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ABSTRACT OF THE DISSERTATION

Two Problems in Mathematical Physics

By ERIK FERNANDO DE AMORIM
Dissertation Directors: Michael Kiessling and A. Shadi Tahvildar-Zadeh

In chapter 1, a rigorous proof is presented of the existence of the static, spherically symmetric
spacetime that is the solution of the Einstein field equations coupled with an electric field obeying
the equations of electromagnetism of Bopp-Landé-Thomas-Podolsky for a static point charge. It is
shown that the electric field energy is finite, just as the case is for this theory on a background flat
spacetime. The argument proves the existence of a 2-parameter family of solutions in the regime
of large radial variable and of a 1-parameter family when this variable is small, by means of a new
technique for estimating the radius of convergence of a power series whose coefficients are defined
by a polynomial recursion. The existence of the intersection of the families of solutions from these
two regimes is established through carefully restricting the allowable ranges of their parameters so
that the Poincaré-Miranda theorem can be applied.

In chapter 2, a generalization of the system of so-called Jacobi coordinate transformations for
classical and quantum many-body problems is developed, suitable for the study of questions in-
volving the center-of-mass of the system when the interaction between the bodies enjoys symmetry
properties. It is applied to the study of asymptotic ground-state properties of a quantum Hamilto-
nian that models an atom with N bosonic electrons without the Born-Oppenheimer approximation.
The conjectured Hartree limit N — oo is shown to supply a rigorous upper bound to the ground

state energy.
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Chapter 1

Maxwell-Bopp-Landé-Thomas-Podolsky-Einstein system with static

point source

(Supervised by Michael Kiessling and Shadi Tahvildar-Zadeh)

1.1 Overview

This work fits in the much wider scope of investigating the claim, originally made by Einstein,
Infeld and Hoffmann |EIH38|, that the equations of General Relativity alone imply the equations of
motion of the point sources of gravity (viewed as singularities in spacetime) - see [KT19] for details.

The problem of the self-force in electrodynamics consists of finding an expression for the force
that the electromagnetic field generated by a charged point particle exerts on the particle itself.
The possibility to write well-posed classical systems of equations for the joint evolution of electro-
magnetic (EM) fields and their sources, without resorting to ad hoc field averaging or bare mass
renormalization at point charges, requires working with laws of electromagnetism such that the
energy-momentum density of the electromagnetic field generated by charged particles is locally in-
tegrable, which is not the case for the usual Maxwell equations. There are generalized EM theories
that were proposed specifically to address this problem, one of them being the so-called Bopp-
Podolsky theory (which we will call Bopp-Landé-Thomas-Podolsky, or BLTP, theory).

Using this theory, Kiessling |Kiel9| has recently shown how to formulate a well-posed system
for the joint evolution of point particles and their EM fields in flat-space (that is, the Minkowski
spacetime of Special Relativity). Local integrability of the field energy-momentum at the location
of the particles is essential in his work, hence why it is important to work with generalizations of
the usual Maxwell equations. But the nonlinearities in the Einstein field equations pose serious

obstacles to generalizing this study to the theory of General Relativity.



The present work is a small first step towards extending Kiessling’s framework to General Rela-
tivity: we rigorously show the existence of a finite-energy solution to the Einstein equations for the
spacetime of a single, static point charge whose electric field obeys the equations in Bopp-Podolsky
theory. The natural next step going forward, after completing the proof, will be to study our space-
time in the framework of [BKT19|, which defines a weak second Bianchi identity for spacetimes
with point singularities and studies its implications for physical conservation laws, and then to start

investigating the case of two particles.

1.1.1 Problem description

The usual Maxwell equations for the EM fields E, B, D, H of a point particle in flat-space, which we

call the Maxwell-Maxwell system, consists of the pre-metric Maxwell equations (see [HO03)|)

V-B=0 , V-D=41Qd,

(1.1.1)
VXxE+c¢c'9B=0 , VxH-c¢'9D= 4wc’1QQ(t)5q(t)
together with the Maxwell vacuum law
D=F
(1.1.2)
H=B

Here, ¢(t) is the position of the point particle at time ¢, considered to be given a priori, with ¢ being
its velocity and @ its charge (we work in Gaussian units). Upon solving this system, one finds that
the field energy density enny := (87)~1(| E|?+|B|?) is not integrable in space over any neighborhood
of the particle. In the 1940’s, a modification of the above system was proposed. It is often called the
system of Bopp-Podolsky field equations, but we are going to call it the Maxwell-BLTP system, in
honor of its original proponents Bopp |Bop40|, Landé and Thomas |[LT41], and Podolsky |[Pod42|.
The pre-metric equations remain the same (hence the name “Maxwell”), but the vacuum law

that relates D and H to F and B becomes the BLTP vacuum law

D=E - »x20FE
(1.1.3)
H=B-»20B

where 0 = —¢720; + A is the wave operator and s > 0 is a parameter with dimension of inverse

length. Note that s = oo recovers the Maxwell-Maxwell system. The solution, assuming that the



particle is static and located at ¢(t) = 0 for all ¢, has zero magnetic fields B, H and

Q QL—e™)
D(r) = L E(r) = ¢ (r)e, where o(r) = — (1.1.4)
forr = ||(z,y, 2)|| = ||| and e, = r~'r. We remark that the electric potential ¢ is continuous at r =

0 and everywhere bounded. The exponential term in it is a small correction to the Coulomb potential
Q/r for large values of r, while also ensuring that ¢(r) be bounded for small . The field energy
density, which in this static case works out to be egrrp = (87)1(E - D — 3(|E> — %7 %(V - E)?)),

gives a finite value for the total field energy &:
E 22/ egrrp AV = = — (1.1.5)
R3

Now suppose we “switch on gravity,” that is, we consider the Einstein field equations of General
Relativity for a static, spherically symmetric spacetime with a naked timelike singularity represent-
ing a single point charge at rest. This universe is devoid of matter away from this particle, but the
latter generates electromagnetic fields that can be calculated at any point of spacetime (they depend
on the EM theory assumed) and contribute to 7}, (the source term in the Einstein equations). The

underlying manifold is R* minus a line, with a spherical coordinate system (ct,r, 0, ¢) and a metric
ds? = =22 M dt? 4 2 dr? + 12(d6? + sin? 0d¢?) (1.1.6)

where r is the area-radius coordinate and A(r),v(r) are unknown. A globally defined electric
potential ¢(r) is the third unknown of the problem. For T}, obtained from the Maxwell-Maxwell

system, one obtains the Reissner-Weyl-Nordstréom (RWN) solution:

2
o, 2GM | GQ
c2r cir2

, vir)==Xr) , or)=—=, (1.1.7)

with G being the gravitational constant and M a free parameter that can be identified as the total
mass content of the spacetime (the ADM mass). However, it can be calculated that the electric field
energy density on any constant-time hypersurface is not integrable around the singularity, meaning
that the electric field energy of the particle is infinite. To understand how the ADM mass could
be finite while the field energy is infinite, one has to assume that the RWN singularity carries a
negative infinite bare mass.

Our goal will be to couple the Maxwell-BLTP system to the Einstein field equations. We call the
system obtained the Maxwell-BLTP-Einstein equations, and the goal is to prove the existence

of a solution (A(r),v(r),¢(r)) that



1. has a finite value for &;

2. has a finite value for lim,_,q (7);

3. is defined for all r > 0;

4. far away from the singularity, is asymptotic to the RWN solution;

5. pointwise in 7, converges to the flat-space space solution of the Maxwell-BLTP equations when

the gravitational constant G converges to 0.

The justification for items 1 and 2 was described in the context paragraph above. Item 3 says that
there are no horizons, that is, the particle is modelled as a naked singularity of spacetime. Item
4 is desirable from a physical point of view, because it implies that the laws of electromagnetism
that would be observed far away from the particle if BLTP theory were to be true would not differ
from what we actually observe in nature far away from a charged spacetime singularity. Item 5
is to be expected given that gravitational effects in nature tend to be much weaker compared to
electromagnetic effects, so the coupling of gravity to the flat-space equations should not perturb the

solutions by too much.

