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ABSTRACT OF THE DISSERTATION

Counting and Discounting Slowly Oscillating Periodic

Solutions to Wright’s Equation

By JONATHAN CALEB JAQUETTE

Dissertation Director: Konstantin Mischaikow

A classical example of a nonlinear delay differential equations is Wright’s equation:
y'(t) = —ay(t — 1)[1 + y(t)], considering o > 0 and y(¢) > —1. This thesis proves two

conjectures associated with this equation: Wright’s conjecture, which states that the

™

origin is the global attractor for all a € (0, §]; and Jones’ conjecture, which states that

there is a unique slowly oscillating periodic solution for a > 7. Moreover, we prove
there are no isolas of periodic solutions to Wright’s equation; all periodic orbits arise
from Hopf bifurcations.

To prove Wright’s conjecture our approach relies on a careful investigation of the
neighborhood of the Hopf bifurcation occurring at o = 7. Using a rigorous numerical
integrator we characterize slowly oscillating periodic solutions and calculate their sta-
bility, proving Jones’ conjecture for o € [1.9,6.0] and thereby all « > 1.9. We complete

the proof of Jones conjecture using global optimization methods, extended to treat

infinite dimensional problems.
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Chapter 1

Introduction

1.1 Background

In many biological and physical systems the dependency of future states relies not only
on the present situation, but on a broader history of the system. For simplicity, math-
ematical models often ignore the causal influence of all but the present state. However,
in a wide variety of applications delayed feedback loops play an inextricable role in
the qualitative dynamics of a system [KM13]. These phenomena can be modeled using
delay and integro-differential equations, the theory of which has developed significantly
over the past 60 years [Hal06]. An often studied class of delay differential equations are

negative feedback systems of the form:

'(t) = —af(z(t — 1)) (1.1)

where xf(z) > 0 for x # 0 and f'(0) > 0. One particularly well studied example of
(1.1)) is when f(x) = e* — 1, better known as Wright’s equation, which after making

the change of variables y = ¢ — 1 can be written in the following form:
y'(t) = —ay(t —1)[1+y(t)]. (1.2)

Here « is considered to be both real and positive. This equation has been a central
example considered in the development of much of the theory of functional differential

equations. We cite some basic properties of its global dynamics [Wri55|:

e Corresponding to every y € C%([—1,0]), there is a unique solution of (1.2)) for all

t>0.

e Wright’s equation has two equilibria y = —1 and y = 0. Moreover, solutions



cannot cross —1. Any solution with y(tgp) = —1 (for some ¢y > 0) is identically

equal to —1 for ¢t > 0.

e When y(0) < —1 then the solution decreases monotonically (for ¢ > 1) without
bound.

e When y(0) > —1 then y(t) is globally bounded as ¢t — +oc0.

Henceforth we restrict our attention to y(¢) > —1. In Wright’s seminal 1955 paper
[Wri55], he showed that if o < %, then any solution having y(t) > —1 is attracted to
0 as t — +oo. Wright suggested that y = 0 could be the global attractor for a larger
range of a. The natural upper limit for this range is a = 7, where the equilibrium
y = 0 changes from asymptotically stable to unstable, a claim which has come to be

known as Wright’s conjecture:

Conjecture 1.1.1 (Wright’s Conjecture). For every 0 < a < 7, the zero solution

to (1.2)) is globally attractive.

For a > 7, Wright proved the existence of oscillatory solutions to ([1.2)) which do
not tend towards 0, and whose zeros are spaced at distances greater than the delay.

Such a periodic solution is said to be slowly oscillating, and formally defined as follows:

Definition 1.1.2. A slowly oscillating periodic solution (SOPS) is a periodic solution
y(t) which up to a time translation satisfies the following property: there exists some
q,G > 1 and L = q+ q such that y(t) > 0 fort € (0,q), y(t) <0 fort € (—q,0), and

y(t+ L) = y(t) for all t, so that L is the minimal period of y(t).

In Jones’ 1962 paper [Jon62a| he proved that for o > 7 there exists a slowly oscil-
lating periodic solution to (1.2)). Based on numerical calculations [Jon62b| Jones made

the following conjecture:

Conjecture 1.1.3 (Jones’ Conjecture). For every a > 3 there exists a unique (up to

time translation) slowly oscillating periodic solution to (|1.2]).

In this thesis we complete the proofs of both of these conjectures, contributing a
capstone to many decades of mathematical work studying Wright’s equation. For fur-

ther details, we refer the reader to [Hal71, Wall4] and the references contained therein.
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Figure 1.1: A bifurcation diagram for periodic solutions to Wright’s equation. There
are no folds in the principal branch of slowly oscillating periodic solutions (solid curve).
While there may be folds in the branches of rapidly oscillating periodic solutions (dotted
curves), it is conjectured that this does not occur. There are no other connected
components of periodic solutions (not displayed).

To briefly review, a principal branch of slowly oscillating periodic orbits is born at
a = T and continues on for all o > T [Nus75]. Moreover, Wright’s equation has su-
percritical Hopf bifurcations at o = § + 2n7 for integers n > 0, with slowly oscillating
periodic orbits arising when n = 0, and rapidly oscillating periodic orbits arising when
n > 1 (see Figure [CMP77]. Since a Poincaré-Bendixson type theorem applies to
Wright’s equation, any initial condition will limit to the zero-equilibrium or a periodic
orbit [MPS96]. The rest of the global attractor is built from connecting orbits. To-
gether with the parameter «, the collection of periodic orbits forms a 2-dimensional

manifold [Reg89]. A two-part geometric version of Jones’ conjecture was proposed

in |Les10]:
(i) the principal branch of SOPS does not fold back on itself, and
(ii) there are no other connected components (isolas) of SOPS.

If Conjectures and were false, then the solid black curve representing SOPS
in Figure|l.1]instead could have exhibited all sorts of wild behavior as depicted in Figure
The papers [Wrib5,[BCKN14, Les10,|Xie91] rule out these types of bad behavior



depicted in the blue short-dashed lines in Figure
Computer-assisted proofs using interval arithmetic [MKC09] have proved to provide

powerful tools for studying Wright’s equation [Les10BCKN14], and nonlinear dynamics

more generally (e.g. see [Rum10},Tucl1[KSW96|). By applying and building upon these

tools this thesis fills in the missing pieces, depicted in the red long-dashed lines in Figure

needed to prove Conjecture and Conjecture [1.1.3

[Jaq18] [JLM17] [Xie91]
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Figure 1.2: Ways the Wright’s conjecture or the Jones’ conjecture could have failed,
and the papers which show these failures do not occur.

1.2 Thesis Outline

1.2.1 Hopf Bifurcation Analysis

To prove Conjecture [1.1.1] it sufficies to rule out existence of SOPS, as shown in

[BCKN14] by the following theorem:

Theorem 1.2.1 (Theorem 3.1 in [BCKN14]). The zero solution of (1.2) is globally

attracting if and only if (1.2) has no slowly oscillating periodic solution.



By using a branch and bound method and rigorous numerical integration, [BCKN14]
shows that no SOPS exist for o € [1.5,% — 61] where §; = 1.9633 x 10™%, and that any
SOPS for which a € [§ — 01, 5| would have a small amplitude. However, for every order
of magnitude they approached the Hopf bifurcation at o = 7 their computation time
increased by three orders of magnitude. “In other words,” to quote from [BCKN14|,
“substantial improvement of the theoretical part of the present proof is needed to prove
Wright’s conjecture fully.”

Hopf bifurcations are canonically analyzed with the method of normal forms, which
transforms a given equation into a simpler expression having the same qualitative be-
havior as the original equation [Far06]. By an implicit-function-theorem type argument,
this transformation is valid in some neighborhood of the bifurcation. However, the proof
does not offer any insight into the size of this neighborhood.

In Chapter [2| we develop an explicit description of a neighborhood wherein the only
periodic solutions are those originating from the Hopf bifurcation, basing our analysis
around the normal forms derived in [CMP77,HKW81|. The main result of this analysis
is the resolution of Wright’s conjecture (see Theorem . Furthermore, we show in
Theorem that the branch of slowly oscillating periodic orbits originating from this
Hopf bifurcation does not have any subsequent bifurcations (and in particular no folds)
for @ € (Z,7 + 65] where 63 = 6.830 x 10~3. The proofs of many technical estimates

272

used in Chapter [2| are postponed until Chapter

1.2.2 Computationally Characterizing SOPS and their Stability

In [Xie91}|Xie93], Xie showed that there is a unique SOPS to Wright’s equation for
a > 5.67. He accomplished this by first showing that there is a unique SOPS to (1.2))
if and only if every SOPS is asymptotically stable. By using asymptotic estimates of
SOPS for large « (see [Nus82|) Xie was able to estimate their Floquet multipliers, and
prove that all SOPS had to be stable. However, at & = 5.67 these asymptotic estimates
break down.

In Chapter [, we essentially replace the asymptotic estimates in this argument with

rigorous numerics, proving the following theorem:



Theorem 1.2.2. There exists a unique SOPS to Wright’s equation for a € [1.9,6.0].

As in [BCKN14], we use bounding functions X (¢) = [¢(t), u(t)] to characterize all SOPS
to . Using a priori estimates, we construct for a given parameter range [amm, am,w]
an initial “fat” bounding function. This bounding function is constructed so that if x
is a SOPS at parameter o € [min, ¥maz) then z(t) € X(t). We use a branch and
bound algorithm to develop tight bounds on all the SOPS to Wright’s equation. When
the branch and bound algorithm has finished, the end result is a finite collection of
relatively “thin” bounding functions.

On this collection of “thin” bounding functions, we bound the Floquet multipliers
of all possible SOPS by solving an eigenvalue problem, again using a formulation intro-
duced in [Xie91]. Using these two main steps, we prove for a € [1.9,6.0] that all SOPS
to Wright’s equation are asymptotically stable, and thereby unique. At this point we

are able to show that for all @ > 7 there are no folds in the principal branch of SOPS

(see Corollary [4.6.1)).

1.2.3 Ruling out Isolas

In [Les10] it is shown that there are no folds in the principal branch of periodic orbits
for o € [5 + 85,2.3] where §3 = 7.3165 x 10~%. However this does not rule out the
possibility of SOPS far away from the principal branch. We address this in Chapter [5]

where we prove the following theorem:
Theorem 1.2.3. There exists a unique SOPS to Wright’s equation for oo € (5, 1.9].

As in Chapter [2, we recast the problem of studying periodic solutions to as
the problem of finding zeros of a functional defined on a space of Fourier coefficients.
To obtain a priori bounds, we translate the bounding functions produced by Chapter [4]
into estimates on the Fourier coefficients of a SOPS to . We then use a branch and
bound method to find all of the SOPS in this space of Fourier coefficients. The primary
technique we use to determine whether a region contains a SOPS is the Krawczyk
method. This numerical method is commonly used to rigorously find all of the zeros

in finite dimensional systems of nonlinear equations |[Neu90|, and more recently infinite



dimensional systems |[GZ07]. Our branch and bound algorithm produces a collection of
“cubes” in Fourier space which contains all SOPS to Wright’s equation for o € (5, 1.9],
and moreover these SOPS are unique with respect to « (see Figure . Together with
Theorem and [Xie91], this proves the Jones’ conjecture:

Theorem 1.2.4. For every a > 7§ there exists a unique (up to time translation) slowly

oscillating periodic solution to (|1.2)).

1.2.4 A look forward

Beyond just the slowly oscillating periodic solutions, Theorem allows us to deduce
that there are no isolas of rapidly oscillating periodic solutions. Since the nonlinearity
in depends only on z(t— 1), in fact any periodic orbit is either a SOPS or rescaling
thereof. This rescaling between slowly and rapidly oscillating periodic solutions is given
in terms of a solution’s lap number [MP88] and its period, as detailed in the following

theorem:

Theorem 1.2.5. Let x¢ be a periodic solution to (1.1 at parameter agy with period Lg
and lap number N. Then there exists a SOPS x1(t) = xo(rt) to (1.1)) at parameter

a1 =rog wherer =1 — %Lo.

Thus, every periodic orbit is on a branch originating from one of the Hopf bifurca-
tions at a = § + 2nm. That is to say, there are no isolas of rapidly oscillating periodic
solutions. However, this is not sufficient to show there are no folds in the branches
of rapidly oscillating periodic solutions. The proof for Theorem [1.2.5] is presented in

Chapter [6] and future directions are discussed.



Chapter 2

Hopf Bifurcation Analysis

2.1 Preliminaries

Many normal form techniques for functional differential equations have been developed
to transform a given equation into a simpler expression having the same qualitative
behavior as the original equation (see [Far06| and references contained therein). While
this transformation is valid in some neighborhood about the bifurcation point, such
results usually do not describe the size of this neighborhood explicitly. In this chapter
we develop an explicit description of a neighborhood wherein the only periodic solutions
are those originating from the Hopf bifurcation. The main result of this analysis is the

resolution of Wright’s conjecture.
Theorem 2.1.1. For every 0 < a < T, the zero solution to (1.2)) is globally attractive.

By the work in [BCKN14|, to prove Wright’s conjecture it is sufficient to show that
there do not exist any slowly oscillating periodic solutions for a € [§ — d2, 5], where
8y = 1.9633 x 10~%. Indeed, we construct an explicit neighborhood about o = 5 for
which the bifurcation branch of periodic orbits are the only periodic orbits. Then we
show that throughout this entire neighborhood the solution branch behaves as expected
from a supercritical bifurcation branch, i.e., it does not bend back into the parameter
region o < 7.

Rather than trying to resolve all small bounded solutions near the bifurcation point
through a center manifold analysis, we focus on periodic orbits only. In particular, we
ignore orbits that connect the trivial state to the periodic states, since those are not
relevant for our analysis. The advantage is that, by restricting our attention to periodic

solution, we can perform our analysis in Fourier space. We first note that all periodic



solutions are smooth, as was established in [Wri55] and more generally in [NusT73].
Lemma 2.1.2 ( [Nus73]). All periodic solutions of (1.2)) are real analytic.

For a periodic function y : R — R with frequency w > 0 we write

y(t) = ape™™, (2.1)

keZ

where a;, € C. This transforms the delay equation (1.2)) into

(iwk + ae”™“Fay + Z e Ry ap, =0 for all k € Z. (2.2)
ki1+ko=k

In effect, the problem of finding periodic solutions to Wright’s equation can be refor-
mulated as finding a parameter «, a frequency w, and a sequence {ay} for which
is satisfied. In Section we define an appropriate sequence space to work in, and
define a zero finding problem Fi(«,w,c) = 0 equivalent to . The auxiliary variable
€, which represents the dominant Fourier mode, corresponds to the rescaling y +— ey
canonical to the study of Hopf bifurcations.

In Section we construct a Newton-like operator T, whose fixed points correspond
to the zeros of F¢(a,w,c). By applying a Newton-Kantorovich like theorem, we identify
explicit neighborhoods B, wherein T; : B — B, is a uniform contraction mapping. By
the nature of our argument, we have the freedom to construct both large and small
balls B, on which we may apply the Banach fixed point theorem. Using smaller balls
will produce tighter approximations of the periodic solutions, while using larger balls
will produce a larger region within which the periodic solution is unique.

These results are leveraged in Section to derive global results such as the resolu-
tion of Conjecture [1.1.1] as well as Theorem [2.3.8| which shows that there do not exist
any subsequent bifurcations in the principal branch for § < a < §+6.830x 103, While
we prove in Proposition that for 0 < € < 0.1 there is a locally unique (de, @, ¢)
which solves F¢ (., @, ¢) = 0, this is not sufficient. To show that the branch of periodic
solutions does not have any subsequent bifurcations, we prove that &, is monotonically
increasing in €. Since %de R~ %(%’T —1), in order to have any hope of proving %@6 >0,

it is imperative that we derive an O(e?) approximation of %de, an approach we take

from the beginning of our analysis.



10

For the remainder of this section we systematically recast the Hopf bifurcation
problem in Fourier space. We introduce appropriate scalings, sequence spaces of Fourier
coefficients and convenient operators on these spaces. To study Equation we
consider Fourier sequences {ay} and fix a Banach space in which these sequences reside.
It is indispensable for our analysis that this space have an algebraic structure. The
Wiener algebra of absolutely summable Fourier series is a natural candidate, which
we use with minor modifications. In numerical applications, weighted sequence spaces
with algebraic and geometric decay have been used to great effect to study periodic
solutions which are C* and analytic, respectively [Les10,HLMJ16]. Although it follows
from Lemma that the Fourier coefficients of any solution decay exponentially, we
choose to work in a space of less regularity. The reason is that by working in a space

with less regularity, we are better able to connect our results with the global estimates

in [BCKN14], see Theorem [2.3.11

Remark 2.1.3. There is considerable redundancy in Equation . First, since we
are considering real-valued solutions y, we assume a_j is the complex conjugate of ay.
This symmetry implies it suffices to consider Equation for k> 0. Second, we may
effectively ignore the zeroth Fourier coefficient of any periodic solution [Jon62af, since
it is necessarily equal to 0. The self contained argument is as follows. As mentioned in
the introduction, any periodic solution to Wright’s equation must satisfy y(t) > —1 for

all t. By dividing Equation (1.2)) by (14 y(t)), which never vanishes, we obtain

L log(1 + (1) = —ay(t ~ 1)

Integrating over one period L we derive the condition 0 = fOL y(t)dt. Hence ag = 0 for

any periodic solution. It will be shown in Theorem[2.1.7) that a related argument implies
that we do not need to consider Equation (2.2) for k = 0.

We define the spaces of absolutely summable Fourier series

0= {apbrer 0> lar] < oo p

k>1

by = {{ak}kez : Z lax| < oo} )

kEZ
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We identify any semi-infinite sequence {aj}r>1 € ¢' with the bi-infinite sequence

{a}rez € £}, via the conventions (see Remark [2.1.3))
ap =0 and a_p = ay, (2.3)

where a; denotes the complex conjugate of aj. In other words, we identify ¢! with the
set
O =f{a €l ia0=0, a_, =a}}.

sym

On ¢! we introduce the norm

o0
lall = llaller := 2 Jasl. (2.4)
k=1

The factor 2 in this norm is chosen to have a Banach algebra estimate. Indeed, for

a,a € (= Qym we define the discrete convolution

laxal, = E Ay Ay -
ki1,k2€Z
ki1+ko=k

Although [a * d]o does not necessarily vanish, we have {a * a};>1 € £ and
llaxal <|all-a for all a,a € £1,

hence ¢! with norm (2.4) is a Banach algebra.

By Lemma it is clear that any periodic solution of has a well-defined
Fourier series a € Eéi. The next theorem shows that in order to study periodic orbits
to Wright’s equation we only need to study Equation for £ > 1. For convenience
we introduce the notation

G(a,w,a)r = (iwk + oze_i“’k)ak +a Z e_mklct;clczk2 for k € N.
k1,ko€Z
k1+ko=k
We note that we may interpret the trivial solution y(t) = 0 as a periodic solution of

arbitrary period.

Theorem 2.1.4. Let a >0 andw > 0. Ifa € (* = E;ym solves G(a,w, a)r =0 for all
k > 1, then y(t) given by (2.1) is a periodic solution of (1.2) with period 27 /w. Vice
versa, if y(t) is a periodic solution of (1.2|) with period 27 /w then its Fourier coefficients

a € 0} lie in €L, =2 0" and solve G(a,w,a)r, =0 for all k > 1.

sym
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Proof. 1f y(t) is a periodic solution of then it is real analytic by Lemma
hence its Fourier series a is well-defined and a € Eslym by Remark Plugging the
Fourier series into one easily derives that a solves for all £ > 1.

To prove the reverse implication, assume that a € E;ym solves Equation for all
k > 1. Since a_; = ar, Equation is also satisfied for all £k < —1. It follows from
the Banach algebra property and that {kay }rez € Z%)i. Hence y, given by , is
continuously differentiable and 27 /w-periodic. Since is satisfied for all k € Z\ {0}
(but not necessarily for £k = 0) one may perform the inverse Fourier transform on (2.2))

to conclude that y satisfies the delay equation
y'(t) = —ay(t =D +yt)]+C (2.5)

for some constant C' € R. Finally, to prove that C' = 0 we argue by contradiction.
Suppose C # 0. Then y(t) # —1 for all t. Namely, at any point where y(tg) = —1 one
would have y/(tp) = C which has fixed sign, hence it would follow that y is not periodic
(y would not be able to cross —1 in the opposite direction, preventing y from being

periodic). We may thus divide (2.5)) through by 1 + y(¢) and obtain

+_C
L+y(t)

By integrating both sides of the equation over one period L and by using that ag = 0,

L
0/ b o
o 1+uy(t)

Since the integrand is either strictly negative or strictly positive, this implies that C' = 0.

d
7 108 1 +y(t)| = —ay(t —1)

we obtain

Hence ([2.5) reduces to (1.2)), and y satisfies Wright’s equation. O

To efficiently study Equation (2.2)), we introduce the following linear operators on
A%
[Kay, :== k™ tay,
[Upaly := e ™ ay,. (2.6)
The map K is a compact operator, and it has a densely defined inverse K—!. The

domain of K~ is denoted by

(K ={act:Klaecr}.



13

The map U, is a unitary operator, but it is discontinuous in w. Furthermore, we note
that also defines U,, as a linear operator on ¢, and since [Uyalf = [Uya]_y if
aj = a_yj this is compatible with the earlier identification of ¢' as a subspace of Ell)i
through . With this notation, Theorem implies that our problem of finding
a SOPS to is equivalent to finding an a € ¢! such that

G(a,w,a) = (iwK ' +al,) a+aUya]*a=0. (2.7)

In the convolution product both a and U,a are interpreted as elements of E%)i.

Periodic solutions are invariant under time translation: if y(¢) solves Wright’s equa-
tion, then so does y(t + 7) for any 7 € R. We remove this degeneracy by adding a
phase condition. For a periodic function y(t) as given in , the Fourier coefficients
of y(t + 7) are given as {ape™*7}pcz. Hence, without loss of generality, if a € ¢!
solves Equation for nonvanishing w, we may assume that a; = € for some real
non-negative e:

b={act:a =€} where € € R, e > 0.

In the rest of our analysis, we will split elements a € ¢! into two parts: a; and {ar}i>2.

We define the basis elements e; € M for j=1,2,... as

1 ifk=j,
lej]k =
0 ifk#j.
We note that |le;|| = 2. Then we can decompose any a € ¢! uniquely as
a=cey+¢é  with el :={¢elt:é =0} (2.8)

We follow the classical approach in studying Hopf bifurcations and consider a; = € to
be a parameter, and then find periodic solutions with Fourier modes in ¢!. We thus
substitute (2.8) into (2.7) and replace the function G : R? x ¢& — ¢! by a function

F.:R? x Eé( — ¢!, where we denote

K =i nek.
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Definition 2.1.5. We define the e-parameterized family of functions F,. : R? x 5 -t

by
Folo,w, ) := eliw+ae”®)e; + (iwK 4 al,)é+ ae ey + aeLy e+ alU,e] # &, (2.9)
where Ly, : 0§ — ' is given by
Ly =0 (e ™I +U,)+o (“I+U,),
with I the identity and o* the shift operators on (*:

l07a], = apy1,

[a+a]k = ap_q with the convention ag = 0.
The operator Ly, is discontinuous in w and || L| < 4.

We reformulate Theorem in terms of the map F. We note that it follows from
Lemma and Equation (2.2) that the Fourier coefficients of any periodic solution

of (1.2) lie in #X. These observations are summarized in the following theorem.

Theorem 2.1.6. Lete >0, ¢ € Ké(, a>0andw>0. Definey: R — R as
. . o . .
y(t) =e (e +e7™") + Z e Rty g eIkt (2.10)
k=2
Then y(t) solves (1.2)) if and only if F.(c,w, &) = 0. Furthermore, up to time translation,

any periodic solution of (1.2) with period 2w /w is described by a Fourier series of the
form (2.10) with e >0 and & € (K.

Since we want to analyze a Hopf bifurcation, we will want to solve F. =0 for small
values of e. However, at the bifurcation point, DFo(g, 5,0) is not invertible. In order
for our asymptotic analysis to be non-degenerate, we work with a rescaled version of
the problem. To this end, for any € > 0, we rescale both ¢ and F as follows. Let ¢ = ec
and

Fo,w,ec) = eF(a,w,c). (2.11)

For € > 0 the problem then reduces to finding zeros of

F.a,w,c) := [iwt+ae®e; + (iwK ' +al,)c+eae™“eq +aeL e+ aelUyc) xc. (2.12)
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We denote the triple (o, w,c) € R? x 6(1) by x. To pinpoint the components of x we use

the projection operators
Tl = O, Tol =W, Tl =2C for any z = (a,w, ¢).

After the change of variables we now have an invertible Jacobian DFy(7, 5,0)
at the bifurcation point. On the other hand, for ¢ = 0 the zero finding problems for
F,. and F. are not equivalent. However, it follows from the following lemma that any
nontrivial periodic solution having ¢ = 0 must have a relatively large size when a and

w are close to the bifurcation point.

Lemma 2.1.7. Fize >0 and a,w > 0. Let

Assume that b, > \/2e. Define

2 = b, £ /(b))% — 2¢€2. (2.13)

If there exists a ¢ € 0} such that ﬁ}(a,w, ¢) =0, then both:
(a) either ||¢|| < z; or ||| > zt.

(b) [ E~1ell < (2€% + [1€]]%) /..

Proof. The proof follows from Lemmas [3.5.3] and [3.5.4] in Section combined with

the observation that ¢ — > b,, with 7 as defined in Lemma [3.5.3] O

Remark 2.1.8. We note that for a < 2w and for small €, then:

2 _
g 0 (43424 2w - 31) +O),
(6%

z; < O(é2).

Hence Lemma implies that for values of (o,w) near (3, 5) any solution has either
lé|| of order 1 or ||&|] = O(e2). The asymptotically small term bounding z; is explic-
itly calculated in Lemma [3.5.5 A related consequence is that for e = 0 there are no

nontrivial solutions of Fo(a,w,é) = 0 with ||¢|| < oo
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Remark 2.1.9. In Section we will work on subsets of L& of the form
6= {ce K] < p).

Part (b) of Lemma will be used in Sectz’on to guarantee that we are not missing
any solutions by considering £, (for some specific choice of p) rather than the full space
Eé{. In particular, we infer from Remark that small solutions (meaning roughly

that ||¢]| — 0 as € — 0) satisfy |K~1¢|| = O(e?).

The following theorem guarantees that near the bifurcation point the problem of
finding all periodic solutions is equivalent to considering the rescaled problem F, (o, w,c) =

0.

Theorem 2.1.10. (a) Let ¢ >0, c € €5, a >0 and w > 0. Definey : R — R as
. . s . .
y(t) =€ (™ +e™) + e cpe™H 4 che M, (2.14)
k=2
Then y(t) solves (1.2) if and only if Fe(a,w,c) = 0.
(b) Let y(t) # 0 be a periodic solution of (1.2)) of period 27 /w with Fourier coefficients

2w—a
«

a. Suppose a < 2w and |lal| < . Then, up to time translation, y(t) is described by

a Fourier series of the form (2.14) with € > 0 and c € £{.

Proof. Part (a) follows directly from Theorem and the change of variables (2.11]).
To prove part (b) we need to exclude the possibility that there is a nontrivial solution
with € = 0. The asserted bound on the ratio of @ and w guarantees, by Lemma [2.1.

(see also Remark [2.1.8)), that indeed ¢ > 0 for any nontrivial solution. O

We note that in practice (see Section [2.3]) a bound on ||a|| is derived from a bound

on y or 3 using Parseval’s identity.

Remark 2.1.11. It follows from Theorem and Remark that for values
of (a,w) near (3,%) any reasonably bounded solution satisfies ||c|| = O(e) as well as
| K~ te|| = O(e) asymptotically (as ¢ — 0). These bounds will be made explicit (and

non-asymptotic) for specific choices of the parameters in Section .
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We finish this section by defining a curve of approximate zeros z. of F, (see [CMP77,
HKWSIJ).

Definition 2.1.12. Let

B 2
=5+ 5(F 1)
B 2
We'=5—%

Ce 1= (%) €ey.
We define the approximate solution ZT. := (¢, we, C) for all € > 0.

We leave it to the reader to verify that both Fi(%, Z,¢) = O(€?) and F.(z,) = O(€?).
We choose to use the more accurate approximation for the o and w components to

improve our final quantitative results.

2.2 Local results

2.2.1 Constructing a Newton-like operator

In this section and in the appendices we often suppress the subscript in F' = F,. We will
find solutions to the equation F'(«,w,c) =0 by constructing a Newton-like operator T'
such that fixed points of T corresponds precisely to zeros of F'. In order to construct
the map T we need an operator A" which is an approximate inverse of DF (Z.). We will
use an approximation A of DF(Z.) that is linear in € and correct up to O(€?). Likewise,
we define AT to be linear in € (and again correct up to O(e?)).

It will be convenient to use the usual identification ic : R? — C given by ic(z,y) =

x + 1y. We also use wq 1= /2.

Definition 2.2.1. We introduce the linear maps A : R2x £l — % and At : 01 — R2x (K

by

A:= Ay + €A,

At = AT — eAgt AL AT,
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where the linear maps Ag, A1 : R? x E{f — 1 are defined below. Writing x = (o, w, ¢),

we set
) o
Aoz = Ap(ao,w, ) :=icAo e1 + Ao «c,
w
. «@
Az = Al(a,w, C) = Z(CALZ ey + AL*C.
w

Here the matrices Ap,1 and Ay2 are given by

0 —
Ao = and Ao =
-1 1

wola

! , (2.15)
S|4 202+

and the linear maps Ag . : 05 — 0§ and Ay . : 0I5 — (% are given by
Ap = Z(GK ' +Uy)  and  Ary:i=ZLg,.

Since K and U,, both act as diagonal operators, the inverse Aa i : Eé — 65( of Ao«

is given by
2 af
ATl =
( 07*a)k ik 4+ e—ikwo

for all £ > 2.
An explicit computation, which we leave to the reader, shows that these approximations
are indeed correct up to O(e2). In particular, At = [DF(z.)] ' +O(e?). In Appendix

several additional properties of these operators are derived. The most important one

is the following.

5

Proposition 2.2.2. For 0 <e < 410 ~ 0.790 the operator At is injective.

Proof. In order to show that A' is injective we show that it has a left inverse. Note
that AAT =T —€?(A;A;1)%. By Proposition it follows that [|A; A5 < 2—@. By
choosing € < @ we obtain [e?(A14,1)?|| < 1, whereby AAT is invertible, and so At is

injective. [
Definition 2.2.3. We define the operator T : R? x (K — R? x ¢ by
T(z):=z— ATF(2),

where F is defined in Equation [2.12) and AY in Definition|2.2.1, We note that F, At

and T depend on the parameter € > 0, although we suppress this in the notation.
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2.2.2 Explicit contraction bounds

The map 7T is not continuous on all of R? x Ké( , since U,c is not continuous in w.
While continuity is “recovered” for terms of the form ATU,ec, this is not the case for
the nonlinear part —aeAt[U,c] * c. We overcome this difficulty by fixing some p > 0

and restricting the domain of T' to sets of the form
REZx {cetf : |K ]| <p} =R x{,.

Since we wish to center the domain of T" about the approximate solution Z., we intro-
duce the following definition, which uses a triple of radii r € ]R:j’r, for which it will be

convenient to use two different notations:

r= (Ta7TUJaTC) = (T1’T2u'r3)-

Definition 2.2.4. Fiz r € R:i and p > 0 and let T = (Qc,We, Cc) be as defined in
Definition[2.1.14. We define the p-ball B(r, p) C R? x £} of radius r centered at T, to

be the set of points satisfying

oo — ae| < rg
lw—@e| <1y
”0_56” <re

1K el < p.

