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ABSTRACT OF THE DISSERTATION

TEST FOR SERIAL CORRELATION UNDER HIGH
DIMENSIONALITY AND IMPROVED CONVERGENCE RATE
FOR NORMAL EXTREMES

By YIJUN ZHU
Dissertation Director:

Han Xiao

In this dissertation, we proposed a new test for the serial correlation under high dimensionality,
based on the maximum self-normalized autocovariances. We show that the asymptotic distribu-
tion of the test statistics is the extreme value distribution of type I. To calibrate the size of test,
we use a multiplier bootstrap procedure, and prove the consistency under mixing conditions.
Our new test has a more accurate empirical rejection rate under the null hypothesis, compared
to the white noise test using the maximum cross correlation proposed by Chang et al. (2017).
We also consider a second test statistic, which is the sum of squared maximum and minimum
self-normalized autocovariances. It aims at killing two birds with one stone: to have an em-
pirical size that is closer to the nominal one, and to gain more power for detecting non-zero
autocorrelations. We demonstrate the sizes and powers of the proposed tests through extensive
numerical studies and a real example on economic indicators, which confirm their superiority
over existing methods. Since the convergence rate of the normal extreme is of critical impor-
tance for hypothesis tests based on extreme type test statistics, we consider a transform of the
normal extreme, with improved convergence rates. In this second project, we show that af-

ter a monotone transformation, the convergence rate of the squared normal extreme is of the

il



order (logn)~3, which is faster than the existing results, of the order (logn)~2 at their best.
More strikingly, we demonstrate that the empirical convergence speed is uniformly improved,

especially at the tails, even when the sample is of a moderate size.
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Chapter 1

Introduction

Testing for serial correlation is a fundamental problem in time series analysis. One of the most
important application is to test the whiteness of the residuals, after a model has been fitted to the
data. Many testing procedures for univariate time series (see for example Box and Pierce, 1970;
Ljung and Box, 1979; Hong, 1996; Romano and Thombs, 1996; Horowitz et al., 2006; Xiao and
Wu, 2014, among many others) have been extended to examine the whiteness of the multivariate
series. In particular, Hosking (1980), Li and McLeod (1981) and Poskitt and Tremayne (1982)
considered the multivariate portmanteau statistics, Hosking (1981) introduced the Lagrange
multiplier test, and Tiao and Box (1981) proposed the likelihood ratio test. The asymptotic
distributions of these test statistics are all established under the assumption that the dimension
of the time series is fixed. Furthermore, in most cases the time series under the null hypothesis
is assumed to be not only the white noise, but also iid for the validity of the theories.

For contemporary high dimensional time series, the traditional white noise tests often can-
not be implemented directly, or may lead to distorted sizes. Recently, Chang et al. (2017)
proposed an omnibus test, based on the maximum absolute auto- and cross-correlation of all
component time series. Since the distribution of the test statistic is not analytically tractable,
the critical values are given by dependent Gaussian multiplier bootstrapping. Despite the fact
that this new test and its variants show superior performances over the classical methods, the
tests themselves can be too conservative when the dimension is very high, and the empirical
rejecting probabilities are very close to zero when the time series are generated from various
white noise models.

We propose two new tests for the high dimensional white noise. The first one is based on
the maximum absolute self-normalized autocovariances, and the second one is based on the

sum of squared maximum and minimum of the self-normalized autocovariances. The choice



of the test statistics are motivated by a few reasons. First, it is natural to put the variables on
the same scale, before looking at the extreme values from them, so we use the self-normalized
version of the sample autocovariances. Second, if the sample autocovariances are at the same
scale, the asymptotic distributions of the extremes become analytically tractable. Third, since
there is usually no prior knowledge about the sign of the autocorrelations, including both the
maximum and the minimum in the test can be more adaptive to the unknown pattern under the
alternative.

We show that the asymptotic distribution of the maximum-based test statistic is the extreme
value distribution of type L. In particular, we allow the dimension to grow exponentially with
the sample size. Furthermore, the white noise under the null hypothesis needs not to be iid, and
only mixing conditions are required. We also find that under very mild dependence conditions,
the maximum and minimum sample autocovariances are asymptotically independent, which
implies that the limiting distribution of the second test statistic is a convolution of two extreme
value distributions. To calibrate the sizes of the proposed tests for finite samples, we employ
the dependent Gaussian multiplier bootstrap, which is similar to the one used in Chang et al.
(2018). The consistency of the bootstrap is also established.

We conduct an extensive numerical analysis to compare the sizes and powers of the pro-
posed tests with other methods. It is observed that our tests, especially the second one, are uni-
formly more accurate in terms of the empirical rejection probabilities under the null, comparing
with all other methods. At the same time, the powers of the proposed tests are comparable with
others. We use an economic dataset to illustrate the empirical performance of the tests. More
specifically, we use the white noise tests as diagnostics to identify a suitable autoregressive
model of the matrix-valued time series. While the tests in Chang et al. (2018) fail to detect the
autocorrelations, our tests are more sensitive, and direct us to use an autoregressive model with
two terms.

It is well known that usually the convergence rates of the extremes are very slow. For
example, as a classical result, Fisher and Tippett (1928) pointed out that the normal extreme
converges to the limiting distribution with a speed no faster than (loglogn)?/logn. In a se-

quence of papers (Hall, 1979, 1980), Peter Hall proved that the convergence rate of the squared



normal extreme can be improved to 1/logn by choosing a better centering constant, and it
can be further improved to 1/(logn)? if the squared normal extreme is also rescaled prop-
erly. Interestingly, these improved rates are not reflected through the empirical performances,
unless the sample size is extremely large. For example, when comparing the distributions of
the squared normal extremes, with two different centering constants, corresponding to the con-
vergence rates (loglogn)?/logn and 1/logn respectively, we find that the former is always
better approximated by the limiting distribution, even when the sample size is as large as 107,
although it leads to a slower rate theoretically. This is however not in contradiction with the
theories: only that a much larger sample size (perhaps unrealistic) is required!

Our major finding is that after a monotone transform, the convergence rate of the normal
extreme can be increased to 1/(logn)3. Both the point-wise and uniform rates are derived.
The most interesting findings are as follows. First, the actual distribution is significantly and
uniformly closer to the asymptotic one than existing results, even for moderate sample sizes
of hundreds or thousands. Second, the actual distribution is always stochastically dominated
by the asymptotic one. This second phenomenon has important implications for the hypothesis
tests based on the maximum: the corresponding asymptotic test is guaranteed to be conserva-
tive.

This dissertation is organized as follows. In Chapter 2 we prove a faster convergence rate
of the squared normal extreme, after a suitable monotone transform. Both the point-wise and
uniform convergence rates are shown to be 1/(logn)3. In addition, similar results are obtained
for the k-th maxima. We also illustrate the finite sample performances through some numerical
studies. Chapter 3 focuses on the new white noise tests for high dimensional time series.
The asymptotic distributions of both test statistics are derived. We also introduce a dependent
Gaussian multiplier bootstrap to calibrate the sizes of the test, and prove the consistency of
the bootstrapping procedure. A thorough numerical study is carried out to compare the sizes
and powers of the proposed tests with existing methods. We also apply our tests to identify a

suitable model for an economic dataset. At the end, Chapter 4 concludes with a short summary.



Chapter 2

Improved Convergence Rates of Normal Extremes

2.1 Introduction

Let X7, Xo,..., be a sequence of independent standard normal random variables, and let
M, := max{X;, Xo,...,X,} be the maximum of the first n of them. According to the
extreme value theory (see Leadbetter et al., 1983, for an overview), after proper centering and
rescaling, the limiting distribution of M,, is the extreme value distribution of type I, or the so

called Gumbel distribution, with the distribution function G1(z) = exp(—e™7). In fact, if we

define
an = (2logn)~1/?
log(1 log(4
B, = \/2logn — og(logn) + log(4)

2¢/2logn

then o, (M,, — B,) converges to (31 in distribution, i.e.

lim P [a, (M, — B,) < 2] = lim ®"(apz + B,) = exp (—e ), —00 < x < 00,
n—00 n—00
2.1
where ®(-) is the distribution function of N (0, 1).
The rate of convergence in (2.1) is extremely slow. The fact was noted by Fisher and Tippett
(1928), and studied more precisely by Hall (1979), who proved that the convergence rate in
(2.1) is no better than (loglogn)?/logn. Hall (1979) also found that if 3,; is the solution of

the equation

2m B exp(fny) = n?, 22)



and a1 = ,6’;11, then

¢ sup  [Plagt (M, — 1) < 2] — Gi(2)] < ¢ , (2.3)

logn —00< T <00 logn

where C'; and C5 are absolute constants. In other words, the convergence rate can be improved
to (logn)~! by choosing a better centering constant 3,,1. They further proved that the rate can
not be better than (log n)~! by choosing a different sequence of normalizing constants.

It is equivalent and sometimes more convenient to study the limiting behavior of M,
through its squared version M2. There are counterparts of (2.1) and (2.3) for M?2. More
importantly, Hall (1980) found that with a suitably chosen constants a,, and b,,, the normalized
sequence a,, ! (M2 — b,) converges to G1(z) with the rate (logn)~2. A detailed overview of
the progression regarding the convergence rates of normal extremes will be provided in Sec-
tion 2.2.3 via the squared version M 2.

While the aforementioned results are all on the uniform convergence rates, the convergence
to (G1 in the upper tail is of particular interests when performing hypothesis tests using max-
imum type statistics. For example, the stepdown procedure of Romano and Wolf (2005) for
multiple testing requires the knowledge about the upper quantiles of the maximum test statis-
tic. Cai et al. (2014) used the maximum coordinate-wise difference of two transformed sample
mean vectors to test the equality of two high dimensional means.

In Figure 2.1 we plot the empirical distributions of M2 with different choices of normaliz-
ing sequences. The black line is the theoretical cumulative distribution function (CDF) G, the
dashed, red and blue lines are empirical CDF corresponding to convergence rates in (2.1), (2.3)
and (log n)~2 respectively. Figure 2.2 zooms in on the upper tails. Despite the fact that the red
line is associated with a faster convergence rate than that of the dashed one, Figure 2.2 shows
that it is consistently farther from the theoretical CDF in the upper tail, even when the sample
size is as large as 10°. This needs not contradicts the theories on the uniform convergence rates,
because we see in Figure 2.1 that the dashed line deviates apparently from the black one in the
lower tail. However, tests based on the statistic in (2.3) will be quite off, and have no advantage
over the statistic in (2.1). On the other hand, the green line, corresponding to the rate (logn) 2,

shows the potential to outperform the dashed one, when the sample size is sufficiently large,



as shown in the bottom right panel of Figure 2.2. The issue is that the green line is below the
theoretical CDF, indicating that the corresponding asymptotic test is not conservative.

Our major finding is that the convergence rate can be further improved to (logn)~3 by
applying a monotone transform to M_2. Let b, := $[®~'(1 — 1/n)]?. Define Y;, through the
following transform of M2:

Y, =
8b2

2 -1
1—(1+M”2b”) ](4b3+2bn—2).

The results in Section 2.2 imply the following rate of convergence

C3
PY,<z)-G < .
Lo P s2) - Gi@)l < g

The blue lines in Figure 2.1 give empirical CDF of Y;,, which are almost identical with G; even
when the sample size is as small as 200. When zoomed into the upper tail in Figure 2.2, the
faster convergence of Y,, is more clearly seen. Furthermore, if Y,, is used as the test statistic for
the asymptotic test, it is not only more accurate, but also always conservative, since the blue
curve sits above the black one (for (G1) in the upper tail.

The rest of this article is organized as follows. We present and prove the point-wise and uni-
form convergence rates of Y,, in Section 2.2.1 and Section 2.2.2 respectively. In Section 2.2.3
we demonstrate how the faster convergence rate is achieved by comparing with existing results.
Similar convergence rates regarding the k-th maxima are presented in Section 2.2.4. Numer-
ical analysis and an application on testing the covariance structure are given in Section 2.3.
Additional figures, tables, and some technical results are relegated in the Appendix.

We conclude this section by a brief review of the literature on the convergence rates of
normal extremes. Cohen (1982) showed that the penultimate approximation can achieve the
(log n)~2 rate. Rootzén (1983) investigated the convergence rates of the extremes from a sta-
tionary Gaussian process. Hall (1991) found that the extreme of a continuous time Gaussian
process also has a logarithmic convergence rate. For convergence rates of extremes from a
non-Gaussian sequence, we refer to Hall and Wellner (1979), Smith (1982), Leadbetter et al.

(1983), de Haan and Resnick (1996), Peng et al. (2010) and references therein.



2.2 Main Results

We will first consider the pointwise convergence rates in Section 2.2.1, and then illustrate how
the faster rates are achieved by modifying the normalizing constants and applying a transform
of M2 in Section 2.2.3. The uniform convergence rates are given in Section 2.2.2. In Sec-
tion 2.2.4 we present the corresponding results for the k-th maxima. We make the convention

that C, C, Cy, . .. are generic absolute constants, whose values may vary from place to place.

2.2.1 Pointwise Convergence Rate

Let b,, be the solution of the equation 1 — ®(1/2b,,) = 1/n. Recall that Y}, is defined as:

Y, =
" 8b2

M2 —2b,\ !
1— <1 + "> ] (462 + 2b,, — 2) . (2.4)

According to the definition, v/2b,, is the (1 — 1/n)-th quantile of the standard normal distri-
bution. Since M2 > 0 and bs ~ .35, the transform given in (2.4) is strictly monotone when
n > 5, which we shall assume in the sequel.

Using the Newton-Raphson approximation (see Appendix 2.4.2 for detailed derivations), it

can be shown that
b, = logn — $loglogn — 3 log 4w + O(loglog n/ log n).
We first prove the pointwise convergence rate of Y,, to G. It is convenient to express the result

through b,,, which is of the order log n.

Theorem 2.1. For each fixed —oo < x < 00,

42 + 1522 + 30z
24b3

P(Y, <z)—Gi(z) =Gi(x)e” ™ +0(b,h).

Proof. Define the function g, () as the inverse transform of (2.4)

-1
X
gn(z) = [(1 — 4b2+%_2) — 1] - 8b2 + 2b,, (2.5)



Since (2.4) is a monotone transform, the event [Y;, < x] is equivalent to [M? < g, (z)]. It can

be shown that

r  2?+3z  22%+5z 4
gn(x) = 2b, + 22 — b + w2 A + O(b,"). (2.6)

When 7 is large enough, g,,(x) > 0, and we let x,, = [g,,(x)]"/2. Note that

P(M,, < z,) > P(M? < 22) = P(M,, < 2,)—P(M,, < —x,,) > P(M,, < 2,)—2"". (2.7)

According to Lemma 2.4.1 in Leadbetter et al. (1983), for any 0 < z < n,

0<e_2—(1—5> < — (2.8)
Let 7,(x) = n [1 — ®(x,,)], it follows that
P(M, < x,) = [1 — (1 — ®(x,))]" = exp[—7n(z)] + O(n 7). (2.9)

To evaluate 7, (), we make use the following series expansion of the normal tail probability

(Abramowitz and Stegun, 1964): for any z > 0, and any positive integer m,

1_@(2):¢(z){1_212+1~43+_”+(—1)m1-3...(2n_1)+Rm}7

z z z2m

where

> ¢(t)
t2m+2 dt’

Ry = (=)™ (2m 4 1)!

which is less in absolute value than the first neglected term. In particular, when m = 3, it holds

that for any z > 0,

<1—1+3—§>¢(2)<1—@(z)<<1—1+3—15+1§f)>¢(2) (2.10)

z 23 2 z 23 2 T

According to the definition of 7,,(z) and (2.10), we first do the Taylor expansion (up to the



order b, %) for

1 T 2 +3x  22®+5x

p— . 7b —_— — —

e Tebn T 22 4+6z 5+ 62 — 30z _
T Ve <1 %, sz 4sp O(bn4)> ’
T n n n
and
1 _(y +2$_£+$2+3x_2x2+5a} -1/
1 T 322 + 2z 5z + 8x2 + 6z _
_ LA L omh).

V2b, 2b,, 8bz 16b;

Combining the two preceding equations and rearranging the terms, we have

—x ,—bn 3 2
P(zn) e Te (1 r 42”432 — 6z +O(b;4)>.

Tn  JArh, o2 2463

According to (2.10), we also calculate

1 3 15 1 2x+3 42+ 14z +15 4
- S+ = - —=1-_— — O(b
2t as 2%, a2 303 (b.")

1 3 15 r 2’43z 4
S [ [ . e R ([ 5 1)
( 2%, 412 m><+%3 %g+("o

Recall b, is the solution of the equation 1 — ®(+/2b,,) = 1/n. According to the approximation

to normal probability function in (2.10), we have

ne~bn 1 3 15 )
@?m+w_%ﬁa%0 | @.11)
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Therefore,

< 13 15) né(zn)

l-—+—-—=
Tn

z  42® + 322 — 62 A 1 3 15 DR
—e @1 2 T T ) (1 — 2 b
¢ (1 202 ows T O )> <1 o, Tz " TO0)

1 3 15 r 2?43z 4
(11— — 4+ = 22 ) 1+ - L0
( 2, 42 853;) (*2@% o (">>

423 + 1522 + 30z
=e " (1- b,*
c < a1 O, >>

Since ng(x,)/z2 = O(b,*), we have by (2.10)

B 423 + 1522 + 30a:> o

_ T —4
i) = (1= 20 b4,

According to (2.9), it follows that

P(Y, < z) — Gi(2) = exp(—7n(z)) + O(n" ") — Gi(2)

423 + 1522 + 30z
24b3

=Gi(z)e™” +0(bh).

n

The proof is complete. O

Using (2.10) and Newton-Ralphson method, we have the following expansions for b,

— 2 _ 3
by = logn — A A-2 A°—6A+14 0 <(loglogn) ) 7 2.12)

2 * 4logn * 16(logn)? (2logn)3

where

A =loglogn + log4m.

