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ABSTRACT OF THE DISSERTATION

Quench Dynamics of One Dimensional Multi-component

Quantum Gases

by Huijie Guan

Dissertation Director: Natan Andrei

This thesis studies the quench dynamics of strongly correlated quantum systems described by
one dimensional integrable Hamiltonians. We develop the Yudson approach for such systems
in terms of contour integrals allowing the expansion of arbitrary states in terms of the Bethe
Ansatz eigenstates which in turn provides the means to calculate the time evolution of such
observables as densities or noise correlations from any initial states.

As a motivation to the present work, I present the state of art ultracold atom techniques and
fundamental questions related to the quench dynamics. Then various Bethe ansatz solutions
are discussed. This is followed by an introduction to the Yudson approach where advantages
and difficulties are listed. As applications of the Yudson approach, I studied the nonequilibrium
dynamics of the Lieb-Liniger model,(bosonic) Gaudin-Yang model, quenched from a Mott state
with a superfluid Hamiltonian. Integration contours are specified for various models and differ-
ent interactions. It is shown that the Yudson approach incorporates all free states and bound
states into the contour, separating them apart sheds light on the validity of the String hypoth-
esis. The result is affirmative for Lieb-Linger model, but not for the Gaudin-Yang model. Our
calculations for the density and correlation shows that for interacting system, if the pre-quench
state has negligible overlap among the particles, the system retains this feature after the quench.
Particularly, normalized noise function ¢(z, —z) at the origin shows different stages. Shortly af-
ter the quench, the sign are different for attractive and repulsive interaction. Then they both
quickly approaches the value where possibility to find both particles equals zero. Then the value

increases gradually for attractive models, while ¢(0,0) remains small for repulsive systems.
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Chapter 1

Introduction

1.1 Ultracold Atom Experiment

Ultracold atom systems consist of atoms that are cold, dilute and usually neutral. The tem-
perature can be as low as nanokelovin, even picokelvin [? |. At such low temperature, thermal
fluctuation is suppressed and quantum effects dominates. Thus, coherent, macroscopic matter
waves exist in the system and Bose-Einstein condensation and Fermi degeneracy are achieved.
The typical size of the system ranges from a few to 107 atoms. And the density is from 10'? to
10*® particles per cm® to avoid the formation of molecules. This spare us any not well under-
stood interaction. Since the atoms are usually electrically neutral, the whole interaction is well
controlled by the Feshbach resonance. Thus both Bose-Einstein condensate and strongly inter-
acting systems can be realized. With large sets of methods to isolate, manipulate and probe the
state, the ultracold atom system can be used to simulate quantum states in solid state physics.
Moreover, since the constitutes are heavier and colder than the electrons, the time scale of the
dynamics are longer compared to that in a solid state system. Therefore, no ultrafast equip-
ment is needed in the experiment. At the same time, as the systems are well isolated from
the environment and defect free, the coherent time is very long, this enables one to observe
long-lived coherent quantum dynamics. The ultracold atom systems benefit greatly from the
ability to control the configuration of the system, to tune the interaction and to measure with

great precision, which will be discussed here.

1.1.1 Optical Lattice

Optical lattice, which consists of hundreds of thousands of microtraps, is formed by the in-
terference of counter-propagating laser beams. This artificial crystal of light traps neutral
atoms by optical dipole force, an effect called the AC Stark Shift. When light illuminates the
atoms, it induces a dipole moment in the atom, which in turn interacts with the light. This
modifies the internal energy of the atoms. As the electric field from the laser varies periodi-

cally in space, the optical dipole interaction appears as a spatially dependent potential, with



V = —FE -d « alE(r)|?, where « is the polarizability of the atom, and |E(r)| is the spatially
averaged electric field. When two counter-propagating laser beam are superimposed, one gets
a standing wave of the form V = Vy|sin(kz)|* with k = 2T, whose period is a = 3.

One important advantage of the optical lattice is its tunability of many parameters. First,
the dimensionality of the lattice can be varied from 3D to 1D, depending on the configuration of
the standing wave imposed. As shown in 77, two sets of perpendicular laser beams create a 2D
optical lattice that confines the atoms in an 1D tube. Or three such sets of beams create a cubic
array of potential. If the confinement in one direction is much weaker than the other two, one
get back to a 2D array of optical tubes. To make even more complex systems, one can change
the relative angle of the standing wave to get triangular lattices [? ], honeycomb lattices [? | or
kagome lattices [? |. Second, one can change the separation between adjacent sites by varying
the wavelength of the light. The depth of the potential can also be controlled by the intensity
of the beam. This will affect the hopping among different sites as well as on site interaction.
Lastly, by tuning the laser frequency wy around the atomic resonance w, = (e. — €4)/fi(ec
being excited energy level and ¢, being ground state energy), the potential can be attractive
or repulsive. When wy, < w,, the potential is attractive, the atoms stay at the high intensity
spots. When wy, > w,, the potential is repulsive and the atoms are low field seeking .

Thanks to these features, together with the Fashbach resonance, cold atoms in optical lattice
become a valuable model system to study physical situations described by simple Hamiltonians,
say Lieb-liniger model [? |, Gaudin-Yang model [? ? ? ], Hubbard model [? ], Bose-Hubbard
model [? ] or Ising model [? ]. For the continuum models, i.e. the Lieb-liniger model
and Gaudin-Yang model, the Hamiltonian is characterized by the contact interaction strength,
determined by the Fashbach resonance. For lattice models such as the Hubbard model and
Bose-Hubbard model, the Hamiltonian is characterized by the hopping parameter (J) and the
on site interaction (U). The connection between these parameters and the lattice potential is
discussed in [? ]. As shown in [? ], J and U can be expressed in terms of the Wannier function,
which can be readily calculated numerically from the bandstructure calculation. As to the spin
model, the corresponding Hamiltonian can be derived by the Jordan-Wigner transformation
from the Hubbard model. To summarize, the optical lattice makes it possible to simulate

simple Hamiltonian which used to be a simplification of real complex systems.
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Figure 1.1: Tllustration of 2D (a) and 3D (b) optical lattice created by sets of contour-
propagating waves. Figure from [? |

1.1.2 Feshbach Resonance

For cold atom experiment, the Feshbach resonance is a unique tool that provides easy control
over the effective interaction among particles. The effective interaction is characterized by the
scattering phase shift §; and scattering length a;, with [ relates to the angular momentum. In
the context of cold atoms, where the kinetic energy is small, the centrifugal cost for | # 0 is
too much. Thus one only needs to consider the s-wave scattering, i.e. ag and &g. By tuning
the system through the Feshbach resonance with magnetic field, ag can vary over an enormous
range, including positive infinity and negative infinity, see Figure 77 .

Feshbach resonance can be elastic or inelastic. FElastic Feshbach resonance may happen
in systems like Cesium |F = 4, Mg = 3) (F being the quantum number for the total spin).
To understand this resonance, consider the example of two-particle scatterings . The relative
motion can be studied as a single-particle scattering problem from a quantum well. To make

our life easier consider a square quantum well V5 < 0 from 0 to R. Then the wavefunction in



the radial direction equals

Asin(k'r) r<R
u(r) = (1.1)
Bsin(kr+90) r>R

. The boundary condition leads to

with k = ¥2mE ang f = V2V

k' cot(k'R) = k cot(kr + dg)

whose solution equals

_ ktan(k'R) — ktan(kR)

tan(dp) =
an(00) =37 tan(F ) tan(K' R)
kR<1 tan(k’'R)
- -1

ag is fixed by the condition that u(ag) = 0 as seen from outside the well.'. From equation ?7,

one get

kR<1 tan}g%)
!
R tan(k'R)

k'R

kR<K1

Thus, we can see that for k'R < 7/2, ag is negative. As one increases V, the scattering length
oscillates between positive and negative values, sweeping through positive infinity and negative
infinity. This corresponds to the Feshbach resonance. At these values (k'R = w), the well
is just enough to hold n bound states, and one of them has zero bounding energy. As the cross
section for [ = 0 equals o = 47a3, it also diverges in the Feshbach resonance.

For inelastic Feshbach resonance, multiple atomic states are involved. For example, in
sodium gas, atoms in the state |ms = —1/2, m; = 3/2) which correlate into |F = 1,mp = 1)
(S,1, F are quantum number for electronic, nuclear, and total spin) may collide and result in
the Feshbach resonance [? ]. This results from the coupling with a quasibound state |S =
1,ms =1, =3,m; =1). The former is called an open channel and the latter is called a closed
channel. When the energy of one of the bound states in the closed channel approaches the
energy of two free particles, the scattering gets enhanced and the Feshbach resonance occurs.
What happens is that the two free particles transform into the quasibound state, stay together
and return to the free state [? ].

As the two states have different spin configuration, the relative energy between them can

be varied by external magnetic field. Thus, the bound state can be tuned into resonance with

1This explains why some scattering length is negative, which is a result of tracing the wavefunction backwards



the continuum state. Near the Feshbach resonance, the scattering length ag varies with the
magnetic field as

A

7B—BO)

a = apg(1

with ayg being the background scattering length of the open channel, which is as short ranged
as the van der Waals force. By and A define the location and width of the resonance. In
the vicinity of the Feshbach resonance, the scattering length blows up to positive or negative
infinity.

When ay is positive which corresponds to repulsive interaction, the energy of the contributing
bound state is lower than the free state energy. This leads to a real bound state and bosonic
molecules are formed. The BEC state is obtained. When a is negative which leads to an effective
attraction, the relevant bound state energy is higher than the initial state. This makes the
molecule unstable. Atoms bind loosely and BCS state emerges. Thus, the Feshbach resonance
leads to the crossover between the BEC and BCS states.

Besides the aforementioned crossover, cold atom systems have also realize other strongly-
correlated quantum phases, say Tonk-Girardeau Gas [? ? ] and phase transition from superfluid
side to Mott insulator side [? ? ]. Experiments with these systems not only improve our previous
understanding of them, but also provide a platform to study systems that are beyond what can
be calculated. Such approach is also referred to as quantum simulation.

To sum up, the Feshbach resonance provides the flexibility to tune the effective interaction by
external magnetic field. This happens when a quasibound state couples to a free state and their
energy are the same. Sweeping the magnetic field across the resonance, the scattering length
varies from positive infinity to negative infinity. Different phase of the system are probed. For

more information, see Ref. [? 7 7 7 ],

1.1.3 Measurement

Measurements on the atomic gases are made from optical observation of a probe laser shone on
the cloud. The detection exploits three kinds of processes in the atom-light interaction: emission,
absorption and phase shift. This corresponds to three imaging techniques, fluorescence imaging,
absorption imaging and phase contrast imaging [? ].

Fluorescence imaging is most convenient. A laser beam near the atomic resonance is shone
on the atoms, gets absorbed and re-emitted. The scattered light is then collected to form an
image. Absorption imaging is the most common method. It collects the unscattered light and

images the shadow created by the atomic absorption. This method yields stronger signal than
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Figure 1.2: (??7) Mechanism of a Fashbach resonance in a two-channel model. (?7) Scattering
length a and bound state energy E near Feshbach resonance. Figure from [? ]

the previous one, since light is scattered into all directions in the fluorescence imaging. Both
methods are destructive and one need repeated preparation of the same initial state to obtain
information about time evolution. Phase contrast imaging is less invasive. An off-resonance
light propagates through the atomic gas and gets a phase shift when scattered. Meanwhile, a
phase shifter is placed at the focal point that adds a phase of 7/2 (—7/2) only to the unscattered
light. This configuration enhances the signal and enables one to take a measure on the clouds
without affecting it.

An primary measurement that experimentalists made with these techniques is the time-of-
flight measurement[? |. In order to probe a certain state |¥(T)), one removes the trapping
potential and lets the atoms expand ballistically for another period of time ¢ and then detects
the density distribution of the state |U(T + t)). Neglecting the initial size in the cloud, this
reveals information about the momentum distribution in the state |¥(7))[? ? ]. That is to say
(n(z,t+T))ror = (n(k,T))rep. However, each experimental image record a single realization
of the density with a lot of spikes. To obtain the density distribution, one need to average over
an ensemble of images. In the meanwhile, these fluctuations contain information about higher
order correlation, which is important to characterize strongly correlated systems [? ? ]. As
discussed in [? ], there are periodic peaks or dips in the density-density correlation functions
measured in a time-of-flight experiments. The origin of these peaks and dips is from quantum
statistics of the bosonic and fermionic gas. The behaviour away from these locations depends
on the many-body state.

Note, in a typical image, each pixel record a substantial number N of particles, which greatly



suppress the fluctuation by the order \/% [? ]. In order to better measure the correlation func-
tion and obtain real space density distribution, experimentalists need more local detection. In [?
], single site resolved imaging is realized, but they have not reached the single-atom sensitivity.
The difficulty lies in the low signal-to-noise ratio. This obstacle is overcome recently [? | via
high-resolution fluorescence imaging. Such in-situ imaging with single-atom sensibility provides
direct information about the density and correlation and enables one to visualize transition
from the Bose-Einstein condensate to the Mott insulator state [? ? |.

Aside from the aforementioned momentum distribution, correlation and density distribution
function, there are other observables that experimentalists measure to characterize the states
of the system [? ]. For example, momentum resolved exciation spectrum are studied in [? 7 ]
using two-photon Bragg scattering. In [? ? ], transport coefficient relating to the atomic mass
flow are studied and Bloch observables are observed. Moreover, quasi-momentum distribution
are obtained by band mapping techniques [? ? | and fraction of doubly occupied sites are
measured [? |.

To sum up, the ultracold atom systems provide unique and valuable opportunities for the
study of a diverse range of quantum phenomena with easily accessible time scale, long coher-
ent length and high tunability. Its development re-ignited other fields which would be quite
challenging to study in the context of condensed matter, one of the fields is the nonequilibrium

dynamics.

1.2 Nonequilibrium Dynamics

In the previous part, we have talked about systems of ultracold atoms in an optical lattice,
which are well isolated from the environment, with convenient timescale and rich toolbox for
manipulation and measurement. With these features, the ultracold gases make a unique contri-
bution to the area of nonequilibrium dynamics, spurring questions about whether steady states
emerge, how do observables equilibrate and validity of thermodynamic ensembles in describing
the equilibrium states in large isolated systems.

A simple setup to study the nonequilibrium process is by quantum quench, i.e. changing one
of the system parameters, which can be carried out fast or slow, globally or locally, and see how
the state evolves. After the quench, the initial state which is usually the ground state of the

initial Hamiltonian become superposition of a vast span of eigenstates of the new Hamiltonian



H and will evolve unitarily as

(U (1)) = e HW(0)) = Y Cue™" ) (1.2)

n

with |U(t)) describes the state of the system at time ¢, |¢,,) relates to the eigenstate of H with
eigenenergy e,.

This expression contradicts with ergodicity, which plays a fundamental role in statistical
mechanics. The ergodicity says that all states within some energy window are equally impor-
tant and the system will visit all the corresponding points in phase space. It justifies the notion
of ensemble. And calculation of any observable for a time evolved state at large time is equiv-
alent to that averaged over states in the ensemble with some proper weight factor. Thus, the
observable only depends on macroscopic quantities which are universal to the ensemble, not
on the microscopic state that the system initially is. Thus, we say the state reaches thermal
equilibrium.

Classically, the equilibration is made possible by chaos. However, this mechanism does not
work in quantum system. As shown in equation 77, the system evolves unitarily under the
influence of the Hamiltonian after quench and remembers everything about the initial state.
Thus, a pure state will not evolve into a thermal state, though the latter works very well for
most observables (which are local) in most systems (which are not integrable or many-body
localized).

In an attempt to explain the apparent thermalization, Deutsch and Scrednicki proposed the
Eigenstate Thermalization Hypothesis (ETH) [? ? ]. Instead of focusing on the asymptotic
state, the ETH examines the properties of matrix elements of local observables (¥ (¢)|A|¥(t)).
Based on equation ?7?, one has

(UOA(0) =) crene” 7 G| Aldn)

m,n

D lenl*(énlAldn)

t>tin
~

In the second line, off-diagonal terms are dropped after some thermalization time ¢y, when these
terms lose coherence [? |. What ETH states is that for those operators that thermalize, their
matrix elements are thermal in a sense that (¢,|A|¢p,) = A(e,), i.e. the observable is a smooth
function of the energy. Then, one has

t>tip
i~

(W@D)AN@) =~ Alen)

Since the choice of state |¥(0)) is arbitrary, the above expression indicates that any state, either

be eigenstate or a superposition of them, thermalize. With this relation, it is straightforward



to see that expectation value of A of any state will evolve into the prediction of microcanonical
ensemble([? ]

WA Y (af4fa)

€n,Aenp lea—en|<Acn
As pointed out in [? ], it is also possible to rewrite the above relation with canonical ensemble,
as the latter is equivalent to the microcanonical ensemble in the thermodynamics limit

(W(0)| AN (1) H 2 S e o] Ala)

o
where the inverse temperature is fixed by the initial state (U(0)|H|¥(0)) =1/Z >, e Peee,.

In short, we have seen how the ETH results in thermal behavior in some observables. A
necessary condition on the observable to thermalize is locality. That is the observable should
have support on a relative small number of particles compare to the whole system. Physically,
that means though the whole system evolves unitarily, the subsystem thermalizes, with the rest
of the system serves as a heat bath [? ].

There are also situations where ETH does not hold, thus the system does not relax to
thermalization for a long time. One of them happens in integrable models, which are the main
topic of this thesis. In [? ] the authors calculated two local observables via diagonal ensemble,
microcanonical ensemble and for two specific eigenstates. The results are very different for
integrable system, while for non-integrable model, results by various approaches agree with each
other. Experimentally, systems that are close to integrable also shows non-thermal behaviours.
In the quantum Newton’s cradle experiment, two pulses of opposite momentum are sent into
a 1-D boson system in a harmonic trap, it is observed that the system retains oscillation after
thousands of period [? |.

Due to the presence of large number of conserved quantities in integrable systems, the
dynamics is much constrained, thus does not thermalize easily. However, these systems do
approach a quasi-stationary state called pre-thermalized state. Such state cannot be described
by the usual thermodynamic ensemble with fixed number of total energy and particle number.
Effect of all integral of motion needs to be properly incorporated. Thus it is natural to consider
a generalized Gibbs ensemble (GGE), which says that the density matrix equals

1
ZGGE

PGGE =

exp(—Z)\mIm)

with I, being the conserved quantities. For the Lieb linger model characterized by quasi-
momentum ks , these conserved charges take the simple form I,,|k) = >, k[*|k). A, is the

Langrange multipliers fixed by the initial condition. Zggg is the partition function. Just as
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how maximum-entropy principle leads to the Gibbs ensemble, the same principle also results in
GGE with all constraint considered. Similarly, the eigenstate thermalization hypothesis should
also be modified to include all conserved quantities [? ]. Such generalization is confirmed ex-
perimentally. The authors in [? ] show that it is impossible to use a single temperature, as
in Gibbs ensemble, to explain the interference pattern they obtained after coherently splitting
one boson gas into two. Instead, they need 10 temperature-like parameters to properly fit the
results. This reflects the complex behaviour of an integrable system which can be described
by GGE with some appropriate Langrange multipliers. Thus, when valid, the GGE description

save one from following the evolution of the integrable system to a stationary state, i.e.
(Ot — ) = Tr[paazO)

However, in strongly correlated systems, it is still very hard, if possible, to explicitly carry
out the trace. Recently, it was shown that generalized Gibbs ensemble is equivalent to an

appropriately chosen eigenstate in the infinite system [? ? |. i.e.
TrlpcaeO] = (ko|O|ko)

In [? ], the authors obtained the quasimomentum distribution for the state, thus fix |ko)
explicitly. This enables them to calculate the two-body and three-body correlation functions.
Although the idea of GGE has been widely accepted and proved to be correct in systems
that are equivalent to free fermions [? ? ], there are still doubts on its validity in general
systems. As shown in [? ], the GGE prediction for late-time correlation in XXZ model deviates
from first principle calculation. The authors in [? | argue that the failure of GGE is due
to the presence of bound states, where the conserved charges cannot uniquely determines the
quasimomentum distribution. This is further confirmed by [? | where it is found that the local
charges only depend on the distribution of real quasimomentum, while the correlation function
depends on distribution of all complex parameters. Thus, a complete understanding of the

asymptotic behavior of a non-equilibrium system is still eluded.

1.3 Outline of the Thesis

The remainder of the thesis is organized as follows

In chapter 2, I provide a detailed review on various Bethe Ansatz methods, which are the
building blocks for solving quench dynamics. In chapter 2.1, I discuss the coordinate Bethe
Ansatz and its application to the Lieb-Liniger model. This solution will be used in chapter

4 to study quench dynamics of a one-dimensional boson gas. In chapter 2.2, algebraic Bethe
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Ansatz is used to solve the XXZ model. Based on these two methods, we talked about nested
Bethe Ansatz and how it solves the Gaudin-Yang model. Its solution will be the cornerstone
for studying the non-equilibrium dynamics in a 1-D fermion system with two species.

In chapter 3, I introduce the main approach used in this thesis, called Yudson Approach.
The Yudson presentation provides an efficient way to expand any state in terms of Bethe Ansatz
solutions in an infinite system. In chapter 3.1, I discussed the obstacle encountered if one directly
uses the Bethe Ansatz solution for the expansion. In chapter 3.2, the Yudson representation is
obtained as a simple modification of the usual resolution of the identity 1 = |k)(k|. Then in
chapter 3.3, I discussed its advantages and disadvantages.

In chapter 4, I apply the Yudson formalism to the study of quench dynamics of Lieb-
liniger model. Chapter 4.1 is devoted to the Central theorem. The integral contours of the
representation are specified for attractive and repulsive cases. Proof of the Yudson expansion
as an identity resolution is provided. In chapter 4.2, the exact solution for the two-particle
scenario is obtained. Density and correlation as a function of time or in the asymptotic limit
are plotted and analyzed. In chapter 4.3, I discussed the multiparticle dynamics in the large
time limit. Local observables are calculated from the time evolved wavefunction via the Yudson
approach. I also talked about the possibility of incorporating the well-studied form factor results
into the Yudson approach.

In chapter 5, I studied the time evolution of a two component fermion system described by
the Gaudin-Yang model. In chapter 5.1, central theorem is proved for the single impurity case
first, where only one fermion is different from the rest of the gases. Then the proof is generalized
to systems with multiple impurities. In chapter 5.2, I discuss the physical interpretation of the
Yudson representation in terms of bound states. There I will show how bound states emerge
dynamically. In chapter 5.3, quench dynamics of two distinguishable particles are studied.
Compared with the result in chapter 4.2, the role of quantum statistic becomes clear. In
chapter 5.4 and 5.5, I discuss the non-equilibrium dynamics in a system consisting of single
impurity and a multi-particle bath, with the impurity being static or kinetic in the initial state.

Chapter 6 is devoted to the time evolution of a two component boson system described by the
bosonic Gaudin-Yang model. Bethe ansazt is derived in section 6.1. Yudson representation with
interaction specific contour is given in section 6.2. In section 6.3, I discussed the proof of central
theorem focusing on the unique aspects of this model compared to the fermionic counterpart. In
section 6.4, different types of bound states that exists in the system is listed. The time evolution
of local observables are calculated and compared with the fermionic equivalent in section 6.5.

In chapter 7, I make the conclusion and discuss possible future directions that are promising



with the current technique.
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Chapter 2
Bethe Ansatz

The Bethe Ansatz was first proposed by H.Bethe in 1931 [? ] while studying the Heisenberg
ferromagnetic problem. It was later used to solve various models like Kondo problem [? ],
Hubbard model [? ], Lieb-Liniger model [? ? ], Gaudin-Yang model [? ? ], Anderson model [?
], etc. These Bethe Ansatz solvable models are not free in a sense that the many-body problem
cannot be reduced into a single particle one. However, the Bethe Ansatz generalizes this idea so
that the many-body dynamics can be factorized into a series of two particle scattering processes.
These two particle scattering processes are characterized by scattering matrices. Let’s say that
S12 describes the process that particle 1 which is initially to the left of particle 2 jumps to
the right. Since the problem can be factorized, the sequence of these two particle scattering
processes does not matter. This imposes three constraints on the scattering matrices. They are
Si;S5: =1, SjiSikSij = Si;SikSir and S;;Smn = SmnSij. They are known as the Yang-Baxter
Equations. As the scattering matrices usually consist of permutation operators which act on
the spin space, they do not commute in general. These relations defines a class of systems
which are Bethe Ansatz solvable. These are also called integrable models. The relation reveals
the fact that these systems have more conservation laws, as is the case for classical systems.
Actually, the number of integrals of motion for quantum integrable models is infinite. This is
the reason why factorization is valid in these systems. One cannot tell if a model is integrable or
not from the Hamiltonian. One needs to solve the two particle problem and get the scattering
matrix. Only if the scattering matrix satisfies the Yang-Baxter equation can we say the model
is integrable. Sometimes, a model can be non-integrable except for a special set of parameters.
One example is the two-impurity Anderson model.

The Bethe Ansatz can be further categorized into several forms. The one initially proposed
for the Heisenberg model is called Coordinate Bethe Anatz, as the solution of the problem
is expressed in terms of wavefunction in the coordinate space. Algebraic Bethe Ansatz is
another form which describes states by raising and lowering operators acting on a reference state.
Different models have different commutation relations among these operators, which is why the

method gets the adjective algebraic. Nested Bethe Ansatz is a generalization of the Coordinate
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Bethe Anatz applied to systems with internal degrees of freedom. Like the Coordinate Bethe
Ansatz, Nested Bethe Ansatz also focuses on the wavefunction. One difference is that besides the
momentum which is related to the charge motion, there is also spin rapidity that characterizes
spin wave. One can combine the previous two methods to obtain the wavefunctions of the Nested
Bethe Ansatz. To do that, one writes down the spacial part of the wavefunction in terms of
Coordinate Bethe Ansatz and expresses the spin part using Algebraic Bethe Ansatz. As an
illustration, we are going to solve Lieb-Liniger model via Coordinate Bethe Ansatz, XXZ model
using Algebraic Bethe Ansatz, then discuss the Nested Bethe Ansatz solution for Gaudin-Yang
model. The solution of Lieb-Liniger Model and Gaudin-Yang model will also play an important
role for later chapters when we talk about Yudson’s Approach for time evolution of a quenched

system.

2.1 Coordinate Bethe Ansatz

2.1.1 Lieb-Liniger Model

As an example of the Coordinate Bethe Ansatz, we will study spinless bosons in a continuous
one-dimensional system where particles interact via contact interactions. The model is called

the Lieb-Liniger model, defined by the following Hamiltonian
H = /8I\IIT(x)8I\I/(x) + U (2) T (2)U(2) ¥ ()

where WT(x) (¥(x)) is the creation (annihilation) operator of spinless boson at the point . The
operator satisifies the canonical commutation relation [Uf(z), ¥(2')] = §(z —2'). ¢ parametrizes
the strength of the interaction. An eigenstate is defined as follows, with |0) being the Fock
vacuum state.

|\If>:/f($1,$2,...,I'N)\I/T(l'l)\I’T(.TQ)...\IIT(CL'N)|O>

Here f(x1,22,...,2n) = f(Z) is the wavefunction which is symmetric in terms of its argument.
The integration is defined on an infinite line, i.e. [ = [* day [* dxs... [0 dzy. Then
from the relation H|¥) = E|T), we obtain the first-quantized Hamiltonian which acts on the

wavefunction directly

N N
h = —Z@i —1—2625(:@- — ;)

1<j
An important feature of this Hamiltonian is that particles do not see each other unless they
collide. Therefore, for each ordered region where none of the z’s are the same, the particles

can be treated as free and we can write down the wavefunction as product over plane waves
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characterized by quasi-momentum ki, ks, ..., kx. The final solution should be a superposition of
plane waves with the same total energy (3 k?) and total momentum (3} k;). For a two particle
system, this would simply mean a combination of e**1#1T#222 an( etk2@1+ik122  However , for
a generic many-body problem, there are much more {k}’s that satisfy this constraint. And
we should include all of them, which makes the solution intractable. However, for integrable
models, where all interactions can be factorized into a series of two particle scattering processes
which preserve the quasi-momentum set {k}, the Hamiltonian is diagonal is the basis of {k} and
we need to include only k; that belongs to the same set with all possible permutations among
themselves. Mathematically, it means, for each sector ) with the ordering 8(zg1 < g2 < ... <
zQn), the wavefunction can be written as
fo(z) = Zei 2ikei®i Ao (P)0(zg1 < g2 < ... < TON)
P

Moreover, as the wavefunction is symmetric in «’s, Ag(P) is related to Ag/(P) as we are going
to show in detail in the following. Therefore, wavefunction of different sectors are dependent
on each other, and we only need one sector to characterize the state, which is usually chosen to
be the sector O(z; < x2 < ... < ZN).