We want to show that T is a contraction map on some p-ball B(r,p) C R? x £}
using a Newton-Kantorovich argument. This will require us to develop a bound on DT
using some norm on R? x E(l). Unfortunately there is no natural choice of norm on the
product space X := R? x E(l). Furthermore, it will not become apparent if one norm is
better than another until after significant calculation. For this reason, we use a notion
of an “upper bound” which allows us to delay our choice of norm. We first introduce

the operator ( : X — sz’r which consists of the norms of the three components:

((2) = (|mam|, |Tw], |Tez])T € RY for any =z € X.
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Definition 2.2.5 (upper bound). We call T € R3 an upper bound on z if {(z) < 7,
where the inequality is interpreted componentwise in R3. Let X' be a subspace of X and
let X" be a subset of X'. An upper bound on a linear operator A’ : X' — X over X" is

a 3 x 3 matriz A’ € Mat(R3,R3) such that
C(A'z) < A7 - ((x) for any x € X",

where the inequality is again interpreted componentwise in R3. The notion of upper
bound conveniently encapsulates bounds on the different components of the operator A’

on the product space X. Clearly the components of the matriz A’ are nonnegative.

For example, in Proposition we calculate an upper bound on the map A, LA
As for the domain of definition of 7', in practice we use X’ = R? x £§ and X" =
R? x ,. The subset X” does not always affect the upper bound calculation (such as
in Proposition . However, operators such as U, — U,, have upper bounds which
contain p-terms (see for example Proposition .

Using this terminology, we state a “radii polynomial” theorem, which allows us to
check whether T is a contraction map. This technique has been used frequently in
a computer-assisted setting in the past decade. Early application include [DLMO7,
vdBLO§|, while a previous implementation in the context of Wright’s delay equation
can be found in [Lesl0]. Although we use radii polynomials as well, our approach
differs significantly from the computer-assisted setting mentioned above. While we do
engage a computer (namely the Mathematica file [vdBJ|) to optimize our quantitative
results, the analysis is performed essentially in terms of pencil-and-paper mathematics
(in particular, our operators do not involve any floating point numbers). In our current
setup we employ three radii as a priori unknown variables, which builds on an idea
introduced in [vdB16|. We note that in most of the papers mentioned above the notation
of A and A' is reversed compared to the current paper.

As preparation, the following lemma (of which the proof can be found in Ap-
pendix provides an explicit choice for p, as a function of € and r, for which we

have proper control on the image of B¢(r, p) under 7.
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Lemma 2.2.6. For any e >0 andr € R, let C = C(e,r) be given by Equation (3.11).
If C(e,r) > 0 then

|Kt7n.T(2)|| <p whenever x € Be(r,p) and p > C(e, 7). (2.16)
Moreover, C(e,r) is nondecreasing in € and r.

Proof. See Proposition [3.2.4] O

Theorem 2.2.7. Let 0 < € < @ and fix v = (Ta,7w,7c) € RL. Fiz p > 0 such
that p > C(e,r), as given by Lemma . Suppose that Y (€) is an upper bound on
T(Zc) — e and Z(e,r, p) a (uniform) upper bound on DT (x) for all x € Be(r, p). Define

the radii polynomials P : Ri — R3 by
P(E,’I",,O) = Y(G) - [I_Z(E’T’p)] T (217)

If each component of P(e,r, p) is negative, then there is a unique &e € Bc(r, p) such that

F(i) = 0.

Proof. Let r € R3 be a triple such that P(e,r, p) < 0. By Proposition if e < @
then AT is injective. Hence & is a fixed point of 7' if and only if F(&.) = 0. In order
to show there is a unique fixed point Z., we show that 7" maps B.(r, p) into itself and
that T is a contraction mapping.

We first show that T : Be(r, p) — Bc(r, p). Since p > C(e,r) then by Equation
it follows that |[K~'n.T(z)|| < p for all z € B(r,p). In order to show that T'(x) €
B((r, p), it suffices to show that r = (74, 7w, r¢) is an upper bound on T'(z) — z. for all

x € Be(r,p). We decompose
T(x) =z = [T(zc) — T + [T(x) — T(zo)], (2.18)

and estimate each part separately. Concerning the first term, by assumption, Y (e) is
an upper bound on 7T'(Z.) — .. Concerning the second term, we claim that Z(e,r, p) - r
is an upper bound on T'(x) — T'(Z.). Indeed, we have the following somewhat stronger

bound:

T(y) —T(x)) < Z(e,r,p)-C(y — ) for all x,y € Be(r, p). (2.19)
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The latter follows from the mean value theorem, since T is continuously Fréchet dif-
ferentiable on B¢(r, p). Since r is an upper bound on = — Z, for all x € B¢(r,p), we
find, by using , that Y(e) + Z(e,r,p) - v < r (with the inequality, interpreted
componentwise, following from P(e,r, p) < 0) is an upper bound on T'(z) — Z, for all
x € Be(r,p). That is to say, if all of the radii polynomials are negative, then 7" maps
Be(r, p) into itself.

To finish the proof, we show that T is a contraction mapping. We abbreviate
Z = Z(e,r,p) and recall that r = (14, 7w, 7c) = (r1,72,73) € Ri is such that 7 -r < r,
hence for some k < 1 we have

(Z-7)i

T

<k fori=1,2,3. (2.20)

We now need to choose a norm on X. We define a norm || - ||, on elements z =

« w c
e, )l = max{”,L‘,un},

Ta Tw Tc

(o,w,c) € X by

or

lz||» = max c(@)i for all z € X.
i i

By using the upper bound Z, we bound the Lipschitz constant of T on B.(r,p) as

follows:

IT(y) ~ T(@), = max

IN
=
IS
"

i=1,2,3 T

< max max C(y _ x)j (Z . T)i
i=1,2,3j=1,2,3 rj T

_ (Z . T’)i
= lly = @l maz ——

< klly — |,

where we have used and with k < 1. Hence T : Be(r,p) — B(r,p) is a
contraction with respect to the || - ||, norm.

Since Be(r, p) with this norm is a complete metric space, by the Banach fixed point
theorem T has a unique fixed point . € Bc(r,p). Since AT is injective, it follows that

Z. is the unique point in Bc(r, p) for which F(z.) = 0. O
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Remark 2.2.8. Under the assumptions in Theorem |2.2.7, essentially the same calcu-

lation as in the proof above leads to the estimate

IDT(@)yllr < llyllr  for all y € R* x 4§, @ € Be(r, p),
where Kk = max;j—123(Z - 1);/r;.

In Appendix and Appendix we construct explicit upper bounds Y (¢) and
Z(e,r, p), respectively. These functions are constructed such that their components are
(multivariate) polynomials in €,  and p with nonnegative coefficients, hence they are
increasing in these variables. This construction enables us to make use of the uniform

contraction principle.

5

Corollary 2.2.9. Let 0 < ¢y < 41 and fix some 1 = (To, Ty, Te) € Ri. Fix p >0

such that p > C(eo,r), as given by Lemma[2.2.6 Let Y (€) and Z(e,r,p) be the upper

bounds as given in Propositions|3.3.9 and|3.4.1. Let the radii polynomials P be defined
by Equation (2.17)).

If each component of P(ey,r,p) is negative, then for all 0 < € < €y there exists a

unique & € Be(r, p) such that F(&¢) = 0. The solution Z. depends smoothly on €.

Proof. Let 0 < e < ¢y be arbitrary. Because p > C(ep,7) > C(e,7) by Lemma m
Theorem implies that it suffices to show that P(e,r,p) < 0. Since the bounds
Y(e) and Z(e,r,p) are monotonically increasing in their arguments, it follows that
P(e,r, p) < P(eg,r,p) < 0. Continuous and smooth dependence on € of the fixed point

follows from the uniform contraction principle (see for example [CH82|). O]

Given the upper bounds Y (¢) and Z(e, r, p), trying to apply Corollary amounts
to finding values of €, ry, 7y, re, p for which the radii polynomials are negative. Selecting
a value for p is straightforward: all estimates improve with smaller values of p, and
Proposition (see also Lemma explicitly describes the smallest allowable
choice of p in terms of €, 74,7, Tc.

Beyond selecting a value for p, it is difficult to pinpoint what constitutes an “opti-

mal” choice of these variables. In general it is interesting to find such viable radii (i.e.
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radii such that P(r) < 0) which are both large and small. The smaller radius tells us
how close the true solution is to our approximate solution. The larger radius tells us in
how large a neighborhood our solution is unique. With regard to ¢, larger values allow
us to describe functions whose first Fourier mode is large. However this will “grow” the
smallest viable radius and “shrink” the largest viable radius.

Proposition presents two selections of variables which satisfy the hypothesis of
Corollary We check the hypothesis is indeed satisfied by using interval arithmetic.
All details are provided in the Mathematica file [vdBJ|. While the specific numbers used
may appear to be somewhat arbitrary (see also the discussion in Remark they
have been chosen to be used later in Theorem [2.3.7] and Theorem 2.3.10

Proposition 2.2.10. Fiz the constants €y, (ro,Tw,Tc) and p according to one of the

following choices:
(a) €0 =0.029 and (rq,7w,7c) = (0.13, 0.17, 0.17) and p = 1.78;
(b) €0 =0.09 and (rq,rw,7e) = (0.1753, 0.0941, 0.3829) and p = 1.5940.

For either of the choices (a) and (b) we have the following: for all 0 < € < €y there

exists a unique point (&, e, ¢c) € Be(r, p) satisfying Fe(ée,@e, é) =0 and
|Ge — Q| STay  |We —@e| <1y, [[Ce — ]| < e, ||K_lé€|| < p.

Proof. In the Mathematica file [vdBJ] we check, using interval arithmetic, that p >
C(eo,r) and the radii polynomials P(egp,r, p) are negative for the choices (a) and (b).
The result then follows from Corollary O

Remark 2.2.11. In Proposition we aimed for large balls on which the solution is
unique. Even for a fized value of €, it is not immediately obvious how to find a “largest”
viable radius r, since r has three components. In particular, there is a trade-off between
the different components of r. On the other hand, as explained in Remark [2.2.1], no

such difficulty arises when looking for a “smallest” viable radius.

We will also need a rescaled version of the radii polynomials, which takes into

account the asymptotic behavior of the bound Y on the residue T'(z.) — z. = —ATF(z,)
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as € — 0, namely it is of the form Y (¢) = €2Y (¢), see Proposition The proofs of

the following monotonicity properties can be found in Appendices [3.3] and [3.4]

Lemma 2.2.12. Let € > 0, p > 0 and v € R3.. Then there are upper bounds Y () =

Y (€) on T(Z.) — Te and a (uniform) upper bound Z(e,r,p) on DT (x) for all x €

B(r,p). These bounds are given explicitly by Propositions|3.3.2 and|3.4.1, respectively.

Moreover, Y (€) is nondecreasing in €, while Z(e,r, p) is nondecreasing in €, v and p.

This implies, roughly speaking, that if we are able to show that 7" is a contraction
map on B, (637‘, p) for a particular choice of €y, then it will be a contraction map on
Be(€%F, p) for all 0 < € < ¢y. Here, and in what follows, we use the notation r = €27 for

the e-scaled version of the radii.

Corollary 2.2.13. Let 0 < ¢y < @ and fix some ¥ = (Fo,Tu,7c) € R3. Fiz p >0
such that p > C(eq, €27), as given by Lemma|2.2.6 Let Y (€) and Z(e,r, p) be the upper
bounds as given by Lemma . Let the radii polynomials P be defined by .

If each component of P(eq, egf,p) 18 negative, then for all 0 < € < €y there exists a

unique & € Be(€*F, p) such that F(2.) = 0. Furthermore, . depends smoothly on €.

Proof. Let 0 < € < ¢ be arbitrary. Because p > C(eo, €27) > C(e, €27) by Lemma[2.2.6
Theorem implies that it suffices to show that P(e, €27, p) < 0. By using the
monotonicity provided by Lemma [2.2.12] we obtain
P(e, €27, p) — [I - Z(e, %7, p)] - €7
= (e/eg)? [e — €27 + Z(e, %7, p) - 63’/{|

< (e/e0)? [ (€0) — €37 + Z (e, €57, p) - e%f}
— (¢/e0)?Pleoy €37 )
<0,

where inequalities are interpreted componentwise in R?, as usual. O

These e-rescaled variables are used in Proposition [2.2.15|below to derive tight bounds
on the solution (in particular, tight enough to conclude that the bifurcation is super-

critical). The following remark explains that the monotonicity properties of the bounds
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Y and Z imply that looking for small(est) radii which satisfy P(r) < 0, is a well-defined

problem.

Remark 2.2.14. The set R of radii for which the radii polynomials are negative is
given by
R:={reR%:r;>0,P(r)<0 fori,j=123}

This set has the property that if r,r" € R, then " € R, where r] = min{r;,r’}. Namely,
the main observation is that we can write P;(r) = ]5,(7“) —r;, where 8rj]5,~ > 0 for all
i,j =1,2,3. Now fix any i; we want to show that P;(r") < 0. We have either r] = r;
or vl =rl, hence assume r] = r; (otherwise just exchange the roles of r and r'). We
infer that Py(r") < Py(r) <0, since 0r,P; > 0 for j #i. We conclude that there are no

trade-offs in looking for minimal/tight radii, as opposed to looking for large radii, see

Remark[2.2.11

Proposition 2.2.15. Fiz ¢¢ = 0.10 and (74, 7w,7) = (0.0594, 0.0260, 0.4929) and
p = 0.3191. For all 0 < € < ¢y there exists a unique point e = (G, We, Ce) salisfying

F(ze) =0 and
|Ge — e <Fo€?, |e — el <€, || — Cell <Fo€?, HK’léEH <p. (2.21)
Furthermore, &e > 5 for 0 < e < €.

Proof. In the Mathematica file [vdBJ] we check, using interval arithmetic, that p >
C(eo, €27) and the radii polynomials P(eg, €27, p) are negative. The inequalities in Equa-
tion (2.21) follow from Corollary [2.2.13] Since die > G — Fa€? = 5 + £(3F — 1)€? — i ?

and 7o < £(3F — 1), it follows that d. > % for all 0 < € < €. O

Remark 2.2.16. Since €27 < r for the choices (a) and (b) in Proposz'tz'on and
the choices of p and eg are compatible as well, the solutions found in Proposition
are the same as those described by Proposition [2.2.15. While the former proposition
provides large isolation/uniqueness neighborhoods for the solutions, the latter provides

tight bounds and confirms the supercriticality of the bifurcation suggested in Definition

21712
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2.3 Global results

When deriving global results from the local results in Section we need to take

into account that there are some obvious reasons why the branch of periodic solutions,

described by Fe(a,w,c) = 0, bifurcating from the Hopf bifurcation point at (o, w) =
™

(5, %) does not describe the entire set of periodic solutions for o near 7. First, there

is the trivial solution. In particular, one needs to quantify in what sense the trivial

solution is an isolated invariant set. This is taken care of by Remarks [2.1.8] and [2.1.11]

which show there are no “spurious” small solutions in the parameter regime of interest
to us (roughly as long as we stay away from the next Hopf bifurcation at o = 57”)
Second, one can interpret any periodic solution with frequency w as a periodic solution
with frequency w/N as well, for any N € N. Since we are working in Fourier space,
showing that there are no “spurious” solutions with lower frequency would require us to
perform an analysis near (a,w) = (3, 557) for all N > 2. This obstacle can be avoided

by bounding (from below) w away from 7 /4. This is done in Lemma [2.3.4

For later use, we recall an elementary Fourier analysis bound.

Lemma 2.3.1. Let y € C' be a periodic function of period 2m /w with Fourier coeffi-

cients a € L1 (in particular this means ag = 0), as described by [2.1)). Then

sym

T T
al| <4/ — 1y - and al| < ——=1v'[|o0-
ol < /2 19/ o2l Jall < = v

Proof. From the Cauchy-Schwarz inequality and Parseval’s identity it follows that
. 0o 1/2 /o 1/2
laf =2 Jax| <2 (Zk‘2> (Z\km?)
k=1 k=1 k=1
1/2 1/2
f 2 1/2 ) )
=% 2Z\zwkakl = Z]zwkak\

keZ

271'/0.) 1/2
dt < —— 1Y |so-
( ') > \f 1]
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2.3.1 A proof of Wright’s conjecture

Based on the work in [BCKN14] and [Wri55|, in order to prove Wright’s conjecture
it suffices to prove that there are no slowly oscillating periodic solutions (SOPS) to
Wright’s equation for a € [1.5706, 5]. Moreover, in [BCKN14| it was shown that no
SOPS with [y|lec > %% — 1 exists for a € [1.5706, 5]. These results are summarized

in the following proposition.

Proposition 2.3.2 ( [BCKN14,Wrib5]). Assume y is a SOPS to Wright’s equation for

some o < 5. Then o € [1.5706, 5] and [|y|lo < V04 1,
For convenience we introduce
= e%% — 1~ 0.0408.

We now derive a lower bound on the frequency w of the SOPS, part of which is later

used in Lemma .34

Lemma 2.3.3. Assume o > 1 andy is a SOPS to (1.2). Then q, as given in Definition

satisfies ¢ < 2 + é

Proof. Without loss of generality, assume that y(0) = 0 and y(¢) > 0 for t € (0,q). To
obtain an upper bound on ¢, assume that ¢ > 2. Set ¢’ = min{q,3}. Then it follows
from that y/(t) < 0 for t € (1,¢], hence y(t — 1) > y(2) for t € [2,¢']. We infer
that for ¢t € [2,¢'] we have ¥/'(t) = —ay(t — 1)[1 + y(t)] < —ay(2). Solving the IVP
y'(t) < —ay(2) with the initial condition y(2) = y(2), we see that y(t) hits 0 before
t=2+ é Since o > 1 (hence 2 + é < 3), this implies that ¢ = ¢ and ¢ < 2+ é

O]

Lemma 2.3.4. Let o € [1.5706, §]. Assume y is a SOPS to Wright’s equation with

minimal period 27 /w, and assume that ||y||co < p. Then w € [1.11,1.93].

Proof. Without loss of generality, we assume in this proof that y(0) = 0, that y(t) <0

for t € (—q,0) and that y(t) > 0 for ¢t € (0,q). We will show that ¢ and ¢ are bounded
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1 log(1
o Llog(l+p)
«

1
1 <qg<2+4—,
o}

1
1+ - <q<3.
«

The upper bound on ¢ follows from Lemma [2.3.3] The lower bounds for both ¢ and
q follow directly from [Jon62b, Theorem 3.5]. While [Jon62b, Theorem 3.5] assumes
a > 7, this part of the theorem simply relies on [Jon62b, Lemma 2.1], which only
requires a > e L.

To obtain the upper bound on ¢, assume for the sake of contradiction that ¢ > 3.
Then it follows from that y/(t) > 0 for ¢t € [—2,0]. Hence y(t) < y(—1) for
t € [-2,—-1], and y/(t) > —ay(—1)[1 + y(t)] for t € [-1,0]. Solving this IVP with the
initial condition y(—1) = —v, we obtain y(t) > (1 — v)e® 1) — 1 for t € [-1,0], and
in particular y(0) > (1 —v)e”* —1. By assumption y(0) = 0 and v = |y(—1)| < u, but
(1-v)em® —1>0 for v € (0, ] and a € [1.5706, 5], a contradiction. Thereby g < 3.

The bound on « implies that the minimal period L = g+ ¢ of the SOPS must lie in

[3.26,5.64]. It then follows that w € [1.11,1.93] O

It turns out that this bound on w can (and needs to be) sharpened. This is the

purpose of the following lemma, which considers solutions in unscaled variables.

Lemma 2.3.5. Suppose F.(o,w,&) =0. Ifw € [1.1,2] and o € [1.5,2.0] then

V(W —a)? +2aw(l — sinw)
2a

<2+ ||é. (2.22)

Proof. This follows from Proposition [3.5.1] in Section [3.5] combined with Proposition
which shows that for w € [1.1,2.0] and a € [1.5,2.0], the minimum in Equa-
tion (3.35)) is attained for k = 1. O

Next we derive bounds on € and ¢, which also lead to improved bounds on w.

Lemma 2.3.6. Let a € [1.5706,5]. Assume y is a SOPS with ||y|loc < p. Then
y corresponds, through the Fourier representation (2.14), to a zero of Fe(a,w,c) with
lw— F| <0.1489 and

0 <e<e:=p/V2<0.02886,
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and ||c|| < 0.0796 and ||K~'c|| < 0.16.

Proof. First consider the Fourier representation (2.10)) of y in unscaled variables. Recall
that ap vanishes (see Remark [2.1.3). Since |/ (¢)] < aly(t — 1)[(1 + |y(t)]) < ap(1l + )

WeE See fI‘OHl Lemma m that
%€ + ||&]| < —=ap(1 + p) (2.23)
€ . .
o3 T

Combining this with Lemma leads to the inequality

wy/(w — )2 + 2aw(1 —sinw) < %oﬂ,u(l + ). (2.24)

In the Mathematica file [vdBJ| we show that when a € [1.5706, ], then inequality
is violated for any w € [1.1,2.0] \ [1.4219, 1.6887]. From Lemma we obtain
the a priori bound w € [1.11,1.93], whereby it follows that w € [1.4219,1.6887], and in
particular |w — 5| < 0.1489.

Using this sharper bound on w as well as a € [1.5706, 5] we conclude from
that
2w — «

- s
2e+ el < —=ap(l+p) <

w\/g
Since we also infer that o < 2w, Theorem [2.1.10[(b) shows that the solution corresponds

(2.25)

to a zero of F.(a,w,c), with ¢ = ec. We can improve the bound on € from by
observing that
1/2 L e 1/2
(€ +e)2 < (Zlak|2> = (%/0 |y|2dt) < p.
kEZ

Hence € < €, := ,u/\/§

Finally, we derive the bounds on c. Namely, for o € [1.5706, 5], w € [1.4219, 1.6887]
and € < e,, we find that b, and 2", as defined in , are bounded below by b, > 0.364
and z;" > 0.72. Since it follows from that ||¢|| < 0.09 in the same parameter range
of a and w, we infer from Lemma [2.1.7(a) that ||¢| < 2;. Via an interval arithmetic
computation, the latter can be bounded above using Lemma for o € [1.5706, 5],
w € [1.4219,1.6887] and € < €, by z, < 0.0796e. Hence |[|c| < z; /e < 0.0796.
Furthermore, Lemma m(b) implies the bound ||K ~c|| < (2¢2+(2;)?)/(ebs) < 5.52¢.

Since € < €,, it then follows that ||K~!c|| < 0.16. O
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With these tight bounds on the solutions, we are in a position to apply the local
bifurcation result formulated in Proposition[2.2.15|to prove the ultimate step of Wright’s

conjecture.
Theorem 2.3.7. For o € [0, 5] there is no SOPS to Wright’s equation.

Proof. By Theorem and Proposition [2.3.2]it suffices to exclude a slowly oscillating
periodic solution y for a € [1.5706, 5] with [|y[|cc < p. By Lemma if such a
solution would exist, it corresponds to a solution of F¢(a,w, c) = 0 with |w—7| < 0.1489,
0<e<e =p/V2 | <0.0796 and ||[K~'c|| < 0.16. We claim that no such solution

exists. Indeed, we define the set
S = {(a,w,c) € X : |a— %] <0.0002; |w— Z| <0.15; ||c| < 0.08; |[K~'c|| < 0.16}.

To show that there is no SOPS for o € [1.5706, 5], it now suffices to show that all zeros
of Fe(a,w,c) in S for any 0 < € < ¢, satisfy a > 7.

Let us consider B(r, p), which is centered at Z. (see Definition with 7 and
p taken as in Proposition [2.2.10(a). In the Mathematica file [vdBJ] we check that the

following inequalities are satisfied:

ro = 0.13 > 0.0002 + |a., — I,
ro =017 > 0.15 + [, — I,
re =0.17 2 0.08 + lce.,

=1.78 > 0.16.

By the triangle inequality we obtain that S C Bc(r,p) for all 0 < e < e,. Proposi-
tion [2.2.10[a) shows that for each 0 < e < e, there is a unique zero &, = (e, @, &) €
Be(r,p) of F.. By Proposition and Remark this zero satisfies de > 7.
Hence, for any 0 < € < €, the only zero of F¢ in S (if there is one) satisfies o > 7. This

completes the proof.
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2.3.2 Towards Jones’ conjecture

Jones’ conjecture states that for a > 7 there exists a (globally) unique SOPS to Wright’s
equation. Theorem shows that for a fixed small € there is a (locally) unique « at
which Wright’s equation has a SOPS, represented by (ée, @, ¢ ). This is not sufficient
to prove the local case of Jones conjecture. To accomplish the latter, we show in
Theoremthat near the bifurcation point there is, for each fixed a > 7, a (locally)
unique SOPS to Wright’s equation. We begin by showing that on the solution branch
emanating from the Hopf bifurcation &, is monotonically increasing in e, i.e. %075 > 0.
Since e = 5+ (38 —1)€?, we expect that La(e) = 2(3F —1)e+ O(e?). For this reason
it is essential that we calculate an approximation of %@6 which is accurate up to order

O(e?).

Theorem 2.3.8. For0 < € < 0.1 we have %de > 0. For% <a< g+6.830>< 102 there

are no bifurcations in the branch of SOPS that originates from the Hopf bifurcation.

Proof. We show that the branch of solutions &, = (&, @, ¢) obtained in Proposition
satisfies %075 > 0 for 0 < € < 0.1. This implies that the solution branch
is (smoothly) parametrized by «, i.e., there are no secondary nor any saddle-node
bifurcations in this branch. We then show that these e-values cover the range § < a <

Z +6.830 x 1073,

We begin by differentiating the equation F'(Z.) = 0 with respect to e:

OF d
In terms of the map T we obtain the relation
d oF
[ — DT ()] —ic = —AT——(Ze).
1 DT(30)] -4 ()

To isolate %ie, we wish to left-multiply each side of the above equation by [I —

DT(%)]~!. To that end, we define an upper bound on DT(#.) by the matrix

Ze = Z(€762f7P)7 (227)
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with 7 and p as in Proposition [2.2.15], We know from Remark that with respect

to the norm || - ||z on R? x £f

(Ze : f)z
<
IDT (] < max 2=

<1, for all 0 < e < ¢,

with €y given in Proposition [2.2.15| Hence I — DT(z,) is invertible. In particular,

OF
L T =1 419
7ot [I — DT(z.)] A 5 (Ze)
A\ T A
I+ 321 DT (z)"| A B (Ze).

We have an upper bound Q. € R} on AT%—IZ(Q%E), as defined in Definition m given
by Lemma We define I3 to be the 3 x 3 identity matrix. For the a-component

we then obtain the estimate

d aF :
%ae > —ma A T <ZZ Qe)

— _MAT%{(@) —(2(Is— 2)7'Q.), - (2.28)

We approximate 9K = (&e) by

3+1
eI

. mw3i—1 T T
FE'_2 €€l —ly€2 — 5

which is accurate up to quadratic terms in €. In Lemma [3.6.1] it is shown that
— Mo AT = 2(32 — 1)e. (2.29)

It remains to incorporate two explicit bounds for the remaining terms in (2.28). In

Lemma we define M, and M that satisfy the following inequalities:

< M., (2.30)

To Al (%L (3¢) — T)

(Ze(Is — Z)7'Qc), < M. (2.31)

Moreover, we infer from Lemma that M. and M/ are positive, increasing in €, and
can be obtained explicitly by performing an interval arithmetic computation, using the
explicit expressions for the matrix Z. and the vector Q. given by Equation and
Lemma respectively (the expression for Z(e, r, p) is provided in Section .
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Finally, we combine ([2.28)), (2.29)), (2.30) and (2.31) to obtain

d .
70‘62

o (32 — 1)e — (M. + M)).

[S211\)

From the monotonicity of the bounds M, and M/ in terms of €, we infer that in order
to conclude that %de > 0 for 0 < € < ¢ it suffices to check, using interval arithmetic,
that

2(3% — 1)eg — eg(Me, + M) > 0. (2.32)

In the Mathematica file [vdBJ| we check that ([2.32)) is satisfied for g = 0.1. Since @, >
5+ 7.4247 x 1073, and taking into account the control provided by Proposition [2.2.15
on the distance between &, and ae in terms of 7y, we find that &, > a¢, — e%?‘a >
5 +6.830 x 1073. Hence there can be no bifurcation on the solution branch for 5 <

O

a <3 +6.830x 1073

The analysis performed in Theorem [2.3.8| can similarly be applied to show that the
frequency (period length) of SOPS along the principal branch monotonically decreases

. . -3
(increases) with respect to a when a € (5, 5 4 6.830 x 1077].

Corollary 2.3.9. For 0 < e < 0.1 we have %oﬁ;e < 0. For % <a< g +6.830 x 1073
the frequency (period length) of SOPS along the principal branch decreases (increases)

monotonically in .

Proof. Analogous to (2.28)), we have the following inequality:

d . OF _
T < —MATE(a:G) + (25— 2)7'Qf), - (2.33)

By Lemma we have —m AT, = —%e, so by Corollary it follows that:

d -
e < —Ze+ (M. + M)). (2.34)

From our monotonicity bounds, to show %d)g < 0 for all 0 < € < ¢, it suffices to check
that the RHS of (2.34) is bounded above by zero at ¢y = 0.1, which we verify using
interval arithmetic. Slowly oscillating periodic solutions along the principal branch

satisfy € < 0.1 for § < a < § +6.830 x 1073. Hence, for 7 <a< §+6.830 x 1073
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the frequency (period length) of SOPS along the principal branch decreases (increases)
monotonically in .

O]

To prove Jones’ conjecture, it is insufficient to prove only locally that Wright’s
equation has a unique SOPS. We must be able to connect our local results with global
estimates. When we make the change of variables ¢ = ec in defining the function F¢,

we restrict ourselves to proving local results. Theorems [2.3.10] and [2.3.11] connect these

local results with a global argument, and construct neighborhoods, independent of any
e-scaling, within which the only SOPS to Wright’s equation are those originating from
the Hopf bifurcation. These results are later used in Chapter

The next theorem uses the large radius calculation from Proposition b) to
show that for a € (5, % + 5.53 x 1073] all periodic solutions in a neighborhood of 0 lie

on the Hopf bifurcation curve, which has neither folds nor secondary bifurcations.

Theorem 2.3.10. For each o € (3,5 +5.53 x 1073] there is a unique triple (e,w,c) in

the range 0 < € < 0.09 and |w—7| < 0.0924 and ||c|| < 0.30232 such that Fe(a,w,c) = 0.

Proof. Fix a € (3,5 45.53x107%] and let F(a,w, c) = 0 for some €, w, ¢ satisfying the
assumed bounds. From Lemma b) it follows that ||K e[| < €2(2 + ||c||?)/(ebs) <

0.61 for € < ¢q, since by > 0.31. Hence the zeros under consideration all lie in the set

S = {(a,w,¢) € X : |a—Z| < 0.00553, |w—Z| < 0.0924, ||c[| < 0.30232, || K~ '¢|| < 0.61}.

Proposition [2.2.10[b) shows that for each 0 < e < 0.09 there is a unique zero . =
(Qe,We, Ce) € Be(r,p) of Fe, with r = (rq,7,,7.) = (0.1753,0.0941,0.3829) and p =
1.5940. For each 0 < € < 0.09 it follows from the triangle inequality that S C B, (r, p).
This shows that F, has at most one zero in S for each 0 < e < ¢y. By Remark
this solution lies on the branch . originating from the Hopf bifurcation, in particular

2o = (5,5,0) € S. Proposition [2.2.15| gives us tight bounds

e — 2| < |@e — 3| +7e® <0.0924  and  ||ee|| < [|ee]| + 7ee® < 0.30232

for all 0 < € < ¢y. Moreover, from similar considerations it follows that &, > a, —

To€d > 0.00553. Hence &, ¢ S and the solution curve leaves S through |a—%| = 0.00553
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for some 0 < € < €. Since 0.00553 < 6.830 x 1073 the assertion now follows directly

from Theorem [2.3.§] O

We translate this result to a neighborhood about the Hopf bifurcation without any

e-scaling.