Therefore, Theorem 2.1 implies that Y;, converges to G with the rate (logn) 3. The detailed

derivation of (2.12) is given in the Appendix.

2.2.2 Uniform Convergence Rate

In this section we establish the uniform convergence rate.
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Theorem 2.2. There exists an absolute constant ¢, such that

C1
—oo<r<0o0 (IOg 7’L)3.

We prove Theorem 2.2 using two lemmas. Recall that g,, (), defined in (2.5), is the inverse

transform of (2.4).

Lemma 2.1. Let {c,} be an increasing sequence of positive integers such that ci /b, — 0,

then

v 22+3z 222 +51  din(x)
= 2b, + 22 — — -

n

where limy, oo SUP_. <,<., |din(z)| = 0.

Proof of Lemma 2.1. According to (2.5), for —¢, < x < c¢,, we can obtain the following

expansion:
2 z -1
gn(T) = 2b, + 8b2 - <1 — W) _ 1]
= 2bn + 207 + x;b”; + x;’b? : (1 - “ZZ%Z)I , (2.13)
where

When n > 13, b, > 1, by series expansion of ,,, we have

g b B3 5 em
B T A

1 e
2 2n
— 1 —_ —_—
-1
3 x’)/n _

The following bounds can be easily verified: |e1,| < 1, |ean| < 2 and |es,| < 1. Then by

simplifying (2.13) we have

r 22 +4+3z 22%4+5z  16wer, + 4xleq, + 23(1 + e3p)
= 2, + 2z — — - :
gn(x) = 2by + 22 b o2 W 8b2
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The proof is completed by noting that

sup 16ze1, + 4z2eq, + 563(1 + e3n) < 8¢y, + 46,21 + cf’l

—0
—cn<z<cp 8bn 4bn

under the condition ¢} /b, — 0. O

Lemma 2.2. Let {c,} be the same sequence as used in Lemma 2.1, then

_ 423 + 1522 + 30z don(x)
Tn(.'L') =e z <1 — 24[)% + b3 s

n
where limy, oo SUP_, <,<., |d2n(7)| = 0 forall —c,, < x < ¢,

Proof of Lemma 2.2. Recall that x,, := [g,,(2)]'/2. Using the normal tail probability bound in

(2.10), we have

1 1 3 15 105n6(2n)
mwﬂw%(x—ﬁ+ﬁ—ﬂﬂsx9. @.14)

Write

1 1 3 15 zn \ ' no(z,) 1 3 15
Dl——=4+=——= | = . 1l-—=4+———=—1]. (2.15
W“%% o %) @%) », Tt w) G

Let

x T 22 +3z 222+ 57 din(a)
Tip = — — =5 -
T, 202 43 8b2 2

where dj,(x) is defined in Lemma 2.1. For the first term on the right hand side of (2.15), by

Lemma 2.1,
T -1 / T 3T 53
i =(l+a,) P=1-=" L — I 4 Rip(71n). 2.1
<\/m> ( + a1 ) 9 + 3 16 + Ry (xl ) (2.16)

Under the condition ¢;: /b, — 0, it holds that sup_, < <. [#1n| < 5¢n /by, and thus

o(1
sup  |Rin(z)| = 153)
—cn<z<cp n



The terms on the right hand side of (2.16) except for Ry, (z1,) can be expanded as

d3n (1’)

-1 2 3 2
T T 3xz% +2x  bSx° + 8x“ + 62
( — > - Rln(xln) =1 -

V2b,, %, 82 16b3

b3

n

13

Note that for each fractional term in x1,,, the power of x is no greater than that of b,,, and the

same claim holds for the series ds,,(z)/b3. Furthermore, the first term (of the smallest power

of ) in the expansion of ds,(z) is 23 /b,, which goes to 0 uniformly over —c, < x < c,.

Therefore, we conclude

lim sup |dsn(z)|=0

=0 e, <z<cn

The other two terms in (2.15) can be treated similarly:

14— — -

né(x,) ne e bn < v 22 +6x 5234622 —30r  dy(z)

V2b,  \/4rb,

2b,  8b2 483 b3

1 3 15 1 3 15 r 22 +3z  dsu(w)
1—+—:<1—+—>-<1+— +
x2  at o al 2b, 4b2  8b3 262 263 b3
where
1
sup  |dan(z)] =0 and |Rap(z)| = L:S),
_CnSZ'SCn bTL
1
sup |dsp(z)] =0 and |Rsn(z)| = LS)‘
—cn<z<cp bn
Combining all the preceding bounds together with (2.11), we have
1 1 3 15 . 423 + 1522 + 30z den ()
T eh R 1 —
ne(n) (xn x o ad x7> ¢ < 2463 b3

n n n

Using similar arguments as those for d3,,, we can verify that

lim sup |den(z)| =0.

It is easy to show thatsup_. <,<. n¢(zn)/

(2.14).

n

+ RQn(@) )

+R3n($)> )

)

= o(b,,;3). So the proof is complete in view of
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We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. Let c; be a generic absolute constant which may vary from place to
place. We consider three scenarios: * < —c¢p, —¢, < < ¢y and > ¢, with ¢, = 41logb,,.
Obviously, this choice of ¢, satisfies the condition cﬁ /by, — 0.

We begin with the situation —c,, < z < ¢,,. By (2.7), it holds that

<27

‘P(Yn <z)— (1 - T”($>>n

n

By (2.8) and Lemma 2.2, we have

3 2
(Y, < 2) - Gi(2)] < 2Gy (z)e—? <]4x + 152° + 30z N ]dgn(x)\> N 1 1

+ )
2453 b3

n
> 2 n

when 7 is large enough. Since sup_. <<, |don(z)| — 0, it suffices to show that

sup |Gy (z)e " (423 + 1522 + 30z)| < oc.

—cn<z<cpn

Numerical evaluations show that

sup |G1(x)e_x(4:r3 + 1522 + 30z)| < 20

—oo<r<o0

Therefore, we have
C1

S PY,<z)-G < )
5w B < 2) = Gil@)] < (o

Now we consider the second scenario = > ¢,,. We will show that both G (z) and P(Y;, <
) are close to 1, and their differences from 1 are of the order 1/(logn)3. Since z > ¢, =
4log by,

G1(x) = exp(—e™®) > exp(—bt) > 1 — 1/b. (2.17)
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On the other hand, recall the definition of g(-) in (2.5)

1—P(Y, <z) <P(Y, > 4logb,) =P [M} > g(4logby)]
<P(M?>2b,+4logh 8
i e Bt R TR T )
Note that 82 /(4b2 + 2b,, — 2) > 1.5 for n > 33. Let y2 = 2b,, + 6log by, then
P(Mp > yn) <P(My, > y,) +1/2".

Let 7, = n[l — ®(y,)]. Using the normal tail probability bounds (2.10), we have

T < o (2b,, + 6log bn)_l/2 - exp(—b, — 3logb,)

V2T
ne bn 3loghb, —1/2
= A <1 bg ) -exp(—3logby,)

Recall 1 — ®(/2b,,) = 1/n, so that by (2.10)

ne (0 1N
V4mh,, 2by, .

When n > 33, we have

3logb, —1/2 1\ !
<1+ b, ) . 1—% <1,

Tn < exp(—3logb,) = 1/b2.

and it follows that

Using (2.8), we deduce that when 7 is large enough

1
<71+ —--.

n Tn\" —Tn
P(Ma 2 ) = 1= (@(ga))" =1 (1= ) <1 —e7m 4 — —

n
Therefore, we conclude

1 1 1 c1
1-PY, < —_—t — + —
(n_x)<b3+n—1+2”<(logn)3’

n
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for some absolute constant c;. The preceding inequality, together with (2.17), completes the
proof for xz > c,.

Finally we consider © < —¢,, by showing that both G (x) and P(Y,, < x) converge to 0
faster than 1/(logn)3. Using the definition of b,, we have when n > 33, and z < —¢, =
—4logb,,

G1(z) = exp(—e™®) < exp(—bt) < 1/b2.

On the other hand, when x < —41logb,,,

8b2
P(Y, < z) < P[M? < g(—4logb,)] <P M? < 2b, —4logby, - ———2— | .
(Y, < 0) < PIME < g(~1ogt,)] < P (M2 < 20— Aoy, S0t )

Again since 8b2 /(4b2 + 2b, — 2) > 1.5 when n > 33, if we let y/,”> = 2b,, — 6log b,,, then

Let 7, = n[l — ®(y/,)], we have by (2.10)

ne

(o) < expd e (- 3logbn R ! (3log by)
R A b (2bn — 6log by)2 ) FPL2108%n

< exp{—exp(3loghy,)}

<1/b2,

when n is large enough. We conclude by (2.8)

1 1 C1
P(Y, <)< =+~ < :
(Yo <o) B (logn)?

n

which completes the proof. O

2.2.3 Comparisons of Different Convergence Rates

The best uniform convergence rate that can be obtained for M2, if only centering and rescaling

is allowed, is (logn)~2. We will give a summary of the progression in the literature. We also

explain why the transformed M? can have a faster convergence rate (logn) 3.
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In order for M? to have the limiting distribution G'1, the simplest option is to choose
bn1 = logn — log(logn)/2 — log(4m)/2;

then as a counterpart of (2.1), it holds that %(M,% —2by,1) = G1, where we use = to denote the
convergence in distribution. Using similar arguments as given in Hall (1979), it can be shown
that the convergence rate is (log log n)2 /logn. Similarly as (2.2), if by, is the solution of the
equation

47bpg exp(2bpe) = n?,

and M? is centered by b,2, then the rate of convergence is analogous to (2.3)

O 1/ r2 Ca
P|5(M; — 2bye) < x| — i
logn < —OOSBJIJLOO‘ [2( " 2) - l'] Gl(x)‘ < logn

(2.18)

Again (2.18) can be established following the proof in Hall (1979).
We note that 1/2b,,; is an approximation of the (1 — 1/n)-th quantile of standard normal

distribution obtained by using the following approximation of the tail probability:

1 1 1
1-@ (\/m) ~ \/TTT : W -exp(—bn1) = n’

and by, is obtained by the following approximation of 1 — ®(/2b,,2):

1 1 1
1—-® (\/ 2bn2) ~ E . \/m . eXp(—an) = ;

If we choose by,3 through a more precise approximation of 1 — ®(/2b,3):

1 1 1
1= (V2ha) ~ o (1 - 2%) exp (~bua) = 1,

and set a,3 = 2 — 1/by3, then a3 (M2 — 2b,3) = G with the convergence rate

Cl —1 2 CQ
P M* —2 < — .
(logn)? < 7oosllf<oo| [%3( " bn3) < x] Gl(m)‘ < (logn)?

(2.19)
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The way we represent the preceding result is slightly different from the original one given by
Hall (1980). The choices of a3 and b,,3 differ from those in Hall (1980) by smaller order terms,
which do not affect the convergence rates. We choose the current formulation in order to have
a better comparison with our main result.

To achieve a better rate of convergence, we first choose b, precisely through 1—®(+/2b,,) =

1/n. Second, observe that the events in (2.18) and (2.19) can be written as

M? < 2byo + 2z

M2 < 2by3 + 23 — 2 /b3

respectively. According to (2.6), the event [Y,, < z] implies that

x z? + 3z

M2 <2b,+20— — 4 LT
n S

+0 (b,%).

n

We see that a term of order O(b,,2) is needed on the right hand side to achieve the convergence
rate (logn)~3 in Theorem 2.1.
2.24 k-th Maxima

In this section we present pointwise and uniform convergence rates for the k-th maxima M, ,
defined as the k-th largest among the first n variables { X1, X», ..., X,,}. These results follow

from almost the same arguments as those for the maxima, so we state them without proofs.

Theorem 2.3. Let by, be the solution of the equation 1 —®(+/2b,,) = 1/n. For an given positive

integer k, define

-1
M2, —2b, )

(i) For each fixed —oco < x < o0, it holds that

ek 423 + 1522 + 30z
(k—1)! 24b3

P(Y,x < z) — Gr(z) = G1(z) +0(b, Y,
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where G(z) = G1(z) Z?;& e e/,
(ii) There exists a constant co > 0, such that

C2

P(Yor <z)— -
_o§3£)<oo| (Yop < 2) = Grla)] < (logn)3

2.3 Applications and Numerical Comparisons

2.3.1 Numerical Comparisons

In this section, we numerically compare the convergence rates of different versions of the nor-
malized M2, introduced in Section 2.2.3. Specifically, we compare G1(x) with the CDF of
Vo1 1= 3(M2 = 2by1), Yoo := 2(M2 — 2b,2), Yog 1= (2 — 1/bng) " H(M2 — 2by3), and Y,
labeled by b,,1, b2, b3 and by, respectively in Figure 2.1. The vertical lines mark 90%, 95%
and 99% quantiles of Gumbel distribution. We see that the distribution of Y;, (blue curve) is
uniformly closer to G1(z), no matter what the sample size is. Figure 2.2 zooms into the upper
tail for a clearer visualization. An interesting finding is that the faster theoretical convergence
rates of Y2 and Y,,3 over Y,,1, are not reflected through the plots for Y,,2 even when the sample
size is as large as 10°. The distribution of Y},3 starts to be closer to G1(x) in the upper tail
when n = 10°. We remark that the inferior performances of Y2 and Y;,3 need not necessarily
contradicts the theoretical convergence rates: from Figure 2.1 it is seen that the convergence
of Y},1 is much slower in the left tail. On the other hand, in Figure 2.2 it is more clearly seen
that Y,, always has a faster convergence rate, compared with the rest. Furthermore, the CDF of
Y., lies above G'1(x), indicating that if a hypothesis test is based on the maximum type statis-
tic, then it is guaranteed to be conservative by using Y,,. This is in contrast to Y;,3, which is
always below G'1(x). Similar patterns are observed for the second maxima in Figure 2.3. Two
additional figures for the 3rd and 4th maxima are given in the Appendix.

Let ¢, be the (1 — a)-th quantile of G1(z). We find the smallest sample size n such
that P(Y,, > c¢,) reaches £10% of «. The results are summarized in Table 2.1 for all of
Yo, © = 1,2,3 and Y,,. Overall Y;, needs much smaller sample sizes. Such sizes do not exist

for Y;,2 when n < 10%, so we choose not to report them.
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Figure 2.1: Comparison of the CDFs.

Table 2.1: Smallest sample size to reach +10% of the norminal level.

« Y1 Yo Y3 Y,
10% 92 - 1230 | 293
5% 995 - 3639 | 686
1% | 359965 | - | 38208 | 4126
2.3.2 An Example
In this section, we consider an example on testing the covariance structure. Suppose x1,..., TN

is a sequence of independently and identically distributed p-dimensional random vectors. Let

R = {pij }1<i j<p be the correlation matrix of ;. Consider the hypothesis testing problem:

Hy:R=1, vs Hi:R#I,

Jiang et al. (2004) proposed to use the maximum absolute sample correlation Ly = maxi<;<j<p | fij|
as the test statistic, and proved that %(N L?V — 2by,1) converges in distribution to G, where
n = p(p — 1)/2. We consider the test statistics T, @ = 1,2, 3 and T, which are defined in

the same way as Y,; and Y, in Section 2.3.1, but replacing M? therein by N L?V. The p-values
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Figure 2.2: Comparison of the CDFs in the upper tail.

are calculated by comparing the test statistics with the Gumbel distribution G;. By treating the
sample correlations N p;; as iid standard normal random variables, we obtain another approxi-
mation of the p-value, given by 1 — [®(NL3,)]". The test done this way is named as 7p. We
report the empirical rejection probabilities based on 5000 repetitions in Table 2.2 and Table 2.3,
where x; ~ N(0, 1)), and x; has iid ¢7 entries, respectively. We see that the empirical sizes
of Ty, T’y and Tj are in general close to the nominal ones, and their performances are stable
across different sample sizes and dimensions. The results are also consistent with our findings
in Section 2.3.1. Six more extensive tables, covering more sample sizes and dimensions, are

given in the Appendix.

2.4 Appendix

2.4.1 Transformation of )/,

Recall
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Figure 2.3: Comparison of CDFs for second maxima.

For n > 5, this transformation is strictly monotone. Then [Y;, < z] implies that

M?2 — 2b, x n z?
8b2 T 4b2 +2b, —2  (4b2 + 2b, — 2)?

which further implies:

1 1\ 22 1 1\72
M2 <2, +2z- (14— — — Loy
n S Son e ( o, 25%) o < o, 2b%>

1 3 5 z2 1
=2, +22- (1— —+ — — —— 4+ 0(b,* — . (1-—+0®b,>
+x< o, a2 R T (”)>+2b% ( b <"))

2 2
T ¢ +3x 2x°+ 5x
=2b 2r — — —
n + 22 bn+ Zb% 4b§;

+0(b, ")



Table 2.2: The empirical rejection probabilities (%) when x; is N (0, I,,).

