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The wettability of powders plays a critical role in various industrial manufacturing 

processes and products. In particular, in the pharmaceutical industry, examples include wet 

granulation and the dissolution performance of solid doses obtained by powder 

compression. This study aims to develop a characterization method to study the wetting 

properties of powders, and finely divided solids in general, using a closed column packed 

with the material of interest. Using a closed column in contact with a liquid allows us to i) 



 
 

iii 

 

study both the advancing and receding process as the liquid penetrates and is later displaced 

from the column, ii) to characterize the powder composing the porous media inside the 

column in both static and dynamic ways for a wide range of powder-liquid systems, and 

iii) to control (reduce) the characteristic time of the experiments by changing the 

experimental (column height).  

The advancing, receding and bubbling pressure are defined to characterize the system in a 

static way. Analytical solutions are provided to study the dynamics during the capillary 

rise process. The explicit solutions are obtained in terms of the pressure differential and 

the liquid mass, two independent variables in the system that can be measured directly in 

the experiments. The hydrostatic effects and the non-linear pressure dependence on the 

penetration height are considered in the solutions without any approximations. Therefore, 

the solutions are general and can be used to characterize a wide range of solid-liquid 

systems, especially for systems with large capillary pressure. Two non-dimensional 

parameters governing the system are identified: the capillary pressure and the initial 

pressure in the closed column, both normalized by the hydrostatic pressure corresponding 

to the effective column height. The non-dimensional description provides valuable 

information on how to optimize the experimental setup depending on the application. As 

an important example we discuss how to reduce the equilibrium time. 

Experiments were performed using two sets of glass beads, 10 𝜇𝑚  and 45 𝜇𝑚  with 

Polydimenthysiloxane (PDMS) as the model system. The experimental data are fitted with 

the analytical solutions to study different imbibition regimes and obtain the effective 

capillary pressure and permeability. Three imbibition regimes are determined: the 

early/Washburn imbibition, the intermediate and the late imbibition. It is shown that the 
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intermediate imbibition stage is the preferred region to obtain the effective capillary 

pressure and permeability values from fitting. The importance of these different stages and 

their importance to characterize systems presenting a relatively large heterogeneity of pore 

sizes is discussed. After validating the characterization method with the model system, it 

is applied to other solid-liquid systems with larger heterogeneity, including the larger glass 

beads and Deionized water, as well as pharmaceutical powders such as lactose, 

Microcrystalline cellulose (MCC) and alumina. In cases of highly heterogeneous system 

such as lactose and MCC, a spontaneous bubbling process is observed and thus the 

advancing pressure cannot be measured. The contact angle is estimated using the effective 

pressure obtained from the fitting with the analytical solutions. Different column heights 

were used in the experiments with lactose and a reduced time to reach the same completion 

factor is achieved by a shorter column. Performing shorter experiments was shown crucial 

when working with a powder (lactose) that is soluble in the penetrating liquid (water). 
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1. Introduction 

1.1 Motivation and thesis overview 

The wetting of powders plays a critical part in the manufacturing processes of various 

industries, such as food processing [2]–[4], water infiltration [5]–[7], mineral handling [8]–

[10], and especially in pharmaceutical technology [11]. The wettability of both the active 

pharmaceutical ingredient and the excipients provides valuable information to process 

development and product quality control. For example, during the wet granulation process, 

the preferential wettability of one ingredient particle with the liquid binder can cause non-

uniformity in the granules [12]. When blending powders, the shear strain can affect the 

hydrophobicity of the blend and thus impact the dissolution rate of tablets made from that 

blend [13]. The importance of the powder wettability in diverse industries generates 

constant interest for researchers to develop appropriate methods to understand it from a 

fundamental perspective and to be able to characterize the wettability of different powders 

and finely divided solids in general. 

In this thesis, we focus on characterizing the wetting process of powders by capillary rise 

in a closed column. One of the benefits of using a closed column is that both the advancing 

and the receding process can be studied. Also important is that the dynamics during the 

imbibition process can be investigated, and the experimental data can be interpreted with 

analytical solutions, providing fundamental understanding on the dimensionless variables 

that determine the behavior of the system. 

The thesis is divided into seven chapters. The first chapter summarizes some background 

information, including the motivation behind our work and some basic concepts of wetting 
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and contact angle, followed by an overview of the existing approaches to study the contact 

angle in liquid-solid-gas systems, with special focus on those available to characterize the 

wettability of finely divided solids. 

Chapter two provides details on the experimental system design, including the 

experimental setup, material characterization, sample preparation and experimental 

procedures. The description of the experimental procedures explains how the advancing 

and receding processes are investigated with the setup used in our work.  

Chapter three provides analytical solutions for the imbibition process in a closed column. 

The solutions are obtained in terms of liquid mass and the pressure differential as a function 

of time. The hydrostatic effects and a non-linear pressure dependence on the penetration 

front are considered in the solution. Therefore, the solutions presented here are more 

general than those available in the literature and can be used for a wider range of capillary 

pressures than before. A simplified solution is also obtained for the initial stage of the 

imbibition process and it will be compared with the general solution in later chapters. 

The dimensionless form of the analytical solutions is presented in chapter four. Two non-

dimensional parameters governing the evolution of the system are identified. Based on the 

dimensionless analysis, means to optimize the experimental setup and conditions are 

provided. 

The experimental results are presented and discussed in chapter five, six and seven, each 

chapter focuses on a different solid-liquid system. Chapter five addresses the interaction of 

our model systems (glass beads) with the liquid used as reference (Polydimethylsiloxane 

(PDMS)). Chapter six compares the result between the reference liquid (PDMS) with the 

testing liquid (Deionized water). Both static and dynamic ways are used to characterize the 
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system in terms of contact angle, characteristic pore size and permeability. Additionally, 

different stages of the imbibition process are studied, depending on the initial dynamic 

characterization results. In chapter seven, a characterization protocol is summarized based 

on the results presented in chapters five and six. This protocol is then applied to 

pharmaceutical powders and the preliminary characterization results are discussed. A final 

discussion of the results and conclusions obtained in the thesis is presented in chapter eight.  

1.2 Basic concepts: surface energy, wettability and contact angle  

In this section, we introduce some fundamental concepts commonly used to describe 

wetting. Wetting is a phenomenon that manifests the existence of the attractive forces 

between molecules. When two phases are in contact, for example, solid-liquid or gas-liquid, 

surface tension is a measure of the force per unit length or the energy per unit surface, 

acting on the boundary between the two phases. The  surface energy is the work needed to 

separate the two phases [14]. An extensive discussion on the physical meaning of surface 

tension is provided in the book by Defay and Prigogine [15].  

An indication of the interactions between the solid and two immiscible fluid phases is 

wettability. We are restricting our discussion here to the fluids being a liquid and the 

liquid’s vapor. In this context, the wettability  is  characterized in terms of the solid-liquid-

vapor contact angle 𝜃 [16]. The contact angle captures the equilibrium balance between 

adhesive and cohesive forces in a three phase system [17]. The work of adhesion is the 

energy needed to separate two different phases while the work of cohesion is the energy to 

separate one phase into two [18], [19]. When the three phase system is in equilibrium, 

illustrated in figure 1.1, contact angle is related to three different interfacial tensions by the 

classical Young’s equation [20]. 
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These three interfacial tensions are the solid-vapor surface tension 𝛾SV, the solid-liquid 

surface tension 𝛾𝑆𝐿, and the liquid-vapor surface tension 𝛾LV. The line in which the three 

phases meet is called the triple contact line [21], [22]. The case when 𝛾SV ≥ 𝛾SL + 𝛾LV is 

called complete or perfect wetting and is manifested by a film coating the solid surface 

(𝜃 = 0°). The case when 0° < 𝜃 < 90° is called partial wetting, and cases where 𝜃 ≥ 90° 

are called nonwetting [23]. A small contact angle of a solid with water (0° < 𝜃 < 90°) 

indicates a hydrophilic solid surface while a large contact angle (𝜃 ≥ 90°) indicates that 

the solid is hydrophobic. 

 
Figure 1.1 A schematic drawing of a liquid droplet on a solid surface showing quantities in the Young 

equation. 

The Young equation predicts a single contact angle for each material system assuming a 

smooth, homogeneous, ideal surface. This contact angle is usually referred to as the 

thermodynamic equilibrium contact angle, or, static contact angle. In reality, however, 

surfaces are rough and heterogeneous, and liquids will show a range of contact angles on 

such surfaces. When the contact line is moving, the contact angle will, in general, be 

different from the static angle [24]. The movement of an interface in a porous media can 

be divided into two processes: imbibition and drainage. The process in which the wetting 

phase displaces a nonwetting phase is referred as the imbibition, the minimum contact 

angle that can be obtained during this process is the advancing contact angle. Conversely, 

 𝑐𝑜𝑠𝜃 =
𝛾SV − 𝛾SL

𝛾LV
 (1.1) 
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the drainage refers to the process when the nonwetting phase displaces the wetting phase. 

Correspondingly, the maximum contact angle that can be obtained during this process is 

referred as the receding contact angle [25]. 

The difference between the advancing and receding contact angles gives the contact angle 

hysteresis: 

 ∆𝜃hyst = 𝜃A − 𝜃R (1.2) 

  

Major sources causing contact angle hysteresis are  surface roughness [26]–[30] and 

chemical heterogeneities [31]–[37]. Contact angle hysteresis can also exist in 

homogeneous surface due to liquid retention or sorption [38]–[40], or disjoining and 

conjoining pressure that acts in the vicinity of the three phase contact line and causes 

deformation of an elastic solid substrate [41]–[43]. 

Since we are interested in the wetting process inside a porous media, we shall now 

introduce the concept of capillarity. Capillarity is used to describe the process when liquid 

penetrates in a porous material or a capillary tube. The interfacial forces acting on the 

contact line inside a capillary force the interface to curve, and a difference in the pressure 

(𝑝c) between the two phases is given by the Laplace equation: 

 
𝑝c =

2𝛾𝑐𝑜𝑠𝜃

𝑟
， 

(1.3) 

where  is the surface tension, 𝑟 is the radius of the capillary tube, and  is the contact angle. 

This pressure differential exerts a net force on the triple contact line that may makes it 

move.  
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When the triple contact line is in motion, the contact angle becomes dependent on the 

velocity of the moving contact line. This contact angle is referred to as the dynamic contact 

angle (larger than the advancing in an imbibition process and smaller than the receding in 

a drainage process). The relation between the dynamic contact angle and the contact line 

velocity has been studied in simple geometries in many different works both 

experimentally [44], [45] and theoretically [46]–[49]. In synthesis, due to the 

hydrodynamic stress applied to a moving contact line, an effective macroscopic (dynamic) 

contact angle develops [50], [51]. This dynamic contact angle is related to the velocity of 

the contact line (𝑣) through the the capillary number [44], Ca = 𝜇𝑣 𝛾⁄  where 𝜇  is the 

viscosity of the liquid. The capillary number is the ratio between the “macroscopic” viscous 

and the interfacial forces acting on the interface. It is worthy to mention that due to its 

definition, the scale of the capillary number is shifted and a value of 10-4 is considered 

large as the effects on the dynamic contact angle are considerable [44], [52]. On the other 

hand, a values in the order of 10-6 and lower, were experimentally found to be negligible 

[44].This effect of liquid velocity on the dynamic contact angle is found to be magnified 

by surface heterogeneity [53], including surface roughness and any impurities in the system 

[54]. 

 

1.3 Capillary hysteresis and pore geometry 

In section 1.1 it is mentioned that using a closed column allows us to study both the 

advancing and the receding process for a given solid-liquid system. In particular, we will 

determine the difference in pressure between the end of the advancing process and the 

beginning of the receding one. This difference between the advancing pressure and the 
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receding pressure can be a result of the contact angle hysteresis, or the heterogeneity of the 

porous media. The existence of a different advancing and receding capillary pressure for 

each pore or capillary tube is straightforward when there is hysteresis in the contact angle. 

However, there are other sources that can contribute to the differences in the capillary 

pressure in a porous media and, in particular, we need to consider the pore geometry. First, 

let us consider the case of a capillary tube. For a single capillary tube, or a bundle of 

capillary tubes with the same radius, this difference in capillary pressure is a result of the 

contact angle hysteresis. However, in practical cases the pore media is heterogeneous, in 

the sense that there is a distribution of pore sizes (Note that we will refer to heterogeneous 

porous media as those porous media in which the pores are not monodisperse). The 

difference in the advancing and receding capillary pressure can be a result of the 

combination of the contact angle hysteresis and the heterogeneity of the pores. Let us then 

consider two models for heterogeneous porous media where there are bundles of parallel 

capillary tubes. In the first case, each of the capillary tubes is a cylinder with uniform radius 

but the capillary tubes are of different radii (figure 1.2a). In the other case, the radius is 

changing within each capillary tube (figure 1.2b). The top of the capillary tubes are all 

connected together and therefore have a common air pressure. We will refer to this pressure 

as the pressure differential.    
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Figure 1.2 Different types of the parallel capillary tubes. (a): The capillary tube is a cylinder that has a 

uniform radius, the radius varies from each tube/cylinder. (b): The radius varies in each of the capillary 

tubes. 

According to the Laplace equation, smaller pores correspond to a higher capillary pressure 

while larger pores correspond to a lower capillary pressure. During the imbibition process 

in both cases shown in figure 1.2, the pressure differential inside the tube increases as the 

liquid penetrates into the capillaries and air is compressed. In both cases, the pressure will 

continue increasing and eventually reach the advancing capillary pressure of the large pores. 

After reaching this capillary pressure, the result is different depending on the geometry. In 

the first case shown in figure 1.2a, the liquid will stop advancing in the large capillaries, 

representing large pores (𝑟2), while it still advances in the small capillaries, representing 

small pores (𝑟1), because the pressure differential is lower than the advancing pressure of 

the small pores. Since the top of the capillaries are connected, the liquid may recede in 

some of the tubes when the pressure differential reaches the receding pressure for a given 

tube radius. For capillaries with an open top, such receding process will not happen. In the 

case shown in figure 1.2b, the liquid cannot advance further into the next small pore after 

reaching the advancing pressure for large pores, because the next small pore is only 

𝑟1 𝑟2

𝑟1

𝑟2

a) b) 
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connected through a large pore. In this case, the spontaneous imbibition process stops at 

the capillary pressure of the large pores. In this work we focus on the closed systems where 

the pores are interconnected on the top. In this case the pressure differential can be further 

increased after the liquid stops advancing by injecting air into the common air reservoir 

with a syringe. 

In the first case, after reaching the advancing pressure of large pores, since the capillaries 

are connected on the top, the pressure differential still increases as the liquid continues to 

advance in the small pores. Eventually the pressure will reach the receding pressure of the 

larger pores and the liquid will evacuate from them. Depending on the size of the pores, 

this moment can happen before or after reaching the advancing pressure of the smaller 

pores. Figure 1.3 shows the different scenarios of the receding and advancing pressures for 

different pore sizes. We consider there are two sizes of the pores  𝑟1 and 𝑟2, with 𝑟1 < 𝑟2. 

In the case shown in figure 1.3a, the receding pressure of 𝑟2  (𝑝R2) is higher than the 

advancing pressure of 𝑟1 (𝑝A1). After filling 𝑟2, the pressure will first reach the advancing 

pressure of 𝑟1 and fill in the smaller pores. At this point, the spontaneous imbibition process 

will stop. If the pressure differential is further increased, for example using a syringe pump, 

the pressure will reach the receding pressure of 𝑟2 and the large pores will be emptied. The 

smaller pores will be emptied later when the pressure reaches its corresponding receding 

pressure 𝑝R1. In this example, however, this is not possible, as air will escape through the 

large tube and the pressure differential will vanish. In the other example, presented in figure 

1.3b, the receding pressure of 𝑟2 is lower than the advancing pressure of 𝑟1 (𝑝R2 < 𝑝A1). 

After reaching 𝑝A2, the pressure will first reach the receding pressure 𝑝R2 and the large 

pores will be emptied before the pressure reaches the advancing pressure of the smaller 
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pores. This scenario is more likely to happen when the porous media is highly 

heterogeneous. 

  

Figure 1.3 Different scenarios of the advancing and receding pressure for two pore sizes. (a): The 

receding pressure of large pores is higher than the advancing pressure of the small pores, 𝑝R2 > 𝑝A1 

Large pores will be emptied after the liquid fills in the small pores. (b): The receding pressure of the 

large pores is lower than the advancing pressure of the small pores, 𝑝R2 < 𝑝A1. Large pores will be 

emptied before reaching the advancing pressure of the small pores. 

For the case shown in figure 1.2b, after reaching the advancing pressure of large pores, 

liquid will stop advancing. The receding pressure can be reached by externally increasing 

the pressure differential using a syringe pump, and the liquid will recede from the entire 

capillary after reaching the receding pressure 𝑝R2  of the large pores. A more detailed 

discussion on this geometry is provided in this work by Dullien and Batra [55]. 

A more complicated model geometry for the porous media is presented in figure 1.4. The 

pores are irregularly shaped (although represented by circles to demonstrate the effective 

pore size), randomly distributed and interconnected along the porous media. The pores 

filled with liquid are colored, the color represents the size (orange, grey and blue are the 

small, medium and large pores respectively), the size of the empty pores is represented by 

the color of their border following the same rule. In the example considered in figure 1.4, 

a) b) 
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initially all the pores are filled. As the liquid penetrates in the porous media, a cluster of 

large pores formed a layer (represented by the red solid circles in the figure). This layer 

blocks the liquid from advancing further in the porous media in the same way as in the case 

shown in figure 1.2b before. If the liquid were to continue advancing, it can only go through 

the small pores (orange). If there are no small pores that go through the barrier formed by 

the large pores shown in red in figure 1.4, liquid cannot advance further. Any pores larger 

than this radius can form the layer to block the liquid penetration. On the other hand, the 

receding pressure is the pressure at which the liquid first starts to recede from the porous 

media. Since large pores correspond to a lower receding pressure, liquid will evacuate 

through the connected large pores. Therefore, the receding pressure corresponds to the 

smallest pore needed to form this connection. Any pores larger than this can form a channel 

for the liquid to recede. To conclude, the pore geometry is very complicated in practical 

cases. Accordingly, the hysteresis in capillary pressure is a result of the combination of 

contact angle hysteresis and porous media heterogeneity, the latter includes pore size 

variation and the connectivity of the pores.  

 

Figure 1.4 An example of the randomly distributed pores in the porous media. The solid circles are 

filled with liquid. The empty circles have not been filled. 
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1.4 Methods to determine contact angle  

Over the years, researchers have developed various methods to study contact angle and 

wettability. A direct measurement of the contact angle is the sessile drop method. As shown 

in Fig 1.5a, a liquid droplet is placed on a solid surface and the contact angle is then 

measured directly at the triple contact line. Because of its simplicity, it is one of the most 

common methods to measure contact angle. However, this commonly used method is not 

practical in the case of porous materials because it requires a flat, smooth and nonporous 

solid surface for direct measurement. For powder samples, to create a flat, smooth surface, 

they are compacted into a disc or pellet under very high pressure. For pharmaceutical 

powders, the compaction pressure can be up to 210MPa [56]. One concern is that high 

compaction pressure may change the surface properties of the powder, for example, by 

changing to a different molecular orientation [57], or change the surface structure by plastic 

deformation [58]. Hence the contact angle of the compacted disc may not be representative 

of the powder. These problems make it challenging to use the sessile drop method.  

To avoid compacting the powders, an alternative method to prepare the powder sample is 

by packing them inside a column and tap it repeatedly until a homogeneous porosity is 

obtained. Using a packed column allows us to indirectly measure the contact angle through 

the capillary rise process. Using a column, the contact angle can be studied in a static or a 

dynamic way. 

According to Jurin’s law [59], the maximum height of a liquid rising in a vertical capillary 

is reached when the hydrostatics balances the capillary pressure 𝑝c: 

 ℎ =
𝑝c

𝜌𝑔
 (1.4) 
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From the Laplace equation 𝑝c = 2𝛾𝑐𝑜𝑠𝜃 𝑟⁄ , the contact angle can be obtained by 

measuring the maximum height of liquid penetration inside an open column. One limitation 

for this static method is that, when the capillary pressure is too high, a very long column is 

required to reach the maximum height. For example, a 10m column (and several days if 

not months) is needed to reach the equilibrium in the capillary imbibition of water in a 

wetting material with one-micron size pores! 

An alternative method is to study the dynamics during the imbibition process. In 1921, 

Washburn demonstrated that for an open column, at short times, the square of the 

penetration height is linearly dependent on the penetration time [60] 

 
ℎ2 =

𝛾𝑐𝑜𝑠𝜃𝑟

2𝜂
𝑡 

(1.5) 

The contact angle can be extrapolated from the slope of ℎ2 vs 𝑡. A reference liquid is used 

to determine the effective radius 𝑟 . Since the hydrostatic pressure is neglected in this 

equation, only the very early stages of the penetration can be used to plot ℎ2 vs 𝑡. During 

this time, however, the liquid penetrates very fast and dynamic contact angle effects are 

dominant, as a result, the contact angle is dependent on the penetration velocity [61]–[64] 

as discussed in 1.2. Inertia effects are responsible for additional deviations from the 

Washburn equation during the initial imbibition [65]–[68]. Another limitation for the open 

column is that only the advancing contact angle can be studied, the receding process cannot 

be achieved with an open column.  
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Figure 1.5 Common methods to determine contact angles: (a) sessile drop method, (b) open column 

method, (c) closed column method. 

Modifications have been made on the open column method simply by closing the top to be 

able to measure the pressure inside the column. Therefore, closing the top of the column 

offers an additional measurement, the pressure differential inside the column.  In 1927, 

Bartell proposed a closed column method in which the column pressure is monitored by a 

pressure sensor [69], [70]. The capillary pressure is obtained through the measurement of 

the static pressure at which the liquid stops penetrating. Dunstan and White studied both 

the advancing and the receding process using a closed column [71]. The receding process 

is studied by increasing the column pressure after reaching the advancing static pressure, 

as a result, the liquid front is forced to recede. Stevens and Ralston also studied the receding 

process, they suggested calculating the capillary retention to obtain the receding contact 

angle [72]. Depalo and Santomaso looked into the dynamics of the capillary rise inside a 

closed column by integrating the column pressure over time [73]. They focused on the 

initial imbibition and during this time overpressure is approximately linearly dependent on 

the height of the liquid rise. This approximation, however, is only valid when the 

overpressure is significantly smaller than atmospheric pressure. In the case of very small 

particles, capillary pressures of the order of the atmospheric pressure is not unusual, and 



15 

 

 

the linear approximation is no longer valid. In addition, the solutions are numerical 

calculations and the analytical solution to the problem was not provided.  

In this work, we will present the analytical solutions for the imbibition process in porous 

media inside a closed column. The solution will include the hydrostatic effects and consider 

the non-linear pressure dependence on the penetration height. Compared to the previous 

solutions, this solution is more general and can therefore be applied to smaller particles. 

Using the analytical solutions, we can characterize the porous media dynamically by fitting 

the solution with the experimental data. We are able to determine the effective capillary 

pressure and permeability during different stages of the imbibition.  
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2. Methodology 

2.1 Experiment set up 

A schematic representation of the experimental system is shown in Figure 2.1. The powder 

sample is packed in an acrylic cylindrical column (height=12.70cm, inner 

diameter=1.27cm) vertically held by clamps and a metal stand. A filter paper and a porous 

disc are used at the bottom to prevent powders from falling out of the column. The top of 

the column is closed by a seal plug with O-rings and then connected to a four-way 

connector. The other three ends of the connector are connected to a syringe (Becton 

Dickinson, 3mL), a pressure sensor (Omega PX409, range: 0-103.4kPa) and the ambient 

air inside the setup with tubes (ETFE tubing from IDEX Health and Science LLC, 

ID=0.0254cm). An effort was made to reduce the dead volume in tubes and connectors in 

order to reduce the total empty volume of the setup and eventually decrease the time to 

reach equilibrium, as we will discuss later in section 7.3. Valves (IDEX shut off valve) are 

used to control the connection to the outside atmosphere (valve 1 in the figure) and the 

syringe (valve 2 in the figure). Pressure change inside the system is monitored by pressure 

sensor connected to a computer. The column containing the powder sample is brought into 

contact with a reservoir of the liquid of interest at the beginning of each experiment. To 

this end, we use a relatively large plastic plate container (diameter=5 inch) to create the 

liquid reservoir. The objective of using a large reservoir is to avoid any significant change 

in the liquid height during the liquid penetration into the column. The plate is placed on a 

scale (Ohaus NV212) to measure the liquid weight in the reservoir. The liquid reservoir 

and the plate were placed on a lift platform. They were lifted up by the platform until the 

surface of the liquid gets in touch with the bottom of the column. A syringe pump (Harvard 



17 

 

 

Apparatus, 703007) is connected to the syringe. It will be used to control the pumping rate 

of the syringe during the receding process. 

 

 

Figure 2.1 A  schematic view of the experimental setup. 

2.2 Experiment materials: particles and liquids 

The particles used to prepare the porous media were 10𝜇𝑚 and 45𝜇𝑚 glass beads, lactose 

and microcrystalline cellulose (MCC). The liquids used to wet the particles were 

polydimethylsiloxane (PDMS) and deionized water (DI water). Here we present the 

characterizations of these materials. 

2.2.1 Model System 

For the model system we use glass beads to perform initial experiments and to validate our 

proposed method. The glass beads were chosen as the model system because of their 

simplicity: they are spherical, not porous, and they will not swell or dissolve in water. Their 

particle size distributions were measured by a laser-diffraction analyzer with a Tornado 

Dry Powder System (LS-13320, Beckmann-Coulter) and shown in Table 2.1 and Figure 

sensor
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2.2. The 9-13𝜇𝑚 glass beads were purchased from Sigma-Aldrich. We will refer to them 

as 10𝜇𝑚 glass beads in future discussions. The 45-50𝜇𝑚 glass beads were purchased from 

Polysciences, Inc. Originally the glass beads were 30-50𝜇𝑚, they were separated by sieves 

(Dual Manufacturing,  mesh #325, mesh opening =45𝜇𝑚) to obtain powders with a narrow 

particle size distribution.  

Particle 𝑑10 (𝜇𝑚) 𝑑50 (𝜇𝑚) 𝑑90 (𝜇𝑚) 𝑑32 (𝜇𝑚) 

9-13𝜇𝑚 glass beads 4.39 11.03 22.67 8.46 

Table 2.1 Particle size distribution of glass beads. (𝑑32 is the Sauter mean diameter). 

