
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

©2020 

Bryan D. Llumiquinga  

ALL RIGHTS RESERVED  

 

 

 

 

 

 

 

 

 

 



SHOCK ATTENUATION IN LATTICES USING PHONONICS 

By 

BRYAN D. LLUMIQUINGA 

A thesis submitted to the 

School of Graduate Studies 

Rutgers, The State University of New Jersey 

In partial fulfillment of the requirements 

For the degree of 

Master of Science 

Graduate Program in Mechanical and Aerospace Engineering 

Written under the direction of 

Dr. Jonathan P. Singer 

And approved by 

_____________________________________ 

_____________________________________ 

_____________________________________ 

New Brunswick, New Jersey 

October, 2020 

 



 ii   
 

ABSTRACT OF THESIS 

SHOCK ATTENUATION IN LATTICES USING PHONONICS 

By BRYAN D. LLUMIQUINGA 

Thesis Director: 

Dr. Jonathan P. Singer 

Supersonic aircraft deal with turbulent conditions during flight. These turbulent 

conditions lead to unwanted stresses that often adversely affects the payload. Several 

lattices were designed to help attenuate any vibrations or shock that may be experienced 

by the payload through the concept of phononic crystals. Phononic crystals are periodic 

composite materials designed to control the propagation of mechanical waves using 

acoustic band gaps. Three different lattice deigns implemented to a cylindrical shell body 

were initially explored for this study. Combination lattices consisting of two different 

lattices within the same geometry were also explored. Combination lattices outperformed 

their single lattice design counterparts, in terms of frequency suppression, due to the fill 

factor of mechanically contrasting geometries. All lattice cases evaluated experienced a 

dominant peak in the frequency domain, near the ring frequency of the cylinder. Low 

frequency cantilevers were successful in trapping some of the energy caused by the ring 

mode of the structure. 
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CHAPTER 1 

INTRODUCTION 

The acoustic equivalent of the commonly known photonic crystal is the phononic 

crystal. Both photonic and phononic crystals belong to the distinct class of metamaterials 

that are engineered to have properties not seen in nature. Such properties may include a 

negative refraction index, sound focusing, or wave guiding [4]. Though both photonic and 

phononic crystals share similar characteristics, they differ significantly. Phononic crystals 

deal with the propagation of mechanical waves unlike its counterpart, photonic crystals, 

that deals with the propagation of electromagnetic waves. The inherent characteristics of 

mechanical waves compared to that of electromagnetic waves demonstrates just how 

significant the difference between phononic and photonic crystals are. The remainder of 

this thesis will primarily focus on an application using phononic crystals and their unique 

ability to form band gaps. 

Phononic crystals are periodic composite materials designed to control the 

propagation of mechanical waves using acoustic band gaps. The first experimental 

evidence of the existence of acoustic band gaps in periodic structures was proven by 

Francisco Meseguer and his colleagues in 1995 [5]. The experiment took place at the 

Material Science Institute of Madrid where Meseguer et al. studied the acoustic 

characteristics of a sculpture built by Eusebio Sempere [5]. The sculpture consisted of a 

two-dimensional square array of hollow steel cylinders in air. Meseguer et al. demonstrated 

that the attenuation of the acoustic waves occurred in a select frequency range due to the 

multiple interferences of sound waves caused by the periodic arrangement of the tubes. 

Meseguer et al. found that the sound attenuation was not a result of absorption as steel is 
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very stiff, but the periodic arrangement of the steel tubes. The periodic arrangement of the 

tubes led to either constructive or deconstructive interference that was dependent on the 

frequency of the sound waves. Meseguer et al. measured the transmission of the sculpture 

as a function of frequency and direction. Their results showed that sound traversing 

perpendicular to the axis of cylinder was attenuated at a frequency of 1670 Hz [5].  Thus, 

the periodic structure built by Eusebio Sempere exhibited frequency gaps or phononic band 

gaps where wave propagation was prohibited. 

Many studies have used the concept of phononics to manipulate the propagation of 

mechanical waves.  For example, phononic crystals have been used in the development of 

microfluidic systems particularly with surface acoustic devices. Previous work by Wilson 

et al., demonstrated that their phononic crystal lattice design could be engineered on non-

piezoelectric materials to filter, reflect, or scatter acoustic waves [7]. As a result, Wilson et 

al. were able to control the microcentrifugation of particles in a manner that is completely 

dependent on frequency. Previous work by Bourquin et al. demonstrated that by using a 

phononic crystal, fluid droplets could be shaped by controlling the interaction between the 

droplets and the acoustic waves by tuning the frequency of excitation [6]. Bourquin et al. 

developed a cone-shaped phononic crystal with circular cavities that enabled the focusing 

of energy at chosen locations whose positions were determined by the excitation frequency 

and the intensity of the phononic crystal [6]. With that, Bourquin et al. were able to shape 

the field created by the acoustic waves and establish a control over the direction and the 

amplitude of the interfacial jetting of a sessile drop of liquid on non‐piezoelectric materials 

[6]. 
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This dissertation focuses on the application of phononic crystals for a shock 

attenuation study in cylindrical lattices. Supersonic launch vehicles go through extreme 

flying conditions where they are subjected to unwanted stresses that arise from the shock 

waves and vibrations associated with the turbulence. Through the concept of phononic 

crystals, several lattices were designed to help attenuate any vibrations or shock that may 

be experienced by the payload of the launch vehicle. The main objective was dampening 

waves traveling through a cylinder using single and mechanically contrasting lattices. 

Suppressing the cylindrical mode using in-plane metamaterials was explored. 
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CHAPTER 2 

PHONONIC CRYSTALS 

2.1: Introductory Remarks 

Phononic crystals are periodic structure made of at least two different elastic 

materials with different mechanical properties [1]. Phononic crystals are typically designed 

to control the propagation of mechanical waves through a structure. When a wave 

propagates through a periodic structure, phononic crystals use the inherent properties of 

the wave to create frequency or wavelength ranges where the wave is prohibited from 

propagating [1].  Frequency or wavelength ranges where a mechanical wave is not allowed 

to propagate is referred to as a band gap [2]. Before going further into phononic crystals, it 

is useful to give background information on the behavior of mechanical waves propagating 

through a material that is considered homogenous. 

2.2: Wave Types 

 Mechanical waves can be classified as two different types of waves based on their 

different mechanisms for propagation [1]. Mechanical waves propagating within solid 

structures are considered elastic waves. Mechanical waves propagating within a fluid such 

as in liquids or gases are acoustic waves. Elastic waves propagating within solid structures 

will be the primary focus moving forward. Evaluating elastic waves within homogenous 

materials is important because homogenous materials contain uniform composition and 

uniform properties throughout which is useful when assessing complex structures. Most of 

homogeneous materials are made up of periodic arrangements of atoms in space. Thus, 

evaluating how these atoms interact when subjected to an elastic wave is important. Elastic 

waves can be further classified based on the behavior of the displacement of the atoms 
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from their equilibrium position when subjected to an elastic wave propagating with wave 

vector 𝑘⃗ . 

 For a one-dimensional case, an elastic wave can either be transverse or longitudinal 

based on the direction of its oscillation. When the displaced atoms move perpendicular to 

the direction of the propagation, the displacement vector of the atoms also moves 

perpendicular to the direction of the wave and is considered transverse [1]. Conversely, 

when the displaced atoms move in a direction that is parallel with the direction of the 

propagating wave, the displacement vector of the atoms also moves along the direction of 

the wave and is considered longitudinal [1]. For a one-dimensional case, an elastic wave is 

classified as either transverse or longitudinal based on the displacement vector and the 

direction of the propagating wave [1]. 

 The mathematical formulas that describe transverse and longitudinal waves, 

respectively, are  

                                                  𝑢⃗ 𝑇 = 𝑅𝑒(𝑢⃗ 𝑇0𝑒
𝑖(𝑘⃗ ∙𝑟 − 𝜔𝑡))                                              (2.1) 

                                                  𝑢⃗ 𝐿 = 𝑅𝑒(𝑢⃗ 𝐿0𝑒
𝑖(𝑘⃗ ∙𝑟 − 𝜔𝑡))                                               (2.2) 

where Re is the “real part of”, 𝑘⃗  is the wave vector, 𝜔 is the frequency, t is time, 𝑢⃗ 𝑇 and 

𝑢⃗ 𝐿 are the displacement vectors for transverse and longitudinal waves, respectively,  𝑢⃗ 𝑇0 

and 𝑢⃗ 𝐿0 are the displacement vector amplitude for transverse and longitudinal waves, 

respectively, and 𝑟  is the displacement vector of the atom. Furthermore, transverse and 

longitudinal waves are governed by the elastic wave equation. The elastic wave equation 

for transverse and longitudinal equations reduces to: 
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                                                ∇2𝑢⃗ 𝑇 =
1

𝑐𝑇
2

𝑑

𝑑𝑡2
(𝑢⃗ 𝑇0)                                                       (2.3) 

                                                ∇2𝑢⃗ 𝐿 =
1

𝑐𝐿
2

𝑑

𝑑𝑡2
(𝑢⃗ 𝐿0)                                                        (2.4) 

where 𝑐𝑇 and 𝑐𝐿 are the transverse and longitudinal wave velocities. From the equations 

governing the transverse and longitudinal waves (i.e. equations 2.3 and 2.4) and the 

equations describing the transverse and longitudinal waves (i.e. equations 2.1 and 2.2), the 

dispersion relation between the frequency and wave vector is established.  

                                                            𝑘 =
𝜔

𝑐𝑇
                                                                     (2.5) 

                                                            𝑘 =
𝜔

𝑐𝐿
                                                                  (2.6) 

From the dispersion relations, a relationship between the wave number, frequency, 

and transverse and longitudinal velocity is established. Furthermore, the transverse and 

longitudinal velocity is derived from the material properties of the solid structure. The lame 

parameters of the solid structure are used to determine the transverse and longitudinal 

velocities 

                                                          λ=
𝐸𝜈

(1+𝜈)(1−2𝜈)
                                                         (2.7) 

                                                          𝜇 =
𝐸

2(1+𝜈)
                                                                 (2.8) 

where λ and µ are lame parameters, E is the Young’s modulus of the solid material, and ν 

is the Poisson’s ratio of the solid material. From the lame parameters, the transverse and 

longitudinal wave speeds are  
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                                                              𝑐𝑇 = √
𝜇

𝜌
                                                               (2.9) 

                                                              𝑐𝐿 = √
λ+2𝜇

𝜌
                                                       (2.10) 

where ρ is the density of the solid material. 

  In general, the propagation of a mechanical wave in a solid medium is described 

by the dispersion relation seen in either equations 2.5 or 2.6 for a homogenous medium. 

