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Recent data from a cross-national assessment, the Programme for International Student 

Assessment (PISA), place the United States performance in mathematics at 38 out of 71 

countries (OECD, 2016) ï one clear indication of the ongoing need for the improvement of 

mathematics education. This improvement relies, in part, on improving undergraduate 

mathematics education for prospective teachers of mathematics who should learn mathematics in 

a manner that encourages active engagement with mathematical ideas (National Research 

Council, 1989).   

Despite the importance of teacher rational number knowledge, the ways in which they 

successfully acquire that complex body of knowledge are not well understood (e.g. Depaepe et 

al., 2015; Krauss, Baumert, & Blum, 2008; Newton, 2008; Senk, 2012; Son & Crespo, 2009; 

Tirosh, 2000). Teachersô capability of building and using different representations of math ideas, 

including rational number concepts, are considered important areas of mathematical knowledge 

that must be developed in order to provide meaningful learning experiences for students 

(National Governors Association for Best Practices & Council of Chief State School Officers, 

2010; National Research Council, 2003).  Studies on preservice teachersô thinking about 

fractions have shown that while they bring some knowledge of fractions to their undergraduate 
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mathematics classes (Mack 1990; Tirosh, 2000; Park, Güçler & McCrory, 2012), their 

misunderstandings are still similar to those reflected in childrenôs fractions learning (e.g. Ball, 

1988; Osana & Royea, 2011; Zhou et al., 2006) .  Studies have also reported that prospective 

teachers often enter teacher preparation programs with beliefs inconsistent with the conceptual 

teaching of mathematics (Ball, Lubienski & Mewborn, 2001; Strohlmann et al., 2015).  If 

improvement in the teaching and learning of mathematics is to be realized, understanding how 

prospective teachers build and justify their solutions to rational numbers problems will be of 

importance.  

This research, a component of a design study grant funded by the National Science 

Foundation1, investigates how prospective teachers extend knowledge of rational number ideas, 

how they justify solutions and how their beliefs about teaching and learning mathematics evolve.  

The study also explores the instructorôs role and interventions employed within the classroom 

environment.  The students worked on mathematically rich fractions tasks using Cuisenaire rods 

as they developed representations to understand the concept of unit fraction, to compare 

fractions, and to build ideas of fraction equivalence. The study is guided by the following 

research questions: 

1. What role does the instructor play in the prospective teachersô building and justification 

of ideas?  

2. What types of interventions does she employ?  

3. What changes, if any, in prospective teachersô beliefs about doing, teaching and learning 

mathematics can be identified over the course of the intervention? 

                                                 
1 The Cyber-Enabled Design Research to Enhance Teachers' Critical Thinking Using a Major 

Video Collection on Children's Mathematical Reasoning is a research and development project 

sponsored by the National Science Foundation [award DRL-0822204] conducted at Rutgers 

University and University of Wisconsin, Madison and directed by Dr. Carolyn A. Maher 
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The videotaped data of six female subjects in a mathematics class at a liberal arts college 

were captured with two cameras for two 60-minute class sessions.  During the sessions, students 

explored fractions ideas while working with partners in small groups, discussed solutions, and 

built models to justify solutions. Two sessions of videotaped data, transcripts, student work, 

beliefs assessments and observation notes were analyzed using the analytical model described by 

Powell, Francisco, and Maher (2003). 

This study contributes to an under-researched body of literature by examining instructorôs 

pedagogical and question moves as prospective teachers build representations of rational number 

concepts and justifications for solutions to problems within an undergraduate mathematics 

course.  Its findings may be of value to colleges of education as they redesign curricula intended 

to improve prospective teachersô understanding of  and capability for representing rational 

number ideas. 
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 THEORETICAL FRAMEWORK  

1.1 Understanding Mathematics 

Much work has been done on understanding ómathematical understandingô in an effort to 

answer questions such as óHow do we come to understand?ô and óWhat are the conditions for 

understanding to occur?ô (Pirie and Kieren, 1992). According to Davis (1992), understanding a 

new idea requires that it fit into a ñlarger framework of previously assembled ideas.ò  Thus, a 

new idea is constructed and must connect with some prior understanding.   

Davis references the work of Pirie and Kieren and their theory of growth of mathematical 

understanding.  Pirie and Kieren offered a model to trace growth in understanding, describing it 

as a whole dynamic process and not as a single or multi-valued acquisition, nor as a linear 

sequence of knowledge categories (Pirie & Kieren, 1994).  Their theory of growth, constructivist 

and recursive in nature, attempts to elaborate the constructivist definition of understanding and 

describes understanding as ñthe personal building and re-organization of oneôs knowledge 

structuresò (Pirie & Kieren, 1992, p. 243).     

Hiebert and Carpenter (1992) consider a mathematical idea or procedure or fact 

understood if it is part of an internal network.  So, the mathematics is understood if its mental 

representation is part of a network of representations.  Hiebert and Carpenter (1992) also 

conclude that the degree of understanding is determined by the number and the strength of the 

connections. The mathematical idea is understood more thoroughly if it is linked to existing 

networks with stronger or more numerous connections. 

Skemp (1976) differentiates between two forms of mathematical knowledge: relational 

and instrumental understanding.  By relational understanding, he refers to a grasp of 

mathematical concepts as well as an understanding of why the mathematics underlying those 
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concepts works.  Instrumental understanding on the other hand, refers to knowledge of rules and 

procedures. Skemp also opines that, in contrast to instrumental mathematics, relational 

mathematics is adaptable to new situations and is easier to remember than memorized 

procedures.  Many who study mathematics learning agree that understanding involves 

recognizing relationships between pieces of information (Hiebert & Carpenter, 1992). 

Constructivist theory, grounded in the view that a personôs knowledge is composed of 

building blocks that form mathematical ideas (Davis, 1984), views knowledge construction as 

contingent on experiences and perception.  These building blocks originate in a personôs 

experiences and the mental images derived from previous experiences can be used to build 

mathematical ideas (Maher, 1998).  Davis and Maher (1997) explain that new knowledge is 

constructed from old knowledge and that by carefully designing studentsô experiences, new ideas 

can be integrated accurately into the studentsô schema. As students create appropriate schemas to 

make sense of new knowledge, understanding grows out of the formation of connections. 

Making sense of knowledge is the act of reasoning that derives knowledge from experiences 

(von Glaserfeld, 1987). 

1.1.1 Reasoning 

In order to reorganize knowledge, one must reason.  Reasoning, broadly defined, is the 

process of coordinating evidence, beliefs, and ideas to draw conclusions about what is accurate 

or true (Leighton, 2004). While Rips (1994) describes reasoning as a ñmental process that creates 

new ideas from old ones,ò Thompson (1996) considers reasoning the ópurposeful inference, 

deduction, induction, and association in the areas of quantity and structure.ô  Each recognizes 

reasoning as a process.  However, reasoning is also a tool that is used within the process of 

understanding that leads to knowing.  
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Good reasoning ability is prerequisite to understanding.   Ball and Bass (2003) discuss 

the importance of reasoning in school mathematics, positing that mathematical understanding is 

impossible without reasoning.  They assert that without reasoning, understanding mathematics 

would only be procedural or instrumental. Thus, using mathematical knowledge requires 

reasoning.  Without conceptual understanding, that mathematical knowledge is difficult to use 

and difficult to apply in new and varied contexts.    

Yackel and Hanna (2003) recognize the social aspects of reasoning, describing it as a 

communal activity that learners participate in as they interact with one another to solve 

mathematical problems.  Skemp (1979) highlights the social construct of convincing others and 

finds that both the reasoning of justification and logical understanding involve convincing others 

of the truth of and the rationale supporting the mathematical ideas that one builds.   Ball and 

Bass (2003) describe reasoning as a set of social norms shared by the community.  Thus, the 

ability to convince others through argumentation and justification establishes the foundation of 

mathematical reasoning (Yankelewitz, 2009). 

1.1.2 Representations 

Crucial to the study of reasoning are the representations that students create.  The term 

representation refers both to process, the act of capturing a mathematical concept or relationship 

in some form, and to product, the form itself.  Observable processes that encapsulate 

mathematical concepts and the products of such processes are external representations that can 

be captured; internal representations are in the minds of the people doing mathematics (Goldin, 

2003).  As such, when considering issues of representation in mathematics, we must think of 

both internal and external representations (Hiebert & Carpenter, 1992). 
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 Representations are central to the study of mathematics.  Previous views of mathematics 

have held that mathematics is ultimately about symbols written on a page, while newer views 

advance the belief that mathematics is a way of thinking that involves mental representations of 

problem situations and of the relevant knowledge that involves dealing with these mental 

representations(Davis, 1992).  Although it may make use of written symbols, the real essence of 

mathematics is that which takes place within the mind (Davis, 1992). 

1.1.2.1 Mental Representations 

Hiebert and Carpenter (1992) establish that to both think about, and ultimately to 

communicate mathematical ideas, we need to represent them in some way and we necessarily 

represent them internally. Through a process of constructing internal mental representations, 

learning ï the modification of these mental representations in order to construct mathematical 

relationships ï occurs (Cobb, Yackel and Wood, 1992).  Since these internal representations and 

constructing of relationships are not observable, they can only be inferred (Goldin, 2003).   

How do learners build mathematical knowledge? According to Davis (1984), a learner 

builds mental representational structures that are framed within his/her prior experiences.  Davis 

and Maher (1998) stress that ideas the learner builds through such prior experiences constitute 

the additional cognitive building blocks for constructing representations.  New experiences that 

create data for the learner to process  such that when faced with a mathematical task, a learner 

first builds mental representations for both the input data and any prior, relevant knowledge. The 

learner must then construct, evaluate, and possibly modify a mapping between those two mental 

representations ï the input data representation and the existing knowledge representation. (Davis 

& Maher, 1990).  Davis (1984) refers to the process of creating representations from cognitive 

building blocks as óassemblyô and uses this term to describe ñhow a new knowledge 
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representation is built up using bits and pieces of previously synthesized knowledge 

representation structuresò (p. 154).  

1.1.2.2 External Representations 

Lesh, Post and Behr (1987) take the position that some relationship exists between 

external and internal representations.  While building internal mental representations leads to an 

individually generated external representation of a mathematical idea, and features of those 

mental representations are made public through external representations, mathematical meaning 

is not inherent in external representations.  The meaning of the external representation is a 

product of an individual studentôs interpretation.  Thus, absent the studentôs explanation, any 

relationship between external and internal representations can only be inferred. 

A particular mathematical idea can often be represented in any one form or in multiple 

forms of representation (Hiebert & Carpenter, 1992).  Lesh et al. (1987) identify five types of 

representation systems: experiential, manipulatable models, pictures or diagrams, spoken 

language, and written symbols.  In experiential representations (or experience based scripts) 

knowledge is organized around real-world events that are the context for interpreting and 

solving problems.   Manipulatable models ï concrete objects such as base ten blocks and 

CuisenaireTM rods, have an intuitive appeal and support learning particular ideas.  Pictures or 

diagram representations are static models that can be internalized as images. Spoken language 

representations and written symbols can refer to specialized languages or sentences, as well as 

normal English sentences or phrases.  While these forms of representation have long been part 

of school mathematics,   unfortunately, they have often been taught and learned as if they were 

ends in themselves (Goldin, 2003).  
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To think about and communicate mathematical ideas, we need to represent them in some 

way (Hiebert & Carpenter, 1992).  Communicating math ideas requires that the representations 

be external. It is important to distinguish external systems of representation from internal, 

psychological representational systems of individuals. Such internal systems include personal 

symbolization, personal assignments of meaning to mathematical notation, natural language, 

visual imagery and spatial representation, problem solving strategies and heuristics, and affect in 

relation to mathematics (Goldin & Shteingold, 2001).  Given the personalization of individual 

representations, the notion of representation as the ultimate goal of mathematics limits the power 

and utility of representations as tools for learning and doing mathematics (Goldin, 2003). 

1.1.3 Rational Number Ideas 

Rational number concepts, while complex, are among the most important mathematical 

ideas children encounter in the early grades. Rational number ideas are also the arena in which 

many of the trouble spots in elementary school mathematics arise.  Siegler and Lortie-Forgues 

(2017) report on two main classes of difficulties underlying poor understanding of rational 

number ideas - inherent and culturally-contingent sources of difficulty.  Inherent sources of 

difficulty are those present regardless of the educational institution. For example, understanding 

individual rational numbers, one inherent source of difficulty presented by Siegler and Lortie-

Forgues (2017), requires distinguishing between rational and whole number representations and 

relationships.  Whole numbers have unique predecessors and successors while between any two 

rational numbers are an infinite number of other rational numbers.  Culturally contingent sources 

of difficulty, such as teacher knowledge and textbooks, vary with particular studentsô lives. 

Fractions are generally the first experience students have with rational numbers.  These 

early experiences are often meant to develop studentsô understanding of fractions as numbers. 
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For example, the fraction ñ1/4ò represents the number that is midway between 0 and 1/2 on a 

number line.  Carraher (1996) contends that viewing a fraction simply as a number is inaccurate. 

Fractions are also meaningful representations of relationships and understanding them requires 

understanding relationships between numbers, and the ability to express these relationships in 

varied ways.  

The 1983 work of Behr, Lesh, Post, and Silver asserts that rational numbers can be 

interpreted in multiple ways; a part-to-whole comparison, a decimal, a ratio, an indicated 

division (quotient), and an operator exemplify some of the interpretations. ñ1/4ò can represent 

the equal sharing of 1 candy bar among 4 people, a measurement such as 1/4 mile, a ratio such as 

1 out of 4 cupcakes, the quotient of dividend ó1ô and divisor ó4ô, and as an operator useful for 

finding 1/4th  of the number of 3rd grade students. Post, Behr, Harel, and Lesh (1993) cite these 

multiple interpretations as contributing to the difficulty that children have in attaining clear 

understanding of fraction ideas.  Further, Freudenthal (1986) posits that learning a new idea with 

so many different associated meanings presses the student to sort and attach a proper 

interpretation in each instance before considering any arithmetic approach to a situation.   

The traditional way students learn about fractions compounds the complex ideas 

associated with understanding of fraction. Traditional instruction emphasizes memorization of 

algorithms and permits insufficient experience with authentic problem solving, thereby detaching 

learning from sense-making and real-world experiences.  Huinker (1998) cautions that a 

premature introduction of algorithms is damaging to students because the nature of mathematics 

is distorted.  With the imposition of meaningless rules for operating on fractions, a disconnect 

between understanding of fraction as operator and sense-making of fraction as number occurs. 

Many researcher studies support the perspective that the operator sense of fractions dominates 
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discussion of the meaning that learners attribute to fraction (Dienes, 1967; Kieren, 1994;  Behr et 

al., 1992; Freudenthal, 1986), while algorithms involving fractions are derived from the concept 

of a fraction as number (Steencken, 2001). 

Units play an important role in understanding fraction concepts and operations. A unit 

may be a whole ï an entity which can be partitioned.  A unit may also refer to an amount with 

which to generate a new amount. These understandings are foundational for defining wholes as 

well as success with more challenging topics, such as operations (Tobias, 2013).   

With fractions, unitizing, a cognitive process for conceptualizing the amount of a given 

commodity before, during, and after the sharing process, aids studentsô ability to describe the 

whole being used in a problem (Tobias, 2013) and to understand fractions as quantities (Lamon, 

2002). For example, one third of one whole is not equivalent to one third of another whole when 

the wholes are different. Unitizing is important for students to understand unit fractions, iterating 

unit fractions, and composing units (Lamon, 2005).   

1.2 Teaching and Learning Mathematics 

Improving the teaching and learning of mathematics has been difficult.  Ball et al. (2001), 

having surveyed decades of research on reform efforts, identify five problem areas:  (1) the 

misrepresentations of mathematics that manifests as students are inundated with skills and 

procedures without developing an interest in and appreciation for the power of mathematics, (2) 

the resilience of common patterns of instruction reflecting intellectual traditions that expect 

students to imitate, copy, and memorize knowledge received through transmission, (3) 

institutional factors such as teacher isolation, time constraints which make taking pedagogical 

experimentation risky, and preoccupation with standardized test scores that pressures teachers 

towards a traditional curriculum and a focus on basic skills, (4) the conservative nature of local 
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assessment and curricular materials that often provide inadequately developed concepts, and (5) 

the weak impact of professional education, particularly preservice teacher education, on 

teachersô knowledge and beliefs.  

Discourse about the desirable ends of mathematics teaching and learning has centered on 

the development of mathematical power ï the capacity to make sense with and about 

mathematics (Ball, 1990). Sense-making, crucial to learning mathematics, enables the learner to 

make connections between informal concepts and more formal mathematical ideas.  

Learning mathematics takes place over time as a result of repeated experiences that are 

connected through personal sense-making (Griffin, 1989).  Learning includes long-term 

conceptual development, a learnerôs shift between attending to relationships and perceiving 

relationships as properties applicable in other situations (Mason, 2004), and reflects advances in 

abstract understanding (Watson and Mason, 2006).   

Helping students develop this kind of mathematical power requires insightful 

consideration of both content and learners;  careful analysis of the specific content to be learned 

and understanding of how the students themselves learn particular content is required (Ball, 

1990).  Therefore, the teacherôs role, argues Ball (1990), requires a bifocal perspective - 

perceiving the mathematics through the mind of the learner while perceiving the mind of the 

learner through mathematics.  

1.2.1 Role of the Instructor 

Constructivism, a theory of learning or meaning making, can dictate only guidelines for 

constructivist pedagogy (Noddings, 1990).  Translating a theory of learning into a theory of 

teaching has proven challenging.  In distinguishing between constructivism and constructivist 

teaching, Maher (1998) theorizes that the constructivist teacher is one who: 
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encourages children to make conjectures and pursue the reasonableness of their ideas by 

constructing models, comparing them, developing arguments, discussing ideas, and 

negotiating conflicts while working on problematic situations that either have been 

presented to them or that they themselves have initiated and extended. (1998, p. 39)  

A necessary component of mathematics instruction, particularly that which supports work 

on more challenging problems, is attending to the development of student reasoning.  Davis 

(1992) describes teaching mathematics as a matter of guiding student development of a personal 

repertoire of basic building blocks and helping students develop skill in building and using 

mental representations.  

