EDGE-FRIENDLY DISTRIBUTED PCA

By
BINGQING XIANG

A thesis submitted to the
School of Graduate Studies
Rutgers, The State University of New Jersey
In partial fulfillment of the requirements
For the degree of
Master of Science

Graduate Program in Electrical and Computer Engineering

Written under the direction of
Waheed U. Bajwa

And approved by

New Brunswick, New Jersey

May, 2020



© 2020
Bingqing Xiang
ALL RIGHTS RESERVED



ABSTRACT OF THE THESIS

Edge-Friendly Distributed PCA

By Bingqing Xiang
Thesis Director: Waheed U. Bajwa

Big, distributed data create a bottleneck for storage and computation in machine learn-
ing. Principal Component Analysis (PCA) is a dimensionality reduction tool to resolve
the issue. This thesis considers how to estimate the principal subspace in a loosely
connected network for data in a distributed setting. The goal for PCA is to extract the
essential structure of the dataset. The traditional PCA requires a data center to ag-
gregate all data samples and proceed with calculation. However, in real-world settings,
where memory, storage, and communication constraints are an issue, it is sometimes
impossible to gather all the data in one place. The intuitive approach is to compute the
PCA in a decentralized manner. The focus of this thesis is to find a lower-dimensional
representation of the distributed data with the well-known orthogonal iteration algo-
rithm. The proposed distributed PCA algorithm estimates the subspace representation
from sample covariance matrices in a decentralized network while preserving the privacy

of the local data.

i



Acknowledgements

First, I would like to thank my advisor Waheed U. Bajwa, who offered me important
guidance throughout my thesis. He introduced a lot of great ideas and scientific tools
that would take me years to figure out myself. Without his persistence support and
help, the idea of this project and experiments would not flesh out.

I also wish to show my gratitude to Arpita Gang, Zhixiong Yang, Haroon Raja,
Batoul Taki, Rishshabh Dixit, and Asad Lodhi. I am lucky to be a member of this
lovely lab. Everyone has a profound belief in my work, encourages me, and helps me
while I face bottlenecks conducting this study.

I would like to pay my regards to members of my thesis committee: Professor Bo
Yuan and Professor Yugian Zhang, for offering their time and guidance while reading

this thesis and attending my thesis defense.

iii



Table of Contents

[Abstractl . . . . . . . . . . . . ii
[Acknowledgements| . . . . . . ... .. ... o o L iii
[List of Tables| . . . . . . . . . . . . . ... ... ... vi
[List of Figures| . . . . . . . . . . . . .. e vii
[I. Introduction| . .. . ... ... .. ... 1
(.1. Our Contributionsl . . . . . .. .. .. . .. oo 2
[1.2. Relationship to Previous Workl . . . . .. .. ... ... .. ... ... 3
[.3. Thesis Structurel . . . . .. . .. . 4

2. Problem Formulation and Algorithms| . . . . . ... ... ... ... .. )
[2.1. Centralized Orthogonal Iteration| . . . . . . ... ... ... ... .... 5
2.2. Decentralized PCAl . . . . . .. ... oo o 6
[2.2.1. The Types of Data Partitions| . . . . . . . ... ... ... .... 6

[2.2.2.  Averaging Consensus Algorithm| . . .. .. ... ... .. ... .. 7

[2.2.3. Column-wise Distributed Orthogonal Iteration| . . . ... .. .. 8

[2.2.4. Convergence Analysis for C-DO'l" and CA-DOT| . ... ... .. 10

[2.2.5.  Row-wise Distributed Orthogonal Iteration| . . . . . ... .. .. 22

[2.2.6.  Row-wise Distributed QR decomposition|. . . . . . . .. ... .. 23

3. Experimental Results|. . . . . .. ... ... ... ... ... . 25
[3.1. Tools and Platform for Numerical Experiments| . . . . . . . . ... ... 25
[3.1.1. Programming Languagel . . . . . . ... ... ... ........ 26

B.1.2. Datasets. . . . . . .. 26

iv



3.1.3.  Computing Platform|. . . . . ... ... ... ... ... ..... 27

[3.2. Experiments Using Synthetic Data] . . . . . ... ... ... ... ... 27
13.3. Experiments Using Real-World Datal . . . . . ... ... ... ... ... 34
4. Conclusion and Future Work| . . . . . . . . ... ... ... ... ..... 40
Referencesl. . . . . . . . . . .. 41



List of Tables

[3.1. Synthetic Experiment 1: Parameters tor C-DO'l' algorithm| . . . . . .. 28

13.2. Synthetic Experiment 2: Parameters tor CA-DO'T with difterent eigengaps| 30

13.3. Synthetic Experiment 3: Parameters for CA-DO'T' with different p for

Erdos—Rényi topology| . . . . . . ..o oo 31
[3.4. Synthetic Experiment 4: Parameters for ring topologyl . . . . . . . . .. 32
[3.5. Synthetic Experiment 5: Parameters for star topology| . . . . ... ... 32

[3.6. Synthetic Experiment 6: Parameters for CA-DO'l" with different values |

I 33
13.7. Synthetic Experiment 7: Straggler effect with Erdos—Rényi graphs| . . . 33
[3.8. Parameters for MNIST experiments| . . . . ... ... ... ....... 36
13.9. Parameters for CIFAR-10 experiments| . . . . . . . .. ... ... .... 37
[3.10. Parameters for LE'W experiments|. . . . . . ... .. ... ... ... .. 37
[3.11. Parameters for ImageNet experiments| . . . . . .. .. ... ... .... 38

vi



List of Figures

|1.1. Various network graph topologies considered in this thesis.|. . . . . . . . 2
[2.1. Types of data partitions considered in this thesis.|. . . . . . . . ... .. 7
|3.1. Representative images from MNIST.| . . . ... ... ... .. ... ... 26
[3.2.  Representative images tfrom CIFAR-10.f. . . . . .. ... ... ... ... 26
[3.3. Representative images from LEW. . . . . . ... ... ... ... ... 27
|3.4. Representative images from ImageNet.| . . . . . . . ... ... ... ... 27
13.5. Results tor C-DO'l' corresponding to the parameters in Table[3.1l|. . . . 29
13.6.  Results tor CA-DOT with different eigengaps.|. . . . . . . ... ... .. 30
13.7. Erdos—Reényi topologies with different p.| . . . . . . . .. ... ... ... 31
13.8. Results tor CA-DOT with different p for Erdos—Rény1 graphs.|. . . . . . 31
[3.9. Results ot CA-DO'T tor ring and star topologies| . . . . .. ... .. .. 32
(3.10. Results of CA-DOT with different valuesof rl. . . . . . ... ... ... 34
[3.11. Results for RDO'I" algorithm with synthetic data.|. . . . . . ... .. .. 35
13.12. Results tor CA-DOT algorithm with MNIST dataset corresponding to |

parameters in Table[3.8| . . . . . ... ... ... ... 0oL, 36
[3.13. Results for CA-DOT algorithm with CIFAR-10 dataset corresponding to |

parameters in Table[3.9 . . . . .. .. ... ... 0oL, 37
[3.14. Results for CA-DO'l" algorithm with LEF'W dataset corresponding to pa- |

rameters in Table3. 100 . . . . . ... ... ... .. o o L 38
13.15. Results for CA-DO'T" algorithm with ImageNet dataset corresponding to |

parameters in Table [3.11}| . . . . . ... ... ... o L. 39

vii



Chapter 1

Introduction

Modern data tend to be big and distributed. As the volume of data enlarges, it is
hard to fit extensive data on a single machine. The intuitive solution is to distribute
data among a connected network with multiple processors. Distributed systems and
distributed computing |1] are already widely used in our daily life; for example, online
banking, search engine, and online gaming. In this thesis we develop a distributed
dimensionality reduction [2] algorithm to extract low-dimensional and useful informa-
tion from high-dimensional and distributed data. The Principal Component Analysis
(PCA) [3] calculates the low-dimensional subspace of a high-dimensional dataset. The
predominant application of PCA is dimensionality reduction, which filters out the hid-
den noise and redundant information in the observed data. PCA is considered an
unsupervised learning machine learning technique. In the learning (training) process,
computers need to learn without labels and target values. In a machine learning pipeline
for supervised learning, PCA algorithms often appear in the preprocessing stage to re-
duce the dimensions of the training data.