For homogenous solids, the dispersion relation is linear, however, for phononic crystals, 

the dispersion relation becomes complex [2]. As mentioned earlier, phononic crystals are 

designed to control the propagation of a wave through band gaps. Band gaps being 

frequency or wavelength ranges where the wave a prohibited from propagating. To get a 

better understanding on how phononic band gaps form, the concept of acoustic impedance 

is explored.  

2.3: Acoustic Impedance 

An important characteristic relating to the propagation of sound within a solid 

medium is the acoustic impedance. The acoustic impedance of a solid material is the 

product of its density and its acoustic velocity 

                                                                𝑍 = 𝜌𝑉                                                            (2.11) 

where Z is the acoustic impedance, V is the acoustic velocity and 𝜌 is the density of the 

solid. Acoustic impedance allows for the determination of transmission and reflection at 

the interface between two materials having different acoustic impedances [3]. Mediums 

that have different impedances and hence different speeds of sound will produce what is 

known as an impedance mismatch when a sound wave strikes the boundary between the 
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two materials. As a result of the impedance mismatch, some of the wave transmits through 

while some of it reflects. The bigger the impedance mismatch, the greater the amount of 

energy that is reflected at the interface between the two materials. If both the impedances 

are known, the amount of energy that is reflected is  

                                                               𝑅 = (
𝑍2−𝑍1

𝑍2+𝑍1
)
2

                                                   (2.12) 

where R is the reflection coefficient, Z1 is the acoustic impedance of the first material, and 

Z2 is the acoustic impedance of the second material. Since the total incident energy must 

equal the reflected energy and the transmitted energy, the transmitted coefficient T is 

calculated by subtracting the reflection coefficient from one. 

                                                               𝑇 = 1 − (
𝑍2−𝑍1

𝑍2+𝑍1
)
2

                                            (2.13) 

 Apart from acoustic impedance and impedance mismatch, the concept of 

interference is also introduced. When sound waves combine as they are propagating this is 

known as interference. Two propagating waves propagating at the same time can interfere 

with each other constructively if they are in phase with each other [3]. Conversely, two 

identical waves can interfere with each other destructively if they are out of phase with 

each other. Destructive interference leads to the complete cancellation of the combining 

waves. Meanwhile, constructive interference leads to an increase in the amplitude of the 

combining waves.  

 Through interference, when a wave propagates through a periodic structure, the 

formation of a band gap is established and prevents the wave from propagating at certain 

frequency ranges [2]. To first understand the formation of band gaps is to imagine waves 
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propagating through a one-dimensional phononic crystal made up of alternating layers of 

two different materials [2]. At the interface between the materials, propagating waves 

transfer their energy partially to the reflected waves where the interference takes place. If 

the interference is constructive then the energy of the primary wave is reflected and is 

prohibited from propagating within the second material. However, if the interference is 

destructive, then the energy from the incoming wave is transmitted through to the 

subsequent material and the propagation continues. Hence, constructive interference leads 

to the formation of band gaps within 1D phononic crystals. 

 The formation of band gaps through constructive interference is based on the path 

difference between the interfering waves. Path difference, in this regard, is the difference 

in path traversed by the interfering waves measured in terms of wavelength. For 

constructive interference to occur, the path difference between the interfering waves must 

equal an integer multiple of their wavelength [2]. Hence, since wavelength is inversely 

proportional to frequency, constructive interference occurs when the lattice parameter, a, 

of the phononic crystal is comparable to the wavelength [2].  Thus, by manipulating the 

size of the unit cell of the chosen phononic crystal, the band gap can be tuned to a distinct 

frequency range.  

2.4: Closing Remarks 

The frequency range of the band gap depends highly on the structural parameters 

of the chosen crystal. Furthermore, for a one-dimensional case, the width of the band gap 

is dependent on the number of alternating layers used [1]. For a one-dimensional case, the 

band gap can be widened with increasing number of alternating layers [1]. In general, the 
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ratio of the mechanical properties (i.e. density) of the differing materials affects the overall 

size of the band gap [1]. The larger the ratio, the larger the resultant band gap will be.  

Thus far, only a one-dimensional case has been discussed. However, these 

statements also hold true for two and three-dimensional phononic crystals. For instance, in 

the three-dimensional case, the size and characteristic of the band gap depends on not only 

the geometry of the periodic structure, but the relative volume fraction of the materials that 

form the periodic structure [1]. The ratio of mechanical properties between the materials 

also affects the size of the band gap for two and three-dimensional crystals. With increasing 

dimensions, the process of engineering band gaps becomes more complex. As mentioned 

earlier, a mechanical wave propagates within a solid having different speeds (i.e. 

longitudinal and transverse speeds). Hence, manipulating a periodic structure such that it 

has a band gap in different directions becomes quite the challenge. 
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CHAPTER 3 

EXPERIMENTAL SETUP 

3.1: Introductory Remarks 

Supersonic aircraft go through turbulent flying conditions where they are subjected 

to extreme stresses that arise from the shock waves and vibrations associated with the 

turbulence. Often these aircrafts carry sensitive electronics attached to them while 

navigating through such turbulence at high speeds. Ideally, these electronics would be 

removed from the launch vehicle and completely mechanically isolated from all vibrations 

and shock waves. However, to completely isolate these electronics, massive amounts of 

mass must be added to the launch vehicle which makes this method completely impractical. 

By adding more mass to the launch vehicle, not only does the vehicle itself become heavier, 

but the rate of fuel consumption also increases. This scenario is not ideal. This thesis 

focuses on the application of phononics to attenuate acoustic produced vibrations that may 

reach the payload. Through the concept of phononic crystals, several lattices were designed 

to help attenuate any vibrations or shock that may be experienced by the payload.  

3.2: Approach 

3.2.1: Unit Cell Simulation 

When working with unit cells, it is not necessary to draw out every single unit cell 

out to infinity and not every wave number needs to be considered. Instead, imagine that we 

fold the infinite diagram such that you are only looking at one characteristic length of the 

structure.  Essentially, instead of plotting the bands as the speed of sound as a function of 

the wave number, going off to infinity, we fold it back on itself. If there is periodicity in 
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the structure as we see in figure 1, for one of the lattices, we can essentially look at the 

point where the wave number corresponds to half of a standing wave inside the material.  

Inside an infinite material, you can have distinct modes that are phase shifted from 

one another by half a wavelength. If this is represented inside a real material (i.e. the 

lattice), two waves that have the same wavelength but are in different materials are going 

to have different characteristic energies. This means that if it takes more energy to displace 

material 1 than it does to displace material 2, the same wavelength will now have a higher 

frequency (i.e. higher energy). Two distinct waves that have the same wavelength, but 

distinct energies will cause a bandgap to occur.  

Bandgaps are necessary for energy dissipation and mitigation. At a band gap, a 

wave cannot travel through the material thus this represents a band of frequencies where 

wave propagation is prohibited. Hence, a perfect reflector is created if you have enough of 

periodic repeat units. To begin setting up the phononic band gap analysis for the kagome 

lattice (i.e. figure 1), figure 1 had to reduce to its irreducible unit cell form as seen in figure 

2. Using COMSOL Multiphysics, the phononic band gap analysis was setup and the 

geometry of the lattice was created. The unit cell analysis performed in COMSOL 

Multiphysics utilized the structural mechanicals module. Within the structural mechanics 

module, the type of physics implemented to the unit cell model was solid mechanics. 



13 
 

    
 

 

Figure 1: The first lattice referred to as the Kagome lattice. This was first lattice that was 

analyzed for the shock attenuation study. 

Figure 2: The irreducible unit cell of the kagome lattice as seen in figure 1. 
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Evaluating the frequency response of the kagome lattice required an analysis of the 

kagome unit cell as an infinite waveguide with Bloch boundary conditions that spanned a 

for range of wave vectors (wave numbers). For the first approach, since a flat kagome unit 

cell was evaluated, the Bloch boundary conditions were applied on the faces that were 

parallel to each other. The Bloch boundary condition is defined as shown in equation 3.1 

where the boundary conditions are applied on the parallel faces of the unit cell and the 

wave number is user selected [8]. 

                                                     𝑢⃗ 𝑑𝑠𝑡 = 𝑢⃗ 𝑠𝑟𝑐𝑒
−𝑖𝑘⃗ (𝑟 𝑑𝑠𝑡−𝑟 𝑠𝑟𝑐)                                           (3.1) 

In equation 3.1, 𝑢⃗ 𝑠𝑟𝑐 is the displacement field at designated variable for a source, 𝑢⃗ 𝑑𝑠𝑡 is 

the displacement field at designated variable for a destination, 𝑘⃗ 𝐹 is the wave number, 𝑟 𝑠𝑟𝑐 

is the spatial coordinate of the boundary where the destination is applied, and 𝑟 𝑑𝑠𝑡 is the 

spatial coordinate of the boundary where the destination is applied [8].  Essentially, the 

Bloch boundary condition constrains the boundary displacements and allows for it to 

simulate as if there were infinite unit cells. The wavenumber was parametrically swept in 

an eigenfrequency analysis. From the resultant eigenfrequencies, the dispersion curves for 

the periodic unit cell was evaluated as a function of the wavenumber. Through this method, 

a periodic dispersion curve with respect to the wavenumber is plotted where a pattern of 

curves repeats every 
2𝜋

𝑎
. The term a here is the distance between the parallel faces or the 

lattice constant. To get a better understanding of this concept, the concept of the reciprocal-

lattice space and the Brillouin zone is briefly discussed. 
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3.2.2: Reciprocal Lattice Space and Brillouin Zone 

 Any periodic structure (i.e. the kagome lattice) has an associated point lattice which 

determines the position of the repeating units [1]. Thus, the point lattice implies that there 

exists a periodic array of imaginary lattice points associated with the periodicity of the 

structure. These lattice points have identical surroundings in all directions. These lattice 

points can be assumed to be at the center of cells that repeat in all directions. By selecting 

a single cell, arbitrarily, a unit cell can be selected that represents the periodic arrangement 

that forms the point lattice.  

The selected unit cell that makes up the point lattice is characterized by the 

primitive lattice vectors 𝑎 𝑛 , where n is dependent on the dimension size. This all holds 

valid for two- and three-dimensional cases. The primitive lattice vectors that define the unit 

cell construct the entire point lattice through translation [1]. For example, for the two-

dimensional case, the corresponding lattice point 𝑅⃗  in space that repeats and makes up the 

point lattice is defined as an array of regularly spaced lattice points [1]. 