Effective instruction supports students as they build particular organizational and 

classification schemes that are necessarily representations of their thinking and understanding. 

Teachersô awareness of studentsô thinking and the timely use of questioning are essential to 

developing mathematical thinking (Maher & Martino, 1999).  Additionally, teachersô recognition 

of and belief that learning is a process of both individual and social construction (Simon, 1995) 

necessarily informs their pedagogical lens and guides their instructional practice. 

1.2.2 Beliefs about Mathematics  

A frequently held conception in education is that teachers óteach they way they were 

taught.ô  Research demonstrates the more complex reality that teachersô professional identities 

are influenced by many factors including their subject matter knowledge, social and political 

context, family influences, and knowledge developed over time about how to teach particular 

topics (Shulman 1986; Beijaard et al., 2004).  Further, a substantial body of research suggests 

that teachersô beliefs and values about teaching and learning affect their teaching practices (Clark 

& Peterson, 1986; Fang, 1996; Kagan, 1992; Thompson, 1992). For example, if a teacher regards 
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mathematics as a set of explicit rules to be followed, classroom practice will tend to focus on 

memorization, calculation and developing procedural skills. Conversely, if doing mathematics 

involves complex processes requiring heuristics and analysis, then learning activities that extend 

beyond memorization and procedural skill, and modes of inquiry are appropriate (Davis, 1990).  

All mathematical pedagogy rests on a philosophy of mathematics (Thompson, 1992).  

While the beliefs upon which a philosophy of mathematics rests may be fairly stable and 

resistant to change (Brandt et al., 2012), beliefs can also be held with varying degrees of 

conviction. Thus, an opportunity to shift beliefs about what mathematics is, what value it has, 

how it is learned, who should learn it, and what mathematical reasoning entails, exists. In order 

to shift prospective teachers toward adopting teaching practices that are grounded in evidence 

about how learning occurs, gauging and influencing teachersô beliefs is critical (Stipek et al., 

2001). 
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 LITERATURE REVIEW  

2.1 Introduction  

This study situates itself in discourse related to the teaching and learning of rational 

number ideas.  While there are many pedagogical philosophies regarding teaching and learning 

mathematics in general, this review focuses narrowly on representations elicited by means of 

particularly sequenced instructional tasks, prospective teachers as learners, and the instructorôs 

role as an intermediary.  The goal of this review is to position this study in discussions of 

interventions for prospective teachers and the instructor moves that undergird those 

interventions. 

The research on prospective teachersô rational number idea development can be 

organized into three themes.  The first theme that will be discussed is the various representations 

and the sequencing of ideas associated with rational number concepts. A second section 

discusses the role of the instructor as the facilitator of learning and the moves employed in order 

to probe studentsô reasoning and elicit justification. The third theme examines the ways in which 

mathematical reasoning about rational number ideas is developed in prospective teachers in the 

context of undergraduate mathematics courses. 

2.2 Role of the Instructor 

The view of constructivism as a theory of learning guides much of the development of 

constructivist pedagogy (Richardson, 2003).  Maher (1998) describes classrooms that promote 

óconstructivist teachingô as those that might be characterized by a teacher who (1) provides 

experiences from which students can build powerful repertoires of mental images to draw upon 

for the construction of representations of mathematical ideas; (2) assesses the ideas that a student 

builds by observing their activity (model building) and listening to their explanations; (3) 
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encourages the students to support ideas with suitable justifications and arguments; (4) works to 

build a classroom culture that encourages the exchange of ideas; (5) calls differences and 

disagreements to the attention of students; (6) facilitates the organization and reorganization of 

student groups to allow for the timely sharing of ideas; (7) encourages student-to-student and 

student-to-teacher efforts to map representations and develop modes of inquiry that might 

disclose deeper understanding of discrepancies; (8) provides multiple opportunities for students 

to talk about and represent ideas; (9) keeps discussion open and revisits ideas over sustained 

periods of time; and (10) seeks opportunities for generalizations and extensions. These 

characterizations reflect the non-traditional role of the instructor as an active participant who 

attends to childrenôs cognitive development and encourages discourse in the classroom 

community (Maher, 1998).  

The instructorôs role in task design and selection is crucial in framing desired learning 

experiences that encourage mathematical reasoning and facilitate student engagement.  Doerr 

and English (2006) assert that tasks should be designed to encourage students to use 

representations as a window into their thinking which then enables the community of learners to 

view and understand their ideas.  Instructors also facilitate discussions and probe for better 

understanding of student thinking.  These probes manifest through appropriate, timely, 

purposeful questioning directly related to students' constructions and require an in-depth 

knowledge of mathematics as well as childrenôs learning of mathematics (Maher, 1998; Smith 

and Stein, 2011).  Yankelewitz et al. (2010)  report on two studies in which fourth and sixth 

grade students investigated a strand of tasks involving Cuisenaire rods and were encouraged to 

both justify their solutions and question otherôs explanation.  An early task prompted students to 

find the correct rod that could be called one half when the blue rod was called one.  David, a 
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fourth grader, reasoned that there is no such rod.  After the instructor questioned his hypothesis, 

David justified his assertion using an upper and lower bounds argument.  Through this task, the 

instructor provided an experience for building mental images of an idea, in this example a linear 

representation of one-half,  observed the studentôs model building, and questioned the studentôs 

hypothesis as a means of making his reasoning available to the community for questioning 

(Yankelewitz et al., 2010). 

Research by Maher (1998) emphasizes the significance of providing multiple 

opportunities for students to talk about and represent ideas.  Gerstein and Yankelewitz (2017) 

offer further analysis of the Colts Neck study as students investigate the notion of fraction 

equivalence.  During the fourth session, researcher Martino asks what two white rods would be 

called if the orange rod were given the number name one (Gerstein and Yankelewitz, 2017).  

Mark, using an orange, red and two white rods, constructs a model and justifies his solution of 

one fifth (Gerstein and Yankelewitz, 2017).   Researcher Martino provides further opportunities 

for students to talk about and represent ideas by subsequently asking if there are other solutions.  

Meredith volunteers a solution of two-tenths and builds a model of one orange rod and ten white 

rods (Gerstein and Yankelewitz, 2017). Student-to-student efforts to justify and map varying 

representations ensues as Researcher Martino indicates that she is confused because she believes 

the various models (Gerstein and Yankelewitz, 2017). 

The instructorôs role in discourse is also critical. Using intentional teacher moves to 

promote discourse, the role of instructor is to establish a classroom culture encouraging 

exchanges of ideas, listen, encourage justification and argumentation, facilitate inquiry and 

timely sharing of ideas, and provide multiple opportunities to talk about, represent, and revisit 

ideas.  Interactions between instructor and learner that result from teacher moves shape students 
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talk and help to construct understanding. Chapin et al. (2009) emphasize both student-to-student 

and teacher-student communication in Project Challenge, a four-year study involving 

approximately 400 Boston school district students in grades 4 through 7.  The instructors 

maintained a consistent focus on explanations of students reasoning while emphasizing 

communication through support for both lengthy and brief discussions. (Chapin and OôConnor, 

2007).  Results of the Project Challenge study provide strong evidence that student learning is 

greatly supported by student engagement in and a sustained emphasis on academically 

productive talk (Chapin and OôConnor, 2007). 

 The timing of questions and the pauses between them are also important.  It is important 

not only to wait after a question is posed, but it is equally important to wait after the student 

responds (Herbel-Eisenmann, 2009).  Providing this time allows other students process time 

during which they determine whether they agree or disagree, and what contributions to make to 

the discussion (Gronewold, 2009).  These subsequent contributions make take the form of 

questions and situations raised by students, and may be used judiciously to further guide 

instruction.  Decades of research on wait time, defined in terms of the duration of pauses 

separating utterances during verbal interaction, highlight numerous benefits of pausing for longer 

periods of time before speaking (Tobin, 1986). Having reviewed studies involving wait time 

across a range of subjects and grade levels, Tobin (1987) finds that when average wait time was 

greater than 3 seconds, changes in both teacher and student discourse were observed.  Increases 

in middle school mathematics achievement were also reported.   These findings suggest that wait 

time may facilitate higher cognitive level learning by providing teachers and students with 

additional time to process information.  
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2.3 Rational Number Ideas  

The study of both the learning and teaching of rational number ideas has been a crucial 

area of mathematics education research for many years.  A review of the research on rational 

number learning indicates researchers continue to focus on the various aspects of the topic.  

Considerable research has been conducted focusing on childrenôs learning in the context of 

experimental instructional materials including physical manipulatives and pictorial 

representations (Behr, Harel, Post, & Lesh, 1993; Kamii & Kirk land, 2001; Maher & 

Yankelewitz, 2017; Steencken & Maher, 2003; Schmeelk, 2017).  These studies frequently note 

common misconceptions in childrenôs unsuccessful efforts while using algorithms, and the 

sense-making void frequently associated with such efforts. Although most students eventually 

learn the specific algorithms they are taught, retention and conceptual knowledge often remain 

deficient. Physical manipulatives, particularly linear models, can support the requisite meaning 

making critical in the acquisition of conceptual understanding of rational number ideas.  

 The Rational Number Project (RNP), a multi-university NSF funded research effort,  

developed instructional and assessment materials concerning rational number sub-concepts: part-

whole, measure, quotient, decimal, and ratio. The curriculum designed reflected four beliefs: (1) 

childrenôs learning about fractions can be optimized through active involvement with multiple 

concrete models, (2) most children need to use concrete models over extended periods of time to 

develop mental images needed to think conceptually about fractions, (3) children benefit from 

opportunities to talk to one another and with their teacher about fraction ideas as they construct 

their own understandings of fraction as a number, and (4) instructional materials for fractions 

should focus on developing conceptual knowledge prior to formal work with symbols and 

algorithms (Cramer et al., 2009; Cramer and Henry, 2002).  Of particular interest was the role of 
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physical models on the learning of the sub-concepts, as well as the use of math concepts as 

understanding progressed from concrete to abstract (Behr et al., 1984). The project yielded 

several long-term studies regarding the teaching and learning of fractions among fourth and fifth 

grade students (Bezuk & Cramer, 1989; Post et al., 1985). 

Research by Post and colleagues (1985) emphasized the significance of physical models 

and strategies utilized as understanding progressed from concrete to abstract.   Part-whole 

interpretation of rational numbers was facilitated by teachers using both circular and rectangular 

physical models.  Subsequent lessons engaged subjects in modeling solutions with Cuisenaire 

rods, paper folding, poker chips, and number lines.  As the students discussed the solutions to the 

mathematical tasks, researchers interview questions revealed the strategies that students chose as 

they participated in the tasks (Post et al., 1985).  

The 18-week teaching experiment, conducted in Minnesota and Illinois,  included a 

combination of individual and group work for 12 fourth grade students, six at each site.  Before 

introducing color-coded rectangular models, the teaching experiment introduced color-coded 

circular models, encouraging studentsô observation that as size decreases the number to make the 

whole increases (Post et al., 1985).  Students investigated fraction equivalence using paper 

folding with circles and rectangles, and translated between circular and rectangular models 

before attaching unit fraction names to models.  (Post et al., 1985). Among the tasks students 

participated in were those requiring use of Cuisenaire rods to name unit fractions, noting 

fractions as sums of unit fractions, and translating across various physical and pictorial 

representations (Post et al., 1985). 

Each student was interviewed individually on 11 separate occasions throughout the 

teaching experiment, with each interview audio taped or videotaped.   The interviews solicited a 
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verbal explanation or demonstration while administering items that required ordering, assessing 

the equivalence of or generating equivalent fractions (Post et al., 1985).  Results were analyzed 

according to the three classes of fractions used in the items: fractions with the same numerators, 

fractions with the same denominators, and fractions with different numerators and denominators. 

The findings reflect an analysis of studentsô varied approaches or strategies for comparing 

fractions (Post et al., 1985).  One such strategy, the ómanipulativeô strategy in which a student 

explains his or her response using pictures or manipulative materials, occurred least frequently 

amongst the valid strategy types for each class of fraction (Post et al., 1985). Considering all 

three classes of fractions, the manipulative strategy occurred most frequently for the class of 

fractions that embodied different numerators and denominators ï generally a more cognitively 

demanding task.   

Acquisition of quantitative understanding of fractions is based on individual experiences 

with physical models and on instruction that emphasizes meaning-making rather than procedures 

(Bezuk & Cramer, 1989).  Thus, use of manipulatives is crucial to the development of rational 

number ideas.  Manipulatives aid in the construction of mental images that are essential for 

meaningfully performing fractions tasks.  Among several recommendations that Bezuk and 

Cramer (1989) offer regarding physical models are the following: 

a) use manipulatives at each grade level to introduce all components on fractions 

b) delay work with operations to allow necessary time for work on concepts 

c) base primary grades instruction on whole-part concepts using first the continuous 

physical model and then the discrete physical model 

d) in primary grades, ask students to name fractions represented by physical models 

and diagrams 

e) use words (two-thirds) initially, then introduce symbols (2/3)              

Maher and Yankelewitz (2017) report on a study of fourth grade students investigating 

fraction ideas under conditions supporting investigation and argumentation. The long-term 
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partnership between teachers in the suburban, public school district of Colts Neck, NJ and the 

faculty of Rutgers University focused initially on challenging students to construct personal 

knowledge of fraction concepts such as fraction as number, fraction equivalence, fraction 

comparison, and operations with fractions (Maher and Yankelewitz, 2017).  Steencken and 

Maher (2003) report on the early investigations, paying particular attention to the flow of the 

ideas of children whose activities include constructing representations to show part of some 

finite quantity.  In later sessions, students explore fraction properties, perform fraction operations 

and represent fractions as number.  Over the course of these videotaped sessions, the researchers 

noted that studentsô language, as they communicate their ideas, becomes increasingly precise 

(Steencken and Maher, 2003). 

An important aspect of the Colts Neck study is the researchersô design of open-ended 

tasks, monitoring developing ideas of students, and creating new tasks as their judgment 

suggested (Maher and Yankelewitz, 2017). Researchers designed an adaptive intervention, 

developing new learning experiences based on the shared ideas of students - a novel approach in 

studies incorporating experimental instructional materials. The intervention comprised tasks in 

which learners build models of the fraction ideas that they explored using Cuisenaire rods, 

attending to the attribute of length. After working on a task or group of tasks, learners were 

invited to share their solutions by reconstructing earlier models while being encouraged to justify 

their solutions. 

The videotaped sessions of the Colts Neck intervention have been studied by many 

researchers.  Yankelewitz (2009) investigates the forms of argumentation, both its structure and 

purpose, and forms of reasoning elicited as students work on tasks involving the building of 

fraction ideas. The study also examines the ways in which student reasoning evolves as students 
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revisit tasks previously introduced. The findings provide insight into studentsô construction of 

direct and indirect arguments, as well as justifications and use of counterarguments to refute 

claims. Further, Yankelewitz (2009) identifies several forms of reasoning elicited as students 

work on tasks. The forms of reasoning include generic reasoning, reasoning by cases, recursive 

reasoning, and reasoning by upper and lower bounds.  Students were found to spontaneously 

reason indirectly; a potential indication that indirect reasoning is becoming a way of thinking.   

Analysis of the first seven sessions of the Colts Neck intervention by Steencken (2001) 

evidences the fraction ideas children build, the representations that they use, and how 

mathematical ideas travel within the classroom.  The study finds that children often use different 

methods to find solutions and often used each otherôs ideas to assess and/or modify their own 

thinking. They assisted one another in presenting models and justifying solutions.  Children 

expressed their thinking both verbally and non-verbally, as well as with drawings, constructions 

and written exchanges.  These varying expressions of thought allow mathematical ideas to travel 

among the community of learners (Steencken, 2001). 

One initial goal of Colts Neck intervention was to coordinate studentsô understanding of 

fraction as operator with fraction as number as a means of avoiding inappropriate generalizations 

and in order to annex appropriate extensions of the whole number system to include fractions 

and their associated ideas (Maher and Yankelewitz, 2017).  Reported studies offer evidence that 

teachers, like children, have similar difficulty conceptualizing fractions and making meaning of 

fractions in contextualized and decontextualized scenarios (e.g., Lesh & Schultz, 1983; Post et 

al., 1985).   
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2.4 Prospective Teacher Education 

 The urgent need to revitalize mathematics education persists.  In Everybody Counts: A 

report to the nation on the future of mathematics education, the National Research Council 

(1989) reports on a number of challenges to renewing mathematics education.  The challenges, 

among many, include a shortage of qualified mathematics teachers, a need for K-16 curriculum 

and instruction that demands higher order thinking skills and stimulates studentsô mathematical 

interests, and a proliferation of intellectually stagnant undergraduate mathematics courses (NRC, 

1989).  

 The relative impact of colleges and universities on teacher education has received a great 

deal of attention in the literature (Zeichner & Tabachnick, 1981).  Nonetheless, critics cite a 

weak impact of professional education on teachers as contributing to the difficulty of improving 

mathematics outcomes; specifically, they observe that preservice teacher education typically has 

a weak effect on teachersô mathematical knowledge (Ball et al., 2001). The Mathematical 

Education of Elementary Teachers (MEET) project explored preservice teachers learning in their 

undergraduate mathematics classes, with a particular focus on fractions.  In their analysis of the 

MEET data, Parke et al. (2013) sought to understand what is taught and learned in undergraduate 

mathematics courses and to understand the general goals of teaching the course. In a subsequent 

analysis of MEET video data, observed teaching practices revealed that instructors rarely 

mentioned fraction-as-number or made explicit connections to the ways that fractions fit into the 

whole number system (Park et al., 2013).  This is consistent with other studies that show teachers 

tend to overgeneralize their knowledge of whole numbers when working in the domain of 

fractions (Tirosh et al., 1999).  
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 Many studies have been conducted to better understand prospective elementary teachersô 

rational number conceptions and misconceptions (Hill et al., 2005).  Newton (2008) pursues a 

comprehensive understanding of elementary teachersô understanding by investigating five 

aspects of fractions knowledge - computational skill, basic concepts, word problems, flexibility 

and transfer ï across all four operations.   With multiple sections of an undergraduate-level 

elementary school mathematics course as the context for analyzing teacher knowledge and 

administration of fractions pre and post assessments, the study offers important findings and 

implications (Newton, 2008).  First, because dichotomizing mathematical knowledge into 

procedures and concepts does not fully account for its complexity, Newton (2008) recommends 

more studies examine knowledge from multiple perspectives, including the analysis of correct 

solution methods.  Second, studying related topics together (e.g. including all four operations in a 

study) reveals patterns that would otherwise go unnoticed (Newton, 2008).  For example, the 

misconception that the denominators rather than the operation determined the algorithm was 

most prevalent misconception in the study (Newton, 2008).   