The goal in this thesis is to compute PCA for data distributed among a connected
network. This thesis considers two cases for the data distribution: column-wise parti-
tion and row-wise partition. Column-wise separated data indicate that each site stores
some samples with all attributes. In contrast, for the row-wise partition, each site con-
tains a portion of attributes for all data points. The proposed algorithm, Column-wise
Distributed Orthogonal Iteration (C-DOT) algorithm, calculates the PCA for column-
wise distributed data in a decentralized manner. The distributed solution bypasses the

scalability problem of a single machine. Another benefit of decentralized computing is



(a) Erdés—Rényi (b) Ring (c) Star

Figure 1.1: Various network graph topologies considered in this thesis.

protecting the local data from exposure. In order to slightly improve the communica-
tion overhead for the C-DOT algorithm, this thesis also introduces the Column-wise
Adaptive Distributed Orthogonal Iteration (CA-DOT) algorithm. For row-wise par-
titioning data, we discuss the existing Row-wise Distributed Power Method (RDPM)
algorithm [4] that can estimate the principal subspaces without stacking all the data
across the network. We discuss how to combine the RDPM algorithm with the Row-
wise Distributed QR factorization (DistributedQR) algorithm [5] so that we can simplify
the computation procedure when the dimensions of the target low-dimensional data is
larger than one. Distributed algorithms that are considered in this thesis are based on
a consensus algorithm with randomized communications.

This thesis focuses on the proof of convergence of the C-DOT and CA-DOT algo-
rithm and empirical study with synthetic and real-world data for various graph topolo-
gies, including Erd6s—Rényi, ring, and star as shown in Fig. The numerical ex-
periments use a high-performance computing cluster with Message Passing Interface
(MPI) [6] standard to create a real distributed network. To demonstrate our algo-
rithms can work with various datasets, we conduct experiments on MNIST, CIFAR-10,

LFW, and ImageNet datasets |[7H10].

1.1 Owur Contributions

The main contribution of this thesis is to explore how to compute the PCA for a large
dataset on a distributed network with different data partition strategies. This thesis
provides theoretical guarantees for C-DOT and CA-DOT. Also, we discuss restrictions

and assumptions for distributed PCA algorithms. The final contribution is numerical



experiments on both synthetic and real-world data using MPI protocol with a high-
performance computer cluster to form a real distributed network. Furthermore, we
run tests on different datasets with a different number of dimensions, the number of
samples, the chosen rank r, eigengaps, and a variety of graph topologies, including
FErdés—Rényi, ring, and star. Within those experiments, we observe the hidden rela-
tionship between the parameters and the performance of the algorithms. We plot the
error curves corresponding to the number of communications rounds to inspect the
trade-off between communication cost and accuracy. We conclude that the runtime
of experiments has a positive association with the size of the underlying network, the

number of communications rounds, and the connection densities of the network.

1.2 Relationship to Previous Work

The Orthogonal Iteration (OI) [11] is one of the foundations for decentralized orthog-
onal iteration algorithms, which provides a centralized algorithm to learn the lower-
dimensional subspaces from high-dimensional data. Column-wise distributed power
method (CDPM) [12] is a particular case for column-wise distributed orthogonal itera-
tion since CDPM estimates the eigenvector corresponding to the maximum eigenvalue
for the covariance matrix of the high-dimensional data. This thesis expands the idea of
CDPM to find the top-r dimensional subspaces by introducing C-DOT and CA-DOT. A
similar situation applies for the RDPM, which is well developed in [4]. RDPM provides
the method to compute r-th eigenvector by repeating RDPM for r times. To avoid the
repetition over RDPM, we combine the RDPM with the orthogonal iteration algorithm
by applying a Distributed QR factorization (Distributed@QR) algorithm [5] to achieve
the orthonormalization task after each iteration of RDPM. Decentralized Orthogonal
Iteration (DecentralizedOI) [13] is explicitly targeting to estimate the r principal eigen-
vectors for the row-separated symmetric weight adjacency matrix of the underlying
network graph. The key to all the distributed algorithms above is a distributed consen-
sus algorithm. Averaging Consensus (AC) [14] allows each site to synchronize a sum
or average of some locally calculated values by sending and receiving values from its

neighbors in an edge system.



1.3 Thesis Structure

Chapter 1 describes the motivations, applications, and objectives for this thesis and
introduces the contributions and related work. Chapter 2 describes the orthogonal iter-
ation algorithms for centralized and decentralized networks. This chapter also provides
the algorithmic formulation for different data partitions. Furthermore, this chapter
offers a convergence analysis of C-DOT and CA-DOT algorithms. Chapter 3 acknowl-
edges the programming language, hardware, tools, and datasets applied for the numeri-
cal experiments, and presents the experiments and simulations results for the algorithms

purposed in Chapter 2. Chapter 4 draws some conclusions and discusses future work.



Chapter 2

Problem Formulation and Algorithms

The goal of this thesis is to develop a distributed PCA algorithm to reduce the feature
dimension of the matrix A € R¥" to r, where r is a chosen integer and 1 < r < d. The
row dimensions of A represents the feature dimension, and the column dimensions of A
serves as the sample dimension. The covariance matrix of A is defined as M=F [(A—
E[A])(A — E[A])T]. We assume matrix A is zero mean, which means the expectation
value E[A] = 0, where 0 € R¥" denotes a matrix of all zeros. For a zero-mean matrix
A, the covariance matrix M=E [AAT], and the sample covariance M = %AAT. The
objective function of centralized PCA can be formulated as

Q= agmin Q)= (I - Q.QD)M][} (2.1)

QR QT Q=1

where Q. € R¥7", and I indicates the identity matrix. This problem can be solved by

applying the famous orthogonal iteration algorithm [11].

2.1 Centralized Orthogonal Iteration

Centralized Orthogonal Iteration (OI) [11] is an iterative method used to compute
the normalized low-dimensional subspace from high-dimensional data with a random
initialization. The sample covariance matrix of the zero-mean matrix A € R¥™" is a
symmetric d x d matrix M = AAT with eigenvalues |A1| > ... |\ > |[Aat] > ... Al
where 7 is a chosen integer and 1 < r < d. The output of OI is Q. € R**". Suppose Q
is the top-r eigenvectors of symmetric matrix M. When r = 1, the orthogonal iteration
is equivalent to the power method [11], computing the dominant eigenvector of M.
One of the solutions to distributed orthogonal iterations is to gather all the data in

one place and solve the problem using the centralized orthogonal iteration algorithm.



Algorithm 1 Centralized Orthogonal Iteration

1: Input: Input data A, with covariance matrix M = AAT

2: Initialize: Set t « 0 and Qgt) — Q" where Q™" is a random d x r matrix with
orthonormal columns

3: while stopping rule do

4 t<—t+1

5o Ve mt Y

6: Qgt) Rgt) — Vc(t) > (QR factorization of Vc(t))

7: end while

8: Return: Qgt)

This idea requires a fusion center that has enough storage to hold all the data across the
whole network and the ability to process all information all at once. The constraints
on memory, storage, computation resources, and communication for a single machine
create the bottleneck for the centralized solution. Moreover, this solution undermines
the privacy of local data. To overcome these problems, we propose a distributed PCA

algorithm.

2.2 Decentralized PCA

This section discusses consensus-based distributed PCA algorithms for a loosely coupled
network. Distributed PCA algorithms offer hugely improved potential in scalability. If
a connected network has N nodes, and processors at each node are the same, the
potential memory, storage, and computing power are proportional to N. To explore
this distributed approach for PCA, the first thing we should clarify is how to distribute

data.

2.2.1 The Types of Data Partitions

In this thesis, we consider two common ways to distribute data, column-wise distributed
and row-wise distributed. We suppose matrix A € R?*" represents all the data, and
Q € R¥™" is the r-dimensional principal subspace of A. First, we assume matrix A is
evenly distributed among N nodes. The dimensionality of A; for all nodesi =1,..., N
are the same. Two types of partitions can be represented as in Fig. where A;

represents local data at site i. For column-wise distributed data, each site i has n; = %



observations of d dimensional zero-mean random vectors as shown in Fig. [2.1a] where

A; € R¥™ The objective function of column-wise distributed PCA can be formulated

as
N
. 2
Q= argmin > [fi(Qcoz,z‘) = ||(I - QCOl,in;l,i)MiHF} (2:2)
Qcoh{Qcol,i}i:leR xr =1
SUbjeCt to Qcol = Qcol,l cee = Qcol,Na QZ;chol = Qz;l7z‘Qcol,i = 1.