Remark 1.1.1. There is another well-known formulation of the vacuum law which also deals with
the problem of infinite field energy-momentum of a point particle in flat-space. Originally proposed
by Born [Bor33|, it is part of what nowadays is commonly called Born-Infeld electrodynamics. It
was then first observed by Hoffmann [Hof35| that, under this formulation of EM, the singularity of
the static, spherically symmetric spacetime of a resting point charge is milder than that of the RWN
spacetime, in the sense that the blowup of certain curvature scalars is less severe. In [Tahl1], a class
of electrostatic, spherically symmetric spacetimes that generalize that of Hoffmann is studied with
regard to the presence of horizons, the blowup of curvature scalars at the singularity, and finiteness
of the electric field energy and its relation to the ADM mass. But the properties that define this
class quickly allow for their metric coefficients to be explicitly solved by quadrature, partly due
to the helpful fact that their metric coefficients satisfy g gr» = —1. This is however not the case
for our metric in this thesis, a fact that will become evident once we write down the equations of
the Maxwell-BLTP-Einstein system. This turns even the question of existence of a solution into a

completely different and more challenging task for us than for the systems considered in that paper.



Remark 1.1.2. Regarding the Maxwell-BLTP-Einstein system, Cuzinatto et al. [Cuz+18| have
proved that, if it is assumed that an event horizon exists at some r = r, > 0, then finiteness of the
field energy outside of this horizon implies a no-hair theorem - the solution outside of the horizon
coincides with the RWN solution. But in our framework we would like to assume that there are no
horizons: the particle is modelled as a naked singularity and the coordinate chart is assumed global.
This situation happens also in the RWN spacetime when the parameters are such that GM? < Q?,
which is the case for example for the mass and charge of a proton or electron (Q? is more than 36

orders of magnitude larger than GM?).

Remark 1.1.3. It is known that, for any solution of the Maxwell-BLTP-Einstein equations, ¢ will
be the difference between usual Coulomb potential and a Proca potential (arising in the solution
to the Finstein-Proca equations, with s thought of as its mass parameter). There are numerical
investigations of some properties of static, spherically symmetric spacetimes satisfying the Einstein-
Proca or the Einstein-BLTP system ([VIGO02|, [OV99]), but a rigorous proof of existence of the

solution cannot be found in the literature.

1.1.2 Summary of results

The value of the constant 1/ is unknown, but there are reasons to believe that it would be small
if Maxwell-BLTP theory were the “true” classical theory of electromagnetism in nature. We will
mostly work with units in which ) = »r = ¢ = 1, which then turns G into an exceptionally small
dimensionless constant that we call e. The Maxwell-BLTP-Einstein system can then be considered
an e-perturbation (or G-perturbation) of the flat-space Maxwell-BLTP equations. After obtaining
the Einstein Field Equations from a Lagrangian for BLTP theory, we will recast everything in terms

of the variables
b(r) = M) +r(r) . ((r) = e2v(r) , w(r) = 7,267(A(T)+V(r))g0/(r) 11, (1.1.8)
with the corresponding flat-space variables (solution of the system with ¢ = 0) being
vo=C=1 , wo(r)=(14+r)e". (1.1.9)

We will show that the equations reduce to a second-order ODE system for 1, (,w (see (1.1.13)

ahead). The asymptotic conditions far away from the singularity that we want to be satisfied can



be written as

lim ¢(r) = lim ¢(r)=1 , lim w(r)=0. (1.1.10)

r—00 r—00 r—00
Another one that will come for free in the solution is

lim w'(r) =0 . (1.1.11)

r—00

We will also identify sufficient conditions for the electromagnetic energy to be finite and for lim,_, ¢(r)
to exist and be finite. They are

[FHeen -y,
0

, <oo

/OO P(r)(w(r)')?
0 C(r)r?

Once (1.1.10) and (1.1.11)) are established, we see that finiteness of these integrals is not a problem

dr| < oo. (1.1.12)

around the r = co endpoint, so we think of (|1.1.12)) as a condition for small r.

The main result to be proved is:

Theorem 1.1.4. There exists e, > 0 such that, for all ¢ € [0,e.], the Mazwell-BLTP-FEinstein

system
V=T
¢ = (1_r<)<+f3((1—w2)C2—(w/)2C) (1.1.13)

w’ = <3_C+€C(1—w2)>w’—|—ﬁw

r r3

of a static point charge admits a solution (e, (., we) in (0,00) satisfying the asymptotic properties

described in and , and such that, pointwise at any r > 0,
Bim (14 (1), Co () (1)) = (o). o), wo(r) (1119
The argument is as follows:

e We show that, for any fixed 79 > 0, a family of solutions exists on [rg, c0) satisfying
and , as long as £ > 0 is small enough (the lower bound on ¢ gets worse the smaller we
make 7¢). This family is parametrized by two arbitrary real parameters p and «, the first one
having physical significance (it is related to the ADM mass). Our method consists of writing

the solution as a power series in the small parameter €, with the € = 0 solution corresponding



to the flat-space solution of the Maxwell-BLTP system, and then employing a novel technique
for estimating the growth of the coefficients in order to get a lower bound for the radius of

convergence.

e We find a suitable rewriting of the system that permits us to study it, for small r, as a first-
order, 4D autonomous dynamical system around a hyperbolic equilibrium point. The new
unknowns will be called (z,y, z,s). The 2-dimensional unstable manifold of this equilibrium
point is analytic and consists of a 1-parameter family (we call o the parameter) of solutions to
the system satisfying , and we can use the same estimation techniques as above (this
time for power series in two real variables) to find points on this manifold to arbitrarily small

error.
e With the above work, we will have constructed (in 4-dimensional (z, y, z, s)-space):

— a 3-dimensional hypersurface Z (comprising values of the coordinate s away from 0)

which corresponds to solutions satisfying the good asymptotic conditions for large r; and

— a 2-dimensional surface WV (comprising only small values of the coordinate s) which

corresponds to solutions satisfying the good asymptotic conditions for small 7.

To complete the proof, one needs to show that VW and Z intersect. To this end we consider
the 3D hypersurface of (z,y, z, s)-space that corresponds to r = 1. Intersected with it, W
becomes a curve C and Z becomes a surface S. By looking at the z,y, z coordinates of
points on C and S as continuous functions of numbers o, v, § that parametrize them, and by
considering that an intersection exists when ¢ = 0, the Poincaré-Miranda theorem can be
applied to ensure an intersection for small € > 0, provided that suitable estimates are in place

for how a change in € perturbs the manifolds Z and W.

The novel summation technique developed for the study of convergence of the e- and o-power
series that appear as solutions to the Maxwell-BLTP-Einstein system is explained in remark [T[.4.10}
In the case of a power series in one variable, as in section [I.4] lemma [I.4.1]] contains the main
ingredient necessary for this technique, while theorem [I.4.13]is where it can be seen applied. In the
case of power series in two variables, as in section [I.5] lemma explains the generalization to

multi-variable series and theorem [1.5.11] contains its application to our series.



1.2 Obtaining the differential system

In this section we show how to obtain the stress-energy tensor T}, and a tensorial form dM = 0 for

the vacuum law. Then we write out the system of Einstein equations

8rG

1
GMV = RMV — iRg’uV = CTT“V (121)

and show that, under the assumption of staticity and spherical symmetry, it reduces to a second-
order system of 3 ordinary differential equations. In , (R,) is the Ricci curvature tensor
of g, containing first- and second-order derivatives of the metric components, and (7),,) is the
stress-(energy density)-(momentum density) tensor, or simply stress tensor, which is a symmetric

2-covariant tensor that models how the electromagnetic effects act as a source for gravity.

