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Dissertation Director: Cun-Hui Zhang and Steven Buyske

Constructing confidence intervals in high-dimensional models is a challenging task due
to the lack of knowledge on the distribution of many regularized estimators. The
debiased Lasso approach (Zhang and Zhang, 2014) has been proposed for constructing
confidence intervals of low-dimensional parameters in high-dimensional linear models.
This thesis generalizes the idea of “debiasing” to make inference in high-dimensional Cox
models with time-dependent covariates. A quadratic optimization algorithm is proposed
for computing the debiased Lasso estimator and its benefits are demonstrated. This
thesis also studies the sample size conditions for inference in high-dimensional linear
models with bootstrapped debiased Lasso. It is proved that bootstrap can further
correct the bias of debiased Lasso and new sample size conditions involving the number
of weak signals are obtained.

In many economical and biological applications, estimating the causal effect of an
exposure on an outcome is an important task. Mendelian Randomization, in particular,
uses genetic variants as instruments to estimate causal effects in epidemiological
studies. However, when there exist pleiotropic effects, conventional instrumental

variable methods can be biased. Theoretical properties of Bayes estimators induced
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by single and mixture Gaussian priors are studied in the existence of pleiotropy.
The methods under consideration are generalized to deal with summarized data and

demonstrated in various simulation settings and on two real datasets.
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Chapter 1

Introduction

Regression models are fundamental tools to study the association between predictors
and response variables. In low-dimensional or fixed-dimensional settings, the least
square estimator (LSE) and maximum likelihood estimator (MLE) have been well-
studied under some classical assumptions. However, those assumptions can be too

restrictive in modern applications. Consider a low-dimensional Gaussian linear model:
y=XB+e, (1.1)

where the regression coefficient vector 8 € RP, the design X € R™*P can be either
deterministic or random and the random error ¢; ~;; 4 N (0,02) conditioning on X

2. In the low-dimensional case (p < n), the least square

for some positive constant o
estimator for 3 is

B\(LS) — (XTX)leTy

and its consistency and asymptotic normality can be proved without much efforts.
When some of the classical assumptions are violated, the LSE may have undesirable
performance and new techniques and methodologies need to be developed. The topics
in this thesis arise from following generalizations and relaxations of regression model

(1.1), which are motivated by broad applications in modern science.

(a) We consider the high-dimensional setting, where the dimension p of the model
is allowed to be larger or much larger than the sample size n. In this case, the
sample Gram matrix X7 X/n is not invertible and the least square estimator
is undefined. This motivates new methodologies, say regularized least square

estimators, for estimation and inference in high-dimensional models.



(b) We consider the effect of unknown confounders, which results in the correlation
between some predictors and the random errors. In this case, the least square
estimator can be biased. This motivates the use and study of instrumental

variables.

1.1 High-Dimensional inference

In many areas of applications, including genomics, machine learning and astronomy,
many opportunities and challenges have been posed by large-scale data. It is common
to observe large numbers of parameters and/or large numbers of observations. Hence,
it is important to study the methodologies and theory in high-dimensional scenarios.

When the dimension p of the model is larger than the sample size n, regularized least
square estimators are typically used when the signal is believed to be sparse. Popular
approaches include, but are not restricted to, the Lasso (Tibshirani, 1996), SCAD (Fan
and Li, 2001), Adaptive Lasso (Zou, 2006), Dantzig Selector (Candes and Tao, 2007),
Lasso and Dantzig (Bickel et al., 2009), MCP (Zhang, 2010) and scaled Lasso (Sun and
Zhang, 2012). Properties of regularized least square estimators in prediction, estimation
and variable selection have been extensively studied in high-dimensional linear models.
Among the regularized regression procedures, the Lasso (Tibshirani, 1996) is one of
the most popular methods as it is computationally manageable and theoretically well-
understood (Meinshausen and Biithlmann, 2006; Zhao and Yu, 2006; Bunea et al., 2007;
Zhang and Huang, 2008; Meinshausen and Yu, 2009; Wainwright, 2009; Ye and Zhang,
2010).

Some approaches have been generalized beyond linear models. For example, van de
Geer (2008) and Huang and Zhang (2012) studied the oracle inequality of weighted
Lasso in high-dimensional generalized linear models. Tibshirani (1997) and Fan and
Li (2002) extended the Lasso and SCAD to the Cox model, respectively. Bradic et al.
(2011) established strong oracle properties of nonconcave penalized methods for non-
polynomial dimensional Cox model. Huang et al. (2013) and Kong and Nan (2014)

studied the non-asymptotic oracle inequalities of the Lasso in the high-dimensional Cox



regression. Lin and Lv (2013) studied a class of penalized methods for variable selection
and estimation in the high-dimensional additive hazards models. Belloni et al. (2012)
and Spindler (2016) studied the Lasso and Post-Lasso in linear instrumental variable
models with high-dimensional instruments.

However, the distributions of many regularized estimators are not tractable. For
example, the limiting distribution of the Lasso estimator (Knight and Fu, 2000) depends
on unknown parameters in low-dimensional settings and is not available in high-
dimensional settings. Thus, there is substantial difficulty in drawing valid inference

based on the Lasso estimates directly.

1.1.1 Debiased Lasso

In the p > n scenario, Zhang and Zhang (2014) proposed to construct confidence
intervals for low-dimensional regression coefficients by “debiasing” an initial Lasso
estimator. Such estimators enjoy asymptotic normality under certain conditions and
are known as the low-dimensional projection estimator (LDPE) or “debiased Lasso”.
It is worth mentioning that unlike the approaches based on selection consistency, the
debiased Lasso approach does not assume the “beta-min” condition, which requires all
the signals to be stronger than certain threshold level.

Along this line of research, many recent papers study computational algorithms and
theoretical guarantees for the debiased Lasso and its extensions beyond linear models.
van de Geer et al. (2014) proved asymptotic efficiency of the debiased Lasso estimator in
linear models and for convex loss functions. Javanmard and Montanari (2014a) carefully
studied quadratic programming in Zhang and Zhang (2014) to generate a direction for
debiasing the Lasso in high-dimensional linear models. The asymptotic normality of the
resulting estimator does not rely on the condition on the sparsity of the precision matrix
of the design. Belloni et al. (2013, 2014) proposed to construct confidence regions for the
quantile regression and instrumental median regression estimator, respectively, based
on Neyman’s orthogonalization, which is first-order equivalent to the bias correction.
Jankova and van de Geer (2015) and Ren et al. (2015) proved asymptotic efficiency of

the debiased Lasso in estimating individual entries of a precision matrix. Mitra and



Zhang (2016) proposed to debias a scaled group Lasso for chi-squared-based statistical
inference for large variable groups. Fang et al. (2016) considered statistical inference
for a single parameter with a decorrelated Wald statistic based on debiased Lasso in
high-dimensional Cox model. Chernozhukov et al. (2017) studied debiased method in
a semiparametric model with machine learning approaches.

In Chapter 2, we consider a low-dimensional projection estimator (LDPE) for a
linear combination of regression coefficients in high-dimensional Cox models with time-
dependent covariates. The computation is via a quadratic optimization algorithm,
which can be viewed as the extension of the quadratic programming in linear models
(Zhang and Zhang, 2014; Javanmard and Montanari, 2014a) to the Cox model with
time-dependent covariates. We prove the asymptotic normality of LDPE under proper
conditions.

The sample size requirement for asymptotic normality of the debiased Lasso in
aforementioned papers is typically n > (slogp)?, where s is the number of nonzero
regression coefficients. However, it is known that estimation consistency (in ¢;-norm)
of the Lasso estimator holds with n > slogp. Therefore, it becomes an intriguing
question whether it is possible to conduct statistical inference of individual coefficients
in the range slogp < n < (slogp)?.

Very little work has been done in this direction. For the standard Gaussian
design, Javanmard and Montanari (2014b) studied that the debiased estimator is
asymptotically Gaussian in an average sense if s = O(n/logp) with s/p, n/p constant,
but they did not provide theoretical results when the covariance of the design is
unknown. Let s; be the number of nonzero elements in j-th column of the precision
matrix. Javanmard and Montanari (2015) proved that asymptotic normality for the
debiased Lasso holds when s < n/(logp)?, s; < n/logp and min{s,s;} < v/n/logp
under Gaussian design with unknown covariance matrix and other technical conditions.
Cai and Guo (2017) proved that adaptivity in s is infeasible for statistical inference

with random design when n < (slogp)? in a minimax sense.



1.1.2 Bootstrap

Bootstrap has been widely studied for conducting inference in both low-dimensional
and high-dimensional models. Mammen (1993) considered estimating the distribution
of linear contrasts and of F-test statistics when p increases with n. Chatterjee and
Lahiri (2010) showed the inconsistency of residual bootstrap for the Lasso if at least
one true coefficient is zero in fixed-dimensional settings. For fixed number of covariates
p, Chatterjee and Lahiri (2011) proposed to apply bootstrap to a modified Lasso
estimator as well as to the Adaptive Lasso estimator. Chatterjee and Lahiri (2013)
showed the consistency of bootstrap for Adaptive Lasso when p increases with n under
some conditions which guarantee sign consistency. They also proved the second-order
correctness for a studentized pivot with a bias-correction term. It is worth mentioning
that a beta-min condition is required in their theorems as sign consistency is used
to prove bootstrap consistency. In the high-dimensional setting, multiplier bootstrap
has been studied to approximate the maximum of a sum of high-dimensional random
vectors (Chernozhukov et al., 2013; Deng and Zhang, 2017).

For the debiased Lasso procedure, Zhang and Cheng (2017) proposed a Gaussian
bootstrap method to conduct simultaneous inference with non-Gaussian errors. Dezeure
et al. (2016) proposed residual, paired and wild multiplier bootstrap for debiased Lasso
estimators, which demonstrates the benefits of bootstrap for heteroscedastic errors as
well as simultaneous inference. However, the aforementioned papers do not provide
improvement on the sample size conditions.

In Chapter 3, we prove the consistency of bootstrap approximation for the
distribution of debiased Lasso under proper regularity conditions. We prove that the
required sample size condition can be weaker than the typical condition for debiased

Lasso, which involves the number of weak signals.



1.2 Causal effect estimation in Mendelian Randomization

1.2.1 Mendelian Randomization

Studying the causality between exposures and outcomes is a crucial task in social science
and epidemiology. Mendelian randomization (MR) uses genetic variants as instruments
to measure the causal effect of a specific exposure on an outcome (Lawlor et al., 2008;
Davey Smith and Hemani, 2014). As a counterpart to the randomized controlled trial
(RCT), MR can address areas where an RCT would be impossible or unethical. With
more and more available genome-wide association studies (GWAS), researchers are able
to find genetic variants which are robustly associated with target exposures and infer
the causality between exposures and outcomes via the variation of genetic variants.

For instance, some recent studies raised a puzzling question whether there exists
a causal relationship between low-density lipoprotein (LDL) cholesterol and type 2
diabetes. Statin therapy has been shown to reduce cardiovascular disease by lowering
LDL (Baigent et al., 2005). However, it is associated with a 9% increased risk for
incident diabetes in RCT studies (Sattar et al., 2010). On the other hand, another
LDL lowering drug, Evolocumab, which uses a different bological pathway, has not
been shown to have a significant effect on the incident diabetes in RCTs (Sabatine
et al., 2017). Thus, it is of interest to study whether the increased risk of diabetes
is caused by lowering LDL as opposed to medication-specific effects. This problem is
analyzed in Chapter 4 as a case study with MR methods applied on summary data
from GWAS.

There are many advantages of genetic variants serving as instruments. Firstly, in
genetic associations, the direction of causation is always from the genetic polymorphism
to the phenotype of interest, and not vice versa. Secondly, genetic variants are subject
to relatively small measurement error or confoundedness, as opposed to conventionally
measured environmental exposures, which are often associated with a wide range of
behavioral, social and physiological confounding factors. Thirdly, MR is more cost-

effective compared with RCTs.



1.2.2 Instrumental variable assumptions and two-stage least square

estimator

By conventional instrumental variable literatures, typical assumptions for genetic

variants to be valid instruments (Figure 1.1) are (van Kippersluis and Rietveld, 2017)
(i) Relevance: The genetic variants have an effect on exposure.

(ii) Independence: The genetic variants are uncorrelated with any confounders of the

exposure-outcome relationship.

(iii) Exclusion restriction (ER): The genetic variants affect the outcome only through

exposure.

iii)

O P2y

(1)

OZ00

Figure 1.1: Illustrative diagram of conventional instrumental variable assumptions.
Z1,...,Z5 are J genetic variants as instruments. D and Y are the exposure and the
outcome under consideration. U represents common confounders of D and Y. Crosses

indicate violations of assumptions.

Observed genotypes are usually coded as the number of minor alleles, 0, 1 or 2.
Without loss of generality, we consider the case where the instruments are continuous.
Let Z be an n x J matrix of genetic variants whose i-th row consists of the i-th
observation Z;. Let D = (Dy,...,D,)T € R", where D; € R is the i-th observation
of the exposure. Let Y = (Y1,...,Y,) € R™, where Y; € R is the i-th observation of

the outcome. Suppose that we observe independent copies of (Z;, D;,Y;),i = 1,...,n.



We adopt the Neyman-Rubin’s potential outcome framework (Rubin, 1974; Splawa-
Neyman, 1990) and set up the model for observed data under IV assumptions (i) - (iii).

Fori=1,...,n,

7 (2 (2 (1.2)
5/; = ﬁDl + €5,
where v = (71,...,7s)" € R’ with «v; the strength of the j-th instrumental variable,

B € R is the causal effect of interest, and (v;, ¢;) has mean zero and covariance matrix

2 2
os o
v ve o . . . .
conditioning on Z, 8 € R is the causal effect of interest. v and € are
2 2
O-’UE O-E

correlated due to the effect of the common confounders U. In model (1.2), D is
correlated with the error term ¢ and hence the LSE based on the exposure-outcome
model in (1.2) can be biased. The Two-Stage Least Square (TSLS) estimator has been
proposed to solve this issue.

Specifically, one can construct a proxy of D, namely the least square estimate 15,
such that

D =74, with 4 = (27 2)"'Z D. (1.3)
Then we use D as a proxy of D in the exposure-outcome model:
Y; = BD; + s, (1.4)

where 7); = ¢ + f(D; — ﬁz) The moment condition IE[ZZT ;] = 0, resulting from the

model assumption, sheds light on the TSLS estimator:
BTSLS) = argmin |V — DB|3,
BER

TSLS)

It is easy to see that B( is an asymptotically unbiased estimator of 8 assuming

that || D||3/n — K1 > 0 as n — co.

1.2.3 Dealing with pleiotropy

Some concerns, such as weak instruments, the confoundness of genotype and
canalization, have been raised about applying the MR methods. Using multiple

instruments can increase the power of genotype-exposure and genotype-outcome



association, but may also introduce issues with linkage disequilibrium and pleiotropy
(Davey Smith and Ebrahim, 2008; VanderWeele et al., 2014). Genetic variants with
pleiotropy, which means that one gene can influence two or more seemingly unrelated
phenotypic traits, may fail the ER assumption, because they may have direct effects
on the outcome. To deal with this issue, we consider causal effect estimation in the

scenario of Figure 1.2 in comparison to Figure 1.1.

OZ00)

Figure 1.2: Illustrative diagram of relaxing ER assumption as a result of the existence
of pleiotropic effects. Dashed arrows indicate the effects allowed to exist in this paper.

Parameters in the parentheses correspond to the notations in model (1.5).

The model for observed data corresponding to Figure 1.2 can be formulated as
follows. Fori=1,...,n,
Di = 2Ziy+ v
Yi =pBD;+ Zia+ €,

(1.5)

where «; the effect of j-th genetic variant Z; on the outcome Y not via the exposure
D. For simplicity, we refer to o as the pleiotropic effect of Z;. As in (1.4), we can

rewrite the exposure-outcome model in (1.5) as
Y; = BDi + Zio + i, (1.6)

for D defined via (1.3). Since D is a linear combination of Z, the column space of
matrix (]5, 7Z) € R+ s rank deficient. If it is known the subset of genetic variants

with pleiotropic effects, i.e. the support of « is known and ||a||o < J, one can perform a
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multivariate least square regarding (1.6) (Donald and Newey, 2001). However, in many
realistic cases, the support of « is always unknown.

Many recent works have studied causal effect estimation in existence of pleiotropic
effects from various perspectives. Bowden et al. (2015) introduced Egger’s regression
method under the InSIDE assumption (instrument strength independent of direct
effect). Kang et al. (2016) showed that the causal effect can be identified if at least 50%
of instruments are valid and also developed a Lasso-type estimator under some sparsity
conditions and other regularity conditions. Bowden et al. (2016) developed a weighted
median estimator which is consistent when at least 50% of instruments are valid. A
pleiotropy-robust MR method was introduced by van Kippersluis and Rietveld (2017)
using a subsample which is independent of the exposure to estimate the pleiotropic
effects. However, these types of assumptions can be hard to check in reality and hence
restrict the applicability of such estimators.

The Bayesian methods have been used and studied in order to deal with pleiotropic
effects. However, theoretical properties of Bayesian estimators are not well understood.
Feller and Gelman (2015) considered a hierarchical model to account for the randomness
in data collection, unmeasured covariates and treatment effect variation. However,
their approach does not incorporate instrumental variables, while an MR problem
is intrinsically equipped with genetic variants as instruments. Berzuini et al. (2017)
considered horseshoe prior on pleiotropic effects and demonstrated its performance
through simulations. Thompson et al. (2017) considered Bayesian model averaging
among three pleiotropy models. Schmidt and Dudbridge (2017) studied a joint normal
prior on causal effect and direct effects via simulation. However, there have been no
theoretical justifications on the non-asymptotic or asymptotic performance of Bayesian
estimators in MR, problem with pleiotropy. It is important to study theoretical
performance of Bayesian methods, which can provide some guidance in applications.
The purpose of Chapter 4 is to study the theoretical performance of Bayesian estimators

under some well-adopted priors.
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1.3 Notations

We use following general notations in this thesis. For vectors u and v, let ||ul|; denote
the £, norm of u, ||lullo the number of nonzero entries of u, (v,u) = ulv the inner
product. For a set T, let T¢ denote its complement, |7| the cardinality of 7 and ur
the subvector of u with components in 7. Define u®° =1 € R, u®! = v and u®? = uu?.
We use e; to refer to the j-th standard basis element, for example, e; = (1,0,...,0).
For a matrix A € R¥>*k2_let ||A|, denote the £, operator norm of A. Specially, let
|Alloc = maxj<g, [|A;.]|1. let P4 be the ki x ki orthonormal projection matrix onto
the column space of A, i.e. Py = A(ATA)71AT and Pj( = I, xk, — Pa. Let Apax(A)
and Amin(A) be the largest and smallest singular values of A, A7, 7, the submatrix of
A consisting of rows in 77 and columns in 7. We say A’ < A iff A — A’ is a positive
definite matrix.

Let ®(-) and ¢(-) be the cdf and pdf of a standard Gaussian random variable,

respectively. Let Ula, b] be the uniform distribution on [a, b] for a < b. Let 2, denote

convergence in distribution.

1.4 Organization of the thesis

In Chapter 2, we study constructing confidence intervals for a linear combination of
coefficients in high-dimensional Cox models with time-dependent covariates with a
quadratic optimization scheme. In Chapter 3, we prove that bootstrap can further
correct the bias of debiased Lasso for both deterministic and Gaussian designs. In

Chapter 4, we study Bayesian estimators of causal effect in the existence of pleiotropy.
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Chapter 2

Confidence intervals in high-dimensional Cox models with

time-dependent covariates

In this chapter, we consider interval estimates and hypothesis testing in high-
dimensional Cox models with time-dependent covariates. We first formally define a
low-dimensional projection estimator (LDPE) for a linear combination of regression
coefficients and then develop a one-step estimator (OSE) as a computationally efficient
alternative of LDPE. The OSE in the high-dimensional linear model is equivalent to
the debiased Lasso approach (Zhang and Zhang, 2014). The computation of LDPE and
OSE is via a quadratic optimization algorithm, which can be viewed as the extension
of Zhang and Zhang (2014) and Javanmard and Montanari (2014a) to the Cox model
with time-dependent covariates. We prove the asymptotic normality of LDPE and OSE
under proper conditions.