Before the discussion of the relation among A’s for different Q’s, we want to deviate a little
bit and talk about the designations of permutations that we are going to use a lot, which can

be confusing sometimes.

Permutations

The permutation group of N objects are denoted as Sy. There are N! elements in this group.

To specify an element, we introduce the following notation

1 2 3
Pio3 =
2 3 1

with the meaning that 1 is replaced by 2, 2 is replaced by 3, 3 is replaced by 1. However,
it becomes less clear if the starting state is not ordered increasingly. In general, there are

two conventions which we will call ’by element’ and ’by position’. Permutation by element

2 1 3
designates a permutation by the elements that get switched, e.g. Pjo3 = . Per-

3 21
mutation by position defines a permutation by the positions of element that get changed. e.g.

2 1 3
Pio3 = . Both conventions have been widely used, but the mixture of these con-

1 3 2
ventions can lead to problems. To illustrate their differences, we use letter P for permutation by
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element and letter () for permutation by position. It’s easy to check that Py3Pio = Q12Q23 =

1 2 3 1 2 3 1 2 3
Also, given P, = @, = , Py = Q9 = , we have
3 1 2 1 3 2 3 2 1

(k1 ks ko) - (y1,92,93)" = Y kpayi = S kppyiypi = 2 kQuiYi = 22 kQa01iYQais 1e. consec-
utive permutations act to the right of previous operator for P and act to the left for ¢). This
difference becomes clear with the matrix representation of the permutation. Define
k = (ki ko, ... k)"
17 {Zvj}:{man}aorzzjg{ﬂ%n}

(Rj)mn = (Qij)mn -
0, otherwise

Then

(kp1,kp2,...,kpNn) = (k1, ko, ..., kn)P

(le,ng, .. .,k‘QN) = (k‘l, kg, .. .,k‘N)Q_l

Therefore, it’s not hard to understand the aforementioned difference as

ka1iyi =kT. P1 Yy = kT . P1 . P2 . P2_1y = ZkPIPQinQi

D ki =k Qi y =K Q7" Q" Qo y = kguquiVoui

And the relation between them is now clear that is P = Q~!. One advantage of the permutation
by element, however, is that we can simply treat the transform > kp1,y; = > kp, p,iyp,i as
replacing ¢ by P»i without going through the matrix manipulation. Therefore, from now on, we
will use this convention, i.e. kp; = (P71k);.

With the clarification of our permutation notation, we will discuss the relation between A’s

of different order ). From the bosonic property of the wavefunction, we have
folz) = Z eikpwiAQ(P)e(l‘Ql <zge <...<TQN)
P

for(y) = Zeikp”yiAQ’(P/)e(nyl <yqga2<...<yYqn)
P/

fo(x) = fo(y)
From the Heaviside function, we have zg; = y¢g/;, therefore
for (y) = Zeikp/il‘QQ/—uAQ/(P’)H(:EQl <zEe<...< acQN)
P/

= ZGikP'Q'Q_liwiAQ/ (P/)G(IQl <2 <...< .CEQN)
P/

= fq(x)
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Ag/(P) = Ag(P) if P=PQQ*
ie.
Aq(P) = Ag/(PQQ™)
Again, as we have shown here, the amplitude for sectors of different ordering are dependent

on each other. We may focus on one sector and obtain the wavefunction for all sectors by the
above relation.
Now, the Bethe Ansatz solution can be written as the following in the sector z1 < xo <

o< TN

fla) = e*rmA(P)o(x1 < 23 < ... < z)
P

Within this sector, all of the coordinates are different, then Schrodinger Equation yields,
hf(x) = k7Y e*r@A(P)(xy <32 < ... <ay) = Ef(x)
i P

i.e.
E=Y "k

On the boundary of the sector, say z; = x; with i < j, hf(x) — Ef(x) has some terms with

d(z; — x;) which need to vanish as well, i.e.
i(kpi — kp;)e™ "% A(P) +i(kpr; — kprj)e’*P'i% A(P') + ce’®Pi% A(P) 4 ce*r'i®i A(P') = 0

Here we have picked out P’ = PP;; so that the plane wave part are identical. From this

equation, we obtain the following relation

7kpi - kpj —ic
 kpi — kpj +ic

=Akp, (Pi)A(P)0(j — 1)

A(PP;)0(j — i) A(P)O(j — i)

Or alternatively

keprj — kpry — ic
J 1

A(P' = PP;;)0(i < j) =
( 1)0(i < j) kiprj — kpri + ic

A(P)O(i < j)

For our convenience, we can choose A(1) = 1, this corresponds to k; pairs with the smallest
coordinate, ko pairs with the next-smallest coordinate, etc. Then, in general, we can write

kp'—kpi—ic ki—k-—ic

A(P) = 4 - -7

(P) H kpj — kp; +ic H ki —kj +ic

1< 1
Pi>Pj P li>pPTy

So far, we have derived the Bethe Ansatz eigenstate of the Lieb-Linger model and showed that

wavefunctions with different ordering of the x’s are dependent on each other. Now, we will show
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that permutation on the k’s will also leave the wavefunction unchanged up to a phase factor that
depends on k and the permutation. As an example, we will show that fp, r(7) = fr(z)S*(Pi;)

kifkj —1ic f

with S(P) being the scattering matrix related to permutation P, i.e. S(P;;) = =0, for
ik

1< 7.
fk/ Zelkpl wnzAk, )9({{1 < ... < (EN)

=Y erarm T Ap (P01 < ... < ay)

:ZeikPmImAijk(pijp)g(zl <. < IN)

kPi-m - kPi”n —ic
APijk'(PijP) = H kpjm—k;p.{n—l—ic
iy

ij

m<n
PilPi,Jm>P71P1,jn

o H ka — kﬁ —ic
P;ja<P;;B ka B kﬁ te
P la>P7!p

ka — kﬁ —ic
- I sy
ko — kg +ic !
a<f
P la>P71p

=Ax(P)S*(Pi;)

The third line can be understood by comparing the following ration

ko — kg —ic ko — kg —ic
H k5+zc/ H ko — kg +ic

P;;a<Pi;B
P*1a>P*1ﬁ a>P 1/3
B H kg — zc/ — kg —ic
Pya<pPyB ¢ kﬁ Tl pasp,s e kg + ic
a>p (’</3
P~ la>pP7!p “la>P71B
B H ko — kg —ic H ko — kg —ic
Pija<P;i;pB Fo = kB e Pija<P;;f Fo - kB te
a>p a>p
P la>P71p P~la<pP™!p
- ka — kﬁ —1c
Pija<P;;f Fa = kﬁ te
a>p
_kz — kj + Z'C
_ki — k‘j —ic
=5"(Pj)

Replacing Ap,,x(P;; P) with Ax(P)S(P;;), we obtain the relation fp, r(x) = fx(x)S*(P;;) for

i < j. Thus |k) and |Pk) are the same state and

|Pk) = Sp(P)[k) (2.2)
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One property of the Bethe Ansatz wavefunction that we can get from this relation is that
limg, »x; fe(®) = —limg, sk, fp,k(x), i.e. fe(x) vanishes as k; — k; for any ¢ and j. This
means that none of the particle could have the same quasi-momentum even if they are bosons.

This is a general property of the Bethe Ansatz solutions.

Bethe Equation

Typically, the next step after we get the wavefunction is to impose periodic boundary condition,
ie. f(z1,22,...,2n) = f(x1+ L,x9,...,xN), with L being the size of the system. Write out
the right hand side explicitly

Flar+ Lywa,.. oy) = Y etrratibmga o) 4 (pho(g, < oy < ... < (ay + L))
Pl

1 2 ...
and compare with f(x1,zs,...,2y), one can see that when P’ = P , both

2 3 ... 1

“Pi%i which can be cancelled, and we arrive at the equation

sides have exponential e

. k kp; —ic
7lkp1L — A P1 — Pi
¢ (¥ H kp1 — kp; +ic

i.e.

k; —ic
—sz .
—_ =1,...,N
gk—k +ic’ ! ER

These equations are the Bethe equations, a set of N coupled equations which are usually hard
to solve. To get around this problem, people set the system size to infinity while keeping the
density of the particle constant, i.e. go to thermodynamic limit. Thus, instead of solving each
k set that satisfies the Bethe equation, they now look for the distribution of these k’s. This
method is called thermodynamic Bethe Ansatz, which has successfully solved both ground state
and excited state properties of many systems. We will not go in that direction, but only talk
about the patterns of these k solutions that satisfy Bethe equation in this limit. We want to
show that for repulsive case, i.e. ¢ > 0, only real k’s are allowed, while for attractive case with
¢ < 0, there are complex k solutions which correspond to bound states.

Assuming that there are complex k solutions, and k; is the one with greatest positive imag-
inary part. Then the left hand side of the Bethe equation goes to infinity in the limit L — oc.
This means that one of the denominator on the right hand side must vanish, i.e. k; = k; +ic for
some j. However, this would violate the assumption that the imaginary part of k; is greatest, if
¢ is positive. Similar argument can be made for k; with the most negative imaginary part, and

we arrive at the conclusion that for repulsive interaction, all k£ solutions have to be real. On
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the other hand, this would not be a problem for system with attractive interaction. It simply
implies that if there is a solution k; with positive imaginary part, there must be another k;
with the same real part but lies below k; by distance |c| in the complex plane. Similarly, a k;
in the lower-half plane is always accompanied by another one at k; = k; + ile|' . The pattern

that satisfies this is a string in the complex plane, i.e.

n+1-2j
—c

ki=k—1 5 , ,i=1,...,n

Here n is the length of the string, and the solution of an attractive system may include several
strings of different lengths. A string of length n is also called an n-string, it corresponds to a

bound state among n particles. As an example, if k1, ko and ks form a 3-string, then
f(i[,’) ~ Zeik(mpfll'i‘zpflz—’_wp’ls)ec(xp’11_wP’13)Q(P711 > P712)0(P712 > P713)0(£L'1 < T2 < .Tg)
P
= Z eik(wp’ll+wP’12+wP’13)eic‘wP’117wP’12‘/270‘9013’12730#13‘/270‘9013’117wP’13‘/29(P711 > P712)
P
(P '2> P '3)

Here, due to the divergence of Sio and Ss3, only the permutations that satisfy the relation

P~'1 > P7'2 and P7'2 > P~'3 contribute. This would be more easily understood if we

multiply the wavefunction by the phase A(Py3)* = ﬁi:’;gfzi ]’zi:zifzi ’éi:ﬁjfzi Then only the
terms that satisfy the two Heaviside functions do not vanish. We have used the symmetry
property among x’s to get the second line. From here, it is clear why a 3-string corresponds
to a bound state state among three particles, as the amplitude of the wavefunction decreases
exponentially as the distance between any of them gets greater. This string pattern of the
solution is called String hypothesis. This has not been proved but it is widely believed that
this is true for infinite system. In the later chapter, we are going to confirm the validity of

this hypothesis indirectly by showing that the complete basis of Bethe Ansatz solution indeed

involves these string solutions.

2.2 Algebraic Bethe Ansatz

As a second form of the Bethe solution, Algebraic Bethe Ansatz will be the next subject to talk
about here. Two very good references on this topic among many others are the one by L.D

Faddeev ([? ]) and F. Franchini ([? ]). The Algebraic Bethe Ansatz is also called Quantum

1Note that the existance of kj = k; +ic is only necessary for the right hand size of Bethe equation to vanish.
We will not talk about its sufficiency which would involve the ambiguity of %. This pattern is only a hypothesis,
we will not rely on it for any calculation in this thesis
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Inverse Scattering method. It is a quantum version of the Inverse Scattering method which
has been used to study classical integrable system long before the development of Algebraic
Bethe Ansatz. For quantum systems with classical counterpart, the construction of the two
methods also shows similarity. Both methods map a non-trivial interacting problem to a simpler
one by the introduction of an auxiliary field. This auxiliary degree of freedom decouples the
interaction among the physical degrees of freedom such that the latter only interact with the
auxiliary field. This interaction is represented by a L-operator, e.g. L;,(\) describes the

scattering matrix between physical site 7 and auxiliary field. The monodromy matriz defined

A(A) B
as To(A) = Lpa(N) ... L1a(A) = , expressed in the auxiliary space H®, then
c(n) DX

encodes the interaction of the auxiliary field with the whole physical system. Here each entry
is an operator that acts on the physical space H = @ H;. To retrieve the Transfer Matriz *
which characterizes the interaction among physical degrees of freedom, one traces over auxiliary
field and gets T'(\) = Tr, To(A) = A(A) + D(XA). Here A is a continuous parameter belong to
the auxiliary field. This extra parameter gives us more degrees of freedom, as we are going to
see that [T'(A),T(u)] = 0. Therefore transfer matrix with different parameter share the same
eigenvectors. Thus one may solve an easier eigen problem for some T'(\) claiming that they are
also the solution of the physical problem.

The construction starts with the following relations, which are examples of Yang-Baxter

relation

LiaN L) Rap(A = 1) = Rap(A = 1) Lis(1) Lia() (2.3)

Ta(N)To (1) Rap (A — 1) = Rap(A — p) To (1) Ta(N) (2.4)

with subscript a and b denote two different auxiliary space H® and H®. Note the second relation

(?7?) can be derived from the first one easily as [Liq, Ljp] = 0 for i # j, a # b and

Ta(N)To (1) Rap(A — 1) =Lna(A) - - - L1a(A) Lo (1) - - - L1y (1) Rap(A = 1)
=Lna(A)Lap (1) - - - Lia(A) L1 (1) Rap (A — )
=Lna(A)Lnp(p) - - Rap(A — ) Lip (1) L1a ()
=Rap(A — 1) L (1) Lna(A) - - - Lp (1) L1a (1)

=Rap(A — 1) To (1) Ta(N)

2Its name originates from solving classical two dimensional models, like six-vertex model. This name has no
particular meaning in the context here
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Here relation (?7?) can also be written as
(T @ T (1) RA = p) = RO = w)IH(T (1) @ T(A) 1T (2.5)

with IT being the permutation operator that exchanges the two auxiliary degrees of freedom.

1000

0 010
II =

0100

0 0 01

ab
This relation reveals an important property of the system. Multiply Ril()\, ) from the left on
both sides and take the trace over both auxiliary fields. Due to cyclic property of the trace,
we get T(AN)T'(1) = T(p)T(N), i.e [T(A), T(p)] = 0. Expand the transfer matrix in power of its
entry, we get an infinite set of charges that commute with each other. One of them, as show
later, is the Hamiltonian. This guarantees the integrability of the system.
The construction relies on the relation (??) and (??) which also impose a constraint on the

R-matrix as

Lia(A\) Lip () Lic(v) Rpe(pt = V) Rac(A = v) Rap(A, v)
=Rpe(pt — V) Lia(A) Lic(v) Lip (1) Rac(X — v) Rap (X — 1)
=Rpc(pt, V) Rac(A — v) Lic(V) Lia(N) Lip (1) Rap (A, v)

=Rpc(pt — V) Rae(A — V) Rap(A — 1) Lic(v) Lip (1) Lia (X)

Lia(A) Lip (1) Lic(v)

:RbC(:u - V)RaC()‘ - V)Rab(/\ - U)Lic(V)Lib(M)Lia(A)R_lab(Aa N)R_laco‘v V)R_le(Ma V)

Here one has passed Ry first though the product of L operator and then pass R,. and R
successively. One can also reverse this process and calculate L;, (A) Lip (1) Lic (V) Rap (A, V) Rae(A—

V)Rpe(1t — v), then one can obtain the relations

Lia(N) Lip(p) Lic(v

:Rab(A - .U)Rrw()‘ - V)RbC(l‘ - V)LiC(V)Lib(N)Lia()‘)Rilbc(Ha V)Riltw()‘a V)Rilabo\» ,u)
Combining these two relations, one obtains the following relation

Uabe(\s 1, V)Lic(V)Lib(,U’)Lia()‘)U_labc(/\a tsv) = Lic(v) Lin (1) Lia(N)
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Uabc(Aa 1y l/) = Rilab(Aa M)Rilac()‘a V)Rilbc(ﬂa V)Rab(A - N)Rac(A - V)Rbc(ﬂl - l/) =1
Rap(A = ) Rac(A — V) Rye(pp — v) = Rpc(pt — V) Rac(A — v) Rap (A — 1) (2.6)

This is another example of the Yang-Baxter relation whose role is similar to the adjoint repre-
sentation of the Lie algebra. A key step of the quantum Inverse Scattering method is to find
a R-matrix that satisfies the Yang-Baxter relation. This R-matrix plays a very important role
through relation (??) and (??) as it defines the algebraic structure of the L-operator, transfer
matrix and its matrix elements which are operators that act in the full quantum space H. There
are systems with the same R-matrix but different L-operators. They are closely related and can
be compared to different representation of the Lie algebra. Examples of this are XXX model
and Lieb-Liniger model, XXZ model and sine-Gordon model.

Although the R-matrix plays an important role in the construction of quantum Inverse
Scattering method, in general, it is not possible to write down the R-matrix for a specific
system®. In practice, one looks for solutions of R-matrix that satisfy the Yang-Baxter relation
and use Inverse Scattering machinery to identify the problem.

As an example of the Algebraic Bethe Ansatz, we will solve XXZ model with the assumption
that we have already known the R-matrix and will show how one relates this R-matrix with the

XX7Z Hamiltonian.

2.2.1 XXZ Model

The R-matrix of XXZ model is

fl,A) 0 0 0
0 1 A 0
ROM— 1) = g(p, A)
0 g, N) 1 0
0 0 0 f(mA)

ab

. sinh(A— sinh el s .
with f(A, p) = ﬁ, g\ p) = ﬁ One can plug it into equation (??) and test
that it satisfies the Yang-Baxter equation. Sometimes, people also call R(A — p) = R(\ — p)II
the R-matrix. Here II is the permuation operator such that in f%()\ — 1), matrix element g(\, i)

and 1 switch position. With this matrix, one may simplify equation (?7?) as

(TA) @ T ()R — 1) = RO = p)(T (1) © T(A))

3In some cases, one can make use of the result from Coordinate Bethe Ansatz to write down R-matrix and
we are going to talk about that in the context of Nested Bethe Ansatz
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To avoid confusion, we will call this matrix f%()\ — 1) and without explicit specification, we mean
R(X — u) by the name R-matrix.

After one write down the R-matrix, one needs to find a L-operator that also satisfies the
Yang-Baxter equation. The solution is not unique. The simplest construction would simply be
using the form of the R-matrix up to an arbitrary constant, i.e. L;o(A) = C(A)R;q (=) with
C being a complex function of A. Models defined by these L-operators are called fundamental,
and are usually spin models. Other L-operator satisfying the Yang-Baxter equation can also
be found, say, for sine-Gordon model which has the same R-matrix, the L-operator is a 2 x 2
matrix that is closely related to its classical counterpart. For XX7 model, we can easily write

down the L-operator as

sinh(A+¢) 0 0 0
L) :.; 0 sinh(\) sinh(¢) 0
sinh(\ + ¢) 0 sinh(¢) sinh(\) 0
0 0 0 sinh(\ + ¢)
1 sinh(\ + HU —5t9) sinh(¢)o;”
:m sinh((b)ai+ sinh(\ + L= ¢)

In the second line, the L-operator is written in the basis of the auxiliary field in V. The mon-
odromy matrix 7 () can be written in terms of these L-operators as T (A) = Lnq(N) ... Lia(N)
also expressed in V®. It’s easy to see that L,,(0) =II,, and 7(0) =11, ...II;,. The transfer
matrix can then be written as T'(\) = Tr, To(A). As we have seen already [T'(A), T (u)] = 0, T'(\)

is the generating function of commuting conserved charges, which in general can be written as

d" In(
J{c}—ZZ Cnj I;An URSAL Y

[J{c]u Jey] =0
Here, we want to show that the Hamiltonian is among these integrals of motion, to be specific,
we want to show that H = LT(’\” A=0 = dT >‘) Ix=oT (0. *
Using the property that I1,,,Oinllyn = Oim, i€, InnOin = OinIlin,, we have
T(0) =14 ...,
=11, ... oy
= 1a1T10lpe . . Tlos

= hlliollos .. Iy 1yn

4This expression comes as a definition for the Hamiltonian, as it turns out to be local in real space. People
then related this to the XXZ model
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As
1000
Lo ol [EE e ) 1444
0100 of 2 2
a
000 1

Tr,II;, = 1 and T(0) = Ijollos.. I(p—1)n which is related to the process of transferring
iP

particle n from one end to the other, i.e. T(0) = e, with P the momentum operator. Simi-

larly, as T/(0) = 3, Mo ... L)y (0) .. . Mg = 3, MoIL,y ... L, (0) ... Ty, T7(0) = Tr, 7'(0) =
Hnl AN Lll(O) NN Hgl. Thus

K3

T'(0)T(0) =Y My ... Ly (0)iy .. Ty

= Mn-tyn - Ligin . 1y,

= Z L1y (0) i1y
With
0 0 0 0
cosh
/ _ 0 sinlh ¢ - sinh((;: 0
i(i41) (0) = cosh & L
0 - sinh ¢ sinh ¢ 0
0 0 o o0/
i(i+1)
Therefore
0 0 0 0
__cosh¢ 1
dlnT(N) o = Z 0 snh¢  smhg O
A - - cosh ¢
4 0 sinlh ) " sinh ¢ 0
0 0 0 0

i(i+1)

1 0701 + - —
Snh o Z cosh (;ST +o/0,4,+t0;, 0,4,
i

One can identify this as the Hamiltonian of XXZ model with anisotropy A = cosh¢ > 1
up to a constant. Thus we showed that [T'(A\), H] = 0. Therefore, we can transform the
problem of solving for eigenstates of the Hamiltonian into an eigen-problem of the transfer
matrix T'(A) = A(X) + D()).

To start with, we need to define a reference state such that it vanishes when acted by some
‘annihilation operator’. The operators that we have on hand are the four matrix elements of

the transfer matrix. A(A) and D(A) measures the o* at each site without flipping the spins.
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B(A)(C(X)) flips one spin down (up) along the chain. This can be seen from the conservation
of total spin in the z-direction in H* @ H. As B(A) = (T |[T(N)| $)a, B(A) must flip down
one spin in the physical system. Similar argument applies to C(\). Therefore, we may choose
|0) = &N | 1); as the reference state which can be annihilated by a destruction operator C()).
It’s easy to check that indeed, this reference state is an eigenstate of T'(\) as A(A) + D(N)|0) =
[1+ (sinh A/ sinh(A+ ¢)Y]|0). The other states will be accessed by successive application of the
B-operator on |0) with the requirement that [A(A) + D(A\)] ], B(1:)]0) = A\, &) [, B(i)]0).
Here A(\, fi) denotes the eigenvalue of the transfer matrix.

Relation (?7?) defines 16 commutation relations among the four operators, i.e.

AN A(p) ANB(p) B(NA(r) B(A)B(w) fluA) 0 0 0
ANC(p) AND(p) BA)C(r) B(AN)D(n) 0 L g 0
CNA(p) CN)B(u) DANA() DA)B(u) 0 g(wr) 1 0
CNC() CA)D(r) DNC(n) D(A)D(p) 0 0 0 f(wA)
flw,A) 0 0 0 A(WAQR)  B(p)AN)  A(p)B(A)  B(p)B(A)
_ 0 L gpwA) 0 C(p)AN)  D(AMQ) C(p)B(A) D(u)B(A)
0 gl 0 AWCK) BECON) A@wDR) B(u)D(O)
0 0 0 fwN )\ cwbR) DWCR) CDK) DwDO)
Here we list some of the relations that will be used later
B(N)B(u) = B(1)B(A)
AN)B() = f(, ) B(1)AN) — g(p, A) B(A) A(p) (2.7)
D) B(p) = f(A\ ) B(p)D(A) — g(A, 1) BAA)D () (2.8)

With these relations, we can calculate A(\) va B(p;)|0) and D()) Hiv B(117)]0) and derive the

condition for Hiv B(p;)|0) to be an eigenstate.

N
A(N) HB(MZ-)I())
' N N
=f(p1, \)B(p1) A(X) H B(1:)]0) — g(p1, ) B(A) A1) H B(11)]0)
N N
=F(p1, \) £ (12, N B (1) B(u2) AN [ [ B(a)[0) = £ (1, N gz, ) B(pa) BN A(pz) | [ B(1)10)
1=3 1=3
N N

—g(p1, M) £ (2, 1) BV B (p2) A() [ [ B(1)10) + g1, N g (a2, 1) BON) B (1) Apaz) [ | B(i)[0)
=3 1=3
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Collect the terms with A(us),
_ sinh¢ sinhg  sinh(u1 — A+ ¢)
~ sinh(py — A) “sinh(pg — p1) sinh(ug — A)
_ sinh¢sinh(py — p2 + ¢)

sinh(pe — A) sinh(pq — p2)

g(p1, N)g(pa, 1) — fpa, A)g(pz, A) )

=g(p2, \) f (g1, p2)

Therefore

::]z

A(N) HB(M)\0> =f (A 1) f(p2; ) B(pa) B(p2) A(N) | | B(w4)[0)

<.

,’:12113

—g(p1, \) f(p2, Nl)B(/\)B(,UQ)A(,Ul) B(u:)|0)

-
I
w

—g(p2, A) f (g1, uz)B(A)B(m)A(uz) B(p4)[0)

::]2

.
Il
w

Here, we can see that py and po are symmetric, which is what one should expect as B(u1)
commutes with B(ug). Therefore, we can write down the final result using the symmetry
among the p’s and

M T B)10) = a) [T £ (i A HB/% 10) = alpi)g(us, N) T £ (s 1) BO) T B(ua)10)

i£j i#£j

Similarly, one can obtain

N
N T BwI0) = d) [T O ) TT BG)l0) = 3 dlui)g(h ) T £ 1) BO) T ] By} 0)

i£ i
Here A(M)]0) = a(A)]0), D(A)|0) = d(N)|0). Summing these two expressions, we get

Mﬂﬂ%»+aMHﬂxw
H f .UJJMUJZ

/’L] 175] MZ7MJ)

Here, we have used the fact that g(\, p;) = —g(p;, A). This second equation is the condition
for the state va B(p;)|0) to be an eigenstate of T'(\) and the Hamiltonian. It is the famous
Bethe equaiton, that can also be derived from coordinate Bethe Ansatz by imposing periodic

boundary condition. Plug in the expression of a, d and f, it can be written explicitly as

sinh(y; + @) W =TI sinh(pi — pj — @)
sinh i sinh(p; — p; + @)
The more traditional form can be obtained by replacing p; with p; — ¢/2. The Bethe equation

then becomes

(M)N Hsmh(’ pi + ¢)

sinh(u; — ¢/2)" by sinh(p; — p; — @) (2.9)
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Like in the case of coordinate Bethe Ansatz, one may then use the thermodynamic Bethe Ansatz
machinery to study the distribution of 1 and then calculate the spectrum and other properties
of the system. But we are going to skip that part as we are more interested in the dynamics of a
system rather than its thermal properties. Before we close the introduction about the algebraic
Bethe Ansatz, let’s talk about its relation with the coordinate one. Just as we can recover the
first quantized wavefunction from the second quantized operator method, we can also obtain

the coordinate Bethe Ansatz from the algebraic expression.