 
Figure 2.2 Particle size distribution of 10μm glass beads. 

2.2.2 Pharmaceutical powders 

The model system represents the ideal case. After validating the solutions with the model 

system, we also want to extend this model to study the pharmaceutical powders. We chose 

lactose and MCC because they represent two different material properties we may 

encounter in practical scenarios. Lactose will dissolve in water, we will use a saturated 

solution as the wetting liquid. MCC can swell after wetted, as a result, the structure of the 

porous media can change. Their particle size distributions were presented in Table 2.2 and 

Figure 2.3. 
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Particle 𝑑10 (𝜇𝑚) 𝑑50 (𝜇𝑚) 𝑑90 (𝜇𝑚) 𝑑32 (𝜇𝑚) 

Lactose 10.73 63.00 118.67 15.80 

Microcrystalline Cellulose (MCC) 24.1 73.5 167.3 52.4 

Table 2.2 Particle size distribution of lactose and MCC (𝑑32 is the Sauter mean diameter). 

  

Figure 2.3 SEM images of a) lactose, b) MCC (Avicel 101). 

2.2.3 Wetting liquids 

Polydimethylsiloxane (PDMS) and deionized water (DI water) are used as wetting liquids. 

Because of its low surface tension, PDMS is chosen as a reference liquid. It is assumed that 

particles have zero contact angle when wetted by PDMS, the 𝑐𝑜𝑠𝜃PDMS = 1. The PDMS 

used in experiments was obtained from Gelest. Inc (DMS-T11). DI water is obtained from 

Direct-Q 3 UV Water Purification System (MilliporeSigma). Their properties are listed in 

Table 2.3. 

Wetting liquid 
Density 

(𝑘𝑔/𝑚3) 

Viscosity 

(m𝑃𝑎 ∙ 𝑠) 

Surface tension 

(𝑚𝑁/𝑚) 

PDMS 935 9.35 20.1 

DI water 1000 1.00 72.8 

Lactose Saturated solution 1071 1.10 71.6 

Table 2.3 Properties of wetting liquids at 20˚C, values for lactose saturated solution were taken from 

[73]. 

2.3 Sample preparation and experimental procedure 

Before packing the glass beads in a column, they are cleaned in the ultrasonic cleaner to 

remove any impurities or contaminants attached to the surface. They are cleaned first by 

acetone, followed by water, and then dried in the oven. The glass beads were packed in a 

a) b) 
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column by adding them incrementally and compressing with a plastic rod until a desired 

packing porosity 𝜑 is achieved. Then, the column is closed by the plug with an O-ring seal 

discussed before. The packed and sealed column is then placed on the metal stand through 

the clamps and connected to the pressure sensor. At this time, valve 2 is closed for the 

advancing process while valve 1 is open. The column is thus open to atmosphere. Before 

staring the experiment, we pre-wet the porous disc with the same liquid that will penetrate 

into the column. Experiments start by lifting the liquid container until the bottom of the 

column makes contact with the liquid. After a short time, when the liquid penetrated 

approximately 5mm into the powder sample, the column is closed. Pressure change is then 

recorded every second using software USBH Application (OMEGA Engineering, Inc.). 

Liquid weight change is recorded using MATLAB (Mathworks, Inc.).  

The objective of the pre-wetting procedure before the liquid penetration is to prevent the 

formation of bubbles escaping at the bottom of the column. In some of our experiments we 

noticed there was bubble forming at the bottom of the column after it was brought into 

contact with the liquid. This phenomenon was also observed by Iveson et al [74]. They 

reported that a sudden pressure increase inside the column would cause the air to flow 

through the support at the bottom. In our case, we use porous discs with pore openings of 

40𝜇𝑚 , which is larger than the pore sizes of the porous media. When the liquid is 

penetrating very fast in the beginning, it may leave some air pockets in the porous media. 

These air pockets will be emptied later when the column pressure builds up, bringing noises 

in the pressure and liquid weight measurement. To avoid this problem, we first estimate 

the amount of liquid to completely wet the porous disc. Then before putting column bottom 

into contact with the liquid, we would use that amount of liquid to wet the porous disc so 
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that we make sure there are no air pockets left in it. After implementing this pre-wetting 

procedure, no more bubbles were observed at the beginning of the experiment. 

As the liquid penetrates into the column, the air pressure in the dry part of the column 

increases. The expected curves of the pressure differential (blue curve) and the liquid 

weight (red curve) left in the container is plotted in figure 2.4a. Eventually the pressure 

inside the column reaches equilibrium, the advancing process has finished. The pressure 

differential measured at the end of the advancing process is the advancing pressure. Then, 

we open valve 2 and use the syringe pump to start injecting air into the column. As the 

syringe compresses the air in the column, the overhead pressure will increase again. The 

expected curves of the receding process is presented in figure 2.4b. At a certain pressure, 

the liquid begins to recede from the column. Pressure at this point corresponds to the 

receding pressure. As the syringe continues injecting air into the column and the pressure 

continues to increase, more liquid would leave the column. At some point the emptied 

pores form a connected path from the top of the column to the bottom, and air would be 

released from the bottom of the column. This process can be observed as bubbles start 

forming and releasing from the bottom of the column and into the liquid reservoir. Pressure 

drops drastically as bubbles are released. The highest pressure reached just before the first 

bubble is released is the bubbling pressure.  
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Figure 2.4 Expected curves for the pressure and liquid weight during a) advancing process, b) receding 

process. 

After finishing the experiments, the powder sample is emptied from the column, they are 

then discarded in a waste container for powders or cleaned for reuse. If reusing them, they 

will be collected in a container and together with the porous discs to be cleaned following 

the same cleaning procedures mentioned in the beginning of this section. The 45𝜇𝑚 glass 

beads are the only particles that are being reused because they are a lot more expensive 

than any other particles used in this project. Once they are dried in the oven, they are sieved 

again by the sieve with mesh opening of 45𝜇𝑚 before they are ready to use in the next 

experiments. The columns are wiped by paper towels to remove any leftover particles and 

liquids. They are then air dried in the drying rack in the lab. We use two different sets of 

columns and porous discs for PDMS and DI water so that the liquid will not get mixed up. 

 

 

 

 

 

a) b) 
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3. Analytical Solutions 

In this chapter, we derive the analytical solutions for the capillary rise in a porous media. 

We start with the governing equation for this process, followed by discussing a linear 

approximation used to relate the pressure differential with the penetration front. Then we 

solve the differential equation to obtain a full solution in terms of the liquid uptake and the 

pressure differential. In this full solution, the hydrostatic effects are included, as well as 

the non-linear pressure dependence on the penetration front. Finally, we will discuss a 

simplified case for the beginning stage of the capillary rise, which we call the modified 

Washburn solution Equations governing capillary rise.   

3.1 Equations governing the capillary rise 

To derive the analytical solution of capillary rise in a closed column, we start with Darcy’s 

law[75]. In 1856, Darcy proposed that when a fluid with viscosity 𝜇 is passing through a 

porous media, the flow discharge is proportional to the pressure drop over a certain distance 

in the porous media,  

 𝑞 = −
𝜅

𝜇
∇𝑝 

(3.1) 

where 𝜅 is the permeability of the porous media, according to the Kozeny-Carman equation, 

the permeability is related to the physical properties of the materials used [76]–[78]. 𝑞 is 

the specific discharge or discharge per unit area, often referred to as the Darcy velocity. 

This velocity, however, is not the velocity at which the fluid is advancing or moving 

through the porous media. This velocity is also called the superficial velocity 𝑢𝑠, and is a 



24 

 

 

hypothetical flow velocity calculated as if there is only, without taking into account the 

presence of porous medium, 

 
𝑢𝑠 =

𝑄

𝑆
 

(3.2) 

Where 𝑄 is the volume flow rate of the fluid and 𝑆 is the cross sectional area. We assume 

the porous media is completely saturated by the fluid and there is on air trapping in the 

porous media, Darcy velocity is related to the fluid velocity 𝑑ℎ/𝑑𝑡 by porosity 𝜑: 

 𝑑ℎ

𝑑𝑡
=

𝑞

𝜑
 

(3.3) 

Note that we will neglect the inertia effects that might happen in the beginning of the 

capillary rise process [79]–[82]. We also assume that the powder bed is homogeneous and 

isotropic, under this assumption, the permeability across the porous media is uniform, the 

liquid advancing process can be treated as a one-dimensional transport problem.  

The schematic drawing of the experiments is presented in figure 3.1. A cylindrical column 

with closed top is vertically packed with powder sample. This packed column has a length 

𝐻 and porosity 𝜑. The column bottom is in contact with a wetting liquid, and the length of 

the column immersed in the liquid is ∆𝑙. There will be a gauge pressure 𝑝𝑙 at the bottom of 

the column that is different from the atmospheric pressure 𝑝0 at the interface of liquid-air. 

For simplicity, we will neglect this gauge pressure because ∆𝑙 is only a few millimeters in 

all experiments and the resulting gauge pressure is relatively small. As we discussed, 

initially, the column top is open to atmosphere. When the liquid reaches a certain height 

ℎ0, the column is closed (figure 3.1a). This is the initial time 𝑡 = 0. After it is closed for 

time 𝑡, liquid height reaches ℎ (figure 3.1b). 
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Figure 3.1 Sketch of pressure and volume change when liquid penetrates in a closed column packed 

with powders. a): initial condition, the column is closed to the outside when the liquid penetrates to 

height ℎ0, the initial pressure inside the column is 𝑝0. b): the liquid front reaches height ℎ, the pressure 

of the dry part inside the column is 𝑝 + 𝑝0. 

According to Washburn’s work on the dynamics of capillary flow [60], the total driving 

force for the liquid penetration inside the porous media consists of three separate pressures: 

the unbalanced atmospheric pressure, which is the air pressure difference between the 

advancing and stationary interfaces. In our case, this is the pressure differential 𝑝 measured 

by the pressure sensor. The second component of the driving force is the hydrostatic 

pressure 𝑝h =  𝜌𝑔(ℎ + ℎ0) , where 𝜌  is the density of the wetting liquid and 𝑔  is the 

gravitational acceleration. We assume that the pressure drop over the dry part of the column 

is negligible, due to the significant difference in the viscosity and density between the 

wetting liquids and the air. The last pressure term contributing to the driving force is the 

capillary pressure 𝑝c. As mentioned in section 1.2, the capillary pressure is the pressure 

difference between the liquid and air and is represented by the Laplace equation. In this 

work we consider this capillary pressure is independent of the position of the liquid front 

and the advancing velocity [83], [84]. Adding these three pressures we obtain the total 

driving force for the liquid penetration process inside a closed column: Σ𝑝 = 𝑝c − 𝑝 −

∆𝑙 

liquid 

powder 

ℎ0 
𝑝
= 𝑝  

𝑝0 liquid 

ℎ 

b) a) 

𝑝𝑙 

𝑝 + 𝑝0 

𝐻 
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𝜌𝑔(ℎ + ℎ0). Combining this driving force with Darcy’s law and replace the Darcy velocity 

with the fluid velocity 𝑑ℎ/𝑑𝑡: 

 𝜑
𝑑ℎ

𝑑𝑡
=

𝜅

𝜇

𝑝c − 𝑝 − 𝜌𝑔(ℎ + ℎ0)

ℎ + ℎ0
 (3.4) 

Equation 3.4 is the governing equation of the liquid penetration process in the porous media 

in terms of the pressure differential 𝑝 and the penetration height ℎ. In order to find the 

dynamics of liquid penetration, we need to find the relation between the penetration height 

and the pressure differential. In the schematic drawing in figure 3.1, when the column is 

closed, the pressure above the liquid front is in equilibrium with the outside and it is 

therefore equal to the atmospheric pressure 𝑝0. The initial volume of the air in the column 

is 𝜑(𝐻 − ℎ0)𝑆. After the liquid penetrates to height ℎ, the pressure of the dry part in the 

column above the advancing front is now larger due to compression. This pressure is 𝑝0 +

𝑝 and the air volume becomes 𝜑(𝐻 − ℎ0 − ℎ)𝑆. Assuming that the air behaves as an ideal 

gas at constant temperature, this is an approximation for typical capillary pressures in 

powder systems [85]. we can use the ideal gas law to relate the pressure increase to the 

penetration height, 

 𝜑𝑝0(𝐻 − ℎ0)𝑆 = 𝜑(𝑝0 + 𝑝)(𝐻 − ℎ0 − ℎ)𝑆 (3.5) 

Where 𝑆 is the cross section area of the column. From equation 3.1 we can obtain: 

 ℎ = (𝐻 − ℎ0)
𝑝

𝑝 + 𝑝0
 (3.6) 

𝐻 is an effective height of a powder column, it represents the total empty space inside the 

column 𝑉0 = 𝜑𝑆𝐻. In the most ideal case, as shown in figure 3.1, when the entire column 
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is fully filled with powders and no extra empty space is introduced, the effective height 𝐻 

equals to the physical height of the powder column. In the experiments, however, the 

column is not completely filled with powders and there is also empty space in the 

connections, tubes and any other dead volume that comes with the setup. As a result,  𝐻 

will be higher than the physical height of the powders packed in the column. In section 5.3 

we will provide methods to estimate this effective height. 

When 𝑝 is very small comparing to 𝑝0, then 𝑝0 + 𝑝 can be approximated by 𝑝0 and the 

liquid height ℎ can be approximated to depend linearly on the pressure differential 𝑝. In 

fact, in this case equation 3.6 can be written as ℎ = 𝐾𝑝 where 𝐾 is a constant 𝐾 = (𝐻 −

ℎ0)/𝑝0 . We will refer this approximation as the “linear approximation” in future 

discussions. This approximation is valid at the beginning of the capillary rise or at all times 

if 𝑝c is also significantly small compared to 𝑝0. This linear approximation was used by Wei 

[86] and Santomaso [73] to solve the problem numerically. In their experiments, the 

pressure differential is small and they focused on the beginning part of the capillary rise 

process, where this approximation is valid. In this chapter, we will derive implicit 

analytical solutions for this process and we will include the full pressure dependence in the 

solutions so that it can be used in cases when the pressure differential is large. 

 

3.2 Liquid mass uptake solution 

In the governing equation (3.4) there are two variables, liquid front ℎ and the pressure 

differential 𝑝. In order to obtain a solution to it we need to obtain a differential equation 

for one of them above. In general, during the experiments it can be difficult to determine 

the position of the liquid front by optical observation because of its fuzzy appearance. 
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Instead people usually use the liquid uptake 𝑚 in the porous media to calculate the liquid 

front ℎ, under the assumption that the liquid can fully fill all the available pores of the 

powder column. Liquid front ℎ and mass 𝑚 are related through the density 𝜌 of the liquid, 

the cross sectional area 𝑆 of the column and the porosity 𝜑 of the packed powder, 

 ℎ =
𝑚

𝜑𝜌𝑆
. (3.7) 

Combining Equation (3.7) with (3.6) we obtain the equation relating liquid uptake with the 

pressure differential: 

 𝑝 =
𝑚𝑝0

𝑀 − 𝑚0 − 𝑚
, (3.8) 

Where 𝑚0 is the initial liquid uptake when the column is open to atmosphere. 𝑀 = 𝜌𝑉0 =

𝜑𝜌𝑆𝐻 is the amount of liquid that can fill in all the empty space in the experiment setup. 

We then replace ℎ and 𝑝 in equation 3.4 with Equation 3.7 and 3.8, to obtain a governing 

equation in terms of liquid uptake:   

 
𝑑𝑚

𝑑𝑡
=

𝜅𝜑𝜌2𝑆2

𝜇
(
𝑝c −

𝑚𝑝0

𝑀 − 𝑚0 − 𝑚

𝑚 + 𝑚0
−

𝑔

𝜑𝑆
) (3.9) 

To solve Equation 3.9, we first separate the variables: 

 (𝑚0 + 𝑚)(𝑀 − 𝑚0 − 𝑚)

[𝑝c𝜑𝑆 − 𝑔(𝑚 + 𝑚0)](𝑀 − 𝑚0 − 𝑚) − 𝑝0𝜑𝑆𝑚
𝑑𝑚 =

𝜅𝜌2𝑆

𝜇
𝑑𝑡   

(3.10) 

Then we write the left hand side using partial fractions decompositions, to obtain: 
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 [
𝐴1𝑚

𝑔(𝑚1 − 𝑚)
+

𝐵1𝑚 + 𝐶1

(𝑚2 − 𝑚)
] 𝑑𝑚 =

𝜅𝜌2𝑆

𝜇
𝑑𝑡 (3.11) 

Where 𝑚1, 𝑚2 are roots of the denominator in the left hand side of Equation 3.10 and 𝑚1 <

𝑚2, 𝑚1 is the amount of liquid uptake when it reaches equilibrium. Integrating both sides 

on equation 3.11, assuming that 𝑝c is constant (as discussed in section 1.2 and section 3.1, 

this can be done for capillary numbers 𝑂(10−6)  ) and using the initial condition that 

𝑚(𝑡 = 0) = 0, we obtain the solution to equation 3.9: 

 − (
𝐴1

𝑔
+ 𝐵1) 𝑚 +

𝐴1𝑚1

𝑔
ln

𝑚1

𝑚1 − 𝑚
+(𝐶1 + 𝐵1𝑚2) ln

𝑚2

𝑚2 − 𝑚
=

𝜅𝜌2𝑆

𝜇
𝑡 (3.12) 

The constants are in terms of 𝑚0, 𝑚1 and 𝑚2: 

 𝐴1 =
𝑚1(𝑀 − 2𝑚0 − 𝑚1) + 𝑚0(𝑀 − 𝑚0)

𝑚1(𝑚2 − 𝑚1)
 (3.13) 

 𝐵3 =
𝑚1(𝑀 − 2𝑚0 − 𝑚2) + 𝑚0(𝑀 − 𝑚0)

𝑔𝑚1(𝑚1 − 𝑚2)
 (3.14) 

 𝐶3 =
𝑚0(𝑀 − 𝑚0)

𝑔𝑚1
 (3.15) 

Equation 3.12 is the implicit analytical solutions for the liquid uptake as a function of time 

in the most general case. The hydrostatics and the effect of the pressure differential in the 

closed column were both included. In the experiments we record the liquid weight change 

over time, the unknown parameters in Equation 3.12 are the permeability 𝜅 of the porous 

media and the capillary pressure 𝑝c . We can fit the experiment using this solution to 

determine the permeability and the capillary pressure. In Chapter 5 we will show the results 

of these fittings. 
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3.3 Pressure solution 

One of the advantages of using a closed column is that we are now able to monitor the 

pressure differential as an additional direct measurement. In some cases, when the total 

liquid uptake is so small, e.g. less than 1g, but the scale resolution is only 0.01g and the 

resolution is not enough. However, using pressure will provide higher resolution because 

the column pressure can increase to thousands of pascals. To derive a solution in terms of 

pressure, we also start with the governing equation obtained in section 3.2, then replace ℎ 

by 𝑝 using equation 3.6. By taking the derivatives on both sides of equation 3.6 we also 

obtain:  

 𝑑ℎ

𝑑𝑡
=

(𝐻 − ℎ0)𝑝0

(𝑝0 + 𝑝)2

𝑑𝑝

𝑑𝑡
 (3.16) 

After replacing ℎ, 𝑑ℎ 𝑑𝑡⁄  in equation 3.4 with (3.6) and (3.16) we obtain: 

 
𝑑𝑝

𝑑𝑡
=

𝜅(𝑝0 + 𝑝)2

𝜑𝜇𝑝0(𝐻 − ℎ0)
[
(𝑝c − 𝑝)(𝑝0 + 𝑝)

𝑝𝐻 + 𝑝0ℎ0
− 𝜌𝑔] (3.17) 

Using separation of variables, equation 3.17 can be written as: 

 
(ℎ0𝑝0 + 𝐻𝑝)

(𝑝0 + 𝑝)2[(𝑝𝑐 − 𝑝)(𝑝0 + 𝑝) − 𝜌𝑔(ℎ0𝑝0 + 𝐻𝑝)]
𝑑𝑝 =

𝜅

𝜑𝜇𝑝0(𝐻 − ℎ0)
𝑑𝑡 (3.18) 

The procedures to solve this equation is similar to the weight solutions, where we also 

assumed that 𝑝c  is constant. We write the LHS of equation 3.18 using partial fraction 

decomposition to obtain: 

 [
𝐴2𝑝

(𝑝0 + 𝑝)2
+

𝐵2𝑝

 𝑝1 − 𝑝
+

𝐶2𝑝 + 𝐷2

𝑝2 − 𝑝
] 𝑑𝑝 =

𝜅

𝜑𝜇𝑝0(𝐻 − ℎ0)
𝑑𝑡 (3.19) 
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Where 𝑝1,  𝑝2 are the roots of denominator on the LHS of equation 3.18 

 𝑝1,2 =
1

2
[(𝑝𝑐 − 𝑝0 − 𝜌𝑔𝐻) ± √(𝑝𝑐 − 𝑝0 − 𝜌𝑔𝐻)2 − 4(𝜌𝑔ℎ0𝑝0 − 𝑝𝑐𝑝0)] (3.20) 

Given that 𝑝1 < 0, 𝑝2 > 0 is the equilibrium pressure reached in experiments. Integrate 

both sides of equation 3.19 and using the initial condition that 𝑝(𝑡 = 0) = 0, we obtain the 

solution to equation 3.19: 

 

𝐴2ln
𝑝0

𝑝0 + 𝑝
+

𝐴2𝑝

𝑝0 + 𝑝
− 𝐶2𝑝1ln(1 −

𝑝

𝑝1
) + (𝐶2𝑝2 + 𝐷2)ln(1 −

𝑝

𝑝2
)

=
𝜅

𝜇𝜑𝑝0(𝐻 − ℎ0)
𝑡 

(3.21) 

𝐴2, 𝐵2, 𝐶2 and 𝐷2 are constants: 

 
𝐴2 =

𝐻 − 2ℎ0

𝑝1𝑝2 − 𝑝0
2
 (3.22) 

 𝐵2 = −𝐶2 (3.23) 

 
𝐶2 =

ℎ0(𝑝1𝑝2 − 𝑝0
2) − 𝑝0𝑝1(𝐻 − 2ℎ0)

𝑝0𝑝1(𝑝1𝑝2 − 𝑝0
2)(𝑝1 − 𝑝2)

 (3.24) 

 
𝐶2 =

ℎ0

𝑝0𝑝1
 (3.25) 

Equation 3.21 is the implicit solution for the liquid penetration process in terms of the 

pressure differential as a function of time in general case. In the experiments we record the 

pressure differential data over time, then we fit the experimental data using this solution to 

obtain the permeability 𝜅 and the capillary pressure 𝑝c of different solid-liquid systems. In 
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Chapter 5, 6 and 7 we will fit these solutions to the experimental data and discuss the 

fittings. 

3.4 Modified Washburn solution 

In this section, we will derive solutions for the initial stage of the capillary rise in a closed 

column. In the beginning of the capillary rise, the hydrostatic effects are negligible because 

the penetration height is very small. The same goes for Washburn equation where the 

hydrostatic effects are neglected. Since we are using a closed column, we will refer to the 

solutions as the modified Washburn solution. 

For capillary rise in an open column, the pressure differential is zero. After neglecting the 

hydrostatic effects, the only term contributing to the driving force is the capillary pressure. 

Consider a case where ℎ0 = 0, we then write the governing equation from equation 3.4:  

 ℎ
𝑑ℎ

𝑑𝑡
=

𝜅𝑝c

𝜇𝜑
 (3.26) 

Solving equation 3.26 and enforcing the initial condition ℎ(𝑡 = 0) = 0  we obtain 

Washburn Equation [60]: 

 ℎ2 =
2𝜅𝑝c

𝜇𝜑
𝑡 (3.27) 

According to Washburn equation, the penetration height is proportional to the square root 

of the penetrating time. This equation applies to the initial stage of the capillary rise process 

in an open column where the hydrostatic pressure is negligible.  
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To obtain the modified Washburn solution for a closed column, we first write the governing 

equation. In closed columns the pressure differential is no longer zero. After neglecting the 

hydrostatic effects we obtain the governing equation: 

 𝜑
𝑑ℎ

𝑑𝑡
=

𝜅

𝜇

𝑝c − 𝑝

ℎ + ℎ0
 (3.28) 

In Equation 3.28 there are two variables: the penetration height ℎ  and the pressure 

differential 𝑝 as we are assuming that 𝑝c is a constant (as previously discussed). In closed 

columns we have the pressure differential as a measurement in addition to the penetration 

front/liquid uptake, we will write this modified Washburn solution in terms of pressure. 

Although the pressure differential is not zero in a closed column, in the beginning stage, it 

is still very small comparing to the atmospheric pressure. Therefore we can use the linear 

approximation discussed in section 3.1 and write equation 3.6 as ℎ = 𝐾𝑝, where 𝐾 is a 

constant 𝐾 = (𝐻 − ℎ0)/𝑝0. We replace ℎ with 𝑝 in the equation 3.28 and write it in terms 

of pressure: 

 𝜑
𝑑𝑝

𝑑𝑡
=

𝜅

𝜇

𝑝c − 𝑝

𝐾𝑝+ℎ0
  (3.29) 

During the initial stage, when the pressure differential is significantly smaller than the 

capillary pressure 𝑝c , we can also neglect it on the right-hand-side of equation 3.29. 

Solving it and enforcing the initial condition 𝑝(𝑡 = 0) = 0  we obtain the modified 

Washburn solution for a closed column: 

 
ℎ0

𝐾
𝑝 +

𝑝2

2
=

𝜅𝑝c

𝜇𝜑𝐾2
𝑡 (3.30) 
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The pressure term (
ℎ0

𝐾
𝑝 +

𝑝2

2
) is proportional to the penetration time. In cases when ℎ0 =

0, then the constant 𝐾 = 𝐻/𝑝0, and the solution becomes: 

 𝑝2 =
2𝜅𝑝c

𝜇𝜑𝐾2
𝑡 (3.31) 

Similar to the original Washburn equation, the pressure differential depends linearly on the 

square root of the penetration time. Remember that this equation is only valid for the initial 

stage of the capillary rise. In Figure 3.2 we plot the entire capillary rise duration using this 

modified Washburn solution (equation 3.30) together with the full solution in terms of 

pressure (equation 3.21), using the same parameters (𝜅, 𝐻, ℎ0, 𝑝c, 𝑝0, 𝜇, 𝜑): 

  
Figure 3.2 Plot the two solutions in terms of pressure as a function of time. The red dashed line 

represents the modified Washburn solution. The black solid line represents the full solution. a) 45μm 

glass beads with PDMS; b) 45μm glass beads with DI water. 