Fang et al. (2017) considered a similar problem as ours. They developed a
decorrelated Wald test for a single parameter. It can be seen from latter sections
that our analysis applies to a general problem with different set of conditions. Detailed

discussion is in Section 2.3.

2.1 Model set-up

Let N (#) = (Ny(t),--- , Nu(t))', t > 0 be an n-dimensional counting process on a time
interval [0, 7] with 7 > 0, where N;(¢) counts the number of observed events for the
i-th individual in the time interval [0,¢]. For ¢ > 0, let F; be the filtration representing
all the information available up to time ¢t. Following the definitions in Andersen and

Gill (1982), assume that for {F;,¢ > 0}, N has a predictable compensator A =
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dA;(t) = Yi(t) exp{X;(t)BoYdAo(t), 1<i<n, (2.1)

where By € RP is the true unknown parameter, Ag(t) fo Ao(s)ds is an unknown
baseline cumulative hazard function and for each i, Y;(t) € {0,1} and X;(¢t) =
(Xi1(t), Xia(t), ..., Xip(t))" are both F; predictable. Here p is large and possibly much
larger than n.

To ease our notation, define

gy - Yi(t) exp{Xi ()5} M ) — LNy (n@ry (X8
Yni(t, B) = 25Ot B) and S (t,B)—n;Xz(t)® Yi(t)eX W8 r=0,1,2.

For two time-dependent vectors f(t),g(t) € R", t € [1, 2], define
t,B) = Zm(tﬁ)fi(t, B)
Cov(f,9)(t, B) = va (t, B)(fi(t) = Fult, £))(gi(t) — Gu(t, B))"

Var(f)(t., ) = Cov(f, f)(t. B)-

As in Andersen and Gill (1982), the log-partial likelihood function is defined as:

Z / {X;(t)BYdN; (¢ /0 log

where N = Y7 | N;. Let £([0,7]; 8) = —C(B,7)/n for some 7 > 0. By differentiation

ZY ) exp{Xi(t)B} | AN (2),

and rearrangement of terms, it can be shown that the gradient of £(]0, 7], §) is

i(lo,7); p) = 247 ) Z / (1, B)AN(1) (2.2)

and the Hessian matrix of £([0, 7]; 5) is

. 2 71 T B
0.7 = S = [ VX p)an e (23)

Different from linear models and generalized linear models, the score function and
Hessian matrix of the Cox model do not have the structure of sum of independent
variables. In the low-dimensional case, the central limit theory of MLE is based on the

martingale structure of the score function. In the high-dimensional case, we need to
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keep the martingale property of the score function regarding the proposed estimator and
prove the consistency of Hessian matrix by a careful decomposition based on empirical

process theory.

2.2 Methdology

2.2.1 LDPE

Consider the problem of estimating a linear functional 8 = (ag,3) with respect to
the negative partial likelihood £([0,7];/3). As proposed in Zhang (2011), the low-
dimensional projection estimator (LDPE) of 6 can be constructed as a univariate MLE

gILDP) _ <a0,§(m"t)> + arg minﬁ([O,T]; B“”“) + uqb), (2.4)
PER

where B(mit) is an initial estimator of 8 with desired rate of convergence and w is the
least favorable submodel which has proper bias correction effect. Realization of B(mit)
and v will be specified in next section. The formulation of LDPE in (2.4) is equivalent
to

giLoP) — argmin(([(),r]; Blnit) 4 u(0 — (ao, B<imt)>))~ (2.5)
0cR

The negative partial score function regarding (2.5) is

D(8) = " ([0, 7); B + (0 — (a0, )

1 n T n ()Y (¢ Xi(t)g(i"”)+zi(t)(9_§(init))
ZZ/ ai(t) — 2z Yile
ni3J0

>t Yi(t)eXz‘(t)E(i”“)+zi(t)(97§(im‘t>)
where z;(t) = X;(t)u. Hence, §(LDP) can be solved by finding the root of D(#) = 0 for

] AN;(t),  (2.6)

given z(t).

2.2.2 The proposed approach

The asymptotic normality of 9(LDP) defined in (2.5) requires B\(mit) to satisfy certain
rate of estimation consistency and z(f) to be a Fi-predictable process with large
probability. Since the computation of z(t) is based on B(mit), we propose to compute

3 (init) hased on the history information prior to the time interval where z(t) is calculated
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from. Specifically, we assume that the time interval we observed is [—7p, 7] for the sake
of notational simplicity. We split [—79, 7| into two parts and estimate B(i”it) with the
observed events in [—79,0]. Based on this 30" we compute z(t), t € [0,7] with the
events in [0, 7].

For high-dimensional Cox model, the Lasso (Tibshirani, 1997) and SCAD (Fan and
Li, 2002) approaches have been developed. We use the Lasso method to construct

Blinit)  That is, for a tuning parameter A > 0,

B = arg min{£([—,0]; B) + A[|8]1}- (2.7)
BERP

Oracle inequalities and rate of convergence of B(imt) have been studied in Huang et al.
(2013) under certain conditions. Another possibility is to estimate B\(i”“) from a set of
independent observations, which can be achieved by randomly splitting the data into
two parts, computing E(mit) from one part of the data and computing z(¢) from the
other part of data.

To compute the correction score z(t), we first compute 2/(t), t € [0,7] via the
following optimization scheme. Suppose there are ¢ ordered failure times in [0, 7]:

0<Tq <Tg < <Ty<T (setting Ty = 0 and T(4y1) = 7). At each Ty for

q)

l=1,...,q, consider

min_ Var(2')(Iyy, B7) (2.8)
2! (T(l) ) cR(n)

max;e (1) 12(T)| < Ka
|Coviz, X) (M), Bm0) — ao| < ¥ = /52,
Let 2/(t) = 2/(T}y) for t € [Ty, Tu41)) and 2'(t) = 0 for ¢ € [Ty, T(1)). Then we obtain

z(t) by

subject to

2(t) = 2/(t) /Var () (t, B) for t € [0, 7). (2.9)

The construction of such optimization scheme (2.8) clearly demonstrates the necessary
conditions for the success of the debiased Lasso: achieving smallest variance (target
function) with sufficient bias reduction guaranteed (second constraint). Specifically,
the boundedness restriction of 2/(t) is used to justify that the dominating term in the

~

error of #LPP) ig a locally bounded martingale. The second restriction imposes the
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bias correction effect of 2/(t) and will guarantee the remainder terms in the estimation

LDP) are sufficiently small under some regularity conditions.

error of O

Moreover, an important advantage of optimization over the Lasso approach is that
any realized correction score z(t) via (2.8) and (2.9), which is not required to be close to
the true least favorable direction, can successfully debias the initial estimator. Hence,
the conditions regarding the existence of the true least favorable direction and the
consistency of the estimated one are not required. We will specify our conditions in
section 2.3.

The computation of 2/(t) via (2.8) is manageable but more demanding than the Lasso
approach proposed in Fang et al. (2017) for debiasing a single parameter. However, (2.8)
a more natural condition and it requires weaker regularity conditions. Especially, the

“debiasing” efect of z(t) does not rely on the sparsity of Fisher information at 8y and

time t (2.14).

Remark 2.2.1. Actually, to get sufficient bias correction effect, the second constraint

in (2.8) can be replaced with

< )\/ - logp
—_— n M

1 / Cou=, X) (¢, B ) AN (t) — ag
n Jjo

oo
However, the 2'(t) calculated under the above constraint does not have the martingale

property and this will bring difficulty to the justification for the central limit theory.

~,

Based on B (init) and z(t) computed as above, 9(LDP) can be computed as the solution
to D(0) = 0 for D(0) defined in (2.6). For a faster computation, we can construct a one-

step estimator (OSE) based on the first Newton-Raphson iteration as an approximation
of §LDP),

. S dD(0 R

2.2.3 Outline of the proof

We will show that with (i) defined in (2.7) and z(t) computed via (2.8) and (2.9),
for any constant ¢ and D(6) defined in (2.6),

VnD (0o +6/v/n) = /n&(0, Bo) + 6F=([0,7]; Bo) + op(1), (2.11)
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where
600,60 = 3 Y- [ [alt) = e flani(y (2.12)
=170

is asymptotically normal and F ([0, 7]; 5p) can be viewed as the Fisher information when
z(t) is given the least favorable direction for the estimation of € (See (2.16) below).
As a consequence, we can prove that under certain regularity conditions, for the

estimators defined in (2.5) and (2.10) respectively, we have
Vi(B"PP) — 0y) = —/nF.((0,7]; B0) (0, Bo) + 0p(1) = N(0, F([0,7]: Bo))
(2.13a)

V(0% — 00) = —v/nF-([0,7]; o) (0, Bo) + op(1) = N(0, F (10,7 Bp))-
(2.13b)

Hence, confidence intervals and hypothesis testing procedures can be performed based

on OEDP) o §OS)  Detailed analysis will be carried out in the next section.

2.3 Theoretical properties

Define the following population version of quantities

Mt
(r) — E[S™ _ _ st Bo)
S (thO) - E[S (t,/BO)]a r= 07 17 27 M(tw@O) — 8(0)(t, B()) .
The Fisher information of 8 at 8y and time t is defined as
3(2)(t 50)
F(t =2 @2 . 2.14
( ’50) 5(0) (t, /BO) ,LL ( ’ﬁo) ( )
The Fisher information of 5 at 3y over [0, 7] is defined as
P07 50) = [ Pt 605 Bo) o) (215)
0

To establish the asymptotic properties of the LDPE (2.5) and OSE (2.10) for Cox

model (2.1), we require the following conditions.

Condition 2.3.1. For any vector v belonging to the cone € (§,S) = {v € RP : |jvge|1 <

&|lvslli}, there is a constant Ko such that

Tir . 1/2
REE,S) = it W AET LSO
0#£vET (£,5) [v]l2
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Condition 2.3.2. {Y(t), X;(t),i = 1,...,n} are i.i.d. processes from {Y (t), X (t),t €
[—70, 7]}, ]P’{ max N;(7) < 1} =1 and

1<i<n

P {tesup max || X;(t) — u(t, o)l > Kl} =o0(1).

[—70,7] 1<i<n

Condition 2.3.3. It holds that

IP’{ sup  max |eXi0% /50t 5y) > KQ} =o(1).
te

[—70,7] 1<i<n

Condition 2.3.4. For F(t,5y) in (2.14) and F([0,7]; Bo) in (2.15), it holds that
Amax(F([OaT];BO)) < CT and sup max (ijj(t7130)) < C;-

ef0.r] 1<5<p

Moreover,
/ Var(z)(t, B0)S O (¢, Bo)dAo(t) — F.([0,7]; Bo) > € > 0 in probability.  (2.16)
0

Condition 2.3.5. The parameter of interest 8 = {(ag, B) is given with a constant vector

ag € RP satisfying ||ap|l2 = Op(1) and ||ap|leo > ax.

Condition 2.3.1 assumes that the restricted eigenvalue of ¢([—70,0]; Bo) is lower
bounded, which was used to prove desired rate of consistency for B(i”it) in Huang et al.
(2013) together with Condition 2.3.2. Condition 2.3.3 is used to prove desirable rate of
convergence of the Hessian matrix (2.3). In Condition 2.3.4, the diagonal elements of
the Fisher information at each ¢ for ¢ € [0, 7] are required to be upper bounded. This
is due to our construction of the time-dependent correction score z(t). Condition 2.3.4
also assumes that (2.16) holds true, which can be justified under some other conditions
(see Lemma 2.3.7). Condition 2.3.5 puts some conditions on the linear coefficients ay,
which can be easily satisfied in many situations.

Note that Conditions 2.3.2 and 2.3.3 are normalized and weaker versions of
Assumptions 1 and 3 in Fang et al. (2017). Especially, neither the low bound
on the eigenvalues of F([0,7];5p) nor the sparsity of the least favorable direction

F~([0,7]; Bo)ao are required.
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2.3.1 Main theorems

Now we state the main theorems characterizing the asymptotic normality of the LDPE

(2.5) and OSE (2.10) of 6y, respectively. Define
VRED, o) =n V2 /0 [54(6) = 2a(t, Bo)AN:(1). (2.17)
i=1

Theorem 2.3.1. Assume Conditions 2.3.1-2.5.5 hold true, X < N =< /logp/n and
s = o(y/n/logp). Suppose z(t) is a correction score computed via (2.8) and (2.8). For

any constant 6,
VD (8o +6n~Y2) = \/n€(0, o) + 6F:([0,7]; o) + op(1).

The proof of Theorem 2.3.1 is in the Appendix. The result of Theorem 2.3.1 is
based on the second order expansion of D(#) (2.6). The remainder terms are controlled
by the second constraint in (2.8) and continuity of D(fp) in its exponent (see Lemma
A.1.3). With the above theorem, we are able to establish the asymptotic normality for
9ILDP) and 905 as desired. The inverse of variance estimator can be computed via

NP 1 [T
EL(Bm)) = - /0 Var(z)(t, BN (t). (2.18)
Corollary 2.3.2. Under the conditions of Theorem 2.5.1. The estimators g(LDP) i

(2.5) and 6(©05) in (2.10) satisfy, respectively,
nE, (Bni)) (0LPP) — g0y 25 N (0, 1)
nF(Bmin) (6195) — gg) 2 N(0,1),
for FZ(B(""W) defined in (2.18).

The confidence interval and hypothesis testing for parameter 6 can be constructed

based on Corollary 2.3.2. Here we omit the proof details.

Corollary 2.3.3. Under the conditions of Theorem 2.3.1, an asymptotic two-sided

confidence interval for 8y, with significance 0 < o < 1 is given by

(@- (nEL (B )12 (1 — a/2), 0+ (nEL(BU)) "2 (1 - a/2)> .
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Moreover, the asymptotic p-value for testing the hypothesis Hy : 6y = 0 versus Hp :

P =2 {1 0 < an(ﬁ(""m)IgI) } :

where F,(BED) is defined in (2.18), and 8 can be the LDPE or OSE, which are given

907507;8

in (2.5) and (2.10), respectively.

2.3.2 Supporting Lemmas

We state several preliminary lemmas which are important for proving the asymptotic

LDP)

normality of ] and 009, We postpone the proofs to the Appendix.

Lemma 2.3.4 (Properties of the initial Lasso estimator). Assume Conditions 2.3.1 -

2.8.2 hold. For A < y/logp/n and E(imt) defined in (2.7), it holds that
1B — Bolly = Op(sA) and [|B™) — By||3 = Op(sA?).

Lemma 2.3.4 states the rate of convergence of the initial Lasso estimator E(imt).

The results are directly from Theorem 4.1 of Huang et al. (2013).

Lemma 2.3.5 (Asymptotic normality of the dominant term). Suppose 2'(t) is a
solution to (2.8) and z(t) is computed via (2.9). Under Conditions 2.5.1-2.3.5, for
€(0, Bo) defined in (2.12) and F,([0,7]; Bo) defined in (2.16), we have

D
\/55(0760) — N(Oa Fz([077_]; 60))7 as n —r 00.
In the proof of Lemma 2.3.5, we mainly use the martingale central limit theorem.

Lemma 2.3.6 (Consistency of variance estimator). Under Conditions 2.5.1 -

2.3.5, F,(Bn) (2.18) is a consistent estimator of F.([0,7]; Bo) (2.16), i.e.
FL(BU") = F.([0,7]; Bo) + op(1).

In the next Lemma, we provide sufficient conditions guaranteeing (2.16) in Condition

2.3.4.
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Lemma 2.3.7. Suppose that sup,co - Al|uo(t, Bo)ll1 = o(1) and 2'(T(y)) is a solution of
(2.8) forl=1,...,q. Then we have

VaT’(Z/)(T(l), Bo) = agF_l(T(l), Bo)ao + op(1).

This Lemma implies that F,([0, 7], By) satisfies, specifically,

T T

lim [ Var(2)(T(), 60)S(t, Bo)dAo(t) = lim [ (ag F~(t, Bo)ao) ™ S (t, Bo)dAo(t)
= [ (@ P Bojan) O oot

Note that condition supcjo - Alluo(t, Bo)ll1 = o(1) implies sup;ejo - lluo(t, Bo)lli =

o(y/n/logp).

2.3.3 Feasibility

As discussed before, the asymptotic normality holds with any realized z(t) via (2.8)
and (2.9). To provide theoretical guarantees for the existence of a solution, we further

assume the following conditions.
Condition 2.3.6. infte[oﬂ.] Amin(F(t; /80)) > Cy.

Condition 2.3.7. Let ug(t, 30) = F~1(t, Bo)ag. It holds that

]P’{ sup max |(X;(t) — u(t, Bo))uo(t, Bo)| > Kg} = o(1).

tefo,r] 1Sisn

Condition 2.3.6 guarantees the existence of ug(t, 5p) in Condition 2.3.7. Condition

2.3.7 is a weaker version of Assumption 4 in Fang et al. (2017).

Lemma 2.3.8 (Feasibility of the optimization scheme (2.8)). Assume Conditions 2.3.1-

2.3.7. If N < X < \/logp/n and s = o(y/n/logp), then the optimization problem
defined in (2.8) is feasible with large probability.

The feasibility is proved by showing that a modification of X (t)ug(t,5y) defined
in Condition 2.3.7 satisfies the constraints in (2.8) under our conditions with large

probability.
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2.4 Discussion

The quadratic programming for computing debiased Lasso was first proposed in
equation (46) of Zhang and Zhang (2014) for high-dimensional linear models and its
theoretical properties were carefully studied in Javanmard and Montanari (2014a). In
this chapter, we extend the quadratic optimization scheme to debias the Lasso estimator
in high-dimensional Cox models. By proposing a time-dependent correction score, the
martingale property of the score function regarding # is maintained.

We emphasize that there is no need to check the conditions which are only used
to prove the feasibility of the optimization algorithm (2.8) in application. This is
because once a solution from (2.8) is obtained, the feasibility is automatically satisfied.
Moreover, for any realization from the optimization algorithm, its bias-correction effect
is automatically guaranteed. Hence, the regularity conditions regarding the true least

favorable direction are not required for proving the asymptotic normality.
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Chapter 3

Debiasing the debiased Lasso with bootstrap

As introduced in Section 1.1.1, there is a gap of required sample size between estimation
consistency (n > slogp) and inference with debiased Lasso (n > (slogp)?) in high-
dimensional linear models. In this chapter, we prove that the bias of the debiased
Lasso estimator (Zhang and Zhang, 2014) can be further removed by bootstrap without
assuming the beta-min condition for both deterministic and Gaussian designs. We
provide a refined analysis to distinguish the effects of small and large coefficients and
show that bootstrap can remove the bias caused by strong coefficients. Our results
demonstrate that if a majority of signals are strong, our sample size condition is weaker

than the usual n > (slogp)?.

3.1 Methodology

Consider a linear regression model
Yi = zif + €,

where 3 € RP is the true unknown parameter and €, ..., €, are i.i.d. random variables
with mean 0 and variance o?. We assume the true (3 is sparse in the sense that
the number of nonzero entries of ( is relatively small compared with min{n,p}. For

simplicity, we also assume that z;’s are normalized, s.t. ||z;]|3 =n, for j =1,...,p.

The Lasso estimator (Tibshirani, 1996) is defined as

~ . 1
[3:argm1n{2 Hy—XbH%—i—)\th} , (3.1)
beRP n

where A > 0 is a tuning parameter.
Suppose that we are interested in making inference of a single coordinate 3;, j =

1,...,p. The debiased Lasso (Zhang and Zhang, 2014) corrects the Lasso estimator by
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a term calculated from residuals. Specifically, it takes the form

; ~ 2 (y—XpB)
5§DB) — Bj + J —
Zj .Z'j

(3.2)

where z; is an estimate of the least favorable direction (Zhang, 2011). For the
construction of zj, it can be computed either as the residual of another ¢1-penalized
regression of x; on X_; (Zhang and Zhang, 2014; van de Geer et al., 2014) or by a
quadratic optimization (Zhang and Zhang, 2014; Javanmard and Montanari, 2014a).