1.2.1 Set-up

We consider a Lorentzian manifold homeomorphic to R* minus a line that is supposed to model
the spacetime of a universe containing a single, static point charge. It is foliated by spacelike slices,
each one homeomorphic to R? minus a point, with this removed point (a spacetime singularity)
representing the position of the particle. Therefore the spacetime itself is devoid of matter, like the
Schwarzschild spacetime, but we assume that a smooth 2-form F, called the Faraday tensor of the
electromagnetic field of the particle, is defined globally - hence this is an electrovacuum spacetime.
The constants and parameters that we need, together with their physical dimension measured in

Gaussian units of mass, length, time, are:
e c: the speed of light in vacuum ((length)(time)~1),
e G: Newton’s gravitational constant ((mass)~!(length)3(time)~?),
e Q: the charge of the particle ((mass)!/?(length)?/2(time)~!),

e ;. the parameter postulated in the Maxwell-BLTP equations (|1.1.3) of electromagnetism
((length)~1).

A global coordinate system (ct,r,0,¢), with t € R, r > 0, 0 € [0,7], ¢ € [0,27), is assumed

to exist, with (r,0, ¢) representing polar coordinates in any spacelike slice. The metric takes the



general static and spherically symmetric form
g= —e2M1) 2q82 4 o) qr2 1 12362 + 12 sin? 0de? | (1.2.2)
assumed to hold everywhere in spacetime. We also use g to denote the determinant
g(r,0) = —2AMHM) A gin? g (1.2.3)

A sign choice for the metric volume form must be made, since we will be working soon with the

Hodge star * operation; we fix it as
vol, = X712 sing d(ct) Adr AdO Ade . (1.2.4)
By definition, * takes p-forms into (4 — p)-forms according to
1 V1Up
(*W)up+1---u4 = ﬁ\/—gw Evy - Vplipy1--fia 3 (1.2.5)
where € represents the Levi-Civita symbol

1 , if I is an even permutation of {1,...,p},

€r —1 , if I is an odd permutation of {1,...,p}, - (1.2.6)

0 otherwise.

The main property of the x map is that, for any two p-forms «, 3,

|

1
aAxfB =B A o= —ay,. . u,B" HPvoly . (1.2.7)
p

Also recall that, for each fixed index p, the interior product operation i,, taking p-forms into (p—1)-

forms, is defined by the following property (where « is a p form):
in(aAB) =i, NB+ (—=1)Pani,p . (1.2.8)

Since our spacetime is static, there are no magnetic effects. The only other unknown of the
problem is the electric potential ¢(r), from which the Faraday tensor F' = dA can be constructed,

with the potential 1-form A being given in coordinates as

Ag=o(r) , Ar=A4g=A4,=0. (1.2.9)
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We immediately get
F =dA =d(p(r)d(ct)) = ¢ (r)dr Ad(ct) = —¢'(r)d(ct) Adr . (1.2.10)

We shall see in this section that the Maxwell (1.1.2]) and BLTP ({1.1.3) vacuum laws can be written
in tensor form as

dM =0, (1.2.11)

where the 2-form M is defined, respectively in each case, by
1
M =%F or M=xF+—4*dxdxF. (1.2.12)
»

The first choice yields the Maxwell-Maxwell-Einstein system, and the second choice, Maxwell-BLTP-

Einstein system.

The Einstein tensor G, for our metric is diagonal (adapted from [Str04], whose author utilizes

the (+ — ——) signature convention):
e 1 2/
Glety(ey = —5 — " <Tz - T)

e 1 2N

Crm=—mtEt
N (1.2.13)
G90 — 7,_26—211 (()\/)2 + )\// . )\/V/ 4+ >
T

N
Ggg = sinfe 2" <(X)2 + N =NV + Y )

r

We shall also need to know the Christoffel symbols, which can be found in the same reference:

ct o/
F(ct)'r =A

The=v' 0 Tlayey =Ne* . Thy=—re™™ | Tj,=—re™sin?0 (1.2.14)
1 2.
szﬁ = —sinfcosh , TY = .
1
Fie =cotf Fzr =

All other Ff;,, (not obtained from these by swapping the two lower indices) are zero.

1.2.2 Stress-energy tensor and vacuum law

The computations here follow what is done in [GPT15| and [DGT07] and are included for complete-

ness.
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Using F', the BLTP Lagrangian 4-form can be defined on the manifold by

A:A(7~):8i (F/\*F—12H/\*H> ) (1.2.15)
x

T
where we abbreviated

H=H(r)=d*F. (1.2.16)

We remark that this Lagrangian consists of a perturbation of the usual Schwarzschild Lagrangian for
the Maxwell-Maxwell system (the first term), to which a term containing higher-order derivatives
of ¢ was added, with the small 2 appearing as the coupling constant.

To compute T}, and the vacuum law from the Lagrangian A, we need to compute the variation
of A with respect to compactly supported variations of the metric (which yields 7},,) and the 1-form
A (which yields the vacuum law).

We start by considering the following orthonormal coframe (a basis for the cotangent space of

the manifold):

W=t , eV =e"dr |, e® =rdo . e® =rsinfde . (1.2.17)
Note that
9= e’ @ e (1.2.18)
where
n = diag(—1,1,1,1) (1.2.19)

is the Minkowski metric. When we write numerical indices on tensors, it will mean their coordinates

with respect to this coframe and its dual frame. Note for example Ggg = e*QAG(Ct)(Ct) etc. In this

1 (1 2
Goozﬁ—e ? (2_>

new coframe, we have

r r
1 1 2\
G11 = _ﬁ + 6721/ <’I“2 + T‘) (1220)
N —
Gag = Gag = 6—21/ <(/\/)2 + A — N + - v )

Let U be an arbitrary open set of spacetime. Suppose that a one-parameter family of coframes
is given, {eg“)}u:071,273, s € (—a,a) for some small a > 0, with e(()”) = e as in [DGTO7] (formulas

56 and 57). This family defines a family of metrics by

gs = nue @ e where (1,,) = diag(—1,1,1,1) . (1.2.21)
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(w)

We define the variation ¢ as the derivative of eg” with respect to s evaluate at s = 0:
el = e 4 el L O(s?) . (1.2.22)

Suppose also that each ¢ is compactly supported on U.

We also consider an independent variation of the potential 1-form A: suppose that a one-
parameter family of 1-forms A, is given, like above, and define the variation A (assumed compactly
supported on U) by

A, =A+sA+0(s?) . (1.2.23)

Tensors such as A that depend on the metric and on A also inherit their own one-parameter
families, whose elements can be denoted by a subscript s, and variations, denoted with a dot on
top, defined similarly:

As=A+sA+0(s%) . (1.2.24)
The variation A is a tensor of the same rank as A (a 4-form). The Einstein Field Equations

are obtained by imposing zero variation of the Finstein-Hilbert action on U with respect to arbitrary

¢ and A. This action is defined by

S(g, A) = /u (1; + &;TG *A> V=g d(ct)drdfde (1.2.25)

where R is the Ricci scalar of g. The computation of A included here will reveal that its expression

is formed by the sum of three parts:

e an exact differential, which has no effect in the action due to Stokes’ theorem;
e a term of the form A A dX, where X is a 2-form;

e a term of the form ¢ A (), Where 7(,) are 3-forms.

The second term can only yield a zero contribution to the action, for a general A, when dX = 0
on U, which we shall see that will produce the BLTP vacuum law as given by and ,
upon defining M = X:

dM =0 | M:*F—F%*d*d*F. (1.2.26)
Finally, setting to zero the contribution of the third term to the action, for general ¢, amounts

to defining the stress-energy tensor (in the coframe ((1.2.17))) by

T,ul/ =M * (T(p,) A 6()\)) (1227)
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(See |GPT15] formulas 106 and 107 for a derivation of this).

