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ABSTRACT OF THE DISSERTATION

Reducing Randomness in Computation via Explicit
Constructions
by Shiyu Zhou
Dissertation Director: Professor Michael Saks
One of the important issues in both complexity theory and algorithm design is to understand whether randomness can be more powerful than determinism. In this dissertation,
we explore some problems related to this issue and study how to reduce randomness in
computation via explicit combinatorial constructions.
One approach to achieving determinism from randomness is by way of applying
pseudorandom generators. We examine the relationship between constructing pseudorandom generators for space bounded computation and designing space-ecient deterministic algorithms for approximating matrix powering. As a consequence, we show
that any randomized algorithm that runs in space O(S ) and terminates can be simulated deterministically in space O(S 3=2), where the previously best known simulation
required space O(S 2) following Savitch's Theorem.
Deterministic ampli cation is one of the major subjects in the study of reducing
randomness. An important issue in randomized computation that is essentially equivalent to deterministic ampli cation is to design randomized algorithms that are robust
with respect to deviations of the random source from true randomness. It has been
observed that this issue is closely connected to the problem of eciently constructing
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graphs with certain expansion properties, called dispersers. We give an improved construction of a family of dispersers that can be used to design randomized algorithms
achieving maximal robustness. Our construction settles a conjecture of Sipser that
the complexity class Strong Randomized Polynomial Time (Strong-RP) is equivalent to
Randomized Polynomial Time (RP).
Our e ort at constructing small-sized sample spaces that keep certain randomness
properties was motivated by designing ecient deterministic algorithms via derandomization. Here we look at the problem from a di erent perspective and investigate the
application of sample spaces with small bias to designing error-correcting communication protocols. We study the issue of constructing sample spaces with small bias
on certain sets of bit positions. By way of derandomization, we give a new construction whose size matches the bound given by the probabilistic argument, improving on
the previously best known result. As an application of our improved construction, we
present an essentially optimal communication protocol for performing a type of data
consistency check in distributed databases.
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Chapter 1
Introduction
Since its emergence in the late 1970's, randomized computation has become one of
the major research elds in Computer Science. The use of randomization has played
an important role in both complexity theory and algorithm design. Its apparent success in application has motivated a substantial e ort to understand how much power
randomness can provide over determinism.
For many problems, a randomized algorithm is by far faster (e.g. primality testing [SS77, Rab80, AH87]), more parallel (e.g. perfect matching construction [KUW86,
MVV87]), more space-ecient (e.g. undirected graph connectivity [AKLLR79]), or
simpler (e.g. the min-cut problem [Kar93]) than any known deterministic algorithm.
In fact, there are many problems such as primality testing, perfect matching construction and undirected graph connectivity which (in certain respects) have very ecient
randomized algorithms, but are not known to have corresponding deterministic counterparts.
In spite of its seemingly enhanced power, as far as we know, randomness might not
provide any computational advantage over determinism. During the past decade, complementing the study of randomization, powerful techniques for reducing randomness
have been developed and become e ective tools in deterministic algorithm design and
deterministic ampli cation. In this thesis, continuing the investigation of understanding
the power of randomness, we study the issue of reducing randomness in computation
via explicit combinatorial constructions.

2

1.1 Reducing Randomness in Computation
A randomized algorithm in one way can be viewed as containing two elements: a
deterministic procedure and a random source. The random source of the algorithm is
a family of distributions, each on a set of strings (sample space) corresponding to a
di erent input length. The deterministic procedure has two inputs: the real input to
the algorithm and a read-only auxiliary string coming from the random source to which
the procedure has only one-way access. On an input, the randomized algorithm rst
requests the random source to provide an auxiliary string according to the distribution
from the sample space that corresponds to the input length, and then executes the
deterministic procedure on both the input and the auxiliary string. At any step of
the computation, the deterministic procedure may read the next bit of the auxiliary
string (random bits). It is generally assumed that the auxiliary random string consists
of unbiased mutually independent bits. That is, the random source is perfect. The
performance (success probability) of the execution of the algorithm then depends on
the provable fact that there are a large proportion of points in the sample space that
are \good" in the sense that the deterministic procedure would give the right answer
on these points. We refer the reader to the textbook [MR95] for more background on
randomized algorithms.
Generally speaking, reducing randomness has two broad meanings: deterministic
ampli cation and derandomization. The objective of deterministic ampli cation is to
achieve high success probability while minimizing the number of random bits, and the
goal of derandomization is to eliminate randomness from computation.
There are two basic methods that are employed in deterministic ampli cation. The
rst method is to construct pseudorandom generators [Yao82, BM84, NW88, BNS89],
which are functions that map short random seeds to much longer strings so that any randomized algorithm of a certain type cannot distinguish statistically between the output
strings from the generators and the truly random strings. For polynomial time computation, unfortunately, the currently available constructions of pseudorandom generators
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all rely on certain unproven assumptions. Nevertheless, for space-bounded computation, successful constructions of pseudorandom generators have been obtained. We refer
the reader to [Sak96] for a survey on the latter subject. The most often used method in
deterministic ampli cation, on the other hand, is to build a type of bipartite expander
called dispersers [Sip88] (or its variant called extractors [NZ93]). The application of
this approach gives extremely high success probability using only a moderate number
of random bits. We refer the reader to [Nis96] for a survey on this method.
With respect to polynomial time randomized computation, there are two fundamental approaches to derandomization: the method of conditional probabilities [ES73,
Spe87, Rag88] and constructing small-sized sample spaces [KW84, Lub85, ABI86, AKS87,
NN90]. In the former approach, we search for a good point in a large sample space by
improving certain conditional probabilities (or expectations) in an adaptive manner; in
the latter method, we construct a sample space of polynomial size while guaranteeing
the existence of a good point so that we could accomplish nding such a point by exhaustive search. The most commonly used tools for constructing small-sized sample
spaces are: k-wise independent hashing [CW79], sample spaces with limited independence [KW84, Lub85, ABI86], sample spaces with small bias [NN90], and expander
graphs [AKS87].

Remark: Here we have assumed that the polynomial time randomized computation
has one-side error, in which case, nding a good sample point is sucient for derandomization. In fact, for almost all the problems that are known to have randomized
algorithms, their corresponding computations are of, or can be converted to, this type.
For space-bounded randomized computation, on the other hand, the main approach to
derandomization which has been proven e ective is the application of pseudorandom
generators (see e.g. [Nis92, NSW92, NZ93, SZ95]).

4

1.2 Explicit Constructions
Explicit constructions are also called ecient constructions. Generally, the success of
reducing randomness by way of constructing combinatorial objects does not merely
depend on the existence of the objects, but mainly depends on the eciency of the
constructions.
A typical combinatorial construction is a function that maps binary strings of length
l to binary strings of length m for some l and m depending on the construction itself.
The combinatorial object built by the construction consists of all the domain-image
pairs of the function, and therefore has output size 2l (l + m). For this discussion, we
call such a construction an (l; m)-construction.
Depending on its application, the construction of a combinatorial object can be
de ned in di erent ways. For example, consider the cases where we want to construct
a graph of a certain type. If we need to know the neighborhood of an arbitrarily given
vertex, the construction of the graph should be de ned as a function that computes the
neighboring node on input the index of a vertex and the index of one of its incident
edges. On the other hand, if the edge layout of the graph is requested, we should
de ne the construction as a Boolean function that takes the indices of two vertices and
outputs 1 if and only if there is an edge between them. In a sense, in the former case
we output the graph in the form of the its adjacency list; while in the latter one we
output its adjacency matrix.
Next we discuss the eciency issue in applying combinatorial constructions to reducing randomness in computation. Generally, there are two eciency requirements
for an (l; m)-construction in this context, depending on the type of the randomized
algorithms to which we would apply the construction.
The rst and most fundamental requirement is that the total computation time used
by the construction to build the entire combinatorial object be polynomial in the size
of the output, i.e., polynomial in 2l (l + m). To see that this requirement is useful, let
us consider an example in which we apply small-sized sample space constructions to
derandomizing (sequential) polynomial time randomized algorithms.
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Suppose that we are given a randomized polynomial time algorithm A (with onesided error) and an input x of length n. Let m = m(n) be the number of random
bits requested by the computation of A on x, and let TD (n) be the running time of
the deterministic procedure of A on x and an auxiliary random string. Clearly, both
m and TD (n) are polynomial in n by assumption. Now suppose that we could obtain
an (l; m)-construction whose image is a sample space that guarantees the existence of
a good sample point; moreover, suppose that the total computation time needed by
the construction is TC (n). Then by exhaustive search, i.e., by testing all the points
in the constructed sample space using the deterministic procedure of A, we could nd
the good point and therefore derandomize the computation of A on x in total time
of order TC (n) + 2l TD (n). In particular, if the sample space has polynomial size and
the construction satis es the rst eciency requirement (so l = O(log n) and TC (n) =
nO(1)), then the derandomization can be accomplished in polynomial time.
One extreme case where we may employ this derandomization framework is that,
as we know from a counting argument, there exists an (O(log n); nO(1))-construction
of a sample space that can be used to derandomize any polynomial time randomized
computation on inputs of length n. An explicit construction of such a sample space
that satis es the above eciency requirement would then imply that randomness does
not provide more than polynomial advantage in computation (at least).
It is worth mentioning that the application of the method of conditional probabilities
can be thought of as an (l; m)-construction whose corresponding combinatorial object
is one single string: a good point in the sample space f0; 1gm. Therefore l = 0. In
this case, a construction that satis es the requirement would give a procedure to nd a
good sample point in time polynomial in m, which consequently would imply that the
corresponding randomized computation can be derandomized in polynomial time.
The second and stronger requirement for an (l; m)-construction for the purposes of
reducing randomness in computation is that, for a given l-bit string and the index
of any bit position between 1 and m, the value of the corresponding bit in the output
of the construction on input should be computable in time polynomial in l (and in
some occasions, in space linear to l as well). Usually, constructions that satisfy this
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requirement are especially useful for designing or derandomizing parallel algorithms (see
e.g. [KW84, Lub85, ABI86, NN90]), and for constructing pseudorandom generators for
space bounded computation [BNS89, Nis90, NZ93, INW94, AW95, ASWZ96].
As a matter of fact, most of the known explicit constructions satisfy the second
requirement (and thus satisfy the rst as well). These include almost all the explicit constructions of pseudorandom generators (e.g. [NW88, Nis90]), expanders (e.g.
[GG81, LPS86]), dispersers (e.g. [CW89, SSZ95]), extractors (e.g. [NZ93, TaS96]), kwise independent sample spaces (e.g. [Lub85, ABI86]), small-bias sample spaces (e.g.
[NN90, AGHP91]), etc. On the other hand, explicit constructions obtained via using
the method of conditional probabilities (e.g. [Rag88, SZ96]) or solving linear constraints
(e.g. [Sch92, KK94]) typically satisfy the rst requirement but not necessarily the second.

1.3 The Organization of the Thesis
So far we have summarized the general approaches to reducing randomness in computation via explicit constructions. In this thesis, we examine these methods to a greater
extent by formalizing the frameworks for these approaches and demonstrating the applications of these methods to a variety of problems related to deterministic ampli cation
and derandomization.
The thesis consists of three major chapters. Each chapter deals with a di erent
problem and the presentation in each chapter is self-contained.
In Chapter 2, we investigate the relationship between the construction of pseudorandom generators for space-bounded computation and the design of space-ecient
deterministic algorithms for approximating matrix exponentiation. We present a new
algorithm that approximates the 2r -th power of a d  d matrix in space O(r1=2 log d),
improving on the bound of O(r log d) that comes from the natural recursive algorithm.
The algorithm employs Nisan's pseudorandom generator for space-bounded computation [Nis90]. As a consequence, we show that any randomized algorithm (with possibly
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two-sided error) that runs in space O(S ) and always halts can be simulated deterministically in space O(S 3=2), i.e., BPH SPACE (S )  DSPACE (S 3=2). This improves the
best previously known result that such algorithms have deterministic space O(S 2) simulations which, for one-sided error algorithms, follows from Savitch's Theorem [Sav70]
and for two-sided error algorithms follows by reduction to recursive matrix exponentiation. Our result includes as a special case the result due to Nisan, Szemeredi and
Wigderson [NSW92] that undirected graph connectivity can be computed in space
O(log3=2 n).
In Chapter 3 we examine the connection between deterministic ampli cation and the
disperser construction. One problem that is closely related to deterministic ampli cation is to design randomized algorithms that are robust under the presence of imperfect
random sources. This problem itself is an important issue in randomized computation
and has been studied extensively during the past decade (see e.g. [SV86, CG88, Zuc90]).
Using the techniques developed in the study of computing with imperfect sources, we
give an improved construction of a family of dispersers that can be applied to designing
randomized polynomial time algorithms that achieve maximal robustness. As a result,
we show that every randomized polynomial time algorithm has an extremely ecient
ampli cation scheme. In particular, we resolve a conjecture posed by Sipser [Sip88] that
the complexity class Strong Randomized Polynomial Time (Strong-RP) is equivalent to
Randomized Polynomial Time (RP).
In our nal chapter, Chapter 4, we study the problem of constructing sample spaces
with small bias on designated sets of bit positions (neighborhoods). We give a construction that improves the previously best result which can be derived from the explicit
construction of small-bias sample spaces in [NN90]. The size of our new construction
matches the bound given by the probabilistic argument, and leads to the best ecient construction of k-wise small-bias sample spaces for xed k. Our construction is
obtained by way of derandomization and employs the explicit construction of sample
spaces with small bias and the method of conditional probabilities. As an application of our construction, we study a variant of the equality problem in communication
complexity where two communicating parties with limited computation power try to
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recognize certain di erence patterns on their private inputs. We present an essentially
optimal error-correcting communication protocol for this problem.
The results in Chapter 2 and Chapter 4 appeared in [SZ95] and [SZ96], respectively,
and are joint work with Michael Saks. The results in Chapter 3 appeared in [SSZ95]
and are joint work with Michael Saks and Aravind Srinivasan.
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Chapter 2
BPHSPACE(S )  DSPACE(S 3=2)
2.1 Matrix Repeated Squaring and Randomized Space Computation
For a nonnegative integer r, the repeated squaring function (r) is de ned on square
matrices M by (0)(M ) = M and (i)(M ) = ((i 1)(M ))2, i.e., (r)(M ) = M 2r .
A stochastic (resp.substochastic) matrix is a matrix with all entries nonnegative and
all row sums equal to (resp. at most) 1. In this chapter we investigate the problem
of approximating (r)(M ) for substochastic matrices by space-bounded deterministic
algorithms. Given as input a d  d substochastic matrix M , integers 2r , 2a in unary and
indices i; j , such an algorithm estimates the (i; j )-th entry of (r)(M ) with accuracy
2 a and runs in space polylogarithmic in the length of the input. For the simplicity of
our presentation, we will measure the space complexity of the algorithm in terms of r
and a parameter s = s(M; r; a) = maxfr; a; log dg.
The most space ecient algorithm for this problem that was previously known is
the straightforward recursive algorithm, which uses space O(s) for each of r recursive
levels for a total space of O(rs). In this work we present a deterministic algorithm that
uses only O(r1=2s) space. Our algorithm has r1=2 recursive levels of O(s) space each,
and additional overhead of O(r1=2s) space.
It is well known (see e.g. [Gil77], [BCP83]) that approximating substochastic matrix
repeated squaring is closely related to the problem of derandomizing space-bounded
randomized algorithms. In this section we give a review of the connection between
these two problems and summarize the consequences of our new result. For a general
retrospective on the problems and developments in the related subjects of randomized
space computation, we refer the reader to the survey by Saks [Sak96].
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A randomized space S (n) machine is a nondeterministic Turing machine that runs in
space S (n) on any input of length n, and has two nondeterministic choices at any stage
of the computation depending on an unbiased coin- ip. By standardizing the model, we
may assume that the machine has a read-only input tape, one work tape and a one-way
output tape. Such a machine is said to be halting if for any input and any sequence of
coin- ips, the computation terminates. RH SPACE (S (n)) (resp. BPH SPACE (S (n)))
is the class of languages L for which there is a halting randomized space S (n) machine
such that for each input x 2 L, the machine accepts x with probability at least 1=2
(resp. at least 2=3), and for any input x 2= L, the machine rejects with probability 1
(resp. at least 2=3). Clearly, RH SPACE (S (n))  BPH SPACE (S (n)).
Given a halting randomized space S (n) machine T and input x, we may visualize
the computation of T on x as a state transition graph Q = Q(T; x) de ned as follows:
Q is a directed graph whose vertex set is the set of con gurations in the computation,
where each con guration consists of the instantaneous content of the work-tape, the
heads' positions, and the value of the nite state control. Each vertex has two outgoing
edges labelled by either 0 or 1. There is an edge directed from vertex i to vertex j with
label b if and only if starting at con guration i, the computation goes to con guration
j if the coin- ip of this step turns out to be b. We assume without loss of generality
that there are exactly two halting con gurations in the computation, one \ACCEPT"
and one \REJECT", and the outgoing edges from these vertices are self-loops.
It is a standard fact that the total number of the con gurations in such a computation is 2(S (jxj)) (provided S (n)  log n), which we denote by d. Since the computation
is guaranteed to terminate, the con guration transitions in Q are acyclic except for
the halting con gurations. Therefore any execution of the computation must reach a
halting state within d steps.
Clearly, the state transition graph Q de nes a Markov chain, and the accepting
probability of the computation is the probability that it reaches ACCEPT in a d step
random walk on the chain starting from the initial con guration, denoted INITIAL.
We now associate to the computation the state transition matrix M = M (T; x) of the
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Markov chain. Such a matrix has rows and columns indexed by the set of con gurations in the computation, whose (i; j )-th entry is the transition probability that the
computation goes from con guration i to con guration j in one step. We can see then
the accepting probability of the computation is just the (INITIAL, ACCEPT)-entry of
M d . In fact, since the halting con gurations are assumed to be the absorbing states in
the chain (with self-loops), this entry is the same for M k where k is any integer greater
than or equal to d.
Now recall that in the de nition of BPH SPACE (S (n)), there is a non-trivial gap
between the accepting probability and the rejecting probability in the computation.
Thus to tell whether or not the computation accepts, it would suce to approximate
the (INITIAL, ACCEPT)-entry of M k for any k  d with sucient accuracy. We will
approximate M k for k an integer power of 2. In particular, in the case that we take
r = a = dlog de, our algorithm runs in space O(log3=2 d) and approximates M 2dlog de
with accuracy 2 dlog de . As an immediate consequence, we have shown:

Theorem 2.1.1 Let S (n) be a proper complexity function1 such that S (n)  log n.
Then

BPH SPACE (S (n))  DSPACE (S (n)3=2):

Previously, the best general result of this form was

BPH SPACE (S (n))  DSPACE (S (n)2);
which can be deduced from the recursive matrix repeated squaring approximation algorithm. In fact, the weaker containment for RH SPACE (S (n)) also follows from
Savitch's theorem [Sav70] NSPACE (S (n))  DSPACE (S (n)2). (Independently,
Borodin, Cook and Pippenger [BCP83] and Jung [Jun81] (see also [AO94]) showed that
the same DSPACE (S (n)2) bound can be achieved in Gill's [Gil77] stronger model of
randomized space computation in which cyclic con guration transitions are allowed.
This model, in particular, contains NSPACE (S (n)). Their result, which requires the
1 The

notion of proper complexity function is formally de ned in [Pap94] and includes most \reasonable" functions, including polynomials, polylogarithmic functions, exponential funtions, etc.
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performance of exact rather than approximate matrix computations, is not generalized
by Theorem 2.1.1.) In recent years, despite considerable progress on deterministic simulations of small space randomized algorithms [AKS87, BNS89, Nis90, Nis92, NSW92,
NZ93] there has been no general improvement on this space bound. The central result
in the area is Nisan's marvelous pseudorandom generator for space-bounded computation [Nis90], which he used to show that RL (i.e., RH SPACE (log n)) can be simulated
by a deterministic algorithm that is simultaneously in polynomial time and O(log2 n)
space. Using Nisan's generator, Nisan, Szemeredi, Wigderson [NSW92] showed that
undirected (s; t) connectivity, which is in RL [AKLLR79] and is complete for the complexity class SL [LP82], can be computed in DSPACE (log3=2 n). It was this result
that motivated our research that we present in this work.
As with these other results, Nisan's pseudorandom generator is a major component
of our simulation. One key observation that enables us to apply Nisan's generator to
approximating matrix repeated squaring is the exposition of a canonical connection
between substochastic matrices and nite state machines by which the randomized
space-bounded computation can be modeled. We then develop from Nisan's generator construction a randomized approximation algorithm for matrix repeated squaring,
which we call PRS for pseudorandom repeated squaring, and apply it in a recursive
fashion. A major technical contribution of our work is then to apply the idea of random
perturbation to overcoming the stochastic dependence among di erent recursive levels.
The rest of this chapter is organized as follows. In Section 2.2 we review some elementary concepts in matrix approximation and space-bounded matrix computation,
and examine some of the basic properties. We formalize the approximation problem
and state the main result in Section 2.3. Then assuming the algorithm PRS is given,
we present our main approximation algorithm in Section 2.4 and give its correctness
proof in Section 2.5. In Section 2.6, we examine in detail the connection between
approximate matrix repeated squaring and Nisan's pseudorandom generator construction and describe the algorithm PRS . Finally in Section 2.7, using the algorithm we
develop for approximate repeated squaring, we present a deterministic algorithm for
approximating an arbitrary integer power of a substochastic matrix in small space: the
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algorithm approximates the p-th power of a d  d substochastic matrix and runs in
space O(log d log1=2 p).

2.2 Preliminary De nitions and Facts
2.2.1 Matrix Approximations
For integer d, we use [d] to denote the set of integers f1; 2; : : :; dg. If M is a d  d matrix,
then the rows and columns of M are indexed by [d]. d is called the dimension of the
matrix M , and is denoted dim(M ). The (i; j )-th entry of M is denoted by M [i; j ].
We will be dealing almost exclusively with substochastic matrices whose entries are
represented in binary.
For a vector x 2 Rd , we de ne kxk = Pi jxij, i.e., kxk is the L1 -norm of x. For a
d  d matrix M over R, we de ne the norm of M , kM k, to be the maximum over
all rows M [i; ] of kM [i; ]k. An equivalent de nition is kM k = supfkxM k j x 2
Rd such that kxk = 1g.
If M and N are square matrices of the same dimension and a is a positive real
number, we say that M approximates N with accuracy a if kM N k  2 a .
We collect some basic facts about the matrix norm. These facts are standard, and
are given here without proof.

Proposition 2.2.1 Let M; N 2 Rdd . Then:
1. kM + N k  kM k + kN k (the matrix norm is subadditive),
2. kMN k  kM kkN k (the matrix norm is submultiplicative).

Now we have the following proposition.

Proposition 2.2.2 Let M; N; M 0; N 0 be d  d substochastic matrices.
M 0N 0k  kM M 0 k + kN N 0k.

Proof:
kMN M 0N 0k  kMN M 0N k + kM 0N M 0N 0k

Then kMN
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 kM M 0kkN k + kM 0kkN N 0k
 kM M 0k + kN N 0k;
where the rst inequality uses the subadditivity of the matrix norm, the second uses the
submultiplicativity, and the last follows from the fact that N and M 0 are substochastic.
2
A corollary of the proposition is the following.

Proposition 2.2.3 Let M; N be dd substochastic matrices. Then for any nonnegative

integer p, kM p N pk  pkM N k.