We adopt the first procedure in this paper. Formally,

25 =Tj — X_j’y_j, with (3.3)

. : 1

oy = angmin { ol = XopglB 4 Aol b A > 00 (3a)
77j€Rp—l n

While it is also possible to debias other regularized estimators of 3, such as Dantzig
selector (Candes and Tao, 2007), SCAD (Fan and Li, 2001) and MCP (Zhang, 2010),
we restrict our attention to bootstrapping the debiased Lasso.

We consider Gaussian bootstrap although the noise ¢; are not necessarily assumed

to be normally distributed. We generate the bootstrapped response vector as
y;k:a:iB—l—@‘,i:l,...,n, (3.5)

where x; are unchanged and €] are i.7.d. standard Gaussian random variables multiplied

by an estimated standard deviation 6. Namely,
& =06&,1=1,...,n, (3.6)

where &; are i.i.d standard normal. For the choice of variance estimator, we use

R 1 A
0% = ————|ly - XB|3 (3.7)
n— Bl

(Sun and Zhang, 2012; Reid et al., 2016; Zhang and Cheng, 2017; Dezeure et al., 2016).
This is the same proposal of bootstrapping the residuals as in Zhang and Cheng (2017).
However, we do not directly use € in (3.6) to simulate the distribution of the debiased

estimator. Instead, we recompute the debiased Lasso based on (X, y*) as follows:

T/, * D
5(+,DB 2 (Y= XBT)
J(, ) — B + 2= 7 7 , (3.8)

Z~l‘j
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where z; is the same as the sample version in (3.3) and 3* is the bootstrap version of
the Lasso estimator computed via (3.1) with (X, y*) instead of the original sample.

We construct the confidence interval for 3; as

<ﬁAj(-DB) - Q1fa/2(3]('*7DB) - Bj)v AJ('DB) - Qa/z(B](-*’DB) - B;)) , (3.9)

where ¢g.(u) is the c-quantile of the distribution of w.

We prove that under proper conditions, the approximation error of the debiased
Lasso estimator BJ(DB) in (3.2) is dominated by a constant term. We propose to estimate
this dominating constant bias by the median of the bootstrapped approximation errors

and construct a double debiased Lasso (DDB) estimator
~(DDB) _ »(DB) . 5(+,DB) 5
j = 5; — median (B] — ﬁj> , (3.10)
which is asymptotically normal under proper conditions.

3.2 Main ideas

Our analysis is based on a different error decomposition for the debiased Lasso from
the one originally introduced. In Zhang and Zhang (2014), the error of the debiased

Lasso is decomposed into two terms, a noise term and a remainder term:

T T
~(DB z; € r %X A
08 g S° (32 ) (5-p). (3.11)
Zj T Zj Zj
~——
Orig.noise Orig.remainder

This is the starting point of many existing analysis of the debiased Lasso (van de Geer
et al., 2014; Javanmard and Montanari, 2014a; Dezeure et al., 2016). Typically, the
Orig.remainder is bounded by Op(sA\;) through an f-¢; splitting with A; in (3.4).

Our analysis is motivated by the following observations. Let S and S be the support
of 5 and B respectively. For a vector b € RP, let sgn(b) be an element of the sub-
differential of the ¢; norm of b. It follows from the KKT condition of the Lasso (3.1)

that

. 1 171 1 -1 . .
Bs=Bs+ <nX§X§> <nxge> - A <nX§X§> sgn(Bg) and Bg. =0,
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assuming that XgX g/n is invertible. Our idea is to approximate ﬁ by an oracle

estimator 3° in the analysis, where
A 1 A 1 -1 .
B = Bs + <X§Xs> <X§e> - A <X§XS> sgn(Bs) and (% =0, (3.12)
n n n

when XgX s/n is invertible. This estimator /3’0 is oracle as it requires the knowledge of
the true support of 8. However, it is different from the oracle least square estimator as
the last term in 35 is added to mimic the Lasso estimator. In fact, BO = 3 when the
Lasso estimator is sign consistent.

Inference based on the oracle estimator 3° (3.12) is relatively easy, because
its approximation error does not involve random support selection. In fact, its
approximation error is linear in € with an unknown intercept. Our idea is that when
the difference between the oracle estimator BO and the Lasso estimator 3 is small,
the approximation error of the debiased Lasso in (3.11) is dominated by a bias term
associated with this intercept. Therefore, bootstrap can be used to remove this main

bias term. Specifically, we decompose the error of the debiased Lasso in (3.2) as

. T T'x . Tx\ . .
Bi"P — 8, = ?f—(e?—zﬂ ) (60—@—(%—2@ )(ﬁ—ﬁ“)
S

Zj $J Z}-—'CE’] Zj .Z']
T T -1
25 € Z; 1
T T T
J I J
N;;se
T -1 T
2z X 1 zz X R N
+A|ef — =% —XEXg) sgn(Bs)+ (el — L— | (B°—B).
Z> l‘j n 24 xj
J S J
Bias Remainder

(3.13)

Here the Noise term is the sum of the Orig.noise in (3.11) and a noise term associated
with the oracle estimator 3° in (3.12). The Bias term is from the intercept of the oracle
estimator 3° in (3.12), which is a constant of order Op(sA);) (Remark 3.3.1 in Section
3.3). The Remainder term arises from the difference between the oracle estimator Be
and the Lasso estimator § in (3.1). We prove the consistency of bootstrap when the
1/2

Remainder term is of order o(n~1/2), even if the Bias term is of larger order than n~

The error decomposition in (3.13) will demonstrate benefits over the decomposition in
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(3.11) when the Remainder term in (3.13) is of smaller order than the Orig.remainder
term in (3.11).

One way to bound the Remainder term in (3.13) is by considering the event that
the selected support by Lasso is inside the true support and the an f,.-bound exists for

its estimation error:
Qp = {S C S and |IB - Blloe < Coph, Cop > o} . (3.14)

Recall that when the Lasso estimator ﬁ is sign consistent, BO = B and Remainder in
(3.13) is zero. Let S be a set of “small” coefficients, such that S = {j : 0 < |B;]| <
ChpA}. Tn Qp, we can get sgn(f;) = sgn(f;), for j € S\S. And hence the sign

inconsistency only occurs on S. Formally,

Isgn(Bs) — sgn(Bs)ll < 2|3]. (3.15)

We show that the Remainder term in (3.13) is associated with the order of |S|. This
leads to the improvement in sample size requirement when \5’ | is of smaller order than

|S].

3.3 Main results: deterministic designs

In this section, we carry out detailed analysis for deterministic designs. We first provide

sufficient conditions for our theorems. For ease of notation, let ¥ = X7 X/n.

Condition 3.3.1. The design matriz X is deterministic with

Anin(X5 5) = Crin > 0 and igzlfz)ép‘Xi’j’ < K.

Condition 3.3.2.

HE@C’S(EQS)*HW <k<L

Condition 3.3.3.

H( g,S)ilHoo < Kj < o0.

Condition 3.3.4. ¢;, 1 =1,...,n, are i.i.d. random variables from a distribution with

Ele1] = 0,E[e?] = 0% and E[|e;|*] < M.
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Condition 3.3.5. For any j < p, ||z;||1 = o(||2;|13) and ||2;]|3/n > K2 > 0.

As K is assumed to be a constant in Condition 3.3.3, the eigenvalue condition
in Condition 3.3.1 is redundant in the sense that Apn( s g) > 1/K;. Note that the
eigenvalue condition and Condition 3.3.3 are only required on a block of the Gram
matrix consisting of rows and columns in the true support. The quantity in Condition
3.3.2 is called incoherence parameter (Wainwright, 2009). This condition is equivalent to
the uniformity of the strong irrepresentable condition (Zhao and Yu, 2006) over all sign
vectors. Another related condition, the neighborhood stability condition (Meinshausen
and Bithlmann, 2006), has been studied for model selection in Gaussian graphical
models. Condition 3.3.3 is required for establishing an ¢.-bound of estimation error
of the Lasso estimator. Condition 3.3.4 involves only first four moments of e allowing
some heavy-tailed distributions. Condition 3.3.5 contains some regularity conditions on
zj, which are verifiable after the calculation of z;.

We first prove that event €y in (3.14) holds true with large probability for

deterministic designs.

Lemma 3.3.1. Suppose that Conditions 5.3.1 - 3.3.4 are satisfied and (n,p,s,\)

satisfies that

3202 160 [2logp
> " and ) . 3.16
n_>\2(1—/€)2 o 1o n (3.16)

Then it holds that

2logp
Cminn

SCS and ||Bs — Bslso < KiX+ 80 , (3.17)

9:6\)

with probability greater than 1 — 4exp(—cylogp) — ca/n for some c1,ca > 0.

Lemma 3.3.1 is proved in Appendix. Lemma 3.3.1 asserts that the Lasso estimator
does not have false positive selection with large probability under Conditions 3.3.1 -
3.3.4. It is known that Condition 3.3.3 and beta-min condition together imply the
selection consistency of the Lasso estimator. However, we do not impose the beta-min

condition but distinguish the effects of small and large signals. Note that g;(\) < A for

A< y/logp/n.
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Next we show that analogous results of Lemma 3.3.1 hold for the bootstrap version

of the Lasso estimator 3*.

Lemma 3.3.2. Assume that Conditions 3.5.1 - 3.3./ are satisfied. If (n,p, s, \) satisfies

(3.16), n > slogp and

4 21
? \/ (;gp <\ =< /logp/n, (3.18)

1—-x
then with probability going to 1,

2logp
Chiinn .

S* C S and ||BE — Bslloo < Kid+ 20

(3.19)

91(N)

Lemma 3.3.2 is proved in Appendix. We mention that the condition n > slogp
is required for the consistency of 62 (see Lemma A.2.4 for details). Note that it is
S instead of S that is the true support under the bootstrap resampling proposal and
S C S with large probability by Lemma 3.3.1. In fact, as will be proved in the next

lemma, (3.19) is sufficient for achieving the following decomposition.

T ~x T —1
A(DB) 5 _ %€ r 45X 1 _r 1 op. ,
} - B; JT — (ej — jT . —X5Xs 5X56 + Bias

Zj Zj Zj Zj n
None*
T -1
AlE T R sgn(Bs) —sgn(Bs) ),  (3.20)
Zj JI]‘ S n
Remainder*

for Bias defined in (3.13). Thus, bootstrapping the debiased Lasso is consistent when
Remainder and Remiander® are sufficiently small and the bootstrap approximation of
Noise* to Noise is consistent.

To bound the remainder terms, let § be the number of small coefficients, such that
s={i:0<18jl <)+ gV}, (3.21)
for g1(\) and ¢} () defined in (3.17) and (3.19) respectively.

Lemma 3.3.3. Suppose that Conditions 3.3.1 - 3.3.4 hold true, A < \/logp/n satisfies
(3.16) and (3.18) and n > slogp. For B§DB) and BJ(*’DB) defined in (5.2) and (3.8)
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respectively, we have

A _ , 5AN;
P (‘/B§DB) — Bj — Noise — Bzas‘ > 2K1W> =o(1), (3.22)
J
5(x,DB) 5 L% . g)\)\J
P ‘/8] ’ — pj — Noise™ — Bzas‘ > 2K — = o(1), (3.23)
zjxj/n

where Noise and Bias are defined in (3.13), Noise* is defined in (3.20) and 5 is defined
in (3.21).

Lemma 3.3.3 is proved in Appendix. The factor ija:j /n is calculable and can be
treated as a positive constant typically. In fact, this factor is proportional to the
standard deviation of Noise and Noise*, so that it will be cancelled in the analysis
of the asymptotic normality. Therefore, we have proved that the Remainder term in

(3.13) and the Remainder* term in (3.20) are of order Op(5A\;).

Remark 3.3.1. Under Conditions 3.3.1 - 3.3.4 and A < \j < /logp/n, we can get a

natural upper bound on Bias in (3.153):

. SAN; slogp
Bias = | = = 1).
as=0r (e ) =0 (752) =ort)

Note that the order of Bias is not guaranteed to be 0(n_1/2) under the sample size

conditions of Lemma 3.3.3. There will be no guarantee of improvement on the sample

size requirement if we do not remove the Bias term.

Inference for (3; is based on the following pivotal statistics

Ta; 2T 5
= L@ ) and R = LRGP g @29
125112 12512

where BJ(.DB) and ﬁA;*’DB) are defined in (3.2) and (3.8) respectively. We show the

consistency of bootstrap approximation of R;f to R; as well as the asymptotic normality

of a pivot based on the double debiased Lasso estimator B (DDB)

} in (3.10):

(DDB) Zijj 5(DDB)
R} = - (B; - B)). (3.25)
We specify the sample size conditions as following:

A = {(n,p,s,é,A,Aj) : (n,p, s, \) satisfies (3.16) and (3.18), A < \; < /logp/n

and n > max{slogp, (§logp)*} for 5 in (321)} (3.26)
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As mentioned in Section 1, the condition on the overall sparsity recovers the rate of
point estimation. If § <« s, our sample size condition is weaker than the typical one

n > (slogp)?.

Theorem 3.3.4. Assume that Conditions 3.5.1 - 3.3.5 hold true and (n,p,s,3,\,\j) €
Ai. Then for R; and R defined in (5.24), it holds that

sup |P{R; < qu(R})} — o] = op(1),
a€e(0,1)

where qa(Rj) is the a-quantile of the distribution of Rj. Moreover, for Rg-DDB) defined
in (3.25), we have

sup IP’(R;-DDB)
ae(0,1)

< zo) —al =op(1).

Theorem 3.3.4 is proved in Appendix. Based on Theorem 3.3.4, a two-sided 100 x
(1 — @)% confidence interval for 3; can be constructed as in (3.9).

For the double debiased estimator (3.10), the Bias in (3.20) is estimated by the

* DB

median of the distribution of BJ( ) _ Bj. In practice, the median (B](-*’DB) - BJ) can

be approximated by the sample median of bootstrap realizations.

Remark 3.3.2. Suppose we are interested in making inference for a linear combination
of regression coefficients (ag, 5) for ag € RP. It is not hard to see that Gaussian bootstrap

remains consistent under the conditions of Theorem 3.3.4 if |lao||1/]|aoll2 is bounded.

3.4 Main results: Gaussian designs

This section includes main results in the case of Gaussian designs. The proof follows
similar steps as for deterministic designs. We first describe conditions we impose in our

theorems.

Condition 3.4.1. The design matriz X has independent Gaussian rows with mean 0

and covariance X.

Condition 3.4.2.

-1
HESQSZS’SH <k <1
oo
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Condition 3.4.3.

Condition 3.4.4.
Anin(Xs,5) > Cin, max(Eil)j,j <1/Cy and max¥;; < C* < oco.
Ji<p J<p

Condition 3.4.5. ¢;, i = 1,...,n, are i.i.d from Gaussian distribution with mean 0

and variance o2.

Condition 3.4.2 - Condition 3.4.3 are population versions of Condition 3.3.2 -
Condition 3.3.3. In Condition 3.4.4, we require that the largest diagonal element of
¥~! is upper bounded, in order to lower bound |z;||3/n asymptotically. It is also
worth mentioning that Condition 3.4.3 is related to condition (iii) in Javanmard and

Montanari (2015) (denoted as [JM15]). Specifically, [JM15] required that

—1
ET,T

p(X,Cosp) =  max < p, for Cy > 33.

TC[p],|T|<Cos Hoo

This condition is on a set T', which is actually the support of the estimation error
of a perturbed Lasso estimator, while Condition 3.4.3 is assumed on the true support

S.

Lemma 3.4.1. Assume that Conditions 3.4.1 - 3.4.5 are satisfied and (n,p,s,\)

2
min *1
sA? < " Clnin and \ > 8o \/ ¢ 98D (3.27)
2 11—k n

satisfies that

Then for
log p . sV/slogp
A)=(1 W) K1\ +4 th C, = — ), 2
g2(N) =1+ Cp) K1\ + 4o o with C, O( NG (3.28)
it holds that
SCS and ||Bs — Bslso < g2(N), (3.29)

with probability greater than 1—c; /n—2 exp(—co log p)—2 exp(—c3n) for some ¢y, ca, c3 >

0.
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Lemma 3.4.1 is proved in Appendix. Note that g2(A) = o(1) if n > slogp. If
52V slogp = O(n), then go(A\) = O()\). In fact, Theorem 3 in Wainwright (2009)
considers the same scenario, but their results require s — oo and their upper bound on
|3 = Bl only holds for sign consistency case.

In the next Lemma, we prove a bootstrap analogue of Lemma 3.4.1.

Lemma 3.4.2. Assume that Conditions 5./.1 - 3.4.5 hold true. If (n,p, s, \) satisfies

(3.27), n > slogp and
4o log p

logp
< A= .
1—k n o V n’ (3.30)

then with probability going to 1,

S*C S and ||BE — Bslleo < g2(N), for ga(N) in (3.28). (3.31)

Lemma 3.4.2 in proved in Appendix. Same as the deterministic design case, the
condition n > slog p is required for the consistency of 62.

Under Conditions 3.4.1 - 3.4.5, we prove the consistency of Gaussian bootstrap
under Gaussian designs.

For ga(A) defined in (3.28), define
§={7:0<|Bj] <2g2(N)}. (3.32)
We specify the required sample size condition as following:

As = {(n,p,s,é, 55, A Af)  (n,p, s, A) satisfies (3.27) and (3.30), A < A; < +/logp/n

and n > max{slogp, s5logp, (5logp)?, s;jlogp} for 5 in (3.32)}. (3.33)

Theorem 3.4.3. Suppose that Conditions 3.4.1 - 8.4.5 are satisfied and

(n,p,s,8,85,\,Aj) € Aa. Then it holds that

sup |P{R; < qa(R})} — a| = op(1).
a€e(0,1)

Moreover, for Rj(-DDB) defined in (3.25), we have

R(PDB)

sup ‘IP’( .

< Zq) — a‘ =op(1).
a€e(0,1)
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It can be seen from the proof that condition n > sSlogp in (3.33) is used to
achieve desired rates of |Remainder| and |Remainder*|, such that ||( }}75)_1Hoo§/\2 =
op(n='/2).  The condition n > s;logp is required to prove that |z;[|3/n is
asymptotically bounded away from zero.

In terms of the sparsity requirements, Ay (3.33) implies that it is sufficient to
require s = O(y/n) and § = o(y/n/logp). Compared with the typical condition,
s = o(y/n/logp), our condition allows at least an extra order of logp. Moreover, if
§ is constant, our requirement on s is s < n/logp, which recovers the rate of point
estimation. Comparing with the sparsity condition assumed in [JM15] for unknown

Gaussian design case, our analysis still benefits when 5 is sufficiently small:

o If the sparsity of the j-th column of precision matrix is much larger than the
sparsity of 3, ie. § < s < s;, [JM15] required n > max{(slogp)?, s;logp},
which is no better than the rate in As (3.33) as discussed above. If § < s, As is

weaker than the sparsity conditions assumed in [JM15].

e If the j-th column of the precision matrix is much sparser, i.e. s > s;, [JM15]
required that n > max{s(logp)?, (sjlogp)?}. If § < logp, then s(3V 1)logp <
s(log p)? and hence the sample size condition in A is weaker. If 5 >> log p, [JM15]

required weaker condition on s but stronger condition on s;.

3.5 Simulations

In this section, we report the performance of the debiased Lasso with Gaussian
bootstrap and other comparable methods in simulation experiments.

Consider deterministic design case with n = 100, p = 500, X; ~ N(0,1,) and
€; ~ N(0,1). We consider a relatively large sparsity level, s = 20, and two levels of true

regression coeflicients as following.
(i) All the signals are strong: 1 =--- = o0 = 2.