Theorem 2.3.11. For each o € (5, % + 5.53 x 107°] there is at most one (up to time
translation) periodic solution to Wright’s equation with Fourier coefficients satisfying

a|| <0.18 and having frequency |w — 2| < 0.0924.
2

Proof. We show that any such periodic solution y to Wright’s equation has Fourier

coefficients satisfying the bounds in Theorem [2.3.10, For the parameter range of «

2w—a

. Hence we see

and w under consideration we conclude that o < 2w and ||a|| <
from Theorem [2.1.10| that y corresponds to a zero of F.. The a priori bound on ||al|

translates via (2.8)) into the bounds
€ <0.09 and llé]l < 0.18.

We derive bounds on ¢ = ¢/e as in the proof of Lemma Namely, for |a — F| <
0.00553, |w— %] < 0.0924 and € < 0.09, we find that 2, as defined in (2.13)), is bounded
below by 2 > 0.595. It follows that ||| < 0.18 < z;, so we infer from Lemma[2.1.7(a)
that ||¢]| < z;. Via Lemma and an interval arithmetic computation, the latter
can be bounded above, for |a — | < 0.00553, |w — §| < 0.0924 and ¢ < 0.09, by
zy < 0.30226e. Hence ||c|| < z; /e < 0.30232. We conclude that y corresponds to
a zero of F.(a,w,c) in the parameter set described by Theorem which implies

uniqueness. [

Corollary 2.3.12. For each a € (5,5 +5.53 x 107°] there is at most one (up to time
translation) periodic solution to Wright’s equation satisfying ||Y'[| L2(j0,2x/]) < 0.302 and

having frequency |w — 5| < 0.0924.

Proof. For the Fourier coefficients a of y we infer from Lemma that [la| < /¢ -
0.302 < 0.18. Hence any periodic solution y to Wright’s equation of period 27 /w that
satisfies ||3/|| 2 < 0.302 has Fourier coefficients satisfying the bounds in Theorem [2.3.11
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Chapter 3

Technical Estimates

In this chapter we derive many of the technical estimates used in Chapter [2}

3.1 Operator Norms

We set wg = 5 and recall that

[Uyalx = e g,

[Uspalr = (—i)Fay,
L, =0 (e ™I +U,) +o0 (e“I+U,)

Lyy =0 (=il +Uy,) + 0~ (il + Usy)-

To more efficiently express the inverse of Ag . we define an operator U : £} — £} by

A

[Ucliz = (1 — ik~ e /%) g, (3.1)

so that Aai = %(A]K
The operator norm of ) € B (E(I),El) can be expressed using the basis elements e

(which have norm ||ex|| = 2):

1
Q] = 3 sup [[Qexll. (3.2)
k>2

Some of the operators in B (E(l),fl) considered in these appendices restrict naturally
to B((}), with the same expression for the norm. For operators in B(¢!) a similar
expression for the norm holds (the supremum being over £ > 1). We will abuse the
notation ||@|| by not indicating explicitly which of these operator norms is considered;

this will always be clear from the context.
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Proposition 3.1.1. The operators U,UK, Lw,Aai and A, in B(6}, 1) satisfy the

bounds
ST —1_ 2
I0K] =% Ay <27
Lol <4
Proof. The value ||Uey|| is maximized when k = 5, whence ||U] = 5/4. The value
|UKey|| is maximized when k = 2, whence |UK]| = % and HAEiH = %\/g It follows

from the definition of L,, and the fact that U, is unitary that ||L,| < 4, whereby it

follows that ||A1 .|| = |5 Luw,| < 27. O

We recall, for any a € ¢', the splitting @ = aje1 + @ with a1 € C and @ € 5, and as

a tool in the estimates below we introduce the projections

mTa=aj € C (3.3)

TT>20 = a. (3.4)

Proposition 3.1.2. We have for the map AlAal 0 — 0 that

_ 2v/10
[Adg = == (3:5)

Proof. Expanding A1 Ay 1 we see that it splits into two parts: A1 24, % and Ay Ay 1,

which we estimate separately. To be precise
AlAala = (Z-CALQAO,lZ‘(Elﬂ'lCL)eQ + Al,*A(Iiﬂ'ZQG'

First, we calculate the matrix

., 113 2
A172A0&:*

5124 4

Using the identification of R? and C, which is an isometry if one uses the 2-norm
on R?, this matrix contributes to A; Ay 1 as an operator mapping the (complex) one-

dimensional subspace spanned by e; to the (complex) one-dimensional subspace spanned
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by es. To determine its contribution to the estimate of the norm of A;Aj ! we thus

need to determine the 2-norm of the matrix (as a linear map from R? — R?):

1 /454 5v17
412453 = 21

Next, we calculate a bound on the map AL*A(;; : 6(1) — (L
141 A Ll = | L UK. (3.6)

To bound (3.6) we first compute how L,,, K U operates on basis elements e for k > 2:

. —i+ (—i)* i+ (—i)*
LoKUe, = ———— —— 7 €k1.
Since the norm of this expression is maximized when k = 2 and || Ly, KUey|| = @,
we have calculated the B(£},¢') operator norm | L,,KU| = QT‘/E. As ||A1AGY|

is equal to the maximum of ”ALQA(;&H and ||A17*A671H, it follows that [|A; A" =

454-5V17 2\/10} _ 2V/10 0
2 75 -5

max{

Proposition 3.1.3. Define AalAl € Mat((R3,R3) by

1 2

0 0 L2+
AtA =1 o 0 %
8 2/16+8m+5m2 2
51 5 V5

Then AalAl is an upper bound (as defined in Deﬁmtion for AalAl.

Proof. We write © = (a,w,c). Let T4, be the projection onto R?, whereas m, is the

projection onto £}. Then we can expand Ay LA, as follows:

TawAy A1z = Aglic'm Ay e (3.7)

WCAalAliL' = Aai((iCAIQﬂ—a,wx)eQ) + Aaiﬂzzz‘h’*ﬂ'ex. (3.8)

We estimate the three operators that appear separately.
First, we note that the term A Y(icAy 2T w)es) in (B.8) essentially represents an
operator from R? to the (complex) one-dimensional subspace spanned by ey. Using the

identification of C with R?, this map is represented by the matrix

3
2 12| |2 2-% 9 |—6 64113

Brly 1| |-4 22+ PT|s a-38



41

It then follows that

) 4
145 (icAramawa)en)| < 3= (1ol /(=67 + 8 + |wly/(6 + 115)2 + (= 8)°)
4 V16 + 87 + 572
2|al + lwl ] .

~ 5r 9

Next, we note that the term A, iiélmAl,*wcx in (3.7) essentially represents an
operator from the (complex) one-dimensional subspace spanned by es to R?. Using the

identification of C with R?, this map is represented by the matrix

-1
B e 1-7 1472
s -

-1 1 1 -1 1 1

because 71 Ay ve2 = (i — 1). Hence

— 2
mady Are] < 32+ % el
mo Ayt Are] < 5V2|e]|.
Finally, note that the term Ay }JTEQAL* appearing in (3.8) maps £} to itself. It can

be expressed as

—1 S
Ag 21 = —iKUT>2Ly,.

The operator K UWZQLWO acts on basis elements {ey}r>2 as follows:

. 144

KUWZQLwoeg = — Izeg

. —i+ (—i)* i+ (—i)*
KUrsoL = _ for k > 3.
[t (g gy R U S

Since maxgso | KUmsoLuyer|| = || KU Lyyes| = %, the operator norm of A(IiWZQAl’*
2
1S %

These three bounds on the three operators appearing in (3.7) and (3.8)) lead to the

asserted upper bound. ]

3.2 Endomorphism on a Compact Domain

In order to construct the Newton-like map T' we defined operators A = DF (%) + O(¢?)

and AT = A7 + O(e?). However, as (Ge,@e, C) = (%,5,¢) + O(e?), the map A can
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be better thought of as an O(e?) approximation of DF(%,%,¢). Thus, when working
with the map T" and considering points x € B¢(r, p) in its domain, we will often have to
measure the distances of @ and w from 7. To that end, we define the following variables

which will be used throughout the rest of the appendices.

Definition 3.2.1. For ¢ >0, and ry,1,,7: > 0 we define

AY = %(3% —1) Ay =AY 47,
AY =< Ay =A 41,
60 = % e =00 + re.

When considering an element (o, w, ¢) for our O(€?) analysis, we are often concerned
with the distances | — |, [w — 5| and ||c — &]|, each of which is of order €2. To create
some notational consistency in these definitions, AY and A? are of order €2, whereas

89 is not capitalized as it is of order e. Using these definitions, it follows that for any

p >0 and all (a,w,c) € Be(r, p) we have:
o = 5 < A, w =31 <Ay, llell < de.

In this interpretation the superscript 0 simply refers to r = 0, i.e., the center of the ball

(o, w, ) = Ze.

The following elementary lemma will be used frequently in the estimates.

Lemma 3.2.2. For all x € R we have |e® —1| < |x|. Furthermore, for all |w—@¢| < 7,
we have |e™™ 4| < A, and |e7? + 1| < 24, .
Proof. We start with

le™ — 1> = (cosz — 1)> + (sinz)? = 2(1 — cosz) < 2+ 22 = 2°.
Let 0 = w — 5. Then |0] < A, and, using the previous inequality,

) T .
‘e_m, +’L|2 _ |€—z(§+9) +z|2 _ |6—10 . 1|2 < 02 < A?u

The final asserted inequality follows from an analogous argument. O
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While the operators U,, and L,, are not continuous in w on all of £} they are within

the compact set B(r, p). To denote the derivative of these operators, we define

U = —iK U,

w

L = —iot (eI + K 'U,) +io~ (“I — K~ 'U,), (3.9)
and we derive Lipschitz bounds on U, and L, in the following proposition.

Proposition 3.2.3. For the definitions above, a%Uw = U/, and B%Lw = L/,. Further-

more, for any (a,w,c) € Be(r,p), we have the norm estimates

(U = Uso)ell < Aup

(Lo = Luwg)ell < 2A4(0c + p). (3.10)

Proof. One easily calculates that 88% = U/,, whereby ||(U, — Uy, )cl|| < f;o HB%UWCH <

A,p. Calculating %Lw, we obtain the following:

a _ 8 “+/ —iw — W
%Lw—a—w[o (eI +Uy) + 0 (eI + Uy)]

= —ioT (e I+ K 'U,) +ioc™ (e“1 — K~'U,),
thus proving 88% =L, and ||(Ly — Luy )|l < f‘:; |2 Loe|| < Au(26. + 2p). O

Proposition 3.2.4. Let € > 0 and r = (rq,7w,7c) € RY. For any p > 0 the map
T : Be(r, p) — R? x (X is well defined. We define functions

2¢2 [8 2 5
CO ::% 575\/164‘877"‘571'2,77{ ’AalAl‘[O7O7(SC}T7

1
S )
2 T

Cy:=Ay [(1+3) +en],

Cy = Aa(246:) + 200 (1L + 3) + € [+ 204 + 45:A0 + TALS + (3 + Aa)62]

where the expression for Cy should be read as a product of a row vector, a (3 X 3) matriz

and a column vector. Furthermore we define, for any €,r,, such that C1Cs < 1,

_ Co+ C1C5

C(Ev rOUTuHTC) = 1 o 0102 . (311)
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All of the functions Cy, C1,Ca, Cs and C are nonnegative and monotonically increasing
in their arguments € and r. Furthermore, if C1Cy < 1 and C(e,rq,7w,7c) < p then

|K 1w (@) < p for @ € Bu(r, p).

Proof. Given their definitions, it is straightforward to check that the functions C; and
C are monotonically increasing in their arguments. To prove the second half of the

0

proposition, we split K7, T(z) into several pieces. We define the projection 70z =

(0,0, m.x). We then obtain
K 'n T(z) = K 'r [z — ATF(2)]
= K 'n [In% — AN (A2 + F(z) — An2)]
= K n (At A2l + K‘lﬂcAT(F(x) — An%z)
ziU7T>2AlA YAl —l— U7T>2( —eA1 Ay (F () — Anlx),

where we have used that K~ m. A, 1= %U mT>2, with the projection 7m>2 defined in (3.4)).

By using |U] < 2 (see Proposition ) we obtain the estimate

| K tr T (z)| < 27T€2U7r>2A1 A AL - 10,0,6.)7 + % (1+e| A A1) |F(z) — Anlz]).
(3.12)
Here the (1 x 3) row vector UT('ZQAl is an upper bound on UT('ZQAl interpreted as a
linear operator from R? x é(l] to Eé, thus extending in a straightforward manner the
definition of upper bounds given in Definition [2.2.5
We have already calculated an expression for ﬂ in Proposition and
|A1 ALY = @ by Proposition In order to finish the calculation of the right
hand side of equation (3.12)), we need to estimate ||F(z) — Ar2z| and UnsoA;. We first
calculate a bound on U7T>2A1. We note that UT['>2A1 = 062(7;(:141727['a7w) +UW22A17*7TC.

As |Ues| = ||%= 4=2le,||, it follows from the definition of A; o that

V20
5

) « -
icAi 2 : HU‘32” <
w

laf +

V2 =37/2)2 + 4(2 + )2 M) 4
5

To calculate |[Ums2A4; .|| we note that ||U]| < 2 and ||A14]| = Z||Luyll < 27. Hence

|Ums2 A1 4| < 2. Combining these results, we obtain that

— 2
Urn>9Ay = [2,5\/ 16+87r+57r2,57T] .

2
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Thereby, it follows from ((3.12)) that
HK‘lwcT(m)H < Cp+ Ch||F(z) — AWB[EH. (3.13)
We now calculate

F(z) — Ar%z = (iw + ae™™)e; + (iwK ™' + alU,)c + eae™ ey + aeLyc + aelU,d * ¢
— 2K + Uyy + €Luy)c
=i(w— 3K e+ (o — 5 Uue+ 5(Uy — Usy)c
+lilw—2)+(a—F)e ™+ T(e™+i)] e

+eae ey + (a — Z)eLyc + Fe(Ly — Ly ) + ae[Uyd] * c.

Taking norms and using (3.10) and Lemma [3.2.2] we obtain

IF(z) — Arla|| < Awp + Dade + 5A0p + 2(Au + A + FA)
€ [2(5 + Ap) + 4500 + TAL(S: + p) + (5 + Ad)d7]
= Au[(1+ 5) +emlp
+Au(246.) +28,(1+T)

€ [m+ 200 + 46 A0 + TALS + (5 + Ay)52]

We have now computed all of the necessary constants. Thus ||F(z) — Anlz| <

Cap + C3, and from (3.13]) we obtain
IE~ 7T ()] < Co+ Ci(Cep+Cs),

with the constants defined in the statement of the proposition. We would like to select
values of p for which

K mT ()] < p
This is true if Cy + C1(Cap + C3) < p, or equivalently

Co+ C1C3
SRR Y
1-C1Cy

This proves the theorem. O
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3.3 The upper bound for Y (e)

We need to define Y (€) so that it bounds T'(z.) — . = ATF(Z.). We introduce ca(e) :=

%e. We can explicitly calculate F'(Z.) as follows:

Fi(Ze) = (i + Gce™ @) + ae(e® + e=29 ) ey (c)
Fa(a) = (21 + Ge 9 )cale) + aee™

Fy(Ze) = Gee(e™ + 2% )¢y (e)

Fy(Z) = acee *Pecy(e)?

Fi(z.) =0 for all k > 5.

By using the definition of AT = Aj' — eA;t 414, we can calculate ATF(z.) explicitly
using a finite number of operations. However, proving ¢ 2Y (¢) is well defined and
increasing requires more work. To estimate A'F(Z.) in Theorem below, we will

take entry-wise absolute values in the constituents of A, as clarified in the next remark.

Remark 3.3.1. Since F () is a finite linear combination of the basis elements e, and
the operators Ag and A1 are diagonal and tridiagonal, respectively, we can represent
At F(Z) and Ay'A1AGY - F(z) by finite dimensional matriz-vector products. By

|AgY| and |Agt A1 Ayt we denote the entry-wise absolute values of these matrices.

Theorem 3.3.2. Let f; : R — R fori=1,2,3,4 be defined as in Propositions |3.5.
cmd below. Define f(e) = Z?:l fie; € ' and define the function
?:R—)RQX% to be

Vie) = Ayt fle) +e|Ag A Ayt - f(e). (3.14)

A~

Then the only nonzero components of Y = (}}Q,Yw,ffc) are Yo, Y., and (}Afc)k for k =
2,3,4,5. Furthermore, define

Ya(e) :=Ya(e) Y, (€) :=Y,(e) Ye(e) :=2) (Ye)k(e) (3.15)

Then [Ya(€), Y, (€), Ye(€)]T is an upper bound on T(Zc) — T, and e 2[Yo(€), Yo (€), Ye(e)]

18 non-decreasing in .
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Proof. By Propositions [3.3.3} [3.3.4} [3.3.5| and [3.3.6] it follows that |F;(Z.)| < fi(e) for

1 =1,2,3,4. By taking the entry-wise absolute values }Ag 1‘ and |A5 1A1Aa !

, it follows
that |T'(Z.)—Z| < Y, where the absolute values and inequalities are taken element-wise.
We note that in defining Y, the factor 2 arises from our choice of norm in . To see
that (YC) % is non-zero for k = 2, 3,4, 5 only, we note that while A s a block diagonal
operator, A; has off-diagonal terms. In particular, Ay .ep = 5(—i+ (—i)*)epsr + 50+
(—i)*)eg_y for k > 2, whereby (}A/)k =0 for k > 6.

Next we show that e 2[Yy(€), Y, (€), Yo(€)]T is nondecreasing in e. We note that it
follows from Definition that each function f;(e) is a polynomial in € with nonneg-
At fle) s

a positive linear combination of the functions {f;(e)}i ;, whereas !AalAlAal‘ - f(e) is

ative coefficients, and the lowest degree term is at least €2. Additionally,

€ times a positive linear combination of { f;(e) le. It follows that each component of
Y is a polynomial in e with nonnegative coefficients, and the lowest degree term is at
least €2. Thereby ¢ 2[Y,(€), Yo (€), Ye(€)]? is nondecreasing in e.

O]

Before presenting Propositions [3.3.3] [3.3.4] 3.3.5] and [3.3.6] we recall that the defi-

nitions of A%, AY and §? are given in Definition m
Proposition 3.3.3. Define
file) = F(3(A0) + §(A2)%) + ALAL + Adedy + SF AL e, (3.16)
Then |F1(Ze)| < fi(e).
Proof. Note that
Fi(z.) = iwe + Qe e 4 c?zEECQ(e)((ai‘D6 + e_me). (3.17)

We will show that all the O(e?) terms in Fj(z.) cancel. We first expand the first

summand (3.17)):

. .r )
iWe = i — 1A,
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Next, we expand the second summand in :
Qee We = —ideemg = —q (%e’Ag + Agemg>
= —i (F(1+iAl) + A%) i (3(e48 —1—iAl) + A% (€AY — 1)) . (3.18)
Finally, we expand the third summand as
G2 I (eI 4 720) = FE2A( — 1) + FE2E (i(eTAY — 1) — (2140 — 1))
+ Agé% (ie_mg - e%Ag> . (3.19)

If we now collect the final term from (3.18)) and the final two terms from (3.19) in

g(€) :=—1i (%(emg —1- iAg) + Ag(emg — 1))
b ADA (jemist )
+ T2t (z’(e_mg 1) (2R 1)) ,
then we can write F;(Z.) as
Fi(ze) = g(e) +i5 —iAL — i (F(L+4iA)) + AY) + 2224 (i — 1)
= g(e).

Using Lemma it is not difficult to see that |g(e)| can be bounded by fi(e), as
defined in (3.16]). O

Proposition 3.3.4. Define

fal€) = (5 + AR)AL(0 + ) + 300 (205 + Ag) + eAg. (3.20)
Then |F3(ze)| < fa(e).-
Proof. First note that

Fy(Ze) = (2i@c + ace %) co(€) + acee™ e = (22‘@6 — @ee%Ag) Tie— i et D

= (2i0 — ac) Zle —idee — @ (X80 — 1)2ie — iae(e™ — 1). (3.21)
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We expand the first part of the right hand side in as
(2iwe — ) 25te —iaee = (205 — §) Zle — iTe+ (—2iA0 — AY) 2xte — iADe
= — (20A) + AY) Zte — iAle.
Hence, we can rewrite F(€) as
Po(Ze) = —ae (€20 — 1) 2t — jaee(e™% — 1) — (A0 + AQ) Zte — iAe.

Using Lemma it is then not difficult to see that |F»(Z.)| can be bounded by fa(e€),
as defined in ((3.20)). O

Proposition 3.3.5. Define
fa(e) == 5(5 + A0 (V2 + 3AY )ed. (3.22)
Then |F3(Ze)| < fs(e).

Proof. Note that
F3(Ze) = ace(e™ @ 4 e 2% ) ca(e).
We expand this as
Fy(20) = —aee? 258 (ie!2% 4 ¢2A0)

= - (i + 1) — a2 (i(d’Ag — 1) (20— 1)) :

Using Lemma it is then not difficult to see that |F3(Z.)| can be bounded by f3(e),
as defined in (|3.22)). O

Proposition 3.3.6. Define
fale) == (5 + AY)é (3.23)

Then |Fy(Zc)| < fa(e).

Proof. Note that

Fy(Z) = aeee™ 2% (2e)?

from which it follows that |Fy(Z¢)| can be bounded by fy(¢), as defined in (3.23). O
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3.4 The upper bound for Z(e,r, p)

In this section we calculate an upper bound on DT'. To do so we first calculate DF =

Oo? Ow? Ocl”
oF . .
T = ¢ ey + Uyc+ee” ey + eLy,c+ €Uy * ¢, (3.24)
«
F - ,
g =i(1—ae ™)e; +iK NI — alU,)c —icee ey + ael!,c — iae[K'U,c] * c,
w
(3.25)
oF . 1 K
50 b= (iwK™" + aU,)b+ ae(Ly,b+ [Uyb] * ¢+ [U,c] *b) , for all b € ¢,
(3.26)

where L/, is given in (3.9), and %—f is expressed in terms of the directional derivative.

Recall that I3 is used to denote the 3 x 3 identity matrix.

Theorem 3.4.1. Define AglAl as in Proposz'tz'on and define the matriz

/= +1 0
fl,a fl,w fl,c

M = % 0 , (3.27)
f*,a f*,w f*,c

en}

where the functions f1.(e,r, p) and f..(e, 7, p) are defined as in Propositions .
If we define Z(e,r, p) as

Z(e,r, p) =€ (M)Q + (Ig + eﬂ) - M, (3.28)

then Z(e,r) is an upper bound (in the sense of Definition [2.2.5) on DT(z) for all

x € Be(r,p). Furthermore, the components of Z(e,r,p) are increasing in €, v and p.
Proof. If we fix some x € B(r, p), then we obtain

DT (z) =1 — ATDF(z)
= (I - ATA) — AT[DF(z) — A]

= (Ag Ar)® — [ — e(Ay " A1) - Ay - [DF () — A],

hence an upper bound on DT'(zx) is given by

& (A51A1>2 t (I + Ay AY) - Ay [DF(x) — A
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where Ay' [DF(x) — A] is a yet to be determined upper bound on Ay' [DF(z) — AJ.
To calculate this upper bound, we break it up into two parts:

TawdAy ' (DF(x) — A) = Agyic'm (DF(z) — A) (3.29)

me Ayt (DF(z) — A) = Ajimso (DF () — A). (3.30)

To calculate an upper bound on (3.29)), we use the explicit expression for A0_7 i to

estimate

‘waAﬁm (DF(z) — A)( < /4 +1m(DF (@) — A)

mAGim (DF () = A)| < 271 (DF(z) - A),

where m1(DF(z) — A) is an upper bound on m(DF(z) — A), viewed as an operator
from R? x ¢X to C (a straightforward generalization of Definition [2.2.5). Indeed, in

Propositions [3.4.2} [3.4.3| and [3.4.4] we determine functions fi. such that, for all z €

Bé(ra p)a

0F, .
> (222
fl,a(":anp) - 80& (l’)—i-’b

OF
froler,p) > | (@) = (i = 5)

o
Jdc

i

)

frele,r,p) = ,  forall be £f with ||| < 1.

() -b— Te(i — 1)mb

Here the projection 7y is defined as mb := by € C for b = {bp}32, € ¢, Hence

[fi,as f1w, f1,c] is an upper bound on 7 (DF(z) — A).
For calculating an upper bound on Equation (3.30)), in Propositions and
we determine functions f, . such that, for all x € Bc(r, p),
f*,a(ﬁ, Ty p) = AE,}JTEZ <80é(x) + €2Jg4i62> ’ )

_ oF _3n  2(24m) -
f*’w(e, T, p) > AO;'/TZQ (aw(.%) — € [% + %z} €9

oF

)

, forall b € £f with ||b]| < 1.

oF
fecle,r,p) > || Ag imso (60<$) b — (Ao + 6A1,*)b>

Hence [fy o, fews fx.c] is an upper bound on A(I17722 (DF(x) — A), viewed as an operator

from R? x Bé( to £5. We have thereby shown that M, as defined in (3.27)), is an upper

bound on Ay' [DF(z) — A], which concludes the proof. O
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Proposition 3.4.2. Define

0c(2 + 6,
fla =400+ 67( )
2

Then for all v = (a,w, c) € Be(r, p)

OF: .
fla > 8—Oj<x)+z .

Proof. We calculate

0F,

a—(x) +i=e " 4ite(e +e ) mc+ em ([Und *c).
o

Hence, using Lemma [3:2.2]

OF : J 1 de(2+46
8—;(95) —1—2" < |eT™ 44| + 2656 + 6553 <AL+ ec(;C).
Here we have used that |mza| < 1|jal| for k = 1,2 and all a € . O

Proposition 3.4.3. Define

2
Fro = Ba+ 500+ (5 +Aa) F23 + ).

Then for all © = (a,w, c) € Be(r, p)

oF
frow > | @) = (= 5)].

Proof. We calculate

OF; . . )
TH@) — (1= 5) = (i —dae™) = (1= §) + aelic — 2e7 %) mye

—daery ([K ™ U,c] * ¢)
=—i(a—D)e ™ —iZ(i+e ™) + ae(ie™ — 2e *“)mc

—daem ([K U, * ).

Hence, using Lemma [3.2.2] again,

oF,

3 1
Ll (=) < T 2 - .
() = (i =5)| < Aa+ FAL+ 2aeéc + Qaepéc
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Proposition 3.4.4. Define
Fre =€ (Bat A0+ (5 + Au)ie).

Then for all v = (a,w, c) € Be(r, p)

0F;

fre> |5 (@) b= Fe(i—1)mb|,  forallbe K with ||b]| < 1.

Proof. We calculate

OF: . iw —2iw (s
a—cl(x) b — Ze(i — 1)mob = e[a(e™ + e ) — Z(i — 1)]mab

+ aemy ([Unub] * ¢ + [Uyc] * b)
= e[(a— Z)(e™ + e ) mab + eX[(e™ + e ) — (i — 1)]mab

+ aery ([Uyb] * ¢ + [Usc] * b).

Hence, for ||b]| <1,

oF,

W(az:) b—Ze(i — 1)mab| < € (An + F(Au + 2A4) + (5 + Ad)de) -

Proposition 3.4.5. Define

2
frw 1= 7 (re + 204, (62 + €) + €0.(4 + 5c)) -

Then for all © = (a,w,c) € Be(r, p)

—1 2+414
f*,a > HA07*7F22 <aa(x) +e€ —g e2> H .

Proof. We note that 62+TM62 = C. + €ies and calculate

OF | | o
7722%(-%)4—62—;4162 = Uy (c—C)+(14e ) 4e(e™™ +i)eg+emso Lyctemsa([Uyc]xc).

By using Proposition [3.1.1] and Lemma [3.2.2] we obtain the estimate

|

A

OF } . o
AT (aa(x) + 62+54Ze2) H < NAGA (re + 6211 4 €72 4 2¢[e™™ + i| + 4ede. + €67)

2
< —% (re +2A,(62 + €) + €6e(4+6.)) -
v
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Proposition 3.4.6. Define

(6 + 3re) + péc) : (3.31)

Then for all x = (a,w, c) € Be(r, p)

OF .
fow 2 HAoJ>2 (&u (z) —e€ [4 ;

)|

Proof. We note that € [413’“ + 2(2+7r) } ey = (2 + )¢ — Geey and calculate

W22g%(x) € {415’” + (2+7r) } ey = iK_l(I —alUy)e — icee “ey + aemso Ll c
—daerso([K U, * ¢)
— iK1 - U )Ce + Feea
=iK Y(c—¢)— e(ice™ — 5)es
— iK' [Uy (B(c— ) + (o — F)c) ]
K (0 U 36

+ aemso Ll c — iaemso([K U, * c).

Applying the operator Ay ! to this expression, we obtain (with U defined in (13-1))

_ OF i 2 . %
Al ((az) —€ [415’“ + 2(2+ ) } e2> ;U(c —Ce) — ,fEUK(zae — J)ez

(i

+%UK7T>2 (Le—i[K U] * c) .



We use the triangle inequality to estimate its norm, splitting it into the five pieces:

“Ule—c)| < =
s

%€ - .
H—,GUK(iae_“" —5)ez|| < —
i

| /\

%UKTFEQ (LLe—i[K 'Uyc] * ) ‘

25
71'4

2 2 T 2€

E?@Aw)j?

sa.

20 Poc
UKn>oLlc|| + )

2 (10K msaiel + 22

where we have used Proposition and Lemma Finally, we estimate

HUKW??L;CH = HUKW22 (—ioT(e™™I + K~ 'U,) +io™ (eI — K~'U,)) CH

< —=(lloell + llm>207cl)) +

Sl

5 3
((5 + 7)) + 1 <5c + 27‘c> .

%\

Hence, with f, ., as defined in (3.31)), it follows t

oF .
HAO ZTT>2 <(9w (x) —€ [413’ +

Proposition 3.4.7. Define
51 1 A 8
o= |2 (24 =) Au+ 22| e |—2A,
rem [y Gre) o Bl
Then for all x = (a,w, c) € Be(r, p)

oz |

oF
sy (8C<x> b (Ao, + eAl,*>b)

< ‘UKWZQ(U+ + J_)CH + HUWZQK(O’+ + J_)K_lUwcH

5 B o
Z(||KU+K Yoo+ [|rs2 Ko™ K1)
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(3.32)

hat

2(2;_Tr)i] e2> H < f*,w-

(Tt

' . for allb e £ with ||b]| < 1.
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Proof. We write A, := Ag « + €A1 . and calculate

oF

g¢ (@) b= Ab = [(iwK ™' +aUy,) — (5K~ + ZUy, )] b+ aeLyb — TeLyyb

+ e [[Uyb] * ¢ + [Uyc] b
= [i(w - DK+ (a = DUy + Uy — Uy )]b

+ €[ — 5) Ly + §(Lw — Luy) | b+ ae ([Uyb] x ¢ + [Uyc] % b) .

Hence, for ||b]| <1,

_ OF 1 - _ oA
[4ims2 (Gt -0 A0)|| < AuAGIR 1 + Faall A + 514G - U]
+ € [48allAGH + 5145 m22(Lu — Luy)|
te [zaacuA(;,{u} : (3.33)
where all norms should be interpreted as operators on Eé. Since 88% = —iK~'U, and

Ao_, i = %U K, it follows from Proposition that
1451 (U, = Ul € 28010 = A (3.34)
0,x\Yw wo = w o w- .
Next, we compute

Ly — Ly =0t [(e7™ + )+ (Uy — Uyy)] + 0~ [(e =) + (Uy — Usy)]

= (e +i)om —ie“(i+e ™o + (07 +07)(Uy — Usyy)-

Analogous to (3.32) and (3.34]) we infer that

4 , 5~ 4 25
Aglnso(Ly — L) € —=li+ 7™+ S| U] Aw € —=Ay + A,
45 (B = L) < —lit e+ 210100 < A0+ 1A
Finally, by putting all estimates together and once again using Proposition |3.1.1] it

follows from (3.33)) that

or 5(1 1 An
’ A[IiTFZQ <8C(x) -b— A*b> H < |:2 (2 + 7T> A, + \/5:|

8 2 25 AT + AL)0.
te|—=la+ | =+ ) Au+ 22—,
{wé <¢5 8) /5
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3.5 A priori bounds on periodic orbits

In order to isolate periodic orbits, we need to separate them from the trivial solution.
In this section we prove some lower bounds on the size of periodic orbits. First we
work in the original Fourier coordinates. Then we derive refined bounds in rescaled
coordinates.