                                                      𝑅⃗ =  𝑛1𝑎 1 + 𝑛2𝑎 2                                                       (3.2) 

Similarly, for a three-dimensional case: 

                                                    𝑅⃗ =  𝑛1𝑎 1 + 𝑛2𝑎 2 + 𝑛3𝑎 3                                          (3.3) 

Where n1, n2, and n3 are arbitrary integer numbers that correspond to the lattice point 𝑅⃗  in 

space.  

For a case where a plane wave propagating through a lattice with a wave vector 𝑘⃗  

does not match the same periodicity of the lattice, an associated reciprocal lattice is 
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introduced. By not having the same periodicity it is meant that, 𝑒𝑖𝑘⃗ ∙𝑟 ≠ 𝑒𝑖𝑘⃗⃗  ⃗∙(𝑟 +𝑅⃗ ), where 𝑅⃗  

is the corresponding lattice point vector in space that makes up the point lattice. To 

establish a reciprocal lattice, specific wave vectors must allow for the plane wave to satisfy 

the periodicity of the lattice. These specific wave vectors denoted by 𝐺  satisfy the 

periodicity of the lattice if 𝑒𝑖𝐺 ∙𝑟 = 𝑒𝑖𝐺⃗⃗⃗⃗ ∙(𝑟 +𝑅⃗ ).  Furthermore, these wave vectors 𝐺  are 

referred to as set of reciprocal lattice vectors and they make up the reciprocal lattice. Like 

the point lattice and its primitive lattice vectors, the reciprocal lattice can be defined using 

its reciprocal lattice primitive vectors as shown. 

For a two-dimensional case: 

                                                 𝐺 =  𝑚1𝑏⃗ 1 + 𝑚2𝑏⃗ 2                                                         (3.4) 

Similarly, for the three-dimensional case: 

                                                 𝐺 =  𝑚1𝑏⃗ 1 + 𝑚2𝑏⃗ 2 + 𝑚3𝑏⃗ 3                                           (3.5) 

Where m1, m2, and m3 are arbitrary integer numbers, 𝑏⃗ 1, 𝑏⃗ 2, and 𝑏⃗ 3 are reciprocal lattice 

primitive vectors. 

For a two-dimensional case, the reciprocal lattice primitive vectors are defined based on 

the primitive lattice vectors that define its point lattice as shown: 

                                                 𝑏⃗ 1 = 
2𝜋(𝑎⃗ 2×𝑧 )

𝑎⃗ 1∙(𝑎⃗ 2×𝑧 )
                                                                  (3.6) 

                                                 𝑏⃗ 2 = 
2𝜋(𝑧 ×𝑎⃗ 1)

𝑎⃗ 1∙(𝑎⃗ 2×𝑧 )
                                                                  (3.7) 
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For a three-dimensional case, the reciprocal lattice primitive vectors are defined based on 

the primitive lattice vectors that define its point lattice as shown: 

                                                 𝑏⃗ 1 = 
2𝜋(𝑎⃗ 2×𝑎⃗ 3)

𝑎⃗ 1∙(𝑎⃗ 2×𝑎⃗ 3)
                                                                   (3.8) 

                                                 𝑏⃗ 2 = 
2𝜋(𝑎⃗ 3×𝑎⃗ 1)

𝑎⃗ 1∙(𝑎⃗ 2×𝑎⃗ 3)
                                                                  (3.9) 

                                                 𝑏⃗ 3 = 
2𝜋(𝑎⃗ 1×𝑎⃗ 2)

𝑎⃗ 1∙(𝑎⃗ 2×𝑎⃗ 3)
                                                                  (3.10) 

 Since the kagome lattice unit cell corresponds to a triangular two-dimensional point 

lattice and thus a triangular two-dimensional reciprocal lattice, using equations 3.6 and 3.7 

the reciprocal lattice primitive vectors are defined as shown: 

                                                 𝑏⃗ 1 = 
2𝜋

𝑎
𝑖̂ −

2𝜋

𝑎√3
𝑗̂                                                              (3.11) 

                                                 𝑏⃗ 2 =
4𝜋

𝑎√3
𝑗̂                                                                       (3.12) 

Where a is the lattice constant which refers to the physical dimension of the selected unit 

cell.  The primitive lattice vectors for a two-dimensional triangular lattice is defined as 

shown. 

                                                  𝑎 1 =  𝑎𝑖̂                                                                         (3.13) 

                                                  𝑎 2 =
𝑎

2
𝑖̂ +

𝑎√3

2
𝑗̂                                                                   (3.14) 

An illustration of the point lattice and the reciprocal lattice for a two-dimensional triangular 

lattice is shown in figure 3. 
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Figure 3: a) Triangular point lattice with its associated primitive vectors and unit cell. b) 

The associated reciprocal lattice of the point lattice with its associated reciprocal lattice 

primitive vectors and unit cell. 

 An important feature when modelling an infinite phononic crystal (i.e. the kagome 

unit cell) to take into consideration is the fact that the dispersion relation 𝜔 = 𝜔(𝑘⃗ ) is 

periodic. Thus, only a select few of wave vectors 𝑘⃗  need to be calculated. Taking into 

consideration the reciprocal lattice, the dispersion relation also must satisfy the following 

equation where 𝐺  is the reciprocal lattice vector that makes up the reciprocal lattice. 

                                                 𝜔(𝑘⃗ ) = 𝜔(𝑘⃗ + 𝐺 )                                                         (3.15) 

This periodicity shown in equation 3.15 demonstrates that a frequency 𝜔 with a 

corresponding wave vector 𝑘⃗  will have the same frequency 𝜔 value with a corresponding 

wave vector of 𝑘⃗ + 𝐺 . Thus, this periodicity allows for only a specific subset of wave 

vectors to be calculated to establish and plot a corresponding dispersion relation. These 

specific wave vectors that determines the dispersion relation makes up the Brillouin Zone. 

Evaluating wave vectors outside the Brillouin zone is considered unnecessary since the 

a 

a 

60° 

𝒂⃗⃗ 1 

𝒂⃗⃗ 2 

120° 

𝒃⃗⃗ 2 

𝒃⃗⃗ 1 

𝟒𝝅

𝒂√𝟑
 

a)  b)  



19 
 

    
 

dispersion relation is periodic. The Brillouin zone that correspond to the triangular lattice 

is shown in figure 3b. The area enclosed within the hexagon is the Brillouin zone and its 

limits are determined by a locus of points that are equidistant to surrounding points in the 

reciprocal lattice [1].  

Implementing the concept of the reciprocal lattice and the Brillouin zone into the 

kagome unit cell model involved applying the appropriate boundary conditions to the unit 

cell. Within the solid mechanics branch in COMSOL Multiphysics exists the periodic 

condition. This periodic condition allows for the ability to prescribe the displacements on 

two different sets of boundaries with the identical geometries as related, as seen in periodic 

structures. Within this periodic boundary condition exists a couple of different types of 

periodicity that can be prescribed. The Floquet (Bloch) periodicity was selected for its 

ability to be used in frequency domain problems with a spatial periodicity of the geometry 

and solution.  

As mentioned earlier, in section 3.2.1, the Floquet (Bloch) allows for the selected 

unit cell to be modelled as an infinite wave guide by selecting the appropriate boundaries. 

As shown, in figure 4, the boundaries selected for the kagome unit cell were parallel from 

each other and COMSOL Multiphysics designated these boundaries as a source and a 

destination, respectively. When applying the Floquet (Bloch) condition in COMSOL 

Multiphysics, the user must apply a 𝑘⃗  vector for Floquet (Bloch) periodicity. This 𝑘⃗  vector 

refers to the 𝑘⃗  vector described in equation 3.1 and it is known as the wave number for the 

excitation. Since the kagome unit cell corresponds to a triangular lattice (i.e. figure 3), the 

corresponding components for the 𝑘⃗  vector inputted for the Floquet (Bloch) periodicity 

were the reciprocal lattice primitive vectors (i.e. equations 3.11 and 3.12). An 
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eigenfrequency analysis was performed where the wave number would be parametrically 

swept while solving for eigenfrequencies. 

 

Figure 4: The application of the Floquet (Bloch) boundary condition to one of the parallel 

sides (highlighted). 

3.2.3: Cylindrical Strip Simulations 

Another approach used to analyze lattices for this shock attenuation study was using 

thin cylindrical shells. Different lattices were designed and made in COMSOL 

Multiphysics and were implemented into a cylindrical shell geometry. The thickness of the 

shell was made such that the thickness of the shell was much smaller than the overall height 

of the cylinder (H>>t) where H is the height of the cylinder and t is the shell thickness. For 

confidentiality reasons, the dimensions of the lattices and the cylinder will not be disclosed 

in this thesis. Furthermore, by applying the lattices to a cylindrical shell geometry, this 

introduced a curvature into the lattice unit cells. Analyzing how different lattices perform 

when subjected to a pulse within a cylindrical shell in a time dependent study was the 

primary focus of this portion of the study. 
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 To begin setting up this simulation, the cylinder had to be designed in a way to 

appropriately account for any possible reflections from the propagating wave once it 

reached the end of the cylinder. Ideally, a perfectly matched layer (PML) would be the 

ideal choice for this scenario since PMLs are perfect absorbers to any propagating wave. 

However, since PMLs in COMSOL Multiphysics tend to work only in frequency domain, 

it could not be implemented to this time domain problem. For this transient problem, 

infinite element domains were implemented on opposite sides of the cylinder as shown in 

figure 5. Several partitions were also implemented onto cylinder to allowed for designated 

areas for the infinite element domains, lattice, and to establish a pulse.  

Figure 5: The initial cylinder made in COMSOL Multiphysics with applied infinite 

domains highlighted blue.  

The infinite element domains were selected because instead of having the wave be 

absorbed as in the case of a PML, an infinite domain would do exactly what its name 



22 
 

    
 

implies. The infinite domain would allow for the selected domain to behave as if it were 

infinite. It is a scaling feature that allows for any incoming wave to essentially propagate 

through an infinite domain. Through this implementation, reflections were minimized. The 

default stretching function of the infinite domain is defined as shown [9]. 

                                                 𝑓(ξ) =  
𝜉

𝛾−𝜉
∆𝑝                                                        (3.16) 

Where ξ is a dimensionless parameter that varies from 0 to 1 over the selected infinite 

domain, ∆𝑝 is defined pole distance, and 𝛾 is the defined parameter COMSOL Multiphysics 

defines that must be greater than one as shown.  