(ii) A large proportion of signals are strong: f1 =+ =085=1, fg =+ = P20 = 2.
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We compare the performance of bootstrapping the debiased Lasso (BS-DB), the
debiased Lasso without bootstrap (DB) and the Adaptive Lasso with residual bootstrap
(BS-ADP). For BS-DB, we generate (1 — a)% confidence interval (CI) according to
(3.9) with 500 bootstrap resamples. We take A = ); at the universal level for the
Lasso procedures. For DB, we estimate the noise level by (3.7) and take A = \; at the
universal level for the Lasso procedures. (1 — )% confidence intervals are generated

according to

(50 e, 50 ).

Ty T

For BS-ADP, we consider the pivot defined in (4.2) of Chatterjee and Lahiri (2013),
which can achieve second-order correctness under some conditions. Such estimators
also have a bias-correction term, which can be explicitly calculated assuming sign
consistency. The choices of \i, and Ag, are according to Section 6 of Chatterjee
and Lahiri (2013). Each confidence interval is generated with 500 bootstrap resamples.

We construct two-sided 95% confidence intervals using each of the aforementioned
methods. Each setting is replicated with 1000 independent realizations. In the following
table, we report the average coverage probability on S and S¢ (éovg and covge,
respectively) as well as the average length of CIs on S and S¢ (¢s and £gc, respectively)
for identity covariance matrix and equicorrelated covariance matrix with X, ; = 1 and

Yk =02 (j #Fk).

Yik=0(#k) Tik=02(G #k)
6 | Methods

BS-DB | 0.997 | 0.999 | 1.127 | 0.539 | 0.893 | 0.997 | 1.074 | 0.436

(i) DB 0.940 | 0.982 | 0.886 | 0.885 | 0.627 | 0.934 | 0.760 | 0.778

BS-ADP | 0.274 | 0.950 | 0.181 | 0.201 | 0.241 | 0.945 | 0.432 | 0.319

BS-DB | 0.974 | 0.998 | 1.057 | 0.554 | 0.820 | 0.987 | 0.963 | 0.424

(ii) DB 0.939 | 0.982 | 0.887 | 0.886 | 0.649 | 0.925 | 0.716 | 0.733

BS-ADP | 0.279 | 0.951 | 0.195 | 0.187 | 0.280 | 0.943 | 0.638 | 0.280

One can see that BS-DB always gives larger coverage probabilities than DB across
different settings. We mention that noise level is overestimated. For example, in setting

(i) and (ii) with the identity covariance matrix, the average of ¢ is 2.240 and 2.244,
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respectively. The CIs given by BS-DB are longer than those computed with DB on
S, but on S¢ the Cls given by BS-DB are shorter than the ones given by DB. On
the other hand, BS-ADP exhibits the overconfidence phenomenon: the average lengths
of Cls are small, which results in low coverage probabilities on S. In the presence
of equicorrelation, which is a harder case, BS-DB is significantly better than DB and

BS-ADP in terms of coverage probability.

1.5- T 1.6- 4 ! 1.25 -

0.0-
DB DDB Las DB DDB Las DB DDB Las

2.5

2.0

1.6-

tl 1.0
DB DDB Las DB DDB Las DB DDB Las

0.4

0.0

‘ 02 o] i:‘
0.0 0.2
-0.2 : -0.4- —0.41
DB DDB Las DB DDB Las DB DDB Las

Figure 3.1: Boxplots of the double debiased Lasso (DDB) (3.10), the debiased Lasso
(DB) (3.2) and the Lasso (Las) (3.1) with the identity covariance matrix in setting
(ii). First row consists of estimates for strong signals: g = 7 = s = 2. Second
row consists of estimates for strong signals: 81 = B2 = B3 = 1. Third row consists of
estimates for zeros: 891 = 99 = 23 = 0. Each Boxplot is based on 1000 independent

replications.

Figure 3.1 demonstrates the bias-correction effects of debiasing and bootstrap across
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different levels of signal strengths. Concerning the overall performance, DDB is better
than DB in terms of bias-correction, which is in line with our theoretical results. For
j € S, DDB and DB are less biased than the Lasso estimators. On S¢ the Lasso
estimates the regression coefficients as zero with a large probability. Thus, the Boxplot
degenerates to a point at zero with a few outliers. Comparing row-wise, one can see
that bootstrap has more significant correction effects on strong signals (first row) than
on weak signals (second row). When true coefficients are zeros, DDB is also less biased

than DB.

3.6 Discussions

We consider the bias-correction effect of bootstrap for statistical inference with debiased
Lasso under proper conditions. Our analysis on the approximation error of debiased
Lasso admits sample size conditions in terms of the number of weak signals. Our
results contribute to the inference problem in the regime slogp < n < (slogp)?, but
also demonstrate the benefits of having strong signals for the debiased Lasso procedure.
We establish the consistency of Gaussian bootstrap and show that confidence intervals
can be constructed based on bootstrap samples.

Besides Gaussian bootstrap, we also considered residual bootstrap, which is robust
in the presence of heteroscedastic errors. However, the proof involves a more technical
analysis and may impair the sample size conditions. To focus on the main idea, this
is omitted from the paper. We also considered the proof techniques in [JM15], which
construct a perturbed version of the Lasso estimator assuming f; is known and utilize
its independence of x;. However, these techniques cannot be directly applied to the
bootstrapped debiased Lasso, since the “true” parameters B and & under the bootstrap

resampling plan are not independent with z; for j € S.
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Chapter 4

Dealing with pleiotropy in Mendelian Randomization

In this chapter, we consider causal effect estimation with instruments which may violate
the ER assumption (Figure 1.1). Mathematically, our goal is to identify 3 given possibly
nonzero « in model (1.5). We first consider a single Gaussian prior on « and characterize
the estimation error of the Bayes rule in terms of the ratio of the variation within
« and the instrument strength. We also study a joint estimation of unknown hyper
parameters and parameters of interests. Secondly, we consider a mixture Gaussian prior
to deal with sparse a. We study the estimation error of posterior mean and propose a
computation algorithm to deal with unknown hyper parameters. The proposed method
is generalized to fit summarized data under some conditions. Simulations and real

studies are demonstrated in Section 4.5.

4.1 Motivation of Bayesian methods

Bayesian methods have been used to deal with pleiotropic effects in MR for its
robustness to model misspecification (Thompson et al., 2017; Schmidt and Dudbridge,
2017). Our analysis of Bayesian methods is motivated by following observations from
a frequentist point of view. Suppose that pleiotropic effects o; are all equal but not
necessarily zero, i.e. a1 = -+ = aj = o and p, is unknown. Then the exposure-

outcome model (1.6) can be written as
Yi = DiB+ Zifta + i (4.1)

where Z; = ijl Zi;. A multiple least square estimator with respect to (4.1) is
consistent under typical assumptions as long as D is linearly independent of Z. This

motivates us to develop an estimator of 3, which is consistent when the variation within
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pleiotropic effects « is “sufficiently” small. Such estimators can be very useful when we
have prior knowledge of the approximate variation of . Let us consider a regularized

least square estimator with /3-regularization:

J

(B,&) = argmin < |Y — Db — Za|5 + A (a; — pa)® ¢, (4.2)
bER,a€RY

j=1

for some p,, € R and tuning parameter A > 0. The penalty term in (4.2) plays two roles:
Firstly, it regularizes the rank deficient Gram matrix formed by (ﬁ, Z). Secondly, it
favors small variation in pleiotropic effects a.. Specially, if «1 = -+ = aj = 4, then the
penalty part of (4.2) is zero. It is worth mentioning that different from a typical Ridge-
regression, the causal effect 5 is not penalized in (4.2). We can equivalently formulate
(4.2) in a Bayesian framework by specifying some proper priors on «, in order to get

some generalization on the penalty term in later sections. We mention that we focus

on the low-dimensional scenario of «, i.e. J < n.

4.2 Hierarchical models

Hierarchical models are useful tools for pooling information and simultaneous inference.
In Genetics, effect sizes are often modeled under a Gaussian prior (Stephens and
Balding, 2009). We first consider a single Gaussian prior where the hyper parameters
can be known or unknown. Then we consider utilizing a mixture Gaussian prior to deal

with possibly sparse pleiotropic efffects.

4.2.1 Single Gaussian prior

It is not hard to see that (3, &) defined in (4.2) can be viewed as the posterior mode of

the following hierarchical model.

Yi|D, 2,8, 0,07 ~ing N(Di + Ziat, o), (4.3)
;|07 ~iia N(ta, Ta07), (4.4)
0;2 ~ Gammal(vy, 1), (4.5)

where Gamma(a, b) is Gamma distribution with shape parameter a and rate parameter

b and fia, T2, v1, V2 are some prespecified constants based on our prior knowledge. We
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emphasize that (4.3) - (4.5) are not assumptions on the unknown parameters but used
to induced proper regularization from its log-likelihood. Note that the target function
in (4.2) is proportional to its negative log likelihood with A = 7,,2. We set 11 and v
to be small in order to make the priors noninfluential. In (4.4), we allow the variance
of aj, 72, to depend on sample size n. The next theorem justifies a non-asymptotic
error bound for the Bayes rule 3°¢) in the model (4.3) - (4.5) with the single Gaussian

prior. Let X% = ZTZ/n.
Condition 4.2.1. The eigenvalues of X", are bounded from above and below.

Theorem 4.2.1. If Condition 4.2.1 holds, then estimation error ofB satisfies

1/2 ~ ~
A2ED) o= palslls  T2VARR(SE) | 2T PEil2 L1070
A2y Al I1D]|2 1DII2

min\“—~Z

1B5C) — 8| < (4.6)

The proof of Theorem 4.2.1 can be found in the Appendix. Inequality (4.6) provides
an empirical bound for the estimation error of ﬁ(SG). The first term arises from the
bias of B(SG), which is caused by the regularization on «. It is quantified by the ratio of
variation of pleiotropic effects from pq, ||a — pal |2, and overall instrument strength
|7]]2- The eigenvalues of the sample Gram matrix 37 are positive finite numbers when
Y% is positive definite, which is not hard to satisfy in low-dimensional setting. The last
two terms in (4.6) arise from the noise. Specifically, the variance parameter in the prior
distribution 72 plays a role in regularizing the second term. We need small enough 7.2
for the second term to converge to zero. In the next Corollary, we study the order of

the noise-related terms, which sheds lights on the selection of 72.

Corollary 4.2.2. If Condition 4.2.1 holds true, then

o= oyl Astax(S3) TV IO Aman(BY) | o\ o
Wl A2 (sm) 151l D1l

m

B — g] <

Corollary 4.2.2 implies that for B to be consistent, it is sufficient for the variation of
a from p, to be of smaller order than the instrument strength, i.e. ||a—uq|l2 = o(||¥||2),
and parameter 72 = o(||D||2/(v/Jn)).

Note that if we fix puq = 0, then the first term in (4.7) is proportional to the

ratio of the strength of pleiotropic effects, ||«||2, and instrument strength, ||¥|2. In



41

many applications, the hyper parameter p, is unknown. We propose to treat it as
another nuisance parameter and estimate (8, a, po) via the profile likelihood method
with respect to (4.2). This can be considered as an empirical Bayes method, where hyper
parameters are estimated from the sample. Specifically, consider estimating unknown
Lo in the following way.
J

= argmin |Y — Db— Zal3 + 7,2 Z(aﬂ - ,

beER,acRY s €ER

(B(SG*) 7 @(SG*), ﬂ&SG*))

j=1
(4.8)

for some 72 > 0.
For two vectors a; € R¥ ,a9 € RE , let Cor(ay, az) be the correlation between a; and
an, i.e.

Cor(a1, az) = (a1, a2)/[a1 |2 az]|2-
Condition 4.2.2. For Z = Z1;,

Amin (E%)

Corf),Z <\ ==
|Cor(D, Z)] Roax (22

+1-1.

Theorem 4.2.3. Assume that Conditions /.2.1 and 4.2.2 hold true. If nt? <
AL (3, then 55C%) defined in (4.8) satisfies

max

1/2 _ n
s _ g < Ml la—alily o VIrhmn(Sh) oo (49)
A2 (mmy nr2rillal ril| D] IDll2)

where 75 = Apin(E%) + Amax(2%) — Amax(E%) (| Cor(D, Z)| + 1)2.

The proof of Theorem 4.2.3 is in the Appendix. Theorem 4.2.3 implies that if the
correlation between D and Z is sufficiently small, then the bias of ﬁ (5G%) caused by
regularization is proportional to the ratio of the variation of « (from its mean) and the
overall instrument strength. We can see that the first term on the right hand side of

(4.9) favors large 72. Together with our conditions, it suggests taking n72 < 1.
Remark 4.2.1. The Egger’s regression method is also related to the wvariation of
pleiotropic effects. The causal effect estimate via Eqger’s regression is

B(Egger) _ (:Y - E}/HJ)YL(IA‘ - f‘]lJ)
15 = 41413

9
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where I' is the least square estimate of Y on Z. It can be easily shown that

I = ALsl2 VA () Iy = A1

The bias term of Egger’s estimator is bounded above by the ratio of the variation in

e _ g <

a and %, while the first term of B in (4.7) has the order of the ratio of the variation
within o and the size of 4. Note that ||5||2 is always no smaller than ||¥ — A1s]2. A
scenario favoring the Bayes rule over the Egger’s method is when #;’s are nonzero but

close to each other.

It is also important to consider the case where some genetic variants do not have
pleiotropic effects, i.e. a; = 0 for some j € {1,...,J}. Onone hand, a direct application
of a single Gaussian prior with nonzero ., is not desirable because the penalty term
in (4.2) cannot be zero in this case. On the other hand, sparsity of @ may also bring
some benefits on the invertibility of the Gram matrix. In the next section, we consider

a proper model for sparse a.

4.2.2 A mixture Gaussian prior

In this section, we consider a hierarchical model with a mixture Gaussian prior.

aj“‘aa gjv 0-73 ~ind N(:uagja Tgno-% + (7_1271 - Tgn)fjo-?]) (4'10)
&jlp1 ~iia Bernoulli(py) (4.11)
0;2 ~ Gammal(vy, v2), (4.12)

where g, p1, 7'02n and 7'12n are prespecified constants. If {; = 1, the prior distribution
of a is N(pha, leno'%); if £; = 0, the prior distribution of «; is N (0, TgnO'%) with a small
constant 73, (75, = o(1)).

The above model is closely related to the “Spike-and-Slab” (George and McCulloch,
1993, 1997; Rockova and George, 2014; Narisetty and He, 2014), which is a well-
established Bayesian variable selection procedure. The “Spike-and-Slab” prior consists
of a spike component and a slab component both centered at 0. Especially, the

estimation consistency of £ with Spike-and-Slab prior has been carefully studied in
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Narisetty and He (2014) under the same hierarchical prior as (4.10) - (4.12) for high-
dimensional regression, in which case an initial LSE estimator is not attainable. This
is analogous to the situation under consideration with u, = 0.

Nevertheless, a nonzero p,, is of practical importance when unbalanced pleiotropic
effect is of interest and our goal is estimation rather than variable selection. Hence, we
will first provide theoretical justifications of the posterior mean B(M G) (under mixture
Gaussian prior) for any given hyper-parameters p, and pg. Then we will illustrate the
realizations when hyper parameters are unknown.

The regularization property of the mixture Gaussian prior with nonzero center (4.10)
- (4.12) can be analyzed similarly as for the Spike-and-Slab Lasso penalty in Rockova

and George (2016). Consider the marginal prior of a given o, 2 which is
Qj ‘plv Tgrm 7—12717 727 ~ind plN(Mm Tl2n0727) + (1 - pl)N(Oa T[?noj)'

The estimation of (MG with respect to (4.10)-(4.12) and (4.3) can be formulated

as
(BME) (MC)y = arg min {||Y — Db— Za|? + Pen(a)} , (4.13)
bER,acRY
where
J
Pen(a) = —202 Z log (p1#(aj; ftas T12n0'727) + (1 = p1)o(a;;0,75,02)) - (4.14)
j=1

By studying the derivative of Pen(a), the following Lemma characterizes the
regularization property of prior (4.10)-(4.12). Let mi(a;) be the posterior probability

of {; = 1 conditioning on «a; = a;, i.e.

pl(b(aj; Ha 7’12”0'%)
m(a;) = p(& = 1o = aj, fia, 76, T2, 02) = .
(03) = Pl = 0 = 05 e Tons T 00) = G0 02 2 (1= p) (s 0, 72,0%)

Lemma 4.2.4. The derivative of Pen(«) in (4.14) satisfies

OPen(a) 1—mi(a;)  mi(ey)
= — w(oy 41
da 2 Tozn + len (04] W(O‘J)Na) ) (4.15)
where
N2
w(aj) _ 1 (a])/Tln

mi(g)/mh, + (1= miay)) /76,
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Equation (4.15) shows that Pen(a) has adaptive shrinkage effects. As expected,
larger 71 () favors smaller regularization 7'1;2 and a larger center parameter w(a;)pa-
Especially, the center w(a;)pa = o(1) if m1(ej) /(1—m1 () = o(72,/78,)- In comparison,
the penalty specified by prior (4.4) - (4.5) has a constant level of regularization (7, ?)
and a fixed center fi.

The format of penalty obtained in Lemma 4.2.4 suggests that the results in Theorem
4.2.1 can be extended to quantify the estimation error of (M) in (4.13). However, in
the next Theorem, we study the estimation error of B(M &) by considering the effect of
different amount of shrinkage imposed on vector «.

Let Q" = ZTPI%-Z/n. For prior parameters, we take 7'02n = n~! for simplicity
and T12n is a positive constant. We split the set of pleiotropic effects into two sets
according to the posterior distribution of &;, wl(d(MG)). Secifically, let S, be S, =

J
{j & limy, 0 wl(dgMG)) = 1}. The complement of S, can be written as S¢ = {j :

T (dgMG)) <1 — ¢p, for some constant ¢y > 0}.

Condition 4.2.3. We assume that S, # [J] and Amin(Qg 5 ) > 0.

In Condition 4.2.3, it is assumed that not all estimated «; has large probability to

be selected to the nonzero component.

Theorem 4.2.5. Under Conditions 4.2.1 and 4.2.3, for given p1 and ., the estimation

error of BMG) ip (4.13) satisfies

AME) _ g 26 Aila(8) [emll(@ = w(@™Npa)g [l Mo — ol
T ARG 19112 13112
JAmax En € €
Op (f x(23)0c | 9 > (4.16)
1D 1Dz
where ¢}, < max {w,%l}, Cln = 0(1) and coy, = O(nil).

The proof is in the Appendix. In Theorem 4.2.5, we consider the shrinkage effects
of o in S, and Sg separately. As discussed before, adaptive mixing weights provide
different amount of regularization on pleiotropic effects. It is possible to use large

regularization (H;;, j € S‘g) on a subset of « to sufficiently stabilize the Gram matrix.
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Specifically, in the proof we show that if Apin(Q is a positive constant and Tgn =

n

5a80)
n~1, then ¢} can be treated as a constant. The eigenvalue condition on Q™ is restricted
to a submatrix and it can be viewed as a restricted isometry condition. As a result,
this allows for small regularizations (of order o(1)) on a, j € Sa, which can reduce the

bias caused by the variation of ag . For j € S*g, the benefit of adaptivity is shown by

shrinking the weighted center to zero at the rate of n=!.

4.3 Dealing with unknown hyper parameters

In this section, we mainly discuss the computation algorithm of the posterior mean
considered in section 4.2.2.

For 3(M&) given by model (4.3) and (4.10) - (4.12), if hyper parameters pi,, and p; are
known, Gibbs sampler can be applied to draw samples from the posterior distribution
of B (MG)  Tmplementation details can be found in the Appendix. In many applications,
however, the hyper parameters are always unknown.

When p, and p; are unknown, we propose an empirical Bayes method to estimate
them from the data, which can be viewed as an approximation of a fully hierarchical
Bayes analysis (Carlin and Gelfand, 1990, 1991). The estimation can be realized by a
variation of expectation-maximization (EM) algorithm, the Monte Carlo EM (MCEM)
algorithm (Meng and Schilling, 1996; Levine and Casella, 2001). After m rounds of
Gibb’s sampling conditioning on hyper parameters, we compute hyper parameters as
the maximizer of the marginal likelihood approximated by Gibbs samples. The MCEM
algorithm iteratively estimates the marginal parameters and samples the middle-
layered parameters until it converges. (See Casella (2001) for a general description.)
Implementation details can be found in the Appendix.