Row-wise distributed data often works with sensor networks. Each node i collects
di = % dimensional measurements for n observations, and A; € R%*". The goal of
row-wise distributed PCA is to find the r-dimensional subspace @y, corresponding
for each sensor i. The objective function of row-wise distributed PCA can be formulated

as

N

Q = al“gmin Z [fi(Qrow,i) = H(I - Qrow,iQZaw7i)Mi}|i] (23)

Qrow{@row,i}ﬁil €Rdi X7 =1

SUbjeCt to Qrow = [Qrow,la ceey Qrow,N]T7 ngerow =1

N N N N N N Y
E A )
A A A ] A A ( W
E A )
- \ NS S AN
(a) Column-wise Distributed Data (b) Row-wise Distributed Data

Figure 2.1: Types of data partitions considered in this thesis.

2.2.2 Averaging Consensus Algorithm

A critical component of distributed PCA is the Averaging Consensus (AC) algorithm.
Our representation of a distributed network is an undirected graph G = (N; &) con-
sisting of a set of nodes N’ = {1,2,..., N} and a set of edges £. For each edge in G,
(i,7) € €. For each node i, we record its neighbors in sets of nodes N; = {j|(4, ) € £}.
The weight matrix W, a doubly-stochastic matrix, corresponds to the graph topology
G = (N;&). Rows and columns of W sum to 1, which means } 3, w; ; = >, w;,; = 1. The



design of the weight matrix W in this thesis corresponds to the local-degree weights |14]
from the Metropolis—Hastings algorithm [15]. The mixing time of a Markov chain as-
sociated with W is Tiz.

Each node holds an initial value Zi(o) and the goal of AC is to calculate % Zf\i 1 Zi(o)
with finite number of iterations. At iteration t., node ¢ calculates Zi(tC) through ex-
changing value with its neighbors. If we apply AC for t. iterations as t. — oo, the

result converges to % ZZJ\; 1 Zi(o),

Algorithm 2 Averaging Consensus Algorithm

Input: Matrix ZZ»(O) at node i, where i € {1,..., N} and weight matrix W
Initialize Consensus: Set ¢, <+ 0
while stopping rule do
R
Zz‘(tC) A ZjEM wi,ng(‘tﬁl)
end while
Return: Zi(tc)

2.2.3 Column-wise Distributed Orthogonal Iteration

The fundamental idea of the C-DOT is based on centralized orthogonal iteration [11].
A distributed connected network with N sites contain heterogeneous data. At each
site ¢ the covariance matrix of the local data is a symmetric d x d matrix M; = A,-AZ-T.
Eigenvalues of covariance matrix M = Zf\il M; satisfy |A1| > ... A > | Arpa] > ... 2>
|Aa|. We consider r as a chosen integer satisfying 1 < r < d, denoting the dimension of
the principal subspace @), where () is a subspace consisting of the top-r eigenvectors of
symmetric matrix M.

The goal of C-DOT is to compute ) without exchanging raw data between inter-
connected sites. We define Q? , . as the estimation of @ from ¢ iterations of C-DOT at

col,i

site 7. The initial estimations of ) at all sites are Qggg ;= Q™ where Q™ ¢ R

with orthonormal columns. Each node executes ¢ distributed orthogonal iterations. For

every iteration, each site computes MlQi;llz, where lell refer to the estimation of Q

after t — 1 distributed orthogonal iterations at node i. Then, we apply t. iterations of

consensus averaging [14] to approximate 3 PO M;Q" 1. The result from AC at each



site is V1

coli*

At the end, each site i has an updated estimation of . We obtain Q?

col,i

oli? where Qcol 0 col J QR( col z)

For AC in every C-DOT iteration, we initialize ZZ»(O) = M;Q'~! at node i, where

col,i

from applying the QR decomposition (QR) to V!

i € {1,...N}. At iteration t., each node i receives messages from node j and when
(1,7) € &, the message from node j is multiplied with the corresponding weight w; ;.
At ! iteration of AC, we have Zi(tc) =D jen; Wi Z j(tc_l). This can also be expressed
as Zi(tc) = Z]EN wa]Z]( ), where wt. is the 4,j entry of the matrix W', which is
the result of the weight matrix W multiplied with itself for ¢. times. As t. — oo,
Z; (00) _ ~ Z] 1 M; Q . Ol iE In practice t. cannot be oco. Therefore, we assume for

each column-wise distributed orthogonal iteration, we apply a total of T, number of

AC, and fix T, as a constant number. When we apply T, iterations of C-DOT, we have

(Te)
_ 4 ¢ t o th : :
le i = [WZTCel] § i M; Qcol g + & ;» where £ ; is the consensus error at ¢ iteration.

Algorithm 3 Column-wise Distributed Orthogonal Iteration

1: Input: Matrix A; at node i, where ¢ € {1,..., N} with covariance matrix M;, and
the weight matrix W corresponds to an undirected connected graph G
2: Initialize: Set ¢ < 0 and Q7 ,, + J — QM i =1,2,...,N, where Q" is a random
d x r matrix, with orthonormal columns
while stopping rule do
t—t+1
Initialize Consensus: Set t. < 0, Z(tc) — M;Q,
while stopping rule do
te —t.+1
Zi(tC) - Zje./\/i wi,jZ](tc_l)
end while

ZQC)
10: Vcol g Wteel];

11: L chol i QR factonzatlon(Vc(jl)z)
12: end while
13: Return: Q¢

i=1,2,...,N

col KE

col,i

There are two loops in the C-DOT algorithm. The outer loop is the orthogonal itera-
tion, and the inner loop is the averaging consensus. The OI algorithm converges to @ at
an exponential rate. Therefore, the tolerance of the error within a consensus averaging
procedure after t iterations is lower than after ¢ — 1 iteration. To improve the con-
vergence speed, and reduce the number of AC iterations, we propose the Column-wise

Adaptive Distributed Orthogonal Iteration (CA-DOT) algorithm, which is an adaptive
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version of C-DOT. For CA-DOT, we define T, = [T;.1,T¢2,...,Tc1,], where T, is a
sequence of number. At ¢ iteration of CA-DOT, we employ Tt averaging consensus

at each site. The algorithm flow for C-DOT and CA-DOT are congruent.

2.2.4 Convergence Analysis for C-DOT and CA-DOT

We focus on the convergence behavior of C-DOT and CA-DOT algorithms in this
section. There are two procedures introducing error into Algorithm orthogonal

iteration and averaging consensus. To summarize the convergence behavior of C-DOT

and CA-DOT, Theorem [I] and Theorem [2] are provided below.