23

n = 256 n = 512 n = 1024
p Test
10% 5% 1% 10% 5% 1% 10% 5% 1%
32 1Tp 8.96 442 0.72 9.64 486 094 10.74 5.60 1.28
T 8.62 4.02 0.62 894 448 0.78 10.28 5.02 1.10
Tno 7.10 336 048 7.72 3.80 0.54 8.48 4.18 0.80
Tns 10.06 5.12 1.02 10.64 546 1.16 11.92 642 1.62
TN 8.94 428 0.66 946 472 0.88 10.64 536 1.20
64 Tj 7.68 3.78 0.80 9.94 534 0.80 942 474 1.00
T 7.48 3.30 0.66 946 472 0.70 9.02 444 084
Tno 6.26 2.76 0.62 842 396 0.66 7.88 3.84 0.70
T3 844 4.10 0.96 10.60 5.88 0.90 10.06 5.12 1.10
TN 7.68 3.76 0.72 9.88 5.24 0.80 9.36 4.70 0.96
128 1T 7.60 3.32 0.62 9.30 4.86 0.80 9.86 4.82 0.98
Tt 7.34 3.12 0.60 8.90 4.52 0.72 9.56 4.58 0.82
Tno 6.26 2.72 0.60 7.86 3.82 0.66 8.20 4.00 0.68
Tns 8.16 3.82 0.66 9.78 5.14 0.90 10.14 530 1.14
Tn 7.60 3.32 0.62 9.30 4.78 0.78 9.86 4.76 0.92
256 1Tj 6.44 294 0.34 8.64 396 0.62 8.54 422 0.74
Tt 6.08 2.70 0.28 846 3.78 0.58 8.38 398 0.64
Tno 5.40 238 0.24 7.42 328 0.52 748 3.64 042
Tns 6.80 3.10 0.42 8.92 426 0.72 9.16 442 0.80
Tn 6.44 292 0.34 8.66 394 0.60 8.54 420 0.70

2.4.2 Expansion of b,

Recall b, is the solution of the equation 1 — ®(+/2b,,) = 1/n. We use the following approxi-

mation to the normal density:

o= (1

1
z

1

3

3 15
S—

Then +/2b,, is the solution of the following equation:

1

V2r

_2 (1
e 2 | ——
(;

3
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ot

(2.20)

Our goal is to use three consecutive applications of the Newton-Raphson approximation method

to obtain the solution of (2.20) and then calculate b,, accordingly. Let

(

1

T

1

3

3

15

A L

).



Table 2.3: The empirical rejection probabilities (%) when x; has iid ¢ entries.

n = 256 n = 512 n = 1024
p Test
10% 5% 1% 10% 5% 1% 10% 5% 1%
32 1Tp 9.84 482 1.02 9.18 470 1.24 10.22 5.28 1.12
T 9.28 4.36 0.76 8.82 434 1.06 9.58 4.66 0.92
Tno 7.84 374 0.66 728 372 092 8.26 390 0.68
Tns 10.74 5770 1.36 10.04 532 140 11.38 6.12 1.20
TN 9.70 4.66 0.84 9.14 444 1.16 10.02 5.02 0.98
64 Tj 9.28 428 0.94 10.18 5.02 0.82 9.02 478 1.00
T 8.96 3.88 0.70 9.80 4.50 0.68 8.46 454 0.78
Tno 7.70 3.44 0.52 842 394 0.56 7.44 3.82 0.70
T3 9.72 4774 1.04 10.76  5.44 0.98 9.82 528 1.14
TN 924 422 0.84 10.18 494 0.78 9.00 4.74 0.88
128 1T 9.14 4.64 0.82 9.74 490 1.30 9.96 4.76 0.94
Tt 8.90 432 0.76 9.32 460 1.14 9.58 444 0.84
Tno 7.82 390 0.56 8.10 3.76 0.84 8.26 3.84 0.70
Tns 9.64 4.84 0.90 10.20 5.16 1.50 1032 5.10 1.08
Tn 9.14 4.58 0.80 9.74 480 1.20 9.96 4.66 0.90
256 1Tj 9.08 4.32 0.94 10.20 4.98 0.98 9.98 536 1.30
T 8.80 4.02 0.88 996 474 0.84 9.68 5.02 1.18
Tno 7.92 350 0.86 8.82 4.18 0.80 8.84 452 1.10
Tns 936 472 1.04 10.58 5.30 1.04 1048 5.62 1.38
Tn 9.08 4.30 0.94 10.20 498 0.94 9.98 530 1.20

then the derivative of f(z) is:

‘We start from

A
=4/21 -
o 08T 2y/2logn’

where

A =loglogn + log 4.

By Newton-Raphson approximation method,

f(xo) 4 f'(z0)(x1 — x0) = 1/n.



Then we can obtain:

A A? —4A +8
r1 = +/2logn — — .
2y2logn 8 (210gn)3/2

Repeat this procedure for two more times, we have

A A2 —4A+8 A3 —8A2 4+ 32A — 56
T9 = +/2logn — - -
2 2\2logn 8 (2logn)*? 16 (2log 1)/

AZ —4A+8 A3 —8A2 4+ 32A — 56

A
r3 =+/2logn — — —
2y2logn 8 (2logn)*/? 16 (21ogn)*/?
15A% — 184A3 4 1152A2 — 4128A + 7040
384 (2logn)™/? '

Then by b,, = x% /2, it can be easily calculated:

A A-2 A?2-6A+14 O((loglogn)3>

by = logn — = :
gt 4logn * 16(log n)? (2logn)3

2.4.3 k-th Maxima
Recall that x,, is defined as

2 2

5 r z°+3xr 2z +5z _4
= 2b, + 22 — — — .

T n + 22 b + 202 e )

25
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Event [Y,, , < z] is equivalent to [M?, < z2]. Following the similar argument in Hall (1980),

we have:

< xn) — Gk($) + O(nk_12_”)

k—1
= <n) @"*J( n) (1 —&(z ))j — Gr(z) + O(nk’12’")
=0 N
k—1 4 k—1
=> 0" (z) (n (1= @(xn))) /5! = Gr(2) Y e 37/j!+ O(n™")
j=0 J=0
B e 423 + 1522 + 3()96
=exp e 2458
k—1 J
. 423 + 1522 + 30z
. —Jjz _ il
7=0
k=1
—Gi(z)) e/ +0(n™)
=0
. 42® 4+ 152% + 30z 4
:G1(x){ (1 +e - 2007 + O(b, )>
k—1 j k—1
iz 423 + 152° + 30z R i
A e J <1— 2458 + O(b, )> /]!—Zej/]!}
7=0 7=0
+ O(n_l)
40 + 152% + 302 N~ _;
— . . —Jjz i
e~k 43 4 1522 + 302 _4
Gl(‘r)(k‘—l)! : 2458 +O(b,")

2.4.4 Additional Figures

In this section we provide comparisons of the CDFs of the third and fourth maxima.

2.4.5 Additional Tables

In this section we provide a more extensive simulation results for the example in Section 2.3.2,

covering more sample sizes and dimensions.
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Figure 2.4: Full plot of different convergence rates for third maximum
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Table 2.4: The empirical sizes (%) at nominal level = 10% where x; are independent and
N(0, Ip)

p Test n=128 n =256 n=>512 n=1024 n =2048

16 Tj 8.26 9.82 9.68 10.24 9.96
bn1 7.80 8.92 8.96 9.20 9.22

b2 6.04 7.14 7.64 7.52 7.36

bna 10.42 11.52 11.68 12.10 11.78

by, 8.02 9.50 9.32 9.66 9.64

32 Tp 7.58 8.96 9.64 10.74 10.18
bn1 7.00 8.62 8.94 10.28 9.46

b2 5.46 7.10 7.72 8.48 7.86

b3 8.80 10.06 10.64 11.92 11.32

by, 7.46 8.94 9.46 10.64 10.08

64 T1j 5.80 7.68 9.94 9.42 10.36
bn1 5.50 7.48 9.46 9.02 9.98

b2 4.56 6.26 8.42 7.88 8.78

b3 6.36 8.44 10.60 10.06 11.06

by, 5.80 7.68 9.88 9.36 10.30

128 1Tp 5.70 7.60 9.30 9.86 9.46
bn1 5.48 7.34 8.90 9.56 9.12

b2 4.70 6.26 7.86 8.20 8.14

b3 6.00 8.16 9.78 10.14 9.76

by, 5.70 7.60 9.30 9.86 9.46

256 T 4.50 6.44 8.64 8.54 9.44
bn1 4.28 6.08 8.46 8.38 9.16

b2 3.72 5.40 7.42 7.48 8.30

bn3 4.74 6.80 8.92 9.16 9.84

by, 4.50 6.44 8.66 8.54 9.44
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Table 2.5: The empirical sizes (%) at nominal level = 5% where x; are independent and

N(0,1,)

p Test n=128 n =256 n=>512 n=1024 n =2048
16 Tp 3.84 4.66 5.22 5.14 4.94
bn1 3.44 4.00 4.60 4.36 4.34
bna 2.72 322 3.76 3.50 3.58
bna 5.04 6.18 6.68 6.74 6.34
by, 3.58 4.14 4.76 4.52 4.50
32 T 3.34 4.42 4.86 5.60 5.06
bn1 3.02 4.02 4.48 5.02 4.68
bna 2.26 3.36 3.80 4.18 3.92
bn3 3.96 5.12 5.46 6.42 5.64
by, 3.26 4.28 4.72 5.36 4.90
64 Tp 2.52 3.78 5.34 4.74 5.46
bn1 2.32 3.30 4.72 4.44 4.94
bna 1.88 2.76 3.96 3.84 4.20
bns 2.70 4.10 5.88 5.12 6.04
bn 2.48 3.76 5.24 4.70 5.26
128 1Tp 2.48 3.32 4.86 4.82 4.56
bn1 2.30 3.12 4.52 4.58 4.22
bna 1.88 2.72 3.82 4.00 3.68
bns 2.84 3.82 5.14 5.30 4.98
bn 2.48 3.32 4.78 4.76 4.52
256 1Tp 1.94 2.94 3.96 4.22 4.72
bn1 1.78 2.70 3.78 3.98 4.38
bna 1.54 2.38 3.28 3.64 3.88
bna 2.02 3.10 4.26 4.42 4.96
bn 1.94 292 3.94 4.20 4.70




31

Table 2.6: The empirical sizes (%) at nominal level = 1% where x; are independent and
N(0, Ip)

p Test n=128 n =256 n=>512 n=1024 n =2048

16 Tj 0.52 1.00 1.00 1.10 0.98
bn1 0.42 0.78 0.78 0.86 0.70
b2 0.32 0.60 0.64 0.72 0.56
bn3 0.86 1.48 1.52 1.50 1.58
by, 0.38 0.76 0.74 0.80 0.64
32 Tp 0.46 0.72 0.94 1.28 1.10
bn1 0.38 0.62 0.78 1.10 0.84
b2 0.30 0.48 0.54 0.80 0.68
b3 0.52 1.02 1.16 1.62 1.48
by, 0.38 0.66 0.88 1.20 0.88
64 T1j 0.46 0.80 0.80 1.00 1.02
bn1 0.36 0.66 0.70 0.84 0.88
b2 0.30 0.62 0.66 0.70 0.68
b3 0.50 0.96 0.90 1.10 1.16
by, 0.38 0.72 0.80 0.96 1.00
128 1Tp 0.30 0.62 0.80 0.98 0.94
bn1 0.26 0.60 0.72 0.82 0.78
b2 0.26 0.60 0.66 0.68 0.66
b3 0.38 0.66 0.90 1.14 1.04
by, 0.28 0.62 0.78 0.92 0.90
256 T 0.28 0.34 0.62 0.74 0.92
bn1 0.18 0.28 0.58 0.64 0.84
b2 0.18 0.24 0.52 0.42 0.74
bn3 0.34 0.42 0.72 0.80 1.04

by, 0.24 0.34 0.60 0.70 0.92




Table 2.7: The empirical sizes (%) at nominal level = 10% where z; are i.i.d. t7

p Test n=128 n=256 n=>512 n=1024 n = 2048

16 Tj 8.54 9.62 9.88 9.86 9.62
bn1 7.74 8.98 8.88 9.10 8.82
b2 6.12 7.02 7.08 7.40 6.94
bn3 10.58 11.40 11.68 11.86 11.18
by, 8.26 9.42 9.32 9.46 9.22
32 Tp 8.86 9.84 9.18 10.22 9.82
bn1 8.38 9.28 8.82 9.58 9.26
b2 7.00 7.84 7.28 8.26 7.72
bn3 9.88 10.74 10.04 11.38 10.74
by, 8.76 9.70 9.14 10.02 9.66
64 1o 7.74 9.28 10.18 9.02 9.74
bn1 7.32 8.96 9.80 8.46 9.52
b2 6.10 7.70 8.42 7.44 8.10
bn3 8.42 9.72 10.76 9.82 10.38
by, 7.72 9.24 10.18 9.00 9.72
128 1Tp 7.84 9.14 9.74 9.96 9.84
bn1 7.60 8.90 9.32 9.58 9.54
b2 6.58 7.82 8.10 8.26 8.36
bn3 8.32 9.64 10.20 10.32 10.32
by, 7.84 9.14 9.74 9.96 9.84
256 T 7.40 9.08 10.20 9.98 10.62
bn1 7.20 8.80 9.96 9.68 10.10
b2 6.48 7.92 8.82 8.84 9.08
bn3 7.64 9.36 10.58 10.48 10.94

by, 7.40 9.08 10.20 9.98 10.62




Table 2.8: The empirical sizes (%) at nominal level = 5% where z; are i.i.d. ¢7

p Test n=128 n=256 n=>512 n=1024 n = 2048

16 Tj 4.02 4.66 4.46 5.16 4.30
bn1 3.56 3.96 3.98 4.54 3.66
b2 298 2.98 3.16 3.46 2.96
bn3 5.12 5.92 6.00 6.44 5.98
by, 3.70 4.16 4.10 4.72 3.88
32 Tp 4.34 4.82 4.70 5.28 4.96
bn1 3.92 4.36 4.34 4.66 4.68
b2 322 3.74 3.72 3.90 3.84
bn3 5.08 5.70 5.32 6.12 5.66
br, 4.20 4.66 4.44 5.02 4.90
64 1o 3.66 4.28 5.02 4.78 4.98
bn1 3.38 3.88 4.50 4.54 4.40
b2 2.82 3.44 3.94 3.82 3.70
bn3 4.20 4.74 5.44 5.28 5.54
bn, 3.66 4.22 4.94 4.74 4.90
128 Tp 4.06 4.64 4.90 4.76 4.62
bn1 3.90 4.32 4.60 4.44 4.30
b2 3.56 3.90 3.76 3.84 3.82
bn3 4.28 4.84 5.16 5.10 5.08
by, 4.02 4.58 4.80 4.66 4.56
256 T 3.84 4.32 4.98 5.36 5.32
bn1 3.60 4.02 4.74 5.02 5.10
b2 3.36 3.50 4.18 4.52 4.64
bn3 4.00 4.72 5.30 5.62 5.54

by, 3.80 4.30 4.98 5.30 5.26




Table 2.9: The empirical sizes (%) at nominal level = 1% where z; are i.i.d. ¢7

p Test n=128 n=256 n=>512 n=1024 n = 2048

16 Tj 0.80 0.78 0.88 1.04 1.04
bn1 0.64 0.60 0.78 0.90 0.86
b2 0.48 0.50 0.68 0.76 0.68
bn3 1.18 1.24 1.36 1.46 1.40
by, 0.60 0.58 0.74 0.88 0.82
32 Tp 0.76 1.02 1.24 1.12 0.84
bn1 0.58 0.76 1.06 0.92 0.58
b2 0.50 0.66 0.92 0.68 0.52
bn3 1.06 1.36 1.40 1.20 1.22
by, 0.62 0.84 1.16 0.98 0.66
64 1o 0.56 0.94 0.82 1.00 0.98
bn1 0.52 0.70 0.68 0.78 0.84
b2 0.44 0.52 0.56 0.70 0.60
bn3 0.66 1.04 0.98 1.14 1.14
by, 0.54 0.84 0.78 0.88 0.94
128 Tp 0.76 0.82 1.30 0.94 0.98
bn1 0.74 0.76 1.14 0.84 0.86
b2 0.66 0.56 0.84 0.70 0.64
bn3 0.92 0.90 1.50 1.08 1.12
by, 0.76 0.80 1.20 0.90 0.94
256 T 0.68 0.94 0.98 1.30 1.10
bn1 0.64 0.88 0.84 1.18 1.00
b2 0.58 0.86 0.80 1.10 0.94
bn3 0.80 1.04 1.04 1.38 1.18

by, 0.68 0.94 0.94 1.20 1.10
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Chapter 3

Test for Serial Correlation under High Dimensionality

3.1 Introduction

White noise or serial correlation test is of fundamental importance in time series analysis,
and has been extensively studied in both statistics and econometrics. It is one of the most
important diagnostics to assess the adequacy of a fitted model. For the univariate case, classical
portmanteau test (Box and Pierce, 1970; Ljung and Box, 1979) has been a standard procedure.
For an overview of its variants, see Escanciano and Lobato (2009). The classical portmanteau
test involves a fixed number sample autocovariances. Many tests have also been proposed
to take account of possible serial correlations at large lags, including Deo (2000), Durlauf
(1991), Hong (1996), Robinson (1991) and Shao (2011), among others. For many of these
tests, the asymptotic distributions are only valid when the time series under the null hypothesis
is i.i.d., and the sizes of the tests are distorted if the underlying series is uncorrelated but not
independent. The performance of the tests can be improved using bootstrap methods, see for
example Horowitz et al. (2006) and Romano and Thombs (1996). Recently, Xiao and Wu
(2014) proposed to use the maximum absolute sample autocovariances as the test statistic, and
showed that it is powerful to the alternative autocovariance sequence with a few spikes. Due
to the slow convergence rates of normal extremes, they proposed to use the blocks of blocks
bootstrap (Horowitz et al., 2006) to improve the finite sample performance. Hill and Motegi
(2016) considered bootstrapping similar statistics using dependent wild bootstrap (Shao, 2010).