Recall that periodic orbits of Wright’s equation correspond to zeros of G(«o, w,a) = 0,
as defined in . Clearly G(a,w,0) = 0 for all frequencies w > 0 and parameter values
a > 0. There are bifurcations from this trivial solution for o = ay, := §(4n + 1) for all
n > 0. The corresponding natural frequency is w = «,,, but there are bifurcations for
any w = a, /1 with 7 € N as well, which are essentially copies of the primary bifurcation.
The following proposition quantifies that away from these bifurcation points the trivial

solution is isolated.

Proposition 3.5.1. Suppose G(a,w,a) =0 for some a,w > 0. Then either a =0 or

w2 w
> mi —k — —(1 —si . .
ol —Enell{%\/(l ka) + 2k = (1 — sin kw) (3.35)
Proof. We fix ar,w > 0 and define

81 = min (a — kw)? + 20kw(1 — sin kw).
keN

If B4 = 0 then there is nothing to prove. From now on we assume that 8; > 0. We
recall that
G(a,w,a) = (iwK™ +alU,)a+ a[U, a] * a.
We note that iwK ~! + al,, is invertible, since for any k € N
likw + ce™* )2 = (a cos kw)? 4 (w — asin kw)?
= (kw)? + o? — 20kw sin kw

= (o — kw)? + 20kw(1 — sin kw)

> 1> 0.
We may thus rewrite G(a,w,a) =0 as

a=—a(iwK ™ +alU,) Y ([Uy, a] * a). (3.36)
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Since |[(WK ™! + aU,) 7Y = 51_1/2 and || [Uy a] * al| < ||al|?, we infer from that
lall < ;" all”.
We conclude that either a =0 or |jal| > B%/z/a. O
Proposition 3.5.2. Suppose that w > 1.1 and « € (0,2]. Define
gr(w,e) = (1 - k2)? 42k 2 (1 — sinkw). (3.37)
Then g1 < gi for all k > 2.
Proof. This is equivalent to showing that
(1-9)24+2¢9(1 —sinw) < (1 — k%)? +2k2(1 —sinkw)  for k > 2.
Making the substitution x = %, we can simplify this to the equivalent inequality

(k* — 1)z + 2sinw — 2k sin kw > 0.

Since a < 2, we have z > w/2. Hence it suffices to prove that

1
5w + 2sinw — 2k sin kw > 0 for all k > 2. (3.38)

We first consider k = 2. It is clear that ho(w) > 0 for w > 4. We note that hy has a
simple zero at w ~ 1.07146 and it is easy to check using interval arithmetic that he(w)
is positive for w € [1.1,4]. Hence ha(w) > 0 for all w > 1.1.

For £ = 3 and k = 4 we can repeat a similar argument. For k > 5 it is immediate

that hy(w) > =L 2 2k >0 for w > 1. O
2

As discussed in Section the function G(a,w,a) gets replaced by ﬁe(a,w,é)
in rescaled coordinates. In these coordinates we derive a result analogous to Proposi-
tionbelow, see Lemmam First we bound the inverse of the operator B € B(4})
defined by

B = igl + UK + eLy K,

where K, U, and L, have been introduced in Section [2.1
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Lemma 3.5.3. Let ¢ > 0 and a,w > 0. Let

1 2 2 —2si —-3) 2
7::2+6<3+max{\/ s;n(w 2),3}>.

If v < w/a then the operator B is invertible and the inverse is bounded by

1

w .

“—y

Iz =

Proof. Writing

and using a (formal) Neumann series argument, we obtain

a & 1

-~ a n
g1 <2 (7) Uy+eL,) K™ < w - .
1870 =520 () WUt L) KU < § s p R = 2 =0 1 L) K]

n=0

It remains to prove the estimate ||(U, + €L,)K|| <. Then, in particular, for v < w/a
the formal argument is rigorous.

Recalling that L, = o (e"“I+U,) + 0~ (eI +U,), we use the triangle inequality
1(Uss + eLo) K || < UK + ello™ (€71 + Uu) K| + ello™ (eI + Un) K|,

and estimate each term separately as an operator on £j. We recall the formula (3.2)

for the operator norm. Using that ||[K¢|| < 3| for all é € £}, the first term is

bounded by |U,K| < 3. Since o~ shifts the sequence to the left and we consider

the operators acting on £}, we obtain [|o~(e™I + U,)K| < % For the final term,

loT (eI + U,)K]||, to obtain a slightly more refined estimate, we first consider the

action of ot (e™“I + U, )K on ey. We observe that

le™™ e = \/2 — 2sin(w — 7).

Hence [|oT (e7™1 + Uy)Kes| < /2 — 2sin(w — ), leading to

, 2 _ 94 — T
loT(e ™I+ U,)K| < max { \/ s;n(w 2),2}.

We conclude that

1 2 2 —2si —-7) 2
”(Uw‘FGLw)KH S 5"‘6 (B—i—max{\/ Slzn(w 2)73}) .
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Lemma 3.5.4. Fize >0, a,w > 0. Assume that B is invertible. Let by be a bound on

2 =gt £ 4/by? - 2€2.

Let ¢ € £} be such that F.(a,w,&) = 0. Then either |&| < z~ or ||&|| > zt. Additionally,

|B~Y||. Define

[l < bo(2€ + [|2]]?).

Proof. If F, (a,w, ¢) = 0, then it follows that the equations meF. =0 can be rearranged
as

¢=—KB e ey + [U,d] % &). (3.39)
Taking norms, and using that ||K¢| < (||| for all & € £}, we obtain

N IR | i
lell < S 1B (€lleall + [1[Twe] + €ll) < 500 (2% + [12]) - (3.40)

The quadratic 22 — 2b, L2 4 2€2 has two zeros 2zt and 2z~ given by

25 =byt £/ - 2e2.

The inequality ([3.40]) thus implies that either ||| <z~ or ||¢]| > 27.
Furthermore, it follows from (3.39) that [|[K—2&| < |[B71| (2¢2 + [|&]|?) < bo(2€* +
(1) O

In practice we use the bound |[B~!|| < b;!, where

w1 (2 1 -
b (€) ::a—2—e<3+2\/2+2\w—2]>.

When doing so, we will refer to 2% as zF. Additionally, we will need the following

monotonicity property.

Lemma 3.5.5. Fiz o, w,eq > 0 and assume that eg < by(eo)/v/2. Define
2, (€) :=by(€) — /(bs(€))? — 2€2.

Let Cy := 2 (0) - Then

€0

z (e) < Coe for all 0 < e < ¢. (3.41)

Proof. Let x := v/2¢/by(e) > 0. Clearly L2 > 0. It thus suffices to observe that

L(e):\/il—\/l—av2

€

is increasing for = € [0, 1]. O
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3.6 Implicit Differentiation

We will approximate

%P;(a;) = ae ey + aLlyc+ alUyd * c
by
T .= g?’ = —lee; — Siey — %ﬁeeg (3.42)
— Zies + TLunii, (3.43)

which has been chosen so that BF(% Z,e)—T'=0().

Lemma 3.6.1. When we write AT = (o/,uw', /) € R? x €5 then

d = [(—1221) — 62%(7 — z)] e + 631'161 es.
Proof. First we calculate the a and w components of the image of Af:

WQ,WAT = Aa&i&lm I — eAlAal]]
= Agtic'm[I — €5 L, Ag
= Aa&z’élm [ —eo™ (il + Uy iK1 4+ Uyy) ™Y

= Agric'[m — (3 m). (3.44)

Here we have used projections mpa = ay, for a = {ax}r>1 € ¢'. We now calculate the a

and w components of ATT. Tt follows from and - ) that

1.—1 [z 3i—1 7 3+i
TawAT = Agtic! [5 35 e + 53 ie]
_ me p—1.—1 -
= ?Ao,lz(c (3i — 1)

3T
2€ 5 =

We now calculate

me AT = Agimsoll — Ay AG'IT, (3.45)
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where A1 A 1 decomposes as
A1AG" = eslic A1 o Ag yig ™) 4 AL Ag i (3.46)
We first calculate
Agimsol = 2(iK ™ + Uy,) ™' [ Fiey — 53 ees]

—(Qi — 1) €9 — (3Z + Z) 5 663

= H2le) 4 3o (3.47)

Since I' has three nonzero components only, we next compute the action of
Ay 1759 A1 A" on each of these. Taking into account the decomposition (3.46)), we first
compute its action on Ae; for A € C. After a straightforward but tedious calculation

we obtain

—1 -1 . —1,-1 -1
A07*7T22A1A0 )\el = [Z(CAL?AOJZ(C A}A07*62

— 52— [(11 4 2i)ReX + (—6 + 8i)ImA] e,
Next, we compute the action of A&iﬂ'zzAlAal on ey, for k =2, 3:

Aa’iﬂ'nglAaleg = A(Ii[g0'+(€_iwol + Uwo)]Aa’iGQ

_ 23+
= 7720 %3

AgtmsaAi Ay ey = AG [Eo (€01 4 U, )] Ag Les

2142
= "7 10 2

where we have used that (e=*°[ + U, )es vanishes. Hence, by using the explicit ex-

pression (3.42) for I' we obtain

— €Ag oo A AT = —€° 29 1_2522%2 + 6325 1e3 _ el ;roﬁeg (3.48)
Finally, combining , and completes the proof. O
Lemma 3.6.2. Let
fer =180 (fA +3A,(% + Aa)) +re(3+Aa) (1460 + 37e) (3.49)
fee = 22 [2 (Ao + FA) + O0V2A0 + 30 (5 + Ad)] + (3 + Aa)(4re + 52|

(3.50)
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Then the vector [(1 + %)1/2]56,1, %fal, feelT is an upper bound on Aal(%—f(x) —T) for

any = € Be(r, p).

OF 1

Proof. The a- and w-component of Ay *( 5c (v) —T') are given by A(ﬁiq_: Wl[%—f(x) —T.

If we can show that \m[%—f(m) —TJ| < fe1, then it follows from the explicit expression
for Aa& that [(1+ %)1/2]‘1,1, %le]T is an upper bound on Wa’wAal(%—f(a:) —T'). Let us

write ¢ = & + h, for some h. € £} with ||h.|| < r.. Recalling (3.43), we obtain

m[%E () = T] = m1 [aLyc + a[Uyd * ¢ — 5 L]
=m[aoc” (¥ + e ™)e. — o (i — 1)e]
+m [aa‘(ei“ + e 29) b, + alU,c] * c]
=m[(a—5)i— e +a(e™ —i+e ™ +1)]

+m [ao_(ei‘” + e 29 he + alUyd] * c|.
We note that
1 (U] % ) = Ty (U@ + he)] % (4 he)) = mu([UnZd # he + [Ushe # & + [Uhe] % ho).
Hence, using Lemma [3.2.2] we obtain the estimate
M9 (@)~ T)| < 369 (V280 +3Au(5 + Aa)) +7e(5 + Aa) (1460 + 1)

We thus find that |7r1[%—f(:1:) —T < fﬁl, with fe’l defined in ([3.49).
The c-component of Aal(%—f(x) —T') is given by A&iﬁzg[%—f(a:) —TI']. We will use the
estimate ||A6i|| < —2_, so0 that it remains to determine a bound on ||7r22[%—f(:n) e

/5’

Using we compute
WEQ[%—f(x) -T) = ae ey + Fiey + T>o (oszE6 — 5Ly Ce + aLyhe + alUsyc] * C).
We split the right hand side into three parts, which we estimate separately. First
| w2 [aLuhe + a[Usc] * c]|| < (5 + Aa)(dre + 62).
Next, we calculate
T>9 [aLwée - %LWOEG] = a0+(6_i“’ + 6_2“)55 - %U"'(—i —1)ée

= [(a - 5)(—i— 1)?6 +ale™ £ e 2 — (i 4 1))%6] es.
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Hence

|72 [@LwCe — 5 Lugl] || < 62[V2A0 + 300 (5 + Ad))-

Finally, we estimate
H(ae_iw + gz’)egH =2 ’(oz - g)e_iw + g(e_w + z)’ <2(As+5AL).

Collecting all estimates, we thus find that |7, Ay [2E (z) — T)|| < fe., with f.. defined

€

in (3:50). O

Recall that I3 is used to denote the 3 x 3 identity matrix.

Corollary 3.6.3. Let AglAl be defined in Proposition . The vector

(I3 + GAalAl) : [(1 + %)1/2]66,1’ %fe,la fe,c]T

is an upper bound on AT(%—f(:L’) —T) for any x € Bc(r, p).

Proof. From Lemma it follows that [(1+ %)1/2j‘171, %fe,l, fe,C]T is an upper bound
on Aal(%—f(x) —T). Since At = (I — €Ay A1)Ay " and I3 + €Ay Ap is an upper bound
on I —eAy L A1, the result follows from Lemma m O

We combine Lemmas and into an upper bound on AT%—f(iﬁe).

Lemma 3.6.4. Define Q?, Q. € Ri as follows:
o [2<3w 1) 2 2 2 +182T
=|-—=—-1)¢-€6,—=+ —e+ ——=¢| ,
¢ 5\ 2 57V5 V10 5v/50
Q. = QS + (Ig + GAo_lAl) : [(1 + 7%)1/2.165,17 %fe,h fE,C]T- (351)

Then the vector Q. € Ri is an upper bound on AT%—f@) for any x € Bc(r, p).

Proof. 1t follows from Lemma that the vector Q7 is an upper bound on AT (for
example, the third component of QY is a bound on ||¢/||). It follows from Corollary
that

(I +eAg A1) - [(L+ )2 fer, 2 fen feel”

is an upper bound on Af(2E () —T'). We conclude from the triangle inequality that Q.

€

: o)
is an upper bound on ATa—f(x). O
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Finally, we prove the bounds needed to control the derivative %de in Section m

(in particular the implicit differentiation argument in Theorem [2.3.8]).

Lemma 3.6.5. Fizey > 0,7 € Ri and p > 0 as in the hypothesis of Proposition|2.2.15
Let 0 < € < €y and let & € B.(€*F, p) denote the unique solution to F(x) = 0. Recall
the definitions of Z. € Mat(R3,R3) and Q. € R} in Equations (2.27) and (3.51).
Define

M, = ((Ig + EAalAl) . [(1 + %)1/2f6,17 %fe,l’ fe,c]T>1 )

M. =

€

1
62
1 _
(203~ 297'Q]),,

where the subscript denotes the first component of the vector. Then M. and M/ are

positive, increasing in €, and satisfy the inequalities

[madl (3 (20) — )| < €M, (3.52)

(Z(I3— 2)7'Qc), < M. (3.53)

Proof. To first show that (I3 — Z.)~! is well defined, we note that by Proposition
the radii polynomials P(e, €27, p) are all negative. As was shown in the proof of Theo-
rem the operator norm of Z, on R? equipped with the norm || - || .2 is given by
some k < 1, whereby the Neumann series of (I3 — Z.)~! converges.

From the definition of M, and Corollary inequality follows. Inequality
is a direct consequence of the definition of M/. Since the functions fe,1 and fe,c
are positive, then M, and Q. are positive. Since the matrix Z. has positive entries only,
the Neumann series for (I3 — Z.)~! has summands with exclusively positive entries,
whereby M! is positive.

Next we show that the components of Z. and Q. — Q¥ are polynomials in e with
positive coefficients and their lowest degree terms are at least quadratic. To do so,
it suffices to prove as much for the functions fgl, fe,m oo fiws fle Feas frw, free We
note that all of these functions are given as polynomials with positive coefficients in
the variables €, Ay, Ay, 8¢, 7e, 00 (recall that p is fixed and does not vary with €). Since
(Tas Tw, Te) = €2(Fay, T, Te), then by Definition the terms Ay, Ay, 7. are all O(e?).

Furthermore, whenever any of the terms e, d., 60 appears, it is multiplied by another
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term of order at least O(e). It follows that every component of Z. and Q. — QY is a
polynomial in € with positive coefficients for which the lowest degree term is at least
quadratic.

From these considerations it follows that the components of both M, = ¢ 2(Q, —
Q%) and e 2Z, are polynomials in € with positive coefficients. It also follows that both

Q. and (I3 — Z.)~! are increasing in €, whereby M! is increasing in e. O
As a trivial extension, we have the following corollary:

Corollary 3.6.6. Fiz ¢¢ > 0,7 € Ri and p > 0 as in the hypothesis of Proposi-
tion [2.2.15. Let 0 < € < ¢y and let & € B(e*7, p) denote the unique solution to
F(x) = 0. Recall the definitions of Z. € Mat(R3,R3) and Q. € R3 in Equations (2.27)
and (3.51)). Define

Me = ((Ig + EAglAl) . [(1 + %)1/2f5,17 %fe,h fs,c]T>27

N =

1
€2
1 -1

?(26(13 - Ze) Qe)Qa

where the subscript denotes the second component of the vector. Then M, and Me’ are
positive, increasing in €, and satisfy the inequalities

’ﬂwAT (2 (z,) —T.)| < 2, (3.54)

(Z(Is— 20)7'Qc), < €M (3.55)
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Chapter 4

Computationally Characterizing SOPS and their Stability

In Chapters [] and 5] we use the global optimization technique of branch and bound to
prove global results in Wright’s equation. This technique is analogous to the mathemat-
ical method of proof whereby one divides a problem into different cases, and analyzes
each case individually. While the branch and bound method is prototypically used for
finding the global maximum of a function, it can be applied in a multitude of situations

where local analysis needs to be stitched together into a global picture.

4.1 Background

In this chapter, we combine the branch and bound approach with a rigorous numerical
integrator to derive pointwise bounds on all SOPS to at a given parameter range.
We then calculate bounds on the Floquet multipliers of SOPS, hoping to prove that any
SOPS that could exist is asymptotically stable. If successful, we can use the following

theorem to prove uniqueness:

Theorem 4.1.1 (See [Xie91,Xie93|). If o > T and every SOPS to (1.1) is asymptoti-

cally stable, then (1.1) has a unique SOPS up to a time translation.
Following Xie’s approach, we define the function space
X :={z e C'(R,R) | z(0) =0,2/(0) > 0 and z(t) < 0 for t € (—1,0)}.

Up to a time translation, the space X contains all SOPS to Wright’s equation. Xie
showed that if z € X is a SOPS to Wright’s equation with period L, then its nontrivial

Floquet multipliers A € C are given by solutions to the nonautonomous linear DDE:

y'(t) = —af'(z(t - 1)yt —1) (4.1)



68

subject to the boundary condition

' (s+ L)

Ay(s) = —y(L) (D) +y(s+ L), s € [-1,0]. (4.2)

For a SOPS z € X, showing that |A| < 1 for all possible solutions y to and
it suffices to show that x is asymptotically stable. By doing so for all possible SOPS to
Wright’s equation when o > 5.67, Xie achieved his proof for uniqueness. Xie’s method
has two parts: (1) obtain estimates on SOPS to Wright’s equation and (2) use these
estimates to develop an upper bound on the magnitude of their Floquet multipliers.
Xie was only able to obtain a proof for a > 5.67 because of the difficulty of the first
part. In this chapter we continue Xie’s method by means of a computer-assisted proof.

Our approach to obtaining bounds on SOPS is based on an algorithmic case-by-case
analysis of the locations of the zeros of a function z € X and the size of its extrema.
In [Wri55, Lemmas 4 and 5] it is shown that if z € X and a > 1 then the zeros
{zi(2)}5°, of x are countably infinite and z;;1(x) — z;(z) > 1. This result implies that

we can define the maps ¢ : X — (1,00) and g : X — (1,00) as follows given = € X

q(z) = z1(z) = 20(2),

q(x) := zo(x) — 21(x).

By construction, if x € X, then its first zero is zp(x) = 0. Moreover, if x is a SOPS
then ¢(x) + g(z) is its period and furthermore if it solves (1.1]), then its extrema are

given as

max z(t) = z(1),

rtréiﬂlglx(t) =z (q(z)+1).

In [BCKN14] a branch and bound algorithm is applied to the 2-dimensional domain
{maxz,minz} to show that there do not exist any SOPS to Wright’s equation for
a < 1.5706, making substantial progress on Wright’s conjecture that the origin is the
global attractor to for a < § ~ 1.57079. Without an exact value for ¢(z), one
cannot pinpoint the location of the minimum of x. To account for this ambiguity,

the authors in [BCKN14] use a collection of six different functions to bound z, each
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defined relative to one of the zeros {zo(z), z1(z), z2(x) }. We use an alternative approach
that allows us to work with just two functions. In particular, we classify the space X

according to the finite dimensional reduction map « : X — R? defined as follows:

w(z) = {q(x), (), z(1)}. (4.3)
Relative to a SOPS’s image under k, we formally define bounding functions as follows.

Definition 4.1.2. Fiz an interval In = [Gmin, Omaez] and a region K C R3. The

functions i, ur : R — R are bounding functions (associated with K ) if
U (t) <z(t) <ug(t), forallteR,

whenever x € X is a SOPS to Wright’s equation at a parameter o € I, satisfying

k(z) € K.

In practice, we define the functions ug, £x as piecewise constant functions, which
are easy to represent and rigorously integrate on a computer. To ensure proper math-
ematical rigor and computational reliability, we have used interval arithmetic for the
execution of our computer-assisted proofs [Rum99,[MKCO09]. Notably, our algorithms
use a rigorous numerical integrator for delay differential equations, about which there
is a growing literature [BCKN14, MN10,Szc14,SZ16]. These computational details are
discussed further in Section [4.71

To summarize Theorem [4.1.1} in order to prove that there is a unique SOPS, it is
sufficient to show that every SOPS is asymptotically stable. This breaks into two major
parts: (i) characterizing SOPS to Wright’s equation, and (ii) bounding their Floquet
multipliers. To accomplish the first part, we begin by constructing compact regions
K1, Ky C R3, described in Algorithm and Algorithm respectively, for which
K71 U K> contains the x-image of all SOPS to Wright’s equation. We then use a branch
and prune method, defined in Algorithm to refine these initial global bounds.
This algorithm branches by subdividing K7 U K5 into smaller pieces, and prunes by
using Algorithm to develop tighter bounding functions. The end result of this
process is a collection A of subsets of K C R3, and in Theorem we prove for a

given parameter range [Qmin, Qmaz| that if z € X' is a SOPS then s(z) € Ugcq K.
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The task then becomes to show that every SOPS is asymptotically stable. For
a given region K C R3, we use Algorithm to derive a bound on the Floquet
multipliers of any SOPS with k-image contained in K. This is then combined with the
branch and prune method in Algorithm [£.5.3] Finally, the proof to Theorem [1.2.2] is
given in Section 6, where, in addition, we discuss the computational limitations of our

approach.

4.2 A computational approach

Theoremeffectively transforms Jones’ Conjecture (Conjecture into the prob-
lem of studying the asymptotic dynamics of SOPS, and in turn, their Floquet multi-
pliers. In a neighborhood about a periodic function, one can develop estimates on
these Floquet multipliers |[CL13,Xie91]. However these bounds rely significantly on
this neighborhood about the periodic function being relatively small. In effect, Xie
shows that any SOPS to Wright’s equation is stable for each a > 5.67 by first showing
that all such solutions reside within a narrow region, and subsequently shows that all
periodic orbits in that region are asymptotically stable. This first step is the more
difficult part, and the reason Xie restricts his proof to o > 5.67.

In Xie’s thesis [Xie91l] a case-by-case analysis is used to obtain a region within
which all SOPS must lie. Specifically, if g(x) > 3 then asymptotic analysis [Nus82]
precisely describes the approximate form of the SOPS with tight error estimates. For
the alternative case, Xie divided the possibility of g(x) < 3 into several sub-cases and
showed that each of these led to a contradiction when o > 5.67. In our analysis
we make similar assumptions by considering a SOPS’s image under the map k(z) =
{q(x),q(z), (1)} and the bounding functions associated with various regions K C R3.
For any region K C R? there is not a unique choice of bounding functions. In fact, we
develop techniques which iteratively tighten the bounding functions for a fixed region
K. If in our process of tightening bounding functions we derive a contradiction, such as
li(t) > uk(t), then we may conclude that there does not exist any SOPS x for which

k(z) € K.
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In performing a case-by-case analysis of SOPS to Wright’s equation, we are prin-
cipally concerned with bounding all possible SOPS, and we find it useful to introduce

the notion of an I,-exhaustive set.

Definition 4.2.1. Fiz an interval I, = [min, tmaz] and consider a set K C R3. The
set K is I,-exhaustive if k(z) € K for any SOPS x € X to Wright’s equation at

parameter o € 1.

To derive a sufficiently small I -exhaustive set we employ techniques from global
optimization theory. Specifically, we use a branch and prune algorithm which is derived
from the classical global optimization technique of branch and bound [Sch11,|RR88,
HT13]. Our branch and prune is designed so that it will output an I,-exhaustive set,
a result proved in Theorem [4.5.2

The branch and prune algorithm begins with an initial finite set S = {K; : K; C R3}
for which (Jgcg K is In-exhaustive. The construction of this initial set is described

in Section [£.3] specifically in Algorithms [4.3.5] and [£:3.8] We then alternate between

branching and pruning the elements of S. The branching subroutine divides an element
K € S into two pieces K 4 and K g for which K = K,4UKp, and then replaces K in the
set S by the two smaller regions. The pruning algorithm uses a variety of techniques
to derive sharper bounding functions on the region K. Furthermore, if we can prove
that the preimage x~!(K) C X cannot contain any SOPS, then we remove the region
K from the set S. The branch and prune algorithm terminates when the diameter of
every region K is less than some preset constant.

In contrast to the prototypical optimization problem of bounding the minimum of an
objective function, we are concerned with characterizing SOPS to Wright’s equation.
In particular, our pruning algorithm is designed to tighten the bounding functions
associated with a region K, reduce the size of K, and to discard the region if we
can prove that x!(K) does not contain any SOPS. The algorithm takes as input
an interval I,, a region K, and a pair of bounding functions ug,x. As output the
algorithm produces a region K’ C K and a pair of bounding functions ug,fx:. The

set K is taken to be rectangular, that is K = I, x Iz x Ipr where Iy = [gmin, Gmax) and
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I = [Gmins Gmaz] and Iny = [Mpin, Mimee). Additionally, this algorithm takes as input
a computational parameter nr,. € N relating to how we store the bounding functions
ug,{x on the computer (see Section .

The six steps in the pruning algorithm (Algorithm are independent of one
another and can be implemented in any order. In Steps 1-4 we describe how to tighten
the bounds on K, ux and lx (see Figure . Each step is constructed so that the
output does not worsen the existing bounds. That is each step of the algorithm produces
an output for which K/ C K and the inequalities uys < ug and £g+ > £ hold. At the
end of each step we update our input so that we use the improved bounds in the next

step. That is, we define:
K = K/ UK ‘= UK EK = ZK’ (44)

and subsequently modify K’, ugs and g as described in each individual step. In
Steps 5-6, we check conditions which would imply that the region K cannot contain
the k-image of SOPS to Wright’s equation. If this is the case, the algorithm returns
K =0.

Algorithm 4.2.2 (Pruning Algorithm). This algorithm takes as input 1o, = [Cmin, Cmaz),
K = [Gmin, @maz) X [Gmin, Gmaz) X [Mmin, Mmaz] € R? and associated bounding functions
L and ug, as well as the computational parameter np;me € N. The outputs consist of

a region K' CR3 and associated bounding functions lrr and wk.

Deﬁne I, := [Qmin7Qmax]; Itj = [szna (Imam] and Iy = [Mm'm, Mmaaz] as well as Lypin =

Gmin + Gmins Lmaz = Gmaz + Gmae ond I, = [Lmzna Lmam] .



1. We tighten the bounding functions associated with the region K using

min{ Myneg, u (1)} ift =1
ug(t) == min{0, ug ()} if t € [=Gmin, 0] U [gmaz» Limin]
| urc(t) otherwise
max{ Mpin, lrc(1)} ift =1
max{0, {x (t)} if t € [=Lmin, Gmaz) U [0, Gmin]
Crr(t) ==

Ci(t)

U[Lma;ta Lmin + Qm'm]

otherwise.

Lastly we update our bounds using Line (4.4]).
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(4.5)

(4.6)

If x satisfies Wright’s equation we can use variation of parameters to refine the

bounding functions. For our computational parameter nrime € N, we base our

calculation about a collection of points separated by a uniform distance of 1/npime.

That is, define A = 1/npime and In :=[0,A], and fix ty € {k-A}gez and s € Ia.

We may refine the values of uk(to + s), ux(to — s), Lx(to + s), Lx(to — s),

temporarily defining functions ugr, L as follows:

ugr (to + s) = uk(to) + s -
uK//(t(] — S) = uK(to) — S
lgn(to + s) :=Lx(to) + s
EK//(t() — S) = fK(t()) — S
and then defining:
URcr (to + S) =
UK’(tO — S) =
lii(to+ s) :=

KK’(tO — S) =

sup sup  —a« (ex(toflﬂ") — 1)
a€ly,relp b <x<ug

inf inf -« (ei(to_l_r) - 1)
a€lag,re€lp g <ax<ug

inf inf —a (ex(t‘)*l”) — 1)
a€ly,re€lp b <x<up

sup sup
a€lag,relp g <x<ug

min {ug (to + s), ugr(to + $)}
min {uK(t() — 8),’U,Ku(t() - 8)}
max {{x (to + s), g (to+ s)}

max {{x(to — s),lxr(to —s)} .

(4.7)
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Section[{.7 explains in further detail the computational aspects of this step. Lastly

we update our bounds using Line (4.4)).

3. In this step we refine our bounds on I, and Iny using ux and li. Att = q(x) the
function xz(t) changes sign from positive to negative. We sharpen the bounds on
1, by defining:

Qoin := Inf{t € I, : Lk (t) <0}

Qe = sup{t € I, : ug(t) > 0}

Iy = [Gmin> Gmaz]- (4.8)
Additionally we make the following refinement:
Ing := [Mmin, Mimaz] N [€r (1), ug (1)].
Lastly we define K' := Iy x I x Iy and update our bounds using Line .

4. If v € X is a SOPS with period L € Ir,, then x(t) = x(t+ L). Using this relation,

we make the following refinement:

EK/(t) = Imax {gK(t)’LIpel}lL eK(t—FL/)} (49)
ugr(t) = min{uK(t),ipgl)iuK(t+L’)}, (4.10)

Lastly we update our bounds using Line (4.4) as appropriate.
5. If there is some point t € R for which (x(t) > ug(t) then RETURN K’ := ().

6. If mingey, £xc(t+1) > —log “ﬂ”;gl, then RETURN K’ := ().

Proposition 4.2.3. Let I, = [min, Omaz], Qmin > 5,
K = [Qmin’Qmax] X [(jmin7(jma:(;] X [Mminmeax] g R3

and ug, Lk be input for Algorithm [{.2.9 with any computational parameter np;me € N.
Suppose that x € X is a SOPS at parameter « € I, and let {K', ug:,lx'} be the result
of Algorithm[{.2.3 If k(z) € K, then r(z) € K’ and lx < x < ugr.
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Proof. We prove that Proposition holds for each step of the algorithm individually.

Given an interval I, C R, let z € X be a SOPS at parameter o € I,.

1. Recall k(z) = {q(z), ¢(z), max(z)}. Since maxycr © = x(1) then the refinements
in and for the case in which t = 1 are appropriate. For the other two
refinements in each equation note that by definition a function x € X is non-
negative on the interval [0, ¢(z)] and non-positive on the interval [¢(z),q(z) +
d(z)]. Hence, z is non-negative on [0, ¢mnin] and non-positive on [¢maz, Lmin). If
x is a SOPS then it has period L = ¢(z) + g(z) and we may further conclude
that it is non-negative on the intervals [—L, —q(z)] and [L, L + ¢g(z)], and non-
positive on the interval [—g(z),0]. Hence, = is non-negative on [—Lin, —Gmaz]
and [Luaz, Limin + Gmin], and non-positive on [—@pmin, 0]. The refinements in
and reflect these restrictions.