Theorem 1. Suppose M is a symmetric matriz, where M = Zi\il M;. Let M; be
the covariance matriz for zero-mean local data A;, and define o = Zi\LlHMZHQ and
o= \/ZfLHMzH% FEigenvalues of M are A1, Aa, ..., Ag such that |\| > ... > |\ >
[Arg1]l = ... |A\a|l.  The r-dimensional principal subspace of M is represented by Q.
Consider Py as the projection of M onto Q, and Pg/ denote the projection of M onto the
space spanned by the subspace computed after T, iterations of Column-wise Decentralized
Orthogonal Iteration (C-DOT). Assume OI and C-DOT are all initialized to ng) =
Qi%i = Q™" where Q™" is a random d x r matriz, with orthonormal columns. From

centralized orthogonal iteration, define Két") = Vc(t")TVC(t") = Rgt")T ?"), where Rgt") 18

the Cholesky decomposition of Kc(to), and V;(t") = MQ£ o) Let 6 = max Rc_l(t")

to=1...T, 2’
The weight matric W corresponds to the underlying graph topology G, and T denotes

the mixing time of a Markov chain associated with the weight matriz W. If 0 € [0,7/2],
the initialization of Q™" satisfies

[uv]

cos (6) = min < ————
ueQueQinit [[ully][v]l,

> 0. (2.4)

Each C-DOT iteration runs for a fixved number of consensus iterations T.. As long

as T, = <To7'mix log (3v/7aB) + TyTmiz 1og (671 + Tyniz log (Wm)), where € € (0, 1),

[0}

we have that

>\r+1

Vi
1, N

To
+ 3¢le (2.5)

QQ" — Qeor,i Q|| < ¢

where ¢ is a positive numerical constant.
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Theorem 2. Suppose M is a symmetric matriz, where M = Zf\il M;. Let M; be
the covariance matriz for zero-mean local data A;, and define o = Zf\;HMz”g and
v = /SN M5 Bigenvalues of M are Ay, Mg, ..., Ag such that [\i| > ... > |\| >
[Ars1] > ... |Aal. The r-dimensional principal subspace of M is represented by Q. Con-
sider Pg as the projection of M onto (), and Pg/ denote the projection of M onto
the space spanned by the subspace computed after T, iterations of Column-wise Adap-

tive Decentralized Orthogonal Iteration (CA-DOT). Assume OI and CA-DOT are all

initialized to ng) = Qggg ;= Q™ where Q™' is a random d x r matriz, with or-
T
thonormal columns. From centralized orthogonal iteration, define Két") = Vc(t") Vc(t") =

Rg")T t(jt"), where Rgto) is the Cholesky decomposition of Két"), and Vc(t") = MQ?O).

Let f = max Rc_l(to)

to=1...To

. The weight matrix W corresponds to the underlying graph
topology G, and Tmi, denotes the mizing time of a Markov chain associated with the
weight matriz W. If 6 € [0,7/2], the initialization of Q™" satisfies

[u”v]

cos () = _—
6) = e Tulo ol

> 0. (2.6)

At the t* iteration, CA-DOT algorithm runs averaging consensus for T, times. As long

as Tep = Q (tTmZ'x log (3v/7aB) + TyTimiz log (€ 71) + Tynix log (TO%{xm)) forallt <T, ,

where € € (0,1), we have that

To

Arid | o T, (2.7)

Vi,

QQ" = QeotiQloill, < ¢

where ¢ is a positive numerical constant.

Theorem [I] and Theorem [2] provided theoretical guarantees for C-DOT and CA-
DOT algorithm, respectively, which indicate that Q. LN +@Q Vi at an exponential
rate. The first term on the right side of and is as a result of errors in OI,
and the second term is due to errors in AC. Lemma [4] helps us proof Theorem [I and
Lemma [5] helps us proof Theorem [2l The proof of Lemma [ and Lemma [f] are based
on Theorem (3| [13] which provided the theoretical guarantee for averaging consensus of

matrices.

Theorem 3. [13] Define Zi(TC) € RY" qs the matriz at site i after T, consensus itera-

tions fori € {1,..., N}, where the initial value at each site i is ZZ-(O). Let Z = Zf\il Zi(o),
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and define Z' = Zi]\il‘ZfO) , where the (j, k) entry of Z' is the sum of absolute values

of ZZ»(O) (j,k) at all nodes i. For any § > 0, and T, = O(Tmz logd~1), the approzimation

(T

error of averaging consensus is [WTce B

H < o2/l Vi,

Lemma 4. Suppose t, + 1 < T, and let Q. be the output of centralized orthogonal
iteration after t, iterations. Consider Q.o as the output of C-DOT after t, iterations

at site i. Let Q' and Q'

col,i

denote the result from OI and C-DOT after t,+1 orthogonal

4T,
) ) . _a T, 1
iterations. For C-DOT, we fix € € (0,1), and define 6 = Wme (3\/?0{5) . We
assume
oYV N 1
Vi, Qe — 2T < (2.8)
a 20233/r(20/7 + 6yV/Nr)
and
T. = O(Tmzx 10g 6_1)- (29)
We have that
oYV NT
Vi, [|Qt = Qoril| p < (Bapv/r)* (mgXIIQc— + Wa ) (2.10)

Lemma 5. Suppose t, + 1 < T, and let Q. be the output of centralized orthogonal
iteration after t, orthogonal iterations. Consider Qe as the output of CA-DOT

after t, iterations at site i. Let Q. and Q' denote the result from OI and CA-

col,i

DOT after t, + 1 orthogonal iterations. For CA-DOT, we fir € € (0,1), and define

4t,
— @ Ty 1
0. Twme <3ﬁa/3> . We assume

vV Nr 1

Vi, [|Qc — illp + < 2.11
' HQ QCOZ’ HF « 2a253\/;(2a\/77+57\/m) ( )
and
Tet, = O(Tmic log 67"), Vt,. (2.12)
We have that
: oYV NT
Vi, [| Q% — Qe < (BaBvr)* <m?XHQc - + " ) : (2.13)

The proof of Lemma [4] and Lemma [5] are mostly identical. Therefore, the following

proof applies to both Lemma [4 and Lemma [B] unless otherwise specified.
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Proof. Fix an i € {1,...,N} and define V. := M@, from OI, and K, = VIV, =
RTR., where R. is the Cholesky decomposition of K.. Let V., = Zf\i L (M Qo i),
and V., ; denote the value getting from Step 10 in Algorithm 3| when calculating the
(to + 1)th iteration of C-DOT and CA-DOT at site 7. Note that Voo ; = Vea + Eci,
and &.; is the consensus averaging error at site 4, introduced by the finite number
of consensus iterations T.. Let K.y ; = VC olecolz Rcol iReotis where Req; is the

Cholesky decomposition of K., ;. We have that

(Q,c - Q/col,i) = MQCRC_ MQcol ) col i

= chRc_l - VZEOZ ZRco% ) VRcol K + VRcol K
:V:?Rcl VR(;ZZ+VRCOZz_‘/CDZZR(;lz
=Ve(R.' = Ry ) + (Ve = Veori) Ry - (2.14)

Using the triangle inequality, we obtain

Q8 = Qtorill o

< |IVe = Veorill - - max| R

col,i F

IVl p - max| R — R

col,i F

. (2.15)

/ .
col,i P

. Note that V., = Zij\il(Mile,i)) and Vcol,i =

we need to bound ||V, — Veori| o

Therefore, if we want to bound HQ/C -

=

o Vel and | R R

col i P

col,i

Vcol+50,i, where &, ; is the consensus error after 7, consensus iteration at site <. Suppose

ZZ.(O) = M;Qo1; for all 4, and M;Q.o; € R¥*". Using Theorem |3[in [13], we have that

1€e,ill = [Veoli = Veall p

N
= MQcol,i - Z(Mchol,j) < 6HZ/HF (216)
j=1 F

using Z'(j, k) = > ;1 ()(jak)

matrix, we can get

, where (j, k) represent row and column entry of a

127 = ZZ ( k)()z- (2.17)

7=1 k=1

2
Next, we use Cauchy-Schwarz inequality, in the sense that ‘Zf\; 16 1‘ < (Zf\; 1 ]ai\Q)-
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N, to obtain

n r N
125 < N330S |20 G|
j=1k=1i=1

N
-]
=1

N
= NZ(HMiQCOl,iH%‘)' (2.18)
=1

2
F

Then we apply matrix norm properties, where ||AB| < || A|5||B| p, and HABH% <

||AH§||BH§;, and note that Q. ; are orthonormal matrices with rank r. We have
, N
2 2
127 < N3 (I8l - 1Quarsl ;)
i—1
N
2
<N (ZHMHz) o
i=1
< N+*r. (2.19)

Therefore, we can get

12| p < vV N, (2.20)

and from (2.16)) and (2.20) we have that

[€c,ill @ < 0yVNT. (2.21)

Equation (2.21)) and Veo; = Veor +Eci give us tools to bound ||Ve — Veorill gy |Vell 7, and
| Veol,il| - Note that
Ve — chol,i =Ve— (V::ol + 5@@‘)

=Ve— chol - gc,i

N
= MQC - Z Mchol,i - gc,i
=1

N
- Z MZ(QC - QCOl,i) - gc,i- (2.22)
=1
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Therefore, we have