For multivariate white noise test, portmanteau procedures were proposed and studied by
Hosking (1980), Li and McLeod (1981) and Poskitt and Tremayne (1982), among others.
Hosking (1981) considered the score or Lagrange multiplier test when the alternative is a vector

autoregressive moving average process. These tests are designed in the classical setting where
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the dimension of the series is treated as fixed.

Recently there has been an emerging interest on modeling high dimensional time series.
Roughly speaking, these works fall into two major categories: (i) vector autoregressive model-
ing with regularization (Davis et al., 2016; Basu et al., 2015; Guo et al., 2016; Han et al., 2015,
2016; Nicholson et al., 2017; Song and Bickel, 2011; Kock and Callot, 2015; Negahban and
Wainwright, 2011; Nardi and Rinaldo, 2011, among others), and (ii) dynamic factor models
(Bai, 2003; Forni et al., 2005; Lam et al., 2011, 2012; Wang et al., 2019; Chen et al., 2018;
Ghosh et al., 2019; Chen et al., 2019, among others).

It is of great interest to study the white noise test for high dimensional time series, either as
an initial step before any modeling, or as a diagnostic after a model has been fitted. However,
for the contemporary high dimensional data, the aforementioned classical tests often cannot be
implemented directly, or may lead to distorted sizes. Chang et al. (2018) considered the white
noise test for high dimensional time series, and proposed to use the maximum sample cross
correlation as the test statistic. The distribution of the test statistic is not tractable analytically.
They adopted a wild bootstrap procedure, where the critical value was obtained by sampling
the maximum of a very high dimensional Gaussian random vector. Using the result from Cher-
nozhukov et al. (2013), they showed that the test is consistent if the covariance matrix of this
Gaussian vector is chosen as the kernel estimate of the covariance matrix of all sample cross
correlations involved in the test. Despite of the better performance than classical procedures,
this test can be conservative itself under high dimensionality, i.e. the empirical rejection prob-
abilities are very close to zero when the time series are generated from various white noise
models.

We propose two new tests for the high dimensional white noise. The first one is based on
the maximum absolute self-normalized autocovariances, and the second one is based on the
sum of squared maximum and minimum of the self-normalized autocovariances. The choice
of the test statistics are motivated by a few reasons. First, it is natural to put the variables on
the same scale, before looking at the extreme values from them, so we use the self-normalized
version of the sample autocovariances. Second, if the sample autocovariances are at the same

scale, the asymptotic distributions of the extremes become analytically tractable. Third, since
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there is usually no prior knowledge about the sign of the autocorrelations, including both the
maximum and the minimum in the test can be more adaptive to the unknown pattern under the
alternative.

We show that the asymptotic distribution of the maximum-based test statistic is the extreme
value distribution of type I. In particular, we allow the dimension to grow exponentially with
the sample size. Furthermore, the white noise under the null hypothesis needs not to be iid, and
only mixing conditions are required. We also find that under very mild dependence conditions,
the maximum and minimum sample autocovariances are asymptotically independent, which
implies that the limiting distribution of the second test statistic is a convolution of two extreme
value distributions. To calibrate the sizes of the proposed tests for finite samples, we employ
the dependent Gaussian multiplier bootstrap, which is similar to the one used in Chang et al.
(2018). The consistency of the bootstrap is also established.

We conduct an extensive numerical analysis to compare the sizes and powers of the pro-
posed tests with other methods. It is observed that our tests, especially the second one, are uni-
formly more accurate in terms of the empirical rejection probabilities under the null, comparing
with all other methods. At the same time, the powers of the proposed tests are comparable with
others. We use an economic dataset to illustrate the empirical performance of the tests. More
specifically, we use the white noise tests as diagnostics to identify a suitable autoregressive
model of the matrix-valued time series. While the tests in Chang et al. (2018) fail to detect the
autocorrelations, our tests are more sensitive, and direct us to use an autoregressive model with
two terms.

The rest of the chapter is organized as follows. Section 3.2 introduces the new test statis-
tics. Then the main theoretical results are presented in Section 3.3, followed by an extensive
numerical study in Section 3.4. A real example in economics is analyzed in Section 3.5 for the

illustration purpose. A discussion of the further research directions is given in Section 3.6.
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3.2 Test Statistics

Consider a p-dimensional centered stationary time series {x;}, and a hypothesis testing prob-
lem:

Hy : {x;} is white noise vs Hj : {z;} is not white noise

Given the observations x1, T2, . . . , T, the sample cross covariance between ¢-th and j-th time

series at lag k is denoted by
1 n—k
Yij (k) = -~ ; TitTjtk,t-

For each lag k, there are p? sample cross covariances. A maximum number of lags K is
pre-selected before we do test. So in total there are p? K sample cross covariances involved.
Intuitively, when the time series is not white noise, there must be some non-zero correlation
appearing among p series. It is straightforward to use the maximized sample cross covariance
as the test statistic, i.e. when the maximized sample cross covariance exceeds some threshold,
it is a sign that the time series is not white noise. Moreover, it is more analytically tractable to
take the maximum value of all sample cross covariance at the same scale. Therefore, we carry
out the test based on the maximized self-normalized sample cross covariance. Specifically, the
variance of 4;;(k) can be estimated by

X 1 t—t R .

Tijh = - %;/C <wn> [tz sk — 5ij (k)] [z join — Y55 (k)] (3.1)
where K(+) is a positive definite kernel function, and wy,, is the bandwidth parameter. The rea-
son for using estimated standard deviation to normalize sample cross covariance rather than us-
ing sample cross correlation directly is that, the asymptotic distribution of such self-normalized
extremes is more analytically tractable, which is shown to be Gumbel distribution. More impor-
tantly, in general, sample cross correlations themselves can be less sensitive to the alternative.
Concretely, if the time series is i.i.d. across time, then the asymptotic variance of \/np;;(k) is
one. However, if the process is not white noise, the variance would be smaller than one. For
instance, for an AR(1) process z; = ¢x¢—1 + e; with coefficient —1 < ¢ < 1 and i.i.d. inno-

vations e, the asymptotic variance of lag-1 sample autocorrelation \/np(1) is 1 — ¢, and for
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MA(1) process z; = e; + fe;—1 with coefficient —1 < 6 < 1, the asymptotic variance of lag-1
sample autocorrelation /np(1) is 1 — 362 /(14 6%)2 +46* /(1 + 62)*. Both are smaller than 1.
Similar conclusion can be made for multivariate linear processes with i.i.d. innovations using
Bartlett formula (Bartlett, 1955). Therefore, the sample version of a nonzero cross correlation
is less likely to be larger than other sample cross correlations due to its small variance.

The following notations are used in the proposed test. Let & be the p? K-dimensional

vector:

&= Vec(:vt:véﬂ =T, $t$2+K —I'k)

where T}, = %Z;:lk xyxy . is the lag-k sample autocovariance matrix. There are in total
n such vector for 1 < ¢ < n. Define x(-) = {x1(-), x2(-), x3(:)} to be a mapping from
{1,2,...,p?°K} to {(i,5,k) : 1 <i,j < p,1 <k < K} such that the [-th element for & is

Ty (1) 48 x (1) txs (1) — Vx(1)- Define

(1]

1 & AR

In practice, = is usually unknown and is estimated from data. Specifically, denote the diagonal

element of = as 7, (;), which is estimated by (3.1). Then our proposed test statistic is

1/2 .
T,=n /2 max 7],
1<I<p?K

where 7 = 4,1y /+/Tx)- We reject Ho when T;, > cv,, where o € (0, 1) is the significance
level of the test. In order to improve the finite sample performance, we use a bootstrap proce-
dure to generate critical values. Specifically, let G ~ N (0, Z) and normalize each component
of GG; with the corresponding estimated standard deviation \/77(1) . Write the normalized vector

as Z whose [-th element is —2—. In practice, we can draw G'q,...,Gp from N (0, =) for a

Tx(1)
large number B, and calculate the normalized Z1, ..., Zp, and then take the | Ba|-th largest
among | Z1|co, - - -, |ZB|c as the critical value. According to Xiao and Wu (2013), it can be

shown that the asymptotic distribution of the test statistic converges to Gumbel distribution

under some dependence conditions.
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In addition, since there is usually no prior knowledge about the sign of the autocorrelations,
including both the maximum and the minimum in the test can be more adaptive to the unknown

pattern under the alternative. Therefore, we propose a second test statistics:

where

M =n'? max 7, m=n"? max (—7),
1<I<p? K 1<I<p? K

where 7 = ¥, /4 /Ty(@)- The critical values can be obtained similarly. Specifically, write

MZ: max Zl, mZ: max (—Zl),
1<ISp?K 1<ISp?K

where Z; = G/ V/Tx(@)- Then the critical value is simply the | Ba]-th largest among the
sum of square of Mg and 7. Similarly, the asymptotic distribution of S,, can be derived
accordingly. We proved the limiting distribution of .S,, is a convolution of two independent
Gumbel distributions based on the results from Marques et al. (2015).

However, in practice, = is unknown and is estimated from data. When we have a high-
dimensional time series, there might be computational issues to estimate such huge matrix.
Therefore, instead, we use the dependent Gaussian multiplier bootstrap to estimate critical

values. See more details in Section 3.3.2.

3.3 Main Results

To study the theoretical properties of M and 7h, we need the following regularity conditions.
Condition 1 There exists constants C'1, Co > 0 and 0 < A; < 2 such that for any x > 0,

sup sup P(|z;| > u) < Cy exp(—Cou™).
t 1<i<p

Condition 2 Assume {z;} is f-mixing in the sense that §; — 0 as k — oo where 3 =
sup, E {supBErf?ik P(B|Ft ) — IP’(B)|} and F*  and F5, are the o-fields generated re-

spectively by {zy, }y<t and {zy },>¢+k. In addition, assume there exists constants C'3 > 0 and
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0 < Ay < 1 independent of p and n such that 8, < exp(—Csk™?) for any k > 0.

Remark 3.1. Han and Wu (2019) argued that 3-mixing condition is dimension-dependent un-
der a high-dimensional triangular array time series setting. Thus, Condition 2 needs to be

verified with caution under high dimensionality.

3.3.1 Limiting Distribution

In order to derive the limiting distribution of the test statistics, it is crucial to bound the Kol-
mogorov distance between the distribution of the test statistics and that of the extreme values
from Gaussian distribution. To achieve this goal, we first look at the extreme values of autoco-
variances normalized by its true standard deviation, which are denoted as

M =n'? max n, m=n"? max (—n);
1<I<p? K 1<I<p? K

where 1 = Y1)/ V/Tx() and 7,y is the diagonal element from the true covariance matrix =
defined in (3.2). Proposition 3.1 bounds the difference between the joint distribution of M and
m with that of Mz and mz. Then by substituting the true standard deviation with the estimated
standard deviation, we can obtain the Kolmogorov distance between the joint distribution of
M ,m and that of M 7z and Mz in Proposition 3.2. Then our main result Theorem 3.1 follows

accordingly.

Proposition 3.1. Under Conditions 1-2, it holds that
sup |P(M <t1,m <ty) —P(Myz <ty,Mz <ts)] = o(l), (3.3)
t1,t2€R

as n — oo, provided that logp = o(n’\l/(4+9A1)).

Proof. Write dy = supy, 4,eg [P(M < t1,m < t3) — P(Mz < t1, Mz < t3)|. Observe that

¢= (Cla”'?(}ﬂK)l :nilz,ut'i_Rna
t=1

where i; is a p? K-dimensional vector with e =&t/ /Ty (1) and Ry, is the reminder term. We
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can define u = 7' S0 iy = (ua, - . ., uy2 ) and let

M=a"? max w, m=n"? max (—u).
1<I<p*K 1<I<p?K

The first step is to show dy < di + o(1) where

dy = sup [P(M < t1,7m < 1) — P(My < t;, Mz < 15)].
t1,t2

Observe that for any ¢1,to € Rand € > 0,
do < dy +P(|M — M| > €) + P(jm — 1| > €) + P(|My — t1| < €,|myz — tao| < €).
By the anti-concentration inequality of Gaussian random variables, it holds that
P(|Mz—t1| <€, |mz—ta] <€) <P(|Mz—t1| <e)+P(jmz—ta] <e) < Ce(log(p/e))l/z.

The rest of the proof is the same with the proof of Lemma 4 in Chang et al. (2017). Thus, it
suffices to show d; = o(1). Similar to the proof of Theorem 1 in Chang et al. (2018), we can
decompose the sequence {1,2,...,7n} to H + 1 blocks, where H = |n/s] and s is a positive
integer satisfying s = o(n) and s < n/2. Let ¢ and r be two positive integers (depending on
n) such that s = ¢ + r and ¢ = o(n), r = o(q). Then we can further decompose each of the
first H blocks into a large block I, and a small block J,, where h = 1,..., H. Specifically,
L={1,....¢\, i={q+1,....q+r},.... I ={(H—=1)(qg+7)+1,....,(H—1)(qg+
rV+qt, Jg ={(H-1)(qg+7)+q+1,...,H(qg+r)},and Jg11 = {H(q+7r)+1,...,n}is

the reminder block. Given D,, — oo, write ul+t = w1{|us] < Dp} —E(u1{|ure] < Dp})

and u;; = w{|ue| > Dn} — E(wI{[uie| > Dp}). Write u = (uft, ooty )T and

) p2 K,t

up = (up g ,uI;K’t)T foreacht = 1,...,n. In addition, define

Sh:Zuz“, S;L:Zu;r.

tely tedp

Let W = (Wi,...,W2g) be a centered normal random vector with covariance matrix
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EWWT) = qu Zthl E(SpSE), and let My and myy be the corresponding maximum and

minimum of W. Then we can proceed the proof by two parts. First is to show

dy := sup P(M <t;,m< t2) — P(MW <t1, My < t2) = 0(1)7
t1,t2€R

and then to show

dz := sup [P(Mw <ti,mw <ta) —P(Mz <ty, Mz < ta)| = o(1).

t1,to€R

We first prove d2 = o(1). Observe that

nu =

1 <o 1 G
7172 Zut T i Zut .
t=1 t=1
Define
MT = max E u, mt= max E —u,.
1/2 1<I<p?K 4 Lty n1/2 L<I<p?K 4 Lt

By triangle inequality, we have

IM — M7*| < max
1<I<p?K

1 o
7l/2 Zul,t )
t=1

For any €; > 0, it follows that

dy < dy+ sup P(|Mw —t1| < er, mw —ta| <€)+ 2P ( ma
t1,t2€R 1<i<p 2K

t=1

where

dyi= sup [PV <ty it < ta) = P(Myy < 1, My < 12)].
t1,t2€R

1
n1/2 Zult

> €1>

34)

(3.5)

(3.6)

By anti-concentration inequality in Theorem 3 of Chernozhukov et al. (2015), it holds that

P([Mw —t1] < e, |mw —t2| < e1) < P(|Mw —t1| < e1) + P(|mw — t2] <€)

< Céi(logp)'/?

3.7)
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for any €4 — 0. According to Davydov inequality from Davydov (1968), for each [ =

1,...,p*K, we have

SIM—‘

< & DB + 5 3 ) ) B

t1#£t2

1 &L
— U
~1/2Z Lt
-

Moreover, it follows from condition 1 that
TitLj t+k

- ( s
< P(|i| >u“)+P<

TitLj t+k

B(

> u, |z ] < u“’)

> u, x| > u“’) —l—[P’(

Lit 1—w>
>u
< Cexp(—Cu‘*’)‘l) + Cexp(fcu(l—w))\l)

for any « > 0. This is bounded by C exp(—Cu*'/?) when w = 1/2. Then following the same

argument in proof of Theorem 1 of Chang et al. (2018), we have
E[(u;;)"] < CDj exp(—=CD)'/?).