                                                 𝛾 =  
∆𝑝+ ∆𝑠

∆𝑠
> 1                                                        (3.17) 

The scaled thickness ∆𝑠 of the infinite domain and the pole distance ∆𝑝 are both 

user defined values. The scaled thickness ∆𝑠, however was kept to its default value of 

1e3*dGeomChar, where dGeomChar is the characteristic geometry dimension given by 

COMSOL Multiphysics. Keeping the scaled thickness ∆𝑠 at its default value allows for the 

domain to be scaled to a very large value, but not quite to infinity. The reason for this is 

because scaling to infinity would result in numerical issues within the model. The pole 

distance relates to the default stretching function described in equation 3.16. In equation 

3.16, a singularity occurs when ξ = 𝛾, however since 𝛾 is greater than 1, this occurs outside 

the infinite domain. The pole distance ∆𝑝 controls how far this singularity occurs. The pole 

distance ∆𝑝 was kept at its default value of dGeomChar to ensure that it is small enough 

compared to the scaled width ∆𝑠. By ensuring that ∆𝑝 is much smaller than ∆𝑠, the 

coordinate stretching becomes nonlinear and exhibits a 1/r type behavior, where r is the 
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distance form any sources or inhomogeneities [9]. This type of behavior is optimal for 

mesh resolution.  

With the implementation of the infinite domains, establishing a pulse on the 

cylinder was the next step. The pulse was sourced at one of the partitions made near the 

end of the cylinder, right above the bottom infinite domain. A boundary probe was 

implemented on another partition located on the other end of the cylinder, below the top 

infinite domain to act as a detector to any propagating wave. This detector was used to 

gather data that included the out of plane displacement. Figure 6 illustrates where the 

source pulse and the detector were placed. The locations of the source and the detector had 

some spacing between the infinite domain to avoid any issues with the infinite domains.   

 

Figure 6: Source and detector location on the plain cylinder. 

Detector – Boundary Probe 

Pulse Source 



24 
 

    
 

 The pulse used for this model was very sharp and was implemented at the source. 

The half sinusoidal pulse had a frequency of 5000 Hz and had a period of 1e-4 seconds as 

shown in figure 7. To implement this pulse, an edge load was used and implemented at the 

inner edges of the cylinder that were made from a partition. Applying an edge load in 

COMSOL Multiphysics required a force expression. Since the axis of the cylinder was in 

the y-direction as shown in figure 6, to get a radial pulse going, the force components of 

interest were only in the x and z-directions. Equations 3.18 and 3.19 show the force 

expressions implemented into the edge load that acquired a radial pulse. 

                                           𝐹𝑥 = (𝐹𝑓)(𝑎𝑛𝑙(𝑡))
𝑥

√𝑥2+𝑧2
= 𝐹𝑓

𝑥

𝑅
                                        (3.18) 

                                          𝐹𝑧 = (𝐹𝑓)(𝑎𝑛𝑙(𝑡))
𝑧

√𝑥2+𝑧2
= 𝐹𝑓

𝑧

𝑅
                                        (3.19) 

Where x represents the x-coordinates of the model, z represents the z-coordinates of the 

model, R represents the radial coordinates of the model in cylindrical coordinates, anl(t) is 

the analytical expression for the half sinusoidal pulse within COMSOL Multiphysics and 

Ff is a forcing factor that represents an amplitude used in the forcing expressions. To avoid 

any non-linearities with the model, a forcing factor Ff of 1e-6 was selected to ensure that 

an initial pulse would not be too great for the designed cylinder. Lastly, since the axis of 

the cylinder was in the y-direction, the force expression for the y-direction was kept at zero 

(i.e. Fy = 0). 
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Figure 7: A half sinusoidal pulse used at 5000 Hz with a period of 1e-4 seconds. 

 The implementation of the lattice onto the shell was the subsequent step in setting 

up the cylindrical shell. As mentioned earlier, the kagome lattice (i.e. figure 1) was 

analyzed for this study. The addition of the kagome lattice onto the cylindrical shell was 

made in COMSOL Multiphysics and is shown in figure 8. The geometry shown in figure 

8 was made to be highly parametrized. By doing so, variables such as the radius of the 

cylinder, the height of the cylinder, the thickness of the shell, the position where the 

partitions were made could be controlled. Regarding the unit cells, these were made such 

that the number of unit cells arrayed along the axis of the cylinder could be controlled 

within a fixed space of the cylinder. Also, the ability to control the number of unit cells 

revolving around the cylinder was also parametrized.  
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Since the lattice was fitted within a fixed length of the cylinder, whenever the 

desired number of arrayed unit cells or the number of unit cells revolving around the 

cylinder would change, the size of the unit cells would alter appropriately to fit within the 

fixed space. The example shown in figure 8, shows the kagome unit cell being arrayed in 

the y-direction 10 times while being revolved around the cylinder 20 times. Hence, there 

are 20 kagome unit cells that make up a full revolution around the diameter of the cylinder 

and each of them are being arrayed on top of each other 10 times. Thus, a total of 200 

kagome unit cells are in the cylinder shown in figure 8. 
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Figure 8: a) A full cylindrical view of the kagome lattice implemented. b) A zoomed in 

view of the kagome lattice on the cylindrical shell at N = 20.   

With the ability to have multiple variables parameterized, it was best to keep certain 

parameters fixed for potential comparison purposes. For instance, the height, the radius, 

the size of the infinite domains, and the portion of the cylinder where the lattice was 

implemented were all kept constant. The structure was modified such that the unit cells for 

this structure changes accordingly based on the desired number of unit cells revolving 

around the cylinder at a constant diameter and height. The combination of the arc length 

equation and the circumference of a circle equation helped accomplish this. The equation 

used is shown in equation 3.20. 

                                                        𝑆 =  
2𝜋𝑅

𝑁
                                                    (3.20) 

Where S is the arc length of a unit cell, R is the radius of the cylinder, and N is the number 

of desired unit cells that are revolved around the cylinder.  

 Furthermore, two other lattice designs were also added to cylindrical shell models. 

The second lattice design was referred to as the diamond lattice. Like the kagome lattice, 

the diamond lattice was similar in that it was also a triangular lattice, but with no horizontal 

bars in its unit cell structure. A flat diamond lattice unit cell is shown if figure 9. The 

diamond lattice fully integrated onto a cylindrical shell is shown in figure 10. 
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Figure 9: The diamond lattice unit cell. 
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Figure 10: a) A full cylindrical view of the diamond lattice implemented to a cylindrical 

shell. b) A zoomed view of the diamond lattice on the cylindrical shell at N = 20.   

 The third lattice analyzed was considered a hybrid lattice of the kagome and 

diamond lattice. This hybrid lattice was referred to as a mixed lattice. Unlike, the prior two 

lattices, the unit cell of the mixed lattice was rectangular. The unit cell of the mixed lattice 

is shown in figure 11. The mixed lattice fully integrated onto a cylindrical shell is shown 

in figure 12. The diamond and the mixed cylindrical models were modelled the same way 

the kagome cylinder model was modelled described earlier. 
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Figure 11: The mixed lattice unit cell. 
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Figure 12: a) A full cylindrical view of the mixed lattice implemented to a cylindrical 

shell. b) A zoomed view of the diamond lattice on the cylindrical shell at N = 20.   

After the implementation of the lattice, it became apparent that the addition of a 

lattice onto a full cylindrical shell massively increased the degrees of freedom of the 

system. Thus, making it very computationally expensive. To combat this, the cylinder 

model was redesigned such that only a portion of the cylinder would be analyzed. By doing 

so, only a strip of the cylinder for each lattice would be taken into consideration. Since the 

entire model was made to be highly parametric, reducing the cylinder to a strip form was 

easily done through work planes and partitions.  
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The size of the strip depended highly on the N-value selected. As mentioned earlier, the N-

value establishes how many unit cells revolve around the cylinder. So, if N were equal to 

20, the cylinder was redesigned to cut out a strip that makes up 1/20 of the original cylinder. 

The unit cells would change in size accordingly with changing N-values to fit. An example 

of the kagome cylindrical shell model being reduced to its strip form for the case of N 

equaling 20 is shown in figure 13. The kagome, mixed and diamond cylinder models were 

all reduced to their strip form as shown in figure 14. 

 

Figure 13: The cylindrical shell with the kagome lattice being reduced to 1/20 of its 

original shape for a N = 20 case. 



33 
 

    
 

Figure 14: The strip form of the a). kagome, b). diamond, and c). mixed lattice for a N = 

20 case corresponding to 10-unit cells arrayed together.  

 To appropriately simulate these strips as if they were still in a full cylindrical body, 

appropriate boundary conditions had to be applied at the sides of the strips where the cuts 

were made. Rollers were implemented at the sides of the strip as they can be considered 

mirror boundary conditions. The roller node in COMSOL Multiphysics adds a roller 

constraint at the selected boundary that enables zero displacement in the direction normal 

to the boundary. The boundary, however, is still free to move in the tangential direction. 

This behavior allows the sides of the strip to act as a mirror. Thus, the strip would be 

simulated as if it were still a part of the cylinder without having the full cylinder. Figure 

15 demonstrates where the roller boundary condition was implemented on the strip. 
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Figure 15: The roller boundary condition being implemented on the kagome strip at one 

of its sides (highlighted blue).  

 Further analysis of the lattice strips looked at combination lattices formed by 

different combinations of the kagome, diamond, and mixed lattices. These lattice strips 

were referred to as half and half strips since half of the arrayed lattice unit cells consisted 

of one type of lattice and the other half consisted of another type of lattice. Three half and 

half lattice strips were analyzed for this portion of the study. One case looked at a lattice 

strip consisting of the kagome and diamond lattice. Another case looked at a lattice strip 

consisting of the kagome and mixed lattice. The final case looked a lattice strip consisting 

of the mixed and diamond lattice. Analysis of which lattice perform the best in terms of 

frequency reduction in the frequency domain was the objective. The half and half lattice 

strips analyzed are shown in figure 16. 
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Figure 16:  The half and half combination lattices formed by different combinations of the 

kagome, diamond, and mixed lattices. a) Kagome/diamond lattice strip, b) Kagome/mixed 

lattice strip, and c) the Mixed/diamond strip for a N = 20 case. 

 Further analysis of the lattices also looked at alternating unit cells within the strip. 

Like the prior analysis that looked at half and half lattice combinations, these lattice strips 

were constructed in a way such that the unit cells of two different lattices would alternate 

continuously within the array of the strip. Thus, creating a new periodicity within the 

structure. Like the half and half analysis, the alternating unit cell strips consisted of the 

kagome/diamond, kagome/mixed, and mixed/diamond cases. The strips analyzed that 

consisted of alternating unit cells are shown in figure 17. 
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Figure 17: The alternating unit cell lattices formed by different combinations of the 

kagome, diamond, and mixed lattices. a) Alternating kagome/mixed lattice strip, b) 

Alternating kagome/diamond lattice strip, and c) Alternating mixed/diamond lattice strip 

for a N = 20 case. 