Next we de ne two types of operators mapping [0; 1] to [0; 1]. Let  be a nonnegative real number. We de ne the perturbation operator  as a function mapping any
nonnegative real number z 2 [0; 1] to  (z ) = maxfz ; 0g. For a positive integer t, we
de ne the truncation operator b ct as a function mapping any nonnegative real number
z 2 [0; 1] to bzct obtained by truncating the binary expansion of z after t binary digits.
Thus bz ct = 2 t b2t z c.
These operators are extended to matrices by simply applying them entry by entry to the matrix. It is obvious that these operators map substochastic matrices to
substochastic matrices. We make the following simple observations about how these
operators interact with the matrix norm.

Proposition 2.2.4 Let M; N 2 Rdd , t be a positive integer and 

a positive real

number. Then:
1. kM bM ct k  d2 t,
2. kM  (M )k  d,
3. k (M )  (N )k  kM N k.

2.2.2 Space Bounded Computation of Matrices
We review some of the standard facts about space-bounded computation of matrices.
We restrict attention to certain special classes of algorithms that will be useful later for
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our purposes.
We will be considering the computation of a class of functions we call matrix functions. The domain of a matrix function F consists of ordered pairs (M; z ) where M is
a square matrix and z is an auxiliary parameter. F (M; z ) is a matrix whose dimension
is the same as that of M . (Note that we do not require the presence of the auxiliary
parameter in the input of a matrix function.)
We will consider algorithms A that compute such functions in the following sense.
A will take as input M and z and in addition will take two indices i; j between 1
and dim(M ). The output of A is interpreted as the (i; j )-th entry of a matrix denoted
A(M; z). Thus the entire matrix A(M; z) could be determined by running the algorithm
over all i; j . For (M; z ) in the domain of F , we say that A computes F on input (M; z )
if A(M; z ) = F (M; z ) and that A approximates F on input (M; z ) with accuracy a if
kA(M; z) F (M; z)k  2 a. Such an algorithm will be called a matrix algorithm. We
will often identify a matrix algorithm with the matrix function it computes.
A matrix function F (resp., a matrix algorithm A) is said to be substochastic if
F (M; z) (resp., A(M; z)) is substochastic whenever M is, i.e., for any choice of z, F
(resp., A) maps substochastic matrices to substochastic matrices.
A matrix function F is computable in space S () if there is a matrix algorithm that
computes F on arbitrary input (M; z ) from the domain of F and runs in space S (M; z ).
We next review recursive matrix computation in this context. Suppose F1 ; F2; : : :; Fk
is a sequence of matrix functions. For a square matrix M and a sequence of auxiliary parameters z1 ; z2; : : :; zk , we de ne a sequence of matrices M0 ; M1; M2; : : :; Mk recursively
as follows:
M0 = M and Mi = Fi (Mi 1; zi) for 1  i  k:
Let G be the matrix function such that G(M; z1; z2; : : :; zk ) evaluates to Mk . Thus G is
essentially the composition of the matrix functions F1; F2 ; : : :; Fk . Then the following
fact is well known and easily veri ed:

Proposition 2.2.5 Suppose for each 1  i  k, Fi is computable in space Si, where

Si  log(dim(M )). Then G is computable in space O(S1 + S2 + : : : + Sk ).
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2.2.3 Oine Randomization
The deterministic algorithm we present for approximating substochastic matrix repeated squaring will be obtained by developing a randomized algorithm, and then
derandomizing it. In the general view of randomized algorithms, random bits are used
in an \on-line" fashion, that is, the algorithm requests random bits as it needs it, and
need not store the bits unless necessary. The randomized algorithm we develop will have
the following restricted structure: the algorithm, upon receipt of the input x, computes
the total number R(x) of random bits that will be required for the algorithm. It then
obtains a string y 2 f0; 1gR(x) of random bits from the random source and stores y in a
designated section of memory, which from then on is available for reading only and can
be accessed globally at any stage of the subsequent computation. Given x and y , the
operation of the algorithm is completely deterministic. We will refer to this method of
using random bits as \oine randomization". This paradigm has been used implicitly
in previous work on derandomizing randomized algorithms (see e.g. [Nis92, NZ93]),
here we make it explicit in order to clarify certain subtleties.
We think of an oine randomized algorithm A as a function A(x; y ) of two input
strings: x the \true" input and y , the \oine random input". More generally we write
A(x1; : : :; xi ; y1; : : :; yj ) if the true input to A is a list x1 ; : : :; xi of strings and the o line random input is a list y1 ; : : :; yj of strings. When accounting for space in an oine
randomized algorithm, we explicitly divide the space requirements of the algorithm into
two quanitities: the space R(x) needed to store the random bits, called the random bit
complexity and the space required to run A(x; y ) once y is written down, called the
processing space complexity. The overall space is the sum of these. (Technically, we
should also account for the space needed to compute the number R(x) of random bits
needed but, in all of our algorithms and in virtually any conceivable situation, this is
trivial compared to the other requirements, and we ignore it.)

Remark: One point in the above description should be emphasized. Suppose that
A(x; y ) is an oine randomized algorithm and suppose that during the execution of A,
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various randomized subroutines B1 (x1; y1); B2(x2 ; y2) : : : are called (including recursive
calls). Then each Bi does not generate its own random bits, since we require that
the operation of A be completely deterministic given x and y . The call to Bi must
specify yi as well as xi . Typically (and always in what we do here), yi will be some
designated subset of the globally accessible string y . Thus when we account for random
bit complexity, we do not need to count the random bit requirements of every call of a
subroutine, since all random bits are accounted for at the top level of the algorithm.
Now suppose that A is an oine randomized matrix algorithm. This means that it
takes as true input (M; z ), and also an oine random input y 2 f0; 1gR(M;z). For an
integer a and a real number , we say that A approximates the matrix function F on
input (M; z ) with accuracy a and error probability if the following holds:

Pr[kA(M; z; y ) F (M; z)k > 2 a]  ;
where the probability is over y chosen uniformly at random from f0; 1gR(M;z). In other
words, for each xed (M; z ) all but a fraction of the possible strings y will cause the
algorithm to output an approximation to F (M; z ) with accuracy a.
There is a trivial way to convert an oine randomized algorithm A into a deterministic algorithm: for xed input x, we enumerate over all choices of y and compute
A(x; y ), then take the arithmetic average over all y of A(x; y ). We call this procedure
the naive derandomization of A.

Lemma 2.2.1 Let F be a substochastic matrix function and A be an oine randomized

substochastic matrix algorithm. Suppose that on input (M; z ), A requires R = R(M; z )
random bits, and has processing space complexity S = S (M; z ), and approximates F
on (M; z ) with accuracy a and error probability , where  2 (a+1) . Then the naive
derandomization B of A runs in space O(S + R) and B (M; z ) approximates F (M; z )
with accuracy a 1.

Proof: From the construction of the naive derandomization algorithm, we have
X
B(M; z) = 21R
A(M; z; y ):
y2f0;1gR
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The computation of B (M; z ) is done by rst running through all the choices of y ,
computing A(M; z ; y ) for each y and summing them up, and then taking the average
of the sum. The space needed for the computation consists of three parts: the space
to enumerate y , the space to compute A(M; z ; y ), and the space to compute and store
the value of the sum and to calculate the average. Enumerating over y takes space R.
Once the value of y is stored, the deterministic procedure A(M; z ; y ) takes y as part of
the input and thus uses only S space by de nition. The space can be reused for each
successive y . Since each entry of A(M; z ; y ) takes space at most S , the space needed to
compute and store the value of the sum is thus bounded by O(S + R), as is the space
needed to compute the average. Then we conclude that B runs in space O(S + R).
We now estimate the accuracy. Denote by Ga (M; z ) the set of all y 2 f0; 1gR such
that kA(M; z ; y ) F (M; z )k  2 a . By assumption, jGa (M; z )j  (1 )2R. Then

X

kB(M; z) F (M; z)k  21R
kA(M; z; y) F (M; z))k
y2f0;1gR

X
= 21R (
kA(M; z; y) F (M; z)k
y2Ga (M;z)
X
kA(M; z; y) F (M; z)k)
+


=

y2f0;1gR Ga (M;z)
1 (2 a jG (M; z )j + 2  (2R
a
2R
1 (2 a 2R + 2  2R)
2R
2 a+2

 2

a+1 :

jGa(Mz )j))

2

What this lemma says, in e ect, is that to construct a space ecient deterministic
matrix algorithm that approximates a matrix function F with sucient accuracy, it
suces to construct a space ecient randomized matrix algorithm that approximates
F with sucient accuracy and does not use \too many" random bits.

2.3 Formal Statement of Main Result
We formalize the repeated squaring problem as follows:
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Approximate Substochastic Matrix Repeated Squaring (AMRS)

Input: a d  d substochastic matrix M , integers 2r and 2a in unary.
Output: a d  d substochastic matrix M 0 such that kM 0 M 2r k  2 a.
We want a matrix algorithm for AMRS in the sense of Section 2.2.2, i.e., one that
takes as input M; 2r ; 2a and indices u; v 2 [d] and outputs M 0 [u; v ].
For the convenience of our presentation, we de ne the parameter s = maxfr; a; log dg.
We measure the space complexity of the algorithm for AMRS in terms of r and s.
In what follows, we present an explicit algorithm for AMRS to prove:

Theorem 2.3.1 There is a deterministic algorithm for AMRS with space complexity

O(r1=2s). In particular, in the case that the parameters a, r are of O(log d), the space
complexity is O(log3=2 d).

2.4 The Algorithm
2.4.1 Motivation and Overview
As mentioned in the introduction, the straightforward recursive algorithm for AMRS
requires space O(rs). The algorithm we present will reduce this space to O(r1=2s). Our
approach will be to nd a randomized approximation algorithm that runs in this space,
and uses only O(r1=2s) random bits. The algorithm will approximate (r)(M ) = M 2r
with accuracy a + 1 and error probability 2 (a+2). Then we use the naive derandomization to construct a deterministic algorithm, which by Lemma 2.2.1 will run in space
O(r1=2s) and achieve approximation accuracy a.
The starting point for constructing such a randomized algorithm is Nisan's pseudorandom generator for space bounded computation. By examining Nisan's derivation
of the generator, one can see that it implicitly gives an oine randomized algorithm
for AMRS, which we call PRS for pseudorandom repeated squaring. The details of
the algorithm are given in Section 2.6. The relevant properties of this algorithm are
summarized in the following:
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Lemma 2.4.1 Let a be an integer. Given as input a d  d substochastic matrix M and

integers r; m, the algorithm PRS (M; r; m; ~h) takes a random string ~h 2 (f0; 1g2m)r ,
runs in space O(m + r + log d) and computes a substochastic matrix of dimension d
subject to the property that the algorithm approximates (r)(M ) (a matrix function on
input (M; r) ) with accuracy a and error probability 22a+32rm+5 log d .

The lemma says that for any substochastic matrix M , almost all choices of ~h are
\good" for M in the sense that PRS (M; r; m; ~h) computes a \close" approximation to
M 2r . We call the parameter m in the lemma the randomization parameter. From the
lemma, we can choose m = O(s) and get error probability that is exponentially small in
s. However, to achieve this we require (rs) random bits, and so the naive derandomization will need (rs) space, which is the same as the standard recursive algorithm.
The one thing we have gained however, is that the processing space complexity (the
space over and above the random bits) is only O(s), which is much smaller than we can
a ord. So our aim will be to reduce the number of random bits, and we can a ord to
increase the processing space complexity, if necessary. We will succeed in making both
O(r1=2s).
The next idea is to try to apply PRS recursively. Suppose that r is factored as
r1  r2 (eventually we will assume without loss of generality that r is a perfect square
and choose both r1; r2 to be r1=2.) Then (r)(M ) = ((r1) )r2 (M ), i.e., (r)(M ) can be
computed by r2 applications (compositions) of the function (r1 ) to M . Now instead
of computing (r1 ) we can use PRS to approximate it. The i-th application of PRS ,
1  i  r2, requires a random string ~h(i) of length 2r1m. Each level of recursion thus
needs 2r1m bits for ~h(i) and an additional O(s) space. The total amount of processing
space is thus r2  O(s) while the number of random bits we need is r2  2r1m = 2rm.
This hardly looks like progress: we've increased the processing space complexity from
O(s) to O(r2s) without getting any reduction in the number of random bits!
But now there is an obvious way to try to reduce the number of random bits: choose
a single random vector ~h of length 2r1m and use it for ~h(i) at every level of the recursion.
Intuitively, it seems reasonable that this might work, since we know from the properties
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of the PRS algorithm that at each level of recursion, almost all choices of ~h are \good"
for the matrix being powered at that level. The problem is that there seems to be no
easy way to prove that almost every ~h is good simultaneously for every level of recursion
(in fact we don't even know how to prove that there is even one such ~h). There is a
natural approach to doing this that \almost" works, which we sketch because it will
motivate what comes later. Consider the sequence M0 = M; M1 ; M2; : : :; Mr2 where for
i  1 , Mi is the result of PRS (Mi 1; r1; m; ~h(i)) computed at recursive level i (where
we number recursive levels by assigning small numbers to deeper levels). We want to
show that for most choices of ~h, if we take ~h(i) = ~h at every level then all of these
approximations are \close enough". Now, as mentioned, we cannot just apply the fact
that almost all choices of ~h are good at each level, because the event that ~h(i) is good
at level i depends on the matrix Mi 1 , which in turn depends on ~h(i 1) . Instead, it is
natural to look at the sequence N0 = M; N1; N2; : : :; Nr2 where Ni = Ni2r11 , which is
the exact sequence that M0 ; M1; : : :; Mr2 is attempting to estimate. Now since all of
the Ni are xed by M , and do not themselves depend on ~h, we can use the fact that
almost all ~h are good for each Ni to conclude that almost all ~h are simultaneously good
for all of the Ni . It is then reasonable to conjecture that any ~h that is good for all
of the Ni is good for all of the Mi as well. The idea for proving this is an induction.
Since M0 = N0, ~h is good for M0 . Now since ~h is good for M0 , this means that the
matrix M1 computed by applying PRS to (M0 ; r1; m; ~h) is \close" to N1. What we
then want to prove is that since M1 is \close" to N1 and ~h is good for N1, then ~h is
also good for M1. If this is true we can continue by induction. This can be reduced to
showing that if Ni and Mi are \close" and ~h is good for Ni , then the matrices Ni and
Mi obtained by applying PRS to Ni and Mi are also \close". In the qualitative way
we have stated things, this is indeed true; the problem comes in making it quantitative.
The best upper bound we have obtained on the ratio kM  N k=kM N k (which can
be viewed as the rate of growth of error as we proceed through recursive levels) is too
large to be able to prove that the nal approximation to M 2r is a good one.
Thus, while it is still possible that the simple recursive algorithm that reuses ~h does
indeed estimate the repeated square accurately, we could not prove it. The algorithm
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we present is derived from the approach just outlined, but requires an additional idea
to circumvent the above obstacle. The idea, very roughly, is this: What we would like
is to make the sequence Mi equal to Ni so as to avoid the dependencies on ~h. In order
to accomplish this, at every recursive level instead of applying PRS directly to the
matrix Mi 1 computed at the previous level of recursion, we apply it to a modi ed
version of Mi 1 which is obtained by \perturbing" the entries at random and then
truncating them. The intuition is that in typical cases, we can make Mi and Ni equal
by truncating the low order bits from each entry in Mi and Ni since they are \close";
nevertheless, to prevent the cases where bad roundings might occur, we rst apply
random perturbations. We can then show that almost all choices of ~h are \good"
simultaneously for every level of recursion. So we will only need 2r1m random bits
to generate this single ~h. However, the random perturbations will themselves require
additional random bits, but the number will only be O(s) per level of recursion for a
total of at most O(r2s) random bits. Thus the total number of random bits needed will
be O((r1 + r2)s) which for r1 = r2 = r1=2 is O(r1=2s).

2.4.2 The Description of the Algorithm
In this subsection, we describe our randomized algorithm for AMRS in detail. The
key properties of this randomized algorithm, which we call MAIN for reference, will
be that it uses O(r1=2s) random bits, has processing space complexity O(r1=2s) and
approximates (r)(M ) with accuracy a + 1 and error probability 2 (a+2). Using the
naive derandomization, we obtain the desired deterministic algorithm.
The algorithm MAIN is a simple variant of the recursive PRS algorithm described
above. As in the previous subsection, we suppose that r is factored as r1  r2 , and
eventually we will take r1 = r2 = r1=2. (Thus we will assume that r is a perfect square.
This assumption is unimportant for two reasons: (1) for purposes of derandomizing
random space algorithms it does not hurt to replace r by the least perfect square
greater than it, and (2) if one really cares to estimate (r)(M ) where r is not a perfect
p
square then we may write r = u + v where u is a perfect square and v = O( r). Then
we use the algorithm we present to compute N = (u) (M ) and use the simple recursive
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algorithm to estimate (v)(N ).)
Besides input M; r and a, the algorithm MAIN has four additional parameters
m; t; D and K that are computed from the input and do not change thereafter. We will
see below that the values for these parameters are all (s). The parameter m is the
randomization parameter to be used in each call of the PRS algorithm. The parameter
t is a precision parameter, which represents the number of bits of precision that are
passed from one recursive level to another. D and K are parameters that describe the
range of possible perturbations that can be applied: when we perturb a matrix, we
decrease all entries by the same amount, which is a number of the form 2 K q where
0  q < 2D . The parameters t; D; K satisfy t + D = K .
The number of random bits required by the algorithm is 2mr1 + Dr2 which is
O(s(r1 + r2)) = O(r1=2s). These random bits are represented as a pair (~h; ~q) where ~h
consists of 2mr1 bits corresponding to the oine random input to the algorithm PRS
for approximating (r1) (M ), and ~q is a vector [q (1); q (2); : : :; q (r2)], where each q (i) is
interpreted as a D-bit integer.
Now we are ready to describe our algorithm.

Algorithm MAIN
Input: a d  d substochastic matrix M , integers r (r = r1  r2 as assumed) and a, and

indices u; v 2 [d];
Initialize (compute from the input) parameters: m; D; K and t = K D;
Oine Random Input: ~h 2 f0; 1g2mr1 and ~q 2 f0; 1gDr2, where q~ = [q(1); q(2); : : :; q(r2)]
for each q (i) 2 f0; 1gD;
De ne the sequence of matrices

M0 ; M1P ; M1; M1; M2P ; M2; M2; M3P : : :Mr2 1; MrP2 ; Mr2 ; Mr2
by M0 = M and for 1  i  r2,

MiP = PRS (Mi 1; r1; m; ~h)
Mi = i (MiP ) where i = q (i)2

K

24

Mi = bMi ct
The algorithm MAIN recursively computes Mr2 [u; v ].

Output: Mr2 [u; v]
In words, MiP is a pseudorandom approximation of (r1 ) (Mi 1 ), Mi is obtained by
\perturbing" MiP by decreasing its entries by i (subject to staying nonnegative), Mi
is obtained from Mi by truncating each entry of Mi after t bits.
As noted above, the number of random bits used in the algorithm is O(r1=2s). Let us
analyze the space needed for this algorithm. The algorithm computes the composition
of a sequence of 3r2 matrix functions (as de ned in Section 2.2.2), so we may apply
Proposition 2.2.5 to say that the processing space of the computation is the sum of the
processing space needed for computing each function. The perturbation and truncation
functions are both trivially computable in space O(s). By Lemma 2.4.1, the space
needed for the algorithm PRS other than the random bits, is O(s). Thus the overall
processing space can be bounded by O(r2s) as required.
What is not clear is that this algorithm produces a good approximation for (r).
We will prove:

Theorem 2.4.1 The algorithm MAIN approximates (r)(M ) with accuracy K D
2r log d and error probability 2r+22Dlog d + 22K +42rm+5 log d .

In light of this Theorem, we can now choose the parameters, e.g. m = 39s, t = 6s,
D = 7s and K = 13s to obtain an algorithm whose accuracy is at least a + 1 with error
probability bounded above by 2 (a+2). Applying the naive derandomization yields the
desired deterministic algorithm for AMRS.

Remark: For simplicity of presentation we assumed that the maximum number of
bits per entry of the input matrix M is at most m. We can always replace M by the
matrix M0 = bM cm at the lowest level of the recursion. By Propositions 2.2.3 and
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2.2.4, (r)(M0 ) is very close to (r)(M ). Thus since the algorithm produces a good
approximation to (r)(M0), it is also a good approximation to (r)(M ).
In the remainder of this chapter we rst prove Theorem 2.4.1. Then in Section
2.6, we examine in detail the connection between approximating substochastic matrix
exponentiation and constructing pseudorandom generators, and describe the algorithm
PRS and prove Lemma 2.4.1. This will complete the proof of Theorem 2.3.1 and
Theorem 2.1.1.

2.5 The Correctness Proof
We will denote by (M; K ; ~h; ~q), where ~h 2 (f0; 1g2m)r1 and ~q = [q (1); q (2); : : :; q (r2)] 2
(f0; 1gD)r2 , the sequence of matrices [M0 ; M1P ; M1 ; M1; M2P ; : : : ; MrP2 ; Mr2 ; Mr2 ] computed by the algorithm MAIN. Note that (M; K ; ~h; ~q) depends implicitly on m and r1
(through its dependence on ~h) and on D and r2 (through its dependence on ~q). Recall
that the structure of the algorithm is such that Mi is computed from Mi 1 by rst
applying PRS to approximate its 2r1 -th power, perturbing the matrix, and then truncating it. We want to show that for most choices of the random bits to the algorithm,
after r2 iterations, the resulting matrix is a good approximation to the 2r -th power of
the matrix.
The analysis proceeds in a way analogous to the approach sketched in Section 2.4.1.
We will compare the sequence (M; K ; ~h; ~q) of matrices to the sequence (M; K ; ~q) =
[N0; N1P ; N1; N1; N2P ; : : : ; NrP2 ; Nr2 ; Nr2 ] of matrices which is obtained by a nearly identical process to MAIN: N0 = M and for 1  i  r2,

NiP = Ni2r11
Ni = i (NiP ) where i = q (i)2

K

Ni = bNi ct:
The only di erence between this process and the one in MAIN is that NiP is de ned to
be the exact 2r1 -th power of Ni 1 , rather than the pseudorandom approximation.

26
Note that we are not interested in computing this sequence, but only consider it for
the purpose of analysis. Note also that (M; K ; ~q) does not depend on ~h.
We will rst prove:

Lemma 2.5.1 For any choice of ~q 2 f0; 1gDr2, the sequence (M; K ; ~q) has the prop-

erty that Nr2 approximates (r)(M ) with accuracy K D 2r log d.

Once we have this lemma, to prove the theorem, it would be enough to show that
for almost all choices of ~q and ~h, the nal matrix Mr2 in (M; K ; ~h; ~q) is suitably close
to the nal matrix Nr2 in (M; K ; ~q). In fact, we will show that for almost all q~ and ~h,
Mr2 is actually equal to Nr2 .
For this we need two de nitions.

De nition 2.5.1 Let W

be a substochastic matrix and r; a; m be integers. We say a
string ~h 2 f0; 1g2mr is a-pseudorandom with respect to W if PRS (W; r; m; ~h) approximates (r)(W ) with accuracy a.

De nition 2.5.2 A nonnegative real number r is (b; t)-dangerous for positive integers

b > t, if r can be written in the form 2 tI +  where I is a positive integer and
 2 [ 2 b ; 2 b), and is (b; t)-safe otherwise. A matrix W is (b; t)-dangerous if any
entry of it is (b; t)-dangerous and is (b; t)-safe if all of its entries are (b; t)-safe.