Obtain Wavefunction from Algebraic Bethe Ansatz

In this part, we want to derive the wavefunction related to excited states created by the B-
operator, i.e. > o(alu) Hl 105,10) = Hf\il B(117)]0). As the wavefunction is symmetric in
its argument «, we may focus on the region where a; < ...ajs and all other regions can be

obtained easily from it. We will show that

M
dlalp)f(a; < ... < ap) Z Hf R, BRri)0(0y < aj) HI(uRi,ai) (2.10)
ReSy i<] =1
0¢) = H am(,u)boz(:u') H dn(“)

Here a; (1), bi(p) and d;(n) come from the L-operator acting on the vacuum

a; bi Ui_
L) 1) = é") ;”( )) )
ilH

We will start with wavefunction with one spin flip. Then talk about that of two excitations. In
the end, generalize it to states with more down spins.

The derivation for the state B(u)|0) is quit simple. As B(p) = T (1t)12 = (Lna(ft) - - - L1a ()12
and L;,(1)21]| 1): = 0, we have

0) = Z Lpa(p)11 -+ Lpnya()11 Lia ()12 Lii—1ya ()22 - - - L1ia ()22

=> T @wbs(w) [ dnw)o;|0)

i m>i n<i
i.e.

w) = T am(bi(w) [T dn(m) = 16, p)

m>1 n<i

Going from one excitation to two is not trivial, because L;q(pt)21 no longer vanished when
acting on a state with down spins. Here we describe the method used in ( [? ]) to obtain the

wavefunction.
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First, divide the N sites in physical space into two part. 77 contains site 1 to site m, Tb

contains the sites from m + 1 to N. Here m can be any integer between 1 and N. Then
T(p) = To(n)T1 ()

B(u) = A2(p)B1(p) + Ba(p) D1 (1)

where By and Dy act on T} = @M, H; and Ay and By act on Ty = @fv:mHHi- The product of

two creation operators in the full space can be written as

B(p)B(X) =As (1) B1 (1) A2(X) B2(X) + Ba(p) D1 (1) A2 (X) B2(N)

Ag(p) B (1) Ba(N) D1(A) + Ba () D1 (1) B2(A) D1(A)

We label the four terms with the following partition of A and p. P = ({\pu},{}), P2 =
({3, Ps = ({p},{A\}), Pa= ({},{X, u}). The first set Sy contains parameters such that
the corresponding B-operator contributes A By, the second set S5 is the set in which B-operator
gives By D;. This notation will be useful when one wants to refer to a term in a product of M
B-opertors.

Now work our these four terms using the commutation relations between A and B (?7?), B
and D (77?).
Py = Aa() By (1) A2(\) By (\) = aa(1)as(A) B (1) By (V)

Py = By () D (1) A (\) By(N) = £ (11, \ia(\)dy (1) Ba (1) B1 ()

—g(p, A)az(A)dy () Bo (1) B (1)

Py = A () By (1) Ba(N) D1 () =F (A, )z (1)dy (V) By (1) B2 (M)

—g(\, )@ (N)d1 (1) By (1) B2 ()

Py = Ba() D1 (1) B2(A) D1 () = di(11)dr(N) Ba(n) B2 (N)

Here as(\) = Hf\LMH a;(\), di(\) = Hf\il d;(\). In P, and Pj, the commutation relation
generates two terms, the second of which is unwanted. However, due to the fact that g(\, pu) =
—g(p, \), these unwanted terms cancel each other in the sum, thus we do not need to worry

about them. In P, and Pj, the two creation operators act on different regions, therefore, we
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can further simply the result using the result of one spin flip
P2=3 " f(uA) IT anba(N) IT da) TT am (wbs() [] dw<p(m)onop
a,f3 m>a n<a m’'>f3 n’

91 <a <MBIM < B <N)+C

—qu, (B, p)ogoz0(1<a<MO(M<B<N)+C

P3=> " f\m)I(a, NI(B,p)ogo50(M < a < N)I(1 < B<M)—Cy
a,f3

Here C represents the unwanted terms which does not matter for the sum. However, in P;
and Py, both creation operators act on the same subregion, which is essentially the same as the
original problem. Thus we further divide the M sites into two part. Then P; will become a sum

of four terms. Two of them have one creation operator in each region and can be simplified as

Pu—me V(B 1) 050(1 < a << S)O(S < < M)+ C

Pig =" fO\ ), NI(B, n)o,0560(5 < a < M)f(1 < B << §) — Cy
a,B

Here C5 are unwanted terms that will vanish in the sum. The other two terms of P; can be
further simplified by further division of the space. This division stops when there is only one
site in each subregion. The B-operator becomes b,,(\)o,,.. Then no two creation operators can
act on the same site as 0,,0,, = 0. The P, term will be manipulated in the same way. In the

end, summing up all the term we get
Zf (1, A (B, m)og o5 (0(1 <a< M)§(M <3 <N)
+01<a<9IS<B<m+0M<a<THIT <B<N)+...)
—I—Zf(/\,u)l(a,)\)l(ﬂ,u)o;crﬁ_ (G(M <a<N)PHQA<B<M)
B
+0(S<a<mb(1<B<S)+0T <a<N)OIM<B<T)+...)
=D (F(N0(1 <a<B<N)+ fFApb(1 < B <a < N)I(a, V(B p)o; o5

Y. D 601 <a<B<N)f(Rp, RNI(a, RIS, Rp)og o

Therefore, we have derived the expression (?7?) for system with two excitations.
Now, we want to generalize the result to systems with many spin flips. The procedure is the
same, i.e. to successively divide the system into two parts. The division should stop when the

number of sites in any subsystem is no more than the number of creation operators acting on
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it. This is due to the fact that the product of two o~ operator acting on the same site vanishes.
First, we will divide the N sites in to m sites and N-m sites, like in the case of two excitations.
We want to prove that
M
[1Bw) = > 11 II fwhuy I1 a2 1 dud) T] Bwd) ] Bb)
i=1 S1USa={ni} pi€S1 pl €Sy nieS: 1l €S, Hges: nl €S,
As can be seen in the two down spin case, this is true for M = 2, i.e. all unwanted terms vanish
in the sum. We will now prove this for general M. Assume for M — 1 spin flips, only wanted
terms are left. Then for B(\) Hf‘i;l B(p;), when we pass Aa(\) or Di(A) in B(\) through the
product of B(u;), it may exchange parameter with the B-operator and turn into As(y) or D1 ()
(v € {pi}) multiplied by By (A\)Ba(\). We will show here that unwanted terms characterized by
az(y)d1(7)B1(\)Ba()\) cancel with each other.

There are two kinds of partitions resulting in such unwanted terms. ({7, ui}, {}, /ﬂﬁ}) and
({1 3 {s uJB}) In the first one, A € S, B(A) constributes B2(A)D1()), in the second B(\)

contributes A2(A)Bi1(\). The above unwanted terms from these two scenarios are

By(\ D1\ f (i, )az(y) [ Bi(ui) T] Balwh)Bi(v)
%651 wheSs
= (il Mas(Ndi (Mg, N () TT Bilul) TT Bouh)Ba(N)Bi(N)
,“Liyesl IL';ESQ

A (N BaN f (v, b )da(y) T Balwd) T Be(wd)Ba()
pni €Sy ug€S2

= (7, 1) a2 (V) (Mg () T Baul) T Balwh)Bi(\)Ba(N)
Ko €51 HheS,

Here we have dropped the common factor of Hué H% f(ué, ue) H%esl az(pul) Hufgesl dq (uJB)
From the above, it is clear that these two terms cancel and no unwanted term characterized
by as(7y)di(v)B1(\)Ba()\) exists. Since this 7 is chosen arbitrarily, we can conclude that all
unwanted terms vanish. Therefore, when we pass all A and D operator to the right of the
product of B-operator, they become c-numbers without changing its parameter, with a prefactor
created by the commutation relation which is the product of f (;ﬂé, pi) for all pi € S; and
,ué € Ss.

In order to obtain (??), iterate the above division procedure until every B(u) acts on a
separate region. Like in the two spin flips case, each time B(u) and B(\) are separated, a
factor of f(u,A) or f(A, u) is created, which depends on ay, < ay or ay, > . Besides this

factor, the B-operator acts in the same way as in a single excitation case, i.e. B(u) turns into
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. Therefore, we can write down the final answer as

HBNZ *H F (g, 13)0(0y — a) + f (i, 1) — o) HI/JMO%

1<J

= H Hf(HRﬁHRq:)o(Ofl <...< OéM) HI(,UR,”CYZ‘)O';
RESM i<j i
This agrees with equation (??). For XXZ model, the wavefunction becomes

_ sinh(pi — pj + ¢sgn(ags; — aga;))
dlajuflon <... <an) = z};l} sinh(u; — p15) ]
H (sinh(,uj - ¢/2))O‘R‘lj1 sinh ¢
LS+ 672) by + 72

Multiply the wavefunction by a constant

[ Sl + 672 vt + 6/2)
sinh ¢ sinh(u; — ¢/2)

H sinh(p; — 1)
L Snh(ys — 11y~ 9)
we obtain the more commonly seen wavefunction

d(a|lp)f(ar < ... < ap)

—ZH sinh(p; — p; + ¢sgn(aps,

- OéR—lj)) H (Siﬂh(ﬂj — ¢/2>>QR1J
TPr sinh(p; — p; — @) ; sinh(p; + ¢/2)

or

sinh(p; — g sen(B; — B, sinh (1 — Bj

by Slnh(/,&i — /J/j — ¢ sinh(,uj + ¢/2)

The Bethe Equation can be obtained from periodic boundary condition, ¢(«|u)
with & = {a1,a9,...,apy} and o = {ao,...,ap, a1 + N}ie.
sinh(p; — pj + ¢sgn(aps,; —

ap1j) sinh(u; — ¢/2)
E sinh(p; — p — @) 1:[ (smh(uj + ¢/2))

sinh(u; — pj + ¢sgn(a/y,a, — ) sinh(u; — ¢/2) W
I e TG )

sinh(jz; + 6/2)

For R and R’ that satisfie the following relation, many of the terms cancel and we are left with

o, i=R2...,.RM
OCR.li =

a;{,_li + N i=R1

I1 sinh(p; — pr1 — @) 11 sinh(pr1 — ﬂy +¢) H (Slnh KR1 — ¢/2))N —
<R sinh(u; — pir1 + @) | e sinh(pp1 — - sinh(pr1 + ¢/2)

i.e.

1 sinh(pp1 — uj+¢ H(smh pRL— ¢/2>)N
J

it sinh(pg1 — sinh(pug1 + ¢/2)
This leads to equation (?7)

= o(/|p),

32
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2.3 Nested Bethe Ansatz

Nested Bethe Ansatz solves systems with both spacial and spin degrees of freedom, like Gaudin-
Yang model and Hubbard model. It combines the previous two methods, in such a way that
the spacial part is derived by the coordinate Bethe Ansatz, while the spin part is solved by
the Algebraic Bethe Ansatz. The solution of such problems with only coordinate Bethe Ansatz
involves huge matrices whose size increases exponentially with the number of particles. And
using Algrebraic Bethe Ansatz only can make such problem much more complicated than we
have seen before as there are both charge and spinon excitations ([? ]). Therefore, the nested
Bethe Ansatz which combines the two methods appears to be very useful for such systems. To

illustrate this method, we will solve the Gaudin-Yang model in this section.

2.3.1 Gaudin-Yang Model

The Gaudin-Yang model describes a one-dimensional continuous system of Fermi Gas with
contact interaction. It is described by the following Hamiltonian
92
H= 3 [ars @550 +c [ @] @v, @)
o="1,{ z

where W (z)(¥,(x)) is the creation(annihilation) operator of a fermion with spin ¢. They obey
the canonical anticommutation relation {¥] (z), ¥,/ (2')} = §5.0/6(z — 2'). c is related to the
interaction strength. When c is positive, the particles repel each other when at the same site.
Otherwise, the interaction is attraction. Following the same procedure as for the Lieb-Liniger
gas, we define an eigenstate with wavefunction f,(x) as follows, with |0) being a fock vacuum.
Then apply the Hamiltonian to this state, we get the first quantized Hamiltonian

N

=3 / f(,0) [T ¥4, @)l0)

i=1

82
h= 72 8l‘i2

The Bethe Ansatz wavefunction of the Gaudin-Yang model can be written as

—+ QCZ (S(.’El — ZZZj)
ij

fla,o) =" PR @DAQ, P)O((Q)r < ... < (Qx)n) (2.11)
P,Q

Here Pk = (kp1y,...,kpiy) and Qz = (zgay,...,2g1y). Like the Lieb-Liniger solution, the
ansatz assumes that the wavefunction is a superposition of plain waves in each ordered regime

weighted by prefactor A(Q, P). Each plain wave is characterized by the permutations P and Q.
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Q is related to the ordering of the coordinates and P determines the sequence of ks. Note, the
wavefunction is not explicitly dependant on the spin configuration. But any permutation of x
may affect the spin as f(Qx,0) = (—1)9f(x, Qila) as we are going to use here.

Apply the Schrodinger equation hf(z,0) = Ef(x,0), we get two results. First, well within
the ordered region, i.e. none of the z’s are the same, then £ =, k:f Second, at the boundary

of some ordered region, say (Qz); = (Qz); (Q'j = Qi + 1), we have

(i(Pk); —i(Pk);)(A(Q, P) — A(Q, Pi; P) + A(P;;Q, P)) — A(P;; P, P;;Q) + c(A(Q, P) + A(Q, P;; P)

i.e.

i((Pk); — (Pk);)(A(Q, P) — A(Q, PPy))(1 — TLij) + ¢(A(Q, P) + A(Q, PP;;))(1 — TI;;) = 0
(2.12)
Here we have replaced A(P;;Q, P) with —II;; A(Q, P), where II,; acts on the spin state and
changes spin i and spin j. From the above relation, we obtained the following relation for spin
singlet state, projected by (1 — II;;)/2.

(Pk)z — (Pk)] —1c

A(Q, PPyj) = (Pk); — (Pk); +ic

A(Q, P)

For spin triplet state, due to the fermion nature of the problem, the wavefunction vanishes
when two coordinate coincides. Therefore, the contact interaction should not play a role and
the wavefunction should be simply an antisymmetric function of plain waves, i.e.
f(z,0) = Z(il)Pei(Pk)-z
2
This means A(P;;Q, P;;P) = A(Q, P), i.e. A(Q,P;;P)= —II;;A(Q, P) = —A(Q, P). Here, we

replaced II;; with 1 for spin triplet state. To summarize, for Q75 =Q i+ 1 we have

(Pk); — (Pk); —ic1—1I; 110
(PR) — (Ph); 1ic 2 Q@D -——4Q.P)

_ ((Pk)i — (Pk)j)IL;j +ic
- (Pk); — (Pk); +ic A@, P)

A(Q, P;;P) =

=Y ((Pk)i — (Pk);)A(Q, P)

(Pk); — (Pk); + ic

A(P;;Q, PijP) = A(Q, P) = Si;((Pk): — (Pk);)A(Q, P)

Here Y;; ((Pk); — (Pk);) = —11;;S;; ((Pk); — (Pk);) is called the Yang matrix, S;;(kp; — kp;)

is the well-studied Scattering matrix (S-matrix). Here the sub-index i,j are related to the
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spin permutation, as we have emphasized before, this permutation is moving by element in our
convention.

From now on, we will focus on the region with @ = 1, i.e. 6(z1 < ... < xzy). All other
regions can be obtained via antisymmetric property of the wavefunciton. The S-matrix has an

important property, that is it satisfies the Yang-Baxter relation, e.g

Saz(ka — k3)S13(k1 — k3)Sia(k1 — k2) = Sia(k1 — k2)S13(k1 — k3)Sa3 (ke — k3)
Written in the language of the Yang matrix, this relation becomes

Yia(ke — k3)Yas (k1 — k3)Yi2(k1 — ko) = Yoz (k1 — k2)Yia (k1 — k3)Yaz (k2 — ks)

If a permutation P can be written as a product of n transpositions (P"...P?P1!), and each
transposition P exchanges one pair of adjacent objects m; and m; (m; = m; + 1) then we

have

Here k™ = P*~! ... P'k is the set of k’s after the previous permutations. This completes the
coordinate Bethe Ansatz solution of the Gaudin-Yang model. As we have mentioned before,
this solution has a problem. As both the Yang matrix and the S-matrix involve permutations
on the spin configuration, the solution acts on a N! dimensional spin space, which is huge for a
moderate number of particles. One could wish to find an irreducible representation such that
the dimension of Y(P) could be reduced. Actually, there is such a complete spin basis so that
when Y (P) acts on it, it becomes a c-number. This is the next subject we will talk about.
The construction of this spin basis is closely related to the Algebraic Bethe Ansatz, which
constructs spin states using creation operators come from a monodromy matrix. The mon-

odromy matrix is defined as a product of some L-operators expressed in the auxiliary space
T(/’L7 k) = Lan(u - kn) cee Lal(u - kl)
Both of them need to satisfy the Yang-Baxter relation defined by some R -matrix

Rap(X = 1) Ta (X K)o (1 k) = To (s, k) Ta (A, B) Rap (X — 1)

Rop(N — p) Lai(N — ki) Lyi(pe — ki) = Lyi(pty ki) Lai (A — ki) Rap (A — )

Here, we have shifted the entry of L;, by k;, but as is clear, the Yang-Baxter relation which
defines the algebra is unaffected, i.e. if the L;,(A\) and L;p(u) satisfy the relation, so are
Lio(A — ki) and L;(A — k;). This shift of the entry also makes the T operator k dependant.
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We have said that, in general, there is no way one can determine the R-matrix based on the
Hamiltonian. But with the coordinate Bethe Ansatz solution, we are equipped with an object
which satisfies the Yang-Baxter relation, that is the S-matrix. Therefore, we may simply define

the R-matrix and L-operator to be in the form of the S-matrix we obtained, i.e.

w—k; +iclly;
Lai - kz = - Sai - k1 = .
(1 — ki) (1 — ki) ki tic
p—hitic/2(140%) ico,
_ p—ki+ic p—ki+ic
ica;r p—ki+ic/2(1—0c})
p—k;+ic pn—k;+ic a
—A+ic
pMie g 0
0 1 e 0
Rab()‘ - I‘L) = ) .
0 1 0
H—A+ic
0 0 0 e )

Then the monodromy matrix can be written as follows

T (s k) = San(p = kn) ... Sar(p — k1)

And the creation operator B(u, k) is just the upright element of the 2 x 2 matrix.

N ; z ico~ —k; +1ic —o%
B(M,k):ZHufkiJrzcﬁ(quai) ico, HM kj +ic/2(1 - o%)

e w—k; +ic ,u—k:a—&—icKa w—k; +ic

One interesting property of this B-operator is that when the rapidity is sent to infinity it becomes

spin lowering operator [? ? |, i.e.

. N .
lim B(u,k) = lim =Y oy = 55° (2.13)

fi—>00 proo pu L~
The advantage of this choice of R-matrix and L-operator is that the Y-operator can pass
through 7 (u, k) in a simple way as illustrated below. Again, k™ = Pm~1km=1 ie {k™} is the
k set after all previous permuations acting on {k}.
Yijra (K™)T (n, k™)
=Pjjt185+1 (k" — k") San(t — k3') - Sagiv) (0 — k1) Saj(pp — ') .. Sar (p — k")
=San (e = k3'") -+ PijarSij (B = k51) Sagirn) (0 = K1) Sa; (4 = K5') - San (e — K1)
=San(pt = ky') -+ Pjjr1Sai (e — k") Sagiy1) (1 — K1) Sii41 (K — ki) o San(p — k7")
=San(t —k5') - Sagi1y (b — k") Sas (1t — k751 ) Pijr1Sijn (k" — ki) o Sar(p — k7")
=T (1, Pijk™) Y41 (k" = ki)

ZT(% ka)ijH (km)
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From the above, we can see that
A(P)T (1, k) = T (p, Pk)A(P)

A(P)B(u. k) = B(u, Pk)A(P)

The second relation is obtained by sandwiching the operator between ,(| 1 | and | |)4. Since
A(P) acts on physical space, this projection turns 7 into the B-operator. This relation turns

out to be very useful if we choose the spin basis as the products of B-operators acting on vacuum

state, i.e. w(u, k) = wa B(ui, k)| 1), then
A(P)w( HB (ki K)| 1) = HB (i, PE)A(P)[ 1) = (=1)"w(p, Pk)

In the last line, we have used the fact that A(P)| {) = (=1)F| #t). With this basis w(u, k), we

can describe a state with a new wavefunction with parameter k and pu.

(W) =f(k, plz)z) @ |w(p, k)

= ZeikP”"A(P)Q(xl <...o<zan)|r) @ |wly, k))

:Z(—I)Peik”mi@(xl <...<an)|r) @ |w(p, Pk))
P

Using the machinery of Algebraic Bethe Ansatz, we can write down the explicit form of w(pu, k),

ie.
M
= > [ furi = pri)blar < ...an) [] Iprisk, ai)og, | 1)
ReS\ i<j i=1
with
Wi — i +ic
i = pj) = ————
( i) R
I ko) = —C T Lt
Ho s 7,u—k:a—|—icn<a,u—k:n+ic

In summary, we have

|/$,k> :Z( ) Z(Pk)wznf ,URJ /~LR1 HI NR17Pk 0‘2)9(551) (O‘Z)|x> ® |O‘>

P R i<j

(1 <...<any)f(oq <...<ap)
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M
%

Here, 0(z;) = 0(z1 < ... < zn), 0(e;) = 0(aq < ... < apy), o) = oy.| ). The more

traditional form is obtained by replacing u by i —ic/2 and multiply the state by a normalization

constant [, j “1 - This will leads to the following change
x Hi — [y
|1, k) Ze (PE) H = HB pi» PR)|z) ® | 1)
7,<j
= f(z,alp,k)0(r; < ... <zy)0(n <...<aum)o, |z) @[ ) (2.14)

fla,alp, k) =) (~1)FePH= ZHM g FicSen(on = on) HI (1i, Pk, aga;)

— —1ic
P R i<j Hi Hj i=1

ic w—kn —ic/2
w— ke +ic/2 ala = kn +ic/2

I(p, ko) =

Like in the case of Lieb-Liniger model, permutation on momentums and rapidities does not

create new state. This can be easily seen from the first line of (??) since

lu, Py =Y (~1)F PP HMHBM,PPR)W@W

P’ 1<j Hi g = e
i(P'k)-x Hi — Ky
Ze H p]—chBMZ’Pk|x @M
z<]
:(_1)P|:u’7k>

k) = S T e T B, PRl 1)

P 1<j 1R HRj =€
7, HRi — HRj
=Y (=Pt H—HB pi, PE)|x) @ | 1)
P i<j HRi HRj
=5"(R)|p, k)

Here, we have used the fact that B(u, k) commute with each other, thus the permutation
on the ordering of the B-operator does not affect the result. The new phase factor comes from
the following relation

H MRi — 1Ry /H L H Hi — prj — ic — S*(R)
i<j MR~ [Rj — ic bl ic i< — py t+ic
RYi>R1j

Combining the effect of the two kinds of permutation, we obtain the phase factor that relates

|k, 1) and | Pk, Ry).
|Pk, Rp) = Sg (P, R)[k, )

Siu(P,R) = S(P)S(R - "Jf (2.15)
1<J 'uj

RY>R%j

ic
c
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Bethe Equation

The Bethe Equations which deal with the structure of the solutions, real or string solutions,
can be obtained by placing the system under periodic boundary condition. This leads to the

following two conditions depending on a; = 1 or not.
flzy,. ... zn,00,. . an|p, k) = f(ze, ..., on, 21 + Lyaa, ..., an|p, k)

flxy,...,xn, a1, o, anglps k) = f(xa, .., an, 21 + Lyag, ... yang, a0 + Mp, k)

This leads to

ok, L H:uj 1 —ic/2

J_kP 1‘”0/2

ik, L H MR — pj +ic H Hi — MRl—iCHHz— p1+iC/2H#R1 —ic/2 _

i—hie; MR pj — ic ijopy M T PR +ic iR i —kpa 1—20/2 um—kp n+zc/2
i.e.
2
H ko = 1y + /2 (2.16)
kpn — p; —ic/2
i i — kn +ic/2
H Hi — /j’J + ic _ H Mg — + ZC/ (217)
il — p; —ic i — kn —ic/2

Two patterns can emerge in the k and p solutions. For the first one, p; = k,, +ic/2 and p; =
kn,—ic/2, with k, lying on the real axis. This is for both ¢ > 0 and ¢ < 0. In the thermodynamic
limit with N — oo and M/N < oo, this relaxes to the p strings (u; = i + ic/2(m + 1 — 2i),
i=1,...,m) with all ¥’s real. This is due to the fact that for p; with i < m/2, |%| >1
if k,, is real. The product of n such terms blow up in the limit n goes to infinity. This requires
another p lying below it by a distance of c. Like in the case of attractive Lieb-Liniger gas, if we
do not worry about the ambiguity of 0/0, this leads to a string root in the p complex plane. For
¢ < 0, there is another pattern formed with p; lying on the real axis, and two k’s lying above
and below p; by distance |c|/2, i.e. ky, = pu; —ic/2 and k,, = p; +ic/2. For k,,, the right hand
side of equation (??) vanishes, therefore, it must stay above the real axis to make the left hand
side go to zero. This requires that ¢ being negative, i.e. the interaction being attractive. In
the thermodynamic limit, this root pattern can also be relaxed to longer k-strings with all real
w’s. However, this would require a stronger condition that M — oo also. We use the following
graphs to describe the patterns.

Both root patterns correspond to bound states. The first kind with complex p and real k&

indicates bound state between down spins. As an example, if u; = i + ic/2 and pus = i — ic/2



40

String Pattern in Roots of Bethe Equations

X i =k +ilc|/2

0
?N

Xy =k —ill/2

O kn=p—ic/2

O km = p+ic/2

(a) u—k string of length 2 for both ¢ > 0 and ¢ < 0 (b) k — p string of length 2 for ¢ <0

X

O ki
>< fo — O k2

)

O ks
X3

O &k
X Ha 4

(¢) w string of length 4 in the limit the total
number of particles goes to infinity with ¢ >
OQorc<0

(d) k string of length 4 in the limit the
number of impurities goes to infinity with
c<0
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which forms a 2-string, then the scattering matrix among the spin rapidities enforces a1, >

Q. Carry out the product of J(u, k, a), we get

J(Mh k7 aR'll)J(M27 kaaR'12)

B ic ic H n—km H o — ky, —ic
7u—kaR4 —|—ic/2u—k‘aR’1 +ic/2 . ) i — ky, +ic - —k, +1ic
1 2 “rRlacm<r™1 Cpt ST

=

Here |ﬁf;7j$lc| < 1. As ap1 — apa, gets greater, the product of m makes the wavefunction
decrease exponentially with this separation. This is why the p string leads to bound states
between two down spins. The physical meaning of a k string is related to a bound state
between two electrons. As we have seen how k-strings leads to bound state in section 1.2, we

will not elaborate it here. In the later section on Yudson representation, we will revisit these

solution patterns.
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Chapter 3

Yudson Approach

3.1 Bethe Ansatz as Complete Basis

In the previous section, we have seen how the Bethe Ansatz solves models that are integrable.
These solutions are characterized by a set of parameters (momentum, rapidity) which also
determine the energy of the states. On one hand, these energies affect the Boltzman weight of
each state, thus determine the thermodynamic properties of the system, like the free energy,
pressure, specific heat, etc. On the other hand, the energy also influences the dynamics of a
state, as any state, under Hamiltonian H, evolves with the factor e **. The Bethe Ansatz has
been shown to be quite successful in the first aspect, however, it has not been much exploited
in the second due to the following difficulties.

To calculate the time evolution of a given state, |¥(t)) = e *#t|W), it is convenient to use
the basis of eigenstates of the Hamiltonian so as to turn the Hamiltonian operator into a real
number, i.e.

