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ABSTRACT OF THE DISSERTATION

Signal and variance component estimation in

high-dimensional linear models

by Ruijun Ma

Dissertation Director: Lee H. Dicker

Over the past several decades, dimensionalities of many datasets have grown exponentially
as technology advances. Many approaches have been proposed to tackle high-dimensional
problems, where dimensionality is much larger than sample size. This dissertation
focuses on developing methodologies for signal and variance component estimations in
three different areas, compressive sensing, genome-wide association studies and demand
forecasting in e-commerce industry. In literatures, signal and variance component
estimations are usually treated as independent tasks, and this work draws the connection
between these estimation goals.

For the first problem in compressive sensing, we propose an algorithm that
incorporates nonparametric empirical Bayes method with generalized approximate
message passing (AMP). Generalized AMP is an effective algorithm for recovering
signals from noisy linear measurements, assuming known a priori signal distributions.
However, in practice, both the signal distribution and noise level are often unknown.
We propose nonparametric maximum likelihood-AMP (NPML-AMP) for estimating
an arbitrary signal distribution in this setting. In addition, we propose a simple noise
variance estimator for use in conjunction with NPML-AMP.

For the second problem in genome-wide association studies, we focus on heritability
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estimation methods related to variance components estimation problems for linear mixed
models (LMMs). Heritability is the proportion of phenotype variance explained by genetic
variance, and standard approaches to LMM-based heritability estimation have some
unresolved inconsistencies. We suggest that by adopting a slightly different statistical
perspective, many of these inconsistencies can be seamlessly resolved. Moreover, with
Mahalanobis kernel, we define a natural version of heritability, as a conditional variance
under fixed-effects model.

The third problem is associated with predictions for online retailing demand
forecasting and genetic risk prediction. In these big-data applications, regression-based
linear dimension reduction technique performs well in minimizing out-of-sample error. We
identify the asymptotic risk of such sharp estimate with model known to be misspecified.
More importantly, we propose to estimate its asymptotic risk by variance component
estimation discussed in the second problem. The risk evaluation technique can also be

extended to model comparison between other methods with explicit asymptotic risk.
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Chapter 1

Introduction

Consider the linear model y = x' 3 + € where (y,x")" € RPT! is the pair of observed
response and covariates, 3 € RP is the vector of effects, and € is noise with E[e] = 0 and
Var(e) = o2. Provided (y1,x{)7,...,(yn,%, )", we are generally interested in estimating
3, predicting unseen y,, 1 provided x,,; 1, and estimating o2 for the setting where n << p.
While discussing methodologies in all these areas, this manuscript draws the crucial

connection between signal estimation/prediction and variance component estimation.

1.1 Signal and variance component estimation

In this high-dimensional setting, the ordinary least squares (OLS) fails as the Gram
matrix of the design matrix is not invertible. Then signals in big-data analysis are
usually recovered under certain assumptions, such as structural smoothness and sparsity.
A classical solution, ridge regression, adds a positive constant A towards the diagonal
entries of this Gram matrix (Tikhonov, 1963; Hoerl and Kennard, 1970) to gain the
invertibility, where A > 0 governs the strength of the regularization. From the Bayesian
point of view, the ridge regression is equivalent to the posterior mean (and mode) of
a model where 3, i N(0,02/)) for j = 1,...,p. Similarly, the well-known LASSO
(Tibshirani, 1996) solution is equivalent to the posterior mode provided that every entry
in B follows a Laplace distribution. For both approaches, the optimal regularization
parameter A in practice is selected via cross-validation. A related random signal recovery
method is discussed in Chapter 2.

Assuming (y,x')"is p + 1-dimensional random variable, then variance components,
including noise variance and proportion of explained variance, are also parameters

of interest. In genetics, understanding proportion of explained variance is crucial



for animal breeding and investigating genetic merits. Moreover, in signal estimation
and prediction problems, known knowledge of residual variance potentially improves
estimation performance. Variance component estimation is also important for model
evaluation purpose. For example, asymptotic risk of many high-dimensional methods are
functions of noise variance and signal-to-noise ratio. Other popular model assessment
criterions such as AIC and BIC (Akaike, 1974; Schwarz et al., 1978) also rely on plug-in
estimates of residual variance. Chapter 3 mainly discusses estimating proportion of
explained variation in the context of genetic data. The estimation method is applied
in Chapter 4 for estimating quadratic out-of-sample error of several high-dimensional

methods.

1.2 Dissertation in a nutshell

Chapter 2 introduces the least squares signal estimator for a model where 3, ~ F' by
incorporating nonparametric empirical Bayes method with approximate message passing
(Feng et al., 2017). Generalized approximate message passing (GAMP) is an effective
algorithm for recovering signals from noisy linear measurements, assuming known a
priori signal distributions. However, in practice, both the signal distribution and noise
level are often unknown. The EM-GM-AMP algorithm integrates GAMP with the EM
algorithm to simultaneously estimate the signal distribution and noise variance while
recovering the signal. EM-GM-AMP is built on the assumption that the signal is drawn
from a sparse Gaussian mixture. In this paper, we propose nonparametric maximum
likelihood-AMP (NPML-AMP) for estimating an arbitrary signal distribution in this
setting. In addition to providing more flexibility (and performance improvements), we
argue that the nonparametric approach actually simplifies implementation and improves
stability by leveraging approximate convexity, which is not available in the sparse
Gaussian mixture formulation of EM-GM-AMP. We also propose a simplified plug-in
noise variance estimator for use in conjunction with NPML-AMP (or EM-GM-AMP). A
comprehensive numerical study validates the performance of NPML-AMP algorithm in
reaching nearly minimum mean squared error (MMSE) under various signal distributions,

noise levels, and undersampling ratios.



Previous examples of regularized least squares commonly assume that effect-sizes are
iid with mean 0. However, the random-effects assumption in many cases is questionable,
and a misspecified assumption could potentially cause biased variance component
estimation. Chapter 3 addresses this issue and discusses heritability estimation in
genome-wide association studies (GWAS) data for linear models. Heritability is the
proportion of phenotype variance explained by genetic variance (Falconer, 1960). Under
linear models, it is defined as

h2 .— M
' Var(y)

Existing linear model-based heritability methods generally require specification of a
genetic relationship matrix (GRM), which measures genetic similarity between individuals.
In literature, the GRM is frequently a sample correlation matrix constructed from
the design matrix, which corresponds to a Euclidean distance kernel, or a random-
effects assumption. However, standard approaches to heritability estimation have some
unresolved inconsistencies caused by non-randomness in effect-sizes. In Chapter 3,
we argue that the fixed-effects and random-effects heritabilities are equivalent if one
adopts a Mahalanobis distance-based GRM. Moreover, with the Mahalanobis GRM, it’s
straightforward to define a natural version of heritability, interpreting the heritability
coefficient as a conditional variance under the corresponding fixed-effects model. This
builds a link between narrow-sense (or additive) heritability and broad-sense heritability,
which is a more model-free measure of overall heritability defined in terms of the
conditional variance of a phenotype given the genotype and other specified information.

In high-dimensional prediction problems, portion of explained variation of any out-
of-sample prediction method is bounded by h?. In many applications, reaching this
upper bound (or even a fraction of it) is notoriously challenging. A different approach to
this problem is via linear dimension reduction, where we regress y on finite dimensional
projection of x. Portion of explained variation for linear dimension reduction estimation is
also bounded by the heritability of linearly transformed inputs. Although the upper bound
of dimension reduction method is smaller than h?, with advantages in dimensionality,

estimation with transformed inputs easily achieves its theoretical limit in terms of



out-of-sample error. In Chapter 4, we derive asymptotic quadratic risk for regression-
based linear dimension reduction methods. Similar to many high-dimensional prediction
methods, the explicit asymptotic risk of projected least squares is in terms of variance
components. Hence, we propose to evaluate out-of-sample error of these methods by
variance component estimation proposed in Chapter 3, and further compare risks of

various models by heritability estimation and Wald test.



Chapter 2

Nonparametric Maximum Likelihood Approximate
1

Message Passing

2.1 Introduction

We consider reconstructing an N-dimensional signal & = (z1,...,zy)" € RV from

M < N linear measurements with noise
y=Ax+e,

where A = (4;;) € RM*¥ is a known transform matrix. The noise vector £ € RY is
assumed to be iid Gaussian € ~ N'(0,4¢ 1)), with ¢ being the common noise variance.
We consider this high-dimensional problem in the setting where the values x1,...,zy
are independently generated from a common probability distribution F'. To estimate the
signal &, two natural estimators are the mazimum a posteriori (MAP) and minimum mean
squared error (MMSE) estimators. The MAP and MMSE estimators correspond to the
posterior mode and mean of x, respectively. Important special cases of MAP and MMSE
estimators include LASSO (Tibshirani, 1996) and ridge regression (Tikhonov, 1963; Hoerl
and Kennard, 1970). LASSO is the MAP estimator when the signal distribution F' is
Laplace; ridge regression is both the MAP and MMSE estimator when F' is Gaussian
(the MAP and MMSE estimators coincide for Gaussian F'). Both LASSO and ridge
regression can be formulated as convex optimization problems, and computation of these
estimators is relatively tractable in many large-scale problems. On the other hand,
for many other signal distributions F', the corresponding MAP and MMSE calculation

problems are computationally prohibitive.

1©2017 IEEE. reprinted, with permission, from Long Feng, Ruijun Ma and L. H. Dicker,
"Nonparametric maximum likelihood approximate message passing," 2017 51st Annual Conference
on Information Sciences and Systems (CISS), Baltimore, MD, March 2017, pp. 1-6.



To bypass these computational issues, numerous algorithms have been proposed.
This chapter focuses on approzimate message passing (AMP) algorithms for efficiently
computing MMSE estimators for arbitrary unknown F. AMP algorithms have received
significant attention over the past several years (e.g. Donoho et al., 2009, 2010a,b; Rangan,
2011; Montanari, 2012; Vila and Schniter, 2013; Donoho et al., 2011; Bayati et al., 2012)
and form a class of loopy belief propagation algorithms for recovering x. In 2009, Donoho
et al. (2009) proposed an AMP algorithm to speed-up LASSO computations and proved
statistical consistency under Gaussian A (Donoho et al., 2011). Building on this work
and that of others (e.g. Guo and Wang, 2006, 2007; Rangan, 2010), Rangan (2011)
proposed a generalized AMP (GAMP) algorithm to find the MMSE estimator for an
arbitrary known signal distribution F'. GAMP is a flexible, effective algorithm; however,
the condition that F' is known can be restrictive. To relax this assumption, Vila and
Schniter (2013) proposed an EM-GM-AMP algorithm, which integrated GAMP with
the EM algorithm to estimate the distribution F' and the noise variance v, along with x.
Their work estimates F' among the class of sparse Gaussian mixtures (i.e. F' is a finite
mixture of Gaussians and a point mass at 0).

This chapter builds on work of Vila and Schniter (2013). We propose nonparametric
maximum likelihood-AMP (NPML-AMP) algorithm that can estimate arbitrary signal
distributions F' and simultaneously estimate the signal  via an approximate NPML-
MMSE estimator. Our algorithm NPML-AMP allows for accurate signal recovery, even
when F' cannot be well approximated by a sparse Gaussian mixture. Addtionally, we
argue that NPML-AMP may have computational advantages because the associated
NPML optimization problem is approzimately convex, in the scaling limit where M /N —
¢ € (0,00). On the other hand, a similar convexity argument does not seem possible
for EM-GM-AMP, because of inherent non-convexity in the sparse Gaussian mixture
likelihood. Finally, we propose a simplified method for estimating the noise variance 1,
which is used throughout as a part of NPML-AMP, but could also be used to improve
the performance of EM-GM-AMP in settings with low signal to noise ratio.

The rest of the chapter is organized as follows. In Section 2.2, we describe the

NPML-MMSE estimator. In Section 2.3, we discuss approximate convexity. Noise



variance estimation is discussed in Section 2.4. The NPML-AMP algorithm is described
in Section 2.5. Section 2.6 contains numerical results, and a concluding discussion may
be found in Section 2.7.

Notation: Throughout the chapter, we let A;. and A.; be the ith row and j** column

1/2 and the £y norm

of A, respectively. Denote the £ norm of @ by ||z|2 = (23 +- - -+2%)
of by ||z|lo = |{j; zj # 0}|. The function ¢ is the probability density of the N(0,1)
distribution. In general, for a probability distribution F', let f denote its corresponding
density function. Additionally, if 2 C R, then Fq denotes the collection of all probability
distributions on 2. Finally, for sequences of real-valued random variables { Ry}, {An},

we write Ry = Op(Ap) (and say that “Rjs is bounded in probability by Aj;”) if for

every € > 0 there is a constant C' > 0 such that limsup,; P(|Ry/An| > C) < e.

2.2 The NPML-MMSE Estimator for x

In this section, assume that the noise variance v is known. Under the assumption

that € ~ N (0, 1)) is Gaussian, the conditional distribution of y given x takes the form

2
plyla) oc =2 exp (‘W) .

Recall the assumption on the signal

iid
Ti,...,eN ~ F.

Then the joint distribution of (y, ), the marginal distribution of y, and the conditional

distribution of @ | y are, respectively,

, vy A3
p(y7w7F) X w exp 21/} Hf(x])7
j=1

[ Awn al
p(y; F) oc/ wN/Qexp< vo 2) I] a7 (z;
=V

7j=1
p(x,y; F)
p(y; F)

Let 2 C R and assume that F' € Fo. The MMSE estimator for « is given by

plx|y; F) =

z=a(F)= /QN zp(x|y; F) de. (2.1)



If F'is unknown, then & cannot be implemented. However, a reasonable strategy is to
replace F' in (2.1) with an estimate F. Still, there are two challenges in implementing
&(F): finding a good estimate I and evaluating the multiple integral in (2.1).
We propose to estimate F' by maximum likelihood. That is, let F = Fq, where
Fg = argmin 1 log p(y; F). (2.2)
Fer, N

The estimator (2.2) is the basis of this chapter. At this point, it still may not be evident
that this approach is tractable: whenever § is infinite, the optimization problem (2.2) is
infinite dimensional; moreover, evaluating the marginal likelihood p(y; F') is challenging
because of the multiple integral. However, progress is enabled by first noting that
the existing algorithms EM-GM-AMP and GAMP are essentially designed to handle
the multiple integrals in (2.1)—(2.2). Second, the (infinite dimensional) nonparametric
maximum likelihood problem (2.2) has been studied for independent data going back to
the 1950s (Kiefer and Wolfowitz, 1956; Robbins, 1950) and is known to be well-behaved
in many settings. For instance, if we were in an independent data setting where N = M
and the likelihood factored as p(y | ) = [ [, p(vs | i) (e.g. if A was the identity matrix),

then

N
Fo = argniin. — " og [ ol | ) dP () (2.3)
FeFq —
and the objective function is convex (as a function of F' — indeed, the integral is linear
in F' and —log is a convex function). The convex problem (2.3) is known to have a
solution Fy supported on at most N points (regardless of the size of ), with Fo— F
as N — oo under relatively weak conditions (Kiefer and Wolfowitz, 1956; Lindsay,
1995). While more detailed theoretical results for (2.3) are challenging and much remains
unknown, recent work has focused on computationally feasible approximations to (2.3)
that leverage convexity (Koenker and Mizera, 2014; Dicker and Zhao, 2016) — this is
the jumping-off point for this chapter.

Following recent methods for the independent data NPML problem (Jiang and Zhang,
2010; Koenker and Mizera, 2014; Dicker and Zhao, 2016), our strategy for approximating
(2.2) is to replace Q with A, where A C ) is a pre-specified finite subset of 2. This

reduces (2.2) to a finite dimensional optimization problem. Furthermore, in the analagous



convex problem (2.3), replacing €2 with A preserves convexity and convexity of (2.3) is

the key to the approximate convexity results in Section 2.3.