 An analysis of individual lattices, half and half lattices, alternating unit cell lattices 

was performed to see which lattice variation performed the best in terms of frequency 

attenuation in the frequency domain. Since time dependent simulations were ran for all 

these cases, a Fourier transform was implemented to see the results in the frequency 

domain. As a metric of comparison, a plain strip cut out of a plain cylinder was also 

analyzed to act as a baseline. The plain strip is shown in figure 18. 
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Figure 18: The plain strip analyzed as a baseline for lattice comparison cut from a plain 

cylindrical shell. The size of this strip is identical to the size of the lattice strip with 

corresponding N-value. The example shown here is a plain strip for a N = 20 value strip. 

 Regarding the meshing, COMSOL Multiphysics has a physic-induced meshing 

sequence that was implemented to all the lattices mentioned. The corresponding physics 

was to the solid mechanics. The element size was set to extra fine. Regarding the time 

dependent solver, to get the desired frequency range in the frequency domain up to 5000 

Hz, the solver’s timestep was set to 1e-4 seconds. The solver ran from 0 to 0.1 seconds. 

The relative tolerance was set to 1e-7. The tolerance setting controlled the internal 

timesteps taken from the solver. The initial timestep was set to 1e-6 seconds with a 

maximum allowed timestep of 1e-5 seconds. The time stepping method taken by the solver 

was the generalized alpha method. 
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 In collaboration with other research groups within the mechanical engineering 

department at Rutgers University, the material properties of the models were determined. 

Experimental data on proprietary sample materials led to the establishment of the elastic 

modulus, poison’s ratio, and density of the models. In the next chapter, the results of the 

analysis described in this chapter will described. 

 

 

 

 

 

 

 

 

 

 

 

 



39 
 

    
 

CHAPTER 4 

RESULTS AND DISCUSSION 

4.1: Introductory Remarks 

 In this chapter, the results from the analysis described in chapter 3 will be discussed. 

The analysis perform on the flat kagome unit cell will be discussed. Furthermore, the time 

dependent results from the cylindrical shell strips will also be discussed.  An 

eigenfrequency analysis with Floquet periodicity was performed on the flat kagome unit 

cell leading to the establishment of the band diagram for the unit cell. All time dependent 

simulations had identical study conditions. All time dependent simulations ran from 0 to 

0.1 seconds with a constant time step of 1e-4 seconds and a maximum time step of 1e-5 

seconds. The solver’s relative tolerance was set to 1e-7.  

A half sinusoidal pulse was setup at the source (figure 7) with a detector set up on 

the other end of the cylindrical strip. The detector collected the out of plane displacement 

data from the propagation cause from the pulse. The out of plane displacements from the 

time dependent simulations were transformed to the frequency domain through a Fourier 

transform. Characterizing different lattices and establishing which lattice performed had 

the lowest frequency response in the frequency domain was the objective. 

4.2: Unit Cell Analysis 

 The flat kagome lattice unit cell (figure 4) was evaluated using eigenfrequency 

analysis. The Floquet boundary conditions were implemented to the unit cell to ensure that 

the unit cell would be simulated as an infinite periodic waveguide. The wavenumber was 

parametrically swept from 0 to 0.5 in increments of 0.1. The resultant band diagram is 
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shown in figure 19. The first 20 eigenfrequencies were extracted from this eigenfrequency 

analysis. 

 

Figure 19: The band diagram of the flat kagome unit cell from a parametric sweep of the 

wave number k. 

 When dealing with periodic unit cells, you naturally end up with band gaps as seen 

at 7000 Hz in figure 19. By band gaps, it is referred to as a frequency region where 

vibrations are isolated. The band diagram assists in determining where a band gap may 

exist for the analyzed structure. When a band diagram is generated, it is apparent that many 

types of deformations exist. Within these propagating modes, also exists standing energy. 

Standing modes are modes that provide no effect on the direction that the energy is 

propagating towards.  Standing modes provide free energy and are just more deformation 
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within the material.   The type of deformation of interest for this project is the bending 

mode or the out of plane deformation mode.  

An initial step for this project was to essentially program the extraction of the out 

of plane modes and none of that standing energy to characterize the material. Since the 

modes were periodic, each displacement was mapped to another displacement plus a phase 

shift due to the propagation which also known as Block periodicity. However, it became 

apparent that the flat modes of the flat kagome unit cell did not resemble the curve modes 

of a kagome unit cell within a cylindrical body. The general idea was remained however, 

in that the curved geometry could be optimized to control where a band gap could occur. 

Overlapping different band gaps to get the benefits of each in terms of making more band 

gaps and making the dispersion vary was the goal of the cylindrical models with different 

lattices implemented. 

4.3 Cylindrical Shell Strip Analysis 

The kagome lattice strip (figure 14a) was the first strip to be analyzed. The out of 

plane displacement was collected and outputted by the set detector. The out of plane 

displacement from the detector was transformed to the frequency domain through a Fourier 

transform. Since the structure was highly parametric, the first case considered was at N = 

20. The time domain response at the detector for the out of plane displacement and its 

transformation to the frequency domain are shown in figures 20 and 21, respectively. 
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Figure 20: The out of plane displacement of the kagome strip at the detector as a function 

of time for a N = 20 case. 
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Figure 21: The out of plane displacement of the kagome strip at the detector from figure 

18 transformed into the frequency domain through a Fourier transform. 

 Figures 20 and 21 demonstrate the kind of data that was collected from the strip 

models from the time dependent simulations. A comparison of the kagome, diamond, and 

mixed strip (figure 14) at N = 20 was performed through this method. A plain strip (figure 

18) was also evaluated to act as a baseline for lattice comparison. Evaluating the time 

response of the kagome, diamond, mixed, and plain strip at the detector allowed for a 

comparison between the lattices. The comparison is shown in figure 22.  
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 Figure 22: The frequency response for the out of plane displacement collected from the 

detector for the plain, kagome, diamond, and mixed strip at N = 20. A logarithm base 10 

was implemented to the y-axis data for better illustration of each performance. 

 

Table 1: The results of the trapezoidal integral applied to the frequency response of the 

strips evaluated. The kagome strip had the lowest area under the curve which meant the 

most suppression observed. 

 Based on figure 22, it was immediately noticed that the diamond lattice strip was 

unsuccessful in suppressing higher frequencies (>1000Hz). There was much overlap 

between the diamond response and the plain strip response at these frequencies. The 

kagome and mixed lattice were successful however, in suppressing frequencies higher than 

Plain Kagome Diamond Mixed

1.411E-14 1.026E-14 1.793E-14 1.197E-14
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1000 Hz. It is suspect that a band gap may be present there for both lattices. At lower 

frequencies (i.e. 0 to 500 Hz), the mixed lattice underperformed compared to the kagome 

and diamond lattice. Furthermore, the area under each response was calculated using a 

trapezoidal integral function to determine which lattice performed best overall in terms of 

frequency suppression. In this case, the response with the lowest area would be the optimal 

lattice. For the N = 20 case, the kagome lattice out preformed both lattices as it had the 

lowest area under the curve. The mixed lattice was the second best to perform in terms of 

frequency suppression. 

 As shown in figures 21 and 22, it was apparent that the presence of a large 

frequency peak dominated all lattice and plain strip cases. This frequency peak had a 

frequency much lower than the impulse frequency set at 5000 Hz. It was suspected that 

due the nature of the cylinder, the frequency peak was caused by the ring mode of the 

cylinder. This frequency peak possessed a frequency near the ring frequency of the 

cylinder. This frequency has a large density of state which causes this distinguishable peak 

which indicates that it is a main vibrational signal perceived in a shock related event. Since 

all models were made highly parametric, further geometric manipulation was done on the 

strips which allowed for further testing to see if the peak could be suppressed. The kagome, 

diamond, and mixed lattice strips were evaluated at different N values to see if the dominant 

frequency peak could be suppressed through band gap manipulation. 

 As a subsequent step, the kagome, diamond, and mixed lattice strips were analyzed 

at different N values. These strips were evaluated at N = 12, 20, 36 for comparison. By 

changing the structure through changing the N unit cell value, the intent was to acquire 
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more frequency suppression, especially at the frequency peak.  Figures 23, 24, and 25 show 

the response calculated for the kagome, diamond, and mixed lattice strips, respectively.  

 

Figure 23: The kagome strip evaluated at different N values that correspond to the 

frequency domain of the out of plane displacement at the detector with a logarithm base 10 

applied to the y-axis data. 

 

Table 2: The results of the trapezoidal integral applied to the frequency response of 

kagome strips evaluated at different N values (i.e. 12, 20, 36). The N = 12 had the lowest 

area under the curve which meant the most suppression observed. 

 Figure 23 demonstrates the kagome lattice strip data evaluated at different N values. 

Regarding the structure, the higher the N value, the smaller the kagome unit cells will be 

N = 12 N = 20 N = 36

9.434E-15 1.026E-14 1.114E-14
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since the space in which they are fitted in is fixed. For an N = 12 case, the kagome unit 

cells correspond to a much larger size since less unit cells are required to fit within the 

designated fixed space. With larger unit cells (i.e. N =12), the frequency suppression at 

lower frequencies (<500 Hz) was low compared to higher N values (i.e. N = 20 and 36). 

The highest suppression seen at these lower frequencies (<500 Hz) was for much smaller 

unit cells that corresponded to an N = 36 case. However, the N = 12 case did see the most 

suppression near the peak frequency when compared to the other two cases. At higher 

frequencies (>1000 Hz), neither extremes (i.e. N = 12 and 36) improved the suppression. 

The N= 20 case outperformed the other two case at these higher frequencies (>1000 Hz). 

Overall, it was observed for the kagome lattice that smaller unit cells work best in 

suppressing lower frequencies than larger unit cells.  
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Figure 24: The diamond strip evaluated at different N values that correspond to the 

frequency domain of the out of plane displacement at the detector with a logarithm base 10 

applied to the y-axis data. 

 

Table 3: The results of the trapezoidal integral applied to the frequency response of 

diamond strips evaluated at different N values (i.e. 12, 20, 36). The N = 12 had the lowest 

area under the curve which meant the most suppression observed. 

 A similar analysis was done for the diamond lattice strip with varying N values as 

shown in figure 24. As shown in a previous comparison (i.e. figure 22), the diamond lattice 

provided little to no frequency suppression at higher frequencies (>1000 Hz). Its 

performance was comparable to a no lattice case (i.e. the plain strip) at these higher 

frequencies. This behavior was also demonstrated at varying N values. Increasing or 

decreasing the N value of the structure, thus changing the size of each unit cell, had little 

to no effect on frequency suppression at higher frequencies (>1000 Hz). However, unlike 

the kagome lattice, for a structure such as the diamond lattice, frequency suppression was 

improved with larger unit cells (i.e. smaller N values). 

