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ABSTRACT OF THE DISSERTATION

| NFLUENCE OF OGONDERSATI ONS I N CONSTRUCTI N
MATHEMATI CAL KNOWLEDGE

The purpose ofthigisudy i s to investigate how student
the exchange of mathematics ideas and the construct of mathematical knowledge when students
work in a learning activity. Students oft@mvolve artifacts or mathematical models to reprase
their mathematics ideas and use conversational language to exchange and explain those ideas. In
line with these premises, the following questions guided the study: (1) How does student use of
semiotic models facilitate the constructing of mathematitzds? (2) How does the use of
conversational language facilitate the communication and appropriation of those Tdeas?
guestions are important as they provide the guidetmas/estigate how the use wfathematical
models and conversational langudyestudentsnterplay in thé& construct ofmathematical

knowledge.

Video data archive files from NSfieinded research stored in the Video Mosaic
Coll aborative and RBDIL video collections are
conversation in@nstructing mathematical knowledgdenis studyconsists of a fingrained
analysis of a single owtf-school session, lasting 1 hour and1 minute, where a group of five high
school junior students, one girl and 4 boys, work in a collaborative activitystiilents are
invited to solve combinatorics problems related to binomial expansion situations. The video data

illustrates how the students involve mathematical models to create meanings to the
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combinatorics situations they confrpahdhow theyexplain treir ideas duringheir

mathematics conversations.

In approaching the issue of havt u d mathersaficgonversatioainfluence their
construct of mathematical knowledge, | created the concepts of functional linguistic structures
(FLS) and functional semmtic models (FSM) as forms of mathematics expressions and
representationlhree functional categories lguistic structures anthree functional categories
of semiotic modelsire introducedh this studyto investigate howthe use of conversational
language andnathematical modelsteractand nf | uence each other in th

mathematics

The method of groupintpedata in large clusters by functional categories facilitdtes
coding of the transcripts amthta analysis. This unifiegpproach renders visibility to investigate,
in a generalized way, how the students construct new mathematics ideas and how they, through
verbal conversations, interchange their ideas to construct further mathematical knowledge. The
study identifies studerds pr ef erring styles of communicati ncg
forms of mathematicexpressions anepresentatiorhiat may be used to improve the teaching

andlearning of mathematics.

This studypresentshe importance of taking conversational laage as one functional
resource that interacts with the mathematical models in the learning of mathematics, and
demonstratefrom datahow theFSM and theFLS interact and influence eacitherin promoting
the semantic expansion and growth of mathematimahiedge The study brings important
implications to the learning of mathematics by considering amddal approach taking

conversational language as one resource that interacts with mathematical models to create
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meanings in mathemastdiscourse Themulti-modal approach facilitates the creation of
mathematics ideas and provides alternatives for preferring styles of mathematics communication,

which may be used to improtee learning of mathematics atassrooms.
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CHAPTER 11 INTRODUCTION

Studentsdé performance in mathematics i s an
educators. As the increase in diverse student population brings distinatiedalcexpectations
and styles, instructional strategies are constantly reviewed to improve the teaching of
mathematics. Some researchers emphasize the importance of language in school to help students
acquire knowledge and improve their understandiragcademic disciplines such as mathematics
and sciences (Bailey, BlacksteBernstein, & Heritage, 2015; DiCerbo, Anstrom, Bakere, &
Rivera, 2014). Other research studies have demonstrated that students can adopt their own
methods of learning when they warkpeer groups. They can learn mathematics when they
work individually by using artifacts or models in a learning environment, or when they interact
socially in peer learning groups or in class through conversations (Carroll, Fuson, & Diamond,

2000; Davis1992; Maher, Powell, & Uptegrove, 2010; Uptegrove, 2005).

1.1 Nature of the Problem

In order to improve the teaching and learning of mathematics, it is important to
understand the nature of mathematics as an academic discipline. This study shares the
phi osophical view among many that mathematics
discovered. This stance does not purpose to deemphasize other differing perspectives but admit
the complexity of this issue. Mathematics ideas, nevertheless, caedted and expressed in
many forms. This train of thoughts is, to som
guote about mathematics (O" Connor & Robertson
special esteem, above all other sciencesaisits laws are absolutely certain and indisputable,

while those of other sciences are to some extent debatable and in constant danger of being



| NFLUENCE OF OCGONDERSATI ONS 2

overthrown by newly discovered facts. o | f mat
natural (science) lguage that one can use to represent and express ideas, how does vernacular
language influence the process of teaching and learning mathematics in school? This question
about language and mathematics inspired the development of this study to investigate the
interplay between the use of mathematical representations and the use of conversational language

in constructing mathematics ideas.

1.2 Research Approach

Il n approaching the issue of how students?o
mathematical knwledge, | recognized the necessity of creating a suitable way to study
systematically how studentsdé use ofander bal I
influenceeach other during the conversation. On this attempt, | introduce the concepts of
functional linguistic structures (FLS) and functional semiotic models (FSM) as forms of
mathematics expressions and representafio@FLS (referred to in this study as the linguistic
structures) seeks to identify and class$ifg mathematics languagtidens use to describe the
mathematics situations they confroimt same respect, tHeSM (referred to in this study as the
semiotic models) seeks to identify and cigsthe mathematical modetgudentsiseto represent
themathematics situations they conftonhis study takethe premise that thenguistic
structures and theemiotic modelsnteractsimultaneously and influence eaather in the

student sd c ons tknowledge whén theyesolve probkerns inccallaboration

This study takes into aount two forms of interactions when students work on a learning
activity task in collaboration. One is when the students interact with the learning environment of

the task, and the other is when the students interact socially with other students. Tdife form
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interaction in which the students learn from the learning environment of the task is referred to in
this study as a dialectical discourse. When the students interact socially to explain and negotiate
those ideas through verbal conversations with athetents, the interaction becomes a

dialogical one. Studentaake use oértifacts or mathematical models of their own construction

when solving nosroutine mathematics problems. They use them to reprasdatterthe

mathematical configuration of theglmlem in distinct forms, some of which may be interpreted

as new mathematics ideas, and use conversational language to explain and exchange those ideas

when working in groups.

To investigat e h mathemhahical medelsiahcdconvessationals e o f
languagenteract andnfluence each other in¢ir learning of mathematics, the following
research questions guided the study: (1) How does student use of semiotic models facilitate the
constructing of mathematical ideas? (2) How does the use of conveatnguage facilitate

the communication and appropriation of those ideas?

Video data and transcriptset r i eved from t he Rutgersodo Vi de
(VMC) repository were used to conduct the researble. selected video data present a group of
five high school junior students, one girl and 4 boys, solving combinatorics problems in
discussion with each other as they work on a learaatigity task for 1 hour and 1 minut€he
participating studentdo notmake usef actualphysical artifacts omanipulative materialt
construct tangiblenodels to represent the mathematics situations they confront while working on
theproblems of théearningactivity task Instead, heyillustrateonthe classroomboard on
paper or by other meansheseformsof representatiorecreatedrom manipulativeexperiences
theygained througlpreviouslearning activitiegseeSection 3.1)Hence, this study uses the

functional category ofisual manipulativevhenreferring to those forms of (alterable)
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illustrationsmade by the students to model the mathematics situations they confront while

solving the poblems of theask.

The research project was conducted in five phases to watch the video data to observe how
the students work on the learning activity task, idgrnhé video data segments where
mathematics conversations develop, prepare the transcripts for coding and analysis, identify
patterns of engagement involving the use of mathematical models in the mathematics
conversations, and evaluate findings to drawctiions. The research questions are important
as they provide the guidelines for the coding
Specific forms of mathematical models and conversational language are considered in this study.
Findings demonstat e t hat the studentsd verbal convers
exchange of their mathematics ideas and promote their development of semiotic models

conducive to their construct of mathematical knowledge.

1.3 Background Theories

The lenses ofognitive perspectives on peer learning (Golbeck & DelLisi, 1999; Hogan &
Tudge, 1999) give basis to examine how the forms of interactions that happen when the students
work on the learning activity task influence their cognitive development of mathemla@ss
The sociecognitive theory takes the interplay of observation and imitation as important role in
the individual learning (Bandura, 2003his form of learning in whiclthe students interact
socially iscommonlyobservedrom the video datdt is evident from the transcripts thexery
studentatone momenbr anotherimitates or repeat what others do or sajuringthe learning
activity. Contrary to the soctoognitive perspective that takes the individual learning as a natural

process that hapgps in sociainteraction (Bandura, 1976), the socioltural perspective,
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founded by the psychologist Lev S. Vygotsky (18884, claims that students can learn when

they use mediation artifacts in the learn@myironment of the task. By using the axtifs, or the
mathematical models, the students can make changes to the learning environment of the task and
investigate how it responds to those changes (Cobb, 1985). This form of learning in which the
students interact with the environment, physicallynentally, is also observed in this study.

Both perspectives of | earning help in analyzi

multi-semiotic models and conversational language.

1.4 Related Concepts

This study builds upon two concepts relatethieateaching and learning of mathematics.
They are the mathematics register and the construct of representation. The concept of the
mathematics register presents a moladal approach of teaching and learning mathematics by
using a variety of forms of nfl@ematics utility, such as graphs, symbols, notations, models, etc.,
that facilitate the expression of mathematics
Uptegrove, 2015). The multhodal approach takes language as one resource that intetacts w

those forms of expression to create meanings

The construct of representation comprises a process of configuridde estiuations
conducive to the formation of complex structures to create merdgingiin the individual
(Goldin, 2002). Goldin describes two forms of representation. They are the external (physical)
representation and the internal (mental) representation. The concept of the external
representation finds common ground with the reataticsregister as they includbe same
utility resources, as described in this study, in constructing the mathematics ideas. The internal

representation is not considered for the development of this study as it comprises the configuring
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(or reconfiguring) of mee complex structures constructed mentally. The study considers the
external representation only, and language as one separate resource that interact$ievith it.
externalresources are essential for thevelopment of this study as they display obseprabl

patterns of student behavior during the stude

Three types of meanings surrouhé multtmodal approach (Halliday, 1978). They are
experiential meaning (happenings in the wprdgical meaning (logical relations betweabnse
happenings), and interpersonal meaning (enacting social relations). The first two, i.e., the
experiential and logical meanings, are dependent upon the implicit semantic alignment of
mathematical results obtained from previous mathematical discamdéhe process of
conceptualization develops in constructing a hierarchy of mathematical concepts upon existing
knowl edge and previous results (O6Halloran, 2

of conceptualization as one defined by a eaitascenpf meanings.

The multtmodal formulations of mathematical knowledge involve the grammatical
integration of language, mathematics symbolism and images leading to the formation of complex
l inguistic structures f olorad 201%). Thisastudy ecognizasc al d
the difficulties associated with the grammar of mathematical language, which make the
explaining of mathematics difficult to the students when they are unfamiliar with specialized
grammatical features. In the procesxplaining, the interplay between the resources of
language and the symbolic notas@nd imagepromoteghe semantic expansions and the
migration of meanings by #epresenting the element of one resource into another resource.
Accordi ng t(a0l150raedrang nay beaerpanded when threpeesented element is
contextualized in conformance with the grammatical structure of the other resource without

altering its semiotic content.
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During mathematicsliscourseconversational language is commounsed by the
students to contextualize the mathematical concepts learned previously or at the moment. In
contrast to written mathematics, which is characterized for its density ingaaiibdtic resources
and rigorous grammar, the conversational mathemiatesgpeditious and fluid, and practical for
classroom and group discussion (Oo6Hall oran, 2
grammatical complexities associated with the mathematical symbolism and images in
mathematics conversations become a msgairce of learning difficultiewhen the students are
unfamiliar with those concept$he linguistic, symbolic, and visual components embedded in
mathematics discussions, take the explaining of mathematics ideas to a new level. This study
demonstrates #t the symbolic resources have the capacity to pack and unpack information in
economic and unambiguous ways, while the visual resources have different grammatical
structures that facilitate the making of mean
of the multtmodal approach to the mathematics register to promote thesartaotic,
met aphori cal expansions of meaning. For this

conversations in constructing mathematics ideas from a-moliial perspdove.

The mathematics register componentglignmentwith the external representation,
include objects, artifacts, models, graphs, diagrams, measuring systems, equations, symbols, and
notations and other forms of representation. When thesemaidtalcomponents inteact in the
learning of mathematics, the students increase their potential to understand and engage with
mat hematics in multiple and productive ways (
mathematics) language, contrary to thecatbed eeryday or informal language, is characterized
for being rich and dense in disciplinary content (SigteWilkinson, 2015). Hence, this study

considers the mukino d a | approach to investigate the stu
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mathematics by using specificathematical models and conversational language. The selected
group of students, working on noautine mathematics (combinatorics) problems, was observed
to investigate how they use these particular forms of mathematics representations to construct

new mathematics ideas, and how their conversatiaailitate thenegotiation of those ideas.
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CHAPTER 21 THEORETICAL FRAMEWORK

This studyconsiderghe constructivisperspectiveon learningo study how the group of
students working in collaboration findslutions to mathematics problems as they work on the
learning activity task byhemselvesOrigins of the constructivigheory were introduced by the
developmental psychologist Jean Piaget (1985), who emphasized that students can construct their
own undestanding and knowledge when they are engaged in a learning activity. The
constructivist view presents the teacher as a facilitator who provides the activity task, a learning
environment, antbolswith which students atstruct their own knowledge. Thieebory of
constructivism igproven to be effective in the learning of mathematics (Cobb, IT994s,

1992;Davis, Maher, & Noddings, 1990

A

This study investigatestieet ude nt s 6 | ledarneng & mathenoatics from twb h e
ends i.e.,(1) the use ofmulti-modal) verbal conversatioasd (2)the use of (notinguistic)
semiotc models. In this respect, some aspects abeuheories of socioognitive development
and sociecultural perspectivefdearning play out an important role in this study. Ebeic
cognitivetheory takes the individual learning as a natural process that happens in social
interaction (Bandura, 1976This theory addresses the interplay betwaeservation and
imitationinthes udent s6 | earni ng of actantishleanyaldservable Thi s
duringt he studentsd conversation. 't i s evident

moment or another, imitates or repeats what others do or say during the learning activity.

In similar fashionthe socieculturalperspective, founded by the psychologist Lev S.
Vygotsky (19871934, claims that the students can learn when they use models to represent

mathematics ideas in context with a problem situation. The students can amandel

f

1
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configuration and investigatew the configuration of the problem respondsttanges
provoked by the studen{€obb, 198%. In this case, the interplay betwesranges and
responsesriginated by the students in the configuration of the probleralso®bservable

patterns of behagrduringthes udent sé .conver sati on

Goldin (1998)suggests the importanoédevelopinga unifiedmodelfor the
development of a theoretical framework in mathematics educatmohthat selected model
must consider adequate integration and expartdiearlier ideas and representational systems
resulting from the evolution of diverse theoretical pecspes on mathematical learning.
According toGoldinthe evolutionary trajectory of these perspectivegan with the behavioral
theorists who considéearners to be conditioned by external stimuli and rules, and advanced to
the cognitivist and constructivist perspectives (among others) in which learners are seen as
problem solvers with internal reasoning processes. This shift of perspectggests th
importance of different kinds @épresentationalystemsn the constructs of cognitive structures

and schemata (Goldin, 1998).

Pursuant tahis view,this study introduceand implementshree functional categories of
semiotic modelso investigate he the studentsonstructand use the modeland to tassify
what type oimodels they use to represent their mathematics ideas while solving the problems.
Thethreesemiotic modelsare(1) thevisualmanipulative (2) the quantitative systems, arfd)
thesymbolc notationsThe studentsdé conversati omaldl) | anguaog
form of mathematiceommunication thestudentsise to negotiatand exchange theew

mathematics ideakey built by involving the semiotic models.
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The study is condted with the following hemat i ¢ questi on: How ca
verbal conversations facilitate the creation or developmeiiediunctional modelsonducive to
the construct of new mathematics ideas and mathematical knowledge whexwtk@n non

routine mathematics problems in group learning activities?

2.1 Literature Review

This literature review presents some studies that describe the student capacity for learning
mathematics from two perspectives: (1) the usseafioticmodels to construct mathercat
ideas or (2) the use of conversatiolaaiguage to explain those ideas. The former investigates
how students adopt, create, or develop semiotic forms of representing mathematics ideas when
they work in problem situations, and the latter evaluateshosvt st udent s6 use of

out in the process of learning mathematics when they work in groups.

2.1.1 The Use of Artifacts to Construct Mathematics Ideas

Research studies describe how the learning environment and its anifaetsyised as
mediat on obj ects, stimulate studentsd | earning
McGowen & Tall, 2010; Wong, Marton, Wong, & Lam, 2002). Their findings demonstrate that
oneds ability to construct mental inmoBhges t o r e
one thinks and processes the information acquired from the learning environment, and that
individual experiences play an i mportant rol e
and ability to construct those mental images. This methéehafing that relies on the utilization
of objects (or models) in a learning environment is rooted in the-sogiaitive theory of

constructivism/Golbeck & DelLisi, 1999)
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Researchers have demonstrated that when students work in context with reabldenpr
situations (Carroll et al., 2000; Hung, 200talkington, Sherman, & Petrosino, 2Q1they are
able to understand mathematics ideas and solve problems. This particular form of learning,
rooted in situated cognition (Hung, 2001), helps studentspoowe their capacity to construct
mental images from previous experiences. Situated cognition claims that meanings are perceived
in relation to the interaction that take place between students and their learning environments, a
process referred to as relab n a | | earning. According to Hung (
inseparable from interpretation, and knowledge is linked to the relations of which itis a

product. 0O

In essence, situated learning is a process of reconciliation between the student and i
learning environment, which involves relational transactions that interact bettvezaimn an
effort to resolve a problem situation. In relational terms, it is believed that learning evolves as the
student advances from using (situated) concrete agifaconstructing (relational) abstract
images in an effort to (mentally) represent a problem situation and solution, and it culminates
when the studentds cognitive skills shift fro

(lannone & Nardi, 2005; Walkgton et al., 2012).

Problemposi ng experiences enhance studentsodo at
contextualized mathematical situations, and the approach of telling stories during class
discussion proves to be an effective instructional gfyaés learners take an active role in their
learning by own sensory experiences (Carroll et al., 2000). According to McGowen and Tall
(2010), studentso6 early experiences have an i
construct new mathemagicknowledge later on. Evidence presented by McGowan and Tall

(2010) demonstrates how studentsod knstheil edge b
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abilities to understand reetflogmadt itoms .i | Thiesy ruas e
phenomenonofeper i enti al | earning as a process that
than the traditionally used stegy of representing mathematics ideas with metaphors. This is

explained in the following quote:

The notion of metaphor is used widely in neatiatics education to denote the way

in which we think about mathematics in terms of physical and mental actions, and
the general idea of metaphor, especially when used to perform an intellectual
analysis of how concepts are conceived, does not necesggeeils complete view

of how students learn (McGowen & Tall, 2010, p. 169).

In this respect, experiential learning, seen as a process of contextualization, plays a
stronger role in the studentqmess of learning mathematics than the traditional pradtigsimg
met aphors to convey mat hemalbhefcad ed deiase. Batshe
meaning of experiential learning, takes precedence over thego instructional practice of
using metaphorsaxfords without thébuilding of experiential manings) to facilitate the
conceptualization of mathematical ide@ke building of &periential meaningjis contingent
upon the implicit semantic alignment of mathematical results obtained from previous
mathematical discourse. In this regard, the prockessreeptualization (driven by a vertical
ascenbf meanings) develops in constructing a hierarchy of mathematical concepts upon existing

knowl edge and previous results (O6Halloran, 2

The theoreti calbeifnoprleioca td domimetadnoyd miéd f ocus es
the way students interpret ideas based on previous experiences, a topic that has been investigated
by researchers (Presmeg, 199&inberg, Wiesner, & Fukaw@onnelly, 2014Winter, 2017,

Wong et al., 2002). In some respect, this fafrfearning by experience, rooted in

constructivism, is a natural of way of acquiring knowledge and building up ideas (cognitive
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structures) when students interact with the e
more important to take intaccount the particular mental structures available to the individual

that have been built fr om ebxepfeorrieedon c(eMc Gohwaetn té&h
2010). The -mhoftoroemod odammee used t otseonsiricty ze and
andr econstruct mathemati baelf oréddaexiperriemtcext Wi
i mplicatibemoofeofimetd its declaring i mportance

students are enormous.

The meaningful-beéefderae b e proms of idénsng mathematics
as one in which students construct ideas in context with previous relational and situational
experiences. Seenfromthbeonst ruct i besbrkensjnimesense, emb
acquisition of knowledge and devploent of mental structures that results from those
experiences. This study strongly buitnis these fadings to examine how tlsemiotic forms of
representing mathematics ideas facilitate the exercise of this method of learning mathematics
from-bBfon@dt e x per i e nscteusd eonsensdiional tamguage plays out in this

process of learning.

2.1.2 The Use of Language to Expressing Mathematics ldeas

The research findings presentadhe previous sectioimdicate hat the semiotic forms of
mathemats representation (models) facilitate the assimilation of perceptible information as part
of the process of constructing mathematics ideas. Other studies have demonstrated that
vernacular language is an essential communication conduit (or cognitiventestutients use to
express and negotiate those ideas, to transmit and appropriate mathematical knowledge when

they work in group learning activiti€du & Kwon, 2007; Krummheuer, 2007; Presmeg, 1998;
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Shepherd & Van de Sande, 20T#é4wers, Martin, & Heate2013. In line with these
perspectiveghis study centralizes in how the three generalized forms of mathematics
representation develop as primary mediation tools in the process of constructing mathematics
ideas and knowledge, and how verbal languagéttdes the negotiation and appropriation of

the built ideas when the students work in collaboration.

When students are provided with the opportunity to negotiate and appropriate knowledge,
to position themselves as participants in doing mathematics uip ¢garning actiities, they can
elaborate and present better arguments to communicate their mathematics ideas verbally
(Blanton & Stylianou, 2014; Ju & Kwon, 2007; Krummheuer, 2007). This form of interaction in
which the students are provided with the apppnity to discuss (compare, contrast, explain,
justify, clarify, and el aborate) mathematics
of transactive reasoning. According to Blanton and Styliano (2014), transactive discussion
( r e as o n ignificant sousce @& prddsctive metacognitive activity because these

di scussions |l ead to the public scrutiny of id

Students can also @mnstruct and communicate mathematics ideas by writing from
remote locations via computer (languagehtedogy (Hung, 2001). A case presented by Hung
illustrates how two students@oonst ruct mat hemati cal playsigeas t hr ¢
with idea® . I n this case, Aconjectured ideas act a
individual levelsof cogni ti ono (Hung, 2001, p. 247). Th
and packed in semiotic forms of symbols and notations, are the artifacts (models) both students
use to explain their mathematical ideas. Under these circumstances, the prtesssnof
mathematics takes place as they communicate and negotiate ideas expressed in condensed forms

(symbols and notations) via the computer language. This study recognizess$batdmpact



| NFLUENCE OF OCGONDERSATI ONS 16

and expedient forms of expressing and representing matheimdatssplay a similar role as the
semiotic models (algebraic language) commonly used for the teaching and learning of

mathematics in schoolrooms.

2.1.3 Learning Mathematics in Classroom Discourse

When students are provided with the opportunity to shaie past experiences in class,
theylearn mathematics in meaningful and mindful ways. This form of learning is situated and
involves adialecticaldiscoursebetween the students and their learning environment. It improves
when the students advance fromngssituated (concrete) artifacts to constructing relational
(abstract) images in an effort to (mentally) represent a problem situation and solution (Carroll et
al., 2000; Hung, 2001; Walkington et al., 2012). While contextualization is viewed as a process
of constructing meaningful mathematical i deas
forms of reading, writing, speaking, and listening are still essentiasfofroommunication to
expressing those constructed ideas in classroom discourse @r&§d5; McGowen & Tall,

2010; Reid, 2002; Walkington et al., 2012; Weinberg et al., 2013).

When students conceive mathematics instruction as a passive routine, they see learning as
a transmission of procedures and formulas from the teacher. But wiyear¢hgrovided with the
opportunity to conceptualize mathematical ideas based on individual experiences by the
mediation of artifacts (or models) in a learning environment, they will be able to represent and
express meaningful ideaSitarelli, 1998) Cifarelli presents the importance of using artifacts (or
models) to construct and represent mathematical ideas, and reinforces that the process of creating
abstract representation models appears to be essential for the development of conceptual

knowledgeandpo bl em sol ving skills. When teachers ul
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capacity to create abstract representation from experience, they can help them to construct

further knowledge and develop problewmiving skills in class.

2.2 Study Outlooks and Inigdtions

Research findingmdicate that students improve their mathematics skills as they advance
from concrete to abstract, from experiential to expressional, from contextual to conceptual
representations (Carroll et al., 2000; lannone & Nardi, 2005I&ind & Van de Sande, 2014).

This cognitive development shift implies that the use of semiotic models takes a lead over the

use of vernacular language in the process of constructing new mathematics ideas. When students
are provided with the opportunity bwild up their own framework of understanding from own
experiences, their possibilities to succeed in further mathematics activities increase (Swanson,

2014; Weinberg et al., 2014; Wong et al., 2002; Reid, 2002).

In addition to the theoretical perspectofeconstructivism, this study considers various
linguistics theories and perspectives about the use of language that are significant for the
i nterpretat i omathemdticednheesatisns. Samne of thesé perspectives take the
use of language assamiotic system and as a functional system of signification. The concepts of
denotative semiotics and connotative semiotics present, in textual analysis, a distinction between
a meaning that is intended to be transmitted and a meaning that is intelgrdtedeceiver.
Ferdinand de Saussure introduces the concept of a sign system and describes the process of
transmission of information in terms of two parts: (1) signifier and (2) signified (Davidse, 1987).
The signifier represents the information entitgt people perceive with their senses, and the
signified represents the mental image of an entity that the person conceives rather than the entity

itself. In line with this perspective, Louis Hjelmslev defines the function of signification as a
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single pra@ess of interpretation comprised of the two functions, the denotation and connotation

(Haas, 1987).

Expanding to this approach, in which the information comes from external sources only,
the concept of metacognition provides a theoretical framework upmh wiultiple abstract
meanings can be created intm@ntally and expressed by means of linguistics structures in
situational contexts. The syntagmatic dimension of language, in similar respect, approaches
language as a communication tool that is suboreittathe external and inflexible restrictions of
grammatical structures. This perspective reinforces the use of syntactic rules as framework and

takes the structural organization of the grammar as primary property of the texts in their making.

Contrary tothis perspective, John Rupert Firth introduces the idea of considering
language as a communication system of (internal, flexible) choices that is subordinate to the
linguistics structure (Bvidse 1987). Michael Alexander Kirkwood Halliday adopts this
sydemic approach from his teacher (John Rupert Firth) and modifies it with a functional
dimension; and he calls it systemic functional linguistics (SFL) (Webster, 2015; Hasan, 2015).
Although he emphasizes the functionality of language over its structpeadtasn the making of
meaning, he indicates that the paradigmatic process of the SFL (i.e., a system of choices) always
culminates in a (realized) text characterized for its concrete syntagmatic structure (Davidse,

1987, p. 46).

The SFL perspectives arelevant for the development of this study. To investigate how
the studentsd conversations facilitate the ex
meanings, this study takes language as a functional system that involves choices along a

paradigmati@xis. This functional approach helpnalyzethe t udent sé mat hemat i c
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conversations from a functional standpoint to understand whairttesd to transmit, and not to

focus on the syntagmatic structure they use when expressing the mathematics ideas.

In line with this perspectivehis studyintroduceshe concept of the functional linguistic
structureqor linguistic structures) o i nvesti gate how the students
the construct of mathematics ideas during their conversat@linguistic structures call for the
presencef (1) mathematical nouns axefinitions, (2) mathematical verbs and operations,
or (3) logic and conditional statements in thé u d e n tlanguagedsriag theif mathematics
conversationThe utilizatonot hese | i nguistic structures take:
conversations to a different level to investigate howstlie u d ese df lanyuage influences the
making and transmission of meaniraggl lines upviththest udent s i nvol vement

semiotic malels intheir construcbf mathematics ideas.

Halliday defines three kinds of semantic components (metafunctions) that comgrise
SFL perspectiveThey are the ideational function, the interpersonal function, and the textual
function. This study centrizkes in the ideational function, which is, as Halliday describes, the
departure to the process of making meanings, the one in which clauses are used to represent
patterns of experiences and to construe the world and the logical relations in the world. He
emphasizes three forms of representational entities that mediate the making of meanings and
logical relations in this functional (ideational) domain. They argtbeessesparticipants and
circumstancesWith this in perspective, this study delineate®ding scheme to incorporatee
three specifidinguisticsstructuresn the ideational making of mathematical meanings. By
considering the function of signification (denotative semiotics and connotative ssnaotd the

use of language as a functiosgbtenthis study establishes a coding protocol for the coding of a
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selected set of video data and transctipés showsa group of students working in a

collaborative learning activity.

Also, Halliday describes the clause as the entry point to the [gnanamar in a language.
Hence, this study evaluates the video data and transcripts from this perspective by identifying
moments of departure where the students initiate the formatitve lafiguistics structurethat
transmit (wrong or right) mathematicseanings. In respect to Halliday, this moment in time in
which the students initiate any expression of

conversation is referred to in this stum/a moment of instantiation.

