and sticking of 

particles to the mixer wall and impeller blades. Similar trends for the average adjusted 

power in cohesive granular systems varying moisture content levels can be observed in 

Fig. 4.14b but lot less deviations of the results compared to the torque variations. Further 

work on the measurements of the agitation torque and power consumption for cohesive 

granular materials in deep beds (higher H/D ratios) is needed to reduce variations and to 

obtain more reproducible results. 

 

4.8 Conclusions for Chapter 4 

Experiments were performed on monodisperse spherical glass beads flowing in a 

cylindrical bladed mixer agitated by an impeller. Experimental measurements of the 
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torque exerted by the impeller blades on the granular bed were achieved by using a 

torque table and a data acquisition system. Power consumed by the motor to move an 

agitator through the particle bed was also experimentally measured using a power meter. 

The effects of various impeller blade design configurations and material properties on the 

agitation torque and power were examined as a function of the impeller blade rotational 

speed. For “the base case”, which was composed of 2-mm diameter glass beads filled up 

to a 30-mm height (H/D = 0.30) that just covered the span of the blades and considered as 

a shallow bed using “the standard impeller blades”, the time-averaged torque values at 

low shear rates were slightly increasing within the quasi-static regime of granular flow 

behaviors. This was then followed by a linear increase in the torque in the intermediate 

region as the shear rate increased. This trend for the impeller torque was similar to what 

was observed for the adjusted power consumption. Data analysis in “the base case” 

revealed that fluctuation of torque values was fairly constant in the quasi-static region 

and increased with an increasing blade rotational speed in the intermediate flow regime. 

FFT spectrums for “the base case” showed peaks at frequencies corresponding to the 

impeller blade rotational rates. 

 

This research demonstrates that the torque values and the power readings measured from 

the mixing system were sensitive to several factors including the impeller blade 

configurations (number, angle, and length of blades), the particle size and friction 

coefficient, the blade position in a deep granular bed, and the fill height of the glass 

beads. The time-averaged torque was dependent on the number of impeller blades used in 

the mixer; the 2- and 4-bladed mixers exerted greater torque than the 1-bladed mixer on 
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the particle bed due to the larger blade-particle tangential forces. The torque values also 

increased with an increase in the blade length and with a decrease in the blade pitch 

angle. Furthermore, at higher fill heights of the granular material, greater torque values 

and power readings could be measured. The highest torque and power measurements 

were recorded for the case where the impeller blades were placed at the most bottom 

position (H/D = 0.90) of the deep particle bed. This was because of the hydrostatic 

pressure from the material on top of the blades. Moreover, the average torque and 

adjusted power were a strong function of material properties including particle diameter 

and surface roughness. Larger particle sizes and a greater friction coefficient resulted in 

higher magnitudes of the torque and power. In addition, the time-averaged torque and 

power consumption for the 2- and 5-mm bead cases qualitatively scaled with particle 

diameter. 

 

It was demonstrated that granular flow behaviors in a shallow bed were different from 

those in the deep bed. As the amount of material in the bladed mixer increased, the 

experimentally measured torque also increased. In the deep particle bed, the measured 

torque was independent of the shear rate in a quasi-static regime and then linearly 

increased as the blade rotational speed increased in the intermediate regime. Moreover, 

the clear distinction between these two regions could be observed in the deep granular 

bed, which could not be obviously differentiated in the shallow bed case. A scale-up 

relationship for deep granular beds varying the material fill height in a bladed mixer was 

then developed from the average torque and adjusted power information. The time-
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averaged torque and average adjusted power consumption qualitatively scaled with 

square of the material fill height in a deep granular bed. 

 

The results from research work in this chapter provide an insight on how the impeller 

blade configurations and material properties affect the agitation torque and power 

measured as a function of a process parameter in granular systems flowing in a bladed 

mixer. These findings complement our preceding knowledge and provide better 

understanding with regard to processing of solid particulate systems. At the same time 

these results are for a limited number of parameters, and future work is needed to validate 

that the results of this study hold for other parameter values. Further research should be 

conducted to study the effect of other material properties (e.g. cohesive particles), 

equipment configurations (e.g. different types of mixers), and other process parameters 

on particulate flow and mixing in a bladed mixer. Experiments can be done by adding 

and varying the amount of water in a granular bed to investigate the effect of cohesion on 

measured torque and power consumed by the impeller blades. In addition, results of the 

parametric sensitivity analysis for the impeller blade torque and power consumption 

found in this research can be extended further by performing experiments in larger scale 

mixers. DEM simulations in a similar geometry can also be carried out by varying the 

aforementioned factors to provide information about torque and power. 
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4.9 Figures for Chapter 4 

 

 

Fig. 4.1. Granular flow properties as a function of the dimensionless shear rate (γ*) for 

“the standard case”: (a) the time-averaged impeller torque and (b) the average adjusted 

power (P*). The experiments were performed using red glass beads of 2-mm diameter 

loaded to a 30-mm fill height (shallow bed, H/D = 0.30) and the standard impeller blades 

(4 blades with a 135° angle and 45-mm length).  

a) 

b) 
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Fig. 4.2. Normalized torque (�⃗� ∗) fluctuation profiles at steady state for different blade 

rotational speeds: (a) 10 RPM, (b) 20 RPM, (c) 60 RPM, and (d) 200 RPM. The 

normalized torque values shown in this figure are the instantaneous torques divided by 

the time-averaged torque at each shear rate. Torque signal measurements were recorded 

every 0.125 seconds. 

  

a) b) 

c) d) 
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Fig. 4.3. Single-sided amplitude spectrums of the fast Fourier transform (FFT) torque 

signals for different blade rotational speeds: (a) 10 RPM, (b) 20 RPM, (c) 60 RPM, and 

(d) 200 RPM. Torque signal measurements were recorded every 0.125 s. 
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Fig. 4.4. Impeller blade configurations used in the experiments: (a) standard impeller, 4 

blades, 45-mm length, 135° angle; (b) 2 blades, 45-mm length, 135° angle; (c) 1 blade, 

45-mm length, 135° angle; (d) 4 blades, 45-mm length, 90° angle; (e) 4 blades, 45-mm 

length, 150° angle; and (f) 4 blades, 37.5-mm length, 135° angle. The black squares in 

this figure show an area of 1 × 1 cm2. 
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Fig. 4.5. Effect of the number of impeller blades on: (a) the average torque and (b) the 

average adjusted power as a function of the dimensionless shear rate. Impeller blades 

used in these sets of experiments have 135° angle and 45-mm length. 

  

a) 

b) 
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Fig. 4.6. Effect of the impeller blade angle on: (a) the average torque and (b) the average 

adjusted power as a function of the dimensionless shear rate. Impeller blades used in 

these sets of experiments have 4 blades and 45-mm length. 

  

a) 

b) 
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Fig. 4.7. Effect of the impeller blade length on: (a) the average torque and (b) the average 

adjusted power as a function of the dimensionless shear rate. Impeller blades used in 

these sets of experiments for both cases have 4 blades and 135° angle. 

  

a) 

b) 
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Fig. 4.8. Effect of the macroscopic friction coefficient (µ) of particles on: (a) the average 

torque and (b) the average adjusted power as a function of the dimensionless shear rate. 