2. To estimate an upper bound on z(tg + s), we apply variation of parameters to
Wright’s equation, obtaining
to+s
z(to + 5) = z(to) +/t " (e“’“*l) — 1) dr. (4.11)
0
Taking the Riemann upper sum of this integral with step size s, we deduce that
z(to+s) is bounded above by the RHS of (4.7)). As z(to+s) < uk (to+s) it follows
that z(tg + s) < min{ug(to + $),ux~(to + s)}. The proofs for the refinements of

uK(to — 8), eK(to + 3), €K<t0 — S) follow with parity.

3. Let z € X be such that k(z) € K. From our definitions of ¢/,;, and ¢,,, it

follows that

z(t) > Lg(t) >0, for all t € (gmin, Gpin) -

xz(t) <ug(t) <0, forallte (q;nam, qmax) )

Hence it follows that z(t) # 0 for t € (¢mins @pin) Y (Gnaz> Gmaz)- Since q(x) € I,
it must follow that q(z) € [¢),ins Umaz), thus justifying the refinement in (4.8)).

Regarding the refinement of I, as k(1) < z(1) < ug(1) it clearly follows that

[k(z)]s =x(1) € Ipnp.
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4. If z is periodic with period L, then x(t) = x(t + L). Since L € I, then we may

derive upper/lower bounds on z(t + L) as follows:

min (x(t+ L') < min 2(t+ L") < z(t+ L) < max z(t + L') < max ug(t + L').
L/EIL L,EIL LIEIL LIEIL

Hence it follows that miny ey, (i (t+L") < {x(t) and ug (t) < maxper, ug (t+L'),

thus justifying our refinements in (4.9)) and (4.10).

5. If g (t) > ug(t), then it is impossible for any x € X to satisfy lx(t) < x(t) <
ug (t). Since ug, and ¢k are bounding functions associated with K, this contra-

diction leads us to conclude that there cannot exist any SOPS x € X for which

k(z) € K.
6. By [Wal78, Corollary 1], if x is a SOPS to Wright’s equation and o > 7, then
minz < — log %/2 (4.12)

If z € X is a SOPS then minger (t) = x(g+1), whereby miner (t) > mingey, £ (t+
1). Hence, if mingey, £x(t + 1) > —log o;”ﬁ then is violated, and so there
cannot exist any SOPS = € X' for which x(x) € K. O
In Chapter [5| we apply Algorithm to study SOPS for o € (7,1.9]. However,
the algorithm has great difficulty discarding low amplitude solutions near the Hopf
bifurcation at o = 5. To remedy this, we use our estimates from Chapter (3| to modify
Algorithm [£.2.2] with the addition of a seventh step given in Algorithm [£.2.4] This
allows for a new way to potentially conclude that a given bounding function cannot
contain any SOPS. When I, = [7,1.6] in the proof of Theorem m given in Section
this additional step reduces the output size of Algorithm by 50% and reduces
the runtime of Algorithm by 40%. However, when I, = [1.8,1.9] it provides no

discernible advantage.
Algorithm 4.2.4. Append the following step to Algorithm [{.2.3.

7. Define the following:

M = sup
t€[0, Limaz] <z <u

g(a,w) == \/(1 — 5)2 +2% (1 —sinw).

e — 1’
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IfM<—-3+1 \/1+4fw (o,w), then RETURN K' = ().

Proposition 4.2.5. Ify is a nontrivial periodic solution to (1.2) at parameter o € (0, 2]

and frequency w > 1.1, then:

sup y(t)] > —1 + 11/1+ 2820(a ).

Proof. Define M := sup |y(t)|. From Lemma with G defined as in (2.7)), we know

that if G(a,w,c) = 0, then:

lella < —aM( + M).

\ny loo < T3
From Propositions and (see also Lemma [5.1.7)), the only solutions satisfying
llc||;n < g(a,w) are trivial. Hence (o, w,c) would only be a trivial solution at best if

the following inequality is satisfied:

7
c|lp L —=aM(1+ M) < gla,w).
lello < M (14 M) < glo,)

Solving the quadratic equation M? 4 M — "J‘[ g(a,w) < 0 produces the desired inequal-

ity. O

4.3 Initial Bounds on SOPS to Wright’s Equation

In order to apply the branch and prune algorithm, we must first construct an ini-
tial I,-exhaustive set. Due to the sustained interest in Wright’s equation, there are
considerable a priori estimates we can employ to describe slowly oscillating solu-
tions |[Jon62bl Wri55, Nus82|. Since considerably sharper estimates are obtained under
the assumption ¢ > 3, we will construct two regions Ky and K5 corresponding to SOPS
x € X for which g(x) < 3 and g(x) > 3 respectively. Taken together K; U Ky will form
an I,-exhaustive set, which we prove in Corollary

While sharper estimates are available for additional sub-cases [Nus82], we present a
collection of these estimates we have found sufficient for our purposes. Note that these
lemmas are not a verbatim reproduction. We have translated results applicable to the
quadratic form of Wright’s equation given in so that they apply to the exponential
form of Wright’s equation given in .
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Lemma 4.3.1 (See [Wrib5|). Let © € X be a solution to (L.1) at parameter a > 0.
Then

—ale®—1)<z(t) <«
for allt > 0.
Lemma 4.3.2 (See [Jon62b, Theorem 3.1]). Let a > e~ and suppose that x € X is a

solution to (1.1)). We construct a sequence of functions p; : (—oo,1] = R fori=1,2,---

by setting p1(t) = at and recursively defining:

pit1(t) == —« /Ot (epi(s*l) — 1) ds.

For example pa(t) = at + e~ — =D Then x(t) > p;(t) fort <0, and x(t) < p;(t)
fort € (0,1]. Furthermore x(t) < p;i(1) for all t > 0. Additionally |p;(t)| is increasing

m o.

Lemma 4.3.3 (See |[Jon62b, Theorem 3.4]). Suppose x € X is a solution to (1.1)),
suppose that ¢ > 3 and that o > 5. Define ay(a) = —(a— 1) and the recursive relation

air1(a) = a(e® @ —1). Then x(t) < —t-a;(a) fort € [-1,0) and i € N,
Lemma 4.3.4. Suppose that x € X is a SOPS to (L.1)). If « > 5 then
L+ é (exp{aaiee__z:ll}fl) < ¢ < 2+ é
1+1 < q < max{3,2+|ef;(:‘177)1_1|}

where a;(«) is taken as in Lemma . Additionally, if o > 2 then q < 2.

Proof. The upper bound on ¢ follows from Lemma [2.3:3] and everything else follows
from [Jon62b, Theorem 3.5]. O

Below in Algorithm we construct the initial bounds for a region K C R3

containing the k-image of SOPS z € X for which g(x) < 3.

Algorithm 4.3.5. The input we take is an interval I, = [Qmin, Qmaz| and computa-
tional parameters ig, nrime € N. The output is a rectangle K = I, x Iz x Ipy C R? and

bounding functions ug, k.
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1. Make the following definitions:

Gmin = 1 + inf L <—O‘+67a_1 )

acl, @ exp{ate—*—1}—1
M in = ()}él[fa log (1 + Oé_l log %)
[qmim 2] if Qmin > 2

I =

|:Qmin72+ 1_} otherwise

Amin

Ii=[1+ 51-.3]

Omax

Ing = [Mmin, pio(1)] -
2. For p; given as in Propositions define bounding functions

0 ift=0 0 ift=0
lg(t) == uk (t) i=

—Qmaz(€¥me® — 1) otherwise pio (1) otherwise.

These bounding functions are stored on the computer with time resolution npime

as described in Section [].7

Proposition 4.3.6. Fiz an interval I = [Gmin, Qmaz] such that amin > 5. Let K, ug,
Ly denote the output of Algorithm . If x € X is a SOPS to (L.1) at parameter

a€l, and g(z) <3 then k(z) € K and lg <z < ug.
Proof. We treat the two steps in order.

1. If z € X is a SOPS to (1.1) and g(z) < 3, then by Lemma it follows that
q(z) € I, and ¢(z) € Iz. By Proposition it follows that xz(1) < p;,(1). If
z is a SOPS to Wright’s equation with o > 7/2 then minz < —log 22 [Wal78|.
If maxx < log (1 +a tlog %) then by integrating Wright’s equation forward
fromt = g tot = g+1 it follows that 2(¢+1) = minx < —log ﬂi/w a contradiction.

Hence we may assume that x(1) > log (1 +a llog %/2) > Myin-

2. Since x € X then z(0) = 0, and by Lemma and Proposition it follows
that —a(e® — 1) < z < p; (1) for any SOPS =z € X. Hence g and ug are

bounding functions for K = I, x Iz x Ij. O
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To construct the initial bounds for the case g(x) > 3, we make greater use of a
priori bounds. Unfortunately the bounds on I; given in Lemma FIE[] are not sharp,
i.e., the width of this estimate of I; is greater than e® — 2. Using this estimate would
be computational difficult. In [Nus82] Nussbaum estimates the value of g up to O(%)
in the case of g(x) > 3 and o > 3.8. We derive a similar estimate which only assumes
g(x) > 2 and o > 0. This estimate is better suited for numerical applications, and only

needs bounds ¢(t) < z(t) < u(t) that are defined over the time domain ¢ € [—1,4].

Lemma 4.3.7. Fiz some a > 0 and suppose that x € X is a SOPS to (1.1), and let
l,u: R — R be functions for which ((t) < x(t) < u(t). Let I; C R be an interval for
which q(x) € I; and suppose that G(x) > 2. Define the following integral bounds:
q q+1
Ut = sup/ max{e”(t) - 1,0} dt U = Sup/ — min {e“t) . 1,0} dt (4.13)
q€ly Jq—1 q€ly Jq

q q+1
LT := inf / max{eé(t) - 1,()} dt L := inf / — min {e“(t) - 1,0} dt (4.14)
q—1 q€ly Jq

and define m := mingeg, £(t +1). Then q is bounded by the inequalities

LT —-U; Ut —L;

Jem g 12

2+ <2

(4.15)

The proof is delayed until the end of this section. The computational details of how
we evaluate the integrals in and are discussed in Section Below in
Algorithm we construct the initial bounds for a region K C R? containing the
k-image of SOPS z € X for which g(x) > 3.

Algorithm 4.3.8. The input is an interval I, = [Qmin, Qmaz] and computational pa-
rameters io, jo, "Times Nperiod € N. The output is a rectangle K = I, x Iz x Iy and

bounding functions ug, L.
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1. Make the following definitions for K = I, x Iz X Ips:

Gmin =1+ Inf l (%)

aEIa @

Iq = |:Qmina2+ ! ]

qmin
e*—1
I = |3 24 |—
I [ ’SSE * %o (@) 1H

Iy = [Ovpio(l)]

where a;() is taken as in Lemma[{.3.5

2. Forp; and a;j given as in Propositions|{.5.4 and|4.5.5 respectively, define bounding

functions £ and ug

0 ift=0
Ui (t) 2= q po (1) ift <0

infoer, —a(e® —1)  otherwise

;

0 ift=0

ug (t) = SUPger, —t - aj (o) ift € [-1,0)

Dig (1) otherwise.
\

These bounding functions are stored on the computer with time resolution npime

as described in Appendiz[].7]

8. Refine urc and Lx according to Step 1 of Algorithm[{.2.3. For Nperioq iterations,
refine ur and £x according to Step 2 of Algorithm for values ty € [—4,4].
Then define I, and Iy according to Step 3 of Algorithm [{.2.3

4. For values of m, L™, LT, U, U] given as in Proposition define:

LT -U; Ut —L7

Gmin =2+ Tem — 1] Jmaz =2+ m-

If Gmaz < 3 then define K = 0. Otherwise define Iz = [Gmin, Gmaz] and K =

I, % I x Iy
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Remark 4.3.9. In practice we select ig = 2 and jo = 20 in Step 2, which have proved
sufficient for our purposes. In [Jon62b] the expressions for p; are given in closed form
fori=1,2,3,4, each function being increasingly complex. The sequence a;(a) is con-
vergent, and we use jo = 20 because we have found negligible improvements when using

a larger index.

Proposition 4.3.10. Fiz an interval 1o = [0tmin, Cmaz] such that amin > 5, and fix
computational parameters i, jo, WTimes Nperiod € N. Let {K,uk, Lx} denote the output
of Algorithm . If © € X is a SOPS to (1.1) and g(x) > 3 then x(x) € K and

I <x<ug.

Proof. Let x be as described above. We describe the effect of each step of the algorithm

in turn.

1. For I, 15 and I; defined in Step 1, it follows from Lemma that ¢(z) € I,
and g(x) € I, and it follows from Lemma and Lemma that z(1) € Ip.

2. Since x € X then z(0) = 0. By Lemma then any SOPS z € X satisfies the
inequality —a(e® — 1) < z(t) < p;,(1). The definition of the ¢x bound for t < 0
follows from Lemma , and the definition of the ug bound for ¢ € [—1,0)
follows from Lemma

3. The results of Steps 1 and 2 produce a region K with bounding functions ug, £x
for which k(z) € K whenever there is a SOPS z € X satisfying g(z) > 3. By
Proposition implementing Steps 2 and 3 of Algorithm preserves this

property.

4. Since ¢(x) > 3 > 2 then by Lemma it follows that Gmin < () < Gmaz-
If Gmaz < 3, this contradicts our initial assumption that g(xz) > 3, whereby
there are no SOPS =z € X to at any parameter o € I, for which g(x) > 3.
Otherwise for our definition of K = I, x Iz x I it follows that x(z) € K whenever

q(z) > 3. O

We present an application of this theorem.
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Proposition 4.3.11. If x € X is a SOPS to (1.2)) and a € [5,2.07] then q(z) < 3.

Proof. First we constructed subintervals I, of [1.57,2.07] of width 0.01, and for each
subinterval I, we ran Algorithm with computational parameters ig = 2, jo = 20,
Ntime = 128, and Nperiog = 10 (see [JLM]| for associated MATLAB code). In each case

the algorithm returned K = 0. O

Corollary 4.3.12. Fir an interval Iy = [Qmin, Q¥maz] such that amin > 5, and fiz

computational parameters ig, jo, Nperioa € N. Let {K1,uk,, {k,} denote the output of

Algorithm and let {Ks,uk,, lk,} the output of Algorithm[4.53.8 Then Ky U Ko

is I, -exhaustive.

Proof. Suppose that z € X is SOPS to (L.1)). If g(z) < 3, then by Proposition [£.3.6]
it follows that x(x) € K. If g(x) > 3, then by Proposition [4.3.10] it follows that

k(z) € K. Hence the set K7 U Ky is I,-exhaustive. O

Proof of Lemmal[{.3.7, Let p denote the period of a SOPS z € X. By assumption

z(p) = x(q) = 0, so by the fundamental theorem of calculus we have that for any SOPS

0=uxz(p) —z(q) = /p o' (t)dt = /p —a(e®N — 1)dt = /p_l(ew(t) — 1)dt.

q q—1
Recall that any SOPS z(t) is positive for t € (0, ¢) and negative for ¢t € (¢, p). Hence
the integrand above is positive on (¢ — 1, ¢) and negative on (¢, p — 1), thus producing

the following estimate:

q p—1
/ ‘ez(t) — 1|dt = / |e$(t) — 1|dt. (4.16)
q—1 q

For t € (¢ — 1,¢) the function z(t) is positive, whereby |e*® — 1| = max{e*®) —1,0}.
For the definitions of L™ and U™ given in (4.13]) and (4.14)), it follows that L™ and U™
bound the LHS of (4.16]) as described below:

q q q

LT < / max{e‘®) —1,0}dt < / le® — 1]dt < / max{e") —1,0}dt <U™.
q—1 q—1 g—1
We estimate the RHS of (4.16]) using the two sums below:

p—1
L1+L2§/ e”®) —1]dt <U; + Uy
q
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where the constants L, , L, ,U; ,U, are appropriately defined so that

g+1
Ly < / le*® —1|dt < Uy (4.17)
q
p—1
Ly < / le*®) —1]dt < Uy . (4.18)
g+1
For t € (¢q,q+ 1) the function z(t) is negative, whereby |¢*® — 1| = — min{e*®) —1,0}.

It follows from the definitions of L] and U; given in (4.13)) and (4.14) that (4.17) is

satisfied. To define Ly and U, note that for the time period ¢ € [¢ + 1, p — 1] we have

that 2/(t) > 0, whereby

a(t) > =(¢+1)

8
—~

o~
SN—

AN

z(p—1) =2(-1) <wu(-1).

By definition m < z(¢ + 1), and as p — ¢ = ¢ we can then define

p—1 p—1
Uy = / €™ — 1|dt Ly == / e 1) —1|dt
q+1 q+1

= (7= 2)[e™ =1 = (q—2)le"™) —1].

Using these definitions, (4.18) is satisfied. From (4.16)), we get the following upper and
lower bounds on @, from which (4.15]) follows.

LT +L; <U* U +Uy > L7
(q-2)|e""Y 1| <UT — Ly (@—2)e™ -1 > LT U
Ut —1L; Lt —uy
<24 ——— 1 7>2+——L O
q= + |6u(—1) _ ]_| 1= + ’€m - 1|

4.4 Bounding the Floquet Multipliers.

In this section we describe how to estimate the Floquet multipliers of SOPS contained
within the bounds derived in Sections and This method follows the approach
of [Xie91] with modifications to take advantage of numerical computations. To review

this method, we first define a hyperplane in C[—1,0] as

H :={p e C[-1,0]: ¢(0) = 0}.
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For a function y we define yy € C[—1,0] to be the cut-off function of y on [—1,0], and
for a constant L € R we define yr, := [y(t + L)]o. Locally, one can construct a smooth
Poincaré map ® : H — H via the solution operator. If x € X is a SOPS, then z is a
fixed point of ®, and the Floquet multipliers of x are the eigenvalues of D,®(x¢). Of
course xg is a trivial eigenfunction with associated eigenvalue A = 1. The nontrivial
and nonzero Floquet multipliers of the SOPS can be calculated by solving the following

boundary value problem:

Theorem 4.4.1 (See [Xie91, Theorem 2.2.3]). Suppose that x € X is a SOPS to (1.1
with period L. Define the linearized DDE below:

Y (t) = —ae® Yyt —1). (4.19)

Then A # 0 is a nontrivial eigenvalue of D,®(xo) if and only if (4.20) has a nonzero

solution h € H for which

A

+yr(t) = Ah(t) (4.20)

where the function h is then an eigenfunction of D,®(xo) associated with X\, and y(t)

solves (4.19)) with initial condition yo = h.

We are able to bound the Floquet multipliers by studying this boundary value

problem defined in (4.19)) and (4.20)), a calculation which is systematized through Algo-

rithm If this algorithm outputs a value A4, < 1 then all SOPS z € k7 1(K) are
asymptotically stable. We are able to improve upon Xie’s method in [Xie91},Xie93| by
repeating certain steps, somewhat analogous to the recursive bounds defined in Lemma
4.3.2 The great advantage for doing this numerically as opposed to analytically is
that these repetitions while tedious and time consuming for the mathematician are

“effortless” for the computer.

Algorithm 4.4.2. Fiz I, = [0nin, @maz] and K = Iy x Ig x Ipf C R3 (where I, =
[QmiQOaz]; Iq = [Qmimqmam] and Iy = [Mminmeaw]) and fix associated bounding
functions ug, {x. Furthermore, fix computational parameters nrime, NFioquets MFloguet €

N. The output of the algorithm is Az € Ry
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. Deﬁne Linin = @min + Gmin, Lmaz = Gmaz + Gmaz and I, = [LminaLmamL and
define the function'Y : [=1,0] — R by

1 ifte[-1,0)
Y(t) =

0 ift=0.

. Extend the function'Y : [—1, Lyez] — R by

t
Y(t) := amam/ (Y(s —1) sup ex(s_1)> ds ift>0, (4.21)
0

L <z<ug

evaluating the integral using an upper Riemann sum with a uniform step size of

1/npime. Section discusses in further detail how we compute this integral.

. Define Z as below:

Z Y L eI(t*l) _ 1 Y
)= (Le[Lgi}imz] ( )> zKrgnnguK en(-1) — 1 +Y(t).
. Fort e [*Lmznao] deﬁne ZL as below:

ZL(t) = max  Z(t+L).

L'min SLSLmaz

. Fort € [—(Lmin — 1),0] refine the function Zr, by

0
Zr(=t) = amam/ (ZL(S—l) sup ex(5_1)> ds (4.22)

—t lr<x<ug
Zp(—t) = min{Zy(-t),Z5(-1)},

evaluating the integral using an upper Riemann sum with a uniform step size of
1/npime. Section discusses in further detail how we compute this integral.

Repeat this step Mpioquer number of times.

. Define
Apaz = sup Zr(t).
te[—1,0]
. If Apae < 1 then STOP.
. Otherwise define
Y (t) :=min{l, Z5(t)}, fort e [—1,0] (4.23)

and GOTO Step @ After reaching this step Nrioquer times, exit the program.
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Theorem 4.4.3. Fir K = [qmin, Gmaz] X [Gmins Gmaz] X [Mmin, Mmaz] € R3 and I, =
[Wmin, QOmaz]|.  If Algorithm terminates with Apar < 1, then all SOPS ©z € X
satisfying k(x) € K must be asymptotically stable. If the algorithm terminates having
never reached Step 8, then the morm of all nontrivial Floquet multiplier are bounded

above by Apaz.

Proof. Fix some x € X for which k(x) € K. By the definition made in Step 1, the
period of x is some L € I;,. We use Theorem to estimate the range of Floquet
multipliers of x. That is, fix A € C and h € H and suppose that (A, k) is a solution to
(4.20). Define y(t) to be the solution of through h, define z as

+ y(t) (4.24)

and define z7,(t) := z(t + L). Hence (\, h) is a solution to (4.20)) if and only if 2z (t) =
Ah(t) for t € [—1,0]. As (4.19) is a linear DDE, we may assume without loss of generality

that sup,c_1 g [2(t)| = 1. Thereby, it follows that

Al = sup |zp(t)] (4.25)
te[—1,0]

If we can show that the RHS of (4.27) is less than 1 uniformly for € x~1(K), then
we will have proven that all such SOPS are asymptotically stable. We prove that Steps
1-7 of Algorithm produce functions Y, Z and Z;, and a bound A,,,; which satisfy

the following inequalities uniformly for z € x~1(K)
ly(t)] <Y (1), ()] < Z(1), 2L (8)] < ZL(1), Al < Amaa-

We describe the results of each step of Algorithm in order, and then discuss how

Step 8 affects what we may deduce about the output A,qz-

1. By definition, if h € H then h(0) = 0, and by assumption |A(t)| < 1 fort € [-1,0].

Thereby our definition of Y (¢) in Step 1 satisfies |y(¢)| < Y (¢) for t € [-1,0].

2. By definition y solves the linear DDE in (4.19). By variation of parameters it

follows that
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for all ¢ > 0. Equation (4.21)) follows from this by taking a supremum over « € I,
and ¢ < x < ug. Thereby, Step 2 produces a function Y satisfying |y(¢)| < Y (¢)

for t > 0.

3. Step 3 defines a function Z to bound the norm of z defined in (4.24). As 2/(t) =
—a(e®=1) — 1) it follows that

er(t=1) _ 1
|2(t)] < y@)m

+ [y (®)].

By periodicity, we may replace /(L —1) with 2/(—1). By taking a supremum over
L €I and /i < x < ug, it follows that the function defined in Step 3 satisfies

2] < Z(1).
4. Since L € Ij, and |z(t)| < Z(t), we obtain the estimate for ¢t € [~ Lyip, 0] below:

lzt+L)| < Z(t+ L) < max Z(t+L)=ZL(t).

Lmin _LSLmaz

Since by definition z1,(¢) = [2(t + L)]o, then for the definition of Z7, in Step 4, we

have |z (t)| < ZL(t) for t € [-1,0].

5. Note that both y and 2’ satisfy (4.19), so by linearity z solves (4.19)). Since

z1,(0) = 0, we obtain the following estimate using variation of parameters:

0
zr(—t) = —/ —ae™ Dz (s — 1)ds.
—t

By taking the suprema over o € I, and g < x < ug as in Step 5, we obtain
a refinement for which |z1(t)] < Zp(t). This refinement can be repeated any

number of times.

6. If (A, h) solves (4.19), then by (4.25) we obtain the following:

Al = sup |zp(t)| < sup Zr(t) = Amaas-
te[—1,0] te[—1,0]

Hence |A| < Apqe uniformly for z € k= 1(K).

7. We have shown that |\| < Ay,4, for any Floquet multiplier A. If Ay, < 1, then

it follows that x is asymptotically stable.
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8. If Appaz > 1, then we make the assumption that x is not asymptotically stable for
the sake of contradiction. Then the largest Floquet multiplier A4, of = satisfies
[Amaz| € [1, Amaz]- If b is an eigenfunction associated with A\, then zp(t) =
Amaz - h(t) for t € [—1,0] and furthermore |h(t)] = |Amaz| tzr ()] < |2z0(t)].
Hence for all ¢t € [—1,0] we may assume that the eigenfunction h(t) satisfies the
inequality:

A (8)] < min{1, [2L()]}.

By definition y(t) = h(t) for t € [-1,0]. Hence for our refinement of ¥ in (4.23)
it follows that |y(t)| < Y(¢) for t € [—1,0].

If the algorithm terminates having never passed through Step 8, then |A| < Ajpe < 1
for all solutions (A, h) to uniformly for all SOPS x € k~(K). If the program
terminates having passed through Step 8 at least once, then it has shown that every
solution (A, h) to (4.20]) satisfies |A| < 1 under the assumption that there exists a
solution for which |A| > 1, a contradiction. In this case we have shown that x is
asymptotically stable without calculating an explicit bound on its Floquet multipliers.

O]

4.5 A Comprehensive Algorithm

We state our branch and prune algorithm in Algorithm and describe how we use
it to prove the uniqueness of SOPS to Wright’s equation in Algorithm Algorithm
takes as input an interval I, C R and constructs an I,-exhaustive set. Further-
more, this algorithm uses several computational parameters: €1,€e2 € R which defines
the algorithm’s stopping criterion, nrime € N which defines the time resolution used in
representing bounding functions on the computer, and Np.yne € N which defines the
number of times the pruning algorithm is performed before branching. Additionally
it requires the computational parameters ig, jo, Nperiod € N needed for running Algo-

rithms [.3.5] and [£.3.8. As we have stated before, this is a canonical algorithm which

terminates in finite time (see |[Sch11,RR88,HT13]).
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Algorithm 4.5.1. The input is an interval In = [Cmin, ¥maz] and computational
parameters €1,ea > 0 and iy, Jjo, "Time, INPeriod; NPrune € N. The output is a set

A= {K;: K; CR3} and an associated collection of bounding functions {ur, i} e

1. Construct regions K1 and Ko according to Algorithms|4.5.5 and|4.53.8 respectively.

Define the sets S = {K1, K2} and A = (.
2. If S = 0 then return A and STOP.
3. Define K to be an element of S and remove K from S.

4. Define {K' , ug:,lg:} to be the output of Algom'thm using input K, ug, i
and computational parameter npime. Then redefine {K,ug, i} = {K' ugs, g }.

Repeat this step Nppyne times.

5. If the diameter of K is less than €1 and q§ < 3, or the diameter of K is less than
€2 and g > 3, then add K to A and GOTO Step 2.

6. Subdivide K along its fattest dimension into two regions K4 and Kg. That is,
write K = I x Iy x I where each I; is given by the interval I; = [a;, b;] and fix
some j € {1,2,3} which mazimizes |b; — a;|. The regions K4 = I{ x I} x I and
Kp:= I x Il x Ij are defined according to the following formulas

[ai, bi] ifi# ] [ai, bi] ifi#j

"

= 1= (4.26)
lai, (@i +b:)/2]  ifi= [(@; +0i)/2,bi)  ifi=j.

7. Add to S the regions K and Kp, each with associated bounding functions ug

and lr. Then GOTO Step 2.

As a notational convention for the next two theorems we define JS := g5 K.

Theorem 4.5.2. Fiz an interval I, = [Qmin, Qmaz] such that cumin > 5, and fix any
selection of computational parameters € > 0 and ig, jo, "Time, NPeriods NPrune € N. If

A is the output of Algorithm with these inputs, then |J.A is I,-exhaustive.
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Proof. We prove by induction that every time the algorithm arrives at Step 2, then
US Ul A is I,-exhaustive. This suffices to prove the theorem, as the only way for the
algorithm to exit is on Step 2 when S = ().

For the initial case, the set |JS = K; U K3 produced in Step 1 is I,-exhaustive by
Proposition[£.3.12] The result of Step 3 simply rearranges the collection of regions, after
which JS U|JAU K is I,-exhaustive. In Step 4, this I,-exhaustivity is maintained
when replacing K with the output of Algorithm as a direct result of Proposition
If Step 5 adds K to A, then when the algorithm arrives at Step 2 the set | JSU[J A
will be I -exhaustive. Otherwise Step 6 will divide K into two regions K4 and Kp for
which K = K4 U Kpg. Then in Step 7 both K4 and Kp are then added to S, after
which [JS UJ A is still I,-exhaustive. O

We are finally able to state our algorithm which can prove that Wright’s equation

has a unique SOPS over a given range of parameters.

Algorithm 4.5.3. The input is an interval I, = [Cmin, Qmaz] and computational pa-
rameters €1, €2 > 0 and io, Jo, VTime, NPeriod; NPrune NFquueta MFloquet € N. The out-

put is a True or False statement.

1. Run Algorithm with input I, and computational parameters €1, €, i, jo,

NP imes NPeriod and Nppyne. Define A and {ug,lk} ke to be its output.

2. For each K € A calculate Apoq(K) to be the output of Algom'thm run with

input 1o, K, ug, Lk, and computational parameters nrime, NFioguet and Mpioquet -

3. If Apaz(K) < 1 for all K € A, then return TRUE. Otherwise return FALSE.

Theorem 4.5.4. Fixz an interval Iy = [Cmin, Cmaz] With amin > w/2. If Algorithm
returns the output TRUE for any selection of computational parameters e > 0,
and 1o, Jo, "Time> NPrunes NFioquets MFioquet € N, then there exists a unique SOPS to

Wright’s equation for all o € I,.

Proof. By Theorem it follows that (JA = Uge 4 K is an I, exhaustive set. That

is, by Definition up to a time translation any SOPS to Wright’s equation for
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parameter a € I, can be expressed as a function z € X for which x(z) € JA. If
Algorithm terminates with Ay,.(K) < 1 for all K € A, then by Theorem m
it follows that any SOPS x € X satisfying k(z) € |J.A must be asymptotically stable.
Hence, by Theorem it follows that there must be a unique SOPS to Wright’s

equation for each « € I,,. O

4.6 Discussion

In Algorithm we defined an algorithm which, if successful, proves the uniqueness
of SOPS to Wright’s equation for a finite range of parameters I,. Below we describe

how we applied this algorithm to prove Theorem [1.2.2

Proof of Theorem[1.2.3. To prove Theorem we divide the interval [1.9,6.0] into
various subintervals I,,, and then divide each of these intervals into further subintervals
of width Aa. For example, the interval I, = [2.1,6.0] with Aa = 0.1 was divided into
subintervals [2.1,2.2], [2.2,2.3], ..., [5.9,6.0]. The various computational parameters
we used are given in the table below (see [JLM] for associated MATLAB code).

1, Ao nrime €1 € 1o Jo Nperiod NPrune NFioguet MFioguet
[1.90,1.96] | 0.01 128 0.02 0.25 2 20 10 4 20 5)
[1.96,2.10] | 0.01 64 0.05 0.25 2 20 10 4 20 5
[2.10,6.00] | 0.10 32 0.05 025 2 20 10 4 20 5)

Table 4.1: For descriptions of how these parameters affect Algorithm [4.5.3 refer to

Algorithms [4.3.5] and [£.3.8] for i, jo and Nppune; refer to Algorithm [f.4.2] for Npioguet
and Mpioguet; and refer to Algorithm for €1, €2 and Npyyne.