In concert with the literature veew and in line with the theoretical perspective of this
study, the following preliminary themes are considered. (1) When an activity demands situated
cognition as part of a learning practice in which ideas and knowledge are acquired through
relational ad meaningful negotiation in class, the activity ought to be preceded by an activity
that involves situational transactions between student and environment through dialectical
discourse by means of mediation artifacts or models. (2) When conversationalgang used
in class to externalize and negotiate gained ideas through dialogical discourse, i.e., student to
student, any dialectical discords among the different semiotic forms of mathematics
representation ought to be resolved at the moment. In thie$s, (3) learning happens when
student appropriates, restores, repairs or replaces mathematics knowledge in an effort to resolve

any cognitive disequilibrium (O6Donel |, 1999)
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2.3 Concepts and Definition

For purposesfahis study, the following concepts and words are defined:

1. Representation modeilsconcrete or abstract forms of representation drafted or
crafted by the students toodel(simulate) a mathematics situation.
2. Generalized forms of representatiorepresetation models grouped by three
functionalcategoriegbelow)
3. Functional €miotic model$ functionalform of representation with assigned
meaningwith visual quantitative, or symbolicharacterization
a. Visualmanipulativel alterablerepresentation that referred to from earlier
models built withmanipulative or illustrations of models
b. Quantitative systemisform of representation usedrfcounting, measuring,
building patterrs to determinghe number o€orfigurationoptionsto an existing
problem sitiation
c. Symbolic notationsi form of representation used to formulate mathematics
operationgo interpolate or extrapolate solutions to the problem
4. Mathematics conversatianverbal language in consort with mathematics symbolism
and images (Halliday & Mdtiessen, 2004)
5. Multi-semiotic model$ multi-modal form of expression by integrating language,
symbol i sm, and i mages (Od6Halloran, 2015) .
6. Functional inguisticstructuresi language forming to describe nominal, procedural,
or logicalconnectionsn mathemats conversations
a. Mathematical entity phrase, clause, or sentence forming to describe

mathematicahouns or definitionfominalzation)
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b. Mathematical activity phrase, clause, or sentence forming to describe
mathematical procedes(operation)
c. Mathemattal logici phrase, clause, or sentence forming to describe
mathematicatonditionaé
7. Learning environment of a probleirphysicalor mental domain wherstudentcan gain

and reflect on own experiences and understandiag existing mathematics situation

2.3.1 Assumptions

The following assumptions and baselines are driavthis study

1. The generalized forms of representation (msgtiniotic models) are mediation tools
the students use (physically or mentally) to construct mathematics ideas.

2. Conversatior{verbal language) is a form of communication the students use to
negotiate and appropriate the built ideas during social interaction.

3. The Night Session video data from a previously conducted longitudinal research are
used to provide adequate tasksed cotent for the development of this study.

4. Data acquisition is limited to observable responses of students from recorded video
episodes and transcripts in context with the objective of this study.

5. Patterns of nowverbal or behavioral responses by the sttglare not considered for
evaluation.

6. Gestures and utterances by the students are considered only when those expedient
forms of expressions support specific axial coding (Creswell, 2013).

7. Inferences and conclusions will be drawn only from coded desurgtr narrations

of the recorded episodes and transcripts.
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2.4 Research Questions

The following research questions were used as guide in the research to capture emergent

moments of observable (recorded) responses that are relevant for the study:

1. Question(Q1): How might the type of mathematics conversation that the students
adopt during the activity facilitate their developmenthaf semiotic mode®s
a. How do the students initiateghmathematics conversation?
b. How does the type dihguistic structures uskby the students influence the

development or use tiie semiotic modets

2. Question (Q2): How does the usetloé semiotic modelsy the students promote the
mathematics conversation?
a. How do the students use the semiotic models?
b. How do the semiotic modelssed by the students facilitate fioemationof the

linguistic structure®
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CHAPTER 3- METHODOLOGY

The video data and transcripts retrieved f
(VMC) repository was used to conduct the research of this sBjdygific forms of mathematics
representation angerbalexpressions are considered for the development of this study to
investigatehows t ude@at &l conversations influence the
knowledge Focusing orthetransmission iad exchange of mathematics ideas among students
t he Vdwabvedeo datare used to watch group of students working on rooutine

mathematics problems in a collaborative learning activity.

The research was conducted in five phases to (1) watchdie data to observe how the
studentgepresent and express mathematics ideas wiitking on the norroutine mathematics
problems, (2) identify the video data segments in whiethematics discussions amgolved,

(3) download and prepare the trangtsifor coding and analysis, (4) identify patterns involving
the use ofthesemiotic models anthelinguistic structuresand (5) evaluate findings to draw

themes and conclusions (Creswell, 2013).

The process afodingwasexecutedn two phaseso identfy (1) how the students use
conversationdlanguageand(2) how they use mathematical model® facilitate the coding of
the transcripts and to promote a uniform data collection process, a coding protocol was
developedn context with the scope of the diu Theprocess otoding was periodically

evaluatedo refineor redefine, if necessary, th@plementedrotocol.
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3.1Virtual Environmentand Setting

The VMC platform creates a virtual academic environment that provides the opportunity
to browse the videto find and analyzenoments where the students use (physically or mentally)
forms of mathematical representation (concrete or abstract) and verbal expressions while
working asa group.Theretrievable transcriptarecoded tarackthosemomentsduringthe
s t u d eonversationThe study uses the redviable transcripts as primasgurce of data to
codeandtrack he st ud e n tsasdtheyconstiue mathermatics idedsle working on
the mathematics probleniBhe video data present a probkswiving session of a longitudinal
research project directed by Carolyn Maher (2010) and colleagues, which is accessible through

the VMC.

The longitudinaktudy(extended for more than 25 years) traces the mathematics
performance of amall, volunteegroupof students from Kenilworth, New Jersey. The
longitudinal research team videecorded the students doing mathematics throughout primary
and secondary scho®uring ther last three years of high schogtoups of students from
among the original participds in the longitudinal study mabout four times a ye#or one to
three hours tavork in collaborative learning activities after school. During this period of time,
the students were presented with opeaded challengingnostlycombinatoricsproblems.The
purpose of theneeting sessions was rotteach the students but to provide a learning
environment andn activitytask for them tavork on and solve the task problethemselves.
During each session, the students were not presented with stan@di@hsaifcombinatorics.
They createdheir own forms of representations to make sense of the combinatorics problems

and to explain theijproblemsolutions
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The Night Session video corpus (A28, Night Session, Pascal's Idéfaiy]l2,1999)is
selecteddr this studyas it showdive high school junior students, 1 girl and 4 baysyking
after school in &ollaborative learning activity conducted at David Brearley High School in
Kenilworth. By that time, the students are already familiar with the nuntbérs Pas cal 6s Tr i
and how to generate them using the towers (of Unifix cubes) and pizza nidaetesearchers
participating in thisessiorare Carolyn A. Maher and Regina Kiczé&ke students in the
session areleff, Romina, Michael, Ankur (whoomes in9 minutesafter the session starjed

and Brian (whacomes in 44 minutes late to join the gripup

The Night Sessiopresents singlesession activity where the students iakgted to
work as a group on combinatorics problems related to binonpalnsion situationshe
activity lass 1 hour and 1 minutd he students work otnetaskin a voluntary evening session.
Theclassroomsmallgroup session is videotapékhe studentsvork in collaboratiorto express
t he Additi on r ueék, asindtbeir unBexssarcdmd od tke mEaningaandgekpress
their result in symbolic notation. They uséeuristic approach twild meaning of their solution
as they converseith eachotheand bui |l d on each otherds ideas.
s t u d mathersatical activity during tHiNight Sessioaillustrates the useof semiotic models
to representnathematial ideas andow theyexplainand justifytheir reasoningvhile

conversingwith each other.

3.2 Description of the Task

The Night Session acity and tasks, obtained from the VM@&redescribedelow.

Description: In this fullsession, raw footage video, students have come to school
in the evening for a night session. The group, made up of Jeff, Michael and
Romina begin discussing the coeffitie of the binomial expansion, specifically
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(at+b) to the 10th power. In attempting to explain why 45 is the coefficient of the

third term in this expansion, the students refer to counting how matafl 10

towers have exactly two cubes of a specific colarthey are joined by another
member, Ankur, they discuss the formul a

and what the factorial symbol means. When

Ankur responds by making use of an analogy of counting the nuhletys to
arrange three different colors. They then investigate the reason for dividing n! by
(nrx)! and x! when calculating fAn choose
A5 choose 2,0 they use the anal gogi es: of
are concerned about the positions of only two of the people and counting the
number of Stall towers having exactly two cubes of one color. They then discuss
the notation for combinations, which the
relatestoPasal 6s I dentity (the addition rule f
describes how the t rd row of Pascal 0s
( comes A3 choose O,
be answdrsdatha@pingd e nt s e x

hi
notationo 1 3 3 1 be
choose 30). He a mldin hownt

pizza problem are related to row 3 of Pasc

instance of Pascal s Il dentit ytoppiagn be under
pizzas from 3opping pizzas. The researcher then asksttidests to write

Pascal 6s Triangle in this notation, 1incl
then explain to Brian, alao mer , t he meaning of Pascal

rule for Pascal 6s Tr i anpgdasthataren t er ms of

represented by specific entries in Pascal

in general form using standard notation.

Thelearning activity of the Night Sessi@nomotegheinvolvementof varioussemiotic
modelsby the group of studente represat problem situations in distinct waysnd the
communication of mathematics ideas through verbal convers@tiersettings and the tasks

described inthe Night Session video dataeadequatdor the development dhis study

3.3 Data Collection

The video data and transcripts of the Night Sessiouseel to study the mathematics
conversation sustained by the students while working on the task probleevsdeodataare
watchedo investigate thosepisodesvhere the studentgeate ousemathematial models
(concreteor abstrac) that facilitate thexchangef mathematics ideabroughverbal

conversatiog, andepisodesvhere thestudentsnitiate orsustain mathematics conversations that
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promote thecreation ofmathematial models Thetranscripts vwere downloaded from the VMC

repository and stored in text format in a flash drive.

This studycentrdizes particularly irtheinvolvement of mathematical modeladthe use
of conversational languadpy the studentt represent mathematics ideas andxfdan those
ideas while working in collaboratioifhese forms oéxpressions anepresentatioare grouped
by functional categoriessdescribedn the coding schemes of Taldlend Table?. Thesetables
describehree specific forms oferbal expressia) referred to athelinguistic structuresand
three specific forms ahathematics representatiorferred to ashe semiotic modelsThey are
bothconsidered for the coding tifetranscripts (the t ud e nt s 0 )taiovastigate '@t i o n

the studentsepresent and express mathematics ideas.

To answethe research questions, the coding schemes described in these tables are used
to investigate how the students use the semiotic models and the linguistic structures to construct
mathematics ideas. Thetdacquisition process centralizes in capturing moments, or instances,
in the conversation winghe students use these specific forms of mathematics representation and
verbal expressions. The number of instances is discretely counted anddorsed todentify

patterns of behavior, commonality and frequency, in the use 6hthastic structures and the

semiotic models throughout the studentsd math
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Table 1

Codingscheme for theise ofthelinguisticstructures

Code

Description

Al
Entity

The student usdbe linguistic structurew® describe (or identify) a problem
situation by means of words that represent mathematics entities such as
numbers, variables, terms, or concepts. When the student uses a phrast
clause to describe adentify a mathematics entity, the entire sentaace
coded Al. The use of noun(s) in the making of meaning through a
mathematics entity is essential for the coding of Al.

Leading particulars: (1) The student relates a problem situation to a
mathematiclbentity and uses a noun (phrase) to refer to it by a name or
definition. (2) The student describes a concept and uses a (specific) nou
refer to it by a term or concept specific to mathematics. (3) The student
classifies a concept according to underyproperties and uses a
(specialized) noun to refer to it by a technical concept.

Examples: Ten, fortfive, n, r, X, 5x, ongwo-one, oneghreethreeone, like
terms, binomial, combinations, repeats, foh®osetwo, n-chooser,
factorial pnglePecscal 6s Tri a

A2
Activity

The student usdbe linguistic structurew® describe (or identify) a problem
situation by means of words that represent the performing of mathematit
activities such as the selection of groups, the exchange of positions, the
making of combinations, the formation of patterns (or arrays) and the
execution of mathematics operations. When the student uses a phrase ¢
clause to describe or identify a mathematics activity, the entire semgence
coded A2. The use of verb(s) in the makaigneaning through a
mathematics activity is essential for the coding of A2.

Leading Particulars: (1) The student describes an exchange (or selectiol
entities, a formation of patterns or an execution of mathematics operatio
and uses a noun (groujp) identify the activity as a process. (2) The studel
describes a mathematical interaction among concepts and processes ar
a noun (group structure) to identify it as a new process.

Examples: Pick three things out of those terld)lbe red andoblue, Gplus®
ten percent of a hundred, tério the ninth andoto the first, divide by 2
factorial, etc.

29
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Table 1
Coding €heme for theaise ofthelinguisticstructures ¢ontinued

Code Description

A3  The student uses logical statemdntdescribe chains of logical relations
Logic among mathematics entities and activities by means of logical connector
studenimakes use dbgical connectors to establish such a relationship. W
the student uses two or more phrases or clauses to descidleatify a logic
relation among mathematics entities or activities or both, the entire sergte
coded A3. The use of logical connectives is essential for the coding of Al

Leading particulars: The student describes chains of logical relations am
mathematics entities and activities andkes use dbgical connectors to
establish such a relationship as statements.

Examplesand, or, if, not, nor, then, sor otherogical conjunctions or
connectives.

Note. Leading question: What type of lingigsstructures do the students use to explain a
problem situation during the mathematics conversations?

Table 2
Codingscheme for thénvolvementof the semiotic models

Code Description

Bl Coding for B1: The studenhakes use ofisualmanipulaive (as models)
Visual to represent (simulate) mathematics situations to a problem. The stud
may craft or draft theisualmanipulativemodelsand use them to examin
the configuration andxtentof the problem situation by (re)grouping,
(re)collecting, or (rEconnecting them as a whole or in parts. The phrast
clause, or sentence where this moment is recorded in video time is cc
B1.

Leading paticulars: The student createsdfts or drafs) forms of
mathematical representati¢concrete or abstract) tovestigate
(physically or mentallyjhe configuration ashextentof a problem
situation

ExamplesUnifix cubes, blocks, towers, pizza pies, group of people, gr
of objects, choices of parts, (ordinal or cardinal) numbers, switch of pl
people,oropect s, fAput it there and t
chairs and desks, and others.
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Table 2

Codingscheme for theise ofthe semioticmodels(continued

Code

Description

B2
Quantitative

Coding for B2: The studemhakes use afounting and mesaurement
systems (as models) to quantify specific mathematics situati@ns t
problem. The student may apply existing or create own systems :
use them t@xhaustll possible configuration options or to identify
potential resolutions to the problem byoting, measuring, or
forming patterns (in arrangement). The phrase, clause, or senten
where this moment is recorded in video time is coded B2.

Leading particulars: The studamtesforms of mathematics
representation for counting, measuring, graphimgcon)-forming
patterns in arrangement to deplete all posgi®e)-figuration
options

Examples: Pascal 6s Triangl e,
arrangements, making patterns or repeats, counting people, cout
objects, computation, numericalal ues (quanti ti
basic arithmetic, Aaddo, Atak
Afel i minateo, fAget rid ofo, et

B3
Symbolc

Coding for B3: The studenisesformulas, symbols, and notations (i
models) to express particular mathemasigkitions to the problem.
The student may apply existing or creagsvmathematics
expressions and use them to interpolate or extrapolate solution
possibilities by composing, processing, or performing mathematic
operationsThe phrase, clause, or sentemtere this moment is
recorded in video time is coded B3.

Leading particularsThe student usforms of mathematics
representatioto formulate mathematiagerationgo interpolate or
extrgoolate solutions to the problem.

Examples: Algebraic expressioasd equations, polynomial
expansions, mathematical operators and formulas, factorial notat
combination formula, permutat
out of mo, etc.

Note. Leading question: What type of semiotic models do the studentsrepeg®ent a
problem situation during the mathematonversation?

31
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3.3.1Protocol for theCoding ofthe Linguistic Structures

The purpose of this protocol is to establish the guidelines for the coding of the video data
and transcripts of the Night SessioP a s ¢ a | 0,Sess$iah ef Mayi 11¥The st udent so

verbal conversation studied following the coding schemeTadble 1.

The coding of the transcriptgasconducted in the following sequence:

1. Coding for A3 (logic): The use of logical connectivegssential for the coding of
A3.

2. Coding for A2 (activity): The use of mathematics verb(s) in the making of meaning
through a mathematics activity is essential for the coding of A2.

3. Coding for Al (entity): The use of noun(s) in the making of meaning girau

mathematics entity is essential for the coding of Al.

The following ground rules apply:

1. Phrases, clauses, and sentences recorded in the trareaguded only when they
transmit mathematical meaning.

2. Right or wrong explanatiorareequally considred as they represent the iterative
nature of building mathematics ideas.

3. A sentence containing a coded phrase or clause demarks a moment of instantiation in
the transcripts and therefore the senteésessigned only one code.

4. Only lexical phrases, aleses, and sentencaeconsidered for coding and not

indexical expressions and pronouns
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. When a student is interrupted, each one of the phrases, clauses, or seatemded

during the discourse ded accordingly.

. When the verho beis usedin ary of its conjugated forms) to indicate the presence

or existence of an entity, its phrase, clause, and seraesceded Al and not A2.

. When the verto haveis used (in any of its conjugated forms) to imply the

possession, giving, or receiving of anigntts phrase, clause, and senteacecoded

Al and not A2.

. The performing of mathematics activities (A2ecodedonly if they aran context

with any form of interaction that takes place among mathematics entities only.

. Explanations of real problesituations in which students (people) are taken as

(mathematics) entitiesrecoded accordingly.

10.When conjunctionsajnd, then, scand others) are used to concatenate procedural

(mathematics) steps without logic content, the sentsrm®ed A2 (activity and not

A3 (logic).

The following conditios are not considered for coding:

. Discussions lacking mathematical meaning and expressions of confirmation,

opposition, verification, or validation without the describing of mathematical entities,

activities, orlogics

. Explanations about how to use technolaogpiculator

. Thetelling of what other students did in the past

The following are special casesasfcens in the coding fothe linguistic structures
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1. When an Aistructured phrase, clause, or sentence ibescan entity in anticipation
to the (immediate) construct of an A2 structure by the student or another student, it is
promoted to A2 for its contribution to the making of mathematical meaning.

2. When an AZstructured phrase, clause, or sentence describastiaity in
anticipation to the (immediate) construct of an A3 structure by the student or another
student, it is promoted to A3 for its contribution to the making of mathematical
meaning.

3. When an Ailstructured phrase, clause, or sentence describegignireanticipation
to the (immediate) construct of an A3 structure by the student, it is promoted to A3
for its contribution to the making of mathematical meaning.

4. When an Alstructured phrase, clause, or sentence describes an entity in anticipation
to the (imminent) construct of an A3 structure by another student, it is promoted to
A2 for its contribution to the making of mathematical meaning.

5. When a clause, phrase, or sentence describes the extension or restriction of an entity

(i.e., its circumstancésit is coded Al.

The following are pecial cases afescert in the coding fothe linguistic structures

1. When a sentence contains a prospect A3
mathematical meaning in context with the conversation, it iotedto A2.

2. When a sentence contains a prospect A2
mathematical meaning in context with the conversation, it is demoted to Al.

3. When a sentence contains a prospect Al

mathematical meaning in context with the conversation, it4sogied (left blank).

st

st

st
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4. Indexical expressions and pronowmecoded accordingly only when they transmit

mathematical meaning in context with the conversation.

The sociecognitive view ofimitation-by-observatiorp | ays a rol e in the
mathematics conversatiorisis evident from the transcripts that every single student, at one
moment or another, repeats what others do or say during the learning aBéloty.are special

cases oflescets in the coding for the repeatsthé linguistic structures.

1. When an AS3structured phrase, clause, or sentence repeats the same mathematical
meaning transmitted (described) by another student in context with the conversation,
the repeat is demoted to A2.

2. When an AZstructured phrase, clause, or sentence repeats the same mathematical
meaning transmitted (described) by another student in context with the conversation,
the repeat is demoted to Al.

3. When an Ailstructured phrase, clause, or sentence regeataine mathematical
meaning transmitted (described) by another student in context with the conversation,

the repeat is coded Al.

3.3.2Protocol for theCoding ofthe Semiotic Models

The purpose of this protocol is to establish the guidelines for thegoflthe video data
and transcripts of the Night SessioRa s cal 6 s | dent i t9yT,h eS esd sis@leem t csfd
of the semiotic models studied following the codmscheme ofable 2.Thepurpose of coding
the transcripgis totrackmoments irthe conversation iwhich the studentsvolve the semiotic

models during the mathematics conversation.

I'da)
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The coding of the transcriptgasconducted in the following seques

1. Coding for B1 yisual imagg The use ofrisualmanipulative(concrete or abstrgcto
represent (modeh mathematicsituation to a prole@imis essential for the coding of
B1.

2. Coding for B (quantitative systes). Theuse of counting and measurement systems
(as models) to quantiffestimate)specific mathematics situations to a probiem
essential for the coding of B2.

3. Coding for B3 (symbolic notations): Thise of formulas, sybols, and notation®
estimate particular mathematics solutions to a problem is essential for the coding of

B3.

The following ground rules apply

1. All models, dfective or ineffective, are equally considered as they represent the
iterative nature of building mathematics ideas.

2. A phrase, clause, or sentence making reference to, or involving the use of, a semiotic
model in context with the mathematics conversatiemarks a moment of
instantiation and therefore it is assigned a code.

3. Indexical phrases and clauses referring to any of the semiotic navdetzled
accordingly.

4. Formulas or notations displayed on the keypad of a calcdetooded only if the
stucknts use them as a reference dummgexplanation. Calculations made with the

calculatorarenot considered for coding.
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5. When a phrase, clause, or sentence makes \({seatiiematicalyvords like addition,
subtraction, multiplication, division, simplificatipnotation, probability, and
combination without involving any type of formulas, symbols, or notations, it is

coded B2.

The sociecultural view ofresponsego-changep | ays an i mportant r ol
learning of mathematics when they alter thefiguration of the problesi Below are pecial

cases ohscen in the coding fothe semiotic models.

1. When a phrase, clause, or sentence describes the construct of a B3 model by
involving a B2 platform, iis coded B3.

2. When a phrase, clause, or sentesescribes the construct of a B3 model by
involving a B1 platform, iis coded B3.

3. When a phrase, clause, or sentence describes the construct of a B2 model by

involving a B1 platform, iiis coded B2.

The following are gecial cases alescert in the codindor the semiotic models

1. When a phrase, clause, or sentesiescribes the deconstructionad83 model by
involving a B2 platformit is coded B2.

2. When a phrase, clause, or sentesescribes the deconstructionaoB3 model by
involving a Bl platform, it is coded B1

3. When a phrase, clause, or sentethescribes the deconstrimt of a B2 model by

involving aB1 platform, it is coded A.
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3.4 Description of the Transcripts of Appendices A and B

The video data and transcriptereused to track the fars of verbal explanations that
lead to thecreation or utilizatiorof the semiotic models, and to track the fowhsathematical
models thatead to the initiation or continuation of constructive mathematics conversalion
answelthe research questis@land Q2th e st u d & conversatioswerednded from
the transcripts and tabulatedtime sequence with thadeoto trackt h e s tusedfthent s 0
threesemiotic models antthe thredinguistic structuresAppendix Acontainsthetable of the
codedtranscriptdhat @rrespondto the use othelinguistic structuresandAppendixB
containghetable of the codettanscriptdhat corresponds the use of the semiotic models.
Eachtable includes the conversation line number, the time each atioer line was recorded,
the name of the student who talked, the statement(s) being coded, and the type of code(s)

assigned to each coded statement.

3.5 Data Analysis

Thetranscriptsvereanalyzedn contextwith the research questiofilowing the codiny
schemes of dblel andTalle 2. The datavereusedto investigatehow thelinguistic structures
and the multsemiotic model$adlitate theexchange and construct of mathematics ideas by the
studentsThe ranscriptsvere coded by hand astbred intabe format as shown iAppendix A
and Appendix BThe table &cilitates the tracking of the episodésat embark the initiation or
continuation of verbal conversations, and the creatiasilaration of mathematical models by

the students conducive to thenstruction of new mathematics ideas.

The codedlatawereanalyze to identify patterns of engagement betwéssthree

semiotic modelandthethreelinguisticstructureas t he studentsdé verbal

c
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progressesThecoded dataclusteed in groysof threeby functional categoriesaredisplayed in
graphsand chart¢Chapter 4}o illustratethe taang and engagement dfie multisemiotic

models and thenguistic structuresn the construct and exchange of mathematics ideas by the
studentghroughoutthe activity The displg of the data facilitatethe identification of emergent

andconsistenpatterrs of behavioramong the codes

The conversational languagasinvestigated tadentify shiftsand patterns of behavior
amongthe thredinguistic structuresThe transcriptsverecoded in a way that for each moment
in the conversatiothata linguistic structure was usdaly a studentf was assigned and
designated as a codetstance. Likewisahedatafor the mathematial modek wereanalyzel to
identify shifts and patterns of behavior amdhg three semiotic modedssur i ng t he st ude
conversationFor each time a semiotic model wasolvedduringthes t u d eonversation, it

was also assigned and designated as a dodithce

3.6 Inter-rater Reliability

The studentsd verbal csage vtherlimgaidtid soucturesarsdl c o d e
the involvement of the semiotic models. The s
coded by two independent coders. The inéter relialiity analysis is prepared to quantify the
level of consistency in the coding of the transcripts by the two coders. The computational method
of Cohenbés Kappa, taking the ratings of the t
mathematical awvity, and mathematical logic) as nominal valueagvides a way of estimating
the degree of agreement among the ratings provided by the two coders. The explicit and

referenti al meanings of the three semiotic mo
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conversations made the coding for these forms of mathematics representation straight forward

and therefore were not considered interrater reliability analysis.

During the coding for the three linguistic structures, two pairs of codes were found to be
very susceptible to inteater disagreement. They are (1) the coding for mathematical logic
versus mathematical activity, and (2) the coding for mathematical activity versus mathematical
entity. All disagreements and the circumstances that caused thageegments were
investigated. I't was found that the utilizatd.i
conversations made the coding for mathematical logic versus mathematical activity susceptible
to discrepant interpretations by the coders. Dsagents on the coding for mathematical
activity versus mathematical entity were mainly attributed to how the verbs were used by the
students when describing salient mathematics situations in context with the problem of the
learning activity task. Thestudede s 6 usage of these two grammati
conjunctions and verbs, were investigated and considered for the development of a protocol for
the coding of mathematical logic, mathematical activity, and mathematical entity. The coding
protocol provies guidelines to pvent misinterpretation of the coded lines and to promote-inter
rater agreement during the coding for the three linguistic structures. Since the coding for
mathematical entity versus mathematical logic were never subject todteedisagreement, the
inter-rating of these two linguistic structures are considered to be exclusive events for purposes

of reliability in this study.

The coding of the transctgpof Appendix Awas executed in various rounds. After each
round the data werevaluated for agreement and disagreement by the coders. For the first rounds
of coding (before establishing the protocol), approximately 3 out of 4 (i.e., 75%) of the lines

coded were in agreement. For the final rounds of coding (after following the djdtecoate of
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agreement became closerto 9able 3pr ovi des data related to mom

conversations that were found to be susceptible toiater disagreement on thatings.

Table 3
Codedliines withhigh likelihood ofdisagreement

E-A disagreement descriptor Transcripts line item locator

Coded lines in which verbs are 54,57, 59, 67, 309, 310, 312, 313,

used to describe the presence,
existence, or possession of
mathematical entities including
nominalization of mathematics
expression$ and not to execute
mathematal activities.

314, 348, 369, 489, 525, 527, 556,
568, 569, 570, 571, 621, 623, 624,
668, 670, 671, 677, 679, 690, 692,
716, 717, 718, 719, 720, 721, 723,
751, 851, 852, 943, 1020, 1195,
1203, 1205, 1210, 1217, 130614

Total number of lines 48
Percent of coded lings5.2%

A-L disagreement descriptor Transcripts line item locator

Coded lines in which conjunction:
are used to concatenate sequenc
of mathematical activities and nof
to connect conditionals and lieg
statements.

36, 90, 162, 196, 206, 259, 455, 4¢
466, 498, 507, 548, 560, 577, 684,
686, 724, 736, 893, 1020, 1054,
1146

Total number of lineg 22
Percent of coded lings2.4%

Note: EA stands for EntityActivity and A-L stands for ActivityLogic.

The total count of lines coded from the transcripts equals 429 for mathematical entity.
For mathematical activity and mathematical logic the total counts are 329 and 174 respectively.
Figure 1 Figure 2andFigure 3show modified figures of interatingdata normally distributed
between Coder 1 and Coder 2 in terms of (a) the number of lines coded for the linguistic

structures, and (b) the probability of expected inéder agreement in percent. These data are
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hypothetically used to calculate the cor@sging intefrater reliability using the equation of

Cohenbés Kappa

o NE N
P @

In this equationr epr esents t he & lhe obéesrediergemageof n d e x ,

agreement ant] & the probability of agreement by chance.

Rating of 75% agreement Rating of 75% agreement
Coder 1 Coder 1
E A L E A L
E | 321 54 375 E| 344 | 58 40.2
T A 54 245 42 | 341 T A| 58 | 263 | 45 | 366
3 3
[ o
@] @]
L 42 174 | 216 L 45 | 18.7 | 232
375 341 216 932 402 36.6 232 100
(a) Count of coded lines (b) Probability matrix for the coding

Figurel. Coding estimates using the rating of 75% agreement before the protocol.

The probability of obtaining observed percentafjagreement based on the data of

Figure lequals the sum of the diagonal values of the probability matrix divided by 100.

o8 @ p§

pTT

Ewrt
The total probability of obtaining chance agreement on mathematical entity, mathematical
activity, and mathematical logic equals the sum of the squares of their respective marginal values

divided by 10,000.
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Using these estimates, Kappa is computed using the equation

o NE NGO FWIdTTw

P N P T W ®YC
Rating of 90% agreement Rating of 90% agreement
Coder 1 Coder 1
E A L E A L
E| 386 21 407 E| 414 2.3 43.7
T A| 21 | 296 | 17 334 | A| 23 | 318 | 1.8 [359
3 =
=] =]
Qo @]
L 17 174 | 191 L 1.8 18.6 | 20.4
407 334 191 932 437 359 204 100
(a) Count of coded lines (b) Probability matrix for the coding

Figure 2 Coding estimates using the rating 688 agreement after the protocol.

Likewise, the probability of obtaining obsexV percentage of agreement based on the
data offFigure 2equals the sum of the diagonal values of the probability matrix divided by 100.