In a similar fashion, Tobias (2013) uses prospective elementary school teachersô work 

samples and classroom conversations to illustrate difficulties with defining the whole and 

conceptualizing particular language for describing fractional amounts.  In contrast to Newton 

(2008), Tobias (2013) emphasizes uniquely designed activities, problems focused on part-whole 

understanding that provide a foundation for language skills to develop, explaining and justifying 

solutions and solution processes, and the reinforcement of socio-mathematical norms. Taken 

from a content course focusing on mathematics for teaching elementary school, coding of 

conversations revealed persistent difficulty using appropriate language for describing the whole.  

This was noted especially when the problems, which used pizzas as a context, involved more 
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than one pizza but also when pizzas represented fractions less than one.  Tobiasô results (2013) 

provide insight into the types of understandings prospective teachers bring to teacher education 

programs and indicate that when teachers develop understanding of language for fractions less 

than one, this does not signal understanding of language for fractions greater than one. 

Researchers employ specific instructional interventions within teacher education courses 

in order to study varying aspects of prospective teachersô knowledge of mathematics (Toluk-

Uçar, 2009;  Osana & Royea, 2011; Lin et al., 2013).  Problem posing refers to generating a new 

problem or question, as well as reformation of a problem, during the problem-solving process 

(Silver, 1994). Toluk-Uçar (2009), in designing a methods course intervention, limits the notion 

of problem posing to that of generating an original problem from a given situation. The 2006-

2007 study investigated the effect of problem posing as a teaching strategy on pre-service 

primary teachers and was intended to elucidate their existing understanding of fractions.  

Teachersô learning experiences focused on discussions of the appropriateness of the word 

problems generated and justifications of posed problems using different forms of representations.  

While external representations can facilitate understanding of mathematical concepts 

(Janvier, Girardon, and Morand, 1993), a single type of representation does not convey oneôs 

understanding of a concept (Stylianou & Pitta-Pantazi, 2002).  Lesh et al. (1987) posit that both 

translations across representation systems as well as transformations within a representation 

system are important.  In the Toluk-Uçar (2009) study, teachersô representations were largely 

limited to area models, an indication of a lack in flexibility with representational systems.  

 In a small-scale study of eight undergraduate students, Osana and Royea (2011) 

implement one-on-one fractions instruction in an elementary teacher training program.  The 

three-week summer intervention, implemented before any participants had taken any of the 



PROSPECTIVE TEACHERS DEVELOPING FRACTION IDEAS: A CASE STUDY OF INSTRUCTORôS 

MOVES  

 

 

24 

required mathematics methods courses, had been designed to address specific challenges noted 

in the universityôs mathematics methods courses. 

   The intervention, a replication of the fractions unit from the methods course, required 

students to solve a series of word problems involving fractional quantities.  For each word 

problem, students were asked to draw a picture that could assist with determining a solution, to 

write a number sentence for the problem that had been solved.  During the problem solving, the 

instructor highlighted specific foundational fractions concepts that were inherent in the studentôs 

solution, and made connections between the studentôs model and number sentence explicit 

(Osana & Royea, 2011). 

 As part of the pretest-posttest design for the study, measures of conceptual and 

procedural knowledge constituted an attempt to examine effects of the intervention on preservice 

teacher knowledge and to document the challenges that teachers encounter during the 

intervention (Osana & Royea, 2011).  Included in this assessment was a fractions test designed 

by Saxe, Gearhart, and Nasir (2001), along with four problem-posing transfer tasks.  The 

problem-posing tasks required teachers to attach meaning to situations by creating word 

problems for given number sentences.  Since they were not a component of the intervention, 

these tasks were considered transfer tasks. 

 Consistent with Johnson (1998) who concluded that preservice teachers lack the number 

sense to solve problems in creative non-algorithmic ways, Osana and Royea (2011) found that 

reliance on procedures blocked the ability to find mathematical structure in problems and 

prevented the ability to make sense of word problems and invent meaningful solutions.  Further, 

the researchers found that teachers actively sought to learn procedures that could be applied 

across problems.   
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Researchers have continued to find empirical support for the intuitive notion that when 

elementary teachers possess deep understanding of mathematics, their students learn more 

(Newton, 2008; Hill et al., 2005). Tirosh et al. (1998), through the conducting of personalized 

interviews of both mathematics and non-mathematics majors, aim to understand prospective 

elementary teachersô conceptions of rational numbers and to develop didactic approaches to help 

them extend (1) their mathematics conceptions and (2) their knowledge of how children think 

about those concepts. A study by Isiksal and Cakiroglu (2010) similarly focused on prospective 

teachers pedagogical content knowledge (PCK), analyzes results of a multiplication of fractions 

questionnaire and results of interviews designed to obtain additional information about each 

prospective teacherôs PCK.  This case study on prospective teachersô knowledge of common 

conceptions and misconceptions held by sixth and seventh grade students about fraction 

multiplication finds that teachersô perceptions of studentsô mistakes fall into five categories: 

algorithmically based mistakes, intuitively based mistakes, mistakes based on formal knowledge 

of fractions operations, misunderstanding of the symbolism of a fraction, and misunderstanding 

of the problem.  The resulting analysis lead Isiksal and Cakiroglu (2010) to recommend that 

teacher education programs familiarize prospective teachers with various common types of 

cognitive processes, including erroneous ones. They further recommend that these programs 

familiarize teachers with how these cognitive processes may lead to various ways of thinking 

(Tirosh, 2000). 

Teachersô ability to use varying representations of mathematical ideas is deemed an 

important area of mathematical knowledge to develop in order to provide meaningful learning 

opportunities for students (National Research Council [NRC], 2003; National Governors 

Association Center for Best Practices & Council of Chief State School Officers [NGA & 
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CCSSO], 2010).  This mathematical knowledge base includes both subject matter knowledge 

(SMK) and pedagogical content knowledge (PCK), notions first coined by Lee Shulman (1986).  

A number of studies (e.g. Tirosh, 2000; Depaepe et al., 2015; Lin et al., 2013) analyze the 

rational number content knowledge and pedagogical content knowledge of prospective 

elementary teachers as a means of unearthing gaps in understanding, assessing the impact of 

particular interventions (e.g. open approach instruction), and generally promoting the need for 

awareness of likely sources of common misconceptions held by children and prospective 

teachers.  

2.5 Intended Contribution of the Study 

In the literature on rational number ideas, rational number knowledge of prospective 

teachers and the role of the instructor, considerable research focuses on rational number 

knowledge acquisition of children.  While much research has attended to teachersô understanding 

of fractions operations, prospective teachersô conceptual understanding and representational 

knowledge of rational number ideas is a burgeoning area of focus.  The role that the instructor 

plays in prospective teachersô mathematical knowledge acquisition is a largely untapped area of 

study. Specifically, there is a lack of attention to the role of the instructor as prospective teachers 

reason about rational number concepts, build representations of the associated mathematical 

ideas, and justify solutions to tasks that elicit rational number idea reasoning.  Given this gap in 

the literature, this study contributes to the literature by examining the following: 

1. What role does the instructor play in the students building and justifying of ideas?  

2. What types of interventions does she employ?  

3. What changes, if any, in prospective teachersô beliefs about doing, teaching and learning 

mathematics can be identified over the course of the intervention? 
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 METHODOLOGY  

3.1 Research Context 

The Math Reasoning and Assessment course under study took place at a private college 

in New Jersey during the spring semester of 2011. The course is required for pre-service middle 

school math teachers and met twice per week for 75 minutes.  Six prospective teachers enrolled 

in the course, all of whom were female,  engaged in fractions tasks over the course of five weeks. 

Data from videotaped problem-solving sessions focusing on rational number ideas was analyzed 

for this study. The sessions analyzed for this study occurred on April 13, 2011 and April 15, 

2011. The table below indicates the organization of the activities in the complete fractions 

intervention.   
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Table 3.1 Fractions Intervention Activities 

Date Topic or Activity  

Wednesday, April 13   Fraction Intervention 

¶ Video Analysis Upper and lower bound video 
¶ Determine  relative number-names of rods 
¶ Use rod models to determine which is larger, 3/4 or 2/3.  

Friday, April 15  Fraction Intervention 

¶ Build rod models to solve word problems, write mathematical 

sentences for the problems and explain how the rods are related 

to the mathematical sentences  
Wednesday, April 20   Fraction Intervention  

¶ Problem solving - sharing pizzas  
Wednesday, April 27  Fraction Intervention 

¶ Problem solving ï products and factors, parts of a whole 

¶ Problem solving - measurement 
Friday, April 29  Fraction  Intervention  

¶ Problem solving ï represent multiplication of fractions 

analytically and using either rods or drawing 
Wednesday, May 4  Mixed Topics  

¶ Signed numbers  

¶ Taxicab problems  

Friday, May 6   Fraction intervention 

¶ What role, if any, can manipulatives in understanding fraction 

addition/subtraction? multiplication? division?  

¶ Why is the result larger when you divide by a fraction less than 

1? 

Friday, May 13  Final exam, Beliefs Inventory, Fractions post-assessment 

 

3.2 Participants 

During the spring semester of 2011, six undergraduate students in their junior year were 

enrolled in the Math Reasoning and Assessment course instructed by a single instructor at a 

private College in northern New Jersey. The students in the class were all mathematics majors 

studying to be teachers. All of the subjects were women. All six prospective teachers agreed to 

be videotaped and that their work could be used for this study. There was a single classroom 

instructor.  
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3.3 Setting  

This study is a component of a National Science Foundation (NSF) funded design study 

in its third year.  The National Science Foundation (NSF) grant, conducted at Rutgers University 

and University of Wisconsin, Madison [award DRL-0822204] and directed by Dr. Carolyn A. 

Maher, funds the establishment of a repository to store a collection of video data and related 

metadata from earlier NSF funded projects. The videos and related metadata are being prepared 

for both pre-service and in-service teacher interventions. By collecting and analyzing video data 

of students engaged in fractions tasks and  studying videos of children reasoning, this study 

extends the work of the grant. 

Throughout the intervention, the participants were seated at two adjoining tables as they 

engaged in both whole group and small group instruction.  The two small groups were self-

selected.  Each was comprised of three participants.   

3.4 Tasks 

The intervention studied here is composed of two sessions. Each session consists of the 

prospective teachers working on a set of mathematically rich fractions tasks. Before the initial 

session, prospective teachers engaged in preliminary fractions activities that required the use of 

Cuisenaire rods. Cuisenaire rods ï as set of 10 colored rods ranging in length from 1 cm to 10 

cm. - enable learners to model mathematical ideas and visualize relationships.   

 In session 1, the prospective teachers worked on a series of fractions problems requiring 

building models using Cuisenaire rods. The first problem required that teachers build a model for 

determining the shortest trains that could be measured by two distinctly colored rods.  A second 

problem required building a model for determining the longest train that measures two distinctly 

colored rods.   Several problems ask prospective teachers to identify a rod having a particular 



PROSPECTIVE TEACHERS DEVELOPING FRACTION IDEAS: A CASE STUDY OF INSTRUCTORôS 

MOVES  

 

 

30 

number name or to determine the number name of one or more rods when given the number 

name for one rod in the set of ten Cuisenaire rods. The final two problems for session 1 ask 

prospective teachers to create a unique problem that can be answered using Cuisenaire rods, and 

to build a model that can be used determine which of two fractions is larger and how much 

larger.  The in-class tasks for session 2 on 4/15/11 were real world problem solving tasks that 

required sharing and/or combining fractional portions of pizzas and candy bars.   

3.5 Data Sources 

This study draws on multiple sources of data including video data of prospective teachers 

building solutions, writing solutions, and interacting with each other as well as the instructor. 

The table below lists the video data pertinent to this study.  

Table 3.2 Video Data Sources 

Date Session/Camera Subjects 

April 13, 2011 Session 1 Camera 1 Group 1 

¶ Fae 

¶ Sarah 

¶ Kelly 
April 13, 2011 Session 1 Camera 2 Group 2 

¶ Janelle 

¶ Erika 

¶ Darlene 
April 15, 2011 Session 2 Camera 1 Group 1 

¶ Fae 

¶ Sarah 

¶ Kelly 
April 15, 2011 Session 2 Camera 2 Group 2 

¶ Janelle 

¶ Erika 

¶ Darlene 
  

Data also include researcher field notes, prospective teachersô written work such as the 

belief inventory pre- and post- assessments, and assigned classwork.  
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3.6 Data Collection 

Data directly involving the prospective teachers were collected using two video cameras, 

one for each of two groups. The data collected include video recordings of the prospective 

teachers working on the fractions tasks as well as the physical models that were created and their 

written work.  The collected written work is included in Appendix F.   

3.7 Methods and Coding  

For research questions in this study, a modified coding scheme was designed based on 

the prior collaborative work of a team of researchers.  Details of each coding scheme and 

relevant definitions are described below.   Transcripts of video and prospective teachersô essays 

were coded using each coding scheme. Beliefs inventory data were aggregated into summary 

statistics and presented in tabular form. 

3.7.1 Framework for Analysis of Video Data 

In order to analyze the video data, this study used the method of analysis outlined by 

Powell, Francisco, and Maher (2003). This model uses a multi-phase process to study video data.  

The application of each phase within this study is described below.  

3.7.1.1 Viewing 

Powell et al. (2003) describe the first step as attentively viewing each video several times 

to become familiar with the content. Multiple viewings of each video allow the researcher to 

observe and record details in the video that may not have been apparent on the first viewing.   

3.7.1.2 Describing 

Video data inherently contain enormous amounts of information.  After watching each 

video several times, time-coded objective descriptions of the events in the video are written to 



PROSPECTIVE TEACHERS DEVELOPING FRACTION IDEAS: A CASE STUDY OF INSTRUCTORôS 

MOVES  

 

 

32 

allow one to quickly locate particular events in the video. The descriptions contain details of the 

event, but do not reflect any interpretation by the researcher.  

3.7.1.3 Identify ing Critical Events 

In identifying critical events, the researcher selects events that will be highlighted in the 

study.  Maher and Martino define critical events as those events that provide mathematical 

insight (1996). The identified events will  be any event that is significant to the research agenda 

of this study and will contain specific representations. Through the identification of the critical 

events, the full data set for this study takes shape. 

3.7.1.4 Transcrib ing 

The video data for each session will be transcribed to provide evidence and a means for 

detailed analysis.  These transcriptions will be verified and as accurate as possible to provide the 

best possible data for analysis.  The purpose of the transcript for this study is simply to transfer 

to the page sound and sequencing of talk. Although the transcripts will not include any gestic 

interactions,  images of models and written work relevant to the research agenda will be 

embedded.   

3.7.1.5 Coding 

Aimed at identifying themes that aid interpretation of data, coding of video data is guided 

by the theoretical framework and defined relative to the research questions (Powell et al., 2003). 

For each research question, coding schemes developed collaboratively by teams of researchers 

were employed.  Video transcripts were analyzed and coded using the coding schemes for 

mathematical representations, teacher moves, and beliefs.  Each coding scheme is described 

below. 
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3.7.2 Framework for Analysis of Instructor  Moves 

The instructor moves framework for analysis was used to code the strategies 

implemented by the instructor to facilitate prospective teachersô building and justification of 

solutions.  This framework, in addition to a framework for the analysis of representations, is used 

to code the video data of observed instructor moves as prospective teachers worked on 

mathematical tasks. A coding scheme was developed to describe the types of pedagogical moves 

employed by the instructor.  The codes are organized into two groups: one describing the forms 

of pedagogical practice; the other describing the type of instructor questioning. 

1. Monitoring:  Checking for teachersô understanding as they work on a task. The instructor 

monitors for the purpose of making decisions about whether and which strategies and 

solutions to make available to the class. (Smith & Stein, 2011).  

2. Selecting: Choosing to share a particular teacherôs work. (Smith & Stein, 2011).  

3. Motivating:  Celebrating teachersô work through praise or encouragement. Marzano 

(2011).  

4. Inviting:  Soliciting multiple solution strategies, often with the goal of ñmaking diverse 

solutions available for public considerationò or ñincluding multiple students in the 

discussion. (Herbel-Eisenmann et al., 2013, p. 183).   

5. Revoicing: ñRestating or rephrasing a teacherôs contribution.ò (Herbel-Eisenmann et al., 

2013, p. 183).  

6. Creating: Asking teachers to engage with another teacherôs idea.  For example, the 

instructor may ask a teacher to agree or disagree with a solution or to add on to another 

teacherôs explanation or conjecture. (Herbel-Eisenmann, Steele, & Cirillo, 2013). 
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In addition to the codes characterizing instructorôs actions, a set of codes identifying the 

types of questions the instructor posed reflecting the varying purposes of teacher questioning was 

developed.  

1. Explanation: Questions that invite a teacher or group of teachers to describe what they 

are doing or did. Explanation questions might be used while teachers are working on a 

task, in contrast to describing a completed task. (Maher & Martino, 1999)  

2. Justification:  Questions that elicit how the teachers are convinced that the solution is 

correct. (Maher & Martino, 1999) ñquestions posed by the teacher which are aimed at 

justification  of an asserted solution can stimulate further thought about the problem 

situation, and even lead to a reorganization of the student's solutionò (Maher et al., 

1993). This process of re-organization frequently results in the creation of a more 

sophisticated form of justification. Questions which encourage mathematical justification 

include ñHow did you reach that conclusion?'' ñCould you explain to me what you did?'' 

and ñCan you convince the rest of us that your method works?'' 