[U(B)) =D et m)(m| W) 3.1)

m

For interacting systems that are integrable, these eigenstates are Bethe Ansatz solution which
are handy already. However, as we have seen in the previous section, not all states are allowed
in a system with a periodic boundary condition. One needs to solve O(N) coupled equations,
only the root of which will be considered as a basis. The number of such solutions increases
exponentially with the system size. This makes the summation over a complete basis very hard
to implement. The problem becomes even harder for systems with bound states, as one needs
to consider complex parameters as well. Another complication comes from the calculation of
the overlap. Due to the admittedly unwieldy form of the Bethe solution, each state is composed
of a factorially large sum of plain waves with intricate amplitudes corresponding to different
orderings of the coordinates. Therefore, each summand evolves (N!)? terms. Lastly, even the
calculation of simple correlation functions of local physical observables turns out to be quite

intimidating.
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Recent years have, however, seen much progress in this direction and such process has
been implemented numerically in a C++ library called ABACUS(Algebraic Bethe Ansatz-based
Computation of Universal Structure factors) [? ]. This algorithm has successfully calculated
dynamical correlation function of some important observables [? 7 ] as well as nonequilibrium
properties [? 7 ] in one dimensional spin and atomic system. Following the same principle as
discussed above, the implementation consists of three steps. First, Bethe equations are solved
to obtain all states satisfying periodic boundary conditions. Then overlap between the initial
state and intermediate states as well as further expectation values of observables are calculated
from form factors of local operators already exist. Last, the Hilbert space is scanned to include
numerically important intermediated states in terms of the form factor. One prominent feature
of this algorithm is its extreme accuracy for large number N=100 — 1000 of degrees of freedom.
And this precision is well controlled by the sum rule of a complete basis which is energy and
momentum independent. However, as pointed out by Caux in [? |, this method has some
restrictions. First, it can only treat finite systems as one needs to label the states and have a
finite Hilbert space to scan all relevant states. Moreover, the initial state should be close to
some bethe states' as scanning over multiple eigenstates in the initial state will multiply the
numerical cost and is not considered in the implementation. In the end, the numerical nature

of the algorithm makes it impossible to obtain closed-form analytical expressions.

3.2 Yudson Contour Integral Representation

In this thesis, we are going to talk about an analytical treatment of the aforementioned expan-
sion, which we call Yudson representation or Yudson Approach. This method is proposed by V.
Yudson to study the superradiance effect in an infinite system described by the Dicke model in
1988 [? 7 ]. The formalism has not gain much attention until recent years when the interest in
nonequilibrium process has received a boost from the field of cold atom experiments which allow
unprecedentedly finely controlled experiments. So far, the approach has successfully solved the
quench dynamics of the Lieb-Liniger model [? ? | and the XXZ model [? | on an infinite
line, the Lieb-Liniger model with strong interaction on a finite line with periodic boundary
condition [? ] as well as hard wall boundary conditions [? ] and Dicke model [? ]. The time

evolution of two component fermion gas and boson gas will also be discussed in this thesis.

1In the original paper [? ], Caux claims that the initial state should be ground state only, which is later
loosed to any Bethe states in [? ] as well as the state created by one creation operator from the ground state

(?]
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The core of the Yudson approach is a resolution of the identity which takes the form

1= [0

for a non-nested system like single component boson or fermion gas and spin system. And

1= [ kn)kp
k,p

for a nested system like two component boson or fermion systems.

Here |k) and |k, 1) represent a general Bethe Ansatz eigenstate and |k) and |k, u) are called
Yudson states. These states refer to the single term in a Bethe Ansatz wavefunction with only
identity permutation. For example, in the previous chapter, we have derived the eigenstate of
the Lieb-liniger gas as

_ ikpis ki —kj —ic
k)-L;G E mﬂ%)l@
Pri>P7j
with 0(x) = 0(x1 < 22 < ... < zy). Then the Yudson state is the simpliest term among the

N! terms which is
b= [ et

Therefore, the Bethe Ansatz state can be expressed in terms of the Yudson state as

D3R I= = AUE I

Pt 1>P 7
Take the Gaudin Yang model as another example. The Bethe Ansatz solution of the Gaudin
Yang model is the following

. i — 11y + i Sgn(aa; — ag) M
|, kY = E / E ethrizi( PH ! i e Hl(ui,Pk,aR.li)Q(a)H(x)
P,R i=1

—1ic
i<j Hi = Hi

M
[Toa )@
i=1

The Yudson state can be extracted from it as

M M
I, ) = / S et T I, by ai)0(@)0(2) [[ o l2) @ | 1)
T i=1 i=1
Again the Bethe Ansatz state are connected with the Yudson state as
Pi — py +ic
k) => (1" ] _7J_w |Rp, Pk) =~ Sk (P, R)| Ry, Pk)
P,R 1<J Hi i P,R

R'i>Rj
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Compared with the one we have used in equation ??, i.e. 1 = . |m)(m|, Yudson rep-

m

resentation seems different due to the new state. However, as we are going to show, the two

resolutions are closely related by the following relation

Y fm)(m| =Y |m){m|6(m

Here, we have abused the notation 6(m) which becomes ill defined for complex parameters. Its
appearance only indicates that the summation is over all distinct states where the ordering of
the m’s is irrelevant and each set of m’s should be included once.
Recall that Bethe Ansatz states with permuted momentum (and rapidity) are related by
the scattering matrix, see page 77,77
|Pk) = Sp(P)|k)
|R/~L7 Pk> = SZ’#(P, R)|/~La k>

therefore

> k) (k|6 ZZIk )(Pk|S}(P)6(k)
k
=D _|Pk)(PKl(K)
k P
=D Ik)(kIY_O(Pk
k P
=> Bk
k

Similarly, one can show

Dl k), k|0 (K Z |14, k) (1, B
k,p

The relation between the Yudson representation and the more traditional resolution of identity
is to shed some light on the approach. However, that is not the whole story. Instead of taking
a summation over sets of discrete momentum (and rapidity), Yudson approach uses contour
integrals in the complex plane. The choice of the contour is the essence of the representation
and one major step is to look for such a contour and prove that the expansion of any state is a
faithful one. We are going to illustrate this point by the Lieb-Liniger model and the Gaudin-

Yang model. Before we get down to the specifics, let’s list the advantages of the approach.

3.3 Advantages and Disadvantages

Advantages

1. Simplify the calculation of the overlap with the initial state.
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2. Obviate the need to solve Bethe Equations
3. Previous results on form factors can be used directly
4. Complex contour includes the contribution from both free states and bound states.

5. Infinite rapidity guarantees that the expansions scans the whole Hilbert space, not only

the highest weight states.

6. Complicated norm factor disappear.

Advantage 1 stems from the simple form of a Yudson state. Instead of being a summation over
factorially many terms, in Yudson representation, the overlap is one simple term. Advantage
2 is related to the fact that the system is infinite while the Bethe equations originate from the
constraint of periodic boundary conditions. Usually, people place the system on a circle so as
to make the momentum discrete. This is helpful to label the states and to include a few low
energy states. Such boundary condition becomes unnecessary for the dynamics as all states
overlapping with the initial state should be included. After all, most system is on a open line.
Moreover, the absence of the Bethe equation is important to keep the calculation analytic as the
solution to such transcendental equations is hard if not impossible to obtain when the number of
particle is large. Advantage 3 does not ascribe to the Yudson representation. But this is a rather
helpful property. Since in a strongly correlated system, all degrees of freedom intertwine with
each other. The expectation values of simple observables like density and two point correlation
involve integration over all irrelevant variables which is a rather daunting task. Luckily, the
action of local operators on Bethe Ansatz states has been studied by itself and many results on
the form factors have been obtained already [? ]. This simplifies our calculation. Advantage 4
is the most prominent. From the previous chapter we see that in systems with bound states like
attractive Lieb-Liniger gas and Gaudin-Yang model, the Hilbert space is spanned by states with
complex parameters. Even though the roots are not scattered on the complex plane randomly,
the number of string patterns they fall into is still huge. If we define a given state by the
number of strings(M;) of length j, then the total number of string configuration is related to
the different sequence (M, Mo, . ..) such that } 3, M;-j = N for N charges. In addition to that,
the center of each string can move along the real axis which multiplies the complication of a
complete scan. As a miracle, this difficulty can be circumvented by a proper choice of integration
contour in the complex plane. Such a contour integration incorporates contributions from both
free states and bound states. To separate them apart, one simply shift all contours to the

real axis. Using Cauchy’s residue theorem, the original integral decomposes into a real integral
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and contribution from residues at singularities. The former can be interpreted as free states
while the latter corresponds to bound states. Remarkably, all and only bound states whose
parameters follow the string pattern will be generated, that is to say that only wanted terms
are created. Advantage 5 is an interesting one. As shown in the book [? ] (Appendices
3D), every nested Bethe Ansatz state is a highest weight state with respect to the total spin.
This means that it will be annihilated by spin raising operator ST. Therefore, a complete
basis includes not only Bethe Ansatz states |u, k), but also states with lower expectation value
of 8% ie. (S7)"|u, k) with n = 1,...,N — 2M for systems with N particles and M down
spins. Luckily, as we have shown in equation (?7?), this spin lowering operator is nothing but
lim,, o, B(p, k). Therefore, by integrating from —oo to oo for each rapidity, we are assured
to probe every eigenstates in the Hilbert space. Advantage 6 is also associated with the infinite
size of the system. In finite volume, the norm of an eigenstate is always complicated that
consists of determinant whose dimension equals the number of degree of freedom [? 7 |.
Simply sending the system size L to infinity does not simplify the situation as the expression
does not have a good limit in thermodynamic limit. Nevertheless, this is not a real problem
for Yudson Approach. The condition that the intermediate states be normalized, complete
and orthogonal is a sufficient condition, instead of being necessary for the following reason.
Normally, in a Bethe Ansatz state, the ratio of amplitudes between different sectors is fixed by
the scattering matrix, leaving the overall factor indefinite. In Yudson representation, one first
set the amplitude A(P) to be the s-matrix s(p) together with other factors if necessary (like the
J-function in nested Bethe Ansatz). Then the identity resolution is sandwiched between two
coordinate eigenstate, |z) = 0(z1 < ... < zn)[[, ¥1(2)]0), or |z,a) = 0(z1 < ... < zn)f(oq <
. < an)[lioq, 11, \Ili(z])\O) . Then we will always obtain (y|k)(k|z) = CT][, d(x; — y;) or
(y,B|k)(k|z,a) = CT[, 6(zi — yi)0a,,5,- In the end, we divide the expansion by C' to make it
properly normalised. This, in turn, proves the completeness and orthogonality of the Bethe

Ansatz state

Disadvantages

This method, however, suffers from one disadvantage, which relates to multidimensional in-
tegrals. For a system with N degrees of freedom, the expectation value of local observables
involves integration over 2N variables. This obstacle prevents us from getting closed form re-
sults. To get around this difficulty, one may focus on the long time limit of the results and adopt
saddle points approximation for system with nonlinear spectrum. This will bring us another

complication. As the propagating rate of different bound states varies, the contribution from
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each state separates apart asymptotically. Technically, this means the following. To impose
saddle point approximation, one needs to shift the contour to the saddle points which usually
lie on the real axis. For systems with bound states, the integral contours spread out in the
imaginary direction and there are many singularities in the complex plane. Shifting the contour
reduces the original integral into contributions from the stationary phase as well as residues
around the poles. The representation, then, loses the compact expression. Unfortunately, this
is what we have so far.

In the next part, we are going to illustrate these points by applying the Yudson Approach to
the quench dynamics of the Lieb-Linger model and the Gaudin-Yang model with either repulsive
or attractive interaction. To be specific, we are going to talk about the choice of integral contour
for each model, prove that the representation is a faithful one (central theorem), calculate local

observables mostly with saddle point approximation, and show some interesting results obtained.
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Chapter 4

Quench Dynamics of Lieb-Liniger Gas

In this chapter, we will apply the Yudson Approach to the quench dynamics of Boson Gas in

an one dimensional infinitely system. This system is described by the Lieb-Liniger Hamiltonian
H = /dﬂ\IJT(az)@I\P(x) + U (2) 0T (2)U(2) U (2)

First, let’s list some of the important results we have obtained already.

The Bethe Ansatz eigenstate
; ki —k; —ic
k_ — kaizi 1 J 6
=3 et TI Em2 ol

The Yudson state
k) = / i1z )

The Yudson representation of the identity operator

We claim that for repulsive interaction, the integration contours lie on the real axis while
for the attractive case, the contours spread out in the imaginary direction with the separation
between adjacent lines greater than |c|. For any ¢ < j, the contour of k; is above that of k;. See
fig 77.

In the next section, we will show why such contours are chosen. Due to the crucial role of

such proof, we call it the central theorem.



50

c>0 A c<0 A
k1
. R I by R
. .
(a) (b)

Figure 4.1: Integration contour for the Lieb-Liniger model with attractive or repulsive interac-
tion.

4.1 Central Theorem

One of the most import ingredients of the Yudson approach is a properly chosen contour such

that the representation resolves the identity faithfully. In the position space, this means

JRCCITTRS | R

for any ordered set of x and y. Without loss of generality, we will always assume 7 < z3... < zn
and y1 < y2... < yn. We will provide the proof for the case with repulsive and attractive

interaction respectively.
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4.1.1 Repulsive Case

We will begin with the repulsive case as the integral contour is simpler. First, separate the

integration into two parts as described in the following

) / il (kly)

iki(x a1 —yi) ki — kj —ic
y)/dkze o || R ——
P i<j ¢ J
Pli>ply

Qy)/deeiki(zP’lfy‘)
3
iki(x 1. —vi —21
Oy)/dkzpjek(p%y) 3 Hk _kwﬂc

(m,n)C m<n
{(G.9)]i<g, Pri> P75}

=l + I

2ic

In the forth line, we transform the fraction Z’i_k" —i into 1— 7 —h 1. and extract the contribution
i Rj

lfk]’+ic
of 1 in each factor as I; and name the rest as Is. In I, the set (m,n) is a nonempty subset of
the original set (7,7) in the product. Denote m; < mgy... < m,, as the elements in the subset
and n; as the elements not in the subset. We will show that I = 0, i.e.

1= 1, =6(x)8(y) 3 (2m)"8(wps; — )

P

=0(2)(2m)" 6 (i — yi)

and

1
1= (QW)n/dk|k>(k|

In I, the integration of k,, can be carried out trivially, which gives us (27)"6(z p1; —y;). Thus
the core of the central theorem is to prove that the integrations over ky,,’s vanish. This consists
of two steps. First, we will show that xp1,, < ym, for any m in the subset. Then it follows that
Zp1,, = Ym and this leads to a contradiction with the exist condition of the poles as explained
below.

(1) Let’s start with the integration over kp,,. If xp1,, > ym,, then one can add an additional
arc at infinity on the upper half plane because that section gives an exponentially damped

contribution. This is due to the Jordan’s Lemma which says that

/C ()| <

provided that Cg lies in the upper half plane for a > 0 and in the lower half plane for a < 0.

< 7MR
|al

Here M (R) is the maximum value of g on the arc. For our case, Mg = O(+) or o(4) determined
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by whether there is one or more terms depends on ky,,. Therefore Mp — 0 as R — o0, so is
the integration over the arc.

As my is the smallest in the subset, all of the poles lie below the integration line, see fig.??(a).
Therefore, the integration over the closed contour vanishes as it does not encircle any pole. As
the integration over the semicircle at infinity is zero, the original integral also vanishes. This
means Tpi,,, < Ym, -

If Zp1,,, > Ym,, then one can close the contour in the upper half plane. There is only
one pole at k,,, + ¢c which requires P7'my > P 'm,y. However, as z’s and y’s are ordered
and my < mg, together with the fact that zp1,, > ym,, Tp1,,, < Ym,, this implies that
P'mq < P'msy. Therefore, the pole does not exist. This leads to x Plmy < Yma-

Such argument can be carried our for any ky,,. If p,, > ypm,, then the integration equals
the residues in the upper half plane. However, the condition of the poles contradicts with the
statement xpa; > ym, and xpa,, < Y, for any i > j. Thus, it is proved that zpa,, < Y,

If p1,, < Ym,, then the contour of ky,, can be closed in the lower half plane where the
integrand is analytic. Thus, the integration vanishes unless xp1,, = ypm,,.

If p1,, | < Ym, ,, then one can close the contour below, encircling the only pole at
km, —ic. Combined with the other relations we have, i.e. Tpi,, = Um,; YUm, > Ym,._,>

we get Tpa,, < Tpi, , which indicates that P 'mu_1 < P 'm,. This contradicts with

1

the exist condition of this pole which says P 'my,_1 > P 'm,. Thus one gets the relation
Tpiy = Ymy -

Similarly, one can show that zp1,, = ym, for any i. On the other hand, zp1,, = yn,. Thus,
we arrive at the conclusion that P~ =i, i.e. P = 1. This is inconsistent with the prerequisite
for I, which says that there is at least one pair of m < n such that P"m > P 'n. Thus we

have shown that Is = 0. This completes the proof of the central theorem for ¢ > 0.

4.1.2 Attractive Case

The integration contours for the attractive case spread out in the imaginary direction. However,
the pole position relative to the integration line is the same as the repulsive case. For example,
the pole of k1 due to the S-matrix S(Pj2) is at ka2 +i|c|. However, as the integration contour of
ko is below that of k1 and the distance is more than |c|, thus this pole is below the integration
line of k1. For a general pole structure, see fig 7?7. As a result, all arguments there can be carried
over. We will not repeat it. Note that this provides us with a guideline for guessing the contour.

Usually, the contours simply lie on the real axis if the system does not have bound states. If
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Figure 4.2: Pole positions for various k integrations in the repulsive case. Integrated variables

are marked on the upper-left corner of the graph
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one can prove the central theorem with such contours, one may manipulate the contour for
the counterpart with attractive interaction such that the relative position between poles and
contours remains the same. However, for some model like Gaudin-Yang model, there are bound
states for both repulsive and attractive interaction, then one needs to work harder to guess the

contour for the repulsive case first, then for the attractive case.
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Time Evolution

With the Yudson representation, we can expand any state in terms of eigenstates of the Hamil-
tonian. This makes the time evolution very easy to calculate. In this section, we will study the
time evolved state at a later time. We will begin with the two-particle case. This is the sim-
plest situation and the only one where a closed form of the wavefunction can be obtained. For
systems with any number of particles, the integration over the momentums can not be carried
out explicitly. As a compromise, we will study the behaviour in the long time limit using the

saddle point approximation.

4.2 Two particle Dynamics

In this part, we will study the system with only two particles. First, we will investigate the
evolution of the following initial state

1 _(m1-10)%  (mp—w0)?

\/ﬁ T1,T2 ‘ - " \I/T(xl)lI/T(xZ)“»

which describes two wavepackets centered at x1y < xy respectively. Here we assume the packet

|po) =

width ¢ is much smaller than the distance in between x5y — 19, i.e. the two particles are well

separated. Then the overlap between this state with the Yudson state can be calculated as the

following
1 (z1—w1)? _ (za—w9q)? . ;
(kh k2|¢0> — 67( 552 T 352 *1’61951*%2129(‘%2 _ xl)
702 Jay o
T — 2 _ 2
(g e e ibar gy, )
2 2
_ 1 6_((11;;210) _(m2;:220) —ikyz, —ikozs
V 7T0'2 T1,T2
1 _(z1-w10)% _ (z3—w20)? S S L N, Y
+ : e ( 752 o) (6 thox1—tkiza e ik1x leIQ) 9(1.1 —1’2)
VTO® Jzy,x2
=h+1
. . ,M . .
We will show that I5 is of the order of e 4072 and we will drop this term.

First we replace the terms in the parenthesis by it upper bound which is 2 and then carry

out the integration over z1. And we get

To —T10. — (wp—w30)?
I, < \/5/ erfc(——=—)e~ 22
T2 \/50

Then split the integration into two parts. The first part I2 integrate from —oo to x1g, and

replace the complimentary error function by its upper bound which is 2. Therefore,

1 10 _ (mg—30)? T20 — X10
I; < 2\/5/ drie” 2% = 20\/7?erfc(27)
oo o
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As
2
e—I
erfe(z) N (E + O(E)
for real and large x, we have
= O(— T ey
2 (20 — T10)

The second part I3 includes the integration from z1g to infinity. Make use of the fact that

1
z+1

erfe(z) < ge_xz

and as x > 0, we further simplify the relation as

™o ..2
erfc(z) < ~——e™®
2
Therefore,
ﬁ X (@a—zy)?  (wa—wag)?
_— e 202 202
1
\/>/ (12 110) _ (ma—w90)?
202
_(=z10— 120)2
< e 402
\/i
i.e.

(z10—20)?

13 — O™ )

Thus, we can say

(z10—w20)?

I, = O(ei 402

Through the estimation,above, one can get a glimpse of the complication a simple #-function
brings. Therefore, we will always assume that particles are well separated apart and the tail of
the wave packet is negligible so as to ignore the #-function. We will not touch the problem of
a condensate in the position basis in this thesis.

To sum up, the overlap between our initial state |¢p) and Yudson state is

(k17 k2 |¢O> _( (11;:210)2 - (12;:220)2 —tkix1—ikoxo

\/ T1,T2
— /47_(_0_267'“(:1mlgfik2$207k?0'2/27k50'2/2
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Exact Wavefunction

Plug it into the Yusdon Representation we get

(1))
:/ dke™ Ert k1 ko) (K1, ko)
C
:\/ZFJ;/dx/dy/ dk(e—ikf(t+02/Qi)—ikg(t+02/2i)+ik1(yl—w10)+ik2(y2—9020) +e—ik§(t+02/2i)
C

67ik§(t+02/2i)+ikl (v2=w10) Fikalyr —e20) kl — kQ — ZC)G(yQ - yl)‘ylv y2>

k1 — ko +ic
\/47TCT2/ /dy/ dk 7zk2(t+02/21) ik3 (t+02/2¢)+ik1 (y1 —210) +ika (y2—20) (Q(yzfyl)
ki — ko —
oty —
o TR W y2))y1, y2)
\/471'0'2/ /dy/ dk’ ZkQ(t+gz/21) sz(t+02/21)+zk1(y1 —x10)+ik2(y2— 3920)( 2ic _
kl — k2 + ic

0(y1 — y2)) |y, y2)

/dx/dy I+ 1)y, o)

The calculation of the first term is trivial

Varo? ™ j 1= z10)2 +(y2 z90)2

]1 — - - 4(t+02/24)
(2m)? i(t+ 02/22)

To calculate the second term, we transform the fraction into the following integral

1 _ }/Oo (k1 —kaFic)A
kl — ]{32 +ic ) 0

Note, this tranformation is valid for both repulsive anc attractive cases as S(k; — ka2 +ic) > 0
for both situations. (Recall that for attractive case, the contour of k; is above that of ks by a
distance greater than |c|, this makes $(k1) — S(ka) — |¢| > 0.) Therefore, the expression of the
attractive case is the same as that of the repulsive one. With this trick, the second term can be

calculated as

Iy = —2c0(y1 — y2)7v47m2 /OC d)\/dkefikf(tJroQ/2i)7ik§(t+o—2/2i)+ik1(y17I1o+>\)+ikz(y27a:207)\)

675)\
VAro?2 T 0o ix2 i(y1—w10—yp+woq+2ic(t+a? /20X | i(y;—=210)?
I 209(:91 _ yQ) - - d\e 2(t+a2/2z‘)+ 2(t+02/2i) + 4(t+02/2i)
(2m)2 i(t+02/2i) Jo
i(yp—w90)?
e 4(t+02/2i)

Vimro? T
(2m)2 i(t+ 02/2i)

2mi(t + 02/28)0(y1 — y2) erfc(oz)e’JK2
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where

Y1 — T10 — Yo + X0 + 2ic(t + 02 /2i)
a 2\/2i(t + 02)
(1 —i)(y1 — @10 — Y2 + w0 + 2ic(t + 02 /2i)
4/(t + o2/2i)

«

In the first line, we shift the contour of ky and ks to the real axis for attractive case. This is
accredited to the trick we have used which removes the pole at k; = k3 — ic. In the second line
of the a equation, we take the i out of the square root. We claim that this will bring us a factor

of 1 — 4 rather than ¢ — 1. This is a nontrivial assertion as
erfc(—a) = 2 — erfc(a) (4.1)

The extra minus sign will leads to an extra term of the form e as well as a minus sign in
the rest of the contribution. We are going to check the solution by studying its long time limit
and show its relevance to the bound states in the attractive case. Before, we go into details,
let’s summarize the results. Combining the two contributions, the wavefunction at time ¢ equals
the following

o i(y1—210)%+i(ya —w0)?

fy1,y2,1) :me 4(t+o/28) (1= (1 +9)ch(y1 —y2)V/ (t+02/2i)7

erfc(a)e‘XQ)

(1—=1) (y1 =@10—ya+aa0+2ic(t+0>/2i)
4/t+02/2i :

with oo =

Asymptotic Limit of the Wavefunction

When t is large, the expression can be simplified using the following asymptotic expansion of

the complimentary error function. [? |, Eq. 7.12.1].

e 1
2 1 5 3
erfe(z)e® ~ — Z(—l)m(;T)fl [ph(z)| < "
T — z
Here (§)m is the Pochhammer symbol, defined as (), = F(Fm(:;)n) =zxz(xz—1)---(x+n-—1).

Define
Y1 — 10 — Y2 + w20 + 2ic(t + 02 /2i)

4/t + 02/2i

For ¢ > 0, ( falls in the first quadrant, being close to the imaginary axis. Then we have

¢

[ph((1 = i)0)] € (0, ])
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Therefore,

lim fy1,y2,t)

\/W T i(y1—10)2+i(ya—w90)?2 (1 B 4iC(t + 02/2i)9(y1 — y2) ) (4 2)

(t+02/2i) . :
Y1 — 10 — Y2 + Tao + 2ic(t + 02 /2i)

T (2m)? i(t+ 0220

For ¢ < 0, R[(] can be positive or negative (with extreme large interaction strength like in the
super Tonks-Girardeau case), ( lies on either side of the imaginary axis in the negative direction.

Thus
[ph((1 = 9)¢)| € (5. 7)

Together with the relation eq(??), we have

tlgqf(yl,yz,t)

\/W T i(y1—=10)2+i(yp—w20)? . .
@)% i(t + 02/2i) e (tro2/20) <1 — (1 +d)ch(yr — y2)\/(t + 02/20)7

(g~ USRI e 2 4/t +0?/2i ) (43)
(1 —4)/m(y1 — x10 — Y2 + x20 + 2ic(t + 02 /2i) .

On the other hand, we can calculate the asymptotic limit of the wavefunction from the very

beginning using saddle point approximation.

Saddle Point Approximation

Saddle point refers to a point in the analytic landscape of the absolute value of the integrand,
such that it is a relative minimum along one direction and a relative maximum along another.
See Figure ?7. According to the Jensen’s theorem, there are no peaks but only saddle points
for any function. Therefore, besides the singularities, these points are the most important. To
make the saddle point approximation, one first deforms the original path C' to C’ which runs
through the saddle points in the direction such that the saddle point is a maximum. Therefore,
most of the contribution comes from the vicinity of this point as long as the slope around it is

steep enough. For an integral of the form

I(s) = / g(z)e @ dz
C
where s is big, the integral can be approximated by the following expression [? ]

sf(z 2m [1e"
1(s) ~ gl)e™ )y [ e

Here oo = w/2 — ph(f”(20))/2. Hence, the original integration becomes the sum of the residues

at the pole between the two paths C' and C’ and the saddle point approximated value.



61

Figure 4.4: Example of a saddle point. Figure from Wikimedia

First, let’s apply the method to the wavefunction integration with repulsive interaction.
Here the contours of momentum integrations are along the real axis and they run through the

saddle points at k1 = (y1 — x10)/2(t + 02/2i) and ko = (y2 — w20)/2(t + 02/2i). Thus, we have

f(y1,92,t) :ﬂ /dk (e—ikf(t+02/2i)—ik§(t+02/2i)+ik1(y1—ac10)+ik2(y2—xzo) (1 _ 2ic
’ ’ (27‘(’)2 k‘l — ]{72 -+ ic
O(y1 — yz))
JVATOR | m  asmeihmeeat | 4ich(y, — ya)t )
(2m)2 i(t + 02/2i) Y1 — T10 — Y2 + Tao + 2ic(t + 02/2i)

(4.4)

However, for the situation with negative interaction, the contours of k; lies above the real
axis, that of ko lies below the axis. In order to perform the saddle point approximation, one
needs to deform the contour so that they both lie on the real axis where the singularity exists.
This transforms the integral into a sum of two terms. The first is the same as that of the
repulsive one. The second term corresponds to the residue at k; = ko — ic, and we are free to
shift the contour of ko such that ky = k —ic/2 and ky = k + ic/2 for a real k. Then we carry

out the saddle point approximation at k = % and we obtain
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[y, 92, )
_ Vdmo? /dk (eﬂ-kf(t+g2/2i)7ik§(t+02/2i)+ik‘1(yl—zm)ﬂ'kz(yrmo) (1 o zie
(27‘(‘)2 ki1 — ko +ic

Olu1 — 32)) — 2icH(us — y)(~2m) [ e ke/ 2Tk e/ 20 o)

ez‘(kﬂc/z)(y”ao))

VAro? T “7/1"”‘;(01)j+;%2_)‘”0)2 dich(y1 — ya2)t
212 it +02/20) v — it 1 022
(2m)? i(t +0?/2i) Y1 — T10 — Y2 + T2 — 2ic(t + 02 /24)

( ) 3 i(y1*110>2+2i(92*m20)2 _ i(yl*110*y2+12t2)+2i0(f+<72/2i)2 ( )
-+ 200 — 1 ———ce 4(t+o2/24) e 4(t+o2/24) 4.5
t+02/2i

Compare the expressions with the one we get from the asymptotic expansion of the complimen-

~
~

tary error function, we see that Equation (77),(??) agrees with Equation (??),(??). Thus the

choice of the square root of ¢ is comfirmed.