2.2.1 Relationship to EM-GM-AMP

In practice, our approach to reconstructing « is very similar to EM-GM-AMP. Let
Fawum denote the class of all sparse Gaussian mixtures on R with at most L € N Gaussian
components. EM-GM-AMP computes the estimator ﬁz(ﬁ’GM), where Fgy solves (2.2),
except that the minimization is over Fay instead of Fq. For EM-GM-AMP the user
must specify L; in the literature it is typically taken to be 3 or 4. Perhaps the most
significant difference between FGM and the NPML estimator FQ is that the set Fan is
not convex, unlike Fq or F,. Consequently, the approximate convexity results for (2.2)
do not appear to hold for EM-GM-AMP. We believe this leads to increased instability
in Fay for large L, which in turn may limit the class of signal distributions that can
be accurately reconstructed by EM-GM-AMP (specifically, EM-GM-AMP may be most
effective for distributions that can be well-approximated by sparse Gaussian mixtures
with only a few components). On the other hand, approximate convexity appears to

enhance the stability of F\ as the size of A C  increases.

2.2.2 Choosing A

By increasing the size of A C €, it is reasonable to expect that F becomes a more
accurate approximation to Fo. We take the point of view that Fy inherits its properties
from Fy and, in practice, computational limitations appear to be the main issue in
choosing the size of A (in all of the numerical experiments we take |A| = 100).

To gain some additional intuition on choosing A, define

i YAy
Yicijpen AL A
52 lyl3 — &2 Zjl;éjg AEAU’Q - Mw.
Z;'Vﬂ A;Ad

Then we have the moment identities

E(z;) = E(z|A),
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E@?) = E@|A),

E(z% | A) —E(z | A)2

Var(:n?)

The moment identities are verified in the appendix of this chapter. This suggests that

for some k > 0, we should typically have
B —kVi2—i2 <z <@+ kVE — 32
Hence, it is reasonable to take
Agam[@—k\/m,wrkM}. (2.4)

In the experiments in this chapter we have taken A to be a regular grid with 100 points,

satisfying (2.4) with k = 5.

2.3 Approximate convexity

In Section 2.2, we discussed (2.3) — the independent data analogue of the NPML
problem (2.2) — and noted that it is a convex optimization problem. In this section, we
show that the original NPML problem (2.2) is approximately convex in the scaling limit
where M /N — ¢ € (0,00), which lends additional structure to the problem. Specifically,
the next theorem shows that the objective function in (2.2) can be approximated by a

convex function.

Theorem 1. Let Q € R be a bounded set, so that  C [Tmin, Tmax] for some —oo <

Tmin < Tmax < 00. Let * = max (|Tmin|, |Tmax|) and for F € Fq define

1
UF) = —ylogp(y; F),
1 & 1 1
Zconv(F‘) = _Nzlog/Wexp{w(A'—;y)wj_
j=1
A l323 ) dF(ay) + lvllz (2.5)
2w .j 2 J ] 2N¢. .

Assume A;; are iid random variables with E(A;;) = 0 and E(A?j) < C for some constant

C>0. If M - oo and M/N — ¢ € (0,00), then,

B B {1'*}2
s HF) — () = 0, (121, 26)
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A proof of Theorem 1 is contained in the appendix at the end of this chapter.
Observe that leony (F) is convex in F. Moreover, £eony (F') is the objective function for

an independent data NPML problem, where the available data are
z=Aly/|A;3, j=1,...,N,

and zj | z; ~ N(zj,%/||A;|3). In other words, the NPML objective function Leony (F)
is obtained by replacing the data (y, A) with zj,..., 2y and ignoring the correlation
between z;, z;.

While Theorem 1 suggests that the objective function in (2.2) can be well-
approximated by an independent data NPML objective function, it does not imply that
Fq can be found by optimizing fcony (F'); indeed, preliminary numerical work suggests

that optimizing lcony (F') directly leads to a significant loss in estimation accuracy.

2.4 Gaussian MLE for noise variance estimation

When the noise variance 1 is unknown, the EM-GM-AMP algorithm takes an
additional EM step within each interation to provide updated estimates of . This
approach is also feasible for NPML-AMP. However, through numerical experimentation
we have found that these estimates for ¢ can be unstable, and that inaccurate estimates
of 1) can lead to degraded performance in terms of signal recovery.

As a simple alternative to the approach described above, where estimating ) is
interwoven with the algorithm for estimating F' and computing &, we propose to estimate
1) using the well-known Gaussian variance components MLE up front and then take this
as a plug-in estimate for v throughout the AMP algorithm without any more updates
for estimating 1.

Specifically, for 8 = (¢, 7) € R? with 1,7 > 0, define
1 T l T T -1
1(8) = 5 log det (TAA + szM) +5Y (TAA + wM) y

and

6 = (1, 7) = argmin 1(6). (2.7)
$,720
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Then 6 is the MLE for  under the model where z; ~ N(0,7) and we use 1 to estimate
1 in our AMP implementations. While qﬁ is derived under the assumption that the signal
x is Gaussian, zﬂ is known to perform well for non-Gaussian x as long as the entries of
A are centered (Jiang et al., 1996; Dicker and Erdogdu, 2016a) .

In numerical experiments, we have found that the MLE 4 is often substantially more
accurate than other estimators for ¢ — including the original EM-GM-AMP estimator
for 1 — especially in settings where NV E(x?) /(M) is small (i.e. small signal to noise
ratio; results from these experiments ares not reported here due to space constraints).
For the NPML-AMP algorithm, this approach to estimating v can also be interpreted
as de-coupling the non-convex part of the problem from the (approximately) convex
part: (2.7) is a non-convex problem, while (2.2) is approximately convex (by Theorem
1). Moreover, (2.7) is a relatively simple non-convex problem, which can be reduced to
a univariate optimization problem by standard methods (Dicker and Erdogdu, 2016a;

Jiang et al., 1996).

2.5 Implementation of NPML-AMP

Similar to EM-GM-AMP, the NPML-AMP algorithm alternates between GAMP and
EM steps. The GAMP steps are exactly as described in (Rangan, 2011; Vila and Schniter,
2013). The EM steps of NPML-AMP for estimating F' are described in Algorithm 1.

We proceed here under the assumption that the noise variance @ is known, with
the understanding that if it is unknown, then it should be estimated as in Section
2.4. Additionally, we assume that A = {6y,...,0r} C Q has been pre-determined (for
instance, as described in Section 2.2.2). In Algorithm 1, w(t) = (wi(t),...,wr(t))" € RE
denotes the probabilities corresponding to A, so that at step ¢ of the algorithm, z; = 6
with probability w;(t); &(t) is the value of the estimate & at step t. Finally, r(¢) and
p' (t) are parameters generated by the GAMP algorithm described in Table I of (Vila
and Schniter, 2013).

Algorithm 1 returns the estimated signal &(t) and the weights w(t). The probability

distribution Zlel wi(t)dg, should be viewed as an approximation to Fx, which in turn is
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Algorithm 1 NPML-AMP: EM steps for estimating F'.

Input A, Thax, €break-
Initialize w(0) = (1/L,...,1/L), &(0) = 1, w(0)8;.
for t =1 to Tyax do
Following Table I of Vila and Schniter (2013), use GAMP with inputs A, w(t — 1),
and 1) to generate x(t), 7(¢t) and p"(t).
i [2(t) — @(t — 1)[3/1@( — )3 < ebrea then
Break.
end if
fori=1toLand j=1to N do

wi(t=1)uj ()" 2p{0—75 (1)}

41a(t) < Sy wit=1)uh (8) = 2640, —75 (1)}
end for
for [ =1to L do
alt) & SR
end for
end for

Output w(t), &(t).

our proposed approximation to FQ.

2.6 Numerical results

In this section, we compare the performance of NPML-AMP, EM-GM-AMP and
GAMP in several numerical experiments. In each setting, the GAMP estimates can be
viewed as the optimal or oracle solution, since it makes use of the true signal distribution

and noise variance. In the experiments, the performance of an estimator & is assessed by
NMSE[dB| := 10logy, (|| — 2[13/113) -

Throughout, we set the tolerance rates for the algorithms to be eprear = 107°; the
maximum number of iterations for each GAMP call is Tipax = 50 (see Table I from
Vila and Schniter (2013)); and Tjax = 200 for the EM loops in EM-GM-AMP and
NPML-AMP (in Algorithm 1 above). For NPML-AMP, the number of grid points in A
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is fixed at 100; for EM-GM-AMP, the number of Gaussian components L was fixed at 3
for the sparse Gaussian mixture experiment describe in Section 2.6.1 (Figs. 2.1-2.2) and
was 4 for the remaining settings. Finally, in all of the experiments in this section A has
iid A(0,1/M) entries. Our focus on iid Gaussian measurement matrices follows much of
the earlier work on AMP algorithms (e.g. Donoho et al., 2009). More recent work has
focused on extending AMP to other measurement ensembles (e.g. Rangan et al., 2014,
2017); we expect that similar extensions are possible for NPML-AMP and this is a topic

for future research.

2.6.1 Signal recovery at various M /N ratio

In the first set of experiments, we fixed the signal to noise ratio
SNR[dB]| := 10log;o{ NE(z?)/(Mv)}

at 10 dB in all settings and fixed N = 1000. We varied M so that the undersampling
ratio was M /N € {0.2,0.25,0.3,0.35,0.4,0.45,0.5} and considered three different signal
distributions — a sparse Gaussian mixture, an exponential signal, and a discrete uniform
signal. For each undersampling ratio and signal distribution, we generated I = 100
independent datasets.

For each dataset, we computed several estimators for x. Specifically, we computed
the GAMP estimator; the EM-GM-AMP estimator with unknown variance (following the
algorithm described in (Vila and Schniter, 2013) exactly); the EM-GM-AMP estimator
with known noise variance ¢, denoted EM-GM-AMP-KV; the NPML-AMP with unknown
variance (using the method in Section 2.4 to estimate v); and the NPML-AMP estimator
with known variance, denoted NPML-AMP-KV. For reference, we also computed the
LASSO estimator for one of the signal distributions (Figs. 2.1-2.2; for each of the other
signal distributions, all of the AMP methods dramatically out-perform LASSO and
the LASSO NMSE|dB| would be off the scale in the plots). Finally, we recorded the
estimated noise variance for the methods where the noise variance was unknown.

For LASSO, we used 10-fold cross validation to choose the regularization parameter
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and estimated the variance parameter ¢ by
oL = |y — Azy[3/(M — Ny,

where &, is the LASSO estimated signal and Ny, = ||&1,|o is the estimated sparsity.

o T, S et
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? 1 \g\‘*
T §§
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M/N
Figure 2.1: Median NMSE|dB| vs. undersampling ratio M/N for sparse Gaussian
mixture signal.
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Figure 2.2: Median noise variance estimat'i\gn vs. undersampling ratio M /N ratio for
sparse Gaussian mixture signal.

Figures 2.1-2.2 depict the median NMSE[dB| and median values of the noise variance
estimates 1[), respectively, computed over 100 independent datasets, when the signal
distribution was a sparse Gaussian mixture satisfying P(z; = 0) = 0.8 and z; ~ N (1,1)
with probability 0.2. From Fig. 2.1, it appears that EM-GM-AMP slightly out-performs
NPML-AMP, and both out-perform LASSO. This setting is favorable to EM-GM-AMP,
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since EM-GM-AMP is designed to estimate sparse Gaussian mixtures. In terms of
NMSE|dB], there is little difference between the AMP methods when the noise variance
is known or unknown. On the other hand, in Fig. 2.2, it appears that NPML-AMP gives
the most accurate estimates of ¢ (for NPML-AMP, recall that 1[1 is just the Gaussian

variance components MLE for ).

0
s

X o GAMP
a v EM-GM-AMP
o

A EM-GM-AMP-KV

[ §§( + NPML-AMP

= NPML-AMP-KV

NMSE[dB]

I I I I I I I
0.20 0.25 0.30 0.35 0.40 0.45 0.50

M/N
Figure 2.3: Median NMSE|dB]| vs. undersampling ratio M /N for discrete uniform signal.
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Figure 2.4: Median noise variance estimation vs. undersampling ratio M /N ratio for
discrete uniform signal.

In Figs. 2.3-2.4, z; € {—1,0, 1} follows a discrete uniform distribution, and in Figs.
2.5-2.6, x; ~ exponential(1). In these settings, NPML-AMP outperforms EM-GM-AMP
in terms of NMSE[dB]. As in Figs. 2.1-2.2, the NMSE[dB] results are similar for the

known and unknown variance methods, while the NPML-AMP variance estimation
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Figure 2.5: Median NMSE[dB| vs. undersampling ratio M /N for exponential signal.
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Figure 2.6: Median noise variance estimation vs. undersampling ratio M /N ratio for

exponential signal.

appears to be significantly more accurate than EM-GM-AMP.

2.6.2 Signal Recovery at various SNR

We also conducted experiments where we varied the signal to noise ratio, while fixing

the undersampling ratio M /N = 0.4 (with N = 1000 and M = 400 throughout). Here,

we report results for the discrete uniform signal distribution with z; € {—1,0,1} and

SNR|dB] across SNR[dB]| € {0, 5, 10,15,20,25}. As in the previous section, we generated

I =100 independent datasets for each setting and computed several estimators for each

dataset. Summary statistics for NMSE[dB| and variance estimation are reported in Figs.
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2.7-2.8.
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Figure 2.7: Median NMSE[dB| vs. SNR|dB| for discrete uniform signal.
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Figure 2.8: Median noise variance estimation vs. SNR for discrete uniform signal

In Fig. 2.7, NPML-AMP has smaller median NMSE[dB| than EM-GM-AMP across
the entire range of signal to noise ratios. Fig. 2.8 indicates that for noise variance

estimation, NPML-AMP may outperform EM-GM-AMP in this setting.

2.7 Conclusion

We have proposed a signal recovery algorithm for generic signal distributions, building

upon GAMP and EM-GM-AMP. Our numerical results confirm that NPML-AMP
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provides nearly MMSE solutions and closes the gap between EM-GM-AMP and the
oracle GAMP with known signal distributions. Although the experiments in this chapter
focus on settings where A has iid Gaussian entries, suitable modifications of NPML-
AMP should continue to perform well other measurement matrices. In fact, recently
vector AMP (VAMP) algorithm (Rangan et al., 2017) is established for right-rotationally
invariant measurement matrices. We expect similar performance results hold for a
broader class of measurement matrices modifying NPML-AMP accordingly. Other
interesting areas for future research include algorithmic refinements for NPML-AMP;
deriving theoretical results on the convergence of NPML-AMP by leveraging approximate
convexity; and deriving statistical properties of NPML-AMP and the NPML estimator

N

Fq.

2.8 Appendix

2.8.1 Proof of Theorem 1

Theorem 1. Let Q € R be a bounded set, so that Q C [Tyin, Tmax] for some —oo <

Tmin < Tmax < 00. Let x* = max (|Tmin|, |Tmax|) and for F € Fq define

1
UF) = —logp(y: F),
1Y 1
leony(F) = _NZIOg/wNﬂ eXp{@(A—er)xj
‘]:
1 12,2 , HyH%

Assume A;j are wd random variables with E(A;;) = 0 and E(A;lj) < C for some constant

C>0. If M - oo and M/N — ¢ € (0,00), then,

B B {LU*}Q
g2p, 10~ temtDl =04 ((757).