Lemma 2.5.2 Fix ~q 2 f0; 1gDr2.

In (M; K ; ~q), suppose that all of the matrices Ni
are (K; t)-safe, and suppose that ~h 2 f0; 1g2mr1 is a vector that is K -pseudorandom with
respect to each Ni for 0  i < r2. Then Mr2 = Nr2 . (In fact, Mi = Ni for 0  i  r2 .)

Now, for any xed ~q 2 f0; 1gDr2 , the sequence (M; K ; ~q) does not depend on ~h.
Since for each Ni , we know by Lemma 2.4.1 that all but a fraction 2 m+2K +3r+5 log d of
the ~h 2 f0; 1g2mr1 are K -pseudorandom with respect to Ni, we have:

Proposition 2.5.1 For any ~q 2 f0; 1gDr2 , all but a fraction 2

m+2K +4r+5 log d of the

~h 2 f0; 1g2mr1 are K -pseudorandom with respect to each of the Ni for 0  i < r2 .

Next we see where the perturbations help: we show that almost all vectors q~ 2
f0; 1gDr2 satisfy the hypothesis of Lemma 2.5.2.
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Lemma 2.5.3 For a randomly chosen ~q 2 f0; 1gDr2,

the probability that all of the
matrices Ni in (M; K ; ~q) are (K; t)-safe is at least 1 2 D+r+2 log d .

Assuming these three lemmas, we now prove Theorem 2.4.1.

Proof of Theorem 2.4.1: By Lemma 2.5.1, it suces to upper bound the probability

that, for a randomly chosen pair (~h; ~q), the matrix Mr2 in the sequence (M; K ; ~h; ~q)
does not equal to the matrix Nr2 in (M; K ; ~q).

Pr[Mr2 6= Nr2 ]  Pr[not all Ni 2 (M; K ; ~q) are (K; t)-safe] +
Pr[~h is not K -pseudorandom w.r.t. each Ni 2 (M; K ; ~q)]

 2

D+r+2 log d + 2 m+2K +4r+5 log d ;

where the rst inequality follows from Lemma 2.5.2, and the second follows from Lemma
2.5.3 and Proposition 2.5.1.
2
In the remainder of the section we prove the three lemmas.

Proof of Lemma 2.5.1:
De nition 2.5.3 A sequence of d  d matrices [N0; N1; : : :; Np] is said to be (l; )-close

if for all 1  i  p; kNi Nil 1 k  .

Lemma 2.5.4 Let [M = N0; N1; : : :; Np] be an (l; )-close sequence of dd substochastic matrices. Then

kNp M lp k 

p
X
i=1

(li 1 ):

Proof: We proceed by induction on p. The case where p = 0 is trivial. Assume it is

true for p 1 and we show that the lemma holds for p.

kNp M lp k  kNp Npl 1k + kNpl 1 (M lp 1 )lk
 + lkNp 1 M lp 1 k

=

+l
p
X
i=1

pX1

(li 1 )

i=1
(li 1 );
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where the second inequality follows from the fact that the sequence is (l; )-close and
from Proposition 2.2.3, and the last inequality is by induction.
2
We claim the sequence of matrices [N0; N1; : : :; Nr2 ] in (M; K ; ~q) is (2r1 ; 2 t+log d+1 )close.
Recall that NiP = Ni2r11, Ni = i (NiP ) where i = q (i)2 K , and Ni = bNi ct .
Therefore,

kNi Ni2r11k  kNi Nik + kNi NiP k
 d2 t +  i d
 2 t+log d+1 ;
where the second inequality follows from Proposition 2.2.4 and the last inequality from
the fact that t = K D. Now Lemma 2.5.4 completes the proof.
2

Proof of Lemma 2.5.2:
We prove by induction that Mi = Ni for 0  i  r2. The basis i = 0 is trivial. For
i > 0, assume Mi 1 = Ni 1. Since ~h 2 f0; 1g2mr1 is K -pseudorandom with respect to
Ni 1, by de nition, kMiP NiP k  2 K . Then we have kMi Ni k  2 K from the
third fact in Proposition 2.2.4, which implies that for any u; v 2 [d],

jMi[u; v] Ni[u; v]j  2 K :

(2.1)

Now, the fact that Ni is (K; t)-safe implies that either Ni [u; v ] 2 [0; 2 t 2 K ) or
Ni [u; v ] = bNi [u; v ]ct +  where  2 [2 K ; 2 t 2 K ). Thus by (2.1), Mi [u; v ] =
bNi[u; v]ct + 0 where 0 2 [0; 2 t). (This is because otherwise Mi [u; v] < bNi[u; v]ct,
which is impossible in the former case and violates (2.1) in the latter one.) Therefore
bMi [u; v]ct = bNi[u; v]ct. Since this holds for arbitrary u; v, we have Mi = bMi ct =
bNict = Ni as required.
2

Proof of Lemma 2.5.3:
We want to upper bound the probability , with respect to the random choice
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of ~q = [q (1); q (2); : : :; q (r2)] 2 (f0; 1gD)r2 , that at least one of the matrices Ni is
(K; t)-dangerous. Recall that D + t = K . Note that for any xed M , the sequence
[N0; N1P ; N1; N1; N2P ; : : : ; NrP2 ; Nr2 ; Nr2 ] is completely determined by q~.
2  where  = Pr[N  is (K; t)-dangerous]. We will
We can upper bound  by Pri=1
i
i
i
bound each of the probabilities in this sum by 2d22 D , which will be sucient for the
proof of the lemma.
Now, by the de nition of Ni , i = Pr[q(i)2 K (NiP ) is (K; t)-dangerous]. Let NiP
denote the set of all possible values for the matrix NiP (which is nite since the number
of choices for ~q is nite) and for any matrix W , let Ti (W ) denote the event that
q(i)2 K (W ) is (K; t)-dangerous. Then

i =
=

X

W 2NiP

X

W 2NiP

Pr[NiP = W ]Pr[Ti(W )jNiP = W ]
Pr[NiP = W ]Pr[Ti(W )]

 maxW 2NiP Pr[Ti(W )];
where the second equality comes from the fact that for each xed W the event NiP = W
depends only on q (1); q (2); : : :; q (i 1), while the event Ti (W ) depends only on q (i), so
these events are independent. So nally it suces to prove:

Lemma 2.5.5 For any

xed substochastic matrix W of dimension d, the probability
with respect to q 2 f0; 1gD that q2 K (W ) is (K; t)-dangerous is at most 2d22 D .

Proof: We can bound the desired probability by d2 times the probability that any

particular entry of q2 K (W ) is (K; t)-dangerous.
Fix any (u; v ) 2 [d]  [d]. Then W [u; v ] = 2 t I1 + 2 K I2 +  for a unique (I1; I2; )
such that I1 is an integer, I2 is an integer in [0; 2D 1] and  2 [0; 2 K ). In the
case where I1 = 0, if I2 < 2D 1, i.e., W [u; v ] < 2 t 2 K , then for any value of q ,
q2 K (W [u; v ])  W [u; v ] is not (K; t)-dangerous by de nition; if I2 = 2D 1, then
q2 K (W [u; v ]) is (K; t)-dangerous only when q = 0. In all other cases, it is easy to
check that the only values of q for which q2 K (W [u; v ]) is (K; t)-dangerous are the
values I2 and I2 + 1 (mod 2D ).
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Thus the probability that q2 K (W [u; v ]) is (K; t)-dangerous is at most 2=2D and
so the probability that q2 K (W ) is (K; t)-dangerous is at most 2d2 2 D as required.2

2.6 Matrix Pseudorandom Repeated Squaring
In this section, we complete both the description of the algorithm and the proof of correctness by presenting the PRS algorithm satisfying Lemma 2.4.1. As stated earlier,
this algorithm is derived from Nisan's pseudorandom generator construction [Nis90].
In what follows, we rst examine the general relationship between approximating substochastic matrix exponentiation and constructing pseudorandom generators. Then we
present in detail the construction of Nisan's pseudorandom generator and analyze its
properties. Finally we describe the algorithm PRS and prove Lemma 2.4.1.

2.6.1 Matrix Exponentiation and Pseudorandom Generators
Finite State Machines and Substochastic Matrices
De nition 2.6.1 A nite state machine Q of type (d; m) is a directed graph on vertex

set f0; 1; 2; : : :; dg such that

 each vertex has 2m outgoing arcs, which are labeled in one to one correspondence
with the alphabet  = f0; 1gm, and
 all 2m arcs leaving node 0 are self-loops.
The vertex set f0; 1; 2; : : :; dg is called the set of states of the machine. We use Q[i; j ]
to denote the set of 2  that appear as labels on arcs directed from state i to state j .

Given any state i, each word = ( 1; 2; : : :; p) 2 p de nes a unique path
of length p starting from i, obtained by following in succession the arcs labeled by
1 ; 2; : : :; p. We denote by Qp [i; j ] the set of all words in p that de ne a path from
i to j . Note that Qp can itself be viewed as a nite state machine of type (d; mp). We
say that a word 2 p maps state i to state j if 2 Qp [i; j ]. It is easily seen that:
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Proposition 2.6.1 For any

nite state machine Q of type (d; m) and any positive
integers p1 and p2 , Qp1 p2 = (Qp1 )p2 .

For a nite state machine Q of type (d; m), we de ne the d  d matrix Q to be
such that the rows and columns of Q are indexed by [d] and Q [i; j ] = 2 m jQ[i; j ]j for
i; j 2 [d], i.e. Q [i; j ] is equal to the fraction of arcs leaving i that are directed to j . It
is easy to see that Q is substochastic. In fact, for each i, the sum of entries in row i is
equal to 1 minus the fraction of arcs leaving i that are directed to state 0.
The following fact is easy to verify:

Proposition 2.6.2 For any

nite state machine Q of type (d; m), and any positive
integer p, (Qp ) = (Q)p . In words, for each pair of states i; j 2 [d], the fraction of
strings in p that map i to j is equal to the (i; j )-th entry of the p-th power of the
substochastic matrix Q.

A square substochastic matrix is of type (d; m) if it has dimension d and all of its
entries are multiples of 2 m . Now, given a substochastic matrix M of type (d; m) we
want to construct, in some canonical way, a nite state machine Q(M ) of type (d; m)
such that (Q(M )) = M , i.e., such that for each i; j 2 [d], the size of the set Q(M )[i; j ]
is 2m M [i; j ]:
Identify each 2  with the integer in f0; 1; : : :; 2m 1g whose binary expansion is
. For each i 2 [d], de ne Q(M )[i; j ] to be the set of strings corresponding to the set
of integers in the interval [2m Pjl=11 M [i; l]; (2m Pjl=1 M [i; l]) 1] for j 2 [d], and de ne
Q(M )[i; 0] to be the set of strings corresponding to the set of integers in the interval
[2m Pdl=1 M [i; l]; 2m 1]. Finally, de ne Q(M )[0; 0] =  and Q(M )[0; j ] = ; for all j 6= 0.
It is easy to check that (Q(M )) = M , as desired.

Proposition 2.6.3 There is an algorithm which, given as input a substochastic matrix

M of type (d; m), 2 f0; 1gm, and i 2 [d], determines the index j such that
Q(M )[i; j ] in space O(m + log d).

2
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Proof: The algorithm examines the i-th row of M entry by entry in the order of
M [i; 1]; M [i; 2]; M [i; 3];    :

2 Q(M )[i; j ] if j is the rst state such that < 2m Pjk=1 M [i; k]. In the case that
 2m Pdk=1 M [i; k], it returns j = 0. The space used by the algorithm is obviously
O(m + log d).
2

Approximate Matrix Exponentiation and Pseudorandom Generators
Suppose we have a substochastic matrix M of type (d; m), and we want to estimate the
entries of M p for some positive integer p. By the discussion of the previous subsection,
M p [i; j ] is equal to the fraction of words in (f0; 1gm)p that map state i to state j
in the nite state machine Q(M ). Thus, one way to compute M p [i; j ] is simply to
enumerate over all words in (f0; 1gm)p and count the number of words that map i to
j in the nite state machine. The space complexity of this algorithm is (pm + log d).
In order to obtain more space eciency, one desirable modi cation of the above naive
enumeration is to nd a space-ecient way to sample a small set of words in (f0; 1gm)p
and estimate M p[i; j ] to be the fraction of words in this small set that map i to j . The
application of pseudorandom generators provides a way to do this ecient sampling
while guaranteeing the accuracy of the estimation.
An (a; b)-generator is de ned to be a function mapping f0; 1ga to (f0; 1ga)b , i.e., a
function that maps a string x 2 f0; 1ga to a sequence of b strings y0 ; y1; y2; : : :; yb 1
where each yi 2 f0; 1ga. The yi 's are called the output blocks of the generator, and we
use the convention that they are indexed starting from 0. If G is an (a; b)-generator
and x 2 f0; 1ga, we write G` (x), 0  `  b 1, for the `-th output block of G(x).
Suppose G is an (m; p)-generator. Given a nite state machine Q of type (d; m),
we de ne a nite state machine QG of type (d; m) as follows: for i; j 2 f0; 1; 2; : : :; dg,
QG [i; j ] is the set of all 2 f0; 1gm such that G( ) maps i to j in Q. (The fact that
QG is a nite state machine of type (d; m) is not dicult to verify.)

De nition 2.6.2 Let G be an (m; p)-generator.
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1. If Q is a nite state machine of type (d; m), G is called -pseudorandom with
respect to Q if kQG (Qp) k  .
2. If M is a substochastic matrix of type (d; m), G is called -pseudorandom with
respect to M if it is -pseudorandom with respect to the machine Q(M ).

The above de nition captures the property that G provides a good subset fG( )j 2
f0; 1gmg of (f0; 1gm)p for purposes of estimating the fraction of the total number of
words in (f0; 1gm)p that map one state to another in the nite state machine, and thus
for purposes of estimating the corresponding entry of the matrix M p .

Lemma 2.6.1 Let M be a substochastic matrix of type (d; m) and G an (m; p)-generator.

If G is -pseudorandom with respect to M , then k(Q(M ))G M p k  .

Proof:
k(Q(M ))G M pk = k(Q(M ))G ((Q(M )))pk
= k(Q(M ))G ((Q(M ))p) k
 ;
where the rst equality follows from the de nition of Q(M ), the second from Proposition
2.6.2 and the inequality follows from the assumption that G is -pseudorandom with
respect to M .
2

2.6.2 Nisan's Pseudorandom Generator Family
For completeness, we explicitly describe Nisan's construction of a family of (m; 2r )generators and examine its properties. The arguments here mainly follow Nisan's work
in [Nis90]. The presentation is self-contained and is a variant of the one given in [Nis90].
In the following discussion, if and are two strings then denotes their concatenation, and all the probability distributions are assumed to be uniform. First we
need some preliminaries.
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The Composition of Generators
Generally speaking, pseudorandom generators are functions that expand short random
seeds to much longer strings and guarantee certain randomness properties of the outputs. However, it is typically much easier to construct pseudorandom generators that
expand random seeds to strings that are relatively short. The idea behind composing
generators is to apply these generators with short outputs in a recursive fashion so
that the composition expands random seeds at an exponential rate without losing too
much randomness of the outcomes. In this section we discuss a general framework for
generator composition.
For an (a; b)-generator G and an (a; b0)-generator G0, the composition of G and G0,
denoted G  G0, is de ned to be the (a; bb0)-generator such that for any x 2 f0; 1ga,
G  G0(x) = G(G00(x))G(G01(x)) : : :G(G0b0 1 (x)).

Lemma 2.6.2 Let Q be a

nite state machine of type (d; m). Suppose G is an (m; p)generator and G0 is an (m; p0)-generator. Then QGG0 = (QG )G0 .

Proof: We want to show that for all i; j 2 [d], x 2 QGG0 [i; j ] if and only if x 2

(QG )G0 [i; j ], i.e., if and only if there exist states k1; k2; : : :; kp0 1 such that for 0  ` 
p0 1, G0`(x) 2 QG [k`; k`+1] where k0 = i and kp0 = j .
Fix arbitrary i; j 2 [d]. By de nition, x 2 QGG0 [i; j ] if and only if G  G0(x) =
G(G00(x))G(G01(x)) : : :G(G0p0 1 (x)) maps state i to state j in Q. The latter condition is
equivalent to saying that there exist states k1 ; k2; : : :; kp0 1 such that for 0  `  p0 1,
G(G0`(x)) maps state k` to state k`+1 in Q where k0 = i and kp0 = j , which means
G0` (x) 2 QG [k`; k`+1].
2

Lemma 2.6.3 Let Q be a

nite state machine of type (d; m). Suppose G is an (m; p)generator and G0 is an (m; p0)-generator. If G is -pseudorandom with respect to Q and
G0 is 0 -pseudorandom with respect to QG , then G  G0 is an (m; pp0)-generator that is
(0 + p0 )-pseudorandom with respect to Q.

Proof: By assumption, we have kQG (Qp)k   and k(QG)G0 ((QG)p0 )k  0.
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Then,

kQGG0 (Qpp0 )k =




k(QG)G0 ((Qp)p0 )k
k(QG)G0 ((QG)p0 )k + k((QG)p0 ) ((Qp)p0 )k
0 + k(QG )p0 ((Qp))p0 k
0 + p0 ;

where the equality follows from Lemma 2.6.2 and Proposition 2.6.1, the second inequality is by Proposition 2.6.2, and the last inequality follows from Proposition 2.2.3.
2

Remark: More generally, one can de ne a class of generators called (a1; a2; b)-generators.

An (a1 ; a2; b)-generator is a function that maps f0; 1ga1 to (f0; 1ga2 )b. As a special case,
the (a; b)-generator we de ned is an (a; a; b)-generator.
In this general setting, one can modify the de nitions of QG , -pseudorandomness
(De nition 2.6.2) and the composition of generators in the corresponding way so that
Lemma 2.6.1, 2.6.2 and 2.6.3 hold analogously.
For the purpose of constructing Nisan's generator, we will be interested in the
composition of (m; 2)-generators.

Universal Hash Function Families
We review some of the properties of universal hash function families.

De nition 2.6.3 [CW79] A family H of functions that map f0; 1gp to f0; 1gq is called
a universal hash function family if for all x1 6= x2 2 f0; 1gp and all y1 ; y2 2 f0; 1gq,

Prh2H [h(x1) = y1 and h(x2) = y2] = 2 2q :
It follows immediately from the de nition that:

Proposition 2.6.4 Let H

be a universal hash function family that maps f0; 1gp to
f0; 1gq. Suppose h is selected from H uniformly at random. Then for each x 2 f0; 1gp,
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the random variable h(x) is uniformly distributed over f0; 1gq and for any x 6= y 2
f0; 1gp, h(x) and h(y) are pairwise independent.

For any positive integer n and a subset X  f0; 1gn, we de ne

(X ) = Prx2f0;1gn [x 2 X ] = jX j2 n:
Let A  f0; 1gp and B  f0; 1gq. A function h : f0; 1gp ! f0; 1gq is said to be
(A; B; )-good if

jPrx2f0;1gp[x 2 A and h(x) 2 B] (A)(B)j  :

Lemma 2.6.4 Let H be a universal hash function family that maps f0; 1gp to f0; 1gq.
Then for any A  f0; 1gp, B  f0; 1gq and any  > 0,

(B)) :
Prh2H [h is not (A; B; )-good]  (A)(B)(1
2 2p

Proof: For each x 2 A, we de ne a random variable Xx with respect to the uniform

distribution on H such that for an h 2 H ,

8
>< 1 if h(x) 2 B
Xx(h) = >
: 0 otherwise.

It follows easily from Proposition 2.6.4 that for all x 2 A, E [Xx] = (B ) and the Xx's
are pairwise independent.
P
Let X = x2A Xx . Then E [X ] = jAj(B ) and by de nition, for each h 2 H ,

X (h) = jfx 2 Ajh(x) 2 Bgj
= jAjPrx2A [h(x) 2 B ]:
Now we have:

Prh2H [h is not (A; B; )-good] = Prh2H [jPrx2f0;1gp[x 2 A and h(x) 2 B] (A)(B)j > ]
= Prh2H [jjAjPrx2A[h(x) 2 B ] jAj(B )j > 2p ]
= Prh2H [jX E [X ]j > 2p ]
 V ar2 2(2Xp )
P V ar(X )
= x2A2 22p x
(B)) ;
= (A)(B)(1
2 2p

37
where the inequality follows from Chebyshev's inequality, and the second to last equality
follows from the fact that the Xx 's are pairwise independent.
2
Now suppose H is a family of functions that map f0; 1gm to f0; 1gm and Q is a nite
state machine of type (d; m). We say that an h 2 H is (Q; )-good if for all i; j; k 2 [d],
h is (Q[i; j ]; Q[j; k]; )-good.

Lemma 2.6.5 Let H be a universal hash function family that maps f0; 1gm to f0; 1gm
and let Q be a nite state machine of type (d; m). Then for any  > 0,

Proof:

Prh2H [h is not (Q; )-good]  2d2m :

Prh2H [h is not (Q; )-good] 



X
i;j;k2[d]

Prh2H [h is not (Q[i; j ]; Q[j; k]; )-good]

X (Q[i; j])(Q[j; k])

i;j;k2[d]

 2d2m ;

22m

where the second inequality follows from Lemma 2.6.4, and the last one follows from the
fact that for any xed j , Pk2[d] (Q[j; k])  1 and for any xed i, Pj 2[d] (Q[i; j ])  1.
2

The Descriptions of the Generator Family
Consider the nite eld F on 2m elements. It is well known that it is possible to give an
ecient encoding of the elements of F by strings in f0; 1gm so that eld addition and
multiplication can be done in space O(m). (The main thing that we need for this is
an irreducible polynomial of degree m over GF (2), which can be constructed in space
O(m). We refer the reader to [LN86] for more background on nite elds.) Fix such
an encoding. Having done this, in what follows, we view the elements of Fk as binary
strings of length mk and vice versa.
We are going to associate to each sequence ~h = (h1; h2; : : :; hr ) where hk = (ak ; bk ) 2
F2, a function G~h which maps F to F2r . The nal family of (m; 2r )-generators is de ned
to be fG~h j ~h 2 (F 2 )r g.
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First, to each h = (a; b) 2 F2 we associate a function fh : F ! F given by fh (x) =
ax + b. In addition, we associate to each h 2 F2 an (m; 2)-generator Gh de ned as
follows: for x 2 f0; 1gm; Gh(x) = xfh (x). Finally, for each ~h = (h1 ; h2; : : :; hr ) 2 (F 2 )r ,
we de ne G~h = Gh1  Gh2  : : :  Ghr .
An alternative description of G~h is given below, whose equivalence to the above
description is not dicult to verify.
If h1 ; h2; : : :; hk is a sequence of elements in F2 , we de ne the function fh1 ;h2 ;:::;hk to
be the composition of fh1 ; fh2 ; : : :; fhk , i.e., for x 2 F ,

fh1 ;h2;:::;hk (x) = fh1 (fh2 (: : : (fhk (x)) : : :)):
For the empty sequence , f is de ned to be the identity function.
Let ~h = (h1; h2; : : :; hr ) 2 (F2)r and ` be an integer in the range f0; 1; : : :; 2r 1g .
Suppose 1  `i1 < `i2 < : : : < `ik  r are the positions of the 1's in the binary expansion
of ` (so that ` = Pkl=1 2`il 1 ), we denote by ~h` the subsequence h`1 ; h`2 ; : : :; h`k of ~h.
Finally, we complete this alternative description by de ning G~h to be the (m; 2r )generator that maps x 2 f0; 1gm to a sequence y0 ; : : :; y2r 1 of 2r blocks of strings in
f0; 1gm, where y` is de ned to be f~h` (x) for ` = 0; 1; : : :; 2r 1.