Observables

Given the wavefunction, density and correlation function can be calculated numerically. Fig-
ure 77 shows the density evolution for the initial state with two particles at +1. Here, we see
wave packets diffuse independently, then merge and diffuse coherently. Figure 77?7 is for sys-
tem with repulsive interaction ¢ = 5 and Figure 77 is for attraction interaction with ¢ = —5.
However, we do not see much difference between them. Similar result is found when we cal-
culate the density at the origin after the quench. Figure 7?7 compares the density evolution at

z = 0, we see that the two lines overlap with each other. Figure 7?7 shows the relative density

Prepulsive (0,t) = pattractive (0,t)
Pattractive (O)t)

difference defined as , and we see that the relative difference is around
one percent. Our explanation is that the two wave packets have negligible overlap in the initial
state. This remains true at the moment the interaction is turned on. As time goes on, the
system probes the states with the same energy. Placing the two particles on top of each other
will lower or raising the total energy of the system in attractive or repulsive systems, thus it is
suppressed. That is to say that although bound states are preferred energetically in attractive
models, their overlaps with the initial state is small. Thus the system will remain in such state
for both situations where the two particle’s wavefunction are almost orthogonal to each other

such that the contact interaction does not affect the density greatly. Therefore, the density for

attractive or repulsive particle at any time at any location is well approximated by that of the
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free particle, which can be easily calculated from the wavefunction

VAaro? T iy —210) 2 +i(ya—z00)?

ffree(ylvaat) = . S € A(tto?/20)

and

4 2 2 A (¢2 4/4 _ o%(y—x19)? _ o?(y—a9g)? 27 (#2 4/4
Piree(y, 1) = 71-04 2 - 4 il +20 4 )(e ot te et +2 w
(2m)* 2 +04/4 o] o

2( _ @1+egt2i(eig—zg0)t/o? )2
o2 (y 1

_ _ (m10—=20)?
Rle 8(t2+od/4) e 202 )

Since we have made the assumption that (x20 —x10) > o, we can drop the last term and obtain

the simple gaussian dispersion for the density.
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Figure 4.5: Density evolution for systems with two particles. Figure 7?7 describes repulsive case
and Figure 77 describes attractive case. Figure 77 compares the density at the origin between
¢ =>5 and ¢ = —5 cases. Figure 7?7 shows the relative density difference.

In Figure (??), we compare the evolution of the normalized noise correlation for ¢ = 5, ¢ = —5

and ¢ = 0. Here, the normalized noise correlation is defined as C(yi1,y2,t) = % -

1. This quantity describes how the density fluctuations at different sites are related to each

other, i.e. C(y1,y2,t) = <(p(y1)_<€£3(’yll)§§gzgz%>_<p(y2)>)>. Note this quantity varies for different

normalization of the wavefunction. Here we should impose the constraint that the integration
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over the density should be normalized to N — 1, instead of N with N being the total number
of particles. Thus, the plots in the figure were obtained by rescaling the density operator by a
factor of % From these plots, we see oscillations in the vicinity of the origin. That’s where the
correlation begins to develop. Away from zero, we see the correlation stabilizes at 1, which does
not mean they are maximally correlated due to interactions. As the correlation is between site
y and —y, this phenomenon is simply a symmetry effect, since both the initial state and the
Hamiltonian has reflection symmetry with respect to the origin. Comparing the four plots, we
notice that the correlation first spreads out fast(from ¢ = 0.02 to ¢ = 0.1), then slow down(from
t = 0.1 tot = 0.5), in the end, the speed stabilizes at fermi velocity. Compare the three
cases in each plots, we see the oscillation spreads out in a roughly same manner irrespective
of the sign of the interaction, though in the repulsive case, the correlation spreads our faster
and in the attractive case, it expands slower. In Figure (b),(c),(d), the correlation at zero is
clearly suppressed in interacting models than that of the free one. This suppression takes on
its strength gradually with time which can be seen from the inset plots which show the detail
of the correlation near the origin. In Figure (d), the correlation in the interacting systems
is almost —1 at the origin, which indicates that it is almost impossible to have two particles
overlap. However, this is not a effect of the repulsive interaction. As the correlation C(0,0,t)
of a Bethe Ansatz eigenstate of a repulsive Hamiltonian is +1 as we will show later. Instead,
this indicates a wide span in the k-space while it has less fluctuation in the position basis due
to the uncertainty principle. For the non-interacting case, the correlation function saturates to
the famous Hanbury-Brown Twiss result, i.e C(y1,y2,t) = cos(a(y1,y2)/t) [? ].

In the following part, we will show that, for a Bethe Ansatz eigenstate with no bound state,
the magnitude of the correlation at the origin is not related to the sign or magnitude of the
interaction. Instead, the slope of it is proportional to ¢. While for a state with bound states,
the correlation when the two particles overlap goes to infinity with the system size and its
magnitude drops exponentially fast with the separation in between.

Let’s start with the correlation of a free state |k1, ko) in a finite system of length L. Here

the momentums k; and ko are real and they satisfy the Bethe equation

eile: k17k2+7;0
]{Zl—kg—ic
e’ikQL _ k'Q_kll “F'LC
kg—kl—ic
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Thus the two-point correlation equals

ik1z1+ikax kl_kQ—iCiw ikox
(p@1)p(w2))arca = 17107 4 et bt
— 94 itk iz BT K2 H0C i ) (1) B 2
k1 — ko —ic k1 — ko +ic

In the vicinity of the origin, we have

. . kl—k2+ic k‘l—k‘g—ic
| ~4 ki —k — —
12_1;{1_>O<,0(931)P(332)> + (k1 — k2) (71 3?2)(k1 S W ——

. C(kl — k2)2($1 — .’)32)
(k?1 — k2)2 + 62

~4

The density can be calcuated by integrating out one dummy coordinate, we get

1—eilthizk)(=5-22) o _ o 4 je  eilhi=k)@=%) _ 1k — ky +ic
i —Fa)  Fi—ka—ic | Zi(ki—Fa)  F1—ks—ic
1—e ilhizk)(=5-0) ) o —jo  e"ihi=k)(@=5) _ 1y — ky — ic
Cilk — k) Ri—katic | ik —Fa) K — ka4 ic

(p(x)) =2L +

oL + 1 — eilki—k2)(—% —2) L, Jrei(kl*’%)(ﬂﬁ*%) -1 iz
= : e .
Z(k‘l — kg) —’L(kjl — kig)
1— e*i(’ﬁ*’%)(*%*ﬂﬂ) kol e*i(klsz)@*%) -1 ko
. e 4+ . e’
—Z(k‘l — k‘g) Z(k‘l — k‘g)

8c

=2L+ ———
T —kpte

In the second and third line, we made use of the Bethe equation to simplify the expression

and we get the density to be uniform as expected. The integration over the density re-

turns L(2L + MW) Therefore, we need to renormalize the wavefunction by a factor

of 1/\/L(2L + (14:17;%) Then we have

4 _ c(klsz)Q(zlfzg)

(k1—k2)2+c?
(p(x1)p(22)) = ic
2L(L+ ey

and
_{p(z1)p(x2))
Clon ety = o) !
B 1 B 8c _cL(k: — ko)?(x1 — x2)
_2(L+MLW)(2L (k1 = k2)? +¢2 (k1 = k2)? + 2 )

From this expression, we can understand the behaviour of the normalized noise correlaion
function of a Bethe Ansatz eigenstate without bound states at the origin. For repulsive case,
this quantity is less than one. For attractive case, it is greater than one. Moreover, we see that

when the interaction is positive, lim C(x1,x2,t) > 1, thus we see a dip at the origin, while

T1—Ty

attractive interaction will bring out a peak.



66

We can repeat the calculation for a bound state |k + ic/2, k — ic/2). This state satisfies the
Bethe equation in the limit . — oo. However, the two-point correlation function and density

suffer from divergence problems with k1 — ko 4 ic = 0.

) _ay | k1 — ke +ic
=9 1 choa—a| = =1 —
<p(.’1)1)p(x2)> + kl_glgr;—ice kl - k2 —ic
. ) 8c
(ple)) =, Mim | fim 2L+ e e

1
8c
\/2L(L+ ey —kp)Z+c2

Rescale the wavefunction by a factor of , then the normalized noise correlation

function becomes

. L e —a
— i JDE el -2 4
L—oo

C(x1,x2)
which diverges with the system size. However, if we ignore the normalization we can tell that,
for a bound state, the normalized noise correlation function blows up exponentially when the
two particles approach each other.

To sum up, the normalized correlation function when the two particles overlap is greater than
one for attractive particles and less than one for repulsive ones in a free state. The correlation
decreases exponentially with the separation between the two particles in a bound state. In the
vicinity of the origin, the correlation function shows a dip in a repulsive model and displays
a peak in an attractive model. In Figure 77, we can see the peak and dip for the orange line
and blue line clearly. However, the correlation at the origin is approaching —1 as the system

evolves. This indicates that the system spans a lot of eigenstates to avoid overlap between the

two particles.

Colliding Particles

We can also study the case where the two particles are moving towards each other, with speed
ko and —kg respectively. Then the initial state becomes

1 _(@1-w10)?
2

_ (ma—w30)? +ik ik
e 2 257 oro=iRor20 G (1) W (25)|0)
Vro? T1,T2

This is interesting because the kinetic energy may be transformed into the potential energy.

|0 (ko)) =

This enables the system to probe states with higher internal energy. (Think of a system with
two balls connected with a spring in a classical picture). We suspect that this extra energy will
lead to a 'bound’ state in the repulsive model. This serves as our motivation of the following
study. The procedure is the same as the case with static initial condition. The dropped term

_ (za9—z10

2
in (K1, k2|¢po(ko)) is still of the order of O(e = ), therefore is negligible. And we get

_ (kp—kg)?o?
2

(K1, k2| po(ko)) = \/471'0'2671'(1“7160)3“0”'(’“24“’“0)“20*(krkzw)%2
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and the time evolved state becomes

4mo? ™ i(y1—m1o)2+i(yz—wzo)2+koﬂz(yl—m)+iko(ﬂc10—mzo)f, kg2t
‘¢t>k0 — 4(t+02/24) 2(t+02/2i) t+02/2i t+o2/2i

(@m)? it + 02/2i)°
(1 — (14 )cb(y1 — y2)\/7(t + 02 /2i) erfe o/eo‘/)
with

of = (1 — Z)(yl — 10 — Y2 + T20 — 2ik‘00‘2 + 2ic(t + 02/2i))
At + o2

As is clear from the above expression, the initial momentum modifies « such that the effec-

tive interaction becomes ¢ — % When t is small, this reverses the sign of the repulsive
interaction, making it more attractive. However, its effect fades away as the time goes on. In
terms of the observable, we see that the two particles moves towards each other and merges
more quickly, see Figure ??7. However, as both attractive and repulsive models have negligible
overlaps between the two wavepackets, (correlation function approaches —1 quickly, indicating
zero possibility for overlap between the two particles), the wavepackets still evolve as if isolated.
However, compare to the static case, the correlation function spreads out slower even though
the particle moves towards each other. Since, this is true for the free particles also, we consider
this a trivial effect of the initial momentum. The two particles pass each other at ¢ = 0.1 and

moves away faster, making the correlation between them built up slower.

This completes our discussion of the two particle situation. In the following, we will study
the case with more particles. No exact solution is available, we will focus on the long time limit

only.
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Figure 4.7: Density evolution for two particles moving towards each other. Figure?? is for
repulsive case. Figure ?7 is for attractive case. Figure 77 compares the density at the origin
between ¢ = 5 and ¢ = —5 cases. Figure 7?7 shows the relative density difference at the origin.
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C(z/t,-2/,t=0.02) (2/t,-2/1,t=0.1)
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Figure 4.8: Normalized noise correlation for a system with two particles moving towards each
other with ko = £10. Various figures show results for different times, ¢t = 0.02(a), 0.1(b), 0.5(c)
and 2(d) respectively. Blue line is for repulsive case. Orange line is for attractive case. Green
line works for free model.

4.3 Multiparticle Dynamics in Asymptotic Limit

In this section, we will study systems with more than two particles. We will study the time

evolution of a static initial state defined by

N
N (zi—ap)?
|$o) v = [ ()0)
i=1
which describes N wave packets localized at z1,xo, ...,z respectively. To simplify the calcu-

lation, we will further assume that the particles are evenly spaced, with the separation a > o.
The time evolved state can be written down directly using the Yudson representation
1 (@i—3)% _, ; ) s
Uy = oy [ R SRS Pl 46)
(mo)T (2m)N
with
A(P)y= T Sijki—ky)
i<j
Pli>Plj
a2
Like in the two-particle case, we have dropped terms of the order O(e™ 202 ) to avoid compli-

cations from the tail of the wave packets. The integration over the k’s involves integrations over

some rational function of the error function, when the number of variables exceeds two. This
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integral which is very hard, if possible, to carry out. Thus, we will not try to obtain the explicit
expression of the wavefunction. Instead, we will focus on the long time limit directly. This
can be done in two ways. In method 1, we will obtain saddle point approximated wavefunction
and then calculate observables. As another method, we will use explicit expressions of local
observables found in literature and take the long time limit from there. We will talk about

difficulties encountered in this method.

4.3.1 Wavefunction Approach

Now, we will study the asymptotic behaviour of the wavefunction (??). The saddle point of

yP-li*mi
2t

the integrand are located as k; = For a repulsive systems, these points lie on the
integration contour. While for attractive case, whose contour is separated in the imaginary
direction, one needs to shift the contour to the real axis and include the contributions from the

the poles encountered.

Repulsive Case

Thus the wavefunction for ¢ > 0 can be approximated as

1 1 m\N/2 @i=zp? | p 1,7
= —_ Z 202 +i t y s
(e (mo?)N/% (2m)N (zt) /g, 4 Akizi'mzﬂ = (P)OW)ly)

HY

1 1 T\ N/2 (w;—3)% . .2 . .
~— Z 2\ D A L T T P)o(¢)|2¢
vy () @) / K P Az, (P)OO)]26€)

_ LN/ ORGSR TR

= v | Arze, 0 (PIOE)21€) (47)
In the second line, we have dropped terms of the order O(%) for large t. Based on this
expression, we can calculate local observables, i.e. density and two-point correlation func-
tion. One needs to be careful when carry out the overlap between a bra and ket state. As
(2t€'12t£)0(€")0(&) = [1, 6(2t& —2t&;)0(¢) = @ [L; (& —&)0(€). With this in mind, it’s easy

to derive the density as

~ 2 .2
—7"—'7—1&@ i—x ,i) * /
p() =iy PXP; / - PN e (P)Aker (P)

Za s — 2/20)0(&;)
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Here
T i<i Sij(&pai —Epry)
A*v: / , Aki: . (P) _ P i>P7j
ki=¢ ar, (P) £pi) I i<j Sij(épm; — gP,l/j)
P/»1i>P-1/j
I i<; Si&—&)
_ P-l/i>P‘1’j
H 1<J 13 (§ 5])
Pli>plj
IT i<i Si(& = &)
PYi>pt;
_ Pli<plj
IT i<i  Si(& =€)
Pli>plj
PYi<pPlj
= JI ss&-¢ I Si&-¢)
i<j i>j
PYVi>pP;j Pri<Pj
Pli<pPlj PYi>pl;
= I su&-¢)
P'i>P'j
Pi<Pj
= I Supy—¢py)
i<j
P'Pli>P' Py
Thus
_ 2! —z. 2
(z) Z _%_%—%Pﬂ(mi—z;m%) H S, (5 —¢ )
14 2N+1t7T3N/20'N ij\S P P'lj
i<j
P'Pri>pP' Pty
Z 5(& — 2/20)0(&)
3 3 - g0t B0 i (mi—al,) I sue
2N+1t7T3N/20N A
—prpt z,z’ 1<j

26 —Z/2t Zefpl

zh—x, 2 i
2N+1t7T3N/20'N T 75 f] + ic

i<j
Qi>Qj

2(5 i — 2/2t)

Similarly, one can write down the two point correlation function as

@ima? _ @i=7d® oo f § —ic
pOIRCIEL H LG T P & — & —ic
p2(2,2") = 2N+2t2ﬂ_3N/20N Z/ ’ 2 ° 11 — & +ic

i<j
Qi>Qj

Z(S i —2/20)6(& — 2'/2t)
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Among the N! terms corresponding to different permutations, most of the terms are small by
the order of O(e™“*) for moderate interaction strength and inter-particle spacing, as we are
going to show here.

Let’s look at the integration of &;,

_(xi—ii)2_(’/‘_“1) _ & gm I I 52 gn ic
2 i&i (1’ i x1)
/dx/dxe 20 /df e II §m+zc ic

<m

Qi>Qm Q1<Qn

Assume that i(j) is the smallest(largest) index that get changed by Q. For &, all the poles lie
in the lower half plane. Therefore, the integral will vanish if xbl > x;. Thus, the integration
over ¢; contributes a factor of 6(x; — xy,). At the same time, we have Qi > i. As we have
shown on page 7?7, this will leads to a term of the order of 0(6_%). Thus is negligible.

Similarly, the integration over &; will also yields a small term. For the density, the only term

that is not small corresponds to Q = 1. Therefore, the density becomes

1 . 7&‘”1'*52'&)2 _ (12752@)2
Pe) oty |, O
26 i — 2/2t)
O- /—2.0252
=57 €T Y0 — 2/21)
2t/ Z

oN 0222
= e a2
NG

For the two-point correlation function, when @ # 1, the dominant terms corresponds to the

situation when both ¢ and j are not integrated over. Then we have

!
T — T )2 @l —Fm)2 .
PP S S— T — g = T i 5 o ()
)
9N+24273N/2 4N 5 Jaa

T =S 2y, — 20 + (2 o =)

i<m<n<j &m — &n tic

For any m between i and j, if m # @Qm, the integration contour of &,, can be closed in the
upper half plane or lower half plane depending on the sign of z,,, — 1'/Qm. When z,,, > xbm, the
integral will pick up some pole in the lower half plane at z/2t —inC or 2’ /2t —inC with n being
some integer. However, this will leads to a factor of e~"*(*m~%am) which is of the order O(e~).
Same for the case z,, < x’Qm. Therefore, when the product of the interparticle spacing and

interaction is moderate, we can neglect this term and only keep the case when @) swap 4 and j
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only. Therefore, we have
P2 (Zv Z/)

Tm—zm)? _ (2], *Im) )
_ 1 (0, e e = iy i (@m—al) (1 3 emitileia))
ON+2423N/25N ,
z,x’ € i<j

o~ i6i(@j—)) I1 51 gmi05m5j¢> §(& — 2/2t)0(&; — 2'/2t) + (2 < 2))

i <m<j m +c §m é-j +c

o i—&;j gz fm—iC&n—f»—ic
4t27TN/2Z/ e <1+e<5 e 1l —&m +iCEm — £j-+ic>5(§i_z/2t)

i<m<j

8(& —2/2t) + (2 ¢ 2')

Now the integration over &, is disentangled and is easy to carry out.

o —o2€2 gz €m ic gm €J —ic
te, = [ dene g

_ —0%¢2, & —¢&; 2ic B 2ic
_/dgme (1+€¢—§j+2i0(§m—§i—i6 gm—5j+ic>>

Using the same trick as the one we have used on page 77, one can bring the fraction into a

exponent by introducing an integral over new variable A. By integrating over &, first and then

A, one obtain the following result

I, —\F (1 - 2[007@(&&((1@ + c)o)e_(éf_ic)z‘72 + erfe((—i& + c)o)e_(fi+ic)2”2)
§i — &+ 2ic

Define g.,. as the terms in the parenthesis, i.e.

Gow =1 — Qfac;z(erfc((zzj/% +c)o)e ~(z/2t—ie)*o® | erfc((—iz;/2t + C)U)ef(zi/ztﬂ'c)z”2

z; — zj + 2utc

Then the two point correlation function can be calculated as

02 _o22 .22 N(N —1) ieo@imey) 7z — 7' — 2ite
1t2 (7—%5 e 2t

A j—1 /
p2(27z)_4t2ﬂ_€ 4t2 5 2 mgm,)-f—(ZHZ)
1<J
+O0(e )
o’ —”232—”252(N(N*1)+]§(N 1) %ﬁau—zﬂzfz’—%tc " )
= e 4t 4t —_— —n — e _— ,
427 2 o z — 2 + 2ite 9z
+(z ¢ 2)+0(e )
2 o222 o222 —da(z—z — —ia(z=z") ) — M N
= 02 e”wr ar (N(N —1) +2R(e staeosh N(1 —e” = gizmzz_z,l) te % Gy
e (1- =5, )2
z— 2 —2ite
- O —Cca 4.8
z—z’+2itc)) (e™) (4.8)

In the second line, we have used the assumption that the particles are evenly spaced with

separation a. In the last line, we simplify the expression by the following relation

~ n_ Nl-—g) —1+4"
;(N—l—n)q = T=E
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—ia(z—z'

) .
Expand the term e 2¢ g, around the point z = 2/, we have

ia(z—z

D)
€ 2t gzz/:1+f1(z—z’)+f2(z—z')2

Here f1 and 2f; are the first and second derivatives at the z = 2’ respectively. Plug it into

p2(z,2"), we obtain the leading order of the correlation function as

0’2 0222 52,72 N _ S PV AVANE
ZILHZIIPQ(Z’Z/):M%@_ wae (N(N1)+2§R< e f;()z _f;(; e
LA+ (- z’)?)N)
fiz=2)?

=0

Here, we have obtain the same result as the two-particle case, i.e. it is impossible to have two

particles on top of each other. We can also calculate the normalized noise correlation function

Cy(z,2") = p‘(’i')z:(;),) — 1 introduced on page ??7. Again, there is some ambiguity about the
normalization. Here, we set the normalization such that density be normalized to N — 1. This
is a weird choice and we will explain it now.

If we set the interaction to be zero, then the noise correlation function will only have the

0'222
first term in the parenthesis of equation ?? and the density will be simply p(z) = 2?\;%67 P
If we do not change the normalization, then the noise correlation will becomes Cs(z,2") =

w -1= f%. Since this quantity describes how fluctuation of density at different sites

are correlated with each, it should vanish when the particles do not interaction with each other.
Therefore, we need to rescale the density and two point correlation function by a factor of %
so that Cy(z, 2") vanishes with ¢ = 0. In this case, the integral over density will yield N — 1,
instead of V. With this normalization, it’s easy to write down the normalized noise correlation

function for an interacting system.

) , ia(z—z") ia(z—z')N N , .
Co(z,2') = 2 g%(em(z:z)N(l—e W gey)—lde gl z—2z —2ztc))
2 N(N —1) (1— G2y ) z — 2+ 2itc
Qo =1 — Qﬁac%(erfc((iq/% + C)O’)e_(zj/Qt—ic)Zgz + exfe((—izi /2t + €)o)
i %)

ef(zi/2t+ic)202

Plot 7?7 shows the result for N = 3 and IV = 5 at large time. Note, the noise function is only
a function of z/t and 2’/t. It has no explicit dependence on the time. In the plot, we see
periodic behaviour between —1 and 1. And the overall trend is the same between N = 3 and

N = 5. However, we see "interference fringes” that depends on the number of particles. To be
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specific, the number of the fringes equals NV — 1. This feature, however, is not an effect of the
interaction. As shown in [? ], for a cloud of freely expanding bosonic particle, the normalised

noise correlation equals®

free _ 1 ol i(z—2")(k=Da 1
Cy (t)—1+ﬁZe g +O(N)
k=1
_ N(cos((z —2")a/t) —1) +1 —cos(N(z — 2')a/t) 1
- NN — 1)(1 = cos((z — 2)a/t) +O(y)

which agrees with our result of Cs(z, 2’) after setting c to be zero. From the above result, we see

oscillation in the normalized noise function with frequency % and the envelop of its maximum

and minimum has a beat frequency of

% as we have seen in the Figure ?7.

IThe second line of the expression differs from the result in [? ] by a term of the order %
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Figure 4.9: Normalised noise correlation function in the large time limit. Figure ?? describes a

system with 3 particles. Figure 7?7 describes a 5-particle system.
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Attractive Case

For an attractive Lieb-Liniger model, the integration contours spread out in the imaginary

direction. To make the saddle point approximation, whose stationary phase is located at

ki = yP'lzitixi, one needs to shift all contours to the real axis, and pick up pole contributions

encountered. As an illustration, we will discuss how to shift an integration contour from the
positive imaginary direction to the real axis with a pole in between. Figure ?? shows the origi-
nal integral we want to carry out. Figure 77 displays a region enclosed by the chosen contour
which is analytic everywhere. Therefore, the integration over the closed contour vanishes, i.e.
Je, + e, + ey + Je,.,, = 0. In the time evolution of the Lieb-Liniger model, integrations over
Cy and C} also vanish due to the factor e~ (1+0%/20) — ¢=ik¥t=0*k}/2 ip the wavefunction for
|R(k;)] — oo. Therefore, the original integration transforms into an integration over the real
line and a closed contours encircling the pole. The latter are proportional to the residue at the
pole (See Figure 77). As the pole in the Lieb-Liniger model takes the form k; = k; — ic, this
corresponds to a 2-string as discussed in page 7?7. For a 3-particle system, we again shift all con-
tours to the real axis. Besides the 2-string’s, we can also get contributions related to a 3-string.
This happens if the integration over k; catches the pole at ko — ic while that of k3 catches the
pole at ko + ic. Therefore, after shifting the contours, we will get terms corresponding to all
possible string contributions, see Figure ??. Note, in this figure, we have shifted the integration

contour such that the k’s are symmetric with respect to the real axis. This is essentially the

same as shifting all contours to the real axis.

» x) Cs (& ) Cs

‘real - fe

real

()

Figure 4.10: Illustration of shifting contours across a pole

Mathematically, the shift of contours described in Figure ?? can be translated into the
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A
ky
ki =k —ic/2
ks _ Ky ko k3 = ) k3 -
L]
ks ky = k + ic/2
(a) (b) (c)
A
ky =k —ic
[ ke =k — ic/2
. 'y ~ : ki _ >
. . ko =k
ks =k +ic/2 ks =k +ic/2
k3 =k +ic
(d) (e) (f)

Figure 4.11: Ilustration of shifting integration contours in a 3-particle system . Figure 77
represents the original integral. Contours in Figure 7?7 go through the saddle points. The rest
corresponds to pole contributions related to different string configurations.

following relation.