It is easy to tell from figure 3.2 that the differences between the two solutions are very 

small when the pressure differential is small. As it builds up in the column, the assumptions 

we made to obtain the modified Washburn solution are not valid. The height of the 

penetration front is not proportional to the pressure differential. The pressure differential 

becomes significant and cannot be neglected on the right-hand-side of equation 3.29. In 

a) b) 
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figure 3.2, as the pressure differential increases, the curve representing the full solution 

deviates from the modified Washburn solution and eventually saturates at certain pressure. 

The reason for the separations of the two solutions at large pressure can be the significance 

of the hydrostatic effects, or the increase of the pressure differential in the column. In the 

next chapter, we will give a more detailed discussion on the dimensionless parameters 

governing the evolution of the capillary rise experiments. We will also discuss the 

significative contributions coming from the hydrostatic effects and the pressure differential. 

In Chapter 5, we will use this modified Washburn solution to fit with the initial stage of 

the experiments and compare the fitting results with the full solution.  
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4. Dimensionless discussion 

In Chapter 3 we derived the analytical solutions in terms of liquid uptake and pressure 

differential for the capillary rise process in a closed column. The solutions will later be 

used to fit with experiments in Chapter 5. In this chapter, we will write the equations in 

dimensionless forms and identify the dimensionless parameters that are responsible for the 

dynamics of the capillary rise process with different liquids on a given particle system. We 

will also discuss how these dimensionless parameters can be monitored in the experiment 

setup to optimize the capillary rise experiments, especially by reducing the saturation time.  

4.1 Nondimensional equation and implicit solutions in an open 

column 

In Chapter 3.1 we obtained the governing equation in terms of liquid front when liquid is 

penetrating into the porous media: 

 
𝜑

𝑑ℎ

𝑑𝑡
=

𝜅

𝜇

𝑝c − 𝑝 − 𝜌𝑔(ℎ + ℎ0)

ℎ + ℎ0
 

(3.4) 

Note that in this chapter of dimensionless discussion, we will consider the case when ℎ0 =

0 for simplicity. When the column is open to atmosphere, the pressure differential 𝑝 = 0, 

and the initial pressure 𝑝0  is no longer included in the equations. We then choose the 

capillary pressure 𝑝c to characterize the system. For an open column, the capillary rise 

stops when the capillary pressure is balanced by the hydrostatics. This equilibrium height 

ℎ𝑔
𝑒   is also known as the Jurin’s length [59] it can be obtained as: 

 𝑝c = 𝜌𝑔ℎ𝑔
𝑒  (4.1) 

Using ℎ𝑔
𝑒  as the characteristic length we obtain the governing equation for an open column 

in the dimensionless form: 
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𝜆′

𝑑𝜆′

𝑑𝜏′
= 1 − 𝜆′  

(4.2) 

Where 𝜆′ = ℎ ℎ𝑔
𝑒  ⁄ is the dimensionless height and 𝜏′ = 𝑡 𝑡𝑔⁄  is the dimensionless time. For 

an open column, the characteristic time is given by 𝑡𝑔 = (𝜑𝜂(ℎ𝑔
𝑒)2) (𝜅𝑝c)⁄ =

(𝜑𝜂𝑝c) (𝜅(𝜌𝑔)2).⁄  

It should be noted that in Equation 4.2 there is no dimensionless parameters present, 

therefore, the solution to this equation is universal, it does not depend on the fluid or the 

porous media. Washburn derived an implicit solution for an open capillary [60], Green and 

Ampt also obtained the solution independently in their work on the soil infiltration [82]: 

 −𝜆′ − ln (1 − 𝜆′) = 𝜏′ (4.3) 

 

A different approach is to write the solutions with the Lambert function 𝑊, discussed by 

Barry [87], [88] and more recently, Fries and Dreyer [79], [89]: 

 𝜆′(𝜏′) = (1 + 𝑊(−𝑒−1−𝜏′)) (4.4) 

 

Where the Lambert function 𝑊 is defined by 𝑊(𝑥)𝑒𝑊(𝑥) = 𝑥 [90]. 

4.2 Nondimensional equation and implicit solutions in a closed 

column 

In the case of a closed column, the pressure differential 𝑝 is no longer zero. It is related to 

the initial pressure 𝑝0 and the effective length 𝐻. This initial pressure can be monitored by 

putting the experiment setup inside a closed chamber. In our experiments, it is equal to the 

atmospheric pressure. We will use this initial pressure to derive an independent 

dimensionless pressure 𝜋0 = 𝑝0 𝜌𝑔𝐻⁄ , we refer to it as the normalized initial pressure.  

Recall in Chapter 3.1, 𝐻  is an effective length representing the empty space of the 

experiment setup. 𝜌𝑔𝐻 represents the hydrostatic pressure when the column of a length 𝐻 
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is fully filled with liquid. We can then use 𝐻 to obtain another dimensionless number 𝜋c =

𝑝c 𝜌𝑔𝐻⁄ = ℎg
𝑒 𝐻⁄ , it is the ratio of the capillary pressure to the hydrostatic pressure. We 

refer to it as the normalized capillary pressure. It is also the reverse of the Bond number. 

In cases where the Bond number is small, the hydrostatic effects can be neglected.  

Now we can use the characteristic length 𝐻  and the characteristic pressure 𝜌𝑔𝐻  to 

nondimensionalize the governing equation 3.4: 

 
𝜆

𝑑𝜆

𝑑𝜏
= 𝜋c − 𝜋 − 𝜆  

(4.5) 

Where the new dimensionless height 𝜆 = ℎ 𝐻⁄ , the new dimensionless pressure 𝜋 =

𝑝/𝜌𝑔𝐻, and the dimensionless time 𝜏 = 𝑡/𝑡c, with 𝑡c = (𝜑𝜂𝐻) (𝑘𝜌𝑔)⁄ . 

Similarly, Equation 3.6 which relates ℎ and 𝑝 can also be written in dimensionless form 

following the same dimensionless parameters 𝜆 and 𝜋: 

 
𝜋 = 𝜋0

𝜆

1 − 𝜆
 

(4.6) 

Then we replace 𝜋 in the governing equation to obtain a differential equation in terms of 

the penetration height: 

 
𝜆

𝑑𝜆

𝑑𝜏
= 𝜋c − 𝜋0

𝜆

1 − 𝜆
− 𝜆  

(4.7) 

After separation of variables: 

 𝜆(1 − 𝜆)

𝜆2 − (1 + 𝜋c + 𝜋0)𝜆 + 𝜋c
𝑑𝜆 = 𝑑𝜏  

(4.8) 

To solve Equation 4.8, we write the left hand side using partial fraction decomposition, to 

obtain: 
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[(

𝜆1 − 1

𝜆1 − 𝜆2
) (

𝜆

𝜆1 − 𝜆
) + (

1 − 𝜆2

𝜆1 − 𝜆2
) (

𝜆

𝜆2 − 𝜆
)]𝑑𝜆 = 𝑑𝜏  

(4.9) 

Where 𝜆1 and 𝜆2 are roots of the denominator on the left hand side of Equation 4.8: 

 𝜆1,2 =
1

2
[(1 + 𝜋c + 𝜋0) ± √(1 + 𝜋c + 𝜋0)2 − 4𝜋c] (4.10) 

The physical meaning of 𝜆1 and 𝜆2 is the possible dimensionless equilibrium heights that 

can be reached in experiments. Considering that they satisfy 𝜆1 > 𝜆2, it can also be proven 

that  𝜆1 > 1  and 𝜆2 < 1 . The equilibrium height in a closed column ℎ𝑔
𝑒  can then be 

obtained as ℎ𝑐
𝑒 = 𝜆2𝐻. It can also be proven that 𝜆2 is bounded by 

 𝜆2 =
ℎ𝑔

𝑒

𝐻
< min {1,

𝜋c

1 + 𝜋0
 } (4.11) 

Integrating both sides on Equation 4.9 and using the initial condition 𝜆(𝜏 = 0) = 0 we 

obtain the implicit solution for the liquid front as a function of time in a closed column: 

 
−𝜆 − (

𝜆1 − 1

𝜆1 − 𝜆2
) 𝜆1ln (1 −

𝜆

𝜆1
) − (

1 − 𝜆2

𝜆1 − 𝜆2
) 𝜆2ln (1 −

𝜆

𝜆2
) = 𝜏  

(4.12) 

This solution is a general solution that includes the hydrostatic effects and the pressure 

differential effects in a closed column. 

Another measurement of the experiment is the pressure differential 𝑝. We can also obtain 

a dimensionless solution in terms of pressure following the same procedures we use for 

liquid front. The equation relating 𝜆 with 𝜋 can be written as: 

 𝜆 =
𝜋

𝜋0 + 𝜋
 (4.13) 
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Replacing 𝜆  with Equation 4.13 in the governing equation we obtain the governing 

equation in terms of pressure: 

 𝜋

𝜋0 + 𝜋

𝜋0

(𝜋0 + 𝜋)2

𝑑𝜋

𝑑𝜏
= 𝜋c − 𝜋 −

𝜋

𝜋0 + 𝜋
  (4.14) 

After separation of variables: 

 −𝜋0𝜋

(𝜋0 + 𝜋)2[𝜋2 + (1 − 𝜋c + 𝜋0)𝜋 − 𝜋c𝜋0]
𝑑𝜋 = 𝑑𝜏  (4.15) 

Similar to the solutions for the height equation, the roots 𝜋1, 𝜋2to the denominator 𝜋2 +

(1 − 𝜋c + 𝜋0)𝜋 − 𝜋c𝜋0 = 0  are possible equilibrium pressure for the capillary rise 

process.  

 𝜋1,2 =
1

2
[−(1 − 𝜋c + 𝜋0) ± √(1 − 𝜋c + 𝜋0)2 + 4𝜋c𝜋0] (4.16) 

Given that 𝜋1 > 𝜋2, it is obvious that 𝜋1 > 0 and 𝜋2 < 0. The equilibrium pressure during 

the capillary rise is equal to 𝑝𝐷
𝑒 = 𝜋1𝜌𝑔𝐻. The solution to Equation (4.15) can be found 

after writing the left hand side by partial fraction decomposition and then integrating both 

sides, the initial condition is 𝜋(𝜏 = 0) = 0. 

 −
𝜋

𝜋0 + 𝜋
+ (𝜋c + 𝜋0)ln (1 +

𝜋

𝜋0
) −

𝜋0𝜋1

(𝜋1 − 𝜋2)(𝜋0 + 𝜋1)2
ln (1 −

𝜋

𝜋1
)

+
𝜋0𝜋2

(𝜋1 − 𝜋2)(𝜋0 + 𝜋2)2
ln (1 −

𝜋

𝜋2
) = 𝜏  

(4.17) 

Equation 4.17 is the implicit solution for the pressure differential as a function of time 

during the capillary rise process in a closed column. It is a general solution that includes 

the hydrostatic effects and the pressure differential effects. 
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Now that we have the implicit solutions for a closed column in terms of the liquid front 

(Equation 4.12) and the pressure differential (Equation 4.17), we can use them to obtain 

the characteristic time to reach equilibrium. The dimensionless equilibrium time 𝜏𝛾  is 

defined as the time it takes for the liquid front to reach a certain completion fraction 𝛾 of 

the equilibrium height 𝜆2, or for the pressure differential to reach a certain completion 

fraction 𝛾 of the equilibrium pressure 𝜋1. 

For the case of using solution in terms of the liquid penetration height, at the given height 

𝛾𝜆2, the equilibrium time 𝜏𝛾 can be obtained by replacing 𝜆 by 𝛾𝜆2 in Equation 4.12: 

 
𝜏𝛾 = −𝛾𝜆2 − (

𝜆1 − 1

𝜆1 − 𝜆2
) 𝜆1ln (1 −

𝛾𝜆2

𝜆1
) − (

1 − 𝜆2

𝜆1 − 𝜆2
) 𝜆2ln(1 − 𝛾)  (4.18) 

For the case of using solution in terms of the pressure differential, at the given pressure 

𝛾𝜋1, the equilibrium time 𝜏𝛾 can be obtained by replacing 𝑝 by 𝛾𝜋1 in Equation 4.17: 

 𝜏𝛾 = −
𝛾𝜋1

𝜋0 + 𝛾𝜋1
+ (𝜋c + 𝜋0)ln (1 +

𝛾𝜋1

𝜋0
)

−
𝜋0𝜋1

(𝜋1 − 𝜋2)(𝜋0 + 𝜋1)2
ln(1 − 𝛾)

+
𝜋0𝜋2

(𝜋1 − 𝜋2)(𝜋0 + 𝜋2)2
ln (1 −

𝛾𝜋1

𝜋2
)  

(4.19) 

Both Equation 4.18 and 4.19 can be used to study the effects of the dimensionless 

parameters have on the equilibrium time, we will discuss more details on this topic later. 

4.3 Penetration dynamics depending on 𝝅𝐜 and 𝝅𝟎 

In this section, we will discuss how the dimensionless parameters affect the dynamics of 

the capillary rise experiments in a closed column. We will consider two different scenarios. 

Firstly, we fix the experiment setup and consider the effect of different values of the 
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capillary pressure on the penetration dynamics. In this case, the only parameter that is 

changing is the capillary pressure 𝑝c . With a fixed experiment setup, 𝑝0  and 𝐻  are 

constants. Different values of the capillary pressure may be introduced by using particles 

of different contact angles but similar particle sizes, so the permeability of the porous media 

is similar. The second case is the opposite of the first one, we fix the capillary pressure 𝑝c 

and study the effect of different values of  𝑝0 and 𝐻. For this case, we will use a given solid 

and liquid system with different experiment setups where either 𝑝0 or 𝐻 is changing. The 

initial pressure 𝑝0  can be monitored by putting the entire setup in a closed chamber. 

Different values of the effective length 𝐻 can be achieved by changing the empty space of 

the setup, such as using a longer column. Note that when varying 𝐻, both 𝜋0 and 𝜋c are 

changing simultaneously, but the ratio 𝛼 between them remains the same: 𝜋c = 𝛼𝜋0.  

For the first case, since the setup is fixed, 𝐻 is a constant, we will use the dimensionless 

variables discussed in section 4.2, which are {𝜆; 𝜋; 𝜏}. The corresponding characteristic 

scales used to obtain these dimensionless variables are {𝐻, 𝜌𝑔𝐻, 𝑡c} , recall that 𝑡c =

(𝜑𝜂𝐻) (𝑘𝜌𝑔)⁄ , they all remain constant and are independent of the only changing 

parameter 𝑝c. In the second scenario, since 𝑝c is fixed while 𝑝0 and 𝐻 are changing, we 

will use the dimensionless variables {𝜆′; 𝜋′; 𝜏′} discussed in section 4.1. As in the open 

column case, the dynamics is also independent of the experiment setup. The corresponding 

characteristic scales {ℎ𝑔
𝑒 , 𝑝c, 𝑡g} , with 𝑡𝑔 = (𝜑𝜂𝑝c) (𝜅(𝜌𝑔)2)⁄ , are independent of the 

changing parameters 𝑝0 and 𝐻 and will remain constant in this case. These two groups of 

dimensionless variables are related by the following equations: 𝜆 = 𝜋c𝜆′, 𝜋 = 𝜋c𝜋′ and 

𝜏 = 𝜋c𝜏′. 
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4.3.1 Penetration dynamics depending on 𝒑𝐜 

We first look at the dynamics of the penetration height under different values of the 

capillary pressure 𝑝c. We plot the evolution of penetration front over time in dimensionless 

forms: 𝜆 and 𝜏. We consider two cases of different values of the normalized initial pressure 

𝜋0: 𝜋0 = 0.5 < 1 (Figure 4.1a) and 𝜋0 = 2 > 1 (Figure 4.1b). In both cases (𝜋0 < 1 and 

𝜋0 > 1), the equilibrium height increases with the capillary pressure and approaches the 

maximum height 𝐻 (𝜆2 = 1) asymptotically. 

  

Figure 4.1 The evolution of the dimensionless penetration front over time under different values of the 

normalized capillary pressure. a): 𝜋0=0.5 <1, b) 𝜋0=2 >1. 

Here we present the contour plot to show the complete behavior of the dimensionless 

equilibrium height as a function of 𝜋0 and 𝜋c, shown in Figure 4.2a. We notice the same 

trend as in Figure 4.1, that for a given initial pressure, a large capillary pressure will lead 

to a large value of the equilibrium height. This trend corresponds to the vertical lines in 

Figure 4.2a as well as each solid line in Figure 4.2b. In Figure 4.2b we plot the equilibrium 

height as a function of the capillary pressure 𝜋c. The dashed line is the open column case 

and the solid lines represent different initial pressures.  

On the other hand, the horizontal lines in Figure 4.2a corresponds to cases of a given 𝜋c. It 

is obvious that in such cases, the equilibrium height decreases with the increasing value of 
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the initial pressure. The corresponding cases can be represented by the vertical lines in 

Figure 4.2b, where it is clear that increasing the value of 𝜋0  results in a decreased 

equilibrium height. More details regarding this situation will be discussed in the following 

section where we explore the effects of 𝑝0 and 𝐻.  

  

Figure 4.2 a) Contour plot of the dimensionless equilibrium height 𝜆2 as a function of the dimensionless 

parameters 𝜋0  and 𝜋𝑐 . b) Dimensionless equilibrium height 𝜆2  as a function of the dimensionless 

capillary pressure 𝜋𝑐. The dashed line represents the open column case, 𝜆2 = 𝜋𝑐  (𝜆′ = 1). The solid 

lines are the closed column cases with initial pressure 𝜋0 = 0.1, 0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 1.5, 1.7 

and 1.9. 

We also notice in the early stage in Figure 4.2b, when the capillary pressure is very small, 

the equilibrium height is linearly dependent on 𝜋c. At small values of 𝜋c, the equilibrium 

height 𝜆2 ≈ 𝜋c (1 + 𝜋0)⁄ . The equilibrium is a result of the capillary pressure balanced by 

the hydrostatics and the pressure differential effects. In the study by Wei [86] et al, they 

designed an experiment setup to obtain an equilibrium height ℎ𝑐
𝑒 ≈ 1 2ℎ𝑔

𝑒⁄ . They connected 

an air bottle to their setup to introduce more empty space, consequently, the effective height 

in their experiments is large,  𝐻~10𝑚. The corresponding normalized initial pressure 𝜋0 =

1. The capillary pressure generated by the particles used in their experiments is very 

low, 𝑝~100𝑃𝑎, which corresponds to  𝜋c~0.001. As a result, the equilibrium height is 

also very small, 𝜆2~𝑂(10−3). Depalo and Santomaso [73] took a similar path by attaching 
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an air reservoir to include extra empty space in the setup. The effective height in their 

experiments with glass ballottini and calcium carbonate is 𝐻~5𝑚 . The resulting 

normalized capillary pressure 𝜋c~𝑂(10−2) and the equilibrium height 𝜆2~𝑂(10−2) are 

both very small as expected. 

In addition, it can be seen in Figure 4.2b that as the initial pressure decreases, the initial 

linear part is approaching the case of an open column. For which the 𝜆2 ≈ 𝜋c or 𝑝c ≈ 𝜌𝑔ℎ𝑔
𝑒 , 

corroborating that the pressure differential is trivial in the experiments. 

Next, we shall take a look at the evolution of the dimensionless pressure 𝑝 under different 

values of the capillary pressure 𝑝c. In Figure 4.3a we plot the case when 𝜋0 = 2. It is 

apparent that the dimensionless equilibrium pressure increases with the capillary pressure. 

The same trend is observed at different values of the initial pressure, similar to the case 

with the dimensionless equilibrium height presented in Figure 4.1.  

We also plot the dimensionless equilibrium pressure 𝜋1 as a function of 𝜋0 and 𝜋c in the 

contour plot in Figure 4.3b. We notice the same trend: for a given value of 𝜋0 , 

corresponding to a vertical line in Figure 4.3b, the equilibrium pressure is higher for cases 

in which the capillary pressure is large. In the other case, from the horizontal lines in Figure 

4.3b, we observe that the dimensionless equilibrium pressure also increases with the 

normalized initial pressure. We will get back into details about this topic when we discuss 

the penetration dynamics depending on 𝑝0 and 𝐻. 
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Figure 4.3 a) The evolution of the dimensionless pressure over time under different values of the 

normalized capillary pressure. The normalized initial pressure used for the plot is 𝜋0=2. Similar trend 

is observed at different values of 𝜋0. b) Contour plot of the dimensionless equilibrium pressure 𝜋1 as 

a function of the dimensionless parameters 𝜋c and 𝜋0. 

Finally, we study the effects of the capillary pressure on the equilibrium time. The 

dimensionless equilibrium time can be obtained by Equation 4.18. In Figure 4.4a we plot 

the dimensionless equilibrium time using 𝛾 = 0.95 in Equation 4.18.  

 
𝜏0.95 = −0.95𝜆2 − (

𝜆1 − 1

𝜆1 − 𝜆2
) 𝜆1ln (1 −

0.95𝜆2

𝜆1
) − (

1 − 𝜆2

𝜆1 − 𝜆2
) 𝜆2ln0.05  (4.18) 

Where 𝜆1, 𝜆2 are related to 𝜋0, 𝜋c. Therefore, the equilibrium time 𝜏0.95 can be presented 

as a function of the dimensionless parameters 𝜋0 and 𝜋c, 𝜏0.95 = 𝜏0.95(𝜋0, 𝜋c).  

Apparently, the dimensionless equilibrium time is not monotonic with the capillary 

pressure. This trend is also presented in Figure 4.4b, where the equilibrium time as a 

function of the dimensionless capillary pressure is plotted for given values of 𝜋0. When the 

capillary pressure is small, 𝜋c ≪ 1, both the pressure differential and hydrostatic effects 

are linearly dependent on the penetration height ( λ ≪ 1 ), and the equilibrium time 

increases with the capillary pressure. At this time, the dynamics is similar to that of an open 

column, except that there is a modified factor contributed by the pressure differential. This 

situation is observed in Wei’s work [86] where we estimate their dimensionless equilibrium 
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time is 𝜏0.95 ≈ 0.001. Using the other parameters in the experiments, we estimate their 

equilibrium time is 𝑡0.95 ≈ 40𝑠, which is consistent with the results reported by the authors 

(Figure 4 in [86]). In the opposite cases when there is a significantly large dimensionless 

capillary pressure, 𝜋c ≫ 1, the dimensionless equilibrium height approaches 1 as the liquid 

will need to compress most of the empty space to reach a higher pressure differential to 

balance the large capillary pressure. In this situation, the dynamics approaches the case 

when neglecting the hydrostatic effects, where the equilibrium time is inversely 

proportional to 𝜋c. 

  

Figure 4.4 a) Contour plot of the dimensionless equilibrium time 𝜏0.95 as a function of the dimensionless 

parameters 𝜋𝑐 and 𝜋0. b) The dimensionless equilibrium time 𝜏0.95 as a function of the dimensionless 

capillary pressure 𝜋𝑐, at given values of the dimensionless initial pressure 𝜋0. 

 

4.3.2 Penetration dynamics depending on 𝒑𝟎 and 𝑯 

In this section, out interest is in how the experimental conditions 𝑝0  and 𝐻  affect the 

penetration dynamics. Now that the 𝑝c is constant while 𝑝0 and 𝐻 are changing, we use the 

dimensionless variables {𝜆′, 𝑝′, 𝜏′}  as discussed previously. In Figure 4.5 we plot the 

dimensionless height as a function of time using different values of the normalized initial 

pressure 𝜋0. We consider two cases of different values of the normalized capillary pressure 
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𝜋c: 𝜋c = 0.5 < 1 (Figure 4.5a) and 𝜋c = 2 > 1 (Figure 4.1b). In both cases (𝜋c < 1 and 

𝜋c > 1), the equilibrium height decreases as the normalized initial pressure becomes larger. 

As one would expect, when the initial pressure is large, to reach the same capillary pressure, 

liquid do not need to compress as much of the empty volume, thus the penetration height 

is small. In contrast, when the initial pressure is small, liquid would need to compress a lot 

of the empty space to reach the same pressure differential value, consequently, the 

penetration height increases. 

  

Figure 4.5 The evolution of the dimensionless height over time under different values of the normalized 

initial pressure. The dashed line represents the case for an open column, each solid line represents a case 

for closed column with different values of 𝜋0, from top to bottom: 𝜋0 = 0.01, 0.1, 0.2, 0.5, 1, 5, 10. 

a): 𝜋c = 0.5, b) 𝜋c = 2. 

The dashed line in Figure 4.5 represents the solution for an open column. We observe that 

in the early times the closed column solution is very similar to the open column case, the 

dimensionless height evolution does not depend on the value of the initial pressure. We 

also notice in the case presented in Figure 4.5a, where the capillary pressure is small, 𝜋c <

1, the solution is approaching the open column as the initial pressure decreases. This trend 

is not surprising since the initial pressure is very small, the pressure differential throughout 

the experiment will always be trivial, which is analogous to the open column case where 

the pressure differential  𝑝 = 0 . Besides, when 𝜋c < 1 , the capillary pressure can be 
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balanced by the hydrostatics alone. However, this case does not apply to a large value of 

𝜋c  shown in Figure 4.5b. When  𝜋c > 1, the hydrostatics cannot balance the capillary 

pressure, therefore the pressure differential will become dominant. It is obvious from the 

plot that the lines deviate from the open column. The equilibrium height will approaching 

𝜆2′ = 𝜆2 𝜋c⁄ ≈ 1 𝜋c⁄ . While in the open column the equilibrium height is 𝜆2′. 

In Figure 4.6a we consider a situation where we only change the effective length 𝐻 . 

Accordingly, the normalized initial pressure and capillary pressure are also changing, but 

their ratio are kept at a constant 𝛼, such that 𝜋c = 𝛼𝜋0. The dashed line is the solution for 

an open column, each solid curve represents a different value of the effective length 𝐻. It 

is straightforward from the plot that, as the column length increases, both 𝜋c and 𝜋0 are 

decreasing, the curve is approaching the open column solution. In fact, the open column 

can be viewed as an extreme case for a closed column with an infinite length. 