This further implies that

N—-1
< CD2 exp(—C D)%) + ODE exp(—CD)V/?) Z exp(—Ck3)
k=1

< CD2 exp(—CD)/?).
Thus, by Markov’s inequality, we have

< CAD? exp(—CDM/?) /2

A
— E U
~1/2 Lt
-

1 o
— E U
~1/2 Lt
-

P(max >61><n2 sup E
1<I<p?K 7

Combining the result from (3.7), by taking ¢; = (logp)~' and D,, = C(logp)?** for some
sufficiently large C, we have dy < d4 + o(1). Now it left to show dy = o(1). We wish to
apply Lemma 3.1 to this case, so we need to verify the conditions of Lemma 3.1. If we assume

(r/q)log?p < Cn=3 and rD, log®?p + ¢D, log"/?p < Cn'/2=32/2 for some constant
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¢z € (0,1/3), it holds that

2157 1/6
dy<C {n—@/z - (W) } +2(H — 1)b,. (3.8)

To make p diverges as fast as possible, we take r < (logn)® for some large constant c3 > 0.

Since D,, = C(log p)?/*1, the above conditions can be simplified as the following:

C(logn)® (logp)°n®* < ¢
C(logn)® (logp)5/2+2/’\1 < nl/2—9c2/2

A1(1—9¢2)

Thus, we need logp < C'n*' where w1 = “5577

. Moreover, according to Condition 2, it

holds that 2(H — 1)b, < Cqexp(—C37r*2) — o(1). Then the right side of (3.8) converges to

A1(1-9c¢2)

zero provided that logp < Cn*? where wy = =5 rd

. Therefore, by combining these two
conditions, we have ds = o(1) if log p = o(n*1/(4+921)) Now it left to bound d3. Let =, and

Zz be the covariance matrices for v and Z respectively. According to Lemma 3.3, it holds that
dy < C|Eu — Ez |2 {1V 1og(p/ (|20 — Ez0))}*%.

This is the same as to bound |W — Wl in the proof for Theorem 1 of Chang et al. (2018).
Verifying the choice of ¢, r, D,, above, we can conclude that d3 = o(1). This completes the

proof of Proposition 3.1.

Below is the Lemma used in the proof of Proposition 3.1.

Lemma 3.1. Let X1,..., X, be dependent random variables in RP with zero mean and M =
maxi<;j<p V1 Y iy Tij, M = —Mmili<j<p /N Y iy Tij. Assume there exists Dy, > 1 such
that | Xij| < Dy. Let Sy = 3701 Xiy S) = Y ey Xiand Y = (Y1,... ,Y,)T be a normal
random vector with mean zero and covariance matrix E(YY') = m%; Yot E(S1S]). Let
My = maxi<j<p Yj and my = —mini<j<, Y;. Suppose that there exist constants 0 < c¢1 <
Cyand 0 < cg < 1/9 such that ¢; < d(q) < a%(r) vV &%(q) < C1, (r/q)log?p < Cyn=3¢

3c
and rDy, log% p+qD, log% p < ClnéfTQ. Then there exist a constant C depending only on
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c1, ca, Cy such that

D21 7 1/6
sup |P(M < t1,m < t2) — P(My < t1,my < t5)| =C {n_02/2 + (qnog(pn)>
t1,to€ER n

+2(H — 1)b,. (3.9)

Proof. Let {S,} and {5’;1}, h = 1,..., H be two independent sequences of p-dimensional
random vectors such that Sh has the identical distribution with S}, and S’;L has the identical
distribution with .S} . We can proceed the proof in the similar manner as the proof for Theorem
B.1. of Chernozhukov et al. (2016). First we want to reduce the sum of dependent data to sum

of independent blocks. Notice that

< max
1<j<p

ZShJ

max E T; max g Sy + maX S
1<j<p 4 v 1<j<p J }HH’J‘

If we write — S}, = Zielh —X;and —-S; = — X; and define — S}, and — S, accordingly,

i€Jp
the similar inequality can be obtained:
n H
max —%;;) — max —Sh; max Z Shl + max S
1<]<p Z U 1§j§ph* ( h]) = 1<5<p hj ‘ H+1,]‘

Thus, for every d1, do > 0,

H
1 3
P(Mgtl,m§t2)§P<maxg Spj <t 1+51+52,max—5 Shj<t2+51+(52>

H
1 ~ ~
P —» 55> P — —S’ | >4
| 1,
+P <f§?§p %SH-HJ > 52) +P (fgffp T SHt14| > 52)
4 2(H — )b,

Specifically, the fourth part is a result from Corollary 2.7 of Eberlein (1984),
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H
( max ZS;U <ti, max (=Sh;) < t2>

sup
t1,t2€R 1<]<p —
H
max Sh Stl,max Sh ) <ty H —1)b,;
(z <t 3 <1 )| < 01 0
H
sup |P| max S . <t max —S5) <to
t1 t2€R <1<]<pz hj ? 1<) ; h]
H
(fgj&g{pZSh] < tl, max hzl ) < t2> (H —1)bg.

Since |SH41,5| < (¢ + 7 — 1)Dy, by taking 02 = (¢ + r — 1) Dy, /y/n, the third part becomes

>52):]P<max >(52):0.
1<5<p

Note that since gD, logl/Qp < Cnt/?73¢2/2 it holds that 6y < C'n~ log_l/2 p. Moreover,

1
ﬁ - S}IHJ

P max
1<5<p

1
%Sh+1,j

by Markov’s inequality and taking &; = € 'E(maxi<j<, [n~ /23 F | SZU- ), we have

> 51) < €g,

for any €2 > 0. According to Lemma A.3. of Chernozhukov et al. (2016),

\FZS

max
1<5<p

) <K (\/(T/Q)52(T) logp +n~ %D, 10gp) :

H
~1/2 %
n2Y S
h=1

E [ max
1<5<p

. . . 3
where K is a universal constant. Based on assumptions that D, log2 p < nl/2=3¢2/2 gpq

(r/q) log? p < Cn~3¢2, the right side is bounded by Cn=32/210g~ /2 p. Therefore, by taking

€o = n~/2 we have §; < Cn—¢2 log_l/2 p, so that

P(Mgtl,mgtg)g]?(max <t1+Cn “log™ 1/2p,

1<j<p f

max —Shj <ta+Cn”“?log™ 1/2p> + 0722 £ 9(H —1)b,.

1<j<p 7

WM:: i Mm
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The other direction can be proved in the similar manner. The next step is to adopt normal
approximation to the sum of independent blocks. Since Sy, are independent and the covariance
matrix of WY is the same as the covariance matrix of n /2 Zthl S, we can directly
apply the high-dimensional CLT for Hyperrectangles in Proposition 2.1 of Chernozhukov et al.
(2017) if the conditions are satisfied. Specifically, these conditions can be verified by taking

By, = \/qD»,. 1t follows that

sup
t1,to€R

i < — <
#{ o, 2 < 0 U oSw )
—]P’( max /mq/nY; < ti, max \/m mgq/n(=Y;) < t2>
<J<p

1<5<p n

2 7 1/6
<c <an log (pn)> _

Next we need to verify the anti-concentration of My and my. Similar to (3.7), we may apply
the anti-concentration inequality from Chernozhukov et al. (2015) again. For any § — 0, we
have

sup P (|My —t1| < 8, |my — ta] < 8) < Célog'/? p. (3.10)
t1,t2€R

Thus, by taking 6 = Cn~=® log_l/2 p, the right side is bounded by C'n~“2. Now it left to

replace y/mgq/n by 1. For any €3 > 0 and ¢1,t2 € R,

P(,/mqYM <t/ 2y, Stg) P (Y < t1, Vi < t)
n n

<P (|My —t1] < €3, |my — ta| < €3)

(e o) oo (o B e).

Observe that

- /mqgl_mqgl_( n _1>(Q>: roL4
n n q+r n qg+r n

It is obvious that /(g 4+ ) < Cn~2°2log™! p. Moreover, since ¢D,, IOg% p < Cnplt/2=3c2/2

we have glogp < ¢?D2 logp < Cn'=2¢2, Therefore, it holds that 1— /7L < Cn=21og ! p.
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In addition, since E(| maxi<;<, Y;|) < C log'/? p, by Markov’s inequality, we have

“(

P ((1 — ”mq) |Yar| > Cn™? log1/2p> < Cn™ .
n

Finally, combining the above result and (3.10) with €3 = Cn—c2/4 log_l/ 2 p, (3.11) becomes

P <\/”T<IYM <1, \/anYm < tQ) ~P(Yir <1, Y < 1)
n n

This completes the proof for Lemma 3.1. O

Y;| > n%log"?p | < Cn~.
o ¥ > log?2p ) < Cn

It follows that

sup < Cn™“.

t1,to€R

Proposition 3.2. Assume the kernel function K(-) satisfies |KC(-)| < |x|™7 as  — oo for some

T > 1, and the bandwidth w, < 1’ for some 0 < p < min{Z1, 2)\’;11 }. Under conditions in
Proposition 3.1, it holds that
sup |P(M < t1,7m < ty) —P(My < t1,7z < t2)| — 0. (3.12)

t1,t2€R

provided that log p = o(n*) where w is a positive constant specified in the proof of this Propo-

sition.
Proof. Combining the result from Proposition 3.1, we proceed the proof in two parts. First we

want to show

sup ’IP’(]\Z/ <ty < ty) —P(My < t1,my < tQ)’ < do + 0p(1).
t1,t2€R

The second step is to show

sup }P(MZ <t,my < ty) —P(My < ti, 1y < tg)‘ = 0,(1).
t1,ta€R
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Following the similar argument in Proposition 3.1, it holds that for any € > 0

sup |P(M <ty < ty) —P(My < ty, My < t5)|

t1,ta€R
<dy+P(IM — M| > €) + P(Jri — m| > €) + Ce(log(p/e)) /2. (3.13)

According to Lemma 2 of Chang et al. (2017), there exists a constant c; satisfying n! ¢! (log p)l/ 2

00, such that
2. —c1 1/2 -1
max |9;;(k)| > Cn~(log p) <Cp .

P
1<4,5<p
1<k<K

It suffices to bound |[#, ;)] /2 — [r )] /2| forall 1 < I < p?K. Recall

—
— —
—_

1 & 1 < ,
e 5 |

and the diagonal element of = is 7, ;). Write

n—1
~ k «
E- Y« () P
= Wn,
k=—n+1

where
A G k20
%Z?:fk+1 &y, k<O

Our goal is to show |=—Z|, = 0,(1). Following the similar argument in the proof for Theorem

2 of Chang et al. (2018), we can define

[1]x

|

N
S

N\

£

where
LS v E&E ), k>0

Ty =
IS e Gk, k<0

Proposition 1(b) of Andrews (1991) shows that ]é — 2o — 0. According to Lemma 4 of
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Chang et al. (2018), provided that log p < Cn®® for § = min{ 245 (202 + a — 1), 3 [(ar —
p)T + a + aXy + p — 2]}, it holds that

P (]é — Eleo > C{log(pn)}4/)‘1n_f(a°)/2) <Cpt,

where £ = max{ 2)\21 T fzf’s\z, P7+11 and aq is the maximizer for the function f(c)

min{l — a — 2p,2(a — p)7 — 2} over k < o < 1 — 2p. Therefore, |Z — Z|, goes to zero

with the same convergence rate. Note this convergence rate is uniform for each component of

= — Z. Observe that

2
2w =i = (B2 = nol72) + 2n0 () — 7o)

then it follows that

S 1/2 1/2 4/, —f(ap)/2 —1
P@;@%K\[wﬂ 2~ Il ’ > C{log(pn)})*/Min~ /o) > <cp .

Moreover, since [7)] /2 = [ry)] /% = = ([5@]'® = @] ] ) [ 72 it
holds with at least probability 1 — Cp~! that

max
1<I<p?K

Al ™2 = ) 2] < Cltog(p) /S (@02,

Therefore, it holds with probability at least 1 — Cp~! that

o (k
lgg)ép |’YZJ( )l
1<k<K

o ~ -1/2 —-1/2| .
|M — M| < | ’[Tx(l)] [T ’

< (log(pn))¥M+1/2p=Fla0)/2=er
Thus, by taking e = (log(pn))*/*1+1/2p=F(@0)/2=c1 (3,13) implies that
sup ’P(M <t;,m< t2) — ]P(MZ <ti,Mz < tg)’
t1,t2€R

< dy + Cp~" + (log(pn)) A Hp Tleo)/2 e,
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To make right side can decay to zero and p can diverge at exponential rate of n, we need to

assume —@ <c <1+ /\1(12617];%0)) and log p = o(n*3) where w3 =

(214 .
1 2etf(ao)) §1+2)\$a0)). Now it

left to prove supy, ;,cr ‘IP’(MZ <ti,mz <tg)— IP’(MZ <ti,myz < tg)‘ = 0p(1). Similarly,

for any € > 0,

sup_[P(My < t1,mz < ta) — P(Mz < 7z < to)]
t1,t2€R

<P(|Mz — Mgz| > €) + P(lihz —mz| > €) + sup P(|Mz —t:] <¢,|mg —ta] <e).

t1,t2€R

Since E(| max;<j<p2 5 Gi|) < C log!'/? p, by Markov’s inequality, it holds that

"

where c is a positive constant. Thus, it holds with probability at least 1 — C'n™“? that

max G
1<I<p?K

> n® (logp)1/2> <Cn™%,

9 A —1/2 —1/2
[Nz = Mzl < max, [l ™ = Inol ™ ’ 1§I}§;§KGl’
< (log(pn))4/)\1+1/2n7f(a0)/2+02'

Therefore, by taking € = (log(pn))* 1 +1p—f(@0)/2+¢2 it follows from anti-concentration that

sup |[P(Myz < t1,myz < to) — P(Mz < t1,7y < to)|
t1,t2€R

<Cn~ 4 C(log(pn))4/>‘1+1n_f(a0)/2+02.

A1 f(ao)

The right side decays to zero when logp < C'n** where wy = 315 e

(note that wy takes its
supremum when co = 0). As a result, (3.12) holds provided that logp = o(n*) where w =

min{A; f(a)/(8 + 2A1), A1/(4 + 9A1)}. This completes the proof for Proposition 3.2. [

In summary, the difference between the joint distribution of M, 7 and that of My, 7y
converges to 0 under some mild conditions. However, in practice, the test statistics we use is
M? + 2. There is still some gap to be shown. First of all, according to Lemma 6 of Xiao

and Wu (2013), the asymptotic distribution of the maximum self-normalized autocovariance
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converges to Gumbel distribution, provided that some dependence conditions on the covariance
matrix Z are satisfied. Specifically, let Z,, = {(i,7,k) : 1 < i,j < pp,1 < k < K} and define
Vo = Y4 (@i1kxje)/+/n for some o = (i,7,k) € Z,. Note that for simplicity, we assume

all the covariance pair are centered with mean zero. Then we need the following technical

condition:
Condition 3.
> Cov(va,v5)* = O(ph~°), (3.14)
a#ﬁeln
for some 6 > 0 and
lim sup Cov(va,vg) < 1. (3.15)
" a#BEL,

Recall n is the number of observed data and p is the dimension which grows to infinity as n
goes to infinity. Under this condition, there exists some constant sequence {b,, } such that

lim P(M2 — b, <y) = exp(—e¥/?).

n—o0

Remark 3.2. For convenience reason, we require Cov(va,vg) < 1forall {o # € I,,} when

n — 00. However, it is possible that some covariances to be 1 but the above result still holds.

Similarly, the limiting distribution of the minimum extreme 777z can be shown to be Gumbel
distribution. Furthermore, Marques et al. (2015) derived the near-exact approximations for the
distribution of linear combinations of independent Gumbel random variables. According to
Section 3.3.3, the limiting distribution of M and that of 17 are asymptotically independent.
Therefore, it is feasible to derive the limiting distribution of M% + m2Z according to Marques
et al. (2015). Note that there is no closed form for the distribution of convolution of Gumbels.
For convenience, we denote it as G * G, where G1(y) = exp(—e~¥). Then it comes to our

main result regarding the limiting distribution of the test statistic M? + 2.

Theorem 3.1. Let N := p?K. Assume the conditions of Proposition 3.2 hold, then under

condition 3, it holds that for any y € R,

P(M? 4+ m? — 4log N + 2log(log N) + 2log(47) < y) = G1(y/2) * G} (y/2), (3.16)
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where G1(y) = exp(—e™Y), provided that log p = o(n®) for some positive constant w specified

in Proposition 3.2.
The above Theorem is an immediate result from Proposition 3.2.

Remark 3.3. The asymptotic distribution of T, is the extreme value distribution of type 1. We
can proceed the proof in the similar manner as Theorem 3.1. Here we state the result without

proof. Under the same conditions as Theorem 3.1, it holds that
P(T? — 4log N + log(log N) + log(87) < y) — G1(y/2).

3.3.2 Dependent Gaussian Multiplier Bootstrap

In this section, we introduce the dependent Gaussian multiplier bootstrap to evaluate the critical
values. First, there are some preliminary results for comparison bound for distributions of
Gaussian maximums. Let X = (X7q,... ,Xp)T and Z = (Z1,..., Zp)T be centered Gaussian
random vectors in RP with covariance matrices ¥ x = (Uﬁ)lgj,kgp and ¥, = (O']Zk,)lgj’kgp
respectively. Let M = maxi<j<p Xj,m = minj<;<, Xj, Mz = maxi<j<p Z; and my =
minj<;<p Z;. Similar to Theorem 1 of (Chernozhukov et al., 2015), consider a smooth function

F: RP — R, which approximate the maximum function:

p
Fy(w) := B~ og [ > exp(Buw;) | ,
j=1
where w = (wy, - - ,wp)T and 5 > 0 is the smoothing parameter. In Lemma 3.2, we derive

the bound for the difference between smooth functions. Based on Lemma 3.2, we can derive
the upper bound on the Kolmogorov distance between the joint distribution of M, m and that

of Mz, my, which is stated in Lemma 3.3.

