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Color printing plays an important role in the modern society. It is known that the color of
printed images degrades gradually due to the fading and diffusion of the inks. Color
degradation leads to a distortion or loss of the original information in printed images.
Therefore, it is desirable to understand how the color of printed images changes over time.
In this dissertation, we present degradation models to predict the characteristics of the ink

fading and diffusion of printed images.

We begin by modeling the ink degradation from a physics-based perspective. Color images
are printed by projecting small ink dots on medium, usually paper. This technique is called
halftone printing. Halftone printing of color images results in a variety of ink mixtures and
subsequently their potential catalytic fading. For the most commonly used Cyan-Magenta-
Yellow-Black (CMYK) ink set, sixteen possible ink mixtures are generated during printing.
A state transition diagram is then proposed for the ink fading in this multi-ink printing
scenario. The ink area coverage is used as the performance indicator. Assuming constant

fading and diffusion rates, we develop an ink fading model based on the differential



equations according to the state transition diagram and an autoregressive ink diffusion
model by discretizing the two-dimensional diffusion equation. The two models are then

integrated into a single degradation model.

Further examination of the developed degradation models reveals that the fading or
diffusion rate is equivalent to the hazard rate in reliability engineering. It is known that the
hazard rate of the exponential failure time distribution is constant. Hence, the developed
degradation model with constant fading and diffusion rates is equivalent to the multistate
Markov process model with exponential transition time distribution. By using non-
exponential transition time distributions, the fading and diffusion rates become time-
varying and a more general semi-Markov process degradation model is developed

accordingly.

Moreover, stochastic process models are investigated to provide stochastic area coverage
prediction for the ink degradation. We first model the ink fading using the Hull-
White/Vasicek (HWV) stochastic process. The HWYV ink fading model considers that the
variance of the ink area coverage shrinks as it approaches zero. Besides, spatial convolution
is used to model ink diffusion. The two models are integrated into a spatio-temporal
stochastic degradation model for the ink fading and diffusion of printed images. The cases

of recurrent and non-recurrent time-varying fading and diffusion rates are investigated.

Inks on the paper degrade, so does the paper. The degradation of paper condition may in

turn affect the degradation of the inks. Therefore, the investigation of the degradation



modeling of ink fading and ink diffusion with ink-paper interactions is needed. Two aspects
of the ink-paper interactions are considered, i.e., the effect of paper aging such as

depolymerization and yellowing, and the fiber orientation of the paper.

The degradation process of printed images usually takes a very long time. An accelerated
degradation model and the optimal design of accelerated degradation test planning is
developed for accurate degradation prediction of printed images. The effects of three
constant environmental stresses: temperature, humidity, and illumination (intensity), are
investigated, and experimental data are used to validate the proposed model. The results
show strong agreements between the proposed ink fading and ink diffusion prediction

model and the actual experimental data.
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CHAPTER 1

INTRODUCTION

1.1 Motivation of the Work

The modern color printing method is based on the color mixing theory. The first color
photograph was taken in 1861 to demonstrate Maxwell’s principle of three color synthesis.
Color photographic films were first introduced by Kodak in 1935 (Wilhelm and Brower
1993). Since then, new color printing products have been continuously introduced into the

mass market.

Unlike the long-lasting life of black-and-white photographs that are made of permanent
metallic silver, early color photographs usually fade rapidly. The discoloration of colorant
particles induced by the inherent instability of early chromogenic dyes leads to easily
observed fading of printed color photographs in just a few months or years. Kodacolor, a
color negative film introduced by Kodak in 1942, is known for causing “The Totally Lost

Kodacolor Era of 1942-1953.” (Nash et al. 2007)

Color printers are now widely used in printing color photographs, posters, and brochures.
The printing industry is especially concerned with the durability of printed images. In
addition, fading of printed color materials would be a major concern to museums, galleries,
and archives since their collections are intended to be preserved for decades or hundreds
of years. Understanding the degradation process of printed images would help in both the

preservation and the restoration of their collections. Therefore, the permanence of printed



images has received considerable research attention (Wilhelm and Brower 1993, Wilhelm
and McCormick-Goodhart 2000, Wilhelm 2004, Medley 2009, Kimmel et al. 2013,
Kimmel and Baranoski 2016). However, the question regarding the expected life of printed
images remains incompletely addressed. Traditional lifetime estimations of photographic
inks are often simple linear extrapolations from accelerated degradation tests (Bugner and
Lindstrom 2006, Campbell et al. 2007). As color printers are widely used today, there is

an urgent need to accurately predict the longevity of printed images.

The motivation of this research is to investigate new approaches for predicting the
degradation of printed images while considering the effect of the paper and the
environmental stresses on the image degradation process. Such a prediction method would

be beneficial for manufacturers in improving the quality of their products.

1.2 Color Printing Technologies

As photography moved into the digital printing era, a great variety of printing devices,
papers, and inks were developed to meet consumers’ needs. In this section, we present a
brief introduction to modern color printing technologies (Image Permanence Institute

2004).

1. Traditional Silver-Halide Prints
The light-sensitive silver halide is used to form color dyes in this printing process.
Silver-halide paper has three color emulsion layers (cyan, yellow, magenta) on top

of the paper. The emulsion layers include either light-sensitive dyes or color



couplers which react with color developers to produce color dyes. Traditionally,
color photographs are printed by exposing the photographic paper to light passing
through a negative via an optical enlarger. Today, laser or light-emitting diodes

(LEDs) are used instead to print digital images.

2. Inkjet Prints

In inkjet printing, small ink droplets are projected onto paper to create the image.
Coated papers are preferred to print high-quality inkjet photographs since coating
prevents the ink from spreading and creates the look and feel of traditional
photographs. In general, two types of coated papers are used: swellable and porous.
The ink-receiving layer of swellable paper is a moisture-sensitive polymer which
swells in contact with the water-based ink and absorbs the colorants carried in the
ink, whereas the surface of porous paper is composed of small pores in which
colorants are deposited. Lacking a protective polymer layer in porous paper makes
colorants more susceptible to environmental stresses, but the porous structure has
the advantage of drying the printed photograph more quickly and reducing the

possibility of smearing the image while the photograph is still wet.

The color of colorants is the result of the absorption of certain wavelengths of light.
In general, the colorants used in inkjet printing are divided into two groups: dyes
and pigments. Dyes are usually small-sized soluble molecules. Historically, dye-
based inks produce more brilliant colors and larger color gamut than pigment-based

inks and have better scratch resistance because dyes are absorbed by the paper due



to their small size. Beyond the merits, dye-based inks suffer from inferior stability
under environmental stresses and potential catalytic fading problem. Pigments are
large, insoluble aggregation of particles. Due to their larger size than dye particles,
pigments are more stable than dyes, yet such property makes pigments less resistant
to abrasion, since pigment particles stay on the surface of the paper, rather than
being absorbed by it. From the perspective of image quality, pigments also offer
less color brilliance and smaller color gamut than dyes. However, the problems with

the two types of colorants are being mitigated or resolved as technology develops.

3. Dye Diffusion Thermal Transfer Prints (Dye-Sublimation Prints)

Dye diffusion thermal transfer printing, commonly known as dye sublimation
printing, is frequently used for snapshot-size photo printers or in instant-photo
kiosks. This printing technique uses heat to transfer colorants from a donor ribbon
to the paper. The amount of dyes is controlled by varying the temperature on the
printer head. A clear coating is usually applied during printing to protect the image

from rubbing and environmental stresses.

4. Electrophotographic Prints (Laser Prints)

In this process, powdered inks are deposited on the paper by electrostatic charges
(laser) and bound to the paper by heat and/or pressure. This is the technology used
in laser printers and photocopiers. Usually, uncoated plain papers are used to print
text documents. Although this technology can be used to print photographs, it

cannot achieve high photo-quality printing.



Most, if not all, modern color printers use a small ink set to reproduce a wide range of
colors. The most basic and the most commonly used ink set is the CMYK ink set, which is
composed of cyan, magenta, yellow and black inks. Other ink sets may be used to expand
the color gamut and enhance the color printing quality. During the printing process, inks
are projected onto the paper as small dots. This technique is called halftone printing. Figure

1.1 shows some microscopic photos of halftone printed colors.

Figure 1.1 Microscopic photos of halftone printed colors

1.3 Color Measurement

An object appears colored because it absorbs certain wavelengths of visible light projected
onto it and reflects or transmits the remaining; the light that enters human eyes would be
perceived as color. Color can be defined by various color models that emulate human color
perception. A color space is the set of all the colors that a color model defines. Color models
do not have the same color space. Loss of color may happen when a color being converted
from one color space lies outside the color space to which it is converted. Except for the
colorimetric description of a color, densitometric measurements are traditionally used in
the printing industry. Past research on the degradation of printed images focuses on taking

colorimetric and/or densitometric measurements of printed images. Another color-



measuring method that has gained popularity in recent years is measuring the light

spectrum. In this section, we discuss these three color-measuring methods.

1.3.1 Colorimetry

1. RGB Color Model

The RGB color model shown in Figure 1.2 is usually used in digital display devices such
as televisions and computer monitors. The RGB color model is an additive model with
three primary colors: red, green, and blue. Other colors are obtained by mixing the primary
colors and represented in this color model as different integer values of the three primary
colors, each ranging from 0 to 255. For example, black is defined as [R G B] =[0 0 0], and
white is defined as [R G B] = [255 255 255]. Digital photos of printed images taken by a

camera or a scanner are usually saved in the RGB format.

Figure 1.2 RGB color model

2. CMY(K) Color Model
The CMY (K) color model shown in Figure 1.3 is mainly used in the printing industry.

Before printing a digital color image, the image is converted into the CMY (K) color model.



The CMY color model is composed of three primary colors of cyan, magenta, and yellow.
It is called a subtractive color model because each of its three colors absorbs one primary
color of the RGB color model. For example, the amount of cyan controls how much red
light is absorbed. Theoretically, combining the three colors absorbs all the light and
produce a black color. However, mixing the inks of the three colors cannot produce the
desired black color in real-life printing, but a dark muddy brown. Therefore, the fourth
color, black, is added. Moreover, using one black ink instead of three color inks not only

saves on ink expenses but also dries more quickly.

./

Figure 1.3 CMY color model

3. Lab Color Model

The Lab color model is established by Commission internationale de I'éclairage
(International Commission on Illumination). The color difference in this model is designed
to match the difference perceived by human eyes. The Lab color model defines a color by
its luminance and chrominance. The luminance is defined by L, with O representing
complete darkness and 100 representing full brightness. The chrominance is defined by the
red-green a and the yellow-blue b, each ranging from -128 to 127. The difference between

two colors is mostly calculated in this perceptually uniform color space as



AE=\(L-L) +(a-a,) +(b-b)

Above all, color is a human perception of visible light, colorimetric change in the Lab color
space provides insufficient information in understanding the physical degradation process
of printed images. McCormick-Goodhart and Wilhelm (2003b) address the problems with

colorimetric measurements.

1.3.2 Densitometry

CMYK ink densities have traditionally been measured in the printing industry for quality
control. Ink densities are measured using different filters and calculated from the

percentage of the light reflected from the color as

Density = log,, m

Table 1.1 shows the relationship between reflectance and ink density. The more inks are
printed on the paper, the more light would be absorbed by the ink and the less light would
be reflected, the higher the density is. As the paper gradually develops a yellowish color,
the density of the paper should be subtracted from the ink density measurements to
determine the absolute density loss of the inks.

Table 1.1 Relationship between reflectance and density

%Reflectance | Density

100% 0.0
10% 1.0
1% 2.0
0.1% 3.0

0.01% 4.0




Traditionally, ink density is collected using standard optical filters optimized for silver
halide images. Since the modern color printing process is different from the silver halide
printing process, the use of these filters in measuring non-silver halide color images is
criticized for generating incorrect density measurements (Oldfield et al. 2004). For

example, it is inappropriate to measure the CMYK ink densities for inks of other colors.

1.3.3 Spectrum

The spectral reflectance of color images has been measured for accurate color reproduction
(Burns and Berns 1996, Tzeng and Berns 1998, Tzeng 1999, Wyble and Berns 2000). Such
a method can be used in the image degradation test (Wilhelm et al. 2011) to determine the
ink amount on paper. The spectral reflectance is measured every 5 or 10 nm across the
visible light spectrum, roughly 400 to 700 nm in wavelength. Spectrum provides a higher
level of accuracy than colorimetric or densitometric measurements. For example,
measuring spectral reflectance helps minimize metamerism, which is a phenomenon that
two different spectra result in the same color in human eyes. Figure 1.4 shows examples of

the spectral reflectance of CMYK inks and white paper.
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Figure 1.4 Examples of spectral reflectance of CMYK inks and white paper

1.4 Problem Definition
Color degradation of printed images can be the result of many chemical or physical causes.
In this dissertation, we focus on two types of image degradation induced by inks (Image

Permanence Institute 2009).

1. Ink Fading

Ink fading results in two types of color degradation: overall fading and hue shift. In
overall fading, inks fade at similar rates and the image appears somewhat bleached.
While in hue shift, inks fade at different rates and the image gains the tone of the

inks that fade slower.
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Sometimes, the fading rate of an ink changes if it is overprinted with other inks.
This phenomenon is called catalytic fading. One explanation is the energy absorbed
by one ink transfers to another ink at a lower energy level, making it fades at an
accelerated rate (Fryberg 2005). Moreover, under light fading, prints having
multiple ink-receiving layers exhibit more pronounced catalytic fading than prints
having ink mixture in a single layer, since each ink layer absorbs some wavelengths
of light that would harm other inks (Wilhelm and Brower 1993). Today, ink sets
with even twelve color inks are readily available to provide photo-quality printing.
This makes catalytic fading a more difficult problem in image degradation

prediction.

2. Ink Diffusion
Ink diffusion happens mostly when printed images are kept under high humidity

conditions. The results are color change and loss of image sharpness.

Paper, the substrate on which inks are printed, as well undergoes degradation. Paper is a
stochastic network of fibers that are primarily attached to each other by hydrogen bonds
(Mao 2001). The fibers for papermaking chiefly come from wood. Wood-derived fibers
are mainly composed of three components: cellulose, hemicellulose, and lignin (Roberts
2007). Lignin can easily develop a yellowish color, together with hemicellulose, which is
not practically usable, should be removed during the pulping process to produce high-
quality paper. In addition to fibers, various additives are added in most papers to improve

the mechanical, chemical, and optical properties of the final paper. As the main component
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of paper, cellulose has much longer molecular chains than hemicellulose and lignin. The
breakage of the long cellulose chains into shorter ones is called depolymerization process,
which reduces the strength and durability of paper. Besides, the fiber orientation
distribution, as a result of the manufacturing process, is also an important parameter of the
paper structure (Yang et al. 1987, Drouin and Gagnon 1993). Therefore, the ink-paper
interactions: the effect of paper aging and fiber orientation on the fading and diffusion

rates, is of great interest and should be studied.

Temperature, humidity, illumination, and air pollutants are four major environmental
factors that affect the color degradation of printed images (Image Permanence Institute
2009). Ink fading and diffusion are accelerated at high temperature. Humidity is the main
cause for ink diffusion; it is also indispensable in the chemical reactions that deteriorate
the printed image. Illumination is characterized by two properties: spectral distribution and
light intensity. Light at shorter wavelength (higher frequency) carries more energy.
Generally, light deteriorates printed images by decomposing the ink molecules and heating
up the print. Another frequently discussed environmental stress is the air pollutants in the
atmosphere, especially ozone. These air pollutants are found to have detrimental effects on
printed images. In this dissertation, we only consider three environmental stresses:
temperature, humidity, and illumination (intensity only). The effect of the environmental
stresses on the fading and diffusion rates, as well as the optimal design of accelerated

degradation test planning, need to be investigated.
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Current research lacks mathematical models that predict the degradation of printed images.
This problem is addressed in this dissertation. We limit our research to ink fading and ink
diffusion, while considering the effect of ink-paper interactions and environmental stresses.
The objective is to develop a series of mathematical models for the two types of ink
degradation under the multi-ink printing scenario, in order to predict the color degradation
of printed images. The traditional CMYK ink set is chosen to study. To develop appropriate
degradation models, we investigate the ink fading and diffusion from a physics-based
perspective. Halftone printing of the CMYK ink set results in 2* = 16 possible states, which
are CMYK, CMY, MYK, CYK, CMK, MY, CY, CM, CK, MK, YK, C, M, Y, K, W (white
paper). The assumption that ink dots on paper are of uniform concentration is often used
in the field of color science for accurate image reproduction (Taplin 2001). Under this
assumption, the ink amount is equivalent to its area coverage. We adopt this assumption

and use area coverage as the performance indicator in this dissertation.

1.5 Organization of the Dissertation

The remainder of the dissertation is organized as follows. In Chapter 2, we review the
degradation modeling of ink fading and diffusion of printed images as well as its
degradation behavior under different environmental stresses. In addition, we provide a brief
literature review of the general degradation models and accelerated degradation tests in
reliability engineering. In Chapter 3, we present a state transition diagram for halftone-
printed images and develop physics-based degradation models of ink fading and ink
diffusion with constant fading and diffusion rates. In Chapter 4, we explore the equivalent

Markov model and propose a more general semi-Markov degradation model to relax the
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assumption of constant fading and diffusion rates. In Chapter 5, we investigate the
statistics-based degradation modeling of ink fading and ink diffusion of printed images. In
Chapter 6, the degradation modeling of ink-paper interactions is studied. In Chapter 7,
accelerated degradation model is developed and the optimal accelerated degradation test

planning is designed. In Chapter 8, conclusions and future research are discussed.
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CHAPTER 2

LITERATURE REVIEW

In this chapter, we first present a literature review of the degradation of printed images,
including the degradation mechanisms and models of ink fading and ink diffusion, ink-
paper interactions of printed images, and accelerated testing of ink fading and ink diffusion.
We then provide a literature review of the general degradation models and accelerated

degradation tests in reliability engineering that are relevant to the topic of study.