  

Figure 4.6 a) The evolution of the dimensionless height over time under different values of the 

effective column length 𝐻. The dashed line represents the case for an open column, each solid 

line represents a case for closed column with different values of 𝐻. b) Contour plot of the 

dimensionless equilibrium height 𝜆2′ as a function of 𝜋0 and 𝜋c. 

 

Next, we study the effects of the dimensionless parameters on the equilibrium height. The 

contour plot in Figure 4.6b presents the dimensionless equilibrium height 𝜆2′  as a function 
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of the dimensionless parameters 𝜋0 and 𝜋c, 𝜆2′ = 𝜆2′ (𝜋0, 𝜋c). Apparently, as discussed 

before, increasing the normalized initial pressure 𝜋0will result in a smaller equilibrium 

height, since compressing only a small portion of the empty space can cause a large 

pressure differential.  This process can be achieved either by reducing the effective length 

𝐻 of the column or by enforcing a large initial pressure 𝑝0.  

We will now look at how the dimensionless parameters affect the equilibrium time 𝜏′0.95. 

In Figure 4.7a we plot of the dimensionless equilibrium time 𝜏′0.95 as a function of the 

dimensionless parameters 𝜋c and 𝜋0. The horizontal lines represent the case of a given 𝜋c, 

the equilibrium time decreases as the normalized initial pressure increases. This trend is 

the same with the equilibrium height.   

  

Figure 4.7 a) Contour plot of the dimensionless equilibrium time 𝜏′0.95  as a function of the 

dimensionless parameters 𝜋𝑐 and 𝜋0. b) Contour plot of the dimensionless equilibrium pressure 

𝜋′1 as a function of the dimensionless parameters 𝜋𝑐 and 𝜋0. 

 

The equilibrium time 𝜏.95
′  at large values of 𝜋0 can be obtained: 

𝜏.95
′ ≈ [−𝛾 − ln(1 − 𝛾)]

(𝜌𝑔𝐻)2

𝑝0
2 . (4.1) 
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It is clear from Equation 4.20 that the equilibrium time 𝜏.95
′  is inversely proportional to the 

square of 𝜋0. Using a short column or increasing the initial pressure can both help reducing 

the equilibrium time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Experimental Results with a Model System 

In this chapter, we will discuss the experimental results with the model system considered 

in our work, that is a column packed with glass beads. Specifically, we will use either 10𝜇𝑚 

or 45𝜇𝑚 glass beads to perform experiments. As mentioned in Chapter 2, glass beads are 
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chosen as a model material because they are spherical, non-porous and they do not dissolve 

or swell in contact with water. These properties make them an ideal model of finely divided 

solids to study the capillary rise in a packed column. In this chapter, we will use the model 

systems to study the imbibition process with PDMS. As discussed in Chapter 2, PDMS is 

chosen as a reference liquid because of its low surface tension, which makes it completely 

wet almost any solid surfaces, including glass. We will first present the experimental data 

of the advancing and receding processes, as well as the static characterization of the 

capillary pressure and pore radius using the advancing, receding and bubbling pressure. 

Finally, we will fit the advancing process with the analytical solutions derived in Chapter 

3 to obtain the permeability and the effective capillary pressure of the packed columns.  

5.1 Advancing, receding and bubbling pressure 

There are two main stages in each experiment. The first part is called the advancing process, 

where liquid penetrates spontaneously into the column by capillarity. The second part is 

the receding process, which takes place after the pressure equilibrates and no additional 

liquid penetrates into the system in the advancing process. During the receding process, 

the liquid that penetrated into the column is forced to leave it by slowly increasing the 

pressure differential in the chamber. In order to increase the pressure differential, we use a 

syringe pump connected to the column, as described in Section 2.3. Both liquid weight and 

pressure differential are continuously measured and recorded during the entire experiment, 

including both advancing and receding stages. Representative curves for the advancing and 

receding processes in a model system are presented in Figure 5.1. 
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Figure 5.1 The development of the pressure and liquid weight over time for glass beads with PDMS. 

The blue curve is the pressure differential in the column and the red curve is the mass of the liquid left 

in the bottom container. (a) advancing process of 10𝜇𝑚 glass beads, (b) receding process of 10𝜇𝑚 glass 

beads, (c) advancing process of 45𝜇𝑚 glass beads, (d) receding process of 45𝜇𝑚 glass beads. 

Figure 5.1a and c show the evolution of the pressure differential (blue curves) and the liquid 

weight (red curves) during the advancing process for PDMS. When the bottom of the 

column is in contact with a reservoir of the wetting liquid, the liquid will start to penetrate 

and occupy the empty spaces (pores) between the packed particles, due to capillary force. 

When the liquid advances inside the column, the amount of liquid left in the container 

decreases as observed in both plots. At the same time, when the column is closed to the 

outside atmosphere, the air inside the column is being compressed as liquid advances, 

leading to an increase in the pressure differential, also observed in both figures. This 

pressure differential, 𝑝, is monitored by a pressure sensor. The net driving force of the 

a) b) 

c) d) 
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advancing process is the pressure difference between the capillary pressure and the 

combination of the hydrostatic pressure and the pressure differential, that is [𝑝c − 𝑝 −

𝜌𝑔(ℎ + ℎ0)] . Initially, both the pressure differential and the hydrostatic pressure are 

relatively small compared to the intermediate and late stages of liquid penetration. 

Accordingly, [𝑝c − 𝑝 − 𝜌𝑔(ℎ + ℎ0)]  is large, and the liquid advances relatively fast 

compared to the intermediate and late times of the penetration process. As liquid advances, 

the pressure differential builds up in the column and the hydrostatic pressure also increases. 

As a result, the driving force is reduced and the liquid advancing rate decreases. Eventually, 

when  𝑝c − 𝑝 − 𝜌𝑔(ℎ + ℎ0) = 0 , the driving force is zero. It should be noted that the 

driving force equals zero is an asymptotic situation. In reality, the driving force never 

actually reaches zero in theory. We consider it to be zero when there is no appreciable 

increase measured in the pressure differential. At this time, the pressure differential 

remains constant and no measurable amount of liquid is entering into the column. The 

system reaches an equilibrium and the advancing process finishes. The evolution of both 

the pressure and the liquid weight are observed to follow this trend in figure 5.1a and c. At 

the end of the advancing process, the pressure differential stops increasing, 𝑝 = 𝑝c −

𝜌𝑔(ℎ + ℎ0). This is the maximum pressure reached in the advancing process, we call this 

pressure the advancing pressure 𝑝A
max. 

Figure 5.1b and d present the evolution of the pressure differential and liquid weight during 

the receding process. As we discussed, after the pressure differential reaches the maximum 

advancing pressure, liquid stops advancing, the system is in equilibrium and both the 

pressure differential and the liquid weight remain constant in time. At this point, we open 

the valve connecting the syringe pump to the top of the column and start injecting air. In 
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this way, we are able to further increase the pressure differential in a controllable manner. 

Notice that before connecting the syringe to the column, we compress the syringe by a 

prescribed amount such that the air in the syringe barrel has the same pressure as the 

pressure differential in the column. The objective of this procedure is to avoid a sudden 

change in the pressure differential as an extra empty volume is introduced into the system 

when the syringe is connected to the column. This compressed volume Δ𝑉 can be estimated 

using the following relationship that is based on the assumption that air behaves as an ideal 

gas: 𝑝0𝑉0 = (𝑝0 + 𝑝A
max)(𝑉0 − Δ𝑉). Where 𝑉0 is the initial volume of the syringe.  

As the syringe injects air, at first, liquid weight remains constant, until a certain pressure 

is reached, at which time liquid will begin leaving the column. This moment can be 

detected with the scale as the liquid weight in the container increases (corresponding to 

point ‘c’ in the red curve in figure 5.1b). We call the magnitude of the pressure differential 

at which some of the liquid first begins to evacuate the column the minimum receding 

pressure 𝑝R
min. In figure 5.1b, it should fall somewhere between point ‘B’ and point ‘C’ in 

the blue curve. However, it is not easy to determine an accurate value, because the initial 

change in the liquid weight might not be accurately captured by the scale due to its limited 

resolution. Especially in cases when the liquid starts to recede right after the pressure 

differential is increased by injecting air with the syringe.  

In general, the value of the receding pressure is different from the advancing pressure. This 

difference could be a result of contact angle hysteresis, the heterogeneity of the porous 

media, or a combination of both. As mentioned in section 1.3, in the most ideal case when 

the porous media is homogeneous and all the pores are of the same size, any difference in 

advancing and receding capillary pressures is a result of contact angle hysteresis. However, 
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in practical cases, pores have different sizes so that pore size heterogeneity may play a role 

in any observed capillary pressure hysteresis. Pores of different sizes correspond to various 

capillary pressure values. More details of the pore size distribution and structure will be 

discussed in section 5.2 below. 

During the receding process, air from the top of the column is replacing the liquid inside 

the porous media, this process can is also called a drainage process. In the experiments, 

when we notice an increase in the weight of the liquid in the reservoir, we stop injecting 

air and close the syringe valve (this corresponds to point C in the pressure curve shown in 

figure 5.1b). However, liquid continues to evacuate the column, resulting in more pores 

occupied by air. Therefore, air expands, and the pressure differential drops (corresponding 

to the segment ‘CD’ in the pressure curve in figure 5.1b). This process continues until no 

more pores can be emptied at the corresponding pressure. At this time, liquid weight will 

remain constant and a new equilibrium is reached (corresponding to the point ‘d’, ‘f’, ‘h’ 

and ‘j’ in the liquid weight curve in figure 5.1b). It should be pointed out that this new 

equilibrium is different from the previous one in the advancing process. During the 

advancing process, the system reaches equilibrium when the capillary pressure is balanced 

by the pressure differential and the hydrostatic pressure. The liquid stops penetrating into 

the porous media after reaching the equilibrium. In the receding process, the larger pores 

are emptied first. When the large pores are emptied, the system reaches equilibrium again. 

A higher pressure is required to continue evacuating the smaller pores. Therefore, we inject 

air again to further increase the pressure, until more liquid is pumped out of the column. 

Then, we stop injecting and wait until another equilibrium is established. This inject-stop-

equilibrium-inject cycle is repeated several times. In figure 5.1b there is a “staircase-like 
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increase” in both the pressure (segment ‘BCD’-‘DEF’-‘FGH’-‘HIJ’) and the liquid weight 

curve (segment ‘bcd’-‘def’-‘fgh’-‘hij’). The increase in the pressure indicates that every 

time it takes a higher pressure to empty smaller and smaller pores. From the “staircase-like 

increase” behavior we also learn that the pores in our porous media are not homogeneous.  

As air injection continues, more and more of the liquid occupying the pores is replaced by 

air, that is, more pores are emptied and clusters of connected pores grow in size. At some 

pressure, a cluster of empty and connected pores will form a “channel” that goes from the 

top of the porous media all the way to the bottom. When this channel is formed, air from 

the top of the column will find its way through to the bottom of the column and bubbles 

will be created and released, as the pressure differential is greater than zero and the air in 

the top of the column is at a higher pressure than outside. The creation of such a channel is 

a percolation process [91], [92]. This moment can be easily identified in the pressure curve, 

as there is a sudden drop in the differential pressure (corresponding to point ‘K’ in the 

pressure curve in figure 5.1b). This bubbling phenomenon also creates significant noise 

levels in the measurement of the liquid weight, as can be seen between point ‘k’ and ‘m’ 

in the liquid weight curve in figure 5.1b. These changes in pressure and liquid weight are 

a result of the bubbles forming and detaching from the column. The pressure differential 

right before the first bubble is released is referred to as the bubbling pressure 𝑝B
max (point 

‘K’ in the pressure curve in figure 5.1b). It is also the highest pressure reached during the 

entire experiment. 
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5.2 Static characterization  

In the previous section we introduced specific pressure definitions: the advancing pressure 

𝑝A
max , the receding pressure 𝑝R

min  and the bubbling pressure 𝑝B
max . As mentioned in 

Chapter 1, there are static and dynamic ways to study the liquid penetration process. In the 

static method, a specific pressure differential value, for example the pressure differential 

at which the spontaneous capillary rise stops is measured to calculate the capillary pressure 

[69], [70]. The three pressure terms 𝑝A
max, 𝑝R

min, and 𝑝B
max are static measurements. They 

can be used as a static characterization of the capillary pressure for the porous media. In 

this section we will discuss the characterization of the porous media created using the 

10𝜇𝑚  and 45𝜇𝑚  glass beads using these three static pressures, with a focus on the 

characteristic pore size equivalent to these pressures. 

The Laplace equation 𝑝c = 2𝛾𝑐𝑜𝑠𝜃 𝑟⁄  is used for static characterization. Each of the 

capillary pressures can be interpreted by means of the Laplace equation as corresponding 

to a contact angle value and a certain pore size or radius 𝑟. The capillary pressure in the 

Laplace equation is the static pressure corrected by the hydrostatic contribution 𝑝c = 𝑝 +

𝜌𝑔(ℎ + ℎ0), where 𝑝  is the corresponding advancing, receding and bubbling pressure 

measured in experiments. PDMS has very low surface tension and can completely wet the 

surfaces of glass beads. We will therefore assume that cos (𝜃PDMS) = 1 and obtain the 

effective pore size for each of the static pressure measurements. Note that since we assume 

that the contact angle of PDMS is zero, there is no contact angle hysteresis, and the 

differences between the capillary pressures are assumed to result from the heterogeneity of 

the porous media. Recall that the advancing pressure is the pressure when the system 

reaches an equilibrium in the advancing process, the receding pressure corresponds to the 
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pressure when liquid first begins to leave the column and the bubbling pressure is the 

pressure right before the first bubble is released. The pressure measurements with 10𝜇𝑚 

and 45𝜇𝑚 glass beads are summarized in table 5.1. 

Particle size (𝜇𝑚) Advancing pressure (Pa) Receding pressure (Pa) Bubbling pressure 

(Pa) 
10 17000 ± 900 18800 ± 1700 27700 ± 2500 

45 3000 ± 100 3500 ± 400 4300 ± 100 

Table 5.1 Advancing, receding and bubbling pressure for 10𝜇𝑚 and 45𝜇𝑚 glass beads with PDMS. 

We first characterize the system with 10𝜇𝑚 particles. We corrected the pressure in table 

5.1 by hydrostatics to obtain the corresponding capillary pressure. According to the t-

statistics, there is no significant difference between the advancing pressure and the receding 

pressure since p>0.05 for both 10 and 45 microns systems. Then from the advancing 

capillary pressure we obtain a corresponding advancing radius  𝑟A
min = (2.4 ± 0.1)𝜇𝑚. 

The meaning of the advancing pressure is, if the liquid would continue to advance, it can 

only fill in those pores smaller than 𝑟A
min. Analogously, the pore radius corresponding to 

the receding pressure and the bubbling pressure can be obtained as 𝑟R
max = (2.1 ± 0.2)𝜇𝑚 

and 𝑟B
min = (1.4 ± 0.1)𝜇𝑚, respectively. The receding radius corresponds to the pores 

when we first observe the liquid receding from the change in liquid weight. However, as 

mentioned above, our measurements are not able to separate advancing and receding radii, 

as there is no statistically significant difference in the corresponding pressure values. The 

bubbling radius is smaller than the receding radius. It represents the smallest pores needed 

to create a channel from top to bottom so that the larger pores are connected and then 

emptied. This value will change from column to column depending on the pore size 

distribution and the structure of pore networks of that porous media. The difference 

between the advancing/receding and the bubbling radii once again suggests the 

heterogeneity of the porous media.  
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The porous media packed with 45𝜇𝑚 glass beads generates a lower capillary pressure as 

expected. Since they have bigger particle size, the pore size of the packed powder bed will 

also be larger. We perform the same characterization on the pore radius as we did with the 

10𝜇𝑚 glass beads. Again, assuming the contact angle to be zero, we obtain the advancing 

radius for 45𝜇𝑚 glass beads to be (13.0 ± 0.4)𝜇𝑚 and the pore radius at the receding 

pressure and the bubbling pressure can then be obtained as (11.2 ± 1.2)𝜇𝑚 and (9.1 ±

0.1)𝜇𝑚, respectively.  

Particle size (𝜇𝑚) 𝑟A
min(𝜇𝑚) 𝑟R

max(𝜇𝑚) 𝑟B
min(𝜇𝑚) 

10  2.4 ± 0.1 2.1 ± 0.2 1.4 ± 0.1 

45  13.0 ± 0.4 11.2 ± 1.2 9.1 ± 0.1 

Table 5.2 The advancing, receding and bubbling pressure obtained for 10μm and 45μm glass beads with 

PDMS by assuming cos (𝜃PDMS) = 1. 

The advancing, receding, and bubbling radii corresponding to the columns filled with 

10𝜇𝑚 and 45𝜇𝑚 glass beads are summarized in Table 5.2. We notice that the ratio between 

the receding radius (5.3 ± 0.8) is similar to the ratio of particle sizes (4.3 ± 0.8). The ratio 

of the advancing radius is (5.4 ± 0.3), that is about 20% difference from the particle size 

ratio. The ratio in the bubbling radius between the two groups of particles is (6.5 ± 0.5), it 

is greater than the ratio of advancing and receding radii. This difference may be attributed 

to different shapes of the particle size distribution curves and different pore network 

structures of the porous media. Overall, however, the order of magnitude of these ratios are 

consistent with the ratio of particle sizes. 

5.3 Effective column height, theoretical and estimated values 

In section 5.2, we used the static measurements to characterize the porous media. We also 

want to characterize it dynamically using the analytical solutions derived in chapter 3. For 

this purpose, we first need to determine the effective column height 𝐻. As discussed in 
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section 3.1, the relation between the liquid front position and the pressure differential in a 

closed column is given by equation (3.6):  

 ℎ = (𝐻 − ℎ0)
𝑝

𝑝 + 𝑝0
 (3.6) 

Recall that 𝐻 is the effective length of a column, that is a column fully packed at the same 

porosity 𝜑 that has the same void space 𝑉0 as the entire column and the experimental setup 

connected to it. The effective height can be estimated from the measurements on the 

experimental setup, such as the length, porosity 𝜑 and cross section area 𝑆 of the column, 

and dead volume in connectors, sensors and tubing. In the case when the column is 

completely filled with powders and there is no additional empty space in the setup, 𝐻 is 

equal to the physical height of the powders inside the column. In practical cases, however, 

𝐻 will be greater than the physical height of the powders. We will demonstrate how to 

estimate it in the following section. This height is a theoretical estimate of the effective 

height, we refer to it as 𝐻th . This value satisfies 𝑉0 = 𝐻th 𝑆𝜑. 

5.3.1 Theoretical estimate for 𝑯 

The total void space in the experiments is made up of two parts: the empty space in the 

setup, such as any empty portion of the column, the tubing, connectors and sensors (shown 

in Figure 5.2a), and the empty space that comes from the porous media. We first estimate 

the empty space in the setup. 

The tubes connecting the column and the pressure sensor are cylindrical. Their inner 

diameter is 0.0254𝑐𝑚 and their total length in the setup is 1𝑚, the void space in the tubes 

can be estimated as: 
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𝑉tube =
𝜋

4
× 0.02542 × 100𝑐𝑚3 = 0.051𝑐𝑚3 

The o-ring plug connector between the tubes and the column has a cylindrical opening in 

the center. There are two connectors used in experiments. Since the inner diameters of the 

columns are not consistent, we machined two connectors with a slightly different diameter 

to ensure a tight fit with all the columns. The void space for each connector can be 

calculated by the measurements: 

Connector1: 𝑉connector =
𝜋

4
× 0.52632 × 3.613 = 0.79𝑐𝑚3  

Connector2: 𝑉connector =
𝜋

4
× 0.55672 × 3.577 = 0.82𝑐𝑚3  

Another source of void space comes from the chamber of the pressure sensor. According 

to the manufacturer, the volume of that chamber is 𝑉chamber = 0.1 𝑐𝑢𝑏𝑖𝑐 𝑖𝑛𝑐ℎ =

1.64𝑐𝑚3 . 

These three empty spaces are independent of the packing of the powders, we add them 

together to obtain a total empty volume, or “dead volume” 𝑉dead that is the same for all 

experiments. 

𝑉dead = 𝑉chamber + 𝑉connector + 𝑉tube 
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Figure 5.2 Schematic view of the empty space in the setup: a): “dead volume” in the experiment 

setup.𝑉dead = 𝑉chamber + 𝑉connector + 𝑉tube. b): empty space in the packed column: the height of the 

packed powders is ℎ1, the length between the top of the packed powders and the connector is ℎ2, the 

initial height of liquid penetration is ℎ0. 

The remaining of the empty space comes from the packing of the powders as shown 

schematically in Figure 5.2b. Consider that the packed bed forming the porous media has 

a total height ℎ1 and a cross section area of 𝑆, ℎ2 is the distance between the top of the 

porous media to the connector. Then the theoretical effective length 𝐻th can be estimated 

using the following equation: 

𝐻th 𝜑𝑆 = ℎ1𝜑𝑆 + ℎ2𝑆 + 𝑉dead 

In addition to estimating the effective height theoretically, we can also obtain it from the 

experimental data. In the following section we will introduce this alternative method. 

5.3.2 Experimental estimate for  𝑯 

Recall that the liquid front is related to the pressure differential by equation (3.6). Thus the 

effective height 𝐻 can be obtained by fitting the liquid front as a function of pressure 

differential. However, the direct measurement of the liquid front position is inaccurate 

because the wetting front is not flat. Here we use the liquid mass 𝑚 instead to calculate an 

average position of the front. We rewrite equation (3.6) in terms of 𝑚: 
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 𝑚

𝜌𝑆𝜑
= (𝐻 −

𝑚0

𝜌𝑆𝜑
)

𝑝

𝑝 + 𝑝0
 (5.1) 

In equation (5.1), 𝜌 is the density of the liquid, 𝑆 is the cross section area of the column, 𝜑 

is the porosity of the porous media, 𝑚0 is the liquid uptake before the column is closed 

while 𝑚 is the amount of liquid that penetrates into the porous media after it is closed, and 

𝑝 is the pressure differential in the column. By fitting the liquid mass as a function of the 

pressure differential using Equation (5.1), we can estimate the effective height 𝐻, as the 

only fitting parameter in the equation.  

In figure 5.3 we present an example of the fitting for an experiment with 10𝜇𝑚 glass beads 

and PDMS. We use different ranges of the experiments in the fitting to evaluate a proper 

range to use. Specifically, we fit the data up to a pressure (from a) to d)): 0.25𝑝A
max , 

0.75𝑝A
max, 0.9𝑝A

max and 𝑝A
max. In figure 5.3a, b and c the experimental data and the equation 

agree very well. In figure 5.3d the entire experimental rang of pressure is fitted and the fit 

is not as good as in the previous three cases, with a smaller 𝑅2
value. We notice that at the 

end of the curve, there is a “tail” trend that is different from the rest of the curve. At the 

end of the advancing process, as the pressure differential is approaching the equilibrium 

value, the driving force 𝑝c − 𝑝 − 𝜌𝑔(ℎ + ℎ0) is small and the penetration rate slows down, 

only a very small amount of liquid is slowly entering the porous media. Since the resolution 

of the scale used in experiments is 0.01g, the changes in the mass during this period will 

be too small to be accurately measured. Meanwhile the pressure sensor can still measure 

the pressure change in the column. In figure 5.3d we see that 𝑝 is still increasing while 𝑚 

is not changing. Therefore, we will not use the entire experimental range in the fitting. We 
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will fit the data points up to 0.9𝑝A
max because it contains more information comparing to 

0.25𝑝A
max and 0.75𝑝A

max.  

  

  
Figure 5.3 The fitting of liquid uptake m and pressure differential p at different ranges for an experiment 

with 10μm glass beads and PDMS. a): fit up to 0.25𝑝A
max, the effective length 𝐻 = 0.178𝑚, 𝑅2 =

0.999. b): fit up to 0.75𝑝A
max, 𝐻 = 0.178𝑚, 𝑅2 = 0.999. c): fit up to 0.9𝑝A

max, 𝐻 = 0.180𝑚, 𝑅2 =
0.998. d): fit up to 𝑝A

max, 𝐻 = 0.179𝑚, 𝑅2 = 0.976. 

This “tail” issue is more noticeable in 45𝜇𝑚 glass beads because the capillary pressure is 

even lower. Consequently, there will be less liquid that can penetrate into the porous media. 

In the example shown in figure 5.4, the total amount of liquid that entered the column is 

only 0.12g. In figure 5.4a, when the pressure differential reaches 2500Pa, the liquid 

penetration slows down and the scale is not able to capture the small changes in the liquid 

weight. This very last part of the experiment will not provide very useful data when 

estimating 𝐻, which is the reason we only fit the data up to 0.9𝑝A
max. 

a) b) 

c) d) 
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Figure 5.4 An experiment of 45μm glass beads with PDMS. a): The fitting of liquid uptake vs. pressure 

differential. b): The development of pressure and liquid over time during the imbibition. After 𝑝 reaches 

2500Pa, the liquid uptake is so small that the scale cannot measure, while the pressure differential still 

keeps increasing. 

Comparing to the theoretical value 𝐻th that is discussed in the previous section, the value 

of the effective height obtained by fitting experimental data is larger, with a difference of 

about 10-20%. This difference is expected. When calculating the empty space in the 

connector, we assume that the opening in the center is cylindrical, however, its inner 

diameter might not be consistent throughout the connector, the same goes for the column 

itself. In fact, we have noticed this issue with the columns and that is why we machined 

two connectors with slightly different outer diameter to secure a tight fit with different 

columns. In addition, the top of the connector has a tap drill so that it connects to the tubes. 

This drill part is assumed as a cylinder as the rest of the opening for simplicity. Besides, 

the empty space in the other connectors and valves are also neglected for simplicity. 

Accordingly, the estimated 𝐻th is smaller than the actual empty space in the setup. In figure 

5.5 we plot the experimental data, the fitting using equation 5.1, together with the 

prediction curve that uses 𝐻th in equation 5.1.  Since 𝐻fitting > 𝐻th, the curve predicted by 

𝐻th has a smaller slope in the plot. In the experiment presented in figure 5.5, the difference 

in 𝐻fitting is 8%. In some experiments the difference between 𝐻fitting and 𝐻th is 20%. This 

a) b) 



67 

 

 

larger error cannot come from neglecting the small void space in the connectors. In those 

situations, there must other sources causing the error. We shall cover more details on this 

topic in the following section, discussing how overestimating 𝐻 will affect the fittings. 