Experiments were performed using the standard impeller blades and the glass beads with 

a diameter of 2 mm loaded to a 30-mm fill height (H/D = 0.30).  

a) 

b) 
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Fig. 4.9. Effect of the impeller blade position in a deep granular bed (90-mm fill height) 

on: (a) the time-averaged torque and (b) the average adjusted power as a function of the 

dimensionless shear rate, compared to those values in a shallow bed (30-mm fill height 

just covering the top tip of the blades). Blade position in a deep bed: top (H/D = 0.30), 

middle (H/D = 0.60), and bottom (H/D = 0.90). Experiments were performed using the 

standard impeller blades and the glass beads with a diameter of 2 mm.  

a) 

b) 
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Fig. 4.10. Effect of the particle size on: (a) the average torque and (b) the average 

adjusted power drawn from experiments as a function of the shear rate γ°. Experiments 

were performed using the standard impeller blades, and the granular bed was filled up to 

a 30-mm height (H/D = 0.30) for all particle sizes.  

a) 

b) 
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Fig. 4.11. (a) The time-averaged normalized torque, 〈�⃗� 〉/𝑑, and (b) the average 

normalized adjusted power, P*/d, plotted as a function of the shear rate γ°. Experiments 

were performed using the standard impeller blades, and the granular bed was filled up to 

a 30-mm height (H/D = 0.30) for all particle sizes. Note that the y-axis in Fig. 4.11b is 

multiplied by a factor of 103.  

a) 

b) 
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Fig. 4.12. Effect of the amount of materials in a bladed mixer, reported as the H/D ratio, 

on: (a) the time-averaged torque and (b) the average adjusted power as a function of the 

dimensionless shear rate. Experiments were performed using the standard impeller blades 

and the glass beads with a diameter of 5 mm. The effective H/D ratios indicate usage of a 

lead weight instead of using actual particle mass.  

a) 

b) 
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Fig. 4.13. (a) The time-averaged torque 〈�⃗� 〉 and (b) the average adjusted power P* values 

in Fig. 4.12 were normalized by square of the height (H2) of the granular material filled in 

a bladed mixer plotted as a function of the dimensionless shear rate. Experiments were 

performed using the standard impeller blades and the glass beads with a diameter of 5 

mm. The effective H/D ratios indicate usage of a lead weight instead of using actual 

particle mass. Note that the y-axis in Fig. 4.13b is multiplied by a factor of 103.  

a) 

b) 
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Fig. 4.14. Effect of the moisture content in granular systems on: (a) the average torque 

and (b) the average adjusted power as a function of the dimensionless shear rate. 

Experiments were performed using the standard impeller blades and the glass beads with 

a diameter of 2 mm loaded to a 30-mm fill height (H/D = 0.30).  

a) 

b) 
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Chapter 5. Scale-up of Cohesionless and Cohesive Granular Systems 

 

5.1 Scale-up of Cohesionless Granular Systems: Effect of the Number of Blades 

One might think that the effect of the number of impeller blades (see Chapter 3) on the 

properties of non-cohesive granular flows depends on the system size. We therefore 

studied how scaling up the system while simultaneously changing the number of blades 

has an influence on the cohesionless granular flow. The ratio of mixer diameter to 

particle diameter (D/d) has been shown to be an important parameter in other granular 

processes, and it is one of the parameters that changes during scale-up. For the results we 

have presented in Chapter 3, the ratio of D/d has been 63.0. We have carried out 

simulations for an increase in the D/d ratio from 63.0 to 90.0 in geometrically equivalent 

mixers. The numbers of blades used in the simulations in this section are two and four 

blades, and the rotational speed of the blades is set at 20 RPM for both D/d ratios. The fill 

level is set to H/D = 0.17 for both D/d cases studied, which is enough to just cover the 

blades. 

 

5.1.1 Normalized Velocity Fields 

In order to compare the results obtained from the different D/d ratios and to allow for 

plotting on the same axis, we normalized all particle velocities relative to the tip speed of 

the blades (Vtip). Fig. 5.1 depicts time-averaged radial (Vr) and vertical (Vy) velocity fields 

on a vertical plane for particles in front of the blade for different numbers of blades and 

D/d values. The magnitude of the tangential velocity (Vt) is represented by the color of 

the vectors. As can be seen from the figures, similar velocity fields for the 2-bladed 
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systems are observed for D/d = 63 (Fig. 5.1a) and D/d = 90 (Fig. 5.1b) and for the 4-

bladed cases as well (Figs. 5.1c and d, respectively). The flow pattern obtained in front of 

the blade is independent of the D/d ratio for the cases we have studied, which confirms 

the results published by Remy et al. [24] investigating the effect of the D/d ratio for a 4-

bladed mixer. 

 

5.1.2 Mixing Kinetics 

Fig. 5.2 shows the effects of the D/d ratio and the number of impeller blades on mixing 

performance. In this figure, the Lacey index (M) of the red particle concentration is 

plotted versus the number of revolutions of the blades. Little difference between the 

curves is observed between the D/d values of 63 and 90 for both two- and four-blade 

systems. The degree of mixing is very similar in all cases during the early stages of the 

mixing process, e.g. during 1 revolution. After 1 revolution the Lacey index curves for all 

cases increase and then reach a plateau. However, faster mixing kinetics and better 

mixing performance are observed for the simulations using a 2-bladed mixer compared to 

those for a 4-bladed system, as discussed previously. After 4 revolutions the Lacey index 

curves for the 2-bladed case approach the value of 1 while this is not the case for the 4-

bladed system, regardless of scale. 

 

5.1.3 Granular Temperature 

We also studied the effect of the mixer diameter to particle diameter ratio for different 

numbers of impeller blades on the granular temperature. Fig. 5.3 depicts the time-

averaged granular temperature as a function of position in the radial direction for 
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different D/d ratios using 2 and 4 impeller blades. In this figure, as previously discussed, 

the granular temperature curves obtained from the 2-bladed cases are in general higher 

than those from the 4-bladed systems, except for the fact that granular temperatures near 

the cylinder wall for the 4-bladed systems are slightly higher than those in the 2-bladed 

cases. All the granular temperature curves in this figure also follow the trend investigated 

by Remy et al. [23], i.e., lower granular temperature existed near the impeller shaft of a 

mixer, and maximum granular temperature was observed near the cylinder wall. In each 

case of number of blades used, the granular temperature values at various radial positions 

for D/d = 63 and D/d = 90 cases are reasonably comparable, which suggests that the D/d 

ratio has little effect on the granular temperature of the particle bed. 

 

5.1.4 Particle Diffusivities 

As mentioned before (see Section 2.1.5.2 in Chapter 2), particle diffusion has been 

previously shown to be dependent on system geometry and size in dense granular flows 

[89]. Table 5.1 presents the normalized diffusion coefficients (Dij
*) in the tangential, 

radial, and vertical directions obtained from different D/d ratios for the 2- and 4-bladed 

cases. Particle diffusivities were normalized by the tip speed of the blades and the mixer 

diameter according to Eq. (2.21) in Chapter 2. For 2-bladed systems, very similar values 

of the normalized particle diffusion coefficients at the D/d = 63 and the D/d = 90 ratios 

are obtained in each direction. Similar results for the normalized particle diffusivities are 

also observed for the 4-bladed cases between both D/d values. Péclet numbers (see Eq. 