N = 12 N = 20 N = 36

1.652E-14 1.793E-14 1.831E-14
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Figure 25: The mixed strip evaluated at different N values that correspond to the frequency 

domain of the out of plane displacement at the detector with a logarithm base 10 applied 

to the y-axis data.  

 

Table 4: The results of the trapezoidal integral applied to the frequency response of mixed 

strips evaluated at different N values (i.e. 12, 20, 36). The N = 12 had the lowest area under 

the curve which meant the most suppression observed. 

The mixed lattice strip analysis at varying N values is shown in figure 25. Like the 

kagome lattice, the mixed lattice had a similar behavior. At smaller N values (i.e. N =12 

and 20), the frequency suppression was much lower at lower frequencies (<500 Hz) than 

that produced by a higher N value (i.e. N = 36). With smaller mixed unit cells, the 

N = 12 N = 20 N = 36

8.052E-15 1.197E-14 1.070E-14
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frequency suppression at lower frequencies (<500 Hz) is greater than that produced by 

larger unit cells. With larger unit cells (i.e. N = 12) however, the suppression for 

frequencies near the ring frequency was much more than with any of the other cases. 

Furthermore, at higher frequencies (>1000 Hz), neither extremes (i.e. N = 12 and 36) 

improved the suppression by much like the kagome lattice. The N = 12 case demonstrated 

the most suppression at these higher frequencies. 

Testing different N values within the lattice strips allowed for the evaluation of the 

behavior of these structures with changing unit cell sizes. For the case of the kagome and 

mixed lattice, it was apparent that smaller unit cells are better at suppressing lower 

frequencies (<500 Hz). However, these smaller unit cells provided very little improvement 

to the suppression of much larger frequencies (>1000 Hz). Larger unit cells, as seen in the 

case of N = 12, for the kagome and mixed lattice did show some improvement in 

suppressing the large frequency peak near the ring frequency of the cylinder. The overall 

structure of the diamond lattice proved to be inefficient in suppressing larger frequencies. 

Subsequent lattice evaluations were kept at N = 20 because this case proved to be effective 

in suppressing larger frequencies when compared to other N values.  A comparison of the 

lattices for N =12 and 36 compared to a baseline in single plots are shown in the Appendix. 

An evaluation of combination lattices was done to see if it could outperform single lattice 

strips. 

Combination lattices as described in chapter 3 were designed to see if further noise 

suppression could be obtained in the frequency domain when compared to single lattices. 

The hypothesis was that by having two mechanically contrasting lattices within the same 

structure, the structure would experience a similar behavior to acoustic impedance and 
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further suppress any vibrations experienced by the lattice.  The first set of cases considered 

were the half and half lattices. By half and half, it is meant that the array of unit cells within 

strip was comprised of half of one lattice and half of another as seen in figure 16. The first 

combination lattice analyzed was composed of the kagome lattice and the mixed lattice and 

the frequency data is shown in figure 26. 

 

Figure 26: The half and half kagome and mixed strip data corresponding to the frequency 

domain from the out of plane displacement at the detector with a logarithm base 10 applied 

to the y-axis data. The single kagome and mixed lattice strip data was also included for 

comparison.  

 

Plain Kagome Mixed K:M 1:1

1.411E-14 1.026E-14 1.197E-14 1.134E-14
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Table 5: The results of the trapezoidal integral applied to the frequency response of the 

plain, kagome, mixed, and the half and half kagome mixed strip. The kagome strip had the 

lowest area under the curve which meant the most suppression observed. 

 The half and half strip consisting of the kagome and mixed lattice (figure 16b) was 

analyzed and plotted as shown in figure 26. The single kagome strip still performed better 

overall in terms of frequency suppression when compared to the other two lattices. All 

strips considered still had a large frequency peak near the ring frequency of the cylinder 

from where they were cut from. Introducing two mechanically contrasting lattices within 

the same structure did not help suppress the frequency peak. However, at the higher 

frequencies (>1000 Hz), the half and half kagome and mixed strip demonstrated more 

suppression of noise in frequency domain than the single lattices did. Applying a 

trapezoidal integral function onto the area region that corresponds to frequencies greater 

than 1000 Hz demonstrated that the half and half strip possessed the least of amount of 

area. Hence, more suppression in the frequency domain. Within this space, the half and 

half kagome and mixed strip response had 37% less area than the single kagome strip 

response. Also, the half and half kagome and mixed strip response had 14% less area than 

the single mixed strip response. 

 The second half and half strip considered was the kagome and diamond strip as 

shown in figure 16a. The data collected and plotted from this case is shown in figure 27. 

As mentioned earlier, the diamond lattice provided little improvement at higher frequencies 

since its response was comparable to a no lattice case. However, the introduction of the 

kagome lattice improved its overall performance significantly at these higher frequencies. 

In terms of best suppression at frequencies greater than 1000 Hz, by applying the 
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trapezoidal integral function, it was shown that both the kagome response and the half and 

half kagome and diamond response had almost identical area values. This indicates that the 

geometric shape of the kagome lattice improved the diamonds response to roughly to level 

of the kagome’s frequency suppression for this range. In terms of low frequency ranges 

(<500 Hz), both single strip lattices outperformed the half and half lattice in terms of 

frequency suppression.   

 

Figure 27: The half and half kagome and diamond strip data corresponding to the 

frequency domain from the out of plane displacement at the detector with a logarithm base 

10 applied to the y-axis data. The single kagome and diamond lattice strip also included 

for comparison.  

 

Plain Kagome Diamond K:D 1:1

1.411E-14 1.026E-14 1.793E-14 9.313E-15
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Table 6: The results of the trapezoidal integral applied to the frequency response of the 

plain, kagome, diamond, and the half and half kagome diamond strip. The half and half 

kagome diamond strip had the lowest area under the curve which meant the most 

suppression observed. 

 The last half and half strip analyzed consisted of the mixed and diamond lattice as 

shown in figure 16c. The frequency domain data was plotted and is shown in figure 28. In 

terms of low frequency ranges (<500 Hz), the diamond lattice still proved to be the most 

effective in attenuating that frequency noise. Furthermore, with regards to higher 

frequencies, an analysis of the area underneath the response demonstrated that the addition 

of the mixed lattice improved frequency suppression to the diamond’s structure. The 

trapezoidal integral proved that more suppression was seen by the half and half mixed and 

diamond lattice when compared to its single lattice counterparts. 
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Figure 28: The half and half mixed and diamond strip data corresponding to the frequency 

domain from the out of plane displacement at the detector with a logarithm base 10 applied 

to the y-axis data. The single mixed and diamond lattice strip also included for comparison.  

 

Table 7: The results of the trapezoidal integral applied to the frequency response of the 

plain, mixed, diamond, and the half and half mixed diamond strip. The half and half mixed 

diamond strip had the lowest area under the curve which meant the most suppression 

observed. 

 An alternative approach to the half and half strips were the lattice strips that 

contained alternating unit cells of different lattices within a strip. The first alternating unit 

cell strip evaluated was the kagome and mixed strip as shown in figure 17b. The frequency 

domain data is shown in figure 29. Initially, the kagome and mixed alternating strip 

outperforms their single strips counterpart in terms of frequency suppression from 0 to 500 

Hz. The application of the alternating unit cells did not help suppress the frequency peak 

shown at 560 Hz. The alternating unit cell strip, however, did help improve the suppression 

of frequency at frequencies greater than 1000 Hz. An analysis of the area under each 

response demonstrated that the alternating unit cell response had the lowest area out all 

cases indicating an overall better suppression. The implementation of alternating unit cells 

for this case also established a band gap at roughly 1200 Hz. 

Plain Diamond Mixed M:D 1:1

1.411E-14 1.793E-14 1.197E-14 1.133E-14
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Figure 29: The kagome and mixed strip data consisting of alternating unit cells. The data 

corresponds to the frequency domain from the out of plane displacement at the detector 

with a logarithm base 10 applied to the y-axis data. The single kagome and mixed lattice 

strip also included for comparison.  

 

Table 8: The results of the trapezoidal integral applied to the frequency response of the 

plain, kagome, mixed, and the alternating unit cell kagome mixed strip. The alternating 

unit cell kagome mixed strip had the lowest area under the curve which meant the most 

suppression observed. 

 The second alternating strip analyzed was the kagome and diamond variation as 

shown in figure 17a. The frequency domain data was plotted and is shown in figure 30. 

Plain Kagome Mixed K:M AUC

1.411E-14 1.026E-14 1.197E-14 8.688E-15
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Once again, from frequencies ranging from 0 to 500 Hz, the alternating unit call strip, for 

this case, outperformed the single lattice strip counterparts. This was confirmed via the 

trapezoidal integral function applied to this range. Furthermore, for frequencies greater 

than 1000 Hz, the alternating unit cell strip did not assist as well as expected. Overall, more 

suppression was seen from kagome lattice strip than with the alternating strip. However, 

the application of alternating kagome and diamond unit cells narrowed the region where 

the peak frequency is dominant. This new periodicity introduced a band gap roughly at 750 

Hz. In terms of overall suppression, the alternating strip here outperformed the single lattice 

strips. 

 

Figure 30: The kagome and diamond strip data consisting of alternating unit cells. The 

data corresponds to the frequency domain from the out of plane displacement at the 
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detector with a logarithm base 10 applied to the y-axis data. The single kagome and 

diamond lattice strip also included for comparison. 

 

Table 9: The results of the trapezoidal integral applied to the frequency response of the 

plain, kagome, diamond, and the alternating unit cell kagome diamond strip. The 

alternating unit cell kagome diamond strip had the lowest area under the curve which meant 

the most suppression observed. 

 The last alternating unit cell strip analyzed consisted of the mixed and diamond 

lattice as shown in figure 17c. The frequency domain data was plotted and is shown in 

figure 31. The alternating strip consisting of the mixed and diamond strip did not improve 

the suppression at lower frequencies (<500 Hz). In fact, the implementation of the mixed 

lattice adversely affected the diamonds ability to suppress low frequency noise. However, 

the alternating strip did improve the high frequency suppression at certain areas. For 

instance, this new periodicity introduced a new band gap at 1000 Hz where the individual 

mixed lattice failed to suppress. In terms of overall suppression, the alternating lattice strip 

here outperformed single lattice strip cases despite underperforming at lower frequencies. 