Before that, we shall consider the fitting using the linear approximation.  

 
Figure 5.5 Plot of the liquid uptake vs. pressure differential for an experiment with 10 𝜇𝑚 glass beads 

with PDMS. Red dots are the experimental data. The black curve is the fitting up to 0.9𝑝A
max, using 

equation 5.1. The blue dashed line is the prediction using the 𝐻th in equation 5.1. 

In section 3.1 we introduced the linear approximation between 𝑚 and 𝑝, which is valid 

when the pressure differential 𝑝 is small compared to 𝑝0. 

 𝑚

𝜌𝑆𝜑
= (𝐻 −

𝑚0

𝜌𝑆𝜑
)

𝑝

𝑝 + 𝑝0
 (5.1) 

Under the linear approximation, the factor (𝐻 − 𝑚0 𝜌𝑆𝜑⁄ )/(𝑝0 + 𝑝) in equation 5.1 is 

treated as a constant by neglecting 𝑝. Liquid uptake 𝑚 can then be assumed to depend 

linearly on the pressure differential. Equation (5.1) now becomes 𝑚 = 𝐾𝑝  where 𝐾 =

𝜌𝑆𝜑(𝐻 − 𝑚0 𝜌𝑆𝜑⁄ )/𝑝0 is a constant. If we use this linear equation to fit experimental data 

in which the pressure differential becomes larger than 0.5𝑝0, it will not accurately predict 

the trend. In figure 5.6 we present the plot of two experiments with 10𝜇𝑚 glass beads. In 
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figure 5.6a the wetting liquid is PDMS, in figure 5.6b is DI water. The prediction of the 

linear fitting is obtained by fitting the experimental data for pressures smaller than 

0.25𝑝A
max  and then extrapolating the curve to the entire range of pressures, up to its 

maximum value 𝑝A
max. When we extend the linear approximation to higher pressures, the 

curve deviates from the actual experimental data as 𝑝 increases and the linear assumption 

is no longer valid. In the experiment with PDMS, the capillary pressure is lower (16kPa 

compared to 60kPa in the case of DI water), therefore, the deviation of the linear 

approximation is smaller. It is clear in figure 5.6a that the differences between the linear 

prediction and the experiments are smaller compared to the case with DI water in figure 

5.6b. Given that DI water generate a higher pressure (up to 60kPa), using the linear 

assumption can lead to larger errors. The linear approximation can only be used in cases 

when the capillary pressure is small. Using the full pressure dependence (equation 5.1) 

instead of the linear approximation allows us to work with finer particles, which result in 

a higher capillary pressure. This is one of the benefits resulting from our work.  

 
 

Figure 5.6 Plot of the liquid uptake vs. pressure differential. Red dots are the experimental data. The 

black curve is the fitting up to 0.9𝑝A
max, using equation 5.1. The green dashed line is the prediction using 

the linear fit of the first 0.25𝑝A
max. a): 10𝜇𝑚 glass beads with PDMS, b): 10𝜇𝑚 glass beads with DI 

water. 

a) b) 
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5.3.3 Possible sources for overestimating 𝑯 

In section 5.3.2 we mentioned one of the possible reasons for the difference between 𝐻th 

and 𝐻fitting, that is the system error in neglecting small void space in the connectors and 

valves. However, in some experiments we observed a large error that cannot be caused by 

the system error alone, in this section we will consider more possible sources that lead to 

the error when estimating 𝐻. 

In both theoretical and experimental estimations, we use the liquid uptake 𝑚  and the 

porosity 𝜑  to calculate the liquid front ℎ under the assumption that the liquid is fully 

saturating the pores inside the porous media. This assumption, however, might not be valid 

in cases when there is air trapped as liquid advances in the porous media. If the pressure 

inside the trapped air is different from the pressure on top of the porous media, the volume 

change when the air is compressed will be different from equation 5.1. 

When using equation 5.1 to fit liquid uptake with the column pressure, we are also 

assuming that the liquid uptake is completely caused by the capillary rise. However, if the 

liquid is evaporating, or if there is a leak in the setup, it can also cause deviations from 

equation 5.1. In figure 5.7a the evaporation rate of PDMS is presented. It is measured by 

leaving PDMS in the container used in experiments. There is a round opening in the cover 

of the container. The evaporation rate is only 0.00018g/min. This rate is so small that it is 

considered negligible compared to the liquid uptake due to capillary rise or leakage. In 

some experiments, we observe the liquid weight is remarkably decreasing even when the 

pressure reaches equilibrium at advancing pressure. An example is shown in figure 5.7b. 

This weight change can be 10 times larger than the rate observed due to liquid evaporation, 

suggesting that air is leaking from the setup. 



70 

 

 

  
Figure 5.7 (a) Evaporation rate of PDMS measured by leaving PDMS in the container used in 

experiments, there is a circle opening on the cover of the container. The evaporation rate is 

0.00018g/min. (b) An example of an experiment plot when there is a leak. After 4 hours, the liquid 

continues to enter the porous media without causing the pressure to increase. 

When air is leaking from the system, the liquid will continue to fill in the porous media 

without causing any increase in the pressure. If we plot the pressure and liquid weight vs. 

time, we will see a stable pressure but a decrease in the weight of the liquid that remains in 

the container. In the example shown in Figure 5.7b, after 4 hours, the pressure stabilizes at 

1620Pa while the liquid weight left in the container is still decreasing. This weight decrease 

rate is 0.00128g/min, it is 7 times faster than the evaporation rate of PDMS measured in 

Figure 5.7a (0.00018g/min), indicating that the weight decreases after 4 hours in Figure 

5.7b is mostly due to a leak in the setup. During this time of the experiment, the liquid front 

was also seen moving up in the porous media while the pressure did not increase. This 

behavior indicates that the liquid was still entering because of the leak. After applying leak 

detector fluid around the connections of the setup, the leak was found in the connection 

between the tube and the column and it was fixed for future experiments by tightening the 

connectors.  

If we use equation 5.1 to fit experiments when the system is leaking, we will overestimate 

the empty length 𝐻. For a given amount of liquid penetrating into the system, the resulting 

b) a) 
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pressure differential in the presence of a leak would be smaller than for an air-tight system. 

As a result, the slope will appear larger in the plot of weight vs pressure in the presence of 

a leak. Figure 5.8 is an experiment where there is a leak, the black line is obtained by fitting 

with equation 5.1, which gives an empty length of 𝐻fitting = 0.235𝑚. However, the 𝐻th =

0.176𝑚. It is smaller than 𝐻fitting . Represented by the blue dots, it appears to have a lower 

slope in the plot. In a case like this when there is large error in 𝐻 caused by the leak, we 

do not use data from this experiment for analysis. 

 
Figure 5.8 Plot of liquid uptake vs column pressure. When there is leak in the experiment (red dots), the 

slope of m vs. p (black line) will appear larger than theoretical (blue dots). 

In the following section when we fit the experimental data to the analytical solutions, we 

will come back to this discussion and consider its impact on the permeability obtained by 

fitting. Based on the discussions in this section, we recommend using equation 5.1 to 

estimate the effective height. The data up to 0.9𝑝A
max is suggested to be used in the fitting. 

The linear approximation is not recommended because it is not applicable for finer particles. 

After discarding the experiment when the difference between 𝐻fitting and 𝐻th is greater 
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than 20%, the difference between 𝐻fitting and 𝐻th in the other experiments are between 10% 

to 20% . 

5.4 Dynamic Characterization: effective capillary pressure and 

permeability 

5.4.1 Fitting with weight solution 

In Section 3.3 we obtained the implicit solution for the imbibition process in terms of the 

liquid uptake mass 𝑚 as a function of time: 

 − (
𝐴1

𝑔
+ 𝐵1) 𝑚 +

𝐴1𝑚1

𝑔
ln

𝑚1

𝑚1 − 𝑚
+(𝐶1 + 𝐵1𝑚2) ln

𝑚2

𝑚2 − 𝑚
=

𝜅𝜌2𝑆

𝜇
𝑡 (3.12) 

In this solution, the permeability 𝜅 of the porous media and the capillary pressure 𝑝c are 

unknown. Although we measure the advancing pressure in the experiments, it corresponds 

to the smaller pores due to the heterogeneity of the porous media as discussed in Section 

5.1. Through fitting experiments with the analytical solutions, we can obtain an effective 

𝑝c that represents all the pores filled by the liquid.  

 
Figure 5.9 The liquid uptake over time in an experiment with 45 𝜇𝑚 glass beads and PDMS. 

The liquid uptake in 45𝜇𝑚 glass beads is very small, as shown in figure 5.9, it is only 0.12g. 

We did not use these experiments to fit the weight solution because the resolution of the 
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scale is only 0.01g. For 10𝜇𝑚 glass beads we fit the experiment up to a certain range of 

mass values, analogous to the fitting of the pressure as a function of mass discussed in 

Section 5.3.2. In figure 5.10a we fit up to 0.7𝑝A
maxwhile in 5.10b we fit up to 0.9𝑝A

max . It 

is straightforward from the plot that the fitting obtained using the experimental data up to 

0.7𝑝A
max is better than the fitting using experimental data up to 0.9𝑝A

max, with a larger 𝑅2 

(0.999 for 0.7𝑝A
max and 0.994 for 0.9𝑝A

max).  From the fitting we can obtain the value for 

the capillary pressure and permeability. In the fitting shown in figure 5.10a we obtained 

the capillary pressure is 15500Pa and permeability is 0.022darcy. In the fitting shown in 

figure 5.10b we obtained the capillary pressure is 15200Pa and permeability is 0.026darcy. 

We will discuss more details about the fitting with solutions in section 5.4.3. 

  
Figure 5.10 Fitting curves for 10μm glass beads and PDMS using the weight solution. Red dots are data 

collected from the experiment. Black line is the fitting curve using the derived solution (Equation 3.12). 

The blue dashed line represents the weight predicted by the fitting. a): fit up to 0.7𝑝A
max, 𝑅2=0.999. b) 

fit up to 0.9𝑝A
max, 𝑅2=0.994. 

5.4.2 Fitting with pressure solution 

Since there are limitations in the resolution of scale in cases when the liquid uptake is very 

small (less than 0.5g), we can use the pressure measurements for a better resolution. In 

Section 3.4 we obtained an implicit solution in terms of the pressure differential as a 

function of time for the capillary rise process in a closed column, 

a) b) 
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𝐴2ln
𝑝0

𝑝0 + 𝑝
+

𝐴2𝑝

𝑝0 + 𝑝
− 𝐶2𝑝1ln(1 −

𝑝

𝑝1
) + (𝐶2𝑝2 + 𝐷2)ln(1 −

𝑝

𝑝2
)

=
𝜅

𝜇𝜑𝑝0(𝐻 − ℎ0)
𝑡 

(3.21) 

We can thus use this solution to fit the experimental data and determine the effective 

capillary pressure and the permeability. Figure 5.11 shows an example of the fittings for 

10𝜇𝑚 and 45𝜇𝑚 glass beads with PDMS.  

  

  

Figure 5.11 Fitting curves for 10μm and 45μm glass beads with PDMS using the pressure solution. Red 

dots are collected from the experiment. Black line is the fitting curve using the derived solution. The 

blue dash line represents the pressure predicted by the fitting. (a): 10𝜇𝑚 glass beads, fit up to 0.7𝑝A
max, 

𝑅2 =0.999 ; (b): 10𝜇𝑚 glass beads, fit up to 0.9𝑝A
max, 𝑅2 =0.998; (c) 45𝜇𝑚 glass beads, fit up to 

0.7𝑝A
max, 𝑅2 =0.994; (d): 45𝜇𝑚 glass beads, fit up to 0.9𝑝A

max, 𝑅2 =0.986. 

c) d) 

a) b) 
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Figure 5.11a and b present data from an experiment with 10𝜇𝑚 glass beads, c and d 

correspond to an experiment with 45𝜇𝑚 glass beads. We fit the experiment up to 0.7𝑝A
max 

and 0.9𝑝A
max, same as we did with the fittings of weight solution. In 5.11b and d we fit up 

to 0.7 𝑝A
max  , it is straightforward to see that the fit is in better agreement with the 

experiments than the fit up to 0.9𝑝A
max shown in figure 5.11a and c. This difference is more 

noticeable for 45𝜇𝑚 glass beads. In addition, the fitting obtained in the experiments with 

45𝜇𝑚 glass beads are not as good as the fitting obtained with 10𝜇𝑚 glass beads. We will 

discuss in the following section that a different range of pressures should be used for fitting 

with 45𝜇𝑚 glass beads. 

From the fitting we are able to determine the capillary pressure and the permeability with 

PDMS at 0.7𝑝A
max and 0.9𝑝A

max. We first characterize 10𝜇𝑚 glass beads, the results are 

summarized in Table 5.3. The value of the capillary pressure obtained by fitting up to 

0.7𝑝A
max is slightly lower than that obtained by fitting up to 0.9𝑝A

max. The capillary pressure 

value obtained at 0.9𝑝A
max is also lower than the advancing pressure 𝑝A

max measured in the 

experiments. This difference is again due to the heterogeneity of the porous media. During 

the advancing process, the larger pores with a smaller capillary pressure value have already 

been filled at a lower pressure, while the liquid is still filling up those smaller pores whose 

capillary pressure is higher. The advancing pressure measured in experiments is static, it 

represents the capillary pressure of these smaller pores. However, the capillary pressure 

obtained by fitting is an effective pressure 𝑝c_eff that represents pores of different sizes. 

From the effective capillary pressure, if we assume the cos (𝜃PDMS) = 1, we obtain an 

effective radius 𝑟eff  of the porous media from the Laplace equation. The results are 

summarized in Table 5.3. The effective radius is larger than the advancing radius obtained 
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by static measurements in Table 5.2. Specifically, the effective radius obtained by fitting 

the experimental data up to 0.7𝑝A
max is larger than that obtained by fitting up to 0.9𝑝A

max, 

since at 0.9𝑝A
max the liquid is penetrating into those smaller pores.  

Then we shall consider the permeability. Similar to the capillary pressure, the permeability 

obtained in the fitting is also an effective permeability 𝜅eff. The effective permeability 

obtained by fitting up to 0.7𝑝A
max  is slightly higher than that obtained by fitting up to 

0.9𝑝A
max . As we discussed, the liquid is only filling the smaller spaces at 0.9𝑝A

max , 

consequently, the effective permeability is lower. 

Fitting range 𝑝c_eff(𝑃𝑎) 𝑟eff(𝜇𝑚) 𝜅eff (darcy) 

0.7𝑝A
max 15700 ± 500 2.6 ± 0.1 0.027 ± 0.006 

0.9𝑝A
max 16000 ± 800 2.5 ± 0.1 0.022 ± 0.004 

Static measurement 17000 ± 900 2.4 ± 0.1 NA 

Table 5.3 The effective capillary pressure, the corresponding effective pore radius and the effective 

permeability obtained by fittings for PDMS with 10 𝜇𝑚 glass beads using the pressure solution, fitting 

range: 0.7𝑝A
max  and 0.9𝑝A

max . The static measurements from the advancing process are listed for 

reference. 

As of now we will not characterize that for 45𝜇𝑚 glass beads because of the poor fit when 

fitting up to 0.7𝑝A
max and 0.9𝑝A

max, as indicated in figure 5.11. Since the 𝑅2 values are 0.994 

and 0.984, respectively, the fit is not good enough. It would be misleading to use these poor 

fittings to obtain values for capillary pressure and permeability. They will be determined 

in the next section after we obtain an appropriate fitting range by considering the goodness 

of the fit over different pressure ranges and comparing early and intermediate stage 

solutions. 
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5.4.3 Pressure fitting at different imbibition stage 

In the previous section, we observed that, the agreement obtained by fitting the experiments 

up to a pressure differential equal to 0.7𝑝A
max  and 0.9𝑝A

max are not very good in 45𝜇𝑚 glass 

beads. A greater heterogeneity in the porous media is believed to be responsible for the 

poor fit. While for porous media packed with 45𝜇𝑚 glass beads, the dynamics when the 

pressure differential is equal to 0.7𝑝A
max  and 0.9𝑝A

max  is significantly different from the 

early and intermediate stage when the pressure is relatively low. A different pressure range 

should be used to obtain the effective capillary pressure and permeability. In this section, 

we will study the early and intermediate stage of the imbibition and compare them with the 

late stage.  

We shall first look at the early stage of the imbibition process. In Section 3.5 we derived a 

modified Washburn solution for the initial part of the experiment, 

 
ℎ0

𝐾
𝑝 +

𝑝2

2
=

𝜅𝑝c

𝜇𝜑𝐾2
𝑡 (3.30) 

We note that there were three assumptions made in order to obtain the modified Washburn 

solution: (1) the hydrostatic pressure is negligible; (2) 𝑝 is negligible comparing to 𝑝0 so 

the liquid front ℎ depends linearly on the pressure differential 𝑝, ℎ = 𝐾𝑝, where 𝐾 is a 

constant 𝐾 = (𝐻 − ℎ0)/𝑝0 ; and (3) the pressure differential is significantly small 

comparing to 𝑝A
max . To ensure these three assumptions are valid, in the fittings we only 

use the data up to 0.1𝑝A
max . Examples of the fitting using the 0.1𝑝A

max  from experiments 

using 10𝜇𝑚 and 45𝜇𝑚 glass beads with PDMS are presented in figure 5.12a and 5.12b, 

respectively. It is clear in figure 5.12 that during this time, the experimental curve and the 

fitting using the modified Washburn solution are in good agreement. 
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Figure 5.12 The fitting of pressure vs time using the modified Washburn solution for experiment with 

PDMS. (a): 10𝜇𝑚 glass beads, (b): 45𝜇𝑚 glass beads. Only the data before pressure reaches 0.1𝑝A
max 

were used. During this range, the pressure term (
ℎ0

𝐾
𝑝 +

𝑝2

2
) is proportional to the penetration time. 

In the modified Washburn solution (equation 3.30), 𝐾 = (𝐻 − ℎ0)/𝑝0 is a constant. The 

two unknown independent parameters, that is the permeability and the capillary pressure, 

act together as a single factor, which can be obtained from the slope 
𝜅𝑝c

𝜇𝜑𝐾2. We can only 

obtain the combination of them from the slope of the pressure differential as a function of 

penetration time. In order to estimate the permeability, we use the advancing pressure 𝑝A
max  

measured in experiments to obtain the permeability during the initial stage of the capillary 

rise from the Washburn slope, the values are summarized in Table 5.4.  

We compare the permeability obtained from fitting the experimental data up to a pressure 

differential equal to 0.1𝑝A
max with that obtained using the full solution to fit up to 0.7𝑝A

max 

and 0.9𝑝A
max  in Figure 5.13. We observe that in 10𝜇𝑚  glass beads, the permeability 

obtained by modified Washburn solution is similar to that obtained with full solutions 

(p>0.05). Specifically, the permeability obtained using the modified Washburn solution is 

Wetting liquid 10𝜇𝑚 glass beads 45𝜇𝑚 glass beads 

PDMS 𝜅(𝑑𝑎𝑟𝑐𝑦) 0.021 ± 0.004 0.20 ± 0.10 

Table 5.4 Permeability obtained by fitting the experimental data using the modified Washburn solution 

for PDMS with 10𝜇𝑚 and 45𝜇𝑚 glass beads. 

a) b) 
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closer to the value obtained by fitting experiments up to 0.9𝑝A
max. As we discussed in 

section 5.2, because of the heterogeneity of the porous media, the capillary pressure 

obtained from fitting the experiments up to a pressure differential equal to 0.9𝑝A
max is closer 

to the advancing pressure 𝑝A
max . This advancing pressure is also used to obtain the 

permeability from the Washburn fittings, which is why this permeability is closer to the 

permeability obtained by fitting up to 0.9𝑝A
max . Again, for 45𝜇𝑚 glass beads we will 

discuss the results after identifying an appropriate fitting range and using that range to 

obtain the effective permeability.  

 
Figure 5.13 Permeability obtained by fitting with modified Washburn solution(0.1𝑝A

max ) and full 

pressure solution (0.7𝑝A
max and 0.9𝑝A

max) for experiments between 10𝜇𝑚 glass beads with PDMS. 

Since the limitation of using the initial imbibition stage is that the individual values of the 

effective permeability and capillary pressure cannot be determined, we focus on an 

intermediate stage. This intermediate imbibition region should therefore be a region where 

we can use the full solution to determine the permeability and the capillary pressure, but 

before the pressure is too large and the liquid only fills in the very small pores. In such 

region where we can distinguish the permeability and the capillary pressure in the fitting, 

the Washburn solution and the full solution must be different from each other. We shall 
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first determine this region for the case of 10𝜇𝑚  glass beads and PDMS. In order to 

determine this region in figure 5.14 we present the Washburn solution that was obtained 

by fitting the experimental data up to 0.1𝑝A
max, together with the full solution obtained by 

fitting the experiments up to 0.4𝑝A
max. It will become clear later why the value of 0.4𝑝A

max 

was used. Note that although the fittings are performed using the data up to 0.1𝑝A
max and 

0.4𝑝A
max, we present the entire solution up to 𝑝A

max. 

  
Figure 5.14 Plot of the pressure differential over time using fittings with different solutions. The red 

curve is data collected in an experiment between 10𝜇𝑚 glass beads and PDMS. The blue dashed line is 

the pressure curve predicted by fitting with the modified Washburn solution. The black dashed line is 

the pressure predicted by the full solution. a) the entire experiment, b) a close up look of the first 2h of 

a). 

In the experiment shown in figure 5.14, the advancing pressure is 18000Pa. From figure 

5.14b we observe that up to 7000Pa, there is little difference between both solutions and 

the experiment, meaning that up to this pressure, it is not possible to accurately determine 

two independent parameters, 𝜅 and 𝑝c, from the best fit to the experimental curve, as the 

full solution is similar to a Washburn solution with a single parameter. As a result, we are 

not able to determine the effective 𝜅 for pores filled at this region because the effective 𝑝c 

is unknown. Similarly, we cannot determine the effective pressure in this range, because 

the permeability is not known from an independent measurement. However, for pressures 

a) b) 
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larger than 7000Pa, the Washburn solution starts to deviate from both the full solution and 

the experimental data. In this region when the pressure exceeds 7000Pa we are able to 

determine both 𝜅 and the 𝑝c separately by fitting with the full solution. The full solution 

eventually deviates from the experimental curve because the effective capillary pressure 

obtained by fitting the experimental data up to 0.4𝑝A
max  is 17000Pa, it is lower than the 

advancing pressure 𝑝A
max=18000Pa.  

We are interested in understanding and to be able to systematically determine this 

intermediate region where we can separate 𝜅 and 𝑝c in the fitting for arbitrary experiments. 

When 𝜅  and 𝑝c  can be distinguished, the Washburn fitting will deviate from the 

experiments. In figure 5.15 we present a measure of this deviation obtained by fitting the 

experimental data up to a pressure differential equal to 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 

0.9𝑝A
max. The deviation is measured by the difference between the pressure predicted by 

the fitting and the experimental pressure differential,  

 deviation=
1

𝑛
∑ √(𝜋fit

∗ − 𝜋exp
∗ )

2𝑛
𝑖=1  (5.2) 

Here we use the normalized pressure 𝜋∗ = 𝑝 𝑝A
max⁄ . Note that in chapter 4 the pressure is 

normalized by the capillary pressure 𝑝c  while here it is normalized by the maximum 

pressure 𝑝A
max measured at the end of the advancing process. 

The average value of this deviation obtained from fitting the experimental data up to a 

pressure differential ranging from 0.1𝑝A
max to 0.9𝑝A

max is presented in figure 5.15. In figure 

5.15a the deviation is plotted in a linear scale while in figure 5.15b a logarithm scale is 

used to for convenience. The deviation obtained from fitting with the Washburn solution 

is marked in blue color and the deviation obtained by fitting with the full solution is marked 
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in red. We use this plot and a threshold value 0.01 to determine the lower and upper limits 

of the intermediate region. The lower limit can be determined from the fitting with the 

modified Washburn solution, marked in blue. It is clear from figure 5.15a that the error 

starts to increase significantly after 0.4𝑝A
max and the value is greater than the threshold 0.01. 

Prior to 0.4𝑝A
max, the deviation of the fitting with modified Washburn solution is small, 

suggesting that the solution and the experiment agrees well. We call this region the 

Washburn region, or early imbibition and marked it grey in figure 5.15. Within this region, 

𝜅 and 𝑝c cannot be distinguished from the fitting. Only after reaching 0.4𝑝A
max we can use 

the full solution to fit with the experiments and obtain individual values for 𝜅 and 𝑝c. In 

the experiment shown in figure 5.14, the advancing pressure is 𝑝A
max =18000Pa, 

accordingly, 0.4𝑝A
max=7200Pa. In Figure 5.15b we observe that at around 7000Pa the 

deviation of the Washburn curve is very obvious. These two values are close, suggesting 

that choosing 0.4𝑝A
max as the starting point for the intermediate stage is reasonable. 

  
Figure 5.15 The deviation of the fitting from experiments using modified Washburn solution (blue) and 

the full solution (red) obtained at different pressure ranges for 10𝜇𝑚 glass beads with PDMS. The 

deviation is calculated by Equation 5.2. The grey region is the Washburn region, the green region is the 

intermediate region and the red region is the final region. a): the deviation is presented in linear scale, 

b) the deviation is presented in logarithm scale. The dashed line is the threshold value (deviation =0.01). 

a) b) 
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The upper limit of the intermediate stage can be obtained from the deviation of the full 

solution, marked in red color. Using the same threshold 0.01 (dashed line) we found the 

upper limit is 0.8𝑝A
max. In figure 5.15b where the deviation is plotted in logarithm scale, it 

is straightforward that the trend of how the deviation increases changes at 0.8𝑝A
max. This is 

the upper limit of the intermediate region. After passing this region, the liquid only fills in 

the small pores and the dynamics will no longer follow the full solution. This is the reason 

why the deviation in the best fit of the experimental data obtained with the full solution 

increases significantly after 0.8𝑝A
max. In figure 5.15b there is an obvious increase in the 

slope of the red curve for pressures higher than 0.8𝑝A
max . We call this region the late 

imbibition region and marked it in red in figure 5.15. To sum up, in figure 5.15 we observe 

that the intermediate region for 10𝜇𝑚 glass beads with PDMS is between 0.4𝑝A
max and 

0.8𝑝A
max. Within this range the full solution can be used to determine the effective value of 

𝜅 and 𝑝c. For pressures above 0.8𝑝A
max, the experimental curve cannot be fitted well by the 

full solution. In this region, the dynamics is dominated by the heterogeneity of the porous 

media. In section 5.4.2 we obtain the effective values of 𝜅  and 𝑝c  by fitting the 

experimental data up to a pressure differential equal 0.7𝑝A
max, this range falls within the 

intermediate region determined above. 