N
Ve = Veorill p < Y IIMi(Qc = Qeoti)ll o + [1cill
=1

N
< IMil,11Qc — Qeotill + 6yVNT
=1

max||Qc — Qeol,illp + YV NT. (2.23)
We are able to bound ||V,|| as follows, where

Vel p = IMQcll

< 1M [1,]1Qcl
N
DM
i=1
N
< >INl Qel
i=1

< ay/r. (2.24)

1Qell

Due to the fact from , we can bound ||Vie || -, where
Veori = Veot + &cji
= Z(Mchol,i) + Eei- (2.25)
Note that

H‘/COZ’LHF +(5’Y\/N'I“

N
Z M; Qcol i
i=1

N
Z ’MZ'QCOZ,Z'”F + (S’Y\/]TT

N
ZIIM v/ + 69V Nr
< ay/r+6yVNr.e (2.26)

Next step is to bound HR . Define K. = VCTVC = RZRC,

 and HR;l _ R

col i F

col,i

and Ko ; = VT V. i= =RT Rcol’i, where R. and Ry ; are Cholesky decompositions

col,i col,i
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of K. and K, ;, respectively. We have that @/ = VCR , and Qcol = Veol ZRc_ol i We
obtain R, = QQTVC and Reop; = Qil,chol,i. We have that
K — Keoti = Ri Re = Regr i Reoti = Ve Ve = Vegr Vot
= ViVe = Vg iVeoli + VeoriVe = Voo iVe
=V Ve = Vg Ve + Veo Ve = Vet i Vool i- (2.27)

Therefore, we have

1K — Keotill p < IVell plIVe = Veorill g + 1 Veorill pll Ve = Vear,

< (Vellp + Veorall Ve = Veorill
<O‘\/77+ O‘\/;_}' oYV N?") (OémaX|Qc - Qcol,i”F + v NT)

<2a\/; + Mm) <a mzaxlch — Qeolill p + 67@)

<2\f+ MF> (m?xucgc - s 57‘2]\77) . (2.28)

We apply a theorem by Stewart [16], which states that if K. = RIR., and K.u; =

A

Rcol iBcoli are Cholesky factorization of symmetric matrices, we have |Re — Reotill o

|‘K;1“2‘|RCH2‘|KCOl7i — KCHF Therefore,

IRe = Reotill p < || K2 || I Rellal Keoti = Kell

= | B RN K cori — el - (2.29)

The Cholesky decomposition of symmetric matrices K. and K.y ; are non-singular

matrices R., and R,y ;. For non-singular matrices R, and Ry ;, we apply a theorem

§

IR R s el

by Wedin [17]. Then we have

_ 1+\f

2

col )

HR—1 _ Rl

col i

|Re — Rcozzumax{HR oo |
1+\f
3 ma {17

<

col K

(2.30)

Note that V. = Q.R. , hence ||V¢||y, = ||Rc|,, and 8 = , max and we have

o=1,..r1o

—1(o)
R )
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that

HRA _R-L

c col i

1++5 ~
< 5 max{

colz }Bzafoz (2\[4-
67\/m>

57\/]W>

X (Hl;lXHQC - Qcol,i”p +

1 +2\/5 o { 2,

IN

col K

(Wx/m)

} 3B /r (2[ +
57\/@)

X (mngQc = Qeotill p + (2.31)

. We now apply the perturbation bound for

col,i

Hence all we need to bound is HR

singular values of a matrix [18], where O'T(RC) — 0r(Reoli) < [[Re — Reotilly- Note that

o,(R.) represents the r'" singular value of matrix R.. As o,(R.) = HR;lHQ !
-1
or(Reol i) HRcol s\l , we obtain that
HRC_1H2 - HRcolz < ||RC—Rcol,iH2
_1y- -1 12
IR, < |kl + IR IRl ol Kot — Kl
_1n- -1 (HW
Ity < ], ot (v T2
YV Nr
X (m?XHQc - Qcol,iHF + 7 o > . (232)
Then we apply our assumption for (2.32)), where ||Qc — Qcor i || L0V NT o 1
’ ¢ 7 WeokillFTT e = 50253 /i (2ay ity V/Nr)
to obtain
—1 -1 1
HRC HQ HRcolz 9 +% (233)
From our definition for 3, we have that =1 < HRC_1 H;l We can get
- 1
-1 -1
H coli||, +%ZIB
-1
H col i 9 > ﬁ
-1
H coli||, < 26 (2.34)
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R—l

il into (2.31). We have that
*ll2

Then we can plug in the bound for

col,i col J

], ")

} RN <2f+
67\/@)

o

X (m?X||Qc - Qcol,iHF +
1 + vh

IN

ax {42, (28)*} *B°/r <2f +
57\/N77')

57F )

X (mZaXHQC - QCOMHF +
1 + 1+45

| /\

52 362\[<2\[+5’Y\ﬁ>

oyV Nr
X (mZaXHQC - Qcol,i”F + 1 o )

P (1 n \/5) QBT (2\f+
57\/N7T> ‘

67\/7>

x (HlZaXHQC - Qcol,iHF + (235)

Up until now we have bounded all terms in (2.15)). Apply | X||» < /7[|X||5 to (2.15)),

where 7 is rank of matrix X , we obtain

Q% — Qeorill

col,i

(2.36)

< VIV = Vil - max || 72}

col,i 9

+ VTIVellp - max|| RS~ R




19

Plugging in bounds for ||V, — Vol s || R , we have

col K

o IVellp, and || B2 — R}

col,i F

YN
HQé - Qi:ol,iHF < 2055\/; <mzaXHQC B QCOl,iHF + 7\/7>

(07

2 (1 + \/5> ara® BT (2\f—i—
5%/N7>

sy N )

X (m?XHQC - Qcol,i”p +

= 20(6\/'; <mZaXHQC - Qcol,iHF +

P (1 n \/5) atpirs <2f+ MF>
5%/JW>

57\/N77“>

X (mZaXHQc - Qcolﬂ'HF +

= {2045\/77+4(1+\/5)a454r2+2<1+\f) ot gy 357F}
57\/]?7’)

X (m?XHQc — Qeolill p + (2.37)

For orthonormal matrix @, we have that 1 = [|QL|l, = | MQcR: ||, < [IM|,|| R, <

ZfiIHMz‘HzHRc_lHQ < af. Therefore a*f* > af > 1, and @ < 1. For C-DOT
LETD( 1 )4To
YW Nr 3aBy/r

For CA-DOT algorithm, define § =

YV N €

Wa ro_ eTo(gaﬁl\[)4To < (§)4To <1.

To(_ 1 _\at, 6w 2 L _\dto
(3aﬂ\/77> , where ; To (304,8\/?) S

algorithm, define § =

, where

—e
ToyVNr
(3)*e < 1. Therefore, we obtain

(2.38)

0
1Q% = Qo p < (Basvr)' (Hl?XHQc—Qcoz,illF-F 7?)

This completes the proofs of Lemma [4 and [5] O

Proof. Theorem [I] and

Qcol 1Qcol 7,“2 = HQQT QCQTHQ + HQCQT Qcol ZQcol ZHQ' (239)

The first term comes from the centralized orthogonal iteration, where HQQT — QcQz H 5 <

t
A
c r+1
T

as discussed in [11], and ¢ is some constant. For the second term in (2.39)), we
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have

1QeQc = Qeot.iQeorilly < [|QeQe — QeotiQeoti
QeQl = Qeot,iQlor; = QeQl — QeoliQor; + QeQrori — Qe

10T = Quoti @l < (1Qelly + Qo) 12 — Qeotil

1QcQé — QeotiQcovill p < 21Qc = Qeotill - (2.40)

For iterations t,+1 < T,, the results from Lemma]and Lemmal5|always hold. Starting

from t, = 0, we initialize OI, C-DOT and CA-DOT with same value Q™" = &0) =
QY ma [0 — | s,

and applying Lemma [ and mathematical induction for C-DOT, we have that

= 0. Therefore, we have Hng) - Q(O)

col,i

to
LI /N g
« « =0

57FZ

|t - Q| (3ayr)"

HQt" - QL) (3apy/r)Y. (2.41)