2.1 Literature Review of Degradation of Printed Images

2.1.1 Degradation Models of Printed Images

To develop the degradation models of printed images, it is very important to understand
the degradation behavior of inks. Ink fading can be thought of as a reaction process and be
modeled from a kinetic perspective. Honda (1998) represents the fading of silver images
as a first-order kinetic model
A——>B

where A is the non-discolored state, B is the discolored state, and k is the fading rate. Other
research (Johnston-Feller et al. 1984, Pugh and Guthrie 2002, De Rossi et al. 2003) also
confirm that the degradation of colorants can be described as a first-order reaction and the
slowdown of the ink fading is attributed to the reduction of the remaining ink amount. The
first-order reaction kinetic model has also been applied in the color degradation of food

(Ahmed et al. 2002) and fresco (Shi and Lu 2005). In the field of reliability, kinetic models
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have been developed for lifetime prediction in accelerated life tests (LuValle et al. 1988,

Meeker and LuValle 1995).

Industry standards and systematic mathematical models of the degradation of printed
images are still lacking. Most of the degradation models only deal with ink fading. Medley
(2009) develops a semi-empirical kinetic model for light-induced magenta ink fading. The
proposed model predicts the surface covered by the magenta ink as a function of

time,
Oy = Oy, [a+(1_a)e<w%)m}

where ¢, is the fraction of the total surface occupied by the magenta ink, 6, =6, attime

t =0, and a and S are constant parameters for a given ink/paper combination. Kimmel et
al. (2013, 2016) present a physical model of the absorptive properties of inks for spectral
change prediction under light-induced fading. Gschwind (1989) investigates the digital
restoration of faded color photographs and proposes that the faded ink density is the

product of a bleach matrix and the original ink density,

, Y
Y a, 4, &5 a, M
M’ |= Ay Ay 9y Ay C
C' a, a
31 3 Sy Ay 1.0

where Y, M and C are the original optical densities of the inks, Y, M”and C" are the optical
densities of the bleached inks, and the matrix coefficients are unknown parameters to be

estimated.
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Limited research has been carried out on ink diffusion of printed images. Kunii et al. (1995)
simulate the diffusion of ink paintings using diffusion equation, which is a partial
differential equation that describes the behavior of diffusing substances. Discretizing the
diffusion equation in both time and space using finite difference method results in discrete-
time discrete-space autoregressive models (Wikle 2003, Hooten and Wikle 2008,
Malmberg et al. 2008). There is a significant research that focuses on autoregressive
models. These models are either solved under a hierarchical Bayesian framework (Wikle
et al. 1998, Sahu et al. 2007, Cameletti et al. 2013) or by making use of Kalman filter
(Wikle 1999, Xu and Wikle 2007, Stroud et al. 2010). Besides, spatio-temporal models are
widely studied and applied in fields like weather forecasting and ecological processes.
Discrete-time continuous-space convolution-based models are proposed to model the
spatio-temporal data (Wikle 2002, Xu et al. 2005, Dewar et al. 2009, Scerri et al. 20009,
Sigrist et al. 2011, Sigrist et al. 2012). Brown et al. (2000) develop a model with non-
separable space-time covariance function for blurring effect by applying a spatial Gaussian
kernel to random field data. Its equivalent stochastic differential equation is also derived.
Sigrist et al. (2015) develop a spatio-temporal model by solving the stochastic partial
differential equation for the convection-diffusion process using Fourier transform. Liu et
al. (2016) extend Brown’s model by considering the spatial degradation generation and a
Gaussian kernel with time-varying stress-dependent parameters. They establish the
relationship between the proposed statistics-based degradation model and the physical
convection-diffusion partial differential equation. Wu and Berland (2008) use a power law

diffusion rate for time-dependent anomalous diffusion,

D, (t)= %Ft“‘l
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and a multi-variate Gaussian function as the diffusion propagator,

—|I‘

f(r(t+7)|rt)= (Zﬂi“rl”/n)"/z exp[ Zl"r:‘;l] ]

where D.

Ins

(t) is the instantaneous diffusion rate at time t, « is a constant, T is referred
to as transport factor, n is the number of dimension, and r and r’ are locations of the

particle. If o >1, the phenomenon is called super-diffusion; if & <1, the phenomenon is

called sub-diffusion.

Cellulose molecules are the building blocks of paper. Many studies confirm that there is a
correlation between the physical properties of paper and the average length of cellulose
chains, expressed by Degree of Polymerization (DP) (Zou et al. 1994, Hill et al. 1995,
Emsley et al. 1997, Emsley et al. 2000, Ding and Wang 2008). During the
depolymerization process, the long cellulose chains break into shorter ones under the
reactions of hydrolysis, oxidation, and photo-deterioration, and the paper gradually loses
its strength and becomes brittle. Almost all research on paper aging characterizes the
degradation of paper by the depolymerization of its cellulose. The breakage of cellulose
chains is assumed to follow a first-order reaction, which can be approximated by a zero-
order reaction in its early stage. Under this assumption, the cellulose degradation model in
terms of degree of polymerization is derived as

L A
DP(t) DP(0)

Although systematic research and publications on how paper-ink interactions affect the

long-term stability of printed images are lacking, it has been found that ink permanence is
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affected by the strength of the ink-fiber bond: The stronger the ink is attached to the fiber,
the easier the ink transfers its absorbed energy to the fiber, resulting in improved ink
permanence (Clifton and Nugent 2000, Vikman 2004). Such ink-fiber bond is believed to
degrade with the depolymerization process of cellulose. Besides, diffusion rate in Einstein
relation (Einstein 1905) is related to the dynamic viscosity, from which the degree of

polymerization is calculated (Immergut et al. 1953).

Another aspect of paper aging is the generation of chromophores, or yellowing of paper,
as a consequence of the degradation of nearly every constituent of the paper. Lignin, when
a considerable amount of this substance is contained in paper, is the most important
contributor to this type of paper degradation. The chemistry of the yellowing of paper is
discussed in (Carter 1996a, Carter 1996b). Wilhelm (2003a, 2003b) provides a description
of light-induced as well as thermally-induced yellowish stain formation in inkjet prints and
traditional silver-halide color photographs. A review of the kinetics of paper aging and the
stress dependence of its degradation rate is given in (Menart et al. 2011). A degradation
model that describes the spectrum of paper as a function of time is developed in (Blayo et

al. 2003) as
R(t,2)=R(0,2)exp(—u(4)t*")
where R(t, 1) is the spectrum of paper, t is the exposure time, 4 is the wavelength of light

in nanometer, and p and o are constants that depend on wavelength.
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2.1.2 Accelerated Testing of Printed Images

Modern printed images are so stable that under the normal displaying condition, they take
several years to show noticeable color degradation. This process can be easily extended to
decades if the images are well kept under proper environmental conditions. Therefore,
accelerated tests are performed to gather meaningful degradation data in a short period of
time. Extensive studies have been carried out on accelerated testing of printed images to
investigate their degradation behaviors under different environmental stresses. Basically,
printed images are subjected to four types of environmental stresses, namely, temperature,
humidity, illumination, and air pollutants. A review of the accelerated testing methods for
the permanence prediction of digitally printed photographs is given in Wilhelm (2004). A
survey of environmental conditions relative to the display of photographs in consumer

homes is provided in Bugner et al. (2005, 2006).

Temperature accelerated degradation is frequently predicted by the well-known Arrhenius
equation, which describes the relationship between temperature and the rate of a chemical
reaction. De Rossi et al. (2003) investigate the activation energy of dye degradation with
consideration of the influence of humidity, reporting a dye-amount dependent fading rate.
Bugner and Lindstrom (2005) study the influence of humidity on Arrhenius equation for
inkjet photographic prints. Their result shows that yellowing of paper can also be well

described by the Arrhenius equation.

McCormick-Goodhart and Wilhelm (2000, 2001) study humidity-induced fading behavior

and use a logarithmic function to fit the color change. Such a model is partially confirmed



21

by Guo et al. (2002). Humidity is also the major cause of ink diffusion that results in loss
of image sharpness. Significant research on humidity-induced color degradation has been
conducted with a focus on ink diffusion (Hill et al. 2000, McCormick-Goodhart and
Wilhelm 2003a, McCormick-Goodhart and Wilhelm 2005, Salesin and Burge 2014). Ink
density gain is discussed in (Hodgson and Jackson 2004b) and is attributed to the increase
of ink coverage caused by ink diffusion. Hofmann and Reber (2009) show that ink diffusion

tends to slow down as ink migrates to lighter areas.

Generally, printed images exposed to light undergo two types of photo-degradation:
photolysis and photo-oxidation (Image Permanence Institute 2010). Photolysis is the
chemical reaction in which colorant molecules are broken down by light photons and
turned into colorless products, while photo-oxidation is the chemical reaction of inks in the
presence of light. More details on the theory of light-induced fading is provided in (Pugh
and Guthrie 2001). The effect of illumination on printed images is determined by two
properties: spectral distribution and light intensity. Based on the wavelength, the light
spectrum is divided into three parts: ultraviolet (UV), visible, and infrared. UV light has
the highest frequency and is the most destructive part of light. Frequently considered light
sources in image permanence tests include glass-filtered or UV-filtered sunlight,
incandescent light, fluorescent light, LED, and xenon light. Light intensity is usually
quantified in Lux, which measures the luminous flux per unit area. The equivalency of
different light sources is investigated in (Baumann and Hofmann 2004). A reciprocity
relationship is often assumed in accelerated light-induced fading tests to predict image life

under normal illumination condition as



22

test condition x test duration

image life = —
normal condition

It is often observed that for the same lux-hour exposure, incorrect extrapolations could be
made. This phenomenon is called reciprocity failure. One explanation is that oxygen
involved in photo-degradation might be depleted under high-intensity light fading,
resulting in a slowdown of photochemical reaction. In addition, photo-degradation by-
products may be congested around the reaction site, further slowing down the light fading
process (Wilhelm and Brower 1993). Wilhelm and McCormick-Goodhart (2001) conduct
light fading tests at two light intensities: a high intensity at 35 klux and a low intensity at
1 klux. Results from the low-intensity test are used to correct the prediction from the high-
intensity test suffered from potential reciprocity failure. Light-induced fading is also
studied in (Guo and Miller 2001, Wilhelm 2002, Hodgson and Jackson 2004b, Bugner and

Lindstrom 2006).

Air pollution in the atmosphere is another factor that poses a threat to the stability of printed
images. Ozone, among all the air pollutants, is the most detrimental on image permanence.
The reciprocity relationship is also assumed to predict the image life under normal
condition in accelerated gas fading tests. Reciprocity failure likewise exists. The ozone
resistance of printed images is studied in (Berger and Wilhelm 2003, Berger and Wilhelm
2004, Wilhelm et al. 2007). Hodgson and Jackson (2004a) compare the difference between

the fading characteristics of printed images subjected to gas and light fading.

The point at which an image reaches an unacceptable degradation is called endpoint.

Apparently, the endpoint is very subjective and depends on use application of the image.
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Accelerated image permanence tests usually adopt densitometric endpoint criteria. For
example, ISO (2006) specifies the endpoint as 30% density loss for any ink. Wilhelm
(2002) proposes endpoint criteria considering both density loss and color imbalance.
Assessment of the existing endpoint criteria is presented in (Oldfield et al. 2004, Shibahara

et al. 2004).

The literature review in this section reveals that existing degradation models of printed
images are limited and insufficient to capture the sophisticated characteristics of the
degradation of printed images. In the next section, we provide a literature review of the
general degradation models in reliability engineering that are applicable to the degradation

modeling of printed images.

2.2 General Degradation Models

2.2.1 Regression Models

Regression is a commonly used tool in degradation estimation and prediction (Nelson 1990,
Meeker and Escobar 1998). When applying the regression method, the degradation
observations are fitted to a linear or non-linear deterministic function. Lu and Meeker

(1993) introduce a general path regression model with random coefficients as
Yi =77(tj;q),®i)+gij
where y; is the j™ measurement of the i™" unit, n(tj;CD,G)i) is the actual degradation path

of the i unit, t; is the time of the j™ measurement, ® is the vector of fixed-effect

parameters for all the units, @, is the vector of random-effect parameters of the i unit, and
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g~ N (O, af) is the measurement error. The degradation prediction is used to estimate the

failure time distribution. Stress factors are incorporated into the model by Meeker et al.

(1998).

Regression degradation models are also studied in the literature by other researchers (Lu
etal. 1997, Zuo et al. 1999, Crk 2000, Robinson and Crowder 2000, Bae and Kvam 2004,
Chen and Zheng 2005, Bae et al. 2007, Yuan and Pandey 2009). McPherson (2010)
summarizes three time-dependent forms for degradation: power-law, exponential, and
logarithmic. Quadratic function is another option for the parametric form of degradation
path (Li and Nilkitsaranont 2009). Boulanger and Escobar (1994) consider a degradation
process with an asymptotic maximum value. Bae et al. (2008) model the degradation path
of plasma display panels with a bi-exponential model. Zhou et al. (2014) use spline
functions as the degradation path. Regression degradation models with measurement errors
of non-constant variance are investigated in (Lu et al. 1997, Yuan and Pandey 2009). Yu
(2006) develops optimal accelerated degradation test plan with a reciprocal Weibull
degradation rate. Robinson and Crowder (2000) estimate the parameters of the general path
model using the Bayesian method. Parameter update by the Bayesian method is studied in

(Gebraeel et al. 2005, Gebraeel 2006, Gebraeel and Pan 2008, Gebraeel et al. 2009).

2.2.2 Markov Models

Markov models have been widely exploited in degradation modeling and prediction,
especially for multistate systems (Lisnianski and Levitin 2003). The Markov models are

based on the memoryless property, i.e., the state transition is independent of the history of
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the degradation process. The Markov model with a discrete-state and discrete-time space
is called the Markov chain model. Marseguerra et al. (2002) model the degradation of a
multi-component system and investigate its maintenance optimization using the Markov
chain model. When the time space is continuous, the Markov model is referred as the
Markov process model. The sojourn time of the system in each state in the Markov process
model is exponentially distributed. Elsayed and Zebib (1979) investigate the probability of
failure and the availability of a multistate reparable device using the Markov process model.
Eryilmaz (2015) uses the phase-type distribution for the dynamic assessment of a multistate
system modeled by a Markov process. The degradation modeling of multistate systems as
a non-homogeneous Markov process is investigated in (Liu and Kapur 2008, Liu and
Huang 2010, Shu et al. 2010, Sheu and Zhang 2013, Liu et al. 2015). More research on the
Markov process model can be found in (Xue and Yang 1995, Liu and Kapur 2006, Soro et

al. 2010, Yin et al. 2013, Eryilmaz 2016).

The semi-Markov process model is used when the sojourn time is not exponential. The
semi-Markov process model is only Markovian at the jump instants. Lisnianski (2007)
models the degradation of a repairable multistate system as a semi-Markov process and
obtains its solution using the universal generating function technique. Veeramany and
Pandey (2011) compare the homogeneous Markov process model and the semi-Markov
process model in estimating the reliability of a nuclear piping system. Compare et al. (2017)
use the Bayesian method in estimating the model parameters for a semi-Markov process

with Weibull-distributed transition times. The degradation modeling of multistate systems
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using the discrete-time semi-Markov process is investigated in (Kao 1973, Chryssaphinou

etal. 2011).

2.2.3 Stochastic Process Models

The stochastic process models represent another important class of degradation models (Si
et al. 2011, Ye and Xie 2015). Among the stochastic processes, the Brownian motion with
drift, also termed as Gaussian or Wiener process, receives the widest applications in
degradation data analysis (Zhang et al. 2018). Doksum and Hoyland (1992) model the
degradation as a Wiener process and analyze the failure time data with the inverse Gaussian
distribution. Whitmore and Schenkelberg (1997) model the degradation using a Wiener
process with a time scale transformation. A typical state transformation is the log-
transformation of an exponential model (Gebraeel et al. 2005). Measurement error is
considered in the inference of the Wiener process in (Whitmore 1995, Peng and Hsu 2012,
Sietal. 2013a, Ye et al. 2013). To account for the unit-to-unit variation, the random effects
of the model parameters are incorporated in the Wiener process in (Peng and Tseng 2009,
Wang 2010, Peng and Tseng 2013, Wang et al. 2014b). The residual life distribution
prediction of an individual unit requires updating the parameters of the Wiener process and
is investigated in (Wang et al. 2011, Bian and Gebraeel 2012, Liao and Tian 2013, Si et al.
2013b, Si et al. 2013c, Ye et al. 2015). Multivariate Wiener process models are developed
by assuming a multivariate normal distribution for the parameters of the correlated Wiener
processes (Whitmore et al. 1998, Jin and Matthews 2014, Feng et al. 2016) or through
copula functions (Sari et al. 2009, Pan et al. 2011, Wang et al. 2014a, Wang et al. 2015a,

Peng et al. 2016a).
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The gamma process is more appropriate when the degradation is monotonically increasing
(van Noortwijk 2009). Park and Padgett (2005, 2006) investigate the lifetime distribution
for gamma process degradation models. The non-stationary gamma process model is
investigated in (Wang et al. 2000, Nicolai et al. 2004, Nicolai et al. 2007, van Noortwijk
et al. 2007, Kuniewski et al. 2009) by assuming a time-dependent shape parameter and a
constant scale parameter. The parameters estimation of gamma processes with
measurement errors is investigated in (Kallen and van Noortwijk 2005, Zhou et al. 2011,
Lu et al. 2013, Son et al. 2016). Lawless and Crowder (2004) consider the random effects
on the scale parameter of the gamma process and incorporate covariates in the model. Pan
and Balakrishnan (2011) use a bivariate Birnbaum-Saunders distribution to approximate
the reliability function of a bivariate gamma process. Wang et al. (2015b) develop a

bivariate gamma process model using copula functions.