3. Probing: Questions that invite teachers ñto elaborate on particular ideasò (Herbel-

Eisenmann et al., 2013, p. 183). For the purposes of this study, ñprobingò will be 

distinguished from ñinviting.ò ñProbingò will refer to situations in which one particular 

teacher is invited to elaborate on his or her particular idea, whereas ñinvitingò will refer 

to situations in which the question is asked in a way to encourage many teachers to 

respond.  

4. Connecting: Questions that invite teachers to connect their approach or strategy to the 

underlying mathematics. (Maher & Martino, 1999; Smith & Stein, 2011).  
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5. Sustaining: Questions designed to sustain the teacher's thought about a mathematical 

idea or representation that is a component of his/her solution or argument. For example, 

the instructor may ask ñhave you considered óthisô possibility?ò or ñWhat if we changed 

the problem to consider ñthisò?. The purpose of the questioning can be developing a more 

complete argument or extending thinking about a particular idea. (Maher &Martino, 

1999). 

6. Generalization: Questions that invite teachers to consider a similar problem with the 

goal of encouraging them to consider patterns that suggest a solution to the original 

problem. (Maher & Martino, 1999, p. 65). 

7.  Other Solution: Questions that make various solutions public to other teachers. (Maher 

& Martino, 1999). 

3.7.3 Framework for Examination of Beliefs 

All participants in the study completed a beliefs inventory prior to and at the end of the 

fractions intervention.  The 34 item inventory, shown in Appendix A, contains some statements 

presented as inconsistent with the Professional Standards for Teaching Mathematics (NCTM, 

1991), while other statements are presented as consistent with those standards.   While the 

inventory included 34 items, 22 items were related to the intervention and linked to changes in 

teacher beliefs during analyses of intervention models (Maher, Palius, & Mueller, 2010; Maher, 

Landis, & Palius, 2010). The 22 relevant items were used to track changes in the prospective 

teachersô beliefs about learning, teaching, and doing mathematics across the intervention.  

One of the goals of this study is to examine the participantsô beliefs about learning, 

teaching, and doing mathematics. Data regarding participant beliefs were collected from beliefs 

inventory assessments, and from participant claims during the intervention. Participants 
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completed two beliefs inventory assessments; one pre-assessment, and one post-assessment. All 

of the data sources (videos of sessions, final projects) were also analyzed for informing 

participant beliefs. The methods for analyzing the assessment data, as well as the intervention 

data are described below. 

3.7.3.1 Beliefs Inventory 

As indicated earlier, prospective teachers completed a Beliefs Inventory prior to and at 

the completion of the intervention. The Inventory included 34 items, of which 22 were related to 

the intervention and linked with changes in teacher beliefs in analyses of the intervention model 

(Maher, Landis, & Palius 2010; Maher, Palius, & Mueller 2010). These were used to examine 

the stability of teacher beliefs over time. Some of the belief items were presented as statements 

consistent with current National Council of Teachers of Mathematics (NCTM) Standards, while 

others were presented as statements inconsistent with those standards. In the list of questions 

below, the statements inconsistent with current standards are indicated with an asterisk. 

Q1 - Learners generally understand more mathematics than their teachers or parents expect. 

Q2 - Teachers should make sure that students know the correct procedure for solving a problem. 

Q4 - Itôs helpful to encourage student-to-student talking during math activities. 

*Q5 - Math is primarily about learning the procedures. 

*Q6 - Students will get confused if you show them more than one way to solve a problem. 

Q7 - All students are capable of working on complex math tasks. 

Q9 - If students learn math concepts before they learn the procedures, they are more likely to 

understand the concepts. 

*Q10 - Manipulatives should only be used with students who donôt learn from the textbook. 

*Q11 - Young children must master math facts before starting to solve problems. 
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*Q13 - Only really smart students are capable of working on complex math tasks. 

Q15 - Learners generally have more flexible solution strategies than their teachers or parents 

expect. 

*Q17 - Manipulatives cannot be used to justify a solution to a problem. 

Q18 - Learners can solve problems in novel ways before being taught to solve such problems. 

Q19 - Understanding math concepts is more powerful than memorizing procedures. 

Q21 - If students learn math concepts before procedures, they are more likely to understand the 

procedures when they learn them. 

*Q23 - Collaborative learning is effective only for those students who actually talk during group 

work. 

Q24 - Students should be corrected by the teacher if their answers are incorrect. 

Q28 - Learning a step-by-step approach is helpful for slow learners. 

*Q29 - Only the most talented students can learn math with understanding. 

*Q30 - The idea that students are responsible for their own learning does not work in practice. 

Q31 - Teachers need to adjust math instruction to accommodate a range of student abilities. 

*Q32 - Teacher questioning of studentsô solutions tends to undermine studentsô confidence. 

 

Some of the questions refer to similar beliefs. For example, questions 10 and 17 relate to 

beliefs about the use of manipulatives in mathematics classes. For the purposes of analyzing 

beliefs, the questions were grouped into the following five question categories: 

Expectations and Student Abilities: Q1, Q7, *Q13, Q15, Q28, *Q29 

Mathematical Discourse: Q4, *Q23 

Concepts and Procedures: Q2, *Q5, Q9, *Q11, Q18, Q19, Q21, 
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Manipulatives: *Q10, *Q17 

Student and Teacher Roles: *Q6, Q24, *Q30, Q31, *Q32 

Prospective teachers completed the beliefs inventory assessments by rating each 

statement on a 5-point Likert scale. Responses were recorded as ñConsistentò, ñInconsistentò, or 

ñUndecidedò in relation to the educational standard described in each item. Ratings of ñ3ò 

(neutral) were coded as ñUndecidedò. Ratings expressing agreement with statements consistent 

with standards, as well as ratings expressing disagreement with statements inconsistent with 

standards were coded as  ñConsistentò. Ratings expressing disagreement with statements 

consistent with standards, as well as ratings expressing agreement with statements inconsistent 

with standards were coded as ñInconsistentò. The use of these codes allowed for the exploration 

of trends in prospective teachersô beliefs relative to the standards expressed in the beliefs 

assessments. 

3.7.3.2 Beliefs Coding 

Codes that relate prospective teachersô claims or belief statements made during the 

intervention to a question category as described in the beliefs inventory were developed. 

Additional codes identifying beliefs as pertaining to the topics of learning, teaching and doing 

mathematics were also developed. Prospective teachersô belief statements were coded with both 

question category codes as well as topic codes.  

Each belief statement was coded for its relationship to the standards that are presented by 

the beliefs inventory assessments.  Statements were coded as inconsistent with the standards, 

consistent with standards, or undecided regarding the standards.  The criteria for establishing 

whether beliefs statements in each question category or topic are consistent or inconsistent with 

standards presented by the beliefs assessments are described below. Any statement in which 
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teachers references either a topic or question category, but not in a way that clearly aligns or 

conflicts with the standard was coded as undecided regarding the standards.  

 

 

Expectations and Student abilities:  

Statements indicating lower expectations for some learners, or that only some students are 

capable of mathematical success will be marked as inconsistent with standards. 

Statements indicating beliefs that all students are capable of mathematical success will be 

marked as consistent with standards. 

 

Mathematical Discourse: 

Statements claiming that student mathematical discourse is not valuable, or that mathematical 

discourse is only valuable to students actively discussing the mathematics will be marked as 

inconsistent with standards. 

Statements claiming that mathematical discourse is valuable for all students will be marked as 

consistent with standards. 

 

Concepts and Procedures: 

Statements claiming that mathematics is more about procedures than concepts will be marked as 

inconsistent with standards. 

Statements claiming that concepts and procedures are both important in mathematics will be 

marked as consistent with standards. 
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Manipulatives: 

Statements claiming that manipulatives have a limited value or are only useful for certain 

learners will be marked as inconsistent with standards.  

Statements claiming that manipulatives are valuable  for all learners, particularly as reasoning 

and communication tools, will be marked as consistent with standards. 

 

Student and Teacher Roles: 

Statements claiming that the teacher is the sole authority in the classroom will be marked as 

inconsistent with standards.  

Statements claiming that students can have mathematical authority, particularly when making 

and supporting claims, will be marked as consistent with standards. 

 

Learning:  

Statements claiming that students learn mathematics through direct instruction as a set of rules or 

procedures will be marked as inconsistent with standards. 

Statements claiming that students can take ownership of their learning, or that students can learn 

from  their peers will be marked as consistent with standards.  

 

 

Teaching: 

Statements claiming that the teacher must be the authority in the classroom, or that teachers 

should tell students how to solve problems before students interact with those problems will be 

marked as inconsistent with standards. 
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Statements claiming that the teacher can assist students in sharing and refining mathematical 

ideas, without being the sole authority in the classroom will be marked as consistent with 

standards. 

 

Doing Mathematics: 

Statements claiming that mathematics is primarily about rules or procedures will be marked as 

inconsistent with standards. 

Statements claiming that mathematics is primarily about sense making and justification will be 

marked as consistent with standards. 
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 TEACHER JUSTIFICATION NARRATIVES  

 In this section, prospective teachersô individual justifications that were both supported 

with a physical model and prompted by an instructor move, specifically a justification question, 

are presented.  Although instructor moves were employed in either small group or whole group 

settings,  opportunities for teachers to offer individual justifications arose.  Two of six 

prospective teachers, one from each of the two small groups, built models in support of their 

justifications.      

4.1 Narratives of Erika (Group 2) 

For the beginning session on 04/13, the instructor introduced Cuisenaire rods as the tool 

prospective teachers would use to construct models of their ideas.  After introducing some 

academic vocabulary essential for effectively engaging in and completing the first tasks 

(Appendix F), she uses two white rods and a single red rod to show that the white rod ómeasuresô 

the read rod.  Having been asked to create a model of the shortest train that measures dark green 

and purple, the prospective teachers work in their small groups to construct models and explain 

why their models represent the shortest train.  

While engaging in this mathematical exploration,  Erika builds a model comprised of two 

dark green rods and three purple rods (figure 4-6).  The instructor prompts Erika for justification 

of her claim that this is the shortest train. In modeling the justification for her claim, Erika 

removes one dark green rod and one purple rod from her model, revealing that the purples were 

longer than the dark green rod. Erika then returns the second dark green rod to the model, 

resulting in two dark green rods longer than the two purple rods.  

T/R: Ok. So any one of those descriptions will be a train that is measured 

by the dark green and the purple. And the claim is thatôs the shortest train 

that you could measure with a dark green and a purple.  And how do you 

know itôs the shortest? 
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Erika: Um. Well, if I were to use one green the purples are too long. So I 

needed to add another green , but then the purples are too short. So I 

grabbed another purple. 

 (04/13/11 transcript 1, lines 32-33). 

 

Figure 4-1 Erika's LCM Model 

 

Erika concludes her argument by returning to her original model as shown in figure 6 above.  

One of the early tasks on April 13 prompted prospective teachers to determine the 

number names for each Cuisenare rod when the red rod is called 1.  Fae uses numeric pattern 

recognition to complete the table provided (Appendix G) by first identifying the rods 

representing whole numbers.  She explains that if each rod represented a whole number, then 

every other rod would represent an odd number; but since the red rod represents one instead of 

two, the rods increase by one half.  As the tasks become more challenging, Fae and her group 

members begin to use Cuisenaire rods to build models, including those representing mixed 

fractions for which the unit fraction is one-tenth.     

In completing the same task, group 1 members Erika and Darlene use rod models to 

determine that the light green rod is called one and a half when the red rod is called one.  

Recognizing that the white rod is called one-half in this case, the pair use numeric pattern 

recognition to determine the number names for the remaining Cuisenaire rods.  For the 
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remaining tasks, the group employs a strategy involving a combination of constructing rod 

models and analyzing numerical patterns in order to determine their solutions.  

As session 1 concludes, the instructor revisits a portion of this task.  She facilitates a 

discussion on the various models of equivalent fractions that the prospective teachers have 

constructed and connects their representations to the customary strategy for converting mixed 

numbers to improper fractions. The prospective teachers revisit the task for which the number 

name for the black rod is determined when the red rod is called one. As they construct models to 

prove that the black rod would be called both seven halves and three and one-half, Erika is 

selected to share her proof with the class. 

T/R: So Jé has it over here if you donôt have enough you can look. 

Fae: I have it too. 

T/R: Oh youôve got it too.  Fé has it over here. Ok and those of you that 

have enough white cubes have it. So, show us your proof. 

Erika: Ok. 

T/R: Tell us about your proof 

Erika: So black is one. Now you said you wanted three 

T/R: No, black is not one. 

Erika: What is it? 

T/R: Red is one. 

Erika: Redôs one. 

T/R: And black is é 

Erika: And you want us to prove that black is three and one half. 

T/R: Which é and I want you to show me that three and a half is the same as seven 

halves. 

Erika: Alright. So, black is three and a half. So, redôs one. Weôve got one, two, three, and 

a half.  Half, half of a red is a white. So thatôs three and a half. Or, if you wanted é what 

seven halves? 

T/R: Yeah 

Erika: Since one of these is one, thereôs two of them for everyone. Alright. So, two times 

three because we have three reds, is six. Plus the one white we have at the end is seven. 

T/R: Ok. And that was actuallyé youôre sort of giving the proof of the algorithm. 

Remember three and a half. Remember that rule for converting three and a half to a 

mixed number. The three times the two plus the numerator. Remember?       

(04/13/11 transcript 2, lines 515-531) 
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Figure 4-2 Erika's Seven Halves Model 

 

Erika concludes her argument by presenting the model as shown in figure 4-7 above. 

4.2 Narratives of Fae (Group 1) 

During session 1, Fae, Sarah, and Kelly work collaboratively to construct models that 

allow them to determine the number name for the red rod when the blue rod is called one.  Fae 

and Sarah build similar models (figure 4-1).  The instructor prompts them for justification of 

their claim that the red rod would be called two-ninths. Fae and Sarah work separately to line up 

a sufficient number of white rods in when building their models.  Each determines that one white 

rod is called one-ninth and a red rod is the same length as two white rods.  

T/R: Becauseé Why is red two-ninths? 

Fae: Oh. Because it equals. These are one-ninth each. So, two of them 

together equals one red.  That makes two ninths. 

Sarah: I got two out of nine. It would be like that. Two out of nine. 

(04/13/11 transcript 4, lines 243-245) 

 

Figure 4-3  Blue Rod Model 

 

Distinctly, Sarah uses ratio language ï two out of nine ï as opposed to fractions language ï two 

ninths - to report her final answer.  

The mathematical tasks for the second day of the fractions intervention included problem 

solving tasks, one of which required sharing fractional portions of a candy bar among friends.  
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The prospective teachers were instructed to model their solutions with Cuisenaire rods.  For the 

first task, half of one-third of a candy bar is given away. Fae states that her answer, the amount 

that remains after half is given away, is both two-twelfths and one-sixth. She builds a model 

containing a train of an orange and red rod, next to a train of four light green rods, next to a train 

of three purple rods; she then explains that she has done this because it is easy to divide 12 into 

thirds and halves.  

To complete the tasks, students worked together, shared their mathematical ideas with 

other students, and justified their solutions with a physical model. The instructor observed, 

facilitated discourse, and employed other pedagogical moves as the prospective teachers, in 

groups three, sat at a table.  The following excerpt (Appendix H) illustrates the instructors 

simultaneous use of selecting, explanation and justification questions to elicit a physical model 

and supporting justification from Fae.  In response to the instructor moves (04/15/11 transcript 5, 

lines 287), Fae builds a train using an orange rod and a red rod (figure 4-2) to represent the candy 

bar that is shared among Pablo, Gordon and Keisha as described in a real-world problem-solving 

task during the 04/15/11 session (Appendix G). After identifying the train for her model, Fae 

lines up a sufficient number of white rods that she eventually refers to as twelfths.   

T/R: Two? Ok, now Fé over here already has the equation but not the 

model, so can you explain your model and you see if it agrees with your 

equation  

Fae: This is half of the candy bar ... 

T/R: But so, whatôs the whole candy bar? 

Fae: Twelve 

Sarah: Twelve 

T/R: Ok 

Fae: Here Iôll move these 

T/R: Ok 

(04/15/11 transcript 5, lines 287-294) 
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Figure 4-4 Candy Bar Model, part 1 

 

In the excerpt below, Fae explains the fractional relationships in her model, using white rods to 

represent the unit fraction one-twelfth. 

Fae: Now.  Hereôs the whole candy bar. The orange and the red.  Half of 

it, is two greens.  Which if you put them next to the whites, it adds up to 

six-twelfths or one-half. Um, and then so thatôs half of it. Now if I put 

three purples up against it to represent thirds. One third of the candy bar 

given to Gordon. So thereôs one third plus a half, which equals ten 

twelfths. And then é 

T/R: Thatôs what was taken away 

Fae: Thatôs what was taken away. This is Pablo and Gordon.  So this is 

Keisha.  The two-twelfths. 

T/R: And you said your answer was? 

Sarah: One-sixth. So two twelfths is one-sixth 

(04/15/11 transcript 5, lines 295-299) 

She then presents a model (figure 4-3) to justify naming the green rod one-half and a 

second model (figure 4-4) to justify calling the purple rod one-third. With Pablo and Gordonôs 

share of the candy bar represented by the green and purple rods of figure 4-5, Fae indicates that 

the remaining portion of the candy bar would be called two-twelfths.   



PROSPECTIVE TEACHERS DEVELOPING FRACTION IDEAS: A CASE STUDY OF INSTRUCTORôS 

MOVES  

 

 

48 

Figure 4-5 Candy Bar Model, part 2 

 

 

Figure 4-6 Candy Bar Model, part 3 
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Figure 4-7 Candy Bar Model, part 4 
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 INSTRUCTOR MOVES  ANALYSIS  

This chapter is an analysis of instructor moves for two sessions of the fractions 

intervention.  The instructor moves are examined by session, by task, and by student group; and 

trends are described within these contexts.  