T@ o@ p@

pTT

p Y

The total probability of obtaining chance agreement on mathematical entity, mathematical
adivity, and mathematical logic equals the sum of the squares of their respective marginal values

divided by 10,000.
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T& o@ C8B
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Using these estimates, Kappa turns out to be

o NE nNd 8&pyYsd ¢p

— X Q
p Now P &op
High disagreement likelihood High disagreement likelihood
Coder 1 Coder 1
E A L E A L
E | 381 24 405 E| 409 | 26 43.5
T Al 24 307 11 342 T Al 26 32.9 1.2 | 36.7
= =
=] =]
O @)
L 11 174 | 185 L 12 | 186 | 19.8
405 342 191 932 435 36.7 19.8 100
(a) Count of coded lines (b) Probability matrix for the coding

Figure 3 Codingestimates using thearameters dhigh likelihood of
disagreement

If the disagreement descriptorsTdble 3are assumed to be the only source of irdiéer
discrepancy, then the rdified count of coded lines and the probability matrix for the coding are
estimated to be normally distributed as showRigure 3 After using these parameters, the
value of Qapproximates to .881. Hence, it is estimated that the value 6ftha e n [@pa indkxa
for the coding of the figuistic structures, thus the irt@ter reliability of this study, fluctuates

between .68 and .88.
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CHAPTER 41 RESULTS

Thecodedtranscripts of Appendix A and Appendix 8hows moments in the
conversatiorwhere the stilentsusethelinguistic structures andhvolve the semiotianodels
respectivelyA phrase, clause, or sentermmled for dinguistic structureor a semiotic model
definesa moment of instantiatigror a coded instanc&he coded instance and the recordiede
whenthis instance occun the video comprise setof data.The cumulativecount of coded
instancesnd therecordedime whee the accumulation sums @oemprisesa co-ordinatepoint
of the dataThe coordinateare usedo generate graphs illustrate the trends in the usage of the

linguistic structures and the semiotic models by the students throughout their conv&rsation

4.1 Qumulative Counts of Coded Conversation Instances (Appendix C)

The cumulative counts @bdedconvesation instances imling the linguistic
structuresandthe semiotic modelsireplottedwith respect taherecordedime ofthest udent s 0
conversationn the semilogarithmic graphs of Appendix.dhesemtlogarithmicplots
accentuate thdisplayof curve trendsand behavig whichcan beusedto locatepatterns of
engagemenrdnd intersemiotic shiftamong tke linguistic structures anthethree semiotic
modelsi n t he st ud e Mhess graplesbowkow freguarttthe dinguistic structures

and the semiotic modelseansedy the studentthroughout the learning activity

To investigate how the engagement agithelinguistic structures and tteemiotic
model s plays out in the studentsd mat hematics
ends: (1) ©@mparing thesage ofthé¢ i ngui sti ¢c structures througho
and (2) comparing the involvemiesf thes e mi ot i ¢ model s t hroughout t

conversation. The cumulative counts of doeledconversation instancesviolving these forms
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of verkal expressions and mathematics representations are plotted following the coding schemes

of Tablel and Table.

4.2 Engagementf theLinguistic Structures n t he Studentsd Ver bal

Figures C1through C4in AppendixC, showshe grapk of the data that coespond to
theuse of thdinguistic structures by the studemitisoughouthe conversationThedata ae
grouped intdhethree functionatategoriesThey arg1) themathematical entity, (2he
mathematical activity, and (8emathematal logic. The cumulative coustof coded
conversation instances involving tlrguistic structuresre plotted with respect to the recorded
ti me of the st uasemlogarthmic graph. €iygsmphhgifoonmatadcentuate
the display of arve trends and behavidisat can beised to infer how the three linguistic
structureengage irthe studerg éonversatiorthroughouthes t udent s 6 .Thegmaphe r s at i
alsohelpidentify how oftenthelinguistic structuresire usedy the studentssthe learning
activity progresss Eachcoded instance, anomentof instantiationassignonly onelinguistic
structurecodad underoneof the following categaes Mathematical entyt, mathematical

activity, ormathematical logic At the termination bthe conversationhe totalaccumulation of

coded instanceds 932.

Figure4 illustrates the progression dhe usage athe linguistic structures throughout the
student s 6 Theoprreestags shawn onrthe vertical axis is calculateduntingthe
number of coded instances for each one ofitiguistic $ructures divided by the total count of
coded instances accumulatesiofto that moment in he conversatiarAfter the duration of the
conversation the total couot coded instances distributed as follows: Entity 429; Activity -

329; and Logic 174.
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Figure4. Progressiowf thelinguisticstructures usage throughout the
students' conversation.

As shown in tle graph, hemathematical entity is tHenguistic structurenostfrequently
usedthroughout the conversatidoll owedby the mathematical activitfpuring the first 10
minutes of conversation, thiatathat correspond to the linguistic structiof mathematical
entity and mathematical actiyitare the only oneshownin the graphThelinguistic structure of
mathematical logic emergeafterthe passing 010 minutes of conversation. This laggiiagtor
displaysa form of retardatiom the formation or utilizatiof this linguistic structureoy the
studentsFactors of retardatidike this oneareexhibitedin othergraphs

After theemergencef the mathematical logithe curvethat corresponds to the
linguistic stucture of mathematical entifairly decreases between the time marks of 10 and 30
minutesin thegraph This is a indication thathe students staférming conditional statements

to describeand explairthe mahematicabperationf the problem. During this period of time
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the curves that correspond to thathematical actiwtand the mathematical logic display
sporadic(ex)-changesn rate During ths exchangehe students describde mathematics
operationsaand conditions under which thesperationgake placeandadopt the use of
mathematical activity and mathematical logic as preferring forms of linguiaiictgres in the

conversationThey use less nominphrasesn their mathematics conversation.

Curve behavior ofesseing rateis evident in the time interval 02418 minutedor the
linguistic structureof mathematical activityvhile the curve that coesponds to matheatical
logic ramps upAfter the 30-minutemark, thethreecurvessustain a constentpace, with an
averagausageateof 48%, 32%, and 20%mongthe linguistic structuresf mathematical entity,

mathematical activity, and mathematiaagic respectively.

Figure5 showsthe progressionf thelinguisticstructures usage when the students
involve visualmanipulativein their conversationThe percentage shown on the vertical axis is
calculated by counting the number of coded instancesaicin one of thenguisticstructures
divided by the total count of coded instances accumuésexto that moment in the
conversationAt the terminatiorof theconversation the total couat coded instances

distributed as follows: Entity71; Activity - 69; and Logic 57.
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Figureb. Progression dhelinguisticstructures usage when the students
involve thevisualmanipulativein their conversation

Thecurves of Figures showhow theinvolvement of thevisualmanipulativeinfluences
theprogression in theisageof thelinguistic structuresl ur i n g t lavesdtiandtéhat s 6
beginning of the conversatiotine decline of the curvihat corresponds tihe linguistic structure
of mathematical entitis an indication that the studeméziue the usage ofiominalphrases in
their explainingln exchangethe sudentsstartusinglanguageo descrile mathematial

activities.

After the 15-minutemark the linguistic structure of mathematical logimergesThe
horizontal shift of its curve chacterizes a lagging in the formation or utilizatwfrthis
linguistic structurdy the studentd/Vhile the curve for themathematical logicamps upthe
curves for thenathematical entity anithe mathematicactivity graduallydescendThis curves
behavor reflect aninter-linguistic shiftleading to the formatioand utilization ofogic and

conditionalstatements n t he studentsdé conversation
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It is inferredfrom thegraphsthatmathematical entity and mathematical activity are
preferring forms of hguistic structures when the students invaligeial manipulative Two
reasons might be attributed to this condion theyaredescribedrom two ends(1) When the
students involveisualmanipulativein their mathematics conversation, thmguistic gructures
of mathematical entity and mathematical actiatgsimple waysof describing thenathematical
components of problemsituation andof explaining the mathematics interaction that take place
among those componen(8) When the students use firgguistic structures of mathematical
entity and mathematical activity to communicate their mathematics ideas, the involvement of

visualmanipulativehelps themcontextualize tb mathematics situation of the problem.

It is important to underscore thaetprocesof contextualiation, characterized by
vertical trajectory otlescenthelps the students perceive or conceive new mathematics ideas
to find or create new forms of representateuring a mathematics discourse. Ankdem the
students attempb explain their new mathematics idetéeey involve more sophisticated forms
of representation and us®re effectivdorms of verbal expressionke mathematical logidt
is inferred that in the process lofiilding up mathematics ideas, i.e., conoepkration, the
students create chains of logical thoughts built upon thissal manipulativeexperiencesThis
form of learning is rooted in constructivism in which the studentpresgaousexperiencess a
platform to build udurthermathematicaknowledge. This process of conceptualization is

characterized by a vertictthjectory of ascent.

Figure6 shows he progressioof thelinguisticstructures usage when the students
involve quantitative systems in their conversatibime percentage shown dre vertical axis is
calculated by counting the number of coded instances for each ondiafjthstic structures

divided by the total count of coded instances accumuésexto that moment in the



| NFLUENCE OF OCGONDERSATI ONS 51

conversationAt the terminatiorof the conversatiorhe total coundf coded instancas

distributed as followsEntity - 210; Activity - 171; and Logic 87.
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Figure6. Progressiomf thelinguistic gructures usage when the students
involve the quantitative systems their conversation.

The curves oFigure6 show how the involvement of the quantitative systems inflience
the usage of the linguistic structures dutinp e st ud e nt s 6beltavior of thees at i on .
curves is similar to theehavior of the curves of Figuke Thecurves of thenathemadtal entity
andthe mathematical etivity display sporadi¢ex)-changesn rate During the exchangd is
inferred thathe studentfvestigate thenathematic®perationsandthe conditions under which
theseoperationgake placeTheyusethe linguistt structure®f mathematicaéntity and

mathematicaactivity whenexchangingheir mathematics ideas.

After the first 12minutes of conversationthe linguistic structure of mathematical logic
surfaces up i n t hAgams histiche giftdsplaysa factor ef retardatian o n .

the formation or utilizatiomf mathematical logicThis factor of retardatiois also evident when
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the studentsnvolve visualmanipulative The profiles of the three curves (Entity, Activity, and
Logic) of Figure6 are similar to those shown in FiguseA differencebetween the is the
proximity between Entity and Activity)Vhen the studeniavolve thevisualmanipulativein

their conversation, these two linguistic structuresugezl at a same rate after thendisute

mark in the graphThis is not the case when the students invtleguantitative systems in their

conversation.

When the students confront a mathematics problemuseyhe linguistic structure of
mathematical entity in alignment withe visualmanipulativeto definethe mathematics
configuration ofthe problemThey use the linguistic structure of mathematical activity in
alignment withthe quantitative sygms to estimatsolutionpossibilitiesto the problem. In this
respect, it is inferred th#he interactioror engagemeriietween these two forms @emiotic
modelsand these two forms of limgstic structuregsomprisesan iterativeprocessexecuted

dui ng the studentsd verbal conversations.

It is seenfrom the graphs that the mathematical tyrdnd the mathematical activiaye
predominant forms of linguistic structures when the students involwasiha manipulativeand
the quantitative systems in their verbahversatioa It is inferred that when the mathematical
entity and the mathemadl activity are constantly used by the students, the involvement of the
guantitative systems fuels the formation and utilization of ch&fifegical thaughts built upon

their previousmanipulativeexperiences

Figure7 shows he progressioof thelinguistic structures usage when the students
involve thesymbolic notations in their conversatidrhe percentage shown on the vertical axis

is calculated by counting the number of coded instances for each ondinft&ic gructures



| NFLUENCE OF OCGONDERSATI ONS

53

divided by the totatount of coded instances accumulatsdfto that moment in #n

conversationAt the terminatiorof the conversation the total count is distributed as follows:

Entity - 148; Activity - 89; and Logic 30.
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Figure?. Progression dhelinguisticstructures usage when the students
involve the symbolic notations in their conversation.

The graph showsow the involvement of the symbolic notatidimeup with theusage of

thet hree | inguistic

struct ur eAthougmbhetgdpeshews udent s 6

drastic changes in thdistribution of coded instances among the three linguistic structures

(Entity, Activity, and Logic) the usagef the mathematical entity is alwayd a higherate

while the mathematical logic is alwagka lower rat¢hroughout theconversatiorwhen the

students involve the symbolic notatiofi$ie presence dhelagging factor in the formation or

utilizationof logice x pr essi ons

dur i

ng

atibnsis adsvohsdreabléd s ©

The students use the lingucsstructures of mathematical entity and mathematical

activity to contextualize the mathematics situations of the proémentheyinvolve thevisual

ver be



| NFLUENCE OF OCGONDERSATI ONS 54

manipulativeand the quantitativeystemsthe language they use becorad and thickwith
narration In a sensethey use language tmntextualizeéhe mathematics situationsvolving
thesetwo semiotic modelsTheirlanguage turnsarrativedescribing the mathematicattivities

that take placduringtheirdialectical dscourse

Sincethe symbolic notabns hae the capacity to pack and unpack information in
economic and unambiguous wais studentBuse of language turns less deridee symbolic
notations are functional semiotic models that facilitate the transmission of denotative meanings
in a veryeffective and compact walit.is inferred then,thatthe involvement othe symbolic
notationgpromotes a multimodaxpansion of meaningy embedding metaphorical expressions
of mathematics language (like algebrah t h e st u dversatiodssvh less delscaiptivec o n

narratives. This is reflected in the Logic plot of the graqith lesscounts of coded instances.

4.3 Engagementf the Semiotic Modelsn t he Studentsd Ver bal

Figures C5 through C8n Appendix C, illustrates the gvh ofthe data that correspond to
the use of the semiotic moddlg the students during tinenathematics conversationghe data
aregroupednto three functionatategories. They afd) visualmanipulative (2) quantitative
systems, and (3ymbolic notatios. Each datum plotted in the graph definea@mert in the
conversatiorwhere a semiotic model interacts witine and only onknguistic structurexs
coded in the transcript$he cumulative counts @bdedconversation instances involving the
semiotic malelsare plotted with respect to the recorded time ofthe u d eonversationn a
semtlogarithmic graph. Thigraphingformat accentuates the displayooirve trends and
behaviorghat can beised to infer howhe threesemiotic modelgngage inthetsu dent s 6

conversation throughout the learning activitize graphsalso helpdentify how often the
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semiotic modelsire usedy the students as the learning activity progre€sach coded
instance, or moment of instantiation, assigns onlysemeiotic moél coded under one of the
following categoriesVisual manipulative quantitative system®rsymbolic notations At the

termination of the conversation, the total accumulation of coded instances is 932.

Figure8illustrates he progressionf theinvolvement ofthe semiotic modelshroughout
t he st udent $hé pecentageeshownsoh theovartical axis is calculatexbunting
the number of coded instances for each one adeh@otic modelslivided by the total count of
coded instances accumuddas of to that moment imé conversatiarfter the duration of the
conversation the total couot coded instancds distributed as followsVisual - 197;

Quantitative- 468; and Symbolit 267.
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Figure8. Progression of theemiotic moded involvemat throughout the
students' conversation.

As shown in the graph, tleemiotic modemost frequently used throughout the

conversations the quantitative systemiduring the first 4 minutes of conversatidhe curves
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that correspond to treymbolic notabn andthe quantitative systenisketurns in the
conversation. Thisurve behavior describasulti-semiotic shifs between these two semiotic
modelss n t he st ud e Aftersddninates of comversatidthe students start
involving thevisualmanipulative This delaypresents form of retardatiom the involvement
of this semiotic model by the student$ie curve that correspond to the quantitative systems
and the symbolic notations exhibit a decreadéeir rateof involvement inthe convesation.It

is inferred that during this period of time the studemislve thevisualmanipulativeto define

the configuration of the problem.

For the time interval of 235 minutes, the curves that correspond tostbeal
manipulativeand the quantitate system&xchangeurnsduring the conversationvhile the
curve that correspond the symbolic notatiosisustain a gradual decrease in ratieer that,
during thetime interval of 35-60 minutes the intersemiotic shiffrom visual tosymbolic
repreentationis evident And at the end of the conversatitime symbolic notatiocbecome

more attractivehan thevisualmanipulative

Figure9 showsthe progressionf the semiotic models involvememthen the students
usethe mathematical entitin their @nversationThe percentage shown on the vertical axis is
calculated by counting the number of coded instances for each onesefritatic models
divided by the total count of coded instances accumuéstexd to that moment in the
conversation. At the tenination of theconversation the total couot coded instances

distributed as followsVisual - 71; Quanitative - 210; and Symbolit 148
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Figure9. Progression of theemioticmodels involvement when the students
usethe mathematical mtity in thar conversation.

Thecurves in thegraphcan be usetb infer how the involvement of theemiotic modks
influences the progression in the usage of the mathematical entityw the mathematical
entity lineups with the three semiotic models dutimgconversationThe studentsstarts off the
conversationnvolving the guantitative systems artkde symbolic notationsas primary forms of
representatiorto describeanddefine the problem of the taskhese two semiotic models take

turns during the inititon of the conversation.

After the4-minute markthe curve that aoesponds to theisualmanipulativeramps up
for a short period of timélhis is an indication thahe studentshift to the utilization o¥isual
manipulativeto modelthe configuratio of the problem situatiohey are descending, as part of
a process of contextualization, to the core configuration of the problem to identify its
mat hemat i cal component s. I n this respect,

entity) lines @ with the involvement of the semiotic modeMgual manipulativein ther

t

h e
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conversation. Thaavolvement otthevisualmanipulatives relatively sustained at an average
rate of 25%n the time interval of 1488 minutesand it drops to 20% with one lastded

instance at thesminute mark of thgraph

At the beginning of the conversatiohcan benferred hatduringtheinter-semiotic
exchangdetweerthe quantitative systems and the symbolic notatitms students
communicatenathematics ideas esgssed in the form of mathematical aasin an attempt to
define the mathematical components of the problem. During the exchiaagédentgvolve
thevisualmanipulativeto illustrate their ideam a simple formThis shift demarks a process of
descent or analysis describing the mathematics situation of the problera., a process of

contextualization

During the duration of the conversation, the involvement ratieesfymbolic notations
slowly surpasses the involvement rate of\tiseialmaripulative by the students their
mathematicgonversationDuring the last 20 minutes tieconversation, the use of quantitative
systems and symbolic notatioaepredominantorms of representatiowhen the linguistic
structure of mathematical entityused Theinvolvement ofvisualmanipulativeis no longera
prefering form of mathematics representation whenghe u d eerbdl coldversation
emphasizes mathematical entities| t can be i nferred that since
conveys denotate meaningstheyno longer require the aofvisualmanipulativeto support
their explanationsThelinguistic structure ofmathematical enttis now used by the students to
exchange the new mathematics ideas they built at the beginning of the Ieatiuitg through

visualexperiences
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Figure10shows he progressionf thesemiotic models involvememthen the students

usemathematicahctivity in their conversatiorilhe percentage shown on the vertical axis is

calculated by counting the number ofled instances for each one of Hgniotic models
divided by the total count of coded instances accumusexd to that moment in the

conversation. At the termination of thenversation the total couof coded instancas

distributed as followsVisud - 69; Quantiitative 171; and Symbolie 89.
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Figurel0. Progression of theemiotic moded involvement when the students

usethemathematical activityn their conversation.

Thecurves in thegraphcan be used to describhew the involvement of theemiotic
modads influences the progression in the usage of the mathemetioatyd ur i n g
conversationand to illustratéow themathematicahctivity lineups with the three semiotic

models during the progression of the conversalibe.students starts othe mathematics

t

h e

conversatiorusing the lingistic structure of mathematicattivity to explainthe problem of the

taskwhile involving quantitative systems and symbolic notations as primary forms of

stud
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representationfhese two semiotic natels take turns during the initiation of the conversation.

This is a similar situation as fdne mathematical entity, Figure 9

As shown in the graph, the curves for the three semiotic mtade&girns The
involvement otthevisualmanipulativeramps ugoetween the time marks of 4 and 7 minutes of
conversation. The curves for the symbolic notations and the quantitative sgstewitscross
each otherfor the first 10 minutes of conversatjdime involvementrate for thesymbolic
notationsdrops abruptlyrom 100% to 10%, the quantitative systdropsfrom 80% t032%,
andthevisualmanipulativerisefrom 5% to 60%. Thighange in rademarks an intesemiotic

shift from quantitativesymbolic tovisualmanipulative

During the following 25 minutes aft¢he 10minute mark of conversatiothegraph
illustrates how the semiotic modelswe$ualmanipulativeand quantitative systems line up with
the linguistic structure ahathematical activityDuring this period of time these two semiotic
models take tuns in the conversation. And the last two coded instances for the involvement of
thevisualmanipulativetakes place at the 3hinute and the 5tinute mark. During this same

period of time, the involvement rate for the symbolic notations starts to $ecrea

It is inferredthat curing this period of time, theate increaséor the symbolic notations
demarkghe initiation ofa process of verticascen{or conceptualizationj the learning of
mathematics during thmonversationThis preferring form ofrepresenting mathematics ideas,
i.e., by means of symbolic notatioggssstrongewh en t he studentsd verbal
emphasize mathematical activities.eliehavior of its curveeflects a semiotic shifb which
the use othesymbolic notations becoes a preferring optioover the use of theisual

manipulativein the constructqr synthesis) of mathemasicdeaswhen the students converse
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verbally in terms of mathematical activiti@&is study describes thigpe of shiftas one of
vertical growth(ascent) in the learning of mathematics, one in wthelvisualmanipulativeand
guantitative systems stimulate the creatod utilizationof symbols, notations, and equations

thesolving of mathematics problems.

Figurell showsthe progressionf the semiotic models involvememthen the students
usemathematicalogic in their conversatiorilhe percentage shown on the vertical axis is
calculated by counting the number of coded instances for each onesefritatic models
divided by the total courdf coded instances accumulagelof to that moment in the
conversation. At the termination of thenversation the total couot coded instances

distributed as followsVisual - 57; Quantitative 87; and Symbolie 30.
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Figurell Progression of theemiotic moded involvement when the students
usethemathematical login their conversation.

Contrary to the other two forms of linguistic structyies., the mathematical entity and

the mathematical activitghe mathematical logic does engagehe tonversation late. Thine
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delay is illustrated ithe graphsvith ahorizontal shift ofl2 minutesThetime delayrepresents
a lagging in the formation or utilization of the linguistic structure of mathematical logsc.
inferred thatis form d cognitive engagement is time dependent and ainsesponséo the

quality of theinitiation of themathematics conversation

After the 15minute time mark, the mathematical logmmes upnvolving, mainly,the
visualmanipulativeandthe quantitatve systems as preferring forrmssemiotic modehg, while
the symbolic notations are the lepstferringones. At the end of the conversation, the use of
symbolic notations ramps up sharply in the time intervals €§5and 56569 minutes of the
convers#éon. During these intervals, thevolvement rate fothesymbolic notationgncreases
when the students use mathematical logic. This inceE®arks a moment of growth
characterized by @ertical movement of its curve. This is an indication that theotisgmbolic
notations becomes a preferring optaver thevisualmanipulativefor modeling in the construct
(or synthesis) of mathematics ideas whenghe u d eerbdl soldversation emphasizes
mathematical logic. This form of engagement (or disengag@nsesimilar to the one exhibited
in Figure10. The alignment of this semiotic model with the linguistic structures of mathematical
activities and mathematickdgic facilitates the development of most sophisticated and
expeditios forms of packing and yracking mathematics ideas imyolving mathematical

symbols, notations, and equations with denotative meanings.

The data presented in Section 4.2 and SectioaréiBsed to draw the following
noteworthy findings. When two semiotic models are consistesty to represent a particular
mathematics situation for an extended period of time, the verbal conversation turns out to be one
that promotes the exchange of mathematics ideas by endaghgemiotic models in a

dialectical discourse while the other rams in remission. It can be inferred that this form of



| NFLUENCE OF OCGONDERSATI ONS 63

engagement describes arbodal intersemiotic shift that might take place when the students
challenge each other during the exchange. This-g&eriotic shift is reflected in the graph as an
exchang betweertheincrease anthedecrease in the rates of the (two) corresponding curves. In
contrast, when the use of one semiotic model ramps up significantly more than the use of the
other two semiotic models, it can be inferred (from the graph) thagame model might be in

use by the students to deconstruct (analyze) or construct (synthesize) mathematics ideas, to
confirm or create denotative meanings during their verbal conversation. Under this circumstance,
the linguistic structures play an importaale in thes t u d expldingn@ of méhematics ideas

during thishierarchical trajectory.

In general, the data show that when the studsatswvorking on aproblem of the
learning activity task, they often involve tisualmanipulativeand the quaitative systems to
represent the mathematics situations of the probRatierns of engagement involving these
semiotic models promethe utilization of the linguistic structure$ mathematical entity and
mathematical activityn t he st ud eersaterisin singilar bespectwben the
guantitative systems and the symbolic notatemesengaged in the mathematics conversations
they propitiate théormation of the linguistic structures of mathematical logic conducive to the

construct of mathematt knowledge expressed in terms of symbols, notations, and equations.

44 Patterns oBehaviorand Shiftd ur i ng t he Sonvealsationt sd& Ver b:

This study considers two forms of interactiotnh at t ake pl aceerbdlur i ng t
conversatioras heywork onthe learning activitgyask One is when thetudentsnteract with
the learning environment tiie taskthrough adialectical discourseand the other one is when

the studentsnteract sociallyduring adialogical discourselhe coded transipts (Appendix A
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and Appendix B)dentify those moments the learning activityvhenthe students explairand

exchangeheir mathematics ideaas they converse verbally.

The coded dattor thelinguistic structures and the semiotic modaisused to creatbar
chartsto help dentify patterns obehavior ananulti-modalshiftsin the use of these forms of
mathematics expressioand representationh r oughout t he sThendnbert s6 c o0
of coded instancesreconglomerated independenthito four 15-minutetime intervas (or
guartiles)of the (approximate) 6fintute conversatiohe totalcountof coded instances for
each one of thmtervalsis used to create the bar chartd~gjures12throughl19. The charts
illustratethe usage distributioamongthe thredinguistic structures and the three semiotic
models throughout the entire conversatibime percentage shown on the vertical atisach
chartis calculated by counting thetal number of coded instances for each one of the linguistic
structures or the semiotic modelsljvided by the total count of coded instanceaglomerated
into the corresponding time interval of the recorded conversaftmchartresultsareexplained

in subsequertables
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Figure 12 Distribution shift n the usagef thelinguistic structuresluring
the studentsd conversation.

Table4d

Inferences from thbarchartof the linguistic structures

Code

Description and inferencéh

Al

A2

A3

The usagef the mathematical entity is higgh the first quartileof the
conversation with aateof 67%, and it reduces to 30% in the second quari
The third quartile reflects rmte 0f55% and the final quartile reflectgate of
55%in the usage of the mathematical entity

Theprogressionn the usage fahe mahematical activityshows a reverse
trajectory to the one exhibited by the mathematical activity.uBage ratef
the mathematical activitin the first quartileof the conversatiors 28%;
followed by37% 31% and 42% for the laghreecorrespondingjuartiles.
Theprogression in the usagéthe mathematical logishowsa parallel
trajectory to the one exhibited by the mathematical activity.uUBageate of
the mathematical logic is low at the beginning of the conversation with a
value of 4%, ad it increases to 33%ollowed by a 14%and 18%or the last
two quartilegespectively

It is inferred that an inteinguistic shift takes place between Entity and
Activity, and between Activity antogic, within those corresponding time
intervalsoft he st udent s 6 ,thagproimaethe formation efr
Logic statements by the students conducive to the mmstf mathematical
knowledge. This characterizes a process of conceptualization

65



NFLU

ENCE OF 6GONDERZTATI ONS
100%
80%
60% ]
© sl
o
£ 40% -
[¢]
o
)
o
20% -
0%
(0-15] (15-30] (30-45] (4561]
Recorded time of conversation (minute
OEntity &Activity ELogic

Figure B. Distribution shift in the usgeof the linguistic structures when

the students involvehevisualmanipulativein their conversation.

Table 5
Inferences from the bar chatftthe linguistic structures when the students invdiee
visualmanipulative

Code

Description and inferencéh

Al

A2

A3

Theusageateof the mathematical entity decreases drastically fadirst
guartilevalue of52% toa second quartilgalue 0f22%. A similar trend is
reflected for the third quartilghe highestand the last quartile with values
61% and 19% reggtively.

The usage of the mathematical activity decreases gradually from théofirs
the second, and to thiguartiles withratevalues o#42% 36%, and 20%
respectively. Tie last quartile valuis 25%.

Thedistributionin the usage of the athematical logic shows a revetsend
to the one exhibited by the mathematical entity. U$egerateof the
mathematical logic for the first quartile of the conversation isf%owed

by 42%, 20%and56% for the last threeorrespondingjuartiles.

It is observed that an intdéinguistic shift takes place between Entity and
Logic within those corresponding
conversation. This may i mply tha
from narrative to deductive vein their verbal conversation involves the
visualmanipulative This characterizes a process of conceptualization
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Figure 14 Distribution shift in the use of the linguistic structures when the
students involvéhe quantitative systems in their conveisat

Table6

67

Inferences from the bar chart of the linguistic structures when the students involve the
guantitative systems.

Code

Description and inferencéh

Al

A2

A3

Theusageate of the mathematl entity decreasdeom afirst quartilevalue
of 52%to asecond quartilealue of22%. A similar trend is reflected for the
third quartile and the last quartile with values @2¥%%and1%% respectively.
Theusageateof the mathematical activityustans an averagealue of 31%
for the firstthree quaites. For the last quartile, its rate increases to 51%.
Thedistributionin the usage of the matheritat logic shows a reverse tren:
to the one exhibited by the mathematical entity. The rate of usage of the
mathematical logic in the first quartile thfe conversation is 5%; followed b
41%, 20%, and 56% for the last three corresponding quartiles.

It is inferred that a major intdinguistic shift takes place between Entity ar
Logic during the students6 conbve
use of language transitions from narrative to deductive when their verba
conversation involves the quantitative systems.
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Figure 15 Distribution shift in the use of the linguistic structures when the
students involvéhe symbolic notations in theiconversation.

Table7
Inferences from the bar chart of the linguistic structures when the students involve the
symbolic notations.

Code Description and inferencéh

Al Theusageate of the mathematical entity decreases drastically &brst
guatile value of87%,to asecond quartilealue of47%. A similar trend is
reflected for the third quartile and the last quartile with values of 65% an
25% respectively.

A2 Thedistributionin the usage of the mathetital activity shows a reverse
trendto the one exhibited by the mathematical entity. The rate of usage «
mathematical activity in the first quartile of the conversation is 9%; follov
by 50%, 65%, and 25% for the last three corresponding quartiles.

A3 Theusageate of the mathemattlogic sustains an averaged low value of
4% for the first three quartiles, and it drastically increases to 34% in the
guartile.