F
=0

Note that (3a8/r)* > 3, and . Then we have 1 —

Bapvr < 3
and (3(32‘%) 7 < 2 Applying geometric series, we obtain

4>1 —

wiN

(B 5f)

to

45 _ (3045\[) (fo+1)

to (3045\/77)4
< (3apvr)* (BaBri—1

< 2 (asvite. (2.42)

Plug (2.42)) into (2.41)), we have

< SOV 0yt (2.43)

(to) )
HQ o) — coolz

AT,
Plug in 67m = el ( into (2.43). As t, < T, and 3a+/r > 3, we have

=)

<3 (53 )4TO<3aﬁﬁ>4t°
NG

3 To (3a5\[)4t“
2 Bapyn) ™™

3
EGT". (2.44)

HQ fo) — col)z

|
N |

F

| /\

IN
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From ([2.40)), we have
|QQF — Qeot.iQiorill p < 211Qc — Qeotill o < 3€™. (2.45)
By combining the results, we have completed the proof of Theorem [I where

A1 | T,
+ 3T, (2.46)

HQQT - Qcol,z’QzﬂOl’in <c

_|_

For CA-DOT, we apply Lemmaand mathematical induction for CA-DOT to HQEO) — Q(O) -

col,i
6(0)7\/N7" o 5(0>7\/N7‘ (to)
D = =t As

is a defined value for ¢}* iteration for the outer loop of

the CA-DOT algorithm, we have that

+
F

8T)yy/Nr _ 4V/Nr Lo
< >
a a

Jj=0

|~ Q) (3aBy/r) 500, (2.47)

L N , N 4j
Plugging in 6U) into (2.47), where 60) = TwmeTo (3\/}7045) , and € € (0,1), we

obtain

’Y\/JWZ” (3ay/r) 1 50) — Z (3apyi)Y eTo < 1 ) j

[0 X .
]:O 1=0

< elo, (2.48)

Thus, we obtain

To Y
|ei — Q)| < em, (2.49)
and from (2.40)), we have
|QeQF — Qeot.iQiorill » < 211Qc — Qeorill o < 2€™. (2.50)

By combining the results, we have completed the proof of Theorem [2| where

To

A
M P (2.51)

Ar

<c

2

|@Q™ - Qe @i
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2.2.5 Row-wise Distributed Orthogonal Iteration

Suppose zero-mean data A € R4*" is row-wise distributed within an undirected loosely
connected network. Each site i holds local data A; € R%*™ matrix, where i €

{1,...,N}, d = 3N d; and d; = 4. Matrix A has eigenvalues [A| > ...|\| >

>\7‘+1

[Arg1| > ... |Ag|. Define the eigengap = , and eigengap < 1. The output of Row-
wise Distributed Orthogonal Iteration (RDOT) [4L/5] is the top-r dimensional principal
subspace Q. Let r be a chosen integer for the dimension of the output Q € R¥*",
The estimation of Q is Qrow = [ row, 1 - QL N}T, where Qmwz € R%*7T ig the
estimation for the i-th block of @) corresponding to node i. Row-wise distributed power
method [4] is a special case for RDOT, where the row-wise distributed power method is
trying to compute the first principal component. The procedure of computing the r-th
eigenvector with PDPM is provided in [4], where we need r iterations of PDPM that
require an increasing number of projections to make sure top-r eigenspace has orthonor-
mal columns. In this thesis, a small improvement has been done for the computation
of the top-r eigenspace. RDOT uses the Row-wise Distributed QR decomposition (Dis-
tributedQR) [5] to perform QR factorization of V! . within each outer loop of the

row Z

RDOT algorithm.

Algorithm 4 Row-wise Distributed Orthogonal Iteration

1: Input: Local data, A; at node ¢, where i € {1,..., N}, and weight matrix W
: Initialize: Set t <— 0 and Qmw i — Q™M where Q" is a random initialized d; x r
matrix, with orthonormal columns
while stopping rule do
t—t+1
Initialize Consensus: Set t. < 0, Z( ATQ
while stopping rule do
|
Zi(tc) - ZjeM wiijJ(tcfl)
end while
w0: Vi, N4

row K Z[Wtcel]z

11: Rt + Distributed QR(V!

TOll)’L TO’LU’L

12: end while
13: Return: Q!

DD

i=1,2,...,N

Tow 17

Z(tc)

row, ’L)

row, %

RDOT algorithm find the estimate of () when A is row-wise distributed. The con-

vergence analysis and numerical experiments of RDOT will be one of the focus of future
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work. The number of operations of Zi(tc) — AT'x Q-1 - is O(nd;r), where Zi(tc) € R™x7,

which means when number of observations n is large, the computation cost and the stor-
age cost are expensive for all node i. Therefore, RDOT does not work well with data
that has large number of samples. In the future we want distributed PCA algorithms

to work with big data A that has both large d and large n.

2.2.6 Row-wise Distributed QR decomposition

One of the key steps of RDOT is to orthonormalize V!

row_[

Vi1 VE )T in each

row,1’ » Yrow,N

RDOT iteration as shown in step 11 in Algorithm [4} since V! is row-wise distributed

Tow
across the network. Luckily, a modified Gram-Schmidt Row-wise Distributed QR de-
composition algorithm (DistributedQR) [5] provides the solution for this problem. At

t*" iteration of RDOT, let Viow,i = vt

row,i*

Define V' = [Viow1,---, Vmw,N]T, where
V e R and 1 < r < d. Suppose we want to find the QR factorization of the thin
matrix V' = QR. The goal is to calculate a Q € R?" with orthonormal columns,
and R € R™™" is an upper triangular matrix. The m,j entry of matrix V.., ; can be

represented as Vi i(m, j).

Algorithm 5 Row-wise Distributed QR factorization

1: Input: Matrix V € R¥*" is row-wise distributed among N nodes, local data Viow,i

at node i, ¢« € 1,..., N, each node stores d; consecutive rows of V, and a weight
matrix W

2: for j=1tor do

3: (in node 1)

4: Ty < Ziizl ‘/row,i(m)j)2

5: s; +— AC(z, W) > (Averaging Consensus of x across all node i)

6: Rz(j,j) — \/87

7 Qz(a]) <_‘/;,(7])/RZ(]7.])

8: if i # j delete R;(j,7)

9: for k=j+1tordo

10: o} = Yooy Qi(m, ))Vi(m, k)

11: Ri(j, k) «+ AC (', W) > (Averaging Consensus of 2’ across all node 1)

12: VZ<,]§) %VI(,]{)—QZ(,j)Rz(],k)

13: if ¢ # k delete R;(j, k)

14: end for

15: end for

16: Return: @
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The convergence behavior of DistributedQR is evaluated in [5], which ensures the re-
liability and scalability of the algorithm. Each iteration of RDOT in Algorithm @ we can

use DistributedQR to orthonormalize V!

o

W, Where Q¢ R . < Distributed QR(V,?OWZ-)

row,i” 'row,i

and Q¢,, = [Q! e Qiow’N]T is the estimate of Q after ¢ iterations of RDOT.

Tow row,1»
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Chapter 3

Experimental Results

The numerical experiments in this chapter demonstrate the convergence behavior of
C-DOT and CA-DOT algorithms to validate the theoretical results in Section In
this chapter, each table records the experiment parameters corresponding to a result
figure. The corresponding network topology is an undirected connected network with
N sites. If not specified, the network topology is an Erdés—Rényi random graph with
a connection density p. To achieve consensus averaging, we design the weight matrix
W by using the local-degree weights method mentioned in [14]. The upper bound for
the averaging consensus iteration is 50, unless otherwise specified. The columns labeled
“P2P” in all tables stand for the average number of point-to-point communications [19)
per node for an experiment, while the default number of iterations for C-DOT or CA-
DOT is 200 and (K) represents a 1000 number of P2P communications. Furthermore,
the P2P value for the central site and peripheral sites are marked separately for a star

network. The number of communication iterations indicates the cumulative number of

)\’V‘Jrl

5| corresponds to the eigenvalues of

consensus iterations at each site. The eigengap

of the centralized data A. The true low-rank principal subspace Q € R?*" is calculated

by the build-in SVD function in Python 3, and the average error in the experiments is

defined as % ZfilHQQT - Qcol,ng:)M

,
3.1 Tools and Platform for Numerical Experiments

In this section, we acknowledge the tools and platforms that have been used in the

numerical experiments of this thesis.
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3.1.1 Programming Language

In this thesis, all the experiments and simulations are implemented in the programming
language Python 3.