5.1 Instructor  Moves by Session 

The instructorôs use of pedagogical and question moves varied by session, group, and 

task.  The table below summarizes the use of instructor pedagogical practice moves by session.  

The first number represents the number of moves for each pedagogical practice.  The second 

number represents the percentage of each type of pedagogical practice move relative to the total 

number of pedagogical practice moves.   

Table 5.1 Instructor Practice Moves by Session 

Pedagogical 

Practice 
Session 1 Session 2 Both Sessions 

Monitoring 45 (33%) 27 (34%) 72 (33%) 

Selecting 19 (14%) 10 (13%) 29 (13%) 

Motivating 12 (9%) 10 (13%) 22 (10%) 

Inviting 13 (9%) 6 (8%) 19 (9%) 

Revoicing 38 (28%) 18 (23%) 56 (26%) 

Creating 11 (8%) 8 (10%) 19 (9%) 

Total Practice 

Moves 
138 (64%) 79 (36%) 217 (100%) 

 

 

5.1.1 Session 1 

During the first session of the fractionôs intervention, the most frequently occurring 

pedagogical move was the practice of monitoring prospective teachers understanding. Forty-five 

of the instructorôs comments were coded as monitoring. The second most frequent pedagogical 

practice was revoicing a prospective teacherôs contribution which occurred 38 times in the 
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session. The third most frequent move was selecting a teacherôs contribution for sharing.  After 

selecting Erika to share the type of model she created (04/13/11 transcript 1, line 21), the 

instructor revoices Erikaôs contribution when stating ñSo any one of those descriptions will be a 

train that is measured by the dark green and the purple; and the claim is thatôs the shortest train 

that you could measure with a dark green and a purpleò (04/13/11 transcript 1, line 32).  

On average, motivating, inviting and creating were used by the instructor twelve times 

during the first session.  The following excerpt illustrates the instructorôs simultaneous use of 

inviting and creating, after selecting Sarah to share her model and explanation:   

Fae: If three of the whites equals one, then itôs one plus two extra little ones which is 

thirds. 

T/R: Now, this Fé said the answer was five-thirds.  So, show me five-thirds. 

         Sarah: Because I counted that this was five whites.  Yellow is five whites. 

T/R: OK 

         Sarah: So, I said é 

T/R: Yellow is five-thirds. 

         Sarah: Yeah. 

T/R:  She said yellow is five-thirds. She said yellow is one and two-thirds. Which ones 

right?  

(04/13/11 transcript 2, lines 488-495) 

 

5.1.2 Session 2 

During the second session, practice moves were generally employed less frequently.  

Seventy-nine practice moves were coded.  The types of moves employed were monitoring, 27 

times, selecting, 10 times, motivating, 10 times, inviting, six times, revoicing, 18 times, and 

creating, eight times. Although less frequent as compared to session one, monitoring and 

revoicing were again the most frequently occurring pedagogical moves in session two. Inviting, 

soliciting multiple solution strategies, was noted least frequently. After revoicing Faeôs 

conclusion that the number name for a rod is one-third, the class is invited to explain why 

(04/15/11 transcript 5, lines 197-199). It is possible that the instructor used more pedagogical 
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moves during Session 1 because it was the beginning of the fractions intervention and 

prospective teachers were being introduced to the use of Cuisenaire rods as representations of 

rational number ideas.  

Throughout each session, the instructor facilitated dialogue with the teachers through 

questioning.  During the discussion, different types of questions were posed.  The table below 

summarizes the use of instructor question moves by session.  The first number represents the 

number of moves for each question type.  The second number represents the percentage of each 

question move relative to the total number of question moves.   

Table 5.2  Instructor Question Moves by Session 

Question  

Type 
Session 1 Session 2 Both Sessions 

Explanation 9 (24%) 10 (45%) 19 (32%) 

Justification 12 (32%) 4 (18%) 16 (27%) 

Probing 7 (19%) 3 (14%) 10 (17%) 

Connecting 2 (5%) 1 (5%) 3 (5%) 

Sustaining 4 (11%) 4 (18%) 8 (18%) 

Generalization 1 (3%) 0 (0%) 1 (2%) 

Other Solution 2 (5%) 0 (0%) 2 (3%) 

Total Question 

Moves 
37 (63%)  22 (37%)  59 (100%)  

 

During the first fractions intervention session on 4/13/11, six prospective teachers worked 

on mathematically rich fractions tasks and built models using Cuisenaire rods.  As they worked 

on the tasks, the instructor asked questions regarding their ideas and their models.  Thirty-seven 

question moves were noted during this first session.  The most frequently occurring question 

move was the practice of asking prospective teachers to justify their solutions. Nine of the 

instructorôs questions were coded as explanation ï an invitation for teachers to describe what 

they are doing. Explanation and justification questions accounted for 56 percent of the session 1 

question moves.    
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The second fractions intervention session occurred on 4/15/11.  During this session, the 

six prospective teachers worked on real world fractions tasks.  Mathematical ideas were 

communicated using physical manipulatives, pictorial representations and symbols as the 

prospective teachers translated among representations. Twenty-two question moves were noted 

during this session.  The more commonly occurring question move was explanation, 10 times; 

justification and sustaining ï questions designed to sustain a teacherôs thought about an idea or 

representation ï were asked frequently.  Those question types were the second and third most 

common, occurring four times each.  Probing questions were asked three times.  Three question 

types - probing, explanation and justification - represented 77 percent of the questions in the 

second session.  It is possible that the prevalence of these types of questions reflected the 

instructors desire to ensure teachers connected the real-world context of the word problems with 

the underlying mathematical concepts and relationships.    

 

5.2 Instructor  Moves by Task 

Throughout each session, the instructor employed pedagogical practice moves as teachers 

worked on tasks.  The practice moves were used to support teachersô cognitive engagement and 

to facilitate teachersô discussions as they worked on mathematically rich tasks requiring teachers 

engage cognitively with distinct mathematical concepts.  Task 1 required physical 

representations, specifically linear models, of least common multiple and greatest common 

factor.  Task 2 required teachers examine relationships among rods in order to name rods based 

on relative size. Task 3 required teachers construct models to compare the size of two fractions 

and identify which was larger and by how much.  Teachers engaged with tasks 1 through 3 
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during session 1.  Task 4, solving real-world problems involving the addition or subtraction of 

fractions, was presented during session 2.  

5.2.1 Practice Moves by Task 

Table 5.3  Instructor Practice Moves by Task 

Pedagogical 

Practice 
Task 1 Task 2 Task 3 Task 4 

Monitoring 4 (13%) 23 (38%) 18 (38%) 23 (32%) 

Selecting 5 (17%) 4 (7%) 10 (21%) 10 (14%) 

Motivating 2 (7%) 9 (15%) 1 (2%) 9 (12%) 

Inviting 4 (13%) 6 (10%) 3 (6%) 6 (8%) 

Revoicing 14 (47%) 11 (18%) 13 (27%) 17 (23%) 

Creating 1 (3%) 7 (12%) 3 (6%) 8 (11%) 

Total Practice 

Moves 
30 (14%)  60 (28%)  48 (22%)  73 (33%)  

 

 Throughout each session, the instructor employed pedagogical practice moves as teachers 

worked on tasks. Selecting particular teachers to share their models occurred five times and was 

the second most prevalent pedagogical practice move during task 1.   Monitoring and inviting 

were the next most common, occurring four times each. Motivating and creating, asking teachers 

to engage with anotherôs ideas, were least frequent of all practice moves.  Forty-seven percent of 

the moves were revoicing moves employed as the teachers worked on this first task.  Revoicing 

may have been the more prevalent practice move because the instructor sought to establish a 

strong foundational understanding for constructing physical models to represent rational number 

ideas. 

 Task 2 was comprised of several questions that, after assigning the number name óoneô to 

a select rod, require prospective teachers to determine the fractional name for each of the 

remaining nine rods. Task 2 elicited twenty-three monitoring and eleven revoicing moves from 

the instructor representing 38 percent and 18 percent of the total practice moves, respectively. 
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These two moves represented 56 percent of the moves employed during task 2. This task elicited 

7 creating moves from the instructor ï asking a prospective teacher to engage with the ideas of 

another teacher.  While this represents only 12 percent of the moves employed during this task, 

this creating move was employed seven times more frequently as compared to task 1 and more 

than twice as often as compared to task 3.        

 After constructing physical models to compare the size of two fractions, task 3 required 

teachers to identify which was larger and by how much. 18 of the practice moves were 

monitoring prospective teachersô understanding while they worked on the task.  This act of 

monitoring was the most prevalently used move for task 3.  Rephrasing teacher ideas was the 

next most prevalent move. Thirteen moves reflected the instructors rephrasing a teacherôs idea. 

These two moves ï monitoring and revoicing ï represent 65 percent of the practice moves for 

this task. Twenty-one percent of the moves, 10 occurrences, reflected the instructor sharing a 

particular teacherôs work. In one instance, the instructor shares Janelleôs model with the group 

(04/13/11 transcript 4, line 517). Subsequently, Erika interprets Janelleôs model and identifies a 

red rod as representing one-twelfth in the model (04/13/11 transcript 4, line 519). 

 Of the four tasks, the greatest number of pedagogical practice moves is employed during 

task 4.  This task, comprised of three real-word problems, requires that prospective teachers 

interpret mathematical ideas in context and select a solution strategy. Monitoring and revoicing 

are again the most prevalent practice moves representing 32 percent and 23 percent respectively.  

Soliciting multiples solutions and asking teachers to engage with another teacherôs idea represent 

20 percent of the practice moves.  Although soliciting multiple solutions occurred least 

frequently of all task 4 practice moves, the instructor used the practice move more frequently 
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during task 4 than during task 1 or task 3. Selecting a teacher to share their ideas occurs 10 times, 

more frequently than during task 1 or task 2. 

5.2.2 Question Moves by Task  

Table 5.4  Instructor Question Moves by Task 

Question  

Type 
Task 1 Task 2 Task 3 Task 4 

Explanation 3 (30%) 1 (12.5%) 5 (26%) 10 (53%) 

Justification 4 (40%) 4 (50%) 4 (21%) 4 (21%) 

Probing 0 (0%) 2 (25%) 5 (26%) 0 (0%) 

Connecting 0 (0%) 0 (0%) 2 (11%) 1 (5%) 

Sustaining 2 (20%) 1 (12.5%) 1 (9%) 4 (21%) 

Generalization 1 (10%) 0 (0%) 0 (0%) 0 (0%) 

Other Solution 0 (0%) 0 (0%) 2 (11%) 0 (0%) 

Total Question 

Moves 
10 (17%) 8 (14%) 19 (32%) 19 (32%) 

 

For task 1, 10 questions were asked by the instructor as teachers constructed physical 

models.  The more common questions were justification, four times, and explanation, three 

times.  The least commonly asked questions were sustaining and generalization.  As teachers 

worked on task 2, fewer questions were asked.  Of eight questions asked during this task, half 

were justification questions.  The remaining questions were probing, two times, and sustaining 

and explanation, one time each.  

 During task 3 and task 4, approximately twice as many questions were posed when 

compared to task 1 and task 2. It is possible that task 3 and task 4 were more cognitively 

demanding tasks for the prospective teachers and, consequently, the instructor posed more 

questions in order to better understand their thinking throughout the tasks. Explanation and 

probing were the most commonly used questions during task 3, occurring five times each.  

Justification questions were asked 4 times; questions that make various solutions public to other 
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teachers and connecting questions were asked two times each; and one question intended to 

sustain prospective teachersô thought about a representation or idea was asked.   

 For the fourth task, nineteen questions were asked by the instructor regarding prospective 

teachersô ideas on the solutions to real-world problems requiring operations on fractions.  More 

than half, 10 questions, sought explanations or descriptions of teachers work.  Of the remaining 9 

questions, four justification, one connecting, and four sustaining questions were posed.   A 

justification question was asked by the instructor in response to an equation written by Sarah.  

The instructor noted that Sarah had the symbolic representation of a real-world problem but that 

she did not yet have a model.  Subsequently, the instructor asks Fae to both explain her model 

and to justify whether or not it agrees with her equation (04/15/11 transcript 5, line 287).   

5.3 Instructor  Moves by Group 

During the first session, the instructor established two small groups each containing three 

teachers. The members of group 1 (G1) were Kelly, Fae, and Sarah.  The members of group 2 

(G2) were Darlene, Erika, and Janelle.  These small groups remained fixed during the two 

sessions of this intervention. For each session, the instructor addressed the prospective teachers 

as a whole group (WG), as well as within each of the smaller groups of three teachers. 

Pedagogical practice moves and question moves were employed during both types of grouping.  
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Table 5.5  Instructor Practice Moves by Group 

Pedagogical 

Practice 
Group 1 Group 2 WG Total 

Monitoring 49 (43%) 11 (23%) 12 (22%) 72 (33%) 

Selecting 9 (8%) 4 (8%) 16 (29%) 29 (13%) 

Motivating 18 (16%) 3 (6%) 1 (2%) 22 (10%)  

Inviting 6 (5%) 3 (6%) 10 (18%) 19 (9%) 

Revoicing 25 (22%) 21 (44%) 10 (18%) 56 (26%) 

Creating 7 (6%) 6 (13%) 6 (11%) 19 (9%) 

Total Practice 

Moves 
114 (53%)  48 (22%)  55 (25%)   217 (100%)  

*Note: G1 and G2 refer to group 1 and group 2 small group 
instruction.  WG refers to whole group instruction. 

 

 
Table 5.6  Instructor Question Moves by Group 

Question  

Type 
Group 1 Group 2 WG Total 

Explanation 4 (20%) 5 (56%) 10 (33%) 19 (32%) 

Justification 6 (30%) 0 (0%) 10 (33%) 16 (27%) 

Probing 4 (20%) 3 (33%) 3 (10%) 10 (17%) 

Connecting 0 (0%) 1 (11%) 2 (7%) 3 (5%) 

Sustaining 6 (30%) 0 (0%) 2 (7%) 8 (14%) 

Generalization 0 (0%) 0 (0%) 1 (3%) 1 (2%) 

Other Solution 0 (0%) 0 (0%) 2 (7%) 2 (3%) 

Total Question 

Moves 
20 (34%)  9 (15%)  30 (51%)  59 (100%)  

*Note: G1 and G2 refer to group 1 and group 2 small group 

instruction.  WG refers to whole group instruction 

 

5.3.1 Group 1 

One hundred fourteen pedagogical practice moves were coded by the researcher for the 

two sessions of fractions intervention under study.  Of those 114 moves, 49 were monitoring 

moves and 25 were restatements of prospective teachersô ideas by the instructor. Monitoring and 

revoicing moves were the most prevalent moves for group 1.  The next most commonly used 

practice move was motivating - moves that celebrated or encouraged teachersô work.  Selecting, 
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inviting and creating were the least frequently used moves for this small group, occurring nine 

times, six times, and seven times, respectively.     

The instructor used a total of twenty question moves while engaging with group 1 during 

the two sessions on 4/13/11 and 4/15/11.  The most frequently occurring question moves were 

the practice of sustaining teachersô thinking and asking prospective teachers to justify their 

solutions.  Each move was coded 6 times and accounted for 60% of the question moves 

employed with group 1.  Four of the instructorôs questions were coded as explanation and the 

remaining four questions were probing questions.  For both question moves and pedagogical 

practice moves, the instructor employed more than twice as many moves with group 1 as 

compared to group 2.  It is possible that the instructorôs observations led to an intentional use of 

a greater number of instructor moves with group 1.    

 As a small group, group 1 experienced 114 practice moves while the whole group 

experienced 55 practice moves.  Although more than double the number of pedagogical practice 

moves were employed with group 1 as compared to the whole group, selecting and inviting were 

used more frequently in the whole group setting. Conversely, the whole group experienced more 

question moves as compared to group 1 independently with explanation and justification being 

the most frequently occurring question moves within the whole group settings.   

5.3.2 Group 2 

Of the 48 pedagogical practice moves employed with group 2, revoicing and monitoring 

were most common, occurring 21 times and 11 times respectively.  These two moves account for 

67 percent of the practice moves used with group 2.  While six opportunities to respond to 

another teachersô thinking were available, a prospective teacher was selected four times to share 

their ideas with the group.  The least common practice moves were motivating and inviting, 
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occurring three times each.  Of the seven types of question moves, the instructor employed only 

three types with group 2.  More than half of the questions, 56 percent, were explanation 

questions.  One connecting and three probing questions were posed.  As compared to the whole 

group, group 2 experienced fewer than one-third the number of question moves.  

5.4 Summary of Instructor Moves 

Based on the data from this research study, the instructorôs moves throughout two 

sessions of the fractions intervention helped prospective teachers explain, justify and construct 

representative build models of rational number ideas.  The pedagogical practices used and 

questions asked were analyzed throughout two sessions of the intervention as teachers worked on 

fractions tasks.  Table 5-7 and table 5-8 below summarize the instructor moves analyzed for this 

study. 

Table 5.7 Pedagogical Practice Moves Summary 

Pedagogical 

Practice 
Both Sessions 

Monitoring 72  

Selecting 29  

Motivating 22  

Inviting 19  

Revoicing 56  

Creating 19  

Total Practice 

Moves 
217  
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Table 5.8 Question Moves Summary 

Question  

Type 
Both Sessions 

Explanation 19  

Justification 16  

Probing 10  

Connecting 3 

Sustaining 8  

Generalization 1  

Other Solution 2  

Total Question 

Moves 
59  

 

 The researcher coded 276 instructor moves.  Of the 276 instructorôs moves, 59 were 

questions posed by the instructor.  The most common type of question asked was explanation, 19 

times.  Other question types frequently employed by the instructor were justification and probing 

questions.    