The Properties of the Generator Family
Let H = ffh j h 2 F 2 g. It is a well known and easily proved fact that H is a universal
hash function family that maps F to F (or equivalently, maps f0; 1gm to f0; 1gm).

Lemma 2.6.6 Let Q be a

nite state machine of type (d; m). Suppose for  > 0, h 2 F 2
is such that fh 2 H is (Q; )-good. Then the (m; 2)-generator Gh is d2 -pseudorandom
with respect to Q.

Proof: We want to prove k(Q2) QGh k  d2. Let i; k 2 [d] be two arbitrary indices.
It suces to upper bound j(Q)2[i; k] QGh [i; k]j by d.
By de nition, QGh [i; k] = fx 2 f0; 1gm j 9j 2 [d] such that x 2 Q[i; j ] and fh (x) 2
Q[j; k]g. So we have

j(Q)2[i; k] QGh [i; k]j
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= j



X
j 2[d]

X

j 2[d]

(Q[i; j])(Q[j; k])

X
j 2[d]

Prx2f0;1gm [x 2 Q[i; j ] and fh (x) 2 Q[j; k]]j

j(Q[i; j ])(Q[j; k]) Prx2f0;1gm[x 2 Q[i; j ] and fh (x) 2 Q[j; k]]j

 d;

where the last inequality is by the assumption that fh is (Q; )-good.

2

For a nite state machine Q of type (d; m) and  > 0, a sequence ~h = (h1 ; h2; : : :; hr ) 2
(F 2 )r is said to be (Q; )-well-behaved if for each 1  i  r, fhi is (QGh1 Gh2 :::Ghi 1 ; )good. Applying Lemma 2.6.5, a straightforward induction shows that:

Proposition 2.6.5 For any

nite state machine Q of type (d; m) and  > 0, all but a
fraction 2rd2m of ~h 2 (F 2 )r are (Q; )-well-behaved.

We will need:
nite state machine of type (d; m) and let  > 0. If ~h 2 (F 2 )r
is (Q; )-well-behaved, then G~h is (2r d2 )-pseudorandom with respect to Q.

Lemma 2.6.7 Let Q be a

Proof: We will prove by induction on r that G~h is (Pir=01 2id2)-pseudorandom with

respect to Q. This will clearly be sucient for the proof of the lemma.
The case where r = 1 follows immediately from Lemma 2.6.6. Assume it is true for
r 1 and we show that the statement holds for r (r  2).
Let ~h = (h1 ; : : :; hr 1 ; hr ) 2 (F 2 )r and let ~h0 = (h1 ; : : :; hr 1 ) 2 (F 2 )r 1. By
de nition, G~h = Gh1  : : :  Ghr 1  Ghr = G~h0  Ghr .
Since ~h is (Q; )-well-behaved, by de nition, we have that (i) ~h0 is also (Q; )-wellbehaved; and (ii) fhr is (QG~h0 ; )-good. Now by (i) and the induction hypothesis, G~h0
is (Pir=02 2i d2 )-pseudorandom with respect to Q; by (ii) and Lemma 2.6.6, Ghr is d2 pseudorandom with respect to QG~h0 .
Then, Lemma 2.6.3 says that G~h0  Ghr is -pseudorandom with respect to Q, where
= d2 + 2 Pir=02 2i d2 = Pir=01 2id2 . This concludes the proof.
2
Finally we prove the main technical result of Nisan in [Nis90]:
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There is an explicit family fG~h j~h 2
f0; 1g2mrg of (m; 2r)-generators that has the following property:

Lemma 2.6.8 Let m; d; r be integers and  > 0.

1. For any nite state machine Q of type (d; m) (and therefore for any substochastic
matrix M of type (d; m) ), all but a fraction = rd2522m2r of the generators G~h in
the family are -pseudorandom with respect to Q (resp. M ).
2. There is an algorithm which, given input ~h, 2 f0; 1gm and ` 2 f0; 1; : : :; 2r 1g,
computes the `-th block of G~h ( ) in space O(m + r).

Consider the family of generators de ned in Section 2.6.2. Then the rst part of the
lemma clearly follows from Proposition 2.6.5 and Lemma 2.6.7. To see the second part
of the lemma, let us recall the second description of G~h : for any x 2 f0; 1gm and any
0  `  2r 1, G~h` (x) is de ned to be f~h` (x), which obviously is computable in space
O(m + r).

2.6.3 The

P RS

Algorithm

Finally, we give the description of the PRS algorithm and give the correctness proof of
Lemma 2.4.1.

Algorithm PRS
Input: a d  d substochastic matrix M of type (d; m), integers r; m; indices i; j 2 [d];
Oine Random Input: ~h 2 f0; 1g2mr;
Set count 0;
For each 2 f0; 1gm do
If G~h ( ) maps i to j in Q(M ) then count

Output: count=2m
Let us see that Lemma 2.4.1 follows.

count + 1;
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Proof of Lemma 2.4.1: It is easy to verify the fact that if we run the algorithm for

all i; j 2 [d], PRS computes the matrix (Q(M ))G where G = G~h .
From the forgoing discussion, it is clear that the matrix (Q(M ))G is substochastic
and has dimension d. Furthermore, from the rst part of Lemma 2.6.8, we can see
that for a randomly chosen ~h, with probability at least 1 22a+32rm+5 log d , G is 2 a pseudorandom with respect to M . However, if G is 2 a -pseudorandom with respect to
M then kM 2r (Q(M ))Gk  2 a by Lemma 2.6.1. Therefore, we conclude that the
algorithm approximates (r)(M ) with accuracy a and error probability 22a+32rm+5 log d .
Let us examine the space requirements. For each 2 f0; 1gm, we want to determine
whether or not G~h ( ) maps i to j in Q(M ). By the second part of Lemma 2.6.8, we
can compute each successive block G~h` ( ) for ` = 0; 1; : : :; 2r 1 in space O(m + r) and
by Proposition 2.6.3, for each block we can determine which state it goes to in space
O(m + log d). Thus the overall space to determine, for a xed , whether G~h ( ) maps
i to j is at most O(m + r + log d). Enumerating over all 2 f0; 1gm and counting take
no more than O(m) space. So the overall space needed is O(m + r + log d). The proof
of the lemma is complete.
2

2.7 Approximating Substochastic Matrix Exponentiation
The Approximate Substochastic Matrix Exponentiation problem is the generalization of
the AMRS problem in which we want to approximate an arbitrary integer power of a
substochastic matrix. The formal statement of the problem is as follows:
Approximate Substochastic Matrix Exponentiation (AME)

Input: a d  d substochastic matrix M , integers p and 2a in unary.
Output: a d  d substochastic matrix M 0 such that kM 0 M pk  2 a.
Let s = maxflog p; a; log dg. Using the algorithm AMRS as a black-box, we sketch
an algorithm for AME with space complexity O(s log1=2 p).
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Let t be a positive integer. Suppose F1 ; F2 are two substochastic matrix functions
whose ranges are square substochastic matrices with at most t bits per entry. Let G
be the substochastic matrix function such that G(M; z1; z2) = bF1 (M; z1)F2 (M; z2)ct .
The following fact is easily seen:

Proposition 2.7.1 If F1; F2

are computable in space S1 ; S2 respectively, then G is
computable in space maxfS1 ; S2g + O(t + log d).

Let p(i), 0  i  blog pc, be the i-th coordinate of the binary expansion of p, i.e.,
pc
blog pc p(k)2k . We de ne a substochastic mai
p
p = Piblog
=0 p(i)2 . Then we have M = k=0 M
trix function F with parameters M; t; p and [i; j ] where 0  i  j  blog pc, such that
F (M; t; p; [i; j]) is a substochastic matrix with at most t bits per entry and is supposed
to estimate the matrix jk=i M p(k)2k . The de nition of F is recursive:

F (M; t; p; [i; i]) = bAMRS (M; p(i)2i; 2t)ct and
F (M; t; p; [i; j]) = bF (M; t; p; [i; b(i + j )=2c]) F (M; t; p; [b(i + j )=2c + 1; j ])ct for i < j .
For some t = O(s), de ne AME (M; p; 2a) = F (M; t; p; [0; blog pc]). It is helpful
to view the recursive computation of AME (M; p; 2a) as the depth- rst traversal on a
labelled binary tree de ned in the following way: The root of the tree is labelled by
AME (M; p; 2a) = F (M; t; p; [0; blog pc]). For a node with label F (M; t; p; [i; j]), which
we call the [i; j ]-node, if i < j then it is an internal node and has two children labelled
by F (M; t; p; [i; b(i + j )=2c]) and F (M; t; p; [b(i + j )=2c + 1; j ]) respectively; otherwise
(i.e., i = j ) it is a leaf. An internal node computes its labelling function as the t-bit
truncation of the product of the outcomes of its two children. It is easily seen that the
tree has blog pc + 1 leaves and for any [i; j ]-node in the tree, the subtree rooted at the
node has height dlog(j i + 1)e.
We have the following facts:

Proposition 2.7.2 (1) For i  j ,
kF (M; t; p; [i; j ]) jk=iM p(k)2k k  (j i + 1)(d + 1)2 t + (j i)d2 t:
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(2) The space complexity to compute F (M; t; p; [i; j ]) is upper bounded by the sum of
dlog(j i + 1)eO(t + log d) and the space needed to compute AMRS (M; 2j; 2t).

Proof: We prove these two facts by induction on j i.
For fact (1), the basis j i = 0 can be easily veri ed using the de nition of
F (M; t; p; [i; i]) and Proposition 2.2.4 (1). Let us show the inductive step. We have
that
=




=

kF (M; t; p; [i; j]) jk=i M p(k)2k k
kbF (M; t; p; [i; b(i + j )=2c]) F (M; t; p; [b(i + j )=2c + 1; j ])ct jk=i M p(k)2k k
kF (M; t; p; [i; b(i + j )=2c]) F (M; t; p; [b(i + j )=2c + 1; j ])
b(k=i+i j )=2cM p(k)2k jk=b(i+j )=2c+1M p(k)2k k + d2 t
kF (M; t; p; [i; b(i + j )=2c]) b(k=i+i j)=2cM p(k)2k k
+kF (M; t; p; [b(i + j )=2c + 1; j ]) jk=b(i+j )=2c+1 M p(k)2k k + d2 t
(b(i + j )=2c i + 1)(d + 1)2 t + (b(i + j )=2c i)d2 t
+(j b(i + j )=2c)(d + 1)2 t + (j b(i + j )=2c 1)d2 t + d2 t
(j i + 1)(d + 1)2 t + (j i)d2 t;

where the rst inequality follows from Proposition 2.2.4 (1), the second from Proposition
2.2.2, and the third is by induction.
Fact (2) is not dicult to verify using Proposition 2.7.1.
2
Thus by choosing t = O(s), fact (1) says that AME (M; p; 2a) = F (M; t; p; [0; blog pc])
pc p(k)2k with accuracy 2 a , and fact (2) implies that the
approximates M p = blog
k=0 M
space needed to compute AME (M; p; 2a) is dominated by the space needed to compute
AMRS (M; 2blog pc; 2t), which is O(s log1=2 p). So we have

Theorem 2.7.1 There is a deterministic algorithm for AME with space complexity

O(s log1=2 p).
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Chapter 3
Explicit Dispersers with Polylogarithmic Degree
3.1 Main Result and Applications
A disperser is a type of expander which was rst introduced by Sipser in [Sip88]. Cohen and Wigderson [CW89] classi ed dispersers into two types: OR-dispersers and
MAJORITY-dispersers. A bipartite multigraph G = (V; W; E ) with jV j = N and
jW j = M is called an (N; M; T )-OR-disperser if any subset of V having at least T vertices has a neighbor set in W of size at least M=2; G is called an (N; M; T )-MAJORITYdisperser if it has the (essentially stronger) property that for any subset Y of W of size
M=3, there are at most T vertices v 2 V such that a majority of v 's neighbors are in Y .
The degree of a disperser is de ned to be the maximum degree of any vertex in V . In this
chapter we investigate the problem of eciently constructing OR-dispersers with small
degree. For convenience, we will use the term \disperser" instead of \OR-disperser"
unless otherwise speci ed.
It was proved in [San87] by a probabilistic argument that there exist (N; M; T )dispersers for N > T = M with degree at most log2 N + 2. The problem of giving an
ecient algorithmic construction for dispersers with these or similar parameters, has
remained open. (By ecient, we mean that for each vertex v 2 V , its neighbor set
can be generated in time polynomial in the output size of the set.) It has been shown
that such an ecient construction would have a variety of applications in the theory of
computation. The requirement for such a construction in many of the applications is
that it works for constants 1   >   0 and for suciently large N , with T  2(log N ) ,
M  2(log N ) , and with the degree being at most polylogarithmic in N .
As we will see, the problem of nding an ecient disperser construction is closely
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related to the problem of making randomized algorithms robust with respect to imperfections in the random source. In fact, most of the previous disperser constructions are
implicit in the work of simulating randomized algorithms using weak sources. The best
previously known constructions are due to Zuckerman [Zuc91, Zuc96], who achieved
degree polylogarithmic in N if N = T O(1), and Srinivasan and Zuckerman [SZ94],
whose construction works for N = 2polylog(T ) but requires degree (log N )O(loglog N ). In
recent work, Ta-Shma [TaS96] improved the degree of the construction in [SZ94] to
(log N )O(log(k) log N ) for any xed integer k, where log(k) denotes the logarithm to the
base 2 iterated k times.
In this chapter, we give an improved construction of an (N; M; T )-disperser.

Main Theorem: 8; ; 1   >   0, 9N0(; ) such that if N  N0(; ), then

for any 2(log N )  T  N and M  2(log N ) , there is an ecient construction of an
explicit (N; M; T )-disperser with degree polylogarithmic in N .

It is worth noticing that although the constructions of [Zuc91], [SZ94] and [TaS96] do
not give polylogarithmic degree, they do give MAJORITY-dispersers. Unfortunately,
we could not strengthen our construction to give a MAJORITY-disperser. Nevertheless, the construction of a good OR-disperser is itself an interesting combinatorial
problem and, as we will see, has signi cant applications to both complexity theory and
randomized algorithm design.
In the remainder of this section, we describe two main applications of our new disperser. First we show that the complexity class Strong-RP is equal to RP. In e ect,
what this says is that there is an extremely ecient ampli cation scheme for randomized polynomial time algorithms. Then we show how our improved disperser family can
be applied to designing randomized algorithms that achieve maximal robustness with
respect to imperfections in the random source. There are other consequences of our
disperser construction. For example, it gives improvements on the expander construction and the consequent applications given in [WZ93], on the the hardness results of
approximating the clique function [Zuc93, SZ94], and on the results for a problem in
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data structures: implicit O(1) probe search [FN93, Zuc91]. These consequences were
each observed by previous researchers, and provided much of the motivation for the
search for good dispersers. The details of these improvements can be derived from the
corresponding original papers by plugging in our construction, and will not be given
here. We refer the reader to a comprehensive survey paper by Nisan [Nis96].

3.1.1 The Equivalence of RP and Strong-RP
De nition 3.1.1 Random polynomial time (RP) is the set of languages L  f0; 1g
such that there is a deterministic polynomial-time Turing machine ML (; ) for which

x 2 L ! Pr[ML(x; y ) accepts] > 1=2; and
x 62 L ! Pr[ML(x; y ) accepts] = 0;
where the probabilities are for a y picked uniformly at random from f0; 1gm where
m = p(jxj)for some polynomial function p.

We call WLx = fy 2 f0; 1gmjML (x; y ) acceptsg the witness set of ML on input x,
where m is the number of random bits used by ML on inputs of length jxj.
Sipser [Sip88] de ned the complexity class strong random polynomial time (StrongRP) to be the class of languages L for which there is an RP machine ML (; ) and a real
number 0 <  < 1 such that on input a string x 2 L of (any) length n, ML uses q (n)
random bits for some polynomial q () and recognizes x with error probability at most
2 q(n)+q(n) . (If x 62 L, then the error probability is zero, as in De nition 3.1.1.) He
asked whether RP = Strong-RP and showed that the existence of explicit constructions
for suciently good dispersers would imply this equivalence. The construction we give
here is sucient for Sipser's purposes and so we obtain

Theorem 3.1.1 RP = Strong-RP.
Proof: The argument in this proof is essentially the same as in Sipser's original paper

[Sip88]. We show the proof here for later reference. By de nition, Strong-RP  RP.
We show that RP  Strong-RP.
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Suppose we have an RP machine ML that needs m random bits on an input x 2 L
of length n, for some m polynomial in n. We wish to simulate this by a machine that
satis es the conditions of Strong-RP.
Let 0 <  < 1 be given. Let ` = m2= = nO(1). By the Main Theorem with
 =  and  = =2, there is an explicit (2`; 2m; 2` )-disperser G(f0; 1g`; f0; 1gm; E ), and
moreover, for any given z 2 f0; 1g`, we can compute the neighborhood of z in f0; 1gm
in time `O(1) = nO(1).
Our simulator on input x rst samples a random z 2 f0; 1g`, then computes the set
of neighbors Y  f0; 1gm of z . Finally, it runs ML (x; y ) for each y 2 Y and accepts if
and only if any of the runs accept. To see that it accepts with the required probability,
let B be the set of strings in f0; 1g` that do not have a neighbor in the witness set WLx
(which are the strings on which the simulation fails to nd a witness). Since the witness
set WLx has more than half of the nodes in f0; 1gm, the de nition of the disperser implies
that B has size at most 2` . So the probability of failure is at most 2` ` .
2
Sipser's introduction of Strong-RP was motivated by:

Theorem 3.1.2 ([Sip88]) If P 6= Strong-RP then there is a positive  such that for

any time bound t(n), and for any language L 2 TIME (t(n)), there is a machine that
accepts L and, for in nitely many inputs, requires space at most t(n)1  .

Sipser wanted to replace the hypothesis \P 6= Strong-RP" by the hypothesis \P 6=
RP"; Theorem 3.1.1 says that this can indeed be done.

3.1.2 Computing With Weak Random Sources
In practice, randomized algorithms get their \random" bits by using pseudo-random
number generators. Empirically, this often seems to be sucient. However, there
are reports of algorithms giving quite di erent results under di erent pseudo-random
generators (see e.g., [FLW92] for such reports on Monte-Carlo simulations, and [Hsu93,
HRD94] for the deviant performance of some RNC algorithms for graph problems). An
alternative approach is to use the output of some physical source of randomness, such
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as a Zener diode, or the last digits of a real-time clock. For such a source, it is plausible
to assume that the string of bits output by the source are selected from some unknown
distribution which, while not necessarily uniform, is \somewhat random". This leads
to the question: to what extent is it possible to design randomized algorithms that are
robust with respect to deviations of the random source from true randomness?
In general, one can de ne the following notion of an abstract source. An n-bit source
is a probability distribution on f0; 1gn. A source is a sequence S = S1; S2; : : : where
Sn is an n-bit source. We allow an algorithm to make a single request for R bits from
the source for some R, and the source produces a string that is distributed according
to SR.
A natural idea to compute with imperfect random sources is to \convert" any source
from some family of faulty sources into a distribution that is (nearly) random, which
can then be used by randomized algorithms. That is, for a class of faulty sources, we
would like to construct an easily computable function (family) f such that for any faulty
source in the class, if x is a string selected according to the source then the distribution
induced on f (x) is (close to) uniform. For example, von Neumann [Neu63] presented a
technique to convert independent but biased coin- ips into independent and unbiased
ones; Blum [Blu86] showed how to convert the bits output by an unknown Markov chain
into a sequence of perfectly random bits. However, for more general faulty sources, it
can be shown (see e.g. [SV86]) that to construct such a direct conversion f is impossible.
On the other hand, the following broader idea of conversion (introduced in [VV85,
Vaz86]) works for simulating randomized algorithms: Suppose the randomized computation C we wish to simulate needs m random bits. The simulation rst requests
R = R(m) bits from the faulty source. Then it maps this sequence of R(m) bits to
a set of t(m) strings each of m bits, called test strings, where t() is some function
that depends on the simulation. The construction of the set of test strings does not
depend on the computation being simulated or its input, but only on the number m
and the sequence of bits output from the semi-random source. It then performs the
computation C t(m) separate times, one for each test string s, using s as the random
string in the computation. If the algorithm being simulated is an RP algorithm then
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the simulation accepts if and only if any of the runs of C accept, while if the algorithm
being simulated is a BPP algorithm, the simulation accepts if and only if the majority
of the runs of C accept. Simulating RP is of course no harder than simulating BPP.
It is easy to see that the running time of the simulation is g (m) + t(m)TIME (C ),
where g (m) is the time needed to generate the set of test strings, t(m) is the size of
the set of test strings and TIME (C ) is the time to perform the computation C . We
say that the simulation is ecient if both g (m) and t(m) are bounded by polynomials
of m. Note that in the case that we are simulating an RP or BPP algorithm, this is
equivalent to saying that the simulation runs in polynomial time.
The high-level structure of this simulation is common to all subsequent work in
this area. We refer to such a simulation as a \black-box" simulation. Applying this
framework, ecient simulations of RP and BPP under various models of weak sources
have been extensively studied. For example, Santha and Vazirani [SV86] studied the
class of weak sources called \slightly random sources", which was further examined in
[VV85, Vaz86, Vaz87a, Vaz87b]. A more general model \PRB-sources" is considered
later by Chor and Goldreich [CG88]. In [Zuc90, Zuc91], Zuckerman introduced the
model of  -sources which generalizes all the previous models.
Let D be a probability distribution on a set X . The min-entropy of D is de ned
to be the maximum real number d such that D(x)  2 d for all x 2 X , where D(x) is
the probability that D assigns to x. For a function  () mapping the positive integers
to [0; 1], a source S = S1 ; S2; : : : is said to be a  -source if each SR is a distribution of
min-entropy at least  (R)  R. The function  is called the entropy rate of the source. In
other words, for any number R of random bits requested, a  -source outputs an R-bit
string such that no string has probability more than 2 (R)R of being output. One
example of an n-bit  -source is the uniform distribution on a subset of f0; 1gn of size
at least 2(n)n . Any source is a 0-source, and a 1-source is the pure random source. In
general, the smaller that  gets, the weaker (stochastically) the source can be.
For the case where  is a xed positive constant, Zuckerman [Zuc91, Zuc96] showed
how to simulate any BPP algorithm eciently with  -sources. What about sources
whose entropy rate decreases with R: how weak can the source get and still be usable
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for ecient simulations? In [CW89], it was observed that, for information-theoretic
reasons, if S is any class of sources for which there is an ecient black-box simulation
of RP or BPP (that works correctly with high probability) using any source S 2 S , then
every source S must be close to a  -source with  (R)  R 1 for some xed  2 (0; 1].
Intuitively, if a source S is good enough to be used in an ecient simulation, then it
must be suciently random so that to get m bits of entropy we only have to look at
a polynomial in m number of bits from the source. This establishes a lower bound on
the \amount of randomness" of the class of sources for which an ecient simulation is
possible. For a given  2 (0; 1], we refer to the class of  -sources with  (R) = R 1 as  minimally random sources. The question is: for each  > 0, is there a polynomial-time
simulation of BPP, or even RP, that works for all  -minimally random sources?
The previously best known simulation for RP with  -minimally random sources is
due to [SZ94], which takes time mO(log m) , where m is the number of random bits needed
by the original RP algorithm. (This result has been improved recently by Ta-Shma in
[TaS96], where he presented a BPP simulation that uses time mO(log(k) m) for any xed
k.)
In [San87, Sip88, CW89] it was observed that the black-box simulation described
above can be de ned by a sequence Gm = (Vm; Wm ; Em) of bipartite multigraphs,
one for each m, where Vm = f0; 1gR(m) and Wm = f0; 1gm. If the computation to
be simulated needs m bits, then we use R(m) bits from the faulty source to specify
a vertex in Vm , and take as our test set the neighbors of the selected vertex. They
further observed that to get an ecient simulation for RP (resp. BPP) that works for
all  -sources for a given function  (), it suces that the graphs Gm are good enough
dispersers (resp. MAJORITY-dispersers).
The disperser construction we shall present is good enough to be used to do a
polynomial-time black-box simulation of RP algorithms with  -minimally random sources
for any xed positive  :

Theorem 3.1.3 For any

xed 0 <   1, there is a polynomial time black-box simulation of RP using a  -source with  (R) = R 1 and with error probability 2 n (1) , where
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n is the length of the input to the RP algorithm.