(2.22) in Chapter 2) for the different D/d ratios and different numbers of blades used are 

also shown in Table 5.1. For 2- and 4-bladed systems, almost equal values of the Péclet 
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numbers in each direction at the D/d = 63 and the D/d = 90 ratios are observed. These 

results suggest that changing the mixer diameter to particle diameter ratio for the cases 

we have examined has an insignificant effect on the diffusive contributions of the particle 

transport process. 

 

5.1.5 Void Fraction 

Bed dilation is also affected by the mixer diameter to particle diameter ratio [24]. Fig. 5.4 

shows the time-averaged void fraction (ε) at two different D/d ratios for the 2- and 4-

blade cases. In this figure, as discussed in Section 3.7 of Chapter 3, the values of the void 

fraction for the 2-bladed cases are higher than those obtained from the 4-bladed systems. 

In each of the two cases (2 or 4 blades), the void fraction curves for D/d = 63 and D/d = 

90 lie on top of each other, which implies that the D/d ratio has insignificant impact on 

the void fraction of the granular bed for the cases we have examined. 

 

5.2 Scale-up of Cohesive Granular Systems 

The impact of scaling-up a bladed mixer in which cohesive granular materials are present 

is then further investigated. In the previous research conducted by Remy et al. [29], 

experiments and simulations of 2-mm diameter particle cohesive flows in a four-bladed 

mixer (D/d = 50) with the granular Bond number (Bog) of 5 were achieved, and the effect 

of moisture content (ϕliq ranging from 0.01 to 0.045) was thoroughly examined. When 

scaling-up a granular system (increasing the D/d ratio), the number of particles in a mixer 

also increases. The increased number of particles in simulations, combined with the 

complexity of the cohesive force – liquid bridge model in the DEM numerical algorithm, 
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requires significantly longer periods of time to complete a simulation. For some cases 

(e.g. at the largest D/d ratio that we selected), it took a couple of months to finish the runs 

which was highly time-consuming and computationally laborious, or in some cases it was 

almost impossible to accomplish even one simulation. From our previous work [28, 96], 

it has been shown that enlarging particle size (which results in an increase in the 

calculation grid cell size and the computational time-step) can speed up DEM simulations 

and shorten the time required to finish runs. Furthermore, it has been previously validated 

from parametric sensitivity studies that changing the particle diameter (d) within the 

range from 2 mm to 10 mm did not significantly affect flow properties and mixing 

performance of the granular systems [27]. Therefore, in this section only we will change 

the particle diameter to 10 mm to shorten the simulation time. 

 

Simulations in this section were carried out employing the liquid bridge model in 

EDEM™ [29], and the cohesive contact force model was followed (see Section 2.1.3 in 

Chapter 2). The input parameters for the cohesive force model in DEM simulations were 

listed in Table 2.3 and described in Section 2.1.4 of Chapter 2. This table also showed the 

value of the granular Bond number (Bog) set in the simulations, which is the ratio of the 

cohesive force to the gravitational force and is defined by McCarthy [101] as 

Bog  =  
3𝛾

2𝑅2𝜌p𝑔
     (5.1) 

where γ is liquid surface tension, R is particle radius, ρp is particle density, and g is the 

gravitational acceleration. In all wet simulations studied in the previous work by Remy et 

al. [29], the magnitude of the cohesive force is approximately 5 times that of the force 

due to gravity, and this value yielded interesting results for cohesive particle flows. 
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Therefore, in order to keep the Bog value constant at five in this work, since the particle 

radius (R) is increased five times from 1 mm in the previous work [29] to 5 mm in our 

simulations, the liquid surface tension (γ) is thus increased by 25 times from 0.073 N/m 

reported in the previous paper [29] to 1.825 N/m in our DEM simulation model (see 

Table 2.3 in Chapter 2). 

 

In this section, we study the effect of increasing the mixer diameter (D) while keeping the 

particle diameter (d) constant at 10 mm and compare the cohesive granular flow 

behaviors observed in bladed mixers at D/d ratios of 50, 75 and 100. For the parameters 

used in this work, the range of D/d ratios studied includes mixer sizes ranging from 98 L 

to 785 L. The mixer dimensions for the D/d = 50 case are the ones listed in Table 2.6 of 

Chapter 2. The dimensions of the D/d = 75 system are a 1.5 times linear scale-up of the 

values shown in Table 2.6. The D/d = 100 dimensions are twice the Table 2.6 values. The 

only dimension that is kept constant for all mixer sizes is the gap between the bottom 

plate of the mixer and the bottom of the blades (H2) and it is set to 10 mm for all system 

scales. For all of the D/d cases studied, the initial fill height of the spherical glass beads 

in the bladed mixers was set to H/D = 0.3 which was the amount of material just covering 

the top tip of the impeller blades. The rotational speed of the blades (RPM) for mixers at 

different D/d ratios was varied such that simulations in this section were accomplished 

using a constant tip speed (Vtip) of the impeller blades of 0.589 m/s for all mixer sizes. 

Because a constant tip speed of the blades was used for all system scales, the blade 

rotational speed decreased with an increase in the D/d ratios in our simulations. It has 

been observed in the previous scale-up research that setting the blade rotational speed 
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constant in simulations yielded similar results for particle dynamics and mixing kinetics 

to setting the blade tip speed constant as long as the cohesionless granular system was in 

the quasi-static regime [24]. However, this should be further investigated in cohesive 

granular flows. 

 

For cohesive granular flows in this study, the moisture content was varied from 1 percent 

(ϕliq = 0.01) to 4.5 percent (ϕliq = 0.045) in the systems, and the particle dynamics 

behaviors as well as the mixing kinetics were compared to the cohesionless dry case (ϕliq 

= 0). In order to compare the results obtained from the different system sizes (D/d ratios) 

and to allow for plotting in the same axis, we normalized all particle dynamic quantities 

relative to the tip speed of the blades (Vtip). Particle positions were normalized by the 

total bed height (H) in the vertical direction and by the mixer radius (R) in the radial 

direction. Flow behaviors and mixing kinetics of cohesive granular systems with different 

mixer scales along with varying moisture content were analyzed as follows. 

 

5.2.1 Normalized Tangential Velocity Profiles 

In this section, we compare velocity profiles of particles obtained from the DEM 

simulations of cohesive granular flows to those obtained from the cohesionless granular 

system simulations for different system scales. Fig. 5.5 depicts instantaneous tangential 

velocity profiles obtained for the DEM simulations at different system sizes (D/d ratio) 

and at different liquid contents (ϕliq). Here, the tangential velocities were normalized by 

the tip speed of the impeller blades, Vtip. In simulations, an approximate 40 mm × 40 mm 

square control area was created at the top free surface of the granular bed and at r/R = 
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0.5, and only the velocities of the particles located 0.75 particle diameters away from the 

top surface were included in the calculation. The instantaneous velocity components were 

calculated by averaging over the control area at a particular time-step. Tangential velocity 

of particles in front of the blades at r/R = 0.5 for each D/d ratio was normalized by the tip 

speed of the blades for each system size. 