Lemma 3.2 (Comparison bounds for smooth functions). For every g € C?(R?) and 3 > 0,

[Elg(Fs(X), Fs(=X)) — g(Fp(2), Fs(=2))]]

1
<A x {2(ugu\oo + 1912l oo + llg21loc + [1g22l1oc ) + 81191 1loc + ugzroo)},
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dg(- Og(- 92a(- 824(-

where g1 = g 92 = gricm ad g = FRiaE 92 = FEaSRTE 9 =
9%g(-) _ 9%

FF5(—w)dFs(w)’ 922 = (Fs(—w))?”

Proof. Following the similar argument in proof of Theorem 1 of Chernozhukov et al. (2015),
here g : R? — R is a bivariate function with finite first and second partial derivatives. Write
F3(W) = (Fg(W), F5(~W)). Without loss of generality, assume X and Z are independent.
The Slepian interpolation between X and Z is W (t) = VtX + 1 —tZ, t € [0,1]. Let
m := g o Fg and ¥(t) := E[m(W(t))]. Then we have

[E[m(X)] - E[m(2)]] = |¥(1) - ¥(0)] =

/01 \Il’(t)dt‘.

Taking the first derivative of W(t) and then applying the Lemma 2 (Stein’s identity) of (Cher-

nozhukov et al., 2015), we have

W (t) = ;sz;E [amézfj(t)) (V2X, — ( 127 )]
It follows that
‘ /Olg,/(tmt\g ];1|a]k—a ‘ / [ aw]awk»] dt‘
g [ i Z))”dt. (3.17)
w; Ow

For any function f : R? — R, write 0; f(w) = 0f(w)/0w; and |f| = sup,cr |f(z)|. For

every 1 < 7,k < p, taking the first and second derivatives:

0iFp(w) = mj(w), 0;0kFp(w) = B0 (w),

9jFg(—w) = —mj(—w), 0;0kFp(—w) = Bbjx(—w),
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where

mj(w) == ePvi ) Z efom Ojk(w) :=1(j = k)mj(w) — m;(w)mp(w).
m=1

Then, following the chain rule, we have

9;0km(w) ={gum(w) + gr2(—m(—w))} - mj(w) + Bgr16x(w)

+{g21mk (W) + go2 (=7 (—w))} - (=7 (—w)) + Bgabjr(—w)

Since >0 mj(w) = land 3%, _, |01 (w)| < 2, it holds that

> 1050em(W ()] < g1 (W ()] + lgr2(W(1)] + 2891 (W (1))
k=1

+ 1921 (W(@))[ + [g22(W (2))] + 28|g2(W (£))].

Plugging back to (3.17), we can obtain the following bound:

[Elg(F5(X), F5(=X))] = Elg(F(2), Fs(=2))]]

5 [ Blanovoa [ Eloeovnens2s [ Blnovea

<

1

1 1
" /O Elga1 (W (1)) [Jdt + /0 Ellgaa (W (1))t + 28 /0 Eumwunudt}

1
<A x {2 (lgnaloe + lgizlloo + lg1lloo + llgzzlloe) + 28 llgnlloo + ng!loo)}-

Lemma 3.3. Suppose that p > 2 and O']-Zj > 0foralll < j <p. Then

sup [P(M <zx,m<y)—PMz <z,mz<y)|< C’Al/S{l v a?) Vv log(l/A)}l/Slogl/gp,
z,yeR

— , X_ .z — , oz ; »
where A := maxi<jk<p |05, — 07|, ap := E[maxi<j<p(Z;/07;)] and C is a positive constant

. . ) VA . Z
only depending on minj<j<p 05; and maxi<;j<p ;.

Proof. Similar to proof in Theorem 2 of Chernozhukov et al. (2015), define a bivariate step
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function g to approximate the joint distributional function of M and m. Take

th—x—epp to—y—ep
gm,y,ﬁﬁ:gO( 5 plBa 5 pﬁ)a

where 3 > 0 and e, 3 := B~ llogp. The base function gy : R? — [0,1] is a bivariate C?
function such that go(¢1,t2) = 1 for ¢ < 0 and go(t1,t2) = 0 for ¢ > 1. Note that for

Vi1, ts € R, it holds that
I(ti <z 4eppto<a+eps) < guypoltite) <1ti <x+epp+0,ta<ax+e,z+90).
Moreover, for every z, observe that
0< Fg(z) — M < B Hogp and 0< Fg(—2) —m < B 'ogp.
It follows that
P(M < z,m <y) <P(F(X) < atep g, Fg(—X) < ztepp) < Elgay,p6(Fp(X), Fg(—X))],

forany x € R, 3 > 0and § > 0. For the selected function g, we have |g.|oc = d~! and

|9..|o0 = 672. According to the bound for smooth function in Lemma 3.2,
E[g(F5(X), Fs(=X)) — g(Fp(2), F5(—2))]| < CAG™ + 857
Therefore, we have

P(M < x,m <y) < Elgayp5(Fs(Z), Fs(=2))] + CAQT + B0)
<P(Fs(Z) <a+epp+06,Fa(—2) <y+epp+0)+CAG>+B5)

<PMz<z+eps+d,mz<y+e,s+06)+CAE2+pB5).

Now it left to bound the difference between P(Mz < x + e, + 0,mz < y + e, 3+ J) and

P(Mz < z,mz < y). By anti-concentration inequality in Theorem 3 of Chernozhukov et al.
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(2015), we have

P(Mz <+ epg+0,mz <y+eps+0) —P(Mz <z,mz <y)
<P(x<Mz<z+eps+3)+Ply<mz<y+eps+9)

<Cleps +0)y/1v a3 Vlog{1/6}.

Hence, it follows that

P(M < z,m <y)—P(Mz < z.mz < y)

<C {(5*% +B67Y) + (ep5+ 0)y/1V a2V 1og{1/5}} .
The other direction can be shown in the similar manner.

P(M <z,m <y) > P(F3(X) <z, F3(—X) <)
> Elgo—c, y—6.y—e,5—8,86(Fp(X), F(—X))]
> Elgo—e, s—by—cp5-0,56(F3(Z), F3(=2))] — CA(6> + B5)
>P(Fg(Z)<xz—6,Fg(—2Z)<y—90)— CA62+B57h

>PMz<xz—e,3—0,myg<y—epg—0)— C’A((S_z + 8671
Apply the anti-concentration inequality again, we have

P(Mz <x—eppg—0,mz<y—epg—0)—P(Mz<x,mz<y)

Y

—P(x—ep,g—égMZgx)—P(y—epﬂ—égngy)

> — Cleps +6)y/1V a3 Vlog{1/}.

As a result, we can derive the following upper bound:

sup |P(M <z,m<y)—P(Mz <x,mz<y)| < C{(5_2A + 867 h
z,yeR

+ (eps + )y /1V a3V 1og{1/5}}.
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Finally, choose § = AY3(1V a)~1/3(2logp)'/3 and 8 = 6~ 'ogp, we can obtain the bound in

Lemma 3.3 as

sup |P(M <z,m<y)—-P(Mz <z,mz <y)|l < CAl/?’{l \/a]% \/log(l/A)}l/?’ log!'/3 p.
z,yeR

This completes the proof. O

In practice, we use the dependent Gaussian multiplier bootstrap to obtain the critical values,
which is similar to the one used in Chang et al. (2017). Specifically, let 3 = (51, ..., Bz)% ~
N (0, ©) be a random vector independent of {x;}, where n = n — K and © is an 7 X 1 matrix
with (4, j)-th element C{(i — j)/w, }. Conditioning on the whole dataset D, it is obvious that
G= ﬁ Z?:l B¢&; has a normal distribution with mean zero and covariance matrix =, where
= is the kernel estimate of long-run covariance matrix of autocovariances. Then normalize the

I-th component of G with corresponding Ty (1) and let

MB: max Bl, mB: max (—Bl),
1<I<p?’K 1<I<p’K

where B; = & / \/77(5) . This is one bootstrap sample. We can repeat this procedure for a large
number of times and use the empirical quantile as the critical values. The below Proposition 3.3
shows the difference between the joint distribution of maximum and minimum of normalized
Gaussian random vector from G and the joint distribution from G conditioning on the whole
dataset D. As a result, we can establish the consistency of this dependent multiplier bootstrap

procedure.

Proposition 3.3. Assume the conditions of Proposition 3.2 and Lemma 3.3 holds, then

sup ]P(MB S tl,mB S tQ ‘ D) - P(MZ S tl,mz S tg) £> 0. (3.18)
t1,t2€R

Proof. Similar to the proof of Proposition 3.2, we first replace the estimated 7, ;) with the true
standard deviation 7, ;). Then according to Lemma 3.3, the bootstrap estimation error depends
mainly on the difference between the empirical and population covariance matrix |= — é]oo,

which was bounded in Proposition 3.2. Note that in the worst case, a, < v/2logp. Thus we
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have

sup [P(Mp <ti,mp <t2) —P(Mz <t1,mz <t2)| <C
t1,to€R

(1]

2—E| L {log(p/|E-El) 1.

Then it left to show

sup ’P(MB S tl,mB S tg) — P(MB S tl,mB S tg)‘ = 0p<1) (3.19)
t1,t2€R

sup_[P(My < t1,my < ta) = PV < t1,10z < 1) = 0,(1) (3.20)
t1,t2€R

where Mp = maxy<j<p2 K B;,mp = maxlglgsz(—Bl) and B) = GZ/, /Tx(1)- Note that
(3.20) has been shown in Proposition 3.2. So it suffices to show (3.19), which can be done in
the similar manner as (3.20). Observe that B is drawn from normal distribution. According to

Markov’s inequality, for constant c3 > 0 we have

"

Thus, it holds with probability at least 1 — Cn~ that

max B
1<I<p?K

>n (logp)1/2> <Cn™%.

9 A —1/2 —1/2
|Mp — Mp|oo < | dnax ‘[Tx(l)] 2~ ‘ | o Bz‘
< (log(pn))4/)\1+1/2n7f(a0)/2+03'

By taking € = (log(pn))**M+1p—f(@0)/2+¢s where f(-) and o are defined in the proof of

Proposition 3.2, it follows that

sup |P(Mp < ti,mp <to) — P(Mp <ty,mp < t3)|
t1,t2€R

< Cn=% + C(log<pn))4/)\1+1n—f(a0)/2+03_
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In summary, we have

sup |P(Mp < t1,mp < t3) — P(My < t1,my < t2)| < C|E — E|/3(log p)?/3
t1,to€R

+COn~ 4+ C(log(pn))4/)\1+1n7f(a0)/2+02 +COn~% 4+ C(log(pn))4/)\1+1n7f(a0)/2+03

Since we want the right side decays to zero and p diverges as fast as possible, take logp =

3A1f(ao) Ai(f(an)—c2) Ai(f(ao)—cs3)
24+4X 8+2\1 ? 8+2\1

o(n“) where ws = min { } We want to find the minimum
rate of each maximized possible exponentials of n. So we take co — 0 and c3 — 0. In
conclusion, if logp = o (n’\lf (@0)/ (8+2A1)), then (3.18) follows. This completes the proof for

Proposition 3.3. O

Furthermore, according to the continuous mapping theorem for sign measure, Proposi-

tion 3.3 implies the following Theorem:

Theorem 3.2. Assume the conditions of Proposition 3.2 and Lemma 3.3 holds, then

sup [P(M? 4+ m? < y) —P(M% +m% <y |D)| & 0. (3.21)

yeR
This result implies that it is valid to use the quantiles of M %—1—77%23 from dependent multiplier
bootstrap samples to approximate that of M? + 2, and furthermore, our proposed test is

consistent.

3.3.3 Asymptotic Independence

In this section, we investigate the conditions under which the maximum and minimum of depen-
dent Gaussian random variables are asymptotically independent. We first look at the asymptotic
independence when those Gaussian variables are independent, and then extend it to dependent

case.

Lemma 3.4 (Asymptotic independence for i.i.d). If X1, Xa, ..., X, is a sequence of indepen-
dently and identically distributed Gaussian random variables and write M, and m,, for the

maximum and minimum of the sequence, then M, and m,, are asymptotically independent.
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Specifically, write
P(an, (M, —b,) < z) = G(x),

w

}P’(an(mn — ﬁn) < 1‘) — H(l‘)v

then

P(an(My — by) < 2, an(my — B) < y) <> G(z)H(y),

where {a, > 0}, {b,} and {c, > 0} and {5, } are some normalizing constants and G and H

are the limiting distribution functions.

Proof. According to Theorem 1.5.3 of Leadbetter et al. (1983), for any i.i.d normal random

variables, the asymptotic distribution of M, is extreme value distribution of type I:

G(xz) = exp(—e™"),

with
1
an = (210gn)% and b, = (210gn)% - 5(2logn)*%(loglogn + log4m)
The asymptotic distribution of m,, can be derived accordingly. Since m,, = min(x1,x2,...,x,) =
—max(—x1, —x2,...,—Tp), then
P(an(—=mp + Bp) < x) =1 = Plan(—my + ) > )
=1-Plan(my, — ) < —2)
—1—H(—x)
= G(x).
Thus, let o, = a,, and 5, = —b,,, we have
Plan(mn — Bn) < ) — H(z),
where

H(z)=1-G(—x) =1—exp(—e”).
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Then the result follows from Theorem 1.8.3 of Leadbetter et al. (1983) after identifying the

normalizing constants and d.f.’s G and H. O

Then it comes to our main result of the asymptotic independence between M,, and m,, from

dependent normal random variables.

Theorem 3.3. Let {X,,,n = 1,2,...} be a sequence of centered Gaussian random vectors
where X, = (X1, Xn2, - - ,men). The dimension of each X, depends on n and goes to
0o asn — oo. Let ¥y, = (0n,ij)1<ij<p, be the covariance matrix for each X, and assume
the diagonal elements are all 1’s. Write the maximum and minimum of {X;,i = 1,...,p,} as
M, x, my x. Then M, x and my x are asymptotically independent if

2
lim > Jougl(l=oni) 2pa " (logpa) = 0. (3.22)

1<i<j<pn

Proof. In order to prove the asymptotic independence between M x and m x, we consider a se-
quence of standard Gaussian random vector Y), w1 with mean 0 and covariance matrix [, . Let
M, y, my,y be the corresponding maximum and minimum of {Y;,7 = 1,...,py,}. According
to Lemma 3.4, M,, y and m,, y are asymptotically independent. Thus, the difference between
the joint distribution of M,, x, m, y and that of M,, y, m,, y is our main interest. We can show
they are close enough when o, ;; satisfies some asymptotic conditions. First, it is helpful to look
at the multi-dimensional Gaussian density functions. Let ¢y, (21, -, Zn; 045, 1 <4, < n) be
the n-dimensional Gaussian density function with mean vector 0 and covariance matrix >J,
where ¥ = (o) is an n x n symmetric positive definite matrix with 1’s along the diagonal. So

¢, is a function of the z’s and n(n — 1)/2 parameters o;;. @y, is defined to be:
c1 cl n
Q@n(c1, c2;{04;}) :/ / bn(@r, - n; {og}) | | day.
c2 c2 j=1

Applying the same technique in Section 2.1 from Slepian (1962) to take the partial derivative

of (), with respect to op;:

8Qn c1 cp M 62
= [ | Tl oo wui {o3}).
el A Tl es+ g gntan v o)



64

Perform integration over x5, and z;:

oQn, o
aahl / /02 H d.CE] / /2 3xh8x xla s, Tng {Uz]})dxhdxl

J#hJ#l
=/ / I d=;- {qb(hl)(q c1) = ¢ (e1, 2) — 90D (2, 1) + ¢£th)(01,€2)}7
€2 €2 j#h,j#l
where
O (c1,c0) = Gu(T1y -+ s Tho1, €L Tty s TI—15 €2, Tig1s -+ 5 T {045 })-

Since for each ¢y, ’(-,-) is a density function which is always positive, we can replace the

integration limits to co to obtain the upper bound of this partial derivative:

OQn

oyl —

/ / o\ (c1,e1) + ¢ (e1, ¢2) + ¢ (ca, 1) + ¢ (er,e0) [ e
J#h,j#l
< pa(cr, cryon) + da(cr, c2;50n1) + Pa(ca, c150m) + Pa(ca, c2;0m1),

where

2 _ 2
bl 0) = (2m) (1 = ) Vexp { T 2T,

Now we can derive the upper bound of the difference of those joint distributions. Based on the

definition of (),,, we can write

IP)(]Mn,X <cp,mpx 2> 62) = Qpn (Cla C2; {Un,ij})a

P(Mpy <ci,mny > ¢2) = Qp,(c1,c2;{0}),

where ¢; > 0 and ¢ < 0. By the law of the mean, there exists some o, ;; which is between 0
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and o, ;;, where 1 < i < j < py, such that

P(Mp x <ci,mpx > c2) —P(M,y <ci,mpy > c2)|
0Qy,
< Y e e o)
1<i<j<pn i

< Z |onijl {da(cr, e 07,55) + da(er, s 07, 45) + Palca, e150, 1) + Pa(ca, ca300,45) } -
1<i<j<pn

The sum has p,(p, — 1)/2 terms. Checking the monotonicity of each ¢ regarding |o], it is
obvious that ¢3(c1, ¢1; 0) is a monotonically increasing function of |o|, so as ¢2(c2, c2;0). As

for ¢2(c1, co;0) and ¢a(co, c1;0), if |c2| > |c1], we have the following inequality:

& —20cic0 4 3 > 2 = 2ol 4+ 2

Recall ¢; > 0 and ¢y < 0. This follows from

5 — 2 —20cico + 2|o|ct > 5 — & +2|o|ciea + 2|o|ct = (c2 + ¢1)(ca — ¢1 + 2|o]er) > 0.