Lemma 1.2.1. Given a p-form ¥, the variation of its Hodge dual is computed as
(W) = W NG, (xT) — (e Ai, W) + T (1.2.28)

Proof. This proof is adapted from the appendix of [DGT07|. It is for this to work that we need the
chosen coframe {e®} to be orthonormal. Using this coframe we can construct a basis for the space
of p-forms, containing elements of the form e A ... Aelte) | 1y < .. , lbp, which we can abbreviate

as el) for I being the multiindex (p1, ..., pp). Note that the Leibniz rule implies that
e =W pj,ed (1.2.29)

because, when computing the right side, the possible minus sign introduced by the wedge is canceled

by the possible minus sign introduced by i,. By the same reasoning,
(xeD) = e A, (xeD) (1.2.30)

this time also because the basis is orthonormal - that is, the computation of xe!!) yields an element
of the form e(’) without a scalar factor in front. Therefore, writing ¥ = ¥re), we have
B = e 4 gD
= TreD 4 T Al (1.2.31)
= UreD 4 e A,
and thus
* 0 =Ty xel) 5 NG, D) (1.2.32)
Now we can calculate
(x¥) = (¥ xeDy
=Urxed 4T (e® Ay, xeld)) (1.2.33)
=0y xel) 4 W Niy*xW .

Using ((1.2.32)) yields (|1.2.28]). O

Now we explain how to use this lemma to find A, following [GPT15| (equation 114). For this we

will use the graded-commutativity property of the wedge product A, the graded derivative property
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of the exterior derivative d, the property (1.2.7) of the Hodge dual map, and commutativity of d

with variations (they are derivations with respect to distinct variables). First we have:
(FAXF) = FAxF 4+ F A (xF)
= FA*F +F AW ANiyx F —x(eW Ai,F) + xF)

= FA*F+éWAF Niyx F— e NiyF AN«F 4+ F A «F

(1.2.34)

= 2F NkF + W A (F Niyyx F —i,F A%F)

= 2dANKF 4 ¢ A (F Niyx F —i,F AxF)

= 2d(AARF) +2ANd* F + W A(F Niyx F —i,F AxF) .

and
(HAxH) = HAxH + H A (xH)’
= HA*H + HA (W Niyx H—x(6W Ni,H) ++H)

(1.2.35)

= HA*H —¢W ANH Niy« H— W Niy,HAN«H + HA+H
= 2H NH — éW A (H Niyx H + i, H A*H)
Expanding the first summand in above (without its factor 2) according to the definition
of H:
H A+H = d(xF)" AxH
=d((xF) AxH) — (xF) Nd* H
= d((*F) AxH) = (" Ny« F— %W Ny F) +%F) Ad« H
= d((*F) AxH) — W Niyx FAd* H+d* HA*(EW NiyF) —dx HA+F
= d((*F) A*H) — W Niyx FAAd* H + W NiyF A«dx H — F A+dx H
= d((*F) AH) + ¢W A (—iy % FAd* H +i,F Axdx H) —dAAxd« H
= d((*F) AxH) + W A (—iyx FAd*H +i,FA*d« H) — d(AAxdx H) — ANdxdx H
=d((*F) A*H — AA*dx H) — ANdxdx H 4 ¢ A (=i FAd*H +i,F Axd* H) .
(1.2.36)
Plug this back into :

(HA*H) =2d((xF) A*H — AANxd* H) —2ANd*dx H

— W N (H Niy* H 4 i, HA*H 420, * FAdx H —2i,F Axd« H) . (1.2.37)



15

This together with (1.2.34)) gives the final expression for A:
. . 1 .
87TA:2d|:A/\*F — 2((*F)'/\*H - A/\*d*H)} +
»
. 1
+ 24N [d*F + 2d*d*H} +
>
(1.2.38)
+ éW A [F/\z’M*F — i, F AXF +
+12<H/\z'#*H + i, H ANxH + 2i,x FAdxH — Qi#F/\*d*H>} :
»

Write this compactly in the form

. 1 . .
A:Qd[A/\*F —~ 2((*F)'/\*H - A/\*d*H>] + 2ANAM + W AT, (1.2.39)
»
where M and T(y) are defined as
M =«F + %*d*H (1.2.40)
>

and

T(M):F/\Z'H*F — ’L'uF/\*F
1
+ 2(H/\iu*H + i, H ANxH — 21, F ANxdx H + QiH*F/\d*H> (1.2.41)
»

These formulas and the definition (1.2.27) of 7}, from 7(,) conclude the computation of the Maxwell

and stress-energy tensors.

1.2.3 In coordinates

To expand out the coordinates of T' and the equation dM = 0, we will need to compute all ex-
pressions involving d and * of F' and H in them. As we compute each one, we keep track of their
coordinates in both the original coordinate coframe (d(ct),dr,dé,d¢) (in order to compute exterior
derivatives) as well as in the orthonormal coframe (e(?), eV, e(?) ¢®)) (in which the Hodge dual is

most easily computed).

F= —gD/d(Ct) Adr = _e—/\— (,0/6(0) A 6(1) (1.2.42)

1
(%F)23 = §(F0150123 + F%093) = FO' = —Fiyy
(1.2.43)

— < F=e Y@ ne® =12sinfe 7V /dO A do
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d v d
H =dx F =sin Hd—(TQef)‘f"(p')dr ANdOAde = c 5 d—(r267)‘7”g0')6(1) Ae® el (1.2.44)
r r2 dr

(xH)o = H'?3¢1930 = —H' = —Hjo3
(1.2.45)

e”d 5 5\, 0 A d 5 A
= «H=- 3 E(T e ©)e® = fr—?&(r e o)d(ct)

d A-v g d A-v g
dxH = — <6 (7’26’\”g0’)> d(ct)Adr = eV — <6 5 d(rQe)‘”go’)> e ne) (1.2.46)
r2 dr

1
(*d*H)Qg = 5((d*H)0160123 + (d*H)loelogg) = (d*H)Ol = —(d*H)Ol

s d /\ v d .
— xdxH=—c> dr( (e A= 90')) e@ A el (1.2.47)

d [erv d
= —r%sin 96_’\_1’@ <er2 5(7“2 A ')) do A do

: d 2 —)\ Vd )\ 3 d 2 —)\ v l
d*d*H:—smeg o 72 dr ©) ) )dr AdO A do

eV d (4, _,_,d ’\Vd r2e= Y ) (2) A ()
_ . e’d a4 ) A e@ A
r2 dr (T € dr( r2 dr ‘ ‘

Having all these at hand, we expand the vacuum law dM = 0:

(1.2.48)

1
osz:H+—d*d*H

’”d ey 1 e?d v, d [erd ey
_ = dr( 2 A— S0/) _ ; 3 5 (7"26 A @ < = dr(r2 A— c)0/)>) :|e(1) /\6(2) /\6(3) ’
(1.2.49)
implying that, for some constant ¢,
2 —A—v, 1 2 _—A—v d e/\_y d 2 —A—v, I 1.2.50
—qg=r-e ¢ = are Pl a(re o). (1.2.50)

By defining the following function:

w(r) = r2e~COO) () 4 g | (1.2.51)



this becomes a homogeneous equation:

which we rewrite as
we)\Jru

_1d v,
2 s2dr\ 2 V)
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(1.2.52)

(1.2.53)

We shall see in subsection that ¢ can be identified with the charge content ) in the spacetime

(but we keep writing ¢ until we’ve proven this).