I It is inferred that a major intdinguistic shift takes place between Entity ar
Logic during t hieonrs.t uTdheinst snda yc oinmpel
use of language transitions from narrative to deductive when their verba
conversation involves theymbolic notations.
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Figure 16 Distribution shift in the involvement of treemiotic moded
during t honversdtiondent sd ¢

Table8

Inferences from the bar chart of the semiotic models.

Code

Description and inferencéh

Bl

B2

B3

The involvementate forthe visualmanipulativels higher in the first two
guartiles than in the last two quartiles, with averaged odt85% and 8%
respectively.

Theinvolvement rate for the quantitative systems gradually increases frc
the first to the second and to the third quastilEheir corresponding rate
values are 42%, 50%, 61%. The involvement rate decreases from the th
the fourth quartile value of 46%.

Theinvolvement rate for the symbolic notations decreases in the first twi
guartiles, from 25% to 14%, and increases in the last two quartiles, from
to 48%.

A reverse tren@f behaviorbetween visuatjuanttative andsymbolicis
shownduring the last two quartiles. It is inferred that the students involve
symbolic notations to unpack prior knowledge during the initiation of the
conversation, and to pack new knowledge during the termination of the
convesation.This depictsa vertical trajectory of descefanalysis)ollowed

a vertical trajectory of asce(dynthesis)nthest udent sé con
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Figure 17 Distribution shift in the involvement of tteemioticmodels
when the students uffee mathematicalentity in their conversation.

Table9
Inferences from the bar chart of the semiotic models when the studeths use
mathematical entity.

Code Description and inferencéh

B1 The involvement rate for thésualmanipulativeincreases a bit&ém 25% to
27% during the first two quartiles, and gradually decreases front@1%%
during the last two quartiles.

B2 Theinvolvement rate fothe quantitative systems is the highest one in all
guartiles. It gadually increases from a firguartile value of 42% to a
secondquartile value of 5%, and decreases from a thigdartile value of
51% to a fourtkguartile value of 49%

B3 Theinvolvement ofthe symbolic notationshows a decrease in its rate fron
33% to 20% during the first two quartilaad an increase from 28% to 35%
during the last two quartiles. This shows a reverse shift to the one exhib
by the visuabnd thequantitativemodels

I It is inferred that a minor intesemiotic shift takes place betwedsual
guantitativeand symblic when the students use mathematical euitifyng
thar conversationThis depicts a vertical trajectory of descent follovegdh
vertical trajectory of ascemt he st udentsd conver
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Figure 18 Distribution shift in the involvement of treemiotic models
when the students uiee mathematical activityn their conversation.

Table10
Inferences from the bar chart of the semiotic models when the students use the
mathematicahctivity.

Code

Description and inferencéh

Bl

B2

B3

The involvementate for thevisualmanipulativedecreases from6% to 37%
during the first twaquartilesand from7% to 4% during the last two quartiles
This shows a significant reduction in the involvementis@ial manipulative
during the progroowedatmm of t he st
The involvement rate for the quantitative systeakes the values of 44%
and 46% for the first two quartiles, and 61and 55% for the last two quart
Theinvolvement rate fothe quantitative systems increabgsan average of
10% whe the students use the mathematical activity.

The involvement rate for the symbolic notations gradually increases fron
to, 17%, to 32%, and to 41% for the first, second, third, and fourth quarti
when the students use the mathematical activitigair conversations he
progression in theavolvement of the symbolic notations shoaveeverse
trajectory to the one exhibited by thisual manipulative

It is inferred that ainter-semiotic shift takes place betwethe visual
manipulativeand tie symbolicnotationswhen the students use mathematic
activity in their conversatiomn This depicts aertical trajectory of descent
followed a vertical trajectory of ascentt he st udentsdé c
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Figure 19 Distribution shift in the involveent of thesemioticmodels
when the students ufee mathematical logiin their conversation.

Table11
Inferences from the bar chart of the semiotic models when the students use the
mathematicalogic.

Code

Description and inferencéh

Bl

B2

B3

The involvement rate forhte visualmanipulativedecreases from 42%
(averageébetween the values of the first and second qugirtibel 6%
(average between tvalues of thehird andfourth quartiles).

The involvement rate for the quantitative systems incrdas@s37%, to
52%, and to 78% for the first, second, and third quartiles respectively. T
almostlinear trajectory comes to an end when its rate reaches the value
27% in the last quartile.

The involvemenbf the symbolic notationis relatively hgh at the beginning
of the conversation with rate of 25%, and (higher) at the end of the
conversation with a rate of 53%. Its rate is very low (1% and 6%) in the
second and third quartiles.

It is inferred that the students involtree symbolic notatios using
mathematicalogic to analyze theonfiguration of theoroblemat the
beginning of th conversation, and teynthesizen symbolic forms their
solutionsexpressed in terms addic and conditional statements at the end
their conversation.
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4.5 Examples of Mathematics Conversation Episodes from the Transcripts

This sectiorpresens specific exanplesfrom the recorded conversatitranscriptsof
how thestudents use thenguistic structures and the semiotic modstherto descrite the
mathemats situationof a problenor to explain the mathematics ideas they créatsol\e the
problemas they work on the learning activity taSkerecordecepisodes show how the
linguistic structures and the semiotic modetp the studentget engaged itheir mathematics
conversationsTable12 summarizes the legend of codes used in the transcradttes 13
through 15 include three compendia of particular examples from the coded transcripts
accompanied with commentgped initalicized fontson the lingiistic stru¢ures and the

semiotic models the studentsewhile working on the taskuring their verbal conversatisen

Table 2
Legend of codes
Code Legend
Al Mathematical entity
A2 Mathematical activity
A3 B\ Mathematical logic
B1 [ [P* vVisualmanipulative
B2 [ P2 Quantitative systems
B3 [ [P* Symbolic notations

The episodes of TablE3, line items 689705 showt he st udents Reonver si
choose thingo of the combinatorics cponasbl em i n
t he P as c adndtlse3-tdppingpinzegptodemsituation. Resarcher R1 (Carolyn) stara

dialog with Michael asking him to elaborate on the additidefr or Pascalnds Tri ang
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responsgthe studentsise primarily, the linguistic structuref mathematical entityo describe

the situation of the problenfheyinvolvePas cal 6s Tri angl e &tsppimgount i n
pizzaproblemasa visualmanipulativewhen explaining the addition rule. These episodes

illustrate amomentaryinter-semiotic shiftdescentin theinvolvementof semiotic moded from
aquantitative systenrP(a s ¢c a | 0 s aVlisunl@manigulatv@(the3-toppingpizza). In

contrast, the use of the linguistic structures by the students exhibits a gradulihguiestic shift

of ascenfrom mathematical entity to mathematical activity culnimgin the formation of

mathematical logic statements as shown at the end of thisripssxcerpt.

Table B
Compendium of transcripts excespi89-734.Commentsare includedn italicized fontfor
purposes oénalysis irthis study

Line  Time Talker Transcripts
689

00:30:59 R1: And now you're telling migou canwrite themasthe
choosewayP® you've called thafSocanyoutake,let'ssay
lanotherow or two andshowmethe additionrule and
whatit lookslike with your newnotation?

This episode illustrates a momentekcentn the use othe semiotic
models an intersemiotic sHt from symbolic notation to quantitative
system.

690 00:31:17 Michael: Y o u éalkieg abouttheadditionruld® when you

691 00:31:18 R1: For a particularfor aparticularrow/??

692 00:31:20 Michael: |Add this andthis andgo like that??

693 00:3121 RI: Sure, otthreeandthree six P> Show mewhatthatlooks
like with thatnewnotation?? Do you understand my
guestion?

694 00:31:29 Michael: Uh, | don't really.

695 00:31:29 Romina: |don't understand.
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696

697

698

699

700
701

702
703

704

705
706
707
708

709

710

00:31:29

00:31:31

00:31:45

00:31:46

00:31:47

00:31:48

00:31:53

00:31:55

00:32:00

00:32:13
00:32:15
00:32:18
00:32:20

00:32:20

00:32:21

Ankur:  [Insteadof writing threeyou writeF?

R1: \Write your nextrow, Michael®?> Now some time ago you,
you had a reason. You explained to-me

These episodes (68®7) showpersistency in the use of the linguisti
structure of mathematical entity and theolwementoP a s c al @
Triangle as a semiotic modejuantitative system.

Michael: Why you add?
R1: hy you add®?

Michael: Yeah.

R1: You remember that? You, might, might be useful for fol
who haven't heard tb hear it whatever way you want to
explain it.

Michael: 1don't think | can explain it too good. Um.

R1: Um, you know, however you want to explain it. You've
had it a few ways.
Michael: Um, | can't, | can't remeneb too well]l knowwhy you

[ladd|? if | explain it, | don't think anyone will understand

These episodd$98704) illustratehowP as cal 6s Tr i a
platform to describe the problem situatidme use of the linguistic
structure of mathemmial entityby Researcher R1 (Carolyn) is
neutral and invites the student(s) to conducther analysionthe
problemsituation

R1: Try.

Michael: 1didn't. Didn't | tell you guys like last time | came here?
Jeff. Well, go for it, dude, just

Romina: You could try.

Michael: You don't have that paper, do you? You can just hand
them, hand that out.

Romina: |You startedtalking abouttoppingg®* | think something
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711
712

713

714

715

716

717

718

719

720

721

722

00:32:24
00:32:25

00:32:27

00:32:37

00:32:38

00:32:41

00:32:42

00:32:51

00:32:51

00:33:01

00:33:12

00:33:14

Themenobn of the word At op pdestgdno
the use ofhe semiotic modelgan intersemiotic shift from
guantitativesystems t@isualmanipulative

Michael: Hand that out instead.
Jeff: Just
Michael: Um, all right. If, all right, let's go to, let's go to this one.

This would belike threedifferentplacesl guess® And
um-

Jeff: Which onearewe looking at#*

Michael: [Thatoneright thereP!|[You havethreel?*

The involvement of the pizzappingsmodel yisualmanipulative
hel ps the students identify t
Triangle.

Jeff: Thatwould bea plusb to thethird B3

This episode illustrates a momaritascent an iner-semiotic shift
with theuse of thesymbolic notations of (a+Bpy Jeff. The student
relates this binomial expansi

Michael: All right, let's say you have like, here's a number, all rig

Zeromeansno toppings®? One would, thispnewould be-

B2

Romina: it wouldbe,o n eadopping?

Michael: |Onewould beatoppingP?Sofirst categoryis everything

with notoppingg® And that's, you can't make, thaftisat's
your numberfor thatonel??

Michael: Next would be[There'sall the,the onesthathaveone

topping®*

Jeff: Right, lyou gotto makethatzeroattheendf? You messed
up.
Michael: What?
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723 00:33:14 Jeff: lLastoneshauld beahundred nota hundredandonel??

724 00:33:15

725

726

127

728

729

730

731

732

00:33:25

00:33:34

00:33:36

00:33:37

00:33:38

00:33:39

00:33:47

00:33:52

These episodd317-723)show a backand-forth shifting in the

s t u d ese df theédsemiotic models between the manipulative obj
(represented by thet®pping pizza problem) and the quantitative
system(regsent ed by Pasc al-andfortishiftia
the use ofthe semiotic models a reflectionof theiterative natureof
the mathematicsodving by the students.

Michael: | knew that{There'syour, um, your threechooseonel*
And there'sthreedifferentcombinationsyou could put
that>> Um, | can go on forever doing this.

This episode shows how Michael starts making connection betwe
t he A c ho oe,¢he notatiomfgr@ompimations), thedpping
pizza problem (i.ethevisualmanipulativg, andPas c al 0 s
(i.e., the quantitative system). The use of the linguistic structure is
precise in the form of mathematical activity describing the interact
(the happenings) among the asa
t hingo .JdipséfereedthaPrascal 6s Tri ang
system) s Mi chael 6s preferring fo
moment of the conversation.

Michael: But, um, {iiichyouaveanewWhenyoUaddanote"
B2

Jeff.  [Thatcouldbeoneor the other,oneor theother,oneor the
othef*

Michael:

Michael: it couldbeazeroor aone,azeroor aone,azeroor a

Jeff: Yeah. All right.

Michael:

Michael:

Michacl:  Sothree threewill getatopping.andgoto this one
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733 00:33:56 Michael: |[ARCHRICENONNGILSIaY >

734 00:33:58 Michael: [SidOBVIOUSINISONINGOISGIO0CtAOPPING TN t
ihy you adihis ane

These episasb 725734) show Michael explainingo w t h e
thingo oper at iadtionobanaherttopping id thed:
topping pizza situation (i.e., thesualmanipulativg, and how this
alteration i s ref le.ctheguantiiate P a
system)Michaelelaboratesmathematical logic statements in his
explanationHis use of language is characterized by the presence
conjunctions conducive to the formation of conditional statements
propositions These episodes demonstrate hosvittvolvement of the
two semiotic models plays out in tbenstructof the mathematics
ideasin the formof mathematical logic.

The previous episodes illustrate hdve tstudentglaborate otheidentity relations
ba ween t he ficlhasca e i f.¢. e quanetative systengnd thepizza
problem(i.e., thevisualmanipulative for the specific instances dfe third andourth row in the
Triangle andhe 3- and 4topping pizzasThe following episodes illustrate howe students
afterbeinppsked to write the Triangle usNong the Ach
establisithe general addition ruldesr P a s ¢ a | 0 snvolvingitha gyrgblolie notatiorfor
A ¢ h o o. 3effstagsdheconverationwriting on the board h e ofsceh am ot ati ondo i n t

ANO, A 0 &X0 asahoveh below

Jeffcontinues onexplaining the general addition rule expanding the Triamglerms offi NL p
i XL 0,-2 & X The tonversatiotakesamomentaryturn whenthe studentstartexplainng
to Brian, who came in late toijothe groupthe meaningothead di t i on rul e f or Pe

Triangle Thefollowing episodegin Table 14 illustrate how thestudentgprimarily) involve the
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symbolic notationandPa c aTriangle(thequantitative systejraspreferring forms of

semiotc modeing when explaining their mathematics idessociated witlthe addition ruleas

thar verbal conversation progresses.

Table14

Compendium of transcripts excesi02631082 Commentsareincludedin italicized fontfor
purposes oénalysis inthis study

Line

Time

Talker Transcripts

1020 00:45:15 Jeff: Al right. Saywe havethis row right here®? We gotum, N

1021
1022
1023

1024

00:46:02
00:46:03
00:46:04

00:46:05

chooseD 2 |And overherewe haveN chooseX.?? |And
thenoverherewe haveN chooseN B2 All right? Then this
right here would beOh, we're explainingthe general
laddition,the additionrule usingthis type of, to fill outthe
triangleP? [Usingchoosedo fill outthetriangleandthis
lherewouldbeN chooseX plusoneandthenN, N choose
X plustwo andsoonto whateveN equals®® Right

t h e beslétdbt®> | didn', | didn't leave enough room.
IAnd this herewould be X minusoneandthen{>*

Jeff startghe conversationdescribing the mathematical entitiasd
the mathematical activities of the problemolvingRPa s c a |l 0 <
Triangleasa quantitativesystemandthe c hoosi ngo ¢
terms of thesymbolic notationsfii N6 a n @hisf@pisode
illustrates an intedlinguistic shift in the use of the linguistic
structures. Jeff uses mathematical entityhendescribing the
mathematicatomponents involved in the probléimen uses
mathematical activityvhen explaining the interactions that happe
among those mathematical components.

Ankur: You did that one man.
Jeff: What?
Ankur: Nothing.

Jeff: That'dbe X minustwo andsoon eachway P Right?
So it'd be that.
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1025

1026

1027

1028

1029

1030

1031

1032

1033
1034

1035

00:46:10

00:46:12

00:46:17

00:46:19

00:46:29

00:46:30

00:46:40

00:46:46

00:46:54
00:46:54

00:46:56

Ankur: ICanl seetherow abovethat$?

Jeff: IAnd the row abovethis would be N minusone, right 2
Yeah.

Michael:  Mm hm.

Jeff: Um, [choosezerof? This againwould beN, N minus
lonechooseX andthen/??

Michael: [N minusone??

Jeff: IN minusone,N minusone® That's a one. Um, how d
you want me to, toWhere do you want me to gamfn
here?

These episod€d0241030) show the students describthg

general addition rules Jeff iswriting on the boardhe Triangle in

termsofi NO, AANK O, -1 0 X-2 0 X ThRetuse of
mathematia| acti vity pr evai lversatiom
as preferring form of linguistic structure

R1: Well, you know, um, Brian wasn't here, so you migh
want to give him some background to what you've b
doing.

Jeff: Start at the beginning? We did, we worked for aarh
and a half getting to this point. Explaining this, doing
this. All right, um.

R1: But Brian's a quick study.

Brian: That's what | am.

Jeff: All right. We did, uh fthisis Pascal'§riangleusing]®?

This episode demarks the moment 3&dfts explaining to Brian,
who came in late to join the group, the meaning of the addition 1
f or Pas c a.FronsthisTnmtomentog thedinguistic structur
of mathematical entitis usel by the students to descritiee
ichoosi ng orhioshifein thetusemfmathematics langue
depicts &orm of engagement in which the student (fcerd to
the core of the problem to identify and describe the mathematic:
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1036

1037

1038

1039
1040
1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

00:47:02

00:47:03

00:47:04

00:47:06

00:47:07

00:47:07

00:47:08

00:47:09

00:47:11

00:47:19

00:47:20

00:47:21

00:47:24

00:47:29

00:47:30

participants involved in the mathematics operatad the addition
rule.

Brian: ThewholechoosehingP?
Jeff: -the choosesituation® That's what this is.
Michael:  [You know how chooseworks, like one,three,three,

ore?*

Brian: Yeah.
Jeff: Yeah.
Michael:  [Threechoosezero,threechooseone/??

Brian: One,four, six-"2

Michael:  Yeah.|t's all like chooseof something?>

In these episodenathematical entitis theprevailing form of
linguistic structuren thes t u d eerbal sodversationt is
inferred that this form of linguistic structure is used by the stude
because they watd helpBrian understandhe problem situation
by analyang the configuration of the Trianglst. It is believed
that the use of the linguistic structuasmd theinvolvement of the
corresponding semiotic modedse in alignment with thententof
theexplanation.

Jeff: All right. So, um, I don*tUm, how would you like to,
uh, hav do you want to do this? How do you want to
Michael:  We'rejust

Jeff: Well, tell him what we did.

Michael:  |replacingthethreein thechoosesy N's andX's [

Jeff: Yeah, exactly. And raer doing, like, uh, ratheGay
this is the, uh

Michael:  [If N wasthree??

Jeff: Yeah, sayf N wasthethird row, it would bethreé
choosezerol?? Thatwould give you onel??
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1051 00:47:36 Ankur: Like, youknowhowi t ofesthree three,onel?[Three
choosezerogivesyou onel??

1052 00:47:38 Jeff: Threechooseonel??

1053 00:47:39 Michael: [T h a beéhoeeP?

These episodes (104953) illustrate he studentsxplainng the
general addition rule interms @ N 0 X OffiNL 0 , -1 © X-2 B X
etc.Mathematical activity is the prevailing form of linguistic
structure used by the students in their verbal conversdtios.
inferred that tlis interlinguistic shiftin the use of verbdanguage
is a form of engagementmducive to the development of
mathematics ideasy the students, whigk believed to bgart of a
procesgeferred to in this study asathematicsynthesis

1054 00:47:39 Jeff: Thatwould give you the threel®? Thethreechoosg
two [?? [Thatwould give you the otherthree®? [That's
lequalto threeandthenthreechoosethreel? [That
lequalsthe otheronelP? And like that'sfilling outthig
lpartof thetriangleandsoon?? And that's what, that's
what we're doing now. We went, other stuff we oigl
did thewhde, we foundthatequatiorto find out

choos¢??

This episode demarks a moment of glhdttical descentfrom
mathematical activity to mathematical entity in the use of the
linguistic structures, and a shiftertical ascenf from quantitative
systersto symbolic notations in the involvement of the semiotic
models. It is inferredhat theseshiftsareinr e s ponse t ¢
need of refiningor redefining the mathematics operation of

i ¢ h o o,ofimpartingdenotativemeanings to the word

i c b e i asgart of a proceseferred toin this studyas
nominalization. The following episodes illustrate how the student
impart denotative meaning, as part of this nominalization proces
to the wordi ¢ h o o during théir verbal conversations.

1055 00:48:01 Michael: Whatchoosemeang$®?

1056 00:48:02 Jeff: Yeah, we did all that.

1057 00:48:03 Romina: [And choosé®
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1058

1059

1060

1061

1062

1063

1064

1065

1066
1067
1068
1069
1070

1071

1072

1073

1074

1075

00:48:04

00:48:05

00:48:08

00:48:14

00:48:15

00:48:16

00:48:16

00:48:16

00:48:17
00:48:17
00:48:17
00:48:18
00:48:18

00:48:20

00:48:26

00:48:26

00:48:27

00:48:27

Jeff:

Romina:

Jeff:

Brian:

Michael:

Romina:

Ankur:

Jeff:

But you missed out on all thathat'sthe choosk

equatiorf®

That'sthe chooseequalg®®

And we spent time explaining. That's what we spent
bulk, bulk of the thing, trying to figure out how to
explain that. Anéd

What'sthatlittle exclamatiorpoint?
/[Factorial?®

/[FactorialP?

/[FactorialP?

[Factorialf®

These episoddd0551065)illustrate the students using the
mathematical entity tdefine orrefine {.e.,analyzethe
mathematics operatiorfo fi ¢ h oirva@vingisgntbolic notations

Brian:

Romina:

Jeff:
Brian:

Jeff:

Romina:

Brian:

Romina:

Brian:

Romina:

That's what it is?
Yeah.

Yeah.

All right.

It was really excited, like N! [Michael laughs]

'You wantto know whatthisis? That'sall the

combinations®? [Romina points to her papeffhat'$

Iminusing®? [You know how like they'resaying/®?

Yeah.

Fthreechoosewo P2

Yeah.

threesareswitching,not thetwos/®* /And that'swhen
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1076

1077

1078

1079
1080

1081

1082

00:48:35

00:48:35

00:48:35

00:48:37

00:48:38

00:48:45

00:48:46

Bl

Theseepisoas (1072-1075)illustrate a moment oascentin the use
of the linguistic structures and a momentlegcentn the
involvement of the semiotic modbisRominawhenexplairing to
Briant he mat hemat i cs o [Rathemthan o n
readingthewrittensymbolic notationsf the combination formula
Rominarefers to themathematical components of thec h 0 0 s |
operationin terms ofvisual manipulative Her use of languagim
line 1075is characterized by the presence of conjunctions condt
to the brmation of conditional statement#.is inferred thathe
involvement of theisual manipulativehelps Brian understander
explainingin the form of mathematical logic.

Brian: So this

Romina: |It's basicallythe samething**

Brian: Is this, is thatthis overthis %2

Michael: Yeah.

Romina:  |lt's N, N factorialoverN minusX factorialtimesX|

factoriall**

Michael:  |And thatequalsN chooseX >

These episodebBustrate a gradual intersemiotic shift oascent
from manipulative to quantitativendfrom quantitativeéo symbolic
forms ofmathematics representatianehe symbolic notations
writteni n t er msd off X of Nbor ialng denot ¢
conversain.

Romina:  Like this is when thethe things we don'{NORERjuST

H |

Theseepisodsillustrate a moment oéscentin the use of the
linguistic structuresas Romina explaiathe mathematics operation
of A c h @oam)innegns ofvisualmanipulative Rather than

84
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readingthe written symbolic notations, Rinainvolves therisual
manipulativetoe x pl ai n t he Ac.KHerossofngo
language is characterized by the presenceoofunctions conducivi
to the formation of conditional statemem&d her mathematical
logic statements supported by theavolvement of a simple and
perceptual form of mathematics representation.

The previous episodes illustrate how the studdessribee he addi ti on rul es
Triangle involvingt he fichookse hetmsi ohOoOfMNNDO ,-H@R®2 0,and A Xc
etcThe students i nvol v etoppiagpoldemdosexpldintheeaniggoé and t
theaddition rule Theyfurtherd evel op t he gener al-cheodedo0t honatruobe
and therexpress it as an equationterms of thdactorial notationsthemselves (shown below).

O p
@ p @ p
0A 0A 0 pA
0 OAA 0 & p Ad pA O p & p Ad pA

In sequence witkhis developmento concludethe episodegin Table 15 illustratehow
the studentand Researcher R1 (Carolye®change matmatics ideas associated with the
addition ruleto simplify the addition statement writtenfarctorialnotations.The studentgroof
addition rule identity involving quantitative operationdadtorialandculminate the

conversatiowith the formation ofnathematical logic statements
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Table B

Compendium of transcripts excesfit3421375 Commentsare includedn italicized fontfor
purposes oénalysis irthis study

Line

Time

Talker Transcripts

1342 00:59:24 R1: Would you like to know how to do that?®3 Would you

1343

1344

1345

1346

1347

1348

00:59:55

00:59:57

00:59:59

01:00:03

01:00:05

01:00:06

like to know howto do the algebraof factorials3®? | bet
you know how to do a little bit alreadyll justshowyod
lonething thatl know you know and!'ll leaveyou to think
laboutthis becaus@veryones gettingtired, but let'sjust
takesomethindike this, right3 B [Six choosewo, right?

B2 And you know, you, you told me you could write that
how? As

ResearcheR1 (Carolyn)uses the linguistic structure of mathematic
entity to inquire about some of the symbolic notatigneviously)
used by Michael. The questing invitesthe student to conduct
further investigation about the new mathemategesentation.

B2

Michael: Um, [six factorial over

Michaelstartsrespondingn terms ofmathematical activityinvolving
guantitativevalues This episode illustratdash e st udent
languageadvangéng from mathematical entity to mathematics activi
which is an indication of his mathematical understanding of the
problem situation.

R1: Six factorial|®2

Michael:  [Threefact, four factorial timestwo factorial| >

R1: Timestwo factorial, right?52

ResearcheR1uses the same linguistic structure ahdsame
semiotic model when probiniglichael continues buildigpup
mathematicédeas using the same linguistic structure amelsame
semiotic model.

Romina: Mm hm.

R1: IAnd you know whatsix factorialis, right7%? [Six times

five, 2
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The Researcher 6s queesévaluate and g
validate his approachy rewriting 6 factorial as 6 times 5 factorial.
ResearcheR1maintains a neutral stance in the use of mathematic
language and representatiomhese episodes illustrate the iterative
nature of the learning of mathencs.

Michael: [Timesonetwenty|®?

Jeff: [Thirty 2 Yeah.

Michaelexecuts the propermathematics operatioand computeshe
correctfactorial value Jeffvoicedthewronganswer He takes the
values of six and five as iwnathematical entities in the operation ¢
six-timesfive. This episode illustrates a lack of attendance (by Jeff
consideringthe nominalizatiorof theword fi dctorial" as a
mathematicalactivity) operation Hence, his episode illustrates an
inter-linguistic shift lescent i n t h mtergrétaticchaf nt 6 <
languageby Jeff.

R1: I'm not going to do that though. | don't like
to do multiplicationP? I'm very lazyI'm just goingtd
write six timesfive timesfour factorial] 2 Is that okay?

Jeff: That's that'ssimplifying is great,thenyou can|®?
[Students all talk at once.]

The Researcher promotasther investigatiorby altering the
configuration of the factorial structurdeffunderstand$iow to
simplify the mathematical expression with the new restructuring o
factorial expressionand getseady to &plore other waysef solving
the problem. Téseepisodsillustrate how thenodified factorial
representatiorhelps the stent situate himseih the (new)roblem
configurationand solve the problefnrom a different perspective.

R1: But can | do that?

Romina: Yeah.

Michael:  |And thenyou could crossoutthefour factorialsand52

Michael resumedhe conversation using the linguistic structure of
mathematical activity describing how the factowgleration
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1356

1357

1358
1359

1360

1361

1362

1363

1364

1365

1366

1367

1368

01:00:27

01:00:28

01:00:28
01:00:29

01:00:31

01:00:33

01:0035

01:00:37

01:00:39

01:00:40

01:00:42

01:00:43

01:00:43

(quantitativesystemican be simplified. Michael keeps usthgsame
linguistic structure andhe same semiotic model.

Romina: Oh.

R1: Oh, thenl cancrossout thefour factorials|??

The Researcher reinforces Mic
illustrates a moment dfrepeatto-reinforced, a demotiorin the use of
mathematis languagefor rigging purposes.

Jeff: Oh, all right, that makes sense.
R1: Right?
Jeff: 'Soyou justgetthirty divided by, you getthirty divided by

I@BZ

Jeffexplainshow the factorial operation can be simplified. This
episode illustrates a mamnt ofascenin the use of mathematics
language, a shift from mathematical entity to mathematical activit
describingfactorial as aquantitative operation

R1: Yeah. Look at all the time that will save you in an SAT
guestion.

Jeff: That'd be big.

R1: But, but if you think about this

Jeff: 'Shebroke,shebrokeit downfarther] ®2

Romina: Oh yeah she just

Jeff: Like ratherthansayyou havesix factoriaH &2

Jeffkeeps using the same linguistic structure and the same semic
modeldescribing further factorization, angresents an argument
aboutthe mathematical activity conducive to the formation of logic.
relations(later on).

Ankur: Mm hm.

Jeff: 'Shebrokeit downuntil shegot anumberthatshegotthat

shewanted??
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Jeff describebiow the mathematicaixpression can be simplified by
altering the structure of thiactorial. Thereis consistency in the use
of thelinguistic stiuctures and the semiotic modeMso, he use of
the linguistic structure of mathematics activgyn alignment with the
development of theolution.

Romina: [Shehadtwo numbers®?

Romina uses the linguistic structure of mathemagaodity to identify
the mathematical components involved in the activity described b
Jeff. This episode illustrates a moment of iitrgguistic shift asshe
descendso the core of the factorial structure igentify the
mathematical componentsvolved n this mathematics operation.

Jeff: Thatmatchedhe numberon the bottom|5?

Jeff sticks to these ofmathematical activity and gets readyetplain
a sequence of mathentievents that take place in sienplification
(or mathematicsynthesisprocess

Ankur: All right. Yeah.