The inverse Gaussian process is another alternative for degradation modeling (Wang and
Xu 2010). The physical interpretation of using the inverse Gaussian process to model
degradation is explored in (Ye and Chen 2014). Peng (2015) investigates the lifetime
distribution of the inverse Gaussian process with random effects. Zhang et al. (2013)
develop an inverse Gaussian process corrosion growth model for energy pipelines.
Measurement error is considered in their model and the Bayesian method is used to update
the model parameters. The Bayesian analysis of the inverse Gaussian process model is also
investigated in (Peng et al. 2014, Pan et al. 2016, Peng et al. 2017). Peng et al. (2016b)

develop a bivariate inverse Gaussian process degradation model using copula functions.
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2.3 Accelerated Degradation Tests

Traditionally, accelerated life tests (ALT) are conducted to predict the lifetime distribution
at the normal operating conditions. The ALT models can be classified into three categories:
statistics-based models, physics-statistics-based models, and physics-experimental-based
models (Elsayed 2012). The statistics-based models can be further classified into
parametric models and semiparametric/nonparametric models. For highly reliable products,
it is difficult to gather enough lifetime data in a short period of time for the traditional time-
to-failure analysis. In this case, accelerated degradation tests (ADT) become a viable
alternative in which degradation data are collected under higher levels of stresses and
extrapolated to the normal operating conditions (Meeker et al. 1998). The degradation rate
or model parameters are commonly modeled as physics/experiment-based functions, for
example, the Arrhenius model, the Eyring model, and the inverse power model, or
empirical functions of the stresses (Nelson 1990, Meeker and LuValle 1995, Escobar and
Meeker 2006). In some applications, the degradation variation may also change with the
stresses (Joseph and Yu 2006, Liao and Elsayed 2006). Besides, when the degradation is
affected by more than one stress, the interactions between stresses need to be carefully

considered (Escobar and Meeker 2006).

We review three acceleration stresses that are relevant to the degradation of printed images,
that are temperature, humidity, and illumination. Arrhenius model is widely used when
temperature is the acceleration stress. The Arrhenius equation describes the temperature
dependence of the rate of a chemical reaction. In accelerated degradation tests, it is used as

the acceleration factor on the reaction rate of kinetic models (Escobar and Meeker 2006,
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McPherson 2010). The Arrhenius relationship is also used on the diffusion rates of various
processes in different applications (Bahadori et al. 2015, Gagliardi et al. 2017). Humidity
is another commonly used acceleration stress. It is frequently studied together with
temperature and a variety of humidity models, mostly empirical, are proposed (Peck 1986,
McPherson 2010). The effect of temperature and humidity on the degradation rate in
kinetic models is investigated in (Li et al. 2011, Park et al. 2013, Naversnik and Jurecic
2016). Photodegradation is a type of degradation induced by light. A comprehensive

mathematical model for photodegradation is proposed in (Escobar and Meeker 2006) as
t 2
Do (t)= [ [ Eo (A7) {1-exp[-A(2) ]} (1) d d7
04

where D, (t) is the total effective dosage of ultraviolet light up to time t, E,(4,7) is the
spectral irradiance (or intensity) of the light source at wavelength A at time

{1—exp[—A(/1)]} is the spectral absorbance of the material, and ¢ (1) is a quasi-quantum

efficiency of the absorbed radiation. In many researches on kinetic models of
photodegradation, the spectrum of the light source is less concerned. The dependence of
the kinetic rate on light intensity is usually modeled as a power law function (Chen and

Ray 1998, Chang et al. 2000, Mehrotra et al. 2003, Manzocco et al. 2012).

To achieve accurate prediction of the image at normal use conditions, an optimal design of
ADT planning is needed. The objective of the test is to minimize the asymptotic variance
of reliability characteristics of interest or minimize testing costs. Various optimality criteria
include A-optimality and D-optimality. The test planning variables usually include testing

stresses, number of units allocated to each stress, frequency of degradation measurements,
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and the test duration. Optimal design of ADT planning for different degradation models
has been studied. Boulanger and Escobar (1994) investigate ADT planning for a general
path model by minimizing the asymptotic variance of the estimated degradation path.
Optimal design of ADT planning for Wiener process by minimizing the asymptotic
variance of the estimated qth percentile of the product’s lifetime distribution is studied in
(Liao and Tseng 2006, Lim and Yum 2011, Xiao and Ye 2016). Tsai et al. (2012) design

ADT planning for a Wiener process with two stress factors and their interaction terms.

2.4 Summary and Conclusions

In this chapter, we first present a literature review of the degradation of printed images
including the degradation models and accelerated testing of the ink fading, ink diffusion,
and paper aging of printed images. We then provide a literature review of the general
degradation models and accelerated degradation tests in reliability engineering relevant to
the topic of study. The literature review shows that the research on degradation modeling
and prediction of printed images is limited and the design of ADT for image “quality”

prediction need further investigation.
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CHAPTER 3

PHYSICS-BASED DEGRADATION MODEL OF PRINTED IMAGES WITH

CONSTANT FADING AND DIFFUSION RATES

In this chapter, we investigate the degradation modeling of printed images with constant
fading and diffusion rates. After presenting the estimation method of the performance
indicator used in this research, we develop degradation models for ink fading and ink
diffusion using a physics-based approach. The two models are further integrated into a

single degradation model to predict the degradation characteristics of printed images.

3.1 Performance Indicator

The area coverages of the sixteen states of the CMYK ink set cannot be measured directly.
One possible way is to use the Neugebauer equation (Neugebauer 1937). In this equation,
the states are called Neugebauer primaries. The Neugebauer equation states that the
reflectance of a halftone-printed area is calculated as the sum of the reflectance of the
Neugebauer primaries weighted by their fractional area coverage. A factor n is added to
correct the optical dot gain effect resulting in the Yule-Nielsen Spectral Neugebauer

equation (YNSN) (Yule and Neilsen 1951),

R 16

R(/l)l/n _ zai R (/1)1/n

i=1
where Ii(/i) is the predicted spectral reflectance of the halftone-printed area, a and
R (}t) are the fractional area coverage and the spectral reflectance of the i" Neugebauer

primary, respectively, and A is the wavelength of light.
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Inversion of the Neugebauer equation gives the estimated area coverages of the sixteen
states and is investigated in (Mahy and Delabastita 1996, Mahy 1998, Urban et al. 2007,
Deshpande et al. 2014). Direct analytical inversion of the YNSN model is not possible.
One solution is to use an iterative method of constrained nonlinear optimization by

minimizing the difference between the measured and predicted spectral reflectance,

min \/Z )2

st. Za =1, 0<a <1, fori=1..,16

i=1

where R(4) and R(4) are the measured and predicted spectral reflectance of a halftone-

printed area, respectively.

3.2 Degradation Model of Ink Fading

Catalytic fading is the phenomenon that the fading rate of an ink changes if it is overprinted
with other inks. Therefore, we propose a multi-layered state transition diagram for ink
fading under the halftone-printing scenario, as shown in Figure 3.1. The sixteen states are
numbered in the state transition diagram. It is assumed that when one ink fades in a state
in an infinitesimal area, the area covered by that state would then be covered by the state

of the residual inks.
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12C 13 M 14Y 15K

16w

Figure 3.1 State transition diagram of the sixteen states of CMYK ink set by ink fading

The fractional area coverage of the sixteen states of a halftone-printed area is denoted as
a,i=12,...,16. We model ink fading as a first-order kinetic process, thus the more surface
area is covered by inks, the more amount of ink is exposed to the environment and the
faster is the ink degradation. The area coverage transition rate from state i to state j is the
which is

product of the area coverage of state i, a,, and the state-to-state fading rate k; ;,

assumed to be constant in this chapter. For better understanding in this dissertation, k; ; is

sometimes denoted as k=

ink

, Which means the fading rate of an ink in a state. The overall

fading rate of state i to other states is the sum of all the state-to-state fading rates of state i

and is denoted as x; or

state *
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Based on the proposed state transition diagram, we develop the ink fading model using

differential equations. The degradation rate of state i is given in Eq. (3.1),

=Y, 058 ) @)

We denote the area coverage transition rate into state i as r,(t)=> k;;a,(t). A list of

]

r,(t) is shown in Appendix. The matrix form of the differential equations is given in Eq.

3.2),
da(t)
=Aa(t 3.2
o = hat) (3.2)
where a(t)=[a,(t) a,(t) - as(t)], and A is the differential equation matrix as

shown in Appendix.

The solution of Eq. (3.2) using matrix exponential method is given in Eq. (3.3),
a(t)=e™a(0) (3.3)
The analytical solution of the differential equations is expressed in matrix form in Eq. (3.4),

a(t)=ce™ (3.4)

T . - .
where k=[x, &, -+ K] ,andcisa coefficient matrix whose elements are calculated

from the fading rates and the initial area coverages of the states. The predicted area
coverages of the states and the coefficient matrix c are shown in Appendix. The differential
equations can also be solved in discrete time given in Eq. (3.5),

a(t+At)=pa(t) (3.5)

where p is the fading transition matrix as shown in Appendix.
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We denote the area coverage of an ink as a,, (t), ink € {cyan, magenta, yellow, black},

and calculate it as the sum of the area coverage of the states that have this ink, as shown in

Eq. (3.6),
Aink (t): Z 8 (t) (36)
i€Qin
where Qe =1{1,2,4,5,7,8,9,12} : Q ogena = 11,2,3,5,6,8,10,13} :
Q 0w = 11.2,3,4,6,7,11,14} , and Q, ., ={1,3,4,5,9,10,11,15} are the sets of the states

that contain the CMYK inks respectively as shown in Figure 3.1. When no catalytic fading

exists, the degradation model reduces to Eqg. (3.7),
Qink (t) = Qi (0)8_ it (3.7)

where «;, is the fading rate of an individual ink. (x,,, =&, , &,

magenta = K13 ' K

yan yellow =

and K = K55)

3.2.1 Parameters Estimation

It is intuitive to print “pure” ink (one color ink) to estimate its fading rate. Therefore, to
estimate the fading rates of a state, we only print inks of this state to avoid area coverage
transition from other states into this state. By doing so, this state would become the
practical top state in the state transition diagram. We first estimate the overall fading rate
of each state by printing the state as the top state and then estimate the state-to-state fading

rates using the estimated overall fading rates. The least squares method is chosen to
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estimate the fading rates for its simplicity and the assumption of a constant variance in the
residuals is only mildly violated due to the slow fading of inks.
Assuming that there are N samples and M+1 area coverage measurements at time
t,, m=0,1...,M, t;=0. By printing state i as the top state, the predicted area coverage of
state i is

a(t)=a(0)e™
The least squares estimation of the overall fading rate «; is

1 N M

Y ZZI:In Xiin (tm)_ln Xin (to)]tm
Nzti n-1 m-1

m=1

K =

where X, (t,) is the measured area coverage of state i of the n sample at time t,,.

Assuming state i is the top state and state j is one of the transition states from state i, the
state-to-state fading rate from state i to state j is estimated using the estimated overall fading

rates of states i and j. The predicted area coverage of state j is

a(t)=c, e +c, e™
ki;a (0)

K —K;

where c;; = ,and ¢; ; =a,(0)—c,;. The least squares estimation of the state-to-

state fading rate k; ; is
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where x;, (t,) and x;,, (t,) are the measured area coverages of states i and j of the n"

sample at time t_, respectively.

3.2.2  Numerical Examples

In this section, we provide numerical simulations using the physics-based ink fading model.
The proposed model is applied to the 3 x 3 color pixels defined in Table 3.1. The colors
are assumed to be printed with the three color inks. The initial area coverages of the states
are approximated using the Demichel equations given in Eq. (3.8) and shown in Table 3.2.

Table 3.1 Initial area coverage of inks in 3 x 3 color pixels

acyan amagenta a'yeI low
(1,1) Cyan 1 0 0
(1,2) Magenta | 0 1 0
(1,3) Yellow 0 0 1
(2,1) Red 0 1 1
(2,2) Green 1 0 1
(2,3) Blue 1 1 0
(3,1) Orange 0 0.5 1
(3,2) Purple 0.5 1 0.5
(3,3) Maroon | 0.5 1 1

Aoy = AuyanBmagenta®

cyan ~ magenta " yellow

Ay = (l_ acyan ) am«s\gentaayellow

acy = Ay (1— a a

magenta ) yellow

Bcm = BeyanBragera (1~ Byeton)
Ayan (1 Apagenia ) (1 Ao
3y =(1- 8y ) Anagena (1 Ayei0n )
v = (L= 80 ) (1 Bnageta ) By

dy (1 - a'cyan ) (1_ amagenta ) (1 - aye”°W )

(3.8)

QD
)
Il

QD
Il
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Table 3.2 Initial area coverage of states in 3 x 3 color pixels

aCMY a‘MY aCY aCM aC aM aY
(1,1) Cyan 0 0 0 0 1 0 0
(1,2) Magenta | 0 0 0 0 0 1 0
(1,3) Yellow 0 0 0 0 0 0 1
(2,1) Red 0 1 0 0 0 0 0
(2,2) Green 0 0 1 0 0 0 0
(2,3) Blue 0 0 0 1 0 0 0
(3,1) Orange 0 05| 0 0 0 0 |05
(3,2) Purple 025025 0 |025] 0 |025]| O
(3,3)Maroon | 05 | 05| O 0 0 0 0

The fading rates used in the simulation are shown in Table 3.3. Different fading rates are
used to illustrate the catalytic fading phenomenon.

Table 3.3 Selected fading rates

K& 1 0.008 | k&) [0.005| k& |o.008| k' |0.005

cyan cyan cyan cyan

k(CMY) 0.002 k(MY) 0.002 kr(n(;'g;/(ler)ﬂa 0.002 kr(n'\:g)enta 0.002

magenta magenta

kK™ 1003 [ k™) 1003 | k<) |o.01 | kY

yellow yellow yellow yellow

0.02

The predicted area coverages of the states are plotted in Figure 3.2. The area coverages of
the states are not necessarily monotonically decreasing because of the area coverage
transition. When the area coverage transition rate into a state is larger than the area

coverage transition rate out of it, the area coverage of the state would increase.
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Figure 3.2 Predicted area coverages of states using physics-based ink fading model

The predicted area coverages of the CMY inks are plotted in Figure 3.3. Because of
catalytic fading, the cyan or yellow ink starting with same initial area coverage in these

colors end up with different area coverages.
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Figure 3.3 Predicted area coverages of inks using physics-based ink fading model
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The color degradation of the 3 x 3 color pixels is shown in Figure 3.4. The area coverages

of the CMY inks are converted into RGB values for display using Eqg. (3.9),

Red 1-Cyan
Green | = 255x| 1— Magenta (3.9
Blue 1-Yellow

As the inks fade, the colors appear to be bleached out. In addition, colors like red, orange,
and maroon that have a large proportion of yellow ink exhibit obvious hue shift due to the

imbalanced ink fading.
t=25 =50 t=75 =100

S

Figure 3.4 Color degradation using physics-based ink fading model

The same fading rates are used in a degradation simulation of an image of 500x500 pixels.
The result is shown in Figure 3.5. Since the magenta ink fades slower than the other two

inks, the faded image gradually gains a magenta tone.

t=25

Figure 3.5 Image degradation using physics-based ink fading model

(Original image from https://www.etsy.com)
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A real-life case study is used to demonstrate the application of the proposed model. The
greenish color images in Figure 3.6 are the photographs of the cover of a book that was
kept on a bookshelf for 32 years. The color fading of the book cover is shown in the figure
(image size is 30%30 pixels). We estimate the ink fading rates using the data from the first
15 years. Observations and predictions of the ink fading are plotted in Figure 3.7 as dots
and dashed lines, respectively. The model predictions match well with the observations

except for a small deviation for the magenta ink.

t=0 t=8 t=16 =24 t=32

Figure 3.6 Color fading of a book cover
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Figure 3.7 Degradation prediction of ink area coverages of a book cover
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3.3 Degradation Model of Ink Diffusion

The degradation model of ink diffusion is based on the two-dimensional diffusion equation

ac(x,y.t) _ 5(82c(x, y,t) N o%c(x, y,t)J

6t aXZ ayZ

where c(x, y,t) is the concentration of a substance at location (x, y) at time t, and ¢ is its

diffusion rate. The diffusion equation is derived from the Fick’s laws of diffusion. Fick’s
first law states that the diffusion flux, or the amount of the substance that diffuses through
a unit area in a unit time, is opposite and proportional to the gradient of the concentration.

In two dimensions, the diffusion flux is written as

J=-6ve(x,y,t)
:_5[6c(x, y,t)e +6c(x, y,t)e J
OX " oy Y

where V is the gradient operator, and ex and ey are orthogonal unit vectors along the axes.
Fick’s second law relates the diffusion over space to the concentration change over time.

The two-dimensional diffusion equation is then derived as

6c(x,y,t):_v_J
ot

AR
ox oy

_ g,gj'[_g[ac(x, y,t)eX+ac(x, AN D
oX oy oX oy y

_s azc(x,zy,t)Jrazc(x,zy,t)]

OX oy

where V - is the divergence operator.
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By assuming each state has its own diffusion rate, we apply the diffusion equation to a state

as shown in Eq. (3.10),

o3, (X, y,t) _s 0% (%, y,t)+82ai(x, y.t) (3.10)
—6'[ i 8X2 ay2 '

where a;(x,y,t) is the area coverage of state i at pixel (x, y) at time t, and ¢, is the

diffusion rate of state i. We solve Eqg. (3.10) using finite difference method. Applying first-
order forward differences in time and centered differences in space (Haberman 1987)

yields the discretization result in Eq. (3.11),

45,AtJ (xy.1) SAt [ai(x+As,y,t)+ai(x—As,y,t)+
i a (XY, i

(X, y,t+At)=|1-
a(uyteat) { ? +(As)2 a (X, y+As,t)+a (X y—As,t)

() J N

where As is the spacing in both horizontal and vertical directions.

We set the boundary condition to solve Eqg. (3.11) for the pixels at the edges of the image.
Possible boundary conditions include fixed values (Wikle 2003) and stochastic processes
(Wikle et al. 2003). In this dissertation, we set the boundary value to be the same as the
value of its adjacent pixel on the edge of the image. In this scenario, no ink loss would be
induced by ink diffusion. Considering the slow ink diffusion rate, this is a minor
assumption since the image size could be very large so that the ink diffusion on the
boundary would have little effect on the main body of the image. We then rewrite Eq. (3.11)

as Eqg. (3.12),

ai;s(t+At)=(l—n iAtJai;s(t)+ %t > ag(t) (312

’ (AS)Z (AS)Z d(s,s')=As
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where s=1,2,...,S is the pixel number after vectorizing the image, a(t) is the area

coverage of state i at pixel s at time t, ns is the number of inside-image adjacent pixels of

pixel s, and d (s,s') is the Euclidean distance between pixels s and s'.