 

In the dry systems (ϕliq = 0), periodic fluctuations of normalized tangential velocities 

(Vt/Vtip) of particles with distinct peaks are observed for all of the D/d ratios (Fig. 5.5a – 

c). These fluctuations develop because the particles in front of the impeller blades possess 

greater tangential velocities than the particles behind the blades [23]. The normalized 

tangential velocity profiles for cohesionless granular flows examined in this work are 

similar to those obtained from simulations in previous research studies by Remy et al. 

[23, 24, 27, 29]. In these figures, the number of velocity oscillations per revolution 

correlates with the number of impeller blades used in an agitated mixer (which is four 

blades in our case for all system sizes). A fast Fourier transform (FFT) analysis of the 

tangential velocity profiles reveals that the main frequency of the fluctuations is equal to 

the rotation frequency of the impeller blades for each D/d ratio (not shown). The 

normalized instantaneous tangential velocity (Vt/Vtip) values in this figure show 

differences in the amplitude of the fluctuations. It is noticeable that at ϕliq = 0 the 

amplitude of the normalized tangential velocity fluctuation peaks is the lowest for the D/d 

= 50 case (Fig. 5.5a) while significantly higher amplitudes are attained for the D/d = 75 

(Fig. 5.5b) and D/d = 100 (Fig. 5.5c) cases. The higher fluctuation amplitudes suggest 

that particle movement in the tangential direction is less uniform in bladed mixers of D/d 
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> 50, which is consistent with the result found in the previous paper by Remy et al. [24]. 

For ϕliq = 0 the normalized tangential velocity curves for D/d = 75 (Fig. 5.5b) and D/d = 

100 (Fig. 5.5c) are comparable, and little difference between these two graphs is 

identified suggesting that cohesionless granular flows in these two system scales 

converge into a single behavior. 

 

For wet granular flows (ϕliq = 0.01 and 0.045), due to addition of cohesion [29], the 

amplitudes of the normalized tangential velocity fluctuations are in general different from 

those in the dry cases for each D/d ratio (Fig. 5.5a – c). The periodicity of fluctuation 

displayed in the cohesive granular systems, especially for a D/d = 50 mixer (Fig. 5.5a at 

ϕliq = 0.01 and 0.045), is less than what has been observed in the dry velocity profiles (at 

ϕliq = 0) for all D/d ratios. Inspection of DEM simulations shows that the alteration in the 

normalized tangential velocity fluctuations is due to agglomeration of a large portion of 

particles in a granular bed in front of the impeller blades. These agglomerated particles 

move along with the rotation of the blades leading to a different tangential velocity 

profile inside the mixer [29]. It is also important to note that at each moisture content 

level (ϕliq = 0.01 and 0.045) the normalized tangential velocity profiles for D/d ratios of 

75 (Fig. 5.5b) and 100 (Fig. 5.5c) are shown to be qualitatively identical, suggesting that 

cohesive granular flows in these two larger scaled mixers (D/d = 75 and 100) converge 

into a similar behavior although cohesion is present in the systems. 
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5.2.2 Mixing Patterns 

To visualize mixing processes of cohesionless and cohesive granular materials at 

different scales of bladed mixers, a vertical cylindrical blending vessel was virtually 

divided into two sections by a vertical YZ plane at the center of the mixer. Prior to the 

blade movement, particles on the left side of the vertical plane were colored as yellow, 

and particles on the right side were colored as blue. These two types of particles had 

identical properties except for their colors. We then observed the mixing pattern after the 

blade motion had begun. Fig. 5.6 – 5.8 display EDEM™ top-view snapshots of particles 

showing the mixing process at different D/d ratios (D/d = 50, 75, and 100) for the dry 

systems (Fig. 5.6) and for the wet systems at moisture content (ϕliq) of 0.01 (Fig. 5.7) and 

0.045 (Fig. 5.8) taken at different numbers of revolutions (REV). In general, for both 

cohesionless and cohesive granular flows in all D/d ratio cases, well-mixed zones are first 

observed by the wall of the cylindrical vessel. The areas around the impeller shaft at the 

center of a mixer remain unmixed due to the fact that the speed of the blades at any point 

is r, and thus decreases as you get closer to the center. These unmixed areas close to the 

impeller shaft gradually decrease for prolonged periods of time. Additionally, enhanced 

mixing is obtained for the bladed mixers of D/d = 75 and 100 when compared to the D/d 

= 50 system at the same revolution of the blades in the initial mixing stages. 

 

In the non-cohesive systems (Fig 5.6), mixing is down to the particle-particle level after 

the impeller blades pass 8 REV, and among the three blender sizes there is no significant 

difference of the mixing pattern observed at the final time step (15 REV in our case). For 

the wet granular flows, agglomerates of particles are formed and stick to mixer walls and 
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center shafts. The unmixed regions around the impeller shafts for both moisture content 

levels (ϕliq = 0.01 in Fig. 5.7 and ϕliq = 0.045 in Fig. 5.8) reduce in size over time. 

Moreover, we observe that mixing patterns of cohesive particulate systems do not 

significantly change after passing 8 REV to 15 REV; however, these unblended areas in 

the central parts of the mixers are still present even though the blades have undergone 15 

revolutions. For the case of moisture content ϕliq = 0.01, slight difference in the mixing 

pattern at the final time step can be viewed. It is important to point out that, for ϕliq = 

0.045, the D/d = 50 case exhibits a significantly larger unmixed central region at the final 

time step compared to the D/d = 75 and 100 cases. The mixing pattern of particles at 15 

REV for the D/d ratio of 75 case is qualitatively similar to that for the D/d ratio of 100 

case. 

 

5.2.3 Mixing Kinetics 

Statistical analysis of mixing kinetics for wet simulations varying the system size was 

also performed by calculating relative standard deviation (RSD) values of particle 

concentration of a particular type in the entire granular systems (see Section 2.1.5.5 in 

Chapter 2). The size of the control volume (VC) used for the RSD computation in this 

section is 5d × 5d × 5d, where d is the particle diameter, such that VC/Vp = 240, where Vp 

is volume of one particle as most of the averaged macroscopic quantities are invariant of 

the sampling cell size at this VC/Vp value [29]. Figs. 5.9 – 5.11 display the effect of 

system scale on the RSD curves of the blue particle concentrations as a function of the 

number of blade revolutions for the different D/d ratio cases at ϕliq = 0 (Fig. 5.9), ϕliq = 

0.01 (Fig. 5.10), and ϕliq = 0.045 (Fig. 5.11). There is little difference in the degree of 
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mixing during the early stages (< 2 REV) of the blending process in all cases. Moreover, 

the RSD curves in all cases generally begin to level off after approximately 5 revolutions 

of the impeller blades. For each D/d ratio, mixing performance for the ϕliq = 0.01 cases 

(Fig. 5.10) is enhanced and better than the dry cases (Fig. 5.9) and the ϕliq = 0.045 cases 

(Fig. 5.11), respectively. The effect of moisture content on the mixing RSD was 

explained in the previous research by Remy et al. [29]. In Figs. 5.9 – 5.11, faster mixing 

kinetics can be essentially observed for the D/d > 50 cases at all levels of cohesion. The 

differences in the degree of mixing are still present after 15 revolutions when comparing 

the small system (D/d = 50) to the larger scales (D/d = 75 and 100) at each cohesion 

level. Regardless of the liquid content in the systems, the RSD curves for the D/d = 75 

and 100 cases start to converge into a single line especially after 10 revolutions although 

the RSD values are not perfectly identical. This result indicates that similar mixing 

kinetics are acquired for the cohesive granular systems of D/d ≥ 75 for the cases we have 

examined. 