Next we find 7}, using (|1.2.27) and the 7, just defined. This requires expanding each of the 6

summands in the formula for umE

—(e7")2e0 A e A eB) if p=2
FNiy*F = (1.2.54)
(e} 2e@ A e A e if pu=3
' (e AV 2eM) A e A ) if u=20
— i, F A+F = (1.2.55)
—(eAvp)2e0 A D) A e®) ifp=1
—v 2
~ (&%) DA ne® =1
. v 2
i, H N*H = (%%(Tze—A—ugp/)) if =2 (1.2.57)
o (eT—Qu (ﬁ» (,,,_26—)\—1/90/)) if ©= 3
_290/(6—)\—1/)2% (ei;u%(rze_x—u@w e A @ A e® if =0
— 20, F Adx H = (1.2.58)
2(p/(e—>\—y)2% (ei;”%(,rje—)\—ugp/)> e(0) A e(2) A 3 ifp=1
2¢/(6_x—y)2% (ei;V%(TQE—A—uSO/)) 20 A o) A o3 if =2
2, x FAdx H = (1.2.59)
2¢/(€_A_y)2c% <e>7‘n;” %(736_)‘_”90/)) 20 A o) A o2 if p=3

Then we conclude:
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ST T = (6_/\_”@/)2 + i o eil/iﬁﬂe—)\—u@/) 2
©) 2 r2 dr
d [erv d
o —A—v\2 2 A=, (1) (2) (3)
24 (e ) . < 3 dr(r e go)) } }e Ne Ne (1.2.60)
87Ty = 4 — (6—)\—1/ /)2_{_i B e_Vi(TQG—)\—u /) ?
) L4 72 r2 dr v
d (e d
R AV M2 —A—v, (1) (2) (3)
+2¢'(e ) T ( 2 dr(r e 90)) } }e Ne Ne (1.2.61)
8 — —A—v 12 1 e’V d 2 —A—v I ?
T =4 — (e ¢') +; 2 5(7”6 ©')
d /et d
—A—1v\2 2= Ay (1) (2) (3)
+2¢(e ) I < 3 dr( go)) } }e Ne' Ne (1.2.62)
8Ty = (e AV + N d( 2e Ay 2
) 72 2 dr
d [erv d
o a2 4 d 5 sy (1) A (2) A (3)
2¢'(e ) dr( 3 dr( e go))}}e Ne' Ne (1.2.63)
Now we see from ([1.2.27) that (7),,) is diagonal with
87 Thn = —A—v, N2 L[ e d 2 —A—v, / ? 9 1 —A—v\2 d 6)\71/ d 2 —A—v 1 |
oo = +(e ¢)+? A 5(7“6 o) —2¢'(e )@ 2 dr(r ¢')
N 1] “’d s A\ ,,,d A d oy i )]
8T = —(e A @’)24—; — ( 2 dr r2e ’) +2¢'(e A )2dr( 2 dT(TQe A cp’))
LT ’ d (7 d '
Too — —A—v, \2 I 2—)\11/ —>\ v\2 2 2 —A—-v, /I
8nThr = +(e ) +%2 i <7‘2 dr ) dr \ r2 dr(r ) |
LT ’ d (e d '
87 Tha — “A—v, N2 | ~ | 2—>\Vl —AV27 P
Ty = +(e ¢)+%2 <r2 dr )dr r2 dr(re ) |
(1.2.64)

We can simplify these four equations considerably using w instead of ¢’ and using the vacuum law
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(1.2.53)). For example, let us work with the first one:

. 1 e d, 5 A\ vped (A,
8tToo = +(e™ @')2—1—%2[— ( = 5(736 A go’)) — 24/ (e )2( —(r2e? ap’))]

d
—v 2 A—v
e O d e
- ( 2 w/> 2 ))25 ( r2 w/>]

=G w—9’+ —%126:1/(11/)2 _ ;wl(e(wu)y%?u?}gw
— %4 (w—q)* + —:26;”(“/)2 _ 2¢/e—(x+y)%

- %4 (w— q)2 + _ige:y(w’)z _ %w(w _ )

N %4 (_w2 +q° ;26_2”(10’)2>

(1.2.65)

Note that, in all equations in (1.2.64]), the signs of the first and third terms are flipped (so that the
same simplification that happened between them in the above calculation will take place), while the
sign of the second term remains the same (so that all will yield the same multiple of 52 as in the

above calculation). Hence we have:
81Ty =

(1.2.66)

87TT22 =

8733 =

(

&nl1 = 1 <+w —q ]
(
(

1.2.4 Einstein Field Equations

We have concluded that both sides of the Einstein system ((1.2.1)) are diagonal. Also comparing the
equations for Goo and Gz reveals that their left sides are one and the same, and the same is true

for their right sides. Hence the system reduces to 3 independent equations:

1 _ 1 20/ G 1 _,,
— _e 21/<_>_C4T4<_w2+q2_%26 2 (w/)2> ,

r2 r2 r
1 —92 1 2)\/ G 2 2 1 -2 N2

—— v+ ) = (e e , 1.2.67
2 +e <r2 + . ) v (w q %26 (w") ( )
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Proposition 1.2.2. The third equation above is a consequence of the first two and the vacuum law

259
Proof. Consider the Bianchi identity:

Ghy=0 , v=0,1,23, (1.2.68)

where semicolon denotes covariant derivative in the Levi-Civita connection of g. Using the expression

G2 =G +1% GMP + T8 Gon (1.2.69)

and the Christoffel symbols as given in ((1.2.14)), we can work out that the v = 1 equation in (|1.2.68])

is the only nontrivial one, equivalent to
2 2 , , 2 ,
;GQQ = ;Ggg = Gll + G | N+ ; + XNGop - (1.2.70)
Use the first two equations from (1.2.67) to rewrite the left-hand side in terms of (7, ):
2 2 , , 2 ,
;GQQ = ;Ggg =8rG| Ty, +Ti (N + - + XToo | - (1.2.71)
Therefore, we will be able to deduce the equations Goo = 87GThy and Gs33 = 8w(GT33 if we can
check that (7),,) satisfies
, ;2 , 2 2
T+ T A+ ; + N1y = ;TQQ = ;ng . (1272)

Adding and subtracting the first two equations in (1.2.67)) yields

G (w')?
()\ + I/)/ = —64%2 ,,43 (1 ) 73)
(A V), - 62V -1 G 621/ (w q2) L.
STy A

which are equivalent to

2r 2¢tr3

2v
;e —1 G 2 2 2 1 N2
YT T Ty +264T‘3 <—e (=g = 5 W)

v_1 G 1
N = —l—e + (+e2”(w2 - q2) - — (w')2>
(1.2.74)

In particular note that A does not depend on A. This means that, when expanding out the second-
order w equation (1.2.53) (which contains e* on the left and its derivative on the right) by using
(1.2.74)), there will also be no A terms present. One can check that it becomes

3— e Ge%
" 2 2 ! 2 2
w ( r + A3 (q —w))w + e w . (1.2.75)
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Upon expanding both sides of ((1.2.72]) by using the definition of T}, and the equations (1.2.74) and
(1.2.75)), one can verify that ([1.2.72) is indeed an identity, as needed.

O

Hence we can continue working only with the first two equations in ([1.2.67)) (or their equivalent
(11.2.73) as well as the w equation ([1.2.53)) (or its equivalent (|1.2.75)). The most convenient form

for the first two equations can be obtained by introducing new functions 1, (:
Y(r) = A0 () = 200 (1.2.76)
Given this definition, it will also be necessary to verify that the solutions we obtain for them satisfy
P(r)>0 , ((r)>0 (1.2.77)

for all » > 0.

Then we see from that they satisfy a system of decoupled equations. With this we have
found the Maxwell-BLTP-Einstein system for the functions v, {, w defined by and :
/ G o

P = A2 ﬁ(w/)2
1-— G 1 /
¢ = . 9. = <q2C2 - Cu? - (w )2¢> ' (1.2.78)
= (B o)

Note that 1 does not show up in the ¢ and w equations. Therefore we can study those two equations

separately, and only then draw conclusions about 1 using the first equation.