Proof: Suppose an RP machine ML needs m random bits on an input x of length n,

for some m polynomial in n. Let R = m3= = nO(1), and let distribution D be any
 -source on f0; 1gR. Setting  = =2 and  = =3 in the Main Theorem, we get a
(2R; 2m; 2R=2 )-disperser and use the same simulation as in the proof of Theorem 3.1.1.
Again the probability of failure is the probability that z 2 B . Since D has min-entropy
R , we conclude that the probability that z 2 B is at most 2 R +R=2 .
2
The rest of this chapter contains six sections. In Section 3.2 we present various
preliminary de nitions and facts. The motivation and overview of the disperser construction is given in Section 3.3. We present the construction in Section 3.4 and its
correctness proof is shown in Section 3.5, 3.6 and 3.7. Finally in Section 3.8 we give a
summary of the parameters that appear in the construction and the proof.

3.2 Preliminaries
This section contains a large number of preliminary de nitions concerning bipartite
graphs and random sources. The key result of this section is Lemma 3.2.4, which
provides a sucient condition for a bipartite graph to be a disperser.

3.2.1 Bipartite Graphs
We consider bipartite multigraphs G = (V; W; E ). For simplicity, we will say \graphs"
instead of \multigraphs". We use deg (G) to denote the degree of G, which is de ned
to be the maximum degree of any vertex in V .
Suppose that V1; V2; : : :; Vk are disjoint sets and for each i between 1 and k 1,
Gi = (Vi; Vi+1; Ei) is a bipartite graph. The composition of G1; G2; : : :; Gk 1, denoted
G1 G2   Gk 1 , is de ned to be the bipartite graph G = (V1; Vk ; E ) where (v1; vk ) 2 E
if and only if there exists a sequence v2; : : :; vk 1 of vertices with vi 2 Vi for 1 < i < k
and (vi ; vi+1 ) 2 Ei for 1  i < k. Observe:

Proposition 3.2.1 If G = G1      Gk

1 , then deg (G)  deg (G1)     deg (Gk 1).
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3.2.2 Blocks, Segmentations and Bit-string Trees
For integers i  j , the block [i; j ] is de ned to be the sequence of integers (i; i +1; : : :; j ).
We will often be dealing with sequences A = A1 ; A2; : : :; Ak where the Ai are positive
integers, sets or bit strings. If [i; j ] is a block contained in [1; k] then we use the notation
A[i;j] to denote the sum Ai + Ai+1 + : : :+ Aj in the case that the Ai are integers, the union
Ai [ Ai+1 [ : : : [ Aj in the case that the Ai are sets and the concatenation AiAi+1 : : :Aj
in the case that the Ai are bit strings.
An (n; s)-composition is a sequence l = (l1; l2; : : :; ls) of positive integers summing to
n, an (n; s)-tower is a sequence q = (q0 ; q1; : : :; qs 1 ; qs) of integers with 0 = q0 < q1 <
q2 < : : : < qs 1 < qs = n, and an (n; s)-segmentation is a sequence  = (B1 ; B2; : : :; Bs )
of disjoint blocks whose union is [1; n] such that for each i < j every element of Bi is
less than every element of Bj .
There is an obvious set of one-to-one correspondences between (n; s)-compositions,
(n; s)-towers and (n; s)-segmentations as follows: the composition l corresponds to the
tower q with qi = l[1;i] and to the segmentation  such that Bi = [qi 1 + 1; qi] (thus
jBij = li).
For example, for n = 6 and s = 3, the (n; s)-segmentation (f1; 2; 3g; f4; 5g; f6g)
corresponds to the (n; s)-composition l = (3; 2; 1) and the (n; s)-tower q = (0; 3; 5; 6).
Let  be an (n; s)-segmentation, l the corresponding (n; s)-composition and q the
corresponding (n; s)-tower. The bit-string tree T  associated to  is the rooted tree
with s + 1 layers of nodes labelled by bit-strings de ned as follows:
1. the root of the tree is at depth 0 and is labelled by the empty string;
2. there are 2qi nodes at depth i labelled by the bit-strings of length qi ;
3. if a node at depth i < s is labelled by y , then it has 2li+1 children at depth
i + 1 such that for each bit-string z of length li+1 , the node has exactly one child
labelled by yz . We denote the edge from y to yz by (z jy ).

53

3.2.3 Probability Distributions, Converters and Carriers
We will be considering probability distributions D de ned on a nite set X . We denote
by supp(D) the support of D, i.e., the set of elements of X to which D assigns non-zero
probability. It is often convenient to think of D as a (row) vector indexed by the set
X . Thus, a family of distributions D on X can be viewed as a collection of vectors in
RX . We say that D is convex if the associated set of vectors is convex. For x 2 X ,
we use D(x) to denote the probability that D assigns to x, and for S  X , we de ne
D(S ) = Px2S D(x).
We denote by UX the uniform distribution on the set X , and use Ul instead of Uf0;1gl
for simplicity. If D is a distribution on X and E is a distribution on Y , then D  E
denotes the product distribution on the set X  Y given by D  E (x; y ) = D(x)E (y ).

De nition 3.2.1 Let V

and W be nite sets. A converter  for V and W is a matrix
with rows indexed by V and columns indexed by W , such that all entries are nonnegative
and all row sums are 1. For v 2 V and w 2 W , (v; w) denotes the entry in row v and
column w.

The usual term for a converter is \stochastic matrix"; we choose the term converter
because it provides a mnemonic for what we want to do with it. Each row (v; ) of a
converter can be viewed as a probability distribution over W . Given any probability
distribution D on V , and a converter  for V and W , we de ne the distribution D
on W as follows: select v 2 V according to D, and then select w 2 W according to
(v; ). Thus  \converts" any distribution on V to a distribution on W . If we view
distributions as (row) vectors, then the transformed distribution of D through  is
exactly the vector-matrix product D.
Any function f : V ! W induces a converter f for V and W in a natural way:
for v 2 V and w 2 W , f (v; w) is 1 if f (v ) = w and is 0 otherwise. If D is any
distribution on V , then f (D) is de ned to be the distribution on W such that for
w 2 W , f (D)(w) = Pv2V :f (v)=w D(v ). That is, f (D) = Df . An easy induction
shows the following:
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Proposition 3.2.2 Let V1; V2; : : :; Vk be sets and for each i between 1 and k 1, let fi be

a function mapping Vi to Vi+1 . Suppose f : V1 ! Vk is de ned as f = fk 1  : : :  f2  f1 ,
where  denotes the composition of functions. Then for any distribution D on V1, f (D)
is the distribution on Vk such that f (D) = Df1 f2 : : : fk 1 .

The support of a converter  is de ned to be the bipartite graph (V; W; E ) such
that (v; w) 2 E if and only if (v; w) 6= 0. If G is a bipartite graph on V and W that
contains the support of , then G is said to be a carrier for . Given a carrier G of
the converter , it is often convenient to visualize  as an assignment of nonnegative
weights to the edges of G, where the weight on edge (v; w) is the probability assigned
to vertex w by the distribution (v; ). Thus the sum of weights on edges leaving v is
exactly 1.
We next recall a standard measure of distance between distributions.

De nition 3.2.2

1. The variational distance between two distributions D1 and D2
on the same set X is de ned to be kD1 D2 k = maxY X jD1(Y ) D2(Y )j =
1P
2 x2X jD1(x) D2(x)j.

2. D1 is said to be -near to D2 if kD1 D2 k  .
3. The distribution D on X is said to be quasi-random to within  if D is -near to
the uniform distribution on X .

Some useful, well-known, and easily proved facts about variational distance are
summarized below.

Proposition 3.2.3

1. If D1 and D2 are distributions on X , then kD1 D2k 
minfD1(X1 ); D2(X2)g where X1 (resp. X2) is the set of elements x 2 X such
that D2(x) < D1(x) (resp. D1(x) < D2(x)).

2. If D1; D2; D3 are distributions on the same set X , then kD1 D3 k  kD1 D2 k +
kD2 D3k.
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3. If D1 and D2 are distributions on V and  is a converter for V and W , then
kD1 D2k  kD1 D2k. In particular, for any function f : V ! W , kf (D1)
f (D2)k  kD1 D2 k.

The distance between a distribution D and a family D of distributions on the same
set is de ned to be the minimum of kD D0k over all D0 2 D. D is said to be -near
to the family D if the distance from D to D is at most . We will need the following
technical fact:

Lemma 3.2.1 Let D be a convex family of distributions on X and suppose that D1; D2; : : :; Dk
are distributions on X such that Di is i -near to the family D. Suppose that 1 ; 2; : : :; k
P
are nonnegative reals summing to 1, and let D = ki=1 i Di. Then D is -near to the
P
family D, where  = ki=1 i i .

Proof: Let i be any integer between 1 and k. By assumption, Di is i-near to D and

therefore there exists a Di0 2 D such that kDi Di0 k  i . Let D0 = Pki=1 i Di0 . Since
D is convex, D0 2 D. Furthermore,

kD
which concludes the proof.

k
X
0
D k  i kDi
i=1

k
X
0
Dik  i i ;
i=1

2

Finally, we adopt the convention that the conditional probability given some impossible event is 0.

3.2.4 Bit Sources
An n-bit source is a distribution on f0; 1gn. We typically use the symbol X~ to denote
a random n-bit string selected according to some n-bit source D. If y is a bit string
of length j  n, we write D(y ) as the probability that X~ [1;j ] = y . If z is another bit
string of length k with j + k  n, we write D(z jy ) as the conditional probability that
X~ [1;j+k] = yz given X~[1;j] = y .
For q  n, we de ne the q -bit truncation of the n-bit source D to be the q -bit source
D(q) such that for y 2 f0; 1gq; D(q)(y ) = D(y ).
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Lemma 3.2.2 If D is an n-bit source quasi-random to within  and q  n, then D(q)
is quasi-random to within .

Proof: De ne f : f0; 1gn ! f0; 1gq to be the q-bit truncation function, i.e., for x 2

f0; 1gn, f (x) is equal to the rst q bits of x. Then D(q) = f (D) and f (Un) = Uq . The
lemma follows from Proposition 3.2.3(3).
2
Let x 2 f0; 1gn and 1  i  n. The information in bit i of x relative to D is de ned
to be Ii (x) = IiD (x) = log2 D(xi jx[1;i 1]). (If D(xijx[1;i 1]) = 0 then Ii (x) = 1.)
Intuitively, Ii (x) represents the amount of information (relative to the distribution)
that the i-th bit of x provides if the bits are revealed one by one. We say that position
i indexes a good bit in x ([NZ93]) if either Ii (x) > 1 or Ii(x) = 1 and xi = 0.
The total information of x relative to D is de ned to be the sum of the Ii (x) over
1  i  n, which is equal to log2 D(x). The min-entropy of D is the minimum total
information of any string relative to D. For a function  =  () that maps positive
integers to [0; 1], an n-bit source D is said to be a  -source if its min-entropy is at least
n for  =  (n), i.e., D(x)  2 n for all x 2 f0; 1gn.
More generally, if B = [i; j ] is any block of [1; n] then the information in block
B of x relative to D is given by IB (x) = IBD(x) = log2 D(x[i;j] jx[1;i 1]). Clearly,
IB (x) = Ii(x)+ Ii+1(x)+ : : : + Ij (x). In particular, I[1;n] (x) is just the total information
of x as de ned above.
The good bit indicator of x with respect to D, denoted D (x), is the n-bit sequence
whose i-th bit is 1 if i indexes a good bit and is 0 otherwise. This important notion
gives us a simple way to measure the distribution of the information of a string in a
source and, as we will see, has useful properties that provide much motivation for our
construction. We examine a few basic properties of this notion.

Proposition 3.2.4 Let D be an n-bit source. Then for x; y 2 supp(D), D (x) = D (y)
if and only if x = y .

This is because D (x) and D (y ) must be di erent at the rst coordinate where x and
y di er.
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For a bit sequence , we use w( ) to denote the weight of , i.e., the number of
1's in the sequence. An n-bit source D is said to be  -smooth if w(D (x))  n for
every x 2 supp(D), that is, every string in the support of D has at least n good bits.
Clearly, any  -smooth source is a  -source. Intuitively, if a source is smooth, then the
information of every string in the source is well dispersed.
Let be an n-bit sequence. A segmentation  of [1; n] is said to be t-equitable with
respect to if for each block B in  we have w( B )  t. We observe that :

Proposition 3.2.5 For an n-bit source D and an n-bit string x, if  is a segmentation

of [1; n] that is t-equitable with respect to D (x), then for each block B in  , IB (x)  t.

The block-wise min-entropy of D with respect to segmentation  is the minimum of
IBj (x) over all strings x and blocks Bj of . We say that D is a block-wise (; b)-source
if the block-wise min-entropy of D with respect to  is at least b.

Lemma 3.2.3 Let n; s be integers with n  s. Then for any (n; s)-segmentation  and
real number b > 0, the class of block-wise (; b)-sources on f0; 1gn is convex.

Proof: Let  = (B1; B2; : : :; Bs). Suppose D1; D2 are arbitrary block-wise (; b)-sources
P

on f0; 1gn and 1; 2 are arbitrary nonnegative reals summing to 1. Let D = 2i=1 iDi .
We want to show that for any x 2 f0; 1gn and 1  k  s, D(xBk jxB[1;k 1] )  2 b .

D(xBk jxB[1;k 1] ) = D(xB[1;k] )=D(xB[1;k 1] )
2
X

= (

i=1

2
X

i Di(xB[1;k] ))=( iDi (xB[1;k 1] ))
i=1

 max
fDi(xB[1;k] )=Di(xB[1;k 1] )g
i
 2 b;
where the last inequality follows from the assumption that the Di are block-wise (; b)sources.
2
When trying to determine whether D is a block-wise (; b)-source it is useful to
represent D by an edge-labeling of the bit-string tree T  in which edge (z jy ) is labeled
by D(z jy ). We call this representation the  -tree representation of D. We note the
following obvious facts:
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Proposition 3.2.6 Let D be an n-bit source. Suppose  is an (n; s)-segmentation and

l = (l1; : : :; ls) the corresponding (n; s)-composition. Then in the -tree representation
of D:
1. for every internal node y at depth i, the sum of D(z jy ) over all z 2 f0; 1gli+1 is
equal to 1;
2. for any leaf x 2 f0; 1gn, the probability D(x) is just the product of the edge labels
on the path to x;
3. D is a block-wise (; b)-source if and only if every edge label is bounded above by
2 b.

3.2.5 Carriers for Families of Distributions
In this section we present the sucient condition for a bipartite graph to be a disperser
that we will use throughout the chapter.
Let V and W be sets, D1 be a family of distributions on V , and D2 be a family
of distributions on W . A bipartite graph G = (V; W; E ) is a (D1; D2; )-carrier if for
each D1 2 D1 there is a converter , carried by G, such that D1 is -near to some
distribution in D2 . A (D1 ; D2; )-carrier is said to be strong if there is a converter 
carried by G such that, for every distribution D1 2 D1 , the transformed distribution
D1 is -near to some distribution D2 2 D2.
In the case that the class D2 is a singleton set of distribution D2 , we may use the
notation (D1; D2; )-carrier.

Remark: The condition that G is a strong (D1; D2; )-carrier is stronger than the con-

dition that it is a (D1 ; D2; )-carrier, since the latter condition does not require that
there is a single converter  carried by G that \works" for all D1 2 D1 .
We denote by T (X; d) the set of distributions on X of min-entropy at least d.
The next lemma shows that to construct a good disperser, it suces to construct an
appropriate carrier.
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Lemma 3.2.4 Let N; M; T be positive integers and let V; W be sets with jV j = N and

jW j = M . If G = (V; W; E) is a (T (V; log T ); UW ; 1=2)-carrier then G is an (N; M; T )disperser.

Proof: Assume that G is a (T (V; log T ); UW ; 1=2)-carrier. Let X be an arbitrary subset

of V of size T , and let Y be the neighbor set of X . We need to show that jY j  M=2.
Let D be the distribution that is uniform on X and 0 on V X . Then D 2 T (V; log T ),
and so by the assumption on G, there is a converter  supported by G that converts
D into a distribution Q = D that is 1=2-near to UW . Thus, jQ(Y ) UW (Y )j  1=2.
Since  is supported by G, Q assigns positive probability only to vertices that are in
the neighborhood of X , so Q(Y ) = 1. The uniform distribution assigns probability
jY j=M to Y . Thus jQ(Y ) UW (Y )j = 1 jY j=M  1=2, i.e., jY j  M=2.
2
Next we discuss the composition of converters and carriers. A straightforward induction shows the following fact.

Proposition 3.2.7 Let V1; V2; : : :; Vk be sets and for each i between 1 and k 1, let i

be a converter for Vi and Vi+1 . Then the matrix product 1 2    k 1 is a converter for
V1 and Vk . Furthermore, if Gi is a bipartite graph that carries i, then the composition
G1  G2      Gk 1 carries 12    k 1.

Lemma 3.2.5 Let V1; : : :; Vk be

nite sets and for each i, 1  i  k, let Di be a family
of distributions on Vi . If for each i, 1  i  k 1, Gi on Vi; Vi+1 is a (Di ; Di+1; i )carrier, then G = G1      Gk 1 is a (D1; Dk ; )-carrier where  = 1 +    + k 1 .

Proof: The proof is by induction on k. The case where k = 2 is trivial. Assume it

holds for k 1 and we show for k.
Let G0 = G1      Gk 2 . Then G = G0  Gk 1 and we know G0 on V1 ; Vk 1 is a
(D1; Dk 1 ; 0)-carrier for 0 = 1 +    + k 2 by induction hypothesis.
Fix any distribution D1 2 D1 . We know there is a converter 1 carried by G0 and
a distribution Dk 1 2 Dk 1 such that kD11 Dk 1 k  0 by the carrier property of
G0 and also, there is a converter 2 carried by Gk 1 and a distribution Dk 2 Dk such
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that kDk 1 2 Dk k  k 1 by the carrier property of Gk 1 . De ne  = 12. Then

kD1 Dk k  k(D11)2 Dk 12k + kDk 12 Dkk
 kD11 Dk 1k + kDk 12 Dk k
 0 + k 1 = ;
where the second inequality follows from Proposition 3.2.3(3). Now Proposition 3.2.7
completes the proof.
2

3.3 Motivating the Disperser Construction
We present our disperser construction in Section 3.4. While the construction is itself
elementary, it is not at all clear from the description why it is a disperser. A detailed
proof of this is given following the description of the construction, but the technical
details of the proof hide the key intuitions. In this section, we discuss the idea behind
our construction. The discussion here is not rigorous, and is intended only to aid the
reader in understanding what follows.
As Lemma 3.2.4 stated, to obtain an explicit construction of a suciently good
disperser, it suces to construct a carrier that converts distributions of small minentropy to the ones that are nearly uniform. For this discussion, let us assume V =
f0; 1gn; n = log N and W = f0; 1gm; m = log M , and N; M; T are related as they
are in the Main Theorem. Building on the ideas developed in [NZ93] and [SZ94], our
construction GD = (V; W; E ) of an (N; M; T )-disperser with degree polylogarithmic in
N is obtained by composing two bipartite graphs. Let Z = f0; 1gsn where s = a log n
for some constant a. The rst bipartite graph is between V and Z and gives a carrier GA
that converts any distribution on V of min-entropy log T to a distribution on Z that is
close to a block-wise source with s equal-sized blocks and with block-wise min-entropy
nearly log T . The second is between Z and W and gives a carrier GC that converts any
block-wise source on Z as above to a nearly uniform distribution on W . Both of these
constructions have degree polylogarithmic in N . GD is de ned to be GA  GC , and so it
has degree polylogarithmic in N as well and it gives a desired carrier by Lemma 3.2.5.
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If X and Y are arbitrary sets, a function f from X to Y can be viewed as a bipartite
graph from X to Y with edge set f(x; f (x))jx 2 X g. In our construction, the edge set
of the carrier GA is described by a family of functions FA , each mapping V to Z , and
consists of the union of the graphs obtained from each function. Carrier GC is similarly
speci ed by a family FC of functions.
The family FC of functions mapping Z to W that speci es carrier GC is obtained
by adjusting parameters in the \block-wise extractor" as presented in [SZ94], which
is in turn an improvement on a similar construction in [NZ93]. Generally speaking,
a block-wise extractor is a function taking two input strings z and y such that if z
comes from a block-wise source and y from a pure random source, then the distribution
induced on the output of the function is nearly uniform. By modifying the construction
in [SZ94], we obtain a block-wise extractor C such that on input a string z coming from
any block-wise source on Z with s equal-sized blocks and with block-wise min-entropy
nearly log T , and a purely random string y of length O(log n), the distribution induced
on C (z; y ) is close to uniform. We use each such string y to index a function fy mapping
Z to W de ned by fy (z) = C (z; y ). The family FC is de ned to be the set of all fy 's,
and therefore the size of FC is polynomial in n (polylogarithmic in N ). The above fact
about C now can be restated in terms of FC as follows: for a string z selected according
to a block-wise source on Z as above, if we uniformly choose a function fy 2 FC at
random, then the distribution of fy (z ) on W is nearly uniform. This is exactly what is
needed for GC .
The main novelty of our construction is the construction of carrier GA . Intuitively,
to convert an arbitrary distribution D into a block-wise source we want to \chop up"
the sequence of bits from D into a sequence of blocks so that each block has a sucient amount of information relative to D. As in [NZ93], the good bit indicator is an
appropriate way to measure the dispersal of information within any string from the
source. As suggested by Proposition 3.2.5, ideally what we would like is to nd an
(n; s)-segmentation  such that for any string x from D,  is t-equitable with respect
to D (x) for some suciently large t.
There are a few obvious diculties in nding such a  . First, since we don't know
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what the source D is, we do not know how the information of any string is distributed.
Second, it may be the case that for a particular string x from a particular source D,
all the information of x is concentrated in a very few bits so that the weight of D (x)
is too small compared to the total information of x (or to the min-entropy of D). The
second problem is easily handled: it turns out that any source D is close to a smooth
source D0 whose min-entropy is close to that of D. So we work with D0. The solution
to the rst problem is this: we look for a small family of segmentations (not just one
single segmentation) of the bit positions such that if a string x has enough weight in
D0 (x), then at least one of the segmentations in the family is t-equitable with respect
to D0 (x) for some suciently large t.
Abstractly, here is the combinatorial problem we want to solve: for xed  0 <  and
suciently large n, we need an explicit polynomial-sized family of segmentations  of
[1; n] into s = a log n blocks for some xed a, such that for any n-bit sequence of
weight at least n , there is a segmentation in  that is n0 -equitable with respect to .
Each segmentation  2  into s blocks de nes a function f mapping V = f0; 1gn
to Z = f0; 1gsn as follows: f (x) is obtained by splitting x into the s segments
x1 ; x2; : : :; xs corresponding to the segmentation, and then padding each xi by n jxi j
0's, so that each block is of length n. The family FA of functions that speci es carrier
GA is the set of f over  2 .