/ dky / dky / ks f (k. b K)
C1 Co C3

:/dkl /dkg/dkgf(kl, kQ,k’g) - 27Ti/dk2/dkgReS(f(kl,kQ,kg),kl = k’g — ’LC)
f2m’/dk2/dk3Res(f(k1, kg, ]{73), kl= ]{33 - ZC) - 271'7,/6”61 /dk‘gReS(f(kl, kQ, kg), kQ = kg - ZC)
+(27TZ)2 / deRes(Res(f(kl, kz, k3)7 kl = ]i)2 — iC), kg = k2 + ’LC) (49)

Now, as all independent variables are integrated along the real axis, we can carry out the saddle

point approximation directly. This is easier if we write the wavefunction as

f(k17 k27 k3)

i K2tk (i) F1 — k2 —icSgn(y1r —y2) k1 — k3 —icSgn(yr — y3) k2 — ks —icSgn(y2 — y3)
=€ v - - -
kl—k2+lc ]fl—]fg—f—lc kg—kg—‘rlc

Then, we have
Res(f(k1, k2, k3), k1 = kz — ic)
—e2ik5 (t+0%/20) bika (y1 — 1 +ya— w2+ 2ic(t+0® /20) +ick (b0 /20) — clyr —on) —ik5 (0% /20) +ika (ys =) (_9jc)

ky — k3 — 2ic(y1 — y3) k1 — k3 — icSgn(y2 — y3)
ko — k3 ko — ks + ic

O(y1 — y2)
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The saddle points are
_y1— 21+ Yo — w4 2ic(t + a2 /2i)
B 4i(t + 02 /2i)
_ Ys — T3
2i(t + 02 /2i)

ko

k3

Thus, the second term in equation (??) can be approximated as

™ s
R ki,ka,ks) k1 = ke — vl tua—wo | v
\/i(t + 02 /2i) \/27T(t + 02 /2i) (Res(f ks, bz, k), b ? w))k?: 14(t4i;r2/22z‘> *tic/2 ke =500

And the original integration becomes

/ ks / ks / s f (k. b, k)
Ch Co C3
T

= —— V3 (k. ko k . - s
( i(t+0'2)) f( b2 3)k1:2i(z«1+a;}21)’k2=2i(fia;?2i)’k3=2$?t+jgé)

. T ™ .
—(27”)\/@.( \/ Res(f (K1, ko, k3), k1 = ko —i€), _wi—o1tvo—va ;0o p_ va=sa

t+ 02/2i) 2i(t + 02/2i) 2T T 4i(t+o2/24) 271(1tl+02/2'i)

s s
—(2mi Res(f (kv k2, k3), ki = ks — i . moeitys e
(m)\/z’(t+o2/2i)\/2i(t+02/2z‘) es(F (ki ha o) Fu = s = 0)y, pacge s o mzsrtiacsn sicye

T s
—(2mi R ki,ko,k3) ko = ks — 1 _ —z _yp-—w —z3 .
( WZ)\/i<t + 02/%) \/Qi(t + ‘72/2i) eS(f( b2 3) 2 8 w)kl_zi(jiﬂ}m ks = yii(titg?m)?’ +ic/2

L Res(Res(f(k1, ko, ks), k1 = ko — ic), ky = k3 — ic), _u1 ey tusaot

2mi)?, | ya—w3 |
+(2mi) 3i(t + o2 /2i) 3 GiteroTian e

This can be easily implemented in Mathematica, and the results are shown in Figure 7?7

A major complication in the above calculation of correlation functions of local operators
originates from the complicated structure of the Bethe Ansatz wavefunction. One needs to
integrate out unmeasured coordinates which are highly entangled. At the same time, evaluating
matric elements of the local operators between Bethe Ansatz eigenstates is a well studied topic
itself. People name such quantities as form factor. In the next part, we will try to use the
results of form factor for Lieb-Liniger model to avoid the fore-mentioned integration. However,

this imposes another complication as we will show.
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C(z/t,~z/t,1=10)

2.0f

1.5F

Figure 4.12: Normalised noise correlation function in the large time limit for a system with 3
particles.

4.3.2 Form Factor Approach

As we have shown, the time evolved state can be expanded in the basis of Bethe Ansatz states

with the amplitude determined by the overlap between the initial state and Yudson states.

[V (t)) = —(Q;N / e

k) (kl|z)

and local variables are expressed as

() = gy e = i) 0101 (i
Due to the simple form of the Yudson state, the coefficients (z|p) and (k|z) are easier to
manipulate than that in a traditional spectral representation. Then the main complication
comes from the calculation of the matrix elements between two standard Bethe Ansatz states,
i.e. the form factor. This object has been studied a lot in the literature. And the density
form factor of the Lieb-Liniger gas is readily available from [? ] as the following determinant

formulas.

. N N .
—i 'S (ki s [lo—1 [Ti21 (ko — pr + ic)
k) — -1 N(N+1)/2612i(kz i)y o=1 l_l‘ — detV 4.10
Plow)lk) = —(~1) T r—— (4.10)
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with V being an (N + 1) x (N 4 1) matrix with entries

N

— ko o — 1 .
o) [ttt N

Vit = tk; —pi) +tpe = —k, —ic)(pr — po +ic)

o:l

N .
Po —p1t1C

d V; =1 j=1,...,.N
L1 ko—pj +ZC an 7,N+1 J ) )

VN, =

VNying1 =0

and

)=
U) = ————
u(u + ic)
Here, the formulas have been modified according to our choice of normalization. However, this
formula suffers from some problems as we will see here.

When N =1, (p|p(y)|k) = 1, then the evolution of a wave packet centered at Z of width o

becomes

t v 47T02 71]{2 2(t+02/2i)+ip? (t—0?/2i)+i(k—p)(y—x)
P =5n7 |
P

2 2
_ (y—=)
— g e 4(t2+a4/4)

NN T
which is what we expect for a free Gaussian wavepacket.

When N = 2,

—2c(ky + ka2 — p1 — p2)? (k1 — k2)(p1 — p2)

, 0)|k1, ko) = - - 4.11
(p1,p2lp (0}l ko) (k1 = p1)(k2 — p1)(k1 — p2) (k2 — p2) (k1 — k2 +ic)(p1 — p2 — ic) ( )
And the time evolution of two wavepackets initially centered at x1, x2 becomes
2 5 . .
p(y,t) :47704/ o H(KT+k3) (t+02 /20)+i(pT+p3) (t—07 /2i) +iky (y—21)+ika (y—x2) —ip1 (y—21)
(2m)* Jis ke
o ip2(y—2) —2¢(k1 4 k2 — p1 — p2)* (k1 — ko) (p1 — p2) (4.12)

(k1 — p1)(k2 — p1) (k1 — p2)(k2 — p2) (k1 — ko + ic)(p1 — p2 — ic)
We can also calculate the form factor from the two particle wavefunction directly by intro-

ducing regulator in z space as in [? ].

kl kQ —ic

kv ko) = A ik1x1+ikoxa 0 o 0 o
k)= [ sulal)e (6(az — 1) + {2 ieB(ar — ), a2)
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ipiy—ipa —p2t+i S
(p1.p2lp(y) k1, ko) =/((e iy=ipr (g(q — y) 4 LLZP2 TG ) g emimeminay (g(y — o)

x P1— P2 — ic
pl_p2+i0 ikyy+ikox kl—kQ—iC
4+ f(x - )x(e Wt (g —y) + —-——0(y —
— Y)) (0(z —y) e T ic Y )
) ) k1 — ko —ic
iki1xz+ikay 0 _ 1 2 0 _ )
R (gl — ) 1 0 ) ) £l
:(ei(klfm)y ) _ ei(szpz)y ) 1— kl — ]{32 — 'l:Cp1 —p2+ ic
ko — p2 k1 —p1 k1 — ko +icp1 — p2 —ic
n (ei(kl—pz)y ) _ pilka=p1)y ) p1—p2 tic k1 — ko —ic
ka —p1 ki —p2  p1—p2—ic  ky— kg +ic
(4.13)

When y = 0, the expression simplifies into ??7. At first, it seems that one cannot generalize
the result of p(0) to the density at arbitrary location by multiplying it with a phase factor
etk1ytikay—in1y—ip2y ngtead, we see a mixture of e!k1=PVY oilki=p2)y pilka=p1)y gp( eilk2—p2)y
in the expression of density form factor. However, this is an effect due to the regulator. As the
physical space is translationally invariant, measuring the density at position y is equivalent to
shifting all particles by —y, this leads to the phase factor in 7?. The same trick has been used
in the paper [? | when using the density form factor ?7.

The drawback of the expression (?7?) is related to the singularity when momentums from
the two states approach each other. This pole is called a kinetic pole or annihilation pole.
And it exists for systems with any number of particles. This makes the integration intractable.
To remove such singularity, one may shift the integration contour slightly. This, however,
invalidates the Eq. (??) due to divergence problems in its derivation. For example, when
(k1 — p2) < 0 or S(ky — p2) > 0, the following integration from (p1,p2|p(y)|k1, k2) becomes
ill-defined

/ ei(kl—pg)x—i-i(kg—pl)y(kl — k2 — Z:CG(x Y ol + z:ca(y )
e k1 — ko +ic p1—p2 —ic
Therefore, there is no consistent way to shift the contour without bringing in more divergent
problems to the density form factor. Thus the result of the density form factor can not be applied
to the Yudson approach readily due to the kinetic poles in the form factor. This completes our

discussion of this method.
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Chapter 5

Quench Dynamics of Gaudin-Yang Gas

In this chapter, we will use the Yudson Approach to study the real time dynamics of a system
with two species of fermions interacting with contact interaction. The system is described by
the Gaudin-Yang Hamiltonian defined as
0 toot
H= Y [dowl@)- 500+ [ W] @v @)
o=",1 *

We have talked about the Bethe Ansatz solution of this model in chapter 1. Here is a quick recap
of some of the important results which will serve as a basis of the discussion in this chapter.

The Bethe Ansatz eigenstate

M
|1, k) =Z/Z(—1)P6i’“”“HS(ui — 1) [ ] 1(wir Pk, ;) 0(e)0() |z, 00)
PRY? « i<j i=1

with S(p; — pj) defined as

i — pj +icSgn(apg; — aga;)

S(pi — py) = .
o T
and I(u,k,«) defined as
—ic w—kn —ic/2
I(p, ko) =
(K, @) u—ka+z’c/2nl:[a,u—kn+ic/2
and |z, ) defined as
M N
jo,) = [ oa, [T i()l0)
=1 j=1

The Yudson state can be extracted from it as

) M
o) = [ 30 e T 1, b cb(@)o(a) )

The Yudson representation of the identity operator

M
[k [ dulkoecul =Y [ do [ayyo (=07 SR T S, - )
c c o8 PR
M

m<n

J(Mia k7P7 ai75i)|y?a><x76|

m=1
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with J(u, k, P,a, 3) defined as

J(p, k, P, B) =I(p, Pk,a)I"(u, k, B)

—ic H w—kpm —ic/2 ic H =k +ic/2
u kpo +ic/2 w—kpm +ic/2 p—kg —ic/2 -
Pm>6 Pln>a

Here, we have taken into account the cancellation between I(u, Pk, «) and I(u, k, ), i.e. when

p—km—ic/2
p—kpy+ic/2

m < B and P"'m < a, the factor in I(u, Pk,«) cancels the term % i
I*(p, k, B). However, we have left the possible cancellation related to kpo and kg unattended
in the above expression. To carry it out, one needs to consider the relation between Pa and 3,
P73 and « separately.

If Pa > 3, and P~ > a, then

—ic w—kppy —ic/2 ic w—kn +ic/2
J(p, k, P, _—
(s b, P v, ) = p—kpo +ic/2 H pw—kpm +ic/2 p— kg —ic/2 1:[ p—ky, —ic/2
Pm>/3 pt nga
If Pa < B3, and P~ > «, then
w—kppy —ic/2 —ic ic w—ky +ic/2
J(u, k, P, =
(1 k. P e, ) nl;[a w—kpm +ic/2 p—kpo —ic/2 p— kg —ic/2 H = kn —ic/2
Pm>p Pln>a
If Pa > 8, and P~ < «, then
—ic ic w—kpm —ic/2 = kpn +ic/2
J 7k7 P7 ) .
(e @ 8) = p—kpa+ic/2 p—kg+ic/2 - H w—kppy +ic/2 nEI/B w—ky, —ic/2
Pm>ﬁ Pln>a
If Pa < 8, and P73 < a, then
w—kpm —ic/2 = kn, +ic/2
J(, k, P,
(s b, P, 0, ) = fkﬁ+zc/2 H p—kpm+ic/2 u— kpaflC/2 1:[/3 p—ky, —ic/2
Pm>B Pln>a

However, to simplify our expression, we will keep the form of J as in Equation 7?. We will
also use abbreviated notation J(u) and keep its dependence on all other elements implicit.

In order for the Yudson Represenation to hold true, the contours are chosen as follows. For
systems with repulsive interaction, the contours of k’s are separated in the imaginary direction
by a distance greater than |c|. The contours of p’s overlap with that of some k’s determined
by the initial condition. If, for example, the N particles initially reside at 1 < ... < xy, while
the mth and nth (m < n) particles are impurities (spin flips), then p; are integrated along

the path of k,,, and the contour of us overlaps with that of k,. See Figure 7?. If the particles
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interact with attractive interaction, the contours of the k’s remain the same. However, each u is
integrated along three lines, two forward and one backward. The backward path runs over that
of the k related to the corresponding down spins. The two forward paths lie above and below
the backward contour with a separation greater than |c|/2. Take the same example as above, 1
is integrated backward along the same line as k,,, and forward above and below the k,,, contour
by a distance greater than |c|/2. Similarly, the us contour consists of three lines centered at the
contour of k,,, the first and last goes forward and the middle one runs backwards. See Plot (?7?).

In the next section, we will explain such choice of contour and prove the Yudson Central

theorem for the Gaudin-Yang model.



88

! c>0
- ky
> km 1
> kn 2
kEn
(a)
A
c<0
- ky
; K 11
> E kn 2
kn

(b)

Figure 5.1: Example integration contours in the Yudson representation for a system with NV — 2
majority fermions and two impurities. In this example, the mth and nth particles are the
impurities counting from the left to right. Figure 77 is for repulsive case and Figure 77 is for
attractive case.
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5.1 Central Theorem

In this section, we will prove that the Yudson representation resolves the identity properly with

the aforementioned integration contour, i.e.

[k [ auty.lt. i gl 5)0(a)0 = [1o0: 2 T oy

with the abbreviated notation 6(z) = 6(z; < ... < xy). We will start with the proof for the

one impurity case then generalize to that for multiple spin flips.

5.1.1 One Impurity Case

The central theorem of the Yudson representation for Gaudin-Yang model with a single impurity

states that

4 ' T —tc kp; —ic/2 ic
C t dk d ¥ i3 ki(ya,— i) 1C w—kp;
ons /C /, ,u;( ) € P ufkpa+zc/2 H w— kszrzc/Qu kgfzc/2

P1>B
pw—k; +ic/2 B .
g = _16/29(:5)9(1/)9(@)9(5)—1:[5(1/2 m];[aajﬁj
Plj>a

As the integrand is O(ﬁ) as |p| — oo, the integration contour can be closed from below or
above, either should yield the same result. We choose to close the contour from above. Then,
the integral transforms into a sum of contributions from poles enclosed by the contour. For
¢ > 0, this corresponds to the poles above the integration contour, see Figure 7?. For ¢ < 0,
however, the pole at p = kg + ic/2 lies below the line of kg. To capture this pole, a 3-line
contour is chosen, see Figure ?7?7. In this way, the p integration transforms into residues at
the same set of poles for both ¢ > and ¢ < 0. Define R(k, + ic/2) as the residue of J(u) at
w=k,+ic/2. Then
/duJ(u) =2mi Y R(k, +ic/2)
o<p
Plo>a
Depending on the relation among the indexes o, « and 3, the expression of R(k, + ic/2)

takes different forms.
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Figure 5.2: Pole structure of the integrand of the p integration. Both plots apply to systems
with N — 1 majority fermions and one impurity fermion which is the mth particle counting

from the left. Figure ?? is for systems with repulsive interaction. Figure 77 is for systems with
attractive interaction.

90



If o = Pa = 3, then
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. ko — kpm ko — k,, +ic
R(ko +ic/2) = —ic H [ —— H P
meS, neSs
ic
ST [ — ) QIR
mes, k _kP77L+ZC nES, ko_kn

c > 1l

t1EP(S1) u€ty

ko — kpu —Hch — ky

tQEP(SZ)
If o= # Pa and P8 > a, then
. . —ic —kpm k, — k, +ic
R(k, 2) = -
(ko +ic/2) =i T G (Pa — ) H ko —kpm+w H o — o

—ic

k — kpo +icd(Pa— 3

If o = Pa < 3, then

neSs

Z H O—kpu+ZC H ko —k

t1 €P(S,) uety
tQGP(SQ)

. . ic ko — kpm ko — ky, +ic
R(ko + ic/2) = —ic Z - H K - H
hep(sy) Fo— ks + ich(a— P B) g ko= kpm t+ic o ko —kn
t2€P(S2)
. —ic
=ic
ko — kg +icl(o — P te%(:sl ule_£ —kPu+ZCHk; —k,
to€P(Ss)
If 0 # Pa # 3, then
—ic ic ko — kpm
R(k, +1ic/2) = —ic . _ o *Pm
( /2) ko — kpa +icO(Pa —B) k, — kg +ich(a — P~ ) mlgsq ko — kpm +ic
11 ko = kn +ic
neSs ko - kn
. —ic e
=—ic - .
ko — kpa +icO(Po— B) ky — kg +icO(a — t e%(:sl ugl ko — k‘p +ic
t2€P(S2)
ko
vEta
If 0 # Pa = (3, then
. —ic — kpm, ko, — k, +1ic
R(k, 2) =
(ko +1ic/2) k—kpa—i—lck _kBHk_kPm‘i'ZCHS k, — k
2

—1c

k — kpo +ick, —kg

Here S; = {m|m < a and Pm > S} and Sy =

2 17

t1 EP Sl) uetl
tgGP(Sz)

—kpu+ch ko —k

{n|n < Band P"'n > a}. P(s) is the power

set of S which includes all subset of S including the empty set. The power set appears after
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multiplying each addend respectively. The #-function is the Heaviside step function. It is easier
to understand its emergence by looking at the detailed discussion of J(u) on page ?7?. When

Pa > B, J(u) has a factor When Pa < 3, this factor is cancelled by another term

1
n—kpa+ic/2°

in I*(u, k, 8), making the factor Thus, in R(k, + ic/2), we see 1 when

-1 1
p—kpo—ic/2" —kpa-+tic

Pa > g and # with 8 > Pa.

Pa

With |k,| — oo, the asymptotic behavior of R(k,+ic/2) can be categorized into three cases.

—ic+O(5) if ko = kpa = kg

R(k, +ic/2) = ¢ O(-) if ko = kpa # kg or ko = ks # kpa

O(é) In other cases

where the leading term corresponds to the case with both t; and ¢y being empty sets. Except
for the first term in the first case, all terms vanish as fast or faster than 1/k, asymptotically.
Moreover, if these terms depend on any other k;, they also die away as fast as 1/k;. Therefore,

the integral over these explicit variables
/ dko H koR(k'o + 20/2)67‘ > ki(yp-lifzi)
J

can be transformed into sum of pole residues above or below the integration contour, depending
on the relation between elements of Py and #. As we will show in the following, none of these
poles contribute to the integral. Denote E(k,) as one of the summand of these O(;-) or o(%)

terms, which takes the form

—ic ic
E(’“"):gko—kmﬂcl}m—kn

with m satisfies the condition m < o and Pm > 3, n satisfies the condition n < andP 'n > a.
There are two types of poles in FE(k,). One is of the form k, = k,,, the other is of the from
ko = km +ic. The former pole is only apparent, but not real. As there is another term in E(k,,)

which cancels its contribution. To be explicit, we have

Res (e’ 2 rilvi=ori)Res(J (1), p = ko) ko = ki)

=— Res(eiz'i kP'i(y’i_xPi)Res(J(u, w=ky), k= ko)

This is what we anticipated. As the nested Bethe Ansatz solution is obtained from the ordinary
Bethe Ansatz with matrix operator, see Eq. (??) and (??), it should have the same pole
structure as the ordinary one. Thus, we do not need to worry about the first type of pole at
ko = k,. The second type of poles(k, = k,,, — ic) also exist in the Lieb-Liniger model. These

poles form a subset of those in the Lieb-Liniger model, as the requirement for their existence is
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stronger (n < < Pm and P'n < a <nrather thann < Pm and P 'n < m). As in the Lieb-
Liniger model, these poles do not contribute to the integral due to conflicting conditions. The
argument is essentially the same as that of the Lieb—Liniger Gas. Neither does the disappearance
of some poles nor the emergence of factors like oy affects proof. Thus, we will not repeat
that here.

Since none of these poles in R(k, + ic/2) contributes to the integral, the integration is
essentially the same as an integration of the first term in the first case with Pa = 3. This will

leads to the final result we want, with a properly chosen constant Const = m, ie.

W%\H—lc G(x)e(y)t‘)(a)e(ﬁ)/Cdk/cduzeizi kil =) 1)
P
:(271)]\7 e(w)e(y)e(a)e(ﬁ)Zépa)ﬁ/dkeiziki(yP—li—Ii)
P

—0(2)0(y)0()0(8) . pa,sd(yp; — 1)
P

= 0(2)0(y)0()0(B) 60,50 (y; — x:))

In sum, we have proved the Central theorem of Yudson representation for systems with one

impurity which says

1
W/Cdk//dulkw)(kﬁﬂ =1

We will move on to the proof for systems with arbitrary number of impurities.

5.1.2 Multi-impurity Case

The Central theorem of the Yudson represenation for the Gaudin-Yang model with multiple
impurities states that

COnSt/ dk/ d'uz P lz k Pl 7131) H Hm*ﬂnﬂLZCSgn Ay — QU HJMm
! — [ — 1C

m<n

0(2)0(y)0(c)0(8) = [ [ 6(x; —yz-)H%mBm (5.2)

%

with abbreviated notations.
‘](:U'm) :J(H’,a k7 P, Qo 5m)

,U/m—kpz—iC/2 o — K —|—zc/2
_H +ic/2 H —kpz—|—zc/2,um—k5m—zc/2 H U — kj — ic/2

m
PZZBm P j>am

Hm — kPam

and
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Ola) =0(c1 < ...<am)

In the following section, we will see that the p integrations, as in the previous case, leads to an
expression whose poles form a subset of that in the Lieb-Liniger gas. Using similar argument
as before, these poles do not contribute to the k£ integral. We are left with a constant terms
which yields the §-function we are looking for.

First, carry out the integration over py by closing the contour from above. As the integrand
is O(1/p2), the integral over the arc vanishes. Since the pole of S(u1,um) (m > 1) is at
1 = Wm + ic, which is below the p1 contour, see Figure 77, this pole is not included. Thus,

the integral becomes sum of residues at the same set of poles as that with J(u1) alone. In the

Pom —ko—ic/2—ic Sgn(a —am,)
an_ko+ic/2

meanwhile, the factor S(u1, tm,) becomes . Therefore, we have

/dulJ(ul) TT S0 — ) = 3 Rk + ic2) [ L=t ic/2 — icSgn(a1 — o)

m1 MUm — kl + ’LC/2

with o summed over all poles lying above the u integral contour. R(k, + ic/2) represents the
residue of J(u1) at k, + ic/2, and its explicit expression are discussed on page ?7.

Then, we can carry out the integration over po by closing the contour from above. Among
the S-matrices among the u’s, only the pole from S(u; — ps2) is enclosed, which is located
at fy, = ko +ic/2 if a3 > ag. Combined with the condition on o, a’s and fS’s, we have
P70o>a; >asand o < b1 < Ba. Thus % must be a factor of J(uz2). It cancels the
denominator of S(k, + ic/2 — p2). Therefore, the poles above the us contour in J(ug)S(k, —

po +ic/2) 1,50 S(pa — pm) is the same as that in J(uz). Thus, we have

/dM2J(M2)S(k?o — ug +1ic/2) H S(p2 = pm)

m>2
ko - ku ] S - tm .
=" Rk, +ic/2) /: “ kgn_(‘jcl Cm) T 5ka — i +ic/2)
u o w m>2

with u € {v < 8 and P"'u > ay}, which form a subset of that of the Lieb-Liniger gas. Note,
the apparent pole at k, = k,, + ic is not real, as the denominator of S(k, — k,,) is canceled by
R(k, +ic/2). We have keep the result as here in order to pack the complicated long expression
into R(k, + ic/2). One special scenario of the term is when w = o. Then some poles in
R(ko + ic/2) overlaps with those in R(k, + ic/2). However, this leads to u; = po which is
inhibited by the nested bethe ansatz such that the wavefunction vanishes at overlapping p’s
One can continue the argument for the p integration easily. The integrand always has the
same pole structure as J(u) alone in the plane above the contour. What the S-matrix does

when it’s not identity is changing the numerator from p — k 4 ic/2 to pu — k +i3¢/2. After the
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Figure 5.3: Pole structure of the integrand of the u; integration. Crosses represent poles from
k’s and dots represent pole form ps. Among the N fermions, the mth and nth are the impurities.
Figure 77 is for systems with repulsive interaction. Figure 7?7 is for systems with attractive
interaction.
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w integration, this changes one of the numerator from k; — k; 4 ic to k; — k; + 2ic. Thus the
poles of the k integration is unaffected either.

As a result, after all u integrations, the left hand side of equation 7?7 becomes

M
L = Const /C dke' 25 W =20 ST Rk, +ic/2) [ Skon, — ko, )0()0(y)0(c)0(8)

{Op} m=1 m<n

with each O,, satisfies the condition O,, < (,, and P_lOm > . Again, all poles from
S(ko,, — ko,) is artificial. Thus, the pole in this expression is a union of the poles of each
R(k,,, +ic/2). As the poles of each of them form a subset of that of the Lieb-Liniger gas, so
does the whole term. As we have shown for the Lieb-Liniger gas in chapter 3, the existence
condition for these Lieb-Liniger type poles always contradicts with the requirement to include
them into the contour. Thus, the integration vanishes if the integrand is O(1/k;) or o(1/k;)
for any k;. The only exception that contributes to the integral corresponds to the term that is
O(1) for any k;. This relates to each R(k,,, + ic/2) equaling —ic. This indicates Pay, = fm

for any m. Then, the integration on the left hand side of Equation ?? becomes

M
L =Const (27TC)M/dk:Zei 2 ki(ypa,—ei) H P a8, 0(2)0(y)0 ()0 (3)
P m=1

=Const (2r)NTM M Z 5(ypr; — 2:)0pa,, 5, 0(x)0(y)0(a)0(B)
P

=Const (2m)N MM §(y; — 24)64,,.5,.0(2)0(y)0()0(B)

This is the expression that we are looking for if the constant is chosen as 1/(2m)N*+M M. Note,
in the above discussion, we did not specify the sign of the interaction. As in the case of the single
impurity case, the pole structure of the p integration and k integration is the same thanks to
our choice of contour. See Figure ?? for an example with two impurities. Since only the relative
position of the poles matters in the argument, the argument applies to either interaction.

This completes our discussion of the central theorem for multiple impurities. We have shown

that the identity can be resolved by the following expression, with C' and C’ defined on page ?7.

1
1=——— dk dulk k
(27T)N+MCM/C /C/ Ml 7M>( a,U|

This serves as a basis to apply the Yudson representation to study the time evolution of systems
with two species of fermions. However, before we dive into detailed calculations of states and

observables, let’s discuss its physical interpretation.
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5.2 Physical Interpretation in terms of Bound states

In this section, we will recover the string solutions obtained in chapter one. By separating out
every string solutions, we will see how the Yudson representation includes them in the contours.
Moreover, we will understand why some strings are formed while others will not emerge. We
will also observe some larger cluster of roots that are not predicted by the String hypothesis.
Then we will discuss the physical nature of these string solutions in terms of bound states.
Combined with previous results, we will see how these bound states are formed dynamically in
real space.