 

In addition to the global mixing rate for the entire granular bed, we also examine the local 

degree of mixing of particles in simulations. Figs. 5.12 – 5.14 show the localized RSD 

values after 15 revolutions of the blades for different D/d ratio cases as a function of 

dimensionless radial positions (r/R) at ϕliq = 0 (Fig. 5.12), ϕliq = 0.01 (Fig. 5.13), and ϕliq 

= 0.045 (Fig. 5.14). For the dry system (Fig. 5.12) and the ϕliq = 0.045 case (Fig. 5.14), 

RSD values near the impeller shaft at the center of the mixer typically decrease with an 

increase in the radial position (r/R = 0.2 to 0.8) for all D/d ratios. In contrast, for the ϕliq = 

0.01 case (Fig. 5.13), the RSD values decline abruptly until r/R ~ 0.4 and start to plateau 
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out after r/R = 0.6 for all system scales. Close to the mixer walls (r/R > 0.8), the RSD 

values are the smallest with similar numbers obtained for all different cases. This is 

because of the shear effect between the cylindrical mixer walls and the impeller blades, 

resulting in rapid mixing rates in this area [29]. In general, the high moisture content 

cases, ϕliq = 0.045 (Fig. 5.14), are described by higher RSD curves (poorer mixing 

performance) than the cohesionless systems, ϕliq = 0 (Fig. 5.12), and the low moisture 

content cases, ϕliq = 0.01 (Fig. 5.13), respectively. These results are consistent with a 

phenomenon studied by Remy et al. [29] investigating the effect of moisture content on 

mixing of wet granular systems. It can be seen that, regardless of the moisture content 

level, the RSD versus r/R curves in the systems of D/d = 75 and 100 almost lie on top of 

each other and are significantly lower than those in the D/d = 50 cases. This suggests that 

greater mixing performance can be locally achieved in the larger system scales, and that 

the local degree of mixing of cohesive granular systems begins to converge when D/d ≥ 

75 (for the cases we have examined). 

 

5.2.4 Particle Diffusivities 

As mentioned earlier, diffusivities of particles have been measured in previous work [89]  

and they depended upon the mixer geometry and size. In Table 5.2, we present the 

normalized diffusion coefficients (Dij
*) in the tangential, radial, and vertical directions 

obtained from different D/d ratios for cohesionless (ϕliq = 0) and cohesive (ϕliq = 0.01 and 

0.045) granular systems. Particle diffusivities were normalized by the tip speed of the 

impeller blades and the mixer diameter according to Eq. (2.21) in Chapter 2. In general, 

for each cohesion level normalized particle diffusivities in all directions decrease with an 
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increase in the mixer size; however, the normalized diffusion coefficient values change 

little for the D/d ≥ 75, similar to the flow behaviors of cohesive granular matters observed 

for the convective particle motion. For D/d = 50, Dθθ
* are significantly higher than Drr

* 

and Dyy
* for all moisture content levels while we notice the opposite trend for the D/d 

ratios of 75 and 100 cases. 

 

Péclet numbers (see Eq. (2.22) in Chapter 2) for the different D/d ratios along with 

varying the cohesion from ϕliq = 0 to 0.01 and 0.045 are also shown in Table 5.2. All 

computed Péclet numbers are greater than unity suggesting that convection, due to the 

impeller blade rotation, is the primary mechanism of particle movement regardless of the 

system scale and the moisture content level. For each D/d ratio, convection in the 

tangential direction dominates the transport process for both dry and wet systems since in 

all cases Peθθ is much larger than Peyy and Perr, respectively. Adding cohesion into the 

systems significantly reduces the Peθθ values by three to four times in the D/d = 50 mixer, 

but lowers Peθθ approximately by half in the D/d = 75 system and slightly lessens Peθθ in 

the D/d = 100 system. The decline in the Peθθ values when cohesion is present in the 

systems may be due to formation of agglomerates in front of the impeller blades that 

might be able to hinder the tangential convective transport of the particles [29]. This data 

is consistent with an increase in the particles’ normalized tangential diffusion coefficients 

(Dθθ
*) in Table 5.2 when incorporating liquid into the systems. While little difference in 

the Perr and Peyy values for all D/d ratios and all moisture content levels is recognized, 

the Peθθ values in the D/d ratio of 100 and 75 cases for each liquid content level are much 

larger than those in the D/d = 50 case, respectively. Moreover, the Peθθ values for ϕliq = 
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0.01 and 0.045 in the D/d = 75 mixers slightly change when D/d ratio is increased to 100. 

This therefore indicates that, above a specific system size (D/d ≥ 75 in our case), particle 

convection scales with the radius of the mixer and the tip speed of the impeller blades, 

and that cohesive granular flow behaviors begin to converge for bladed mixers of D/d ≥ 

75. 

 

5.3 Conclusions for Chapter 5 

In this chapter, the effect of scaling up a mixer was analyzed together with the effect of 

the number of impeller blades in cohesionless granular systems. The system scale was 

varied by changing the mixer diameter to the particle diameter (D/d) ratio. Cases utilizing 

2 and 4 impeller blades at both D/d ratios equal to 63 and 90 exhibited similar 

characteristics in terms of velocity fields, degree of mixing, granular temperature, particle 

diffusivities, and void fraction of the particle bed. It was concluded that increasing the 

system size from D/d = 63 to 90 had an insignificant impact on the behavior of particulate 

flows in the mixing systems we examined. Scale-up of non-cohesive granular systems 

based on the number of impeller blades (2 and 4 blades) used in the agitated mixer could 

be scaled by the diameter of the mixer and the rotational speed of the impeller blades 

within the range from D/d = 63 to 90. 

 

In this section, we also studied the effect of increasing the mixer diameter (D) while 

keeping the particle diameter (d) constant at 10 mm and compared the cohesive granular 

flow behaviors observed in bladed mixers at D/d ratios varying from 50 to 75 and 100.  

For cohesive granular flows in this study, the moisture content was varied from 1 percent 
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(ϕliq = 0.01) to 4.5 percent (ϕliq = 0.045) in the systems, and the particle dynamics 

behaviors as well as the mixing kinetics were compared to the cohesionless dry case (ϕliq 

= 0). It was observed that, above a specific system size (D/d ≥ 75 in our case), normalized 

tangential velocity fluctuation, mixing rates, and normalized particle convection scaled 

with the diameter of the mixers and the tip speed of the impeller blades. 
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5.4 Figures for Chapter 5 

 

 

Fig. 5.1. Normalized time-averaged radial (Vr) and vertical (Vy) velocity fields in a 

vertical plane in front of the blade for different numbers of blades and D/d ratios: (a) 2 

blades at D/d = 63, (b) 2 blades at D/d = 90, (c) 4 blades at D/d = 63, and (d) 4 blades at 

D/d = 90. The color bar indicates magnitude of the tangential velocity (Vt). Particle 

velocities are normalized relative to the tip speed of the blades (Vtip) for both D/d ratios. 