Another realistic concern is the inverse of the sum of X7 and a diagonal matrix,
which can be computationally expensive. This issue can be efficiently solved by block

updates (Ishwaran and Rao, 2005).
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4.4 Implementation with summary data

Many public datasets, especially GWAS datasets, are available only up to summary
statistics for the association studies between individual genetic variants and traits.
Moreover, in many cases the data on the interested exposure and that on the interested
outcome are available in independent samples. Developing methodology for this type
of data can broaden the applicability of MR and is of great relevance.

We generalize the methods under consideration to the case where only (@(2), I, &%)
are available, where fj (j = 1,...,J) is the estimated regression coefficient between
the interested outcome Y and the j-th genetic variant Z;, &12“,]‘ (j =1,...,J) is the
estimated variance of fj and 'ij(z) (j =1,...,J) is the estimated regression coefficient
between the interested exposure D and Z; from an independent sample. To apply the
methods under consideration, we assume that Z7Z is a diagonal matrix, i.e. there is

no linkage disequilibrium. Then we can replace (4.3) by

L5149, 8, @, 0% ~ina N(3;8 + aj;, 01 ). (4.17)
A conjugate prior on «, say mixture Gaussian prior, can be
j o &5, 0F ~ina N(pa;, T()Qna%,j + (7in — Tgn)fjolg,j) (4.18)

& ~i.i.q Bernoulli(p1). (4.19)

Implementation details of the MCEM algorithm can be found in the Appendix.

4.5 Simulations and real studies

4.5.1 Synthetic data experiments

In this section, we evaluate the performance of Bayesian estimators considered in Section
4.2. We consider (1) the model under single Gaussian prior (4.3) - (4.5) with a data-
driven center (SG*); (2) the model under mixture Gaussian prior (4.3), (4.10) - (4.12)
with po = 0 and p; = 0.5 (MG); (3) the model under mixture Gaussian prior (4.3),
(4.10) - (4.12) with data-driven po and pg (MG*). These methods are numerically

studied in comparison to the TSLS and the Lasso estimators in various simulation
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settings. The TSLS estimator is computed as a benchmark from classical instrumental
variable literatures. The Lasso estimator, which is essentially the sisVIVE estimator in
Kang et al. (2016), is proposed to deal with sparse & and hence is added in comparison.
The threshold parameter is chosen by 10-fold cross validation as suggested in the paper.

In all the experiments presented in this section, each sample consists of n = 1000
observations and J = 30 candidate genetic variants. The genetic variants Z;, i =
1,...,n, are drawn from a multivariate normal distribution with mean zero and identity
covariance matrix. The phenotypes (D;,Y;), i = 1,...,n, are generated according to

model (1.5), where each (vj,€;) is generated from a bivariate normal distribution with

1 0.2
mean zero and covariance matrix

02 1

With and without the InSIDE assumption, we allow the following parameters to
vary: the strength of causal effect, the distribution of pleiotropic effects and the
proportion of invalid instruments. Specifically, we consider two levels of signal strength
B € {0,0.2}, three levels of the mean of pleiotropic effects u, € {—0.2,0,0.2}, and
five levels of sparsity (pj € {0,0.25,0.5,0.75,1}) of a. In each of these settings, we
generate v; from U[0.1,0.3], ¢ from Bernoulli(1, p}), and u; from Upa — 0.2, po +0.2]
in an 4.%.d. fashion for j = 1,...,J. The pleiotropic effects a; = §uy if the InSIDE
assumption is satisfied and oj = (0.27;4u;)&; if the InSIDE assumption is not satisfied,
for j = 1,...,J. In each setting, the experiment is independently replicated for 100
times and the mean square error (MSE) is reported.

As explained before, we set 11 and v to be small numbers, vy = v5 = 0.001, and
=712, =1/nand 3, = 1.

2
Tn
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Figure 4.1: S = 0 and InSIDE assumption is satisfied. The x-axis of each plot is
the number of nonzero a;. Each point represents the MSE of 200 experiments for

o = —0.2,0 and 0.2 from left to right, respectively.
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Figure 4.2: g = 0.2 and InSIDE assumption is satisfied. The x-axis of each plot is
the number of nonzero «;. Each point represents the MSE of 200 experiments for

o = —0.2,0 and 0.2 from left to right, respectively.



49

1.25- 1.25-
1.00- 1.00- 151
0.75- 0.75-
1.0-
0.50- .* 0.50- \
. 0.5-
0.25- 3 0.25- -
I o L~ . - Lo /
g L = ~ A
0.00- smme e —A" 0.00- s F == - -
0 10 20 30 0 10 20 30 o 16 20 30
Methods 2sLS SG* :::: MG ==—= MG* LASSO

Figure 4.3: 5 = 0.2 and InSIDE assumption is not satisfied. The x-axis of each plot
is the number of nonzero «;. Each point represents the MSE of 200 experiments for

o = —0.2,0 and 0.2 from left to right, respectively.
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Figure 4.4: 5 = 0.2 and InSIDE assumption is not satisfied. The x-axis of each plot
is the number of nonzero «;. Each point represents the MSE of 200 experiments for

o = —0.2,0 and 0.2 from left to right, respectively.

From the above plots, one can see that Bayesian methods with mixture Gaussian
prior (MG and MG*) have reliable performance at many levels of sparsity. MG* has
superior performance in the unbalanced pleiotropic effects scenario, while MG is slightly
more accurate in the balanced pleiotropic effects case. On the other hand, the method
with single Gaussian prior (SG*) has smaller MSE comparing with other methods

when all the pleiotropic effects are nonzero, especially when the pleiotropic effects are
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unbalanced. This is due to the appropriateness of the prior as well as the data-dependent
selection of pg.

The benefits of the Lasso approach under sparsity conditions have been studied in
Kang et al. (2016). In comparison to 2SLS and the Lasso approach, MG and MG*
have smaller MSE remains stable in a broader range of sparsity levels in comparison
to existing methods. Moreover, the performances of 2SLS and the Lasso are sensitive
to the unbalanced pleiotropic effects. As explained before, the Bayesian methods with
data-dependent priors (SG* and MG*) have demonstrated more reliable performance.

When InSIDE assumption is not satisfied (Figure 4.3 and 4.4), which is a harder
scenario, we observe similar pattern as when InSIDE assumption is satisfied. Especially,

MG* has most reliable performance as long as not all pleiotropic effects are nonzero.

4.5.2 Case study (i): HDL and type 2 diabetes

The high density lipoprotein (HDL) cholesterol has the reputation as a “good”
cholesterol, since it is negatively associated in observational studies with the risk of
many diseases, for example, myocardial infarction and type 2 diabetes. However, the
supporting studies have been unable to control various potential confounders, while the
negative association with HDL has lacked convincing biological mechanisms. Hence,
the association does not necessarily imply a causal effect.

Haase et al. (2012) use the traditional MR method to estimate the causality between
HDL and the risk of type 2 diabetes. Their results suggest that there is no causal effect
of HDL on type 2 diabetes. We access a different set of summary data from MRbase
(Hemani et al., 2016) and arrive at a similar conclusion for a related trait. The MRbase
is a database and an analytical platform for MR studies, which provides summary data
of many published GWAS and some basic analytic tools.

The exposure data is measured plasma HDL cholesterol (unit: mg/dL) from the
Global Lipids Genetics Consortium (Willer et al., 2013) with a sample size 187167.
The outcome data is measured fasting glucose (unit: mmol/L) from the Meta-Analyses
of Glucose and Insulin-related traits Consortium (Dupuis et al., 2010) with a sample

size 46186. Hyperglycemia in the fasting state is one of the criteria that defines type
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2 diabetes (Kahn, 2003). Thus, fasting glucose is an important indicator of Type 2
diabetes.

For the analysis, 83 genetic variants are selected and harmonized automatically
by the MRbase, which excludes linkage disequilibrium and selects variants which are
robustly associated with the target traits with the genome-wide significance threshold
5x 1078,

Four method are applied on this dataset. The estimate given by TSLS is -0.0282
mmol/L per mg/dL; the estimate given by the Egger’s regression (Bowden et al., 2015)
is -0.0345 mmol/L per mg/dL; the estimate given by the inverse-variance weighted
median estimator (Bowden et al., 2016) is -0.0290 mmol/L per mg/dL; the estimate
given by the MG* estimator is -0.0312 mmol/L per mg/dL, where 72, and 73, are
specified as 0.0001 and 0.1, respectively. One can see that these methods generate

similar estimates for this dataset.

4.5.3 Case study (ii): LDL and type 2 diabetes

As introduced at the beginning of the paper, we study the causal effect of LDL
cholesterol on the type 2 diabetes in this section.

The exposure data is measured plasma LDL cholesterol (unit: mg/dL) from the
Global Lipids Genetics Consortium (Willer et al., 2013) with a sample size 173082.
The outcome data is the fasting glucose (unit: mmol/dL) which is from the same
source of data as in case study (i). For the analysis, 72 genetic variants are selected
and harmonized.

For this dataset, the estimate given by TSLS is -0.0157 mmol/L per mg/dL; the
estimate given by the Egger’s regression (Bowden et al., 2015) is -0.0248 mmol/L per
mg/dL; the estimate given by the inverse-variance weighted median estimator (Bowden
et al., 2016) is -0.0121 mmol/L per mg/dL; the estimate given by the MG* estimator
is -0.0038 mmol/L per mg/dL, for which 73, and 7, are specified as 0.0001 and 0.1,

respectively.
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4.6 Discussions

In this chapter, we have studied Bayesian hierarchical models for estimating the causal
effect in the presence of invalid instruments for MR studies. Due to the confoundedness
of pleiotropic effects, the causal effect cannot be identified with the traditional TSLS
estimator. To deal with this problem, we consider single Gaussian priors and mixture
Gaussian priors to incorporate the pleiotropic effects. The estimation errors of the
considered methods are studied under proper conditions. In order to deal with unknown
hyper parameters, computational algorithm are proposed to estimate them from data,
which demonstrate superior performance in unbalanced pleiotropic effects scenario
through our simulation. Moreover, the Bayesian estimators under mixture Gaussian
prior are more stable in a broader range of sparsity levels of pleiotropic effects in
comparison to some other comparable methods, say the Lasso.

There are still interesting and open problems in the scope of current topic. Firstly,
many epidemiological studies are interested in the causal effect of exposures on the
risk of certain diseases. An important generalization of the proposed method is to
estimate the causal effect for the binary outcome data, or equivalently the probability
of occurrence of an event. Secondly, this paper together with many previous works have
been focusing on the estimation procedure, while generating valid interval estimates
with mild conditions and cheap computation remains to be a challenging and worthwhile

topic.
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Appendix A

Appendices

A.1 Proofs in Chapter 2

A.1.1 Supportive lemmas

Lemma A.1.1. Under Conditions 2.3.1 - 2.3.5, if v(t) € RP satisfies

maxi<i<n SUPseo - | Xi(t)v(t) — u(t, Bo)v(t)| = Op(K), then (i)

VT, 0 = 0 5, = Ot P22,

(VarX) (e, fo) — F(t,6o)lo(t)| = Op(Ki k[ 2ED),

max sup
1=5,k<p te(o,7]

(i)

max sup
1<j<pPiefo0,7]

Proof of Lemma A.1.1. First define
n(t, o) = Z{X plt, B0)Y 2t o), t € (0,7, (A1)
By (2.14) and (A.1), we have
[Var(X)(t. fo) — (¢, bo)|
= [Var(X)(t, fo) = Gult, o) + | Gult

-~

T

For T, note that

Var(X)(t, o) = Gu(t, fo) — (Xn(t, fo) — u(t, fo))™*

It is easy to see that, V1 < 5,k < p,

|T1|j,k S ts}(l)p] {’Xn(ta ﬂO) - N(t760)|]|Xn(t760) - /’L(tMBO)‘k} .
€|0,7
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By SLLN, for Vt € [0, 7],
SOt Bo) = sO(t, Bo) + 0p(1). (A.2)
By Condition 2.3.2 and 2.3.3,

(Xij(t) — py(t, Bo))Yi(t)e™: (D

max max sup

1<i<n 15 te[0 1] SO(t, o)
- (Xig(t) — ps(t, o)) Yi(t)e i -
-2 ﬁlf‘é‘pt:}ég] sO)(t, Bo) +op(1) = Op(K1K3).

We have proved that, with large probability X, (, 80)—u(t, Bo) is an average of bounded

independent random variables. By Hoeffding’s inequality,

_ lo
max sup | Xn(t, Bo) — u(t, Bo)l; = Op | K1 Koy —22
1<j<ptefo,7] n

1
max  sup [T = Op | KiKoKy/—22 )
1<5:k<p te(0,7] n

For T, by (A.2), Conditions 2.3.2 and 2.3.3, we have

i\t) — (| Xa(t) — (1) eXi (DB
max max sup | i) = Al Bo)liIX(0) — ult, o)l Yi(t)e O
1<isn1<5k<p ¢[0,7] SO)(t, Bo)
= [ (1) — p(t, Bo)); [Xi(t) — pu(t, Bo)lwYa(t)e ™10
T 12 19hp e 0] sO(t, Bo) +op(1)

= Op(K K> K).
And

E |[Xij(t) — pu(t, Bo);][Xi(t) — nlt, 50)]k}/;(t)€Xi(t)5o}

= (0. 80) — (0, Aot 5)s . o).

Thus, by Hoeflding’s inequality, V1 < j < p,

I
max sup |T2|jk:Op KKK o8P
1<5,k<p te[0,7] ’ n

Second statement in Lemma A.1.1 can be proved similarly. O
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To facilitate the proof of the subsequent lemmas, we define a function (,-)(6) for
some 0(t) = (61(t),...,0,(t))T, t € [0,7] and show that it is a semi-inner product with
some operational properties.

Let f(t) = (f1(t),..., fu(t)) and g(t) = (g1(t), ..., gn(t)) for t € [0,7]. Let Af;(t) =
fi(t) — fi(t), 1 <i,1 <n and Ag;,(t) be similarly defined. Define

> Yi)Yi(t)el DTN (1) Agi(t)

<f) 9>(t79) = e Z QE(t)ifl(t)eei(t)"'el(t) (A-3)
1<i1<n
() (0) = - /0 "(F.0) (1, 0)aN (1) (A4)

Let [[£1*(t,0) = (f, f)(t,0) and || f|[*(0) = (f, F)(6).

Lemma A.1.2. The following inequalities hold for any given 6(t) € R™, ¢t € [0,7],

(f,9)(t,0) and (f,g)(0) defined in (A.3) and (A.}).
(£ 9) (&, 0) < [f1I(2,0)lgll(,0) and [{f,g)(O)] < | F1(0)llgll(6)-

Proof of Lemma A.1.2. Tt is easy to prove (f,g)(0) satisfies:

(f,9)(0) = (g, f)(9)
(af,9)(0) = alf,9)(0)
(f+2,9)0)=(f9)(0)+(2,9)(0)
(f, £)(0) = 0.

Thus, (f, g)(0) is a semi-product and Cauchy-Schwarz inequality follows. The proof for

(f,g)(t,0) is exactly the same. ]
Lemma A.1.3. Assume Conditions 2.5.2-2.5.5. For some 0'(t) € R™, t € [0, 7], let
cia(t) = 05(t) — 0o,i(t) + 01(t) — Oo.(t) — 2[0,,(t, Bo) — Oo.n(t, Bo)]-

If 1211%;(” t;ég] lcii(t)] = op(1) and 12%;(” tg}(l)I’)T] |Agii(t)] = Op(K), then

|(£9)(8,6") = (f.9)(t. 60)| < Op(K)|f[(t,60) Var(Bo — &) (t, o) /2. (A.5)

[(£,9)(8) = (f.9)(80)] < Op(K)|| f|(8o) Var(Bo — 0") (o) /2. (A.6)
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Proof of Lemma A.1.3. Without loss of generality, we only prove the more general

result (A.6). To simplify the proof of this lemma, we first declare some notations.
wi(t) = Yi(t)e%,i(t)*éo,n(tﬁo) wi(t) = Yi(t)eeg(t)féil(t,ﬁo)

=2 Z 2w;i(wi(t) ' (t)=n"? Z 2w (t)w)(t)

1<i,l<n 1<i,l<n

By definition (A.4),

T2 Y ien Afii(t)Ags w ,
ooy =L [ st SOSOROAD
1 N2 cigen Afia(H)Ag] (Hwi(t)wr(t) B )
where

t
Agg,l(t) = Agi,l(t)eci,l(t)g--m'

By Lemma A.1.2, we have

[(£:9")(00) = (f,9)(00)| = [{f, 9" = 9)(00)| < [I£1|(00)llg" — gll(b0)- (A7)

Now we derive an upper bound for ||¢" — ¢g||(fy). First note that

eCilWy (1) — w W W 2
(Al (1) — Agiy(t))” = A (1) ( LESIUETAG ..(t))

2(eCitWy (1) —w (¢
< gt (2 V) . )

2 w — 2
L COE T

By the inequality that (e® — e?)/(a — b) < elVI¥l for Va, b, we have for V¢ € [0, 7],

(w

et ®) — 1| < el @)y (1)), (A.9)
As a result, for Vt € [0, 7],
W () —w. (B)] = |77 D 2wi(t)wi(t) (e — n=? > 2wi(twi(t)el st Ole (1),
1<i,l<n 1<i,l<n

From the above inequality, we can get following two conclusions. For V¢ € [0, 7],

{W.I.(t) - w..(t)‘ Jw.(t) = Op | max sup el%:® ()] ] = op(1). (A.10)
1<il<nyefo,r]
W (t) — w..(t =2 37 2u(w(r) [0 S 2wttt ®le2 (1)
1<,l<n 1<4,1<n

) \/ w2 S ()l ®le (). (A.11)

1<,l<n
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For Vt € [0, 7], we have

(Agi(t) — Agia(t))?
2Ag? (1
a ( (t))2 .’l ) . 1<4,l<n

= 2407 (t)c} (1) (1 + op(1)) +

< 2A¢7()(1 +o0p(1)) |cfy(t) + (A.12)

where the first step is by plugging (A.9) and (A.11) into (A.8), the second step is by
(A.10) and the last step is by simple calculation.

Since max sup |Ag;(t)] = Op(K), (A.12) implies that
1<4,1 <”t6[0 7]

dN (t)

2 LT e wilwi(t)(Agf (1) — Agia(t))?
Io - alPe0) = | o

_ Op(2K?) [/T N Y < en wilhwi(t)el (1)
0

dN(t)

n w.(t)

T2 2 1<ii<n Wi(t)wl(t)cg,z(t) -
+ /0 o () dN(t)

B Op(4K?) /7’ n—2 Zlgi,lgn uz;()t)wl(t)c?,z(t)dN(t).
0 w.

n

Note that

ci1(t) < 2[00,:(t) — Oon(t, Bo) — 05(t) + 0,,(t, Bo)]* + 2[00.4(t) — Bo(t, Bo) — B (t) + 6;,(t, Bo)]*.