Proof. First we consider the term || Zjvzl Ajz;|*. Since A;; ~ N (0, %),

M

EAJAj, = EY A A =0,
=1

1

M
E(A}A;)° = EY (AijAi)° = I

=1
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Moreover, for j; # ji,

M
Cov(A AJQ,AT = (ZA WA 732> (Z Ai,jiAiﬁ) -0
=1

It follows that

1
Var( Z A A J2lea:j2) = U Z x?lxi. (2.8)
1<j1<j2 <N 1<j1<j2<N
Then
T Gy 2 2\1/2
Z A'le'jZIjl Tjp| < i ( Z x5, .’L’j2) (2.9)
1<j1<j2<N 1<j1<j2<N

for certain constant Cj. Also, by the law of large numbers, ||A.;[|3 — 1, or

N N
(1-¢) Z < Llalfel < (149 3o}
T e

for any € > 0. Thus

1/2
| 212y cuen A A5 s | < Ch (Y1<jy<in<n x?lxp) _ Cy
N < — 7 < :

Let Cy = C1/(1 — €) and

N

SO 1A 32 1—2*02 <\|2A :cj||2<§j|\A 1222 (14222} (210
NI

j=1

It then follows that for any w,

N

1 1 2C2
l(w) < ——log Z N eXP {5 Zx JY - ZHA 325 (1+ —=)
N :ceAN { 1/]< j \/M }
N L
H <Zwl1($J = 91))
=1 I=1
1 N L 1 T 02
= —Njgllog;exp{¢(A Y)0 ||A 1367 (1 + m)}wl
VOl IA,13(6°) 20,
< _szgloglz;exp{d}(A 0= g A 1360) pexp { - TSRS T
N L N
" L ALIB0Y s
< _;log;exp{¢(A Yo — ¢‘|A‘j"§0?)}wl+N; jlzb vM
| X L 1 1 - (14 €)Co{6*}?
< —N;log;exp{w(A.jy)Hz—MHAﬂ'Hle)}wl"i_W' (2.11)
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The last inequality holds due to (1/N) SN [JA;]13 < 1+ e Let C = (1 + €)Cy, we

have
C{o* 2
l(w) — h(w) < %Z){\ﬁ} Vw e ALTL
Similarly, £(w) — h(w) > —i{j’% for any w € AL=1, then (2.6) holds.
Moreover, we notice that
N
NAMA1, , 1 )
ElAfyl: = ="+, 7 :M;%‘
It then follows that
1 202
h(w) = ——ZlogZexp{ Y)o, —@HA.juﬁl)}wl
j 1
2
|A 137, Ay N2, (Ajy)
= —— log exp 0, — + wy
Z Z { ( |!A~j||§> ¢||A-j\§}
2
1 = (AEy)
5 TN 2 ALl
2
. (N+M+1)T 1
Ny
Moreover,
h(w) < max(a,b)
where
N
= i l T _i 11202
N
b= > (A — o A3
Nj:1 AN 2y
We note that
M) =~ 3 tog {Epenp (- () — o132
N= ’ (R 20p T2
N
1 LT 1 1122
< —N;EX log {exp (J(A‘jy)m ~ 5 Al )}
| X
- _ = T =
= b x (Ao - 5ol1A,l5a?)
]:
B (N+ M +1)r2
= ( N )Em—i— 2¢Em



2.8.2 Moment identities

Let

N
Zj:l AE?J

—;
D1<i o< Ay Ay

T =

N
Zj:l A‘—;A'j

we would like to show that

E(e;) = E(&|A),
E(?) = E@#|A),

Var(z7) = E(i*|A)—E(&|A)>

Proof. The linear model can be written as

N

Yy = ZA.jxj +e.
j=1

Equivalently,

N N
Z EX,EAEy = Z Ex. |Aj} Z Az + AE{-:
j=1 j=1

N

J=1

N N

J1,J2=1

Let

N

> Ex (AL (D A
P =1

N
= (Ex$1> Z A,—JI—-IA.j2.

N
Z Ajjr'l A-j2

J1,92=1

This lead to

N
Zj:l EX,EAEU

BXTZ SN AT A
Zthé:l g2

Moreover,

2
N

Excllyll = Exe ZA-ixj—f—E

Jj=1 9

9

~ X.

22

(2.12)
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N
= (Exa}) Y ATA;+ (Exa)? Y AL Ay, +My.

Jj=1 J1#j2

This leads to

2 2 T A .
Exx% _ Excllyllz — M — (Exz) Zjlyéjg A-j1A~Jz ~ )’{27

N
Zj:l AEA'j
where
)’{2 . HyH% - My — X? Zjl;éjQ AEA-J‘Q
- N
ijl AEA.j
Furthermore,
Vary(X1) = Exa? — (Exa1)? ~ X2 — X2. (2.13)

Combine (2.12) and (2.13), we can approximate the range of X by
Xe(X-h/X2- X2 X4k/X2- X2).
As N, M — oo,
X — EX:

X2 X2 o Var(X).

In the case where % is unknown, we let the term M1 in X2 be 0 to further relax the

interval.

By Chebyshev inequality, we can assure that asymptotically,

<X€(X K\ X2— X2, X +k\X2— X?)) 177

2.8.3 Derivation of M-step

In this subsection, we derive the maximization step for the EM algorithm.

w(t+1) = argmax RE{lnp(z,y;w(t))}
w>0:3", w=1

= argmax E{ln HpX zjly, w(t)) }

w>0:3>", wy=1 j=1
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N
= argmax Zﬁ{lnpx(mj;w,wﬂy;w(t)} (2.14)

w>0:3", wy=1 =1

The Lagrange multiplier problem can be written as

N L
Lw,A) = Y Eflupx(zjw)lysw®)} —A(D w—1)
=1

=1
]N L L

= YD pxy(r; = Oily;w(t) Inpx (z; = O0) = A(D_w —1)(2.15)
=1 1=1 =1

We set j—fl = 0 and derive that

N
d
> pxjy (e = 9l\y;w(t))d70llﬂpx($j =0iw) = A
j=1
N t —1/2 o
Wik O — 7
Z 1 1M P61 — 75) — (2.16)

Sl whiy oo - )

win; 2 p(0-75)
SE whny P e01—7)
Multiplying both sides by w; for [ =1,..., L, since Zlel w; =1,

L N
A=) "> "ah, (2.17)

=1 j=1

, where is previously defined as Q; I

Plugging (2.17) back to (2.16), we have

N ot
wt+1) = 2519 (2.18)

L N
ZlZI Z]:l ;,l
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Chapter 3

Heritability estimation in genome-wide association studies:

fixed-effects vs random-effects methods

3.1 Introduction

Heritability is the proportion of phenotype variance explained by genetic variance
(Falconer, 1960; Lynch et al., 1998). There are many different definitions of heritability
and different methods for estimating heritability from data (e.g. Yang et al., 2010,
2011a; Golan et al., 2014; Bulik-Sullivan et al., 2015). This chapter is focused on
heritability estimation methods related to variance components estimation problems
for linear mixed models (LMMs). LMM-based methods for heritability estimation have
been used since the 1950s (Henderson, 1950); additionally, over the last ten years they
have emerged as one of the most widely-used methods for estimating heritability with
genome-wide association studies (GWAS) data (Hindorff et al., 2009; Yang et al., 2010;
Kang et al., 2010; Zaitlen and Kraft, 2012). However, standard approaches to heritability
estimation with LMMs have some unresolved inconsistencies related to important topics
in genetics, including linkage disequilibrium (LD), the distribution of causal variants, and
partitioning heritability (Zaitlen and Kraft, 2012; Speed et al., 2012; Gusev et al., 2013,
2014). This chapter contains new statistical results, which suggest that by adopting a
slightly different statistical perspective, many of these inconsistencies with LMM-based
heritability estimation can be seamlessly resolved.

LMM-based heritability methods typically require specification of a genetic
relationship matrix (GRM), which measures genetic similarity between subjects in
a study. The GRM may be based on familial or other information; in GWAS, the GRM

is frequently a sample correlation matrix constructed from study participant’s single
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nucleotide polymorphism (SNP) values, which corresponds to a Euclidean distance kernel
(Yang et al., 2010; Zaitlen and Kraft, 2012). In this chapter, we argue that if one adopts
a Mahalanobis distance-based genetic relationship matrix for LMM analysis, then many
of the previously noted LMM inconsistencies related to LD and causal variants are
immediately resolved. Moreover, with the Mahalanobis GRM, it’s straightforward to
define a natural version of partitioned heritability, which avoids some of the pitfalls that
have been noted for other approaches (Speed et al., 2012; Gusev et al., 2013, 2014).
While the Mahalanobis GRM resolves these consistency questions at the modeling level,
it also heightens the importance of understanding and estimating the LD structure for
the study population — indeed, the LD matrix is required for computing the Mahalanobis
kernel.

Our arguments for the Mahalanobis kernel touch on several fundamental aspects
of statistical modeling in modern genetics. Questions about fixed- and random-effects
modeling have been raised repeatedly in research on heritability estimation (Gibson,
2012). Many of these questions can be summarized as follows: should genetic effects
be modeled as fixed or random quantities? To resolve this question, we argue that for
the Mahalanobis kernel, the fixed- and random-effects models are essentially equivalent.
Furthermore, under the Mahalanobis kernel, we show that the LMM heritability coefficient
can also be interpreted as a conditional variance — which we refer to as the C-heritability
(C for “conditional”) — under the corresponding fixed-effects model (the random-effects
interpretation is more standard in the literature, to date). This builds a link between
narrow-sense (or additive) heritability, which LMM-based methods have traditionally
been designed to estimate, and broad-sense heritability, which is a more model-free
measure of overall heritability defined in terms of the conditional variance of a phenotype

given the genotype and other specified information.
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3.2 LMDMs for heritability estimation

3.2.1 Additive decomposition: From GRMs to LMMs

In this section, we describe a statistical model that forms the basis for many LMM
heritability methods (Yang et al., 2010; Zaitlen and Kraft, 2012). Lety = (y1,...,yn) ' €
R™ be a vector of centered, real-vaued outcomes, where y; represents the phenotypic

value of individual 7 in some population. Assume that

y=g+e (3.1)
can be decomposed as the sum of an additive genetic effect g = (g1,...,9,)" € R”
and an uncorrelated noise vector e = (eq,...,e,)" € R", which may contain other non-

additive genetic effects, environmental noise, and measurement error. Further assume
that the data are centered, so that E(g) = E(e) = 0, and that Cov(g) = agK and

g,ag > 0 are genetic and environmental real-valued variance

Cov(e) = o021, where o
components, respectively, and K is the n x n GRM.

The diagonal noise covariance matrix assumption comes from two extra steps in
data collecting. On one hand, individuals ¢ = 1,...,n are selected by removing ones
whose pairwise relatedness are greater than certain threshold. The relatedness is usually
measured by the kernel defined according to K, and maximum pairwise relatedness in
the sample is corresponding to cousins 2-3 times removed (Yang et al., 2010; Speed et al.,
2012). On the other hand, y is a projected response that is orthogonal to the space of
demographic covariates such as sex, age and handedness (Yang et al., 2011a; Bonnet
et al., 2015; Lee et al., 2016).

Then

y ~ MV(0,07K + 021) (3.2)

and the (narrow-sense) heritability is defined to be
2
h? = 037902 (3.3)
The GRM is typically normalized so that its diagonal entries all equal 1; in this case, the

correlation matrix for y is Corr(y) = h*K + (1 — h?)I and the heritability parameter h?
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represents the extent of correlation between individuals in the population determined by
genetic relatedness.

With GWAS data, genetic relatedness can be encoded by similarities between
sequences of single nucleotide polymorphisms (up to hundreds of thousands or millions
of SNPs). Let z; = (zi1,...,%im) ' be the vector of normalized SNPs for individual i, in
the sense that

70 — fij — 2p; 7
v 2p;(1 = pj)
where f;; = 0,1, 2 respectively if the genotype of individual i at SNP j is aa, Aa or AA,
and p; is the minor allele frequency (MAF) of SNP j (Meuwissen and Goddard, 2001;
Hayes et al., 2009; Zaitlen and Kraft, 2012). Then the ij-entry of the GRM K = (K;;)
is determined by some kernel function K : R™ x R™ — R, whereby K;; = K(z;,2;).

Traditionally, the GRM (or kinship matrix) indicates proportion of identical genetic
regions that individual ¢ and j inherited from common ancestors. This identity-by-
descent (IBD) kernel is defined with respect to a pedigree, and knowledge of an explicit
pedigree for the population in the study is usually infeasible. In the absense of pedigree

information, GRM is frequently defined by the identity-by-state (IBS) GRM, where

1
K(z;,z;) = Eszj. (3.4)

7

The IBS GRM definition corresponds to the normalized linear kernel, and measures
average allelic correlations (Powell et al., 2010; Speed and Balding, 2015). Other kernel
functions have been proposed for GWAS heritability estimation problems (e.g. the
Gaussian kernel or higher-order polynomial kernels (Akdemir and Jannink, 2015)).
However, to date, there appears to be limited evidence for preferring these kernels over
linear kernels.

The linear kernel (3.4) corresponds to a linear random effects model — or, a LMM
before projecting out fixed covariates — hence, the term LMM-based heritability
estimation. In this corresponding random effects model, g = Zu in (3.1), where
u = (ul,...,um)T € R™ is a vector of independent random genetic effects with

Ui ~ MV(O,Ug/m) and Z = (z1,...,2,)" is the n x m matrix of genotypes. Thus,



29

under these assumptions, we can rewrite (3.1) as
y=Zu+te. (3.5)

In this model, the data from each subject is the (phenotype, genotype)-pair (y;,z;) €
R+

The main focus of this paper is the Mahalanobis kernel. Let ¥ be the m x m positive
semi-definite matrix representing the population-level covariance (linkage disequilibrium)
matrix for the SNPs z;. The Mahalanobis kernel is defined by K(z;,z;) = sz’lzj. The
Mahalanobis kernel has been widely used in other applications involving genetics, e.g.
genetic association testing (Majumdar et al., 2015). However, it appears to have received
little attention in the context of heritability estimation. The Mahalanobis kernel also
corresponds to a linear model with correlated random effects with u ~ MV(0, Tg /m¥1)
n (3.5). We would like to show that whitening the design matrix is the key to unbiased
heritability estimation. In the remainder of the paper, we will derive several attractive

features of the Mahalanobis kernel for heritability estimation.

3.2.2 Estimating h?

Moment methods and maximum likelihood are two widely used classes of methods
for estimating h? under (3.2). Note that these methods are applicable for any GRM K.
In this subsection, suppose the GRM is normalized with its diagonal entries all equal 1,

suppose y is centered. Then
Cov(y) = U;K + 021 (3.6)

One of the classical moment estimators for h? comes from observing that ag is the
least squares coefficient for regressing y;y; on K;; for all ¢ < j. This is because (3.6)

implies that
E(yiy;|K) = 07 Kij, i#j
The corresponding estimator for 03 is

. - -1 _—
G, = (Var(Kz‘j)) Cov(yiy;, Kij),
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where
Var(ky) = ——— Y K2
K n(n—1) R
1<j
— 2
Cov(yiy;, Kij) = mzyz’yﬂﬁj~
1<j

Henderson used least squares in this way to estimate h? with

<2
72 99

lyliz/n

and variants of this method are still used today (Haseman and Elston, 1972; Henderson,

1984; Golan et al., 2014); this approach is also referred to as Haseman-Elston regression.

In the standard maximum likelihood approach, one assumes that y is Gaussian, i.e.
y ~N(0,00K + o21),

and estimates 02, 02 and, subsequently, h?, by maximizing the Gaussian likelihood for

g7

this model. Specifically, let 7% = O'S /o2, The maximum likelihood estimator for (o2, 7?)

is

(62,7°) = argmax I(o7,7),
o2n*>0
where
2 9 1 2 1 2
loZ,n°) = —§log(ae) — %logdet(n /mK + 1)
T, 2 1
— K+1 .
2no2” (n°/mK +1)"y
Hence, the MLE of h? is
P2 72
R L
n-+1

Established by Yang et al. (2010, 2011a), the MLE with linear kernel-based GRM has
become the landmark approach in estimating hZ.