 Of the 276 instructor moves, 79 percent were pedagogical practice moves.  The most 

common practice was monitoring.  It is possible that the instructor used monitoring frequently 

because the mathematical tasks required the prospective teachers to construct models whose 

meaning could not be inferred or interpreted solely through observation. Other frequently used 

pedagogical practices were revoicing, 56 times; and selecting, 29 times. 
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 TEACHERSô BELIEFS ANALYSIS  

A third goal of this study was to determine what changes, if any, in prospective teachersô 

beliefs about mathematics occurred.  The prospective teachers completed the beliefs inventory as 

a pre-assessment preceding the intervention and as a post-assessment at the conclusion of the 

intervention.  The beliefs pre-assessment offers a baseline for understanding teachersô initial 

beliefs and allows for later comparison.  Pre-assessment data indicate that the prospective 

teachers agreed with the standard 68.8% of the time, on average - an indication that prospective 

teachersô beliefs were relatively well aligned with standards.  The table below summarizes 

prospective teachersô pre-assessment and post-assessment scores.  In each cell, the first number 

represents the number of statements for which the prospective teacherôs response was consistent, 

inconsistent or undecided relative to the standard.  The second number represents the 

corresponding percentage of items for which the prospective teacherôs response was consistent, 

inconsistent or undecided relative to the standard.    

Table 6.1 Teachers' Scores for Belief Statements by Relation to Standards 

Teacher Pre-Assessment Post-Assessment 

 Consistent Inconsistent Undecided Consistent Inconsistent Undecided 

Fae 11 (50%) 2 (9%) 9 (41%) 12 (55%) 1 (4.5%) 9 (41%) 

Kelly 13 (59%) 6 (27%) 3 (14%) 10 (45%) 7 (32%) 5 (23%) 

Erika 18 (81%) 3 (14%) 1 (4.5%) 19 (86%) 0 (0%) 3 (14%) 

Janelle 14 (64%) 2 (9%) 6 (27%) 17 (77%) 1 (4.5%) 4 (18%) 

Darlene 19 (86%) 1 (4.5%) 2 (9%) 17 (77%) 1 (4.5%) 4 (18%) 

Sarah 16 (73%) 3 (14%) 3 (14%) 17 (77%) 1 (4.5%) 4 (18%) 

 

Post-assessment data indicate that the prospective teachers agreed with the standard an average 

of 69.5% of the time. This suggests that prospective teachersô beliefs remained relatively well 

aligned with standards.  As part of a more granular analysis, data regarding prospective teachersô 

beliefs will be further examined by beliefs statement category and by prospective teacher.  
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6.1 Beliefs Assessment Results 

Using the beliefs pre-assessment as a baseline for understanding teachersô initial beliefs, 

the percentage of teacher responses consistent with standards was calculated for each of the 22 

beliefs inventory statements. Analysis of post-assessment data, including percentages of teacher 

responses consistent with standards, reveal a net change for 13 of 22 belief inventory items.  This 

change indicates that teachersô beliefs about the teaching, learning, or doing of mathematics as 

conveyed by those statements may have changed.  

Table 6.2 below presents 7 statements for which the number of prospective teachers 

indicating beliefs consistent with standards increased and 6 statements for which the number of 

prospective teachers indicating beliefs consistent with standards decreased.  

The concepts and procedures category contains 7 beliefs statements. Post-assessment data 

analysis indicate that prospective teachersô beliefs may have changed with respect to five of 

those statements. Of the 7 statements for which growth may have occurred, 4 reflect prospective 

teacherôs beliefs about mathematics concepts and procedures.  The beliefs statement within 

concepts and procedures category for which the greatest change occurred indicated prospective 

teachersô belief that young children need not master math facts before starting to solve problems.  

There may also have been a change in prospective teachersô beliefs about teachersô and/or 

parentsô expectations of learners understanding and flexibility with solution strategies.   

Of the 5 beliefs statements in the student and teacher roles category, data for 3 of those 

statements suggest that teachersô beliefs may have become inconsistent with standards. This 

suggests prospective teachersô belief that the teacher is the sole authority in the classroom.  

Beliefs statements claiming that mathematical discourse is only valuable to students 

actively discussing the mathematics were coded as inconsistent with standards.  Of 2 statements 
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about mathematical discourse, one statement indicated that prospective teachersô beliefs may 

have become inconsistent with the standard.  Specifically,  prospective teachers believed that  

collaborative learning is effective only for those students who actually talk during group work. 

 

Table 6.2  Summary of Reported Teachers' Beliefs Changes 

Beliefs Statement  Pre-

Assessment 

Post-

Assessment 

 CN (CP) CN (CP) 

(1) Learners generally understand more mathematics than 

their teachers or parents expect (E) 

3 (50%) 4 (67%) 

(2) Teachers should make sure that students know the 

correct procedure for solving a problem (C) 

6 (100%) 2 (33%) 

(5) Inverse of:      Math is primarily about learning 

procedures (C) 

1 (17%) 3 (50%) 

(6) Inverse of:     Students will get confused if you show 

them more than one way to solve a problem (ST) 

4 (67%) 3 (50%) 

(9) If students learn math concepts before they learn the 

procedures, they are more likely to understand the concepts 

(C) 

3 (50%) 5 (83%) 

(11) Inverse of:    Young children must master math facts 

before starting to solve problems (C) 

1 (17%) 4 (67%) 

(15) Learners generally have more flexible solution 

strategies than their teachers or parents expect (E) 

3 (50%) 5 (83%) 

(18) Learners can solve problems in novel ways before 

being taught to solve such problems (C) 

4 (67%) 5 (83%) 

(23) Inverse of:  Collaborative learning is effective only for 

those students who actually talk during group work (MD)  

4 (67%) 1 (17%) 

(24) Students should be corrected by the teacher if their 

answers are incorrect (ST) 

3 (50%) 2 (33%) 

(28) Learning a step-by-step approach is helpful for slow 

learners (E) 

6 (100%) 5 (83%) 

(30) Inverse of:    The idea that students are responsible for 

their own learning does not work in practice (ST) 

3 (50%) 4 (67%) 

(32) Inverse of:     Teacher questioning of students' 

solutions tends to undermine students' confidence (ST) 

3 (50%) 2 (33%) 

*Note: CN refers to the number of teachers whose responses are consistent with standards.  CP 

refers to the percent of teachers whose responses are consistent with standards. 
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6.2 Beliefs by Teacher 

Each prospective teacher was administered the beliefs inventory as a pre-assessment and 

as a post-assessment.  The results of those inventories will be described, noting instances of 

possible change in beliefs.   

 

6.2.1 Fae 

Table 6.3 summarizes the pre-assessment and post-assessment data for Fae.  The beliefs 

inventory statements were grouped by category.  For each cell, the numbers represent the number 

of statements, within each category, for which Fae scored consistent with the standard and the 

percentage of questions in that category for which Fae scored consistent with the standard. Based 

upon the beliefs inventory, Faeôs beliefs regarding mathematical discourse, and concepts and 

procedures may have changed.   

  

Table 6.3 Beliefs Inventory Results by Statement Category for Fae 

Statement Category Pre-Assessment Post-Assessment 

 CN (CP) CN (CP) 

Expectations and Abilities 3 (50%) 3 (50%) 

Mathematical Discourse 2 (100%) 1 (50%) 

Concepts and Procedures 3 (43%) 5 (71%) 

Manipulatives 2 (100%) 2 (100%) 

Student and Teacher Roles 1 (20%) 1 (20%) 

 

Claims attesting that mathematics is primarily about sense-making and justification were 

coded as consistent with standards. During the intervention, Fae made two claims regarding 

doing mathematics that were consistent with the standards. She also made one claim consistent 

with the standard for concepts and procedures and one consistent with the standard for 

manipulatives.  
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6.2.2 Kelly  

Table 6.4 below summarizes the pre-assessment and post-assessment data for Kelly.  The 

beliefs inventory statements were grouped by category.  For each cell, the numbers represent the 

number of statements, within each category, for which Kelly scored consistent with the standard 

and the percentage of questions in that category for which Kelly scored consistent with the 

standard. Based upon the beliefs inventory, Kellyôs beliefs regarding expectations and abilities, 

mathematical discourse, and concepts and procedures may have changed.   Notably, her beliefs 

with respect to concepts and procedures may have shifted significantly towards inconsistent with 

the standard.  

 

Table 6.4  Beliefs Inventory Results by Statement Category for Kelly 

Statement Category Pre-Assessment Post-Assessment 

 CN (CP) CN (CP) 

Expectations and Abilities 3 (50%) 4 (67%) 

Mathematical Discourse 2 (100%) 1 (50%) 

Concepts and Procedures 5 (71%) 1 (14%) 

Manipulatives 2 (100%) 2 (100%) 

Student and Teacher Roles 2 (40%) 2 (40%) 

 

Claims suggesting that students can take ownership of their learning, or that students can 

learn from their peers were coded as consistent with standards for learning mathematics. As part 

of her end of course essay, Kelly made one claim consistent with standard for learning 

mathematics.  She made two additional claims.  Those claims were consistent with the standards 

for manipulatives and for doing mathematics.  
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6.2.3 Erika  

Table 6-5 summarizes Erikaôs pre-assessment and post-assessment data.   

Table 6.5 Beliefs Inventory Results by Statement Category for Erika 

Statement Category Pre-Assessment Post-Assessment 

 CN (CP) CN (CP) 

Expectations and Abilities 3 (50%) 4 (67%) 

Mathematical Discourse 2 (100%) 2 (100%) 

Concepts and Procedures 4 (57%) 5 (71%) 

Manipulatives 2 (100%) 2 (100%) 

Student and Teacher Roles 3 (60%) 4 (80%) 

 

The beliefs inventory statements were grouped by category.  For each cell, the numbers represent 

the number of statements, within each category, for which Erika scored consistent with the 

standard and the percentage of questions in that category for which Erika scored consistent with 

the standard. Based upon the beliefs inventory, Erikaôs beliefs regarding expectations and 

abilities, student and teacher roles, and concepts and procedures may have changed.   For each of 

those categories, Erikaôs belief may have shifted towards consistent with the standard. 

 As part of her end of course essay, Erika made a single claim that was inconsistent with 

the teaching of mathematics.  Claims inconsistent with teaching mathematics show the teacher as 

the authority in the classroom, or that teachers should tell students how to solve problems before 

students interact with those problems.  Erika argues that if a teacher shows students the ócommon 

denominator workô, then it will help students excel with equivalent fractions. 

 

6.2.4 Janelle 

Table 6.6 below summarizes the pre-assessment and post-assessment data for Janelle.  

The beliefs inventory statements were grouped by category.  For each cell, the numbers represent 

the number of statements, within each category, for which Janelle scored consistent with the 
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standard and the percentage of questions in that category for which Janelle scored consistent with 

the standard. Based upon the beliefs inventory, Janelleôs beliefs regarding student and teacher 

roles, and concepts and procedures may have changed.   Notably, her beliefs regarding concepts 

and procedures may have become more consistent with the standard while her beliefs regarding 

student and teacher roles may have become inconsistent with the standard.  

Table 6.6 Beliefs Inventory Results by Statement Category for Janelle 

Statement Category Pre-Assessment Post-Assessment 

 CN (CP) CN (CP) 

Expectations and Abilities 6 (100%) 6 (100%) 

Mathematical Discourse 1 (50%) 1 (50%) 

Concepts and Procedures 4 (57%) 6 (86%) 

Manipulatives 2 (100%) 2 (100%) 

Student and Teacher Roles 5 (100%) 4 (80%) 

 

Janelle made a total of seven claims regarding manipulatives, doing mathematics, 

teaching mathematics, learning mathematics, and concepts and procedures.  All c laims were 

consistent with the corresponding standard. Three of the claims support the idea that 

manipulatives are valuable for all learners, particularly as tools for reasoning. 

 

6.2.5 Darlene 

Table 6-7 below summarizes the pre-assessment and post-assessment data for Darlene.  

The beliefs inventory statements were grouped by category.  For each cell, the numbers represent 

the number of statements, within each category, for which Darlene scored consistent with the 

standard and the percentage of questions in that category for which Darlene scored consistent 

with the standard. Based upon the beliefs inventory, Darleneôs beliefs regarding student and 

teacher roles, and mathematical discourse may have changed.   Notably, her beliefs regarding 
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each of these categories may have become inconsistent with the standard. Further, Darlene is the 

only teacher whose beliefs regarding concepts and procedures may have remained unchanged. 

  

Table 6.7 Beliefs Inventory Results by Statement Category for Darlene 

Statement Category Pre-Assessment Post-Assessment 

 CN (CP) CN (CP) 

Expectations and Abilities 6 (100%) 6 (100%) 

Mathematical Discourse 2 (100%) 1 (50%) 

Concepts and Procedures 5 (71%) 5 (71%) 

Manipulatives 2 (100%) 2 (100%) 

Student and Teacher Roles 4 (80%) 3 (60%) 

 

During the intervention, Darlene makes a claim that is consistent with the standard for 

concepts and procedures.  Using the concept of division as an example, she states that when 

discussing division, understanding that division is the opposite or inverse of multiplication is an 

important understanding.  

 

6.2.6 Sarah 

Table 6-8 summarizes the pre-assessment and post-assessment data for Sarah.  The 

beliefs inventory statements were grouped by category.  For each cell, the numbers represent the 

number of statements, within each category, for which Sarah scored consistent with the standard 

and the percentage of questions in that category for which Sarah scored consistent with the 

standard. Based upon the beliefs inventory, Sarahôs beliefs regarding student and teacher roles, 

and concepts and procedures may have changed.   Notably, her beliefs regarding student and 

teacher roles may have become inconsistent with the standard, while her beliefs regarding 

concepts and procedures may have become consistent with the standard.  
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Table 6.8 Beliefs Inventory Results by Statement Category for Sarah 

Statement Category Pre-Assessment Post-Assessment 

 CN (CP) CN (CP) 

Expectations and Abilities 5 (83%) 5 (83%) 

Mathematical Discourse 1 (50%) 1 (50%) 

Concepts and Procedures 5 (71%) 7 (100%) 

Manipulatives 2 (100%) 2 (100%) 

Student and Teacher Roles 3 (60%) 2 (40%) 

 

6.3 Teachersô Beliefs by Statement Category 

An analysis of prospective teachersô beliefs data, analyzed by each of the five statement 

categories, was conducted.  The results of this analysis are described, noting instances of 

possible change in beliefs.   

6.3.1 Expectations and Abilities 

The standard for the expectations and abilities category reflects the belief that all students 

are capable of mathematical success.  Two prospective teachersô beliefs may have become more 

consistent with this standard.  While four teachers were undecided on at least one of the six 

expectations and abilities beliefs statements for both the pre- and post-assessments, overall the 

prospective teachersô beliefs may have become more consistent with the standard for this 

category. 

6.3.2 Mathematical Discourse 

The standard for mathematical discourse reflects the belief that mathematical discourse is 

valuable for all students, as opposed to mathematical discourse as valuable only to students 

actively discussing the mathematics or not valuable at all. Three prospective teachersô beliefs 

may have become more inconsistent with this standard.  While only one prospective teacher was 

undecided on one of the two statements in this category for the pre-assessment, four prospective 
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teachers were undecided on a statement regarding mathematical discourse on the post-

assessment.    

6.3.3 Concepts and Procedures 

The standard for concepts and procedures reflects the belief that both concepts and 

procedures are important in mathematics.  Four prospective teachersô beliefs may have become 

more consistent with this standard, while one prospective teacherôs beliefs may have become 

inconsistent with the standard.  While all six prospective teachers were undecided on at least one 

of the seven statements in this category for the pre-assessment, five were undecided on one or 

more statements regarding concepts and procedures on the post-assessment.    

6.3.4 Manipulatives 

The standard for manipulatives reflects the belief that manipulatives are valuable  for all 

learners, particularly as reasoning and communication tools. All prospective teachersô beliefs as 

reported on the pre- and post-assessment were consistent with this standard.  

6.3.5 Student and Teacher Roles 

The standard for the student and teacher roles category reflects the belief that students 

can have mathematical authority, particularly when making and supporting claims.  Three 

prospective teachersô beliefs may have become inconsistent with this standard.  While four 

teachers were undecided on at least one of the five student and teacher roles beliefs inventory 

statements during the pre-assessment, all six prospective teachers reported being undecided on at 

least one student and teacher roles belief inventory statements of the post-assessment.  

6.4 Summary of Teachersô Beliefs 

 Based on the data from this research study, prospective teachersô beliefs about the 

teaching, learning and doing of mathematics may have varied both within and across statement 
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categories. Analysis of pre-and post-assessment beliefs inventory data suggest prospective 

teachersô beliefs were consistently well aligned with the standards.  Of 22 beliefs inventory 

items, a mean of approximately 15 statements were coded as consistent with standard. The pre-

assessment mean for inconsistent and undecided statements was 2.8 and 4, respectively.  

Analysis of post-assessment data reveal a 1 point reduction in the mean number of items marked 

inconsistent with the standards.  The mean number of post-assessment items coded as undecided 

increased by .8 points. 

Teachers beliefs as evidenced by the end of course essays tended to be consistent with the 

standard.  Of sixteen claims, fifteen claims made by the prospective teachers were consistent 

with the standards of various statement categories reflecting beliefs about the learning, teaching, 

and doing of mathematics.  

 

 

 

  



PROSPECTIVE TEACHERS DEVELOPING FRACTION IDEAS: A CASE STUDY OF INSTRUCTORôS 

MOVES  

 

 

73 

 FINDINGS 

The purpose of this study is to examine the evolving beliefs and pedagogical practices 

employed during a fractions intervention that was a required undergraduate course for 

prospective teachers. Specifically, three research questions guided the study: 

1. What role does the instructor play in the prospective teachersô building and justification 

of ideas?  

2. What types of interventions does she employ?  

3. What changes, if any, in prospective teachersô beliefs about doing, teaching and learning 

mathematics can be identified over the course of the intervention? 