Thus, we have

2z /T n=2 30 wilt)wi(t)e; (1)
w.. ()
S 1cicn Ya(t)eX i WP0(60 5(t) — Bo.n(t, Bo) — (1) + 05, (t, Bo)]*
/ 1 Do1<icn Yi(t)eXi i(t)ho 4N (E)
= /0 Var(0y — 0')(t, Bo)dN (t)

n

dN(t)

= 2Var(90 — 9’)(,@0)
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Thus from (A.7), we proved that

[(£:9)(0") = (f.9)(00)| < Op(K)| f1|(8o) Var(do — 0")(50) /2.

which gives the inequality in (A.6).
O

Lemma A.1.4. Suppose 2'(T(y), | = 1,...,q is a solution to (2.8) and 2(t) is computed
via (2.9). For N < logp we have

max;<, I ;(T(1y, Bo) + op(1)
|aolloo — N

Var(z) (T, Blinit)y <

(A.13)

Proof. By (2.9),
ao,; — Cov (2, X;)(Ty, Blinit)y <\,

For c € R,

Var(2/)(t, B0 > Var(2/)(t, B™1) + e(ag ; — X') — Cov(/, X;)(t, B
> mgr;{W@, B 4 c(ag; — N) — Cov(2, X;)(t, B}
2/(t
= C(aO,j _ )\/) Var( )(t /B(mzt )

Optimizing this bound over ¢, we arrive at

Var(2/)(t, B0 >

with ¢ = 2(ag; — )\/)/W)(j)(t, B(im’t))'

By Lemma A.1.3,

Var(X;)(t, B = Var(X;)(t, Bo) + Var(X;) (¢, Bo)/*Var(Xh)(t, Bo)/>Op (K1)
(A.14)

Note that
Var(Xh)(t, Bo)| < [T F(t, Bo)h| + |hT Var(X)(t, Bo) — F(t, Bo))h|
< [|AlI3Amax(F (¢, Bo)) + | 2]y nax |Var(X)(t, Bo)h — F(t, Bo)hl;

= Op(s\? + 5°)3),
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where the last step is by Lemma A.1.1. Thus, using (A.14) and Lemma A.1.1 (ii), we

have

max Var(X,)(t, B%") < max sup Var(X,)(t, 8o) + Op(s"/?X)
i<p ISP tefo,7]

=max sup Fj;(t,Bo) +op(1).
ISP tefo,7]

A.1.2 Proof of Lemmas in Section 2.3.2

Proof of Lemma 2.3.4. Theorem 3.2 in Huang et al. (2013) and the relationship among

compatibility and invertibility factors and restricted eigenvalue discussed at the top of

n

page 9 of Huang et al. (2013) impies that for A = /282
Ih]ls = Op(sA) and |[All2 = Op(sX?),

under Conditions 2.3.1-2.3.2.

O]

Proof of Lemma 2.3.5. Define 2z0(T(;y) = X(T(;))uo(T(1), Bo) for uo(T{yy, Bo) defined in
Condition 2.3.7,1 =1, ..., q. By Condition 2.3.6, F’l(T(i),ﬁo) is well-defined. Consider
SO(Ty), B)
SO(Ty, bo)
We show that z*(T{;)) € R" defined in (A.15) is a feasible solution to (2.8) for | =

Z*(T(l)) = eixi(Tm)h[zO’l(T(l)) — EO,n(T(ly 50)] (A15)

1,...,q. First note that
(T, BU™0) Z%z Tay, B™D) 2 (Ty) = Y i Ty, Bo)[20,4(Tay) —Zo.0 (Tiay, Bo)] =
One can see that
Cov(=", X) (T, 5") = ao = Z il Tay, B (Ty) = 23Ty, BN Xl Ty) = ao
= i Vi (Tay, B0) 25 (T Xi(Tyy) — ao
= i Vi (T(1), Bo)[20,i(T(1y) — Zom(T(1ys Bo)] Xi(Tiry) — ao

i=1

=uo(T(1), Bo) [Val"(X)(T(l)ﬁo) — F (T, Bo)|
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where ug(t, Bo) = F~1(t, By)ag. Condition 2.3.7 and Lemma A.1.1 (i) together imply
that

sup
te(0,7]

uo(t, 80)" [Var(X)(t, o) = F(t,30)| | _ = O (KleKM/ loip) .

Moreover, it is easy to see that

e, wmos =i (Tio) | < pmax oo |z04(To) = 20T, fo)| + Op(3) = Op(KGa).

Proof of Lemma 2.5.5. Note that
ViE0,60) =Y /0 E(t, Bo)dNi(2),
i=1

where &(t, Bo) = n/?[zi(t) — Za(t, Bo)].

First note that z(t) ¢t € [Ty, Tyyy) is a function of (X (T(y),Y (Tyy), 500).
Since (X (t),Y(t)) are predictable processes and Blinit) i 7y measurable, i(t) is a Fy
predictable process for ¢ € [0,7]. Moreover, since z(t) = 2/(t)Var(z)(t, 3(""), Lemma
A.1.4 implies that

max su i(t, Bo)| < max su n-1/2 Z(t) — 2. (¢, 8 Var(z) t’g(mit)
ieR(O)te[oI,)T] S ieR(O)te[og} |2(2) (t; o)l (2)( )

max;<p F (¢, Bo)
laolloo — A

< sup 2K4n1/2{ +op(1)|, (A.16)

te(0,7]
where sup;c(o ;) max;<p, £ j(t, 5o) < ¢ by Condition 2.3.4.

To utilize the martingale CLT, we first check
(V0. 60) REQ A0 = 3 [ €t B0
i=1

- /OT Var(2)(t, 50)S(t, Bo)dAo(t) — F.([0,7], Bo),

in probability by Condition 2.3.4. It remains to check the Lindeberg condition

Z/O 512 (¢, 50)H{|§i(t,60)|>e}dAi(t) — 0 in probability fo all € > 0. (A.17)
i=1
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The left hand side of (A.17) is bounded by

ﬂ{maxlgignsupte[o’ﬂ |&:(¢,80)|>€} Z /0 ff(taﬁO)dAz(t)

1<i<n

4 2
= Lmasscicn subreion [5(0—2n(t60)|>vic) D /0 & (t, Bo)dAq(t)

1<i<n

— 0 as n — oo,
due to (A.16). O
Proof of Lemma 2.3.6. First by Lemma A.1.3 and Lemma 2.3.4,
Cov(2)(B™")) = Cov(2) (o) + Op(Kas'/2N).
Since Cov(2)(t, ) is a bounded process, by Lemma 3.3(i) in Huang et al. (2013),
Cov(2)(Bo) — F=((0,7]; Bo) = Op(n~'/?).
(2.18) is proved by combining above two equations. O
Proof of Lemma 2.5.7. For any t € {1(y),...,T(q)}, by the proof of Lemma 2.3.8,
Var(2/)(t, B") < Var(z*)(t, 3" = of F~'(t, fo)ao + op(1),

where the last step is due to Lemma A.1.3. And the upper bound is proved. On the
other hand, since z/(t) satisfies the constraints in (2.8), with large probability it holds

that
ag; — N < Cov(2, X;)(t, BY) < agy + N.
Thus, we can obtain that

P
Cov(/, Xuo)(t, 8" = 3 Cov(, Xt B yuo(¢)
j=1

> Z (ao,j — N)uo;(t) + Z (ao,j + X)uo,;(t)

uoyj(t)ZO uo,j(t)<0

= agug(t) — Alluo(t)]|1-
By Cauchy-Schwarz inequality, we arrive at

- 1/2 P —— | ~ _
Var(2) (¢, BO\Var(Xug) (¢, B0 > oT F~Y(t, Bo)ao — AJuo(t)]|1.
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By Lemma A.1.1 and Lemma A.1.3, we have Var(Xug)(t, 3" = al F(t, Bo)ao+op(1)
and

Nar(2) (8, 59" > (af F(t, Bo)ao)/ — op(1).

A.1.3 Proof of theorems in Section 2.3.1

Proof of Theorem 2.5.1. To see the expansion in (2.11), we reparamaterize D(6p) as

&(h, Bo):

n T n ; }/; Xi(t)ﬁo—i-Xi(t)h—zi(t)aTh
Ly / st — 2z zYibe AN, (A1)
n 4 S Y (t)eXi(Bfot+Xi(t)h—=zi(t)ag h

Then we have
1
VD (60 + 6n72) = VD (@) +5 | D(6o + o™ )da
0
= \/ﬁf(h7 BO) + 6/1 D(00 + x&nfl/z)dx
X Lo 1
= v/n&(0, Bo) + \/ﬁ/ hTf(xh7 Bo)dz + 5/ D(6y + w5n*1/2)dw
= /n&(0, Bo) + 6F.([0,7]; Bo) + v/nhTE(0, B

Remq

+w{/ﬂmeM—ﬂﬂﬁWﬂ

Remo

+6 /1 D(0 + x6nY?)dx — 6F.([0,7]; Bo) - (A.19)
0

Rems

Taking derivative of (A.18) with respect to h, we can obtain that

1

KTE(0, Blmity = = [covz X)(t, B — Cov(z, zad )(t, B)h| dN (1)

[Cov z, X — zal)(t, ﬁ("m't))h} dN (t)

S|~ 3\*—‘3

»QO\..O\QO\>

Var(z)(t, BN [Cov(2/, X)(t, B — al1hd N (t)

—_

- - Z Var(z>(T(l)7 B\(init))[COV(z/7 X)(T(l)7 B(ant)) - Gg]h

=1

3
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It follows from (2.8) and Lemma A.1.4 that
| Rem |

PP TR 2Gnit)y T
< max v |Cov(Z7, X)(Z(), B) — a1kl

13 .
~ > Var(Z)(Tq, 5)
=1

= Op(v/nsA\\)

L [ Ve e
= op(1),
where the last step is due to (2.18) and Lemma 2.3.6.
For Rems, note that
W' E(xh, Bo) = (2, Xh)(0,) and hTE(0, 3D = (z, Xh)(HUmD),
where 6,(t) = X (t)B0 + X (t)h — xZ(t)al h.

We apply Lemma A.1.3 with '(t) = 6,(t), f(t) = X(¢t)h and g(t) = 2(t). Then

Ci,l(t)
= z(X;(t)h — zi(t)aoTh) + (X (t)h — zl(t)agh) —22(Xn(t, Bo)h — Zn(t, Bo)aOTh).
Since
lad bl < llaol2ll2]l2 = Op(s'/2)), (A.20)

together with Conditions 2.3.2-2.3.3 and (2.8),

sup max |¢;;(t)] = Op(K1s\) + sup max Fj(t, Bo)Op(Kas'/?\) = op(1).
tef0,7] 1SiI<n tefo,r] 1<i<p

Thus, (A.5) implies that

(2 Xh)(62) = {2, XB) (80) | = Op(K)|| XAl (60) Var(Xh — zaf 1) (B0)'/>.
On the right hand side,
Xk (80) = (k. £([0.7); Bo)h)
< KT F(0,7]: fo)h -+ [T (1[0, 71: Bo) = F([0,7]; Bo)) |

< 113 Amax ([0, 7 B0)) + a1 | (10, 715 Bo) = F ([0, 8o | _

= Op(cjs\? + K15°)\®),
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where the last step is due to Condition 2.3.2 and 2.3.4 and Lemma 2.3.4 and A.1.1.

Moreover,

Var(Xh — zal h)(Bo) < 2Var(Xh)(Bo) + 2(ai h)*Var(z)(5o)
= 2(h, ([0, 7]; fo)h) + 2(ag h)*Var(2) (fo)

= Op(sA\?) + Op(cis\?),
where the last step is due to (A.20) and Lemma A.1.3. Similarly,

(2, XB)(0U") = (2, X1)(00)| = Op(Ka)||XP]l(60) || Var (X 1) (5o) />

= Op(K4)R"1([0,7], Bo)h = Op(cisA?).
Thus,
|Rems| < |T¢(xh, Bo) — hTé(O,E“"”))\ vn /0 1 dx = Op(v/ns\?) = op(1).  (A.21)
For Rems, we can see that
D(0 + z8) = ||2]1(9),
where 6(t) = X ()80 4 2(t)(zén~1/2 — al'h). Note that
Eia(t) = Xi(t)h + z(t) (xdn? — al h) + Xi(t)h + 2 (t)(xon~ % — al'h) = op(s)).

Applying Lemma A.1.3 again, we have

[1211*(6) = 11211 (o)1 < l12]|(60) Var (X h + 2(zdn=1/2 — af h))(60)/*Op (K4).
By similar arguments as for Remso and Condition 2.3.4, we have
3lII1*(8) = 6]1=[1*(f0) + Op(35"/*A) = 6F.([0,7); Bo) + 0p(1).
Putting our arguments together, we have

VD (0y + on~Y2) = /n&(0, Bo) + 5 F= ([0, 7]; Bo) + op(1).
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Proof of Corollary 2.3.2. We first show the MLE 9(LDP) defined via (2.5) satisfies
gULDP) = gy + Op(n~1?). By the convexity of the log-likelihood, it is sufficient to
show that there exist B > 0, such that VB’ > B
1{n£ }]P’ {(B’ — B)n"Y2eD(0y + Bn~?€) > O} > 1 —¢, for large enough n.
ec{=*l
By the results in Theorem 2.3.1(i),
D(0 + Bn='%¢) = £(0, o) + Bn~V2eF.([0,7]; Bo) + op(n~'/?).
As a result,
inf P {(B’ — B)yn~Y2eD(0 + Bn~2e) > o}
ec{£1}

> P{\/ﬁg(OaBO) > _BFZ([OaT];BO)} - OP(l)'

Since £(0, fp) is a locally bounded martingale, it is easy to show £(0, 8y) = Op(n~1/?)
and the right hand side of the above inequality equals 1 — op(1).
Since ULPP) — g = Op(n~'/2), by the results in Theorem 2.3.1(i), the equation

D(6) = 0 yields that
0= DOPP)) = £(0, o) + F=((0,7]; o) (0PF) — o) + op(n”"2).
Then we have
V(0P — 00) = —FZH([0,7]; B0)£(0, Bo) + op(nH2).
With Lemma 2.3.5 and Theorem 2.3.1 (ii), we apply Slutsky’s lemma to obtain that
nF, (Bnin)(GLLP) — g0y 25 N(0,1).
For #(©5) defined in (2.10), we have
0195 — 0y = (ag, h) — D(6'™1)) ) F,(BU"1),
We expand D(8") as in Theorem 2.3.1 (i), which gives

6199 — 60 = (a0, h) —&(0, Bo)/E.(B"™™) = (ao, h) + op(n™'/?)

= —£(0, Bo)/FL(BUY) + op(n~1/?).
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Again by Slutsky’s Lemma, we arrive at

nE,(Bni))(01°9) — go) 25 N(0,1).

A.2 Proofs for theorems and lemmas in Section 3

A.2.1 Some technical lemmas

To facilitate the proofs of lemmas in the paper, we first prove two technical lemmas. To
simplify our notations, let s = s — fs, 45 = 55 — Bs, Wi = Xke/n, Wi = XLTer/n

and S\; = S\{j}.

Lemma A.2.1 (Symmetrization). Assume that Conditions 3.3.1 - 3.5.4 hold true,

160 [2logp 3202
A dn>—"— .
1-x n n_)\z(l—/i)2
Then we have
2T Pge 1—
j= s K C2
< — — .
P (?é%}c{ .Y > 5 < 4dexp(—cylogp) + ) (A.22)
21
P (max ‘(Eg,s)j_.lwg > 80 ng) < dexp(—e1logp) + 2, (A.23)
Jjes ’ min’? n

for some c1,co > 0.

Proof. In this proof, we apply standard symmetrization techniques.

Let
a:?P5+e 1 <& (foLé‘)Zez
Q=05 _n; A
(é1,...,€n) be an independent copy of (e1,...,€,). Ql,j = x]TPLé-E/(n/\) and wi,...,wy

be a Rademacher sequence. Note that

Tpl
max E Lj P )ie =0
jese A ’

2
1 — (2T Py )€ 1 A

jesen
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We apply symmetrization inequalities (Problem 14.5 in Bithlmann and van De Geer

(2011)), which gives for V0 < n < 1,

. P (maneSC Q1 — Q1] > (1 - U)t)
<§Ié%}c{ |Ql’]‘ > ) - 1-— C’l/nnth

2P (maxjesc %Z?:l 7(m]rpi)i6iwi > (1- ﬁ)t/2>
= 1—Cy/nn?t? '
For n > 2C1/(n*t?), we have
n TPS )i€iw;

Z

jese

P <maX\Q1,j] > t) < AP <max
jese

>(1- n)t/2> . (A.24)

Conditioning on €, by McDiarmid’s inequality, we have

2((1 —n)t/2)?
< Z exp { —
) jese Z?:l [Q(x]TPSL)zeZ/(n)\)} ’

(A.25)

1 zn: (x?Pg‘_)ieiwi
A

P (max > (1-
jese |n

Moreover, by Chebyshev’s inequality, Vj € S¢

- 452 16]| P | 4E[e*
P (Z 2T P s/ 1) _;>t> 16 P 4EL

jese \ = jese (n)4¢2
16(K0 + Kofi) My
n3\4t2 ’

where the last step is due to

T pl 21 pl.. 112
Hé%X||PS5UJ||4< Elglcafin( jPS )i lPg ;|3

_ 2
<n max ‘33” l‘i,s(XgXS) 1X§$j‘
jeSeisn

2
< b |+ 28 55 5) o
n(Ko + Kol-{)g.

Thus, for any constant Co,

P (i [2($?P§)Zel/(n)\)}2 . 40 N Ca(Ko +Ko/€)\/ﬁo) < 16 0

4 n2 ni2 nC?
i=1

And hence by (A.24) and (A.25), for n > 802/(A\?n?(1 — k)?),

1—k 2[(1 —n)(1 — k) /4]*nA\? } 16
P | > < 4(p— — :
(?é%}c"Ql’J' 2 ) <4p—9) eXp{ 10% + Co(Ko + Kor)v/lo | nC3
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Take Cy = W and n = 1/2. Then for X\ > 162, /21982 44 p > m, we

have

1 _
P(max|Q1’]] > > <dexp(— cllog;p)—i—cﬁ7
JES 2 n

for some cq,co > 0.

(ii) Now consider Q2; = > i (X% s)i.s oXT s€i/n. Previous arguments still applies

with
1 n
‘ n y—1\2 2
EIgneagE [Z(XZ,S(ZS,S)SJ‘) Ei] < n%leangXS H E[e
1,2 o
— ) o2 <
rjneaéz(@ T 5.5) €jo” < L
n 4
T
I;leaS}CVar 1 ( SS jS i,sﬁ/ﬂ) ] < IJHEaSX A Z( )
po -

16 M, 4
< X )
< max - ;(m & o)X sl

16 MoK K
= 3
Thus,

2logp C4
P i/ >8 <4 —c31 —
(rar'lea§(|Q2’j| > o0 Cminn> < dexp(—ezlogp) + n

O

Lemma A.2.2 (Selection consistency of the bootstrapped Lasso). Formally, the

bootstrapped Lasso estimator B* is defined via
A% . 1 * 2
p" = argmin _—[|y" — Xb[l3 + Allb]l:. (A.26)
beRp 2T

Define a restricted Lasso problem with observations (Xg,y*):

By = arbgmln*Hy — Xgbs||3 + \|bs|l1 and B& = 0. (A.27)
e S
Define T as
. B - PL€*
Ty =aj (Xs(X5X5> tsgn(By) + =2 ) (A.28)

IfS C 8, max;ege |T]*| < 1, and XY 5 is invertible, then B* in (A.27) is the unique
solution to the bootstrapped Lasso (A.26) and S* C S.
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Proof. Tn the event that {$ C S}, Bse = 0. By the KKT condition of 35 in (A.27),
Ss(55 = Bs) = W3 + Asgn(F) = 0.
If [T7] < 1for V j € S¢ then there exists sgn(B%.) such that
e g(B% — Bs) — Wie + Asgn(B5e) = 0.
And hence there exists sgn(5*) such that 3* in (A.27) is a solution to
EMB = B) = W+ Asgn(8*) = 0,

which is the KKT condition of the bootstrapped Lasso (A.26). By Lemma 1 in
Wainwright (2009), 5* is an optimal solution to the bootstrapped Lasso problem (A.26).
Moreover, 3* is the unique solution, since Y% ¢ is invertible and ]T]*] <1forVjese

This implies that S*C 8. O

Lemma A.2.3 (Bounds on the ¢o-norm and fo.-norm of (Zg’s)*l). Under Conditions

3.4.1 - 8.4.4, we have the following results.