For each of these parameter values, we ran Algorithm which returned TRUFE as
its output. By Theorem it follows that there must be a unique SOPS to Wright’s

equation for each a € [1.9,6.0]. O

As described in Theorem if Algorithm terminates without having reached

Step 8, then it produces explicit bounds on the Floquet multipliers of the SOPS to
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Wright’s equation. These bounds are summarized in Figure In the range [2.2,6.0]
Algorithm [4.4.2] exits on Step 7, so by Theorem [£.4.3] we obtain upper bounds on the
Floquet multipliers. In the regime o € [1.90,2.20] Algorithm only terminated
after reaching Step 8 at least once, so we are only able to deduce that any non-trivial
Floquet multiplier has modulus strictly bounded above by 1. In total, the computation
took 115 hours to run using a i7-5500U processor, and Algorithm accounted for
94% of the computation time.

Running Algorithm at high values of « is computationally expensive. This is
because the period length of SOPS to Wright’s equation grows exponentially [Nus82],
whereby our algorithm’s run time and memory requirements also increase exponentially
in . Nevertheless, proving Theorem [I1.2.2] with an upper limit of o = 6 is sufficient for

our purposes considering the results in [Xie91] proved uniqueness for o > 5.67.

77/2
0.01F

1074 -
1076 -

10_8 -

10—10 L

Figure 4.1: An upper bound on the modulus of the Floquet multipliers for SOPS to

(1.1) for a € [1.9,6.0].

A different challenge presents itself for decreasing the lower limit of & = 1.9 in Theo-
rem Namely, Xie’s method for bounding the largest Floquet multiplier is not well
suited to weakly attracting SOPS. Even when using precise numerical approximations
(from [Les10]) of SOPS to Wright’s equation at single values of a, Algorithm was
only able to show that the SOPS was asymptotically stable for values of a no lower than
1.85. By decreasing the parameters A« and €1, and increasing the other computational

parameters, we could expect the uniqueness result for a > 1.9 could be pushed closer to
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«a = 1.85. However we will need a different approach to finish the proof of Conjecture
[[.1:3] Nevertheless, we can now prove that there are no folds in the principal branch

of SOPS.

Corollary 4.6.1 (See [vdBJ18|). The branch of SOPS originating from the Hopf bi-

furcation at oo = 5 has no folds or secondary bifurcations for any o > 5.

Proof. We prove the corollary by combining results on four overlapping subintervals of
(5,00). In Theorem we show that the (continuous) branch of SOPS originating
from the Hopf bifurcation does not have any folds or secondary bifurcations for a €
(3. % + d2] where 6, = 6.830 x 1072, In Theorem the same result is proved for
o € [F + 03,2.3], where §3 = 7.3165 x 10, In [JLM17] it is shown that there is a
unique SOPS for « in the interval [1.9,6.0]. Since 1.9 < 2.3, then the SOPS in this
interval belong to the branch originating from the Hopf bifurcation, and since they are
unique for each «a, the branch is continuous and cannot have any folds or secondary
bifurcations. In [Xie91] it is shown that there is a unique SOPS for « in the interval

[5.67,+00), and by a similar argument the branch of SOPS cannot have any folds or

secondary bifurcations in this interval either. Since

(3.%) = (3

T 8] U[E + 63,2.3] U[1.9,6.0] U [5.67, 00),

wol3

it follows that the branch of SOPS originating from the Hopf bifurcation at o = § has

no folds or secondary bifurcations for any o > 7. O

4.7 Computational Considerations

To implement our algorithm we used Intlab: an interval arithmetic package for Matlab
[Rum99]. Some of the calculations we performed are a simple application of interval
arithmetic, such as defining I, Iz, I)s in Algorithm m However there is a nontrivial
degree of complexity in how we store and represent the functions used in the algorithms,
such as ug, {x in Algorithm orY,Z, Zr in Algorithm In short, we defined

these functions to be piecewise constant.
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To explain our methodology, first fix a constant nrime € N. To define an interval

extension of a function y : R — R, we define a collection of intervals Iip ,IZ-I C R for

1 € Z and define Y as follows:

Il ifte(L i)

NTime ’ NTime
Of course any computer has finite memory, and so we would only store the function
Y over a finite domain. Furthermore, as the bounding functions u, ¢ are intended to
provide upper and lower bounds on a function z, we simply define an interval valued
function X (t) = [¢(t),u(t)]. In Figure |4.2| we present a graphical representation of how
we store such a function, wherein we have defined the function X(¢) for ¢ € [-1,0] as

follows:

17, :=[-2.0,-1.2] I, :=[-2.0,-0.9]
Ir; :=[-1.6,-0.9] I, :=[-1.6,-0.6]
1ty :=[-1.2,-0.6] Iy :=[-1.2,-0.3]
17, :==[-0.8,-0.3] I, :=[-0.8,-0.0]
1 :=[0.0,0.0]

For such a function, it is a straightforward procedure to calculate its supremum.

To calculate sup;cp,y #(t) one simply needs to compare the intervals IP for which

a < —— < b, and the intervals IZI for which a — n;llme < —*— < b. Both these

NTime NTime

collections of intervals are finite. For bounds which are defined to be the integrals of

various functions, as in (4.13) and (4.14) of Lemma we use a Riemann sum of

step size 1/npime.
Unfortunately there is a loss in fidelity when we numerically integrate these func-

tions, as we do in Step 2 of Algorithm Therein we refine the values of ug(tg + s),

(i (to+s), ugr (to—s) and L (tg — s), where tg = —2— and s € [0, ——]. To just dis-

NTime ? NTime
1

NTime’

cuss the refinements of u g (to+s) and £ (to+s), if we choose s = then this proce-

10+1
NTime

dure refines the bound of [¢x/( ), u K/(Tff_rl )], a value which is stored in the interval

Ii]; 41 However in order to refine I{O this interval must include [/ (tg+ '), ug (to+5')]



96

for all ' € (to, to+ nT:'IL-me ). This is represented in Figure where the darker red region
represents the sharpest possible bounds able to be derived from in Step 2 of Algorithm
when integrating the initial data given above, and the pink region represents the
values we store in the computer. When we define functions as integrals as in Steps 2

and 5 of Algorithm [£.4.2) we use the same procedure.

2

Figure 4.2: An example of how we store an interval valued function [¢(¢), u(t)] in our
algorithm.
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(a) Initial bounding functions for parameters I,

2 4 6

= [2.2,2.25] associated with a region K =

I, x I x Iny where I, = [1.20,2.00], I; = x[1.44,3.00] and I5; = [0.14,1.36].
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(b) The bounding functions after Step 1.
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(d) The bounding functions after Step 2
(solving the DDE backwards).
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(c) The bounding functions midway
through Step 2 (solving the DDE forward).

5
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-20 : : : : ‘
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(e) The bounding functions after Step 4
(imposing periodicity conditions).

Figure 4.3: An example of how the various steps in Algorithm tighten the bounding

functions associated with a region K.



98

Chapter 5

Ruling out Isolas

5.1 Outline of Proof

In this chapter we show that there is a unique slowly oscillating periodic orbit to (|1.2])
for all o € (3,1.9]. As in Chapter [2, we recast the problem of studying the periodic
orbits of (|1.2]) as the problem of finding the zeros of a functional F' defined in a space
of Fourier coefficients. Since periodic solutions to must have a high degree of
smoothness, in particular real analyticity [Wrib5, Nus73], their Fourier coefficients will
decay very rapidly. That is to say, the functional we are interested in can be well
approximated by a Galerkin projection onto a finite number of Fourier modes.

In finite dimensions, there are efficacious techniques for rigorously locating and
enumerating the solutions to a system of nonlinear equations by way of interval arith-
metic [Neu90,HWO03,[MKC09|. We apply these techniques in infinite dimensions, specif-
ically the branch and bound method, also referred to as a branch and prune method.
That is, we first construct a bounded set X of Fourier coefficients which contains all the
zeros of F (see Section [5.4). Then we partition X into a finite number of pieces {X,,}
which we refer to as cubes (see Definition [5.1.6)). For each cube X,, we are interested

to know whether:
(a) there exists a unique point & € X, for which F(Z) =0, or
(b) there does not exist any points & € X,, for which F'(z) = 0.

If we can show that (a) holds for one cube, and (b) holds for all the other cubes, then
we will have shown that F' = 0 has a unique solution.
This approach requires some additional preparation. Since periodic orbits to ((1.2))

form a 2-manifold in phase space [Reg89], the functional F' we construct in Section
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will not have isolated zeros. The numerical techniques we employ are suited to finding
isolated zeros, so it is necessary to reduce the dimension of the kernel by two. Along
the principal branch « can be taken as one of the coordinate dimensions. We reduce
this dimension by treating « as a parameter and performing our estimates uniformly
in . The other dimension can be attributed to time translation; if y(¢) is a periodic
orbit, then so is y(t + 7) for any 7 € R. We reduce this dimension by imposing a phase
condition; we may assume without loss of generality that the first Fourier coefficient is
a positive real number (see Proposition .

The central technique we use to determine whether (a) or (b) holds for a given cube
is the Krawczyk method [Neu90,MKC09,HW03,Mo077|. For a function f € C'(R", R")
the Krawczyk operator takes as input a rectangular set X C R™ and produces as output
a rectangular set K(X) C R™. This set K(X) has the properties that, (i) if L(X) C X,
then there exists a unique point & € X for which f(z) = 0, and (i7) if £ € X and
f(&) =0, then & € K(X). Clearly (i) implies (a), and if X N(X) = 0 then (b) follows.
Additionally, even if we can prove neither (a) nor (b) our situation could still improve;
we can replace X — X N K(X) without losing any solutions.

Adjustments are needed to generalize the Krawczyk operator to infinite dimensional
systems. In [GZ07] a Krawczyk operator is defined in Hilbert space to study fixed
points and period-2 orbits in an infinite dimensional map. In Section [5.1.1] we present
a generalization of the Krawczyk operator to Banach spaces.

To determine whether (a) or (b) holds the Krawczyk operator by itself is not always
sufficient, and we combine several additional tests to create a single pruning operator
(see Section . One problem is that y = 0 is always a trivial periodic solution to
(1.2). To avoid this pitfall we use Lemma [5.1.7] a corollary to Propositions and
[3:5:2] which rules out small periodic solutions. A further difficulty is that at the Hopf
bifurcation, the principal branch of periodic solutions is pinched to a point as their
amplitudes approach zero. To handle this case, we use Theorem which explicitly
gives a neighborhood about the Hopf bifurcation within which the only solutions that
could exist are on the principal branch. Lastly, and most simply, if we can directly

show that ||F'|| is bounded away from zero on a cube X,,, then (b) holds.
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Figure 5.1: The main result of this chapter is a collection of “cubes” in Fourier space
which cover the Fourier coefficients of SOPS to (|1.2)). The first Fourier coefficient of
this cover is plotted here with respect to a. Inside each green cube there exists a unique
SOPS corresponding to each «, essentially by Theorem Inside each blue cube the
only SOPS that can exist are on the principal branch, by Theorem

Algorithm follows the standard format of a global branch and bound method.
In short, for a collection of cubes we successively prune each of its cubes. If (a) holds
for a given cube, then it is set aside and added to a list of solutions. If (b) holds for a
given cube, then that cube is discarded. If the pruning operator significantly reduces
the size of a cube, then the pruning operator is applied again. If none of these are the
case, then the cube is split in half, and both pieces are added back to the collection
of cubes to inspect. This process repeats until all of the cubes have been removed or
reduced to a sufficiently small size.

The output of Algorithm is three collections of cubes: A, B, and R (see Figure
. In Theorem we show that these sets have the properties that, (i) each cube
in A has a unique solution with respect to «, (ii) the cubes in B are near the Hopf
bifurcation, with any solutions contained therein residing on the principal branch, and
(7i7) all solutions to F' = 0 are contained in |JAUBUR.

Ideally R = ), and this will often be the case if the zeros of F' are simple and the

algorithm is allowed to run a sufficiently long time. However we are trying to verify
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not just simple, isolated solutions, but a l-parameter family of solutions. As such,
sometimes when a cube is split in two this division will bisect the curve of solutions
(see Figure . When this occurs the algorithm will be forced to subdivide many
cubes near where the solution curve was bisected, resulting in the variably sized cubes
noticeable in Figure 5.1l To address this we recombine the cubes in R which have the
same « values, then subsequently use the Krawczyk operator to show that (a) holds on

the recombined cubes (see Algorithm [5.5.3). In this fashion, we prove Theorem [1.2.3]

5.1.1 Krawczyk Operator

In numerical analysis there are many variations on the theme of Newton’s method:
Tpi1 — op — Df(x,) " f(z,). As inverting a matrix is computationally expensive,
one alternative method is to replace DF(z,)~! with a fixed matrix A" ~ D f(zq)~'.
If f(xg) = 0, then the Newton-Kantorovich theorem gives conditions for when the
map T(z) = z — AT f(2) defines a contraction map in a neighborhood about xo. The
Krawczyk operator may be thought of as a way of bounding the image of T, itself
being defined on rectangular sets X C R"™ and having the property that T'(X) C
K(X,z0). Rectangular, in the sense that X can be given as the product of intervals
in the coordinate directions of R™. Here we generalize the Krawczyk operator to non-

rectangular subsets of Banach spaces.

Definition 5.1.1. Let Y, Z denote Banach spaces and let At : Z — Y be an injective,
bounded linear operator. Fix a convex, closed and bounded set X CY, a neighborhood

U D X, and a Frechet differentiable function f:U — Z. Let

(I-ADfXNX —z)=eomv [ ) (I-ADf(z1)(x2—2) |,

x1,22€X
where conv denotes the closure of the convex hull. For a point T € X we define the

Krawczyk operator K(X, ) as:
K(X,Z):=2—ATf(Z)+ (I -ATDf(X))(X —%) CY. (5.1)

Typically Z is taken to be the center of X, and AT is taken to be an approximate inverse

of DF(z). If K(X,z) C X for a rectangular set X C R", then there exists a unique &
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such that f(Z) = 0. In Theorem we prove an analogous result. The existence of a
fixed point is achieved by the Schauder fixed point theorem. However to prove unique-
ness, dropping the rectangular condition causes problems even in finite dimensions; in
Theorem (iv) we prescribe a hypothesis sufficient for proving uniquessness in our

level of generality.

Theorem 5.1.2. Suppose K is a Krawczyk operator as given in Definition and
T:=z— Alf(x).

(i) If x € X, then T'(z) € K(X, ).
(ii) If & € X and f(&) =0, then & € K(X, T).

(iii) If K(X,z) € X and X is compact, then there exists a point & € X such that

f(@) =o.

(iv) If K(X,z) C X and there exists 0 < X\ < 1 such that (I — ATDf(X))(X — ) C

A (X — ), then there exists a unique point & € X such that f(z) = 0.

Proof.

(i) Fix a point z € X and write h = x — Z. By the mean-value theorem for Frechet

differentiable functions [AP95|, we have:
1
T(x) =7 — A f(z) + / DT(Z + th) - hdt
0
N
— 7 _ AT f(7 i 1 (7_af T L .
—z- A f(a;)+N15nOO;N (I ATDF(@ + Nh)) h
€7 — A f(z) + cono ((1 - ATDf(X)) Az — :E))
CK(X,x).
(ii) If there is some & € X such that f(&) =0, then z = T(2) € K(X, Z).

(iii) Since T(X) C K(X,Z) by (i) and K(X,z) C X by assumption, therefore T'(X) C
X. As T is continuous and X is convex and compact, then by the Schauder fixed

point theorem there exists some & € X such that & = T'(#). Since A is injective,
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the zeros of f are in bijective correspondence with the fixed points of T, thereby
f(@) =0,

(iv) Inductively define: Xo = X, x9 = 7, and X, 41 = T(X,,), Zny1 = T(zy,). Note
that as T'(X) C X then X, 41 C X, for all n. We show that X, C x,,+A"(Xo—x0).

This is clearly true for n = 0. For n > 1 then:

Xn+1 C K(Xnamn)
=, — AT f(z,) + (I — ATDF(X,)) - (X — )
C zpi1+ (I — ATDf(X0)) - A*(Xo — z0)

Cxpy1 + )\n—H(X() — .%'0).

Since A"|| Xy — xo|| can be made arbitrarily small and {z,}7° 5 € Xy, it follows
that {z,} is a Cauchy sequence. As X is complete, then lim z,, = Z and addition-
ally (o2 q X = &. Thereby & is the unique fixed point of 7" in Xy = X and the

unique zero of f in X.

5.1.2 Functions and Domains

As in Chapter 2] we convert Wright’s equation into a functional equation on the space
of Fourier coefficients. For a continuous periodic function y : R — R with frequency

w > 0, we may write it as:

y(t) =) cpe™™ (5.2)

keZ
where ¢; € Cand Y, |ck|* < 0o. By Theorem it suffices to work with sequences

{cx}72, to study periodic solutions to (1.2]). Hence we define the following Banach

spaces:
= {{e} e € Cand ||ef|p < oo} el =2 Jex] (5.3)
k=1
O :={{cx}pz; : cx € C and ||c||s < oo} llcl| s :iug k®|cg|. (5.4)
€
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The smoother a function is the faster its Fourier coefficients will decay; if a function
is s—times continuously differentiable, then its Fourier coefficients will be in 2°. Since
periodic solutions to are real analytic [Wri55,Nus73|, it follows that their Fourier
coefficients will be in Q° for all s > 0.

If y is a solution to Wright’s equation, then by substituting into (1.2) we

obtain:

Z iwkepe™* = —q (Z ckeWkei“’kt> (1 + Z ckeiw“> ) (5.5)

keZ keZ kEZ

By matching the ¢®* terms, subtracting the RHS, and dividing through by «, we

obtain the following sequence of equations for k € Z below:

[F(a,w,0)|x = (z%k + e_i“’k) ek + Z e ke e, (5.6)
k1,k2€Z
ki1+ko=k
= (z%k + e*"”k) c + Z e "“ejep—j + Z <67W(J+k) + e“"j) c}fchrk.
j=1 j=1
(5.7)

Dividing through by « ensures that the parameter dependence in F' is solely concen-
trated in the linear part. Note that F(«o,w,c) = éG(a,w,c) for G as defined in .
By Theorem [2.1.4] y is a periodic solution with frequency w to Wright’s equation at
parameter « if and only if [F(«o,w,c)]; = 0 for all k € Z.

To more succinctly express the functional F' we introduce additional notation. For
a sequence ¢ = {c,}32,; we denote the projection onto the k-coefficient by [c|i := c4.
We define unnormalized basis elements e; € ¢!, Q° for j € N by:

1 ifk=j,

lejlk =
0 ifk#j

We define the discrete convolution a * b for a,b € ¢! component-wise by:

o

-1

[o.¢]

* k

a;b—; + Z ajbk+j + akHbj,
1 j=1

[a b)), = Z g, by

K1 |+|k2|=k

<.
Il

where a_, = aj, and b_;, = by, and the sum is taken over k1, k2 € Z. The space s a

Banach algebra, which is to say that [Ja * b||a < ||al|,||b]|a for all a,b € £1. While Q°
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is not a Banach algebra per se, if s > 2 then there exists a constant B > 0 such that
lla *blls < Bllal|s||b]|s for all a,b € Q° (see [Les10,vdBLOS8|). Lastly, we define a linear

operator K : Q° — Q°T! and a continuous family of linear operators U, : Q% — Q57!

as below:
[Kcy = c/k, [Usd]y = e ™.

The loss of regularity in the range of U, is necessary for its continuity, as B%Uw =
—iK~1U,,. We may extend U, to act on bi-infinite sequences {¢k }rez using the same
component-wise definition. Additionally, this extension is compatible with our defini-
tion of the discrete convolution, as [U,c|; = [Uyc]— whenever ¢; = c_j. In Definition
we rewrite in operator notation and list several propositions, the proofs of

which are left to the reader.

Definition 5.1.3. Define the function F : R? x Q% — Q571 qs:
Fla,w,c) = (i2K "+ Uy)c+ (Uuc) * c. (5.8)

Proposition 5.1.4. For each o > 0 and s > 2 the function F : R? x Q% — Q51 s

Frechet differentiable, with partial derivatives given as:

aiF(oz,w, ¢)=iK Y a™'T - U,)e—i(K'Uyc) * ¢ (5.9)
(09}
0 Fla,w,c)-h= (2K + Uy)h + (Uye) * h+ (Uyh) * c, (5.10)

oc

where h € Q5.

Proposition 5.1.5. Define vi(k,n) := e k) L eln gnd yo(k, n) := e~ @n4eiw(n=k),
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Writing ¢, = ag + ibg, the component-wise derivatives of F' are given as:

k—1
d o i ‘ o
%[F(a,w, )i = ik(a™t — e k)¢, — ZZ]e “eicn—j
j=1
e . . . .
3 (e o) e
j=1
0 » ik Ntk +V2Ck—pn Hf1<n<k
8T[F(oz,w,c)}k:(zak—i-e )+
n " .
ViCntk +2C, . if k< n.
10 , 4 —MCntk +V2Ck—pn f1<n <k
;T[F(a,w, o) = (i%k + e*“"k) +
n " .
| Ttk +2c . ifk<n.

5.1.3 Decomposition of Phase Space

By working in a space of rapidly decaying Fourier coefficients, we are able to closely
approximate the value of F using a Galerkin projection. Since F' : R? x Q% — Q5!
has distinct domain and range, we need to define two sets of projection maps. We
define projection maps m,,m, : R? x Q° — R and 7. : R? x Q° — QFf on points

r=(&,,¢) € R? x Q° as:

To(T) 1= & Tw(T) =@ me(z) = ¢ (5.11)
For a fixed integer M € N, define the projection maps 77, moo : 2° — Q° by:
M
ma(e) == Z[c]kek Too(C) := ¢ — mpr(C). (5.12)
k=1
Define the projection maps 7/, 75 : R? x Q% — R? x Q° by:
mhr(c) = (ma (), 7m0 (z), mas 0 7e(2)) 7l (c) == (0,0, o0 0 me()). (5.13)

For any bounded set X C R? x Qf, define:

| X[k = sup |[me()]k]-
rxeX

We define for F its Galerkin projection and remainder Fjs, Fso : R? x Q% — Q571 as

follows:

Far(z) := mar 0 F(hy (z)), Fo(z) = F(z) — Fy(z).  (5.14)
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By construction F' = Fj; + Fi.
To show that there is a unique SOPS to (|1.2) we need to evaluate F' not just on
single points but on voluminous subsets of its domain. The central subset of R? x *

we consider in this chapter are cubes which we define as follows:

Definition 5.1.6. For M € N, s > 0, Cy > 0 define a cube X := Xy x Xoo CRZx Q°

to be of the following form:
M
Xy = [, @) x H [Ag, Ar] % [By, By (5.15)
XKoo i= {Ck e C: ’Ck‘ < Co/ks}zO:MJrl . (5.16)

To denote the union of a collection of cubes S = {X; C R? x Q°} we define
US == Uyes X CRZ x Q2.

There are primarily two reasons we have chosen to consider cubical subsets of R? x
Q. Firstly, cubes are particularly easy to refine into smaller pieces. This is useful
because to begin using a branch and bound method, we need to obtain global bounds on
the solution space, and then partition these bounds into smaller pieces. In practice, we
reduce the size of a cube by either subdividing it along a lower dimension into two cubes,
or replacing the cube by its intersection with the Krawczyk operator: X — XNK(X, z).
In both these cases the resulting object is again a cube. In this manner, we can use
cubes to cover the solutions to F' = 0, and then refine the cover using successively
smaller cubes.

Secondly, cubes facilitate explicit computations of Fj; and analytical estimates of
F. While formally Fj; is an infinite dimensional map, computationally, we may
consider Fys to be a map R? x CM — CM. To calculate Fj, we simply truncate the
second sum in at j = M — k. As the 7}, projection of a cube is given as a finite
product of intervals, it is well suited for using interval arithmetic [MKCO09] to bound
the image of Fj/(X). On the other hand, bounding F,, requires significantly more

analysis. Below is a simple, yet ever recurring estimate in our calculations:

o0

1 >~ 1 1
— < —dr = ———— 5.17
Z ks — / s z (S _ 1)Ms—1’ ( )

E=M+1 M
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where we take s > 1. For example, if a cube X C R? x Qf satisfies s > 1, then
|mex||pn < 2 224:1 | X |k + (5—12)% for all x € X. This specific bound on the ¢! norm is

later used in Algorithm to check whether Theorem [2.3.11] or Lemma apply.

Lemma 5.1.7. Let w > 1.1, a € (0,2], and define

g(a,w) == \/(1— §)2+2§(1—sinw). (5.18)
If F(a,w,c) =0, then either ¢ =0 or g(a,w) < ||c/|p-

Proof. See Propositions and O

The remainder of this section is dedicated to proving Lemma [5.1.10, which estimates
F, its derivatives, and convolution products resulting from points inside of a cube.
These estimates are used in Definition to construct an outer approximation to the
Krawczyk operator. The reader is encouraged to skip the proof of Lemma [5.1.10| on a
first reading, which is best summarized as bounding various infinite sums by various
finite sums and the estimate in . These bounds are presented in Definition
all of which are given as a finite number of operations, explicitly computable in terms
of Cp and the 7 ,-projection of a given cube. In Lemma we define the constant
~up which is needed for the definition of .

Lemma 5.1.8 (Lemma 24 [vdBLO0S8|). Let s > 2 and let s, be the largest integer such

that sy < s and define:

o B [An(k-2) 7-6][2 1 s
R K 3 k2]
For k > 4, we have that Zi:l kf(kk%kl)s <Ak, If 6 < M <k, then v < vur-

Definition 5.1.9. Fiz a cube X with s > 2, define Cy := sup,cx ||mcz||s, and select a
point T = (&, w,¢) € X such that T = 7wy, (Z). Define H = X — z, and define A, € R
such that Ay, > sup,cpy |mw(z) — ©|.

Define h,g}lw,g}@ to be functions of the form gy : X +— gn(X) € RM and define

ia  iib

g, god”, god” to be functions of the form goo : X = goo(X) € R as follows:
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h(X)] 2 420 f: 1X; (5.19)
k= _ s—1 P 0 . 5 .
(5 - DM(M 1 k+1) e G
M
; | X1,
[gh(X)]k = 2COAUJ Z T (=1
j=M—k+1 (7 + k)6
N C2A, N C2A,, 5.20)
(s —2)(M +k+1)sMG=2 (s —1)(M + k+1)=D M1
g3 (X)) = 0 +20, Y (5.21)
G- DM+ k+ 1M 2GR
M
i = s e .
Goo(X) = | max KT D[] (5.22)
j=k—M
go"(X) o= | max K j_%:m\H\j\X\kj
202(2° + 1) M M+j+1\°
* G omarr H O (XL 1HY (=) +1 (5.23)
j=1
y C?y s—1 s
i1,b 1 VM+1
PX) = : 24
9" (X) 2 +C°CI<(M+2)(3—2)+3—1) (5:24)

Lemma 5.1.10. Fiz a cube X with M > 5, s > 2, a point T € X such that T = 7,(Z),

and define H = X — . Then the following inequalities hold:

su)I? | Foo ()|, < [R(X)]k 1<k<M (5.25)
S
sup | Foo (@) - m(h)], < [9h (X)]k 1<k<M (5.26)
zEX,heH
sup ‘%Foo(a:) . ﬂc(h){k < g% (X)]k 1<k<M (5.27)
z€X,heH
1 .
|Foo(Z) |, < ng)o(X) M+1<k (5.28)
1 .
sup |me(h) * me(z)|, < Egéﬂ;a(X) M+1<k (5.29)
reX,heH
sup (K~ o)) * me(w2)|, < ks_lgggb(X) M+1<k. (5.30)

z1,x2€X
Throughout, let us write Xas = 7)y,;(X), Hy = 7y, (H), and Ho = 75 (H), noting
also that Hy, = 7l (X).

Proof of (5.25). We show that |Fio ()], < [R(X)]g for 1 <k < M and all z € X. Fix
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x = (o,w,c) € X, and write cpr = mpr(c) and ¢ = moo(c). We compute:

Ta © Foo(x) = mag 0 (F(z) — F(mhya))
=m0 (Uye) * ¢ — (Uyenr) * car)

=71 © (Upenr) * oo + (UnCoo) * e + (UpCoo) * Coo)

Since |U,c|r = |c|, it follows that for 1 < k < M we compute the estimate below:

o0
|(Uwenr) * ooy + 1(Uneoo) # early <2 [ehsljlcoclirs + lenlrsslciol;
j=1
M
=2 Z |C*M|j |COO|j+k
j=M—k+1
M
Co
<2 Y Xl -
j=M—k+1 G+ k)

The last estimate uses the property that |c;| < Cy/j° for j > M + 1.

We calculate (U, cx) * cx as below, again using |¢j| < Cy/j° for j > M + 1.

o
|(Uwtoo) * Cooly < Z |cSoljlCoolkrs + [Coolj+rlcSel s
j—M+1
2
<Y S s e
j= M+1

Hence for 1 < k < M, it follows that:

M

202 | X|;
‘Foo(m)’k = s—1 O s +2Co Z 1 7 s
GooMar ke P 2 Gk

= [A(X)]k-
O

Proof of (5.26). We show that ’%Foo(x)-ww(h)‘k < g5, (X)) for 1 < k < M and
all z € X and h € H. Select some z = (a,w,c) € X and write cpy = mp(c) and

Coo = Too(€). From (55.9) we can calculate 3%Foo (x) as follows:

%Fm(:ﬂ) = —i(K 1 U,c¢) % e+ impy (K Uyenr) * e

= —i oo (K‘lUwa) ke — 1 (K_lUwa) % Cop — 1 (K_lUwcoo) (ear + o)
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Hence, for 1 < k < M we may calculate the following;:

‘a%Foo(xﬂk < sup |(K ™ ear) * oo + (K eoo) * car + (K leog) * cgo‘k :

cMEXM; CoosCho€Hoo

(5.31)

Forl <k < M and any cps € X1, oo € Hoo we can simplify the first two summands

in (5.31)) as follows:

(K_ch) *p Coo = Z Coo k+j T [IC_lCM]k-&-]' [Czo]j
= Y dleidileslr
j=M+1—k
(K eoo) i ear = )[R el lilenliss + (K coolirjleinls
j=1
= Y (k+5)lesolrslcir;
J=M+1—k

Hence, we have the following estimate:

M

(K "en) sk Coo + (K Neoc) spear = Y (24 + k) [cool k(i
j=M—k+1

M .
Z (25 +k‘)C0|X

‘(K_ICM *coo‘k—i—‘ Coo)*cM|k . |5
j=M—k+1 (‘7 +k;)5
M
| X1,
<200 Y. i (5.32)
j=M—k+1 (7 + k)

Again, we used the estimate |c;| < Cy/j® for j > M + 1. We estimate the third

summand in ((5.31)) for ceo, ¢l € Ho as follows:

(K lesa) s cho = D7 jlecljlebeliny + (G4 R)leacljulehe ]
j=M+1
K leg)*xd ], < 0 + 0
‘( ) ‘k; j:%Jrl j(s 1)(j 4 k) (] + k)(s 1)
. a3 . a3
T (s =2)(M +k+1)sM6"2 (s —1)(M+k+1)"DM6-D"

(5.33)

By combining the estimates from (5.32)) and (/5.33)) into ([5.31]), and recalling our choice
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of A, in Definition then for 1 < k < M we obtain the following;:

0 S X1, c2a
s O Fo(z)ma(h)|, < 2C0A, , n w
a:eXl,lIE)eH }&J (@) )’k ° j_Mz—:k-s—l G+ k)6 " (s —=2)(M+k+1)sM6—2)
C2A,
_|._
(s — 1)(M + k +1)=Dpf(s=1)
= (98 (X)]i
]

Proof of (5.27). We show that ‘%Fw(x)-wc(h)‘k < g% (X)]k for 1 < k < M and
all z € X and h € H. Let (ayw,c) € X and h € 7.(H). From (5.10) we calculate
L (F(X) - Fy(X)) - h below:

2 (F(z) — F(myz)) - h = ((Ush) * ¢+ (Uuc) x h) — (Uyh) * ear + (Uyenr) * h)
=(Uyh) * (¢ —epr) + (Un(c — ear)) * h.
Since ¢ — ¢y € Hyo, it follows that:
|2 [F(x) = F(mya)] - hle < sup 2 [hs hl|g.
heEH W €Hoo
For h € H and b/ € Hy and for 1 < k < M, we calculate h *; b’ below, using the

property that [h']; = 0 for j < M.