Both maximum likelihood and moment estimators for h? often have nice statistical
properties (e.g. consistency). In some circumstances, maximum likelihood estimators
may have advantages over moment estimators in terms of efficiency (reduced variance).
On the other hand, moment estimators have been the subject of renewed interest recently
because of potential advantages related to computation and data privacy (as many data

only disclose summary GWAS statistics for the population (Finucane et al., 2015)).
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3.3 Challenges for LM Ms

LMM methods for estimating h? may give inconsistent or unexpected results when
used in settings where the generative model for y differs from (3.2), i.e. under model
misspecification. This has been noted repeatedly in the heritability literature (Zaitlen
and Kraft, 2012), and is important because many of the leading generative models
from genetics for linking phenotypes y and SNP values z differ substantially from (3.2)
(Barrett et al., 2009; Stahl et al., 2010; Gibson, 2012). We outline two such examples in

Sections 3.3.1 and 3.3.2 below.

3.3.1 Causal variants and linkage disequilibrium

Many genetics models hypothesize a collection of causal loci (or causal variants),
which are fixed locations along the genome, where the specific nucleotide combination
impacts the phenotype — other, non-causal loci are assumed to have no direct impact
on the phenotype (Pritchard, 2001). In the context of the LMM (3.5), this is frequently

encoded by taking S C [m] to be the collection of causal loci and assuming:

uj ~ I are independent for j € S,
(3.7)

UjZOiijéS.

The assumptions (3.7) violate the exchangeability assumptions on the coordinates of u
that are required under (3.5).

It turns out that violating exchangeability in (3.7) alone is not necessarily problematic
for LMM heritability estimation. However, it has been noted previously that under the
linear GRM, estimates of h? can be systematically unreliable when non-exchangeable
genetic effects are coupled with linkage disequilibrium. Specifically, estimators with
linear GRM is biased when LD-level of causal variants is substantially different from
average LD-level for variants in the study (Zaitlen and Kraft, 2012; Speed et al., 2012;
Gusev et al., 2013; Yang et al., 2015).

If the SNP values z; are modeled to be random, then LD is measured by Cov(z;) = 3.
In particular, if X is diagonal, then there is no LD; if z;; and z;; are highly correlated,

then LD between SNPs j and j’ is high. If S is associated with the LD structure, e.g. if S



32

is concentrated among a group of SNPs with relatively low or high LD, then heritability

estimates may be biased (Speed et al., 2012).

2

Suppose y is normalized (i.e. 02 =1 — oy

), conditioning on u, heritability measures
m
TYu =
u xu= Ui 25
i?j

The random-effects assumption suggests that E,(u' Xu) = Ugtr(z) /m; in other words,
it assumes that E, (u;u;3;;) = 0 for i # j. Omitting these terms is reasonable as long
as either S is not associated with the LD structure or there is no LD. Otherwise, when
S is within a group of SNPs with different levels of LD, E,, [u;u;%;;] # 0 when ¢ # j. As
a result, random-effects heritability can cause potential bias because they ignore the
impact of up to m(m — 1) cross terms.

There are many approaches to account for LD issue in linear GRM-based heritability
estimation. One simple treatment is pruning. To achieve a diagonal X, one of every
pair of correlated SNPs are romoved from the analysis (Purcell et al., 2007; Stahl et al.,
2012). Without information of S, causal loci could potentially be removed during the
pruning step, and causes bias in estimating h%. Other treatments focus on transforming
and re-weighting the design matrix. For example Gusev et al. (2013) built on work of
Patterson et al. (2006), and proposed to transform the design matrix such that each
genotype is regressed on all preceeding SNPs. Each genotype is then replaced by the
regression residuals. The LDAK method suggests to assign different weights to SNPs.
The optimal SNP weights are computed by considering local LD and distance with
neighboring SNPs and solving a linear programming problem. After the scaling step,
SNPs with high LD is downweighted, and the lost signal can be compensated by its
neighboring SNPs (Speed et al., 2012).

All of the previous LD adjustment methods are based on the normalized linear kernel.
Although they target on mitigating h? estimation bias caused by LD issue, there are
combinations of u and ¥ where LD residual and LDAK adjustments fail to estimate h?
consistently (Yang et al., 2015). We show that the Mahalanobis estimator also effectively
resolves the uneven LD issue in the empirical example below. Moreover, in Section 3.4.1,

we will discuss why the Mahalanobis estimator works for any > and u.
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Consider the case where ¢; is Gaussian and u; ~ N (0, 03/\S|). Let Zs denote the
n X |S| matrix obtained by extracting the columns of Z corresponding to S. Then
2

y ~ MV (o, ES9|ZSZ§ - a§1>

follows the model (3.2) with K;; = zzszj,3/|8| and z;s = (2ik)kes € RIS! so the
heritability coefficient is h2. On the other hand, in the absence of additional information
about S, the least squares and maximum likelihood estimators for h? are frequently fit
according to the model (3.5), with the linear kernel (3.4). We carry out some simulations
below. We also fit the Mahalanobis estimator, assuming (3.5) using the Mahalanobis
kernel, which requires additional information about LD. We ran a simple simulation

study under this setting, with:
(i) m =500, m = 1000.
(i) S={1,...,m/2}.

(i) o7 =02 =0.5.

(iv) z1,...,2, ~N(0,%), where

. AR(0.3) 0
- 0  AR(0.7)

and AR(p) is the m/2 x m/2 matrix with ij-entry pl=7l.

In this model, h? = 0.5. We simulated 50 independent datasets specified according
to this model, and for each dataset maximum likelihood estimator with the linear kernel
and the Mahalanobis maximum likelihood estimator are computed. The least squares
estimator is not considered in this experiment because it relys on the approximation
u'Y?u =~ ||u/|?*tr(X?)/m, however, under this simulation setting the approximation does
not hold. Summary statistics are reported in Table 3.1.

From Table 3.1, it’s evident that the estimator based on the linear kernel is
substantially biased, and the Mahalanobis estimator is not. We defer a more

comprehensive numerical analysis to Section 3.5.1.
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Table 3.1: Means and confidence intervals for estimates of h2. Based on results from 50
independent datasets. h? is estimated by MLE with linear and Mahalanobis kernels.

h? | Linear MLE | Mahalanobis MLE
0.5 | Mean: 0.454 Mean: 0.495
95% CI:  (0.427,0.482) | 95% CI:  (0.468, 0.522)

3.3.2 Partitioning heritability

Studies on partitioning heritability seek to identify the heritability h%, which is
attributable to a subset of SNPs & C [m] (Gusev et al., 2014; Finucane et al., 2015).
Usually the SNPs are partitioned by functional areas such as genomes, levels of MAF and
functional annotations (Davis et al., 2013). Care must be taken when disentangling the
effects of SNPs in § with SNPs that are in linkage disequilibrium with §. In particular,
if LD is ignored, then estimates of h?s can be badly biased.

In (Yang et al., 2011b; Kostem and Eskin, 2013; Gusev et al., 2014), y is assumed to

follow a LMM with two variance components
Yy = Zsus + Zscuse + e, (3.8)

where

Mv(o,%), ifies,
2

M (0,:55), ifi ¢S,

Under this model, the heritability due to & is defined as

2 0%
et )
and it can be estimated using maximum likelihood (further assuming a Gaussian model
for the variance components, and then jointly estimate a?g, agc and o2 (Yang et al.,
2011a,b; Davis et al., 2013; Gusev et al., 2014)). However, if the hypothesis of causal
loci holds in the total heritability LMM, then in this two variance components LMM,

effect-sizes should really follow

e

My (0,2 ) ified CS8,

=

N

(
wine § MY (0,755, ifi €A C 5

0, otherwise,
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where A; and Ay are the sets of causal loci in S and S¢, with A1 N Ay = (0. If the
causal loci are concentrated in a high/low LD region, then similar bias observed in
total heritability estimation is expected for partitioned heritability estimation with the
landmark estimator restricted maximum likelihood (REML) approach with linear GRM
(Yang et al., 2011a). The simulation results regarding the bias is discussed in Section
3.5.2, after introducing the Mahalanobis estimator for partitioned heritability.

With existence of non-exchangeable genetic effects, the current definition of
partitioned heritability (3.9) is invalid because for extreme ¥ and u, it is possible
to have h%(X,u) > h?. This phenomenon is unreasonable because contribution of any
subset in explained variation should not exceed the contribution of the universal set.
Provided ¥ and fixed u, we define the heritability attributable to S be

Var(y | zs) B u'Yu-— ugczgqsusc

h%: =1 =
Var(y) u'Yu+ o2

This definition is a natural consequence of several reasonable properties of partitioned
heritability, and we defer the formal discussion of the definition to Section 3.4.2. However,
it is worth noting that the modified partitioned heritability definition may be different
from the estimand defined in (3.9) even for iid random effects in S and S°.

Due to difference in estimands, estimators designed for (3.9) are potentially biased
in estimating h% when LD exists. Let Cov(z;) = X, for S C {1,...,m}, let X5 sc be
the submatrix of ¥ with rows and columns selected according to S§,8¢ C {1,...,m},
respectively. Linear kernel-based heritability estimation measures afg (assuming Var(y) =
1), however, it automatically ignores the interaction between SNPs in group & and SNPs
in 8¢ through ¥s sc. Thus, standard linear kernel approach to h?s create large bias. The

numerical results regarding the bias is shown in Section 3.5.2.

3.4 Fixed-effects models and C-heritability

3.4.1 Fixed-effects heritability

The previous section illustrates some LD-related pitfalls that may arise in LMM-based

approaches to heritability estimation. In this section we propose an alternative approach:
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we consider a fixed effects model with Gaussian data. Based on the fixed effects model,
we propose new definitions of heritability and partitioned heritability, which lean more
heavily on the concept of broad-sense heritability. We also show that these concepts
coincide with the random-effects approach under a Mahalanobis GRM or kernel.

In this section, we assume that the linear model (3.5) holds with some fixed (non-

random) u. We additionally assume that
z1,...,2, ~N(0,%) and e1,. .., e, ~ N(0,02) (3.10)

are independent. These normality assumptions are unrealistic in practice (the entries
of z; are typically discrete). However, instead of taking these assumptions literally,
we rely on them for motivation for the methods proposed in this section. Many other
high-dimensional variance component estimation with fixed effects model (e.g. Dicker,
2014; Janson et al., 2017) require the same multivariate Gaussian random-design (3.10),
for its invariance property under orthogonal transformations. Work of Bai et al. (2007) in
random matrix theory has shown that in the large limit where n, m — oo, the invariance
property holds for a broader class of random matrices. We expect our estimator to
be robust asymptotically for reasonable trinary random designs, similar to simulation
results in (Janson et al., 2017). Theoretical results on relaxing the Gaussian random
design assumptions for the Mahalanobis estimator (by building on results in (Dicker and
Erdogdu, 2016b)) would be an interesting future research direction.

Let (y,z) be a generic draw from the study population. We define the (fixed-effects)
heritability to be
~ Var(y | z) u'Yu

= (3.11)

h? =1 :
Var(y) u'Yu + o2

The fixed-effects heritability (3.11) captures correlation between SNPs and LD through

the quadratic form u'Yu. We also have the following bound for fixed-effects heritability:

2
e M
Amllull? + o2 Ail[ul[* + o2
where A1 and A, are the largest and smallest eigenvalues of 3, respectively.

For the sake of simplicity we assume that Var(y) = 1. Consider the case where

Cov(z;) = ¥ where diagonal of ¥ are all 1. Then (3.11) becomes h3, = Var(z' uju) =
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u' Yu. The normalized linear kernel is equivalent to a random-effects assumption such
that effects in u are iid with Var(u) = 03 /mlI, then its corresponding random-effects
heritability is hiy, = Var(z'u|z) = 02 /mE(z'z) = 0. When ¥ =1, h%, = ||lu|j3. then
fixed- and random-effects heritabilities are equivalent in the sense that E,(h%.) = h3.
However, when ¥ # I, h3, = |lul3 + 2 wiu;¥ij, and the linear kernel-based h2,
could not pick up the cross-terms.

With Mahalanobis kernel, it is equivalent to assume that effects in $'/2u are iid
centered at 0 and with Var(X'/?u) = 72/m, then the Mahalanobis-based random-effects

heritability is

h2, = Var(z'u|z) = Var(z' 2722 2u|z) = 72 /mE(z' ¥ '2) = 72

mk

Hence, for any ¥ > 0, random-effects heritability is similar to fixed-effects heritability

such that Eu(hfce) =h2,.

3.4.2 Partitioning heritability

Broad-sense heritability and the fixed-effects linear model described in Section 3.4.1
also motivate a natural definition of partitioned heritability. For S C {1,...,m}, we
define the heritability attributable to S to be

Var(y | zs) B u'Yu-— ugCZSqSusc
Var(y) u'Yu+ o2

h:=1- , (3.12)

where Yge|s = Yge e — 235’525’2237& and ¥g, s, is the submatrix of ¥ with rows
and columns selected according to 81,82 C {1,...,m}, respectively. This definition for
parititoned heritability consistently accounts for correlation between LD and SNPs.
The definition (3.12) makes sense in the context of broad-sense heritability, and
when the genetic features are Gaussian (or approximately Gaussian). As discussed in
Section 3.4.1, the Gaussian assumption almost never holds in practice. In the following
proposition, we argue that (3.12) is also a natural consequence of three reasonable
properties we might expect of any quadratic form-based estimator for partitioned

heritabilty for linear models.
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Proposition 1. Assume that the linear model (3.5) holds, that u € R™ is a fized vector
and that E(z) = 0, Var(z) = X. If the heritability attributable to S, h% = h4(w; ), is a

quadratic form in u satisfying the following properties

(i) 0 < hi(w;X) < h2(w;X) for all u € R™, where h? = h%(u; X) is the fized-effects
heritability (3.11),

(i) h%(w;X) = h2(w; X) if and only if use =0, and
(iii) h%(u;X) does not depend on Lse se,
then we must have

UTZH - u§023c|3u36
u'Xu + o2

hg =

Proposition 1 is proved in Section 3.6. Condition (i) in Proposition 1 says that the
heritability attributable to a subset of SNPs & must be smaller than the total heritability
(i.e. the heritability attributable to all measured SNPs); condition (ii) means that the
heritability attributable to S is equal to the total heritability if and only if all causal loci
are contained in S; condition (iii) means that the heritability attributable to S should
not depend on LD amongst SNPs that are not S (though it certainly may depend on
LP between SNPs in S and those not in S). We defer discussion of how to estimate h%

until the following sub-section.

3.4.3 (-heritability with projections

In addition to focusing on the heritability attributable to a subset of SNPs & with
partitioned heritability, we can extend the definition of heritability to variation explained
by any linear projection C''z, for m x k matrices C' with rank k:

~ Var(y | C'z)

2 _ 12,03 = 1
h2 = hZ(u; %) Var(y)

Under the linear model with Gaussian data (3.10) and the additional assumption that

Var(y) = 1, we have
hZ, =u'zCo(C )0 Su (3.13)

The following lemma summarizes some useful facts about h%.
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Lemma 1. Assume (3.5) and (3.10) and that Var(y) = 1. Then

he(w;I)=u'C(CTC) ' CTu (3.14)
and
hé(w; D) = hi o (B 20 ). (3.15)

If, furthermore, m = k, then

hi(w;X) =u' Su (3.16)

The proof of Lemma 1 is trivial. The second identity in the lemma (3.15) helps to
explain the connection between LD and heritability — it implies that heritability in a
model with LD structure X is equivalent to heritability in a model where LD has been
removed through a whitening transformation z — X ~%/2z. The third identity (3.16)
implies that C-heritability is invariant under (full rank) change-of-basis for the genotype
z+— Clz.

The projected C-heritability (3.4.3) is equivalent to partitioned heritability from the

previous section.

Lemma 2. Assume (3.5) and (3.10) and that Var(y) = 1. Let S C {1,...,m} and let

IIs be the projection matrix onto coordinates indexed by S. Then h?s = h2H$.

The proof of Lemma 2 is trivial. However, the lemma is useful because it provides a

direct method for estimating h?s when combined with the results in the next sub-section.