(i) Forcy >4, ca >0 and n > c¢1s, with probability at least 1 — 2 exp(—con) — 1,

4
C'rnin .

A (S6) ™) < (A.29)

(ii) Let ¢, = (/s V /logp)/v/n and C,, = 4y/5¢, /(1 — 2¢,)? = O((s V /slogp)//n).
With probability at least 1 — 2 exp(—logp/2),

(5% 6) Moo < K1 (14 Cy). (A.30)

Proof of Lemma A.2.3. Let X = XY~ Y2 and " = XTX/n Then X" = Ipsp.

By Corollary 5.35 of Vershynin (2010), with probability at least 1 — 2 exp(—22/2),

(1-2- jﬁ) < Ron(Ss) < Anan(S) < (1442 + ﬁ) o (aa

For x = \/n/2—+/s and n > 4s, with probability at least 1—2exp(—(y/n/2—/5)%/2) —
L
Amm(igs) > 1/4.



And hence,

Amax (B6)71) = Ain () < 4

Amax((Z8.6)™H) = 1(526) M2 < D54 12l (S8 6) M 2lS54 )2 < !

len

Moreover,

18 6) Moo < T+ [1(E86) " — Il
<1+ Vsll(Zgs) ™ = Il2
<14+ Vshmax((Z59) 71 = 1)

< 14+ Vs(Ai(Eds) — 1).

Taking = /s V y/log p in (A.31), we have with probability 1 — exp(—logp/2),

VsV x/logp>_2 L

Ar:uln( SS)_1<< \/’ﬁ
_ 43V VIogp)/Vi — 4,3V Iogp)*/n

(1)

< Cu/Vs.

Putting these arguments together, we have
178)7 e < |28 GR9) 557 |
-1 2 _
< 5 H( 297
o0
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O]

Lemma A.2.4 (Consistency of variance estimator). Assume that n > slogp and

= +/logp/n. If either (i) Conditions 3.3.1 - 3.3.5 hold true, or (ii) Conditions 3.4.1

- 3.4.5 hold true, then we have
A2

6% = 0%+ op(1),

for 62 defined in (3.7).

(A.32)
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Proof of Lemma A.2.J. (i) For deterministic designs with e satisfying Condition 3.3.4,

we have

IX5€/nllo = Op(N),

By (A.23) in Lemma A.2.1, In the event that (3.17) holds, we have

|5 < 2(1(55s) " WE3 + 23%[(S%5) ' sgn(Bs) |13
2\2
02

min

< 25| (5% 6) T WEII + Isgn(Bs)II3

_ 0y <slogp) .
n

Therefore, |us|1 < /s|ltisll2 = Op(sy/logp/n) and el Xgig| < n||Wilsllas|li =

Op(slogp), by a similar proof as for (A.23). Moreover, by the KKT condition of the

Lasso (3.1),
g2 ol i n 3 5 n A slo
ugzs,sus =0k (WS — )\sgn(ﬂs)) < sl ||W8 — Asgn(Bs)]lee = Op < ngp> _
(A.33)
Note that |S| < |S| < n. Hence,
1 A
A2 2
o= = - X
n— |5 ly Bll2
1
= = (llell3 + [1Xall3 — 2¢" Xa) (A.34)
n—|9]
2 1  slogp
=0 +0p | —+—>=] +or(l)
=0+ op(1).

(ii) For the Gaussian designs with Gaussian errors (Condition 3.4.4), we have

22
P (HXEGHOO > x]XS) < sexp <_2n02> .

In the event that (3.29) holds,
las]l3 < 201(3%,5) " WEI3 + 205§ )~ sgn(Bs)I3

8
=O0p (C : (s|Wg|% + s)\2)>

B slogp
=Or <n0min> .
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Hence, ||ug][1 = Op(sA). By (A.33), (A.34) and (A.29) in Lemma A.2.3,

1 1
n

> =o% 4+ op(1).

n

A.2.2 Proof of lemmas and theorems in Section 3

Now we are ready to prove the lemmas in the paper.

Proof of Lemma 3.5.1. Firstly, we use Lemma 1 - Lemma 3 in Wainwright (2009) to

prove that (3.17) holds with large probablity. Consider a restricted Lasso problem

. 1 .
fs = arg min T”y — Xsbsl||3 + A||bs|l1 and fge = 0. (A.35)
beRS n
Define T} as
T T -1 5 P§€
Ty == | Xs(XsXs)" sgn(fs) + > |- (A.36)

By Lemma 1 of Wainwright (2009), if 3§ ¢ is invertible and [T} < 1 for Vj € S°, then

the § is the unique solution to the Lasso with S C S. Note that

2T pt
max |Tj| < | X% Xs(XE Xs) sgn(fs)||eo + max |25
jese I = jeSe nA
Tpl
x: Pze
T T — S
< || X§e X5 (X5 Xs) 1Hoo+§2%>§ -
Q1

We use standard symmetrization techniques to prove that @1 < (1 — k)/2 with large
probability (see Lemma A.2.1 for detailed results). By Condition 3.3.2 and (A.22) in

Lemma A.2.1, there exists some c¢1, ¢y > 0 such that

k+1

1—
P(maxm\ > ) SIP’<Q1 > R) < dexp(—cilogp) + =2,
jese 2 n

for A in (3.16). Together with Condition 3.3.1, we have S C S with probability greater
than 4 exp (—c; log p) 4+ ¢2/n. By the KKT condition of the Lasso (3.1), S C S implies
that

is = (S5,5) 7 WE = A(S5,5) " sgn(Bs)- (A.37)
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Then we have

laslloo = [|(Z§.5) ' WE = ME4.5) " sgn(Bs) o

< [1(3%,5) " Wlloo +A(25,9) ™ loo-
Q>

y (A.23) in Lemma A.2.1 and Condition 3.3.3, there exists some c3,cq > 0 such that

2logp cy4

) < 4dexp(—cs3logp) + —

min7?

P (Hasuoo > K\ + 80
O

Proof of Lemma 3.3.2. Consider the bootstrapped Lasso problem (A.26). By Condition
3.3.1 and Lemma A.2.2, for T} defined in (A.28),

P(5* C S) >]P’<max|T*\ <1, SCS)

JeSse
=P <maX\T | < 1) P(S Z S) (A.38)
JESC
Note that
T pl ~x
T T 1 o z; Pgé
gré%)cg\T | < maxH:r Xs(XgXs)™ sgn(ﬁs)Hl —i—ljiré%)c( Y
—_——

In view of (3.5), Q% jisa Gaussian variable with mean zero and variance no larger than
9

62/(n)\?), Vj € S¢, conditioning on 2. Thus,

ese

1
P <maX|Q1J] > — > <P <maX|Q1J[ M2 < 20—2) + P62 > 202)

nA2(1 — k)2
<2(p—s) exp{—Aiéﬂ)} +o(1),

where the last step is due to the consistency of 62 in (3.7) (see Lemma A.2.4). Condition
3.3.2 implies that max;ecge ||a;§FXS(X§X5) Lsgn(BE)| < k. For A > {12 \/21‘;& and

some c; > 0, we have

1
(1171 < 25 < 1) 2 1~ 2exp(-erlogp) — o(0).
By Lemma 3.3.1 and (A.38), P(S C S) — 1 and hence

P(S* CS)>1-2exp(—cilogp) —o(1).
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By the KKT condition of the bootstrapped Lasso (A.26), in the event that {5’* C S},
5 = (55,5) 7 W5 — M(S4 ) sgn(85). (A.39)
Therefore,

li5lso < 1(5.9) ™ Willoo + A 5) " s97(58) o

<15 5) T Walloo + MK (A.40)

Again using the Gaussian property of €*, there exists some co > 0 such that

N 20 log p
P(H( §5) 7 Wil 2 VoV )

2 1 A .
<P (H( 88) Walloe 2 iy ZoE |0t < 207,87 s) +P(E* > 20%) +B($* £ S)

< 2exp(—ea2logp) + o(1).

Together with (A.40), the proof is completed.
O

Proof of Lemma 3.3.5. In the event that (3.17) holds true, (A.37) holds true and hence
we can rewrite Remainder in (3.13) as

) T ijX 1 A
Remainder = X | ej — —— | (¥§5)  [sgn(Bs) — sgn(Bs)]- (A.41)
S

Zj xj

Let S be the set of small coefficients, such that S = {j: 0 < |Bj| < g1(\) + g{(\)}
for g1(\) and ¢{(\) in (3.17) and (3.19) respectively. |is|lco < g1(A) further implies
that for Vj € S\S,

B = B; + i > Bj — max|ij| > 85 = g1(\) > 91(N); for B; > g1(A) + g1 (M)
Bi = Bj +1i; < B; + max|iy| < B+ g1 (A) < —g1(N), for B < —[g1(N) + g1 (V).
Therefore, if (3.17) holds true, then
sgn(B;) = sgn(B;) and |B;] > ¢'(A) for j € S\S. (A.42)
The sign inconsistency of the Lasso estimator B only occurs on S and hence

|s9m(Bs) = sgn(ss)|, < 25. (A.43)



By (A.41), we have

|Remainder| < A

T
T zj XS o -1
€ — 7 ( S,S)
25X
77 ) g

D
T
Z5 XS . ~
< A‘ e et | I 110577l I Hsgn(ﬁs) - Sgn(ﬁs)H
Zj Zj 1
o
S 2[§1)\/\j8,
zj xj/n
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Hsgn(ﬁs) — 39“(55)“1

where the last step is due to Condition 3.3.3, (A.58) and (A.43). The proof for (3.22)

is completed by the fact that (3.17) holds with probability going to 1.

For the bootstrap version, define an oracle Lasso estimator computed with the

bootstrap samples. Formally,
5(%,0 A n \—1 * A(x,0
B = Bs + (SBg) W — Asgn(Bs)] and A5 =o0.

If S C S and S* C S, we can plug in ngp) and obtain that

T % T 7
5(DB) 5 %€ zj X 3(+0) _ 4 5 X 3
IS +<ef—§> (B )—5S)+<€f_ T ) (BS
S s

25 Ty Zj €

J

T ~% T
Z: € z: X
_ 7 T J n \—lyyr* .
= —<e]~—T ) (X% )" Ws+ Bias
S

ZJTJJJ‘ Zj Zj
No‘zfse*
T Z;TX n \—1 Ak
+Ale — =5 : (2575) (sgn(ﬁs) —sgn(ﬂg)).
Zj l’] S
Rem(;i,nder*

(A.44)

_ Bgm)

In view of (3.19) and (A.42) , we have sgn( AJ*) = sgn(B;) = sgn(B;) for j € S\S.

Hence,
Isgn(B5) — sgn(Bs)lr < 25.
Together with (A.58) and Condition 3.3.3, it holds that

2K15A)\;
|Remainder™| < A op(1),

ija:j/n

(A.45)

in the event that {S C S, §* C S}, which holds with large probability by Lemma 3.3.1

and 3.3.2.

O
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Proof of Lemma 3./.1. (i) Let

For g and Tj defined in (A.35) and (A.36) respectively, we can rewrite T} as

1

B . Pge -
Ty = (t9)" <XS(X§XS) 'sgn(fs) + nSA) +35.5%55-

El’j
Conditioning on Xg and ¢, t7 is a Gaussian random variable with mean 0 and variance
at most X; ;. Thus,
o2
Pge
nA

Var(Ey ;| Xg,€) < 555 |[(Xs(XEXs)  sgn(Bs) +

2

< 55, [(sgn(Bs))" (X5 Xs) ™ sgn(Bs) + [lell3/(nA)?] . (A.47)

Define an event

B ={llell3/n < 207, Amax((Z5,9)7") < (3%.5) " lloo < (14 Cp) K for

|
C(min’
Cy, in Lemma A.2.3 (i) }.

B1 implies that

. B . - _ s no\— 4s
sgn(Bs)" (X§ Xs)  sgn(Bs) < [lsgn(Bs)I3]1(X5 Xs) |l < Amax () h) < ot
Thus, by (A.47) and Condition 3.4.4, in By,

4s 20?2
< C* — . 4
?é%gVar(Ew) <C (nCmin + n)\2> (A.48)

Thus, by Lemma A.2.3 and Condition 3.4.5,

P (522?5 |Eq ;| > at) <P <§1é%}cc |En 4| > x, B1> + P(BY)

<2 ) z? L4
~ p — S eXp — —
200Gt + Be) )

+ 2 exp(—calogp) + 2 exp(—csn),

for some constant ¢, ca,c3 > 0. Let z = (1 — k)/2 and solve

.I2

20 (78— + 223)

ncmin

> 2logp.
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For

2 . *
sA2 < @ and \ > 80 \/ ¢ Ing,
2 1—«x n

there exists some ¢y > 0, such that

1
P <max |T;| > i ﬁ) < a + 2 exp(—cq logp) + 2 exp(—csn),
jese 2 n

for some constant ci, c3,cq > 0.

(ii) The second task is to bound ||iis||ee. In the event that {S C S},

laslloo < 1(5,5) " Willoo + M (S5,5) " sgn(Bs)llc

< 1(Z5,5) " Wi lloo + A(Z55) ™ s -

Eo E3

For E», conditioning on X, (X% ) "'WZ is a Gaussian random vector with mean 0 and

variance (o2 /n) (%, s)~ . And hence,

nc’minx2

]P)(EQ > l‘) < P(EQ > l’,Bl) +P(Bf) < 2s exp <— 302

) + P (BY).
Lemma A.2.3 implies that

P(E3 > A1+ Cp)K1) < 2exp(—cslogp),

for some c5 > 0. Using part (i) of the proof, we can obtain that for some cg, c7,cs > 0,

N log p
P 0o < 4 A1 ye
(HUS” <4o Cminn+ (1+Cn) 1)

>1-— 5 _ 2exp(—crn) — 2exp(—cs logp).
n

Proof of Lemma 3.4.2. (i) Define an event

4
By = {m%x\Tj] < 1 for T; defined in (A.36) and Apax((X%¢) ™) < c } .
JjeSse ’ min

Since By implies {S C S}, for T} defined in (A.28), Lemma A.2.2 implies that

G* C §) > <1 .
P(S _S)_P(%%§\7}]< ,Bg)
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For ¢7 defined in (A.46), we have

T T —1 A% P§‘€*
z; | Xs(XgXs) sgn(Bs) + Y

max |77} | < max
JjES® jese

Pgé*
n

< max
jese

)7 (XX xs) oo () + 20 )|+ [meesmh] - (a9

B}
Recall that under the bootstrap resampling plan (3.5) and (3.6), y; ~ N(z, 5/3’3,&2)
conditioning on (X, 3,8, 52).

For EF

1 j» we first show that Xs(XEXg)tsgn(BE) is independent of t7 in (A.46)

Vj € S¢, in the event of By. Note that by Lemma 1 in Wainwright (2009), By implies
that 3 in (A.35) is the unique solution to the Lasso (3.1). As a result, § is a function of
(Xs,¢) and S C S. § C S further implies that 5% in (A.27) is a function of (Xg, 3, &*).

Therefore, the following arguments hold true:

By C {f is a function of (Xg,e€), A% in (A.27) is a function of (Xg, 3,¢*)}
C {3 is a function of (Xg,€), 6% in (3.7) is a function of (Xg,€),
B% in (A.27) is a function of (Xg,¢,5,£)}
C {3 is a function of (Xg,€), 6% in (3.7) is a function of (Xg, €),
B% in (A.27) is a function of (Xg,¢, &)}
C {Xs(XLXg) tsgn(BY) is a function of (Xg, €, €)}. (A.50)

Moreover, By N {62 < 202, ||€||3 < 2n} implies that

e 112
Pé-e*

nA

4s &2)1€112 4s 402
LElB 4

. A5l
2 = Chinn n2i\2 — minT ni2 ( )

HXS<X§ Xs)Lsgn() +

Thus,

11—k
* ~2 2 2
P <§Iéas)0<El’] 2 T, BQ,U S 20 s H5H2 S 2n>

1—
<P <mafoj > J, (A.50) and (A.51) hold true)
jese 2

RY
<2(p—s)expq — Uil 5

< 2exp(—cy logp),
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for n > slogp and \ > 14_—",{\/10%.

We conclude that for n > slogp and A > 1{—"% 10g;v7

n

1

P <maX|T*\ < — +K 82)
jeSse

11—«
>P < —B
(?é%’f 2 ’2)

. 1—-k

11—k

Lof By 62 <202 |2 < 2n)

P(B2) — P E} .| >
(B) - P (max |7, 2 5

~P (6% > 20%) — P (||¢]3 > 2n)

=1-o(1).
(ii) Let
By = {57 €5, An((Z) ) < s [(Bh) e S Ka(14 C) for
Cp in Lemma A.2.3 (i), 6° < 20°}. (A.52)

In Bs, (A.39) holds true and we have

5 ]l00 < 1(S%6) ™ Willoo + Al(E%5) " s9n(58) oo

< Tax 5(55,9);,5X5€/n| +AI(Z§.6) " lloo-

E;,].
In Bs, for Vj € S,

n

> (B55); Xis/n)* = I( Ts‘,s)jf.ng/anS%Amax(@fé,s)_l)é

i=1

4
nCmin ’

By the Gaussian property of &, in Bs,

NCpinT>

1602 )

P E; <2 —
<r]n€a§< 5. )_ sexp(

B3 is a large probability event due to part (i) of the proof, Lemma A.2.3 and Lemma

A.2.4. Putting these pieces together, we have

minT?

lo
P (Hﬂs”oo > 4o e 8P Ki(1+C )A) < 2exp(—calogp) +o(1) — 0,

for some ¢y > 0 and \ satisfying (3.30).
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Proof of Theorem 3.5./. To simplify the notations, let S\; = S\{j}. For the terms in

(3.13) and (3.20), let

b; = Bias in (3.13), Remj = Remainder in (3.13), n; = Noise in (3.13),

Rem} = Remainder™ in (3.20), nj = Noise® in (3.20). (A.53)

Define a version of pivots in (3.24) which is standardized and bias-removed:

po_ A% (3PP

ZTI" ~
j — B —b;) and RV = S (BPR g b (As)
ollzll2

ollzll

We first find the limiting distribution for R? and R\,

Let (; be a normalized version of 7; in (A.53):

Cj Z o Z Cz,]: (A'55)

UHZ 2™

1 _
where ¢, ; = Zm (Zi,jez‘ — (2] wje] — 2] X5)(X% g) 1XZSQ/”>‘

Statement (3.22) in Lemma 3.3.3 implies that

K150\ 2T K18\,
RS = 0p <n N j) +——n; = Op <M> + ¢ =op(1) + ¢, (A56)

ollzll2 allzll2 oK

where the second step is due to Condition 3.3.5 and the last step is by our sample size
condition in A; (3.26). Note that (; is a random variable with mean zero and variance

2
s:, where

4= Vo)
H HQHZ] (fo]ef_zfX)S( n 1XS/nH2
]

1 _
=14+ ———(z xje; — 2 X)s(Ses) ' (2] mje; — X z))s
n||zl3" 7

2

i3

2l Xs(285) 7 (2] wje; — X z))s

3
=1+ ——— (2] xje; — 2 X)s(Ses) (2] zje; — X 2)s

nlz3 "
H,
2
— 5z wje) (X e) (2] wje; — X z))s (A.57)
n||z3

Ho
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Note that the KKT condition of (3.4) is

<\ (A.58)

Therefore, H; in (A.57) can be bounded by

2
3]~ X0 /m] |57

|Hy| < 2
1513/n
3s||zT X g /nl|? 3s\2
- 25 X,/ HooS il (A.50)
KQCmin K2Crnin

where the second last step is by Conditions 3.3.1 and 3.3.5 and the last step is by (A.58).

Similarly, Hy in (A.57) can be bounded by

0w - NOY

Thus, for n > slogp, we have
s2 =1+o0(1). (A.61)

Now we check the Lyapunov condition, say

Jim 2 Z EllGial"

Using Condition 3.3.4, we can obtain that

n n

Efl¢|*) -
ZE[QJW < 0'4HZ‘H4 Z ‘Zi,j — (Z;‘Fl'je;‘F — Z;‘FX)S( gﬁ') 1XZS/7”L‘4
i=1 T2 =1

< 041\2 AT (Zwqu (=] wjej =2/ X)s(Z5) 7" Zs/n|4> .
(A.62)
For ease of notation, let ¢; = (ijacjejT - ijX)g(EgS)*ngS/n, i=1,...,n. Then we
have
2
|| H2 HZ]HQH ’I’LS)\
- Crnln

max |¢;| < s sz X, /n

i<n ‘oo H( n 1” ma‘X’xZJ‘ < KlK()S)\ .