[e.e]

o b =3 [0 g + [Aless ()
j=1

M

= > U+ Y R Ters + [Blers [0
J=M—k+1 j=M+1

By applying the estimates |h;| < |H|; for j < M, and |hl;, |W/|; < Co/j° for j > M +1,

we obtain the following:

M Co > 202
‘QF (w)h‘ <9 E |H|j——— + E _“70
Hel oo j J (s s 'S (4 s
Jj=M—k+1 (G +Fk) jeni+1” (G +k)
M
|H|; e
S 200 Z y s + sSAfs—1
P (j+k) (s=1)(M+Ek+1)sM
= g8 (X)]k-
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Proof of (5.28). We show that |Fiao (&, @, )|, < 95 (X) for M+1 < k. Since ), (z) =
Z and [¢]y = 0 for k > M + 1, it follows that:

0 ifk< M
[Fm(@awaé)]k = (5.34)

Zf;ll e‘i“jéjék_j otherwise.
As ¢;¢,—; = 0 when either j > M or k — j > M, then it follows that:

M

|Foo(@,@,0)k < D 1681,
j=k—M

Noting that |Fso (@, @, ¢)|r = 0 for k > 2M, we calculate:

M
[Foo(, 0, 6)| < k7° L S Ko Y 16k

j=ko—M
=k %gL (X).
0

Proof of (5.29). We show that |h*¢[, < k%gﬁ;“(X) for M +1 < k and all ¢ € m.(X)
and h € m.(H). Fix ¢ = (o,w,c) € X and h € n.(H), and write cpy = mar(¢), co =

Too(€), har = mar(h), and heo = Too(h). We may expand h x ¢ as follows:
hxc=hy *cp + Ry * Coo + Cos * hoo + Poo * Coo- (5.35)

The composition hys * cpr only has non-zero components for M +1 < k < 2M, thereby

it is bounded by the computable value below:

hM*chSk—lsmax{kg-hM*kocM:M+1§k0§2M}

M
1
_EM+1H<12€<<21\/1k:8 Z [ H 51X |ko—j- (5.36)
o j=ko—m

We calculate cpr * hoo for k > M + 1, noting that [hoo|p—; = 0 if k — j < M, as below:

k—1 00
e ¥ hoo = Z[CM]j[hoo]k—j + Z[Ch]j[hoo]k+j + [ear]erj [l

M M
= Z [ear]jlhooli—s + Z[C}k\/l]j[hoo]k—&-j‘
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Using the estimates |¢;| < |X|; for j < M and |h;| < Cy/j® for j > M +1, we calculate

the following:

M
|ear * ool < Z |X|J JFZ‘ i s k—l—
j=k—M—1 i)
M
Co E\°
<ol oy, (k_) FY) G
j=k—M—1 J =1

Note that % is decreasing with k. To maximize the coefficient of | X|; in the first sum
of (5.37)), we choose the smallest k& such that j < k— M — 1. Hence, for each coefficient,

we choose k = M + j + 1 as an upper bound. We obtain the following:

M+j5+1
lear * hooli < 2 Z X (<> + 1> . (5.38)
An analogous calculation produces a bound for |hps * c| as given below:
M . s
Co M+j+1
h < — H; || ——"— 1. 5.39
el < 723 (M) 1) (5.39)
Lastly we estimate |hoo * Coo|g. FOr hoo, Coo € Hoo and k > M + 1 we calculate:
k—1
hoo * Coo = Z[h Coo k—j + Z COO k+j [hOO]kJrj[czo]j
j=1
k—M—1
= Z [hoo Coo k—j + Z Coo k+j [hOO]k-l-j[czo]j'
j=M-+1 j=M+1

Taking norms and using the estimate |h;| < Cp/j° for M + 1 < j we obtain:

k—M-—1 Cg o) Cg
‘hoo * Coo’k < — +2 I ——
j:%zﬂ 3% (k = 34) j:%:ﬂ 3%k +35)°
k—M—1
1 2 C?
S Cg Z 'S -\ s + 1.5 : s—1°
A =0 ) TR G-OM

The remaining sum is only nonzero for k£ > 2(M + 1), and we bound it as follows:

k—M-1

E <3>3

J=M+1

25+l 1 1
= G- (Ms-l B <k/2>s-1> |
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This estimate is maximized in the || - ||s norm by taking k& — co. Thereby, we obtain
the following estimate:

1 2C3(25 +1)
ks (s —1)Ms—1
By combining the results from ([5.36- |5.40|) into (5.35)), it follows that if M + 1 < k,

7,7,a

then |h x|, < L gac”(X).

|Poo * Cool, < (5.40)

O]

Proof of (5.30) - We show that ‘ (K 'me(m1)) * me(o ‘k ksl_lg&’b(X) for M +1<k
and all z1,29 € X. For i = 1,2 let us fix ¢; € 7m.(X) and recall that C; > ||¢;||s by

Definition We can write (K ~'c;) #; co as below:

(K™ c1) #p c2 = Z] aljlea]k—j + Z il + (B + J)lerlwrslea]; (5.41)
j=k+1

Using |c|; < C1/5° and |c[py; < Co/(k + j)° for K > M + 1, we obtain a bound on
|(K~te1) * ca|i as below:

k—1 0o 00
0101 0100 COCI
K 'e)) s ol < E j +§ , — + —_
(K en)+ erle =g k) ;(k+1)51js

k—1
1 C1Cy 1
< 2 1
<A\ Xy +<k+1>8( +3_2>

=1
C1Cy 1
1 .
M ES ( +3—1>

Since 5 < M, thereby 6 < M +1 < k and by Lemma/5.1.8we can simplify the remaining

sum as follows:

ke k% TYM+1
i < ML
QZJS ka — 9ks—1

> o
Taking k > M + 1, it follows that:

(K Yme(@)) * me(2) |1, < 1_<C12’YM+1+CICO(( s=1 s ))

i 24

ks—1 2 M+2)(s—2) s-—1
1 7
= 9 ().
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5.2 Bounding the Krawczyk Operator

When defining a Krawczyk operator K (X, z) for a function f : Y — Z one must choose a
linear operator At : Z — Y. The map Al is typically chosen to approximate D f(z)~!.
Even in finite dimensions it may be impossible to exactly calculate the inverse of a
matrix using floating point arithmetic. To denote a fixed but numerically approximate
definition, we introduce the notation :~. Since we set up our theorems in an a posteriori
format, the question of whether our numerical approximation is sufficiently accurate is
answered by whether our computer-assisted proof is successful or not.

As with any method relying on a contraction mapping argument, the Krawczyk
operator is only truly effective in locating the zeros of a function if they are isolated.
Since the non-trivial zeros of F' are not isolated, and in fact form a 2-manifold [Reg89],
we do not define a Krawczyk operator corresponding directly to F : R? x Q% — Qs~1,
We must first reduce the dimensionality of its domain by two.

We reduce one of the dimensions by imposing a phase condition; we may assume
without loss of generality that the first Fourier coefficient is a positive real number
(see Proposition . To that end, we define a codimension—1 subspace Q° C Q° as
follows:

Q={ceQ:c; =}

To reduce the other dimension, we consider « as a parameter and perform our estimates
uniformly in a.

For a cube X C R2 x QF we define a Krawczyk operator to find the zeros of functions
F,:R'xQ* — Q! for all a € 7,(X). To that end, we would like to define a map Af
to be an approximate inverse of the derivative DF(w,¢) € L(R! x Q5,057 1) for some
(a,w,¢) € X. We construct this approximate inverse by combining Al ,a2M x 2M
real matrix on the lower Fourier modes, with the operator —(i2)Kr/, on the higher
Fourier modes.

As is ever the case, we may only explicitly perform a finite number of operations

on fundamentally finite dimensional objects, and because of this we defined Galerkin

projections in (5.12)) and (5.13)). To ensure the sum F' = Fj; + F makes sense, the
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maps myr, 7y, are defined to be but finite rank maps onto a subspace of an infinite
dimensional Banach space. To emphasize this finite dimensional subspace as a space
in its own right, as well as the new domain R! x Qf, we define the following projection

and inclusion maps:

T Q> RM 7R R gy RM 80 7, R RE X Q8

Faroin = idgent, Ty oty = idgen, ippo @y =idgs, iy 07Ty = idp1 -
We define the linear operator At below in Definition as follows: We note that Af

will be injective if the 2M x 2M matrix A}L\/[ has rank 2M.

Definition 5.2.1. Fiz a cube X C R? x Q°. For a point (@,@,8) = T € X such that

z =, (z), define the following linear operators:

Ay i~ 7y 0 DF5(@,€) o iy Ay € L(R?M R2M)

Al i~ A7t Al € LR R2M)
Az, M) =iy 0 Apypo®hy +iSK 1l A(z, M) € LR x Q*, Q57 1)
AN(Z, M) =iy 0 A}r\/l ofty —i2Kmoo ATz, M) € L(Q°7H R x QF).

While a Krawczyk operator K(X,Z) given as in Definition is sufficient from
a mathematical perspective, from a computational perspective it leaves something to
be desired. We address this deficiency in Definition by defining an explicitly
computable operator K'(X,Z) as an outer approximation to (X, Z), which is to say
that £(X,z) € K'(X,z). In Theorem we prove this, and in Theorem we
give an analogue of Theorem [5.1.2

In practice, we use interval arithmetic [MKCO09] to compute an outer approxima-
tions for the arithmetic combination of sets (e.g. A+ B =, pep@+b). This allows
us to bound the image of functions over rectangular domains, which is to say domains
given as the product of intervals. By employing outward rounding, interval arithmetic
can be rigorously implemented on a computer [Rum99|. In every step an outer approx-
imation is constructed as a rectangular domain, and the end result will too be an outer
approximation. While obtaining a tight approximation is desirable, it is not required;

as long as we have an outer approximation, that is sufficient.
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Definition 5.2.2. Fiz a cube X C R2xQ* as in Deﬁm’tion with M > 5, s > 2 and
Co > 0. Fiz some T = (&,w, ¢) € X such that T = 7 (Z) and Ay, > sup,cx |7 (z) —w|.

Fiz A := A(z,M) and At := AY(z, M) as in Definition m Define the following

functions:
) 2a 3 _ 3
XY = ihax + Aw% —1+1 Co + i1,b X
(X =gyt swp A (@7 + 10+ ()
- a
+ sup ( 1—-gz]+ _) Co 5.42
Q€T (X),wemy(X) ’ | w(M + 1) ( )

gm(X) =g (X) + giir(X) (5.43)
Goo(X) =145 g0 (X) + g1 (X). (5.44)

Define K'(X,z) = K);(X,z) x KL (X, Z) by:

Ky (X, z) :=3 — A\ Far(z) + (Ing — AL App) - why (X — T)
+ Al (Ayr — DFy(X))(X — 7) £ Al gar(X) (5.45)

KL (X,Z) :={c, €C:|ci| < gOO(X)/kS}zOZMH, (5.46)

where Fur(z) € R?M s calculated to include the image of Fu(z) for all a € mo(X),
where DFy(X) C L(R?M R?M)) s calculated to include the image of 7pro DFy(w, c)oih,

for all (a,w, c) € X, and where :I:A}Lv‘,gM(X) C R?M s calculated to be a set satisfying:

U AL-UgiAJ]rng(X).
[v]k<|gnr (X)k

Theorem 5.2.3. Fiz a cube X as in Definition [5.1.6) with M > 5, s > 2 and Cy > 0.
Fiz a point T € X such that T = 7);(%), and fiv A == A(z, M), AT := AT(z, M) as in
Definition|5.2.1 Fix some o € mo(X), and for f = F, : R x Q% — Q1 let K be given
as in Definition[5.1.1 Then K(X,z) C K'(X, z).

Proof. Let H := X — Z. We begin by proving that =, (K(X,z)) C «,(K'(X, z)), first

showing that:

why o (I — ATDF(X)) - H K, (X, ) — (az - AjWFM(:z«)) . (5.47)
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Fix some 2 € X and h = (hy, h.) € H. We start by adding and subtracting ATA,
rewriting the LHS of (5.47) as follows:

wh(I — ATDF () - h =(Iny — AL, Apr) - 7y () + 74 AT(A — DF(2)) - h
=(Ins — Ay Anr) -y (h)

+ AL (A — DFy(2)) - why(B) + Al mar DE () - why (B).

By (5.26) and (5.27) it follows that |7y DFso(z) - hlp < [¢%,(X) + ¢4 (X)]k. Thereby,
it follows that: AJ][\/IWMDFOO(QJ) -h C :t|A}LV[| -gm(X) for all x € X and h € H. Hence

from the definition of K'(X,Zz) given in (5.45)), then (5.47) follows. From (/5.34) we
have that 7y Foo(Z) = 0, hence 7y, (7 — ATF(2)) = 7 — A}WFM(:E). It then follows that
mv o K(X,z) C K (X, Z).

We now prove that 7/ (K(X,z)) C 7l (K'(X, Z)), first showing that:

Fix some = = (a,w,c) € X and h = (hy, h.) € H. We start by adding and subtracting
AT A, rewriting the LHS of (5.48)) as follows:

7' o(I—ATDF(X)) (X —Z)

<), (5.48)

' (I —A'DF(z))-h=x' (I —ATA)-h+=' _AY(A— DF(z))-h
=7/ o A(A—DF(x))-h

=nl 0 A (A— £DF(z)) - he — il 0 AL DF(z) - hy,.
We calculate —WOOATa%F(.T) - hy, writing B%F(l‘) as in (5.9) below:

o0 0 ATZF(X)) - hy = — moo%K (K" (o' = Uy)e — i(KUye) % c) - hy,

:hw%wm (a1 = Uy)e — K(K " Uyc) % c) .

Using |c|; < Cp/j° and ((5.30)) we obtain for &k > M + 1 that:

9 Co  1g%b(x)
o , A X1y 19
‘WOOOA 2 F(z)) Aw‘k <A.S ((a )+ )
Hwoo o ATZF(@) - A gAwg ((orl +1)Co + gggb(X)) . (5.49)
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For (o, w,c) € X we calculate 7o AT(A — %F) - he below:

Too AT(A = L F(z))he = —igK (12K — (12K + Uy)) he — (Uyhe) x ¢ — (Uye) * he)

Qi€

= oo (1= 29) +i2KT,) h,

— Mool

K ((Uyc) * he + (Uyhe) * ) .

gilQ

Taking norms and using (5.29) we obtain:

- « 2a g
< —_aw 1,4 (XY

(5.50)

H”“’ o AN(A— 2F(2)) - h,

By combining (5.49) and (5.50) and taking a supremum over « and w, we obtain the

definition of g% in (5.42)), whereby (5.48)) follows.
To show that T, K(X,Z) C KL (X, Z) note that from (5.28) it follows that:

ajo

X).
M+1goo( )

Imoo(® — ATF(2))||s = | = i2 K7 F(2)|s <
Expanding out m.oK(X, Z), it follows that:
17oeC(X, 2) |5 <[[7oo(® — ATF(2))[ls + [|7oo (I = ADF(X)) - (X = Z)]l

ajo
<
“M+1

oo (X) + g5 (X) = goo(X).

Thus T K(X,z) C KL (X,z). Thus, we have proved both that 7}, (K'(X,z))

N

mhy(K(X,z)) and 7l (K'(X,z)) C 7. (K(X,z)). Hence it follows that (X,z) C
K'(X,z).
O

Theorem 5.2.4. Fiz a cube X as in Definition [5.1.6 with M > 5, s > 2 and Cy > 0.

Fiz a point & € X such that = m,(Z). Let K(X,z) and K'(X,Z) be given as in

Definition [5.1.1) and |5.2.4 respectively. If K'(X,z) C X, and moreover go(X) < Cy

and:
Fhr (s (X,2) + Al Fur(2)) € int(7,(X),

then for all a € 7o (X) there exists a unique point Tq = (0, Wq,Cq) € X such that

F(iq) = 0.
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Proof. Fix a € m4(X). By Theorem in order to show that there exists a unique
solution to F, = 0, it suffices to show that there is some 0 < A < 1 for which:

(I —ATDF(X))(X — %) C \(X — ).

We find a Aps which works for the 7/ ,-projection and a Ao, which works for the /-

projection. Since K(X,z) C K'(X, z) by Theorem|5.2.3)and 7, (IC?VI(X, T) + A;r\/[FM(;E))

C int(7h,(X)), it follows from the definition of (X, z) in (5.1]) that:

7y (IC(X, z) + ATF(f)) C int(74,(X))
7, ((I — ATDF(X))(X - :f;)) C int (#h(X — 7)) (5.51)

Since 7y, ((I — ATDF(X))(X — Z)) is compactly contained inside of 7, (X —z) C R?M,
there is some positive distance separating the LHS of away from the bound-
ary of 7,;(X — z). It follows that there must exist some 0 < Ajy; < 1 such that
7y (I = ATDF(X))(X — ) C A - 7y (X — 7).

Since KL (X, z) C n. X it follows that goo(X) < Cp, and by our additional assump-
tion this is in fact a strict inequality. If we define Ao := g% (X)/Cy < 1, then by
it follows that:

Too(I — ATDF(X)) - (X — ) < AooToo(X — T).
If we define A := max{Ays, \oo} < 1 then it follows that:
(I —A'DF(X))- (X —Z) < MX — 7).

By Theorem there exists a unique point £, = (@, Wy, ¢o) € X such that F,(0q, ¢a) =

0. Moreover, this is true for all o € 7, (X). O

5.3 Pruning Operator

For a given cube, we want to know if it contains any solutions to F' = 0. We try to
determine this by combining several different tests into one pruning operator described
in Algorithm It is called a pruning operator because even if we cannot determine
whether a cube contains a solution, we may still be able to reduce the size of the cube

without losing any solutions.
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We describe the tests performed in Algorithm Most simply, if we can prove
that |F(X)|, > 0 for some 1 < k < M, then F has no zeros in X. From Lemmal[5.1.7]
we know that if a cube has a small || - ||, norm then it cannot contain any nontrivial
zeros. Furthermore, if a cube is contained in the neighborhood of the Hopf bifurcation
explicitly given by Corollary 2.3.11] then the only solutions that can exist therein are
on the principal branch. If none of those situations apply, then we calculate the outer
approximation of the Krawczyk operator given in Definition If the hypothesis
of Theorem [5.2.4] is satisfied, then there exists a unique solution. Alternatively, if
X NK(X,z) = 0, then there do not exist any solutions in X. If none of these other
situations apply, then we replace X by X N K(X,z). Algorithm arranges these

steps in order of ease of computation.

Algorithm 5.3.1 (Prune). Take as input a cube X with M > 5 and s > 2. The output
is a pair {flag, X'} where flag € Z and X' C X is a cube.
M
1. Compute 6 =2 ,_ | Xk + (5—12)%'
2. If for all (o,w,-) € X we have a € (0,2], w > 1.1, and § < g(a,w) for g defined
in (5.18)), then return {1,0}.

3. If for all (o, w,-) € X we have o — §| < 0.00553, |w — F| < 0.0924 and § < 0.18,
then return {2, X}.

4. If infyex |Far(x)|i > hi(X) for hy defined in (5.19) and some 1 < k < M, then
return {1,0}.

5. Fiz some T € X such that & = 7, (%) and 7),(Z) is approzimately the center of

7 (X). Construct K'(X,z) as in Definition [5.2.9,

6. IfK'(X,%) C X, goo(X) < Co, and 7ins (/C'M(X, z) + AEVIFM(:Z‘)> C int(7a(X)),
then return {3, X'}.

7. If X NK'(X,Z) =0, then return {1,0}.

8. Else return {0, X NK'(X,z)}.
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Theorem 5.3.2. Let {flag, X'} denote the output of Algorithm with input a cube
X.

(i) If flag = 1, then F(x) # 0 for all nontrivial x € X.
(ii) If flag = 2, then the only solutions to F =0 in X are on the principal branch.

(111) If flag = 3, then for all o € mo(X) there is a unique Wqo € Ty(X) and éq € me(X)

such that F(a, g, 6q) = 0.
(iv) If there are any points & € X for which F(z) =0, then & € X'.

Proof. To prove (i) we must check the output from Steps 2, 4, and 7. To prove (ii) we
must check Step 3. To prove (iii) we must check Step 6. The proof of (iv) follows from

(), (i), (i17), and Step 8. We organize the proof into the steps of the algorithm.
1. It follows from ([5.17) that ||c||n < d for all ¢ € m.(X).

2. Since a € (0,2] and w > 1.1, Lemma applies. If ||c[|pn < § < g(a,w), then
by Lemma the only solutions to F(a,w,c) = 0 are trivial, which is to say
c=0.

3. If Step 3 returns flag = 2, then by Corollary [2.3.11] there is at most one SOPS
c € X with frequency w, and it lies on the branch of SOPS originating from the

Hopf bifurcation at o = 3.

4. Suppose that infyex |[Far(z)|r > hip(X) for some 1 < k£ < M. Since we have
supex | Foo(2) | < hi(X) by (5.25)), it follows from the triangle inequality that

for all z € X we have:

|F(x)| > inf |Far(2)|x — sup |Foo(x)| > 0.
z€X zeX

Hence |F(z)|r > 0, and so X cannot contain any zeros of F.
5. Note that K(X,z) C K'(X,Z) by Theorem

6. If Step 6 returns flag = 3, then the hypothesis of Theorem is satisfied.
Hence for all a € m,(X) there is a unique &, € m,(X) and ¢, € 7.(X) such that

F(a,wq,¢q) = 0.
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7. By Theorem all solutions in X are contained in (X, Z). Hence, all of the
zeros of F' in X are contained in X N K(X,z) C X NK/'(X, 7).

If XNK'(X,z) =0 then X NIC(X,z) = 0, whereby there cannot be any solutions
in X.

8. As proved in Step 7, all solutions in X are contained in X N KX'(X, z).

5.4 Global Bounds on the Fourier Coefficients

The goal of this section is to construct a bounded region in R? x ©° which contains all
of the nontrivial zeros of F'. This is ultimately achieved in Algorithm which is
discussed in Section along with other estimates pertaining specifically to Wright’s
equation.

In Section [5.4.1] we discuss generic algorithms used to construct bounds in Fourier
space. Algorithm [5.4.1] converts pointwise bounds on a periodic function and its deriva-
tives into a cube containing its Fourier coefficients. Algorithm modifies a cube so
that after a time translation, any periodic function contained therein will satisfy the

phase condition ¢; = ¢J.

5.4.1 Converting Pointwise Bounds into Fourier Bounds

To translate pointwise bounds on a periodic function into bounds on its Fourier coefhi-
cients we use the unnormalized L? inner product, which we define for g, h € L%(]0, %’r], C)

: 27 Jw
(g, h) = /0 g(OR(D)" dt. (5.52)

For a function y given as in (5.2)), its Fourier coefficients may be calculated as ¢ =

27r1/w <y(t), ei‘”kt>. By applying (5.52)) to a priori estimates on y we are able to derive

bounds on its Fourier coefficients. For example, in [Wrib5| it is shown that —1 < y(t) <

e“ — 1 for any global solution to (|1.2]). Hence, when e® > 2 the Fourier coefficients of

any periodic solution to ([1.2]) must satisfy |cg| < ﬁ(e‘” —1) for all k € Z.
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With more detailed estimates on y we can produce tighter bounds on its Fourier
coefficients. In Chapter [4 such estimates are numerically derived in a rigorous fashion.
One of the results from this analysis is a pair of bounding functions which provide upper
and lower bounds on SOPS to at a given parameter value. Formally, a bounding
function is defined to be an interval valued function [£(t),u(t)] where £,u: R — R.

These functions ¢,u are constructed in Chapter [ using rigorous numerics, and
in particular interval arithmetic. As a matter of computational convenience, these
functions are defined as piecewise constant functions which change value only finitely
many times (see Figure |5.2)). For functions of this form, calculating a supremum over
a bounded domain is reduced to finding the maximum of a finite set, and calculating
an integral is reduced into a finite sum. For elementary functions such as sin or cos,
interval arithmetic packages have been developed which allow us to rigorously bound

their image over arbitrary domains [Rum99].
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b: Bounds for 3/

k Ak B A By 1

1[[-0.103, 0.181] | [~0.544, —0.317] [-0.154, 0.205] | [~0.673, —0.192]
2| [~0.238, 0.110] | [~0.142, 0.187] [~0.215, 0.031] | [~0.100, 0.179]
3 [-0.207, 0.228] | [-0.205, 0.211] [—0.094, 0.109] | [-0.090, 0.125]

¢: Bounds for y”

d: Bounds for 3"

k Apo By, o Ap3 By 3

1| [-0.384, 0.525] | [~0.848, —0.103] [-0.995, 1.160] | [~1.713, 0.715]
2 | [-0.205, 0.037] | [~0.094, 0.155] [-0.279, 0.053] | [~0.120, 0.194]
3| [-0.051, 0.077]|[~0.054, 0.071] [-0.039, 0.068] | [~0.045, 0.063]

Figure 5.2: Depicted in the figures are functions ¢°,u® : R — R which bound a periodic

function y and its derivatives y®). Depicted in the tables are the values for Ap.s and

By, s produced by Algorithm which bound the Fourier coefficients ¢, = ay, + ib;, of

Y.

Algorithm [5.4.1] describes a method for obtaining rigorous bounds on the Fourier

coefficients of a periodic function y. This algorithm applies the inner product (-,-) to

bounds not just on the function y but on its derivatives as well. Examples of these

bounds are given in Figure [5.2] where we note that by the third Fourier coefficient,

the tightest estimate is given by the third derivative. We will use y®) denotes the s*®
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derivative of a function y, whereas we will use Y* to denote a bounding function of

index s, which bounds the derivative y(%).

We have stated Algorithm so that it does not estimate the zeroth Fourier

coefficient, as periodic solutions to (1.2)) necessarily have a trivial zeroth Fourier coeffi-

cient. The algorithm could be modified in the obvious way to bound the zeroth Fourier

coefficient of a function as well.

Algorithm 5.4.1. Take as input projection dimension M € N, period bounds [L, L],

and a collection of interval-valued functions:

{Y=(t) =

[°(), u

sut iR — R,

The output is an (a-parameterless) cube X C R x Q.

1. Define 1,

.= [2n /L, 27 /L].

2. For 1 <k< M and 0 < s <SS define i, 65 € Ry so that:

L
de > sup / |cos(wkt)y®

WEIL,ys€Ys JL

L
ds > sup / |sin(wkt)y®

WEI,ys€Ys JL

and define a;ci_,sval;ybz_,s’bl;,s € Ry so that:

bk,s

A s

!/

>

0c +

—dc +

s +

_58 +

wel, ys€Ys

w€ly,yseys

f s/ sin(wkt)y®
welw,y €Yy 0

3. For1< k<M and0<s<S define:

ks 1 2rks

inf T
wel, W™

sup —
wely, w

()l dt,

b-‘r

2mks

1 by,
By = ['f b5 sup

wel, ws™ 1 wel, ws—1

(5.53)



Define the intervals Ay s and By, s as follows:

7

A, ifs=0 (mod4)

—B,, ifs=1 (mod 4)
Ak,s = 7 , Brs:=

—ALs ifs=2 (mod4)

B, ifs=3 (mod4)

4. For 1 <k < M define:

/
_Bks

)

/
_Ak,s

/
Bk,s

/
Aks

)
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if s=0 (mod 4)
ifs=1 (mod 4)
if s=2 (mod 4)

if s=3 (mod 4)

Ak = ﬂ Ak,m Bk = m Bk,s-

0<s<S

0<s<S

5. For each1 <k < M, define aj, := mid(Ay,s), by, = mid(By,s), ¢k = ar +iby, and
C_i = Cj,. Define yﬂ(t,w) as in (5.54), and define Cy > 0 so that (5.55|) holds.

M
ya(tw) = Y e liwk)TeH (5.54)
k=—M
1 Lo s
Cop>  sup / Y2 (t) — ya(t,w)| dt. (5.55)
wel, ySeys 2nwS—1 Jo } ®) M )‘

6. Define a cube X := Xpr x Xoo C R x 0s by:

M
XM ::IwX HAkXBk
k=1

Xoo i={op € C fex| < Co/k5} 4y

Proposition 5.4.2. Let the cube X be the output of Algorithm with input M €

N, [L,L] € R and bounding functions {Y*}5_,. Fiz a function § with period L and

continuous derivatives §®) for 0 < s < S. If L € [L,L] and §¥)(t) € Y*(t) for all

0 <s< Sandt € [0,L], then the frequency and Fourier coefficients of i satisfy

(w7 {Ck}zozﬁ €X.

Proof. We organize the proof into the steps of the algorithm.

1. If the period of g is L € [L, L] then it will have frequency @ = 27/L and & €

[27/L, 27 /L].
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2. Let us define
ps = <cos(c€;kt), g(5>(t)> , b 1= <sin(cb/<:t), ) (t)> .

We show that ays € [ay , a,ts]. Since L € [L, L] it follows that:

L
<cos(wkt),gj(s) (t)> - / cos(@kt)g(® (t)dt
0
L L
_ / cos(@hkt)§® (t)dt + / cos(@kt)i® (H)dt.  (5.56)

0 L

To estimate the rightmost summand in (5.56) we calculate:

L L L
/ cos(wkt)g® (t)dt’ < / ‘cos((fukt)gj(s) (t)’ dt <  sup / |cos(wkt)y®(t)| dt < ..
L L wely,y*eYs JL

We obtain a bound on a; ; by appropriately taking an infimum and a supremum

in (5.56) as follows:

L L
inf / cos(wkt)y®(t)dt — 6. < aps <  sup / cos(wkt)y®(t)dt + dc.
w€ly,y* €Y Jo w€el,,yseYs Jo

Hence a5 € [q; , aZ’S], and by analogy b s € [by bZ’S].

3. Let ¢, = ar + ib;, denote the Fourier coefficients of 9. We show that a; € Ay g
and b, € By, 5. Firstly, we calculate the derivative 4% as follows:

§O) =D enliwk) ™.

kEZ

We can express the Fourier coefficients of g in terms of the Fourier coefficients of

its derivatives Q(S); below, we calculate ¢ in terms of ay s and by, 5 as follows:

21 /@ . - .
/ Ck(’i(,:)k)sewkt . e—zwktdt _ <g(s) (t), ezwkt> (5'57)
0
2
5ck(¢wk)s - <g<s> (1), cos(a;kt)> .y <g<s> (1), sin(djkzt)>
Qs — ibk,s

:S .s+1
Pap +1°7 by = - )
2mes—1ks

From the definition of 4} , and By, _ in (5.53) it follows that:

Ak s / bk,s
Iris—1ks ks Oris—1ks k,s*

By matching the real and imaginary parts, which only depend on s (mod 4), we

obtain that a, € Ay s and by, € By, 5.
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4. Since ay, € Ay and by, € By, for all kK and 0 < s < S, it follows that:

ap € ﬂ Ak,57 bkE ﬂ Bk75.
0<s<S 0<s<S

5. We calculate ¢ for k& > M + 1 starting from (5.57) and using the fact that the

functions e*“** are L?-orthogonal:

27 [
M
— 1 eid}kt A(S)(t)f Z E-(i@j)sei‘:’jt
2 ’ P /

By taking absolute values, and the suprema over w € I, and y° € Y we obtain

the following.