A vector autoregressive model for the diffusion of state i is given in Eq. (3.13),
a (t+At)=Hga(t) (3.13)
where a, (t)=[a,(t) a,(t) ... as(t)] isthe column vector of the area coverage of

state i at time t, and H, is the diffusion transition matrix of state i with diagonal values of

1-n izAt and values of —% > At for pixel s' satisfying d (s,s") = As in the s™ row of

S(As) (As)
the matrix. Though there is no transition between different states, we write the

autoregressive ink diffusion model for all the states as Eq. (3.14),
a(t+At)=Ha(t) (3.14)
where a(t) :[af (t) a,(t) - afs(t)]T is the column vector of the area coverage of

all the states at time t, and H is the overall diffusion transition matrix as shown in Appendix.

3.3.1 Numerical Examples

In this section, we provide numerical simulations using the physics-based ink diffusion
model. The spacings in time and space are At = As = 1 throughout the dissertation. For

better illustration, we first provide a degradation simulation of a black ink dot on a white
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paper, as shown in Figure 3.8. The diffusion rate used in the simulation is 6 = 0.05. The

ink in the simulation gradually diffuses to the surrounding area.

Figure 3.8 Ink dot degradation using physics-based ink diffusion model

The proposed model is applied to the 3 x 3 color pixels given in Table 3.1. The diffusion
rates are o; = 0.005 for all the states. The predicted area coverages of the states and the
CMY inks are plotted in Figure 3.9 and Figure 3.10, respectively. The area coverage
change in this simulation is induced by ink diffusion alone. The color degradation is shown
in Figure 3.11. The degradation induced by ink diffusion is not only affected by the

diffusion rates but also by the spatial location of the pixels.
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=235 =50 =100

Figure 3.11 Color degradation using physics-based ink diffusion model

An image degradation simulation using diffusion rates ¢; = 0.05 for all the states is shown

in Figure 3.12. The ink diffusion results in a blurry effect to the image.

Figure 3.12 Image degradation using physics-based ink diffusion model

3.4 Degradation Model of Ink Fading and Ink Diffusion

Integrating the ink fading model and the ink diffusion model yields the degradation model

of ink fading and ink diffusion for state i in Eq. (3.15),

aai;s (t) = aza‘i;s (t) azai;s (t)
ot _;ki,iai;s (t)_’qai;s (t)+5|[ o + 6y2 (3.15)

where a,, (t) is the area coverage of state i at pixel s at time t. Applying finite difference

method to Eq. (3.15) results in Eq. (3.16),

a. (t+At)= (1—KiAt -n, (Aii)z At}ai;s (t)+

oAt 2 e (D)+A kja, ()

(AS)Z d(s,s')=As

(3.16)
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where ns is the number of inside-image adjacent pixels of pixel s, d(s,s") is the Euclidean
distance between pixels s and s'. The vector autoregressive degradation model of ink fading
and ink diffusion is given in Eq. (3.17),

a(t+At)=Ta(t) (3.17)
where a(t) is the column vector of the area coverage of all the states at time t, and IT is

the overall fading-diffusion transition matrix as shown in Appendix.

Assuming a multiplicative lognormal error for state i since the area coverage is nonnegative,

the random area coverage is given in Eq. (3.18),
a,(t)=ga,(t) (3.18)

i“%;s

where & (t) is the random area coverage of state i at pixel s at time t, and

2
g ~ LN (—%,05} is a spatially and temporally independent lognormal error. The

random area coverage then follows a lognormal distribution

2

ai;s(t)~LN(Inai;S(t)—%,afj with expectation E (&, (t))=a,(t) and variance

Var (&, (t))=a’, (t)(e"iz —1).

3.4.1 Parameters Estimation

The fading and diffusion rates of the states can be estimated separately. For example,
patches of cyan ink can be printed to estimate the fading rate of state C, the diffusion rate

of state C can then be estimated by printing appropriate samples for ink diffusion tests and
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considering the fading rate of state C as known value. The fading and diffusion rates of the
two-ink state CM can be estimated separately after the fading and diffusion rates of one-
ink states C and M are estimated. Similarly, the fading and diffusion rates of the three-ink

and four-ink states can be estimated.

Once the fading rates are estimated, the diffusion rates are then estimated sequentially by
printing each state as the top state over the space. Assuming that there are S pixels in the

image and M+1 area coverage measurements at time t,, m=0,1..,M, t,=0, the

likelihood function of the area coverage of state i is

E:ii 1 - exp[—%(lnxl;s(tm)—lnqS(tm)+%‘2j] (3.19)

O

where X, (t,) and a(t,) are the measured and predicted area coverages of state i at

pixel s at time tm, respectively. The diffusion rate of state i is obtained by maximizing the

likelihood function given in Eq. (3.19).

3.4.2 Numerical Examples

In this section, we provide numerical simulations using the physics-based degradation
model of ink fading and ink diffusion. The three models developed in this chapter are
compared in Figure 3.13. The fading and diffusion rates used in the ink dot degradation

simulation are k = 0.03 and ¢ = 0.05, respectively.
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Figure 3.13 Ink dot degradation using physics-based ink fading, ink diffusion, and ink

fading and diffusion models

The proposed model is applied to the 3 x 3 color pixels given in Table 3.1. The fading rates
are shown in Table 3.3 and the diffusion rates are i = 0.005 for all the states. The predicted
area coverages of the states and the CMY inks are plotted in Figure 3.14 and Figure 3.15,

respectively. The color degradation is shown in Figure 3.16.
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Figure 3.16 Color degradation using physics-based degradation model of ink fading and

ink diffusion

The image degradation simulation using the fading rates shown in Table 3.3 and diffusion
rates ¢; = 0.05 for all the states is shown in Figure 3.17. The simulation results in the figures

show a combined effect of both fading and diffusion.
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=100

Figure 3.17 Image degradation using physics-based degradation model of ink fading and

ink diffusion

3.5 Summary and Conclusions

In this chapter, we first investigate the halftone printing technique used by modern color
printers and discuss the performance indicator we use in the degradation modeling of
printed images. In consideration of catalytic fading, we propose a multi-layered state
transition diagram for the ink fading of printed images. Assuming the ink fading as a first-
order reaction, a physics-based ink fading model is derived from differential equations. In
addition, ink diffusion of printed images is modeled using the two-dimensional diffusion
equation. Discretizing the diffusion equation in both space and time using finite difference
method results in a vector autoregressive ink diffusion model. The ink fading model and
the ink diffusion model are further integrated into an autoregressive degradation model of

ink fading and ink diffusion.
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CHAPTER 4

PHYSICS-BASED DEGRADATION MODEL OF PRINTED IMAGES WITH

TIME-VARYING FADING AND DIFFUSION RATES

In the previous chapter, it is assumed that inks have constant fading and diffusion rates.
Such an assumption constrains the applicability of the degradation model. In this chapter,
we relax this assumption and investigate the degradation modeling of printed images with

time-varying fading and diffusion rates.

4.1 Hazard Rate and Image Degradation

The degradation model in the previous chapter is developed from the differential equations
that describe the physics of ink fading and diffusion. The ink area coverage is used as the
performance indicator, and the area coverage loss rate is the degradation rate. Considering
no area coverage transition from other states or pixels, the instantaneous area coverage loss
rate of a state by ink fading or diffusion is calculated as the product of its fading or diffusion

rate and its area coverage.

To relax the assumption of constant fading and diffusion rates, we examine the developed
degradation model. For ink fading, we assume that in an infinitesimal area any ink in any
state fades completely at the same time, the assumption of constant fading rate then implies

an exponential degradation time distribution of the inks. If there is no area coverage

transition from other states into a state and its initial area coverage a, (0) is considered as
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: - a(t) . . N
a population, the remaining area coverage percentage L is its “reliability” R (t).

3 (0)
Discretizing the ink fading model in Eq. (3.1) for a state having no area coverage transition

into it and rearranging the terms result in

This is the definition of hazard function. If we only consider the ink diffusion from one
pixel to one of its adjacent pixels in the discretized ink diffusion model in Eq. (3.12) and

let As=1, we derive a similar result as

a.,(t) a.(t+At)
5 lim B (0) a.,(0) R (t)-R, (t+At)
Rt . (t) ~ A AR, , (t)

Hence, the fading or diffusion rate is equivalent to the hazard rate of the remaining area

coverage percentage.

Therefore, ink fading and diffusion can be modeled as a Markov process. For the inks in
each infinitesimal area, the degradation process starts from its initial state with probability

one. The inks in an infinitesimal area starting from state i at pixel s are in state j at pixel s'

at time t have a state transition probability ¢ ;. ¢ (t) The total area coverage of state j at

pixel s' at time t is the sum of the product of the initial area coverage of every state in every

pixel and their state transition probability ¢, ;.. . (t) The matrix form is expressed in Eq.

(4.2),
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a(t)=a(0)g(t) (4.1)
where a(t) is a row vector of the area coverage of all the states in all pixels at time t, and

#(t) is the state transition probability matrix satisfying > > ¢ ... (t)=1.
s’ ]

As described above, a Markov process with exponential transition time distribution is
equivalent to the developed degradation model in Chapter 3. A degradation model with
time-varying fading and diffusion rates is obtained by replacing the exponential
distribution with other distributions. By doing so, the Markov model becomes a semi-

Markov model. We present the latter model in this chapter.

4.2 Degradation Model of Ink Fading

Hereafter, we refer to the degradation model with constant fading and diffusion rates as the
Markov model, and the degradation model with time-varying fading and diffusion rates as
the semi-Markov model. The general formulation of the semi-Markov model is given in
(Howard 1964, Howard 1971). The developed semi-Markov ink fading model is presented

below. Denote the pdf and CDF of the transition time that the inks in an infinitesimal area
fade from state i to one of its one-step transition statesuas f,, (t) and F, (t), respectively.

The one-step state transition probability density that the inks fade from state i to state u at

time tis givenin Eq. (4.2),

qi,u(t)=fi,U(t) H (1_Fi,V(t)) (4.2)

ve); VU
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where g, (t) is the one-step state transition probability density that the inks fade from state
i to state u at time t, and €, is the set of the one-step transition states from state i. If state

u is the only one-step transition state from state i, g, (t) = f;, (t). Assuming that the inks

in an infinitesimal area start from state i, the probability that the inks are still in state i at

time tis given in Eq. (4.3),

4 (0)=1- ] X0, (e @3

0 veQy
where ¢ (t) is the probability that the inks are still in state i at time t. The probability that

the inks fade to any other state j at time t is given in Eq. (4.4),

4, (0= [a, ()4, (t-7)ds 44

veQ); o

where 4 ; (t) is the probability that the inks fade to any other state j at time t.

The matrix form of the state transition probability is given in Eq. (4.5),

t

#(t)=diag (¢(1))+ [a(r)$(t-7)dr (4.5)

0

where diag(¢(t)) is the diagonal matrix of ¢, (t), and q(t) is the one-step state
transition probability density matrix. With initial condition ¢(0)=1, Eq. (4.5) is solved

recursively using trapezoidal rule (Nunn and Desiderio 1977) as shown in Eq. (4.6),

¢(tM):{|_%q(o)}1{diag(¢(tM))+Atm§;q(tm)¢(tM—tm)-gq(tM),»(o)} (4.6)
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We discuss the case of the Weibull state transition time distribution. The fading rate then

Viu—l
7i ut ’
- iu
iu

becomes a function of time Kk, (t) with shape parameter y,, and scale

parameter &, ,. When y, , >1, the fading rate is a monotonically increasing function. When
7i. =1, Weibull distribution becomes exponential distribution, and the fading rate
becomes constant. When y; , <1, the fading rate decreases with time. The one-step state

transition probability density and the state transition probability ¢ (t) are

" (t)p[z (HLH

4.2.1 Parameters Estimation

We first estimate the fading parameters of the one-ink states. The predicted area coverage

of aone-ink state i (i=12C, 13 M, 14 Y, 15K) is

i,16

Itis linearized as

a(t
In("” ?(O))J =i INt=716IN 6, 15
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Assuming that there are N samples and M+1 area coverage measurements at time

t,, m=0,1..,M, t,=0. Let x., (t,) be the measured area coverage of state i of the n"

. X (t
sample at time tm. Denote Y as the column vector of In{—ln M} X as the column

Xi;n (tO)

Viie

vector of [Int, 1|,and b=
[ ] |:_7/i,16 InG

] the solution using least squares method is

b=(X"X)" XY

The fading parameters of the two-ink states are obtained using the estimated parameters of
the one-ink states. Let state i be a two-ink state (i=6 MY, 7 CY, 8 CM, 9 CK, 10 MK, 11
YK), and u and v are the two transition states from state i. The predicted area coverages of

the three states are
a,(t)=a(0)4,(t)
3, (t)=2,(0)4, (t)+a,(0)4,,(t)

a,(t)=2(0)4,(t)+a (0)4,(t)
The estimated fading parameters of states u and v are considered as known values, then

¢,.(t) and ¢, (t) can be predicted. 4 (t) can also be approximated using the measured

area coverages of state i. The state transition probabilities ¢, (t) and ¢, (t) are
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: ‘t}'i,u{L : 7i,v71 ] .
where k; , (t) =7/'*;T and k;, (t) :%;T are the fading rates from state i to states u
iu v

and v, respectively. The fading parameters of the transition from state i to state u (or state
v) are obtained numerically by minimizing the sum of squared errors between the measured

and predicted area coverages of state u,

min iZ(XUJ“ (tm)_au;n (tm))z

n=1 m=1
where x,.,(t,) and a,, (t,) are the measured and predicted area coverages of state u of

the n' sample at time tm, respectively. The same parameters estimation procedure is applied

to the three-ink and four-ink states.

4.2.2 Numerical Examples
In this section, we provide numerical simulations using the semi-Markov ink fading model.
The proposed model is applied to the 3 x 3 color pixels given in Table 3.1. The scale

parameters of the fading rates 6, ; are chosen as the reciprocal of the fading rates in Table
3.3. The shape parameters of all the fading rates are y, ; =2 . A shape parameter larger than

one means an accelerating fading rate.

The predicted area coverages of the states and the CMY inks are plotted in Figure 4.1 and
Figure 4.2, respectively. As shown in the figures, the inks exhibit increasing fading rates
as the result of the selected shape parameters. Compared with the Markov ink fading model,
this simulation represents the case that inks are more durable initially and significant fading

has a time delay.
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Figure 4.1 Predicted area coverages of states using semi-Markov ink fading model
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Figure 4.2 Predicted area coverages of inks using semi-Markov ink fading model

A real-life case study is used to demonstrate the application of the proposed model. Yellow

ink is printed and tested at an elevated temperature, humidity, and illumination condition

in our laboratory. Its microscopic photos are taken every week and shown in Figure 4.3.
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The area coverages of the yellow ink in these photos are estimated and fitted by the
proposed model, as shown in Figure 4.4. In the figure, the estimated area coverages of the
yellow ink are plotted as dots, and the prediction using the semi-Markov ink fading model
is plotted as a solid line. The estimated shape and scale parameters of the yellow ink fading
are 3.38 and 5.26, respectively. The degradation in this real-life case study shows a clear

trend of acceleration and can only be well fitted with a time-varying fading rate.

=0 t=1 =2 =3 t=4

=5 =6 =7 =8 =9

Figure 4.3 Microscopic photos of yellow ink under accelerated degradation test
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Figure 4.4 Degradation prediction of yellow ink



62

The microscopic photos of a red color tested under the same environmental condition are
shown in Figure 4.5. The red color is printed with the magenta and yellow inks. Magenta
ink is also tested in this experiment. The estimated shape and scale parameters of the
magenta ink fading are 2.01 and 33.03, respectively. The presence of the yellow ink in state
MY is found to have no influence on the degradation characteristics of the magenta ink.
The estimated shape and scale parameters of the yellow ink fading in state MY are 1.63
and 10.08, respectively. The estimated area coverages of the states (MY, M and Y) and the
degradation prediction using the semi-Markov ink fading model are shown in Figure 4.6.
The estimated parameters for the yellow and magenta inks are used in the parameters
estimation and degradation prediction of the red color. The degradation prediction of the

red color validates the model performance.

A L
S

fo g (i"‘\l
px

bt a2 0 p%g. o

Figure 4.5 Microscopic photos of the red color under accelerated degradation test
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Figure 4.6 Degradation prediction of the red color

4.3 Degradation Model of Ink Diffusion
Denote the pdf and CDF of the transition time that the inks in an infinitesimal area diffuse
from pixel s to one of its adjacent pixels s' as f,(t) and F, (t), respectively. The one-

step state transition probability density that the inks diffuse from pixel s to pixel s' at time

tis givenin Eq. (4.7),

Ge(t)=fo(t) JT (1-Fe(t)) (4.7

s"eQ),s"#s’
where g, (t) is the one-step state transition probability density that the inks diffuse from
pixel s to pixel s' at time t, and Q_ is the set of adjacent pixels of pixel s. Assuming that

the inks in an infinitesimal area start from pixel s, the probability that the inks are still at

pixel s at time t is given in Eq. (4.8),

9., (t):l—j > Gy (r)dr (4.8)

0 5"
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where ¢, () is the probability that the inks are still at pixel s at time t. The probability

that the inks diffuse to any other pixel s™" at time t is given in Eq. (4.9),

g (1) = Z Iqsvsn (7)dy o (t—7)d7z (4.9)

s"eQq 0
where ¢, .. (t) is the probability that the inks diffuse to any other pixel s™ at time t. The

matrix form of the state transition probability is given in Eq. (4.5) and solved using

trapezoidal rule as shown in Eq. (4.6).