Plain Kagome Diamond K:D AUC

1.411E-14 1.026E-14 1.793E-14 8.718E-15
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Figure 31: The mixed and diamond strip data consisting of alternating unit cells. The data 

corresponds to the frequency domain from the out of plane displacement at the detector 

with a logarithm base 10 applied to the y-axis data. The single mixed and diamond lattice 

strip also included for comparison.  

 

Table 10: The results of the trapezoidal integral applied to the frequency response of the 

plain, diamond, mixed and the alternating unit cell mixed diamond strip. The alternating 

unit cell mixed diamond strip had the lowest area under the curve which meant the most 

suppression observed. 

 Introducing two different lattice structures within the same geometry improved the 

overall suppression seen with the individual lattice strips. By having two mechanically 

Plain Diamond Mixed M:D AUC

1.411E-14 1.793E-14 1.197E-14 1.031E-14
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contrasting lattices within the same structure, an acoustic impedance effect occurs, and 

further band gaps were introduced as seen in the previous plots. Apart from the kagome 

and mixed half and half lattice strip (figure 16b), all cases demonstrated that they have an 

overall better suppression ability than their individual lattice counterparts. A comparison 

between the half and half strips and the alternating unit cells strip was performed to see 

which lattice strip would perform the best overall. Figures 32 and 33 show the half and half 

and alternating unit cell strip comparison, respectively. 

 

Figure 32: All half and half cases analyzed for an N = 20 case. 

 

Table 11: The results of the trapezoidal integral applied to the frequency response of the 

all the half and half strips evaluated (i.e. kagome mixed (K:M 1:1), kagome diamond (K:D 

K:M 1:1 K:D 1:1 M:D 1:1

1.134E-14 9.313E-15 1.133E-14
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1:1), and mixed diamond (M:D 1:1)). The half and half kagome diamond strip had the 

lowest area under the curve which meant the most suppression observed. 

 

Figure 33: All strips with alternating unit cell cases analyzed for N = 20. 

 

Table 12: The results of the trapezoidal integral applied to the frequency response of the 

all the alternating unit cell strips evaluated (i.e. kagome mixed (K:M AUC), kagome 

diamond (K:D AUC), and mixed diamond (M:D AUC)). The alternating unit cell kagome 

mixed strip had the lowest area under the curve which meant the most suppression 

observed. 

 For the cases involving the half and half strips, in terms of overall best frequency 

suppression, the kagome and diamond half and half strip performed the best. This has 

K:M AUC K:D AUC M:D AUC

8.688E-15 8.718E-15 1.031E-14
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demonstrated that the addition of the diamonds ability to suppress low frequencies and the 

ability of the kagome lattice to suppress higher frequencies was optimal for overall 

suppression. Furthermore, regarding the alternating unit cell strips, the kagome and mixed 

variation performed the best overall. When comparing both best case scenarios, the kagome 

and mixed variation of alternating unit cells was the overall best in frequency suppression 

for all the strips considered. Though introducing a different lattice within the same structure 

helped improve the overall suppression of noise experienced by the detector, a large 

frequency peak was still dominant in all cases. 

 

Figure 34: The theoretical ring frequency calculated for a cylindrical shell with the kagome 

lattice implemented at different radiuses. The resultant peak frequency from the resultant 

frequency domain plots is also included. 
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 Each strip case evaluated had a large frequency peak near the ring frequency of the 

cylindrical shell. This was suspected to be a behavior caused the cylindrical geometry from 

which the strips are cut from. To evaluate the behavior of this frequency peak, a parametric 

sweep of the radius was performed on the individual kagome lattice strip. The results from 

the parametric sweep of the cylindrical shell radius is shown in figure 34. From the 

frequency domain results from each simulation, the peak frequencies were collected at their 

respective radiuses. The range of radiuses evaluated spanned from 20 to 30 inches in 

increments of 2 inches. The theoretical ring frequency of the cylindrical shell with a 

kagome lattice implemented was calculated with the following equation. 

                                                          𝑓𝑟 =
𝐶𝐿

2𝜋𝑟
                                                                (4.1) 

Where cL is the longitudinal wave speed calculated by equation 2.10 and r is the radius of 

the cylinder. The longitudinal wave speed depended on the lame parameters of the 

structure, mainly 𝜆 and 𝜇. The lame parameters 𝜆 and 𝜇 were calculated using equations 

2.7 and 2.8, respectively. 

 Since the kagome lattice was implemented to the overall cylindrical shell structure, 

using equations 2.7 and 2.8 to find 𝜆 and 𝜇 required the use the effective properties of the 

kagome lattice. The effective properties of the kagome lattice depended on the lattice 

material and the filling fraction. The filling fraction, denoted by 𝛼, was determined to be 

roughly 0.2 and is described by the following equation. 

                                                          𝛼 = √3
𝑡

𝑏
                                                                 (4.2) 
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Where t is the thickness of the bars the make up the kagome lattice, and b is the length of 

one of the triangles that make up the kagome unit cell. A good approximation of the 

effective properties is described by the following equations. 

                                                          𝐸∗ =
𝛼

3
𝐸𝑜                                                                 (4.3) 

                                                          𝜈∗ =
1

3
                                                                 (4.4) 

Where 𝐸∗ is the effective modulus, Eo is the bulk modulus of the material, and 𝜈∗ is the 

effective Poisson ratio of the kagome lattice. Implementing the effective properties into 

equations 2.7 and 2.8 allowed for the calculation of the theoretical ring frequency. 

 The dominant peak present in all strip cases evaluated in the frequency domain was 

seen to be near the ring frequency of the cylinder. The behavior of this peak was confirmed 

to be dependent on the diameter of the cylinder as shown in figure 34. Figure 34 confirms 

that the peak frequency follows the same trend as the ring frequency does with changing 

diameters. In a collaborative effort with another research group led by Dr. Andrew Norris 

of Rutgers University, the peak frequency in the kagome strip could be suppressed using 

low frequency cantilevers. This low frequency cantilever approach essentially creates local 

resonators within each kagome unit cell that are tuned to the ring frequency of the structure. 

Essentially by tuning these cantilevers to the appropriate ring frequency, they act as 

resonators and trap energy from the ring mode. Figure 35 shows the tuned cantilevers 

attached the kagome unit cells in a strip cut from a cylindrical shell. 
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Figure 35: Cantilever resonators tuned to the frequency of the ring mode of the cylinder 

attached to the kagome lattice strip. 

Figure 35 demonstrates the tuned low frequency cantilevers coupled with the 

kagome lattice strip. The kagome lattice strip with the cantilevers were simulated the same 

way as the previous strips were. The time domain solutions were converted to the frequency 

domain through a Fourier transform. The frequency domain data are shown in figures 36 

and 37, respectively. Figures 36 and 37 demonstrate the frequency domain response of the 

kagome lattice strip with and without the cantilevers for comparison. Both figures 36 and 

37 are the same plots, however figure 37 has a logarithm base 10 applied to its y-axis data.  
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Figure 36: The frequency response of the kagome lattice with the tuned cantilever 

resonators along with the non-cantilever case. 
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Figure 37: The frequency response of the kagome lattice with the tuned cantilever 

resonators along with the non-cantilever case with a logarithmic base 10 applied to the y-

axis data. 

 The evaluation of the kagome lattice with the low frequency cantilevers instantly 

demonstrated that most of the ring mode energy is being trapped by these cantilevers during 

propagation. The peak from kagome lattice response dropped by a factor 3 with the 

cantilevers when compared to the original kagome lattice strip response. A screenshot of 

the kagome lattice strip with the cantilevers during the pulse shows that most of the energy 

is being trapped within the first unit cell cantilever as shown in figure 38. The first unit cell 

being the one closest to the source where the pulse is being applied. The first cantilever 

received the highest out of plane displacement out all the other cantilevers. A point probe 

was placed at the ends of the first, middle (5th), and last (10th) unit cell cantilever to compare 

the out of plane displacements in the time domain to prove this. Figure 39 shows that the 

first cantilever has significantly more displacement experienced than the 5th and 10th 

cantilever. 
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Figure 38: The kagome lattice with the low frequency cantilevers subjected to the half sine 

pulse at 0.0133s. The image shows the strip being near the source where the source is 

applied. 

 

Figure 39: The out of plane displacement comparison for different cantilevers within the 

kagome lattice strip at N = 20.  

 With the success of the low frequency cantilevers in suppressing some of the ring 

mode energy of the structure, the next step was to implement a skin to the exterior. The 

purpose of the lattice is to suppress vibrations that may adversely affect the payload of the 

launch vehicle. A skin applied to the exterior, not only provides some protection, but allows 

for the lattice to be more aerodynamic during flight. To begin a 1.5 mm skin was applied 

to exterior of the kagome lattice strip with the cantilevers, as shown in figure 40. The roller 

boundary condition was applied to the sides of the skin also to ensure that it behaved like 
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the lattice strip in a cylindrical body. Lastly, the infinite domains were applied to the ends 

of the strip also, identical to the lattice strip, to ensure no reflections from propagating 

waves.  

 

Figure 40: The kagome lattice strip with a 1.5 mm skin on the exterior for an N = 20 case. 

 A comparison of the kagome lattice strip with the low frequency cantilevers with 

and without the 1.5 mm skin was performed to evaluate the overall effect that the skin 

imposes.  The frequency domain data for this analysis was plotted and is shown in figure 

41. The addition of the 1.5 mm skin adversely affected the overall frequency suppression 

when compared the case where no skin is applied. Applying the trapezoidal integral 

function to both responses shows that the kagome lattice with just the cantilevers overall 

performs better than with the addition of the skin. Additionally, the implementation of a 

skin also increased the amplitude of dominant peak as seen before. It seems that the ring 

mode energy from the skin is contributing the energy experienced by the detector. Hence, 



70 
 

    
 

allowing the peak frequency near the ring frequency to remain dominant again. The 

addition of the skin did, however improve suppression at higher frequencies such as at 750 

and 1000 Hz when compared to a no skin case.  

 

Figure 41: A comparison of the kagome lattice strip with the low frequency cantilevers 

with and without the 1.5 mm skin. 

 

Table 13: The results of the trapezoidal integral applied to the frequency response of the 

kagome strip with cantilevers and no skin and the kagome strip with cantilevers and a 1.5 

mm skin. The kagome strip with cantilevers and no skin performed the best in terms of 

suppression. 