3.1.2 Datasets

This section provides a brief introduction to the implemented real-world experiment
datasets in this thesis.
The MNIST [7] is a database of handwritten digits. MNIST contains 50,000 gray-

scale training samples. Every sample consists of a 28 x 28 pixels image.

o o o o
B s s B
10 10 10 10
15 15 15 15
20 20 20 20 o
2 2 2 25
o s 1w 15 2 2 o s 1w 15 2 2 o s 1w 15 2 2 o s 1w 15 2 2

Figure 3.1: Representative images from MNIST.

The Canadian Institute For Advanced Research 10 (CIFAR-10) [8] dataset consists
of 50,000 samples of training data in 10 classes. Our thesis extracts the red channel
of each 32 x 32 pixel color image because of the limitations of the feasibility of our

computing resources.

Figure 3.2: Representative images from CIFAR-10.

Labeled Faces in the Wild (LFW) [9] face database is mainly a public benchmark for
face recognition, consisting of gray-scale images of a number of people’s faces in different
poses, distinct angles, and various light conditions. The number of training samples of

LFW total is 13,233, and the dimensionality of a single image is 2914 = 62 x 47.
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Figure 3.3: Representative images from LFEW.

ImageNet is an important visual database that contains 14 million color im-
ages over more than 20,000 categories. The dimension of the images is inconsistent.
Therefore, we reshape the images in the ImageNet database into a uniformed dimension
1024 = 32 x 32 and extract information from the red channel of those images to make

sure the data fit on our computing platform.

Figure 3.4: Representative images from ImageNet.

3.1.3 Computing Platform

Amarel Cluster [20] is a High-Performance-Computer (HPC) provided by the Office of
Advanced Research Computing (OARC) at Rutgers University. Amarel allows us to

use the Message Passing Interface (MPI) [6] in a large connected network.

3.2 Experiments Using Synthetic Data

For synthetic input data, each site i has n; = 500 local samples in R?°, where d =
20. Samples are randomly generated from the Gaussian distribution with different
covariances. When the network size N = 10 or N = 20, we use 20 Monte-Carlo
simulations for all experiments with synthetic data.

The first set of experiments investigates the convergence behavior of the C-DOT

algorithm. Furthermore, these experiments analyze the influence of different values of
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Table 3.1: Synthetic Experiment 1: Parameters for C-DOT algorithm

N | Erd6s—Rényi: p | r | Eigengap | Consensus Itr T, | P2P (K)
10 | 0.5 510.7 10 9.32
20 18.64
50 46.6
20 | 0.25 510.7 10 9.9
20 19.8
50 49.5
100 | 0.05 5| 0.7 10 11
20 22
50 55

consensus iterations T, for different sizes of the networks. The simulation results in
Fig. correspond to experiment parameters in Table The average error hits a
floor as the number of C-DOT iteration t increases. Furthermore, as the number of
consensus iteration increases in each C-DOT iteration, the error floor decreases, and
a small number of inner loop T, can lead to faster convergence, regardless of the size
of the network. The number of point-to-point communications grows as 7, increases,
which shows that there is a trade-off between P2P cost and a lower error floor.

In the second set of experiments, we compare the performance of CA-DOT with

The ex-

>\'r+1
Ar|”

different number of consensus iterations and different eigengaps=
periment parameters are listed in Table The number of consensus iterations is
Te =[T¢1,...,Te1,], a sequence of integers, where T}, is the total number of outer loop
iterations. Define T, ; = min(T"¢ x t + T T at ¢-th iteration. Note that T77e*
is the maximum number of consensus iterations, T/ is the initial value for T,, and
Tin¢ is the rate of increase of the number of consensus iterations as t increases. The C-
DOT algorithm can be represented as a particular case of CA-DOT, where T, = T;"**.
From the results given in Fig. we can conclude that the error floor is determined
by T, With the same T the speed of convergence is influenced by T/"¢ and
T, If we choose an appropriate value for T, T and T/ we can minimize the
communication cost and increase the speed of convergence. Besides, as the eigengaps
get close to 0, the required communication cost decreases. As the eigengaps are getting

close to 1, the convergence speed becomes slower for C-DOT and CA-DOT algorithms.
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Figure 3.5: Results for C-DOT corresponding to the parameters in Table

As the first term in (2.5) and (2.7) show, as the eigengaps get close to 1, the slower

t

the /\’;1 term goes to 0. In contrast, as the eigengaps get close to 0, the faster the
t

’\;—jl term goes to 0.

The third set of experiments investigates the convergence behavior of the CA-DOT
algorithm with different values of p for Erdés—Rényi graphs. From the P2P column in
Table [3.3], we can conclude that the number of point-to-point connections increases as
p increases. The value p represents the connection density of an Erdés—Rényi graph.
See Fig. when p is close to 1; in this case, we call the network a dense network.
In contrast, in Fig. as p gets close to 0, we call the network a sparse network.
Moreover, different p can lead to different mixing time 7,,;, for the corresponding weight
matrix W for the underlying network, which can also affect the error floor as indicated
in Theorem [1] and Theorem [2] Results in Fig. [3.8¢ show that a sparse network can
lead to slow convergence. Therefore, for a sparse network we want to increase values

for Tme, TPt Tima% and T, to achieve faster convergence.



30

Table 3.2: Synthetic Experiment 2: Parameters for CA-DOT with different eigengaps

Average Error

N | Erdés—Rényi: p | r | Eigengap | Consensus Itr T, | P2P (K)
20 | 0.25 0.3 [0.5¢ + 1] 34.88
t+1 40.54
2t4+1 43.31
50 46.2
20 | 0.25 507 [0.5¢ + 1] 37.37
t+1 43.44
2t+1 46.41
50 49.5
20 | 0.25 5109 [0.5¢ + 1] 36.47
t+1 42.38
2t4+1 52.28
50 48.3
107 1 —— Consensus Itr Tc=min(0.5t+1,50) = Consensus ltr Tc=min(0.5t+1,50)
—— Consensus ltr Tc=min(t+1,50) 1071 —— Consensus ltr Tc=min(t+1,50)
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Figure 3.6: Results for CA-DOT with different eigengaps.
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Figure 3.7: Erdds—Rényi topologies with different p.

Table 3.3: Synthetic Experiment 3: Parameters for CA-DOT with different p for

Erd6s—Rényi topology

N | Erdés—Rényi: p | r | Eigengap | Consensus Itr T, | P2P (K)
20| 0.5 5107 2t+1 90.66
50 96.7
20 | 0.25 5107 2t+1 46.41
50 49.5
20 | 0.1 5107 2t+1 22.97
50 24.5
min(5¢ 4+ 1,200) | 88.05
—— Consensus Itr Te=min{2t+1,50) —— Consensus Itr Tc=min(2t+1,50}
102 —— Consensus Itr Tc=50 1071 4 —— Consensus Itr Tc=50
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Figure 3.8: Results for CA-DOT with different p for Erdés—Rényi graphs.
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Table 3.4: Synthetic Experiment 4: Parameters for ring topology

N | r | Eigengap | Consensus Itr P2P (K)
20| 5| 0.7 2t+1 18.75
50 20
min(5¢ + 1,200) | 71.88
Table 3.5: Synthetic Experiment 5: Parameters for star topology
N | r | Eigengap | Consensus Itr Center node P2P (K) | Edge node P2P (K)
20 | 5| 0.7 2t+1 178.13 9.38
50 190 10
min(2t + 1,100) | 332.5 17.5
min(5¢ + 1,100) | 360.43 18.97
100 380 20

Experiment 4 and experiment 5 investigates the performance of our algorithms on

the ring and star topologies. The experimental parameters map to Table and Table

[3.5] The results for ring topology in Fig. [3.9)show that CA-DOT does not perform well

since ring topology is a periodic Markov chain [21] that cannot converge to a steady-

state distribution. The steady-state distribution exists if the Markov chain with finite

number of states is aperiodic and irreducible. Therefore, 7,,,;» — oo for ring topologies.