3.4 The Disperser Construction
We are now ready to give a full description of our disperser construction. The proof
of its correctness will be presented in the following sections. Note that for reference, a
summary of parameters that appear in the construction and the proof appears at the
end of the chapter. All logarithms are to the base 2, unless otherwise speci ed.
Fix  and  with 1   >   0. We wish to construct an (N; M; T )-disperser
for suciently large N , any T  2(log N ) , and any M  2(log N ) . We assume that
N = 2n and M = 2m for integers n, m, and take V = f0; 1gn and W = f0; 1gm. This
assumption is without loss of generality since in the case that N or M is not an integer
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power of 2, we can take n = dlog N e, and take m = dlog M e if M > 32 2blog M c and
m = blog M c otherwise, and construct a (T (V; log T ); UW ; 3=4)-carrier. Our disperser
will be denoted GD = (V; W; E ).
We de ne GD to be the composition of two bipartite graphs GA and GC , de ned
respectively in Sections 3.4.1 and 3.4.2. Let a = log 9 and let s = da log ne, r = sn.
8
r
De ne Z = f0; 1g . The rst bipartite graph GA is between V and Z . The second,
denoted GC , is between Z and W .

3.4.1 Constructing

G

A (V ; Z; EA )

Given an (n; s)-segmentation  = (B1 ; : : :; Bs ) and x 2 f0; 1gn, de ne f (x) to be the
sn-bit string obtained as follows: f (x) consists of the concatenation of s n-bit strings,
where the i-th string consists of the concatenation of xBi and 0n jBi j .
For integers n; k; d with n  k; d  4, we will de ne a family (n; k; d) of (n; k)segmentations. The edge set EA of GA is then de ned by f(x; f (x))j 2 (n; s; d)g,
and thus deg (GA) is j(n; s; d)j.
To describe (n; k; d), we rst de ne the balanced d-ary tree T on [1; n] to be the
labelled rooted tree with n leaves constructed in the following way. Let H = dlogd ne
and let T 0 be the rooted d-ary tree of depth H . Let T be the smallest subtree of T 0
containing the root and the leftmost n leaves of T 0 . Thus T has dlogd ne + 1 layers of
nodes and for each node v at depth i  0, the subtree rooted at v has at most n=di 1
leaves. The nodes of T are labelled as follows: the leaves are labelled left-to-right by
1; 2; : : :; n and each internal node v is labelled by the interval formed by the labels of
the leaves in the subtree of v .
For a node v in the tree, we denote by L(v ) the largest leaf label in the subtree of v .
If u1 ; u2; : : :; uk 1 is any sequence of vertices in T such that L(ui ) is strictly increasing
and L(uk 1 ) < n, we associate it with the (n; k)-segmentation whose corresponding
(n; k)-tower is (0; L(u1); L(u2); : : :; L(uk 1); n). We specify below a collection (n; k; d)
of such sequences of vertices; (n; k; d) is then de ned to be the set of all (n; k)segmentations arising from these sequences.
For each leaf w of T , let A(w) be the set of vertices v such that (1) L(v ) < w and
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(2) the parent of v belongs to the unique path joining w to the root. That is, A(w)
is the set of vertices v of T such that v is a left sibling of some vertex on the path
joining w to the root. We notice that the vertices in A(w) all have distinct L() values
and they are all less than n. Order the vertices in A(w) according to their L() values
in increasing order. We take (n; k; d) to be the union over all leaves w of the set of
(k 1)-element subsequences of the ordered A(w). Notice that the size of any A(w) is
at most (d 1)H and the number of subsequences of A(w) is at most 2H (d 1)  nd 1
(since d  4). So the size of (n; k; d) (and hence the size of (n; k; d)) is at most nd .

3.4.2 Constructing

G

C (Z; W; EC )

For some q that is O(log n), we will de ne a function C from Z  f0; 1gq = f0; 1gr 
f0; 1gq to W = f0; 1gm. We then de ne the edge set EC of GC as f(z; w)j 9y 2
f0; 1gq such that C (z; y) = wg, and thus deg(GC ) will be 2q which is polynomial in n.
The function C is a straightforward modi cation of the block-wise extractor of [SZ94].
To describe the construction, we need the following lemma which is derived from the
improved Leftover Hash Lemma in [SZ94]:

Lemma 3.4.1 Let t  n be nonnegative integers.

There is an explicit family H of

functions such that:

 each function in H maps n bits to b3t=4c bits;
 the functions of H are indexed by sequences of 4t + d6 log ne bits;
 given the index of a function h 2 H and x 2 f0; 1gn, the value of h(x) is computable in time polynomial in n; moreover,
 if D is an n-bit source of min-entropy t, X~ is sampled from D and h~ is chosen
uniformly from H , then (~h; ~h(X~ )) is a random variable whose distribution is quasirandom to within 21 t=8 (on H  f0; 1gb3t=4c).
This is obtained from the improved Leftover Hash Lemma of [SZ94], by setting
k = t=8 and  = 21 k .
2
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The following reformulation is more convenient for our purposes.

Corollary 3.4.1 There is an explicit function
 : f0; 1gn  f0; 1g4t+d6log ne ! f0; 1g4d 89 te+d6log ne
such that for any n-bit source D of min-entropy t (t  11), the induced distribution
 (D U4t+d6log ne ) on f0; 1g4d 89 te+d6log ne is quasi-random to within 21 t=8. Furthermore,
 is computable in time polynomial in n.

To see the corollary, we view each y 2 f0; 1g4t+d6log ne as indexing a function hy 2 H ,
and de ne  (x; y ) to be the rst 4d 98 te + d6 log ne bits of the concatenation of y and
hy (x). Since the length of this concatenation is 4t + d6 log ne + b3t=4c which is at least
2
4d 89 te + d6 log ne for t  11, we can see that  is well-de ned.
Let s be as above. Let ts = 32 and tk 1 = d 89 tk e for 0 < k  s. Set pk =
4tk + d6 log ne for 0  k  s. Now, using the function  , we de ne a family of functions

Ck : (f0; 1gn)k  f0; 1gpk ! (f0; 1gn)k 1  f0; 1gpk

1

for 1  k  s as follows: for z1 ; : : :; zk 2 f0; 1gn; yk 2 f0; 1gpk ;

Ck (z1 : : :zk 1 zk yk ) = z1 : : :zk 1 yk 1 ; where yk 1 =  (zk ; yk ):
Let C  = C1  C2  : : :  Cs and let q = ps (thus q = O(log n)). Finally, for each
z 2 Z and y 2 f0; 1gq, C (z; y ) is de ned to be the rst m bits of C (z; y ), where in C 
we view z as a series of s blocks of n bits each. To see that function C is well-de ned,
we notice that the length of C  (z; y ) is p0 = 4t0 + d6 log ne. This is bigger than m since
by de nition tk 1 = d 98 tk e for 0 < k  s and thus t0  ( 98 )s ts  n ts  m.
Thus far we have seen the constructions of GA and GC and hence that of our nal
disperser GD = GA  GC , and the eciency of GD is easily seen. In the following
sections, we will prove the following lemma, which clearly implies the Main Theorem:

Main Lemma: 8; ; 1   >   0, 9n0(; ) such that if n  n0(; ), then for any

T; m such that log T  n and m  n , GD (V; W; E ) is a (2n; 2m; T )-disperser.
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3.5 Proof of the Main Lemma
Let 1   >   0 be arbitrary but xed, and n0 (; ) be a suciently large constant.
(n0 will be speci ed as the proof proceeds.) Let n  n0 , and T and m be any integers
such that log T  n and m  n .
As de ned in Section 3.4, let a = log 9 ; s = da log ne and r = sn. We take
8
n
m
r
V = f0; 1g ; W = f0; 1g and Z = f0; 1g . We want to show that GD (V; W; E ) =
GA (V; Z; EA)  GC (Z; W; EC) as constructed in Section 3.4 is a (2n; 2m; T )-disperser.
For the proof, we de ne the parameters i for 0  i  3 by i =  (1 i=3) + (i=3).
Note that  = 0 > 1 > 2 > 3 = . De ne i = i (n) = ni 1 .
Let   denote the (sn; s)-segmentation of [1; sn] into s equal-sized blocks each of
length n. We denote by B(Z;  ; b) the set of all block-wise ( ; b)-sources on Z . In the
next two sections, we will prove the following two lemmas:

Lemma 3.5.1 GA = (V; Z; EA) is a (T (V; 0n); B(Z; ; 2n);  = 1=4)-carrier.
Lemma 3.5.2 GC = (Z; W; EC) is a strong (B(Z; ; 2n); UW ;  = 1=4)-carrier.
Remark: Both lemmas can easily be strengthened to  = n c for any constant c, provided that n0 is chosen large enough depending on c.

These two lemmas together with Lemma 3.2.5 imply that GD = (V; W; E ) is a
(T (V; log T ); UW ; 1=2)-carrier. The Main Lemma follows from Lemma 3.2.4.
In what follows, we shall rst examine the properties of GA and prove Lemma 3.5.1
in Section 3.6. Then in Section 3.7 we show the proof of Lemma 3.5.2 for GC .

3.6 Converting Weak Sources to Block-wise Sources
Our goal is to show that GA = (V; Z; EA) is a (T (V; 0n); B(Z;  ; 2n); )-carrier. To
do this, we x an arbitrary 0 -source D on f0; 1gn, and show that there is a converter
 carried by GA , such that D is -near to a block-wise ( ; 2n)-source on f0; 1gr. It
is important to emphasize the order of quanti ers here: we do not need one converter
that works for all 0 -sources, but can choose a di erent converter for each 0 -source D.
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Recall that for each vertex x 2 V , its incident edges in GA correspond to the (n; s)segmentations in (n; s; d). The converter we construct for D will be of a particularly
simple form. For each x 2 V we will choose a segmentation x 2 (n; s; d). We then
consider the edge set
g = f(x; fx (x))jx 2 f0; 1gng  EA:
Observe that g is a function mapping V to Z , it thus induces a converter g for V and
Z . We take as our converter the matrix g .
We will choose the segmentations x , and then show that for the resulting converter
g , Dg is -near to a block-wise ( ; 2n)-source.

3.6.1 Smoothing the Distribution
Let D be the xed 0 -source. It turns out that the analysis in the later sections will be
simpli ed if we know that D is a smooth source. The next lemma says that any source
is close to a smooth source with almost the same min-entropy.

Lemma 3.6.1 There is a constant c0 2 (0; 1) such that if D is a -source on f0; 1gn

with 1=n    1=2, then there is an n-bit source D0 that is 2 c0 n -near to D and is
( )-smooth, where the function : (0; 1) ! (0; 1) is de ned as ( ) = c0 = log  1 .

Proof: Let  denote the probability with respect to D that x has fewer than ()n
good bits. We rst give an upper bound on .
By Proposition 3.2.4, for any  2 (0; 12 ], the total number of n-bit strings x from
supp(D) with w(D (x))  n is at most
bX
nc
i=0

en )n  n( e )n:
(ni )  n(nn )  n( n


To get an upper bound on  we let  = ( )  12 . Since every string from D has
probability at most 2 n , we have   2 n n( e )n . Elementary estimates show that
if  = c0= log  1 where c0 is suciently small, then   2 c0 n .
Next we de ne the distribution D0 as follows: for x 2 f0; 1gn,

8
>< D(x) if w(D (x))  ()n + 1
0
D (x) = > 1 
: 0 otherwise.
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It is easy to check that D0 is a well-de ned distribution and kD0 Dk  . To see that
D0 is ( )-smooth, we notice that for each x 2 f0; 1gn and 1 < i  n, IiD0 (x) = IiD(x)
and therefore w(D0 (x))  w(D (x)) 1. So by the de nition of D0, w(D0 (x))  ( )n
for every x 2 supp(D0).
2

Remark: In fact, it is not dicult to see that D0 actually has min-entropy n 2

c0 n+1 .

By this lemma, there is a (0)-smooth source D0 that is =2-near to D for suciently
large n. In what follows we will show that for an appropriate g , D0 g is =2-near to
a block-wise ( ; 2n)-source. By Proposition 3.2.3 (2) and (3), Dg is -near to a
block-wise ( ; 2n)-source.

3.6.2 Extracting Blocks Using Segmentations
In this section we specify the converter g by choosing for each x 2 f0; 1gn a segmentation x from (n; s; d).
In Section 3.4.1 we constructed a family (n; s; d) of (n; s)-segmentations. This
family was chosen to satisfy two properties. The rst, which was noted earlier, is that
its size is at most nd . The second is as follows (recall the de nition of t-equitable from
Section 3.2.4):

Lemma 3.6.2 Let n; d; s; t be positive integers with n  d; s; t and let H = dlogd ne,

i.e., H is the least integer such that dH  n. Let ' 2 (0; 1). If is an n-bit sequence
with w( )  'H (12t ')s , then there is a segmentation  2 (n; s; d) that is t-equitable
with respect to .

Proof: We de ne an algorithm Segment which takes as input an n-bit string and

d; s; t; ' as in the lemma, and computes an (n; k)-tower Q = (Q0 = 0; Q1; : : :; Qk 1 ; Qk =
n) with k  s whose corresponding (n; k)-segmentation is contained in (n; k; d). The
lemma follows immediately from:

Claim: If the hypotheses of the lemma are satis ed, then the segmentation  corresponding to the output Q of Segment is an (n; s)-segmentation that is t-equitable with
respect to .
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The algorithm Segment is given formally below. For notational simplicity, we
denote w( [i;j ] ) by w([i; j ]) and call it the weight in the block [i; j ].
The algorithm rst constructs the balanced d-ary tree T on [1; n] and then traverses a
subset of the nodes of T in a top-down and left-to-right fashion. The integers Q1 ; Q2; : : :
are generated sequentially during the traversal; the parameter q represents the length
of the sequence generated so far, i.e., Q1; : : :; Qq have been selected. We initialize q = 0
and Q0 = 0.
At any point of time, the algorithm looks at a particular node vh in T at depth
h, where h is an integer parameter initialized to be 0. Recall that L(v ) denotes the
largest leaf label in the subtree of v . The interval [Qq + 1; L(vh)] is called the active
range from which all further Qi will be selected. The algorithm examines left-to-right
the children of vh , denoted C1(vh ); C2(vh ); : : :; Cd(vh) (vh ), where d(v ) represents the
number of children of node v . (By de nition, d(v )  d for all v of T .) Each iteration
of the loop in the algorithm corresponds to the examination of such a node.
If the i-th child of vh is being examined, the algorithm takes L(Ci(vh )) as a possible
candidate for Qq+1 . One of three actions is taken depending on the weight in the block
[Qq + 1; L(Ci(vh ))]. If the weight in the block is \too small", i.e., less than t, then
L(Ci(vh )) is rejected. If the weight in the block is at least t, but not \too large",
i.e., less than 'w([Qq + 1; L(vh)]), then Qq+1 is chosen to be L(Ci(vh )). Finally if the
weight in the block is too large, i.e., at least 'w([Qq + 1; L(vh)]), then the active range
is reduced by setting vh+1 = Ci (vh ). Consequently the algorithm moves one level down
in the tree and h is increased by 1. The loop repeats until either i > d(vh) or q  s or
h  hmax (where hmax = dlogd nt e + 1).
Algorithm Segment

Input: 2 f0; 1gn, integers d; s; t, and ' 2 (0; 1)
1. Construct the balanced d-ary tree T on [1; n];
2. hmax

dlogd nt e + 1.
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3. q
4.
5.

0; Q0

0; h

0; v0

root(T ); i

1;

Loop
if w([Qq + 1; L(Ci(vh))]) < t
then fi i + 1; g

6.
7.

else if t  w([Qq + 1; L(Ci(vh))]) < 'w([Qq + 1; L(vh)])

8.

then fQq+1 L(Ci(vh)); q q + 1; i i + 1; g

9.

else if w([Qq + 1; L(Ci(vh))])  'w([Qq + 1; L(vh)])
then fvh+1 Ci(vh ); h h + 1; i 1; g

10.
11.

Until (i > d(vh)) or (q  s) or (h  hmax);

12. k = q ;

Output: Q = (0; Q1; Q2; : : :; Qk 1; n)
The algorithm always terminates since at each iteration at least one of the i; q; h
increases and therefore the loop condition will eventually be violated. It is easy to see
from the description of the algorithm that at the termination, the sequence of vertices
v0 ; v1; : : :; vh form a path from the root and all the Qj have been chosen as L(u) for
some u that is a left sibling of some node vi on the path. Comparing this fact with the
construction of (n; k; d), we can see that the (n; k)-segmentation  corresponding to
the output (n; k)-tower Q is contained in (n; k; d).
We show that at the end of the algorithm, w([Qi 1 + 1; Qi])  t for 1  i  k
and k = s. These two conditions would imply that  is an (n; s)-segmentation and
is t-equitable with respect to , which is sucient for the proof of the claim and the
lemma. By generating Qs (rather than stopping at Qs 1 ), we do not have to treat the
last block of  separately; since the last block of  , [Qk 1 +1; n] contains [Qk 1 +1; Qk ],
the rst condition for i = k guarantees that the last block has enough weight.
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The rst condition is obvious by Step 7 and 8 in the algorithm. To prove k = s, we
rst claim that the following invariants hold at the end of each iteration:

w([Qq + 1; L(Ci 1(vh ))]) < t;
w([Qq + 1; L(vh)])  'h(1 ')qw( );

(3.2)

w([Qq + 1; L(vh)]) < t + n=dh 1 :

(3.3)

(3.1)

(When i = 1, we de ne L(C0(v )) to be the largest leaf label that precedes the subtree of
v .) We emphasize that in the above invariants, we refer to the values of the parameters
i; q and h at the end of the iteration.
We show the claim by induction on the number of iterations. These invariants hold
initially before entering the loop. During an iteration, if Step 6 is executed then there
is clearly no e ect on the invariants (3.2) and (3.3). Invariant (3.1) also holds because
of the precondition in Step 5. If Step 8 is executed then w([Qq + 1; L(Ci 1(vh ))])
is 0 at the end and so invariant (3.1) holds trivially. After this step q increases by 1,
w([Qq +1; L(vh)]) decreases and h is unchanged. Thus invariant (3.3) holds by induction.
The precondition in Step 7 guarantees that w([Qq + 1; L(vh)]) is at least 1 ' times
what it was and so invariant (3.2) also holds. Let us now consider the case that Step 10
is executed. Then the left hand side of invariant (3.1) is w([Qq + 1; L(C0(vh ))]), which
is exactly the w([Qq + 1; L(Ci 1(vh ))]) at the end of the previous iteration, and is thus
less than t by induction. Since w([Qq + 1; L(vh)]) is at least ' times what it was and h
increases by 1, invariant (3.2) is also maintained. After this step, w([Qq + 1; L(vh)]) is
equal to the sum of w([Qq + 1; L(C0(vh ))]) (which is less than t by invariant (3.1)) and
the size of the interval labelling vh (which is at most n=dh 1 ). So invariant (3.3) holds
as well.
Now suppose on the contrary that the algorithm terminates with k < s. Then at
the termination we must have either i > d(vh ) or h  hmax .
If i > d(vh ), then either Step 6 or Step 8 is executed at the last iteration with
i = d(vh). We note that L(Cd(v)(v )) = L(v ) for any v . If Step 6 is executed, then by
the precondition of this step, w[Qq +1; L(vh)] < t. But this together with invariant (3.2)
violate the hypothesis about w( ). The precondition of Step 8 can never be satis ed
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in this case since we assumed ' < 1.
If h  hmax , then invariants (3.2) and (3.3) together imply that 'h (1 ')q w( ) < 2t,
which again violates the hypothesis. The proof is complete.
2

Corollary 3.6.1 Let ; ; s and i; i for i = 0; 1 be as de

ned at the beginning of
Section 3.5. There exists an integer d(; ) such that for all suciently large n, if D0 is
a (0)-smooth n-bit source, then for each string x 2 supp(D0 ) there is a segmentation
 2 (n; s; d) that is 1 n-equitable with respect to D0 (x).

Proof: Fix any x 2 supp(D0) and let = D0 (x). Since D0 is (0)-smooth, w( ) 

(0)n. Let t = 1 n. We will show that constants d and ' can be chosen to satisfy
(0)n  'H (12t ')s for suciently large n so that the hypotheses in Lemma 3.6.2 hold.
This will be sucient for the proof of the corollary.
Since s < 1 + a log n and H < 1 + log n= log d, it suces to have
2n1 1 n
c0n0 1 n 
(1 0) log n
'1+log n= log d (1 ')1+a log n ;

which is equivalent to
(0 1 ) log n 

1 + log c0 1 + log(1 0) + log ' 1 + log(1 ') 1
+ log log n + (log ' 1 = log d + a log(1 ') 1) log n:

Choosing ' suciently close to 0 (depending only on a; 0; 1 which in turn depend
only on  and ) and then choosing d suciently large (depending on ') makes the
coecient of log n on the right less than (0 1 ). Then the inequality holds for all
suciently large n. For example, we can set ' = 1 2(1 0 )=3a and d = 23log ' 1 =(0 1 )
so that the coecient of log n on the right is 2(0 1)=3.
2
We now de ne x for x 2 supp(D0) to be the segmentation given by the corollary.
For x 62 supp(D0), de ne x to be an arbitrary segmentation of (n; s; d). Then,
g : V ! Z de ned by g (x) = fx (x) speci es the converter g . To complete the proof
of Lemma 3.5.1, it now suces to show

Lemma 3.6.3 D0g is =2-near to a block-wise (; 2n)-source on f0; 1gr.
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3.6.3 The Correctness Proof of the Conversion
We need to show that the distribution D0 g is within =2 of a block-wise ( ; 2 n)source. To do this, we will de ne a collection of distributions (E :  2 (n; s; d)), and
express D0 g as a convex combination of such distributions. We will then use Lemma
3.2.1 to upper bound the distance of D0 g from a block-wise ( ; 2n)-source, in terms
of the distances of each E  from such a source.
To de ne the distributions E , we rst de ne for each  2 (n; s; d) the segmentation
class of  to be S = fx 2 supp(D0)jx =  g. The next proposition follows easily from
Corollary 3.6.1:

Proposition 3.6.1 Suppose  = (B1; : : :; Bs) 2 (n; s; d).

Then S is not empty
implies that jBi j  1 n for all 1  i  s. Moreover, for any x 2 S and 1  k  s, we
have D0(xBk jxB[1;k 1] )  2 1 n , i.e., IBDk0 (x)  1 n.

Let  = D0 (S ).
By de nition, the map g acts on all x 2 S as follows: segment the bits of x
according to  , and pad enough 0's to each segment so that its length is n. That is,
g (x) = f (x) for x 2 S . Note that while the map g is not necessarily one-to-one on
f0; 1gn, it is one-to-one when restricted to any S . Since fS :  2 (n; s; d)g clearly
forms a partition of supp(D0), we have P  = 1.
If  > 0, we de ne E to be the probability distribution over f0; 1gn conditioned
on S , i.e., for each x 2 f0; 1gn,

8 0
>< D (x) if x 2 S
E (x) = > 
:0
otherwise.

For  = 0, we take E to be an arbitrary distribution. It is easy to see that D0 =
P E.
  