3.4.4 Estimating C-heritability

In this section, we assume fixed-effects linear model and suppose x ~ N (0,%). We
would like to estimate hZ (u; %), for some full rank matrix C' € R™**.

Let Us be a m x k matrix with orthonormal columns such that

»12¢(CTE0)CTEY? = UcU/L. Let Upt be a corresponding m x (m — k) matrix
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with orthonormal columns satisyfing UchL =0and I = UcUg +Ucs Ugr Then

y=Zu+e
= 25 V20U S Pu+ 257 VPUL UL 5 Pu +-e
=Wove + WCJ_VCJ_ +e

= Zove +ec, (3.17)
where

We =28 V200 = 20(CT2C) V2, Wor = 257 V2U,0,
Vo = Ung/2u, VoL = UJLZI/Qu,

ec=Zcivpol + e

Thus, we've transformed the original linear model with data (y, Z) into the linear model

(3.17) with data (y, W¢), where
We ~N(0,1), ec~N(0,(|[ver|]* +02)I). (3.18)

Moreover, h? for the model (3.17) is equivalent to the C-heritability h?(u;X) for the
original linear model. Thus, to estimate h%(u;X), we simply esimate h% under (3.17).
Let 02, = [[vor|® 4+ 07 and 7 = |vel/?. Consequently, we can estimate 74
and O'% with Gaussian maximum likelihood, for a random-effects model where vgo ~
N{0, (73 /k)I} and independent of ec and W¢ (Dicker and Erdogdu, 2016b). Let

77% = Tg / 020 1, then our proposed fixed-effects heritability estimator is

52
~ Ne
he = :
CT 14
where
1 1
(¢, 62,1 ) := argmax ——log(02,.) — =— logdet <772/M/V(;Wér + I)
77%7 UéL 2 2n

-1
_27710.2LyT <772/kvVC'VVC’T +I> y.
C

Despite fzzc is motivated by maximizing likelihood of multivariate Gaussian variable

y | We, it is consistent in estimating fixed u € R™ under the assumption that k/n —

p € (0,00)/{1}.
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Proposition 2. Assume (3.17)-(3.18) hold, and suppose (U%,n%) € K for some compact
set I C (0,00) and p € (0,00)/{1}, then as k/n — p,

7 ﬁC 2
hi = - —h
“ e +1 ©

2
wn probability. Moreover, define T = %WCW(—; and J = %WCWE + 1, then

-1
b 208, (. tr(IJ*F)l
Vilhe —he) — N (O’ (1+n2)? (1 ntr(727 ) '

Consistency of il% is an immediate result of Theorem 1 from (Dicker and Erdogdu,
2016b) and Slutsky’s theorem. In addition asymptotic normality of IA120 can be easily
derived by Theorem 2 of (Dicker and Erdogdu, 2016b) and the delta method. The
asymptotic variance is derived in Section 3.6 .

This estimator performs well for the fixed effects model, however, under Mahalanobis
kernel, it is also the standard Gaussian variance component maximum likelihood approach
for random-effects model such that the vector of effects follows v ~ N(0, 74 /kI). Work
of Dicker and Erdogdu (2016a,b) has shown that the MLE approach is reliable not only
for Gaussian iid effects, but also for correlated random effects and even fixed effects
by a coupling argument and a concentration bound for the MLE. Hence, our proposed
estimator is also very flexible in terms of model specification. As previously mentioned,
the least squares approach is sometimes preferred due to data privacy. Building on
(3.17), method of moments approach to C-heritability estimation is also possible. We

refer the reader to (Dicker, 2014) for details.

3.5 Numerical experiments

In this section, we run comprehensive numerical experiments on total and partitioned
heritability estimation. Performance of total heritability estimators are compared while
varying LD-level and sparsity of causal variants. Performance of partitioned heritability
estimators are compared when either LD exists between partitioned sets of SNPs or

LD-level of causal variants is uneven.
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3.5.1 Total heritability estimation

For total heritability estimation, we consider the following model

2
9y

I g7+ 2T
1817 3”@)

y~MV<O

where e; ~ N(0,02) and uj ~ N(0,02/|S|). In the absence of additional information

about S, estimators for h? are usually fit according to the linear model (3.5). The

simulation setting is very similar to that in Section 3.3.1, such that:
(i) m =500, m = 1000.
(i) 02 =1—o0.

(iii) z1,...,2y ~N(0,X), where

AR(03) 0
0  AR(0.7)

and AR(p) is the m/2 x m/2 matrix with ij-entry pl*=7l.
Let R; = {1,...,m/2} be the low LD region and Ry, = {m/2+1,...,m} be the high

LD region. We vary location of causal variants and 02 = 0.3,0.5,0.7 for experiment

d=1,...,50, such that ugd) ~ N(0,02/|8|) for j € S with

g
(i) S=RLURy;
(i) & =TRnp;
(iii) S = R.

In each of these senarios, we simulated 50 independent datasets specified according to
this model, and for each dataset we compute the Mahalanobis estimator, maximum
likelihood estimator with linear kernel proposed by (Yang et al., 2010, 2011a). We also
include LD-adjusted kinship (LDAK) approach proposed by (Speed et al., 2012), which
is designed to improve the total heritability estimation performance of linear MLE when
uneven LD structure exists. For LDAK, the Linear GRM is adjusted by re-weighing

each predictor, and the modified REML method takes new inputs y and LD-adjusted X.
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Distributional summary statistics are reported in Figure 3.1.
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Figure 3.1: Confidence intervals of linear kernel-based maximum likelihood estimator
(L-MLE), MLE with LD adjusted linear GRM (LDAK) and Mahalanobis kernel-based
MLE (M-MLE) with causal variants from different LD-level regions. Underlying h? in

panels from top to bottom are respectively 0.3,0.5,0.7 and marked in red dashed line.

In Figure 3.1, maximum likelihood estimator with linear kernel is generally biased when
causal effects are generated from high or low LD regions. The estimator does not show
obvious bias in either direction when all SNPs are causal. LDAK attempts to adjust the
biased linear MLE towards the underlying h%. It shows some improvement in adjusting
the biased linear MLE when uneven LD structure exists. However, when the bias of linear
MLE is small (when h? = 0.7), the LDAK over-adjusts the linear MLE and becomes
badly biased. With Mahalanobis GRM, the MLE is not biased when LD is coupled
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with causal loci. Since all three methods belong to the same maximum likelihood family,
widths of their confidence intervals are very similar.

In the next experiment, we vary sparsity of effects. We let n = 500, m = 1000,
O'; =02 =05 and 2z, ...,2, follow the same Gaussian distribution in the previous
experiment setting. Given ||, we let u; ~ N'(0,07/|S|) for j € S with elements in S
uniformly sampled without replacement from region A. For |S| = 25,50, 100,200, we

vary A as follows

(i) A=RpURy;
(ii) A=TRp;
(i) A =R

For each setting above, we simulate 50 independent datasets with common effect-sizes
according to this model. For each dataset, we compute the same three estimators for
the fixed-effects heritability.

In Figure 3.2, the underlying h? is a piece-wise constant function because of the
fixed effects setting. The experiments show that the linear MLE is less stable when
effect-sizes become more sparse (consistent with results in (Speed et al., 2012)). As
number of causal variants decreases, it is more likely that the collection of causal variants
is enriched in either high or low LD region. As a result, the top panel shows that
there is obvious downward bias even when effects are randomly sampled from average
LD region (indicates that the majority of causal effects are in low LD region). For all
sparsity settings, linear kernel-based MLE is biased in the direction corresponding to the
LD-level. Moreover, we observe that LDAK adjusts the bias of linear MLE towards the
underlying h2, however, it under-adjusts the estimate, and remains biased in panel 1 and
4. Regardless of sparsity, the Mahalanobis estimator is free of LD issues in estimating

fixed-effects heritability.
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Figure 3.2: Confidence intervals of maximum likelihood estimator (L-MLE), MLE with
LD adjusted linear GRM (LDAK) and Mahalanobis kernel-based MLE (M-MLE) with
causal variants from different LD-level regions. Underlying h? is marked in red dashed

line. Effect sparsities from top panel to bottom are 25,50, 100, 200, respectively.
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3.5.2 Partitioned heritability estimation
Consider the two variance components linear model
y = ZSU.S + ZSCU.SC + e, <319)

where
N(o,;isl), ifie A CS,
i ~ N(o,%), if i € Ay C S,

0, otherwise,

provided e; ~ N(0,02) and 02 = 0.5. We would like to estimate h? associated with S.
The first experiment considers the setting where all variants are causal and LD exists

between two partitions of SNPs. Specifically, we let
(i) n =500, m = 1000.
(i) S ={i € [m];1 =i(mod4)}.
(i) A1 =S and Ay = S°.
(iv) z1,...,2y, ~ N(0,%) where

o [ ARO3) 0
- 0 AR(0.7)

and AR(p) is the m/2 x m/2 matrix with ij-entry pl*=7l.

We vary size of og =0.1,0.3,0.5. For each setting, we simulated 50 independent datasets
specified according to this model, and for each dataset we compute the Mahalanobis
estimator and restricted maximum likelihood with linear kernel (Gilmour et al., 1995;
Yang et al., 2011a). REML finds the maximum likelihood estimator for two variance

components linear model. Distributional summary statistics are reported in Figure 3.3.
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Figure 3.3: Confidence intervals of linear REML (L-REML) and Mahalanobis kernel-
based MLE (M-MLE) with different signal strength in S (% = 0.1,0.3,0.5) when

partitions of SNPs are in high LD. Underlying h?g is marked in red dashed line.

Since elements in S is chosen such that they are spreaded out, the LD between
two partitions of SNPs is very significant. It is shown in Figure 3.3 that the linear
kernel-based MLE is consistent in estimating 0‘25, however, it has downward bias in
estimating h?g when ag < 0.5; the bias is due to difference in estimand, and estimand
of linear REML ag is less than h?s when agc # 0. When O'?S = 0.5, h?s = a?s because
all causal loci are contained in S. As O'?S decreases, the downward bias of linear REML
becomes larger due to larger difference between 0%- and h?g. The Mahalanobis estimator
is consistent in estimating h?s as it considered the LD between two partitions. Due to
similar nature, the confidence intervals of two methods are roughly the same.

In the next experiment, causal loci are selected to be from uneven LD regions. We let

(i) n =500, m = 1000.
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(i) S={m/4+1,...,3m/4}.
(ili) Ay = {m/4+1,m/2}.

(iv) z1,...,2n ~ N(0,X) where

AR(0.3) 0 0 0
0  AR(0.3) 0 0
=
0 0  AR(0.7) 0
0 0 0  AR(0.7)

and AR(p) is the m/4 x m/4 matrix with ij-entry pli=Jl.

Denote R; = {1,...,m/4} and Ry, = {3m/4+1,...,m} be the set of indices in low and

high LD regions, respectively. We vary locations of As, such that
(i) A2 = Ry URp;
(i1) A2 = Rp;
(iii) Az =Ry.

For each setting, we simulated 200 random-effects vectors and independent datasets, and
for each dataset we compute the Mahalanobis estimator and REML with linear kernel.

Distributional summary statistics are reported in Figure 3.4.
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Figure 3.4: Confidence intervals of linear REML (L-REML) and Mahalanobis kernel-
based MLE (M-MLE) with causal loci of partitions from uneven LD regions. Underlying
h?s is marked in red dashed line. Causal loci S is from low-LD region while LD-level of
causal loci in 8¢ varies.
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In all three cases, the Mahalanobis estimator is consistent in estimating
o2
h% = ag+o——§:+az = 0.25,

while the linear REML shows downward bias (as expected). The objective of increasing
the number of experiments is to shorten the confidence intervals in three cases and show
the subtle difference of REML with linear GRM when LD-level of causal loci in §€ varies.

In the first setting, causal loci in § are from low LD region, while causal loci in §¢
are from average LD region. When causal loci in §¢ are instead from high-LD area,
estimates of h% increases surprisingly. Notice that linear REML’s estimated ﬁ% is derived
by plugging in estimated &?S, 6%6, 62. A possible explanation is that in the first setting,
the overall LD-level of all causal variants is below average, and ag is over-estimated.

As LD-level in 8¢ increases, the overall LD-level of all causal variants becomes even,

2

2 is reduced. Although &%C becomes upward biased because

therefore, upward bias in &
of uneven LD in 8¢, due to magnitude difference between o2 and a?sc, the decrease in
62 outweigh the increase in sc. Thus, the overall il%- shows less downward bias. When
causal loci is from low LD region, similar reasoning explains why iL% performs worse

than the first setting.

3.6 Appendix

3.6.1 Proof of Proposition 1

Proposition 1. Assume that the linear model (3.5) holds, that u € R™ is a fized vector
and that E(z) = 0, Var(z) = X. If the heritability attributable to S, h% = h%(w; ), is a

quadratic form in u satisfying the following properties

(i) 0 < hi(w;3) < h?(w;X) for all u € R™, where h* = h*(u; X)) is the fized-effects
heritability (3.11),

(i) h%(u;X) = h?(w; X) if and only if use =0, and

(iii) h%(u;X) does not depend on Lge se,
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then we must have
u'Yu - ugCZSqSusc

h% =
S u'Xu+ o?

Proof. For the sake of simplicity, assume Var(y) = 1. Without loss of generality,

ES 28786

assume that S = {1,...,|S|}, let u = (uf,ul.)" and ¥ = Then the
E:SI—,SC ESC.
. Y 1 ter. 1.9 T I's Tsse) .
quadratic form based heritability hg(u,3) = u'I'u where I' = is a
Pg,sa Lse

p X p. Moreover, due to property (i), 0 <T' < X.

If ug =0,V us € RIS,
h? = ugESuS,
h?; = ugfgus.
By property (ii), this implies I's = ¥s. If us = 0 and uge # 0,
h2 = u:s'rcESCUSC,
h?g = u:grcFSCIISC.
Then by Property (i) and (ii), I'se < Xsec. Next, Property (i) suggests that

0 ES,SC — F&Sc
Y-TI'=
(Bs.se —Tsse)!  Bse — e

Since Yge —I'se >0, ¥ — I' > 0 is equivalent to

0— (ES,SC — FS,SC)(ESC — Fgc)_l(z‘g"gc — FS’Sc)T

(2375‘: — F&Sc)(zsc — Fsc)_l(z&sc — FS7$c>T < 0

v
o

However, (ES’SC — FSVSC)(ESC — Fsc)fl(z&gc — F‘g’Sc)T > 0 because X —T' > 0 and

Yge — 'se > 0. Therefore,
(E&SC — F375c)(23c — Fsc)_l(z&sc — F&Sc)T =0
Thus, I's sc = X5 5. Moreover, I' > 0 implies

Tse — S5 5:55 Ss,se > 0 (3.20)
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We then let
Tse =Yg 525 Ssse + M, M>0

Finally, we would like to prove M = 0 by contradiction. Suppose that there exist some
use = B and ¥ such that 8T M3 > 0. Let u= (0,...,0, )7, then
he =B85 5 ' SsseB+BTMB
Now let
23 ES,SC

-1
Z::Sr,SC E:Sr,Scz]S ES,SC + §M+ 4”,6”% I

By property (iii), h3(u,X) = h%(u, 2). However,

M
I

_ 3
W) = B'S5s5 Vs seB+ 8" MB

= W5)- ;8T Mp

This contradicts with Property (i). Therefore, M = 0 and I'se = EE,SC 2512375& O

3.6.2 Proof of Proposition 2

Proposition 2. Assume (3.17)-(3.18) hold, and suppose (c%,n%) € K for some compact
set I C (0,00) and p € (0,00)/{1}, then as k/n — p,

) le
hC —

— h2
e +1 ¢

2
i probability. Moreover, define T = %WCWCT and J = %WCWCT + I, then

Va(hz —h?) 2 N (Q 200, (1 tr(Ij1)2)>—1)_1‘

AT+n2)t U ntr(Z2T 2
Proof. By Theorem 2 of (Dicker and Erdogdu, 2016b),
. D
V(ig = ng) — N(0,2).

where 1) = (15 —12/14)7! and

1 1 a=2 /2 2o
lo = ——5—tr (WCWCT> (CWCWCT + I) .
Ino (4—a) k k
CL
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Let T = tWeW/ and J = ZCWeW/ + 1, It follows that

tr(Z7 1)\ 7
)

=200, (1— — S
V=200, < ntr(Z2J 2

By the Delta method,

Vathz —n?) 2 N (0, Q’Z’) .