Thus, we have

2 9
¢ o) = — 20 +
2(61702; ) (27() 1(]_ 02)1/26Xp{ =l C1C2 CQ}

2(1—02)
_ 2 —2lo|c? + 2
< (2m) (1 ) e { - AL

= ¢a(c1, c1; |o]).

Since 0 < |0}, ;| < |onij

i , we can obtain the upper bound as a function of o, ;; as

P(My,x < ci,mpx > c2) —P(Mpy <ci,mny > c2)|

< Z ‘Un,ij‘ {3¢2(Cl7015 ‘O—’:L,’ij’) + p2(ca, c2; \U;m‘)}
1<i<j<pn

< Y lonal {3da(er, eilonl) + @a(ea, eailonil)}

1<i<j<pn
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Similarly, if |c2| < |c1], then
¢ —20c100 4 3 > 3 — 2|o|c3 + .
The similar upper bound can be obtained accordingly:

IP(Mp x < c1,minx > ¢2) =P(Mpy < ciymay Ze)| <Y |ong|{32(ca, c2i omij)
1<i<j<pn

+ ¢2(c1, c15 onigl) -

Letc; = a;nlx + by, and ¢ = a;nlx + Bp,., where ay,, by, and o, , Bp,, are the normalizing

constants from Lemma 3.4:

1 1 _1
ap, = (2logp,)2 and by, = (2logp,)2 — = (2logp,)~ 2 (loglogpy, + logdn),

N

ap, = ap, and B, = —by,.

If n — oo, then p, — 0. As a result, we have

ct = (a,, 2 + by, )* = 2logp, — loglogp, + O(1),

c% = (oz;nlx + Bpn)Q = 2logp,, — loglogp,, + O(1).

For either case, we can write the upper bound explicitly by

[P(My,x < ci,mpx > c2) —P(Mpy <ci,mny > c2)|

— e 1
<C Z lon,ijl (1 — Ui?j)iépn oy ] (logpy,) Tlomidl,
1<i<j<pn

where C' > 0 is a constant. Then Theorem 3.3 follows immediately. O

Now we shall discuss the validity of (3.22). Here we give two examples of its sufficient

condition.

Lemma 3.5. [f there exists 0 < o < 1, § > 0 such that § > 2a/(1 + «) and
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(i) sup sup |opqj| =,
n 1<<j<pn

(ii) > Uz,ij = O(p%f(;),

1<i<j<pn

then (3.22) holds.

Remark 3.4. For convenience we write condition (i), but it is possible for some o;; to be very

close to 1, where the asymptotic independence is still true as long as (3.22) holds.

Proof. By condition (i), there exist some o > 0 such that

(1 o 0_2 )—1/2 < (1 - a?)—l/27

n,ij
for all o, ;;. Given p,, — 00 as n — o0, then (3.22) would be implied by

__2
S D oilp el (logp) = 0.
1<i<j<p

Based on condition (ii), we have for any & > 1,
{oij : loijl > 1/k, 1<, j < pn}l = O(p*°),

where |A| is the cardinality of set A. Therefore, we split the sum into two parts. First sum is
over {0yj : |oj| > 1/k} where the amount of o;; grows linearly with p, while the second sum
is over {oy; : |0i;| < 1/k}. In order to bound the sum, we would consider a large number k.

Write
IW = {(i,§) : loij| > 1/k,1<i<j<p} and TP ={(,5): |oy| <1/k,1 <i < j<p}.
Consider the first sum. Since the number of o;; in set 7 1) is O(p*~9), it follows that

2
> loijlp 76T (logp) < C(logp) Lap? TR 0,
M

which resulting from the assumption § > 2a/(1 4+ «). Applying Cauchy-Schwarz Inequality
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to the square of second sum. By condition ii, we have

(Z(logp)laij Ip_ﬁ”ij‘) (logp)? - 0% -3 p ~ o1

() 11, I,
1 2 1+1 1+1/k .
< (logp)? o5
I,

Y S
S C(logp)2 . p4 J l+1/k’
where the exponent of p is also negative when 1/k — 0, so that the square of second sum also

goes to 0. O

Remark 3.5. The other example would be the special scenario when random variables in Xy,
are stationary, i.e., the covariance o;j depends only on the difference between i and j. Let
0j—; = 045, then we can simplify (3.22) as

p—1 2
lim Y (p - j)loj|(1 = %) "2p 7 (logp) = 0. (3.23)

p—00
J=1

Berman (1964) studied the limiting extreme value distribution function for the maximum for

Gaussian sequence. We can show that (3.23) holds if either
lim oplogp =0
p—00

or
p—1

> o =00"")

=1

holds for some § > 0.

3.4 Simulations

In this section, we compare our new tests 7, and .S, with the tests based on maximized
cross correlation Y;, and Y;* from Chang et al. (2017), and three portmanteau tests: ()1 =
n I (D) T (R)), Q2 = n? I, tr(D(R)T(R))/(n—k), Qs = n 1 tr(D (k)T (k))+
P?K (K + 1) where T'(k) = diag{3(0)}~1/25(k)diag{®(0)}~*/2, and Lagrange multiplier
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test (LM) by Hosking (1981) as well as the likelihood ratio test (TB) by Tiao and Box (1981).
Set the nominal significance level at &« = 0.05. The dimension of the time series is p =
3,15, 50, 150 and sample size is n = 300. We select the lag to be K = 1,2, 3,4, 5. In addition,

we use the quadratic kernel derived by Andrews (1991):

K(z) = 25 {sin(67rx/5)

J— 1 6 5
127222 67z /5 cos(6mz/ )}’

and the bandwidth is selected to be w, = 1.3221{a(2)72}'/> where

SR apet(1 — )

a(2
- Zp 1 Uz( — )

with p; and &12 being the estimated autoregressive coefficient and innovation variance from fit-
ting an AR(1) model to {¢;;}, ¢t = 1,...,7n. This is the data-driven bandwidth suggested by
Andrews (1991). For each setting, we replicate the test for 500 times. The critical values are ob-

tained from the dependent Gaussian multiplier bootstrap procedure described in Section 3.3.2.

3.4.1 Empirical Size

First, we generate white noise series to examine the empirical rejection rates of the tests. Con-
sider a white noise model x; = Az;, where z; is a p x 1 white noise and the loading matrices
A can be as following:

Model 1. Let S = (si1)1<k1<p Where si; = 0.995%7!I then A = S1/2,

Model 2. Let 7 = [p/2.5], S = (Sk1)1<k,<p Where sp, = 1, 55y = 0.8 forr(g — 1) +1 <
k#1<rqforq=1,---,|p/r], and s = 0 otherwise. Then let A = S1/2.

Model 3. Let A = (ag;)1<k,i<p> Where ag; ~ U(—1,1) independently.
For each model of loading matrix, there are also two different types of white noise z; consid-

ered:
1. z are independent from N (0, I,).

2. z consists of p independent ARCH process. Each process is of the form u; = o:e,

where e; are independent and N (0,1), and 07 = 7o + y1u7_; with 49 ~ U(0.25,0.5)
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and v, ~ U(0,0.5).

The above white noise models were proposed by Chang et al. (2017). Obviously all the p series
are independent with each other in these models. So we also consider a different setting as the
following:

Model 4. x; = oye;,t = 1,...,p, where e; are independent and N(0,1), and 07 =
Yo + M2 with 9 ~ U(0.25,0.5) and 41 ~ U(0,0.5). Thus, we have n independent
ARCH(1) process.

Remark 3.6. The white noise test T, described in Chang et al. (2017) is to apply the time series
principal component analysis to the data first and then test on the transformed data. However,
the T" we compared with is from the R package HDtest, where the data is transformed by
different methods. Specifically in this simulation, we choose the first option in the function
wntest to transform the data using package fastclime with A\ = 0.05 which estimates the

contemporaneous correlations.

Remark 3.7. The likelihood ratio test (TB) does not involve lag parameter k, so there is only
one value reported for each setting in the empirical size table. For Lagrange multiplier test
(LM), as the test statistics is calculated from multivariate regression, there is no value reported

when pk > n. To be specific, when p = 150, the test is applicable only at lag k = 1.

Table 3.1-3.4 report the empirical size of our new test T;, and S;, along with other white
noise tests. In general, 7;, and .S,, are able to better control the empirical size regardless of
the increase of p, and T, usually has a larger size than .S,,. The test using maximum cross
correlation (Y,,) performs well when p is small, however, it decays very fast when p increases.
The test using maximum cross covariance after a transformation (Y}) is not very stable to attain
the nominal significance level, especially in Model 2 and Model 3. It becomes extremely large
for some setting, such as Model 3 at p = 150. For Model 4, Y, is expected to fail since the
white noise series is already i.i.d, so performing a transformation on data is unnecessary. As
for those three portmanteau tests, ()2 and (03 perform very similarly, while )1 performs worse
than @2 and @3, as it is almost 0 when p = 150. The Lagrange multiplier test (LM) fails

badly to capture the nominal significance level as p increases, while the likelihood ratio test
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(TB) always reject Hy when p = 150 for all models. In summary, our proposed new tests are
more robust regardless of the choice of white noise model, and they can calibrate the test more

accurately compared to other tests.

Table 3.1: The empirical sizes (%) of all tests for testing white noise series generated from
model 1.

(a) z ~ N(0,1,)) (b) 2z ~ ARCH(1)

p K Tn S. Yo Y7 Q1 Q @3 LM TB Tn Sn Yn Yy Q1 Q2 Q3 LM TB
3 1 56 12 62 80 62 62 62 62 64 46 04 52 64 714 178 76 176 80
2 62 48 56 90 50 52 52 52 52 48 50 78 74 14 14 72
3 48 62 52 92 36 40 40 40 54 48 60 78 54 58 56 70
4 52 60 50 80 48 50 48 50 54 54 54 72 42 52 48 58
5 52 56 50 86 40 50 42 438 52 52 50 7.6 40 48 44 42
15 1 54 26 54 22 42 42 42 42 50 56 22 50 18 110 112 112 114 130
2 64 50 52 26 40 52 52 42 44 40 48 12 100 110 11.0 98
3 50 56 44 20 22 30 30 26 68 52 58 08 84 94 94 74
4 54 46 46 18 28 36 34 32 62 50 56 12 48 72 66 52
5 58 52 52 22 26 36 36 26 68 52 50 12 32 70 68 40

50 1 46 34 46 22 20 26 26 18 60 54 42 48 10 70 100 100 54 164
2 48 44 30 20 06 20 20 04 44 34 36 06 52 80 80 24
3 44 32 42 10 1.0 32 30 02 54 50 44 00 38 98 98 00
4 38 48 36 04 06 28 24 00 46 50 36 02 22 82 80 00
5 40 42 36 04 00 34 32 00 54 52 36 02 14 86 86 00
150 1 48 38 32 14 00 02 02 00 1000 68 70 56 18§ 04 18 L8 06 1000
2 70 66 48 1.6 00 14 14 86 86 62 06 02 26 24
3 76 66 48 08 00 18 16 96 84 54 04 00 38 36
4 70 62 38 10 00 34 32 94 86 54 06 00 60 60
5 62 42 24 10 00 44 38 86 84 44 10 00 80 76
Table 3.2: The empirical sizes (%) of all tests for testing white noise series generated from
model 2.
(a) z ~ N(0,1,) (b) z ~ ARCH(1)

p K Tn Su Yo Y7 Q1 Q @3 LM TB Tn Sn Yo Y5 @1 Q2 Q3 LM TB
3 1 52 50 42 66 48 48 48 48 50 44 44 46 94 88 88 88 90 90
2 60 48 48 80 46 46 46 50 46 42 46 104 90 92 90 96
366 52 34 74 42 46 44 40 64 48 54 110 72 80 80 76
4 52 50 36 70 44 56 54 44 60 52 50 106 76 78 78 74
5 56 54 42 64 44 48 48 54 54 44 42 96 64 16 74 16
15 1 46 54 48 102 46 48 46 46 56 66 48 26 38 104 108 108 106 122
2 56 52 28 130 38 48 48 46 56 46 32 56 92 104 102 96
3 52 54 24 134 38 50 48 48 60 52 30 60 78 98 94 64
4 54 54 26 144 30 40 40 40 60 44 30 80 70 104 102 58
5 58 58 30 148 22 38 38 28 60 42 28 74 62 98 94 52
50 1 62 70 28 108 30 34 34 36 80 62 58 10 38 66 74 74 54 116
2 58 56 30 92 18 26 26 12 70 62 06 42 46 82 82 22
3 66 58 30 108 12 56 56 04 76 70 04 32 28 102 100 02
4 78 76 26 110 08 40 36 00 80 68 04 40 14 94 94 02
5 80 70 22 108 02 40 34 00 80 72 06 34 12 96 92 00
150 I 80 70 12 50 02 06 06 00 1000 88 76 00 22 00 12 12 00 1000
2 76 60 16 68 00 06 06 98 90 02 16 00 16 16
3 68 62 14 64 00 12 10 106 96 02 12 00 26 26
4 76 68 18 62 00 28 28 108 98 04 14 00 44 40
5 92 72 10 68 00 60 60 114 100 04 08 00 68 64
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Table 3.3: The empirical sizes (%) of all tests for testing white noise series generated from

model 3.
(@) 2 ~ N(0,1,) (b) z ~ ARCH(1)
14 K Tn Sn Yn Y’rt Ql QZ Q3 LM TB Tn S’n §/’n Y; Ql QQ Q3 LM TB
3 1 46 42 40 9.6 42 42 42 42 4.2 58 62 56 66 88 88 88 88 8.8
2 54 46 44 96 48 50 48 44 48 46 40 80 72 74 74 72
3 48 54 54 84 44 46 44 52 60 52 44 86 78 84 84 78
4 56 58 46 104 56 58 56 50 58 48 46 94 90 94 94 78
5 58 50 46 96 52 64 64 54 52 50 38 96 62 68 68 62
15 1 50 48 40 46 42 52 50 50 6.6 6.8 58 3.6 32 11.8 130 128 13.0 146
2 66 48 32 50 40 60 58 42 64 52 22 34 80 86 84 90
3 82 70 46 38 38 54 52 40 66 52 32 28 70 84 82 7.0
4 86 66 38 42 36 58 58 40 70 50 34 26 60 82 78 58
5 80 66 42 48 26 58 56 3.6 60 50 26 18 60 88 86 54
50 1 60 62 22 76 26 38 36 20 9.0 64 58 20 78 60 84 82 40 16.2
2 64 54 16 90 28 50 48 . 72 54 18 80 60 94 94 3.0
3 68 46 14 116 16 42 42 00 92 7.6 22 78 34 106 100 14
4 52 36 16 110 14 46 44 02 80 72 18 82 24 88 84 00
5 50 40 1.8 116 08 46 46 0.0 84 54 16 8.0 14 98 94 0.0
150 1 72 68 28 200 00 04 04 0.0 100.0 74 6.6 18 230 02 1.0 1.0 0.2 100.0
2 70 62 20 258 00 1.0 1.0 94 72 12 284 00 26 24
3 90 72 16 264 00 20 20 96 74 14 328 00 32 32
4 84 76 16 308 00 28 24 92 6.0 12 336 00 48 46
5 94 76 14 324 00 36 3.6 94 6.0 04 356 00 62 58

Table 3.4: The empirical sizes (%) of all tests for testing white noise series generated from

model 4

Q1

Q2

Q3

TB

w3

4.6
5.8
5.4
5.2
4.0

4.6
6.2
5.8
5.4
4.8

4.6
6.2
5.6
5.4
4.6

5.0

15

3.0
3.4
2.8
3.0
2.6

32
4.6
4.0

32
4.6
4.0
5.0
4.0

4.2

50

16.6
17.0

1.8
22
1.2
1.6
0.6

3.0
4.6
4.8
52
5.6

6.8

150

DB LN =R WRD~0R WP =0 AW =X

15.6
17.2
17.8
16.2
17.2

0.0
0.0
0.0
0.0
0.0

0.4
1.4
1.8
44
4.8

100.0

3.4.2 Empirical Power

In this section, our goal is to compare the empirical power of all white noise tests. Here, two

types of non-white noise series are considered:
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Model 5. z; = Axy;_1 + e, where e, are independent and each e; consists of p inde-
pendent tg random variables, and the coefficient matrix A = (ag;) is generated by: ap; ~
U(—0.25,0.25) independently for 1 < k, [ < ko, and aj; = 0 otherwise.