First of all, let us review the string solutions of the Gaudin-Yang model. As we have shown
on page 77, besides being all real, the roots of the Bethe equations may form two types of
patterns. They are u — k strings and k — p strings. The p — k string of length m is composed of
m pus and m — 1 ks. And it may exist in systems with either attractive or repulsive interaction.
In the second class, n ks combine with n — 1 us to form a k — u string of length n. When
the total number of fermions and the number of impurities is moderate, the roots only arrange
themselves into strings whose length is no longer than two. Otherwise, we will encounter factors

of % while solving the Bethe equations.

m +tc/2
H ki — Zm - zc;Q (5.3)

Hm_u7L+iC_ /,Lm_kz+zc/2
Lm — b — iC ; o, — ki — ic/2

(5.4)

n#m
To see this, consider a p — k string and a k — p string whose length is at least three, see Figure
??. In p — k string, the imaginary part of k equals (Z 4 1/2)c with Z being integers. Then the
topmost k, which we call k; must have a positive imaginary part. Thus, the left hand side of
equation ?? vanishes with L — oo. In the meanwhile, we have both k; — p, +ic/2 = 0 and
ki — pn Fic/2 = 0 for ¢ = £|c|. This makes both the numerator and denominator vanish. In
the second example, the highest p which we call u,, is accompanied by another p,, = p,, + ic
for ¢ < 0, this makes the left hand side of equation ?? tend to zero. However, on the other side
of the equation, we have both p,, — k; —ic/2 = 0 and p,,, — k; +ic/2 = 0. Thus we are faced
with 0 = % again. Due to such ambiguity, we have not included any solutions relate to strings
longer than two. However, as we will see later, such long string of roots do emerge in systems
with attracting interactions.

To separate out the string solutions from the Yudson representation, one first integrates
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Figure 5.4: Examples of k — p string and p — k string whose length is longer than two.

out the p variables by closing the integration contour from above (or below). Then one shifts
the contour of £’s to the real axis. In this process, if a pole is passed by, the original integral
is divided into an integral along the new path and a pole contribution where the integrated
variable is fixed by the pole. The latter is related to how the string solutions are formed. In
the following, we will elaborate this idea with an example of three majority fermions and two
minority fermions with attractive or repulsive interaction respectively. In this example, the
initial state is |z1 1,22 |, 23 T, 24 |, x5 1), with 11 < 29 < 23 < 24 < 5.

First, integrate out 1 and uo successively by closing their contours from above. As we have
shown on page ??, the denominator of the result [ [],,, dpmJ (ttm) [T, <, S(ttm — tin) is the same
as that of [[,, [ dumJ(pwm). And each [ dpmJ(pm) is a summation over 2wiRes(J(p), p =
k; 4+ ic/2) for i < fB,, and P7i > a,,. The poles of each summand is located at k; — k; +
ic = 0 for any j satisfying the condition j > B, and P'j < a,,. As a result, the poles of
JTIL,, Ao (poan) T ecn S (bt — pin) are of the form k; — kj +ic = 0 with i < ) < j and
Pli>a; > Pilj, ori < fy <jand P> ay > Pilj.

For ¢ > 0, the pole of k; at k; — ic is located below the k; contour. Thus this pole is not
encountered if we shift the contours of k; and k; to the same line. In fact, no pole is caught
when one shift all contours to the real axis. For this reason, the only type of string exists, after

separating different states apart, is the one with a real k;(i < 8 and P> «) and a complex

w at k; + ic/2. However, such string depends on how we close the p contours. If we close
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both contours from below, we are left with a different string configuration with p = k; — ic/2
for j > B and P'j < . Physically, it should not matter as how one closes the contour as
mathematically it leads to the same result. As we have seen on page 7?7, the bonds among ks
or among us are related to bound state. However, the bonds between k and 1 do not have any
physical effect in real space.

What seems a bit confusing is that the pole of u; = ps + ic does contribute if one close
the contour of py from below. To understand this, consider the case with a; = 3, as = 2 and

P = Py5. With these conditions, we have

2
S(py — p2) H J(pis Pk, o)™ (s, k, Bi)

i=1

_,ulfuquiC,ulfliric/Z ic —ic w1 — ks —ic/2 pg — k1 +ic/2
p1 — po —ic g — k1 —ic/2 pp — ko +ic/2 py — ks +ic/2 uy — ks +ic/2 po — ki — ic/2
—ic po — ks +ic/2 ic pa — ks —ic/2

/.Lg—k‘g—iC/Z/.Lg—k‘g—iC/Q/.LQ—k‘4—iC/2,u2—k'5+iC/2

E[(va /LQ)

The poles of 11 below its integration contour are located at ko — ic/2, ks —ic/2, ks —ic/2 and
o + tc. Thus, the result of the p; integration consists of the contribution from each of the

following terms.

Iy = — 2miRes(I(p1, p2), 1 = ka —ic/2)

_orcH2 k1 +ic/2 —ic po — ks +ic/2 ic po — ks —ic/2
o U2 7]431 71'0/2#2 7]432 +3ZC/2 U2 7]%‘3 77;0/2 U2 7]434 71'0/2 125) 7]435 +ZC/2
kg — kl —1ic kQ — k5 —ic

k‘g—k‘l—ick‘g—k‘g k‘g—k‘g,
IQ =— 27TiR€S(I([L1,[L2),M1 = kg — ’LC/Q)

P ki +ic/2 —ic po — ks +ic/2 ic to — ks —ic/2
po — k1 —ic/2 puo — ko —ic/2 ug — kg + 3ic/2 pg — kg — ic/2 ps — ks + ic/2
ks — kq ic ks — ks —ic
k3—k1—ick‘3—k2 kg—kg)

13 = — 27riRes(I(u1,u2),,u1 = k5 — ZC/2)

to — ki +ic/2 —ic o — ks + ic/2 ic o — ks —ic/2
= —27e - - : . ;
po — k1 —ic/2 po — ko —ic/2 po — ks —ic/2 pa — kg —ic/2 po — ks + ic/2
Ho — k‘5 — iC/2 1{35 — 1{31 ic —ic

,LLQ71€5+37;C/2]€57k172.61657]{32]657]{3

Iy, = — 2miRes(I(u1, o), 1 = po +ic)

e o — k1 + 3ic/2 —ic ic po — ks +ic/2 —ic
=4
u27k17i0/2 /}Q7]6'277LC/2/L27]<12+32'C/2‘UJ27]1'377:0/2#27]634*31'6/2
ic o — ks —ic/2

o — kg —ic/2 poy — ks + 3ic/2
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If one closes the contour of us from below, then both Is and Iy consists of a term related to
strings of p1 — ic = ug = k3 — 3ic/2. But the sum of the two terms equals zero. Similarly, the
k — p — p string involving k5 in I3 is cancalled by Iy. There is no other pole contribution that
leads to binds between py and ps. Thus, like closing both contours from above, we do not have
w— p— k strings. However, if we close the contour from above, then the sum of the four terms
consists of four p — p — k strings of the form py = pg + ic = k; + 3ic/2 with i = 1,2, 3,4 term.
Here the k lies below the p pairs instead of in the middle of it. These strings are not predicted
from the Bethe equation and they do not even exist if we close the p contours differently. What
is strange about these solutions is that they lead to a result whose denominator has poles at
ki — kj — 2ic. This is a new type of pole compared to the matrix form of the Gaudin-Yang
solution. But the fact is, if we sum up the contribution from these three strings, these new
poles are canceled by the numerator of the sum. This means, the sum of the y — u — k strings
is equivalent to a collection of states without strings. This does not sounds right at first sight,
as we know the p — u — k strings relate to bound states between the two down spins, while the
states with no bonds among k’s or p’s are free states. How could a bound state be decomposed
into components of free states. In fact, this is quite common. We know an integration over
plane wave yields delta function. The situation is similar here. As the energy does not depend
on p’s, the bound states keep a coherence phase with all other states. Thus, it is impossible to
tell whether the decrease of the wavefunction as the two impurities separate is due to bound
states or simply destructive interference among free states. That is to say, the pu — p string does
not play an important role in real space. As there is no k — k strings when ¢ > 0, there is no
bound states in such system.

When ¢ < 0, the relative position of the poles for the p integration is the same as before.
We still get poles of the form k; — k;j +ic = 0 for ¢ < 3, < j and P> an, > Pilj with
m running through all u indices. Note, if we close the u’s from different directions, we may
have other apparent poles that will disappear after summing over all residue contributions.
To avoid such complication, we choose to close all p contours from above. What is different
with attractive interaction is the pole distribution for the k integral. Like in the case of the
Lieb-Liniger model, the pole of k; at k; — ic is between the contours of k; and k;. Thus the
original integral separates out a pole contribution after shifting the contours of k; and k; to
the same line. As the appearance of this pole originates from the residue of the p integrand at
Wm = k; +ic/2, this pole contribution yields bonds among k;, ft,,, and k;j. Moreover, all roots of
the denominator after taking residue at p.,,, = k; +1ic/2 take the form k, = k; +ic. Here n runs

over all indices such that n > 3, and P'n < a,p. Since no two ks can take the same value,
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each p connect at most two k’s. However when different p’s relate to a same k, it will snap
two k — p strings together to form a longer string. As shown on page 77, such strings involve
ambiguity of 0/0 in the Bethe equation and are not included as a string solution. However,
they do exist in the time evolution of the system.

As an illustration of the above argument, consider the previous example with a; = 3, ag = 2

and P = Py5 for ¢ < 0. Integrating out the u variables from I(uq, p2), we obtain

/dm /duzf(m,uz)
04(]€1 — k5 + 2iC)(/€1 - ]€5)(k3 — k5)

(kl — ko + iC)(kl — k3 + iC)(k‘l — ks + iC)Q(kg — ks + iC)(k’g — ks + iC)(k‘4 — ks + iC)

After shifting all contours of ks to the real line, we get extra terms related to pole contributions
which are depicted in the graph below. Here the multiple subindex of the k means a k with one
of the subscripts as long as it does not coincide with any other k subscripts in the plot. The
plot intends to show the relative position among parameters in each strings or pairs. The real
part of them is to be integrated over. Any k’s that are not shown explicitly are assumed to be

integrated along the real line.

X k27314 X kl
et *—++ ko3 i1
e /i1 x ks o [i2 X ka3
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A T
X k’5
Ky x Ky X kasza e M
o u PR PR ko3
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X kags X ka3 x ks < ks
® U2
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Figure 5.5: String states separated out as a result of closing p contours from above and shifting
all k’s to the real axis. See text for detailed explanation of notations
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Figure ??-77? consist of a k — p string and a k — p pair. As discussed on page (7?7-77), the
latter depends on how one closes the integration contour of p’s and has no physical significance.
The k— p string describes a bound state among two particles mediated by a spin wave. Figure 7?7
involve two k — p strings, thus is related to two independent bound states, each intervened by a
spin wave. The last plot describes a bound state among three particles which is omitted in the
solution of Bethe equations. The necessary condition to form a longer string is the existence
of a k; such that 81 < i < B2 and oy > P> o, which is ky and k3 in this example. This
implies that oy > .

In order to interpret these string solutions and the corresponding conditions, we label the
particles by their quasimomentum ks. In the above example, we have P = Pi5, thus k; couples
to y1 which is the leftmost particle while k5 couples to ys which is the rightmost particle. This
happens as a result of the process that particle k5 swaps with particle k4 to ki successively,
then particle k; exchangess with ks to k4. In a nutshell, the permutation in the wavefunction
is related to the spacial motion of the particle. kp; is the quasimomentum of the ith particle in
the final state. P is the location of the k; particle in that state.

When Pa = (3, then the spin state of each particle is not changed by the interaction, though
the spacial position is different. In this case, the denominator of the p integration consists of
both p— kg —ic/2 and p— kg +1ic/2. Therefore, the function is not analytic no matter how the
coutour is closed. Thus the integral does not vanish under any circumstances. This is to say
that if the down spin does not transfer to other particles, there is no constraint on the spacial
distribution of the particles.

The situation is different if the down spins does move. When Pa < f, the down spin
transfers to prior particles kpo. In this case, the denominator consists of factor u — kp,, — ic/2
and p — kg — ic/2. Both poles are enclosed if the p contour is closed in the upper half plane.
Thus the integral will vanish if there is no pole after closing the contour in the other direction.
That is to say there must exist a kp; such that ¢ < a and Pi > . This indicates that a particle
which is initially the down spin or to the right of it has to move to the left of it in the final
state. This makes sense because the particle prior to the impurity can only acquire the spin
by passing by a down spin and exchange with it. This may happen in two cases. Either the
impurity itself crosses the target particle or the particle after 8 first passes the impurity and
then passes the target particle. Similarly, the particle after the impurity can only obtain the
down spin via crossing with the impurity or particles prior to it.

Besides transferring down spins, the interaction can also lead to bound states as we have see

above. In order to form a bound state between particle ¢ and j, the following condition must be
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satisfied i < 8 < j and P"'i > a > P'j. Physically, this means one of the following situations.
First, one of the up spins may reverse ordering with the down spin to form a bound state with
it. Second, the up spin and down spin in the previous case exchange spins while crossing each
other. Third, with the up spin particle and the down spin particle crossing each other and
binding together, the down spin may be transferred to a particle that lies between them in the
final state. Fourth, particle ¢ and j that are initially on different side of the down spin each
may pass by the impurity to become bound together. Lastly, either particle ¢ or particle j in

the previous situation may acquire the down spin in the final bound state. See Table 1.

TABLE 1: Mechanism for Bound States Formation

Initial State Final State Bound State Type
Zf5<j ) Tl M Singlet
P i=a>P j ks k; ki kg
ziﬂ<] . Tl w Singlet
P =P
1>« 7 ks K, o

Triplet

Triplet

k; ks

1< B <] TlT M Singlet
; ki k;
k; ki

A bound state among more particles can be formed via more spin wave modes. In the
example in Figure 7?7, k1, ko and k5 form a bound state with the help of u; and ps. Recall that
particle 2 and particle 4 are the down spins and particle arrange themselves in ascending order.
In order to form a bound state among particle 1,2 and 5, one needs to reverse the order of
particle 1,2,4 and 5. Though particle 4 does not show up in the bound state, the spacial motion
of it relative to the particles in the bound state is crucial to the formation of it. Moreover, as
particle 4 is sandwiched between particle 2 and particle 5, the wavefunction will also decrease

exponentially with the separation between particle 4 and 2 as well as particle 4 and 5. However,
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such binds are different to that among k1, ko and k5. The wavefunction of this bound state
consists of the factor exp(ik(yp1; — 1 + Ypig — T2 + Ypiy — T5) + ¢/2(yp1; — 1 — Ypig + T5))
exp(ika(yp1y — x4)). Therefore, although particle 4 is bounded with particle 1,2 and 5, it does
not move coherently with them and its quasimomentum is different from that of the center of
mass of the bound state. Note, such bound state cannot be decomposed into two bound states
related to shorter strings, which should take the form exp((ik(yp1y — 21 +2yp1y — 222 + iy piy —
x5) + ¢/2(ypry — T1 — Ypay — T5))

To sum up, starting from an integral in the complex plane, we have separated out an integral
along the real line, i.e. a free state and all string solutions. Some of them are predicted by
solving the Bethe equations, which are k — X strings of length 2. We have also seen k — X pairs
which depend on how one closes the integration contours and do not lead to bound states in real
space. Besides, we have noticed that formation of the A — k strings also depends on the direction
to close the A contour. We have argued that the states related to such string solutions have the
same energy as a free states and can be decomposed into the latter. Lastly, we obtain & — A
strings which are longer than 2 which lead to bound states among more particles. Moreover,
we have discussed how bound states are formed and the important role of the down spin in
such process. In the next section, we will apply the Yudson representation to the calculations

of observables.

Time Evolution

As shown in the previous sections, the Yudson representation provides us with an expansion of a
state into components that are eigenstates of the Hamiltonian. Each component evolves with the
factor e *F* with E being the eigenenergy of the basis state. Theoretically, this representation
solves the time evolution of any initial state. However, due to the complication discussed on
page (?2-77), we will consider only the case where particles are well separated. If we describe

each particle as a Gaussian wavepacket with width o, the initial state |¢p) can be described as

M N
1 _ SN (@i—=0)? _
b =128} = e = 55 [ o5, [T whlo
i=1

n=1

with z(;41)0 — zi0 > 30. In the following calculation, we will exploit such relation and drop

(=i0—=0)>

terms of order equal or higher than O(e™ " 42 ). If we neglect those small terms, then the



105

time evolution of |¢g) can be obtained via the Yudson Representation as

M
47T(T i 2(t+02/2i)+i 4. -z
00 =gy 2 [ o [ [ a3 B ] (s k)

m=1

I (pms i, B )0(9)0 () |y, )

with
w—ky —ic/2
I(p, k
(i, ) = p— ke, +zc/2 H L=k +ic/2

Like in the case of Lieb-Liniger model, only the Wavefunctlon of two particle systems has closed
form. We have to take asymptotic approximation to study systems with more particles. In the

following, we will study systems with two particles and more particles successively.

5.3 Two Distinguishable Particle Case

In this section, we will consider the time evolution of a two particle system. In the initial state,

the down spin sits to the left of the up spin, i.e. 8 =1. Then at ¢t > 0, the state becomes

[9(1)) :/dyldy2fT,J,(y1a92)\1/'1;@1)\1/1(@2”0)

fra(yr, y2)
:\/471'0'2/dk_ldlbefikf(t+gz/2i)7ik§(t+02/2i)(eikl(yzfxl)nLikz(yl*xz)( ki — ke
k1 — ko +ic
0 _ 0 _ _ giki(y1—m1)+ika(y2—w2) ic 0 _
(ya — 1) +0(y1 —y2)) —e ke (1 —y2))

iyo—21)? | iy —wg)?

g i 24 ) ) af
= s o T R (15 000 — )1 4 0)/2/w 7 20 enfeo)ec?)

i(yr—x1)? | i(yp—w9)?

F edtto?/20 Tathe?2i O(yl — y2)c(1 + 1) /2+/7(t + 02 /2i) erfc(Laz)e

With

(1 —i)(ya — x1 — Y1 + @2 + 2ic(t + 02/2i)

a1 =
' 4/t +02)2i

N (1 —4)(y1 — 21 — Yo + 22 + 2ic(t + 02/2i)
2 =

4/t + 02 /2i
The =+ sign results from the ambiguity of pulling out the i from the square root. Depending on

the phase of a2, the signs are chosen as follows
1. When ¢ > 0, [ph(aq 2)| € (0,7/4). The upper sign is chosen.

2. When ¢ < 0 and |¢| > 2a/0?, |ph(ai2)| € (27, 7). The lower sign is chosen
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3. When ¢ < 0 and |¢| < 2a/0?, ph(a1,2)| € (37, 37), the upper sign is chosen

The choice is made based on the following properties of the complementary error function,

as listed in [? , Eq. 7.12.1]

(a) erfc(z)ez2 diverges in region |ph(z)| > 3.

(b) erfe(z)e” ~ = 325 (~1) S for [ph(2)] < i

¢) When |ph(z)| < Z, the remainder terms are bounded by the first dropped terms times
2

csc(2ph(z)).
(d) erfe(z) =2 — erfe(—=2)

The first property is enough to fix the sign of the first situations, as the opposite sign makes the
function divergent. Property (a) and (d) determines the sign of the second case. To see this, the
real part of oy o/(1—1) is negative when |y2—y1| < |c[0?/2—a. This means |ph(ay 2)| € (37/4, 7).
To avoid divergence, the lower sign is chosen. At the same time erfc(z) # erfc(—z) when
R(z) = 0. To make the wavefunction smooth, one need to impose the lower sign for all region of
the arguments. For the last scenario,the function behaves well with either sign, and one needs
to take into account the rest of the properties. As we have shown, the attractive systems has
bound states. These bound states should separate apart with the free state for large time. With
our choice, when ¢ is large, |ph(ai 2)| — 37/4~. Thus, erfe(a)e®” &~ 2¢® —1/(,/Ta), where the
first term corresponds to a bound state with factor exp(—|c|(|y2 — y1| + a)) and the second one
is related to a free state which is identical to the repulsive solution. Note, when the attraction
is too strong which corresponds to the second category, |ph(aj2)| — 7/4 when ¢t > 1, thus
there is no bound state in the systems.

When ¢ = 0, the wavefunction simplifies into

o i(yp—=1)? + i(y1—=9)?

, — %64(’5*”2/2” 4(t+o02/2i)
Frilyr,p2) o /mi(t + 02/2i)

In this case, the density and correlation can be calcuated easily.

o o2 (y—=1)?

<PT(:U)> = mfﬁ_m (5.5)

o o2 (y—=p)?

<P¢(y)> = meim (5.6)

o2 o2(yp—21)% _ o (y3—wp)?

= ¢ a(t240%/a)  a(t240%/9)
(pr(y1)p1(y2)) o
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Figure 5.6: Time evolution of density distribution. Figure ?? and ?? shows Time evolution of
down spin (yellow) and up spin (blue) at ¢ = 0,0.02,0.05,0.1 for ¢ = 5 and ¢ = —5 respectively.
Figure 7?7 and 7?7 compare the density of the up spin for different interaction. Figure 77
compares the density of the up spin at the origin between ¢ = 5 and ¢ = —5 cases. Figure 77
shows the relative density difference of the up spin between ¢ = 5 and ¢ = —5 at the origin.
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For interacting systems, it is hard to derive the closed form for density and correlation. We
will instead resort to numeric method to study these properties. Figure 7?7 and 7?7 show the
time evolution of the down spin in yellow and the up spin in blue. Figure ?7 is for systems
with attractive interaction and Figure ?? is for repulsive case. Both particles in these two plots
behave as free particles described by equation (?7?) and (??). This is ascribed to the same
reason as in the Lieb-Liniger model, i.e. the particles avoid overlap that leads to energy change.
Thus the contact interaction does not affect the behavior of the particles significantly. In Figure
7?7 and 7?7, we further compare the density of the up spin at the origin as a function of time
for c = 5 and ¢ = —5. We see that the interaction does not affect this quantity significantly
with maximum relative difference being less than 1%. This difference is even less than in the
Lieb-Liniger model where the two particles are indistinguishable.
Figure ?? shows the normalized correlation function between the up spin and down spin.C'(z/t,

—z/t,t) = <(’;) TT(('Z//tt))’;tEZfi j)t)? —1=( f/f TT((ZZ// tt))f& t ((:'Zz//tt))é On the positive side, the function oscillates

as in the Lieb-Liniger model. This corresponds to the case where the up spin remains to the left

of the down spins. The oscillation results from the superposition of two terms in the wavefunc-
tion, one without particle crossing or spin exchange, one with both of them. The lower envelop
is the same as the correlation function on the negative side. It saturates to a curve originating
from —1 at z = 0. The curve depends on the width o in the initial state. The upper envelop
increases with time, meaning a stronger correlation as time goes on. The phase of the function
is different for various type of interaction. The changing rates of the phase are also different.
Phase of the attractive case evolves faster than that of the repulsive case. On the negative side,
the function does not oscillate. This is corresponds to a down spin exchanges position with the
up spin. There is only one term in the wavefunction in this scenario, i.e. the particle crosses
with each other without spin exchange. This explains the behavior of the function on this side.
The correlation at z = 0 shows interesting behavior for different time. When ¢ = 0.02, the corre-
lation is positive with attractive interaction and is negative with repulsive interaction. However,
correlations for both cases approach —1 with greater time. Its explanation is as follows. When
t is close to 0, the wavefunction is close to the initial state we have prepared, a state with some
overlap between the particles. Therefore, the interaction determines the correlation between
density fluctuation. Then the wavefunction evolves into a state with less overlap between the
two particles, which means the correlation function approaches —1. When time is large enough,
the correlation at z = 0 saturated at —1, where the interaction no longer affects the correlation
as there is no contact between the particles.

The behavior in the vicinity of the origin can be understood by studying the correlation of
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Figure 5.7: Normalized noise correlation for a two-particle system with one up spin and one
down spin. The down spin is initially to the left to the up spin. The figure shows the correlation
at t = 0.02(a), 0.1(b),0.5(c) and 2(d) respectively.
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a general Bethe Ansatz eigenstate, |k, ko, u). For such state, the correlation equals

(pr(z1)py(22))
:9 _ ikix1+ikaxo /L.C ikixot+ikoxy _Z'C 2 0 _
(21 = w2)le w—ky +ic/2 u—k2+ic/2‘ 0wz =)
|e’ik‘1.’rl+ik‘21‘2 —Z.c I’L B kl B ZC/2 tkox+ik1xo ic /J/ - k2 B ZC/2 ‘2
w—ko+ic/2 p—ky +ic/2 w—k1+ic/2 p— ko +ic/2
2 2 2
— ¢ + ¢ _ ¢ pi(k1—ka)|w1—x2|
(H=Fk1)>+c2 (p—k2)>+c  (u—ki+ic/2)(p— kg —ic/2)
2
_ ¢ e~ H(k1—ka)|z2—a1]
(u—k1—ic/2)(p — ko +ic/2)
(5.7)
Thus, close to the origin, the correlation has the following limit
c? c? (k1 — k2)?|ry — z9|
lim T T2)) = + +
R T R ) A (T N R (T ey

+0((z1 — 12)*)

From the above expressions, we can see that the correlation goes up on the left side of the origin
for ¢ > 0 and goes down for ¢ < 0. The situation is opposite on the other side. This is true for
any state which is not bound state. Thus, the time evolved state, which is a superposition of
those states should follow the same trend. This is indeed what we see in plot ?7.

The result ?? does not work for bound state |k; = p —ic/2, ke = p +ic/2,pu). Using the

fact that kf = ko, (p+(x1)p,(x2)) can be obtained as

(pr(z1)py(22))
c? c? c?
=- - + - -
R4 ) =)= @A (i —ief2) (i — b T i/2)
eilki—kz)[z1—wa| | c? —i(k1—k2)|z1—x2|

(1 — k1 +ic/2) (i —ka —ic/2) "

Taking the limit k1 = p —ic/2 and ky = p + ic/2, this simplifies into

2
c
lim x z2)) = lim clei—a2
k1=u_ic/2<pT( Dpu(r2) k—p—ic/2 (1 — k1 —ic/2) (i — ko + ic/2)
ko=p+ic/2 ko=p—+ic/2
The density, at the same time, becomes
i {pr(e)) = lm (py(e))= =
im 1)) = lim z1)) = lim , -
k1 =p—ic/2 prin k1 =p—ic/2 AL ki=p—ic/2 (1t — k1 — ic/2) (1 — ko + ic/2)
ko=p—+ic/2 ko=p+ic/2 ko=p—+ic/2

Renormalise the density and noise correlation function such that each density integration over

the whole space yields one. Then the normalised noise correlation function becomes

lim  lim Spr(@)py(22)) _ lim Me—\cuml—m
L—oo k1=u—zjc§§ <pT(JL‘1)><p¢(1‘2)> L—oo

ko=p+ic
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Like in the Lieb-Liniger model, the normalized noise correlation function fades away exponen-
tially with the separation between the two particles. However, the correlation suffer divergence
problems. We have not seen character of these bound states in Figure 77, indicating that these
states are suppressed and overlap between particles are avoided. This completes our discussion
of the two particle case.

We will move on to systems with more particles.

5.4 One Impurity in Multi-particle Bath

In this section, we will discuss the time evolution of systems with more particles and one

impurity. The wavefunction in this case equals

fy,a,t)

(4mo?)N/ P =i 3, (0?2041 5, ki1, —a0) .
:W Cdk ,d//LZ(—l) e v ‘ P I(,u,Pk:,a)I (/,L, k,ﬁ)
P

w—ky —ic/2

I(p, k
(s, ) = p— ke, +zc/2 H L=k +ic/2

The k integrals do not have closed form solution and we will apply the saddle point approxi-

y -1

mation happened at k; = 2‘t ° which is further simplied into k; = yp1,/2t = pa; for large

time. Thus, the wavefunction can be written as

f(& at)

vl

25 lg

[ et ) Poe < (0, T (18, P16)
“w

g
N
1

Hle(it)®
As we what did for the one impurity cases, the p integration equals the sum over pole con-
tributions, i.e. fu I(p, o, E)I*(pn, B, P7YE) = 2mi Y R(&, + ic/2). Here the R(&, + ic/2) is the
residue term whose expression depends on the relation among o and P~1j3.