We shall then determine the intermediate region for experiments between 45𝜇𝑚 glass 

beads with PDMS. Figure 5.16 shows the plots of the deviation of the fitting using the 

modified Washburn solution (blue) and the full solution (red) at different pressure ranges. 

In figure 5.16a the deviation is presented in linear scale while in figure 5.16b it is presented 

in logarithm scale. Using the same threshold 0.01 (dashed line) on the deviation of the 

fitting using the Washburn solution we determine the lower limit of the intermediate region 
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is 0.2𝑝A
max. From the deviation of the fitting using the full solution we obtain that the upper 

limit of the intermediate region is 0.4𝑝A
max. It is straightforward in figure 5.16b that the 

slope of the red curve increases after reaching 0.4𝑝A
max. The change in the slope suggests 

the deviation of the fitting with the full solution increases significantly. Combining the blue 

curve and the red curve, we obtain the intermediate region for experiments between 45𝜇𝑚 

glass beads with PDMS is between 0.2𝑝A
max and 0.4𝑝A

max.  

  

Figure 5.16 The development of the deviation of the fitting by modified Washburn solution (blue) and 

the full solution (red) obtained by fitting the experimental data up to pressure differential at 0.1, 0.2, 0.3, 

0.4, 0.5, 0.6, 0.7, 0.8, 0.9𝑝A
max  for 45𝜇𝑚  glass beads with PDMS. The deviation is calculated by 

Equation 5.2. The grey region is the Washburn region, the green region is the intermediate region and 

the red region is the final region. a): the deviation is presented in linear scale, b) the deviation is 

presented in logarithm scale. The dashed line is the threshold value (deviation =0.01). 

In figure 5.17 we present the average value of 𝑝c_eff and 𝜅eff obtained from the fitting with 

the full solution. The data obtained within the grey region is not included because they are 

significantly different from the others. As we mentioned before, within this region they are 

combined as one parameter and their individual values cannot be determined. For 45𝜇𝑚 

glass beads, the effective 𝜅  value obtained by fitting experimental data up to pressure 

differential equal to 0.3𝑝A
max is (0.48 ± 0.20)darcy. Recall from section 5.4.2 the effective 

value for the permeability of porous media packed with 10𝜇𝑚 glass beads obtained by 

a) b) 
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fitting with the full solution for pressure differential up to 0.7𝑝A
max is (0.027 ± 0.006)darcy. 

The ratio between the permeability value of two porous media is (18 ± 8). According to 

the Kozeny Carman equation, this ratio is about 20. The result obtained from fitting 

experiments up to 0.3𝑝A
max  for porous media packed with 45𝜇𝑚  glass beads is more 

reasonable compared to the values obtained by fitting up to 0.7𝑝A
max. It also suggests that 

choosing from 0.2𝑝A
max to 0.4𝑝A

max as the intermediate region is acceptable. 

  

  
Figure 5.17 The average value of a) 𝑝c_eff for 10𝜇𝑚 glass beads; b) 𝜅eff for 10𝜇𝑚 glass beads; c) 𝑝c_eff 

for 45𝜇𝑚 glass beads and d) 𝜅eff for 45𝜇𝑚 glass beads. The results were obtained using the full solution 

to fit with experimental data at different pressure ranges. 

Table 5.5 summarizes the effective values of the capillary pressure, the corresponding pore 

size and the permeability obtained within the intermediate region of the porous media. For 

a) b) 

c) d) 
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10 𝜇𝑚 glass beads, we use the data up to a pressure differential equal to 0.7𝑝A
max. For 

45 𝜇𝑚 glass beads, we use the data up to a pressure differential equal to 0.3𝑝A
max. It should 

be pointed out that the ratio between the effective radius is about 10 times, although the 

particle size ratio is only 5 times. Additionally, in 45 𝜇𝑚 glass beads, the effective capillary 

pressure obtained by fitting up to 0.3𝑝A
max is only half of the advancing pressure 𝑝A

max 

measured at the end of the advancing process. This large difference is due to the broader 

pore size distribution in 45 𝜇𝑚 glass beads. 

Table 5.5 The effective capillary pressure, pore size and permeability obtained by fitting the 

experimental data using the full solution for PDMS with 10𝜇𝑚 and 45𝜇𝑚 glass beads. The results with 

10𝜇𝑚 glass beads were obtained using the data up to 0.7𝑝A
max, while for 10𝜇𝑚 glass beads the results 

were obtained using the data up to 0.3𝑝A
max. 

During the initial and intermediate stage of the imbibition, all the large and small pores are 

filled. We call this region the bulk imbibition. The effective capillary pressure during this 

time represents an average value of these pores. While during the final stage, the 

connectivity between the pores changes. Only the very small pores can be filled and they 

correspond to the advancing pressure 𝑝A
max that is measured at the end of the advancing 

process. For a porous media with a wide pore size distribution, the size difference between 

the 𝑟eff  during the bulk imbibition and the 𝑟eff  during final imbibition is significant. 

Consequently, the 𝑝A
max will be significantly different from the effective capillary pressure 

in the intermediate region. In fact, in this case with the 45𝜇𝑚 glass beads the 𝑝A
max is almost 

twice of the 𝑝c_eff. In section 5.2 the ratio between the advancing radius obtained from the 

advancing pressure 𝑝A
max is 5.4 ± 0.3. This ratio is more similar to the ratio between the 

particle size. During this time the liquid fills in the very small pores in both 10𝜇𝑚 and 

particle 𝑝c_eff(𝑃𝑎) 𝑟eff(𝜇𝑚) 𝜅eff (darcy) 

10 𝜇𝑚 glass beads 15700 ± 500 2.6 ± 0.1 0.027 ± 0.006 

45 𝜇𝑚 glass beads 1500 ± 300 27 ± 5 0.48 ± 0.20 
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45𝜇𝑚 glass beads. Considering the different pore size distribution, it is not surprising that 

the ratio between the pore radius obtained at 0.3𝑝A
max for 45𝜇𝑚 glass beads and the pore 

radius obtained at 0.7𝑝A
max for 10𝜇𝑚 glass beads is 10 times. 

The broader pore distribution in 45𝜇𝑚 glass beads is also the reason for the difference in 

the intermediate region. Since the value of the 𝑝c_eff obtained during this region is only half 

of the advancing pressure 𝑝A
max. While in 10𝜇𝑚 glass beads the 𝑝c_eff is very similar to 

𝑝A
max because the pore size is more homogeneous. Accordingly, the value of the lower and 

upper limits for the intermediate region in 10𝜇𝑚 glass beads is also twice of that in 45𝜇𝑚 

glass beads. It should be pointed out that this relation is only coincidental and it is not 

necessarily true for experiments with other materials. 

 

 

5.5 Conclusions 

In this chapter we presented the experimental results with the model system of glass beads 

and PDMS. We first presented the curves illustrating the development of the pressure and 

the liquid weight during the advancing and receding processes. From the “staircase-like” 

behavior of the pressure curve during the receding process, we concluded that the porous 

media is heterogeneous. At the beginning of the advancing process, the liquid is filling all 

the available pores. As it advances and the pressure reaches the advancing pressure for 

some larger pores, those large pores above them will not be filled when the liquid front 

keeps advancing. Only the smaller pores can be filled at high pressure. During the receding 

process, the liquid first recedes in the larger pores. The smaller pores are evacuated later. 

When more pores are emptied and they form a channel that connects the top of the porous 
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media to the bottom, air will percolate. We introduced three pressure terms to characterize 

the porous media: the advancing pressure 𝑝A
max , the receding pressure 𝑝R

min  and the 

bubbling pressure 𝑝B
max. The static characterization is based on these pressures measured 

in the experiment. Since the contact angle for PDMS is zero, from the Laplace equation we 

can determine the corresponding advancing, receding and bubbling radii. There are two 

groups of glass beads used in the experiments: 10𝜇𝑚 and 45𝜇𝑚 glass beads. By comparing 

the ratio of the advancing, receding and bubbling radii between the two particle sizes we 

concluded that their pore size distribution is different. There are a larger portion of smaller 

pores in the porous media packed with 10𝜇𝑚 glass beads.  

Then, before presenting the dynamic characterization which uses the analytical solution 

derived in chapter 3 to fit the experimental results, we discussed the estimation of the 

effective column length 𝐻 . We demonstrated that using the linear approximation to 

estimate 𝐻 will lead to large error in cases where the capillary pressure reaches values as 

high as 0.5 𝑝0 . Using the full pressure dependence to fit the data up to 0.9 𝑝A
max is 

recommended to obtain the effective column height 𝐻. 

In the dynamic characterization we used the analytical solutions derived in chapter 3 to fit 

the data from the experiments. We demonstrated that both the weight solution and the 

pressure solution fit the experiments. In cases where the liquid uptake is small, using the 

pressure solution provides better resolution. By comparing the fitting up to 0.7𝑝A
max and 

0.9𝑝A
max, we determine the effective capillary pressure, the corresponding effective radius 

and the permeability of the porous media during different stages of the imbibition for 10𝜇𝑚 

glass beads. The values are in accordance with the heterogeneous structure of the porous 

media. We did not characterize 45𝜇𝑚 glass beads because the fit obtained using data up to 
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0.7𝑝A
max and 0.9𝑝A

max was not good. Different pore filling dynamics caused by the greater 

heterogeneity in the porous media created with 45𝜇𝑚 glass beads is believed to be the 

reason for the poor fitting obtained for experimental data including pressures up to 0.7𝑝A
max 

and 0.9𝑝A
max. For highly heterogeneous porous media, we need to fit the experimental data 

in an earlier region to obtain accurate values for 𝜅 and 𝑝c. 

We studied the different stages of the imbibition. In the initial stage of the imbibition, we 

use the modified Washburn solution derived in section 3.4 to fit the experiments. In this 

solution, the permeability and the capillary pressure are combined as one parameter, and 

they cannot be independently determined by the fitting. Although using the advancing 

pressure 𝑝A
max  can provide an estimated value for the permeability obtained from the 

Washburn fitting, this value is not reliable when the porous media is highly heterogeneous, 

as in the case of the 45𝜇𝑚 glass beads. In this situation, it would be useful to determine an 

intermediate region. Within this region the permeability and capillary pressure can be 

determined independently, yet the liquid has not advanced to the region where it is only 

filling the smaller pores. To study the different regions of the imbibition process, we 

presented the deviation from the experiments for fittings using the modified Washburn 

solution and the full solution for different 𝑝/𝑝A
max regions. We use 0.01 as the threshold to 

determine the lower and upper limit for the intermediate region. It is observed that for 

10𝜇𝑚 glass beads, 𝑝 𝑝A
max⁄ <0.4 is the Washburn region where the modified Washburn 

solution fits nicely yet the 𝜅 and 𝑝c cannot be determined separately. The pressure range 

0.4< 𝑝 𝑝A
max⁄ <0.8 is the intermediate region where the full solution can be used to 

determine 𝜅 and 𝑝c individually. The final imbibition occurs when 𝑝 𝑝A
max⁄ >0.8, where 

the liquid is only penetrating in the smaller pores and the dynamics do not follow the full 
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solution. For 45𝜇𝑚 glass beads, the Washburn region is 𝑝 𝑝A
max⁄ <0.2 and final region 

happens when 𝑝 𝑝A
max⁄ >0.4. The broader pore size distribution in 45𝜇𝑚 glass beads is 

believed to be the reason for this difference in the intermediate region for the two particle 

groups. After determining the intermediate region, we presented the effective values of the 

capillary pressure, pore size and permeability obtained within this region for 10𝜇𝑚 and 

45𝜇𝑚  glass beads. In the experiments with 45𝜇𝑚  glass beads, the effective capillary 

pressure obtained at 0.3 𝑝A
max  is only half of the advancing pressure 𝑝A

max . This big 

difference is due to the broad pore distribution. Accordingly, the ratio between the effective 

pore radius is 10 times of the pore radius obtained at 0.7𝑝A
max in 10𝜇𝑚 glass beads. Since 

10𝜇𝑚 glass beads are more homogeneous, the difference between the effective capillary 

pressure and the advancing pressure is small. This is also the reason for the difference in 

the intermediate range between the two particle groups. We also compared the ratio of the 

effective permeability obtained by fitting the full solution within the intermediate range 

between the two particle groups. The permeability of the porous media packed with 45𝜇𝑚 

glass beads is about 20 times greater than the 10𝜇𝑚 glass beads, this is consistent with the 

Kozeny-Carman equation. 
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6. Experimental Results: comparison between test and 

reference liquids 

In Chapter 5, the experiments with PDMS were presented and used for the characterization 

of the pore radius and permeability of columns filled with glass beads. In this chapter, we 

present complementary experiments in which DI water is the imbibing liquid. We will 

follow the same characterization methods used in the case of PDMS. First, we use the 

Laplace equation to study the static measurements. Then we use the pressure solution to 

characterize the imbibition process dynamically. We will also study the Washburn, 

intermediate and final stages.  In addition to characterize the permeability and capillary 

pressure of the porous media, we will estimate the contact angle by using the results 

obtained with PDMS as reference.  

6.1 Static characterization: Advancing, receding and bubbling 

pressure 

In figure 6.1 we present the advancing and receding curves for experiments performed 

using columns filled with 10 and 45𝜇𝑚 glass beads. The experimental procedures are the 

same as the experiments with PDMS. Moreover, the fit up to 0.7𝑝A
max, 𝑅2=0.999. The 

evolution of the pressure and the liquid weight are similar to the plots presented in figure 

5.1 for PDMS. During the receding process, there is also the “staircase-like” trend in the 

pressure curve, suggesting the heterogeneity of the porous media. We have discussed the 

analogous results in detail in chapter 5, and we will therefore not repeat the same discussion 

here.  
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Figure 6.1 The development of the pressure and liquid weight over time for glass beads with DI water. 

The blue curve is the pressure differential in the column and the red curve is the mass of the liquid left 

in the bottom container. (a) advancing process of 10𝜇𝑚 glass beads, (b) receding process of 10𝜇𝑚 glass 

beads, (c) advancing process of 45𝜇𝑚 glass beads, (d) receding process of 45𝜇𝑚 glass beads. 

From the values of the advancing, receding and bubbling pressure obtained with DI water, 

we can study the contact angle following the static characterization methods used in section 

5.2. If we assume the pore sizes inside the column are the same, independent of the 

penetrating liquid (either PDMS or DI water in our case), together with the assumption 

𝑐𝑜𝑠𝜃PDMS = 1we can obtain the value of the contact angle for DI water from the ratio of 

the static pressures between the two liquids 𝑝DI water/𝑝PDMS. The average values of the 

static pressure measurements for 10 𝜇𝑚  and 45 𝜇𝑚  glass beads with DI water are 

summarized in table 6.1. The values of PDMS from table 5.1 are also listed in the same 

table for reference. 

a) b) 

c) d) 
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Solid-liquid 

system 

Advancing pressure (Pa) Receding pressure (Pa) Bubbling pressure 

(Pa) 
10𝜇𝑚 + DI 

water 

58600 ± 1200 66700 ± 5800 85700 ± 3700 

10𝜇𝑚 + PDMS 17000 ± 900 18800 ± 1700 27700 ± 2500 

45𝜇𝑚 + DI 

water 

7800 ± 1000 12000 ± 1000 14500 ± 500 

45𝜇𝑚 + PDMS 3000 ± 300 3500 ± 400 4300 ± 100 

Table 6.1 The advancing, receding and bubbling pressure of 10𝜇𝑚 and 45𝜇𝑚 glass beads with DI water 

and PDMS. 

For 10𝜇𝑚 glass beads, from the advancing pressure we obtain cos 𝜃w
adv = 0.95 ± 0.06. 

This value suggests the 10𝜇𝑚 glass beads are hydrophilic. From the receding pressure 

between PDMS and DI water we obtain the receding contact angle for DI water: cos 𝜃w
rec =

0.94 ± 0.15. This value indicates that the 10𝜇𝑚 glass beads are completely wetted by both 

PDMS and water, there is no hysteresis in contact angle. The capillary pressure hysteresis 

in DI water is nearly negligible, as the p value from obtained in the t-test for the advancing 

and receding pressure is greater than 0.05. Same as the case with PDMS, if any, the small 

capillary pressure hysteresis is a result of the heterogeneity in pore radius within the porous 

media.  

For 45𝜇𝑚 glass beads we obtain the advancing contact angle for DI water: cos 𝜃w
adv =

0.70 ± 0.20. This contact angle is different from the 10𝜇𝑚 glass beads. In addition, the 

variability for 45𝜇𝑚 glass beads (15-30%) is also greater than that with 10𝜇𝑚 glass beads 

(5-15%). As discussed in chapter 5, the porous media with 45𝜇𝑚 glass beads is more 

heterogeneous than the 10𝜇𝑚 glass beads, which leads to a greater variability. From the 

receding pressure between PDMS and DI water we obtain the receding contact angle for 

45𝜇𝑚 glass beads with DI water: cos 𝜃w
rec = 0.95 ± 0.10. The receding angle is zero, 

same as the 10𝜇𝑚 glass beads. However, the advancing angle is different. The capillary 

pressure hysteresis for 45𝜇𝑚 glass beads with DI water is a result of both the hysteresis in 

the contact angle and the pore size distribution. The hysteresis is indicated by the ratio 
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between the receding pressure and the advancing pressure. For 45𝜇𝑚 glass beads with DI 

water this ratio is 𝑝R 𝑝A⁄ = 1.5 ± 0.2. The hysteresis in 10𝜇𝑚 glass beads is 𝑝R 𝑝A⁄ =

1.14 ± 0.10 , it is smaller than for 45𝜇𝑚 glass beads because it only comes from the 

heterogeneity of the porous media. Since these two sizes of glass beads come from two 

different suppliers, the manufacturing process are not the same. Accordingly, the 

hydrophilicity of the material might be different, leading to the differences in their contact 

angle with DI water. 

Particle size (𝜇𝑚) cos 𝜃w
adv cos 𝜃w

rec 

10  0.95 ± 0.06 0.94 ± 0.15 

45  0.70 ± 0.20 0.95 ± 0.10 

Table 6.2  The cos values of the advancing and receding contact angle for 10𝜇𝑚 and 45𝜇𝑚 glass beads 

with DI water. The values are obtained by assuming the same pore radius with PDMS experiments. 

6.2 Dynamic Characterization: effective capillary pressure and 

permeability 

6.2.1 Fitting with weight solution 

In Figure 6.2 we present the fittings for 10𝜇𝑚  glass beads using the weight solution 

(equation 3.12) derived in section 3.2. The experiments with 45𝜇𝑚 glass beads are not 

fitted because the liquid uptake is small (less than 1g, the resolution of the scale is 0.01g). 

In figure 6.2a we fit the experimental data up to 0.7𝑝A
max and in figure 6.2b we fit up to 

0.9𝑝A
max. The fitting at 0.7𝑝A

max is better than 0.9𝑝A
max, with a larger 𝑅2 (0.999 for 0.7𝑝A

max 

and 0.983 for 0.9𝑝A
max ). This trend is analogous to that observed in the experiments 

performed with PDMS. Later in this chapter we will compare the fitting results obtained 

for the evolutions of the liquid uptake to those to those obtained for the evolution of the 

pressure differential. 
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Figure 6.2 Fitting curves for 10μm glass beads with DI water using the weight solution. Red dots are 

data collected from the experiment. Black line is the fitting curve using the derived solution (Equation 

3.12). The blue dashed line represents the weight predicted by the fitting. (a): fit up to 0.7𝑝max, 𝑅2 =0. 

999; (b): fit up to 0.9𝑝max, 𝑅2 =0.983. 

 

6.2.2 Fitting with pressure solution 

Now we shall look at the fittings for 10𝜇𝑚 and 45𝜇𝑚 glass beads with DI water using the 

pressure solution (equation 3.21). The plots are presented in figure 6.3. In figure 6.3a and 

c we fit up to 0.7𝑝A
max , it is obvious that the fit is better than that obtained  by fitting up to 

0.9𝑝A
max indicated in figure 6.3b and d. The value of 𝑅2 also suggests the fit obtained by 

fitting up to 0.7𝑝A
max is better than 0.9𝑝A

max. This difference is more noticeable for 45𝜇𝑚 

glass beads. 

    

a) b) 

a) b) 
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Figure 6.3 Fitting curves for 10μm and 45μm glass beads with DI water using the pressure solution. Red 

dots are collected from the experiment. Black line is the fitting curve using the derived solution. The 

blue dash line represents the pressure predicted by the fitting. (a): 10𝜇𝑚 glass beads, fit up to 0.7𝑝A
max, 

𝑅2 =0.999 ; (b): 10𝜇𝑚 glass beads, fit up to 0.9𝑝A
max, 𝑅2 =0.994; (c): 45𝜇𝑚 glass beads, fit up to 

0.7𝑝A
max, 𝑅2 =0.996; (d): 45𝜇𝑚 glass beads, fit up to 0.9𝑝A

max, 𝑅2 =0.956. 

The values of the effective capillary pressure and the corresponding contact angle obtained 

for 10𝜇𝑚 glass beads by the fittings are summarized in table 6.3. Analogous to the case 

with PDMS, the results of 45𝜇𝑚 glass beads are not listed here because of the bad fit 

obtained when using the data up to 0.7 𝑝A
max  and 0.9 𝑝A

max . From table 6.3 it is 

straightforward that the effective 𝑝c  obtained by fitting up to 0.9𝑝A
max  is closer to the 

advancing pressure 𝑝A
max compared to the effective 𝑝c obtained by fitting up to 0.7𝑝A

max. 

This behavior is similar to the case in PDMS, which can be explained by the pore size 

heterogeneity as in section 5.4.2. The effective 𝑐𝑜𝑠𝜃 obtained by fitting the experimental 

data up to 0.9𝑝A
max is also closer to the value obtained in the static characterization. The 

value obtained by fitting up to 0.7𝑝A
max is slightly different. When estimating 𝑐𝑜𝑠𝜃, it is 

assumed that the pore size is the same when PDMS and DI water penetrate into the porous 

media. However, the dynamics of liquid penetration might be different for the two liquids. 

It is possible when pressure differential equals 0.7𝑝A
max, the effective pore radius when 

PDMS penetrates through is different from that of DI water. While when the pressure 

c) d) 
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differential equals 0.9𝑝A
max, the liquid front is only filling in the small pores and the value 

of this effective pore radius between the two liquid becomes similar.  

Fitting range PDMS 𝑝c_eff(𝑃𝑎) DI water 𝑝c_eff(𝑃𝑎) 𝑐𝑜𝑠𝜃w 

0.7𝑝A
max 15700 ± 500 46800 ± 2300 0.82 ± 0.05 

0.9𝑝A
max 16000 ± 800 54000 ± 1000 0.93 ± 0.05 

Table 6.3 The effective capillary pressure and the corresponding cosθ obtained by fittings experiments 

of 10𝜇𝑚 glass beads with DI water using the pressure solution, fitting range is 0.7𝑝A
max and 0.9𝑝A

max. 

The effective permeability obtained in the fitting with pressure solution are summarized in 

table 6.4. Similar to the experiments with PDMS, the value of the effective permeability 

obtained by fitting the experimental data up to pressure differential equal to 0.7𝑝A
max is 

higher than the permeability obtained by fitting up to 0.9𝑝A
max.  But in the case with DI 

water, this difference is larger. The value of the effective permeability obtained by fitting 

experiments up to 0.9𝑝A
max is only half of that obtained by fitting up to 0.7𝑝A

max. It will be 

discussed in the following section that 0.9𝑝A
max is the final imbibition region. At this time 

the liquid only fills in the very small pores, thus the effective permeability decreases.  

Fitting range 10𝜇𝑚+ DI water 10𝜇𝑚 + PDMS  

0.7𝑝A
max  0.018 ± 0.004 0.027 ± 0.006 

0.9𝑝A
max  0.009 ± 0.001 0.022 ± 0.004 

Table 6.4 . Effective permeability obtained by fittings for DI water and PDMS with 10𝜇𝑚 glass beads 

using the pressure solution, the fittings are performed using the experimental data up to pressure 

differential equal to 0.7𝑝A
max and 0.9𝑝A

max. The unit for the permeability value is in darcy. 

It is worth noticing that the difference between the permeability in DI water and PDMS is 

also large, especially in the values obtained by fitting the experimental data up to 0.9𝑝A
max. 

When measuring the permeability of a porous media that was saturated by DI water or 

PDMS, the values are similar in both liquids and they are larger than the effective 

permeability obtained by fitting. In principle, the permeability is a property of the porous 

media and is independent of the liquid penetrates through. However, in the capillary rise 

experiments, as water advances faster in the porous media, there could be more air trapped 
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when water penetrates through. The trapped air can contribute to the low permeability. 

However, there is no sufficient data to support this assumption yet. 

In figure 6.4 we compare the fitting results obtained by the weight solution (circles) with 

the pressure solution (squares) for 10𝜇𝑚 glass beads and DI water. In figure 6.4 it is 

obvious there is no significant difference between the effective capillary pressure and 

permeability obtained by fitting with weight solution and the pressure solution. We also 

performed t-test on the values obtained using the two solutions, all the p-value are larger 

than 0.05 and there is no statistically significant difference between the fitting results 

obtained by these two solutions. Considering the resolutions of the measurement, the 

values obtained by pressure solution are preferred.   

  

Figure 6.4 The effective 𝑝c and 𝜅 obtained by fitting with weight solution and the pressure solution for 

10𝜇𝑚 glass beads and DI water. a) effective capillary pressure b) effective permeability. 