For the case of Weibull state transition time distribution, The diffusion rate is a function of

7i-1

time o, (t) = 7/'9t—y with shape parameter y, and scale parameter &, . Decreasing diffusion

rates with shape parameters smaller than one may be more appropriate than constant

diffusion rates for the ink diffusion of printed images. The one-step state transition

probability density and the state transition probability ¢, , (t) are

0 ()- 20 p[ (5]]
4. (t)—exp[‘”s GH

where n, is the number of inside-image adjacent pixels of pixel s.
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In this section, we provide numerical simulations using the semi-Markov ink diffusion

model. The proposed model is applied to the 3 x 3 color pixels given in Table 3.1. The

shape and scale parameters of all the diffusion rates are y, =0.5 and € =1000. The

predicted area coverages of the states and the CMY inks are plotted in Figure 4.7 and Figure

4.8, respectively. As shown in the figures, the inks exhibit obvious decreasing diffusion
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Figure 4.7 Predicted area coverages of states using semi-Markov ink diffusion model
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Figure 4.8 Predicted area coverages of inks using semi-Markov ink diffusion model

4.4 Degradation Model of Ink Fading and Ink Diffusion
Denote the pdf and CDF of the transition time that the inks in an infinitesimal area fade
from state i to one of its one-step transition states u within pixel sas f, ... (t) and F . (t),

respectively, and the pdf and CDF of the transition time that the inks in an infinitesimal

area diffuse from pixel s to one of its adjacent pixels s' without fading as f; ;. (t) and

F

ii;s,s

(t), respectively. The one-step state transition probability density that the inks fade

from state i to state u within pixel s at time t is given in Eq. (4.10),

qi,U;S,S (t) = fi,u;s,s (t) H (1_ Fi,v;s,s (t)) H (1_ Fi,i;s,S" (t)) (4'10)

veQ); v£u s"eQ

where ¢ .., (t) is the one-step state transition probability density that the inks fade from

state i to state u within pixel s at time t. The one-step state transition probability density

that the inks diffuse from pixel s to pixel s' without fading at time t is given in Eq. (4.11),
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qLi:s,S’ (t) = 1:i,i;s,S’ (t) H (l_ I:i,i;s.s" (t))H(l_ I:i,v:s,s (t)) (4-11)

s"eQ 8" #s’ veQ);
where ¢ ;... (t) is the one-step state transition probability density that the inks diffuse from
pixel s to pixel s' without fading at time t. Assuming that the inks in an infinitesimal area

start from state i at pixel s, the probability that the inks are still in state i at pixel s at time t

is given in Eq. (4.12),

s (1) =1- j(zq,m )+Zqi’i;svsﬂ(r)jdr (4.12)

ve), s"eQ
where ¢ ... (t) is the probability that the inks are still in state i at pixel s at time t. The

probability that the inks fade to any other state j and diffuse to any other pixel s at time t
is given in Eq. (4.13),

s qu,vss )@, oo (t—7)dT+

veQ; 0

J.qnss |155(t_r)df

s"eQ 0

(4.13)

where @, ;. - .(t) is the probability that the inks fade to any other state j and diffuse to any

other pixel s at time t. The matrix form of the state transition probability is given in Eq.

(4.5) and solved using trapezoidal rule as shown in Eq. (4.6).

For the case of Weibull state transition time distribution, the one-step state transition

probability density and the state transition probability ¢, ;.. S( ) are
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4.4.1 Parameters Estimation

Once the parameters of the fading rate are estimated, the parameters of the diffusion rate
are estimated by sequentially printing each state as the top state over the space. The

predicted area coverage of the top state i at pixel s at time t is

ai;s (t) = ai;s (0)¢i,i;s,s (t)+;ai:5’ (0)¢i,i;5',5 (t)

where ¢, (t) is given in Eq. (4.12), and 4., (t)= D I;qi,i;sf,sn(r);ﬁ,,i;snys (t-r)dz.

s"eQy
Assuming that there are S pixels in the image and M+1 area coverage measurements at
time t , m=0,1,...,M, t, =0, the diffusion parameters of state i are obtained numerically

by minimizing the sum of squared errors between the measured and predicted area

coverages of state i,

min iZ(Xi;s (tm)_ai;s (tm ))2

s=1 m=1
where X, (t,) and a(t,) are the measured and predicted area coverages of state i at

pixel s at time tm, respectively.
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In this section, we provide numerical simulations using the semi-Markov degradation

model of ink fading and ink diffusion. The proposed model is applied to the 3 x 3 color

pixels given in Table 3.1. The scale parameters of the fading rates 6, ; are chosen as the

reciprocal of the fading rates in Table 3.3. The shape parameters of all the fading rates are

7%.;j=2. The shape and scale parameters of all the diffusion rates are », =0.5 and

6 =1000. The predicted area coverages of the states and the CMY  inks using the semi-

Markov degradation model of ink fading and ink diffusion are plotted in Figure 4.9 and

Figure 4.10, respectively. The degradation shows a combined effect of both fading and

diffusion. Because of the different fading rates, diffusion of cyan and magenta inks is more

dominating, whereas fading of the yellow ink is more significant.
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Figure 4.9 Predicted area coverages of states using semi-Markov degradation model of

ink fading and ink diffusion
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Figure 4.10 Predicted area coverages of inks using semi-Markov degradation model of

ink fading and ink diffusion

4.5 Summary and Conclusions

In this chapter, we examine the degradation model developed in Chapter 3 and demonstrate
that both the fading and the diffusion rates can be interpreted as hazard rate, and the
developed model with constant fading and diffusion rates is equivalent to a Markov process
model with exponential transition time distribution. A general model with time-varying
fading and diffusion rates is obtained by replacing the exponential distribution with other
distributions. By doing so, the Markov model becomes a semi-Markov model. Specifically,
we investigate the case of Weibull state transition time distribution, which offers increasing,
decreasing, as well as constant fading or diffusion rates by varying the shape parameter.

The semi-Markov model provides more realistic predictions than the Markov model.
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CHAPTER 5

STATISTICS-BASED DEGRADATION MODEL OF PRINTED IMAGES

In this chapter, we investigate the statistics-based degradation model of printed images.
The two aspects of image degradation, i.e. ink fading and ink diffusion, are revisited in this
chapter. We first propose a Hull-White/Vasicek (HWV) stochastic process model for ink
fading and derive the distribution of time to reach unacceptable degradation. We then
present a continuous-space convolution-based ink diffusion model, and integrate the ink
fading model and the ink diffusion model into a spatio-temporal stochastic process model

for the degradation of printed images.

5.1 Degradation Model of Ink Fading

The stochastic property of the ink fading process is not considered in the physics-based ink
fading model. By adding a stochastic process term, we change the deterministic differential
equation in Eq. (3.1) into a stochastic differential equation. The developed stochastic model
is a Hull-White/Vasicek (HWV) model, which is a type of the Ornstein-Uhlenbeck process.

The stochastic differential equation for state i is expressed in Eq. (5.1),
da, (t)= [Z k:a, (t)-xd (t)Jdt +0; (t)dB; (1) (5.)
i

where a,(t) and & (t) are the deterministic and stochastic area coverages of state i at time

t, respectively, x; =Y k; ; is the overall fading rate of state i to other states, and o; (t) and
,-

B, (t) are the volatility function and the standard Brownian motion process for state i at



72

time t, respectively. The randomness in the area coverage transition into state i due to ink

fading is ignored.

Changing t to z in Eq. (5.1) and multiplying both sides by e*' result in
d(e™a (t))=e™ (r (t)dt+o; (t)dB, (1))

where 1, (t)=>k;,a, (t). Integrating the above equation from 0 to t and rearranging the

]

terms, the stochastic ink fading model is obtained as expressed in Eq. (5.2),

g (t):a‘

(0)e™ +

[ S——

r(r)e™ d 7+ jai (t)E)_K‘(t_T)dBi (7)
i (5.2)

a0 e )

0

The expectation of the stochastic area coverage equals the deterministic area coverage

E[& (t)]=a(t). The variance of the stochastic area coverage is denoted as v, (t) and

calculated as

According to the property of the HWV model, the stochastic area coverage follows a

normal distribution & (t)~ N (a(t),y,(t)).
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We assume the volatility function is proportional to the area coverage of the state. This is

a realistic assumption that guarantees small fluctuation when ink amount is low on paper.

Let o; (t)=7;4/a (7). then the variance of the stochastic area coverage is

o (6)=3 0 (e go)

7 2K — K

where 7, is the volatility parameter, and ¢ ; is given in Appendix.

The area coverage of a specific ink &, (t)= Y_ & (t) follows a normal distribution with
1€Qin

expectation a,, (t)= Y a(t) and variance v, (t)= D_ v;(t). We assume that a color

i€Qin 1€Qn
exhibits unacceptable fading when the area coverage of any of the four inks falls below a
predetermined threshold D, . Given &, (t) >0, the truncated CDF and pdf of time for an

ink to reach its threshold are

—aiy (t) Uk (t) +(Dink — Qi (t))( Uik (t)), y (p[ D — i (t)}

@ = Ok (1) e (1)
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!

xgpL_aink (t)J and ®(-) and ¢(-) are the

Vi (1)

8 (1) yfors (1) + 8 (6) (fore (1)

v Ulnk (t)

CDF and pdf of the standard normal distribution, respectively.

Assuming that the area coverages of the four inks are independent, then the CDF and pdf

of time for an ink color to reach unacceptable fading are

color =1- H Pr{ mk mk}

inkeQ

=1- H [1_ Fine (t)]

inkeQ

=1- H Foe (t)

inkeQ

oF,

feotor (t) - cm#(t) - Z { fink (t) H Fink (t)}

inkeQ INK e, INK #ink
where Q is the set of inks used in printing this color (The color may not be printed with all

four inks).

5.1.1 Parameters Estimation

The parameters of the fading rate are estimated sequentially by printing each state as the
top state over the space. Assuming that there are N samples and M+1 area coverage
measurements at time t,, m=0,1,...,M, t, =0, the log-likelihood function of the area
coverage of state i is

nc=33m-_—1 ii[ o(tn) =2, (4 (5.3)

n=1 m=1 27Z'U n=1 m=1 2Ui;n tm)
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where x.., (t,,) and &, (t,) are the measured and predicted area coverages of state i of the

n sample at time tm, respectively, and v, (t,) is the predicted variance of the area

coverage of state i of the n' sample at time tm. The parameters are estimated numerically

by maximizing the log-likelihood function given in Eq. (5.3).

5.1.2 Numerical Examples

In this section, we provide numerical simulations using the HWV ink fading model. In the

simulation, we assume colors are printed using the CMY inks and randomly generate the

initial ink area coverages as a,, (0)=0.22, a 0)=0.95, and a,,,, (0)=0.46. The

cyan ( magenta (
area coverages of the states are approximated using the Demichel equations given in Eqg.
(3.8). The fading rates in this simulation are also randomly generated and shown in Table

5.1. The volatility parameters are chosen as 7, =0.002 for all the states.

Table 5.1 Random fading rates

ko) 10.0127 | kS 0.0394 | ki3 |0.0168| k) |0.0280

cyan

Ke) 10.0381 | k™) 00373 | K@) [o0.0112 | k™ |0.0096

magenta magenta magenta

k&™) 0.0211 | kW9 |0.0265 | kS | 0.0043 | kU), |0.0194

yellow yellow

The predicted variances of the area coverages of the states using the HWV ink fading model
are plotted in Figure 5.1. The expected area coverages of the states and their 95% prediction
intervals are plotted in Figure 5.2. The variances first increase due to the stochastic fading
and then decrease as the area coverages reduce. The change of the variances is the result

of the mean-reverting property of the HWV model. The expected area coverages of the
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CMY inks and their 95% prediction intervals are shown in Figure 5.3. The variance of each

ink also increases at the beginning and then decreases.
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Figure 5.1 Predicted variances of area coverages of states using statistics-based ink

fading model with constant fading rates
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Figure 5.2 95% prediction intervals of area coverages of states using statistics-based ink
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Figure 5.3 95% prediction intervals of area coverages of inks using statistics-based ink

fading model with constant fading rates
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The criterion for unacceptable color fading is chosen as 30% loss of the initial area
coverage of any ink. The times that the expected area coverages of the inks reach their
thresholds are marked in Figure 5.3. The distributions of time to unacceptable ink and color
fading predicted using the HWV ink fading model are plotted in Figure 5.4. The
distribution of time to unacceptable color fading is a joint result of the distributions of time

to unacceptable ink fading.
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Figure 5.4 Predicted pdf and CDF of time to unacceptable ink and color fading using

statistics-based ink fading model with constant fading rates

5.2 Degradation Model of Ink Diffusion

In this section, we investigate a continuous-space convolution-based ink diffusion model.

The autoregressive ink diffusion model in Chapter 3 is equivalent to applying a convolution
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0 h 0
to the image with a 3 x 3 kernel of |h 1-4h h |, where h :5‘—At2 and ¢, is the
0 h O (45)

diffusion rate of state i. The kernel derived from the finite difference method ignores the
diagonal ink diffusion. Brown et al. (2000) study the blurring functions and conclude that
the Gaussian function is the only one that behaves sensibly as At — 0, that is, the tails of
the blurring function must shrink rapidly as the time spacing becomes small. By
substituting a bivariate Gaussian density function for the kernel, the ink diffusion is

modeled as a spatial convolution as given in Eqg. (5.4),

a,, (t+At):IR2¢(AS;y,Zi)ai;S, (t)d(As) (5.4)
where a, (t) is the deterministic area coverage of state i at pixel s=[x y]' attimet, R?
denotes two-dimensional space, As=s'—s, ¢(As; 4, Z;) is a bivariate Gaussian density

At 0

0
function with u = and Z, = P , and pi is a constant.
0 0 pAt

It can be demonstrated that Eq. (5.4) is strongly connected with the diffusion equation

model given in Eq. (3.10). After Taylor expansion at a,, (), Eq. (5.4) becomes

a, (t+at)=~ [ o(as ﬂ,zi){aﬁs (t)+aag;ft)As+%(As)T%As}d (4s)

d%a,. (1) 0%a.(t)

2 2
where iTai's (t) _ aa‘i:s (t) aai;s (t) and 0 ai;s (Tt) _ OX 8X6y
os OX oy 0S0S aZai;s (t) azai;s ('[)
OyoX oy?

Separately integrating the three terms results in
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a,(t+At)=a, (t)ij @(As; 1, Z;)d (As)+

Deleting the terms that integrate to zero, we have

a,(t+At)=a(t) +%ij o(As; 1,3, )(azziz(t) (Ax) + azziy:sz(t) (Ay)sz (ns)

Using the definition of variance, the solution of the integration is obtained as

pAt [azai;s () oa, (t)j

s (t+At)zai;s (t)+ 2 NG ayz

Rearranging the terms and taking lgmo of both sides, we have

aa'i;s (t) z& azai;s (t) +62a'i;s (t)
ot 2| ox? oy’

The relationship between the Gaussian density parameter p in the convolution-based ink

diffusion model and the diffusion rate ¢ in the diffusion equation model is p=25.

Since the convolution of two Gaussian functions is still Gaussian, with its variance being
the sum of the variances of the two Gaussian functions, the continuous-time continuous

space convolution-based ink diffusion model is derived as given in Eq. (5.5),

a. (1) :IRzgo(As;,u, oZ;)a. (0)d (As) (5.5)
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0
where go(As;,u, 5Zi) is a bivariate Gaussian density function with yz[o} and
. 26t O
Ozi: .

0 2t

To apply the continuous-space convolution-based ink diffusion model on image pixels, we

create the h,xh, (h, is a positive odd integer and the side length of the kernel) discrete

Gaussian kernel h as given in Eq. (5.6),

hy (AX, Ay) = eXp[_%@ﬁT & [iﬂj

(i, ay) = gt X ) -
T ()

AX Ay
where Ax and Ay are integers between Pl ang hsz_l.

5.3 Degradation Model of Ink Fading and Ink Diffusion
Integrating the stochastic ink fading model in Eq. (5.2) and the convolution-based ink
diffusion model in Eq. (5.5) results in the spatio-temporal stochastic degradation model as

given in Eq. (5.7),
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ai;s (t) _ e—;th'R2 (D(AS;IU! ézi )ai;s, (O)d (AS)‘F

[e”(‘("’)_[]Rz o(As;p, 52 g (7)d (As)}dr +
(5.7)

e[ o(8sim 5E, )0y (7)d (85) | dB,, (<)

t
=3, (t)+] [e"“(“’) [Lo(asm 550 (r)d (As)}dai;s (r)
0
where a,(t) and &, (t) are the deterministic and stochastic area coverages of state i at

pixel s= [x y]T at time t, respectively, «; =Zki'j is the overall fading rate of state i to
i

other states, R? denotes two-dimensional space, AS=s"—s, (p(AS;ﬂ, gzi) is a bivariate

25t 0

Gaussian density function with z=[0 0] and (Z, :{ 0 st

] o, is the diffusion

LA M

rate of state i, 1. (t) = Zk“aj;S (t) is the deterministic area coverage transition rate into
j

state i due to ink fading at pixel s at time t, and o, (t) and B, (t) are the spatially

independent volatility function and the standard Brownian motion process for state i at
pixel s at time t, respectively. The randomness in the area coverage transition into state i
due to ink fading is ignored. The bivariate Gaussian density captures the probability that

the inks in an infinitesimal area at pixel s' diffuse to pixel s within a time interval.

The spatio-temporal stochastic degradation model with constant fading and diffusion rates
as given in Eq. (5.7) is extended to the case of time-varying fading and diffusion rates as

shown in Eq. (5.8),
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a,(t)= exp(—j; K. (f)df]jRZ o(As; g, 4%, ), (0)d (As) +

(5.8)

O ey —+ O L —+
1

eXp[_tj'T K, (é)dgijZ o(As; 1,52, )y (7)d (AS):|dZ‘ .
ijz o(As; u, 52 )0 ()d (As)} dB,, (7)

{exp(—” K, (§)d§]jR2 o(As;p, 5% )0 (7)d (As)}dBi;S (7)

o

where X = . The exponential fading term and the

b
0 2 5(&)de
covariance of the bivariate Gaussian density captures the recurrent property of the fading
and diffusion rates when state transition happens in the semi-Markov model. There is no

simple expression for r. (t).

Define an operator and its operations as given in Eqg. (5.9),

7, :exp(—ilq (f)d§j¢(x;,u, %)

b

1 1 T b1
—:ZI‘QXP[E(X/I) aZi (X_ﬂ)__[’(i(g)de

27 a

i (5.9
AAD S eXp{_J. K; (f)deJ.RZ (D(AS;/J, 22, )Xi;s’d (4s)

A :exp(_ni,q (f)df}D(ﬂ,”gzi)

where * denotes the spatial convolution. Eqg. (5.8) is rewritten as Eqg. (5.10),
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t t
8.0 (1)= 17, %8, (0)+ [ 32, #1,,(c)de+ [ 37, %0, () By, ()
I S 0
B c (5.10)

=8 (t)+,:[ t_SZi *Oiss (T)dBi;s (T)

where the terms A, B, and C are explained as the fading and diffusion of the initial ink
amount, the ink amount obtained from state transition, and the volatility of state i at pixel

s, respectively. The expectation of the stochastic area coverage equals the deterministic

area coverage E|[ 4, (t)]|=a(t). The variance of the stochastic area coverage is denoted

as v, (t) and calculated as

t
= j " Zixor (r)dr
0

The stochastic area coverage follows a normal distribution & (t)~ N (a, (t),v,,(t)).