The schematic at the top of the figure shows the position of the vertical plane for the 4-

blade configuration. An analogous vertical plane is used for the 2-bladed cases. 
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Fig. 5.2. Effect of different numbers of blades and D/d ratios on degree of mixing at 20 

RPM. Lacey index (M) of the red particle concentrations vs. number of revolutions of the 

blades. 

 

 

Fig. 5.3. Effect of different numbers of blades and D/d ratios on time-averaged granular 

temperature as a function of the radial position. 
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Fig. 5.4. Effect of different numbers of blades and D/d ratios on void fraction (ε) in front 

of the blade as a function of dimensionless radial position (r/R) in a mixer. 

 

Fig. 5.5. Effect of D/d ratios and moisture content (ϕliq) on normalized tangential velocity 

(Vt/Vtip) profiles as a function of the number of revolutions of the impeller blade in 

cohesive granular systems: (a) D/d = 50, (b) D/d = 75, and (c) D/d = 100. Instantaneous 

tangential velocities (Vt) of particles at each time-step are normalized relative to the tip 

speed of the blades (Vtip) for all D/d ratios. Liquid volume fraction (ϕliq) in granular 

systems is examined at three levels: ϕliq = 0 (dry), 0.01, and 0.045.  
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Fig. 5.6. Effect of D/d ratios on top-view snapshots of particles in cohesionless granular 

systems (ϕliq = 0) showing mixing patterns as a function of the number of revolutions of 

the impeller blade at Vtip = 0.589 m/s. 
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Fig. 5.7. Effect of D/d ratios on top-view snapshots of particles in cohesive granular 

systems (at ϕliq = 0.01) showing mixing patterns as a function of the number of 

revolutions of the impeller blade at Vtip = 0.589 m/s. 
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Fig. 5.8. Effect of D/d ratios on top-view snapshots of particles in cohesive granular 

systems (at ϕliq = 0.045) showing mixing patterns as a function of the number of 

revolutions of the impeller blade at Vtip = 0.589 m/s. 

  



136 

 

 

Fig. 5.9. Effect of D/d ratio on mixing kinetics in cohesionless granular systems (ϕliq = 0) 

for Vtip = 0.589 m/s: relative standard deviation (RSD) of the blue particle concentration 

vs. the number of revolutions of the impeller blade. 
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Fig. 5.10. Effect of D/d ratio on mixing kinetics in cohesive granular systems (at ϕliq = 

0.01) for Vtip = 0.589 m/s: relative standard deviation (RSD) of the blue particle 

concentration vs. the number of revolutions of the impeller blade. 

  



138 

 

 

Fig. 5.11. Effect of D/d ratio on mixing kinetics in cohesive granular systems (at ϕliq = 

0.045) for Vtip = 0.589 m/s: relative standard deviation (RSD) of the blue particle 

concentration vs. the number of revolutions of the impeller blade. 
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Fig. 5.12. Effect of D/d ratio on mixing performance in cohesionless granular systems 

(ϕliq = 0) for Vtip = 0.589 m/s: relative standard deviation (RSD) of the blue particle 

concentration vs. dimensionless radial positions (r/R) after 15 revolutions of the impeller 

blade. 
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Fig. 5.13. Effect of D/d ratio on mixing performance in cohesive granular systems (at ϕliq 

= 0.01) for Vtip = 0.589 m/s: relative standard deviation (RSD) of the blue particle 

concentration vs. dimensionless radial positions (r/R) after 15 revolutions of the impeller 

blade. 
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Fig. 5.14. Effect of D/d ratio on mixing performance in cohesive granular systems (at ϕliq 

= 0.045) for Vtip = 0.589 m/s: relative standard deviation (RSD) of the blue particle 

concentration vs. dimensionless radial positions (r/R) after 15 revolutions of the impeller 

blade. 
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5.5 Tables for Chapter 5 

Table 5.1. Effect of different numbers of blades and D/d ratio on normalized particle 

diffusivity (Dij
*) and Péclet number (Peij) in cohesionless granular systems. Particle 

diffusivities were computed with a Δt of ¼ of a revolution and were averaged over all the 

particles in the computational domain. 

Blade # (D/d) Dθθ
* Drr

*
 Dyy

* Peθθ Perr Peyy 

2 (D/d = 63) 1.2 × 10–2 2.1 × 10–3 2.5 × 10–3 24 33 50 

2 (D/d = 90) 1.3 × 10–2 2.2 × 10–3 2.5 × 10–3 22 33 50 

4 (D/d = 63) 1.0 × 10–2 1.9 × 10–3 1.7 × 10–3 57 31 43 

4 (D/d = 90) 0.9 × 10–2 1.7 × 10–3 1.7 × 10–3 70 28 36 
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Table 5.2. Effect of D/d ratio and moisture content (ϕliq) on normalized particle 

diffusivities (Dij
*) and Péclet number (Peij) in cohesionless (ϕliq = 0) and cohesive (ϕliq = 

0.01 and 0.045) granular systems. Particle diffusivities were computed with a Δt of ¼ of a 

revolution and were averaged over all the particles in the computational domain. 

D/d ϕliq Dθθ
* Drr

*
 Dyy

* Peθθ Perr Peyy 

50 

0.000 1.21 × 10-2 5.63 × 10-3 5.41 × 10-3 23.95 4.80 6.63 

0.010 3.40 × 10-2 9.56 × 10-3 1.16 × 10-2 7.02 2.45 3.55 

0.045 3.86 × 10-2 1.06 × 10-2 1.37 × 10-2 6.39 2.13 2.69 

75 

0.000 4.02 × 10-3 6.38 × 10-3 5.92 × 10-3 62.29 3.95 6.43 

0.010 5.20 × 10-3 7.61 × 10-3 1.13 × 10-2 39.33 2.67 3.51 

0.045 5.08 × 10-3 7.80 × 10-3 1.20 × 10-2 38.18 2.53 3.02 

100 

0.000 1.75 × 10-3 4.04 × 10-3 6.27 × 10-3 119.93 6.31 7.13 

0.010 1.87 × 10-3 4.06 × 10-3 6.40 × 10-3 91.58 5.31 7.22 

0.045 1.83 × 10-3 4.05 × 10-3 6.56 × 10-3 87.93 5.00 5.78 
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Chapter 6. Conclusions and Future Work 

 

Manufacture of commercial products including pharmaceutical solid dosage forms, 

powdered or granulated chemicals and foods, and other solid materials often involves 

significant particle processing. These solid particulate operations include storage and 

transfer of materials, mixing of ingredients, and processing from intermediates to finished 

products. Compared to fluid processing, our understanding of solids processing lags 

behind. Due to a lack of fundamental understanding of particulate systems, problems 

such as attrition, segregation, and agglomeration still occur during these processing steps. 

Furthermore, the roles of material properties, equipment configurations, and operational 

variables on the flow behaviors of the particulate systems remain unclear. In this 

dissertation, we have both computationally and experimentally studied cohesionless and 

cohesive granular flows in bladed mixers to obtain a better understanding of the particle 

dynamics and mixing kinetics of the systems. 