In general, in the dynamic characterization method for experiments with 10𝜇𝑚 glass beads 

and DI water, fitting the experimental data up to a pressure differential equal to 0.7𝑝A
max 

using the full pressure solution is recommended to obtain the effective permeability. Indeed, 

in the next section, we will use the same approach as in chapter 5 to show that the suitable 

range to fit the experimental data for 10𝜇𝑚 glass beads is up to between 0.6𝑝A
max and 

0.8𝑝A
max. The same approach will also be used with 45𝜇𝑚 glass beads.  
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6.2.3 Pressure fitting at early and intermediate stage 

In section 5.4.3 we discussed the fitting with modified Washburn solution for experiments 

with PDMS to study the early stage of the imbibition. For DI water we can also use this 

solution to obtain the contact angle value during the beginning of the imbibition. Recall 

that with the modified Washburn solution we are not able to determine the individual 

values for the permeability and the capillary pressure through the fittings. We can only 

obtain the combination of them from the slope of the fitting. Then, by comparing the slope 

of PDMS and DI water and assuming the same permeability when both liquids penetrate 

through, we obtain the contact angle for DI water using 𝑐𝑜𝑠𝜃PDMS = 1. Using this method, 

we obtained a very small value for 𝑐𝑜𝑠𝜃w in both particle groups. For 10𝜇𝑚 glass beads, 

𝑐𝑜𝑠𝜃w = 0.27 ± 0.13, it is only 1 3⁄  of that obtained by the fitting with the full solution 

up to 0.7𝑝A
max. For 45𝜇𝑚 glass beads, the difference is even greater, 𝑐𝑜𝑠𝜃w  = 0.027 ±

0.02, it is only 1 25⁄  of that obtained by the static characterization. At this contact angle 

value the glass beads would be almost hydrophobic. Yet it is in disagreement with what we 

observe in the experiments since DI water can easily penetrate into the porous media. This 

“apparent” contact angle is obtained under the assumption that the permeability is the same 

for PDMS and DI water. However, this assumption is not true and the permeability is 

actually different for the two liquids in the initial stage. This is one of the major findings 

in this work. In some previous works, only the dynamic contact angle was considered as 

the reason for the disagreement with the Washburn equation [93]. The different effective 

permeability value depending on the liquid may also contribute to the discrepancy. 

To estimate a more realistic contact angle by fitting with the modified Washburn solution, 

we use the permeability obtained by the fittings with full solution to calculate a “corrected” 
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contact angle from the slope of the modified Washburn fittings for 10𝜇𝑚 glass beads. This 

“corrected angle” is 𝑐𝑜𝑠𝜃w = 0.87 ± 0.06, it is similar to the contact angle obtained from 

the fitting with full solution, where the permeability and the capillary pressure are 

determined individually. It is worth noticing that, this value may not be the actual 

permeability either, since the permeability may not be constant throughout the imbibition 

process. This value will not exceed the permeability when the porous media is fully 

saturated. From the permeability value of a fully saturated porous media, we can estimate 

a boundary value for the dynamic contact angle. For 10𝜇𝑚 glass beads, this boundary value 

is 𝑐𝑜𝑠𝜃w>0.4. The measurement of the permeability is in the Appendices. 

As we discussed in section 5.4.3, the permeability value obtained using the Washburn 

solution to fit the experimental data in the initial stage is not very reliable because the value 

of the corresponding 𝑝c is unknown. Similar to the case with PDMS, it is necessary to 

identify the region of the Washburn, intermediate and final imbibition and use the 

intermediate region to estimate the effective permeability of the experiments with DI water. 

Following the same methods used in section 5.4.3, we plot the deviation of the fitting using 

the modified Washburn and the full solution at different pressure ranges. The deviation is 

calculated using equation 5.2. We first present the case of 10𝜇𝑚 glass beads with DI water 

in figure 6.5. In figure 6.5a we present the values of the deviation in linear scale and in 

figure 6.5b we present it in logarithm scale. Each point is obtained by a fitting that uses the 

experimental data up to a pressure differential  𝑝  such that 𝑝/𝑝A
max = 

0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8 and 0.9. The deviation obtained by fitting with the modified 

Washburn solution is used to determine the lower limit of the intermediate region. Here we 

use 0.02 (dashed line in figure 6.5a and 6.5b) as the threshold value for the deviation and 
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obtain the lower limit of 10𝜇𝑚 glass beads with DI water is 0.6𝑝A
max. We use a different 

threshold value because from figure 6.5b, the slope of the deviation increase in the 

Washburn solution changes significantly after 0.6𝑝A
max. If using the same threshold value 

of 0.01, the lower limit of the intermediate region would be 0.1𝑝A
max. However, the values 

of the deviation between 0.1𝑝A
max and 0.6𝑝A

max are only slightly larger than 0.01.  

  

  

Figure 6.5 The deviation of the fitting from experiments using modified Washburn solution (blue) and 

the full solution (red) obtained at different pressure ranges for 10𝜇𝑚 glass beads with DI water. The 

deviation is calculated by equation 5.2. The grey region is the Washburn region, the green region is the 

intermediate region and the red region is the final region. a) the deviation is presented in linear scale, b) 

the deviation is presented in logarithm scale. The dashed line is the threshold value (deviation =0.02). 

c) the average value of 𝑝c_eff obtained and d) the average value of 𝜅eff obtained using the full solution. 

a) b) 

c) d) 
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Using the same threshold value 0.02 for the deviation of the full solution, we obtain the 

upper boundary of the intermediate range is 0.8𝑝A
max. For the experiments with 10𝜇𝑚 glass 

beads and DI water, the intermediate region is between 0.6𝑝A
max and 0.8𝑝A

max . This is the 

recommended region to use the full solution to determine the effective values of 𝜅 and 𝑝c. 

In figure 6.5c and d we present the average value of 𝑝c_eff and 𝜅eff obtained within the 

intermediate and late imbibition region from the fitting with the full solution. The data 

obtained within the Washburn region is not included because the values are not useful. In 

the previous section, we recommended fitting the experimental data up to 0.7𝑝A
max, it falls 

within the intermediate region. The fitting results are 𝜅eff = (0.018 ± 0.004)darcy and 

𝑝c_eff = (46800 ± 2300)Pa. 

In Figure 6.6 the values of the deviation of the fitting using the modified Washburn solution 

and the full solution for experiments with 45𝜇𝑚 glass beads with DI water were presented. 

Figure 6.6a presents the deviation in linear scale and figure 6.6b uses the logarithm scale. 

Each point is obtained by a fitting that uses the data up to a pressure differential 𝑝 such that 

𝑝 𝑝A
max⁄ = 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8 and 0.9. Same with the case of 10𝜇𝑚 glass beads 

with DI water, we use threshold value 0.02 to determine the limits for the intermediate 

region. From the deviation curve of the Washburn fitting, we determine the lower limit is 

0.5𝑝A
max for 45𝜇𝑚 glass beads with DI water. Similarly, the upper limit is obtained as 

0.7 𝑝A
max  by applying the threshold value 0.02 on the deviation of the full solution. 

Therefore, the intermediate region is between 0.5𝑝A
max and 0.7𝑝A

max for the experiments 

between 45𝜇𝑚 glass beads and DI water. The values of the lower and upper limit are in 

agreement with the change of the slope on the curve in figure 6.6b, suggesting choosing 

0.02 as the threshold value is reasonable. Comparing to the case with 10𝜇𝑚 glass beads, 
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the intermediate region takes place at an earlier stage of the imbibition in 45𝜇𝑚 glass beads. 

A similar trend is also seen in chapter 5 when the imbibition liquid is PDMS. For porous 

media with a wider pore distribution and thus more heterogeneous, the intermediate region 

takes places earlier than homogeneous media, the details are already discussed in section 

5.4.3.  

  

  
Figure 6.6 The deviation of the fitting from experiments using modified Washburn solution (blue) and 

the full solution (red) obtained at different pressure ranges for 45𝜇𝑚 glass beads with DI water. The 

deviation is calculated by equation 5.2. The grey region is the Washburn region, the green region is the 

intermediate region and the red region is the final region. a) the deviation is presented in linear scale, b) 

the deviation is presented in logarithm scale. c) the average value of 𝑝c_eff obtained and d) the average 

value of 𝜅eff obtained using the full solution. 

a) b) 

c) d) 
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In figure 6.6c and d we present the average value of 𝑝c_eff and 𝜅eff obtained within the 

intermediate and late imbibition region from the fitting with the full solution. The data 

obtained within the Washburn region is not presented because the values are not valuable. 

For the experiments of 45𝜇𝑚 glass beads with DI water, we recommended fitting the 

experimental data up to 0.6𝑝A
max to obtain the effective values of the capillary pressure and 

permeability. The fitting results are 𝜅eff = (0.023 ± 0.007)darcy and 𝑝c_eff = (5300 ±

1100)Pa. 

The effective values of the capillary pressure and permeability obtained within the 

intermediate region are summarized in table 6.5. For 10 𝜇𝑚 glass beads, the values are 

obtained by fitting the experimental data up to 0.7𝑝A
max. For 45 𝜇𝑚 glass beads, the values 

are obtained by fitting the experimental data up to 0.6𝑝A
max. By comparing the effective 

capillary pressure between PDMS and DI water, we also obtain the DI water contact angle. 

For 10 𝜇𝑚 glass beads, 𝑐𝑜𝑠𝜃w = 0.82 ± 0.05 and for 45𝜇𝑚 glass beads, 𝑐𝑜𝑠𝜃w = 1.0 ±

0.3. The variation in the effective capillary pressure obtained for 45 𝜇𝑚 glass beads is 

larger. Thus the value of  𝑐𝑜𝑠𝜃w also has larger variance. In general, the system with 45 𝜇𝑚 

glass beads is more heterogeneous and there is also large variability between each 

experiment. The large system-to-system variability may be a result of surface 

contamination. Since the glass beads are cleaned and then reused for the experiments, it is 

possible they were not cleaned completely and there was some oil left on the surface. The 

contact angle value in 45 𝜇𝑚 glass beads is greater than zero and the glass beads are less 

hydrophilic compared to 10 𝜇𝑚 glass beads. Similar results were obtained in the static 

characterization in section 6.1. In addition, when comparing the permeability between the 

two particle groups, it is surprising that the permeability is extremely low for 45 𝜇𝑚 glass 
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beads. Besides the greater heterogeneity of 45 𝜇𝑚 glass beads, the hydrophilicity is also 

responsible for the low permeability in DI water. Since the 45 𝜇𝑚 glass beads are less 

hydrophilic, the porous media is not saturated as it is in the 10 𝜇𝑚 glass beads. The less 

saturated porous media can attribute to the low permeability in 45 𝜇𝑚 glass beads. 

 

6.3 Conclusions 

In this chapter we presented the experimental results from the glass beads and DI water. 

The pressure and liquid weight behavior during the advancing and receding processes are 

similar to the case with PDMS. We performed both static and dynamic characterizations 

on the porous media, with a focus on the contact angle and the permeability. The contact 

angle value for 10𝜇𝑚  glass beads is almost zero, indicating that the glass beads are 

hydrophilic. The contact angle value for 45𝜇𝑚 glass beads is greater than zero thus they 

are less hydrophilic. Since the two size of glass beads were produced by different 

manufactures, the material properties might not be the same. For the experiments with DI 

water we observed a smaller permeability value compared with PDMS. Air trapping is a 

possible reason for the low permeability. However, there is not sufficient evidence to 

support this idea.  

We study the different regions during the imbibition of DI water in glass beads following 

the same approach we used in chapter 5 for imbibition of PDMS. In the beginning of the 

particle 𝑝c_eff(𝑃𝑎) 𝑐𝑜𝑠𝜃w 𝜅eff (darcy) 

10 𝜇𝑚 glass beads 46800 ± 2300 0.82 ± 0.05 0.018 ± 0.004 

45 𝜇𝑚 glass beads 5300 ± 1100 1.0 ± 0.3 0.023 ± 0.007 

Table 6.5 The effective capillary pressure 𝑐𝑜𝑠𝜃DI water  and permeability obtained by fitting the 

experimental data using the full solution for DI water with 10𝜇𝑚 and 45𝜇𝑚 glass beads. The results 

with 10𝜇𝑚 glass beads were obtained using the data up to 0.7𝑝A
max, while for 45𝜇𝑚 glass beads the 

results were obtained using the data up to 0.5𝑝A
max. 
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imbibition, we use the modified Washburn solution derived in section 3.4 to fit with the 

experiments. However, the value of permeability and the capillary pressure cannot be 

determined individually during this time. We then use the deviation of the fitting with the 

modified Washburn solution and the full solution to determine the lower and upper 

boundary for the intermediate region. We used a different threshold value 0.02. This value 

is not arbitrary, it is chosen based on the trend of the deviation increase presented in the 

logarithm plot. For 10𝜇𝑚 glass beads the intermediate region is from 0.6𝑝A
max to 0.8𝑝A

max. 

For 45𝜇𝑚  glass beads the intermediate region is between 0.5𝑝A
max  and 0.7𝑝A

max . The 

intermediate region takes place at an earlier stage of the imbibition for 45𝜇𝑚 glass beads 

because the porous media is more heterogeneous. This behavior is similar when the wetting 

liquid is PDMS. Additionally, we compare the effective values obtained during the 

intermediate region for both particles. For 10𝜇𝑚 glass beads, the effective permeability in 

DI water is smaller than that in PDMS and air trapping could be responsible for this 

difference. For 45𝜇𝑚 glass beads, the effective permeability with DI water is extremely 

low. Instead of being 20 times larger than that in 10𝜇𝑚 glass beads, it is only 30% larger 

than the permeability obtained in 10𝜇𝑚 glass beads with DI water that is already small. 

The reason for such low permeability could be a combination of the large heterogeneity 

and less hydrophilicity in the 45𝜇𝑚 glass beads. Additionally, there is large variance in the 

effective capillary pressure and the corresponding contact angle values, which is a result 

of the large variability between each experiment. In general, the large system-to-system 

variability, together with the heterogeneity for the system with 45𝜇𝑚 glass beads and DI 

water makes it challenging to characterize with confidence using our method. This system 

is in the limit of this characterization method. 
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7. Preliminary results with pharmaceutical powders 

7.1 Introduction: characterization protocol  

In Chapter 5 and 6 we presented the experimental results and methodology used to 

characterize a model system, i. e. glass beads packed inside a closed column. Based on 

these experiments, we developed a recommended characterization protocols for any given 

granular materials. During the experiments we measure the static pressures at specific 

points in the process, i. e. the advancing, receding and bubbling pressure. Using the static 

pressures obtained in the experiments performed with PDMS, which was chosen as the 

reference liquid because it completely wets most solid surfaces, and the Laplace equation, 

we obtain the corresponding radius for the advancing, receding and bubbling pressure. 

Then, using the static pressures obtained in the experiments performed with DI water, and 

assuming that the porous media has the same characteristic pore radius as in the case of 

PDMS, we determine the  𝑐𝑜𝑠𝜃w from Laplace equation.  

In the dynamic characterization, we fit the experiments using the analytic solutions to 

obtain values of the effective permeability and capillary pressure. We first characterize the 

column, determining the effective column height by fitting the liquid mass as a function of 

the pressure differential using equation 5.1. This effective column height is then compared 

with the theoretical value 𝐻th to determine if it is reliable. When the difference between 

𝐻fitting and 𝐻th is greater than 20%, the experiment is discarded because there is leaking 

in the system. Otherwise, the experimental data up to an intermediate pressure range is 

fitted with the pressure solution to obtain an effective permeability and capillary pressure. 

It is not recommended to use the entire data set up to the maximum advancing pressure 
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𝑝A
max in the fitting, because the liquid only fills in the smaller pores at high pressure and 

the connectivity of the pores as well as the local permeability decreases. On the other hand, 

the initial imbibition stage is also not recommended to obtain the effective values, because 

fitting the initial part of the pressure evolution using the modified Washburn solution 

cannot provide independent values of the permeability and capillary pressure. Therefore, 

it is recommended to use an intermediate range, where the permeability and capillary 

pressure can be determined independently by fitting with the full solution, but before 

reaching the final stage where the liquid is only filling in the smaller pores and the 

permeability is reduced. This intermediate stage is determined by the deviation of the two 

fittings from experimental data, one is obtained using the modified Washburn solution and 

the other is obtained using the full solution. After obtaining the effective values of capillary 

pressure and permeability, we determine the corresponding effective pore radii from the 

results of PDMS.  Then, with the results obtained for DI water, we calculate the 

corresponding contact angle.  

After characterizing the model system, in this chapter, we are interested in some 

pharmaceutical powders that are irregularly shaped and thus lead to a more complicated 

process during wetting. Lactose is used to study the case when the sample is soluble in 

water and Microcrystalline cellulose (MCC) is used as an example for swelling materials. 

Alumina is chosen because its particle size is different from all the other particles used. All 

of them are commonly used in pharmaceutical industry as excipients. We will follow the 

characterization methods used in Chapter 5 and 6 and summarized above. In addition, we 

present preliminary results investigating the effects on the dynamic process when different 

porosities or different effective column heights are used. 
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7.2 Soluble material: Lactose 

In pharmaceutical industry, lactose is often used as a filler or diluent in tablet compaction 

and capsule filling. The particle size distribution of the lactose powder used in this study 

is presented in section 2.2. Since lactose is soluble in water, a saturated solution will be 

used as the testing wetting liquid, to avoid dissolution of the powder during the imbibition 

process. Another property of lactose powder is that the individual lactose particles have 

irregular shape. When preparing the column by tapping, following the procedure described 

in section 2.3, we obtained a large value of the porosity 𝜑~0.44. This value is significantly 

greater than the porosity achieved with glass beads, 𝜑~0.37. However, a porosity similar 

to the one measured for glass beads can also be obtained using lactose powder by 

compressing the powder with a cylindrical rod. We will compare the results obtained in 

both cases to discuss an important feature of heterogeneous systems not seen in the 

previous experiments described in chapters 5 and 6. Then, we will characterize the system 

with the smallest porosity following the methodology described in 7.1.  

7.2.1 Effect of pore size heterogeneity by varying media porosity: 

Lactose  

It is not easy to vary the porosity of the porous media when the particles are spherical and 

with a narrow size distribution. However, this can be accomplished with particles of a 

different shape, as is the case with lactose. In figure 7.1 we present the plots from the 

imbibition process of two experiments of PDMS and lactose in packed columns with 

different porosity. In figure 7.1a the porosity of the packed column is 𝜑 =0.435 while in 

7.1b the porosity is 𝜑 =0.355. In the case of a large porosity (𝜑 =0.435), we observe that 

there are a lot of fluctuations in the pressure curve. These fluctuations correspond to 

bubbles forming and detaching from the bottom of the column while the liquid front is still 
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advancing in the porous media. In this case, the advancing, receding and bubbling 

processes are happening spontaneously and probably simultaneously, but through pores of 

different sizes. The underlying pore structure that could lead to this situation is discussed 

in chapter 1. Briefly, when the porous media is highly heterogeneous, the receding pressure 

for the large pores can be lower than the advancing pressure of the small pores. Therefore, 

the liquid is evacuating the large pores while it is still filling some of the small pores. When 

the emptied pores connect with each other and form a channel from the top of the porous 

media to the bottom, air percolates through, and bubbling happens. Because of the 

percolation, the pressure differential cannot increase anymore. Therefore, the maximum 

pressure 𝑝max measured in the experiment is not the same as the advancing pressure 𝑝A
max 

defined in chapter 5 and 6. This advancing pressure which corresponds to the smaller pores 

cannot be determined by the static measurements in the experiments. In this case, the 

maximum pressure 𝑝max represents the bubbling pressure 𝑝B
max at which the emptied large 

pores form a channel in that porous media. The average value of this maximum pressure 

for the packed column with large porosity is 𝑝B
max=(2500 ± 600)Pa. In the case of a 

packed column with a smaller porosity, a spontaneous pressure drop was also observed, 

but less dramatically compared to experiments with large porosity porous media. In the 

example presented in figure 7.1b, the pressure decreased spontaneously at 5 hours. It is 

possible that a small bubble was slowly formed and released during this time. Since the 

porous media is less heterogeneous than the large porosity porous media, the bubbling 

process is less dramatic. However, it is still more heterogeneous than the cases with glass 

beads because the lactose particles have irregular shape. We estimate that the large 

heterogeneity is responsible for the spontaneous bubbling observed. In the case of a smaller 
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porosity, the maximum pressure 𝑝max  also represents the bubbling pressure 𝑝B
max . The 

average value of this pressure for the small porosity lactose media is 𝑝B
max =(5200 ±

1200)Pa, which is clearly larger than the maximum pressure 𝑝max in the experiments with 

a packed column with large porosity. 

  
Figure 7.1 The evolution of the pressure and liquid weight during the imbibition process of PDMS in 

lactose. a): φ=0.435, b): φ=0.355. 

For porous media with large pore size heterogeneity, the advancing pressure cannot be 

measured in the experiments. Only the effective capillary pressure can be estimated using 

the dynamic characterization method. In figure 7.2 we present an example of the fitting, 

using the experimental data up to a pressure differential equal to at 0.7𝑝B
max and 0.9𝑝B

max. 

The solution fits very well the experiments in both cases, with 𝑅2 =0.999. The results are 

also similar in both cases. Therefore, we will use the results obtained by fitting up to 

0.9𝑝B
max because it contains more data. The effective pressure (3700Pa) obtained in the 

fittings is larger than the maximum pressure reached in experiments (2800Pa). This 

effective capillary pressure provides us information about the smaller pores of the porous 

media, which cannot be obtained from the static measurements in experiments.  

a) b) 
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Figure 7.2 Fitting curves for lactose at large porosity (φ=0.435) with PDMS using the pressure solution. 

Red dots the experimental data. Black line is the fitting curve using the full solution. The blue dash line 

represents the pressure predicted by the fitting. (a): fit up to 0.7𝑝B
max, 𝑝c_eff =3900Pa, 𝑅2 =0.999; (b) 

fit up to 0.9𝑝B
max, 𝑝c_eff =3700Pa, 𝑅2 =0.999. 

We studied the different regions of imbibition for lactose and PDMS, following the same 

approach used for glass beads and described in section 7.1. In figure 7.3 the deviation of 

the fitting using the modified Washburn solution and the full solution at different ranges 

are presented. Using the same threshold value of 0.01 together with a change in the trend 

observed for the deviation increase, as shown in figure 7.3b, we obtain that the lower limit 

of the intermediate region is 0.5𝑝B
max. Specifically, at this value of the fitting range we 

observe a sharp increase in the deviation of the modified Washburn solution fitting. From 

the deviation of the full solution fitting we determine that the upper limit of the intermediate 

region is 0.9𝑝B
max. Therefore, the intermediate region for experiments of large porosity 

lactose and PDMS is between 0.5𝑝B
max and 0.9𝑝B

max. 

a) b) 
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Figure 7.3 The development of the deviation of the fitting by modified Washburn solution (blue) and 

the full solution (red) obtained by fitting the experimental data up to pressure differential at 𝑝/𝑝B
max= 

0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1 for large porosity lactose with PDMS. The deviation is 

calculated by equation 5.2. The grey region is the Washburn region, the green region is the intermediate 

region and the red region is the final region. a): the deviation is presented in linear scale, b) the deviation 

is presented in logarithm scale. The dashed line is the threshold value (deviation =0.01). 

In figure 7.4 we present the fitting for an experiment with a packed column presenting a 

small porosity (𝜑 =0.355). This case is similar to the fittings with glass beads in chapter 5. 

The effective pressure obtained by fitting is smaller than the maximum pressure 𝑝B
max 

reached in experiments. The fitting obtained using the experimental data up to 0.7𝑝B
max is 

better, with 𝑅2 =0.998. The effective capillary pressure is lower than that obtained using 

the experimental data up to 0.9𝑝B
max because up to 0.7𝑝B

max, the liquid is still filling in both 

large and small pores. For this case of a low porosity of the packed column, we will use 

the fitting results obtained at 0.7𝑝B
max, analogous to the analysis of the system with 10𝜇𝑚 

glass beads. 

a) b) 
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Figure 7.4 Fitting curves for lactose at small porosity (φ=0.355) with PDMS using the pressure solution. 

Red dots the experimental data. Black line is the fitting curve using the full solution. The blue dash line 

represents the pressure predicted by the fitting. (a): fit up to 0.7𝑝B
max, 𝑝c_eff =5600Pa, 𝑅2 =0.998; (b) 

fit up to 0.9𝑝B
max, 𝑝c_eff =6500Pa, 𝑅2 =0.981. 

The different imbibition regions for experiments with small porosity lactose and PDMS is 

presented in figure 7.5. Using the threshold value 0.01 together with the trend of the 

deviation increase as shown in figure 7.5b, the intermediate region is determined to be from 

0.4𝑝B
max to 0.8𝑝B

max. The intermediate regions for experiments with lactose and PDMS are 

similar to the intermediate region for 10𝜇𝑚 glass beads and wider than 45𝜇𝑚 glass beads, 

even though lactose is more heterogeneous. For experiments with lactose, the bubbling 

pressure 𝑝B
max is used to determine the imbibition regions, this bubbling pressure is lower 

than the advancing pressure. However, in glass beads the advancing pressure 𝑝A
max is used. 

This is why the intermediate region is wider in a more heterogeneous media with lactose.  

 

a) b) 
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Figure 7.5 The development of the deviation of the fitting by modified Washburn solution (blue) and 

the full solution (red) obtained by fitting the experimental data up to pressure differential at 𝑝/𝑝B
max= 

0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1 for small porosity lactose with PDMS. The deviation is 

calculated by equation 5.2. The grey region is the Washburn region, the green region is the intermediate 

region and the red region is the final region. a): the deviation is presented in linear scale, b) the deviation 

is presented in logarithm scale. The dashed line is the threshold value (deviation =0.01). 

The fitting results obtained within the intermediate region for the columns with two 

different porosities are summarized in Table 7.1. For experiments with large porosity, the 

fitting uses the experimental data up to 0.9𝑝B
max. For small porosity, the experimental data 

up to 0.7𝑝B
max is used in fittings. The effective pressure for large porosity is smaller while 

the permeability is larger, as expected. The ratio of the effective radius is 1.5 ± 0.4. For 

permeability this ratio is 4.6 ± 3.8.  

𝜑 𝑝c_eff(𝑃𝑎) 𝑟eff(𝜇𝑚) 𝜅eff(𝑑𝑎𝑟𝑐𝑦) 

0.44 3100 ± 550 13.0 ± 2.3 0.70 ± 0.40 

0.37 4500 ± 750 9.0 ± 1.5 0.14 ± 0.07 

Table 7.1 The average value of effective capillary pressure, pore radius and permeability obtained by 

fitting with pressure solution. The experiments are between lactose and PDMS at different porosity. For 

𝜑=0.44, the results are obtained by fitting the experimental data up to 0.9𝑝B
max. For 𝜑=0.37, the results 

are obtained by fitting the experimental data up to 0.7𝑝B
max. 