Jeft Thenyouenduplike vith hetwo factoralancthencioss

Jeff explains a sequenoémathematical conditions and activities
taking place in theimplification(synthesisprocessof the problem.
His use of language is characterized by the presence of conjuncti
conducive to the formation of conditional statements and proposit

Michael:  Butthentt would probablybeeveniongerthanthat
Caussf N is abig number

Michael collaborates in the mathematics conversation involving tr
symbolsand notations to extrapolafarther solutionsThis episode
illustrates a moment of intesemiotic shiftdscen} in the involvement
of semiotic models from quantitative systems to symbolic notébior
purposes of extrapolatio

R1: Does it matter?
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1375 0100559 Michael: [FONGNAVEDNSNOINBUENAEENENTHESN

MinusonetimesN minus'

Michael finishes his explanati@bout thefactorial operation.These
episodes (1372375)illustrate asudden increase n t he st
usage ofnathematical conditions and operation sequerncesiudve
to the formation of mathematical logic statemefmtseseepisodes
demonstratehe verticalascent(or hierarchical trajectory) in the
learning of mathematics in which the proper use of language and
models signify the construct of new mathematics ideaducive to
thesematic expansion of mathematical knowledgerocess this
study refers to athe synthesim the learningof mathematics
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CHAPTER 51 CONCLUSONS

This studydemonstratethe importance of the multhodal approach in the learning of
mathematics when students work in collaborative learning activitiesignment with the
conceps of the mathematics registandthe external representatiahe functional linguistic
structuregFLS) and tre functionalsemiotic model¢FSM) prove to le effective indirecing the
investigation on how the students6 verbal <con
ideas when working in group$heseconceptslaim necessary these of a variety of forms of
mathematics utility, such astifacts,graphs, symbols, notations, moded&, for the creating
andexpressin@f mathematicsdeas.Thetaking of language as orfenctionalresource that
interacts with theefunctionalforms ofrepresentatiors found to beaneffective approacto
investigate howthe studentsreatemathematics ideaghenworking in the collaborative
learning activity Thefunctionallinguistic structureareforms of expressionhataremanifesed
in dialogical (socigldiscourseandthefunctionalsemiotic modelgre forms ofrepresentation
that develop in dialecticgenvironmentalyliscourseThis study demonstrates thhesetwo
mathematicsliscoursesnteractsimultaneouslyand influence each otherihe construct of

mathematical knowleddey the students aseli converse verbally

5.1 Summary

This study underscores twoportantaspecteb out t he nature of the
mathematics conversatioas thg work on thelearning activitytask First, thestudents use the
linguistic structuregither(1) to describehe mathematicsituationof a problem or (2) to
explainthemathematicsolutions to the problensecondly, thenvolvementof the semiotic

models by the studentsdwan impact in their abilityl) to identifyanddefinetheleading
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particularsof the problem situationand(2) to fabricate a framework upon whittey can build
newmathematicgdeas The alignment between the usadehe linguistic structures and the
semiotic modelsnt h e s tmatHeenatitsscanversatiorsveat patterns of engagemietiat
helpexplain how these forms of mathematics expressions and represeintatiaat and
influence each other ithe construct of mathemaatknowledgeby the studentsvhile working

in thecollaborativelearningactivity.

This studyrecognize theimportance othe utilization of thdinguistic structures in
mathematis conversationsAccording to the datahe mathematical entity is the linguistic
structure most commonlyusedh r oughout t hnverdatiodbkowed bydhev er b a |
mathematicahctivity (Refer to Figure C1 in the Appendiuring the initiation of the
conversationthe mathematical entitg mainly usedby the studentt describeéhe mathematics
situationof the problemto identify anddefineits components andircumstancesDuring this
process,he studentstronglymake use ofhevisualmanipulativeand the quantitative systems
It is inferred that the students involve thisualmanipulativeat the beginning of the learning
activity to descend to the core configurationtio¢ problem,and the quantitative systems to
estimatethe extentof the problemIn a sense, this process resembles one describing the
breakdown of a configured system into its functional components, i.e., a method of analysis. It is
believed that theesemiotic modelsare usedy the student® examinethe mathematics
configurationof the problemand to investigate how it®nfiguration responds to changes

provoked bythe studentshrough dalectical discourse

This studyalsorecognize how importanthe utilization ofthe semiotic modelss for the
building of mathematics ideaghen students work on learning actie# According to thedatg

the semiotic model most commoniwolved in thestudenté v er bal isteenver sat.i

on
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guantitative system®llowed by thevisualmanipulative(Refer to Figure Ctn the Appendi).
During the initiation of the conversatiaie studentgvolve the symbolic notation® unpack
mathematics information they acquired from previexigeriencesr sources related tbe
mathematics situation of tleetualproblem.In alignment with the mathematical entitiye

st udent s dymhobkcaotatidnsetves as point of departure tdescend to the core of
theproblem In this context,tiis inferred thatn this proces of analysisreferred to in this study
as a vertical trajectory afescentthe students unpadenotative mathematical meanings
represented by the symbols and notations asitivegtigate andescribe the mathematics
configurationof the problemlt turns outthatthes t u d @se dftlse Symbols and notations

plays an important rolfeor the initiation ofther mathematicgonversation.

5.2 Findings

Thesociocognitive perspective on learnirgevident when the students explain their
ideas during theimathematicgonversatioa The interplaybetweerobservation and imitatiois
commonly observed from the video datad transcripts throughout teet u d eonversatonit
is evident from the transcripts thatery single student, at one moment or a@Qtiepeas what
othersdo orsay during théearning activity Also, the students are able abservehowthe
semiotic modelgan be usetb represent the configuration of a problem situation, and how the

configuration responds to changeadeby the stuéntsto those models

The following indingsassociated with the usagetb& mathematical logic anthe
symbolic notatios are worth taunderline Althoughthe mathematical logic ishie linguistic
structure | east used t hersationgheiccurtesexhibiteiniogld udent s o

patterrs of behaviorcharacterized bthe presence daggingfactorsandmoments ofbrupt
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increases in their usagering the conversatiofiRefer to the Figures of Appendix)CThis

linguistic structure i€haractezed bytheuse of conjunctionandtheformation ofconditional
statementsand wherused in aligment with symbols and notatiotekest he st udent s o
conversation to a different levdlheinvolvement ofthe symbolc notations whenprovided with
denotatie meaningexpediteghe formationor reformation oft h e s ttrairts ef thoughis

conducive to thie construct of mathematical knowledge durthgir mathematicsliscourse

The reslis of thisstudyshowthat theinvolvement otthe symbolic notatiasis strongat
thebeginning of the conversati@ndweakenghereaftemwhen the students use mathematical
logic. It strengthens again at the end of the conversagtpmg in the formationot he st udent ¢
conclusive logical statementsis evident fom the datadhat the students uslee mathematical
logic in their verbal conversations to describe seialesind conditionainteractions that take
place among the mathematical componespsesented in terms of symbols and notatitins
inferred thathe usage of thenathematical logic ahthe symbolic notationgnteract and
influence each othen the procesf synthesigascentin construding mathematicsdeasduring
t he student s 0 .Meinvdvarmentaf symbole nosagohsaciitates the initiation
of directedverbalconversatiosleadingto productiveand richerialogical anddialectical
discourseshat culminatewith the formation otonclusiveconditional statements expressed in

theform of logicalstatementivolving symbols notations, and equations

It was found thatvhen the students use the linguistic structures to describe a problem
situation theyinitiate the process ofnalysisby first andbriefly involving the symbolic
notations. Thes t u d teajedtosy@fdescenprogressegraduallyby shifting from the
utilization ofthe symbolic notations to the utilization of quantitative systems, and from the

utilization ofthe quantitative systems to the utilizationwa$ual manipulativein their effort to
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definethe problemof the taskAs themathematics conversatigmogresses, the students
repeatedlymake use ofhevisualmanipulativeto represent the configuratioor re
configuration,of the problemand the quantitative systems to estimatestiiation tothe

problemaspart ofaninteractive andterative process.

Also, when the students use the linguistic structures to extplaimew mathematics ideas
theyformulatesymbdic notations tarepresenthe mathematical knowledge they acquired during
the learning activitin a compact and concise foris shown in the datahé studenté
conversatiortakes a trajectory ofiscenby graduallyshifting from the utilization o¥isual
manipulativeto the utilization of quantitative systerfis the interval of 1545 minutes)and
from the utilization of quantitative systems to the utilization of symbolic notafiorike
interval of 3060 minutes) Thisshift resembles a buildugr synthesigprocess in which the

studentgonsolidateher new mathematicgleaas theyre-configure andre-solve the problem.

It was also observetiatwhen patterns of behaviorn t h e usetoflathgriage s 6
reveal the promotigror demotionof intersemiotic shifts between quantitative systems and
visualmanipulative one oftwo forms of cognitze mechanisms actuegtin dialectical discourse
(1) to analyze the mathematics situations of the problegraduallyshifting fromthe
utilization ofquantitative systems tbe utilization ofvisualmanipulative or (2) to synthesize
new mathematics i@sby graduallyshifting fromthe utilization ofvisualmanipulativeto the
utilization of quantitative systems during the conversatlors inferredthat at this moment the
linguistic structures aresed by the students either to describe the mathensditiation of the
problem {.e.,analysis)or to explain the development of the new mathematics ideas (
synthesis). Théata ofthis studyconfirm that theusageof these twolinguistic structures and

these twasemiotic modeldy the studentpursue this purpose
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Also, whenthe studentencounter anathematicproblem theyoftenmake use ofhe
visualmanipulativeto definethe mathematicatomponents athe problem They involve
guantitativesystemsavhenarrangng, or re-arrangng, thosemathematal components in distinct
and differing waygo count and find theolutionto the problemTo describe those mathematical
components and how they interaatong each othgthe studentsisethelinguistic structuresf
mathematical entit andmathematickactivity. It is inferred that dring this process of atysis
the studentsake use ofthevisualmanipulativeto investigate theoreconfiguration of the

problem

At the end of the conversatian contrastywhenthe students use the linguistic sttues
to exphinthenew mathematics idedisey acquired during the learning activity, they invalve
symbolc notationsmore tharthevisualmanipulative It is inferred that the students/olve the
symbolic notations taonsolidateor packthe new mahematicaknowledgetheylearned through
dialectical experiencaa a compact and concise form. During this process of syntleesierit
or buildup) thestudentsstart formingthelinguistic structure ofmathematical logito describe
the connectivity anthteractivity among tbsemathematical components representeigims of

symbols, notations, and equations.

The results of this study clearly demonstrate the importance of themudal approach
in thelearning of mathematics. The utilization of theee linguistic structures in concert with
the three semiotic models prate be effective for the development of this study as tredy
infer howthe students create mathematics ideas when workittigioollaborative learning
activity. Theresults of his studyvalidate thanulti-modal approachs theyshowforms of
engagement that take place among the linguistic structures and the semiotic models that promote

thes t u d growth @fGnathematical knowledge they converse verbally
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5.3 Implications

This studyinvestigats the importance afaking conversational language as one
functionalresource that interacts with the mathematical madélse learningpf mathematics
anddemonstratethat thefunctional semiotic models and the functional linguistizictures
interactsimultaneouslhand influence each other mathematics discourse conducive to the
construct of mathematical knowledde this respect, the multhodal approach ought to be
consideredn the learning of mathematity takingconversatioal language as one functional
resource that interacts simultaneously with the mathematiodék when students participate in

collaborative learning activities or in mathematics class discussions.

To concludethe method ofrouping the datan largeclusters by functional categories,
i.e., the three linguistic structures and the three semiotic madetéound to be effective for the
developmenbof this study If properly implemented in mathematics curriculastmethodf
classificationmayhelpinfer how students construttieir mathematics ideasiow they learn
mathematicsand howthey, through verbal conversatiorexchange mathematiateasand

construct further mathematical knowledgken working incollaborativelearningactivities
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Appendix A: Codingof the transcripts fothelinguistic structures

Legend
Mathematical entity Mathematical activity B\ Mathematical logic
Line  Time Talker Transcripts

1 00:00:.00 [Romina, Jeff, and Michael are sitting at a table talking with
Researcher 1. At the start, the display says 02:01:01.27. Nc
sounds can be heard. Researcher 2 walks across the room
opens thaloor, and goes out. The camera shows the rest of
room. Researcher 2 returns.]

00:01:05 R1: -mentioned some of what went on. | have, | don't have a clu

2 Can you sort of tell me about it and how some of you sugge
it's connected to other thingswybad done? I'm really curious.
Feel free to use the board and show me and tell me.

3 00:01:16 Jeff: Well.

4 00:01:17 R1: But | don't know what went on.

5 00:01:17 Romina: When, when we came up with that thing that almost was lik
the Pascal's Triangl&Vhat was it with e®hat were we doing’

6 00:01:21 Jeff: It was, um

7 00:01:22 Romina: Ten, ten percent of a hundred.

8 00:01:25 Jeff: Is that what it was?

9 00:01:26 Romina: Yeah.

10 00:01:28 Jeff: Um, I'm not sure. | don't know.

11 00:01:31 Romirma: Can we have a calculator? Are we allowed to have one?

12 00:01:33 R1: Sure. Hope you know where they are.

13 00:01:36 R4: Yeah.

14 00:01:37 R1: You may want to have them around anyway.
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15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36

37

00:01:43
00:01:45
00:01:46
00:01:46
00:01:46
00:01:47
00:01:48
00:01:52
00:01:58
00:01:59
00:02:00
00:02:01
00:02:02
00:02:02
00:02:06
00:02:11
00:02:14
00:02:17
00:02:18
00:02:20
00:02:21

00:02:23

00:02:38

Jeff:

Romina:

R1:
Jeff:
R1:

Romina:

R3:

Michael:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:
Michael:

Romina;

Jeff:

This could be our first time ever using cabtolrs.
Yeah.

Wow, first time.

We usually

You never use them?

Thank you.

You're welcome.

Are there any games on this?

We said one times or one minus.

What, what am | doing?

Oh that's good right there.

Yeah. [Romina laughs.]

One. Was it one minus one over a hundred?
Hm.

Hundred raised to

OK,whyamtOh, okay. I didnét Kk
Oh.
Wasnot it |ike, weren't we

Yeah, that's what it was.
Yeah.
That's this [unintelligible; chair is moving].

OK, this is scaryLook when we werecause we were
discussing like percentage®ad, uh, like an increase and we
did a hundred and we tod&n percent of it and that's one two
one, that's one three three one, and, you know, that is

Yeah, we kept going-it
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38

39

40
41
42
43
44
45
46
47
48
49
50

51

52
53

54

55
56

57

00:02:39

00:02:41

00:02:44
00:02:45
00:02:48
00:02:50
00:02:51
00:02:53
00:02:55
00:02:57
00:02:59
00:03:00
00:03:02

00:03:04

00:03:09
00:03:11

00:03:11

00:03:24
00:03:25

00:03:26

Romina:

Jeff:

Romina:
Jeff:

R1:

Jeff:
Romina:
Jeff:
Romina:
Jeff:
Michael:
Jeff:
Romina:

Jeff:

Michael:
Jeff:

Romina:

Jeff:
R1:

Jeff:

It doesn't come out yeah. After a while it goes.

It kind of makes you thinkAfter a while it stopsbut we were,
uh-

We really thought that was it, look.

We were into it.

Oh. So what does it mean?

Uh, we didn't, we didn't know.

We didnt know because then it stops, though.
Yeah, but it was interesting for, for a while.
While it was going on it was very

We were kind of, uh

Are we going to [Inaudible.]?

But um, what was the question? What were-you
We wanted to know what we did in class today.

Um, we were looking a lot at, at working at e and, and the
equation for it.

And how it,how it, how it connects with In and
Yeah, um

And we were also trying to find like, you know how we had
when we had a plus b to the W2 want to know whatAnd we
had like numbers before it when we got to big narsbwe
want to know, you figure out what the numbers were, like in
front of the a, you know, cubed.

You know, that's, that's like, um
You could use the board too.

Uh, we just Like if you were lookiw, if we were looking for
like a plus b
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58

59

60
61
62
63
64
65
66
67

68
69

70

71

72

73

74

75

76

00:03:33

00:03:33

00:03:39
00:03:40
00:03:42
00:03:45
00:03:45
00:03:47
00:03:48

00:03:49

00:03:58
00:03:58

00:03:58

00:04:05

00:0406

00:04:13

00:04:15

00:04:19

00:04:20

Romina:

Jeff:

Michael:
Romina:
Jeff:

Romina:
Jeff:

Romina:
Michael:

Jeff:

Michael:
Romina:

Jeff:

Michael:

Jeff:

Romina;

Jeff:

Romina;

Jeff:

To the tenth.

To the tenth say, um, obviously Was the first one ten? Was
/lone a to the tenth and //thenten

/INo it's one, yeah.

//b. Oh no, you're righSorry.

Ten a to the ninth b to the first, right?
Mm hm.

And then how to find out //this number.
//What the next one was.

It's forty-five.

And it was fortyfive but we were working on how to figure it
out when we were doing it. We knew it was the choose thin
whatever that meanshe You do a forty What was it7Ten
choose two?

Yeah.
Uh-huh.

You know what I'm talking about@ke, uh, was it NC-R-
actually that's supposed to be lower cdseo- is that how you
do it? Right?

Yeah, it's one of these things like that.

And that equals fortyive and that's the answefou know. I'm
not, we're not really sure how all this works but it's like, wha
that, if

We, we learned that, we learned that with her.

Yeah. Yeah theYeah, we, we went, we went over that,
remember that? With the total

We tried to go over that. [Romina laughs.]

If you have ten different, what was it? Ten different things.
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77
78
79
80
81
82
83
84
85
86
87
88
89
90

91
92
93
94
95
96
97

98

00:04:24
00:0425

00:04:26
00:04:26
00:04:27
00:04:29
00:04:31
00:04:32
00:04:32
00:04:35
00:04:35
00:04:36
00:04:37

00:04:37

00:04:50
00:04:52
00:04:53
00:04:54
00:04:54
00:04:54
00:04:58

00:04:58

Michael:

Romina:

Jeff:

Romina:

Jeff:
R1:

Jeff:

Michael:

R1:

Jeff:

Michael:

Jeff:

Romina:

Jeff:

R1:

Jeff:

Romina:

Jeff:

Romina;

Jeff:

Michael:

Romina:

You have

/[Ten high. /[Ten high.

/[Ten high. How many

//[How many would have two reds, only two reds.
//[How many would have two, two reds.

One more time.

If you had towers// of ten high.

//If you had like towers.

Towers.

If you have towers with ten high //and two colors.
//[How many different places can you put two reds in there?
Yeah.

Yeah.

And like a would be one color and b would be blue, um, b
would be the other color. Then how many would you have, .
being two in the whole thing? And that would be fefitye and
that's, thtls what this number would be.

And these towers are how tall?

Ten tall.

Ten.

That'd be the ten there.

Mm hm.

The two would be the two coloand then, right?
No.

No, two of one color.
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99 00:04:59 Jeff:

100
101

102

103
104
105
106
107
108
109
110

111

112
113
114
115
116
117
118
119
120

121

00:05:04
00:05:04

00:05:06

00:05:10
00:05:12
00:05:14
00:05:16
00:05:17
00:05:18
00:05:18
00:05:19

00:05:20

00:05:25
00:05:25
00:05:25
00:05:25
00:05:28
00:05:31
00:05:32
00:05:33
00:05:34

00:05:35

Michael:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Michael:

Jeff:

Michael:

Romina:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

No, ten would be the two of the one color and the two is
implied that there's two, only two colors?-Or

The two is the
It's only a plus b.

Yeah but in the, when you write this, | mean is it implied tha
there's only two colors?

| believe it is but

Is that, is it implied?

I, I'll go with the yeah. | don't know. [Romina laughs.]
Uh, You talking about this?

Yeah.

/INo, It, it,

/s that like

Is that one, the only one warlor-

It's just like you have ten things where, how many different
places can you put these twbf?at's all.

Yeah, | know but

You know what I'm saying?

But if there'sph, yeah, twoAll right, | see what you're saying.
That's all.

There could be a hundred colors but it would-still

Yeah you pick two things out of those ten.

Yeah.

How many different places can you put them?

Put them. All right. All right.

Forty-five, | think,
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122 00:05:37 R1: So, so you're saying that's foffiye and what if | wanted eight
red? Eight rednes or eight a's?
123 00:05:41 Jeft: Then it would be ten
124 00:05:41 Michael: Um.
125 00:05:42 Romina: Ten choose eight.
126 00:05:43 Jeff: Choose eight, yeah.
127 00:05:44 Michael: A smaller number.

128 00:05:45 Jeff: Because //that would be Wwanany different spots can you
move those eight of one color in the tower of ten.

129 00:05:47 Romina: //Now how do you

130 00:05:50 Michael: It's forty-five also.

131 00:05:51 R1: Why?

132 00:05:52 Romina: Like how do //you, how do you, how do you that on a
calculator?

133 00:05:53 R1: //How'd you do that so fast Michael?

134 00:05:53 Jeff: um.

135 00:05:54 Michael: No, I just like did it all in my head, that's all.
136 00:05:54 Jeff: You go to, uh, math.

137 00:05:56 R1: Tell us how you didti

138 00:05:57 Michael: Um.

139 00:05:57 Jeff: Probability.

140 00:05:58 Michael: There's a button that

141 00:06:00 Jeff: N-C-R.

142 00:06:00 Michael: Take ten, that button then eight.

143 00:06:02 Romina: Then math.

144 00:06:03 Michael: And it comes out fortyfive.
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145
146
147
148
149
150

151

152
153
154

155
156
157
158
159
160
161

162

163
164

165

00:06:05
00:06:07
00:06:09
00:06:10
00:06:12
00:06:13

00:06:14

00:06:17
00:06:17

00:06:18

00:06:18
00:06:22
00:06:23
00:06:23
00:06:24
00:06:25
00:06:26

00:06:28

00:06:33
00:06:34

00:06:36

Jeff:

Romina:
Michael:
Romina:

Michael:

Romima:

Jeff:

R1:

Michael:

Romina:

Michael:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

R1:

Romina:

Michael:

Romina;

Jeff:

Why is that the case?

Hm.

Well if you take like on the

Well because

You know how on Pascal's Triangle.

That's like the two.//You have eight left over.

//Oh, cause you could switch them all around. Is that, is tha
guess you're countingYou got, you got, yeah

I don't know. Tell me.
Causelien you would have

/lls that the same thing as that because, like, the eight left ¢
to get to the ten, right?

/1It'll be- It would be the same thing.
Exactly.

It's like almost switching colors.
Yeah.

It'd be like two of the other color.
And then, and then, yeah, exactly.
Say that one more time, Romina.

It'd be two ofthe other color instead of, like say you started
with red for this two. That was for the reds and then when
you//make red eight.

/[That would be the other eight.
The, like, say the blues have two.

And it's seven. And then obviously three should be the sam
that.
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166

167

168
169
170
171
172

173

174
175
176
177
178
179

180

181
182

183

184
185
186

187

00:06:39

00:06:47

00:06:53
00:06:54
00:06:57
00:06:57
00:06:58

00:07:00

00:07:03
00:07:04
00:07:06
00:07:10
00:07:10
00:07:11

00:07:12

00:07:17
00:07:19

00:07:19

00:07:24
00:07:24
00:07:25

00:07:26

Romina:

R1:

Romina:
R1:
Romina:
Jeff:
Michael:

R1:

Jeff:

R1:

Jeff:
Michael:
Romina:
Jeff:

Michael:

Jeff:
Michael:

R1:

Michael:
Jeff:
Michael:

R1:

Yeah. Yeah.

So, you're pressing the calculator, you have a new commar
that gets you those numbers.

We know how to dotj | mean it's not
But if you didn't have the calculator?
We'd write them out.

You'd have to write them all out.
Well, Bob

Because Alex wants to know howu do that without a
calculator.

Well, 1 obviously if the calculater

Can you, can you help him understand that?
Well we would make a, say, tower of ten.
Can | say somethirgy//All right, um

/I don't know.

Bob. Yeah go for it.

No, I'm talking, | just wanted to say that Bob Sidley had like
actual formula to write the equals and

Do we knav, do we know what it is? Or
| think so. | don't know if | can remember it.

Why don't | leave you a few minutes and think about explair
this to us.

It depends on
Well it's not, it's not that hard to explain.
You remember it? | forgot it.

OK, I'll stay then.
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188
189
190
191

192

193

194

195

196

197
198
199
200
201
202
203

204

205

00:07:28
00:07:29
00:07:30
00:07:31

00:07:32

00:07:35

00:07:35

00:07:43

00:07:48

00:08:04
00:08:05
00:08:06
00:08:06
00:08:07
00:08:08
00:0812

00:08:14

00:08:15

Alex:

Romina:

Michael:

R1:

Michael:

R1:

Jeff:

Romina:

Jeff:

R1:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina;

Jeff:

Well, actually no.

It's not right.

All right.

He has a bad memory.

| got to like do trial and error to see if | can figure it out what
was.

OK.

All right, say that's ten? Then, um, you would just have to- fii
Say you had, uh, one wane color and two was the other
color.

Why, why don't you show her how to do it for like three. Shc
them how we can get all of them. That you have to draw the
tower.[ Romina laughs.]

You have two colors. And owf this tower of three you'd have
to find out all the different places you could put those two
colors in. So you could put it there and there. Or you could |
it, uh, there and ther@r, am | missing any? Yes, | am.

| understand.

You could just do like

Yeah.

Do you want to go for another one?

No, go for it.

No, you could just do, you could do like our blue, blue, blue
You gonna write every one?

Well, there wasn't that many. No I'm just like giving you an
example.

Yeah.
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206 00:08:16 Romina:

207 00:08:23 R1:

208 00:08:30 Jeff:

209 00:08:34 Romina:

210 00:08:34 Jeff:

211 00:08:38 Romina:

212 00:08:39 Jeff:

213 00:08:40 Romina:

214 00:08:41 Michael:

215 00:08:41 Romina:

216 00:08:42 Michael:

217 00:08:43 Romina:

218 00:08:43 Michael:

219 00:08:44 Jeff:

220 00:08:45 Michael:

221 00:08:46 R1:

222 00:08:48 Michael:

223 00:08:49 R1:

224 00:08:52 Michael:

225 00:09:02 Romina:

226 00:09:05 Jeff:

All
And then you just kind of move it through. And that's how w
figure them out whe we have to write them out.

So you're saying there's a way of getting these without the
calculator.

Yeah.And there's a, there's a formula that somebody
Not too

-had come upvith but | don't know, | don't know how it, how
goes.I'm really not sure.

I've seen it.

| don't remember it.
Yeah, there's somme
Yeah.

Something to that effect.
It was this guy.

That's it?

Yeabh.

It's this right here?
Yeah.

Why don't you show us up here, Michael.

Oh, man. I, I didn't come up with this, so don't ask me why
[unintelligible, chair moving]

It doesn't matter that you came up with it.
If you would have like n choose x.

That'son, that's on the division, n to the x, or is that just like
your-

That n to the x?
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227 00:09:07 Michael:

228
229

230

231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248

249

00:09:08
00:09:11

00:09:13

00:09:24
00:09:25
00:09:27
00:09:29
00:09:30
00:09:34
00:09:34
00:09:36
00:09:37
00:09:39
00:09:39
00:09:39
00:09:41
00:09:58
00:09:59
00:10:01
00:10:03
00:10:04

00:10:05

Romina:
R1:

Michael:

R1:
Ankur:
R1:

Jeff:
Ankur:
Jeff:

R1:
Ankur:
R1:
Ankur:
Romina:
R1:
Michael:
Jeff:
Michael:
Romina:
Michael:
Jeff:

Michael:

No, that's, that's choose to the, that's how you write it | think
think that's how you write it.

That'sjust, that's what it is?
Do you want an equals sign there?

No. That's, that's not inYeah. Yeah, | could do thaEimes x.
That, that would be the number.

OK. Hi, Ankur. Come on in.

Hi . Sorry 1 6m | ate.

Webre glad youdre here.
Didndét you go with them?
No, | didndét go with them.
That s dirty.

Hi, did you eat?

No.

Are you hungry? Yes.

Yeah | guess so. But itds ¢
You can, uh
Il 611 tell-- you what. I, I

| hate stopping

All right, what are we going to do?

Oh. Oh yeah, um

What, what does that get? That gets you; like
That gives you that choose thing.

That gives you

I don't, | don't know what it means.



| NFLUENCE OF OCGONDERSATI ONS Al3

250

251

252
253
254
255
256
257

258

259

260
261

262

263
264
265

266

267
268

269

00:10:08 Romina:

00:10:11

00:10:16
00:10:18
00:10:19
00:10:19
00:10:20
00:10:21

00:10:24

00:10:27

00:10:40
00:10:41

00:10:43

00:10:45
00:10:46
00:10:48

00:10:50

00:10:58

00:11:00

00:11:05

Jeff:

Michael:
Romina:

Michael:

Jeff:

Romina:

Jeff:

Michael:

Jeff:

Romina:

Michael:

Jeff:

Romina:

Jeff:

Michael:

Jeff:

Michael:

Romina:

Michael:

I was working with him one day when he brought that up bu
lost me.

That was the day that me and, and my table were doing the
finding the square ais without a calculator.

Yeah, but he did that before like

Not with me.

-in, in class when he was talking about choosing.
Who?

| was in your grap.

Oh, gee, you got an eyelash.

No, in class when he was talking about choostefigured it
out. And

All right, um, well you figure, say you do, uh, say you're doir
three, right? So thatould be three times two times one. Tha
would be each space, | imagine.

//And x is how many, how many you want of the color?
/lYeah, | guess that would be how many combinations.

Yeah, that wald, because that would give you the total num
of-

Yeah. Yeah thatéd be it, yce
Total number of combinations?
Oh | guess, yeah.

All right. So then that would be, sagix factorial. Divided by.
That would be Why would you //why, where does that work?

/INo wait. //This is, that would be

//[Come on, x is the number we want and x is like the numbe
we want to get, like the dose number.

That's the, yeah, choosing number.
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270
271
272

273

274

275
276
277
278
279
280
281
282

283

284
285
286
287
288
289
290
201

292

00:11:07
00:11:08
00:11:10

00:11:12

00:11:15

00:11:15
00:11:17
00:11:19
00:11:20
00:11:21
00:11:22
00:11:22
00:11:24

00:11:25

00:11:26
00:11:28
00:11:29
00:11:30
00:11:32
00:11:35
00:11:36
00:11:37

00:11:39

Jeff:

Romina:
Michael:

Romina:

Michael:

Jeff:

Michael:
Romina:

Michael:

Jeff:

Michael:

Romina:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Romina:

Jeff:

Romina;

Jeff:

Michael:

Jeff:

And-
So | guess this would
He was telling me like this was

That would like take away all the | #he ones we would
choose.