(1+n2)*

52
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Chapter 4

Projected least squares and risk estimation for

out-of-sample prediction

4.1 Introduction

Model complexity in high-dimensional data analysis makes regularization essential
for estimating the parameters. On one hand, outcomes in these big data problems can be
predicted via the shrinkage approach with additional structural smoothness or sparsity
assumptions, for example, as discussed in Chapter 2. On the other hand, for non-random
signals, a simple but effective approach is via dimension reduction. Moreover, the optimal
approach is usually chosen by minimizing the risk, and heritability estimation discussed
in Chapter 3 provides consistent risk estimation for fixed effects models. This chapter
contains new model evaluation approach that identifies and assesses simple dimension
reduction techniques for high-dimensional data analysis, with models that are known to

be misspecified.

4.1.1 The model

Consider the linear model

y=XB+e¢e, (4.1)
where y = (yl,...,yn)T € R™ is centered and real-valued response vector, X =
(X1,...,X,) | € R™P is centered full rank design matrix, 3 € RP is parameter vector

of length p, and € is noise vector of length n, such that E(e) = 0 and Var(e) = o21.
We are interested in the out-of-sample prediction problem under the setting where
(yi, xi) X F and p/n — p € (0,00) when n,p — oco. Under quadratic loss, portion

of explained variation for out-of-sample prediction method has an upper bound of
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Var(x ' 3)/Var(y). In the context of genome-wide association studies (GWAS), the upper
bound is interpreted as the narrow-sense heritability in Chapter 3. However, in practice,
reaching this upper bound (or even a fraction of it) is notoriously challenging for this
high-dimensional prediction problem as most of effect-sizes are small and insignificant,

but not sparse (Consortium et al., 2009; Wray et al., 2013).

4.1.2 Motivation

In many high-dimensional data problems, out-of-sample prediction are optimized by
complicated feature engineering methods (Zhang et al., 2016). These methods target at
pushing portion of explained variation towards the upper bound — total heritability.
However, in some applications, effects can be naturally partitioned into finitely many
clusters. Instead of estimating each effect, we could simply estimate the (weighted)
average effect within each cluster. Such strategy is equivalent to linearly transform the
input vector. The average effects within clusters can be estimated easily when sample size
is sufficiently large, and this linear dimension reduction method is easy to interpret and
implement; however, since the linear dimension reduction approach ignores within-cluster
variations, the model becomes misspecified. Comparing to portion of explained variation
of correct model methods, that of misspecified dimension reduction has a smaller upper
bound — C-heritability (defined as (3.13)). Although the upper bound C-heritability
is smaller than the total heritability, it is much easier to achieve because misspecified
dimension reduction deals with finitely many parameters.

Intuitively, when effects behave nicely within clusters (i.e., same direction and/or
small variation), the misspecified error is small and misspecified dimension reduction
should perform well. This approach has shown comparatively good performance in several
areas such as demand forecasting, genetic risk prediction and asset return forecasting
(Mark and Sul, 2011). In online retailing, the weekly demand of every product sold online
is required for inventory planning. Training a common univariate time series model for
all products has shown higher prediction accuracy under various metrics than other high-
dimensional time series methods. Moreover, genetic risk prediction is an important topic

in genetics for animal breeding and human disease prevention /intervention (Henderson,
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1984; Consortium et al., 2009). The (multi-)polygenic score approach to quantitative
trait prediction has drawn much attention recently (e.g. Krapohl et al., 2017; Selzam
et al., 2017). The polygenic score (also known as genetic risk score) summarizes all
genetic variants associated with a given risk factor by weighted sum over all genotypes
(weights are derived by repeated simple regression from a large repetition sample). The
prediction model is then fitted against multiple polygenic scores. Multi-polygenic score
approach has shown to be effective in predicting educational attainment (Krapohl et al.,
2017). Both pooling/stacking data in demand forecasting and multi-polygenic score
approach are applications of misspecified dimension reduction method, and the goal of
this chapter is to investigate the conditions for this approach to perform well, comparing

to alternative methods.

4.1.3 Related work

The linear model (4.1) is sometimes derived by combining (stacking) many individual
linear models despite heteroscedasticity and correlated error, especially for high-
dimensional time-series analysis such as online-retailing data. For these datasets,
generalized least squares is usually performed to transform the data to achieve
uncorrelated and homoscedastic error, provided that covariance matrix of error is known
up to a scalar factor (Fahrmeir et al., 2007). Comparing to the classical ordinary least
squares, generalized least squares has advantage in terms of reduced variance.

However, generalized least squares does not handle problems of high-dimensionality
and collinearity among predictors. If the majority of features are assumed to be zero,
then the parameters can possibly be estimated consistently with some feature selection
method. For non-sparse signal, its dimensionality is usually reduced by feature extraction.
After reducing the model complexity, novel parameters could be easily estimated the by
least squares method.

Principal component regression (PCR) is a classical feature extraction approach that
handles high-dimensionality issue by regressing the response on top principal components
of predictors. When PCR was first introduced by Hotelling (1957), the PCR was treated

as a change-of-basis variation of the original least squares problem, where all principal
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components (PCs) remain in the least squares model regardless their corresponding
magnitudes of variances. However, for dimension reduction purpose, low-variance PCs are
usually dropped from the model assuming that the loss of prediction power is very little.
Many real data examples noted in (Jolliffe, 1982) contradicts with this assumption, by
showing the significance of low-variance PCs. Since PCR drops low-variance PCs without
considering the responses, the approach could potentially result in large misspecification
error.

Partial Least squares method is another linear dimension reduction approach.
It is developed by (Wold, 1975; Wold et al., 1984) primarily for models with high
dimensionality and multicollinearity issues in the field of chemometrics. The method has
been widely applied in genomic data for regression and classification purposes (Boulesteix
and Strimmer, 2006). In contrast to PCR, partial least squares creates a sequence of
orthogonal input directions by iteratively maximizing variance between response and
predictors (Hastie et al., 2009). The dimensionality of the problem can be reduced by
dropping trailing input directions in the sequence, and the majority of prediction power
retains in the misspecified model.

Both PCR and partial least squares project the data to some lower dimensional
subspace. The response is then predicted by least squares. We refer projected least squares
to be the class of least squares estimators that takes a linearly transformed covariates.
The projection-based dimension reduction methods are based on distances calculated
under the linear kernel. With different kernels, many linear dimension reduction methods

can be extended to non-linear manifold methods (Nasrabadi, 2007).

4.1.4 Contribution

Previously mentioned linear dimension reduction approaches discuss specific
implementations of finding the projection directions for design matrix. However, to the
best of our knowledge, risk estimation for fitting these misspecified model is not yet
available for methods with derived input directions. This chapter derives asymptotic
out-of-sample error for projected least squares approach rather than focuses on deriving

the transformed directions. Similar to many high-dimensional prediction methods (Bayati
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and Montanari, 2012; Dicker, 2016), the explicit asymptotic risk of projected least squares
is in terms of variance components.

Recall that in Chapter 3, we have discussed an estimation method for evaluating
proportion of explained variance in a model with random-design assumption. Hence,
we propose to evaluate out-of-sample error by variance component estimation, and
furthermore compare risks of various models by heritability estimation. The evaluation
tool can be directly applied to risk estimation and model evaluation in multi-polygenic
score method for genetic risk prediction.

Rest of the chapter is organized as follows: Section 4.2 discusses out-of-sample error
of ordinary least squares (OLS) estimator. Section 4.3 presents asymptotic risk of
projected least squares. Risk estimation for various high-dimensional methods with
explicit asymptotic risk is contained in Section 4.4. Section 4.5 and 4.6 discuss numerical
analysis regarding genetic risk prediction and demand forecasting, respectively.

Notations. For v. € R" and M € R™", denote the Il norm [|v]]y := Vv v,
denote the matrix norm ||v|[p; := VvI Mv, and denote the spectral norm || M| :=

max |x(|,~1 || Mx|[3.

4.2 Out-of-sample prediction and OLS

4.2.1 Loss function and random-design assumption

For in-sample prediction only, we usually pursue an estimator such that it minimizes

the Euclidean distance with y, i.e. minimizing
lin(8; X,y) = | X6 —yll5. (4.2)
When p < 1, the OLS estimator of (4.1), by definition, is the minimizer of (4.2), where
Bos = (XTX)'XTy.

Although ﬁols achieves the minimum in-sample error (4.2), supervised learning is primarily
used to predict unseen data. For out-of-sample prediction, random-design assumption

is usually required. We assume that for i = 1,...,n, z; = (yi,xg— )T is the " sample
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drawn from the population with a distribution F', where E(x;) = 0 and Var(x;) = X.
Therefore, we would like to find an estimator that minimizes the expected lo loss for
unseen data z,41. Then, the out-of-sample error of an estimator ) conditioning on the

training set (y, X) is
[(8;y, X, 2) = |6 — BII. (4.3)

Throughout the chapter, our goal is to minimize (4.3).

In this chapter, we have strong distributional assumption on F', such that

Xl,...,xnirig (0,%¥) and 61,...,enirig (0,02) (4.4)

are independent, where Y. is a positive definite and o2 > 0. Therefore,
g o (BB BT
>3 D)
With only mild conditions (without Gaussian assumption) on the design distribution,
bounds of the non-asymptotic risk of OLS, ridge regression, and misspecified OLS are
derived by Hsu et al. (2011). However, exact asymptotic risks are challenging without
multivariate Gaussian assumption on z;. Similar Gaussian assumption on F' has been
made in linear model risk studies such as Breiman and Freedman (1983); Leeb et al.
(2009); Dicker (2013). Lemma 3 and 4 depends on the closed-form expectation of trace

of inverse Wishart distribution. Moreover, proofs of these lemmas rely on orthogonal

invariance of Gaussian noise distribution.

4.2.2 Generalization of ordinary least squares estimator

For online-retailing data, dimensionality of covariates is approximately the same as
number of observations; therefore, we are still interested in the case where p < 1. OLS
method is the classical estimator when p < n, and its asymptotic risk can be computed

under assumption (4.4).

Lemma 3. Let n,p — oo and p/n — p € (0,1), assume condition (4.4) holds, then
oZp
1—p

. - . 2
n}p}goo ||180ls BHE -
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The proof of Lemma 3 is contained in Section 4.7, and is consistent with results
derived by Dicker (2013). As p approaches to 1 from the left, OLS is expected to
gain tremendous out-of-sample error. Therefore, it is reasonable to consider other high-
dimensional methods in this senario. Risk for other linear shrinkage estimators such as
oracle solution of ridge regression is also derived similarly under Gaussian assumption
(4.4) (Dicker, 2013, 2016). Asymptotic squared-error risk of LASSO is proofed based
on analysis of approximate message passing algorithm discussed in Chapter 2 under
assumption (4.4) and ¥ = I (Bayati and Montanari, 2012).

In the e-commerce data, predicted demands are further analyzed for the purpose of
inventory planning. Since the cost of failing to fulfill cosumers’ demand outweigh cost of
storing extra inventory, we may also be interested in other loss functions such as quantile
loss and absolute loss. Exact risk is only available for squared-error loss, but in practice

similar phenomena seem to hold for these other loss functions.

4.3 Projected least squares estimation

For the purpose of out-of-sample prediction, we propose an OLS-type estimator,
which regresses y on linearly transformed predictors XC, where C' € RP** (k/p — 0).
This approach provides a sharp estimate of the coefficients while introducing some
misspecification error.

The transformation matrix C is given a priori. For example, in online-retailing data,
suppose there are m products sold online, then C' could correspond to pooling the data
across products and create a common univariate time-series/regression model for all
products. The linearly transformed predictors provide information of average overall
demand for each previous week. For multi-polygenic score approach in genetic risk
prediction, the weights in C' are noisy estimations of each parameter acquired in a large
repetition sample (Selzam et al., 2017). The projected design summarizes all genetic
variants associated with a given risk factor by weighted sum over all genotypes.

In many other problems where projection directions are not obvious, it is important

to investigate the suitable transformations. The directions can be found by dimension
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reduction techniques, including classical principal component analysis and partial least
squares noted previously. In addition, these directions derived can be converted into a
coarser group mapping by projected-clustering method such as k-means. The clustering
pattern might also lie within subspace of the data; however this approach might not be
as effective due to the curse of dimensionality (Kriegel et al., 2009). However, for out-of-
sample prediction, the best choice of finite dimensional projection C should maximize

its corresponding C-heritability.

4.3.1 Asymptotic risk

Similar to the argument on (3.17) from Chapter 3, with random-design assumption,

we can decompose y into the following form

y = XpB+e
= 73?8+ €
= zx2c o)y lieTeB + Zz(I - 220t (CTEo) e TEY)R 28 e
= XCp+ X~v+e

where
7 =Xn 2
p = (C'sCe) e
v =08-Cpu.

The estimand of projected least squares p is a linear transformation of 3. Consider the

new noise being € = (€},...,¢,)" = X~ + €, under assumption (4.4),
e "5 N(0,4TSy + 02)  and independent of C' x;.

Then we take the least squares approach to estimate C'p. The least squares estimate
provides a sharp estimate on C'u as k/p — 0, while introducing some bias because of
model misspecification. Such bias-variance tradeoff is shown in asymptotic out-of-sample

error of projected least squares below.
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Lemma 4. Assume that the linear model (4.1) holds, that B € RP is a fized vector.

Suppose that z; = (y;, X;.) | and

iid. B'EB+02 B'Y
Z; ~ Oa
¥ 5

Let C € RP*F k/p — 0, and define

A

ﬁproj = Cﬂproj = C(CTXTXC)ilcTXTy,
Then,
nhHHSO HBproj - ﬁ”% = ’YTE'Y-

This lemma is derived in Section 4.7. In the large limit, all of out-of-sample error of
projected least squares comes from the misspecified error. Moreover, from the heritability
point of view, consider new response be €, then 4" ¥~ measures the total amount of
variation with in € that is attributable to predictors X. In other words, the portion of
explained variation for projected least squares achieves its upper bound (C-heritability)

in the large limit.

4.4 Risk estimation and model evaluation

4.4.1 Random-effects assumption

In Chapter 3, we have discussed the maximum likelihood approach for fixed-effects
variance component estimation. When ¥ = I, the random-effects Gaussian maximum
likelihood method estimate is consistent in estimating 4" 2~ (Dicker and Erdogdu, 2016b).
When ¥ is known, the data can be reduced to the iid design case after transforming
the data (y, X) — (y, XX~/2). Therefore, for risk estimation purpose, £1/2~y € RP is

treated as id random effects to quantify the magnitude of lost signal. Hence, assume that
2

B=Cu+~, CcR* 1 cRF and Y2y ~ N <o, I,,) . (4.5)
p

Under the assumption above, the out-of-sample error of projected least squares is

equivalent to 72. Moreover, it has been previous noted in Chapter 3 that the popular
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linear kernel-based maximum likelihood approach is potentially biased in estimating
~ ¥~ for fixed -, and the whitening transformation step (y, X) — (y, XX ~'/2) is crucial
in avoiding biased estimation results. Therefore, in this section, we assume that the
structure of ¥ is known.

As noted previously, 72 is the amount of signal variation within €, and variance

component estimation requires €. As an immediate result of Lemma 4 ,
lim ||Cp— B, — 0.
oSy H K IBp'rogHZ
Let

5’ = y_Xléproj' (46)

Then, the residual y is a proxy of € in the large limit.