 

Simulations of granular flow of monodisperse, cohesionless spherical glass beads in a 

cylindrical bladed mixer agitated by an impeller were performed using the discrete 

element method (DEM). The number of impeller blades was varied from 1 to 4 blades, 

and the impact of the number of blades on granular flow and mixing kinetics was 

investigated. It was found that particle velocities were influenced by the number of the 

blades used in the mixing system. Higher radial and vertical velocities of particles were 

observed in the 1- and 2-bladed mixers, which led to more pronounced three-dimensional 

recirculation patterns. However, the tangential velocity components of particles in the 3- 
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and 4-bladed cases were larger. Additionally, it was found that using two or three 

impeller blades provided better mixing performance than using one or four blades, as 

evaluated by calculation of the relative standard deviation (RSD) and the Lacey index of 

the systems. Granular temperature and particle diffusivities obtained for the 2- and 3-

bladed cases were also higher than those for the 1- and 4-bladed mixers. Solids fraction 

analysis showed that dilation of the particle bed occurred to the greatest extent in the 2-

bladed mixer. Contact force network data and blade-particle force calculations showed 

that using different numbers of impeller blades led to significant differences in the force 

distribution. 

 

The torque and power needed to drive an impeller are important quantities that can 

indicate flow behavior and can be used to control processes, especially mixing and 

granulation in the pharmaceutical industry. In this study, experiments were conducted on 

monodisperse spherical glass beads flowing in a cylindrical bladed mixer agitated by an 

impeller. The impeller torque was measured using a rotating platform, and the power 

draw for the motor driving the impeller was measured using a power meter. The effect of 

various impeller blade designs and material properties on the torque and power were 

investigated as a function of the impeller blade rotation rate. It was found that the torque 

exerted on a granular bed and the power consumption were a strong function of the 

impeller blade configuration, the position of the blades in a deep granular bed, the fill 

height of the glass beads, and the size and friction coefficient of the particles. It was 

observed that the time-averaged torque and power consumption for different particle 

sizes qualitatively scaled with particle diameter. A scale-up relationship for a deep 
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granular bed was developed: the time-averaged torque and average adjusted power 

consumption scaled with the square of the material fill height. 

 

The effect of scaling up cohesionless monodisperse spherical particulate systems based 

on the number of the impeller blades (2 and 4 blades) used in the blending process was 

evaluated by varying the mixer diameter to particle diameter (D/d) ratio. Cases utilizing 2 

and 4 impeller blades at both D/d ratios equal to 63 and 90 exhibited similar 

characteristics in terms of velocity fields, degree of mixing, granular temperature, particle 

diffusivities, and void fraction of the particle bed. Increasing the D/d ratio of the systems 

from 63 to 90 was found to have little impact on dry particle flows and mixing behaviors 

for 2- and 4-bladed mixers. Scale-up of non-cohesive granular systems based on the 

number of impeller blades (2 and 4 blades) used in the agitated mixer could be scaled by 

the diameter of the mixer and the rotational speed of the impeller blades within the range 

from D/d = 63 to 90. In addition to the cohesionless particulate systems, we also 

performed scale-up of cohesive granular flows in four-bladed mixers with D/d ratios of 

50, 75, and 100 at different moisture content levels (ϕliq = 0.01 and 0.045) and then 

compared particle dynamics and mixing rates to the dry cases (ϕliq = 0). It was observed 

that at each level of cohesion, normalized tangential velocity profiles, mixing 

performance, and normalized particle convection were comparable between the D/d = 75 

and the D/d = 100 cases. It was observed that, above a specific system size (D/d ≥ 75 in 

our case), particle dynamics and degree of mixing scaled with the diameter of the mixers 

and the tip speed of the impeller blades. Although there was an impact of cohesion that 

caused some differences between system sizes, wet granular flows in bladed mixers could 
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be scaled by the diameter of a mixer and the tip speed of the impeller blades within the 

range of D/d ratio from 75 to 100. 

 

The results found in this dissertation provide insight into how the impeller blade 

configuration, particle properties, and process parameters affect cohesionless and 

cohesive granular flow behaviors and mixing performance in bladed mixers for small and 

larger scales. These findings complement our preceding knowledge and grant better 

understanding with regard to the processing of particulate systems. However, at the same 

time these results are for a limited number of parameters, and additional work is needed 

to confirm that the results of this study hold for other parameter values. Further 

computational and experimental investigations are thus needed to confirm the results of 

this work. 

 

Further research is needed to study the effect of other process parameters (such as heat 

transfer for agitated drying), material properties (such as particle polydispersity, higher 

moisture content including intermediate (funicular) or high (capillary) moisture content 

regimes), or different equipment designs/types on flow behaviors and performance of 

mixing operations in bladed mixers. Further work is needed to investigate the effect of 

the impeller blade rotational rate (or shear rate) on wet granular flow behaviors and 

mixing kinetics in numerical simulations when particulate flow regime transition occurs, 

i.e., passing beyond the quasi-static to the intermediate regime. As an extension, scale-up 

of cohesive granular systems can be achieved by increasing the fill height of materials 

(H/D ratio) while keeping the mixer diameter constant.  Importantly, numerical results 
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acquired from DEM computational simulations can be validated by additional 

experimental data. 

 

For experiments, the effects of other parameters (e.g. other equipment designs/types, 

particle polydispersity, higher percentage of moisture content, etc.) on the agitation 

torque and power draw can be further investigated. The impeller torque and power 

consumed should be examined in scaled-up (larger D/d) bladed mixers to compare with 

smaller systems. Moreover, experimental measurements of torque and power in cohesive 

granular materials can be carried out in deeper beds (higher H/D ratio) to reduce 

variations of data. The experimental results on torque and power can be compared with 

DEM simulation results in similar mixer geometries. Our findings on how the 

experimentally measured impeller torque and the power consumption depended upon 

material properties, equipment configurations, and blade rotational speed can be 

incorporated with heat transfer and applied to study the agitated drying process of active 

pharmaceutical ingredients (API) in agitated filtered bed dryers. 
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Appendix 

 

There are several methodologies that can be used to verify the accuracy of a DEM model. 

Two different experimental techniques have been extensively used to examine particle 

flows in agitated blenders and validate results from the discrete element method, namely 

particle image velocimetry (PIV) and positron emission particle tracking (PEPT). PIV 

records the positions of particles at a top free surface and near a transparent wall of a 

mixer allowing for the characterization of flow fields and the determination of particle 

trajectories. The PEPT technique enables the visualization of three-dimensional flow 

patterns of particles by following radioactive tracers inserted within a particle bed. Other 

methods such as sampling and imaging techniques have been used to quantify the degree 

of mixing of solid particles in blenders and confirm results obtained from numerical 

simulations [53]. 