He said something about repe&sie would take away //the
repeats.

/lYeah, this would this would take away the repeats, right?
| guess.

And will this, and this will give you

And this will, this will take away the

This will take away all the other ones?

The other ones that, that you don't care where they are.
Like the ones that are higher than

Yeah. Yeah.

You only care about, you only care about the two that are
moving. Not the other

Yeah, exactly.

Not the other, uh, far. It's just

And then, and X

That makes sense.

Yeah. That make, let's see if it works. So-say
Where's factorial on this?

Where's the exclamation po?

Math.

Ah.
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293
294
295
296
297
298

299
300

301

302

303
304
305
306

307

308
309
310
311
312
313

314

00:11:39
00:11:41
00:11:41
00:11:42
00:11:43

00:11:45

00:11:53
00:11:56

00:11:57

00:12:01

00:12:09
00:12:10
00:12:14
00:12:16

00:12:20

00:12:24
00:12:24
00:12:31
00:12:35
00:12:36
00:12:37

00:12:39

Michael:
Romina:

Michael:

Jeff:

Michael:

Jeff:

Romina:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:
Romina:

Michael:

Jeff:

Michael:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Probability 4.

What are we doing, three or six?
Just hit four.

All right.

I mean would gu-

| don't even know why I did that. That was stupid. Uh, quit,
right. Six divide Mm. Six divided by

Where is the little, where is that? | don't know.

uh.

Are you aing. why are you doing the six only? Oh, because
three factorial is six, right?

You got it. That's not six factorial. Um, divided by three mint
what's XAWe don't know?

Do two.

Minus two.

Times

You're a lot farther on that than | am.

You have to put a parenthesis around that whole thing, too.
Later on that.

Then times.

No, you got o, at the beginning of that and the end of this th
Get rid of that one there.

Don't we have to close that in, though?

No, you don't have to close that.

Oh. All right. So do | have to delete that other one? No.

No, leave that like that. Two.
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315
316
317
318
319
320
321
322

323

324
325

326
327
328

329

330

331
332
333
334

335

00:12:42
00:12:50
00:12:3

00:12:55
00:13:00
00:13:01
00:13:01
00:13:03

00:13:04

00:13:15

00:13:16

00:13:23
00:13:25
00:13:34

00:13:37

00:13:37

00:13:44
00:13:45
00:13:46
00:13:48

00:13:48

Jeff:
Michael:
Jeff:
Romina:
Michael:
Romina:
Jeff:
Michael:

Jeff:

Michael:

Jeff:

Michael:
Jeff:
Ankur:

Alex:

Romina:

Romina:
Jeff:
Romina:
Ankur:

Jeff:

So divided by two factorialJ m . Letds see.
Let's see. And do it the other way and it should come out.
What way, what was the other way?

Did, did it work?Four.

No, it's three.

Oh.

Oh, that's all right.

Yeah, it works.

All right. Yeah that's the case then. All right, so when Ankur
done eating, you can explain all this. And we can explain it-
Ankur? Cause you know that i
beginning, so explain it to him.

Ther e wa albeginning, tacadghl vy

It doesn't matter. We're still going to have to. | didn't know. |
forgot that we were, uh, we have to explain things.

| thought it was just recess or something. [Romina laughs.]
Yeah, | know. I'm like that. And, uh
| 6m not normally in this cl

You can go ahead and sit anywhere you want. //That's prob
a good spot.

I/l saw you out oftie corner of my eye. You confused me. I'n
like what is he doing?

| drove him.

Ah.

| drove him here. | drove Jeff here.
By yourself?

Yeah righ.
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336

337

338

339
340
341
342

343

344

345

346

347

348

349
350
351
352

00:13:49

00:13:50

00:14:00

00:14:02
00:14:04
00:14:05
00:14:06

00:14:07

00:14:26

00:14:27

00:14:45

00:14:48

00:14:51

00:14:57
00:14:58
00:14:59
00:15:00

Romina:

Jeff:

R1:

Michael:

R1:
Jeff:
R1:

Jeff:

Romina:

Jeff:

Ankur:

R1:

Michael:

Romina:

Jeff:

Michael:

Jeff:

Well, my dad. [Inaudible]

All right, um. Do you want to hear our explanation of, of this
and why this works?

That would be really great, but it would help us enormously
you would use the board.

| wrote that, so you don't have to.
Would you mind, Jeff?

All right, 1 need help because
They'll help you.

| don't want to get stuck. | got stuck up there lasetby myself
and | was looking like an idiot. All right, the reason why this
works- We have no chalk. Right there in the sitlBigNGMRNE

reason why this works, first you get all the total number of t!
will cover all the total possibilities of yourwer.

//And factorial.[Inaudible]

//Say in terms of a tower. The factorial right here. So say yo
doing towers of three. You have the three factorial and that
cover all of the different combinations that yeould put three
IRNUIERNWEIEBIBES Al right? [There is a pause. Jeff waves hi

hands.] Yes?
Sounds good.

Why don't you go through and when you're all done I'll ask 1
guestion. Just go.

Like, you should use the explanation like she utée the
people on the line. That's better because you have like the i
one. Then you have

Two spaces.
All right, I'll do people on the line.

Two spaces. You have two people left so that's times two.

All right, say we're doing us three right here.
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353
354
355

356

357
358

359
360
361

362

363
364
365
366
367
368
369

370

371

372

00:15:01
00:15:02
00:15:04

00:15:07

00:15:10

00:15:12

00:15:18
00:15:19
00:15:20

00:15:23

00:15:27
00:15:30
00:15:30
00:15:31
00:15:32
00:15:34

00:15:35

00:15:41

00:15:42

00:15:52

Michael:
Jeff:
Romina:

Jeff:

Romina:

Jeff:

Romina:
Jeff:
R1:

Jeff:

R1:
Romina:
Jeff:

R1:
Romina:
R1:

Jeff:

R1:

Jeff:

Michael:

Yeah, on the line.

There's three differenipple to fill in the first spot.

And that's everyone.

That make more sense?
Well I'm, | didn't mindyour other example here.

Yeah, |, | just like the okay through the way so | could move
You know, steady progress.

Um. But | guess, so why are you multiplying?

We don't like that question.

>

h.

You don't like that question.

No. That, that one gets us all the time.
Why aren't you adding?

Uh, because you don't adtls just, you don't do it. [Romina
laughs]. There's no adding going on it any where anymore.
That's like out of style. [Romina laughs.]

That's not the answer.

| know that doesn't, that doesn't work. Um, you do it becaus
uh-

| can'thelp you on this one.
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373
374
375
376
377
378
379
380

381

382
383
384
385
386
387
388
389

390
391

392

393

394

00:15:53
00:15:54
00:15:56
00:15:57
00:15:58
00:15:59
00:16:00
00:16:02

00:16:03

00:16:03
00:16:09
00:16:09
00:16:10
00:16:12
00:16:12
00:16:13

00:16:14

00:16:16
00:16:17

00:16:18

00:16:22

00:16:25

Jeff:

Romina:

Michael:

R1:

Michael:

R1:

Romina:

Jeff:

Ankur:

Romina:

Ankur:

Romina:

Ankur:

Michael:

Ankur:

Romina:

Jeff:

Michael:

Romina:

Jeff:

Ankur:

Romina;

Yeah, | know.

Yeah, we're

That's a good question.
OK, I'll leave you to tell me.
Why do you multiply?
You'll figure that out.

We never know this one.

Yeah it's like the //eternal question.

IIYeah it's cause, if, if you have three things, there's three tf

you put here, right?

Mm hm.

There6s red, white and bl uc

Uh, are we [Inaudible.].

-two things.

/IAnd if there's two more

/IOut of that twe

//We're doing just two colors. We're doing two colors.

Yeah, just deNo, we're Yeah.

//If you have like three things, right
/ITo explain it, maybe you want to do thre&etient colors?

No. Yeah, all right, maybe we can do that. All right, how yot
saying this?

IAETNECISINNEERN i t e and bl uc

OK.



| NFLUENCE OF OCONDERSTATI ONS A20

395

396

397

398
399
400
401
402
403
404
405
406
407

408

409
410
411
412
413
414
415

416

00:16:26

00:16:32

00:16:33

00:16:40
00:16:41
00:16:39
00:16:40
00:16:41
00:16:42
00:16:43
00:16:44
00:16:45
00:16:45

00:16:47

00:16:52
00:16:53
00:16:53
00:16:54
00:16:55
00:16:56
00:16:59

00:17:00

Ankur:

Romina:

Ankur:

Michael:

Ankur:

Michael:

Jeff:
Ankur:

Jeff:

Romina:

Ankur:

Jeff:

Romina:

Michael:

Ankur:

Michael:

Jeff:

Michael:

Ankur:

Michael:

Jeff:

Romina:

You take, if red goes over here, that megou only have, with
red there could go either go white and blue.

Mm hm.

Like it's each one of those three goes with two mbee: know
what | mean fiGIGSHRTGEINING s

You could see howou got this.

-here and then there's two things here.

You can say you have

All right, yeah.

Each one of those, those three goes with //two other.
//Those three things go with

//Oh OK, like with our line thing.

ISo it's three times two.

All right.

Like our line thing.

Or you could say like youave two more colors to add on. So
you could do, you could make these into two different

Yeah.

So that's two.

Yeah. That'sYeah, that's why. All right.

That's like times. That's why you multiply.

That's how you

That's just why. All right? Don't ask us anymore.
All right, so then, all right. Uh, //Researcher 1.

//Researchet. [Romina laughs.]
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417
418
419
420
421
422
423

424

425
426
427

428

429
430
431

432

433

434

00:17:03
00:17:06
00:17:07
00:17:10
00:17:11
00:17:13
00:17:15

00:17:16

00:17:21
00:17:22
00:17:23

00:17:24

00:17:28
00:17:29

00:17:31

00:17:39

00:17:57

00:17:57

Jeff:
R1:
Jeff:

Ankur:

Romina:

Jeff:
Ankur:

Jeff:

Ankur:
Jeff:
Ankur:

Jeff:

Ankur:

Romina:

Ankur:

Jeff:

Romina:

Jeff:

All right, 1 think we're good with this.

I'll stay here. Explain it to me on the board.

All right, the reasonhere, Ankur.

Just do it; you're rightther¥.ou 6r e st andi ng
You could just say it.

Um, just do it with three colors?

Yeah.

All right, say you have three colors, red, white and blue. Uh
here you do it

Yeah, one of those colors goes in the first.

All right.

One of those colors goes in the first spot.

Draw the line to the white and the blue.

One, one color goes in the first spot, so there's two colors Ie
So there's three different colors that can go in tisé $jpot and
each of those colors can go with two other colors.

St

Two other ones. So this is either going to be a white and bl
e
i

e. So

Make that a B.

| used to have a Bamélid on and now | can get the chalk to
stick to my finger.
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435

436

437
438
439
440
441
442
443
444
445

446

447

448

449
450
451

452

453

454

00:18:00

00:18:03

00:18:11
00:18:12
00:18:13
00:18:14
00:18:15
00:18:16
00:18:17
00:18:19
00:18:20

00:18:22

00:18:24

00:18:27

00:18:41
00:18:42
00:18:44

00:18:49

00:18:55

00:18:57

Michael:

R1:

Michael:
R1:
Ankur:
Michael:
Jeff:

R1:
Romina:
Jeff:
Michael:

Jeff:

Romina:

Jeff:

Romina:
Michael:
Jeff:

Michael:

Jeff:

Michael:

It is impressive, huh? [Romina laughs.]

What does this have to do with the towers and what you we
showing me about a plus b to the n?

Well, you want you asked us why you multiply.
And why, why they would be

We just answered why we multiply.

Yeabh.

Yeah. We're not there yet.

OK.

We're still working on that.

Yeah, all right.

All right. So that's why you multiply.

All right. Moving on.So that's why that's three factori@b
that's, all right, that's good.

That's all your combinations right there.

Yeah. All right.All right, now we're going to put that number
over, um, N minus X, um

Factorial.
Explain that part.
All right. This, the n would be the number you were

You want to, you know youot
two. This is three choose two. You want to know how many
different places you could put those three.

Yeah. So that's where the n comes in.

So you
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455

456
457
458

459

460
461
462
463
464
465

466

467
468
469
470
471

472

00:18:58

00:19:03
00:19:04
00:19:06

00:19:07

00:19:17
00:19:17
00:19:18
00:19:18
00:19:18
00:19:19

00:1924

00:19:30
00:19:32
00:19:32
00:19:34
00:19:34

00:19:35

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

So you're going to take a number so that would be, that wot
be three and the same reason the three's up there, it's comi
down here.

Minus, minus the x.
Minus-
Then it'll give you one.

Wait, the reason you subtract, that's why you're raising the,
come the x is there? Because you're raising it to two, um. T
it. Right?

Right.

That's why it's there.

And then

The x.

Multiply-

And then that subtracted will give you, will give you

If this was, if this was a higher number like five choose two,
you, that n minus x would be like a three and

And the factorial
Those
-will eliminate all the other ones

Yes, and those

-that you don't want.
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473

474

475

476

477
478
479
480
481
482
483
484

485
486
487
488
489
490
491

492

00:19:59

00:20:00

00:20:08

00:20:10

00:20:12
00:20:15
00:20:18
00:20:22
00:2024
00:20:26
00:20:28

00:20:29

00:20:37
00:20:40
00:20:41
00:20:44
00:20:45
00:20:47
00:20:47

00:20:48

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Romina:

Jeff:

Romina:
Michael:
Romina:

Michael:

Jeff:
R1:

Michael:

Jeff:

line. Five people on the line, you want to knbow many
different places you could put those, those two people.

All the other ones where

Now there's going to be, there’s going to be a lot of, a ot of
repeats because you're also going to count by thosetotaer

people where they're going to be and you're not worried ab
those other three people.

So that only makes

So that's, that's why you would divide, to get rid of the, to ge
rid of them.

To subtract them.

No, that's divide. Why divide that, n minus x?

Oh, that's the way. All right. All right. OK, all right.

And so, you say the next part. | don't know. [Inaudible.]
All right. And, why, why do we want

| don't know.l don't, I, no it's times, huh.

Times.

Actually, that was supposed to be another one in thighg.is,
why-

Didn't, didn't you guys say something about repeats?
Yeah, that's what Bob said. | don't know. | don't trust that ki
That gets like the repeats out.

But it worked. It works. That's all.

All right, we don't know where the, the final x comes from.
Why don't you, um

Why don't we think about it?

Work on it?
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493 00:20:49 R1:

494
495
496
497

498

499
500
501
502
503
504
505

506

507

508
509
510
511
512

513

00:20:55
00:20:56
00:20:57
00:20:59

00:21:00

00:21:07
00:21:09
00:21:11
00:21:12
00:21:14
00:21:14
00:21:18

00:21:20

00:21:24

00:21:30
00:21:31
00:21:31
00:21:31
00:21:35

00:21:36

Jeff:
Michael:
Jeff:

R1:

Jeff:

Michael:
Jeff:
Ankur:
Jeff:
Ankur:
Jeff:
Romina:

Jeff:

Michael:

Romina:
Michael:
Jeff:
Michael:
Jeff:

Michael:

You need to work out a piece of theoplem and see if you car
tell me. Ankur's not convinced. He's looking at me, not bein
convinced.

What, what um

You're not convinced, Ankur?

Like I, I mean how

Are you conwnced, Ankur, about this?

Yeah but say, all right, say we're doing five choose two, rigt
with this. Then we go five factorial. Which is what?

That'll give you all the combinations they can put everybody
Uh, twenty times three.

OK. Sixty.

Would be sixty times two.

Onetwenty.

Onetwenty? That would be; it's ofteventy, right, Romina?
Yeah

We're faster than the calculator, around here. [Romina laug
We're good like thaSo that'd be oraventy.

And, and if you're doing choose two, obviously there's going
be a lot of times where those tw@ a@oing to be in the same
spot as the other three are going te be

What are you doing, five choose two?

-you know, | guess moving around different spots.
Yeah.

That's why you want to get rid of the, the n minus x thing.
Yeah, we got, that makes sense.

Yeah, that, that makes sense to you?
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514

515
516

517

518
519

520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535

536

00:21:37

00:21:44
00:21:47

00:21:49

00:21:54

00:21:54

00:22:03
00:22:03
00:22:04
00:22:04
00:22:05
00:22:07
00:22:10
00:22:12
00:22:14
00:22:15
00:22:15
00:22:16
00:22:18
00:22:21
00:22:23
00:22:25

00:22:26

Jeff:

R1:

Michael:

Jeff:

Romina:

Jeff:

Romina:

Michael:

Jeff:

Michael:

Romina:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Ankur:

Michael:

Jeff:

Michael:

Jeff:

That, that part right here, is this all good? Up to this point? [
you wnderstand why this is all happening?

I'm waiting for the whole thing.
Whole thing? Oh we're not done with that yet.

Then, um, then you multiplyVell, at this point here you have
three.

That's six.

Yeah, it's six. So you have chwenty over six times five
factorial.

No isn't it

Oh I think its the repeats

Or-

Would, would be like

Isn't it three factorial, two factorial?

Three factorial. Oh two, oh, it's acall right, yeah. Two.
Yeah, | guess the, the x

That's the number you weraising

That x.

-and, and five choose x, say and there-was
That s whaMmhmSi nce you
And this was

| getit. | getit. | get it. | get it. [Roma laughs.]

[, I got it now.

Like that.

All right, then the last number would be

Because this just gives you the number.
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537
538

539

540
541
542
543
544
545
546
547

548

549

550
551
552
553
554
555

556

557

00:22:28 Michael:

00:22:29

00:22:29

00:22:33
00:22:35
00:22:36
00:22:37
00:22:38
00:22:39
00:22:40
00:22:42

00:22:43

00:22:55

00:23:07
00:23:07
00:23:08
00:23:09
00:23:10
00:23:11

00:23:15

00:23:21

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

R3:

Michael:

R1:
Jeff:

R1:

Romina;

Michael:

Romina;

You have Yeah.
You're going to multiply by the number.

Those, those, you want to get rid of those. The, all the
combinations that the three are moved around and those, tt
two aren't.

Yeah, they

But then those two themselves will be repeat

Yeah

You will be mixed up.

Be repeating that's whatyouhat 6 s why vyou
That's why you want to get rid of that, too.

Exactly. And then, so that would be just two.

Yeah.

So it would be onéwenty divided by twelve and you get ten.
that what it is?

Yeah it is. Do you get like why we dde by the n minus x and
the, the x? You know, you, you get that?

| don't get that. Could you [Inaudible.]?

You don't get that?

Ankur, did you have that?

What, whatdomart .donét ,

I wonder if Ankur has that? | wonder if Ankur could explain.
| don't think the Inaudible.].

All right. The top thing, the n to the, the n to the, uh, factorie
was going to give yobhow many?

That's all the combinations.
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558
559

560

561
562
563
564

565
566
567
568
569

570
571
572
573
574

575
576

577

00:23:22
00:23:23

00:23:24

00:23:32
00:23:33
00:2334

00:23:35

00:23:40
00:23:41
00:23:41
00:23:43

00:23:43

00:23:46
00:23:46
00:23:46
00:23:47

00:23:49

00:23:52
00:23:54

00:23:54

Michael:
Romina:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Ankur:

Romina:
Michael:

Romina:

Ankur:

Romina:

Michael:

Ankur:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

That's every single combination.
| got that. That | got.

Right?Now you're, you're only worried about them, those tw
people inthat line. So there's going to be some instances wt
those two people are going to be in the same place and tho
three

Are the ones changing.
Will be, you know, will be switch, you know, changing.
And that's

So that's, that would be the, the three factorial. You want to
you want to get rid of that. You want to get rid of them.

Wait, say that again.

Hold on. Well, we

Don't worry about that three, we're doing like five.
No, we're doing this one so the two

All right, so you have the five minus two, is that what you're
explaining on there?

Five minus two, that's

So you have the hundred and twenty different combinations
Yeah.

Total.

All right. But you don't think like when those two people are
going to ben these two spots

And everyone else is changing.
-not those other three.

And those are, those are, those make no difference becaus
we're worried about are where those two people are.



| NFLUENCE OF OCONDERSTATI ONS A29

578

579

580

581

582
583
584
585
586
587
588
589
590
5901
592
593
594
595
596
597
598
599
600

00:23:56

00:23:58

00:23:59

00:24:00

00:24:02
00:24:02
00:24:06
00:24:07
00:24:07
00:24:08
00:24:08
00:24:08
00:24:10
00:24:11
00:24:12
00:24:14
00:24:15
00:24:16
00:24:17
00:24:17
00:24:19
00:24:20
00:24:21

Romina:

Michael:

Jeff:

Michael:

Jeff:
Michael:
Ankur:
Michael:
Ankur:
Michael:
Ankur:
Michael:
Jeff:
Ankur:
Michael:
Jeff:
Ankur:
Romina:
Jeff:
Romina:
Michael:
Romina:

Michael:

Oh like when, oh, oh, okay, okay, okay.

al

These people are going to stay the same and every, all the
people, they're just going

()

You know, going nuts.

(2]

Yeah. [Ankur nods.]
You know what I'm saying?

Um-huh.

o
o

So that's why you get rid of the three.
That's why you do the x factorial

\u

—
>
o
o
—+
=
®
@
o
=1
0

Yeah, so gu get rid of those.

©)

K.
And then, then
Oh, there you go. That makes sense.

rson.

—t |
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601
602
603

604

605
606

607

608
609

610
611
612
613

614

615

616
617

618

619

00:24:22
00:24:23
00:24:24

00:24:26

00:24:36
00:24:39

00:24:40

00:24:45

00:24:46

00:25:05
00:25:05
00:25:06
00:25:07

00:25:08

00:25:12

00:25:18
00:25:19

00:25:20

00:25:25

Jeff:
Romina:
Michael:

R1:

Ankur:
Jeff:

Ankur:

Michael:

Ankur:

Michael:
Romina:
Jeff:

Michael:

Jeff:

Ankur:

Michael:
Romina;

Ankur:

Jeff:

Just those two. Exactly.
Yeah, we all have, | got it. I'm good.
Extension?

Ankur? Can you explain this because poor Resea&ls
trying to understand this, and she's not following Michael.

Something like, | understood it but
Just go through it dude.

All right. The top number is five factorial, that's the total
number of possibilities for, for five, for five people.

One twenty

atime. So we need subtract the five minus two. Those get,

e
P

that gives you and you do factorial, that gives you all the

possibilities of just two people, right?

No, that gives you

Three people.
No, three extras.
The three that you don't, you're not worried about.

That's going to eliminate everyone except the two people y¢
worried about.

OK. Everyone except the two people you're worried about. .
then the x factorial eliminates, except-the

When the two people
Two people, yeah.

Yeah. When the two people are switched back and forth wh
you have the same ones over aggkomina laghs].

OK, [Inaudible.].
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620

621

622

623

624
625
626
627
628
629

630

631
632
633

634

635

636

00:25:26

00:25:38

00:25:41

00:25:41

00:25:42
00:25:43
00:25:45
00:25:46
00:25:47
00:25:50

00:25:51

00:26:10
00:26:11
00:26:11

00:26:14

00:26:37

00:26:39

R3: It's, it's getting better. It's getting bett8o they switch back
and forth you're saying and with your fingers. I think I'm geti
switch back So could you give me an example?

Ankur: Like when you have, when you have like person A and, ove
here.

Michael:  You want to stand up and show them?

Ankur: And person B over here. And then you have person B and
person A.

Michael:  You want to ben a line and we'll show them?

R1: Michael, start from the beginning very slow.

Michael: All right. You have five people.

R1: Stand up and show us.

R3: Stand up and show us.

Jeff: Allrigh t " m going to sit in

Michael:  I'm going to write it nice and clear so you all can see. All rig
You got five people, in a line. You agree with me that's how
many different combinations you can put those fieeple.

R3: That part | understand.

Michael:  All right.

R3: | understood the multiplication that you showed.

Michael:

R3:

Michael:
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637 00:26:45

638 00:26:45

639 00:27:00

640 00:27:02

641

642
643
644
645

646

00:27:41

00:27:50
00:27:51
00:27:54
00:27:54

00:27:55

R3:

Michael:

R3:

Michael:

R1:

Jeff:
R1:
Jeff:
R1:

Jeff:

Uh-hum.

Then let's say you just have those two people in, in any give
combination. If, if one, if this guy switches the place with thi

e |
WOHISEIEBOURWIEIENREYE \V < just, you understand?

Mm hm.

uh,

You don't care like if this guy has a switch with this guy. Yo
undestand like why you would eliminate, how that eliminate
OK. I don't want to think of people. | want to think of the tow

now. Isn't that what Jeff said? And now I'm thinking of towel
that are five tall?

Yeah. You ca, we just
And we're talking of those that have two reds?
Yeah. Well. [Inaudible.]

Explain it to me with that.
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647
648

649

650

651

652
653
654
655

656

657

658
659

660

661

662

663

664
665

00:28:26
00:28:26

00:28:29

00:28:34

00:28:34

00:28:39
00:28:40
00:28:41
00:28:43

00:28:44

00:28:50

00:28:51
00:28:52

00:28:54

00:28:56

00:28:57

00:29:04

00:29:09

00:29:11

Romina:
Jeff:

Romina:

Jeff:

Romina:

Jeff:
Romina:
Jeff:
Michael:

Jeff:

Romina:

Michael:
Jeff:

Michael:

Romina:

Jeff:

R1:

Jeff:

Michael:

You could say

-that you don't @ about. That's going to eliminate all of ther

That's like, if you say like the reds. Let's say reds are our tw
colors that they stay in the same place, and like

Reds.

Theyor e. thetwdkstay ig theasame place and then 1
other three are just switching while they're in staying in the
same place.

Yeah, they're staying in the same spot.

But we're not concerned with them.

That's why you're not concerned with those.

It's going to repeat like six times.

Yeah. So that's where the three factorial comes from, and y
multiplying that by the two factorial. Those are what you're

That's to say like the first place and the third place and then
just switch.

Yeah, like this way
Exactly.

They just don't have a name on them so the, they're the sar
thing.

Yeah.

And then that's where the bottom number comes from and 1
you divide them by each other and that gives you what we'r
looking for.

OK, so I think I follow what you said. But why weewe doing
this?

Uh, you, we dor‘t

We were talking about
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666
667
668
669
670

671

672
673
674

675

676

677

678

679

680
681

682

683
684

00:29:12
00:29:13
00:29:15
00:29:19
00:29:19

00:29:20

00:29:24
00:29:25
00:29:26

00:29:30

00:29:32

00:29:33

00:29:37

00:29:38

00:29:47
00:29:49

00:29:52

00:30:18

00:30:20

Romina:
Michael:
Romina:
Michael:
Romina:

Michael:

Jeff:
Romina:
Jeff:

R1:

Romina:

Jeff:

Romina:

Michael:

R1:
Jeff:

Michael:

Romima;

Michael:

We want, you wanted us to explain choose.

The choose that we, all right, whoa

Which gaees back to Pascal's Triangle and see where a plus
Yeah.

-to the n. And we could figure out the beginning number.

All right. Over here, you wanted, the a plus b to the n thing,
wanteal to know how we got the choose thing. What does thi
mean?

Yeah, how we got the third number.
Yeah.
And that's how we got off to, to here.

OK, so what did that have to do witthat you did in class
today?

That's how we would get the number.

We were looking at, we were doing this in class todéat's
what we were doing. We were looking at a plus b

We're going tdoe

It was like in Pascal's Triangle things go like, by that. Like tf
choose this. Like, um, if you go to the one, three, three, one
of it, it would be, um

Show me on the board, Michael.
Go get 'em, Mike.

This would be like, all right, this would be like three choose
one. How many different places you put that one, that one ¢
There's only one plac&here's only, oh, I'm wrong. What am
doing?

That's when you only have like, it's all one color.

No, there, there's a way it has something to do-withink that
would be three choose zero, | guess. No. All right, and then
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685
686

687

688
689

690
691
692

693

694
695
696

697

698
699

700

00:30:32

00:30:34

00:30:48

00:30:58

00:30:59

00:31:17
00:31:18
00:31:20

00:31:21

00:31:29
00:31:29
00:31:29

00:31:31

00:31:45
00:31:46

00:31:47

R1:

Michael:

R1:

Michael:

R1:

Michael:

R1:

Michael:

R1:

Michael:

Romina:

Ankur:

R1:

Michael:

R1:

Michael:

next one would be three choose three. Obwviotiske different
places.

Three choose what? What was the next one?

Three choose one. The next would be three choose two, wt
we just figured that out. There's three. And last one is three
choose three. You can lgrput those three people in those tht
places. You can't, you know, no more places to put them.

OK so that's really interesting. That's really very interesting.
you've put something else together. | have another questior
You could wite more rows of that triangle.

Yeah.

And now you're telling me you can write them as the choost
way, you've called that. So can you take, let's say another r
or two and show me the addition rule and what it $oltke

with your new notation.

Youdre talking about the act
For a particular, for a particular row.
Add this and this and go like that?

Sure, or three antthree, six. Show me what that looks like wi
that new notationDo you understand my question?

Uh, | don't really.
| don't understand.
Instead of writing three you write

Write your next row, MichaeNow some time ago you, you
had a reason. You explained to-me

Why you add.
Why you add.

Yeah.
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701 00:31:48 R1:

702

703

704

705
706
707
708

709

710
711
712

713

714
715
716

717

718

719

720

00:31:53

00:31:55

00:32:00

00:32:13
00:32:15
00:32:18
00:32:20

00:32:20

00:32:21
00:32:24
00:32:25

00:32:27

00:32:37
00:32:38
00:32:41

00:32:42

00:32:51

00:32:51

00:33:01

Michael:

R1:

Michael:

R1:

Michael:

Jeff:

Romina:

Michael:

Romina:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Romina:

Michael:

Michael:

You remember that? You, might, might be usefulfédks who
haven't heard it to hear it whatever way you want to explain

| don't think | can explain it too good. Um.

Um, you know, however you want to explain it. You've had i
few ways.

Um, | can't, | can't remember too weélknow why you add, if |
explain it, | don't think anyone will understand.

Try.

| didn't. Didn't | tell you guys like last time | came here?
Well, go forit, dude, just

You could try.

You don't have that paper, do you? You can just hand them
hand that out.