4.4.2 Heritability estimation

In prediction problems, the optimal approach is selected by minimizing the risk. In
this subsection, we would like to discuss how to compare out-of-sample error of projected

least squares estimation to that of alternative methods. Let h? := which measures

_T
724027
the variation in residual € that is attributable to predictors. Then h? indirectly measures
risk of projected least squares, and the optimal approach to the problem can be measured
by h? and heritabilities of other approaches.

First of all, when p < 1, h? provides a rule of thumb for deciding whether projected
least squares is superior than OLS. Since in the online retailing data, n = p, we are still

interested in the performance of projected least squares when p < 1. The decision rule is

shown as follows:

Corollary 1. Asn,p — 0o and p/n — p € (0,1), under assumption (4.5), (Bpmj) <
l <Bols> 15 equivalent to

72

The corrollary is an immediate result of Lemma 3 and 4. The left hand side of the

inequality h? compares the squared bias with noise variance for a model where variance
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of the estimator converges to zero in probability. Such risk evaluation can also be applied

to residual of other high-dimensional methods with variance converges to zero.
Heritability A% can be measured by maximum likelihood estimation with Mahalanobis

kernel. Motivated by random-effects assumption 4.5, let % = 72/02 and the maximum

likelihood estimator (MLE) for variance components (o2, 7?) is

(62,7%) = argmax I(aZ,7°), (4.8)
02,n7?>0
where
2 n2 -1/2 3 1 2 1 2 13T
loZ, " XX7%y) = —ilog(as)—?logdet(n /pXXIX T 40
n

vy (P /pXSTIX T+ D)7y

2
2no;

is the log-likelihood of y\XE_l/Q. The corresponding MLE of h? is

h? = #772
We refer statistical properties (i.e. consistency and asymptotic normality) of h2 to
Proposition 2 in Chapter 3. Comparing to ordinary least squares, the projected least
squares is preferred when h? < p, a standard Wald test can be applied for the decision
of whether to perform the projected least squares method.

When comparing out-of-sample error of projected least squares with that of other
sharp estimation approach (e.g. projected least squares with other candidate projections),
the preference can also be carried out by variance component estimation (i.e. the
projection matrix is prefered when its associated C-heritability is larger). Suppose ﬁalt
is the estimate of an alternative method such that

. . 2
lim Hﬁalt —E (/Balt) HE — 0.

n,p— 00

Then let the residual of the alternative method be y/ =y — X ,éalt and assume y’ —
X~ + € where v/ = B — E(B,;). Let /2 = 7/2/02, then 7% is an estimator of 72 via
Gaussian variance component MLE (4.8). Then the original projected least squares
method has a smaller misspecified error when Wald test rejects the null hypothesis

H(()a) :n? —n?>0.
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For other estimators that are less sharp, direct analysis on variance components in
residual could potentially cause biased estimation results. However, if the asymptotic
risk has an explicit form in terms of quadratic form-based signal-to-noise ratio, we can
also use similar technique to estimate the risk.

Take ridge regression as an example. Provided Cov(x) = 3, define the ridge regression

estimator corresponds to the regularization estimator 2 € [0, 00| be

Briage(??) = TTVASTAXTXRTV2 4 p/i2)"ln7l2X Ty,
= (XX +p/*%) Xy,

Let k2 = B3TX8/02 be the signal-to-noise ratio (SNR) of linear model (4.1), then define

the optimal ridge regression estimator be

A~

Briage(w?) == (XTX +p/s?5) ' X Ty. (4.9)

A

Bridge(r?) is “oracle” in the sense that

H(Briage () = it 1 (Briage())

t2€[0,00

Moreover, assuming 3' £8 < oo, we have

lim sup |l (Bridge(ﬁ’z)) - UgRridge(KJQu P)‘ =0,
n,p—00 BeRp
where
1
Rriage(K*,p) = 2 {"iz(ﬂ — 1) —p+/(K2p— k2 —p)2 + 4H2p2] .

The asymptotic risk of oracle ridge estimator is derived in (Dicker, 2013, 2016). Similar
to residual variance component estimation (4.8) discussed earlier, assuming that »i/23
is iid Gaussian, the MLE of x2 is 42, which estimates the SNR within the original linear
model (4.1). Then we claim that projected least squares is expected to have smaller

out-of-sample error when Wald test rejects H(()b) in? — Rm‘dge(IiQ, p) > 0.

4.5 Application: genetic risk prediction

4.5.1 Projected least squares in genetics

In animal and plant breeding, and even in human genetics, genetic merit could be

predicted based on genome-wide association studies (GWAS) data. Since (Meuwissen
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and Goddard, 2001), many literature assume a high-dimensional linear model, such that
y=XB3+¢€ (4.10)

where y € R" is the vector of quantitative traits, 3 € RP is the effect-sizes, and €
is additive environmental noise follows N'(0,02). The i** row of X is a centered and
standardized corresponding p-dimensional vector of predictors for individual ¢ indicating
the genotyped SNP. The genotype j for individual ¢ is trinary and depends on minor
allele frequency (MAF) of SNP j (Yang et al., 2010; Zaitlen and Kraft, 2012).

Since quantitative traits are usually affected by numerous SNPs with small effects
(Buckler et al., 2009), comparing to limited number of observations, we generally consider
the setting where n << p. A classical method in genetic prediction is best linear unbiased
prediction (BLUP) proposed by (Henderson, 1950, 1984). In the ideal case when there is
no linkage disequilibrium (i.e. Cov(x) = I), and assuming that f1,..., 5y S N(0, O'g;/p),

The BLUP is equivalent to the oracle ridge regression estimator, such that
/éblup = (XTX + po_?/agl)ilXTy-

The ridge regression effectively controls model complexity and is commonly used in
predicting breeding values (de Vlaming and Groenen, 2015).

Many common complex traits have been discovered to be associated with finitely
many intermediate risk factors. Although most of SNPs genotyped are insignificant, they
are jointly associated with the trait (Consortium et al., 2009). Multi-polygenic score
method allows all SNPs to be included for predicting the quantitative phenotype of these
complex traits (Krapohl et al., 2017). A polygenic score summarizes all genetic variants
associated with a given risk factor by weighted sum over all genotypes, and the phenotype
is then predicted by a function of polygenic scores. In practice, the weighted sum is
acquired from a replication sample by simple regression analysis (Selzam et al., 2017).
In other words, weights associated to a risk factor is a noisy estimation of the effects.
Therefore, we further assume that 3 follows assumption 4.5. Although the individual
effect-sizes are small and insignificant, the signal is significant after aggregating the
genotypes with known weight matrix C, where each parameter of the projected design

matrix quantifies the impact of a specific risk factor.
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4.5.2 Numerical results

The rest of this section includes simulated quantitative trait prediction. Consider

y = X3+ € where y € R" is quantitative trait and € ~ N'(0,02I). In addition, we let
(i) m» = 1000, p = 2000, k& = 10.

(il) X1,...,Xn Py N(0,%) where ij-th entry of X is 0.5/°=7|. Although entries in x are
trinary and depends on MAF of each SNP, we approximate the predictors with

Gaussian design, similar to Chapter 3 .

(iii) Let
C1 0 0
co— 0 Co 0
0 0 Ck

where ¢; € RP/* represents computed weights for SNPs associated with risk factor

i. Coordinates of ¢; are iid and follow (k/p)x?.
(iv) p~ VBN(0,1).

(v) 02 =0.1.

B=VI-—wCu+~, (4.11)

where v ~ N(0, agy/pI) and 03 = wpu'CTECp. Fixing C and p, we vary w =
0.2,0.3,...,0.9. For each setting, we simulate 50 independent datasets (y,X), and
compute the projected least squares estimator provided C and oracle ridge regression
estimator (4.9) provided x? = B’y /o2. Risk of each estimator is computed by Gaussian
variance component MLE (4.8). Mean of risk estimators are shown in Table 4.1.

When w varies, 72

sroj increase linearly in w. Signal-to-noise ratio is expected to hold

the same when w varies, and the fluctuations in rglup for each w in Table 4.1 is due

to randomness in . Estimated risk for projected least squares f}%mj shows downward
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Table 4.1: Mean estimates of out-of-sample error of projected least squares and the

BLUP estimator. rf,mj and rglup are the expected out-of-sample error of projected least
2

squares and the BLUP estimator respectively. Their average risk estimates are 7,

f%lup’ follows the Mahalanobis kernel maximum likelihood estimator from Chapter 3 .
2

and

~ . . . A2
Tproj 18 the finite sample corrected estimate for 7,
2 ) =2 2 )
© || "proj | oo | proi | Thiup | Tiup

0.2 || 0.154 | 0.136 | 0.140 || 0.465 | 0.461
0.3 || 0.242 | 0.229 | 0.234 || 0.470 | 0.470
0.4 || 0.313 | 0.312 | 0.319 || 0.454 | 0.456
0.5 ] 0.385 | 0.381 | 0.389 || 0.450 | 0.449
0.6 || 0.423 | 0.410 | 0.419 || 0.420 | 0.408
0.7 ]| 0.508 | 0.504 | 0.515 || 0.429 | 0.430
0.8 || 0.560 | 0.547 | 0.559 || 0.434 | 0.431
0.9 || 0.639 | 0.631 | 0.644 || 0.419 | 0.422

bias, especially when w is large, this is because the difference between rgr 0 and actual
. /\2 .
estimand of 7, s
k—1 k
2 2 2 2
= o T (05 00),
and we expect the difference to be vanished as n — oco. Let 7:;2;7«03' = fgmj + i% to be the

finite sample corrected estimate of r2 After adjusting the non-asymptotic bias for

proj-

projected least squares, the Mahalanobis MLE is consistent in estimating the risk for

both methods. We refer to Chapter 3 for asymptotic variance the Mahalanobis estimator.

atio of estimated risks

Figure 4.1: For various w, ratio of risks between projected least squares and BLUP
rgmj / Tl?lup is plotted against the ratio of average risk estimates fgmj / fl%lup in red line
with dots. 77, /T4 10 blue line with dots. The black line

is a diagonal reference line.

/ Tglup is plotted against 72,



68

Figure 4.1 shows the ratio of risks between projected least squares and BLUP against

the ratio of mean estimated risk for various w. A ratio of r2

2
oroj/ Thiup > 1 means that

projected least squares given C'is preferred, and the black diagonal reference line indicates
the situation where estimated ratio perfectly identifies the underlying risk ratio. It is
shown that the unadjusted ratio usually underestimates the underlying ratio as expected.
The finite sample corrected estimated ratio oscillates around the reference diagonal
line, suggesting that the relationship between projected least squares and BLUP is
well-estimated.

In the next experiment, we fix w = 0.6 in (4.11) and vary the undersampling ratio
n/p = 0.35,0.4,0.45,0.5,0.55,0.6,0.65, 0.7

given p = 2000. Keeping all other settings the same, we simulate 50 independent datasets

with fixed 3. The distributional statistics are summarized in Table 4.2.

Table 4.2: Mean estimates of out-of-sample error of projected least squares the BLUP
estimator. rgmj and rglup are the expected out-of-sample error of projected least squares
and the BLUP estimator respectively. Their average risk estimates are fgmj
follows the Mahalanobis kernel maximum likelihood estimator. The adjusted projected
least squares risk estimator for non-asymptotic bias is fgmj.
n | i | oo | e || Thup | Thiup
700 || 0.479 | 0.474 | 0.488 || 0.569 | 0.576
800 | 0.478 | 0.464 | 0.477 || 0.539 | 0.537
900 | 0.478 | 0.465 | 0.476 || 0.507 | 0.507
1000 || 0.476 | 0.464 | 0.473 || 0.478 | 0.475
1100 || 0.475 | 0.470 | 0.479 || 0.446 | 0.447
1200 || 0.475 | 0.461 | 0.470 || 0.420 | 0.415
1300 || 0.475 | 0.471 | 0.479 | 0.391 | 0.393

1400 || 0.474 | 0.456 | 0.463 || 0.364 | 0.366

2
and T hlup:

riT o; 1 fixed because of fixed 8 within this simulation. In Table 4.2, we again observed

that the estimated risk for projected least squares are biased because of finite sample

sizes. After adjusting for the non-asymptotic bias, the gap between average estimated

risk and 72 is eliminated. In Figure 4.2, estimated ratio between two method is biased

proj

without finite sample correction while the adjusted estimated ratio oscillates around the

referece line.
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ratio of estimated risks

T T T T T
0.9 10 11 12 13

Figure 4.2: For various n, ratio of risk between projected least squares and BLUP

2 2 . . . . . A2 A2 . .
Toroj / Thip 18 Plotted against the ratio of average risk estimates 7., / Fpryp 0 T line

with dots. rgmj / rglup is plotted against fgroj / fglup in blue line with dots. The black line

is a diagonal reference line.

4.6 Application: demand forecasting

4.6.1 Banded vector autoregressive model

The forecasting team in online-retailing industry is responsible to forecast the weekly
demand for all m — oo products sold online, that is to estimate an extremely high-
dimensional time series. Let d; = (di,. .. ,dmﬂg)—r € R™ be the demand vector for week
t. We could assume that d; follows the vector autoregressive (VAR) model, such that

q
di =) Bjdi j+ey, (4.12)
j=1
where ¢ << m, Bj is a sparse coeflicient matrix, e; is independent of d;_; Vj < t,
with E(e;) = 0, and Var(e;) = Q2 € R™*™. Estimating the full coefficient matrices is
extremely challenging, therefore works have been developed on model selection techniques
on VAR model (e.g. Hsu et al., 2008; Haufe et al., 2008).

Suggested by Guo et al. (2016), after re-arranging the order of products, we can
assume that Bj is banded in the sense that (B;);» = 0 if |i — 4’| > s¢. Provided training
datady, t=1,...,T, let py = q(2s9 + 1) and n; =T — ¢, this data set can be written
in linear models. For almost every product a € [m], the individual linear model is
Yo = XaoB, + €4, where 8, € RP! and the design matrix is n; X p; matrix with full

rank and ny > p; (despite 2k design matrices among them have less than pq, i.e. when
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a<spora>m—sg+1). Similar to the random-design assumption for generic design

matrix, suppose that

(Xa)i- ~N(0,%;) Va € [m] and i € [n]; (4.13)

o2
B, = 1 +,, where p € R* and Zl ’ya NN( > p1> . (4.14)

Let ¥, = diag(Xq,...,%1), let n = mny, p =mp; and n/p — p € (0,1). In a stacked

form, the model is
Ve = Xi0, + €, (4.15)

where y, = (v, .., ¥h) |, Xi = diag(X1, Xo, -+, Xp), B, = (B],....81)" and €, =

Guo et al. (2016) focuses on finding optimal sg and estimate 3, with OLS estimator.
Although e, is correlated, the OLS provides consistent estimation results. However, it
is worth mentioning that the design matrix X, is extremely sparse, such that only the
m n1 X p1 block matrices along the diagonal in the design matrix are non-sparse. Due
to the sparsity and high dimensionality (n = p), the OLS estimator usually generalizes
poorly, we would like to improve the OLS estimator by performing dimension reduction
as well as reducing sparsity within the design matrix X,. Let the transformation matrix
be I, := (I, ... ,Ip)T, then I, can be interpreted as the grouping of features, i.e. j*

feature of 3, is assigned to group j Va € [m].

4.6.2 Asymptotic risks of projected least squares and OLS

In the following subsection, we assume €, ~ N(0,021), the uncorrelated error is
unrealistic for time series, however it is essential for computing the asymptotic risk.
(ols) ls)
The risk of ,6'*0 - ( (cls) Yy B ) is calculated as follows, the risk is multiplied

by 1/m to control it to a finite value.