We de ne E to be the probability distribution on f0; 1gr such that for y 2 f0; 1gr:

8>
< E (x) if 9 x 2 S and g(x) = y
E(y ) = > 
:0
otherwise.
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From the fact that g is one-to-one on S through f , it is easy to check that E is
well-de ned and E = E g = E f .
We can now express D0 g as a convex combination of the E :

D 0 g =

X


 E g =

X


 E:

We want to use this to upper bound the distance of D0g from a block-wise ( ; 2n)
source. Let  denote the distance from E to the family of block-wise (; 2n)-sources
on f0; 1gn. Thus for each  2 (n; s; d) there is a block-wise (; 2n)-source F on
f0; 1gn that is  -near to E . Let F be the distribution on f0; 1gr de ned as follows:
for y 2 f0; 1gr,
8
>< F (x) if f (x) = y
F (y ) = > 
:0
otherwise.
Since f clearly de nes a one-to-one function on f0; 1gn, we can see that F = F f .
Following the de nition of f , we can also see that for any n-bit string x and 1  i  s,
the information in the i-th block (w.r.t.  ) of x relative to F is exactly the same as the
information in the i-th block (w.r.t.  ) of f (x) 2 f0; 1gr relative to F . Therefore,
since F is a block-wise (; 2n)-source on f0; 1gn, F is a block-wise ( ; 2n)-source
on f0; 1gr.
Observe:

kE F k = kE f F f k  kE F k =  :
Now by Lemma 3.2.1 and Lemma 3.2.3,

Lemma 3.6.4 D0g is

P

-near to a block-wise ( ; 2 n)-source on f0; 1gr, where

2(n;s;d)   .

So it suces to upper bound in this lemma by =2. We will prove:

Lemma 3.6.5 For any  2 (n; s; d) with  > 0,
(2 1 )n

  s2 


:

=
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Combined with Lemma 3.6.4, we obtain  j(n; s; d)js2(2 1 )n . Thus to show
 =2 it suces to show: (1 2)n  1 + log  1 + log s + log j(n; s; d)j. The left
hand side is n (1) and the right hand side is bounded by a constant times log n, so the
desired bound on holds for suciently large n.
Thus it remains to prove Lemma 3.6.5.

Proof of Lemma 3.6.5:
Fix any  2 (n; s; d) with  > 0. We need to upper bound the distance of
E from the family of block-wise (; 2n)-sources on f0; 1gn. We rst prove a general
upper bound on the distance of an arbitrary n-bit source F from the family of block-wise
(; b)-sources on f0; 1gn.
The reader will nd it useful to recall the de nition of the  -tree representation of
a distribution F on f0; 1gn. Recall that F is a block-wise (; b)-source if and only if
every edge label in this tree is at most 2 b . With this in mind, we make the following
de nitions:

De nition 3.6.1 Suppose F

is an n-bit source. Let  = [B1; : : :; Bs ] be an (n; s)segmentation and k be an integer satisfying 1  k  s. x 2 f0; 1gn is said to be
(; b)-bad at block k relative to distribution F if F (xBk jxB[1;k 1] ) > 2 b , i.e., the label
of the k-th edge on the path from the root to x in T  is greater than 2 b . x 2 f0; 1gn
is (; b)-bad relative to F if there is a k such that x is (; b)-bad at block k. We
denote by F (; b; k) the probability that an n-bit string randomly chosen according to
F is (; b)-bad at block k and by F (; b) the probability that an n-bit string randomly
chosen according to F is (; b)-bad.

So F is a block-wise (; b)-source on f0; 1gn if and only if none of the strings is (; b)bad. Generally, we have the following bound on the distance of F from a block-wise
(; b)-source:

Lemma 3.6.6 Let F

be an n-bit source, let b be a positive real number and let  =
[B1 ; : : :; Bs ] be an (n; s)-segmentation in which each block has at least b elements. Then
F is F (; b)-near to a block-wise (; b)-source.
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Proof: We will construct a block-wise (; b)-source F 0 with the property that F 0(x) 

F (x) implies that x is (; b)-bad relative to F . By Proposition 3.2.3(1), this implies
that F 0 is F (; b)-near to F .
Consider the  -tree representation for F . We modify the probability labels of this
tree to obtain the distribution F 0 . The tree for F 0 must satisfy that the conditional
probability assigned to each edge is at most 2 b . Consider an internal node z at depth
k < s. The edges from z correspond to binary strings of length jBk+1 j  b. Thus
z has at least 2b edges coming from it. Therefore it is possible to choose F 0 (y jz) for
y 2 f0; 1gjBk+1j so that F 0 (y jz) = 2 b if F (y jz) > 2 b , F (y jz)  F 0 (y jz)  2 b if
F (y jz)  2 b , and the sum of F 0 (y jz) over strings y of length jBk+1 j is 1. Doing this
for all internal nodes z yields the desired F 0 . It is easy to see that if x is not (; b)-bad
relative to F then the conditional probability labels on the path to x are at least as big
for F 0 as for F , and so F 0 (x)  F (x).
2
By Proposition 3.6.1, for any  2 (n; s; d) with  > 0, each block in  has
at least 1 n elements. Then the above lemma tells us that E (; 2n)   . Since
Ps
E (; b)  k=1 E (; b; k), we will complete the proof of Lemma 3.6.5 by showing:
2b 1 n :
(3.4)

By de nition, E (; b; k) is equal to the sum of E (x) over all the x 2 supp(E )
that are (; b)-bad at block k relative to E . We know that for any x 2 f0; 1gn, x is
(; b)-bad at block k relative to E if E (xBk jxB[1;k 1] ) > 2 b . Moreover, for x 2 S ,
we have:
E (x )
E (xBk jxB[1;k 1] ) = E (x B[1;k] )
 B[1;k 1]
D0(xB[1;k] ) D0 (xB[1;k 1] )
=  E (x
  B[1;k 1] ) D0 (xB[1;k 1] )
D0(x
)
= D0 (xBk jxB[1;k 1] )  E (Bx[1;k 1] )
  B[1;k 1]
0
1 n D (x
)
 2  E (xB[1;k 1] ) ;
  B[1;k 1]
E (; b; k) 

where the inequality follows from Proposition 3.6.1. Putting these together, we have
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that a necessary condition for x 2 S to be (; b)-bad at block k relative to E is:
b 1 n
(3.5)
E (xB[1;k 1] )  2  D0 (xB[1;k 1] ):

Let X be the set of all x 2 S = supp(E ) that satisfy (3.5). The sum of E (x)
over x 2 X is then an upper bound on E (; b; k). De ne q = jB[1;k 1]j, and note
that condition (3.5) depends only on the rst q bits of x. Recall that E(q) denotes the
q -bit truncation of E and D0(q) is the q -bit truncation of D0. Let Y be the set of all
y 2 f0; 1gq such that E(q)(y )  2b 1 nD0(q)(y )= . By the de nition of q -bit truncation,
we know that for any y 2 f0; 1gq , E(q)(y ) = E (y ) and D0(q)(y ) = D0 (y ). It is then
clear that the sum of E(q)(y ) over y 2 Y is equal to the sum of E (x) over x 2 X . So
nally we have:
E (; d; k)



=



X
y 2Y

E(q)(y )

X 2b

1 n D0(q)(y )

y 2Y
2b 1 n

X



2b 1 n



y 2Y

D0(q)(y )

 ;

which establishes inequality (3.4), and completes the proof.

2

3.7 Converting Block-wise Sources to a Uniform Source
In this section we show Lemma 3.5.2 for GC . The proof we present is a variant of the
correctness proof of the extractor (Function C ) in [NZ93].
In Section 3.4.2 we de ned the parameters ts = 32 and q = ps = 4ts + d6 log ne (thus
q = O(log n)). De ne  to be the matrix on Z  W such that for z 2 Z; w 2 W ,
(z; w) = jfy 2 f0; 1gqj C (z; y ) = wgj=2q :
It is clear that  is a converter and that GC is the support of . To prove Lemma
3.5.2, now it suces to show that  transforms every distribution in B(Z;  ; 2n) to a
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distribution that is -near to UW . Fix any D 2 B(Z;  ; 2n) and we want to show that
kD UW k  .
First we notice that, in fact,
(z; w) =

X
y2f0;1gq

C ((z; y ); w)Uq(y );

where C is the converter for Z  f0; 1gq and W induced by the function C . Therefore
D = (D  Uq )C . As we know, C is de ned to be the m-bit truncation of C .
Now Lemma 3.2.2 implies that to prove k(D  Uq )C UW k  , it suces to show
k(D  Uq )C Up0 k  . Furthermore, since C  = C1  C2  : : :  Cs, Proposition 3.2.2
says that this is equivalent to showing k(D  Uq )Cs : : : C2 C1 Up0 k  .
Let k be any integer between 1 and s. For each y 2 f0; 1g(k 1)n, let Dkjy denote the
distribution on f0; 1gn such that for z 2 f0; 1gn, Dkjy (z ) = D(z jy ). Recall that for any
integer j  sn, D(j ) denotes the j -bit truncation of D. By de nition,

D((k 1)n)(y )Dkjy (z) = D(kn)(yz) = D(yz):
As we know D = D(sn) , we want to show

k(D(sn)  Ups )Cs : : : C2 C1 Up0 k  :

(3.6)

We will prove that for each integer k between 1 and s,

k(D(kn)  Upk )Ck D((k

1)n)  Up

k 1k  2

1 tk =8:

(3.7)

Assume this is true. Then by applying Proposition 3.2.3(2) and (3), a straightforward
P
induction shows that the left hand side of (3.6) is at most sk=1 21 tk =8  2  21 ts=8  ,
where the last inequality follows from ts  32 and  = 1=4. This will complete the proof
of the lemma.
So it remains to prove (3.7). Since D is a block-wise ( ; 2 n)-source on Z , by
de nition, for any 1  k  s and any y 2 f0; 1g(k 1)n, Dkjy is an n-bit source with minentropy 2 n. This is at least tk since t0  ( 98 )s ts + Psi=01 ( 98 )i  2 n for n large enough
and t0 > ti for 1  i  s. Now Corollary 3.4.1 says that the distribution  (Dkjy  Upk )
on f0; 1gpk 1 is quasi-random to within 21 tk =8 . Finally,
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k(D(kn)  Upk )Ck D((k 1)n)  Upk 1 k
X
= 21
D((k 1)n)(y )j (Dkjy  Upk )(u) Upk 1 (u)j
=

y2f0;1g(k 1)n;u2f0;1gpk 1

X

y2f0;1g(k 1)n

 21

tk =8

= 21

tk =8:

D(y )k (Dkjy  Upk ) Upk 1 k

X

y2f0;1g(k 1)n

D(y )

2

This completes the proof.

Remark: In the case that  = n
O(log n) and 2  21

ts=8  .

O(1) ,

we can take ts = 8 log 1 + 16 so that q is still

3.8 Summary of Parameters
Here we give a summary of the parameters that appeared in the construction and the
proof:
1   >   0;
n0 (; ) is suciently large and n  n0 ;
log T  n and m  n ;
for 0  i  3, i =  (1 i=3) + (i=3) and i = i (n) = ni 1 ;
a = log 9 ; s = da log ne and r = sn;
8

 

3 log ' 1

' = 1 2 13a 0 and d = 2 0 1 ;
 = 1=4;
ts = 8 log  1 + 16 = 32 and tk 1 = d 89 tk e for 0 < k  s;
pk = 4tk + d6 log ne for 0  k  s;
q = ps = O(log n).
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Chapter 4
Constructing Sample Spaces with Small Bias on
Neighborhoods
4.1 Previous Work and Motivation
One of the approaches to derandomization that has been extensively studied is to use explicit constructions of small-sized sample spaces that guarantee limited independence or
almost independence among some random variables so that certain randomness properties of the space are maintained. This approach has been widely used and proven
e ective in many applications (see e.g. [KW84, Lub85, ABI86, BR89, MNN89, NN90,
Alo91, Sch92, KM93, KK94]).
Along the line of this approach, the construction of k-wise independent sample
spaces is one of the earliest studied problems. Let be a sample space (multiset) in
f0; 1gn and suppose (X1; X2; : : :; Xn) is a randomly selected point from according
to the uniform distribution. Then is said to be k-wise independent if the random
variables within every subset of X1 ; X2; : : :; Xn of size at most k are mutually independent. An ecient construction of k-wise independent sample spaces of size nbk=2c was
presented in [ABI86] (see also [Lub85]), whose size basically matches the lower bound
given in [CGHFRS85] (see also [ABI86, KM94]). In a more general setting, Schulman
[Sch92] considered the problem of constructing sample spaces uniform over a family of
subsets of f1; 2; : : :; ng (neighborhoods), i.e., the distribution induced on the random
variables in any particular neighborhood in the family is uniformly independent. The
size of the sample space in the construction is O(d2l), where l is the maximum size
of any neighborhood in the family and d is the maximum number of neighborhoods
containing any element.
For a subset S  f1; 2; : : :; ng, the quantity jPr[Pi2S Xi = 1] Pr[Pi2S Xi = 0]j,
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where the sum is modulo 2, is called the bias of S ([Vaz86]). Naor and Naor [NN90]
introduced the notion of -biased (resp. k-wise -biased) sample space, in which the
bias of every subset (resp. every subset of size at most k) of f1; 2; : : :; ng is at most
. They presented an ecient construction of -biased sample spaces of size O(n=4).
Alon et al. in [AGHP91] gave three more simple constructions of -biased sample spaces
of size O(n2 =2 ). Following the work in [NN90], these constructions of -biased sample
spaces gave constructions of k-wise -biased sample spaces of size O(k log n=4 ) and
O(k2 log2 n=2 ), respectively. In [EGLNV92], constructions of sample spaces with small
bias for general independent distributions were studied.
Koller and Megiddo in [KM93] introduced the framework of constructing sample
spaces that satisfy a set of probability constraints, which generalized the construction
approach used in [Sch92]. This method was further extended by Karger and Koller in
[KK94] where they showed how to deal with the more general expectation constraints.
In the latter work, an NC algorithm for constructing sample spaces that approximate
general independent distributions with relative error was shown.
In this chapter, we consider a variant of the problem studied by Schulman, in which
we weaken the requirement \uniform on neighborhoods" to \-biased on neighborhoods". For a given family F of subsets of f1; 2; : : :; ng (neighborhoods), we construct a
small sample space associated with X1; X2; : : :; Xn such that the bias of any particular
neighborhood in the family is at most .
Let us denote the maximum cardinality of any element of F by (F ). Then two previously best known constructions for this problem are of sizes O((F ) log n=4 ) [NN90]
and O((F )2 log2 n=2 ) [AGHP91], respectively, which are obtained by constructing
(F )-wise -biased sample spaces. We shall present a new construction whose size is
O(log jFj=2). The running time needed in our construction is polynomial in n;  1 and
jFj. Since jFj  n(F) always holds, the size of our construction can never exceed the
order of the sizes of the previous constructions. In fact, in the case that F is of size
polynomial in n, our construction runs in polynomial time and has size O(log n=2 )
which is independent of (F ).
It is not dicult to show that if we select O(log(jFj)=2) points uniformly at random
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from f0; 1gn, then the resulting set is almost surely a desired sample space. Although an
existence proof of this type provides an ecient randomized procedure for constructing
a needed sample space, typically it does not help explicit constructions. Nevertheless,
one key observation to our construction is that such an existence proof holds even
if we select the points from an 2 -biased sample space. Then we apply the method of
conditional probabilities to searching for such a desired small subset of points from an 2 biased sample space. Since the previous work in [NN90] and [AGHP91] give us explicit
constructions of such sample spaces of polynomial size, the size of our search space
becomes suciently small so that we are able accomplish the construction eciently.
The size of the sample space of our construction matches the bound given by the
probabilistic argument, which leads to the best known ecient construction of k-wise
-biased sample spaces of size O(log n=2 ) for the case that k is xed.
One motivation for our sample space construction is a problem of designing errorcorrecting communcation protocols which arises in the context of data replication in
distributed database systems.
Usually in a distributed database system, the system maintains several (read-only)
physical copies of a single logical database at distinct locations to increase data availability and decrease data access time. Ecient communication protocols for checking
data consistency between distinct databases are important for replicated data management.
Consider the situation where two (read-only) copies of a logical database are located
far from each other and the communication between them is expensive compared to the
local computation. These two databases regularly need to check the data consistency
between each other to nd and correct possible data errors that may occur unpredictably, e.g. because of undetected hardware failures. Their objective is to minimize
the communication needed.
It is a well known fact in communication complexity that in the worst case they
can do nothing better than the trivial solution: send a copy of the whole database from
one side to the other. However, this worst case assumption is overly pessimistic. In
our case that the databases are maintained for read-only, typically only a small portion
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of data is likely to be inconsistent. In fact, depending on the data-storage layout, the
inconsistencies between the two databases most probably would occur in some restricted
set of patterns. More precisely, what we would expect is that there is a family of sets
of bit positions (di erence patterns) such that, in (almost) all the cases, the set of
positions where the inconsistencies occur is a member in the family (although neither of
the databases should necessarily know which member this is without communication);
moreover, the cases where the inconsistencies fail to follow the family of di erence
patterns are so rare that it would not a ect the checking performance if we disregard
these cases. For example, suppose that the data stored in each database are divided
into blocks and at any point of time, (most likely) there can be at most one of the data
blocks in which at most 13 bits di er from the other copy. Then the family of di erence
patterns we would expect is the family of sets of bit positions of size at most 13 from
each block. The questions we would like to ask then are whether the databases can do
anything better in this situation and how well they can do.
Abstractly, we have the following communication problem. Let F be a family of
subsets of f1; 2; : : :; ng. Two parties A and B with limited computation power (polynomial time machines) are given an n-bit string x and an n-bit string y respectively
such that if ever x and y are not the same, the set of positions they di er is (almost
certainly) a member in F . Knowing F , A and B want to determine whether or not x
and y are equal (error-detecting), and in the case they are not, A and B want to tell
the exact positions in which x and y di er (error-correcting). The goal is to mininize
the communication.
The error-detecting case of this problem is a natrual variant of the equality problem
in the study of communication complexity (see e.g. [Yao79]), in which A and B have
unlimited computation power and try to tell whether or not x and y are the same (using
the above language, F contains all the non-empty subsets of f1; 2; : : :; ng).
We will be interested in the case where the size of F is polynomial in n. Typically, a deterministic protocol for the problem needs (log n) bits of communication
in this case. On the other hand, if we do not restrict the computation power of both
parties, then a simple counting argument shows that there is a deterministic protocol
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that uses O(log n) bits to solve the problem. In our case that both parties have limited
computation power, the previously best known protocol one could achieve, which uses
O((F ) log n) bits of communication, is by way of applying the explicit construction
of (F )-wise -biased sample spaces [NN90]. In this work, using our construction of
sample spaces with small bias on neighborhoods, we close the gap between these two
bounds by presenting a deterministic protocol for the problem using O(log n) bits.
In the rest of this chapter, we rst give some basic notation and de nitions in Section
4.2. Then in Section 4.3 we present our construction of sample spaces with small bias
on neighborhoods. Finally in Section 4.4 we show applications of our construction to
designing error-correcting communication protocols and to constructing universal sets.

4.2 Notation, De nitions and Facts
4.2.1 Basic Notation
For a positive integer n, we let [n] denote the set of integers f1; 2; : : :; ng and let ([nk] )
denote the family of subsets of [n] of size k. If F is a family of sets, we use (F ) to denote
the maximum size of any set in the family. We de ne (F ) to be the ideal generated
by F excluding the empty set, i.e., (F ) = fS j S 6=  and S  T for some T 2 Fg.
For example, (([nk])) is the family of non-empty subsets of [n] of size at most k. In the
case that F is a singleton set fS g, we may use (S ) instead of (fS g) for simplicity.
For example, ([n]) is the family of all non-empty subsets of [n]. We use the notation
v for multiset inclusion.
In many cases, we will identify a multiset v f 1; 1gn with a matrix of dimension
j j  n whose rows consists of all the points in . (The order of the rows is inconsequential and we may x it in an arbitrary way.) We denote this matrix by M ( ).
For a subset S  [n], we use S (M ( )) to denote the column vector obtained by the
coordinate-wise product of the columns of M ( ) with indices in S .
In what follows, we will identify the term \sample space" with \multiset" without
ambiguity. All the probability distributions are assumed to be uniform.

85

4.2.2 Sample Spaces with Small Bias
For a multiset v f 1; 1gn and a subset S  [n], the bias of S with respect to
de ned to be

is

jPr[i2S Xi = 1] Pr[i2S Xi = 1]j = jE [i2S Xi]j;
where the probability is with respect to a randomly selected (X1; X2; : : :; Xn) from .

De nition 4.2.1 Let F be a family of subsets of [n]. A multiset v f 1; 1gn is said

to be -biased with respect to F if for each J 2 F , the bias of J with respect to is at
most . It is said to be -biased if it is -biased with respect to ([n]), and it is said to
be k-wise -biased if it is -biased with respect to (([nk])).

We will need the next result due to [AGHP91]:

Theorem 4.2.1 Let n be a positive integer and 0 <   1.

There is an ecient
construction of an -biased sample space in f 1; 1gn of size O(n2=2 ).

Here by ecient construction we mean that the construction time is polynomial in the
size of the output sample space.
The next proposition reformulates the de nition of -bias in terms of matrices:

Proposition 4.2.1 Let F

be a family of subsets of [n]. Suppose v f 1; 1gn is biased with respect to F . Then for any J 2 F , the di erence between the proportion of
1's and the proportion of -1's in J (M ( )) is within .

Remark: In the case that is a multiset of f0; 1gn instead of f 1; 1gn, we may apply
the following modi cations to make the previous de nitions and statements work: we
map 1 to 0, -1 to 1 and change the product correspondingly to the sum modulo 2.

4.2.3 The Method of Conditional Probabilities
The method of conditional probabilities, which was introduced by Erdos and Selfridge[ES73],
Spencer[Spe87], and Raghavan [Rag88], is a powerful tool in derandomization. In this
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section, we review a basic framework for this method in terms of the conditional expectations.
For a set S and a positive integer n, let v S n . We call S the sample range of
. Suppose V1; V2; : : :; Vn are mutually independent random variables on that take
values over range S and let Z = Z (V1; V2; : : :; Vn ). For 1  i  n and v1; : : :; vi 2 S , we
use E [Z jv1; : : :; vi ] to denote the conditional expectation of Z given V1 = v1 ; : : :; Vi = vi .
Suppose E [Z ]  c for some constant c. Knowing S and fPr[Vi = v ] j 1  i  n; v 2
S g, we want to construct a sample point ! 2 such that Z (!)  c (such an ! clearly
exists).
We rst observe that for any given v1 ; : : :; vi 1 2 S where 1  i  n,

E [Z jv1; : : :; vi 1] =

X

v 2S

Pr[Vi = v ] E [Z jv1; : : :; vi 1 ; v ]

 min
fE [Z jv1; : : :; vi 1; v] j Pr[Vi = v] 6= 0g;
v 2S
where the equality follows from the assumption that the Vi 's are mutually independent.
Now the construction goes as follows: Sequentially for i = 1; 2; : : :; n, search over all
v 2 S where Pr[Vi = v ] 6= 0, to nd the one with minimum E [Z jv1; : : :; vi 1 ; v ]; set
vi = v . Finally, let ! = (v1; v2; : : :; vn). By the above inequality, it is easy to check
that Z (! )  c as desired.
From the algorithmic point of view, if for each 1  i  n and for any given
v1 ; : : :; vi 2 S , the conditional expectation E [Z jv1; : : :; vi] is computable in time t(n),
then the total time needed for the construction is clearly of order nt(n)jS j. We say that
the expectations are easy to compute if the function t() is a polynomial. In this case,
the total time needed for the construction is nO(1)jS j.