5.3.1 Parameters Estimation

Once the parameters of the fading rate are estimated, the parameters of the diffusion rate
are estimated sequentially by printing each state as the top state over the space. Assuming

that there are M+1 area coverage measurements at pixel sattime t., m=0,1,...,M, t, =0,

the log-likelihood function of the area coverage of state i is

nC=YSmh-—1 zz[x's tz);‘t) DL s

s m=1l 27Z'U s m=l
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where X (t,) and a(t,) are the measured and predicted area coverages of state i at

pixel s at time tm, respectively, and v, (t, ) is the predicted variance of the area coverage

of state i at pixel s at time tm. The parameters are estimated numerically by maximizing the

log-likelihood function given in Eq. (5.11).

5.3.2 Numerical Examples

In this section, we provide numerical simulations using the statistics-based degradation
model of ink fading and ink diffusion. The simulations show the 95% prediction intervals

of area coverages of states and CMY inks in (3,2) Purple in the 3 x 3 color pixels given in
Table 3.1. The volatility function is chosen as o, (t)=174/a. (t), where a,(t) is the
deterministic area coverage predicted using the degradation model, and 7. is the volatility

parameter. We use 7, =0.005 for all the states. The variance of the stochastic area

coverage is calculated using trapezoidal rule.

The 95% prediction intervals of the area coverages of the states and the CMY inks in (3,2)
Purple with constant fading and diffusion rates are plotted in Figure 5.5. The fading rates
used in the simulation are shown in Table 3.3 and the diffusion rates are i = 0.005 for all

the states.
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Figure 5.5 95% prediction intervals of area coverages of states and inks in (3,2) Purple

with constant fading and diffusion rates

The 95% prediction intervals of the area coverages of the states and the CMY inks in (3,2)

Purple with recurrent time-varying fading and diffusion rates are plotted in Figure 5.6. The

fading and diffusion rates used in the simulation are Kk (t):gi’mjtn,rl and
5, (t) =6yt respectively. The values of the parameters are y,, =2, 6, ; as 1% of the

fading rates in Table 3.3, . =0.5,and € =0.01.
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with recurrent time-varying fading and diffusion rates

5.4 Summary and Conclusions

In this chapter, we investigate the statistics-based degradation modeling of printed images.
We first propose a Hull-White/Vasicek stochastic degradation model for ink fading, then
present a convolution-based degradation model for ink diffusion. The connection between
the convolution-based and the physics-based ink diffusion models is investigated.
Compared with the physics-based ink diffusion model, the convolution-based ink diffusion
model considers the diagonal ink diffusion. The two models are integrated into a spatio-
temporal stochastic degradation model with constant fading and diffusion rates, which is
further extended to a model with recurrent time-varying fading and diffusion rates. The

expectation of the stochastic area coverage equals the deterministic area coverage predicted
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using the degradation models presented in previous chapters, and the variance of the

stochastic area coverage can be calculated.
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CHAPTER 6

DEGRADATION MODEL OF INK-PAPER INTERACTIONS

In previous chapters, we develop deterministic and stochastic degradation models with
both constant and recurrent time-varying fading and diffusion rates. However, the recurrent
time-varying diffusion rates is not a valid assumption. In this chapter, we develop the
stochastic degradation models with non-recurrent time-varying fading and diffusion rates
and investigate the degradation modeling of the ink-paper interactions of printed images.
Two aspects of the ink-paper interactions are considered, i.e., the effect of paper aging such
as depolymerization and yellowing, and the fiber orientation of the paper, on the ink fading
and diffusion rates. Paper aging effect is modeled as the acceleration of the fading and

diffusion rates, and the fiber orientation affects the ink diffusion direction.

6.1 Degradation Model of Ink Fading

We first develop the degradation model of ink fading with non-recurrent time-varying

fading rates. The ink fading is modeled as given in Eq. (6.1),
da (t) {ij,i (t)a (t)-x(1)& (t))dt+0'i (t)dB, (1) (6.1)

where a, (t) and & (t) are the deterministic and stochastic area coverages of state i at time

t, respectively, x; (t)=>_k; ,(t) is the overall fading rate of state i to other states at time
i

t, and o,(t) and B,(t) are the volatility function and the standard Brownian motion



90

process of state i at time t, respectively. The randomness in the area coverage transition

into state i due to ink fading is ignored.

According to Leibniz integral rule, jK d§ K; ).Therefore,changingttofinEq.

(6.1) and multiplying both sides by exp(j (§)d§) result in

d (exp[qu (f)déJ 4, (r)] = exp(jxi (f)déj(ri (z)dr+0;(z)dB (7))
0 0
where . Zk i ) is the deterministic area coverage transition rate into state i

due to ink fading. Integrating the above equation from 0 to t and rearranging the terms, the
degradation model of ink fading with non-recurrent time-varying fading rates is obtained
as shown in Eq. (6.2),

éi(t)zai(O)exp[—j/q dg}r exp[ (g)dgjdﬂ

0

o (z’)exp(—JjKi (§)d§dei (1) (6.2)

[ ———

t

+£g, exp( !K dfdei(f)

The expectation of the stochastic area coverage equals the deterministic area coverage, and

the variance of the stochastic area coverage is calculated as



o1
0()=€|(a(-E[av)])]
R,

of(r>exp(—2g zq(@)dz:]df

I
O —

The stochastic area coverage 4 (t) follows a normal distribution & (t) ~ N (a, (t),u, (t)).

For a time-varying fading rate with no paper aging effect k; ; (t)zei,jyi’jty"i’l, the area

coverage transition from state i to state j until  time t s
t

ai(O)exp(—fki’j(r)dr}:ai(O)exp(—é’i,jt”") , Where y,, and 6 are constant
0

parameters associated with the time-varying fading rate. The paper ageing effect is

assumed to increase the fading rate. The area coverage transition from state i to state j under
the paper aging effect is then modeled as a, (O)exp(—49i’jeﬂ*’"tt7"j ) where 4 ; is a constant

parameter for the paper aging effect. The fading rate with paper aging effect is rewritten as
shown in Eq. (6.3),

d

ki,j (t) — a(ei’je%jtt?i,j ) — ei’jeﬂw',jt (&th}’i,j +7/i’jt7i.j—l) (63)

6.1.1 Parameters Estimation

The parameters of the fading rate are estimated sequentially by printing each state as the

top state over the space. Assuming that there are N samples and M+1 area coverage
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measurements at time t,, m=0,1...,M, t, =0, the log-likelihood function of the area

coverage of state i is

N N Xion tm — &, tm 2
InC = nZ;‘;In '—wa ;;[ (23“” tm)( )] (6.4)

where x.., (t,,) and a,, (t,) are the measured and predicted area coverages of state i of the

n™ sample at time tm, respectively, and v,,(t,) is the predicted variance of the area

coverage of state i of the n™ sample at time tm. The parameters are estimated numerically

by maximizing the log-likelihood function given in Eq. (6.4).

The least squares estimation is an alternative parameters’ estimation method. For example,
we first estimate the fading parameters of the one-ink states. The predicted area coverage

of aone-ink state i (i=12C, 13 M, 14 Y, 15K) is
a'i (t) = ai (O)GXp(—gi’lseiMGttVi,le )

Itis linearized as

a(t
In[—ln it )j:ym Int+InG  + 4t

3(0)

Let x (n,t,) be the measured area coverage of state i of the n™ sample at time t. Denote

Xi.q (
Y as the column vector of In [—In i m)} , X as the column vector of [Int, 1 t ],and

Xi;n (tO)
b=[71 N6 Ay . the solution using least squares method is

b=(X"X)" XY
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The fading parameters of the two-ink states are obtained using the estimated parameters of
the one-ink states. Let state i be a two-ink state (i=6 MY, 7 CY, 8 CM, 9 CK, 10 MK, 11
YK), and u and v are the two transition states from state i. The predicted area coverages of

the three states are

a(t)=4a (O)exp(—@i]ueﬂ"“tt”“ -6, et )
a, (t)=3 (0)exp(~6,6"t" ) +3, (0)exp (0, ™t
a,(t)=4a (O)exp(—@ivve)”vvtt”v )+ a, (O)exp(—@memttm )

where the estimated fading parameters of states u and v, {77”,16,@,,16,/{“,15,?V,lelév,lejv,le} '

are considered as known values. The fading parameters of state i can then be estimated in
the same way as the parameters estimation of the one-ink states. The same parameters

estimation procedure is applied to the three-ink and four-ink states.

6.1.2 Simulation and Validation

In this section, we provide numerical simulations using the degradation model of ink fading
with non-recurrent time-varying fading rates and demonstrate the ink-paper interactions
using simulation results. Three sets of degradation images with different ink-paper
combinations (Wilhelm 2007, Wilhelm et al. 2007) are cropped, registered, and resized to
align the pixels across the images. The observed degradation images as well as the fitted
degradation images (ink-paper interactions not considered yet) are shown in Figures 6.1 —
6.3. The time above the image is the equivalent year of exposure under certain

environmental condition. The images are in RGB format and converted to CMY values
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using Eq. (3.9). The parameters shown in Table 6.1 are adjusted iteratively using a gradient
descent method to minimize the difference between the observed and the predicted area
coverages of CMY inks until no significant improvement can be made. The histograms of
the prediction errors of the CMY inks for the fitted degradation images are shown in
Figures 6.4 — 6.6. The skewness of the prediction errors in the histograms is a result of the
rough approximation of the ink area coverage using RGB values and the fact that the image
pixels share a number of similar colors. Nevertheless, the color of the fitted degradation
images matching the color of the observed degradation images demonstrates the flexibility

and capability of the proposed degradation model.

Observed t=0 Observed t=2 Observed t=5 Observed t=7.5 Observed t=10 Observed t=15

4

Fitted t=5 Fitted t=7.5 Fitted t=10 Fitted t=15
l,r.—

Figure 6.1 Fitted degradation images (#1) w/o ink-paper interactions
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Observed t=0 Observed t=1 Observed t=5 Observed t=10 Observed t=25 Observed t=50

Fitted t=0 Fitted t=1 Fitted t=25 Fitted t=50

Figure 6.2 Fitted degradation images (#2) w/o ink-paper interactions

Observed t=0 Observed t=0.25 Observed t=0.5 Observed t=1 Observed t=5 Observed t=10 Observed t=25

Fitted t=0 Fitted t=0.25 Fitted t=0.5 Fitted t=1 Fitted t=5 Fitted t=10

Figure 6.3 Fitted degradation images (#3) w/o ink-paper interactions



Table 6.1 Estimated parameters for degradation images w/o ink-paper interactions
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We then fit the observed degradation images again and consider the ink-paper interactions.
The overall sum of squared errors between the observed and the predicted area coverages

of the three inks in the 325 X 215 pixels of the five degradation images (#2) improves

from 1605.5 (average deviation per ink per pixel: 16055 =0.00153) to 1450.1

325x215%x3%x5

(average deviation per ink per pixel: 0.00138). The observed degradation images, the fitted
degradation images without paper aging effect, and the fitted degradation images with
paper aging effect are shown in the first, second, and third row in Figure 6.7, respectively.
The color improvement is visually noticeable. The result shows that the ink-paper

interactions have a major impact on the color degradation of printed images.

Observed t=0 Observed t=1 Observed t=5 Observed t=10 Observed t=25 Observed t=50

‘?

! !

=, =Y

Fitted t=50

w/o paper aging effect

w/ paper aging effect

Figure 6.7 Fitted degradation images (#2) w/ ink-paper interactions
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6.2 Degradation Model of Ink Fading and Ink Diffusion

We first develop the degradation model of ink fading and ink diffusion with non-recurrent
fading and diffusion rates. By reviewing the degradation model of ink fading with non-
recurrent time-varying fading rates in Eq. (6.2) and the degradation model of ink fading
and ink diffusion with recurrent time-varying fading and diffusion rates in Eq. (5.8), the
degradation model of ink fading and ink diffusion with non-recurrent time-varying fading

and diffusion rates is given in Eq. (6.5),

a,(t)= exp[—j;zq (§)d§]J'R2 o (A, 0% )ay, (0)d (As)+

exp[_

exp[—

=a,, (t)+j{exp[—i K, (f)dijRz (o(AS;y, '3 )O'i;s, (r)d (AS)}dBi;S (z')

0

K, (f)df]'[Rz (p(As;,u, 'z ) ry(7)d (AS):ldr+
(6.5)

[} S S———
N — N —

K (§)d§JIRZ (D(AS;,U, 'z )ai;s, (7)d (AS):ldBi;s (7)

where a,(t) and &, (t) are the deterministic and stochastic area coverages of state i at

pixel s =[x y]T attime t, respectively, «; (t)=> k;; (t) isthe overall fading rate of state
i

i to other states at time t, R® denotes two-dimensional space, As=s'—s, go(As;,u, ;Zi) is

a  bivariate  Gaussian  density  function  with  u=[0 0]  and

2j:5i(§)d§ 0

zt-zi = ¢
0 2L§i(§)d§

, O

(t) is the diffusion rate of state i at time t,

I (1) :ij’i (t)a,,(t) is the deterministic area coverage transition rate into state i due

]
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to ink fading at pixel s at time t, and o, (t) and B, (t) are the spatially independent

volatility function and the standard Brownian motion process for state i at pixel s at time t,
respectively. The randomness in the area coverage transition into state i due to ink fading

is ignored.

Eq. (6.5) is rewritten as Eq. (6.6) using the operator defined in Eq. (5.9),

. (0)= 2+, (0)+ [ 12, +{1, (1) dz+ 01, (v)dB,, (¢)]
o (6.6)
= ;s (t)"’_l. :Z %0y, (7)dBy, (7)

The expectation of the stochastic area coverage equals the deterministic area coverage, and

the variance of the stochastic area coverage is calculated as

The stochastic area coverage follows a normal distribution & (t)~ N (a, (t),v,(t)).

Define a variant of the operator in Eq. (5.9) as given in Eq. (6.7),

aoli = exp(— [ (i)dg’}o(u, z) (6.7)



101

We obtain two variations of the spatio-temporal stochastic degradation models as shown

in Eq. (6.8) and Eqg. (6.9) that either the fading or diffusion has recurrent property but the

other does not,

a(t)=oZ;*a,,(0)+

3. ()= 07,%, (0)+]

t

t-7;t
[foxz =,
0

tt—

T
r;OZi * r-i;s

i;s

(r)dr+ j “iZixo.(r)dB (7) (6.8)

(r)dr+ j " Zixo (7)dB (7) (6.9)

The covariance of the Gaussian density function in the previous degradation models

represents the case of isotropic ink diffusion. For the case of anisotropic ink diffusion

where the ink diffusion rates at different directions over the space are different due to the

fiber orientation of paper, we rewrite the covariance as

's, =R,

(2l

2ol (£)0

0

0

2[5 (£)de

where &' and & are the orthogonal largest and smallest diffusion rates over the space,

cos$ -sing

respectively, R, = Lin 4 CcosG

counterclockwise angle of the largest diffusion rate 5' from the horizontal axis.

} is the rotation matrix, and 9 (0 < 9 < =m) is the

Denote the density function of the fiber orientation distribution as f(9) and

.[0” f (9)d3=1. For a paper with uniformly oriented fibers, f ()= 1 (Yang et al. 1987).
T
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We redefine &, as the diffusion rate of state i along the fiber orientation for a paper with

perfectly oriented fibers and assume ink diffusion is negligible in the perpendicular
direction to the fiber orientation. The covariance of the Gaussian density function in the

degradation model for a paper with perfectly oriented fibers at angle 4 is then calculated as

t

ty(9) _ 2.[5i (£)ds 0

T | - ng T R;

0 €

?) is the covariance of the Gaussian density function for state i on a paper with

where 's!
perfectly oriented fibers at angle 9, and € is a minimal positive value representing the

negligible diffusion rate in the perpendicular direction to the fiber orientation. The
covariance of the Gaussian density function in the degradation model for a paper with a

general fiber orientation distribution is derived as

Similarly, for a general time-varying diffusion rate &, (t) = &yt , the diffusion rate under
the paper aging effect is given in Eq. (6.10),
5, (t)= 6™ (At +xt" ™) (6.10)

where y., 6, and A are constants.
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6.2.1 Parameters Estimation

Once the parameters of the fading rate are estimated, the parameters of the diffusion rate
are estimated sequentially by printing each state as the top state over the space. Assuming

that there are M+1 area coverage measurements at pixel sattime t , m=0,1,..,M, t, =0,

the log-likelihood function of the area coverage of state i is

nc=Y3h-—1 zz[x's t;).s?t'r:) DL e

s m=1 27Z'U s m=l
where X, (t,) and a(t,) are the measured and predicted area coverages of state i at

pixel s at time tm, respectively, and v, (t, ) is the predicted variance of the area coverage

of state i at pixel s at time tm. The parameters are estimated numerically by maximizing the

log-likelihood function given in Eq. (6.11).

6.2.2 Simulation and Validation

In this section, we first compare the difference between the models with recurrent and non-
recurrent fading and diffusion rates. The prediction intervals of the area coverages of the
states and the CMY inks in (3,2) Purple with non-recurrent time-varying fading and
diffusion rates are plotted in Figure 6.8. The parameters in the simulation are the same as
in Section 5.3.2. The paper aging effect is not considered in this simulation. Compared
with the result of recurrent time-varying fading and diffusion rates shown in Figure 5.6,
the expected area coverages decrease more rapidly and the prediction intervals narrow

faster due to the non-recurrent monotonically increasing fading rates.



06

S e
i .

Area Coverage

e
%)

0.1

States

Time

Area Coverage

104

Cvan
— =— Magenta
Yellow |

50 60 70
Time

80 90 100

Figure 6.8 95% prediction intervals of area coverages of states and inks in (3,2) Purple

with non-recurrent time-varying fading and diffusion rates

We then illustrate how fiber orientation affects the ink diffusion. We compare three cases

of ink diffusion: isotropic, anisotropic, and anisotropic with rotation. In the isotropic case,

ink diffuses at the same speed in every direction. In the anisotropic case, ink diffuses faster

in the horizontal direction than in the vertical direction. In the anisotropic with rotation

case, the faster horizontal direction in the anisotropic case is rotated 45° counterclockwise

from the horizontal axis. The diffusion rates of the three cases are constant and shown in

Table 6.2, where & and &, are the largest and smallest diffusion rates over the space,

respectively, and 4 is the counterclockwise angle of the largest diffusion rate &, from the

horizontal axis. An illustration of the diffusion rates in the three cases is shown in Figure

6.9.