 This chapter summarizes the findings relevant to each research question.  Video data for 

this study were analyzed using a multi-phase process developed by  Powell, Francisco, and 

Maher (2003).  The critical events identified through this process necessarily provide 

mathematical insight (Maher & Martino, 1996). The critical events referenced in this research 

are events where the instructor makes pedagogical moves that prompt the immediate justification 

of a mathematical idea or solution that is supported by a physical model.  Findings regarding 

instructorôs moves are presented first, followed by findings related to prospective teachersô 

beliefs related to the doing, teaching, and learning mathematics. The findings are discussed 

through the lens of the relevant literature.  

7.1 Instructor Moves 

In this section, seminal findings from the instructor moves analysis are reported.  The 

intervention helped prospective teachers to develop and represent rational number ideas, as well 

as to justify those ideas.   
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7.1.1 Findings from Instructor Moves Analysis 

Many intervention behaviors recommended in the research literature were modeled by 

the instructor (Martino & Maher, 1999; Smith & Stein, 2011; Herbel-Eisenmann, Steele, and 

Cirillo, 2013).  All of the question moves were employed by the instructor with varying 

frequency. Discourse that revealed the ways in which prospective teachersô built ideas was 

facilitated by the instructor by selecting prospective teachers to share their ideas or models, by 

probing prospective teachers to elaborate on ideas, by soliciting explanations of what prospective 

teachers were doing as they worked on tasks, and by prompting for justifications of how 

prospective teachers are convinced that a solution is correct.  

While teachers worked on tasks, the instructor observed their physical models, probed for 

individual ideas of prospective teachers, and encouraged others to respond. The instructor made 

various solutions and representations available for others to consider as their own ideas were 

developed.  The instructor regularly used revoicing to both check her own understanding of ideas 

as she heard them, and to allow teachers to confirm their contribution to the discourse.   

During whole group discussions, the instructor employed question moves more 

frequently when compared with small group discussions.  Questions that invited prospective 

teachers to consider similar problems or to make various solutions available for other prospective 

teachers were employed during whole group discussions only.  

Both pedagogical practice moves and question moves were employed to facilitate 

discourse and the building of mathematical ideas.  With few exceptions, the most frequent 

instructor move, when analyzed by varying contexts (e.g. group, task, session) was that of 

monitoring prospective teachersô understanding as they worked on tasks.  Although monitoring 

was the most frequent move, its relative frequency varied by task and by session.  
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Instructor moves also varied by group type.  In general, the instructor employed more 

than twice the number of practice moves with group 1 as compared to group 2.  Practice moves 

were also used more frequently with group 1 as compared to the whole group setting.  

Irrespective of group type, the prevalent use of monitoring understanding reflects the instructorôs 

attention to building prospective teachersô rational number ideas 

7.2 Teachers Beliefs  

Seminal findings resulting from instructor moves analysis, along with descriptions of 

possible relationships among findings, are reported in this section.  

7.2.1 Findings from Beliefs Analysis 

Over the course of the intervention, it appears that prospective teachersô beliefs in general 

became less inconsistent with the standards as presented in the beliefs inventory assessment.  

The percent of beliefs inconsistent with the standards relative to the total number of beliefs 

statements decreased over the course of the intervention. This is accompanied by an increase in 

the percent of beliefs for which teachers were undecided about their perspective was noted. 

Overall, an increase in alignment  between prospective teachersô beliefs and the standards, in 

general, is not reflected in the research data.  However, the data do suggest changes in 

prospective teachersô beliefs.  Specifically, (1) prospective teachersô beliefs about concepts and 

procedures ï learning mathematics ï became more aligned with the corresponding standard; (2) 

prospective teachersô beliefs about student and teacher roles ï teaching mathematics ï became 

less aligned with the corresponding standard; and (3) prospective teachers no longer espouse 

beliefs inconsistent with particular standards.   

Through the end of course essays, claims were made regarding the learning, teaching, and 

doing of mathematics.  Claims related to manipulatives, concepts and procedures, and student 
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and teacher roles belief categories were also made. Data suggest prospective teachersô beliefs 

related to the manipulatives and concepts and procedures categories became more aligned with 

the standard. 

7.2.2 Relationships in Findings 

Some changes in beliefs may be related to the instructorôs moves that prospective 

teachers experienced throughout the intervention. The instructor regularly modeled posing 

explanation and justification questions, encouraging prospective teachers to make connections 

and develop proofs with the support of physical models.  One specific instance of this is the 

whole group discussion in which the instructor asks prospective teachers for a physical model 

that would be a proof that three and a half and seven halves are equivalent (04/13/11 transcript 2, 

lines 527-531) 

Data suggest prospective teachersô beliefs related to concepts and procedures became 

more aligned with the standard.  During the intervention, instructor moves included questions 

that invited prospective teachers to connect an approach or strategy to underlying mathematics.  

As opportunities arose, the instructor employed moves to connect prospective teachersô 

reasoning about physical models to the underlying mathematics and/or to algorithms. In an end 

of course written essay, Fae states that she has finally learned the reasoning of equivalent 

fractions ï a belief statement indicating that mathematical reasoning is important for procedural 

tasks such as adding or subtracting fractions (essay 1, lines 4-6).   
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 CONCLUSIONS 

In this chapter, implications for instructors moves in the context of undergraduate 

coursework, an explanation of the limitations of the study, and suggestions for future research 

are described.   

8.1 Implications 

The analysis of this intervention demonstrates that particular instructor moves support 

prospective teachers building and justification of rational number ideas.  Specifically, employing 

combinations of pedagogical practice moves and question moves supporting building rational 

number ideas.  The instructorôs use of particular teacher moves reflected current research-based 

expectations of teachers. Examples of the instructorôs interactions with prospective teachers 

could be used in training instructors of undergraduate mathematics, in training of prospective 

teachers during undergraduate mathematics courses, or in professional learning for teachers in 

general. 

More specific salient findings for teacher educators include the importance of (1) intently 

examining teacher justifications alongside the mathematical relationships portrayed by 

supporting physical models in pursuit of deeper understanding of student reasoning; (2) 

recognizing and attending to the construction of various solutions and/or strategies in order to 

seize opportunities for in-the-moment decisions that make them public to the class; and (3) 

engaging learners in the reconstruction of multiple solutions or representations of a mathematical 

idea, as well as in the explanation of the relationship between those solutions.  

Some change in prospective teachersô beliefs regarding the learning, teaching, concepts 

and procedures, and student and teacher roles were noted.  While the end of course essays 

captured limited information regarding prospective teachersô beliefs, analysis of the beliefs 
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inventory assessment data revealed shifts in overall beliefs away from perspectives inconsistent 

with standards.  

Physical representations were key aspects to the sequence of tasks that comprise this 

intervention.  Notably, the prospective teachersô beliefs both before and after the intervention 

were well aligned to the standard indicating that manipulatives are valuable for all learners, 

particularly as reasoning and communication tools.  Consequently, the potential impact of the 

intervention on prospective teachers whose beliefs are not initially well aligned with this 

standard was not be examined.    

8.2 Limitations  

Six prospective teachers enrolled in an undergraduate mathematics course participated in 

this intervention.   The results of a study with such a small sample size are not generalizable.  

However, a cohort of this size allowed for deep analysis of video data that captured the 

individual work and discourse of each teacher.  

For each session, the prospective teachers worked in two small self-selected groups while 

sitting at adjoined tables. Two videographers captured the physical models constructed and the 

rational number ideas communicated.  The videographers captured the physical movement and 

gestures of the instructor only when the instructor happened into view of the camera.  

This intervention was the second intervention within this semester-long course. The 

beliefs inventory conducted as a pre-assessment was administered in advance of a 6-week 

combinatorics intervention that preceded the fractions intervention.  The combinatorics 

intervention may have impacted the results reported on the post-assessment. 

Video data allow for observation of instructors moves and the corresponding reactions of 

prospective teachers.  Video data also record questions and the verbal responses of prospective 
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teachers. Video data do not, however, capture the rationale for particular pedagogical and 

question moves, thereby limit ing the ability to fully describe the dynamics of the intervention.  

8.3 Suggestions for Further Study 

This study provided detailed information on the instructorôs pedagogical and questions 

moves, as well as on prospective teachersô rational number ideas, physical models, and solutions.  

However, it might be useful to examine the instructorôs non-verbal moves to see what effects 

those types of moves, not captured in this study, may have on prospective teachers building 

rational number ideas.   

Given that the findings of this study are not generalizable, additional implementations of 

this intervention might be useful in determining which findings, if any, are independent of the 

instructor, independent of the cohort of prospective teachers, and therefore durable.       

Structured interviews of the instructor designed to assess the intentionality of and 

rationale for employing particular instructor moves might be useful. Collection and analysis of 

generalizable data regarding reasoned decision-making when employing particular instructor 

moves could ultimately be informative in a variety of professional learning contexts for both pre-

service and in-service teachers. 
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APPENDICES 

Appendix A Course Schedule 

Math 380 - Mathematics Reasoning and Assessment  

Felician College  

Class Met W,F from 2:35 ï 3:50  

Spring 2011 

 

Date Topic Attendance 

Friday,  

January 21  

First Day - Introductions  

¶ Administer beliefs assessment  

¶ Administer counting strand pre-assessment  

¶ Assigned Gang of Four video ï pre-

assessment for homework  

Fae was absent  

Wednesday,  

January 26  

Class Cancelled: Inclement Weather  

Friday,  

January 28  

Mixture of Topics 

¶ Collected fraction pre-assessment  

¶ Discussed quadratic and exponential 

functions.  

¶ Discussed patterns and deduction.  

¶ Discussed triangular and Fibonacci 

numbers  

¶ Worked on the Handshake Problem. 

fae was absent  

Wednesday,  

February 2  

Class Cancelled: Inclement Weather   

Friday,  

February 4  

Mixture of Topics  

¶ Discussed homework questions  

¶ Focused on Triangular numbers and the 

Chessboard problem  

Kelly was absent  

Wednesday,  

February 9  

Induction  

¶ Modeled proofs that demonstrated the 

steps for induction  

All present 

Friday,  

February 11  

Videotaped  

Combinatorics Intervention 

¶ Towers 4-tall choosing from 2 colors  

¶ Ankurôs Challenge   

All present 

Wednesday,  

February 16  

Induction  

¶ Reviewed Induction Homework 

All present 

Friday,  

February 18  

Videotaped  

Combinatorics Intervention 

¶ The towers problem ï 4 tall, 2 colors.  

¶ The pizza problem ï 4 toppings.  

¶ Isomorphism between the towers and the 

pizza problems.   

Janelle and Fae. were 

absent  
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Date Topic Attendance 

Wednesday,  

February 23  

Videotaped  

Combinatorics Intervention 

¶ Discussed the isomorphism between the 

pizza, the towers, and Pascalôs triangle.  

¶ Isomorphism between the binomial 

expansion and the towers and pizza  

Darlene and Fae were 

absent  

Friday,  

February 25  

Formal Proofs  

¶ The instructor explains proof by 

contradiction, proof by cases, and 

induction.  

¶ Watched the Brandon video and they were 

asked to see what types of informal proofs 

they saw in the video.  

All present 

Wednesday,  

March 2  

Proofs and Fibonacci numbers  All present 

Friday,  

March 4  

Videotaped  

Combinatorics Intervention  

¶ Addition rule for Pascalôs triangle using 

towers and pizzas.  

¶ Taxi Cab Problem.  

Darlene, Fae and Janelle 

were absent  

Wednesday, 

March 9  

Spring Break  
 

Friday,  

March 11  

Spring Break  
 

Wednesday, 

March 16  

Videotaped  

Combinatorics Intervention 

¶ Ankurôs Challenge  

¶ Pascalôs Pyramid  

¶ Taxi Cab Problem  

¶ Isomorphism between the taxicab problem 

and the towers problem   

Darlene was absent  

Friday,  

March 18  

Inductive Proofs  

¶ Formal algebraic proof for Pascalôs 
Identity  

Kelly and Fae were 

absent  

Wednesday, 

March 23  

Inductive Proofs and Number Theory  

¶ Completed two inductive proofs together.  

¶ Started number theory ï discussed 

divisibility.  

Janelle was absent  

Friday,  

March 25  

Algebraic Proofs 

¶ Assigned gang of four assessment for 

homework.  

¶ Algebraic Proofs   

Fae was absent  

Wednesday, 

March 30  

Number Theory 

¶ Discussed the Golden Ratio and Fibonacci 

numbers  

¶ Discussed a problem from the in-house 

math contest.   

Attendance data not 

available 
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Date Topic Attendance 

Friday,  

April 1  

Number Theory  

¶ Discussed 6 theorems from number theory  

Attendance data not 

available 

Wednesday,  

April 6  

Number Theory 

¶ Fundamental theorem of arithmetic  

¶ Prime Factorization and abundant 

numbers   

Attendance data not 

available 

Friday,  

April 8  

Number Theory/ Introduction to Fraction 

intervention 

¶ Conjectures and proofs  

¶ Prime Factorization and abundant 

numbers.  

¶ Introduced Cuisenaire rods   

Attendance data not 

available 

Wednesday, 

April 13  

Videotaped  

Fraction Intervention 

¶ Upper and lower bound video watched   
All present 

Friday,  

April 15 

Videotaped   

Fraction Intervention  All present 

Wednesday, 

April 20  

Fraction  

Intervention  

Fae and Kelly absent 

Friday,  

April 22  

No Class - holiday  
 

Wednesday, 

April 27 

Videotaped   

Fractions  All present 

Friday,  

April 29  

Videotaped  

Fraction  

Intervention  

Fae, Sara and Janelle 

absent 

Wednesday, 

May 4  

Videotaped  

Mixture of Topics  

¶ Signed numbers  

¶ Taxicab problems  

¶ Some fraction problems  

Kelly absent  

Friday,  

May 6  

Videotaped  

Mixture of Topics 

¶ Signed numbers  

¶ Taxicab problems  

¶ Some fraction problems   

Kelly absent  

Wednesday, 

May 11  

No Class ï reading day  
 

Friday,  

May 13  

Last day - finals  

¶ 2 take home essays  

¶ beliefs post-assessment  

¶ fractions post-assessment  

All present 
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Appendix B Beliefs Assessment 

1. Learners generally understand more mathematics than their teachers or parents expect. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

2. Teachers should make sure that students know the correct procedure for solving a 

problem. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

3. Calculators can help students learn math facts. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

4. Itôs helpful to encourage student-to-student talking during math activities. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

5. Math is primarily about learning the procedures. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

6. Students will get confused if you show them more than one way to solve a problem. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

7. All students are capable of working on complex math tasks. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 
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8. Math is primarily about identifying patterns. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

9. If students learn math concepts before they learn the procedures, they are more likely to 

understand the concepts. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

10. Manipulatives should only be used with students who donôt learn from the textbook. 
 

             1  2  3  4  5 
Strongly Agree      Strongly Disagree 
 

 

11. Young children must master math facts before starting to solve problems. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

12. Teachers should show students multiple ways of solving a problem. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

13.  Only really smart students are capable of working on complex math tasks. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

14. Calculators should be introduced only after students learn math facts. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 
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15. Learners generally have more flexible solution strategies than their teachers or parents 

expect. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

16. Math is primarily about communication. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

17. Manipulatives cannot be used to justify a solution to a problem. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

18. Learners can solve problems in novel ways before being taught to solve such problems. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

19. Understanding math concepts is more powerful than memorizing procedures. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

20. Diagrams are not to be accepted as justifications for procedures. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

21. If students learn math concepts before procedures, they are more likely to understand the 

procedures when they learn them. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

22. Students are able to tell when their teacher does not like mathematics. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 
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23. Collaborative learning is effective only for those students who actually talk during group 

work. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

24. Students should be corrected by the teacher if their answers are incorrect. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

25. Mixed ability groups are effective organizations for stronger students to help slower 

learners. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

26. Collaborative groups work best if students are grouped according to like abilities. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

27. Conflicts in learning arise if teachers facilitate multiple solutions. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

28. Learning a step-by-step approach is helpful for slow learners. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

29. Only the most talented students can learn math with understanding. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 
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30. The idea that students are responsible for their own learning does not work in practice. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

31. Teachers need to adjust math instruction to accommodate a range of student abilities. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

32. Teacher questioning of studentsô solutions tends to undermine studentsô confidence. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

33. Teachers should intervene as little as possible when students are working on open-ended 

mathematics problems. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 

 

 

34. Students should not be penalized for making a computational error when they use the 

correct procedures for solving a problem. 