You started talking about toppindghink something
Hand hat out instead.
Just

Um, all right. If, all right, let's go to, let's go to this oftis
would be like three different places | guesad um

Which one are we looking at?
That one right there. You have three
That would be a plus b to the third.

All right, let's say you have like, here's a number, all rigletd
means no toppings. One would, this, one would be

It would be, oneds a toppi:

One would be a topping. So first category is everything with
toppings. And that's, you can't make, that's, that's your num
for that one.

Next would be There's alllhe, the ones that have one toppin
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721
122
723

724

725

726
727
728
729

730

731

732
733

734

735

736

737
738
739

740

00:33:12
00:33:14
00:33:14

00:33:15

00:33:25

00:33:34
00:33:36
00:33:37
00:33:38

00:33:3®

00:33:47

00:33:52
00:33:56

00:33:58

00:34:03

00:34:03

00:34:14
00:34:15
00:34:17

00:34:17

Jeff:
Michael:
Jeff:

Michael:

Michael:

Jeff:
Michael:
Michael:
Jeff:

Michael:

Michael:

Michael:
Michael:

Michael:

Jeff:

Michael:

Jeff:
Michael:
Jeff:

Michael:

Right, you got to make that zero at the enou messed up.
What?
Last one should be a hundred, not a hundred and one.

| knew that. Tlere's your, um, your three choose one. And
there's three different combinations you could put that. Um,
can go on forever doing this.

But, um, when you have a new, when you add another plac

Uh-huh.

So now this guy's goin®p have, without toppings. You're goir
to add a topping onto him. That's going to be one topping.
These three with one topping won't get one so, you know

That's their four.
You put, you can put them in the sanategory as this one.
Yeah.

That's four.
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741
742
743
744
745
746

747

748
749
750

751

752

753

754

755

756

757
758
759

760

00:34:17
00:34:18
00:34:19
00:34:19
00:34:20
00:34:23

00:34:23

00:34:28
00:34:29
00:34:30

00:34:31

00:34:46
00:34:48

00:34:49

00:35:11

00:35:13

00:35:19
00:35:20
00:35:21

00:35:22

Jeff:
Michael:
Ankur:
Jeff:
Michael:
Jeff:

Michael:

R3:
Michael:
R3:

Michael:

R1:
Michael:

R1:

Michael:

R1:

Michael:
R1:
Michael:

R1:

Those are your four.

And you know

Three.

Those three.

The thredhat had two toppings won't get any.

Yeah. So theyodoll go to [ I nce

And you could put them in together with the ones that did g1
something. Thatés why you

What c you mean by toppings?
Pizza toppings.
Um, for example

Like here you would have a choice of three different ones. t
you would have a choice of five and like the ones would be
the musirooms, the peppers, the whatever, just by going like
The one would indicate you have it or not.

OK. OK. | remember.

You remember.

I remember this. But now |
in that triangle, | want to think of those as chooses. So for
example, |l etds just take ¢t
Mm hm.
Allright.1 f | wrote these as chc
them

Three choose zero, three choose one.
This is three choose zero.
Yeah.

This is three choose one.
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761
762
763
764

765

766
767

768

769

770

771

772
773
774
775
776
777
778
779
780

781

00:35:23
00:35:24
00:35:25
00:35:28

00:35:29

00:35:32
00:35:34

00:35:36

00:35:41

00:35:42

00:35:51

00:35:55
00:35:56
00:35:56
00:35:57
00:35:58
00:3600
00:36:02
00:36:03
00:36:03

00:36:04

Jeff:

R1:
Michael:
R1:

Jeff:

R1:
Michael:

R1:

Jeff:

R1:

Michael:

Jeff:
Romina:
Michael:
Jeff:
Ankur:
Michael:
R1:
Michael:
R1:

Michael:

Choose one. Same thing.

Three choose

Two and three choose, then three choose, three choose thr
Right.

So thatés how you get it. I
three and zero is like three and three, right? And then three

OK, so
You want us to write the triangle looking like that?

| would, | would, | would like you to do that and then tell me
what the general rule is.

All right.

With this notationDo you wunder stand n
youtoworkonthatSo, so 1 6d | i ke yo
rows with the trd4iangle, anct

So to use it like, like thaLike the next one would be, uh, four
choose zero.

Yeah and

Four choose

The four choose zero then //four choose one, four choose t
//[Four choose one, four choose two.

Four choose three.

Webre in a bad place.

Right. You probably want to use this.

Yeah.

So that people can read it.

Um.
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782 00:36:05 Alex: Ask them your question one more time.

783 00:36:06 R1: OK, so I 6d like you to rewt
784 00:36:09 Michael: From top to bottom?

785 00:36:10 R1: Top to bottom.

786 00:36:11 Romina: Do you want the ones and like

787 00:36:13 Jeff: All right. So what

788 00:36:14 RIL | want everything

789 00:36:14 Jeff: What would

790 00:36:14 R1: | want everything written in this fornbo you understand?

791 00:36:16 Ankur: Uh-huh. [Ankur nods.]

792 00:36:17 Michael: That's, that's easy.

793 00:36:18 R1: And then | would likethe general row.

794 00:36:19 Jeff: Is that one?

795 00:36:19 R1: What would the general row look like? Where you have
towers?

796 00:36:24 Romina: That's a zer o, no thatos zc¢

797 00:36:27 Ankur: X high.

798 00:36:28 R1: Something likehat.
799 00:36:29 Jeff: All right, well that's [Inaudible]
800 00:36:30 R1: Ankur understands. So he can tell you.

801 00:36:37 Romina: See, like that?

802 00:36:38 Michael: So it would be, um, like N over, not two over.
803 00:36:42 Ankur: Well, it would be

804 00:36:43 Michael: N choose

805 00:36:44 Ankur: It would be
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806
807
808
809
810
811
812
813
814
815
816

817

818
819
820
821
822
823
824
825
826
827
828

829

00:36:46
00:36:49
00:36:50
00:36:52
00:36:52
00:36:57
00:36:58
00:36:59
00:37:00
00:37:02
00:37:05

00:37:07

00:37:13
00:37:14
00:37:14
00:37:14
00:37:16
00:37:18
00:37:18
00:37:21
00:37:23
00:37:24
00:37:28

00:37:30

Romina:
Jeff:
Romina:
Jeff:
Ankur:
Jeff:
Ankur:
Jeff:
Michael:
Jeff:
Romina:

Jeff:

Romina:
Ankur:
Romina:
Jeff:
Michael:
Jeff:
Romina:
Jeff:
Romina:
Jeff:
Michael:

Ankur:

Well, and N, make N like your height or something.
All right, so say

N equals height.

Well thatwould-

Well, write the X. Write a plus b to the whatever it is next to
Yeabh.

You know what | mean?

Yeah. So rightThat would be a plus b to the

This would be nothing, you know, it would be adding.
Yeah, zero, one, two. So a plus b to the second.
Well, it'd be like N over N minus, but what?

Yeah, well, a plus b to the second, so it wduddf, or a plus b
to the nth.

To the

No, all you need is like

n is factorial.

It'd be n, n over

n, fa

n mi-

No, that's just likeNo, it's not right. I'm just saying like
It would be

You would have to multiply it.

n over

Well, if you had an n, it would be, uh

To the height of the tower which is n, right?
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830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845

846

847

848

849
850
851

852

00:37:32 Michael:

00:37:33
00:37:34
00:37:37
00:37:38
00:37:38
00:37:39
00:37:42
00:37:42
00:37:44
00:37:45
00:37:45
00:37:46
00:37:50
00:37:51
00:37:51

00:37:53

00:37:58

00:37:59

00:38:08
00:38:09
00:38:09

00:38:11

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Romina:

Ankur:

Jeff:

Michael:

Jeff:

Ankur:

Michael:

You'd have a bunch of n's.

Yeah, and it'd be over, just z

There'd be n plus one n's going this way.

Yeah. It

All right?

it would be n over O.

So if n was three, you'd have four n's going this way.
Yeah.

And the bottom numbers would be just going from 0 to

Just

To-

Yeah. Well, yeah.
Exactly.

To n. Whatever n equals.

Is therea way to write that, you know how to write over time:
[Inaudible.]?

| guess.

Yeah, so how do you, yeah, wait, now that makes sense bu
it would be n over O to the ntAnd whatever

Zero,what are you talking about?
Wherever you're looking for.
What are you talking about, O to the n?

0 minus n? That would be negative.
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853
854
855
856
857
858

859

860
861
862
863
864
865
866
867
868
869
870

871

872

873

00:38:13
00:38:18
00:38:19
00:38:25
00:38:26
00:38:28

00:38:29

00:38:34
00:38:35
00:38:37
00:38:39
00:38:42
00:38:43
00:38:45
00:38:45
00:38:46
00:38:46
00:38:46

00:38:46

00:38:49

00:38:59

Jeff:

Romina:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Ankur:

Romina:

Michael:

R1:

Michael:

R1:
Jeff:

Ankur:

Romina:

Jeff:

Michael:

Jeff:

No, not minus, like that's to whatevers. n over O, n over 1.

1

Not divided by like n, 1, n, uh, 2, n, 3.

That was

All the way until n could be over .ou know what I'm saying"
Yeah.

Not, not divided byl was using bad, uh, bad looking things
there. But

Each of those would be a number

Yeah, itoés what, O to n.
And n represents the height of the tower

The height of the tower, yup.

Yeah, n, n represents

Do you want that divided sign here?

No.

On that one?

No.

No. Cross that off.

No.

|l was wusing it to separate,
looks bad.

Oh, sorry aboutthat. t woul d be, uh, a

the tower with twacolors. You have two numbers.

Yeah. How do you, how are you, can you write that to get tf
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874

875
876
877
878
879

880
881
882
883
884
885
886
887
888
889
890

891

892

893

00:39:04 Romina:

00:39:10
00:39:16
00:39:16
00:39:17

00:39:22

00:39:29
00:39:30
00:39:31
00:3935

00:39:37
00:39:37
00:39:38
00:39:39
00:39:40
00:39:40
00:39:44

00:39:49

00:39:59

00:40:05

R1:

Jeff:

Michael:

R1:

Jeff:

Michael:

Romina:

Jeff:
R1:
Jeff:

R1:

Michael:

Jeff:

Michael:

Ankur:

Michael:

Jeff:

Michael:

Jeff:

Like that odiwhlkatl Ididema@dnt me
like when we used four first and like three first. | don  k n
how to write that, though.

Soyou go 0, 1, 2, 3, dot, dot, dot, up to n.

Yeah.

Mm hm.

Can we get one in the middle there, like n choose r?

Like how would you just go right to n choose 3? Or n choos
Like what [Researcher 1 nods.]

What are you talking about?

Like instead of using 0, 1, 2, 3.

r being any number on the bottom.
Because you said n choose x up there.
Yeabh.

/1 just picked what | wanted

//Oh, you want uh, you want to do that.
Yeah, so, so it would be

Um-

n choose

It would be n.

Woul dndét that just be n c¢h

What ever number you wanted
n?

This, thisisdife r e n t t han t hat. | s n
|l i ke a | i st of number s. T h ¢
numbers.

Uh, you know all that, but

choose to get a c gusttban choose t?i



| NFLUENCE OF OCGONDERSATI ONS A45

894
895
896
897
898
899
900
901
902

903

904

905

906
907
908
909
910
911
912

913

00:40:15
00:40:16
00:40:16
00:40:18
00:40:18
00:40:19
00:40:19
00:40:21
00:40:24

00:40:26

00:40:33

00:40:35

00:40:41
00:40:42
00:40:43
00:40:43
00:40:46
00:40:47
00:40:47

00:40:49

Ankur:

Romina:
Michael:
Romina:

Michael:

Ankur:

Romina:

Ankur:

Michael:

R1:

Michael:

R1:

Romina:

R1:
Jeff:
R1:
Jeff:
R1:
Jeff:

R1:

Li ke that? And then as | ong¢
than O like ¥

Woul dnoét that equal that?
Yeah, wouldnot it?

| guess you could write one of those.

Yeahl snoét 1t supposed to equ
Right there.

T h a-thét ss.

It 6s the same thing.

That does.
You could dof-t hat . It o6s a |
OK, so youobve written out t
the nth row.

The reason why, 0, 1, 2, 3 is that number is always going tc
that number . ltds not, itod:

[Ressar cher 1 wal ks to tBu bo
something in here could be an n choose r. Right? Somethin
here could be an n choose r.

Mm hm.

That s what | heard you sa\)
Yes.

Sort of a general one in here, n choose x.

That 6s what

Whatever you choose to use.

Yeah, thatodos what that is.

OK. OK, so this is my question to yod.0 u @vxitten out two
rows and you have the third one there.
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914
915
916

917

918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936

00:40:55
00:40:56
00:40:59

00:41:01

00:41:06
00:41:17
00:41:19
00:41:30
00:41:34
00:41:34
00:42:02
00:42:03
00:42:06
00:42:07
00:42:08
00:42:10
00:42:20
00:42:24
00:42:25
00:42:25
00:42:26
00:42:28

00:42:30

Jeff:
R1:
Jeff:

R1:

Michael:

Jeff:

Michael:

Ankur:

Michael:

Jeff:

Michael:

R1:
Jeff:
R1:

Jeff:

Michael:

R1:

Michael:

Romina:

Jeff:

R1:

Michael:

R1:

Mm hm.

A46

Maybe somebody will come up here and write these up nice

Is that what you want?

Yes. Because then | want to askydnt; after you do that | hav

a question to ask you. Thanks.

You want to erase those?

You want to make that the line so bad. | know.
No, dondét do that.

How far do you vant him to go?

One more.

| want to, uh. You want one more for good measure?

No. Donét worry about it.

Go to the nth one, then.

Woul dndét -t hat just be
Dot, dot, dot.

N zero

Dot, dot, dot, N to the N.

And the last one, Jeff. Is the last one N N?
Yeah.

Mm hm.

Yeah.

Do you want to put it at the end?

Yeah, put it at the end, make it nice.

What 6s the middle one ther e

show the middle one?
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937
938
939

940

941
942
943
944
945

946

947

948

949
950
951
952
953
954
955
956

957

00:42:31
00:42:33

00:42:40

00:42:44

00:42:55
00:42:57
00:42:59
00:43:00
00:43:02

00:43:07

00:43:10

00:43:10

00:43:15
00:43:16
00:43:18
00:43:18
00:43:20
00:43:20
00:43:21
00:43:22

00:43:22

Jeff:
R1:

Jeff:

R1:

Jeff:

R1:

Michael:

Jeff:
R1:

Jeff:

Michael:

R1:

Michael:

Jeff:

Michael:

R1:

Jeff:

Michael:

R1:

Romina;

Michael:

Uh, actually, you couldug N, X.
OK. N choose X, N choose N.

Those are dots because you
can.

oK, now, now, show me, sho\
just show me, uh, an additionrulePfa s cal 6s Tr i
say from, give me an example from the third, fourth row to t
fifth row.

Fourth row to this?

Fourth row to the fifth.

The three to the four.

Oh, fouth row.All right. Um.

Show me that three plus three is six. Which ones would it b

That would, I|ike youbdre sa\
choose 2] going to there [4 choose 2]?

Uh-huh.

OK, show meHow would you draw your little arrow to show:
that?

This one and that one.

Yeah, is that it? |Is that ¢
Yeah.

Is that true? Do you believe that?

Yeah.

Yeah, | believe so.

You all believe that?

Yeah.

Uh-huh.
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958
959
960

961

962
963
964

965

966
967
968
969
970
971
972
973
974
975
976
977
978

979

980

00:43:22
00:43:23
00:43:23

00:43:25

00:43:27
00:43:30
00:43:32

00:43:35

00:43:40
00:43:41
00:43:43
00:43:44
00:43:46
00:43:47
00:43:48
00:43:48
00:43:50
00:43:52
00:43:52
00:43:53
00:43:53

00:43:55

00:44:01

R1:
Ankur:
Michael:

R1:

Jeff:
Romina:
R1:

Jeff:

Michael:
Ankur:
Michael:
Ankur:
Michael:
Ankur:
Jeff:

R1:

Jef:

R1:

Jeff:
Romina:
Ankur:

Michael:

Jeff:

No one could persuade you otherwise?
No.
No.

OK, so youdre saying three
equals four choose two. Right?

/[Three choose two should equal four choose two.
Look at all the numbers are added up.
OK. So what's four choose two plus four choose three?

Four choose two plus four choose three? That would be,
[Michael laughs.] that would be five

Oh, five

Five choose

Five choose three.

Yeabh.

Right?

Yeah.

Yeabh.

| don't know if Romina's convinced.
Why is it five choose three?
Yeah, | don't think Jeff is either.
Is this here

Yeah, | don't really

Because it's, it's always the one on the right.

Because, see, this guy gets another topping, | guess, so he

Uh huh.
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981
982
983
984
985
986
987
988
989

990
991
992
993

994

995
996

997
998
999

00:44:02 Michael:

00:44:03
00:44:04
00:44:05
00:44:06
00:44:09
00:44:09
00:44:10

00:44:11

00:44:15
00:44:15
00:44:16

00:44:19

00:44:21

00:44:33

00:44:34

00:44:40
00:44:40

00:44:43

1000 00:44:45

1001 00:44:46

Jeff:

Michael:

Jeff:

Michael:

Jeff:
R1:

Jeff:

Michael:

Romina:

Jeff:

Michael:

Michael:

Michael:

Romina:

R1:

Brian:
R1:
Jeff:
R1:

Brian:

Whatever itis in here. And this guy doesn't, so it stays two.

Ah, it doesn't, so thatos t

It wasnot that .

Oh, all right.

[e}}

Explain that one more time, Michael, please.

Here.

Um, wherever this guy goes, wherever this guy goes he's g
to get another topping because he’s moving this way.

Um-hm.

I'm with you.

OK, so that's really very interesting. Let me ask you to exple
that to Brian for a minute, but we'll let him eat first. Did you
eat, Brian?

No.

Just help yourself. You can watch us.
We don't get another break?

All right, Brian, just eat. You can.

I don't think you want to know what | went through
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1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014

1015

1016

1017

1018
1019

1020

00:44:48
00:44:49
00:44:50
00:44:52
00:44:52
00:44:52
00:44:53
00:44:57
00:44:57
00:44:59
00:45:00
00:45:01
00:45:02

00:45:04

00:45:08

00:45:09

00:45:12
00:45:14

00:45:15

Ankur:
R1:
Brian:
Ankur:
Romina:
Ankur:
Brian:
Alex:
Michael:
R1:
Alex:
Jeff:
Ankur:

Jeff:

R1:

Ankur:

Brian:
Ankur:

Jeff:

Well at least you got a tux.

We're glad you're here.

Neither did I. | didn't.

| didn't either.

What happened?

[Inaudible.] what happened to my coat.
The coat is like fit for a midget. [Break in tape.]
Keep going.

All right.

[Side conversation.] OK, sure, why not.
OK. Good.

All right. Well, all right.

[Inaudible.] you remember.

All right, we're looking at, we're looking at this right here. Yc
guys got to pay attention to it.

Erase it better]eff, before you start, because

Yeah, remember and you didn't pay me back for like three
months.

| had it the whole time.
Yeah, but it cancelled out.

All right. Say wehave this row right here. We got um, N
choose 0. And over here we have N choose X. And then ov
here we have N choose Al right? Then this right here woulc
be- Oh, we're explaining the general addition, the addition rt
using this type of, to fill outhe triangle. Using chooses to fill
out the triangle and this here would be N choose X plus one
then N, N choose X plus two and so on to whatever N equa
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1021
1022
1023

1024

1025
1026
1027

1028

1029

1030

1031

1032

1033
1034
1035
1036
1037
1038

1039

00:46:02
00:46:03
00:46:04

00:46:05

00:46:10
00:46:12
00:46:17

00:46:19

00:46:29

00:46:30

00:46:40

00:46:46

00:46:54
00:46:54
00:46:56
00:47:02
00:47:03
00:47:04

00:47:06

Ankur:
Jeff:
Ankur:

Jeff:

Ankur:
Jeff:
Michael:

Jeff:

Michael:

Jef:

R1:

Jeff:

R1:
Brian:
Jeff:
Brian:
Jeff:
Michael:

Brian:

Ri ght t her-édddt Ildidn't ldawe enodigh toom.
And this here would be X minume and then

You did that one man.
What?
Nothing.

That'd be X minus two and so on each way. Rigd?'d be
that.

Can | see the row above that?
And the row above this would be N minus one, rigt¢anh.
Mm hm.

Um, choose zero. This again would be N, N minus one cho
X and then

N minus one.

N minus one, N minus on€hat's a one. Um, how do you wat
me to, te Where do you want me to go from here?

Well, you know, um, Brian wasn't here, so you might want t
give him some background to what you've been doing.

Start at the beginning? We did, we worked for an hour and
half getting to this point. Explaining this, doing this. All right,
um.

But Brian's a quick study.

That's what | am.

All right. We did, uh, this is Pascal's Triangle using

The whole choose thing.

-the choose situatiofmhat's what this is.

You know how choose works, like one, three, three, one.

Yeah.
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1040
1041
1042
1043
1044

1045
1046
1047

1048

1049
1050

1051

1052
1053

1054

1055
1056
1057

1058

00:47:07
00:47:07
00:47:08
00:47:09

00:47:11

00:47:19
00:47:20
00:47:21

00:47:24

00:47:29

00:47:30

00:47:36

00:47:38
00:47:39

00:47:39

00:48:01
00:48:02
00:48:03

00:48:04

Jeff:
Michael:
Brian:
Michael:

Jeff:

Michael:
Jeff:
Michael:

Jeff:

Michael:

Jeff:

Ankur:

Jeff:
Michael:

Jeff:

Michael:
Jeff:
Romina;

Jeff:

Yeah.

Three choose zero, three choose-one
One, four, six

Yeah.It's all like chooses of something.

All right. So, um, | dontUm, how would you like to, uh, how
do you want to do this? How do you want to

We're just
Well, tell him what we did.
-replacing the three in the chooses by N's and X's.

Yeah, exactly. And rather doing, like, uh, rath®ay this is the,
uh-

If N was three.

Yeah, say if N was the third row, it would be three choose z
That would give you one.

Like,youkhow how ités one, thre
Zero gives you one.

Three choose one.
That 6d be three.

That would give you the three. The three choose two. That
would give you the other the. That's equal to three and then
three choose three. That equals the other one. And like that
filling out this part of the triangle and so ¢dnd that's what,
that's what we're doing nowWe went, other stuff we did we di
the whole, we found that agtion to find out choose.

What choose means.
Yeah, we did all that.
And choose.

But you missed out on all thathat's the choose equation.
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1059

1060

1061
1062
1063
1064
1065
1066
1067
1068
1069
1070

1071

1072
1073
1074

1075

1076
1077
1078

1079

00:48:05

00:48:08

00:48:14
00:48:15
00:48:16
00:48:16
00:48:16
00:48:17
00:48:17
00:48:17
00:48:18
00:4818

00:48:20

00:48: 5
00:48:26
00:48:27

00:48:27

00:48:35
00:48:35
00:48:35

00:48:37

Romina:

Jeff:

Brian:
Michael:
Romina:
Ankur:
Jeff:
Brian:
Romina:
Jeff:
Brian:
Jeff:

Romina:

Brian:
Romina:
Brian:

Romina:

Brian:
Romina:
Brian:

Michael:

Tha's the choose equals.

And we spent time explaining. That's what we spent the bul
bulk of the thing, trying to figure out how to explain that. Anc

What's that little exclamation point?
//Factorial.

//Factorial.

//Factorial.

Factorial.

That's what it is?

Yeah.

Yeabh.

All right.

It was really excited, like N! [Michael laughs]

You want to know what this is? That's all the combinations.
[Romina points to her paper; refer to Figure JI84t's
minusing. You know how like they're saying

Yeah.
-three choose two.

Yeah.

We don't care about the three, so that's like when the three
switching, not the twos. And that's when the twos are like in
first place andhe third place, and they just switch and nothir

So this

It's basically the same thing.
Is this, is that this over this?

Yeah.
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1080
1081

1082

1083
1084
1085
1086
1087

1088

1089
1090
1091

1092
1093
1094
1095
1096

1097
1098
1099

1100

00:48:38
00:48:45

00:48:46

00:48:57
00:48:58
00:49:00
00:49:01
00:49:01

00:49:02

00:49:05
00:49:07

00:49:10

00:49:14
00:49:16
00:49:17
00:49:19

00:49:21

00:49:23
00:49:26
00:49:27

00:49:28

Romina:
Michael:

Romina:

Brian:
Romina:
Ankur:
Romina:
R1:

Ankur:

R1:
Jeff:
R1:

Jeff:

R1:
Michael:
Jeff:

Ankur:

Michael:
Jeff:
Michael:

Jeff:

It's N, N factorial over N minus X factorial times X factorial.

And that equals N choose X.

All right.

And that's all of them. [Romina laughs.]
The Reader's [@est version.

Yeabh.

What was that, Ankur?

No, | just said like the Reader's Digest version or something
[Romina laughs.]

The Reader's Digest version?
Yeah. So where, where do you want to go with, with this?

Well, I want you to show me how the addition rule works in
general.

Al l right. Well th-atodés not
So you showed me what N nois one choose-X

Go from, go from, go from N X and N X plus one.

Wait, this is, this is //[Inaudible]

Yeah, add that in terms of Xike below it, you know what |
mean?

Add these two. What are these two going to equal?
Al | right, we | | thatds goni
We want the next

/IN plus one over
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1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111

1112

1113
1114
1115
1116
1117
1118
1119
1120
1121
1122

1123

00:49:30
00:49:30
00:49:33
00:49:33
00:49:34
00:49:37
00:49:39
00:49:40
00:49:41
00:49:41
00:49:40

00:49:41

00:49:46
00:49:48
00:49:50
00:49:51
00:49:51
00:49:52
00:49:53
00:49:54
00:49:57
00:50:00

00:50:02

Michael:
Ankur:
Jeff:
Michael:
Ankur:
Jeff:
Ankur:
Jeff:
Michael:
Ankur:
Jeff:

R1:

Jeff:
Ankur:
R1:

Jeff:
Michael:
Jeff:
Ankur:
Jeff:
Michael:
Jeff:

R1:

/IN plus one over

X plus one.

X plus one?

N.

Yeabh. I think. URhuh.

That 6s what these two are ¢
Mm hm.

Right?

Yeah.

Yeabh.

And thatods cause

Can you write it, can you write it as an equatidn8t like you
wrote three plus three equals six.

Um, that would

N plus, just that plus that.

Why don't you do it on the side?
Just N. Oh, would it be

Oh, N choose X.

N choose X, um, plus

Plus.

-N choose X plus one.

Equals that.

Plus one, equals that right there.

/[inaudible]
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1124 00:50:04 Jeff:

1125
1126
1127
1128
1129
1130
1131
1132
1133
1134
1135
1136
1137
1138
1139

1140

1141
1142

1143

1144

00:50:14
00:50:15
00:50:16
00:50:16
00:50:17
00:50:18
00:50:18
00:50:19
00:50:20
00:50:22
00:50:24
00:50:25
00:50:25
00:50:27
00:50:27

00:50:28

00:50:31
00:50:32

00:50:33

00:50:35

Michael:

Jeff:

Michael:

Ankur:

Romina:

Ankur:
Jeff:
Ankur:

Jeff:

Michael:

Jeff:
Ankur:

Jeff:

Michael:

Jeff:

R1:

Michael:

Brian:

R1:

Jeff:

Then, well, that's, that's because this would be gaining an x
going into thex plus one.

Yeah.

And this would be losing an X.

No, no, not losing, not getting anything.
Staying the same.

No.

It's na getting anything.

That would be staying the same and that's
That's, yeah, the plus that.

-is the X plus one.

And the top numbers have changed because you have mor
Because you're adding more things.

One more.
One more
Topping oF
Place

Say it so Brian can follow it because he wasn't haréh®
earlier pizza discussion.

He follows, you can follow it?
| can just sit in the back and watch.

Go ahead, Brian. Don't be easy on them, Brian, make them
work.

What,what we're doing is the next line of the triangle
Remember how today in class you know how the other triar
was one, twe
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1145

1146

1147
1148

1149

1150
1151
1152
1153
1154
1155
1156
1157
1158
1159

1160

1161

1162

1163
1164

1165

00:50:40

00:50:41

00:50:50
00:50:51

00:50:53

00:50:56
00:50:56
00:50:57
00:50:57
00:50:58
00:50:58
00:50:58
00:50:59
00:51:02
00:51:03

00:51:03

00:51:10

00:51:11

00:51:20
00:51:21

00:51:25

Brian:

Jeff:

Brian:
Jeff:

Romina:

Brian:
Jeff:
Romina:
Jeff:
Ankur:
Michael:
Brian:
Romina:
Jeff:
Brian:

Jeff:

Brian:

Jeff:

Michael:
Jeff:

Brian:

Yeah.

-three, that whole row ther&¥ell, that's the increase in N, ani
then the X plusne. If you added another topping onto your
whole. Say we're doing pizzas.

All right.
If you add another topping onto it?

You know how we get the triangle and how we go one two ¢
and addhose two together.

Yeah.

Yeabh.

That's what we're doing right there.

Yeah. Well, that's what we're doing.

We're just adding it.

You know why, do you know why we add, though?
That's all you're all doing?

That's all we're doing.

We, we were explaining why you add.

All right, keep going.

And why you do it, is it cause when you add another toppiny
like onto it, this oneSay the toppings were one and zero.

Uh huh.

If it gets a topping, that's why it goes up to the X plus one. /
since it doesn't get anything, itll stay the same. And in this ¢
it's staying the same, right?

Yeah.

And that's why it's going there. Like saying that's the zero.

OK.




| NFLUENCE OF OCGONDERSATI ONS A58

1166
1167

1168

1169
1170
1171
1172
1173
1174
1175
1176
1177
1178
1179
1180
1181

1182

1183

1184

1185

1186

00:51:26
00:51:28

00:51:30

00:51:34
00:51:35
00:51:37
00:51:37
00:51:37
00:51:42
00:51:43
00:51:44
00:51:45
00:51:46
00:51:47
00:51:51
00:51:52

00:51:53

00:52:11
00:52:14
00:52:15

00:52:16

Jeff:
Brian:

Jeff:

R1:

Jeff:

R1:
Michael:
Jeff:
Michael:
R1:
Ankur:
R1:

Jeff:

R1:

Jeff:
Romina:

R1:

Jeff:
Michael:
Jeff:

R1:

And going to there. Make sense?
Yes. It actually does.