Remark 1.2.3. We will see in subsection that the ¥ and ( corresponding to the RWN
spacetime together with the w corresponding to the Coulomb potential ¢(r) = ¢/r are a solution
to this system satisfying these asymptotic conditions, but we will quickly rule it out as a desirable
solution due to the fact that its EM field energy density is not integrable in 3D space around the

singularity.
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1.3 A priori study of the differential system

1.3.1 Perturbation of the flat-space solution

We single out a special solution of the system ([1.2.78]) above in the case G = 0, called the flat-space
solution, as defined in ({1.1.4)):

nr

q—qe
y= 1t

. » Ao(r) =wo(r) =0 (1.3.1)

wo(r
The corresponding w as defined in (1.2.51]) and v, ¢ as defined in ((1.2.76) are
wolr) = gL+ 5r)e™™ | do(r) = Go(r) =1 (13.2)

Considering that, in most physically interesting contexts, gravitational effects are several orders
of magnitude less significant than electric ones, we would like to impose that the solution we seek
for G # 0 be a perturbation of this flat-space solution. More precisely, if we indicate the dependence

of the solution on the value of G with a subscript, then we seek solutions satisfying

lim (46(r), C(r), wa(r)) = (Yo(r), Go(r), wo(r)) for all 7> 0. (13.3)

(For the derivation of the flat-space solution, see subsection ahead).
We can use the parameters g, s, ¢ to re-scale the potential ¢ and the coordinates r, ¢ into dimen-
sionless quantities:
o o . - (i)
ANF)=XT7/3) , v(F)=v(f/) , T=osr , t=cxt , QF)="——""—. (1.3.4)
q
The effect produced by this change is to replace ¢, s, ¢ by 1 in all formulas, while G gets replaced

by the dimensionless constant

(1.3.5)

We will implement this change in most formulas going forward, except when we want to carefully
keep track of where each constant ends up. But we continue to use the notation without tildes even

when the change has been implemented, to unburden the notation.

Remark 1.3.1. The flat-space potential ([1.3.1]) should be viewed as a small perturbation of the
Coulomb potential ¢/r given by a Yukawa potential —e™*"/r. The magnitude of s controls the

range of this deviation, which quickly becomes negligible after » = 1/s due to its exponential



23

decay. If our spacetime is supposed to model a charged particle, it is to be expected that 1/
should be a sub-atomic length.

Using the cgs values of the constants G, ¢, ¢ (take ¢ to be the elementary charge):
G =6.67x108cm3g s72 |, ¢=1.60x 10710(:r113/2g1/2571 ., ¢=3.00x10"%ms™ !,

we obtain

2
G4 _ 190 x 10" em?
C

This means that, even if 1/5 is exceptionally small (say, the Planck length 1.62 x 10_33cm), the

resulting dimensionless constant ¢ still comes out small (7.24 x 1072%).

1.3.2 Asymptotic conditions for large r

We do not wish to look for just any solution of (|1.2.78]), but rather only those that behave like
what we observe in the physical world in the appropriate scales. Namely, we impose conditions of

an asymptotically Minkowski metric

lim A(r) = lim v(r) =0, (1.3.6)

=00 r—00

which ensure that the spacetime gets closer and closer to being flat away from the singularity, as

well as conditions of an asymptotically Coulomb potential:

lim o(r) =0 , lim r2¢/(r) = —-Q . (1.3.7)

r—00 7—00

The first of these limits simply fixes a value at oo for the potential, as is usually done. The second
one says that the radial derivative ¢’ looks more and more like the one obtained from the Coulomb
potential in flat-space, equal to /r. The significance of this will be clear in subsection where
we calculate that the electric field is a multiple of ¢’, just like in the case of Maxwell-Maxwell
electromagnetism, and hence, under , the expression for the Coulomb field from a distance
in the Maxwell-BLTP case will look like that of Maxwell-Maxwell.

Note that, in terms of the functions v, defined in and w defined in , the

asymptotic conditions ([1.3.6) and ([1.3.7) at r = oo are written as

lim ¢(r) = lim ¢(r)=1 , lim w(r)=-Q+q. (1.3.8)

T—00 T—00 =00
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Remark 1.3.2. For a metric like ours and under the conditions ([1.3.6)), the notion of the ADM

mass M of the spacetime can be defined by

c2r r2

GQV(T)—1+2GM+O<1> as r — oo . (1.3.9)

It has the physical interpretation of the total mass content of the spacetime. For example, it is the
M appearing in the RWN solution (1.1.7). When working with dimensionless units as explained in

subsection [I.3.1] the dimensionless ADM mass can be defined as

M
- 1.3.10
b= ( )
and ([1.3.9) now looks like
2 1
e — 14 21 Lo <2> as r — oo . (1.3.11)
r r

The first two coefficients in the RWN metric (1.1.7]) corresponding to charge ¢ and ADM mass M

are written in dimensionless variables as
22 2ue € 2 oue e\ !
M =1-"—g = 2= (1-"2 . (1.3.12)
r r r r
When e? < 1, these expressions are positive for all r > 0, that is, the spacetime is free of horizons

0—28

and the coordinate system is global. Using the electron mass M = 9.11 x 1 g and charge as

above, we can calculate that this is the case, and by several orders of magnitude:

Gq2%2 A M? GM?
2 43
= = =2.40 x 10 . 1.3.13
H ( A gt a2 ¢2 x ( )

1.3.3 Charge and electric fields

Next we show that the integration constant ¢ can be identified with the charge Q. This will have

the consequence that the asymptotic condition for w as 7 — oo becomes simpler:

lim w(r)=0. (1.3.14)

r—00

In the tensorial formulation of electromagnetism, the electric fields E, D are 4-vectors obtained
by raising indices from 1-forms E°, D?, which in turn are obtained from the tensors F' and M by

taking an interior product with the Killing vector field corresponding to time (see [Tahl1]):

E’ =iy, F |, D’ =—iy,(xM). (1.3.15)
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We can find F,xF, M,xM written in coordinates, as well as the H tensor that appears in the defi-
nition of M, in equations (1.2.42), (1.2.43]), (1.2.40), (1.2.16|) and (1.2.47). The ¢ equation ((1.2.50))

simplifies M and M considerably and brings in the constant ¢ into them:

F=—¢ det)Ndr , +F =12 gingy do Ade , (1.3.16)
v
. qe
M = —qsinfddANdp , *«M=-— 2 d(ct) Adr . (1.3.17)
In particular
v
E=—ar , D"=L"ar, (1.3.18)
r
and raising indices:
0 gerv 0
E=—pe?— D= = . 1.3.19
ve or ’ r2 or (1.3.19)
Rewriting these using the unit vector €, = ¢™"0,, we have
A
E=—-¢e?é , D= %e} . (1.3.20)
r

We see that, as we claimed in subsection ¢ enters in the calculation of the electric field E,
while the electric displacement field D looks similar to its ¢ = co counterpart, with the difference
being the presence of e*.

To understand the role of the constant ¢, assume that our spacetime can be extended to include
the worldline » = 0 of the point charge. The equation dM = 0 is true only on open sets away
from this line; but, in general, the covariant formulation of electromagnetism imposes the following
equation:

A7

AM = =+ .J" | (1.3.21)
C

where J? is the 1-form obtained by lowering indices of the four-current vector

J = Cpa(ct) +7. (1.3.22)

In the above, p is a scalar field representing charge density, while the spatial part j represents
current density. In a static spacetime like ours, p is a function of only 7, and 57 = 0. Furthermore,
our spacetime consists only of a point-like charge at » = 0, which is modeled by a delta measure:
p(r) = Qdp. To avoid working with distributional fields like this, we will make use of an integral of

p performed on a sphere centered at r = 0 to represent the charge ), and then the expression for
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M above will relate it to q. Namely, for any fixed time instant ¢y and radius R > 0, the charge @

should be the total amount of charge inside the sphere

B, = {(to,r,0,¢) | r < R,0 € [0,7],¢ € [0,27]}, (1.3.23)
which is written as
Q= /// pdV . (1.3.24)
Br
In the above,
dV = e*r2sin 0 dr A df A do (1.3.25)

is the volume element induced by the metric on the slice of constant ¢ = ty. Now compute J” from

the definition ([1.3.22)) of J, and then
*J” = —cper?sind dr A dO A do (1.3.26)

In particular

dM = —4zpe*r?sinf dr AdO A dg = —4np AV, (1.3.27)
and the integral ([1.3.24)) for Q) becomes