(ols)

1 % oLs
1B - pR = D18 - BB,
a=1

1 — B
= EZH(XJXCL) 'X, ya — Bal3,
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1 m
= I X)X el
a=1

1 m
S M [(AFARY AP
a=1

—1/2 . .. . . .
where Z, = X%, / is iid n1 X p; Gaussian unitary random matrix.

In the large limit, by law of large numbers,

1< _ ~
lim — (2] Za) "' 2, €all3 = Ell(Z, Za) 7 2, €all3,
a=1

m—oo M
where
T \—1,T_ |2 T \=17T_ |12 PerQ
El[(Z, Za)" " Z, €alz = EzEq2[|(Z, Za)™ Z, €all2 = m—p =1

by properties of inverse-Wishart distributions.

In this problem, the projection direction can be viewed as a way of grouping the
features. The j-th feature of every 3, is mapped to group j, i.e. letting the projection
direction be I, := (Ip,. .. ,Ip)T. From the parameter perspective, the projection direction
utilizes the knowledge of grouping in effects, assuming that effects in the same group
have small variance. For example, a projection direction of I, indicates that the j**
feature of every 3, are the same. For this special case with sparse design matrix, from
the design matrix perspective, the projection direction reduces the dimensionality and
sparsity within the design matrix, and can be treated as a way of compressing the signal

in the design matrix. Define
B (T XT X L) T X Ty,

The assumption (4.13) also makes it possible to compute the risk of projected least

squares estimator.

Corollary 2. Assume (4.15) holds, let m — oo and ny/p1 = p € (0,1), then

2
. 1 ~ (proyj) g tr(zl)
lim — )8 - 8,3, = L —~.

m—oo m mpi

With assumption that X,’s share the same X1, this corrollary is an immediate result
of Theorem 1. Then similar heritability estimation technique and Wald test in Section

4.4 can be applied to this problem.



72

4.6.3 Numerical results

Consider linear model y = X3 + € assuming uncorrelated error € ~ N'(0,02I). We

first investigate how projected least squares react with block diagonal design matrix. Let
(i) n = 2000, p = 1000, k£ = 10.

(ii> Xy = diag(leXQa e 7Xm);

fora=1,...,m, (Xa)i < N(0,51) where (X1)i = 0.211,

(iii) Let 1 is be length-p/k vector of 1s, assume

1 0 0
0 1 0 ..

c =1 _ (4.16)
0 0 1

(iv) 1~ 1IN0, ).
(v) o2 =1.

Let 8 =1 —wCp+~, where v ~ N(0,02/pI) and o2 = wp' CTYCw. Fixing C and
w, we vary w = 0.2,0.3,...,0.9. For each setting, we simulate 50 independent datasets,

and compute projected least squares and ordinary least squares.

Table 4.3: Mean estimates of out-of-sample error of projected least squares and ordinary

least squares. rf)mj and rgls are the expected out-of-sample error of projected least
squares and OLS respectively. Their average risk estimates are fimj and 72(2)1 s follows the

Mahalanobis kernel maximum likelihood estimator. 72 . is the finite sample corrected

proj
. 2
estimate for Foroj-
2 2 ~2 2 2
w H "proj \ "proj \ "proj H "ols \ "ols

0.2 221 | 20.1 | 21.7 || 1114 | 1124
0.3 | 42.8 | 41.5 | 424 || 110.8 | 110.8
0.4 | 49.7 | 484 | 494 || 111.8 | 111.5
0.5 | 61.7 | 61.3 | 624 || 109.5 | 110.3
0.6 | 71.0 | 69.3 | 70.5 || 110.3 | 110.2
0.7 || 84.4 | 81.8 | 83.1 || 109.7 | 112.3
0.8 99.7 | 98.7 | 100.2 || 110.9 | 110.6
0.9 || 117.1 | 114.0 | 115.6 || 109.5 | 110.8
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Mean of risk estimators computed by Gaussian variance component MLE (4.8) are
shown in Table 4.3 and the risk ratio plot in Figure 4.3. Although the design is a sparse
block diagonal matrix, Table 4.3 and Figure 4.3 show similar results as in genetic risk

prediction (with non-sparse design).

atio of estimated risks

Figure 4.3: For various w, ratio of risk between projected least squares and ordinary

2 2 . . . . . A2 A2
least squares rpmj/rols is plotted against the ratio of average risk estimates 7, . J750

in red line with dots. 7“2

black line is a diagonal reference line.

r0j/Tors 18 Dlotted against 72 /7% in blue line with dots. The

For the next experiment, we fix w = 0.3 and o, = 0.5, and vary the number of
observations from 1600 to 3000 in increments of 200s. Keeping all other settings the
same, we simulate 50 independent datasets with fixed 3. Similar patterns are observed

in Table 4.4 and Figure 4.4 below.

Table 4.4: Mean estimates of out-of-sample error of projected least squares and ordinary
least squares. rgmj and TZZS are the expected out-of-sample error of projected least
squares and OLS respectively. Their average risk estimates are fgmj and 7231 o follows the
Mahalanobis kernel maximum likelihood estimator. Ff?mj is the finite sample corrected

. /\2
estimate for Toroj-

n | o | Toros | Toros | Tots | Tors
1600 | 382 | 37.1 | 37.9 | 98.9 | 100.7
1800 || 38.1 | 365 | 37.1 | 71.1 | 71.2
2000 || 38.1 | 37.8 | 384 || 55.1 | 54.5
2200 || 38.0 | 36.8 | 37.3 || 44.6 | 45.5
2400 || 38.0 | 37.6 | 38.1 || 38.1 | 38.0
2600 || 38.0 | 36.7 | 37.2 | 32.8 | 33.2
2800 || 37.0 | 37.5 | 33.0 | 20.7 | 20.7

3000 || 37.9 | 37.6 | 38.0 || 26.0 | 26.3
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ratio of estimated risks

Figure 4.4: For various n, ratio of risk between projected least squares and ordinary

2 2 . . . . . A2 ,\2
least squares 1, /5, is plotted against the ratio of average risk estimates 77, /77,

in red line with dots. rgmj /72, is plotted against Fzmj /72, in blue line with dots. The

black line is a diagonal reference line.

In the following section, we would like to implement projected least squares for with
times series data. We simulate the e-commerce data according to the following VAR
model. Fort=k+1,...,T, let

k
dy=> bl jdij+e, k<T (4.17)

j=1
where d; is the m-dimensional demand vector at time ¢ and b; is a coefficient vector.
We assume that e; ~ N(0,021) are noise vectors for t = 1,...,7. Let n = T — k,
D = (dy,...,dr), B = (by,...,b;)" and E = (ey1,...,e,)", then we can write an

individual linear model for each product a € [m]. Let y, = X.03, + €4, where

Yo = (Dk+1,a7Dk+2,a’~ . -aDn,a)T
Dia ... Dia
X, — Dyy ... Diyia
Dno ... Dpjk-1a
B, = B
e, = FE,.

In a stacked form, (4.17) is equivalent to

y=XB+e (4.18)
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with
y = (yil—’ ’y;l'n)—l—’
X; O 0
0 X5 0
X = ,
0 o X
B = (Bl,....80)",
€ = (617 ﬂer—l;z)'

In the experiment, we let
(1) m = 100, n = 20, k = 10.
() g1, 2 LUNIR(0.3,1).
(iii) o2 = 1.

Fori=1,...,k, let b = /1 —wp+-y,;, where v, ~ N(O,U%/p[) and 03 = mwp ' p. We
vary w = 0.2,0.3,...,0.9. Projected least squares given (4.16) and ordinary least squares
are fitted for the linear model (4.18). Estimated asymptotic risks for two approaches are

listed in Table 4.5.

Table 4.5: Mean estimates of out-of-sample error of projected least squares and ordinary

least squares. rgmj and rgls are the expected out-of-sample error of projected least

squares and OLS respectively. Their average risk estimates (assuming additive white
Gaussian noise) are fgmj and 72, follows the Mahalanobis kernel maximum likelihood

is the finite sample corrected estimate for 2

e ~2
estimator. 7 roj

proj
W | 1hroi | Thro | Taros | ot | Tors
02 1.57 | 0.98 | 1.48 || 76.32 | 105.60
03| 217 | 1.12 | 1.63 | 77.26 | 107.15
04 | 259 | 1.60 | 212 | 77.51 | 107.21
05 || 3.65 | 2.64 | 3.17 || 76.97 | 106.71
06 | 351 | 262 | 279 | 76.22 | 108.75
0.7 | 4.05 | 283 | 3.37 || 77.01 | 109.18
0.8 || 459 | 3.52 | 4.06 || 77.06 | 110.33

0.9 | 531 | 415 | 4.70 | 76.96 | 108.96

In Table 4.5, both r2__. and 72

broj 215 are the average out-of-sample error of 50 replicates.

Because both methods belong to the class of ordinary least squares estimation, they are
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misspecified when responses are correlated. As a result, the correlation in noise causes
the difference between empirical risk and estimand of risk estimators, and all estimators
show bias in estiating risk of least squares with correlated error. Although Gaussian

variance component MLE assumes additive white Gaussian noise, the estimated o2 and

03 remain unbiased. rgl . has an unexpected large upward bias, we suspect it is due to

the limited sample size.

~
-
f?

\

. . . o . . . 2 . .
Figure 4.5: For various w, empirical risk of projected least squares Tproj 18 plotted against
the average risk estimates fzmjin red line with dots, and plotted against ffmj in blue

line with dots. The black line is a diagonal reference line.

Figure 4.5 plots empirical and estimated risks for projected least squares. We omit
ordinary least squares since it is unreliable with limited sample size. We observe that
the portion of bias is relative stable for various w.

The final experiment assumes w = 0.3 and vary n from 1600 to 3000 increments of
200s. The distributional statistics of estimated risks are reported in Table 4.6.

From Table 4.6, we observed that empirical risk 72 . decreases gradually as n

proj
increases. Moreover, the difference (unusualy pattern) between 2, and 72, is smaller as
sample size increase. We conjecture that empirical risk for OLS-type estimation is very
sensitive to sample size when responses are actually correlated, which suggests that the
unexpected pattern for OLS we observed in the previous setting is due to insufficient
sample size.

In real e-commerce data analysis, m is usually in units of millions. By stacking the

predictors, we could essentially create an ideal situation where k/n — 0. We expect that



7

Table 4.6: Mean estimates of out-of-sample error of projected least squares and ordinary
least squares. rgmj and 7“(2)[ s are the expected out-of-sample error of projected least
2

squares and OLS respectively. Their average risk estimates are (i

Mahalanobis kernel maximum likelihood estimator. fzmj

r0j and fgl s follows the
is the finite sample corrected
estimate for fgmj.
n | Toroi | Toroi | Toros | Tois | s

1600 || 2.28 | 1.35 | 2.00 || 123.70 | 191.92
1800 || 2.24 | 1.17 | 1.75 94.52 | 137.42
2000 || 2.11 | 1.03 | 1.54 || 77.79 | 106.60
2200 || 2.08 | 0.92 | 1.39 || 65.38 | 87.76
2400 || 2.08 | 1.18 | 1.61 || 57.38 | 78.88
2600 || 2.02 | 1.19 | 1.59 || 50.92 | 64.87
2800 || 2.02 | 1.45 | 1.82 47.17 57.32

3000 || 1.99 | 1.07 | 1.41 || 42.04 | 51.21

in real data analysis the risk estimation for projection least squares becomes unbiased

because of sufficiently large sample size.
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4.7 Appendix

4.7.1 Proof of Lemma 3

Lemma 3. Let n,p — oo and p/n — p € (0,1), assume condition (4.4) holds, then

2
: e _ 2  Ocp
Jim [1Bets = Blls = 7

Proof. Let Z = X%71/2 and Z = UAVT be its singular value decomposition, then

(Bas) = IXTX)7XTy - B3
= IXTX)7XT(XB+e) - B3

(
(
= [(XTX)'X ell%
— |(=V22T Z25V2) Ix2 7T |12
= |(Z72)"'Z7el3

= € UNVI(VA2V ) 2VAU Te

= € UN2UTe
Let € = (€1,...,&) = UTe, then §, < N(0,02) because of orthogonal invariance of

multivariate Gaussian distribution. Let A = diag(Ay,...,A\y) = A~2. Then
P
-~ (ols) Z s

By (Etemadi, 2006),

=1 N j=1
Let W = Z'Z, then W ~ Wishart(n, I,) and tr(W~1) = ?:1 5\j. By (von Rosen,
1988),
Etr(W™) = tr(EW ) = tr (1Ip> __p
n—p—1 n—p—1

E(tr(W™1?) = tr(E(te(WHw 1))
= tr(eitr(Ip) I, + 2¢21p)

= ap®+2cp
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where ¢; = (n —p —2)cp and ¢; ' = (n — p)(n —p — 1)(n — p — 3). Then

Var(tr(W™1) = ¢1p? + 2cop — (n—];z—l)Q
(n—p—1)(n—p—2)p*+2p(n—p—1) —p*(n —p)(n —p—3)
(n—p)(n—p—1)2(n—p—3)

2p? +2p(n—p—1)
(n—p)n—p—1>2(n—p-
2p(n —1)

(n—p)n—p—1>%n—-p-3)

3)

Then in the large limit,

. _ 2np 2p
lim Var(tr(W™1)) = =
oo VT IVTO) = 0 =

Since p < 1, 1/(1 — p) < oo, we thus have =22 — (). Therefore, we have shown that

(n—p)*
E(r(W=1) —E(r(W1)))? — 0, then

Therefore, by Slutsky’s theorem,

2
e UN2UTe — M.
L—p

4.7.2 Proof of Lemma 4

Lemma 4. Assume that the linear model (4.1) holds, that B € RP is a fized vector.
Suppose that z; = (y;, Xi.)| and
BTSp+o? BTY

»6 by

i.3.d.
z; "R ./\/‘ O,

Let C € RP*F k/p — 0, and define
Borej i= Cltyro; = C(CTXTXC) ' CTX Ty,
Then,

: 2 T
nll_{lgo ||Bproj - BHE =9 ZFY
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Proof. The loss of Bpmj is

L(Byres) = 1COTXTXO)CTXTy - I}
= o XTXC) " CTXT(XCp+ Xy + )~ Cn -}
= |CE"XTXO)ICTX T (Xy+e) -1l

Let Pc be a px k matrix with orthonormal columns such that ¥/2C(CT20)~1CT8l/2 =
PcPl. Let Pou be a corresponding px (p—k) matrix with orthonormal columns satisyfing

P/ Pg. =0and I=PcP/l + Po. P/}, . Then

1B ro; — BIIS

= |C(CTXTXO) T CTX (XS VPP + P PLO)SY 2y 4 €) — A%

= |C(CTXTXC) I CTX (XS VAP PLO)SY 2y +€) + C(CTEC) 'Sy — 4|2
IZV2C(CTXTXC) M OTX T (XS 2 (Por PRSPy + €)lfs + | PLL S 5.

Here the first term is noise variation in estimating 3, the second term is caused by
the bias we introduced when projecting the design matrix, the cross-term is zero because

||PCT, L B12C)|2. = 0. We further decompose the noise variation:
I=V2C(CTXTXO) T OTX (XS V2P PLL S 2y + €) |3
[S1EC(CTsC) (28 Z0) T 2o |3

= (Z52Zc) " Zc€ |3

where Zo = XC(CT2C)"Y? is a Gaussian random matrix, and € =
XE_1/2P0LP3—J_21/2’Y + €. We have Z¢ independent of € because ||PCT,L21/QCH% =0.
We can apply previous technique after finding the first two moments of €. Since

¢ "X N(0,|PL, 22|13 + 02), we have
_ k
(28 Zc) ™ Zoear |5 — m(HP(LEW’YH% +02).

Therefore,

n—1

lim
n—oon — k

IPL Y25

. s T 2 2 2
Lim (8,05 — BII% 1PeS P 3 + ——0



Moreover,

|PLL Y23

78y — 4 TSY2PPL B 2y
TSy — | PESVAST PP PLE B

WTEW.
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