Kagome with Cantilevers (No Skin) Kagome with Cantilevers (1.5mm Skin)

5.894E-15 7.304E-15
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 To get a sense of how the response behaves when manipulating the skin, the skin 

was increased in thickness to 5 mm. The response for a 5 mm skin on the kagome lattice 

with cantilevers is shown in figure 42. As expected, increasing the thickness of the skin 

negatively affects the overall suppression experienced by the detector. Not only that, with 

more bulk, the ring mode energy of the skin contributes more to the dominant peak seen 

near the ring frequency of the structure. The dominant peak with a thicker skin is roughly 

half a magnitude higher than the peak of thinner skin. Frequency suppressions seen at 750 

and 1000 Hz are not as prominent as they used to be with the 5 mm skin. Overall, adding 

more bulk to the skin, negatively affects the frequency suppression especially at the 

dominant frequency peak. 

 

Figure 42: A comparison of the kagome lattice strip with the low frequency cantilevers 

with 1.5 mm skin and a 5 mms skin. 
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Table 14: The results of the trapezoidal integral applied to the frequency response of the 

kagome strip with cantilevers and a 1.5 mm skin and the kagome strip with cantilevers and 

a 5.0 mm skin. The kagome strip with cantilevers and a 1.5 mm skin performed the best in 

terms of suppression. 

 Knowing that adding more bulk to the skin contributes to more ring mode energy 

escaping the cantilevers, the skin was kept at 1.5 mm. To get an idea if the cantilevers were 

at all helping with the frequency suppression with the skin, a 1.5 mm skin was applied to 

the kagome lattice strip with no cantilevers for comparison. Figure 43 shows the result of 

this comparison. Based on figure 43, the cantilevers are still managing to trap some of the 

energy from the ring mode, but not as much as before. The peak for the case with the 

cantilevers is lower than that of the case without the cantilevers. In terms of overall 

suppression, the case with the cantilevers still outperforms the case without.  

Kagome with Cantilevers (1.5mm Skin) Kagome with Cantilevers (5.0mm Skin)

7.304E-15 8.707E-15
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Figure 43: A comparison of the kagome lattice strip with and without the low frequency 

cantilevers with 1.5 mm skin on both cases. 

 

Table 15: The results of the trapezoidal integral applied to the frequency response of the 

kagome strip with no cantilevers and a 1.5 mm skin and the kagome strip with cantilevers 

and a 1.5 mm skin. The kagome strip with cantilevers and a 1.5 mm skin performed the 

best in terms of suppression. 

It was suspected that most of the ring mode energy was trapped in the cantilevers 

through the displacement of the cantilevers as seen in figure 38. However, with the addition 

of skin, the cantilevers were coupled to the skin and thus not allowed to displace as much 

as before. Hence, not allowing the trapping of the ring mode energy and resulting a 
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prominent frequency peak again. For the subsequent step, the idea was to decouple the 

cantilevers in increments of 0.25, 0.50, and 0.75 times their original thickness to allow for 

more displacement experienced by the cantilevers. By shortening the thickness, the hope 

was to allow the cantilevers to displace more, trap some of the ring mode energy and thus 

suppress the dominant peak. The results from this analysis are shown in figure 44.  

 

Figure 44: Varying the thickness of the cantilevers with the kagome lattice strip while 

having a 1.5 mm skin.  

 

Table 16: The results of the trapezoidal integral applied to the frequency response of the 

kagome strip with its cantilevers decoupled from a 1.5 mm skin at ¼ of its original 

thickness, ½ of its original thickness, ¾ of its original thickness, and at its original 
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thickness. The kagome strip with cantilevers reduced to ½ of its original thickness 

preformed the best overall in terms of frequency suppression.  

 Decoupling the cantilever from the skin, did not prove effective in suppressing the 

dominant frequency peak. Reducing the thickness of the cantilever in increments of 0.25, 

50, and 0.75 demonstrated little to no improvement at higher frequencies (>1000 Hz). The 

dominant peak near the ring frequency of the cylinder was not changed with decreasing 

thickness. A new band gap was established at roughly 750 Hz however, when reducing the 

thickness of the cantilever to ¾ of its original size. Furthermore, reducing the thickness of 

the cantilever to ½ of its original size, also manages to outperform the other cases at low 

frequency ranges (<500 Hz). Since decoupling the cantilever alone proved ineffective in 

suppressing the dominant peak experienced at 560 Hz, the cantilevers were re-tuned to the 

ring frequency with an eigenfrequency analysis. A specific case was considered for the re-

tuning and that was at a cantilever thickness of ½ its original size. The idea of decoupling 

the cantilevers from the skin was still explored with this re-tuning. 
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Figure 45: Varying the length of the cantilevers with the kagome lattice strip while having 

a 1.5 mm skin at ½ the original thickness of the cantilevers. 

 

Table 17: The results of the trapezoidal integral applied to the frequency response of the 

kagome strip with its cantilevers decoupled from a 1.5 mm skin at ½ of its original 

thickness at varying lengths. The kagome strip with cantilevers reduced to ½ of its original 

thickness and kept its original length preformed the best overall in terms of frequency 

suppression. 

 The cantilevers were tuned to match the ring frequency of the structure while 

having half of its original thickness. By halving the thickness, the cantilevers would still 

be allowed to displace during propagation. Tuning this new cantilever with an 

eigenfrequency analysis resulted in a new cantilever length of 0.074 m. A parametric study 

1/2 Thickness Cantilever (L = 0.0575m ) 1/2 Thickness Cantilever (L = 0.0720m ) 1/2 Thickness Cantilever (L = 0.0740m ) 1/2 Thickness Cantilever (L = 0.0760m )

7.273E-15 8.344E-15 8.370E-15 8.343E-15
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of lengths close to this length was preformed to see if a behavior could be established. The 

results of the parametric study are shown in figure 45. When comparing the results to the 

cantilever with its original length at half its original thickness, the increase in cantilever 

length proved ineffective in suppressing the dominant frequency peak. All case had similar 

performance when dealing with higher frequencies (>1000 Hz). The increase in cantilevers 

did, however, improve the frequency suppression at a lower frequency range (<500 Hz).  

 It became apparent that the introduction of the skin and the decoupling of the 

cantilevers from the skin proved ineffective at trapping some of the ring mode energy. 

Currently, the best-case scenario is the kagome strip with the cantilevers implemented 

without the skin. This case however, only had cantilevers applied to the unit cells within 

the array that made up the strip. Simulating these low frequency cantilevers as if they were 

applied at every cell as shown in figure 46, demonstrates significant noise reduction in the 

frequency domain near the ring frequency due to the multiple cantilever coupling. A 

comparison of the kagome strip without the cantilevers, the kagome strip with the 

cantilevers only applied to the strip, and the kagome strip with the cantilevers applied to 

every cell is shown in figure 47. Future work will look at this implementation and see if a 

thinner skin could be applied without losing the cantilever’s ability to suppress some of the 

ring mode energy. 
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Figure 46: The kagome lattice strip at N = 20 with the low frequency cantilevers simulated 

as if these cantilevers were applied at every cell within the cylindrical shell with no skin.  
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Figure 47: A comparison of the kagome strip without the cantilevers, the kagome strip 

with the cantilevers only applied to the strip, and the kagome strip with the cantilevers 

applied to every cell for an N = 20 case and no skin. 
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CHAPTER 5 

CONCLUSION AND FUTURE WORK 

With the evaluation of single lattice strips, it was determined that the kagome lattice 

outperformed the diamond and mixed lattice in terms of noise suppression detected by the 

detector for an N = 20 case. Both the kagome and mixed lattice exhibited the same behavior 

in that their smaller unit cells (i.e. N = 36) are better at suppressing lower frequencies (<500 

Hz) than larger unit cells (i.e. N = 12). Meanwhile, larger kagome and mixed unit cells (i.e. 

N = 12) are better at suppressing larger frequencies (>1000 Hz). Larger kagome and mixed 

unit cells are especially better at suppressing some of the large frequency peak seen near 

the ring frequency of the structure. Apart from the kagome and mixed half and half strip, 

all combination lattice variations outperformed their single lattice counterpart. This was 

due to the form factor of two mechanically contrasting geometries within the same 

structure.  The best lattice performance was from the kagome and half alternating unit cell 

strip at N = 20. 

 All cases exhibited a large frequency peak seen near the ring frequency of the 

structure. The introduction of low frequency cantilevers tuned to the ring frequency of the 

cylindrical shell was successful in trapping some of the energy from the ring mode. 

However, with the introduction of a 1.5 mm skin placed on the exterior of the lattice, this 

adversely affected the ability of the cantilevers to trap some of the ring mode energy.  It 

was suspected that since the skin and cantilevers became coupled together upon 

implementation of the skin, the cantilevers were not allowed to displace as much which 

may have impeded the trapping of energy. Decoupling the cantilevers from the skin proved 

ineffective in suppressing this peak frequency. For future work, a joint resonator that is 
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connected to the skin and the unit cell should be considered to suppress the dominant peak. 

Making the skin thinner seems to work, however, incorporating a resonator that connects 

both bodies may be effective in trapping the ring mode energy coming from the lattice and 

the skin of the structure. Furthermore, the inclusion of analyzing the strips in the frequency 

domain is also a potential next step. Instead of using a time-dependent approach, an initial 

frequency domain approach would allow for the evaluation of the different possible modes 

experienced by each lattice in the strip. Lastly, the inclusion of damping to our models is 

something that is yet to be explored.  
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APPENDIX 

A. Single Strip Analysis 

 

Figure A. 1: The frequency response for the out of plane displacement collected from the 

detector for the plain, kagome, diamond, and mixed strip at N = 12. A logarithm base 10 

was implemented to the y-axis data for better illustration of each performance. 
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Figure A. 2: The frequency response for the out of plane displacement collected from the 

detector for the plain, kagome, diamond, and mixed strip at N = 36. A logarithm base 10 

was implemented to the y-axis data for better illustration of each performance. 

B. MATLAB Code 

Fourier transform code used to convert the out of plane displacement data from the time 

domain to the frequency domain: 

%% Fourier Transform 

  

x=readmatrix('.txt'); % Out of Plane Displacement data from 

time dependent simulation 

  

t=x(:,1); % Time (s) 

w=x(:,4); % Out of Plain Displacement (m) 

q=isnan(t); t(q)=[]; w(q)=[]; 

  

 X=w; % Values to be transformed 

 L=length(X); 

 Y = fft(X.*hann(L)); TT=10^(-4); %hanning window added 
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 Fs=1/TT; 

 P2 = abs(Y/L); 

 P1 = P2(1:L/2+1); 

 P1(2:end-1) = 2*P1(2:end-1); 

  

 f = Fs*(0:(L/2))/L; 

 figure 

 plot(f,P1)  

 title('Single-Sided Amplitude Spectrum of   X(t)') 

 xlabel('f (Hz)') 

 ylabel('|P1(f)|') 

 grid on 
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