 

             1  2  3  4  5 

Strongly Agree      Strongly Disagree 
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Appendix C Beliefs Inventory Statement Data 

Overall Beliefs Consistency Results by Belief Statement 

Beliefs Statement Pre-Assessment Post-Assessment 

 CN (CP) CN (CP) 

Learners generally understand more mathematics than 

their teachers or parents expect (E1) 

3 (50%) 4 (67%) 

All students are capable of working on complex math 

tasks (E7) 

2 (33%) 2 (33%) 

Inverse of:    Only really smart students are capable of 

working on complex math tasks (E13) 

6 (100%) 6 (100%) 

Learners generally have more flexible solution strategies 

than their teachers or parents expect (E15) 

3 (50%) 5 (83%) 

Learning a step-by-step approach is helpful for slow 

learners (E28) 

6 (100%) 5 (83%) 

Inverse of:    Only the most talented students can learn 

math with understanding (E29) 

6 (100%) 6 (100%) 

It's helpful to encourage student-to-student talking during 

math activities (MD4) 

6 (100%) 6 (100%) 

Inverse of:     Collaborative learning is effective only for 

those students who actually talk during group work 

(MD23) 

4 (67%) 1 (17%) 

Teachers should make sure that students know the correct 

procedure for solving a problem (C2) 

6 (100%) 2 (33%) 

Inverse of:      Math is primarily about learning 

procedures (C5) 

1 (17%) 3 (50%) 

If students learn math concepts before they learn the 

procedures, they are more likely to understand the 

concepts (C9) 

3 (50%) 5 (83%) 

Inverse of:    Young children must master math facts 

before starting to solve problems (C11) 

1 (17%) 4 (67%) 

Learners can solve problems in novel ways before being 

taught to solve such problems (C18) 

4 (67%) 5 (83%) 

Understanding math concepts is more powerful than 

memorizing procedures (C19) 

6 (100%) 6 (100%) 

If students learn math concepts before procedures, they 

are more likely to understand the procedures when they 

learn them (C21) 

4 (67%) 4 (67%) 

Inverse of:     Manipulatives should only be used with 

students who don't learn from the textbook (M13) 

6 (100%) 6 (100%) 
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Inverse of:     Manipulatives cannot be used to justify a 

solution to a problem (M17) 

6 (100%) 6 (100%) 

Inverse of:     Students will get confused if you show 

them more than one way to solve a problem (ST6) 

4 (67%) 3 (50%) 

Students should be corrected by the teacher if their 

answers are incorrect (ST24) 

3 (50%) 2 (33%) 

Inverse of:    The idea that students are responsible for 

their own learning does not work in practice (ST30) 

3 (50%) 4 (67%) 

Teachers need to adjust math instruction to accommodate 

a range of student abilities (ST31) 

5 (83%) 5 (83%) 

Inverse of:     Teacher questioning of students' solutions 

tends to undermine students' confidence (ST32) 

3 (50%) 2 (33%) 
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Appendix D Beliefs Inventory Data by Question Category 

Beliefs Consistency Results - Expectations and Abilities Category  

Teacher Pre-Assessment Post-Assessment 
 CP CN IN UN CP CN IN UN 

FC 50 3 0 3 50 3 1 2 

KD 50 3 1 2 67 4 1 1 

JM 50 3 1 2 67 4 0 2 

RH 100 6 0 0 100 6 0 0 

JR 100 6 0 0 100 6 0 0 

FS 83 5 0 1 83 5 0 1 

 

 

Beliefs Consistency Results ï Mathematical Discourse Category  

Teacher Pre-Assessment Post-Assessment 
 CP CN IN UN CP CN IN UN 

FC 100 2 0 0 50 1 0 1 

KD 100 2 0 0 50 1 0 1 

JM 100 2 0 0 100 2 0 0 

RH 50 1 1 0 50 1 0 1 

JR 100 2 0 0 50 1 1 0 

FS 50 1 0 1 50 1 0 1 

 

 

Beliefs Consistency Results ï Concepts and Procedures Category  

Teacher Pre-Assessment Post-Assessment 
 CP CN IN UN CP CN IN UN 

FC 43 3 1 3 71 5 0 2 

KD 57 4 2 1 14 1 5 1 

JM 57 4 1 2 71 5 1 1 

RH 57 4 2 1 86 6 0 1 

JR 71 5 0 2 71 5 0 2 

FS 71 5 1 1 100 7 0 0 

 

 

Beliefs Consistency Results ï Manipulatives Category  

Teacher Pre-Assessment Post-Assessment 
 CP CN IN UN CP CN IN UN 

FC 100 2 0 0 100 2 0 0 

KD 100 2 0 0 100 2 0 0 

JM 100 2 0 0 100 2 0 0 

RH 100 2 0 0 100 2 0 0 

JR 100 2 0 0 100 2 0 0 

FS 100 2 0 0 100 2 0 0 
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Beliefs Consistency Results ï Student and Teacher Roles Category  

Teacher Pre-Assessment Post-Assessment 
 CP CN IN UN CP CN IN UN 

FC 20 1 1 3 20 1 0 4 

KD 40 2 3 0 40 2 1 2 

JM 60 3 0 2 80 4 0 1 

RH 100 5 0 0 80 4 0 1 

JR 80 4 0 1 60 3 0 2 

FS 60 3 0 2 40 2 1 2 
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Appendix E Final Project Essays  

Essay 1 

Author: Fae 

Topic: The meaning of equivalent fractions and why you need a common denominator when you 

add or subtract fractions.  

 

Line Text 

1 

2 

3 

4 

5 

6 

     Learning fractions is a major importance in a studentôs life.  As a student, 

I never liked solving any math problems that had to do with fractions. I did 

not like doing fraction equations, or fraction word problems, etc. I would try 

to avoid fractions in any way possible. During this semester I have finally 

learned the reasoning of equivalent fractions and why a common 

denominator is necessary when adding or subtracting fractions. 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

     I now know the proper definition of equivalent fractions. Fractions which 

have the same value even though the numbers are different, is an easy way 

to understand the meaning of equivalent fractions.  The use of manipulatives 

helped me realize the reasoning of two fractions being equal to one another 

even though different color rods/different numbers were being used to 

represent the two fractions. Since I plan to be a future educator I now know 

a much simpler way of teaching fractions to students. If 1 was able to learn 

through manipulatives as a college student, students in any grade can be 

taught through the use of manipulatives to help with the understanding of 

fractions. 

17 

18 

     Common denominators are used when adding or subtracting fractions 

because the denominator shows how many equal parts the item is divided 
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19 

20 

21 

22 

into. In order to add or subtract you need the amount of equal parts to be the 

same so you know how many pieces of that part you are adding or 

subtracting from. I always knew I had to find a common denominator in 

order to add or subtract fractions but never knew why, now I do. 

23 

24 

25 

26 

     I believe the use of manipulatives makes fractions so much easier and 

enjoyable to work with. I will no longer mind having to solve equations or 

word problems with the use of fractions because I can now just draw a 

picture of the rods or use other sources of manipulatives to help me solve. 

 

  



PROSPECTIVE TEACHERS DEVELOPING FRACTION IDEAS: A CASE STUDY OF INSTRUCTORôS 

MOVES  

 

 

104 

Essay 2 

Author: Kelly 

Topic: Why dividing by two is different from dividing by one-half ï why students have trouble 

with this concept and what you could do to help them increase their understanding.  

 

Line Text 

1 

2 

3 

4 

5 

6 

7 

8 

9 

 Dividing by two is different than dividing by one-half because a 

student can divide a number by two but when he or she is dividing by one-

half, the fraction of one-half flips to make the number multiply by two. 

Students might have trouble with it because when they think of one-half 

they think of dividing it by two. For example, if the problem was eight 

divided by 2 (8/2), the answer would be four. If the problem was eight 

divided by one-half (8/½) the answer would be 16 because there is another 

bar under the division bar which means that the student has to multiply to 

get the half from under the fraction bar.   

10 

11 

12 

13 

I think Iôve learned a lot this semester because the fractions make more 

sense to me. I have a better understanding of how to teach fractions to a 

group of students. I have more patience for students who do not understand 

something because 1 know how it feels to get frustrated at something. 

14 

15 

16 

17 

18 

19 

Students need manipulatives to help them understand a specific topic 

because some students might not understand a specific concept just by 

thinking of it. The student might not understand why the (1/2) is multiplied 

but I would try to explain using the Cuisenaire rods. I might try to find a 

video for the students who are better listening to a video on fractions. The 

students need a bit of everything to practice techniques on how to add 
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20 

21 

22 

23 

fractions. Some people might explain it better than me and there might be 

more than one way of explaining it. There could be another way of solving 

the problem as well. I liked working with other people in case I was not 

understanding something my partners would try to help me 
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Essay 3 

Author: Janelle 

Topic: The meaning of equivalent fractions and why you need a common denominator when you 

add or subtract fractions. 

 

Line Text 

1 

2 

3 

4 

5 

6 

7 

8 

9 

     A fraction means a part of a whole. Therefore, when you have two-thirds, 

it means you have two parts out of a whole that consists of three parts. One-

half means you have one part out of a whole that consists of two parts. 

Equivalent fractions mean that two or more fractions have the same value, 

even if they look different. One-half and two-fourths are equivalent fractions 

because two-fourths can be reduced to one-half. When you add fractions, 

you need to have the same number of parts that make up a whole. Having 

two-eighths and four-sixteenths, you cannot just add the numerator and the 

denominator together because they are not parts of the same whole. 

10 

11 

 

 

 

12 

13 

14 

15 

     An example of equivalent fractions: 

 

Rob has 2/8 of his pizza left over. Tom has 4/16 of his pizza left over. Even 

though these look different, they are equivalent fractions because they both 

are the same quantities. Even though Rob has two slices, and Tom has four 

slices, two of Tomôs slices make up one of Robôs slices. 

16 

17 

     To add these fractions, you must make the denominators of the fractions 

the same. Two-eighths is equivalent to four-sixteenths. Therefore, Rob also 
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Line Text 

18 

19 

20 

21 

22 

23 

has four-sixteenths of his pizza left over. When you have the same 

denominator, you simply add the two numerators together. Therefore, if you 

put Rob and Tomôs left over pizza together, they have eight-sixteenths of 

pizza between them. 

 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

     Manipulatives would be very useful in this area of mathematics. Using 

slices of pizza or Cuisenaire rods would be excellent manipulatives. Using 

manipulatives allows students to touch tangible items in order to figure out 

the fractions. By using pizza, there is a real-world connection that allows the 

students to realize the importance of mathematics in everyday life. In 

addition, using tangible items allows basic concepts to be retained quickly 

and easily. Students are also motived to learn mathematics because they are 

enjoying it instead of just drilling facts repetitively. Since the Cuisenaire 

rods come in many different sizes, the fractions can be represented 

horizontally. For some students, this method may allow fractions to be more 

easily understood. 

35 

36 

37 

38 

39 

     There are many ways to teach fractions. I believe the best way to 

introduce fractions to children are with tangible, real-life objects. A pizza 

would be an excellent way. Since it is a circle, it can but cut in many 

different ways. You can represent one, one-half, one-third, one-fourth, one-

fifth, one-sixth, etc... Any fraction can be represented by a circle. This 
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Line Text 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

allows for tiered lessons. Using manipulatives gives a visual representation 

of the material instead of just random lines and numbers on a sheet of paper. 

One method I would avoid is asking students to memorize the relationship 

of fractions and equivalent fractions. By simply teaching students the 

methods for solving fraction problems, they will not understand the concept. 

By allowing them to play with manipulatives and the numbers, they will 

figure out their own methods to solving problems. In addition, the students 

will then be able to generalize their methods to continue solving 

increasingly difficult problems. If the student can figure out the process, the 

rules can be recreated. 
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Essay 4 

Author: Erika 

Topic: The meaning of equivalent fractions and why you need a common denominator when you 

add or subtract fractions. 

 

Line Text 

1 

2 

3 

4 

5 

6 

     Equivalent fractions are fractions that are equal to each other but are 

written more than one way. (i.e., 3/4 = 6/8 ) This is an extremely hard concept 

of children to understand. Many times teachers do not feel like or know how 

to explain this to children.  In order for children to comprehend this topic, 

they need to know about lowest terms. Therefore, lowest terms must be 

taught at the same time as equivalent fractions 

7 

8 

9 

10 

11 

12 

13 

14 

15 

     A common denominator is needed because otherwise it would be almost 

impossible to add them together. Children may think that all you need to do 

is add the numerators together and the denominators together to get the 

correct answer (i.e. 3/4 + 1/2 = 5/4 not 4/6) Those are two very different 

answers.  A common denominator, LCD preferably, will actually help 

children understand lowest terms as well. So if you show them common 

denominator work it will help them excel in equivalent fractions. One of the 

good things about math is that it builds on itself. Teachers that enjoy 

working with fractions are needed. 
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Essay 5 

Author: Darlene 

Topic: What it means to divide by a fraction and why the division algorithm works 

 

Line Text 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

     The word "division" is the noun form of "divide" which means to 

separate into groups, parts or sections. When discussing division, it is also 

important to understand that division is the opposite or ñinverseò of 

multiplication. To illustrate this concept further, letôs suppose that you are 

having a party for some friends.  How do you determine how many guess 

you can serve if you have 12 large brownies that you are going to split each 

in half? The brownies are big and each person will eat half of a brownie. In 

this case, you take 12 but now you have to divide by ½.  When you think 

about it, one large brownie will serve 2 people, since 1/2 plus 1/2 equal one 

whole. With each guest eating 1/2 a brownie, you can now serve double the 

amount of people as you have cookies, or in other words, twice the amount. 

12 

13 

14 

15 

16 

17 

18 

19 

20 

     When you divide by a fraction, you are essentially asking "How many 

times will the fraction fit into this number?" For example, 3/½  = 6/1 = 6. 

1/2 fits into the number three 6 times. This way of thinking works when 

both parts of the equation are fractions. In order to make dividing fractions 

easier is to remember to invert and multiply. For example, if your problem is 

2 divided by 1/4 think of this as a big fraction with 2 in the numerator and 

the fraction 1/4 in the denominator. The invert part of ñinvert and multiplyò 

means to take the denominator of this big fraction, 1/4, and invert it. In other 

words, flip it so its numerator becomes its denominator and vice versa. The 
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21 

22 

23 

24 

25 

26 

27 

28 

29 

inverse of 1/4 is therefore 4/1, or just 4. Now for the multiply part of ñinvert 

and multiplyò: all you need to do is multiply the 2 from the initial problem 

by the inverted denominator, 4. So, thatôs 2 times 4, which equals 8. 

However, now we have an easy method for doing harder problems too. Take 

7 divided by 8/9. All we have to do is invert 8/9 to get 9/8, and., then 

multiply this by 7 (numerator: 7 x 9 = 63; denominator: 1 x 8 = 8) to find 

that the answer is 63/8, or 7 and 7/8. The division algorithm is a ñguaranteeò 

that long division will always work because every number can be written in 

this form whether it be negative or positive. 
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Essay 6 

Author: Sarah 

Topic: The meaning of equivalent fractions and why you need a common denominator when you 

add or subtract fractions. 

 

Line Text 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

     It is known in order to add and subtract fractions, you need a common 

denominator. Since a fraction is actually a division problem not worked out 

yet, instead of dividing 1 by 2 to get .50, we just say 1/2. I believe it is a lot 

like algebra, x/y, but we usually donôt evaluate it because we donôt know the 

values. They are usually difficult to find especially with two variables. I 

think the reason we donôt think to evaluate fractions is because it is easier to 

use the fraction as an expression, rather than turn it into a decimal first, 

which can sometimes be confusing depending on the problem, we can use 

the distributive property to show this. Therefore, we need a new 

denominator for the answer. You can use (bd) as a common denominator 

and convert both fractions by that denominator by multiplying by 1: 

12 

13 

14 

15 

16 

17 

18 

19 

(a/b) + (c/d) = (a/b) (1) + (c/d) (1) 

                                           = (a/b)(d/d) + (c/d)(b/b) 

                                           = (ad)/(bd) + (bc)/(bd) 

Then the distributive property shows the common denominator (bd) in a 

fraction form: 

                                           = (ad+bc)/(bd) 

When doing addition, you need a common denominator first so you can 

factor it out. 

20 In order to do equivalent fractions you need to first start out with a fraction. 
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21 

22 

23 

24 

For example 1/2.  You have to multiply top and bottom by the same number 

and that is your equivalent fractions. So we can say a/b x d/d is equal to a/b. 

Letôs say we started with the resulting fraction, we can divide d/d by the top 

and bottom (preferably the GCF) and also get a fraction in its simplest form. 
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Appendix F Task Statements 

 

Math 380             April 13, 2011 

 

1. What is the shortest train that can be measured by both the dark green and the purple rod? 

2. What is the shortest train that can be measured by both the dark green rod and the brown rod? 

 

3. What is the longest train that measures both the dark green rod and the purple rod? 

4. What is the longest train that measures both the brown rod and the black rod? 
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Math 380   Fractions with Cuisenaire Rods      April 13, 2011 

 

1. Call the red rod 1. What are the number names for all other rods? 

 

2. Call the orange rod 1. What are the number names for all other rods? 

 

3. Select a different rod to call 1. What are the number names for all other rods? 

 

4. Representing one-half:  

a) if you call the brown rod 1, which rod represents one-half? 

b) If you call the blue rod 1, which rod represents one half? 

 

5. Call the light green rod 1.   

a) What number is represented by the red rod?  

b) What number is represented by the dark green rod? 

 

6. Call the white rod one-third.   

a) Which rod represents 1?  

b) What number does the yellow rod represent? 

 

7.  Use Cuisenaire rods to model the following situation and answer the question.  Which is 

larger, 3/4 or 2/3?  
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8. Make up your own question similar to the one above that can be answered using Cuisenaire 

rods. 

 

Your name:  

 

Rod that = 1:   

Rod Fraction 

White  

Red  

Lt. Green  

Purple  

Yellow  

Dk. Green  

Black  

Brown  

Blue  

Orange  
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Math 380             April 15, 2011 

 

1. Susie has 1/3 of a candy bar.  She gives half of what she has to Paul.  How much does she 

give to Paul? How much does she have left? 

 

 

 

 

2. Keisha has a candy bar.  She gives 1/2 of a bar to Pablo and 1/3 of a bar to Gordon. What 

portion of a candy bar does she have left? 

 

 

 

 

3. John has 1/2 of a candy bar.  Bill takes 1/3 of a candy bar from John.  What portion of a 

candy bar does John have left? 

 

 

 

 

 

Use the Cuisenaire rods to answer the above problems.   
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Math 380          Problems with Fractions    April 15, 2011 

1. Mary, Lisa, and Patricia each sent out for pizza, and they all had some pizza left over.  Mary 

had ¼ of a pizza left over, Lisa had 1/3 of a pizza left over, and Patricia had 1/6 of a pizza 

left over.  If they put all their leftover pizza together, how much pizza would they have? 

 

 

 

 

 

 

 

 

2. Joe has a piece of wood ¾ meter long.  If he cuts off a piece that is 1/6 of a meter, how long 

a piece of wood does he have left? 

 

 

 

 

 

 

 

Use the Cuisenaire rods to answer the above problems.  Then write mathematical sentences for 

these problems.  Explain how the rods are related to the mathematical sentences. 
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Appendix G 04/13/11 Classwork 

FAE 
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JANELLE 
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PROSPECTIVE TEACHERS DEVELOPING FRACTION IDEAS: A CASE STUDY OF INSTRUCTORôS 

MOVES  

 

 

123 

DARLENE 
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