So, so that would be the general addition rule in this case?
That's it?

Are you impressed?

Impressed?

Mm hm.

Not really.

Not really. | don't think we did anything that spectacular.
Yeah, that's all.

Well, you might be.

Nothing more than we evdid before.

You might pick up a probability book-n

Is this all in

-freshman college and see if you recognize this.
I mean, | don't know. It just, just seems like

We just talked

If someone said to you, why does this work and this is a ruls
and you've shown me things with factorials, you can probak
write those in factorial notationsbet you could. In fact, | wish
someone would dib on the board on the right thei&rite that
addition statement using factorial notations.

All right. Um, you want to do that? Want to do it?
Just that thing real quick?
We're writing thisright here?

Sure.
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1187 00:52:16 Jeff: The addition rule in factorial notation?

1188 00:52:19 R1: That's another form, isn't it?

1189 00:52:20 Jeff: Yeah.

1190 00:52:22 R1: Brian would like to know that, | know he would.

1191 00:5225 Romina: Bless you. [Someone says Thanks]
1192 00:52:27 Brian: Right.

1193 00:52:27 Jeff: lom thrilled
1194 00:52:27 Ankur: Oh, yeah.

1195 00:52:28 Michael: That whole thing plus

1196 00:52:31 Ankur: Plus.

1197 00:52:35 Michael: Aw this is gonna & a pain.
1198 00:52:39 Michael: No.

1199 00:52:40 Ankur: No, it's just N.

1200 00:52:41 Jeff: Yeah, N factorial.

1201 00:52:42 Michael: |just, | just saw that. Um.
1202 00:52:48 Ankur: Over, just do everything it is.
1203 00:52:50 Michael: N minusX.

1204 00:52:53 Ankur: X, parenthesis.

1205 00:52:54 Michael: Plus one.

1206 00:52:58 Ankur: Yeah. And then add and do the X factorial. Put that all in
parentheses.

1207 00:53:04 Jeff: It's not an X, it's not X. Yeah, there you go. There you go.
1208 00:53:10 Ankur: No, it's not the top.
1209 00:53:12 Michael: Yeah, the whole thing.

1210 00:53:13 Ankur: Plus one? Do you have that plus one on the bottom?
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1211 00:53:18 Michael:

1212
1213
1214
1215
1216

1217

1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231

1232

00:53:30
00:53:33
00:53:34
00:53:35
00:53:35

00:53:36

00:53:57
00:54:03
00:54:04
00:54:11
00:54:12
00:54:13
00:54:14
00:54:15
00:54:15
00:54:17
00:54:17
00:54:17
00:54:18
00:54:20

00:54:22

Ankur:
Jeff:
Ankur:
Jeff:
Ankur:

Jeff:

Michael:

R1:

Jeff:

Michael:

Jeff:

Michael:

R3:

Michael:

Ankur:

R3:

Michael:

Ankur:

Michael:

R1:

Michael:

Yeah.Equals.Um. [Michael laughs.Um, this whole thing on
the bottom, m.

It's the same, it's the same thidgst copy it.
Yeah.

N.

N.

Minus X.

Minus X plus, exactly. You know how like intimidatirtlgis
equation must be, like if you just pick up a book and look at
that?There you go. Yeah.

There you go. Thatés what
Do you all agree?

Yeah. | got chalk all over my paritke Dr. Zabrower.
That means like

That 06s

ltés too confusing?

Is that the same thing?

Yeah.

It is the same thing.

Itis?

Yeah. N.

As that. Yeah.

This thing, all right, you see how that is that?

Mm hm.

You know how I'll go up there again.
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1233

1234
1235
1236
1237
1238
1239
1240
1241
1242
1243
1244

1245

1246
1247
1248
1249
1250
1251
1252
1253
1254

1255

00:54:27

00:54:33
00:54:37
00:54:39
00:54:45
00:54:45
00:54:45
00:54:47
00:54:49
00:54:53
00:54:55
00:54:57

00:54:58

00:55:02
00:55:02
00:55:02
00:5504
00:55:05
00:55:05
00:55:06
00:55:06
00:55:06

00:55:06

Jeff:

Michael:

Jeff:

Michael:

Jeff:

Ankur:

Michael:

Jeff:

Michael:

R1:

Michael:

Ankur:

Jeff:

Romina:

Ankur:
R1:
Jeff:

Ankur:

Michael:

Jeff:

Romina:

Jeff:

Ankur:

We just wrote out the, yeah, exactly, we wrote out the equa
how to find N choose, exactly.

That's, that's, | guess that's what you want.

Yeah. It's exactlyWe just wrote, we instead of wing-

You agree with this? RightSo we just wrote, we wrote that
We wrote it in the, in the form.

In that form.

't still doesndét | ook, it «
Yeah. It looks kind of mean.

We wrote that like that.

Did you all very carefully check that arithmetic?

You think wedre wrong?

What, you found an esr?

Allright Wel | what 6s, what, go t
equation down.

Her eds a

There it is, right there.

Why dondét you geti a piece
Where is it?

ltés right above N over X.
Oh, yeah. Never mind.

All right.

You found it?

Yeah.

The first one.
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1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270

1271

1272

1273

1274

1275

1276

00:55:14
00:55:17
00:55:19
00:55:21
00:55:24
00:55:26
00:55:29
00:55:32
00:55:32
00:55:35
00:55:36
00:55:39
00:55:39
00:55:40
00:55:42

00:55:44

00:55:59

00:56:00

00:56:07
00:56:10

00:56:10

Michael:
Jeff:

R1:
Michael:
R1:
Michael:
R1:
Michael:
R1:

Jeff:

R1:

Jeff:
Michael:
Ankur:
Jeff:

R1:

Michael:

R1:

Jeff:
Michael:

Jeff:

There you go.

Yeah, all right.

You sure?

Yeah, I O6Om sure. You got an)
Did you check it?

What do you meanl® it wrong?

Now that, thatods really, r¢
Yeah.

What do you think? Is that foreboding?

| guess.

I wonder if theinggtds a way
Of what?

Simplifying it. Hey!

Yeah, you could [l naudible.
Yeah thatoés, thatoés pretty

That 6s a way yowknswil seeN plus gne i t
parenthesis minus parenthesis X plus one. That looks like tl
could be a little simpler. See that N plus one parenthesis thi
Michael just put there.

Yeah.

Minus the expression X plus enSuppose you distributed tha
minus one.

So you want, all right, sAAll right.

Why would you want to do that?

So distributing, say over
plus one mins X minus one factorial?
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1277 00:56:19 Romina:

1278
1279
1280
1281

1282

1283

1284

1285
1286
1287
1288
1289
1290
1291
1292

1293

1294

00:56:20
00:56:24
00:56:24
00:56:27

00:56:31

00:57:04

00:57:06

00:57:20
00:57:22
00:57:25
00:57:27
00:57:29
00:57:30
00:57:33
00:57:35
00:57:36

00:57:38

Jeff:
Michael:
Jeff:
Romina:

Jeff:

R1:

Jeff:

R1:

Jeff:
Romina:
Jeff:
Romina:
Jeff:
Michael:
Jeff:

Michael:

Jeff:

Mm hm.

Oh yeah, yeah, there you go.

That's what I'm asking you to think about. Not right, not now
necessarily, but, um

What thatdés a good questi ol

Well, can we throw in numbers and see?

Would we be able to cross out the N plus ones?
Well then what are you left with

Yeah. Yeah. It doesn't

Factorial divided by factorial?

Now wouldn't that just be, uh

Now I'm saying you could.

But now you're talking abowimplifying, wouldn't that just be,
uh-

Yeah.
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1295
1296
1297
1298
1299
1300
1301
1302
1303
1304

1305
1306
1307

1308

1309
1310
1311
1312
1313
1314

1315

1316

1317

00:57:39
00:57:41
00:57:42
00:57:43
00:57:44
00:57:45
00:57:47
00:57:47
00:57:48

00:57:47

00:57:56
00:57:57
00:57:59

00:58:01

00:58:01
00:58:01
00:58:04
00:58:07
00:58:08
00:58:08

00:58:11

00:58:19

00:58:19

Romina:
Jeff:
Ankur:
Romina:
Jeff:
Romina:
Ankur:
Michael:
Jeff:

Michael:

Jeff:
Michael:
Romina:

Jeff:

Michael:
Jeff:
Michael:
Jeff:
Michael:

Jeff:

Michael:

Jeff:

Michael:

| don't, would that, this whole thing be

Yeah then it would be nothing, right?

Plus one.

Yeah.

Then that would cross out and that would cross out.
You get two factorials.

You can't do that.

You know that

Yeah.

She's tdting about simplifying, and you just like, you know,
put that negative in there and it would be just N minus X?

Where? Where's this at?
Right at N minus. minus, that one right there.
The e all the way to the side.

Oh yeah, and then the, all right, so you, so you do that, N
X factorial.

That. That could be

N minus. Yeah exactly.

Uh, I'm not toogood with my uh

Simplification.

Yeah.

Yeah, because that, it would-Béou got the plus one.

I'm just wonderingWouldn't you, wouldn't that equal N plus
one minusX minus one?

Yes, then the plus one and the minus-one
Are gone.
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1318
1319

1320

1321
1322
1323
1324
1325

1326

1327
1328
1329
1330
1331
1332
1333
1334
1335
1336
1337
1338

1339

00:58:19
00:58:20

00:58:21

00:58:34
00:58:37
00:58:39
00:58:40
00:58:42

00:58:42

00:58:45
00:58:49
00:58:51
00:58:51
00:58:51
00:58:54
00:58:56
00:58:56
00:59:01
00:59:02
00:59:03
00:59:05

00:59:08

Jeff:
Michael:

Jeff:

Michael:
Jeff:
Michael:
Jeff:
Romina:

Jeff:

Michael:
Jeff:
Ankur:

Michael:

Romina::

Jeff:
Ankur:
Jeff
Michael:
Jeff:
Michael:
Jeff:

R1:

~

Right? Yeah.

ANIEIEISIMPIEE | still don't like it though.

Then, but then you could cross out, OK, could you cross ou
Which are you talking about?

Up, no, the bottom and the top.

The top.

Oh, that's plus on& | | right, my bad,
attention.

Anything else to simplify?

st
And can't you do that on the other side too?
um.

um.

It would be N minus one.

o

No, it'll still be the same number.

e.

You want us to do that, do that too? Or don't even bother.

I'm, I'm impressed that twenty of ten you're doing this
arithmetic. Um, you know, of course the next thing to do is t
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1340
1341

1342

1343
1344
1345
1346
1347
1348
1349
1350

1351

1352

1353
1354
1355

1356

00:59:23
00:59:23

00:59:24

00:59:55
00:59:57
00:59:59
01:00:03
01:00:05
01:00:06
01:00:11
01:00:12

01:00:13

01:00:21

01:00:24
01:00:26
01:00:26

01:00:27

Michael:
Jeff:

R1:

Michael:
R1:
Michael:
R1:
Romina:
R1:
Michael:
Jeff:

R1:

Jeff:

R1:
Romina:
Michael:

Romina;

learn how to do the algebra of factorials so that you indeed
could do the addition.

[Inaudible.].
[Inaudible.]the factorial.

Would you like to know how to do that? Would you like to
know how to do the algebra of factoriald®et you know how
to do a little bit alreadytll just show you one thingat | know
you know and I'll leave you to think about this because
everyone is getting tired, but let's just take something like th
right? Six choose two, right®nd you know, you, you told me
you could write that how? As

Um, sk factorial over

Six factorial.

Three fact, four factorial times two factorial.

Times two factorial, right?

Mm hm.

And you know what six factorial isight? Six times five.
Times onetwenty.

Thirty. Yeah.

I'm not going to do that though. | don't like talon't like to do
multiplication.I'm very lazy.I'm just going to write six times
five times four factorials that okay?

That's, that's simplifying is great, then you-cg8tudents all
talk at once.]

But can | do that?
Yeah.
And then you could crossubthe four factorials and

Oh.
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1357 01:00:28 R1:

1358
1359
1360
1361

1362
1363
1364
1365
1366
1367

1368

1369
1370
1371

1372

1373

1374

1375

01:00:28
01:00:29
01:00:31

01:00:33

01:00:35
01:00:37
01:00:39
01:00:40
01:00:42
01:00:43

01:00:43

01:00:45
01:00:47
01:00:48

01:00:50

01:00:51

01:00:55

01:00:59

Jeff:
R1:
Jeff:
R1:

Jeff:
R1:

Jeff:

Romina:

Jeff:
Ankur:

Jeff:

Romima;
Jeff:
Ankur:

Jeff:

Michael:

R1:

Michael:

Oh, then | can cross out the four factorials.

Oh, all right, that makes sense.

Right?

So you just get thirty divided bypu get thirty divided by two.

Yeah. Look at all the time that will save you in an SAT
guestion.

That'd be big.

But, but if you think about this

She broke, she broke it dowarther.

Oh yeah she just

Like rather than say you have six factorial
Mm hm.

She broke it down until she got a number that she got that <
wanted.

She had two numbers.

That matched the number on the bottom.

All right. Yeah.

Does it matter?
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Appendix B: Coding of the transcripts féhe semiotic models

Legend

[ P*  Visualmanipulative | P? Quantitative systems [ _P* Symbolic notations

Line  Time Talker Transcripts

1 00:00:.00 [Romina, Jeff, and Michael are sittingaatable talking with
Researcher 1. At the start, the display says 02:01:01.27. Nc
sounds can be heard. Researcher 2 walks across the room
opens the door, and goes out. The camera shows the rest ¢
room. Researcher 2 returns.]

00:01:05 R1: -mentiored some of what went on. | have, | don't have a clut

2 Can you sort of tell me about it and how some of you sugge
it's connected to other things you had done? I'm really curio
Feel free to use the board and show me and tell me.

3 00:01:16 Jeff: Well.

4 00:01:17 R1: But | don't know what went on.

5 00:01:17 Romina: When, when we came up with that thing that almost was lik
the[Pascal'Sriangld®? What was it witHg®>? What were we
doing?

6 00:01:21 Jeff: It was, um

7 00:01:22 Romina: Ten,tenpercentof ahundreg?.

8 00:01:25 Jeff: Is that what it was?

9 00:01:26 Romina: Yeah.

10 00:01:28 Jeff: Um, I'm not sure. | don't know.

11 00:01:31 Romina: Can we have a calculator? Are we allowed to have one?

12 00:01:33 R1: Sure. Hope you know wherkedy are.

13 00:01:36 RA4: Yeah.
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14
15
16
17
18
19
20
21
22

23

24

25

26

27

28

29

30
31
32
33
34
35
36

00:01:37
00:01:43
00:01:45
00:01:46
00:01:46
00:01:46
00:01:47
00:01:48
00:01:52

00:01:58

00:01:59
00:(2:00
00:02:01

00:02:02

00:02:02

00:02:06

00:02:11
00:02:14
00:02:17
00:02:18
00:02:20
00:02:21

00:02:23

R1:

Jeff:

Romina:

R1:
Jeff:

R1:

Romina:

R3:

Michael:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:
Michael:

Romina;

You may want to have them around anyway.
This could be our first time ever using calculators.
Yeah.

Wow, first time.

We usually

You never use them?

Thank you.

You're welcome.

Are there any games on this?

We saidonetimesor oneminug®.

What, what am | doing?
Oh that's good right there.

Yeah. [Romina laughs.]

One. Was ifoneminusoneoverahundre®?

Hm.

IHundredraisedto®3-

OK,whyamtOh,okayl di dndét know wh
Oh.

Wasnoét it |ike, weren't we
Yeah, that's what it was.

Yeah.

That's this [unintelligible; chair is moving].

OK, this is scary. Look when we wergause we were
discussing likdpercentagd®. And, uh, like an increase afvet]
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37
38

39

40
41
42
43

44

45

46

47
48
49
50

51

52

53

54

00:02:38

00:02:39

00:02:41

00:02:44
00:02:45
00:02:48
00:02:50

00:02:51

00:02:53

00:02:55

00:02:57
00:02:59
00:03:00
00:03:02

00:03:04

00:03:09

00:03:11

00:0311

Jeff:

Romina:

Jeff:

Romina:

Jeff:
R1:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Michael:

Jeff:

Romina:

Jeff:

Michael:

Jeff:

Romina:

ldid a hundredandwe took ten perceniof it]?? andithat'song
two one, that'sonethreethreeong®, and, you know, thas-

Yeah, we kept going-it

It doesn't come out yeafter awhile it goeg?.

It kind of makes you thinkAfter awhile it stop$*?, but we
were, uh

We really thought that as it, look.
We were into it.
Oh. So what does it mean?

Uh, we didn't, we didn't know.

We didn't know because thfinstops?, though.

——— 1

Yeah, but it was interesty for, for a while.

IWhile it wasgoingon it wasveryP?-

We were kind of, uh
Are we going to [Inaudible.]?
But um, what was the question? What were-you

We wanted to know what we did in class today.

Um, we were looking a lot at, mtorking ate and,andthd

equationfor it|®3,

And how it, how itjhowit connectswith In?® and

Yeah, um

A70

And we were also trying to find like, you know how we had
when|we hadaplusb to then®? We want to know whatnd

lwe hadlike numberseforeit whenwe got to big numbersyvel

lwantto know, you figure out whatthe numberswere like in|

lfront of thea, you know, cubedf?.
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55
56

57

58

59

60

61

62

63

64

65

66

67

68
69

70

71

00:03:24
00:03:25

00:03:26

00:03:33

00:03:33

00:03:39

00:03:40

00:03:42

00:03:45

00:03:45

00:03:47

00:03:48

00:03:49

00:03:58
00:03:58

00:03:58

00:04:05

Jeff:
R1:

Jeff:

Romina:

Jeff:

Michael:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Michael:

Jeff:

Michael:

Romina:

Jef:

Michael:

You know, that's, that's like, um

You could use the board too.

Uh, we just Like if you were looking, ifwe werelooking for]

like a plus -

[To thetentr*
[To thetenttf® say, um, obviously ifwasthefirst oneterf?2?

\Wasit //oneato thetenthand//thenter}®-

/INo 2, yeah.

/BS. Oh no, you're right. Sorry.

[Tenato theninth b to thefirstf3, right?

Mm hm.

And thenhowto find out//this numbefF?.

/[\Whatthe nextonewag®.

It's forty-five|??.

And|it wasforty-fivelP? but we were working on how to figure

it out when we were doing it. We knéiwasthe choosg
thind®3, whatever that means. Théou do a forty What was
it?[Tenchoosewo®3?

Yeah.

Uh-huh.

You know what I'm talking about? Like, Utvasit N-C-R-E3

actually that's supposed to be lower case.-Tigvthat how you
do it? Right?

Yeah, it's one of these things like that.
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72 00:04:06 Jeff:

73
74

75

76

77

78

79

80

81

82
83

84

85

86

87

88
89
90

00:04:13

00:04:15

00:04:19

00:04:20

00:04:24

00:04:25

00:04:26

00:04:26

00:04:27

00:04:29

00:04:31

00:04:32

00:04:32

00:04:35

00:04:35

00:04:36
00:04:37

00:04:37

Romina:

Jeff:

Romina:

Jeff:

Michael:

Romina:

Jeff:

Romina:

Jeff:

R1:

Jeff:

Michael:

R1:

Jeff:

Michael:

Jeff:

Romina;

Jeff:

And [thatequalgforty-five]? andthat's the answer. You know.

I'm not, we're not really sure how all this works but it's like,
what is that, i

We, we learned that, we learned that with her.

Yeah. Yeah theYeah, we, we went, we went over that,
remember that? With the total

We tried to go over that. [Romina laughs.]

If lyou havetendifferen{®!, what was itfTendifferen|

things™.

You have

/Tenhigh. //TenhigH®*.

/Bl. How many

//[How manywould havetwo reds,only two red¢®.

/[How manywould havetwo, two red$>".

One more time.

lIf you hadtowers//of ten highB*.

INIf you hadlike towerg®?.

Towers!.

lIf you havetowerswith tenhigh //andtwo colorg®.

/[How manydifferent placescanyou puttwo redsin therg?'?

Yeah.

Yeah.

And like |awould be onecolor andb would be blue,um, b

lwould bethe othercolof®!. Thenhow manywould you have 4
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91

92

93

94

95
96

97

98

99

100

101

102

103
104
105
106
107
108
109

110

00:04:50

00:04:52

00:04:53

00:04:54

00:04:54

00:04:54

00:04:58

00:04:58

00:04:59

00:05:04

00:05:04

00:05:06

00:05:10
00:05:12
00:05:14
00:05:16
00:05:17
00:05:18
00:05:18

00:05:19

R1:

Jeff:

Romina:

Jeff:

Romina:

Jeff:

Michael:

Romina:

Jeff:

Michael:

Romina:

Jeff:

Romina:

Jeff:

Romina:

Michael:

Jeff:

Michael:

Romina;

Jeff:

Ibeingtwo in thewholething®'? Andjthatwould beforty-fivel
landthat's that'swhatthis numbemwould bg®2.

And [thesetowersarehow tall1?

Tentall[®L.

Ter2

[That'dbethetentherg?2.

Mm hm.

IThetwo would bethetwo colorg®? and then, right?

No.

No,

two of onecolof®?.

No,
limplied thatthere'stwo, only two colorg®?? Or

ThefiwoTs

lIit's only a plusb®2.

tenwould be thetwo of theonecolor andthetwo ig

Yeah but in thewhenyou write this, | meanis it implied thaf

lthere'sonly two colorg®??

| believe it is but

Is that, is it implied?

[, I'll go with the yeah. | don't know. [Romina laughs.]
Uh, You talking about this?

Yeah.

/INo, It it,

/lls that like

Is that one, the onlgne works for
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111 00:05:20 Michael: |it's justlike you havetenthings®! where,
Iplacescanyou put thesetwolP'? That's alll.

how manydifferent

112 00:05:25 Jeff: Yeah, | know but

113 00:05:25 Michael: You know what I'm saying?

114 00:05:25 Jeff: But|if there'sph, yeah,twd®™. All right, | see what you're
saying.

115 00:05:25 Michael: That's all.

116 00:05:28 Jeff: [Therecouldbeahundredcolors® but it would stilk

117 00:05:31 Michael:  Yeahlyou pick two thingsout of thoseter|?.

118 00:05:32 Jeff: Yeah.

119 00:05:33 Michael:  [How manydifferentplacescanyou putthenf?'?

120 00:05:34 Jeff: PutthemPL. All right. Al right.
121 00:05:35 Michael: [Fortyfivele2 | think,

122 00:05:37 R1: So, so you're sayinthat'sforty-fivelf? andwhatif | wanted
leightred®'? [Eight red onesor eighta'g®?

123 00:05:41 Jeff: Theniit would beter]??-

124 00:05:41 Michael: Um.

125 00:05:42 Romina: |Tenchooseeighi®.

126 00:05:43 Jeff: Chooseeight®?, yeah.

127 00:05:44 Michael: [A smallernumbeff2.

128 00:05:45 Jeff: Because fthatwould be how manydifferentspotscanyou

Imovethoseeightof onecolorin thetower of terf®.

129 00:05:47 Romina: //Now how do you

130 00:05:50 Michael: |it's forty-five alsdP2.
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131
132

133
134
135
136
137
138

139

140

141

142

143

144

145
146
147
148

149

150

151

152

00:05:51

00:05:52

00:05:53
00:05:53
00:05:54
00:05:54
00:05:56
00:05:57

00:05:57

00:05:58

00:06:00

00:06:00

00:06:02

00:06:03

00:06:05
00:06:07
00:06:09
00:06:10

00:06:12

00:06:13

00:06:14

00:0617

R1:

Romina:

R1:

Jeff:

Michael:

Jeff:

R1:

Michael:

Jeff:

Michael:

Jeff:

Michael:

Romina:

Michael:

Jeff:

Romina:
Michael:
Romina:

Michael:

Romina:

Jeff:

R1:

Why?

Like how do //you, how do you, how do you do that on a
calculator?

//[How'd you do that so fast Michael?

Um.

No, | just like did it all in my head, that's all.
You go to, uh, mdt

Tell us how you did it.

um.

[robabir”.

There's a button that

N-C-RF3.

[Taketen,thatbuttontheneigh{®2.

Then math.

IAnd it comesout forty-five[F2.

Why is that the case?
Hm.
Well if you take like on the

Well because

You know how orfPascal'§riang|g®>.

[That'slike thetwdP®™.//You haveeightleft over3.

//Oh, causgyou couldswitchthemall aroungP?. Is that, is that,

Il guessyou'recountingf?. //You got, you got, yeah

| don't know. Tell me.
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153 00:06:17 Michael: Cause then you would have

154 00:06:18 Romina: //lls thatthe samething asthatbecauselike, theeightleft ovel
lto getto theter®?, right?

155 00:06:18 Michael: //t'll be- it would bethe samething®.

156 00:06:22 Jeff: Exactly.

157 00:06:23 Romina: |It's like almostswitchingcolorg®.

158 00:06:23 Jeff: Yeah.

159 00:06:24 Romina: (itd belike two of theothercoloff.

160 00:06:25 Jeff: And then, and then, yeah, exactly.

161 00:06:26 R1: Say that one more time, Romina.

162 00:06:28 Romina: |[itd betwo of theothercolor insteadof, like sayyou startedl
\with redfor this two®*. [Thatwasfor theredsandthenwhen
lyou//makered eigh{®™.

163 00:06:33 Michael: /[Thatwould betheothereigh{f*.

164 00:06:34 Romina: The, like, saytheblueshavetwol*.

165 00:06:36 Jeff: And fit's seveff?. And then obviouslfthreeshouldbe thesamg:
fasthaf®

166 00:06:39 Romina: Yeah. Yeah.

167 00:06:47 R1: So, you're pressing the calculator, you haveva cammand
that gets you those numbers.

168 00:06:53 Romina: We know how to do it, | mean it's not
169 00:06:54 R1: But if you didn't have the calculator?
170 00:06:57 Romina: We'd write them out.

171 00:06:57 Jeff: You'd have to write them all out.

172 00:06:58 Michael: Well, Bob-
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173 00:07:00 R1:

174
175

176

177
178
179

180

181
182
183

184
185
186
187
188
189
190
191

192

193

00:07:03
00:07:04

00:07:06

00:07:10
00:07:10
00:07:11

00:07:12

00:07:17
00:07:19

00:07:19

00:07:24
00:07:24
00:07:25
00:07:26
00:07:28
00:07:29
00:07:30
00:07:31

00:07:32

00:07:35

Jeff:
R1:

Jeff:

Michael:

Romina:

Jeff:

Michael:

Jeff:

Michael:

R1:

Michael:

Jeff:

Michael:

R1:

Alex:

Romina:

Michael:

R1:

Michael:

R1:

Because Alex wants to know how you do that without a
calculator.

Well, 1 obviously if the calculater

Can you, can you help him understand that?

Well jwe would makea, say,tower of terf?.

Can | say something? //All right, um
I/l don't know.

Bob. Yeah go for it.

No, I'm talking, | just wanted to say tHBbb Sidleyhadlike ar
lactualformulato write the equal® and

Do we know, do we know what it is? -Or
| think so. | don't know if | can remember it.

Why don't | leave you a few minutes and think aboyiairing
this to us.

It depends on

Well it's not, it's not that hard to explain.
You remember it? | forgot it.

OK, I'll stay then.

Well, actually no.

It's not right.

All right.

He has a bad memory.

| got to like do trial and error to see if | can figure it out what
was.

OK.
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194

195

196

197
198
199
200
201

202

203

204

205

206

207

208

209

00:07:35

00:07:43

00:07:48

00:08:04
00:08:05
00:08:06
00:08:06
00:08:07

00:08:08

00:08:12

00:08:14

00:08:15

00:08:16

00:08:23

00:08:30

00:08:34

Jeff:

Romina:

Jeff:

R1:
Romina:
Jeff:
Romina:
Jeff:

Romina:

Jeff:

Romina:

Jeff:

Romina:

R1:

Jeff:

Romina:

All right, [saythat'ster®'? Then, um, you would just have to

find- Say you had, ullpnewasonecolor andtwo wasthe othef

Why, why don't yoshowherhowto doit for like thre¢®.

[Showthemhow we cangetall of then?’. Thatfyou havetd

ldrawthetoweff. [ Romina laughs.]

IYou havetwo colorg®. And|out of this tower of threeyou'd

Ihaveto find out all thedifferentplacesyou could put thosetwo

[colorsinf. Soyou couldputit thereandtherd®™. Orfyoy

lcould putit, uh, thereandtherg®’. Or, am | missing any? Yes,
am.

| understand.

You could just do like

Yeah.

Do you want to go for another one?

No, go fa it.

No, you could just dgyou coulddo like our blue, blue, blug®?.

You gonna write every one?

Well, there wasn't that many. No I'm just like giving you an
example.

Yeah

And thenyoujustkind of moveit throughf*. And

lwe figure themout whenwe haveto write themouf?.

So you're sayinfihere'saway of gettingthesewithout thd

calculatoffS.

Yeah. And there's gthere'saformulathatsomebodf®-

Not too
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210

211
212
213
214
215

216

217
218
219
220
221

222

223

224

225

226

227

228

229

00:08:34

00:08:38
00:08:39
00:08:40
00:08:41
00:08:41

00:08:42

00:08:43
00:08:43
00:08:44
00:08:45
00:08:46

00:08:48

00:08:49

00:08:52

00:09:02

00:09:05

00:09:07

00:09:08

00:09:11

Jeff:

Romina:

Jeff:

Romina:
Michael:
Romina:

Michael:

Romina:

Michael:

Jeff:

Michael:

R1:

Michael:

R1:

Michael:

Romina:

Jeff:

Michael:

Romina:

R1:

-hadcomeup with[F® but | don't know, | don't know how it,
how it goes. I'm really not sure.

I've seen it.

| don'tremember it.
Yeah, there's some
Yeah.

Something to that effect.

lIit wasthis guy®®.

That's it?

Yeabh.

It's this right here?

Yeah.

Why don't you show us up here, Michael.

Oh, man. |, I didn't come up with this, so don't ask me why
[unintelligible, chair moving]

It doesn't mder that you came up with it.

lIf youwould havelike n choosex[F3.

That's onjthat'son thedivision, n to thex|?3, or is that just like

your-

[Thatn to thex|?®?

No, that's Jthat'schooseto the, that'show you write it | think[®3,
| think that's how you write it.

That's just, that's what it is?

IDo youwantanequalssigntherg??