If o =a= P!, then

R tie/)=—ic 3, ]l g fu+zcnso

tleP(Sl) u€ty Pt
to€P(S2)

Ifo=P '3+ aand P713 > a then

| . ic
R(& +ic/2) R -HCH Pa—p3 Z H o — £u+w H Lo = &pty

t €P(Sy) u€ty vEL3)
tQGP(SQ)
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If o = @ and Pa < 3, then

. ) —ic ie
R(&, +ic/2) =ic : ; Z H & — fu—f—zc l_t[2 §o — Epy

o—§P,1ﬂ+zcﬁ(afP t EPisy) uet
tzEP(Sg)

If 0 # o and Pa = 3, then

. - ic ic
R(go—‘v‘lC/Q) _Zf 5 —|—’LC§0 ga Z H go—k} + ic ]‘_tlzgo_fP'lv

t1EP(S1) u€ty
t2€P(Sz)

If 0 # a and 0 # P73 and Pa # 3, then

) . —ic ic
R(& +ic/2) = — Zcfo — &, +icB(Pa— B) ¢ i Z H fo gu +ic

o= E&pig +ich(a — ) ¢ €P(Sy) uEts
ta€P(S2)

e

vELy Epty
with P(S) being all subsets of S and S; = {m|m < a and Pm > 3}, Sy = {n|n < 8 and P"'n >
a}. In the following, we will talk about the calculation of density and correlation function. The
basis of it is | f(£, «,t)|? which we will write down explicitly as

UN —02e2 it (xpi—2x 4
\f(f,a,t)|2 =F—— Z eZi &; i&i(zpi up/i)(_l)P-FP 9(51 <. < §N)

NN e2 £

Z R(& +ic/2)R* (&, —ic/2)

o€
In order to obtain observables, one needs to integrate out dummy variables in the above ex-
pression. First, we impose the condition that xp; = zp/; if & is integrated over without ¢
function. The oscillation related to these terms makes the contribution small by a factor of
e~lele. Moreover, the number of terms from R(&, + ic/2)R* (&, — ic/2) is as many as N2(N!)2.
It becomes difficult to keep track of all of them when the number of particles is large. To make
the calculation tractable, we only keep the terms in which R(&, + ic/2)R*(£, — ic/2) does not
depend on any dummy variables. This leads to approximations in the leading order of co. We
have checked the contribution of these small terms in a small system (N = 3). These dropped
terms turn out to be small up to (co)*. In the following calculation, we will exploit these two

simplifications.

Density

The density can be obtained as p;(z fE o f(€ a,)]?6(Ea — 2/2t). The leading order term

comes from e = 0 = a = P~ when R(fo +ic/2) = —ic. All other terms depend on at least
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two variables, one of which is a dummy variable. Moreover, Pi = P’i for any i # « indicates

that P = P’. Thus we have

py(w) =

/Ze— Tt 0(e < . < EN)0(Ea — 2/2t)0pag

QW%t

/ -, 0% 15(Cs — 2/2t) ZG ¢p1---CPN)

27r2t

:me
In the second line, we replaced &; by (p;. Then we made use of the fact that >, 0(Cp1...(pn) =
1 to remove summation over P and #-function. The result we got is a simple gaussian wavepacket
as in the case of the Lieb-Liniger model. That is to say, the down spin diffuses as if isolated.

L _ (N—1)o —o22?
Similarly, we have py(2) = A e .

Noise Function

To calculate noise function, we first derive the correlation function defined as p;(2)p(2') =
fE i [F(&a,1)[20(6a — 2/20)0(& — 2'/2t). Again, xp; = wp/j is assumed for j # a or i.
Moreover, only terms in R(, + ic/2)R*(§. — ic/2) that do not depend these ¢; are included to

account for the leading order term when o is small. These terms are

R(go + 10/2) —

—icd, prg(1+ ﬁm@(a —)8(Pi—B) + §a & 0(8 — Pi)0(i — o) — ﬁjﬂc

ic N . —1c a —1ic
& _§a9(5* Pi)f(i — a)) +ZC5ﬁ,Pz(§P s 0(P B —a)f(B— Pa)+ €y —Eatic
G(P_lﬂ _ Q)G(POK — ﬂ) =+ ﬁG(P_ ,B > 04)9(]304 < ,8) + #ﬁcﬁ_’_wﬂa — P_lﬂ)
0(8 — Pa))
= —icopap(l+ ﬁiice(a —)0(Pi — B) + ﬁ:fﬂ,ee(ﬁ — Pi)(i — a))

+icdy pi(——————0(P "B — a)0(Pa — B) + L _f(a— P'B)O(B — Pa))

fp-lg =& tic §a — £P'1[3 +ic
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Thus, the leading order term in the correlation function equals

pi(2)p1(2")
UN _ —4 (T p;—x /
:47TN/2t2/£Ze 21,025,-2 > Gilzpi p/i)(_l)P—i-P 9(51 <§N —z/2t 25 —Z/2t
PP’
— 2 —2ict
— — P; _FTE Pi— - _ )
‘9(2 2)(0(8 i)0pa,p + e Qicte( i—B)0pa,s+ e 2z'ct9(6 Pa)dp; )
. z—2 . 2ict
(0(6 — PIZ)(sp/aﬁ -+ ma(]j/l — 6)6P/o¢,ﬁ + m@(ﬂ — P/Oé)(;p/iﬂ)
— 7 —2ict
6(=' — 2)(8(Pi — B)dpas + 5———o8(8 — Pi)opas + - 8(Pa — B)5s.pi
+0(' = 2)(0(Pi = B)pas + =5 0(8 = Pi)dpas + — == 0(Pa — B)ds,pi)
z—2 2ict 2
0(Pi— B)o ———0(B8 — Pi)d ——0(Pa — B)ds. p;
! ’ 2l — z 4 2ict ! ’ 2l — z 4 2ict @ ’
(o( B)0pPa,s + = (B )0Pa,s + = ( B)ds,pi)
0.2 20,24 ,/2)
47t? " x
4t2¢? (z —2)? 2tc
0z — )1+ ——C VBV +(N-f) ) opp(—
< (2 Z)(( + (z—z’)2—|—4t202)(ﬁ )+ ( 5)(z—z’)2+4t202 m(z—z’—Qitc
_i(zfz/)a _'i(zfz')Ba
— 2t
1 _671(255’)a

4t2¢? (2 —2)? 2tc
Goaprape) VA B - Do e~ A

_i(z—2)a _i(z=z)(N=B+1)a
e 2% —e 2t
—i(z—2")a )>
1—e 2t

The final expression is obtained by imposing the condition that xp; = zp/; for any j # « or 4.

+0(z' —2)((1+

Due to this condition, some terms do not contribute in the final result. As an example, we will
consider the term which corresponds to the second term in the first parenthesis multiplied by

the last term in the second, i.e.

pes e / Do TR ) ()P << )G — 2/20) Y 0(6 — £ [21)

€ ppr
—2ict 2ict

0z — 2
( )z—z’+2ictz—z’—2ict

O(Pi — B)6pa,pd(8 — P'a)dpip

As Pa = P'i = g and Pj = P'j for j # « and 4, we have Pi = P’«. This contradicts with
the two heaviside functions. Thus, this term is not included in the result. As a simple check,
02(2242/2)

we can set ¢ = 0, then we have p|(z)p+(2') = e~ @2 (N — 1) which is what we expect of

a non-interacting system. As a last step, we are going to write down the noise function, which

equals C(z, 2/, t) = = <1p)¢<(m)(p;)§§p:( ny — 1. Here the prefactor 1/(N — 1) is chosen to make the
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noise function zero for non-interaction system. Thus, we have

1
!/
t =
C(z,2,t) N 1%
42 c? (z—2')?2 2tc
0(z—2) (14 ————— B -1)+ (N =) 2m(——
( (2 =2)((1+ (z—z’)2+4t202)(ﬁ )+ ( B)(z—z’)2+4t202 m(z—z’—%tc
eiii(z;tzl)a _ eii(z—Zzt/)Ba
1— e_i(z;tz/)u,
4¢2c? (z —2')? 2tc

+0(2" —2)((1+ )N —=B)+(B-1) —2Im(

(z — 2')2 + 4t2¢2 z — 2 — 2ite
_i(z—2")a _i(z—2)(N—B+1)a
e 2% —e 2t

—i(z—2z)a ))1
1—6%

(z — 2')2 + 4t2¢2

The results for systems with 3 and 10 particles are plotted in Figure ?7. In both plots, the
second particle is the impurity. In these figures, the noise function hits —1 when z = 0. This
indicates that the up spin and the down spin avoids overlap with each other. In Figure 77, we
saw interference fringes on the left side. This is due to the many possible scenarios that the
down spin is to the left of the up spin. The period of the fringes is 2t/(n — 8 + 1)a. There
is no fringes on the right side. This is because there is only one possibility to have the down
spin reside to the right side of the up spin. This corresponds to the case when the impurity
exchanges position with the first particle without spin exchange. One the left side, the noise
function is mostly positive while on right side, the function is negative. This relates to the fact
density fluctuation of the down spin and up spin are positively correlated when the down spin
is to the left of the up spin while they become negatively correlated in the other ordering. Such
correlation is purely an effect of the interaction. It is easy to check that the normalized noise
function vanishes with ¢ = 0.

This completes our discussion of the time evolution of a system with many fermionic particles
and one static fermion impurity. In the next part, we will study the problem of a moving

impurity. As we will see, the argument here can be carried over easily to the new situation.
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Figure 5.8: The leading order of the noise function with ¢ << a are plotted here. Both figures
are for large time ¢ = 10 with the impurity located at the second site. Figure 7?7 describes a
system with 3 particles. Figure 77 is for systems with 10 particles.
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5.5 Moving Impurity in Multi-particle Bath

In this section, we will deal with the process of shooting an impurity which we will call a down-
spin fermion to a bath of host fermions which we will call up-spin fermions. Like in the previous
case, each fermion has a Gaussian distribution with width ¢. What is different here is that the
down spin fermion has a non-zero initial momentum kg. Thus, the initial state can be written
as
o = 1.8 ho) = ke B 2 s TT o T w0
MR ol

with ;41 — 2; > 30. The new phase factor e’***# does not affect the proof of the central
theorem. As the latter only involves k and p integration, where the new phase is simply a
constant. For the calculation of local observable, we need to integrate over initial position xs.

Here, the extra phase term is equivalent to adding an imaginary part io2kg to zg, i.e.

) 2 2
(m—mo)z . (w—x0—1k0d2)2 . kgo
Py +ikox v e +izoko——5

For the two particle case discussed in section 77, the result is modified as

Jra(yr,y2)
o 1'(’512*%1*“%)472)2_,'_1'('511*%2)2 tikox _ﬁ
=—— (e 4@t+o?/2) A(tro2/20 T TE (T — O(ys — yy)e(1 4+ 14) /24 (t + 02 /26
N a7l (1= 6(02 = m)e(1+ 0)/2/a(E + 07/2)
2 i(y1*ﬂﬂ1*“€00'2)2_i_i(yzfmz)2 +ik0(tl_ﬁ
erfc(ay)e®) —e  at+a?/20) A(theZyzn 2 0(yl — y2)e(1 +14)/2/7(t + 02 /2i) erfe(as)
e
With

(1 —i)(y2 — x1 — y1 + 22 — ikoo? + 2ic(t + 02 /2i)

a1 =
! 4/t +02/2i
(]. —Z)(yl —T1 — Y2 —+ X9 —ikoO’Q +22C(t+02/21)
Qg —

4/t +02/2i

Figure 7?7 shows the time evolution of the density. We can see clearly that the down spin
moves to the right at a constant rate. Like in the static impurity case, we do not see much
difference among attractive and repulsive situations. Both of them can be well approximated
by the free particle situation whose density equals

o o2 (2= w50)2

z,t) = e 4tZ2+ot/4)
Pt = D

o _a‘2(zfa:1072k0f,)2

Z,t = ¢ 4(t2+o0t/4)
pi(:1) 2\/7(t2 + ot/4)
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Figure 5.9: Time evolution of the down spin(yellow) and the up spin(blue) at ¢ = 0,0.02,0.05, 0.1
for a system with one down spin and one up spin. The down spin moves with kg = 5 in the
initial state. 77 is for repulsive case and 77 is for attractive case.
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In terms of the noise correlation, we are more interested in the behavior when the two

particles overlaps. When y; = yo, we have a; = aa, thus,

u e S R Y oy

- - A(t+o2/2i)
Fralynv2) =5
erfc(oq)ea%

with
(1 —4)(xg — 21 — ikoo? + 2ic(t + 02 /2i)

o1 =
' 4/t 1 02/2i

and fy,1(0,0,¢) = O(%). This means that

a? _ 4
Thus when ¢ >> 1, erfc(ay)e® = N BTy g
the two particle still avoids overlaps in the moving impurity case.

As to the result about one impurity and many fermions discussed in section 7?7, they are

modified as follows

g
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N )
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Based on these results, we can see that the initial momentum of the impurity does not affect
the density distribution a lot. The up spin particles and the impurity still evolve as if isolated
in the leading order with co << 1. The impurity simply passed the bath particle. The extra
kinetic energy from the impurity does not lead to more interacting energy in the process. The
particle still avoids overlaps that leads to change in the interacting energy. This is confirmed
by the calculation of the noise function. As is clear in Figure 7?7, the noise function equals —1
at the origin. However, the initial momentum does make the left side enhanced and the right

side damped.
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Figure 5.10: Leading order of the noise function with 0 << a. Both figures are for large time
t = 10 with the impurity initially located at the second site and moving with momentum k¢ = 5.
Figure 77?7 describes a system with 3 particles. Figure 77 is for systems with 10 particles.
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Chapter 6

Quench Dynamics of Bosonic Gaudin-Yang model

In this section, we will study the quench dynamics of two-component boson particles with
contact interaction. This topic has received limited attention in condensed matter literature,
as bosonic systems come with an odd number of states relating to different spin components.
However, with the ground-breaking progress in ultracold atom, it is amenable to realize such
two-component boson gases with different hyperfine states, for review see [? ]. In this part, we
will repeat the calculation for the bosonic Gaudin-Yang model and see how the quantum nature

of particles affects the result we obtained so far.

6.1 Bethe Ansatz solution

The bosonic Gaudin-Yang model is described by the same Hamiltonian as the fermionic coun-
terpart, except that W'(z)(¥(x)) is a bosonic creation(annihilation) operator satisfying the
commutation relation [¥T(x), ¥(y)] = d(x — y).
92
= Y [avi@-5 50 +c [ W@w @
o=1,1 x

The symmetry property is reflected in the wavefunction. Recall that

N
) =" f(a,0) H Ul (x)[0)

Flo,0) = e 2@ 4(Q, PYO((Q)1 < ... (Q)w)
P,Q

Then, A(P;;Q,P) = €ll;;A(Q, P) with II;; acting on the spin space. Here e = 1(—1) for
bosons(fermions). Plug it into the schrodinger equation, as derived on page 77
(i(Pk)i — i(Pk);)(AQ, P) — A(Q, P;; P) + A(P;;Q, P)) — A(Py; P, Pi;Q) + c(A(Q, P) + A(Q, P;; P)

one gets

1-— GHi]‘ - (Pk)l — (Pk‘)J — iCGPiij 1— GHij
2 (Pk)i—(Pk); +ic 2

A(Q, Pi; P)
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At the same time, the wavefunction should be equal to a plain wave in the other spin configu-

ration %, which means
1+ ell;; 1+ €ll;
A(PyQ, PyP)——— = A(Q, P)——
Or equivalently,
1+ ell; 14 €ll;;
A(Q, PyP)— 2 = —AQ,P)——12

Thus, we have

(Pk); — (Pk);)ell;; — ZC

A@ PyP) = (Pk); — (Pk); + ic

AQ, P)

Recall this relation defines the Yang matrix Y;;((Pk); —(Pk);) from which the scattering matrix
S ((Pk)s, (Pk);) can be obtained.

(Pk); — (Pk);)ell;; —ic
(Pk); — (Pk); +ic

(Pk‘)l — (Pk)j) — iCGHij
(Pk); — (PE); +ic

Yij((Pk), (Pk);) =

Sii((Pk)i, (Pk);) = elli;Yi; ((Pk)s, (Pk);) =

Using the machinery discussed in chapter (??,77?), one can obtain the nested Bethe Ansatz
solution. The derivation is quite similar to that of the fermionic counterpart. The only difference

results from the fact that

Yii (Pk)i, (Pk);)| ) = CF((Pk)s, (Pk);)| 1)

(Pk); — (Pk); + ic

compared to Y;;((Pk);, (Pk);)| ) = —| 1) in the fermionic situation. Thus, the solution in the

CP((Pk)i, (Pk);) =

nested form in the bosonic systems has the new factor, a product of CB((Pk);, (Pk);), replacing
the (—1)” in the fermionic wavefunction, i.e.

k)= /Zezz ke TT CP (ks = ky) T SE(m — 100) [T T2 (s s PRYO()0()

PeSyn P;;eP m<n
ReS M

|z, @)

with
CBk; — kj) = m
SB(,Um ) = L — M — ichn(ozh?m — QRp)
M, — WUp +2C
B, 0 k) = ic H p—kn +ic/2

w—ko —ic/2 e = En —ic/2
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With periodic boundary condition, one can obtain the Bethe Ansatz equations

H/J,a k+ZC/2 ki—kj+ic
— ki —20/2 Lk —kj—ic

HMB_ - Huﬁ—k —ic/2
ugfua+zc g — ki +ic/2

These equations determines the root distribution as described by the string hypothesis. So
far, there is no systematic discussion of the string structures in this system. But, it should
be possible to deduce it by generalizing the conjecture for the fermionic Gaudin-Yang model.
On one hand, it should includes the p-string as the consistency equation is the same as the
fermimonic case. One the other, one should include k-string of arbitrary length, due to the
same argument for attractive Lieb-Liniger gases. The existance of u-k string of length 2 is now
undefined as the new scattering matrix C” leads to an extra 0 or co. We will not try to check
the validity of this last type of string. Instead, we will move on to the Yudson approach as it

will provide a complete list for the string structure.

6.2 Yudson Representation

In the previous section, we have derived the nested Bethe Ansatz solution for the bosonic
Gaudin-Yang model. In this section, we will written down the Yudson representation based on
the solution we had. We will specify the integration contour and discuss the proof of the central
theorem.
Given the Bethe Ansatz state, the Yudson state can be obtained easily as
|k, 1) Z e 2 MV T 1 (i, 0om, )0(y)0(0) |2, @)
m

The Yudson represenation in the coordinate basis becomes

[k [ duty.alk ke, 56010101003

— Zelz ki (y i _ml) H CB k’ —k H SB ) H IB(,“maO‘mvpk)IB*('um’ﬁm’k)

P;;eP m<n m=1

0(2)0(y)8(a)0(5)

The integral contour for attractive cases is the same as that of fermions for repulsive case,
while the coutour for ¢ < 0 duplicates the repulsive situation. To be explicit, k1 to ky are
integrated along a horizontal direction. Their contours are separated by a distance greater than

lc|. The line of k; stays on the top and that of ky lies in the bottom. How p’s are integrated
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varies between repulsive and attractive models. For ¢ < 0, p,,, are integrated forward along the
line of kg,,. For ¢ > 0, ., are integrated backward along the contour of kg, and forward along
two lines that lie above and below that of kg, with a separation greater than |c|/2.

To explain the choice of such contour, we now discuss how the central theorem can be proved

by focusing on the aspects that are unique to the bosonic model.

6.3 Central Theorem

As we did for the fermionic case, we start with the single impurity situation. For both ¢ > 0
and ¢ < 0, the p integral contour can be closed from above. This transforms the integration
into pole contributions at k, — ic/2 for any o that satisfies the condition o <  and P70 > a.
The expressions of the residue here are the same as those in the fermionic case except for the
sign in front of ¢. Thus, there are two types of poles. The one at k, = k,, is only apparent, due
to the same reason as before. The other pole, which takes the form k; = k; —ic with i < 8 < j
and P7i > a > Pilj is a real one. At the same time, it must be true that P;; € P, therefore,
the denominator is canceled by the numerator in CP(k; — k;), leaving only Lieb-Liniger type
of poles defined as k; = k; + ic for i < j and P7'i > P'j. Following the argument in [? ], one
can see that these poles do not contribute to the wavefunction integration.

In the presence of multiple p’s, one should carry our the integration over p1, ..., s repeat-
edly by closing each contour in the upper half plane. Using the same argument as we made
on page 77, one can show that the collection of poles lying above the integral contour of p,, is
unaffected by the product of scattering matrices among u’s, as long as we do the integration
in the aforementioned order. Then each p,, integration results in a collection of poles of the
form k; = k; —ic for i < By, < j and S jfl. At the same time, p,, is related to k; as
tm = k; —ic/2. As no two u’s can be identical in the nested Bethe Ansatz, the p integration
cannot take the residue at the same point. This guarantees that each pole appears at most
once in the denominator. This pole will then be cancelled by the scattering matrices among
k’s. Thus, we still have only Lieb-Liniger type of poles. Further proof of the central theorem in

section ?? can be applied directly to here, and one also gets the same normalization constant.

6.4 Bound states

In the previous section, we have seen that all poles comes from CP (k; —k;). What this indicates
is twofold. First, the k — p strings disappear. Secondly, k strings emerge. That means the

formation of bound states no longer depends on the existence of a magnon. This makes sense
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as Lieb-linger gases bind together with attractive interaction too. Now, there are three types
of strings, k — p pairs, k strings and composites of these two. A composite may be formed if
the k£ in the k — p pairs coexists in the k strings which snaps the two string together. Note,
although the k£ — u string is not a basic type, it may emerge has a composite. For a complete
set of basis, one do needs to include all composite configuration as well as the k — p pair and &
strings. This makes the enumeration more complicated. Physically, this is due to the fact that
bosonic wavefunction are symmetric, thus particles have more overlap in the highly polarized

limit. Therefore, there are more interaction among bosons than fermions.

6.5 Time evolution

This section is devoted to the calculation of time evolution in a two-component boson system.

With the Yudson representation, the time evolved state can be written down easily as

M M

|\I/B(t)> :Z/ dk’/ d‘uefzzi kit+iy, ki(yp—lifaci) H CB(kl *kj) H SB(Nm *,Ufn) H
PR”C ! P eP m<n m=1
TP (i iy PRYTP* (s B, K)0(2)0(y)0()0(8) (6.1)

Both the initial state and the quench process is the same as before. We will discuss the case
with two distinguishable particles by solving the time evolution in terms of the wavefunction
explicitly. We will also work in the large time limit and make the saddle point approximation
to remove the k integrations for N > 2. We want to do a comparison between the quench
dynamics between bosonic and fermionic gases. It turns out that the results we have obtained
in the previous chapter holds for the bosonic problem as well.

For the two distinguishable particles, i.e N = 2, M = 1, this is easy to understand. Since the
statistics only affect the symmetry behaviour among identical particles, thus the time evolved
state is exactly the same as the fermionic counterpart.

For N > 2 and M = 1, however, the bosonic wavefunction developed at a later time
is different from the fermionic case, as one can see from equation (??). But the results of the
density and noise function with only leading order terms in o show no difference. To understand
it, recall the approximation we have made in the calculation of local observables. To extract the
leading order contribution, we put a constraint on the permutation P such that xp,, = xp,

for a dummy variable y,, which is integrated without a J-function. This is due to the fact that

2
1 _ (me_‘;P’m)

y+ic):e 7

/dyefor"yzﬂy(xpm*mp/m)o(
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which is of the order O(e~1¢l%). which we will drop. With this in mind, the leading order terms
in the density calculation come from
(27Ti)(5p7pl Z R(gp- o iC/Q) = (2WC)5P7PI(SPQ’B
(@]

The density then becomes

_ (N—-1)o _:22
po) = S0

The leading order terms in the noise function calculation result from

R(Epa, — ic/2) — icdpas(1+ #9(@ — 0PI — B) + ﬁo(ﬁ — Pi)O(i — o))
. ic 4 ic -
_ ZCCSﬁ,Pi(me(P B —a)f(Pa—pB)+ m&(a — P B)0(B — Pa))

It is easy to see that the resultant correlation function becomes

pL(2)pr(2)
oV 2.2 HP-v PS(kifkj)
— —220°& -1, &(xpi—Tpr;) i€ 0(£)o _ 21 o(E — 2/ /9t
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which is identical to the fermionic equivalent. Like in the fermionic model, ¢(0,0,t) — —1 for

m(—————
z — 2z — 2itc

large time, indicating that the particles develop a trend to avoid overlap with each other for our
chosen initial state. We relate this phenomenon to energy conservation which plays the same

role in both systems.
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Note, dropping higher order terms in ¢ decouples the two measured degree of freedom with
the rest of the system. Making the multi-particle problem(N > 2) equivalent to one with
two distinguishable particles. This is not the case for a system with bound states. In these
states, one of the measured particle binds together with a third particle. Thus, two of the
particles become indistinguishable and statistics plays a big role. We believe that the quench
dynamics will be greatly different from the fermionic counterpart if the bound states contribute

significantly, i.e. in an attractive system with a lot of overlap in the initial state.
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Chapter 7

Conclusion and Outlook

7.1 Conclusion

In this thesis, the Yudson approach has been presented as an eigenstate expansion of a general
state that are well separated in the coordinate space. Among the many advantages listed in
chapter 3, the most prominent one relates to compacting all contributing states into a contour
integral. And the contour integration by itself takes cares of the weight of each states. Moreover,
the Yudson representation includes every states, even those that are not accessible by a Bethe
Ansatz solution.!. This is achieved by integrating the spin rapidities from —oo to .

In general, there is no guideline how to choose a contour, and it varies from model to
model [? ? ]. One needs to take a guess and check if the central theorem holds, like what we
did in chapter 4.1 and 5.1. When the contour is determined, the time evolution of the state is
solved in principle.

Unlike many approaches designed for integrable models, say the quench action and ABACUS,
the Yudson representation does not depend on the String hypothesis. In fact, the Yudson
representation with a properly chosen contour can in turn check the validity of the String
hypothesis. As shown in chapter 5.2, shifting all contours to the real axis separates free states
and various bound states apart. This provides us with a complete basis in the Hilbert space
that is greater than long believed.

In chapter 4, 5 and 6, we demonstrate how the Yusdon approach can be applied to the quench
dynamics of the Lieb-Liniger gas, Gaudin-Yang gas and bosonic Gaudin-Yang gas respectively.
In the three cases, we obtained the exact wavefunction for two-particle scenario and asymptotic
limit of the wavefunction for many bosons and many fermions(bosons) with one impurity. We
observed that, although the noise function near the origin behaves differently for different type
of interaction shortly after the quench, they soon approach —1 which means no overlap between

any two particles. We claim that the reason is related to the initial state and energy conservation.

1Recall that Bethe Ansatz eigenstates are highest weight state
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The three examples considered here would contribute to the understanding the nonequilibrium

dynamics.

7.2 Future Work

In this thesis, we have not studied multi-impurity Gaudin-Yang model. Although the scattering
among spin waves makes the calculation more complicated, it is solvable with the Yudson
approach. It would be interesting to see how the nonequilibrium dynamics be affected by longer
string solutions, which are not predicted by the String hypothesis.

Another interesting direction is changing the initial into one with significant overlap. The
Yudson representation works well with such initial condition, as long as we split the initial
condition into sections with different orderings. Practically, it leads to a series of Heaviside
theta function that brings enormous complications to the integration. However, the problem
worth all the efforts as it results in greater effect from the bound states and leads to richer
physics, as particles are allowed to overlap and the contact interaction plays a more prominent
role.

Aside from these, how Yudson approach can be modified for finite size system is an important
question, as already discussed in [? | by Garry Goldstein. So far Goldstein-Yudson approach
has been applied to quench dynamics of Lieb-Liniger gas in the thermodynamic limit. The
application of the Goldstein-Yudson approach to other nonequilibrium problems with integrable
Hamiltonian is a intriguing direction.

Moreover, a promising direction would be incorporating form factor into the Yudson ap-

proach. With the Yudson approach, time evolution of the local observable equals

(O@t) = /C dk /C dp (E|O[p) (k) (p|po)e~*EF ~E@)

As the structure of the Yudson state is very simple, most of the complication comes from
(K|O|p), which is called the form factor. This object has been intensely studied [? ? ? ], and
many results are available. However, these results are either too complicated or suffer from
divergence problems when the some parameters in |k) and |p) are the same. Moreover, how the
form factor results applies to systems with complex parameters are not clear. Such form factors
free one from evaluating high dimensional integrals of spatial coordinates, which we have to
make approximation about.

Last but not least, it is desirable if one could work out the k and g integrations without

exploiting the saddle point approximation. If one changes the variable to include the imaginary
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part of the contour, the Yusdon representation is nothing but a real integration. And one no

longer needs to include different bound state contribution separately.
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