N 1 by iont
|k (ik)| < / ’e i
0

TR G () -y (t,@)| dt
lekk® < sup 15_1/L\y5(t) — Yy (t,w)] dt
wel,ySeys 2w 0

< Cb.
Hence |cx| < Co/k® for all k > M + 1.

6. In Step 1 we showed that w € I,. In Steps 2-4 we showed that ¢ € [X]j for

1 <k < M, and in Step 5 we showed that |c;| < Co/kS for k> M + 1.

O

Algorithm 5.4.3. Take as input an (a-parameterless) cube X C R x Q%. The output

is an (a-parameterless) cube X' C R x Q.

1. For [X]1 = A; x By, with A = [A;, 4] and B; = [By, B1], define an interval
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© C R so that:

UaleAl,bleBl tan_l(bl/al) if Al >0

UaleAl,bleBl tan=1(by/a1) + 7 if Ay <0

©2 Y Usrenpien —tan(ar/b)) + 5 if B; >0
Ua ey pen, —tan™'(a1/b1) =5 if B1 <0
[~ 7] otherwise.

2. Rotate every Fourier coefficient’s phase by —Ok. That is, define:

a1€Ai1nIflEB1 V CZ% + b%’ Sup \/m ’ Bi = [070}’

a1€A1,b1€B;

A
1-—

and for 2 < k < M define intervals A}, B; C R such that:
AL D U cos(0k)ay, + sin(0k)by,
QEG,QkEAk,kaBk
B, D U — sin(0k)ay, + cos(0k)by,.

0€0,a, €A, b EBy

3. Define a cube X' := X}, x X/, CR! x Q5 by
M
Xy =1L, x [ 4% x By,

k=1

Xio={er € C:lex < Co/k°}, 0 -

Proposition 5.4.4. For an input cube X, let X' denote the output of Algorithm .
Suppose that y : R — R is a periodic function given as in with frequency and
Fourier coefficients satisfying (w,{ck}3>;) € X. Then there exists some T € R such
that the Fourier coefficients ¢’ of y(t + 7) satisfy (w,{c}.}?2,) € X'. Furthermore ¢, is

a real non-negative number.
Proof. We organize the proof into the steps of the algorithm.

1. Write the first Fourier coefficient of 4y as ¢y = a1 + iby. We may write ¢; = ret?

where r = \/a} + b? and if ¢; # 0, then 6 is unique up to an integer multiple of
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2m. By the rules for arctan we can calculate:

(
tan~!(by /ay) ifa; >0

tan~!(by/ay) + 7 ifa; <O

—tan~!(a1/b1) + if by >0

B}

—tan~t(ay /b)) — 5 if by <O.
\

Since a1 € A1 and b; € By, it follows that 8 € ©.

2. For any 7 we can calculate the Fourier series of y(t + 7) as follows:
y(t + 7_) _ Z Ckeiwk(t+‘r) _ Z CkeiwkTeiWkt.
keZ keZ
If we choose 7 = —0/w, then ¢| = c1™“™ = \/a? +b? is a real, non-negative

number and moreover ¢; € [X'];.

3. The Fourier coefficients of y(¢+7) are given by ¢}, = e~*’¢;, hence (w, {c,}%,) €

X'.

5.4.2 Bounds for Wright’s Equation

The culmination of this subsection is Algorithm [5.4.7] which, for a given range of pa-
rameters, constructs a collection of cubes covering the solution space to F, = 0. This
algorithm begins with pointwise bounds on SOPS to . To obtain these pointwise
bounds we use Algorithm wherein we augment Algorithm with Step 7 de-
fined in Algorithm [£.2.4, By Theorem for a given range of parameters I, the
output of this algorithm is a collection of bounding functions =, such that if there is
a SOPS to the exponential version of Wright’s equation at parameter o € I, then it
will be bounded by one of the bounding functions in =. Recall that solutions to the
exponential version of Wright’s equation solve where f(z) = e* — 1, and can be
transformed into the quadratic version of Wright’s equation using the change of
variable y = e¢* — 1. Each bounding function in the output of Algorithm [£.5.1] is as-

sociated with intervals @ and @, bounding the amount of time a SOPS is respectively
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positive and negative, from which we can bound the period of the SOPS as L = Q + Q.

We state a slightly reformulated version of Theorem [£.5.1] below:

Theorem 5.4.5 (See Theorem. Fiz some 1o, = [min, Qmaz) such that amin > 5.
Suppose that x : R — R is periodic with period L, and is a SOPS to at parameter
a € I, with f(x) = e*—1. Furthermore, assume without loss of generality that z(0) = 0
and x'(0) > 0.

If L and Z denote the output of Algorithm run with input I, then there exists
some [L;, L;] € £ and [{;,u;] € = for which L € [L;, L;] and x(t) € [€;(t),u;(t)] for all t.

Remark 5.4.6. The set = we refer to in Chapter (5, is referred to as X in [Jaql§)].
In both cases the variable is used to denote a collection of bounding functions output
by Algorithm[{.5.1. We have made this change because in Chapter[4) the variable X C

CY(R,R) is used to denote a fized collection of functions.

The higher derivatives of a function can be very useful in constructing bounds on its
Fourier coefficients and their rate of decay. While the bounding functions constructed in
Chapter [d]are not even continuous, we can use them to construct bounding functions for
the derivative of SOPS to Wright’s equation via a bootstrapping argument. Namely,
by taking a derivative on both sides of we obtain an equation for the second
derivative of solutions to . In a similar manner, can obtain an expression for the

third derivative of solutions to ([1.2]), both of which are presented below:

y'(t) = —aly(t = 1) [1+y@®)] +yt -1y ()]
y'(t) = —aly"(t = DI +y)] +2y/(t = Dy () +y(t — Dy"(1)] .
Note that we can always express the derivative y(®) () in terms of (") (¢) and y( (t —1)

where 0 < 7 < s — 1. That is, we can inductively define functions f* : R?* — R such

that for all ¢ we have:

yo(t) = f° (y(t%y(t —1),5/(),y (t—1),...,y" V@), (1t - 1)) . (5.58)

If we start with a bounding function for y, then by appropriately adding and multiplying
the bounding functions for ¥, taking wider bounds whenever necessary, we can obtain

bounding functions for any derivative of y (see for example Figure [5.2)).
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Algorithm proceeds by first constructing bounding functions for y and its
derivatives, and then applying Algorithm [5.4.1] to obtain a cube containing its Fourier

coefficients. Then it applies Algorithm to impose the phase condition that ¢; =

c}. In this manner we obtain a collection of cubes which contains all of the Fourier

4
T
06 : : _
3
0.4 : . _ =] X
a, " Co
0.2 ) ) ] .
[ ] -]
0

14 15 16 17 14 15 16 17 14 15 16 17 14 15 16 17

w w w w
Figure 5.3: Depicted above is the output of Algorithm projected onto the (w,a;)
plane. From left to right, the input I, was taken to be [, 1.6], [1.6,1.7], [1.7,1.8], and
[1.8,1.9]. Note that Cj increases with «, a;, and period length 27 /w.

coefficients to SOPS to ([1.2]). We then apply Algorithm to each cube, discarding
it if possible. This allows us to discard between 5% and 20% of cubes (see Ny, in

Table [5.1]).

One problem however, is that the Fourier projection of two distinct bounding func-
tions often overlap considerably. To address this we combine overlapping cubes together.
While we could combine all of our cubes into one big cube, this would not be efficient.

Instead, we divide our cover along a grid in the w x a; plane (see Figure [5.3)).

Algorithm 5.4.7. Fiz an interval of 1o C [Gmin, Qmaz], integers M, S € N and a
subdivision number N € N, and the computational parameters for Algorithm [{.5.1]

The output is a (finite) collection of cubes S = {X; C R? x Q°}.

1. Let =, L be the output of Algorithm [£.5.1) with input I, and appropriate compu-

tational parameters.

2. Use the change of variables y = e* — 1 to define a collection of functions:
yO = {Yz(t) = [eei(t) - 176Ui(t) - 1] : [gz(t)’uz(t)] € E} :

3. Inductively define Y* for 1 < s < S so that corresponding to each Y. € Y there
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exists a Y = [V, Y] € V¥ such that for f* defined in (5.58) we have:

P < if 0,0 1),y T ),y (- 1)
i loelY o,

VEt)>  sup (00,0 (1), Ly ),y (- 1)
(v hZoe(YT 1o

. Define 8’ := {X] C R! x Q*} to be the collective output of Algorithm Tun

with M € N, and each of the sets L; € £ and {Y*}5_, € {V*}5_, as input.

Define 8" := {X! C R! x Q%) to be the collective output of Algorithmm Tun

with each of the sets X! € 8" as input.

Define 8" by taking the product of I, with the cubes in S8”. That is, define
S" = {I,x X! CR?x 0 : X! € §"}.

For each X € 8", let {flag, X'} denote the output of Algorithm with input
X. If flag = 1, then remove X from 8"'. Otherwise replace X by X'.

Subdivide the w X a1 space covered by 8" into an N x N grid. That is, define an
index set B := {1,2,...,N} x {1,2,...,N} and define intervals I*,1"* C R so
that:
2 | m(X), "2 | ma(X).
Xesm Xesm
Subdivide I and I into N subintervals of equal width, {I¥}Y, and {I}'}N,
so that I¥ = UX., 1¥ and 1 = U, 1.
For each B = (p1, B2) € B, take the union of cubes in 8" whose (w, ay)-projection
intersects Iy x I5). That is, define:
Xs:={(a,w,c) ER?x Q*:w € I8, [ch € 15},

and define Xg to be a cube such that:

X/g D) U Xﬁj(ﬁ.
XES///

Define S := {X3: 3 € B}.
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Theorem 5.4.8. Fiz an interval 1o, = [Cmin, Qmaz] such that amin > 5, and let S
denote the output of Algorithm . If a function y as given in (5.2)) is a SOPS to
Wright’s equation at o € I, then there exists a time translation so that its Fourier

coefficients are in |JS.

Proof. Every SOPS y to the quadratic version of Wright’s equation given in (|1.2]) corre-
sponds to a SOPS z to the exponential version of Wright’s equation given in (|1.1]) with
f(x) =e® — 1. Fix a SOPS z : R — R to the exponential version of Wright’s equation

with period L. We organize the proof into the steps of the algorithm.

1. By Theorem there exists an interval L; € £ and a bounding function [¢;, u;] €
E and such that L € L; and x(t) € [¢;(t), u;(t)] for all £ € R.

2. The change of variables between the exponential and quadratic versions of Wright’s
equation is given by y = e* — 1. Hence for the interval L; € £ and the bounding

function Y; € )0, it follows that L € L; and y(t) € Y;(t) for all ¢t € R.
3. Since y € Y it follows that its derivatives satisfy y) e Yoforall 0 <s<S.

4. Let w and ¢ denote the frequency and Fourier coeflicients of y respectively. If X/
is the output of Algorithm with input M € N, L; and {Y;*}5_,, then by
Proposition it follows that (w, {cx}32,) € X|.

5. Let X! denote the output of Algorithm with input X/. By Theorem
there exists a 7 € R such that the Fourier coefficients ¢ of y(t + 7) satisfy

(w, {132, € X7

6. We have shown that if y is a SOPS to at parameter a having frequency
w, then up to a time translation (o,w,c) € [JS”. By Theorem the SOPS
to at parameter « € I, correspond to the non-trivial zeros of F in |JS".
(Note that F' defined here in Chapter [5|is equal to éG for G defined in Chapter
) Hence, if there is a solution F(&) = 0 for some z € R? x Q° with 7, (%) € I,

then & € |JS".
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7. Let {flag, X7;(4)} denote the output of Algorithm with input X/” € §”". By
Theorem we can replace each X' € 8" with Xi(4), and it will still be the
case that (JS” contains all of the solutions to F' = 0. In particular, if flag = 1

then XZ»(4) = () and we may remove X/” in this case.

8. If (o,w,c) € US” and a; = [c]1, then by construction w € I¥ and ay € I*.

As 19 x I = U, pryep 15, x 15, then there is some (B1,82) € B such that

B2’
(w,a1) € 1§, x Ig.
9. As Uxes X CUgen Xg, then it follows that |Jycgm X C Upep X That is to
say S CUS.

10. Hence, | JS contains the Fourier coefficients of any possible SOPS.

5.5 Global Algorithm

After Algorithm has constructed a collection of cubes S covering the solution space
to F' = 0, we run a branch and prune algorithm. This algorithm iteratively inspects
the elements in X € S and then constructs three new lists of cubes: A, B and R. To
summarize, first we compute the output Prune(X) = {flag, X'} from Algorithm[5.3.1]
If flag = 1, then there are no solutions in X, and we can remove X from S. If flag = 2,
then the cube is in the neighborhood of the Hopf bifurcation, and we add X’ to B. If
flag = 3, then for all @ € 7,(X) there exists a unique solution to F,, = 0 in X', and we
add X’ to A. If X' is too small, then we add it to R. If the Krawczyk operator appears
to be effective at reducing the size of the cube, then the pruning operation is performed
again. Otherwise X' is subdivided along some lower dimension and the resulting pieces
are added back to S.

The most obvious difference between our algorithm and the classical algorithm is
that we are working in infinite dimensions. While we store 2M + 1 real valued coor-
dinates in a given cube, as in |[GZ07,[DK13| the subdivision is only performed along a

subset of these dimensions. Choosing which dimension to subdivide along can greatly



138

affect the efficiency of a branch and bound algorithm, and there are heuristic methods
for optimizing this choice [CR97]. However since we are finding all the zeros along a
1-parameter family of solutions, these branching methods are not entirely applicable.
To determine which dimension to subdivide we select the dimension with the largest

weighted diameter. That is, for a collection of weights {);}%_, we define:

Ai - diam (74, (X)) if i =0,
w(X, i) = (5.59)
A; - diam ([7),(X)],)  otherwise.

Algorithm 5.5.1 (Branch & Bound). Take as input a collection of cubes S = {X; C
R? x Qs} with M > 5 and s > 2, and as computational parameters: a halting criteria
€ > 0, a continue-pruning criteria 6 > 0, a mazimum subdivision dimension 0 < d <

2M and a set of weights {)\i}fzo. The output is three lists of cubes: A,B and R.
1. If § is empty, terminate the algorithm.
2. Select an element X € S and remove X from S.
3. Define {flag, X'} = Prune(X) to be the output of Algom'thm with input X.
4. If flag =1, then reject X and GOTO Step 1.
5. If flag = 2, then add X' to B and GOTO Step 1.
6. If flag =3, then add X' to A and GOTO Step 1.
7. If maxo<i<qw(X',i) <€, then add X' to R and GOTO Step 1.

8. Define m = |d/2|. If (1+0) < %, then define X := X' and GOTO

Step 3.

9. Subdivide X' into two pieces, X| and X}, along a dimension which mazimizes
w(X',4), and so that X' = X{ U X). Add the two new cubes to S and GOTO

Step 1.

Theorem 5.5.2. Let S = {X; C R? x QS} with M >5 and s > 2. Let A,B and R be

the output of Algorithm [5.5.1) run with input S and various computational parameters.
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(1) If F(&) =0 for some z € |JS, thenz € JAUBUR.

(ii) For each X € A and o € mo(X), there is a unique T = (o, Do, o) € X such that

F(#) = 0.

(iii) For each X € B, if there is a solution & € X to F =0, then & is on the principal

branch.

Proof. We prove the claims of the theorem.

(i)

(i)

(iii)

Suppose there is some solution & € X for some X € S§. We show that & €
USUAUBUR at every step of the algorithm. If we replace X by X’ as in Step
3, then # € X’ by Theorem [5.3.2] In Step 4, if flag = 1 then in fact X’ = (), so X
could not have contained any solutions in the first place. In Steps 5, 6 and 7, the
cube X' is added to one of A, Bor R. Hence, as & € X' then & € | JSUAUBUR. If
in Step 8 we decide to prune the cube X’ again, then we may repeat the argument
made for Steps 3-7. In Step 9 we divide X’ into two new cubes X| and X} for
which X’ = X{ U X/. Hence & will be contained in at least one of X| or X}, and

both cubes are added to S, so we cannot lose the solution in Step 9.

Thus we have shown that z € | JSUAUBUTR at every step. Since the algorithm
can only stop when & = (), it follows that every solution # initially contained in

JS will eventually be contained in | JAUBUR.

The only way a cube X’ can be added to A is in Step 6. That is, for some cube
X € S the output of Algorithm returned {3, X’}. Thus, it follows from
Theorem that for all a € 7o (X)) there is a unique & = (@, @Wq, ¢a) € X such
that F(z) = 0.

The only way a cube X’ can be added to B is in Step 5. That is, for some cube
X € S the output of Algorithm returned {2, X’}. Thus, it follows from
Corollary [2.3.11| that the only solutions to F' = 0 in X’ are those on the principal

branch.
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If a cube has no zeros inside of it yet there is a solution close to its boundary, then
proving that the cube does not contain any solutions can be very difficult, resulting in
an excessive number of subdivisions. This phenomenon is common to branch and bound
algorithms and is referred to as the cluster effect [SN04]. As we wish to enumerate not
just isolated solutions but a 1-parameter family of solutions, the difficulty of the cluster
effect is multiplied. Furthermore, we cannot expect that the boundary of a cube will
almost never contain a solution. In particular, when we subdivide a cube we may also
bisect the curve of solutions, and further subdivisions will not remedy this problem (see
Figure . As such, we should not expect that R # ().

To address this issue we apply Algorithm to the output of Algorithm
In Step 1 we recombine cubes in R which overlap in the a dimension. In Step 2 we
split the cubes in R along the a-dimension to make them easier to prune, which we do
in Step 3. Ideally by Step 4 all of the cubes have been removed from R, having been
added to either A or B.

Even if R = () at this point, it is not immediately clear that the only solutions are
on the principal branch. For two distinct cubes X1, Xy € A, if there is some «g such
that ag € 7, (X1) and ag € 7o (X2), then there could very well be two distinct solutions
at the parameter ag. In fact, since we subdivide along the a—dimension it is to be
expected that a cube will share an a—value with one or two other cubes. In Steps 6-9 of
Algorithm we check to make sure that when two cubes have a—values in common,

then there is a unique solution associated to each ag € 74 (X1) N7 (X2).

Algorithm 5.5.3. Take as input sets A, B, R produced by Algorithm and a com-
putational parameter n € N. The output is a pair of intervals I{f, Ig and either success

or failure.

1. Combine the elements in R whose a-components overlap in more than just a
point. That is, for all X, Y € R, if diam(ma(X) N 7o (Y)) > 0, then replace X

and Y in the set R with a new cube Z containing X UY .
2. Subdivide each X € R along the a-dimension.

3. For all X € R calculate { flag, X'} = Prune™ (X), the output of Algorithmm
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Figure 5.4: An example output of Algorithm The cubes in A are in green, the
cubes in B are in dark blue, and the cubes in R are in pink.

10.

iterated at most n times with initial input X. If flag = 1, then remove X from
R. If flag = 2, then remove X from R and add X' to B. If flag = 3, then
remove X from R and add X' to A.

. If R # 0 then return FAILURE.

Define I = Uxe ma(X) and I5 = Uy cp ma(X).

Construct a cover Iy of the parts of cubes in A which intersect with | JB. That
is, define Ig = {X € A : mo(X) N IE}. Then define Iy by, for each X € Ip,
taking the a-component of X and setting it equal to m,(X) N IE and adding the

modified cube to Tj.

For all X € Tl calculate {flag, X'} = Prune™(X), the output of Algorithm
5.3.1] iterated n—times with initial input X. If flag # 2 then return FAILURE.

Construct a cover I'y of the parts of cubes in A which intersect with another cube
in A. That is, define Ty ={(X,Y) € AxA: X Y, 71o(X)N7o(Y) #0}. Then
define I'y by, for each (X,Y) € L4, defining a new cube Z which contains X UY,

replacing the a-component of Z by mo(X) N7a(Y), and adding Z to I'y.

For all Z € T' calculate {flag, Z'} = Prune™(Z), the output of Algorithm

iterated n—times with initial input Z. If flag # 3 then return FAILURE.

If the algorithm reaches this point, return SUCCESS.
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Theorem 5.5.4. Let A,B,R denote the output of Algorithm run with input
S = {X; CR? x O} where M > 5 and s > 2. Suppose having received input A, B, R
and n € N, Algorithm returns SUCCESS and intervals 1&4 and If.

(i) If a € IN\IB, then there is a unique solution Zo = (o, Ga,éa) € US such that

Fo(Wa, ¢q) = 0.

(ii) If o € IB, then the only solutions to Fp, =0 in |JS are on the principal branch.

Proof. We describe the first 4 steps of the algorithm and then prove the theorem.

1. Let R denote the initial input to the algorithm and R’ denote the resulting set

produced by Step 1. By its construction, it follows that [JR C |JR'.
2. If we subdivide the cubes in R, then it is still true that (JR C UR'.

3. As described in the proof of Theorem if flag = 1,2, 3 then it is appropriate
to respectively, discard X, add X’ to B and add X’ to A. Appropriate, that is,
in the sense that the conclusion of Theorem [5.5.1] will hold for these modified sets
A, B and R.

4. If we cannot show that every region of phase-space lies in either A or B then we
are unable to prove the theorem. Otherwise, every solution to F' = 0 in |JS is

contained in | J AU B.

We prove claim (7). If a € I'\IB there is a solution &, to F, = 0 in |J.A. Suppose
there exists a second distinct solution &/, to F,, = 0. Since each cube X € A contains a
unique solution for all a € 7, (X)), there would exist distinct cubes X, Y € A such that
%o € X and 2/, € Y. It follows then that there exists some Z € 7/, such that &, 3., € Z.
Since it is determined by Step 9 that flag = 3 in the output of Prune(™(Z), therefore
by Theorem there exists a unique solution to F' = 0 in Z. Thereby &, = &,
and if o € IZN\I5B, then there is a unique solution &, = (o, Wa,é) € JS such that
Fo(&a,¢a) = 0.

We prove claim (ii). Suppose there exists some &, such that a € I8 and F, (&, &) =

0. Since the algorithm passed through Step 4, it follows that 2, € |JAUB. If 2, € |J B,
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then z, is on the principal branch by Theorem If 2, € |J.A, then there exists
a cube X € Zj such that 2, € X. If the Algorithm is successful, then when
Algorithm is run n—times with initial input X it will produce flag = 2. Hence by
Theorem this solution &, € |J.A must be on the principal branch.

O

Proof of Theorem[1.2.3. We implemented the algorithms discussed in this chapter using
MATLAB version R2017b (see [Jaq] for the code). The calculations were performed
on Intel Xeon E5-2670 and Intel Xeon E5-2680 processors, and used INTLAB for the
interval arithmetic [Rum99]. A summary of the algorithms’ runtime is given in Table
b1

For the intervals I,, taking the values (containing at least) [%, 1.6], [1.6,1.7], [1.7, 1.8],
and [1.8,1.9], we ran Algorithm augmenting Algorithmwith the seventh step
given in Algorithm [£.2.4] In Algorithm [£.5.1] we used computational parameters iy = 2,
jo = 20, n7ime = 32, Nperiod = 10, Npryne = 4, €1 = 0.05 and €3 = 0.05.

We then ran Algorithm using computational parameters M = 10 and S = 3,
and N = 15 producing outputs Sy, (see Figure . By Theorem if y is a SOPS
at parameter a € I, given as in , then (a,w,c) € |JSr,. By Theorem the
SOPS to at parameters a € I, are in bijective correspondence with the nontrivial
zeros of F' inside |J Sy, .

On each of the collections of cubes Sy, we ran Algorithm using the following
computational parameters: For the stopping criterion we used ¢ = 0.0001 for o €
[3,1.6] and € = 0.01 otherwise. For the continue-pruning criterion, in every case we
used 6 = 0.5. For the maximal subdivision dimension, in each case we used d = 6,
corresponding to the variables a,w,a; € R and co,c3 € C. For the set of weights, in
each case we used \g = 8 (corresponding to «) and A\; = 1 otherwise.

The output of Algorithm are sets Ay ,Br,,Rr,. On each of these result-
ing outputs we ran Algorithm [5.5.3] using n = 5, and in each case it was success-
ful, producing sets I7' and I5. When I, = [5,1.6] then I = [, T + 0.00550] and

I = [5 + 0.00550, 1.6], and otherwise I = I,. By Theorem m this shows that
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for all o € [§ + 0.00550, 1.9] there exists a unique solution to F,, = 0 in |JS, and if
a €[5, 5 +0.00550] then the only solutions that exist are on the principal branch. By
Theorem there are no solutions at a = 7 on or off the principal branch, and by

Theorem there are no folds in the principal branch for a € (5, 5 +0.00683]. Hence

2
for all o € (3, 1.9] there exists a unique solution to (L.2). O
Io Noy Npg Ngia  Top Tgria Ty Tverify
[g, 1.6] 774 614 181 361.8 3.8 2.5* 1.3
[1.6,1.7] 953 861 165 422.2 49 3.3* 1.1
[1.7,1.8] 603 566 143 200.1 3.2 10.9* 0.4
[1.8,1.9] 292 277 97 179.1 1.6 61.7* 0.6

Table 5.1: Computational benchmarks from the computer-assisted proof of Theorem
Ny — the number of bounding functions output by Algorithm ;m-d -
the number of cubes in 8" after Step 7 in Algorithm Nygria — the number of
cubes output by Algorithm Ty¢ — the run time (min.) of Algorithm Tyrid
— the run time (min.) of Algorithm m Ty, — the run time (min.) of Algorithm m

parallelized using 20 workers. Tyepify — the run time (min.) of Algorithm m

Proof of Theorem [1.2.4] By Theorem for all o € (5,1.9] there exists a unique
solution to ((1.2)). By Theorem and [Xie91] there exists a unique SOPS to ([1.2)
for a € [1.9,6.0] and « > 5.67 respectively. Hence there exists a unique SOPS to ([1.2))

for all o > % O

Remark 5.5.5. It is apparent from Table[5.]] that the two principal computational bot-
tlenecks are Algorithm (see column Tyyp) and Algorithm (see column Ty ).
Algorithm[5.5.1] takes more time to finish as a increases, largely driven by a correspond-
ing increase in Cqy (see Figure . On the other hand, Algom'thm takes less time
to finish as a increases. The interval I, = [5,1.6], however, provides an exception to
this trend. This is due to our augmentation of Algorithm[{.2.3 by the seventh step given
in Algorithm an improvement which is most effective for a near 3.
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Chapter 6

Future Directions

Proof of Theorem[1.2.5. By [MP88] every global solution to (1.1)) has a positive, integer
valued lap number V' (z,t). For non-zero = the lap number will be an odd integer, defined

by fixing the smallest possible o > ¢ such that z(c) = 0 and defining:

the # of zeros (counting multiplicity) of z(s) in (¢ — 1,0]; or
V(z,t) =

1 if no o exists.

Let us fix zg as a periodic solution to with period Lg. For any ¢ € R the
lap number V(zo,t) remains constant, and we can define N := V(xg,t). If N =1
then x¢ must be a SOPS. If N > 3 then define the integer n := % and r := 1 —nlyg.
By [MP88], it follows that 2/N < Ly < 2/(N—1), hence 0 < r < N~L. Defining z; (¢) :=

xo(rt) and a1 = ragp we calculate the derivative of z1(t) as: 2/ (t) = —ay f(zo(rt — 1)).

We may further compute:
zo(rt — 1) = xo(rt — 1 +nly) = xo(r(t — 1)) = z1(t — 1).

Hence it follows that z|(t) = —ay f(z1(t — 1)). Thus we have shown that if V(xg) > 3
then xg is a rescaling of a periodic solution z; with period length Ly = Lo/r > 2. Hence

xo is a rescaling of a SOPS.

6.1 Dynamical Questions

One pertinent question that remains concerns the period length of SOPS to Wright’s

equation.

Conjecture 6.1.1. The period length of SOPS to (1.2) increases monotonically in «

for all > 3.
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By Corollary the period length increases monotonically when a € (5,75 +
6.830x 1073]. The rigorous numerics performed in this thesis strongly suggests this to be
true when o < 6, and when a > 3.8 the period length L satisfies |L —a~'e®| < 7.66a
by [Nus82]. However Conjecture is unresolved for v > % +6.830 x 1072,

Another question, proposed in [BCKN14], is the generalized Wright’s conjecture.

Conjecture 6.1.2. For every o > 0 the set U(«), the closure of the forward extension

by the semiflow of a local unstable manifold at zero, is the global attractor for (1.2)).

This is known to be true for o < 5 by Theorem and is unresolved for a > 3.
Conjecture [6.1.2] can be reduced to a question about the number of rapidly oscillating
periodic solutions, and moreover Conjecture [6.1.1] implies Conjecture [6.1.2] To wit,
by the Poincaré-Bendixson theorem for monotone feedback systems [MPS96|, the w-
limit set of any initial data to is either 0 or a periodic orbit. The lap number
organizes the attractor into Morse sets Sy by [MP88|, and by [FMP89] there is always a
connecting orbit from the unstable manifold of the origin to the Morse set Sy. Hence, to
prove Conjecture [6.1.2] it would suffice to show that each Morse set consists of exactly
one periodic orbit.

By Theorem|[I.2.5|there are no isolas of periodic orbits, so multiple rapidly oscillating
periodic solutions can only arise if there is a fold in one of the branches of rapidly
oscillating periodic solutions. If Conjecture holds, then such a fold can be ruled
out using the rescaling equation in Theorem In particular, if there are two SOPS
at parameters ay < ag with period lengths Lq, Lo and the equality ag = a1 (1+nLy) =
as(1+ nLg) holds, then there will be two distinct rapidly oscillating periodic solutions
at parameter «p. This equality cannot hold if L; < Lo whenever oy < ag. Thereby
Conjecture [6.1.1] implies Conjecture [6.1.2

There are still further questions about Wright’s equation. In [MM96] the authors
show a semi-conjugacy of Wright’s equation, and negative feedback systems more gen-
erally, onto a family of finite dimensional ODEs. Outside the dynamics described by
this semi-conjugacy, are there any other interesting dynamics in ? Furthermore, do

the stable and unstable manifolds of the periodic orbits in ([1.2]) intersect transversely?
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6.2 Computational Questions

There are many future directions for the rigorous numerics of infinite dimensional dy-
namical systems. Perhaps one of the most striking features of Figure [5.1] and Figure
is the non-uniform size of cubes. This seems to be a result of applying the branch and
bound method to a 1-parameter family of solutions instead of a collection of isolated
solutions. One approach would be to first validate a neighborhood around the branch
of solutions (d la [Lesl0]) and then use a branch and bound method to ensure that
there are no solutions outside of this neighborhood. In this paper, we used a collection
of weights {\}¢_, to mitigate this problem. When using all equal weights ()\; = 1 for
all i), the vast majority of cubes output by Algorithm ended up in R. Having
a better heuristic for deciding along which dimension to branch would be very useful,
particularly so if it does away with the a priori need to select a maximal subdivision
dimension d as a computational parameter.

Integral to the success of the algorithms in Chapter |5| (allowing it to finish in finite
time) are the estimates derived in Chapter 4| which bound all of the slowly oscillating
periodic solutions to Wright’s equation. Since most initial conditions are attracted to
the single SOPS in Wright’s equation, it was sufficient for the methods in Chapter
to be relatively simple. Future work could be done toward bounding all periodic orbits
in more general solutions. Examples of this are when there are rapidly oscillating
periodic solutions of interest, or when there are multiple (unstable) solutions, or when
the dimension is higher, or when one considers instead an ODE or a PDE.

[43

Another question, explored in [LMJ17], is “what is the best Banach space to work
in?” In this paper we consider the space Q° of Fourier coefficients with algebraic decay.
In Algorithm the estimates for obtaining a priori estimates on the Fourier coeffi-
cients of SOPS always improve in absolute terms by using larger value of S. However,

the value of Cy will increase when using a larger S. It would likely be beneficial to ini-

tially run Algorithm with a large S, and then convert these bounds into a smaller
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S so that Cy will shrink as well. However, for other applications and other infinite

dimensional problems, the question of what is the optimal Banach space remains.
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