105

Table 6.2 Diffusion rates and fiber orientation

5 | & | ¥

Isotropic 0.125 | 0.125
Anisotropic 0.5 [0.045| 0°
Anisotropic with rotation | 0.5 | 0.045 | 45°

Figure 6.9 Illustration of isotropic, anisotropic, and anisotropic with rotation diffusion

rates

To apply the model on image pixels, 3 x 3 discrete Gaussian kernels of the three cases are

0.0113 0.0838 0.0113
created using Eq. (5.6) as h =|0.0838 0.6193 0.0838 :
0.0113 0.0838 0.0113

0.0011 0.0017 0.0011 0.0000 0.0251 0.1907
h,={0.2720 0.4484 0.2720 |, h,=| 0.0251 0.5183 0.0251|. The three Gaussian
0.0011 0.0017 0.0011 0.1907 0.0251 0.0000

kernels are applied in an ink dot degradation simulation shown in Figure 6.10 and an image

degradation simulation shown in Figure 6.11.

original t=0 isotropic t=10 anisotropic t=10 anisotropic with rotation t=10

Figure 6.10 Ink dot degradation by ink diffusion considering fiber orientation
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isotropic =100 anisotropic t=100 anisotropic with rotation =100

original t=0

‘ﬁ::,

Figure 6.11 Image degradation by ink diffusion considering fiber orientation

6.3 Summary and Conclusions

In this chapter, we propose the degradation modeling of ink fading and ink diffusion with
non-recurrent ink fading and diffusion rates and investigate the ink-paper interactions. Two
aspects of the ink-paper interactions are considered, i.e., the effect of paper aging such as
depolymerization and yellowing, and the fiber orientation of the paper, on the ink fading
and diffusion rates. Paper aging effect is modeled as the acceleration of the ink fading and
diffusion rates, and the fiber orientation of paper affects the ink diffusion direction.
Simulation results demonstrate the validity of the proposed degradation model and the

effect of ink-paper interactions.
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CHAPTER 7

ACCELERATED DEGRADATION OF PRINTED IMAGES

In this chapter, we investigate accelerated degradation modeling and optimal design of
accelerated degradation testing (ADT) plans of ink fading and ink diffusion. We propose
an accelerated degradation model by establishing the link between different environmental
stress levels and the ink fading and diffusion of printed images and validate the model
through experiments. We then design optimal ADT plans for the proposed accelerated

degradation model.

7.1 Accelerated Degradation Model of Ink Fading and Ink Diffusion

By reviewing the degradation models presented in previous chapters, it is observed that the
area coverage prediction is only related to three factors: fading rate, diffusion rate, and a
volatility parameter. It is intuitive to model the fading and diffusion rates as stress-
dependent functions, while we keep the volatility parameter constant for all stress levels.
The degradation model of ink fading and ink diffusion with recurrent time-varying fading

and diffusion rates under environmental stress condition z is given in Eq. (7.1),
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é‘i;s (t; Z)
= exp(—jxi (& z)ng.[Rz o(Asi 5% (2))a.s (0;2)d (As)+

exp[—
exp(_

K (&; z)dijRZgD(As;p, '3 (z))ri;s, (z;2)d (As)}dr+ (7.2)

Cte— + Ot——
o
N — N e

K, (f;z)dejR2¢(As u 12 (2 )) (Z';Z)d(AS):ldBi;S(T)

t

=a,(t; z)+J{exp[—j‘zq (& z)dé]ij o(Asip 2(2))01 (ri2)d (AS):|dBi;S (7)

0
where z is the environmental stress condition (stresses include temperature, humidity, and

illumination intensity), a,(t;z) and & (t;z) are the deterministic and stochastic area

coverages of state i at pixel s=[x y]  at time t under environmental stress condition z,

respectively, « Zk, J t z) is the overall fading rate of state i to other states at time

t under environmental stress condition z, R* denotes two-dimensional space, As=s'—s,
o(As;p,'%,(2)) is a bivariate Gaussian density function with #=[0 0] and

2[5, (&:2)de 0

0 j (&2)d¢e

, 6;(t;z) is the diffusion rate of state i at time t

under environmental stress condition z, . (t;z) = ij’i (t;z)a;, (t;z) is the deterministic

L )
j
area coverage transition rate into state i due to ink fading at pixel s at time t under

environmental stress condition z, and o, (t;z) and B (t) are the spatially independent

volatility function and the standard Brownian motion process for state i at pixel s at time t
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under environmental stress condition z, respectively. The volatility function is chosen as

o, (t;2)=n./a. (t;2) , where 7, is the volatility parameter.

Eq. (7.1) is rewritten as Eq. (7.2) using the operator defined in Eq. (5.9),

t
&.(tz)=Z*a,(0; z)+'[ :Z#{t (ri2)dr+0,(1;2)dB (7))}
o (7.2)
=a,(t; z)+I 1Z,*% 0, (1;2)dB (1)
0
The expectation of the stochastic area coverage equals the deterministic area coverage, and

the variance of the stochastic area coverage is calculated as

s (t; Z) - E[ s (t; Z)_ E [éi:s (t; Z)})Z}

The stochastic area coverage follows a normal distribution

8, (tz)~ N(a,(t2).0,(t:2)).

Next we model the fading and diffusion rates as stress-dependent functions. Three types of
environmental stresses are considered, they are: temperature, humidity, and illumination
intensity. The effect of temperature on kinetic reaction rate is commonly modeled by the
Arrhenius equation (Gagliardi et al. 2017). The effect of humidity on kinetic reaction rate
can be modeled by the exponential law or power law (Escobar and Meeker 2006). Baumann

and Hofmann (2003) state that changes induced by ink diffusion are generally small at
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relative humidity below a certain threshold. Most prints have very little humidity diffusion
at or below 60% RH and show a more or less steep increase between 70% RH and 80%
RH. In this case, a power law relationship is more appropriate. The effect of illumination

intensity is modeled as exponential law (Wilhelm and Brower 1993). Denote stress
combination z=[T,RH, 1], where T is temperature in Kelvin, RH is relative humidity %,

and I is illumination intensity in Klux. The stress-dependent time-varying fading rate from

state i to state j and diffusion rate of state i are written as shown in Eq. (7.3) and Eq. (7.4),

ki (t2)=6, (Z)eA’j(Z)t(iﬁi (z)t™ +7i,jt7i‘j_l) (7.3)

d(t;Z):@(z)e“(z)t(i, (z)t" +7it7“l) (7.4)

where 7, and y, are constants, 6,;(z)=exp(e;z) and 6,(z)=exp(az) are stress-

dependent parameters of fading rate and diffusion rate, respectively, 4 ; (2)=p ;2 and

A (z2) =Bz are stress-dependent parameters of paper-aging effect on fading rate and

T
diffusion rate, respectively, z ={1,T1,In RH, I, In_IF}H Tl I InRH, ! InTRH} is the

stresses and their interaction terms, and & ; =|c;;, |, @ =[a, |, B;=[ A8, ], and
B = [ﬁi;,] for 1=0,1,2,...,7 are constant coefficients of the ;" element in z. The proposed

model considers the stress interactions as well as the accelerated degradation of the printed

medium (paper) by the environmental stresses.
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7.1.1 Parameters Estimation

The parameters of the fading rate are estimated sequentially by printing each state as the
top state over the space. For a full factorial constant stress accelerated degradation testing
plan where temperature, humidity, and illumination intensity having L1, L2, and L3 levels,
respectively, there are G = L,L,L, experiments or stress combinations (stress combinations
are unordered in the multi-stress scenario). An example of the experiments with three levels

of each environmental stress is given in Table 7.1.

Table 7.1 Experiments with three levels of each environmental stress

Expr.No. | T RH I |Expr.No.|T RH | |Expr.No.| T RH |
1 1 1 1 10 2 1 1 19 3 1 1
2 1 1 2 11 2 1 2 20 3 1 2
3 1 1 3 12 2 1 3 21 3 1 3
4 1 2 1 13 2 2 1 22 3 2 1
5 1 2 2 14 2 2 2 23 3 2 2
6 1 2 3 15 2 2 3 24 3 2 3
7 1 3 1 16 2 3 1 25 3 3 1
8 1 3 2 17 2 3 2 26 3 3 2
9 1 3 3 18 2 3 3 27 3 3 3

Assuming that there are Ng samples and Mg+1 area coverage measurements at time

t,,my=0L1..,M,, t,=0, under stress combination z, g=12...,G , the log-

ogiin .t gsglnlnlnbell

where X, (tm ; g) and a;. (m ; g) are the measured and predicted area coverages of

state i in the ng™ sample at time t, under stress combination zg, respectively, and



112

Ui (tm ;zg) is the predicted variance of the area coverage of state i in the ng™ sample at
g 9

time t, under stress combination zg. The parameters are estimated numerically by

maximizing the log-likelihood function given in Eq. (7.5).

Once the parameters of the fading rate are estimated, the parameters of the diffusion rate
are estimated sequentially by printing each state as the top state over the space. Assuming

that there are G stress combinations and Mg+1 area coverage measurements at pixel s at

time t, , m;=01..,M,, t,=0, the log-likelihood function of the area coverage of state

iis

G M 1

no-Sydn_ i gyglule alwnll
g1 s mg1 Zm)i;s tmg;zg) g1 s my-1 ZUi;S (tmg;zg)

where X (tmg ; zg) and a, (tmg ; zg) are the measured and predicted area coverages of state

i at pixel s at time t, under stress combination zg, respectively, and v, (tmg;zg) is the

predicted variance of the area coverage of state i at pixel s at time t, under stress

combination zg. The parameters are estimated numerically by maximizing the log-

likelihood function given in Eqg. (7.6).

7.1.2 Experimental Validation
In this section, we validate the proposed ink fading model by conducting an accelerated

degradation test. Nine color patches of magenta ink (M), yellow ink (), and magenta and

yellow inks (MY) named as M1, M2, M3, Y1, Y2, Y3, MY1, MY2, MY3 are printed with
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different initial ink amounts and subjected to accelerated degradation tests using a full
factorial experimental design with stress levels of temperature, humidity, and illumination
intensity shown in Table 7.2. Temperature and humidity are controlled by the chamber,
and illumination intensity is controlled by changing the number of LED lamps, as shown

in Figure 7.1. The tests under different stress combinations z,, g=12,...,27 are

conducted for two to four weeks depending on the degradation progress. Microscopic
photos of the color patches are taken every week and the ink area coverage is estimated.
Examples of the microscopic photos of the color patches for a period of four weeks are
given in Figures 7.2 — 7.7 and titled as the name of the color patch followed by the
measurement time (week).

Table 7.2 Stress levels in accelerated degradation test

T(°C) | RH (%) | I (klux)
Low 40 60 30

Medium 60 70 35
High 80 80 40
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[llumination
by using LED Printed
light source materials

Figure 7.1 Accelerated degradation test experiment in temperature and humidity

controlled chamber
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Figure 7.3 Microscopic photos of magenta ink under stress combination T60 RH70 135
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Y11 Y1t2 Y113 Y1t4

Y2t1 Y2 t2

Y2t0
Y3 t1 Y3 t2 Y313 Y3 t4

Y3 t0

Figure 7.4 Microscopic photos of yellow ink under stress combination T40 RH60 130

Y1t0 Y11 Y1t2 Y113 Y1t4
Y2 t0 Y21 Y2 t2 Y213 Y2 t4
Y3 t0 Y31 Y3 t2 Y313 Y3 t4

Y1t0

Figure 7.5 Microscopic photos of yellow ink under stress combination T60 RH70 135
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MY3 t0 MY3 t2

Figure 7.6 Microscopic photos of magenta and yellow inks under stress combination T40

RHG60 130

Figure 7.7 Microscopic photos of magenta and yellow inks under stress combination T60

RH70 135
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We simulate the degradation of the microscopic photos using the estimated parameters.
Examples of the simulation are shown in Figures 7.8 — 7.10. The first row is the observed
degradation process, while the second row is the predicted degradation process. The
predicted ink area coverage (in the sequence of the ink state(s) given in the figure caption)
is provided above the second row. By visually comparing the observed degraded colors
and the predicted degraded colors using estimated parameters, it can be found that the
predicted degraded colors match the observed degraded colors. The histograms of the
prediction errors of the nine color patches are given in Figure 7.11 and titled as the name
of the color patch followed by the ink state in parenthesis. The figure shows that the
prediction errors are approximately normal and centered around zero. The result
demonstrates that the accelerated degradation model provides accurate prediction at

different stress combination levels.

M1 t4

M1 t0 - M1 t1 M1 t2

0.2561 ‘ 0.1528

Figure 7.8 Degradation prediction of magenta ink (ink state: M) under stress

combination T60 RH70 135
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Y110

0.9503 0.9042 0.7881 0.6275 0.4448

Figure 7.9 Degradation prediction of yellow ink (ink state: Y) under stress combination

T60 RH70 135

06005 0026 0.1145  0.4504 0.0664 0.0703  0.3754  0.0926 _00369 0.2947 01435 0.0153 0.2358 0.1649 00099
o b AN PIUTERTALE ANy rozs :

p«“‘fﬁ::

e ¥ "\v

=F j‘&
J o

/' 4 ;

4

Figure 7.10 Degradation prediction of magenta and yellow inks (ink states: MY, M, Y)

under stress combination T60 RH70 135
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Figure 7.11 Histograms of prediction errors of the color patches

7.2 Optimal Design of ADT Planning

In this section, we provide a general framework of the optimal design of ADT plans for the
proposed degradation model. In reliability, a carefully designed accelerated test plan is
needed to obtain accurate reliability at normal operating conditions. The objective of the
test plan is usually the minimization of a specific criterion, for example, the variance of the
reliability prediction, mean time to failure, or a percentile of the failure time, under the
constraints of experimental requirements such as the number of failures observed, duration
of the experiment, or budget. Other criteria such as A-optimality and D-optimality focus
on improving the estimation accuracy of model parameters. The A-optimality obtains the
parameter estimates with optimal total variance by minimizing the trace of the asymptotic
variance-covariance matrix of the maximum likelihood estimates of the model parameters.
The D-optimality achieves the highest joint estimation precision of model parameters by

maximizing the determinant of the Fisher information matrix, which is inversely
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proportional to the asymptotic variance-covariance matrix of the maximum likelihood
estimates of the model parameters. Since there is no concept of reliability or failure in the
color degradation of printed images, we choose D-optimality criterion in the proposed ADT

plan design to optimize the prediction accuracy of the degradation model.

The constant stress accelerated degradation test plan is chosen. Without loss of generality,
the case of single ink fading with no ink-paper interactions and stress interaction terms is
used to illustrate the design of the test plan. The stress-dependent time-varying fading rate

from state i to state j is

ki (t:2)=exp(a;2)y, "
1 T
where y,, is a constant, z={1,1—_,ln RH,I} . and ai,j=[ai,j;l] for 1=0,1,2,3 are

constant coefficients of the ;! element in z. Assuming that the three environmental stresses:

temperature, humidity, and illumination intensity, have L1, Lo, and Lz levels, respectively,

the accelerated degradation test is conducted on G stress combinations z,, g=12,...,G
(for a full factorial experimental design, G=LL,L,, see Table 7.1), each having
samples and Mg + 1 area coverage measurements at time
th» Mg=01..Mg, t,=0, the log-likelihood function of the area coverage of state i in
the ng™ sample under stress combination zq is

; . |:Xi:”9 (tmg 2 )_ Bin, (tmg g )i|2

Ny .
my=1 Ui;ng (tmg ; Zg )

(7.7)
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where a,, (tm : g) exp( Zea., gty”]ai;ng (o; zg) Is the deterministic area coverage of

state i in the ng" sample at time t_  under stress combination z5, and

Mg

tmg

) I exp(Ze“‘“ng T/t jdr is the variance of
0

j

Oy, (tm ,zg) exp( ZZe“” gty”jai'ng (0 z

the area coverage of state i in the ng" sample at time t, under stress combination zg.