1 1 1 2w s
Q:—/// dM:—/ M=-L / (—gsin6)dode = g , (1.3.28)
47 Br A J JoBg ar Jo  Jo

in which the Stokes theorem and the expression (|1.3.17)) for M were used. Henceforth, we will write
Q@ in place of q.
1.3.4 Particular solutions

When G = 0, we can check that the flat-space solution of the Maxwell-BLTP equations is a solution

to our system, as expected. Indeed, in that case the system becomes

YP'=0

¢=1=9 (1.3.29)
T

w'” — ﬂw’ — 7w =0
T
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The general solution for the metric variables e?* = 12 /(, e? = ( is the Schwarzschild spacetime

-1
e2Ar) _ 1 _ M ;e = (1- M (1.3.30)
c?r

where M € R is a parameter. If we set M = 0 to force the manifold to be flat-space, we obtain the

following general solution for w:
w(r) = Ci(1+ ser)e” ™" + Co(1 — sr)e™” (1.3.31)
Imposing w — 0 as r — oo reduces it to just
w(r) = C1(1 + sr)e ™" | (1.3.32)

which implies, for the electric potential ¢(r),

Sy = ) =@ _7% e (f + :2> e (1.3.33)

By also imposing ¢ — 0 as r — 00, we can unambiguously integrate:

o(r) = Q - e .

T T

(1.3.34)

Now the choice C1 = @ is the only one that makes ¢(0) finite. Thus ¢ is as stated in (1.1.4]). In

dimensionless units, this case corresponds to € = 0, with the solution taking the form

v=(C=1 , wr)=(1+r)e". (1.3.35)

If instead G # 0, we should be able to check that RWN is the solution of our equations in the
Maxwell-Maxwell case, that is, when » = co. We cannot use the form of the w equation given in

the main system (1.2.78)), since there is a 2 = oo present in there. Instead we use the equivalent
equation (|1.2.53)) which uses 1/ = 0; it reads

1 "\
1{%’ - (f_;’:‘;) _ (1.3.36)
The system is then
P =0
,_C(1-¢) | GQ*¢
(=t s (- w?) (1.3.37)
Y
=0
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Immediately we get ¢ = 1 (if we impose that ) — 1 as r — 00) and w = 0 (which then gives ¢ the

expression of the Coulomb potential). The general solution for ¢ can be written

_ 1 2GM  GQ?
2u(r
= 20(r) = e e (1.3.38)

where M is an integration constant. Together with the fact that e’ =) = 1, this gives the RWN

metric, as claimed.

Remark 1.3.3. The RWN metric with the Coulomb potential above (that is, w = 0) also solves our
main system in the case 0 < » < co. Indeed, in that system, all terms involving s? or 1/
are accompanied by w or w’ and will still vanish if we plug in w = 0. What is more, RWN is the
only solution of satisfying ¢» = 1 (that is, gi.g.» = —1), because in this case the ¢ equation
in implies that w is constant, hence zero under the assumption w — 0 as r — oco. But this
solution is not acceptable as a candidate for the solution we seek for the Maxwell-BLTP-Einstein

system, since, as we shall see now, its corresponding total EM field energy is infinite.

1.3.5 Energy and asymptotic conditions at » =0

We will now find the expression that defines the electromagnetic energy contained in a constant
time slice of the spacetime. As in |[Tahll], we can find it as the conserved quantity associated with
the Killing field 0 (it is true that any quantity defined on a spacelike slice is conserved in time in
our case, since we have a static spacetime, but the procedure outlined here is valid in more general
settings to identify the specific quantity that should be called energy).
We work under the simplification Q = » = ¢ = 1, G = ¢ as explained in subsection [1.3.1]
Consider the 1-form
PY)=T(0,Y), (1.3.39)
defined on vector fields Y, where T is the stress-energy tensor that appears as right-hand side of

the Einstein equations ((1.2.1)) (which is necessarily divergence-free). Calculate the divergence of P:
1
x*d* P =divP =V, P! =T"V ,(0), = i(vu(at)y + V., (0)u) =0. (1.3.40)

In this we used V,T"” = 0 and, in the last step, the fact that d; is Killing. This implies d x P = 0,

and then Stokes’ Theorem implies that the quantity

E(to) = /{t:t P (1.3.41)
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is constant as ty varies:
() — £(to) :/ dxP =0 . (1.3.42)
{to<t<t1}

It is this constant that is called the energy contained in any hypersurface of constant time in our
spacetime. We shall omit the (¢) dependence from it. (Note that we could have defined it also with

a minus sign in front; we will soon see that the definition we chose leads to a positive value for the

energy).

We can explicitly compute the 3-form xP: by the definition of P and the fact that T is diagonal,
P =T,dt, (1.3.43)

and the Hodge dual works out to be
* P = —eMVr2?sin e =2 Ty, drdfde . (1.3.44)

Therefore, after performing the 0, ¢ integrals, we find

0o A(r)+v(r)
£ = 1/ e (1w = PO W (1)) dr
0

2 r2

I e PR B YA
—2/0 742<1 w C(w))dr.

Remark 1.3.4. Plugging in (¢, ¢, w) as in the RWN solution (in particular ¢ = 1 and w = 0), this

(1.3.45)

expression becomes

1 [>~dr
_ = i 1.34
£ 2/0 =00 (1.3.46)

(it is not integrable around the singularity). This is what deems the RWN solution inadequate for

our purposes.
Now let us rewrite the energy integral by using
l—w?=—(w—-12-2w-1). (1.3.47)

We see that we can split it into a negative integral plus another one that we are able to simplify,

given the definition ((1.2.51)) of w in terms of ¢’:

s Ve / " (1.3.48)
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Using the boundary conditions that we will prove are true for ¢ when we solve the system, that is,

p(00) = 0 and lim, 0 ¢(r) € R, we have

:—/ Y (w — 1)+ ¢ Lw)2)dr + o(0) . (1.3.49)
Then the energy will be finite if and only if each of the two negative integrals in this expression is
o} -1 2 00 —1(,,/\2
[ [,
0 r 0 r
Note that we can also write the condition |¢(0)| < oo in terms of finiteness of an integral, again by

/Ooo ¢(U;2— D 4

Given the asymptotic conditions at 7 = oo for 1, {, w,w’, there are no divergence problems in these

finite:

<oo < 00 . (1.3.50)

rewriting ¢’ in terms of w:

<00 . (1.3.51)

integrals for large r. It is at the point r = 0 where there is a possibility of divergence, as in the case

of the RWN solution.

Now go back to the equation satisfied by % in the main system (|1.2.78). We see that it is a

decreasing function:

Since we also require lim,_,~ 9(r) = 1, we must have

P(r)>1 forallr>0.

Therefore the presence of ¥ in (1.3.50) and (|1.3.51)) is not helping with finiteness of the integrals.

To obtain finite integrals, it will be necessary (but possibly not sufficient, depending on whether

diverges and how fast) to have the following conditions:

/ w_zldr < 00 / er
0 r 0 2

Remark 1.3.5. The first of the 3 inequalities above tells us that w(0) must be defined and equal

, <oo dr <00. (1.3.52)

to 1; in fact, since 1/r is not integrable near 0, it must be true that (w —1)/r — 0 as r — 0, that
is, w’(0) = 0. Also note that the second one follows from the first. In section we will let these
necessary values of w(0), w’(0) guide our choice of new variables to study the system for small r. We

will be able to prove that, for any small €, there is a 1-parameter family of solutions which satisfy

0<|X|<o0o , 0<|Y|<oo , 0<|Z]<o0, (1.3.53)
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where

/
X =lim((r) , Yzlimw(r) , Z =lim

r—0 r—0 r r—0 r

These imply that the integrals (1.3.52)) (performed only on a neighborhood of 0) are indeed finite.

w(r) —1
— .