Model 6. z; = Az, where z; = (214, ..., zp,t)T. Forl <k <ko, 2zt = (21, zkvn)T ~
N(0,%), where kg = min([p/5],12) and ¥ is an n X n matrix with 1 on the diagonal and
0.5]i — 5|7° on the (i, j)-th element for 1 < |i — j| < 7 and 0 on all the other elements. For
k > ko, 21,4, - . ., 2k are independently generated from ¢g. The coefficient matrix A = (ay;) is
generated by: ay; ~ U(—1, 1) with probability 1/3 and ax; = 0 with probability 2/3 indepen-

dently for 1 <k #1 <p,and apr =0.8for1 <k <p.

Remark 3.8. The likelihood ratio test (TB) does not involve lag parameter k, so the power
curve is flat. For Lagrange multiplier test (LM), it is not applicable when pk > n. However,

for convenience reasons, we let the curve go to zero when p = 150 at lag k = 2, 3,4, 5.

Figure 3.1-3.2 display the empirical power of all white noise tests against the lag number K
used in the test. When the autocorrelation decays very fast, as in Model 5, Y, is more powerful
compared to our proposed tests, especially when p is small. As p increases, Y, Y, and T},, S),
have similar performance, where the power curve is very close to 1. However, those traditional
white tests, such as portmanteau tests, are close to powerless. As the autocorrelation remains
relatively strong in Model 6, all tests lose power as p becomes larger. This results from the
different model structures. Specifically, those tests based on maximum-type test statistics (17,
Sp, Yy and YY) are really close to zero. This is because the autocovariance do not change with
respect to the dimension p, while the variance of autocovariance increases as p increases. If
we divide the autocovairance by its estimated standard deviation, the test statistics will become
even smaller, which makes it harder to reject the null hypothesis. In later section, we adjust
Model 6 to validate the aforementioned argument. In addition, those portmanteau tests are
relatively more powerful than new tests. Since Model 6 has widespread signals within first
ko rows and portmanteau tests sum up all the autocorrelations, it is expected to observe more
power from them. It should be mentioned that the power curves of most of these tests are less
informative, since these tests have different sizes. It is more reasonable to compare the power

of these tests when they have same size first. This can be achieved by calibrating the critical
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values from each of the corresponding white noise model. In addition, instead of plotting the
power curve against the lag value K, we are more interested in how sensitive our tests are
when the dependence in the data changes. These extensive experiments and more discussions

are presented in the following sections.
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Figure 3.1: Plots of empirical power against lag K for new tests 7T,, (solid e)and .S,,(solid A), Y;, (solid
o) and Y, (solid A), @1 (dashed [J), Q2 (dashed o), Q3 (dashed A), LM (dashed +), and T'B (dashed
x). Data are generated from model 5.
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3.4.3 Calibrated Critical Values

Instead of evaluating the critical values from dependent multiplier bootstrapping, we calibrate
the critical values based on the corresponding white noise series. Specifically, consider two
white noise models corresponding to Model 5 and Model 6 respectively:

Model 5 (white noise). x; = e;, where e; are independent and each e; consists of p

independent ¢g random variables.

Model 6 (white noise). z; = Az;, where z; = (214,...,2p¢)7. For 1 < k < ko, 2 =
(215 -+ s 2km) T ~ N(0,%), where where kg = min([p/5],12) and ¥ is an n x n matrix with
1 on the diagonal and O on all the other elements. For k > ko, 21, ..., 21 are independently

generated from tg. The coefficient matrix A = (ay;) is generated by: ay; ~ U(—1,1) with
probability 1/3 and a; = 0 with probability 2/3 independently for 1 < k # [ < p, and
arr = 0.8for1 < k <p.

Here, we try to remain the same structure with the original non-white noise model and
remove the correlation at the same time. For instance, for model 5, the dependence comes from
the lag-1 autoregressive term. So we remove the autoregressive term and use the innovation
e; as the corresponding white noise series for model 5. Similarly for model 6, the correlation
only appears in the first kg rows. So we use an identity matrix as the covariance matrix for the
normal distribution used to generated the first kg rows, and the rest rows are same with original
non-white noise model. In this way, before doing white noise test, we can generate 2000 white
noise samples, calculate the test statistics for each test, and take the a-th upper quantile as
the threshold. Ideally, the empirical type I error is designed to be 5% if the calibrated critical
values are used. Therefore, by using the calibrated critical values to do the test, we are able to
compare all the white noise tests at the same size. Similarly, we reject the null hypothesis if the
test statistics is greater than the calibrated critical values.

Figure 3.3-3.4 display the power plots of all white noise tests against lag K using calibrated
critical values. Generally, the power of Y, decreases due to the correction of significance level.
While the general patterns seem to be the same as previously stated, it is worth observing the
gap between our proposed tests 7},,5,, and Y,,,Y," reduces significantly. In summary, our tests

are still dominant in terms of a better control on the size. It is always more important to calibrate
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the size accurately first and then improve the power. In the last section, there are some further

discussion where we propose a new method to improve the empirical power of our new tests.

3.4.4 Sensitivity to Dependence

In order to investigate how sensitive the white noise tests are when the dependence changes,
we modify the level of dependence in the non-white noise model. For each model, how we
measure the dependence of the data is different. For instance, in Model 5, the dependence of
data comes from the autoregressive matrix A. Write Ay as the original matrix described in
Model 5. Let |A| = d|Ap| where d = 0,0.2,0.4,0.6,0.8,1.0. When d = 0, this is exactly the
same white noise model stated in Section 3.4.3. When d becomes larger, the dependence of
data becomes stronger. While in Model 6, the covariance matrix of first ko rows is the source
of dependence. Let X be an n x n matrix with 1 on the diagonal and d|i — j|~°-% on the (i, j)-th
element for 1 < |i — j| < 7, where d = 0,0.1,0.2,0.3,0.4,0.5. When d = 0, the covariance
matrix > becomes a diagonal matrix, which leads to the white noise model in Section 3.4.3.
The dependence of the data becomes stronger as d increases. Then we are able to plot the
empirical power of each tests against the dependence measure d. Here we only consider lag
k = 1. In other words, there will be p? cross covariances involved in the test. Note that we
also calibrate the critical values from the white noise model as Section 3.4.3 described. The
results are presented in Figure 3.5 and Figure 3.6. First of all, when d = 0, the generated series
is indeed a white noise. So the empirical rejecting probability is 5%, which is why all power
curves start from around 5%. Notice that when p = 150, the power for those portmanteau
tests are higher than expected. Although the expected value of the portmanteau statistic is the
same with the truth, the variance for each p;; is O,(1//n). Since portmanteau tests sum up
all autocorrelation, its variance can be very large due to the accumulated variation from each
of the p? autocorrelation. On the other hand, the empirical power increases as the dependency
becomes stronger. When d = 1, the results are the same as shown in Figure 3.3 and Figure 3.4 at
lag 1. Similar to the aforementioned discussion, as the autocorrelation remains relatively strong
in Model 6, compared to Model 5, all the tests based on maximum-type statistics are relatively

powerless when p is large. However, in Model 5, those tests are substantially powerful.
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In order to investigate the interesting pattern in Model 6, we adjust the variance of loading
matrix in Model 6, so that the variance of each series does not increase as p increases. Specifi-
cally, the variance of each series is partially influenced by the variance from coefficient matrix
A, which is accumulated when the dimension p increases. Thus, we use the following modified
model to generate the non-white series:

Model 6 (adjusted). x; = Az, where z; = (z14,..., zp,t)T. Forl < k < kg,z =
(261, 26n)T ~ N(0,X), where where ko = min([p/5],12) and X is an n X n matrix with
1 on the diagonal and 0.5|i — 5| =% on the (4, j)-th element for 1 < |i — j| < 7 and O on all the
other elements. For k > ko, 21, ..., 2+ are independently generated from ¢g. The coefficient
matrix A = (ay) is generated by: ay; ~ U(—1/,/p,1/,/p) with probability 1/3 and az; = 0
with probability 2/3 independently for 1 < k # [ < p, and ag, = 0.8 for 1 < k < p.

The results are displayed in Figure 3.7. As expected, there is a significant improvement
from those solid curves compared to the power plots where data is generated from the original

Model 6, especially for p = 150. These results confirm the discussion in Section 3.4.2.

3.5 Real Data Analysis

One of the most important application of white noise test is to check the model adequacy. In
this section, we use the white noise tests as diagnostic tool to identify a suitable number of
terms used in the autoregressive model of matrix-valued time series. We fit the p-MAR(1):
p-term matrix autoregressive model with 1 lag, estimated using the least-square method (Chen
et al., 2018):

Xy = A1 X; By + -+ AX 1B, + By,

and test on the residuals using our proposed test 73, and S,,, as well as Y,, and Y, proposed by
Chang et al. (2017). We use the same dataset presented in Section 5.2 of Chen et al. (2018),
the economic indicators from five countries: Canada, France, Germany, United Kingdom and
United States. Four quarterly indicators are selected: 3-month interbank interest rate (first-order
differenced series), GDP growth (first-order differenced log of GDP series), total manufacture
production growth (first-order differenced log of production series) and total consumer price

index (growth from the last period). The data was downloaded from Organisation for Economic
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Co-operation and Development (OECD) at https://data.oecd.org/, and was pre-processed the
same way as in Chen et al. (2018) before fitting the autoregressive model. To be specific, all
series are normalized so that the combined variance of each indicator is 1, and the seasonality
of CPI is adjusted by subtracting the sample quarterly means. The ACF plot of original series
is shown in Figure 3.8.

There are several significant lags in Figure 3.8, so we continue to fit the 1-MAR(1) model,
and apply those white noise tests on the residuals. The significance level is a = 0.05. Select
the lagtobe K = 1,2,3,4,5. We generate B = 2000 bootstrap samples to evaluate the critical
values. The p-value of each test is reported in Table 3.5. Specifically, T}, and S,, reject the
null hypothesis that the residual series is white noise for all lags, while residuals pass Y;, and
Y* with pretty high p-value. If we add one more term to fit a 2-MAR(1) model, the residuals
pass 1}, and S,, when K is small. When K = 4 and K = 5, these two tests still reject the
null hypothesis. However, the p-values are relatively close to 5%. So we stop here and select
2-MAR(1) model to fit the indicator data. We also plot the ACF of residuals from each model
for reference.

In summary, for this example, the tests proposed by Chang et al. (2017) fail to detect the
correlations, while our white noise tests direct us to use the MAR(1) model with two terms.
Although there are still some significant lags in Figure 3.10, rather than adding more terms to
MAR(1) model, we may consider a more sophisticated model such as MAR(2) or MAR(3) to
obtain a much cleaner residuals.

Table 3.5: The p-value(%) of white noise tests for testing residuals

Model Test K
1 2 3 4 5
1-MAR(1) T, 0.10 020 040 065 0.70
Sh 1.05 235 225 020 025

Y, 70.20 54.15 56.80 59.60 59.10
Y> 55.15 23.60 24.85 2530 25.15
2-MAR(1) 1T, 7.30 1135 1485 3.05 3.70
Sn 13.75 1495 1980 3.10 3.95
Y, 71.15 75.00 78.80 75.770 76.65
Y 22.00 3145 37770 44.65 45.05
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3.6 Further Discussion

In this section, we propose a new test using the self-normalized cross correlation in order to
gain more power. The motivation is the variance of sample cross correlation tends to be smaller
under the alternative hypothesis. In order to make the signal stronger, we can divide the sample
cross correlation by its estimated standard deviation. Notice that under null hypothesis, this
is equivalent to normalize the sample cross covariance. The estimation of variance for sample
cross correlation is more complicated. Here we adopt a block estimates. Specifically, partition
n samples into B blocks with block size m. The common practice is to select m = n'/3. Then
for each block, calculate the sample cross correlation for all pairs of {(i,7) : 1 < 4,5 < p}.
In this way, we have B samples of cross correlations. Then use the sample variance of these
B samples to estimate the variance of sample cross correlation. We also evaluate the critical
values by calibration. The test based on maximum absolute self-normalized cross correlation is
denoted as Z,,. There is also an improved version by using the sum of square of maximum and
minimum of self-normalized cross correlation, which is denoted as Z/,. In order to demonstrate
the result clearly, we use a simple model to generate the non-white noise series.

Model 7. x; = Ax;_1 + e, where e; are independent and each e; consists of p independent
tg random variables, and the coefficient matrix |A| = d|Ag| where d = 0,0.2,0.4,0.6, 0.8, 1.0.
Ay = (ag) is generated by: agr ~ U(—0.5,0.5) independently for 1 < k < kg, and ag; = 0
forl1 < k,l <ko,k#landk,l > k.

The first ko rows in Model 7 are independent AR(1) process, and the rest rows are inde-
pendent tg random variables. Recall for an AR(1) process x; = ¢xy_1 + e;with autoregressive
coefficient —1 < ¢ < 1 and i.i.d. innovations e;, the asymptotic variance of lag-1 sample
autocovariance /np(1) is 1 — ¢2. Thus, by normalizing the sample cross and auto correlation
by its corresponding standard deviation, the dependency signals are stronger to be detected.
We demonstrate these findings by the power plots against dependence d in Figure 3.11. When
d = 0, this is exactly the same white noise model stated in Section 3.4.3. When d becomes
larger, the dependence of data becomes stronger. As shown in Figure 3.11, the tests based
on self-normalized cross correlation Z,, and Z/, (the red curves) are more powerful than other

maximum-type tests as expected.
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Last but not least, we remark that the most important application of the white noise tests is
to assess the adequacy of a fitted model. Much of the literature on the classical portmanteau
tests has focused on the impact of vector autoregressive and moving average modeling on the
distribution of sample autocorrelations of the residuals, and on that of the portmanteau test
statistics, see for example Li and McLeod (1981) and Liitkepohl (2005). For high dimensional
time series, the model building itself becomes more complicated, and has to be performed with
some regularization. The effect of the regularized estimation procedure is not yet clear for
the high dimensional white noise tests based on residuals. Although it might not affect the
asymptotic distributions of the test statistics, its influence on the finite sample performances
should not be neglected. Deep understandings of this problem, both theoretical and empirical,

are of our utmost interest in future research.
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Figure 3.2: Plots of empirical power against lag K for new tests 7T}, (solid e)and S,,(solid A), Y,, (solid
o) and Y7 (solid A), @1 (dashed [J), Q)2 (dashed o), Q)3 (dashed A), LM (dashed +), and T'B (dashed
x). Data are generated from model 6.
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Figure 3.3: Plots of empirical power against lag K for new tests 7T}, (solid e)and S,,(solid A), Y,, (solid
o) and Y7 (solid A), @1 (dashed [J), Q)2 (dashed o), Q)3 (dashed A), LM (dashed +), and T'B (dashed
x). Data are generated from model 5. Calibrated critical values are used.
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Figure 3.8: ACF of original series
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Figure 3.9: ACF of residuals from 1-MAR(1)
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Figure 3.10: ACF of residuals from 2-MAR(1)
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Chapter 4

Concluding Remarks

In the first project, we propose a monotone transform of the squared normal extremes, which
leads to a faster convergence to the limiting Gumbel distribution. We show that both the point-
wise and the uniform convergence rates are of the order (logn) 3. It improves the best existing
result, which is at the rate (logn)~2. While the faster convergence rates are often reflected
when the sample size is large, after the proposed transform, the distribution of the squared
normal extreme is very close to the limiting one even when the sample size is moderate, with
only hundreds of observations. Furthermore, it is stochastically dominated by the limiting
distribution. This is important because the asymptotic test based on the transformed maximum
is conservative, so that the type I error is guaranteed to be controlled at the nominal level.

In the second project, we consider the white noise tests for high dimensional time series.
Two tests are proposed: (i) maximum self-normalized sample autocovariance, and (ii) sum of
squared maximum and minimum sample autocovariances (after normalization). Our theoretical
analysis is under the paradigm of high dimensional statistics, where the dimension is allowed to
grow exponentially with the length of the time series. We show that the limiting distribution of
the first test statistic converges to the Gumbel distribution, and that of the second one converges
to the convolution of two independent Gumbel random variables. To calibrate the sizes of
the tests when the sample size is not very large, we propose to use the dependent Gaussian
multiplier bootstrap, and establish its consistency. We conduct an extensive numerical studies,
and find that the proposed tests do enjoy better type I error controls, compared with existing
testing procedures.

We also find that while the sizes are better controlled, the proposed tests also have compa-

rable powers with other ones. To further improve the power, one approach is to consider the
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self-normalized sample autocorrelations. Another approach is to use the idea of higher criti-
cism tests (Donoho et al., 2004) so that the test is more adaptive to the unknown dependence
pattern under the alternative. These directions will be investigated in future research.

Finally, for most tests based on the maximum, two approximations are involved, a normal
approximation and an asymptotic approximation of the normal extreme by the Gumbel distri-
bution. The second approximation is investigated in the first project of this dissertation. On the
other hand, a thorough analysis of the rate of convergence for the first one is needed, and is also

of our future interests.
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