Experiment 5 investigates performance on the star topology. In Table the amount

of point-to-point communication at the center site is equal to the sum of all edge sites,

which creates a bottleneck effect at the central node that can lead to slow convergence

rate for our algorithm. In practice, for a star topology we want increased values for

Tine it maz and T, for faster convergence.
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Figure 3.9: Results of CA-DOT for ring and star topologies.
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Table 3.6: Synthetic Experiment 6: Parameters for CA-DOT with different values of r.

N | Erdés—Rényi: p | r | Eigengap | Consensus Itr | P2P (K)
20 | 0.25 2 | 0.7 t+1 44.05
2t+1 47.06
50 50.2
20 | 0.25 5 0.7 t+1 43.44
2t+1 46.41
50 49.5
20 | 0.25 10 | 0.7 t+1 41.72
2t+1 44.58
50 47.55

Table 3.7: Synthetic Experiment 7: Straggler effect with Erdos—Rényi graphs

N |p r | Eigengap | Cons Itr | Wall-clock time (s) | P2P (K) | Straggler

10 {05 | 507 2t +1 101.33 45 Enabled
2t+1 5.18 45
50 108.56 48 Enabled
50 19.5 48

20 1 0.25 |5 | 0.7 2t+1 98.5 47.81 Enabled
2t +1 5.08 47.81
50 105.59 51 Enabled
50 5.74 51

In Table we provide the experimental parameters for different values of r. Re-
sults in Fig. indicate that C-DOT and CA-DOT perform well with different r,
since the average error reaches 1079, In practice, the value of r should be chosen based
on the amount of information we want to extract from the original data.

The straggler effect delays the job completion for distributed algorithms when there
is a slow node in the distributed network. In experiment 6 when we enable the straggler
effect for CA-DOT algorithm, we set a 0.01 second delay at a randomly selected site i,
at the time this site is sending information to it’s neighbors. The impact of a straggler
node on C-DOT and CA-DOT algorithms shows in Table The wall-clock time of
experiments in Table indicates that a slow site can potentially slow down the job
completion for the entire network. To speed up C-DOT and CA-DOT algorithms, we
need to adapt the algorithms to overcome the straggler effect, which is one of the main
focus for our future work.

Results in Fig. show the convergence behavior of the RDOT algorithm with
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Figure 3.10: Results of CA-DOT with different values of r.

synthetic data A € R¥", where d = 1000 and n = 1000 and each column of A is one

Arti1

sample. Let » = 5 and the eignegape = 0.7 . Matrix A is row-wise distributed in

A

r+
-

an undirected Erdés-Rényi network with N = 20 and p = 0.25, where A4; € R>0x1000,

Define @ as the low-dimensional subspace of A, and Q = [Q1,...,Qn]’. The average

error in the experiment is defined as % Zfi 1HQ@-Q;TF — Qrow,i@zow,i 3.11

. From Fig.

we can conclude that as we increase the number of RDOT iterations, the average
error hits a floor. Furthermore, when the number of consensus iterations increases, the

consensus error decreases, and the error floor of the RDOT algorithm decreases.

3.3 Experiments Using Real-World Data

In this section, we process different real-world datasets to investigate the performance

of C-DOT and CA-DOT algorithms. The first dataset is MNIST with experiment

J

local samples in R™*, where d = 784. Results in Fig. show that we can achieve

50,000
N

parameters shown in Table Each site in the connected network has n; = L
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Figure 3.11: Results for RDOT algorithm with synthetic data.

faster convergence with the CA-DOT algorithm compared with using a constant 7.
We increase the number of C-DOT and CA-DOT iterations to 400 when the average
error curve does not hit the error floor for T, = 200. The experiment parameters
for CIFAR-10 is given in Table [3.90 Each site in the underlying connected network

have n; = [50}800J local samples in R'°?* where d = 1024. Again the results in Fig.

validate that CA-DOT algorithm outperforms C-DOT when we set appropriate
values for T/n¢, Timit Tmaz and T,. The experiment parameters for LEFW are presented
in Table Each site in the connected network has n; = L%J local samples
in R?4 where d = 2914. Compared to other datasets we used in this thesis, the
dimension of LFW is high. We set N = 20 based on feasibility of our computation
resources. Results in Fig. show how increasing T"¢ causes slower convergence.
The ImageNet dataset has experiment parameters given in Table [3.11] where each site
in the connected network has n; = 5000 local samples in R'924, and thus d = 1024. The
results of the ImageNet dataset are shown in Fig. which indicate that we need
an appropriate value for T to achieve faster convergence of the CA-DOT algorithm.
As the error floor in Fig. and Fig. reaches 1078 with the number of outer
loop iterations T, = 200, C-DOT and CA-DOT work well with a large network where
N =100 and N = 200. The results of the experiments from the real-world data with
different sizes of the network, different r, and various size of data further validate the

results from the synthetic experiments.
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Table 3.8: Parameters for MNIST experiments

N | Erdés—Rényi: p | r | T, | Consensus Itr | P2P (K)
20 10.25 5 400 | t+1 82.61
2t+1 85.25
50 88
20 10.25 10 | 400 | t+1 82.61
2t+1 85.25
20 88
100 | 0.05 5 1200 |t+1 43.88
2t+1 46.875
50 50
—— Consensus Itr Tc=min(t+1,50) —— Consensus Itr Tc=min(t+1,50)
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Figure 3.12: Results for CA-DOT algorithm with MNIST dataset corresponding to
parameters in Table
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Table 3.9: Parameters for CIFAR-10 experiments

N | Erdés—Rényi: p | r | T, | Consensus Itr | P2P (K)
20 | 0.25 51400 | t+1 76.98
2t+1 79.44
50 82
20 | 0.25 71400 | t+1 76.98
2t+1 79.44
50 82
100 | 0.05 71400 [ t4+1 44.4
2t+1 98.4
50 101.12
10°4 —— Consensus Itr Tc=min(t+1,50) 10°+ —— Consensus Itr Tc=min(t+1,50)
—— Consensus Itr Tc=min(2t+1,50) —— Consensus Itr Tc=min(2t+1,50)
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Figure 3.13: Results for CA-DOT algorithm with CIFAR-10 dataset corresponding to
parameters in Table

Table 3.10: Parameters for LEFW experiments

N | Erdés-Rényi: p | r | Consensus Itr | P2P (K)
20 | 0.25 7T1t4+1 42.12
2t +1 45
50 48
201 0.5 7T1t+1 82.49
2t+1 88.13
50 94
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Figure 3.14: Results for CA-DOT algorithm with LFW dataset corresponding to pa-

rameters in Table

Table 3.11: Parameters for ImageNet experiments

N | Erdés—Rényi: p | r | Consensus Itr | P2P (K)

10 | 0.5 5/ t+1 35.1
2t+1 37.5
50 40

20 10.25 5| t+1 32.47
2t+1 34.69
50 37

100 | 0.05 5/ t+1 47.91
2t +1 51.19
50 54.6

200 | 0.03 51t+1 50.37
2t+1 53.81
50 57.4
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Chapter 4

Conclusion and Future Work

In this thesis, we presented a solution for column-wise distributed PCA with an arbi-
trary connected aperiodic underlying network topology. This thesis provides theoretical
guarantees for C-DOT and CA-DOT algorithms when we perform enough number of
averaging consensus iterations. The algorithms offer hugely improved potential in scal-
ability. Furthermore, this thesis presents results of experiments on synthetic data, and
MNIST, CIFAR-10, LFW, and ImageNet datasets. The real-world datasets demon-
strate the performance of C-DOT and CA-DOT.

In the future, we want to provide theoretical guarantees for RDOT and adapt the
algorithm to minimize the communication cost. Moreover, the next step is to develop
a block-wise distributed PCA that works with massive data and can be deployed in
real-world applications, where each site can only store some observations and partic-
ular dimensions of the dataset. Furthermore, we want to design straggler handling
techniques to overcome the straggler effect. We can also apply optimal weight for a
star network for rapid convergence. Then, we can deploy C-DOT and CA-DOT in
real-world machine learning applications. Last but not the least, we want to compare

C-DOT and CA-DQOT algorithms with other column-wise distributed PCA algorithms.
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