 

7.2.2 Lactose with saturated solutions: different column height H  

The experiment with DI water is more complicated because lactose is soluble in water. For 

this reason, we use saturated solution of lactose in DI water as the wetting liquid. Based on 

a) b) 
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the experiments with PDMS, large porosity systems result in experiment that are more 

complicated to interpret and analyze. Therefore, we prepare the porous media columns with 

a low porosity, 𝜑 ~ 0.37. During the initial experiments we noticed that, approximately 

20min after we start, there was a crack that appeared in the middle of the porous media, 

shown in figure 7.6a. After the crack was formed, liquid stopped advancing and the 

pressure was slowly decreasing (shown in figure 7.6b). The maximum pressure reached 

during the experiment was the pressure before the crack appeared. At this point, it is not 

clear if the advancing pressure is reached. We can thus use the fittings to estimate an 

effective capillary pressure.  

  
Figure 7.6 a): The crack appeared in the experiment. b): The pressure and liquid weight evolution over 

time during an experiment with lactose and saturated solution. The pressure reached the maximum at 

20min when a crack was formed and then slowly decreased. 

In figure 7.7 we present the fitting for the experiment with saturated solution. This is the 

experiment mentioned above where a crack formed in the porous media and liquid stopped 

advancing. Therefore, the advancing pressure was unknown. The effective capillary 

pressure obtained in figure 7.7a and 7.7b are 8500Pa and 9000Pa, they were obtained by 

fitting the experimental data up to 0.7𝑝max and 0.9𝑝max, respectively. Both values are 

a) 

crack 

b) 
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higher than the maximum pressure reached in the experiment (8000Pa). The value suggests 

that the crack occurred when the system was close to reach the advancing pressure. On the 

other hand, the reason why the crack appears and how it is formed is not very clear. A 

possible reason is that lactose dissolved due to the long duration of the experiments. 

    
Figure 7.7 Fitting curves for lactose at small porosity (φ=0.373) with saturated solution using the 

pressure solution. Red dots the experimental data. Black line is the fitting curve using the full solution. 

The blue dash line represents the pressure predicted by the fitting. (a): fit up to 0.7𝑝max, 𝑝c_eff = 9000Pa, 

𝑅2 =0.999; (b)fit up to 0.9𝑝max, 𝑝c_eff =8500Pa, 𝑅2 =0.999. 

To avoid the formation of a crack at such long times, we prepared another porous media 

but using a shorter column (1.5 inch), to reduce the saturation time as suggested in chapter 

4. For a shorter column, it is expected to reach the advancing pressure in a shorter time 

such that the crack is yet to form. However, the column we used was so short that the 

advancing pressure was not reached even though the liquid reached the top of the porous 

media. We fitted the experiments with solutions to estimate the capillary pressure, similar 

to the case of large porosity porous media, the effective pressure is larger than the 

maximum pressure reached in experiments. The data up to 0.9𝑝max was used in the fittings 

and the results are summarized in Table 7.2. Similar to the experiments with 10𝜇𝑚 glass 

beads, the effective permeability measured when the saturated solution penetrates through 

the system is smaller than the permeability obtained from the liquid penetration with PDMS. 

a) b) 
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Comparing the effective capillary pressure obtained by fitting up to 0.7𝑝B
max in experiments 

of small porosity lactose with PDMS and assuming same pore size for both liquids, we 

obtain the value of 𝑐𝑜𝑠𝜃  for saturated solution 𝑐𝑜𝑠𝜃 = 0.67 ± 0.18 . Kiesvaara and 

Yilruusi [94] studied the contact angle of lactose using the Washburn method on a 

horizontal column. They obtained 𝜃 = 61.7° ± 0.7° (𝑐𝑜𝑠𝜃 = 0.46 ± 0.01) for saturated 

solution and compared this value to the contact angle obtained using the sessile drop 

method on lactose tablets, which is 10° [94] (𝑐𝑜𝑠𝜃 = 0.98). The results in our experiments 

are closer to that obtained using the Washburn column method since both are dynamic 

methods and the powder samples are packed in a column.      

Liquid 𝑝c_eff(𝑃𝑎) 𝑐𝑜𝑠𝜃 𝜅eff(𝑑𝑎𝑟𝑐𝑦) 

Saturated solution 11000 ± 2400 0.67 ± 0.18 0.048 ± 0.010 

PDMS 4500 ± 750 1 0.14 ± 0.07 

Table 7.2 The average value of effective capillary pressure, 𝑐𝑜𝑠𝜃 and permeability obtained by fitting 

with pressure solution. The experiments are between lactose and saturated solution with 𝜑=0.37, the 

small porosity PDMS results are listed as reference. The results are obtained by fitting the experimental 

data up to 0.9𝑝max for saturated solution. For PDMS, the data up to 0.7𝑝B
max was used in the fitting. 

Despite not reaching the equilibrium of the advancing process in our experiments with 

lactose and saturated solution, we noticed that the pressure increases faster in a shorter 

column. In figure 7.8 we present the time to reach 0.5𝑝max, 0.75𝑝max and 0.9𝑝max for three 

experiments with different column height 𝐻= 9.6cm, 14.5cm and 17.6cm. The maximum 

pressure 𝑝max is the highest pressure measured in the experiment, it is not the advancing 

pressure because the advancing pressure is unknown. The effective column height is 

estimated by the fitting between 𝑚 and 𝑝, as discussed in section 5.3.2. It is obvious in 

figure 7.8 that using a shorter column reduces the time to reach a certain completion 

fraction. However, the advancing pressure might not be achieved in a short column. It 



119 

 

 

would be critical to choose a column height that has enough empty space for the liquid to 

compress to reach the advancing pressure, but not too long that may cause cracks.  

 
Figure 7.8 Time to reach 0.5𝑝max , 0.75𝑝max  and 0.9𝑝max  vs. effective column height for three 

experiments between lactose and saturated solution 

 

7.3 Swelling material: Microcrystalline Cellulose (MCC) 

Microcrystalline cellulose is one of the most important filler/binder in direct compression 

of tablets [95], [96]. Because of its relatively low bulk density, only very small amount of 

MCC is needed to bind other materials [97].  The porous media packed by MCC has an 

extremely large porosity of around 0.72, compared to lactose and glass beads. The 

intraparticle porosity is very high, almost 90-95% of the surface area is internal [98]. In 

figure 7.9 we present the advancing process of an experiment with MCC and PDMS. There 

were a lot of fluctuations in the pressure curve in figure 7.7a. The fluctuations are a result 

of the bubbling phenomena.  In figure 7.7b it is clear that the first bubble appeared at 1.5min, 

when the pressure was 𝑝max=1600Pa. After that, the liquid was still penetrating in the 

column while the bubbles keep forming and detaching at the bottom of the column. The 

bubbling phenomena is not surprising given that the porosity is extremely large.  
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Figure 7.9 The evolution of pressure and liquid weight over time during the imbibition of PDMS in 

MCC. a): The entire imbibition process; b): The first 15min of a). 

Using the pressure data collected during the first 1.5min to fit with pressure solution 

(equation 3.21) we obtain the effective capillary pressure 𝑝c_eff =1900Pa and the effective 

permeability 𝜅eff =0.44darcy. The fitting plot is presented in figure 7.10. The effective 

pressure is larger than the maximum pressure reached in imbibition 𝑝max =1600Pa. 

Assuming cos (𝜃PDMS) = 1, the corresponding effective radius is 21.1𝜇𝑚. The MCC used 

in the experiment is Avicel 101, with an average particle diameter of 50𝜇𝑚. The particle 

size distribution is presented in section 2.2.2. 

 
Figure 7.10 Fitting curves for experiment of MCC with PDMS using the pressure solution. 

𝑝c_eff =1900Pa, 𝜅eff =0.44darcy and 𝑅2 =0.999. 

a) b) 
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The experiments between MCC and DI water are more complicated, since the material 

swells when wetted by water. During the experiments there were bubbles leaving the 

column, creating a lot of disturbances in the reading of the liquid weight, shown by the red 

curve in figure 7.11. The disturbances making it difficult to estimate the effective column 

height by fitting. Without knowing the effective height we cannot fit the experiment with 

the analytic solutions. 

 
Figure 7.11 The evolution of pressure and liquid weight over time during the advancing process of DI 

water in MCC. There were a lot of “jumps” the liquid weight caused by bubbling. 

7.4 Aluminum Oxide 

Alumina, also called aluminum oxide, is an important material used in dental ceramics [99]. 

Its wettability is a critical parameter in the manufacturing of metal-ceramic composite 

materials, as well as the corrosion and wear protection [100]–[103]. We studied the 

imbibition of PDMS and DI water in columns packed with 20𝜇𝑚 alumina powders. We 

only performed one experiment for each liquid to see the preliminary results. The plots 

from the advancing process are presented in figure 7.12. Figure 7.12a shows an experiment 

with PDMS and figure 7.12b show an experiment with DI water. From the static 
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measurements, the advancing pressure for DI water is 27800Pa and for PDMS it is 7400Pa. 

Since the contact angle for PDMS is zero, by assuming the same pore size between PDMS 

and DI water we obtained the DI water contact angle with alumina 𝑐𝑜𝑠𝜃w
adv = 1.0. The 

value suggests these alumina particles are hydrophilic.  

  
Figure 7.12 The evolution of pressure and liquid weight over time during the advancing process of a): 

PDMS in alumina; b): DI water in alumina. 

In the dynamic characterization, the experimental data up to 0.7𝑝A
max is used to fit with the 

full solution. The effective values of capillary pressure and permeability obtained by the 

fittings are listed in table 7.3. Similar to the case with glass beads, the effective capillary 

pressure is smaller than the advancing pressure because they present different pore sizes. 

From the ratio of the effective pressure we also obtain the contact angle for DI water is 

zero, with 𝑐𝑜𝑠𝜃w
adv = 1.0 . The effective permeability is 0.098darcy for PDMS and 

0.056darcy for DI water. The ratio between the permeability is also similar to the case with 

10𝜇𝑚 glass beads.  

Wetting liquid 𝑝A
max 𝑝c_eff (Pa) 𝜅eff (darcy) 

PDMS 7400 6700 0.098 

DI water 27800 23500 0.056 

Table 7.3 The advancing pressure, effective capillary pressure and permeability of experiments with 
alumina and PDMS, DI water. The effective values were obtained by fitting the experimental data up to 

0.7𝑝A
max. 

b) a) 
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In this chapter we summarized the characterization protocol and applied it on three 

pharmaceutical powder materials: lactose, MCC and alumina. In the case of lactose, we 

studied two cases depending of the porosity of the packed column. At large porosity (0.44), 

spontaneous bubbling takes place while the liquid is still advancing in the smaller pores, 

thus the advancing pressure cannot be measured experimentally. At small porosity (0.37), 

the spontaneous bubbling process is less dramatic, but the advancing pressure is still 

unknown. Only the effective capillary pressure can be estimated by fitting experimental 

data to the pressure solutions obtained in chapter 3. This effective pressure can be either 

higher or lower than the maximum pressure 𝑝max  reached in experiments. In the 

experiments with large porosity, the effective pressure is higher than 𝑝max because the 

system is more heterogeneous, the maximum pressure is the bubbling pressure of the large 

pores while the effective pressure corresponds to a pore radius that is an average of large 

and small pores. The different regions of PDMS imbibition in lactose is studied following 

the same approach used for glass beads. For large porosity experiments, the intermediate 

region is between 0.5𝑝B
max and 0.9𝑝B

max. For small porosity experiments this region is from 

0.4𝑝B
max to 0.8𝑝B

max. In the case of lactose with saturated solution, the experiments were 

performed using columns with various lengths. When the column is too long, there will be 

cracks formed in the porous media during imbibition. If the column is too short, it will not 

reach the advancing pressure because there is not enough space for the liquid to compress. 

Although not reaching the advancing pressure during the preliminary experiments, we can 

estimate the effective capillary pressure using the fittings and use the ratio of effective 

pressure to estimate the contact angle. Another finding during the experiments with lactose 
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and saturated solution is that the time to reach a certain completion fraction is reduced by 

using a shorter column.  

For experiments with MCC the porosity of the porous media is even larger, 𝜑~0.72. At 

such extreme heterogeneity, the spontaneous bubbling happens soon after the liquid enters 

the porous media. Especially when the wetting liquid is DI water, bubbles caused 

disturbances in the reading of the scale. The disturbances make it difficult to estimate the 

effective column length. Accordingly, we are not able to fit with the solutions. In any case, 

the solutions obtained in this thesis do not apply to swelling media. 

In the experiments with alumina we obtained results similar to the experiments with 10𝜇𝑚 

glass beads. The contact angle with DI water is zero. The results with these pharmaceutical 

granular materials suggest that our characterization method can be applied to practical 

powders. However, because they are usually irregular in shape and more heterogeneous, 

we need to pay extra attention in the design of the experiments, for example making sure 

that the porosity of the packed column is not high. In addition, in the case of soluble 

materials, it may be important to reduce the column length. The analytical solutions are 

very useful when estimating the effective capillary pressure and contact angle in cases 

when the advancing pressure cannot be measured directly from experiments. 
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8. Conclusions 

The objective of this thesis is to develop and demonstrate a methodology able to 

characterize the properties of powder in contact with liquids, including wettability, using a 

closed column packed with the powder material of interest. In addition, using a packed 

column that is closed at the top, enables the study of both the advancing and receding 

processes. Analytical solutions describing the liquid uptake and pressure differential are 

obtained for the dynamics during the capillary rise in a close column. The wetting 

experiments are initially performed with a model system using glass beads and PDMS as 

the reference liquid. This system is characterized by static as well as dynamic methods. In 

the static method, the static capillary pressure and its corresponding pore radius is obtained 

for different specific moments in the experiments, that is, at the end of the advancing 

process, at the beginning of the receding process and at the threshold pressure leading to 

bubbling. In the dynamic method, the experimental results are fitted with two different 

analytical solutions, the modified Washburn solution and the full solution, to obtain the 

effective capillary pressure and permeability of the packed column. We also analyze the 

early stages of the penetration process using a modified Washburn solution. Based on the 

comparison between the fittings with the modified Washburn and the full solutions, 

different regions of the imbibition process are determined and a general methodology is 

proposed to analyze the advancing process. After validating the proposed characterization 

method with the model system, this method is then used to characterize other systems 

including glass beads and DI water, as well as pharmaceutical powders with PDMS and DI 

water. The conclusions from each chapter are summarized below: 



126 

 

 

In chapter one we provided an overview of the wetting in porous media. We introduced the 

basic concepts related to wettability and discussed cases of capillary hysteresis in different 

pore geometries. The capillary hysteresis in porous media is a combination result of the 

contact angle hysteresis, pore size heterogeneity and pore connectivity.  

Chapter two introduced the experimental system and the improvements compared to 

previous works. Using the proposed experimental setup, we are able to study both the 

advancing and the receding processes of powders and even force the receding process up 

to bubbling. In addition, this system also allows us to investigate the dynamics of capillary 

rise.  

In chapter three, the analytical solutions of the capillary rise in the porous media are 

obtained. The solutions describe the evolution of both the liquid mass and the pressure 

differential during the imbibition inside a closed column. Compared to the existing 

solutions, our solutions consider the hydrostatic effects and the non-linear pressure 

dependence on the liquid penetration height. Therefore, it is a more general solution and 

can be used with a wide range of capillary pressures. A simplified solution called Modified 

Washburn solution for imbibition during the initial stages is also obtained to compare with 

the general solution. 

In chapter four we considered the analytical solutions in dimensionless forms. Two 

independent dimensionless parameters that control the liquid penetration were identified. 

One is the normalized initial pressure in the closed system and the other is the normalized 

capillary pressure that drives the imbibition. Then, two different scenarios are considered 

based on the two dimensionless parameters. In one scenario only the capillary pressure 

changes, the equilibrium height and pressure increase with the capillary pressure. The non-
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dimensional equilibrium time is not monotonic with the non-dimensional capillary pressure. 

At small capillary pressures, the equilibrium time increases faster with the capillary 

pressure. Then at large capillary pressures, the non-dimensional equilibrium time 

asymptotically approaches a finite value. In the other scenario, the capillary pressure is 

fixed while the initial pressure and the effective height changes. In this case, the 

equilibrium height decreases with the initial pressure and the effective column height. 

While the equilibrium pressure follows the opposite trend. The equilibrium time is reduced 

when the initial pressure increases or the column height is reduced.  

The experiments of the model system, glass beads and PDMS are discussed in chapter 5. 

The pressure and liquid mass curves during the advancing and receding processes are 

presented. From the “staircase-like” shape of the receding curves we learned that the 

porous media is heterogeneous. Three pressure definitions, the advancing pressure 𝑝A
max, 

the receding pressure 𝑝R
min, the bubbling pressure 𝑝B

max and their corresponding radii are 

introduced to characterize the porous media in a static way. In order to perform the dynamic 

characterization using the analytical solutions, the effective column height 𝐻 needs to be 

determined. We provided two methods to determine it, through theoretical estimation and 

fitting with the equation relating ℎ and 𝑝. The fitting estimation is preferred because the 

theoretical value neglected some small volumes which are difficult to measure. However, 

the theoretical value provides a reference to check if the system is leaking. After obtaining 

a reliable value for 𝐻, we fit the experimental data with the analytical solutions to a certain 

pressure range to determine the effective capillary pressure and permeability. The solution 

in terms of pressure is preferred over mass because of a higher resolution provided by the 

pressure sensor.  In the fitting with experimental data up to different pressure ranges (0.1, 
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0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9𝑝A
max ), we noticed there are different stages in the 

imbibition. We use the deviation of the fittings and a threshold value 0.01 to determine the 

imbibition regions. Based on the results obtained using the modified Washburn solution 

and the general solution, the imbibition is divided into three different regions, the 

early/Washburn imbibition, the intermediate imbibition and the late imbibition. The early 

imbibition is when the pressure differential is small and the experimental data agrees well 

with the modified Washburn solution. During this region, the capillary pressure and the 

permeability are combined as one parameter and cannot be determined individually. Within 

the intermediate region, the Washburn solution deviates from both the experimental data 

and the general solution. The capillary pressure and the permeability can be obtained by 

fitting with the general solution as two independent parameters. The intermediate stage is 

where we obtain the effective pressure and permeability values. In the late imbibition stage, 

the pressure differential is large and the liquid only fills in the very small pores. Therefore, 

the dynamics no longer follow the general solution. We did not include data from this 

region in the fittings. For 10𝜇𝑚 glass beads, the intermediate region is 0.4< 𝑝 𝑝A
max⁄ <0.8. 

For 45𝜇𝑚 glass beads, this region is 0.2< 𝑝 𝑝A
max⁄ <0.4. The difference in the intermediate 

region is due to a greater heterogeneity in 45𝜇𝑚 glass beads. Finally, we compare the ratio 

of the effective radii and permeability obtained within the intermediate region. The ratio of 

the effective radii is 10 times, this is twice of the particle ratio. However, the 10 times ratio 

is not so surprising considering the large heterogeneity in 45𝜇𝑚 glass beads. Since the 

effective capillary pressure obtained within the intermediate is only half of the advancing 

pressure. The ratio of the effective permeability between 10 and 45 micron spheres is about 

20 times and is consistent with the Kozeny-Carman equation. 
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In chapter six, the results from experiments with glass beads and DI water are presented. 

We followed the static and dynamic characterization method used in chapter 5. By 

assuming zero contact angle for PDMS, the contact angle with DI water is obtained from 

the ratio of the capillary pressures. For 10𝜇𝑚  glass beads, the contact angle is zero, 

indicating that the glass beads are hydrophilic. For 45𝜇𝑚 glass beads, the contact angle is 

greater than zero and they are less hydrophilic. Different manufacturing procedures from 

two different supplies is believed to cause the difference in their contact angle. Different 

imbibition regions in DI water experiments are also obtained following the same approach. 

It is 0.6< 𝑝 𝑝A
max⁄ <0.8 in 10𝜇𝑚 glass beads and 0.4< 𝑝 𝑝A

max⁄ <0.6 in 45𝜇𝑚 glass beads. 

Similar to the case with PDMS, the intermediate region occurs at an earlier stage in 45𝜇𝑚 

glass beads because of a greater heterogeneity. Finally we considered the effective capillary 

pressure and permeability. The contact angle obtained from the effective capillary pressure 

is different from that obtained in the static measurement, especially for 45𝜇𝑚 glass beads, 

where there was a great variance. The difference is believed to be the different filling 

dynamics between PDMS and DI water. For both 10 𝜇𝑚  and 45𝜇𝑚  glass beads, the 

effective permeability in DI water is smaller than that in PDMS, but this difference is more 

significant in 45𝜇𝑚 glass beads. Air trapping when DI water penetrates through is believed 

to be a reason for the low permeability in 10𝜇𝑚 glass beads, but needs further validation. 

For the extremely low DI water permeability in 45 𝜇𝑚  glass beads, the reason is a 

combination of the large heterogeneity and less hydrophilicity. The variance in the 

effective capillary pressure and the corresponding contact angle is also very large, as a 

result of the large variability in the system with 45𝜇𝑚 glass beads. This system is believed 
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to be a limit of this characterization method because of its large heterogeneity and 

variability.  

In chapter seven we applied the characterization method on more complicated systems. We 

studied three pharmaceutical powders, lactose, MCC and alumina. In lactose we used two 

porosity values, 0.44 and 0.37. In the large porosity case, the porous media is highly 

heterogeneous and the spontaneous bubbling process happens while liquid is still 

advancing. Therefore, the advancing pressure cannot be measured. The effective capillary 

pressure is obtained by fitting with the analytical solutions and the value is higher than the 

maximum pressure measured in experiments. The maximum pressure reached in 

experiments is a bubbling pressure corresponds to the large pores. The effective pressure 

represents the average value of both large and small pores, which is why it is higher than 

the bubbling pressure. For the small porosity case, we also observed spontaneous bubbling 

phenomena but it is not as dramatic and the large porosity case. In the experiments with DI 

water, different column heights are used in order to obtain an appropriate height, such that 

the advancing pressure can be reached while a crack will not form in the long time. 

Although we did not obtain the appropriate column height yet, we noticed that the time it 

takes to reach a certain completion factor is reduced by using a shorter column. This is 

consistent with the conclusion in chapter four. The experiments with MCC also 

experienced spontaneous bubbling problems, at a more dramatic level such that the 

readings from the scale are disturbed constantly. For this reason, we did not fit the 

experimental data with the solutions. Finally, we studied the alumina powders. They 

behave very similar to the 10𝜇𝑚 glass beads. The contact angle with DI water is zero. The 

ratio of the effective permeability between PDMS and DI water is also similar to 10𝜇𝑚 
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glass beads. The results with pharmaceutical powders suggest that our characterization 

method is applicable to practical powders. Estimating the effective capillary pressure 

through the fittings provides useful information in some cases when the spontaneous 

bubbling disturbs the measurements. Extra attention is needed when dealing with practical 

powders since they are usually more complicated due to their irregular shapes and greater 

heterogeneity. 

As we pointed out in chapter 6, the reason why the permeability in DI water is lower than 

PDMS is yet not fully understood. It would be helpful to investigate possible causes such 

as air trapping that may contribute to the low permeability in DI water. There were large 

variability in the experiments with the 45𝜇𝑚 glass beads and the surface contamination is 

believed to be a possible reason. More experiments can be done between 45𝜇𝑚 glass beads 

and DI water after thoroughly cleaning the glass beads. Moreover, the experiments of 

lactose and its saturated solution need to be completed after finding the right column length 

that avoids the formation of cracks. Different column lengths can also be used on 

experiments with other pharmaceutical powders to finish the characterization within a 

targeted time. 

 

 

 

 



132 

 

 

Appendix: Permeability measurement for fully saturated 

porous media 

The permeability of a fully saturated porous media is measured using 10𝜇𝑚 glass beads 

with PDMS and DI water. The column containing the porous media is first opened to 

ambient pressure and the liquid spontaneously penetrats into the porous media by capillary 

rise. After the porous media is saturated, a small amount of liquid is added to the top and 

the column is then closed by the o-ring seal plug. A syringe is connected to the system and 

is used to increase the pressure differential inside the column by injecting air. Liquid is 

forced to leave the porous media. The amount of liquid that leaves of the porous media is 

measured by the scale. The pressure differential is monitored by the pressure sensor. PDMS 

and DI water are used in the experiments. The measurement of the pressure differential and 

liquid weight is presented in figure A. 

  
Figure A The pressure differential and liquid weight change during the permeability measurement of 

saturated porous media with 10𝜇𝑚 glass beads. The liquid used is a) PDMS, b) DI water 

According to Darcy’s law, when the liquid passing through the porous media, the pressure 

drop Δ𝑝 over a certain distance ℎ is proportional to the flow discharge: 

a) b) 
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 𝜑
𝑑ℎ

𝑑𝑡
=

𝜅

𝜂

Δ𝑝

ℎ
 (A1) 

Multiply by the density 𝜌 of the fluid and the cross section area 𝑆 of the cylindrical column 

on both sides of equation A1: 

 
𝜌𝑆𝜑

𝑑ℎ

𝑑𝑡
= 𝜌𝑆

𝜅

𝜂

Δ𝑝

ℎ
 

(A2) 

Integrate both sides of equation A2 over time: 

 𝑚1 − 𝑚0 =
𝜌𝑆𝜅

𝜂ℎ
∫ 𝑝𝑑𝑡

𝑡1

𝑡0

 (A3) 

The LHS of equation A3 is the amount of liquid passing through the porous media from 𝑡0 

to 𝑡1. The integrate of pressure over time can be obtained in figure A. 𝜂 is the viscosity of 

the fluid and ℎ is the height or length of the porous media. In our measurements, the 

permeability when PDMS going through was 0.033darcy and for DI water it was 

0.032darcy. There is no significant difference between the measurements for the two fluids. 

Since the porous media is fully saturated, the permeability is not dependent on the fluid. 

However, in the imbibition process, the porous media may not be fully saturated for some 

fluids. Therefore, the effective permeability is dependent on the fluid passing through. The 

effective permeability obtained in fittings are smaller than the permeability measured for a 

fully saturated porous media.  
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