As a consequence,

2 272 34
o TVSA] _ nKiKjs®A;
C’rnin Cmin

Z|Cl| < max|cl| Z|c 2 < (K1Kos);))?

=1
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In view of (A.62), it holds that

R w o Mo2*(nKPKGsP X} /Crnin + [|2517)
lim TZE[QJ‘ J < lim 4, 14 2
n—co 8, L n—+00 otz [l2(1 — o(1))
. Mo2’K{K§s*Aj
= e 0t K3Cminn -

logp , it is easy to check that

as long as s°A* < n. For s < n/logp and Ajo=
s3A = O(n/logp) < n.
We have proved that
(i/sn 2> Z, for Z ~ N(0,1).
Together with (A.56) and (A.61), we have

ilelﬂg ‘]P’(RJQ <c¢)—®(c)| =op(1). (A.63)

For the bootstrap version, consider Rg-*’o) defined in (A.54). By (3.23) in Lemma

3.3.3,
R =0 <”K1§MJ’> S0 on()
; =0p nj —op
J allzll2 allzjlla ™
N SELVY; . .
= OP <O'_Kv2 + Cj + OP(].) = OP(].) + C]u
where
¢t i (A.64)
. = 77 .
T ozl Y

is a Gaussian variable with mean zero and variance 1 + op(1) by Lemma A.2.4. This
implies that

sulg P(RJ(,*’O) <c)— q)(c)‘ =op(1). (A.65)
ce

Let Fi(c) be the cumulative distribution function of (7, i.e. Fi(c) = P(¢j < ¢). For
Vo1, v2 > 0 and Va € (0,1),
P (qa(Rg-*’O)) — 2o > vl) <P {F* (qa (Rg-*’o))) > Fi(zq + vl)}
< P{a > Fy(za +v1)}
<P{a+wvy > (2o +v1)} +
P{F.(zq +v1) < ®(2o +v1) — v2}

=P{a+wvy> ®(zq +v1)} +0(1),
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where the first step is due to the monotonicity of Fi, the second step is by the definition
of quantile function, and the last step is due to (A.65). By first taking vy — 0, we have

proved that for Vo € (0,1) and Vo, > 0,

P {qa (R(* O)) — Za > vl} =o(1).

A matching lower bound can be proved by a completely analogous argument. Thus,

sup |qa <R(* O)> — zo| = 0op(1). (A.66)
ae(0,1)
To complete our proof, note that
T ZT
Rj = oR} + H i T b 4 op(l) and R} =oR"™ 4 2 o T 4 op(1). (A.67)
Zj Zjll2

Together with (A.63) and (A.66), it holds that

a:t(lg;;) ‘P{Rj < qa(R;)} — oz| < azl(lopl ‘}P’{RO < qa (R(* o))} _ a‘

< sup ’IP’{RO < zZat— Oz} +op(1)
a€e(0,1)

=op(1).

Next, we prove the asymptotic normality of R§DDB) in (3.25). Note that ﬁ§DDB) in

(3.10) corrects BJ(*’DB) with an estimated bias
b; = median (BJ(.*’DB) _ Bj) . (A.68)

Due to (3.20), we can easily obtain that

ZJTQZ'J ~ Zf.:fj
ollzill2 7 ollzllz 7

ZTJZ‘

bj + median (R(*’O))

<.

= bj + 205 + op(1)
UHZJH2

ZTI‘

= b +Op(1)
UHZJH?

5(DDB) (

where the second step is due to (A.66). By definition of f3; 3.10) and R; defined

in (3.24),
2 T (A(,DDB)_ﬂ.):l oy
ollzlla 7 Poet UHZJH2

b = RO +op(l) =Z+op(1), (A.69)
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where the last step is due to (A.63) for Z ~ N(0,1). For REDDB) defined in (3.25),

(A.69) and Lemma A.2.4 implies that
P (R§.DDB> < c) = P(Z < ¢) + op(1) = B(c) + op(1).
O

Proof of Theorem 3./.3. Under Gaussian designs, we still consider error decompositions
as in (3.13) and (3.20). We use simplified notations described in (A.53).

In the event that (3.29) holds, we can obtain that

I Xg .
[Remy;| < A (%T— s ) (3% 5) " sgn(Bs) — sgn(Bs)]
Zj :Ej S
1
ZTXS . R
<ML ) Hsgn(ﬂs) - Sgn(ﬂs)H
2 xj 1
Ki(1+ Cn)nfé)\)\j
= OP 7 ,
Zj l‘j

where the last step is by (A.58), Lemma A.2.3, Lemma 3.4.1 and the definition of § in
(3.32).

By Lemma 5.3 of van de Geer et al. (2014), if n > s;log p,
213/ = 1/(£71);,; +op(1), (A.70)

where max;<,(X71);; < 1/C, by Condition 3.4.4. Thus, for R defined in (A.54) and

¢;j in (A.55) we have

RS =0

(nK1(1 + Cn)g)\)\J
j P

o512 ) 4t or(l)

_0 (\/ﬁKl(l—l—Cn)E)\)\
- r oy Cy

= op(1) +(j, (A.71)

j> + ¢ +op(1)

where the last step is due to in As (3.33),

sslogp

51
VNN = 5 (;Lgp =o0(1), 850\, = o(1) and

1 51
VslogpsAh; =4/ i (;gpw =o(1).

n
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Next we show that for ¢; in (A.71),

sup [P(¢; < ¢) — B(c)| = op(1).
ceR

Conditioning on X, (; is a Gaussian random variable with mean 0 and variance of the
form (A.57). By (A.70) and Lemma A.2.3, we can similarly prove (A.59) and (A.60)
by replacing K2 with C4(1 — op(1)) and replacing Cryin with Cryin/4 + op(1). Hence,
|s2 — 1| = Op(+/3);) = op(1). Then we have,

B(¢; < ) = E[P(¢; < e|X)] = E[®(c/50)] = ®(c) + op(1).

For the bootstrap version R§-*’O) in (A.54) and ¢ in (A.64), Lemma 3.4.2 implies

that

(%,0) VnKi(1+ Cn)g)\)\j
R =0
J P < o/ C,

Conditioning on X and €, we can similarly prove Cj’-k is a Gaussian random variable

) ¢+ op(1) = op(1) + €. (A.72)

with mean 0 and variance 1+ op(1). Thus,

sup }P’(Rg-*’o) <c)— @(c)) =op(1).
ceR

Together with (A.67), (A.71), (A.72) and Lemma A.2.4,

2, A <t} ol < g [ (1< (7)) -

< sup |P{RS <z} —a|+op(1)
a€(0,1)

=op(1).

The asymptotic normality of RPPB) can be similarly proved as for the fixed design

J

case and is omitted here. ]

A.3 Proofs for Chapter 4

A.3.1 Proof of theorems and lemmas

_(pTD prZ\
Proof of Theorem /.2.1. Let H = (n72) 'y , X" = - R and ¥} =
VAN AN
DD DTz N
% . First we show the symmetric matrix X% is invertible for any

7D 777 +nH
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72 > 0.
min u'S%u =min{  min ul' S, min ul' S}
wERWVHD) ||lul|2=1 wE€RHD) g1 =1 u€RM D) 4y £1
— i N2 : Tsn
= min{||D||3/n, min  u' Y{u}

w€RHD) gy £1

= min{||D|3/n, min (WX + ol Hu 1)}
u€RU+1D) 44y £1

> min{||D|3/n, min ul Hu_1}
UER(J+1)7U1751

> 0,

where the first inequality is due to " is a nonnegative definite matrix and the second
inequality is by our assumption.

By Bayes rule, we can get

B(SG) ) _DTY/H
e H R
alsG) ZTY /n + Hpg
AT
— ()t Dy
ZTY/n+ Ha — H(a — paly)
BY < DTi/n
= + (27
o' ZTh/n — H(a — paly)

Hence,

. DU I )
ﬁ(SG):ﬁ‘FE( H)l&DTTH‘E( H)l[lJ}(ZTn"’_nH(“O‘ﬂJ_O‘))

L oanvo1pars , Loan - s Lign - i
=B+ LCETD i+ L (k)i 2" Poi+ (S 2" Py

FE1 Es

~ ()i H (@ paly). (A.73)

~~

E3

By the matrix inverse formula and some simple algebra, we can get

ZT'DDT 7

-1
5 /n> = (ZTPgZ/nHLIY1 (A.74)

S = <ZTZ/n+H
AT -1 AT Tpl -1
D2y DT (27P52/n + H)

n\—1 __
( H)L[J] - ﬁTﬁ - IA)TD . (A75)
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Thus, for F in (A.73), we have

1 (Zn )11J ZTDDTA
Ey = — (3 1DTA [J]
1 n( 11 D7D
= ( i GRS, ) DT
— DTi
DTD’

where the second equality can be seen from the first part of (A.75) and the last step is
by the matrix inverse formula.

By (A.75), we have

1 - s —
‘ES‘ = ﬁ‘DTZ(E?_I) 1(04 —/j,a]lJ)|
nTnHDH2
1 HT s\ —1
= ﬁHD Z|2Amax((XF) " )lla — alyll2
nty || Dll3
_ ID"Z]2lla = pal sl
IDIl3

Ha—uaﬂJ!bAmax( 7)
IDll2/v/n

< llo = oLy |2 Antax (5%)
1924 (Z3)

where the second inequality is due to

Amax (X)) < A ((072) ™ Ly g) = s
and the last step is due to
A . Al/2 ren
1Dll2/vR = 123112/ V1 > |4l A s (55)-

Similarly,
2A31{a2x(2”)HZTPL77H2
IDll2/v/n

|Es| <

Proof of Corollary 4.2.2. Note that

127 Pl < VT max |1 2] Pilla
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and

1Z] Pyillz = 1Z] Py (e + BPzo)ll2 < | Z] ell2 = Op([1Z;]l20¢) = Op (VA2 (£%)00).

max

For the third term, it holds that
D] = | D (e + BPzv)| = |D"e| = Op(|| Dl|20v).
O

Proof of Theorem /.2.3. Define a matrix E® € R’7*/ where E} = 15/J for j =

1,...,J. Let H = H(Ijxj; — E™). First we show that ZTP[%Z/n + H' is invertible.

Awmin(Z" P35 Z +nH')

= min uT(ZTPE)‘Z+nH’)u

f[ull2=1

> Amin(Z72) + H‘lin {72t (u—aly) — uTZTPDZu}

[[ull2=1

> Amin(Z7Z) + min {7, %(u—aly)" (u —aly)

ufl2=1
—(u—aly)"Z" Py Z(u—ul,) -’15 2" Py 21, — 2a1 Z" Py Z(u — ul )}

> Amin(212) + Hannl{[T,f — Amex (ZT2)](u — al )T (u — aly)
Ullo=

—2ul5 2" Py Z(u—ul,) — @15 2" Py 21}

> Amin(Z7Z) — min {2al} 2" Py Z(u—uly) + w1527 Py Z1,},

lufl2=1
for 7,72 > nAmax(X%). Moreover,

JI|DDTZ L
1P 21 |2 = JIDD"Zl2 7 y(Cor(D, 2)].

Since VRJALZ(S2) > |21,y > VaJAY2(S2) and |a] < J-1/2, we can get
Amm(ZTPfL)Z +nH") > nApin(X%) — 2n|C0r(lA?, Z)|Amax (E%) — nCor?(D, Z) Amax (2%)
> nrk

= ns

To get ), > 0, we need

0 < |Cor(D, Z)| <
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Computing the MLE, we can get ﬂ&SG*) = a1,/

B(SG*) ~ DTY/n
=y -HE") | /
H(SG*) ZTY/n
. ) DTy /n
- (S~ HE")
ZTY/n+ Ha — H'«
15} - DTh/n
- + (Z?j _HEn)_l 77/ ’
a ZTh/n — H'a
where H'a = 7,72 (o — aly).
By similar proof of Theorem 4.2.1, we can get desired results. O

Proof of Theorem 4.2.5. We first state and prove the following lemma. Let B, = Q™ +

H, and ¢ = max {Amax((Bgl)gmga),Amax((Bgl)ggﬁg)}.

Lemma A.3.1. Suppose that the eigenvalues of ¥ are bounded from above. Let Tgn =

n~1 and 12, be a positive constant. If Amin(Qg s ) > 0 for some Sy # [J], then

1+ ¢ Amax (27
¢y < max * % Ifla( Z),cgl ,
Amin(QS«mga)

for some constant ¢y > 0.

Proof of Lemma A.3.1. Let ﬂo(d(.MG)

; G)). First note that by definition

(]WG))
]ES& nTgn

)=1- 7T1(OAé§-M
> o (&

Oc L 2 . R o .
of 53 and the condition on 75,, min, Se (Hy)j,; > min > ¢p for some

constant cg > 0.

-1
Amax((Bccl)ga’ga) =A ({(Ba)gmﬁa - (Ba)Sa,ﬁg (Ba)ggl’gg (BQ)SE,S‘Q} >
B

((Ba)s, 5. = (Ba)s, 50 (Ba)g. g (Badge 5. )+ (ATO)

max
_ A—1
- Arnin
where

(Ba)g So (Ba)ga,gg (Ba)g{;gg (Ba)gg,ga

_ —1
= (Ha)g, 8. T @5, 5. — @&, 5 (Qc gc T (Ha)ge ge) Qe 5,

R n " n R S Yo
t (HQ)S‘O“SQ + gaasa Sa:gg( S&)SE + COI (CX’S&) SVSUSC“
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Thus, (A.76) satisfies

' Amax(QF, o) 1)
(A.76) < {HHAH(H )”—G-Amm(QS Sa> 1-— )]} :

JESA co + Amax(QSC Sp

Thus,

1+cg lAmaX(QgC &)
Amax((B31)g, 3.) <

Amm(QS}a S'a)
Similarly, we can get
) —1
min, ¢ (Ha)j,;
A ((B_l) Ge Ac) > Co +A ( c c) 1% 7 S Cil.
max\\Pa /§e Sc mint 8e, 54 mmJGS (Ha)jj + AmaX(QS Sa) ’

Since AmaX(Qg s ) < Anmax(27%) which is a constant,

—1 n
¢y < max Lt ¢ AIEaX(ZZ),co_l )
Amin(QSa S«a)

O

Now we are ready to prove Theorem 4.2.5. Let H, be a diagonal matrix with
(Ho)jy = (1= m(@™)/(nrd) + (@) /(n7f,) for j = 1,...J and £ =
DTD DTz

3=

X Replacing H by H, in the proof of Theorem 4.2.1, we
Z'D 7ZTZ 4 nH!

can obtain that i’ﬁa is invertible for any 73,, 72, > 0. Then

i } i .
BME) =g 4 — (E JiDTih+ - (E I Pt — i)y 2" Phil

B By

+ (Ch)1 oy He <W(@(MG))MQ - oe>, (A.77)

where Ff = Fj.

For EY%, by matrix inverse formula as in (A.74) and (A.75),

B3| < D'Zg (BiY)g, 5.(Ha)s, 5, (@ = paw(@M9)) g
D113 ’ ’
I |- _ .
+——|D"Zg (By")g, g (Ha)ge g (@ — paw(a™M9)) g,
D13 R :
2
I |a _ .
— DTZSC (B, l)gc §a(Ha)Sa g (o — ,uaw(a(MG)))ga
IDIl5 ° . ’
I |- _ .
+—— D" Zs (BiY) oo g0 (Ha)ge go (@ — paw(@MD)) ¢ | (A.78)
||DH2 a a*Pa aPa 5%
2



For the first term on the right hand side of (A.78), we have
1

IDII3
HD Zg Bl
> W max(( ey )S‘a’ga)

ﬁT

Zg (By'

)5 5. (Ha)g, g (@ = paw(@™MD)) o

’(Ha)gmga(a - uaw(d(MG)))Sa
¢ At (5
B W H )3, 5. (@ = paw(é (MG)yy
¢ Ao (3 A
||7||2A1/2(()) H( a)S'a,Sa(O‘ - ,uaw(a(MG))) )

min

2

SOL2

@

2
C C1 1&1/ (E )
< n nilmax

_ ~(MG)YY . _
B ||?y”2A1/2(En) H(a fraw (A ))SO‘HQ for some ¢y, = 0o(1)

min

where the last step is due to

max(Hy)j,; < max ———5—— = o(1).
JESa JESa NTop,
Also note that max; g, (Ha)jj <1 and
(@) < : On™)
w(dy) < : —7G =0(n ).
1+ min, g, 7T0(Oz§~ ))ann
For the second term on the right hand side of (A.78), we have
1 - _ A (MG
oz [0 26, (B )5, (o)gs a5, — (0@

S’S‘MOJ)
IDTZg || _ -
< = TS a2 g s Ml (B Do g0
D13
* 1/2 n
AH?Z(E)H%&_%
= AlA(ER)

min

‘Oégg — Con, 5

)

2

where ¢, = O(n~!). Dealing the third and fourth term in (A.78) similarly, we have

/| < 2o (5%)

’E3‘ < 1/2
Anin(372)

min

cinll(a — W(&(MG))Ma>S ll2

s.ll2 lege — canll2
A A~ )
1]l
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for some c1, = o(1) and ¢z, = O(n~1

). For El, we can similarly prove that
) < 202HZA)TZ/nH2(HZga1ADI,+)ﬁH2+ 127 PLil)
! 1513
e AYE ()27 Pl
V|| Dl
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A.3.2 Implementation details

In this section, we discuss the computation of the conditional posterior mean under
prior (4.10)-(4.12). For the initial values, take 3(®) = 0. For known s, and po, the
Gibbs samples can be generated with respect to

R 5 t .

00~ N(Ooe:Bae)s BY ~ Nl ahe), € ~Ber(p), j=1,....p, (AT9)

J 1 PN .
2)® ~ Gamma(v; + g + 502 + §HY — DY — za®) 2

J A (%) (t)\2
(Ocj - Mafj )
+ E (t))’ (A.80)

—1
Sae= (2724 (HO)T) (@)Y,

ea,f = Za,{(ZT(Y - ﬁﬁ(til)) + (Hét))ilua)v

for a diagonal matrix Hg) with (Hg))m = (Tgn + (12, — Tgn)f](-t)),

LSS L NP
N prp ° PET  prp

and

(t _
b P16 [0, 72,) (03) Y
= N ~
= 21665 e, 78 (03) ) + (1 p1)o(a]0, 73, (03) 1)
For unknown pu, and pg, we can apply the MCEM algorithm with some

modifications.

Start with initial values ,&&O) =0 and ]550) =0.5.

E), ®) 51( ),(0727)1@), i = 1,...,m, by running m rounds of

E-step: Generate (a

Gibbs sampling as (A.79) and (A.80) replacing p, and p; with ﬂgfl) and p(t b
respectively.
M-step:

(/1«((1)7179) = a{gma)x— Z]_ng B?,uaapl’D a () fit)a (0,727)215))
HasP1 i=1

Specifically, the maximizers in the M-step take the form

WARD /00 DY LN Gl
2131%A>@

By = ZZ@

11]1
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At the convergence of (ﬂﬁf),p?)), produce % > Bft) as the final estimate of 3.

A.3.3 Implementation with summary statistics

Suppose we observe fj € R as the association estimate between the interested outcome
Y and the j-th genetic variant Zj, &%7 ; € R as the estimated variance of fj and 4; € R
be the association estimate between the interested exposure D and Z;. Let 42 be a
version of 4 obtained from an independent sample (Z), D®)). In model (4.17) - (4.19),
the sample moments used throughout the computation are replaced by the summary
statistics as follows.

Z'Z = Iixs, Z"D =3,

7'y =T, D'D = (3P)I5® DTy = (4IT.
We use 6% as an estimate of O'%. Thus, we are able to get an empirical Bayes estimator

with summary statistics based on the algorithm in the previous section.
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