 

To validate the DEM simulations in this study, we conducted experiments using the PIV 

technique to measure velocities of 2-mm glass beads in a 4-bladed mixer. We performed 

DEM simulations in a mixer of the same dimensions and with the same particle size. We 

previously showed that similar flow patterns and general trends were obtained for DEM 

simulations in a 4-bladed mixer with glass beads with diameters within the range of 2 – 

10 mm [27]. In particular, the change in particle size did not have a significant effect on 

the velocity profiles and the flow patterns observed [27]. Instantaneous velocity profiles 

at the top free surface of the granular bed and through the transparent side walls were 

obtained at 50 RPM for the PIV experiments and the DEM simulations. The velocity 
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components were normalized by the tip speed of the blades, Vtip. For both experiments 

and simulations, a 1 × 1 cm2 control area was generated at the top free surface at r/R = 

0.5 and at the cylinder wall at y/H = 0.5. The instantaneous velocity components were 

computed by averaging over the control area at a specific time. The DEM simulation 

results are compared to the PIV experimental data in Fig. A1. Generally, there is a good 

agreement between the experimental instantaneous velocities obtained from PIV and the 

simulation results obtained from DEM. In particular, the minimum and maximum 

velocities and magnitude of fluctuations are similar in all cases. The experimental data 

shown here serves to validate the DEM model used in this work. 

 

Fig. A1. Comparisons between DEM computational results and PIV experimental data 

for normalized velocity fluctuations near top free surface at r/R = 0.5 and by the cylinder 

walls at y/H = 0.5. All results shown are for a blade rotational speed of 50 RPM. (a) and 

(b): top free surface normalized tangential velocity (Vt/Vtip); (c) and (d): cylinder wall 

normalized tangential velocity (Vt/Vtip); (e) and (f): top free surface normalized radial 

velocity (Vr/Vtip); and (g) and (h): cylinder wall normalized vertical velocity (Vy/Vtip).  
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Notations 

 

List of Variables: 

Bog  granular Bond number (-) 

Ca  capillary number (-) 

d  diameter of particles (m) 

D  diameter of a mixer (m) 

D/d  mixer diameter to particle diameter ratio (-) 

Dij  diffusion coefficient in i direction due to a gradient in j direction (m2/s) 

Dij
*  normalized diffusion coefficient (-) 

e  coefficient of restitution (-) 

E  Young’s modulus (Pa) 

f  frequency of torque signals (Hz) 

𝐹   force that a lever arm exerts on a load cell (N) 

Fr  radial component of the blade-particle contact force (N) 

Ft  tangential component of the blade-particle contact force (N) 

Fy  vertical component of the blade-particle contact force (N) 

FC  capillary force due to the liquid bridge formation (N) 

𝐹𝑖𝑗
𝐶  cohesive force experienced by particle i with particle j (N) 

𝐹𝑖𝑗
𝑁  normal force resulting from the contact of particle i with particle j (N) 

𝐹𝑖𝑗
𝑇  tangential force resulting from the contact of particle i with particle j (N) 

�̂�𝐶  normalized capillary force (-) 

g  gravitational acceleration (m/s2) 
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G  shear modulus (Pa) 

h  separation distance between two surfaces (m) 

hc  critical rupture or separation distance of the liquid bridge (m) 

ℎ̂  dimensionless separation distance between two surfaces (-) 

ℎ̂𝑐  dimensionless critical rupture distance (-) 

H  fill height of particle bed (m) 

H/D  material fill height to mixer diameter ratio (-) 

Ii  moment of inertia of particle i (kg·m2) 

�̃�𝑛  normal stiffness coefficient (-) 

�̃�𝑡  tangential stiffness coefficient (-) 

ℓ  length of a lever arm (m) 

L  length of blades (m) 

m  mass of particle bed (kg) 

mi  mass of particle i (kg) 

ms  number of samples (-) 

M  Lacey index of particle concentration (-) 

Mconc  mean particle concentration (particles/m3 or kg/m3) 

N  number of particles in simulations or experiments (-) 

p, q  proportions of two components in a binary mixture (-) 

pi  proportion of one component in the ith sample (-) 

P  normal stress (Pa) 

P  actual power (W) 

Pemp  power measured from an empty mixer (W) 
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P*  adjusted power (W) 

P  pressure difference across the air-fluid interface (Pa) 

Peij  Péclet number (-) 

r  radial position in a mixer (m) 

R or Ri  radius of particles or particle i (m) 

Rcyl  radius of a mixer (m) 

R*  effective radius of the colliding particles (m) 

RSD  relative standard deviation of particle concentration (-) 

t  time (s) 

Δt  particle diffusion time (s) 

T  granular temperature (m2/s2) 

�⃗�   instantaneous torque at each time step (N·m) 

〈�⃗� 〉  time-averaged torque (N·m) 

�⃗� ∗  normalized torque (-) 

𝑢′  fluctuation velocity (m/s) 

U  characteristic velocity (m/s) 

Ui  average particle speed in the i direction (m/s) 

vi  linear velocity of particle i (m/s) 

𝑣𝑟𝑒𝑙
𝑡   relative tangential velocity of the colliding particles (m/s) 

V  volume of the liquid bridge (m3) 

VC  size (volume) of the control volume (m3) 

Vp  volume of a particle (m3) 

Vr  radial velocity of particles (m/s) 
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Vt  tangential velocity of particles (m/s) 

Vtip  tip speed of blades (m/s), where 𝑉𝑡𝑖𝑝  =  𝜔𝐿 

Vt
*  tangential velocity of particles normalized by the tip speed (-) 

Vy  vertical velocity of particles (m/s) 

�̂�  dimensionless liquid bridge volume (-) 

W  work done by impeller blades (J) 

∆𝑥𝑖  particle displacement in i direction relative to particle’s initial position (m) 

∆𝑥𝑖
̅̅ ̅̅   mean particle displacement in the i direction (m) 

 

List of Subscripts: 

0, 1, 2  subscripts for D and H in Tables 2.1, 2.4, and 2.6 which denote each part 

of the schematic in Fig. 2.2 of Chapter 2 

 

List of Greek Letters: 

β  half filling angle of liquid on particles (°) 

γ  surface tension of liquid (N/m) 

γ°  shear rate (s–1) 

γ*  dimensionless shear rate (-) 

�̃�𝑛  normal damping coefficient (-) 

�̃�𝑡  tangential damping coefficient (-) 

δn  normal displacement (m) 

δt  tangential displacement (m) 

ε  void fraction (-) 
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η  dynamic viscosity of liquid (Pa·s) 

θ  contact angle of liquid on particles (°) 

µ  macroscopic/bulk friction coefficient (-) 

µr  rolling friction coefficient (-) 

µs  sliding friction coefficient (-) 

ρbulk  bulk density of particle bed (kg/m3) 

ρliq  density of liquid or water (kg/m3) 

ρp  density of particles (kg/m3) 

σ  Poisson’s ratio (-) 

σconc  standard deviation of particle concentration (particles/m3 or kg/m3) 

𝜎0
2  variance of an initial completely segregated state 

𝜎𝑟
2  variance of a fully random or perfectly mixed state 

σ2  actual variance obtained from mixing process 

τ  shear stress (Pa) 

τrij  stress resulting from the contact of particle i with particle j (Pa) 

〈𝜏𝜃𝑟〉  time-averaged shear stress (Pa) 

ϕ  solids fraction (-) 

ϕliq  volume fraction of liquid (-) 

ω  angular velocity of impeller blades (rad/s) 

ωi  angular velocity of particle i (rad/s) 
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