The Fisher information matrix is obtained from the partial derivatives of the log-likelihood

with respect to the model parameters. As shown in Eq. (7.7), the log-likelihood In E,;ng (zg)
is a function of &, (tm ; g) and v, (m ; g) We first write the partial derivatives of the
log-likelihood as a function of the partial derivatives of a;, ( my g) and vy, ( m, g) For

dummy variables o, @ € O, :{7”,ai'j;o,ai'j;l,ai‘j;z,aiym,ni}, o # @ ,where ©, is the set

of the model parameters of state i and 7. is the volatility parameter of state i, the first partial

derivative of the log-likelihood with respect to one model parameter is

i (i) ﬁl “)
oing., Mg 08y, |ty
" Gag) (Zg ) = _%m - _Z[Xi;ng (tmg 1Lg ) - ai;ng (tmg g )j| —a 9 (ga)g Zq ) Ui?ig (tmg 12 )

9

ou:. ;
‘[Xi;ng (tmg 2y ) — &, (tmg 124 )T Ui (tmg 2, )M

The second partial derivatives of the log-likelihood with respect to the model parameters

are
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2
+2 M] Ui_;ig (t 7 )

ow Mg "9
2 .
_% % 2 :Xi;ng (tmg ; Zg )_ ai;”g (tmg ; Zg ): %&tgg’zg)uﬁg (tmg ; Zg )
my =1
+4:Xi;ng (tmg 2 )_ai;ng (tmg 2 ): oa;,, (gtan;g Zg) zg (tmg 2, ) OV, (gta)mg Zg)

2
+2 :Xi;ng (tmg g )_ i, (t”‘g 12y ):2 Ui?r?g (tmg 1Ly )[W}




&*InL,, (zg)
Owow

ouv..

iing (tmg : Zg) an?”g (tmg ; Zg)

~Uin, (tmg 2 )

+2

ow
aai;ng (tmg 12, ) aai;ng (tmg 12, )

-1 .
+0., (tmg 12,

ow

uij,fg (tmg ; zg)

_2— in

N |-

3
N

<M=

+2_ iin

+2 in,

ow
108, (t 1z

mg’ g

owo@
- 08, (tmg ; zg)

- 08, (tmg , zg)

ow

-2

)Ui_;:g (tm )

g’zg)

i L)

Ui_;r21g (tmg ; Zg)

5Ui;ng (tmg X zg) aui;ng (tmg ; zg)

RV (tmg 2 )
) owow

ow

ow

oV, (tmg , zg)

Uf;ffg (tmg 2 )

s2)] vl ()

ow

Owow

Ow

RV (tm ;

g’zg)
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The expectations of the negative of the second partial derivatives of the log-likelihood are

0w’

E[_az In 4;”9 (Zg)

8ai;ng (tmg 2,
\ 0w

M
mg =1

|

)T Ui, (b,

an;ng (tmg 2, ) aui;ng (tmg 12, )

ow

Ow
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We then derive the partial derivatives of &, (tmg ; zg) and v, (tmg ; zg). The first partial
derivatives of a;, (tmg , zg) and v, (tmg , zg) with respect to the model parameters are

aai;ng (tmg 12, )
a7/i,j

= [— Int, > e“rot Jexp[—z e jai;ng (O; Z )
j j

g Uy %) ) =n? exp[—Zz et Jai;ng (O; Z )x
j j

t

Mg

| exp[zeuiﬂg - J(In ey —2Int, Y e jdr
i i -

0

an;ng tmg;Z iifg i
%:ﬁ exlf’(‘zzjle T jai:ng (0:2,)~

iJi

tng
[ Terner |, Zeon -z, Ty, =012
0 i i i

OV, (tmg 12, )

on, =200, (tn, %)

where z, is the /"™ element of z under stress combination zg.

l

The Fisher information matrix of one sample of state i under stress combination zg is
obtained by taking expectation of the negative of the second partial derivatives of the log-

likelihood with respect to the model parameters,
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i Ing, (z,) o*Ing, (z) aIng, (z,)]
o7 070G,  OnOn
L, (z,) g, (z) o*Ing, (z,)
Foo, (23)=—E| 0@, 007, 0at,, 04, ,,0m,

o*Ing, (z,) *Ing, (z,) a*Ing, (z,)

L aﬁia?i,j aﬁi,ja&i,j;o 8ﬁi2 |
G
Suppose that the proportion of samples allocated to stress combination zg is 7, Zﬁg =1,
g=1

and the number of samples allocated to stress combination zgis N, =z N, where N is the

total number of samples used in the accelerated degradation test. The Fisher information

matrix of state i for all the stress combinations is

F :ii Fi:ng (29)

g=1ny=1
The asymptotic variance-covariance matrix of the maximum likelihood estimates of the

model parameters is obtained by taking the inverse of the Fisher information matrix,

Var(j}i,j) COV(?i,j’&i,j;o) Cov(j}i,jfﬁi)
> _Flo Cov(ayjo75)  Var(a,) - Cov(a07)
I Cov(n,7;) Cov(m.co) -+ Var(m) |

Assuming that the duration of the experiment at each stress combination zg is a

predetermined value t, (either given or until degradation reaches a threshold D; as the

same area coverage percentage loss for all samples), and the total number of samples is

given. The objective is to find the optimal stress combinations and the proportion of
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samples allocated to each stress combination that maximize the precision of parameters

estimation. The optimization is formulated as

7Z'g=1
g=1
Ty <T, < <T, <T,,
RH,<RH,<.--<RH, <RH__
o<l <<l <l
a., (ty 2
9<M€i g):ng:lv ,G
g(O’Zg)

where To, RHo, lo and Tmax, RHmax, Imax are the predetermined lowest and highest

temperature, humidity, and illumination intensity in the accelerated degradation test, and

Di is the degradation threshold for state i. The optimal decision variables T,, ..., T,
RH,, ..., RH_, I, ..., I and 7z, g=1---,G (for a full factorial experimental design,

G=LL,L,, see Table 7.1) are obtained by solving the constrained nonlinear optimization

problem.

A full factorial design of experiment for multiple stresses is often time-consuming. The
Latin hypercube sampling is frequently used for fractional factorial design. Johnson et al.
(1990) propose a maximin distance criterion, which maximizes the minimum inter-site
distance. Based on this criterion, Morris and Mitchell (1995) further propose a scalar-

valued function to find the optimal Latin hypercube design,
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m p
6 0)-| S
J:
where p is a positive integer, and Jj and d; characterize the design D. The optimal design

of experiment minimizes ¢, (D).

7.2.1 Numerical Examples

In this section, we provide a numerical simulation for optimal design of accelerated
degradation test planning using the degradation model and the optimality criterion
proposed in this chapter. The Latin Hypercube Design (LHD) for G experiments (or stress
combinations) and n stresses is denoted as LHD (G, n). Suppose due to time constraint only
five experiments can be conducted. The optimal LHD (5, 3) found through exhaustive
enumeration is shown in Table 7.3.

Table 7.3 Optimal LHD (5, 3): Experiments and corresponding stress levels

Expr.No. | T | RH | I
1 111 |2
2 21 5 |3
3 3] 2 |5
4 41 3 |1
5 5| 4 |4

In the simulation, the range of temperature is 40 ~ 80 °C, relative humidity is 60 ~ 80%,
and illumination intensity is 10 ~ 30 klux. We use the same number of samples at each
stress combination due to the ignorable cost of image reproduction, and the experiments at
all the stress combinations run a period of four weeks. The optimal stress combinations of

the ADT planning are found through numerical search and is shown in Table 7.4.



129

Table 7.4 Optimal stress combinations in ADT planning using LHD (5, 3)

Expr. No. | T (°C) | RH (%) | I (klux)
1 42 60 18
2 44 80 22
3 72 62 30
4 76 72 14
5 80 76 26

7.3 Summary and Conclusions

In this chapter, modeling of the fading and diffusion rates as functions of three
environmental stresses that commonly affect the color degradation of printed images:
temperature, humidity, and illumination intensity, is studied. We develop an accelerated
degradation model of ink fading and ink diffusion. Experimental results demonstrate the
validity of the model. We further propose methodology for optimal design of the
accelerated degradation test planning. The D-optimality criterion is chosen to maximize
the estimation accuracy of the model parameters, and a Latin hypercube design is adopted
to run the experiments. Compared with a full factorial experimental design, an ADT
planning using LHD significantly reduces the number of experiments and can be conducted

within a reasonable amount of time.
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CHAPTER 8

CONCLUSIONS

In this dissertation we investigate the degradation modeling of ink fading and ink diffusion
of printed images. We formulate the problem as a spatio-temporal multistate transition
system and develop degradation models to predict the color degradation of printed images.
The effect of the printed medium (paper) and environmental stresses are incorporated in

the degradation models. We summarize the conclusions and future work below.

8.1 Conclusions

The conclusions of the dissertation are:
1. In consideration of the catalytic fading induced by halftone printing, we propose a
multi-layered state transition diagram for ink fading. The ink area coverage of the
states is used as the performance indicator. Assuming constant fading rates, a
physics-based first-order reaction rate ink fading model is developed. Further, a
vector autoregressive ink diffusion model is derived from the two-dimensional
diffusion equation. The two models are integrated into the physics-based
degradation model for constant fading and diffusion rates. This model is validated

as it predicts the ink fading and diffusion of printed images accurately.

2. We prove that the developed physics-based degradation model with constant fading

and diffusion rates is equivalent to a statistics-based Markov process model with
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exponential transition time distribution. A more general degradation model with
time-varying fading and diffusion rates is then obtained by replacing the
exponential distribution with other distributions. Hence, the Markov process model
becomes a semi-Markov process model. We provide the method for solving the
semi-Markov process model and specifically investigate the case of Weibull state

transition time distribution for ink fading and diffusion.

. Stochastic process models are investigated to provide stochastic area coverage
prediction for the ink degradation. We propose a Hull-White/Vasicek (HWV)
stochastic ink fading model with a mean-reverting property, which results in a
shrinking variance as the ink area coverage approaches zero. The HWYV ink fading
model is further integrated with a convolution-based ink diffusion model into a
spatio-temporal stochastic degradation model. The models are initially developed
using constant fading and diffusion rates, but further extended to the case of

recurrent as well as non-recurrent time-varying fading and diffusion rates.

. We develop a general degradation model of ink fading and ink diffusion with ink-
paper interactions. Two aspects of the ink-paper interactions are considered, i.e.,

the effect of paper aging such as depolymerization and yellowing, and the fiber
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orientation of the paper, on the ink fading and diffusion rates. The results show that

the printed medium (paper) has a major impact on the printed image degradation.

5. The effect of environmental stresses: temperature, humidity, and illumination
intensity, on the fading and diffusion rates is studied and an accelerated degradation
model is proposed. The design of optimal accelerated degradation test planning for
the degradation of printed images is also investigated. The D-optimality criterion is
chosen to maximize the estimation accuracy of the model parameters, and a Latin
hypercube design is adopted to run the experiments within a reasonable amount of

time.

8.2 Future Work

The color degradation of printed images is a subtle yet highly complex process. It is the
result of various physical and chemical changes. On the one hand, the proposed degradation
models can be validated by the image degradation simulations as well as the experimental
results because the model is initially developed from a physics-based perspective. On the
other hand, the proposed spatio-temporal multistate models in this dissertation themselves
are quite complex, making them capable of incorporating the highly nonlinear degradation

process of the printed images. However, the research on the color degradation prediction
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of printed images in this dissertation needs future work. We summarize potential areas for
future work.

1. The degradation models developed in this dissertation are based on multiple
assumptions, which may be violated in some cases. One example is the uniform ink
concentration assumption, though it might be compensated by the time-varying
fading and diffusion rates. Other phenomena in the degradation of printed images

and their degradation modeling deserve further study and experimental validation.

2. The degradation model is nonlinear and contains many parameters. The estimation
of the model parameters is difficult to obtain analytically, and sequential estimation
is not accurate. A successful attempt to estimate all the parameters together is made
in Section 6.1.2 using gradient descent method. Also, accurate estimation of the

model parameters needs further study when spatio-temporal correlation exist.

3. Only illumination intensity is considered in the accelerated degradation model. The
effect of the spectral distribution of the illumination on the color degradation of

printed images needs to be investigated.
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APPENDIX

We ignore state 16 W. The area coverage transition rates into the states are
r(t)=0

r,(t)=k,,a(t)

n(t) =k .2, (t)

r(t) =k, ,a(t)

r(t) =k, sa (1)

(1) =k, 0, (1) + Ky 6a, (1)
r(t)=k,.a,(t)+k,.a,(t)

(1) =K, 3, (1) +Kg 425 (1)

o (t) =K,08, (1) +ks 025 (1)

Mo (1) = Ky 108, (1) + kg 08 (1)

N (1) =Ks a3, () + K, 18, (1)

I, (1) =k, () +Kg 8, (1) + Ko 108 (1)
s (1) = Ko 1386 (1) + Kg 1585 (1) +Kyp 1584 (1)
My (1) = Ko 148 (1) +K; 48, (1) +Kyp 02y, (1)

rlS (t) = k9,15a9 (t) + k10,15a10 (t) + I(11,15a11 (t)



The differential equation matrix A is

—K;

=~

1,2

el ol oy
(3] e w

2,6

~

2,7

2,8

I(3,10

k3,11

k5,8
5,9

I(5,10

k6,13

6,14

I(7,12

7,14

k8,12

k8,l3

—K,

k9,12

k‘3,15

—Kio

k10,13

k10,15

—Kn

11,14

I(11,15

—Kip
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—Ks |



The predicted area coverages of the states are
a(t)=ce™

a,(t)=c,.e™ +c, e

a,(t)=c, e +c, e

a,(t)=c,e™ +c, e

a; (t)=cg e +c, e

—Kyt —Kpt

as () =cg .07 +Cy 07 +C5 07 +Cq g0

K4t

a, (t)=c, e +c, ™ +c, e +c, e

8 (1) =Cg 07 +Cy 077 +Cy 07 +Cy e

8, (t)=Cy 07" +Cy 07" +Cy ™ +Cy e
-yt —Kat — Kt —K50t
aiO (t) =C10,1e " +C10,3e " +C10,5e s +C10,10e o
—K,t

all (t) = Cll,le_K1t + Cll,?ze_’(3t + Cll,4e “+ Cll,lle_Kllt

—Kqt —Kgt

-t -t — it —Kgt —Kgt
a12 (t):CIZ,le ' +ClZ,Ze ’ +C12,4e ) +ClZ,Se ° +012,7e +ClZ,Se ’ +C'12,9€

a13 (t) = (':13,1e7’(lt + (':13,2e7KZt + (':13,3e7K3t + C13,Seﬂ(5t + (':13,6871(Gt + CZI.S,BeiKEt + (':13,10671(10t + C13,13e
(t)=cp.e ™ +Cy e +Cy e +0y 07 40y g0 ey 07T +Cy 0T
a14 C14,1 14,2 14,3 14,4 14,6 14,7 14,11
_ —t — Kyt —Kyt —Kit — Kot — Kot —it
a15 (t) - C15,1e T+ C15,3e T+ C15,4e T+ ClS,Se *+ C15,9e T+ ClS,loe o+ ClS,lle .
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— Kot
+ClZ,lZe .

—Kyat
—Kiql
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The coefficient matrix c is

2,1 2,2

41 4.4

7.1 7,2 7.4 7,7

9,1 9,4 9,5 9,9

10,1 10,3 10,5 10,10

111 11,3 11,4 11,11
12,1 12,2 12,4 12,5 12,7 12,8 12,9

13,1 13,2 13,3 13,5 13,6 13,8 13,10

C C C C C C C

14,1 14,2 14,3 14,4 14,6 14,7 14,11

C C C C C C C

15,1 15,3 15,4 15,5 15,9 15,10 15,11

where

c,=a(0)->c,, i=12..15,

h<i
c = Ky 2Cry c = K, €4 c = Ky 4Cpy Ky 5Cys
= by b v G = '
K, — K, K, — K, K, — K, K, — K,
_ K, 6Coq +Ks6Cs1 _ Ky 6Ca0 c. = Ks6Cs3
61— 1 G = 1 Cg3 = '
Ks — K4 Ks — K, Ke —K;
. Ky.7Coq + Ky 7€y . Ky.7Co0 - Ks7Cas
71 v V72 T y V74 y
K, — K, K, — K, K, —K,
. Ky6Co1 + Ks 6Cs1 _ K,4Cs.2 c Ks6Cs.5
81 — 1 Ggp = v g5 = ’
Ke — K Ky — K, Kg —Ks
- Ky.0Cs1 +KsoCs _ Ky 0Ca 4 c = Ks oCs 5
91 = 1 Cgg = v bgs = '
Ky —Ky Ky =K, Ky —Ks

12,12

13,13

1414

137

15,15 _|
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11—

21—

2,5

31

35

41—

4,4

C15,1

55

_ Ks10C31 +Ks10Cs 5 _ Ks10Cs _ Ks10Cs 5
= » G = Cps =/
K=K Ko =K Kip = K5
_ Ks11Ca1 +Ky11Cay _ Ks11Cs5 _ Ky11Ca4
v Cps = G =/
Ky —K K —K; Ky =Ky
_ K;12C71 +Ks15Cg1 +Kg15Co5 _ K;12C7 5 +Ks15Cs. 5
v Cpp =
Kp =K Ky =K,
. Ks12Cs.5 Ko 15Co 5 _ K;12C77 . Ks15Cs 6
= v G = v Cog = 1 Ciog
Ky —Kg Ky, — K7 Ky, —Kg
_ Ke13Cs1 + Kg13Ca1 + Kig15Ci01 _ Ke13C5.2 + Kg13Cs 2
= v G =
Kz =K Kis =K,
_ Ks13Cs.5 + Kig15Cio05 _ Ko 1.6 _ Kg13Ca g
1 Cgg = Cpgg=——
K3 = Ks K3 — K K3 — Kg
_ Ke14Co1 + K7 14C7 1 T K1y 14C11 4 _ Ke.14C6.2 + K7 14C; 5
v Gy =
K=K Ky =K,
_ K714C7.4 +Ki114Ci1 4 _ Ke14Co.6 _ K;14Cr7
= v Cueg =" Gy =—— >
Kia =Ky Kis = Ks Ky =K
. Ko15Co1 + Kig15Ci01 + Kiy15Ciay - Ky015C105 T Ki115Ci1 3
= 1G53 =
Kis — K Kis —K;
_ Ko15Co5 + Ki015Ci05 _ Ko15Co 0 . K10.15C10.10
1 Cis9 = 1 G510 = '
Kis —Ks Kis — Ky 15~ Kig

elements are zeros.

13,10 —

411

138

_ k7,12C7,4 + k9,12C9,4

24 = ’
Ky =K,
_ Ko15Co 0
1
Ky =Ky
_ Ke13Cs3 + Kig15Cio3
133 = '
Kiz3 =K
Ky015C1010
i)
13~ Ko
_ Ke.14C6.3 T Ki114C11 5
43 = ,
Ky — K3
. Ki114Ci11
- H
14 — Ky
B Ko15Co 4 Ky 15Ci1 4
54 = ’

Kis — K,

k
C ’llzLC“'“, and blank

15— Kpg



The fading transition matrix p is

Pis
pl,Z
Pis
P14
Pis

where p;; =1-rAt, p,; =k ;At, and blank elements are zeros.

p3,10

p3,ll

Psa
Ps s
Ps.6
Psz P72
Ps.s Pgg
Pss  Psg P
P10 Pio0
P11 Py
Priz Psiz Pona
Ps.13 Ps.13 Pio1s
Ps1s  Pras P14

p9,15 plO,lS pll,15

plZ,lZ

p13,l3

Praja

139

Pis s |
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The overall diffusion transition matrix is

Hl

where H. is the diffusion transition matrix of state i.
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The overall fading-diffusion transition matrix is

1
Pl IL
Pl 1L
p1,4| I1,
Pysl 1
Pl Pyl IT;
P, P, -l IT,
1= pz,sl ps,al H’B
Psol Pl 11
P30 Ps 10! IL,
Pl Pyl I,
Priol Pesal  Pogol IL,
Ps 13 Pg 15 Proal I,
Posal Pl Pual IL,
L Poss!  Pioss!  Pupas! T |

where IT is obtained by substituting the diagonal values of H,, 1—n5(5—‘)2At, by
AS

1—KiAt—nsiAt, P, ; is defined in the fading transition matrix p, and I is identity

(As)’

matrix.
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