Remark: Here by computing we mean that the expectations can be either calculated
exactly, or approximated with sucient accuracy so as to guarantee that after the i-th
iteration for each i, E [Z jv1; : : :; vi]  c.
Nevertheless, in many circumstances, direct computations of conditional expectations (or conditional probabilities) are not easy. One e ective technique to overcome
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this diculty that has been proven successful in applications is by way of employing
pessimistic estimators, which was rst introduced by Raghavan [Rag88]. We describe
below a modi ed version of pessimistic estimators due to Fundia [Fun94] (see also
[Sak94]).
Continuing the above discussion, we suppose that for some given v1 ; : : :; vi 2 S ,
the conditional expectation E [Z jv1; : : :; vi ] is dicult to compute. We would like then
to introduce a new random variable W = W (V1; V2; : : :; Vn) (pessimistic estimator)
de ned on that satis es the following conditions:

(A) Z (!)  W (!) for all ! 2 ;
(B) E [W ]  c; and
(C) for each 1  i  n and for all v1; : : :; vi 2 S , E [W jv1; : : :; vi] is easy to compute.
Now, we can apply the approach described above to W and construct a sample point
! satisfying W (!)  c in time nO(1)jS j. By condition (A), ! is also good for Z .

4.3 Sample Spaces with Small Bias on Neighborhoods
In this section, we present a construction of sample spaces with small bias on designated
neighborhoods.
The idea behind our construction is rather straightforward. Suppose F is a family
of subsets of [n] and 0 <   1. We want to construct eciently a small-sized sample
space in f 1; 1gn that is -biased with respect to F . An easy counting argument shows
that if we randomly select m = O(log jFj=2) points from f 1; 1gn, then with high
probability the resulting set is -biased with respect to F . The starting point of our
construction is the observation that even if these points are randomly selected from
an 2 -biased sample space 2 , the resulting set is still almost surely as desired. Notice
that in either of these two cases, the random point-selecting process generates a sample
space  = S m , where the sample range S of  is f 1; 1gn in the former case, and
is 2 in the latter one; moreover, the counting argument shows that almost all the
points in  (each of which is a sequence of m points in S ) are -biased with respect
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to F . What we would like then is to apply the method of conditional probabilities to
searching for such a point from . We certainly would fail in the former case since the
construction time needed in this case is more than jS j = 2n . On the other hand, we
should succeed in the latter case since the work in [NN90] and [AGHP91] provide us
explicit constructions of 2 of size polynomial in n and  1 , and therefore, provided
that the conditional expectations are easy to compute, the construction time we need
is nO(1)jS j which is polynomial in n and  1 . At the same time, the size of the sample
space of our construction matches the bound given by the probabilistic argument.

4.3.1 The Existence Proof
We show that in every sample space with small bias, there exists a small (multi)subset
of it that still keeps certain desired small-bias property.
We will need a technical lemma whose proof is given in [AS91].

Lemma 4.3.1 For all 2 [0; 1] and all
Lemma 4.3.2 Let

, e (1 ) + (1

)e

e

2 =8

.

v f 1; 1gn be a -biased sample space and let F be a family
of subsets of [n]. Then for any    , there is a sample space (;F) v  of size
min(j  j; 2ln(3jFj)
( )2 ) that is -biased with respect to F .


Proof: Let m = 2 (ln(3jFj)
 )2 . Consider the process in which we select vectors v1; : : :; vm 2

uniformly and independently at random. Clearly, the sample space  generated by
this random process is the set of all sequences of m vectors in  . We want to show
that there exists an (;F) 2  that is -biased with respect to F .
Let (V1; V2; : : :; Vm) be a randomly selected point from , where each


Vi = Vi1Vi2 : : :Vin 2 f 1; 1gn:
By the construction of , it is clear that the random variables Vi are mutually independent. For a subset S  [n] and each 1  i  m, we de ne a random variable
YiS = YiS (V1; V2; : : :; Vm) mapping  to f 1; 1g as follows:

YiS (V1; V2; : : :; Vm) =

Y

j 2S

Vij :
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It follows immediately from the de nition that for any xed S  [n], each YiS depends
only on the i-th point Vi and therefore, the YiS 's are mutually independent as well.
Moreover, we observe that:

Proposition 4.3.1 For all S  [n] and for each 1  i  m,
1. Pr[YiS = 1] = pS , where pS is the fraction of 1's in the vector S (M (  )), which
clearly depends only on  ;
2. E [YiS ] = 2pS 1;
3. jE [YiS ]j is equal to the bias of S with respect to  , which is at most  by assumption.

P

Let Y S = mi=1 YiS . Now, for any ! 2 , jY S (! )j=m is by de nition the bias of
S with respect to !. Therefore, to show the existence of an (;F) in , it suces to
prove that for all J 2 F , Pr[jY J j > m] < 1=jFj.
Let us x an arbitrary J 2 F . In order to estimate Pr[jY J j > m], we introduce
another random variable X J = Y J E [Y J ]. We notice that

jY J j > m implies that jX J j > ( )m:
This is because

jX J j = jY J E [Y J ]j  jY J j jE [Y J ]j  jY J j

m
X
i=1

(4.1)

jE [YiJ ]j > m m;

where the last inequality uses the fact that jE [YiJ ]j   for 1  i  m which follows
from Proposition 4.3.1 (3). Therefore,

Pr[jY J j > m]  Pr[jX J j > (  )m]:
Now to complete the proof, it suces to show that the right hand side of the inequality
is strictly less than 1=jFj.
To accomplish this, we apply the standard Cherno bound for large deviations. The
argument we shall present uses the proof of a theorem in [AS91] (Corollary A.7). We
show the details here for later reference.
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For each 1  i  m, let us de ne a random variable

XiJ = YiJ E [YiJ ]:
Clearly, X J = Pmi=1 XiJ . As we have noticed, the YiJ 's are mutually independent, so
are the XiJ 's. Moreover, by Proposition 4.3.1 (1),

Pr[XiJ = 1 E [YiJ ]] = Pr[YiJ = 1] = pJ ; and
Pr[XiJ = 1 E [YiJ ]] = Pr[YiJ = 1] = 1 pJ :
Now, for any ,

E [eXiJ ] = pJ e(1 E[YiJ ]) + (1 pJ )e( 1 E[YiJ ])
= pJ e2(1

pJ ) + (1

pJ )e 2pJ

(4.2)

 e2=2;
where the second equality follows from Proposition 4.3.1 (2) and the inequality follows
Lemma 4.3.1 by setting = pJ ; = 2. Therefore,

E [eX J ] =

m
Y

i=1

E [eXiJ ]  em2 =2 :

(4.3)

By applying Markov's inequality, we have

Pr[X J

> a] = Pr[eX J

> ea] <

E [eX J ]  em2 =2
ea

a:

The right hand side is minimized at  = a=m : Pr[X J > a] < e a2 =2m. By symmetry,
Pr[jX J j > a] < 2e a2 =2m . Substituting (  )m for a and using our choice of m, we
have
Pr[jX J j > (  )m] < 1=jFj:
This completes the proof.

2

In particular, we have j (;F) j = O( log2 n ) if F has size polynomial in n and if
  = ().
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4.3.2 The Explicit Construction
Let F be a family of subsets of [n] of size polynomial in n and let 0 <   1 be
polynomially small, i.e.,  = n O(1) . As we have shown in Lemma 4.3.2, in every 2 biased sample space there exists a sample space of size O(log jFj=2) that is -biased
with respect to F . This existence proof in e ect gives us an ecient randomized
algorithm for constructing a desired sample space. In this subsection, we present an
ecient deterministic algorithm to build such a sample space by derandomizing the
above randomized procedure via the method of conditional probabilities.
Let  = =2. By Theorem 4.2.1, there is an ecient construction of a  -biased
sample space  v f 1; 1gn of size O(n2=2 ).
Let m = 2 (ln(3jFj)
 )2 . We de ne  to be the set of all sequences of m vectors in  ,
i.e.,  = (  )n . By Lemma 4.3.2, we know that there exists a \good " point in  in
the sense that its corresponding sequence of m vectors in  is -biased with respect to
F . What we want is to deterministically nd such a good point in .
First of all, we remind the reader that for a random point (V1; V2; : : :; Vm) 2 ,
the random variables Vi are mutually independent. This fact will help us to apply the
method of conditional probabilities to our algorithmic construction. To describe the
algorithm we need some preliminaries. For notational convenience, we will use some of
the notation from the proof of Lemma 4.3.2.
For each J 2 F , we de ne random variables X J ; Y J on  in the same way as that
in the proof of Lemma 4.3.2, and we de ne

8
>< 1 if jY J j > m
ZJ = >
: 0 otherwise.

Let Z = PJ 2F Z J . Since a sample point ! 2  is -biased with respect to F if and
only if for each J 2 F the corresponding jY J (! )j  m, it suces for us to construct
an ! that satis es Z (! ) < 1. In fact, the existence proof of Lemma 4.3.2 exactly says
that such a point exists since for all J 2 F , E [Z J ] = Pr[jY J j > m] < 1=jFj, and thus
E [Z ] < 1. We want to apply the method of conditional probabilities to Z and construct
such a desired point in .
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Unfortunately, there seems to be no easy way to directly compute the conditional
expectation of Z . To overcome this diculty, we adopt the idea of pessimistic estimators
[Rag88, Fun94] and introduce another random variable W J to estimate each Z J , where
W J is de ned as
W J = e ( )2 m(e( )X J + e ( )X J ):

We let W = PJ 2F W J .
What we would like to see is that the random variable W satis es the conditions
(A), (B) and (C) for pessimistic estimators in Section 4.2.3 with respect to the random
variable Z , so that we can apply the method of conditional probabilities to W and
construct a desired sample point. Let us rst show the following:

Proposition 4.3.2 For each J 2 F ,
(a) Z J (!)  W J (!) for all ! 2 ;
(b) E [W J ] < 1=jFj; and
(c)

for each 1  i  n and for all v1 ; : : :; vi 2  , E [W J jv1; : : :; vi] is easy to compute.

Proof: Since W J is always nonnegative, to prove (a) it suces to show that for any

! 2 , Z J (!) = 1 would imply W J (!)  1. We know that Z J (!) = 1 if and only if
jY J (!)j > m. By (4.1) in the proof of Lemma 4.3.2, now it is enough to show that if
jX J (!)j > ( )m then W J (!)  1. This is easy to verify.
By substituting (  ) for  in (4.3), (b) follows from our choice of m.
For (c) it suces to show that E [e( )X J jv1; : : :; vi ] is easy to compute. Since by
de nition X J = Pmk=1 XkJ and the XkJ 's are mutually independent, we know that
E [e( )X J jv1 ; : : :; vi] = mk=1 E [e( )XkJ jv1; : : :; vi]:

It is therefore enough to show that each term in the product is easy to compute. We
rst notice that pJ is easy to compute given  : pJ is just the proportion of 1's in the
vector resulting from the coordinate-wise product of the columns of M (  ) with indices
in J . Since each XkJ = YkJ E [YkJ ] depends only on the k-th point vk by de nition, we

93
know then for each 1  k  i,

E [e( )XkJ jv1; : : :; vi ] = e( )(YkJ (vk ) (2pJ 1))
which is easy to compute; and for each i + 1  k  m,

E [e( )XkJ jv1; : : :; vi] = E [e( )XkJ ]

2

which by (4.2) is easy to compute as well.

Now that we have the proposition, conditions (a) and (b) clearly give conditions (A)
and (B), respectively. That condition (c) implies condition (C) is because jFj = nO(1)
and therefore
X
E [W jv1; : : :; vi] = E [W J jv1; : : :; vi]
J 2F

is easy to compute as well.
Now we are ready to describe our algorithm: Knowing  , we rst compute pJ for
each J 2 F . The next part of the algorithm runs in m steps. At the beginning, (;F)
is empty. We add one vector of  to (;F) in each step. In the i-th step, 1  i  m,
for each v 2  we compute E [W jv1; : : :; vi 1 ; v ]. Choose vi to be the v such that the
conditional expectation is less than 1.
Proposition 4.3.2 guarantees that the construction can proceed at every step and
the nal sequence v1; v2; : : :; vm is -biased with respect to F .
In fact, it is not dicult to see that the running time of the algorithm is polynomial
in n;  1 and jFj for general n;  and F . So we have shown:

Theorem 4.3.1 Let F be a family of subsets of [n] and let 0 <   1, There exists

an algorithm that constructs a sample space (;F) v f 1; 1gn (thus f0; 1gn) of size
O( logjFj
2 ) that is -biased with respect to F . The running time of the algorithm is
polynomial in n;  1 and jFj.
In particular, in the case that F has size polynomial in n and  is polynomially
small, the algorithm constructs (;F) of size O( log2 n ) in polynomial time.

The theorem clearly leads to the best ecient construction of k-wise -biased sample
spaces of size O(log n=2 ) for xed k and polynomially small .
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4.4 Applications
4.4.1 Error-Correcting Communication Protocols
In the standard model of the communication complexity study [Yao79], there are two
parties A and B with unlimited computation power. Given a private input to each
party, A and B communicate with each other following a speci ed protocol to compute
a function of both inputs. The goal is nd a protocol that performs the computation
with minimum amount of communication. (Without loss of generality, here we assume
that it suces for either party to know the answer.)
One of the classical problems in this study is the EQUALITY problem, in which
each of A; B gets an n-bit string x and y , respectively, and the function that A and
B compute is EQ : f0; 1gn  f0; 1gn ! f0; 1g such that EQ(x; y ) = 1 if and only
if x = y . It has been shown [Yao79] that for this problem, the two parties in general
cannot do anything better than trivially sending the whole input from one side to the
other.
In this section, we consider a communication problem analogous to EQUALITY in
which the two parties want to recognize certain di erence patterns between the input
strings.

Notation and De nitions
Throughout the rest of this section, the \+" operation is assumed to be modulo 2.
Let x and y be two n-bit strings. The di erence between x and y is de ned to be
the set of positions where x and y di er; and the di erence pattern of x and y is de ned
to be the characteristic vector of the di erence between them, which is equal to the
n-bit vector x + y . If F is a family of subsets of [n], then we use x 6=F y to denote that
x is not equal to y and moreover, the di erence between x and y is a member of F .

The Communication Problem and the Approach
In our problem, the two communicating parties A and B have limited computation
power: they are polynomial time machines. We suppose that a family F of subsets of
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[n], which we call the set of tolerable di erences, is known to both parties beforehand.
On input an n-bit string x to A and an n-bit string y to B , A and B communicate with
each other and try to recognize the di erence pattern between x and y with respect to
F in the following sense: A and B compute the function f : f0; 1gn  f0; 1gn ! f0; 1g
such that
8
>> 1
if x = y
><
f (x; y ) = > 0
if x 6=F y
>>
: 0 or 1 otherwise.
In words, A and B de nitely output 1 if x is equal to y , de nitely output 0 if x; y are
not equal but the di erence between them is a member of F , and may output either 0
or 1 (we don't care) in other cases. We call the problem at this stage error-detecting.
Moreover, we require that in the case that x 6=F y , at least one of A; B should know the
exact di erence between x and y . We call the problem at this stage error-correcting.
Of course, error-detecting is no harder than error-correcting.
We can see that if F consists of ([n]), then the error-detecting case of our problem
is reduced to EQUALITY. Therefore, if we allow F to be arbitrary then generally A
and B can do nothing better than communicating all the input bits from one side to
the other. We will be interested in the case where the size of F is polynomial in n.
For such a problem, we shall present a deterministic protocol using O(log jFj) bits of
communication.
It is worth noticing that, as a matter of fact, this bound given by our protocol is
essentially tight in many cases. Let us look at the following two examples just for the
case of error-detecting. (For this discussion, we remind the reader a well known fact
in communication complexity that for a communication problem, the number of bits
of communication needed in any deterministic protocol is at least the logarithm of the
rank of the communication matrix associated with the problem. We will not provide
all the proof details here since they are out of the scope of this thesis. We refer the
reader to the book by Kuselevitz and Nisan [KN95] on communication complexity.)
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Example 1: We consider the case where F includes (([n2])). Then in the communi-

cation matrix associated with the problem, the submatrix indexed by the set of n-bit
strings with a single 1-bit has full rank n. Therefore, the number of bits of communication needed by any deterministic protocol in this case is at least log n.
Example 2: For a subset S  [n] of size (log n), we suppose that F includes (S ).
Then in the communication matrix associated with the problem, the submatrix indexed
by the set of all n-bit strings that correspond to the characteristic vectors of the sets
in the ideal generated by S , i.e., in (S ) [ fg, has full rank 2jS j . Therefore, any deterministic protocol in this case needs at least jS j which is (log n) bits of communication
as well.
On the other hand, since in both of these examples jFj = nO(1) by assumption, our
protocol thus uses O(log(jFj) = O(log n) bits which matches the communication lower
bound to within a constant factor.
The design of our protocol exploits the explicit construction of sample spaces with
small bias on neighborhoods.
Applying explicit constructions of sample spaces with small bias to the design of
communication protocols was rst introduced by Naor and Naor in [NN90]. In their
paper, they presented a randomized protocol for the EQUALITY problem that achieves
polynomially small error using O(log n) bits. A fundamental idea in their approach is
based on the next observation which follows easily from Proposition 4.2.1:

Proposition 4.4.1 Let F be a family of subsets of [n]. Suppose v f0; 1gn is -biased

with respect to F , where 0   < 1. If x and y are two n-bit strings whose di erence is
a member in F , then M ( )(x + y ) 6= 0 and moreover, the fraction of 1's in M ( )(x + y )
is at least 1 2  .

Let x; y and be as in the proposition. We suppose that both A and B know
beforehand and they want to compute EQ(x; y ). Then, in a randomized protocol, A
could rst pick a row ! from M ( ) at random and then send the index of ! together
with the bit !x to B ; in turn, B could compute !y and output 1 if and only if !y = !x.
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By Proposition 4.4.1, we know that with probability at least 1 2  , B will give the right
answer. Applying the standard ampli cation techniques, they can then achieve high
success probability. For a deterministic protocol, on the other hand, A could send
M ( )x to B and B would output 1 if and only if M ( )x = M ( )y . (Here we emphasize
the fact that in this approach, the amount of communication in the protocol depends
completely on the size of the sample space : the logarithm of the size is the length
of the index sent in the randomized protocol, while the size itself is the number of bits
sent in the deterministic protocol.)
Using this idea, let us rst consider the error-detecting case of our problem. The
work in [NN90] provides an explicit construction of ((F ))-wise 21 -biased sample spaces
of size ((F ) log n), which in our case is polylogarithmic in n. Such a sample space is
by de nition 12 -biased with respect to F . Therefore, the randomized protocol described
above works for our problem and uses O(log log n) bits of communication. The deterministic protocol however uses ((F ) log n) bits. In particular, in the case that (F )
is ! (1), this deterministic protocol would use ! (log n) bits. On the other hand, if in
this case we allow both parties to have unlimited computation power, then the counting argument of Lemma 4.3.2 in e ect shows that there exists a deterministic protocol
using O(log jFj) = O(log n) bits of communication.
In what follows, using our new sample space construction, we present a deterministic
error-correcting protocol using O(log jFj) bits for the case that both parties have limited
computation power.

The Protocol
For a family F of sets, we de ne F  = F [ fX 4Y j X; Y 2 Fg, where X 4Y is the
symmetric di erence of X and Y . Clearly, jF j = O(jFj2). If S is a subset of [n], we
use S to denote the (column) characteristic vector of S .

Lemma 4.4.1 Let F be family of subsets of [n] and let 0   < 1. Suppose
f0; 1gn is -biased with respect to F . Then for all distinct S; T 2 F , M (
M ( (;F  ))T .

(;F  ) v

(;F  ) )S

6=
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Proof: We want to show that for all distinct S; T 2 F , M (

(;F  ) )(S

+ T ) =
M ( (;F  ))S4T 6= 0. Since S 6= T , we know S4T =
6 0; and since S; T 2 F ; S 4T 2 F .
Now the lemma follows from Proposition 4.4.1.
2
Let F be a family of subsets of [n] of size polynomial in n. Then it is clear that
F  is also a family of subsets of [n] of size polynomial in n. Therefore, Theorem
4.3.1 guarantees the ecient construction of (1=2;F ) of size O(log jF j) = O(log jFj),
which is O(log n) in our case. So we may assume without loss of generality that both
party A and B keep the same matrix M ( (1=2;F )) of dimension O(log n)  n. At
the same time, we assume that both A and B keep a table T containing all the pairs
< M ( (1=2;F ))S ; S > for S 2 F . (Note that T is constructable in time polynomial in
n as well.) The mutual distinctness of these pairs is guaranteed by Lemma 4.4.1.
The protocol is as follows:
1. A computes M ( (1=2;F ))x and sends the resulting vector to B ;
2. B computes M ( (1=2;F ) )y .
If M ( (1=2;F ) )y = M ( (1=2;F ))x, then he outputs 1. Otherwise, he outputs 0
and looks up the table T for the entry < M ( (1=2;F ) )(x + y ); S > and takes S
to be the di erence between x and y .

The protocol clearly uses O(log n) bits of communication. It is obvious that the parties
de nitely output 1 in the case x is equal to y . In the case that x 6=F y , we know that
x + y is exactly the di erence pattern of x and y , and thus x + y = S for some S 2 F
by the de nition of 6=F . Now the correctness of the protocol for this case follows easily
from Lemma 4.4.1.

4.4.2 Constructing (

n;

F )-universal Sets

For a given family F of subsets of [n], a set T v f0; 1gn is said to be (n; F )-universal
if for each S 2 F , the projection of T on the indices in S contains f0; 1gjS j. In this
subsection, using our construction of sample spaces with small bias on neighborhoods,
we show how to construct (n; F )-universal sets and prove the following:
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Theorem 4.4.1 Let F be a family of subsets of [n]. Then there is an explicit construction of an (n; F )-universal set of size O(2(F) log j(F )j). The construction uses time
polynomial in n and j(F )j.

To prove the theorem we need the following fact which was shown in [NN90] (whose
proof in turn is based on a lemma in [Vaz86]):

Proposition 4.4.2 If v f0; 1gk is 2
Corollary 4.4.1 If v f0; 1gn is 2
(n; F )-universal.

k 1 -biased, then

f0; 1gk  .

(F) 1 -biased with respect to

(F ), then

is

Now the corollary together with Theorem 4.3.1 clearly give us Theorem 4.4.1.
Constructing (n; F )-universal sets is useful for exhaustively testing combinatorial
logic circuits in which each functional component depends only on a subset of inputs
(see [SB88]). Schulman in [Sch92] gave an explicit construction of (n; F )-universal sets
of size O(d2(F) ), where d denotes the maximum number of neighborhoods containing
any particular element. The size of our construction is smaller than that of [Sch92]
when d > c log j(F )j for some constant c.
Theorem 4.4.1 in particular gives a polynomial time construction of an (n; ([nk]))universal set of size O(2k k log n) for xed k, which is optimal following the lower bound
argument in [SB88]. Alon [Alo86] showed an explicit construction of (n; ([nk]))-universal
sets of size log n2O(k2 ) for the case k is xed. In [NN90] and [ABNNR92], nearly optimal
constructions of size log n  2O(k) were given. The previously best known construction in
this case is due to [NSS95] and has size 2k kO(log k) log n. Our construction has the least
size and at the same time matches the bound given by the probabilistic argument.
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