(1.3.54)

Then we will be able to study the behavior of ) along these solutions and conclude that also (|1.3.50))
and (1.3.51)) are finite (around 0). Once we manage to connect the solutions coming from r = 0 to
those coming from r = oo to obtain a solution on (0, 00), these statements prove that |£] < co and

|p(0)] < oo

Remark 1.3.6. Once the statements made in the above remark are proved, there’s a further

simplification to be made in the energy integral. First note that

Ll wel 1 @) 2w
r0 ¢r? o0 g2 ¢ w r XY rs0 7

=0 (1.3.55)

(the last limit is zero since the second integral in (1.3.50|) converges). Now consider again the w

equation (|1.2.53|

pw  (Pu'
Add +/r? on both sides and multiply by w — 1:
Y(w? —1) v\ (w— 1)y
- (w—1) o = 2 = . (1.3.57)
Integrating (by parts in the second term):
o] ¢(w2 _ 1) ¢(w _ 1)11), oo /oo 77Z)(w/)Q /oo ,
dr — + dr = dr = —¢(0) . 1.3.58
L oy T Tar Ty p TR0 (1359

The two integrals on the left-hand side combine to make a multiple of the energy, as per formula

(1.3.45):
Ylw — D' %

2
qr 0

while the boundary term vanishes at both ends (at » = 0 this is due to ([1.3.55)), while at r = oo it

is due to the fact that lim,_,, w'(r) = 0, to be proven in section [1.4]). Therefore we obtain

£ = 90(20) . (1.3.60)

This proves that the flat-space formula (1.1.5)) still holds true. We can also plug this back into
(1.3.49) and solve for ¢(0):

0o e)\-l—l/
©(0) = /0 77((“) — 12+ e (w)Hdr >0, (1.3.61)

showing that the sign we chose for the energy in (1.3.41) was correct (yielded a positive energy).
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1.4 Radial variable away from 0

In this section we focus on solving the Maxwell-BLTP-Einstein system (1.1.13)) for values of r
satisfying r > ro > 0, where r( is fixed (later we will impose also 9 < 1 for convenience). The

system is recalled here:

= 00 S (1 -0 - (w)) (1.4.1)

w! = (3_C—|—€C(1—w2)>w/—|—f’w

r 73
We focus almost all of the attention on the { and w equations, which are independent of v, and
only study the solution for 1) in the very end of this section.

The number € > 0 is considered a parameter. We will find solutions that are power series in €,
convergent at any large enough r with a uniform lower bound on the radius of convergence. The
solutions will be written as ¥ (), (r), w-(r) when we need to consider what happens to them as
e changes, but we will mostly write just ¢(r), {(r), w(r) when that is not needed. The main result

to be proven in this section is:

Theorem 1.4.1. Let py, e > 0. For every 0 < rog < 1, there exists

7
"o
Ex = 1.4.2
240(15 + 4dropy + ria) ( )
such that, for any choice of the parameter € € [0,e,) satisfying
et <1, (1.4.3)

the Mazwell-BLTP-Einstein system admits a 2-parameter family of solutions e, (., we in
[ro,00), parametrized by p, o € R, with |pu| < ps and |a] < o, which are continuous on (u, ) at

any r € [ro,00) and satisfy the following asymptotic conditions at r = co:

ILm C(r) = hﬁm Ye(r)=1, (1.4.4)
lim we(r) = lim w.(r) =0, (1.4.5)

T—00 =00
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and the following perturbation conditions at any fixed r € (rg, 00):

li]%1+ C(r) = h%lJr ve(r)=1, (1.4.6)
lirél+ we(r)=(1+mr)e". (1.4.7)

Furthermore, we have, for all v > rg,

%(7”) >0 ge(r) >0, (1.4.8)

and, for a given choice of the parameter v (and an arbitrary one for «),

2 1
C(r)=1+ % + O (73) as r— 00, (1.4.9)

so that p can be identified with the dimensionless ADM mass of the spacetime represented by the

system.

The big O notation above is, as usual, employed to indicate that a function asymptotically
dominates another as r increases; that is, a statement of the form z(r) = y(r) + O(z(r)) means that

there exists C such that |z(r) — y(r)| < Clz(r)| for r > ro.
The steps in the proof, each one contained in one subsection, can be described as follows:

e (Subsection [1.4.1) We fix 7o > 0 and assume that, at each r > ry, we can write (,w as
convergent power series ((r,e) = >, ¢j(r)e? and w(r,e) = > w;(r)el. We find recursion
formulas for the coeflicients. They will involve two free parameters p, @ € R whose values will

be considered fixed for the rest of the argument. The main task that is left is proving the

convergence of the series.

e (Subsection We introduce new functions 7, u, v of (r, ), which are also given as e-power
series with coefficients denoted by 7;,u;,v;, and read off the recursion formulas for them using
the ones found for (j,w;. Proving the convergence of these new series is readily seen to be
equivalent to proving that of the original ones. The reason for considering the n variable in
place of ¢ will only become apparent in subsection m (it is better suited for our technique
because it decays exponentially with r, while { doesn’t), while the reason for considering the

u, v variables in place of w,w’ is for convenience only (the formulas become shorter).
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e (Subsection [1.4.3)) We put absolute values on those recursion formulas and find good ways to
estimate away the 7 dependence. It is proven that there exist numerical sequences (4;), (B;),

defined via a polynomial recursion, such that
i ()] < Az Jug(r)], o (r)] < Bje™/? . (1.4.10)

Another numerical sequence (Cj) is used in order to define A;, B; and will also figure in the

sequel.

e (Subsection [1.4.4)) A summation technique is developed in order to prove by induction that

SR

A B;, Oy < 20
PG = Gy

(1.4.11)

for some R, S,d > 0, establishing the convergence of the power series for any ¢ < 1/R.

e (Subsection The estimates can be used to obtain bounds which are uniform
in r > ro. This is used to finish proving some of the leftover details, such as the desired
asymptotics of the series as r — oo and the fact that r-derivatives can be taken term by
term. We also quickly check the desired behavior of the ¢ function from the original system
(positivity, asymptotic behavior) and continuity of the solutions with respect to the parameters

wand a.

1.4.1 ¢ power series

In this subsection, we assume that
o ) o0 '
Cr) =Y G | welr) =) wj(r)e (1.4.12)
J=0 j=0

with convergence for any large enough r and small enough ¢, and with the possibility to take
r-derivatives term by term. Our goal is to find recursive formulas for the series coefficients.

The desired perturbation conditions (1.4.6[) and immediately imply that the zeroth terms
are determined:

/

=1, w(r)=>0Q+r)e " , wy(r)=-re". (1.4.13)
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Furthermore, the desired asymptotic conditions (1.4.4)) and ((1.4.5) suggest (although they don’t

necessarily imply) that it should be true that

lim (j(r) =0 forallj>1,

e (1.4.14)
= i "(r) = j >
Tlgglo wj(r) = rlgrolo wi(r) =0 forallj>0.

We will look for solutions satisfying these limits, and later prove (subsection that they imply
and (T3).

Every polynomial expression P((,w,w’) involving ¢,w,w’ is also given as a power series in &,
converging wherever ¢, w,w’ converge. We will use the notation [P(¢,w,w’)]; to denote the j-th

coefficient in the series for any such polynomial expression (j > 0), which depends on the coefficients

G wi, w), for all k =0,...,j and is given as a sum over indices adding up to j. So for example
J J J Jj—k
Cli=Y GGw > G0 = ) [Cllw’le =) (Z s l> (Z wmwj_k_m> :
k=0 k=0 k=0 \i= m=0
(1.4.15)

Proposition 1.4.2. Let € > 0. Fix rg > 0 and two parameters pu,a € R. Define sequences of

functions (j, fj,w; of r € [rg, 00) by:

Gr)=1 , for)=0 , wo(r)=14+r)e"; (1.4.16)

and, for all j > 0,

oo (J —((s)? $)2w(s)? s)(w'(8))?];
Car) = - / (ng(s)%k@g C()2 + C()2w(s)? + ¢(5)(w'(s)) b)ds’ L418)
r k=1

r

!/ 2,1 .
fipa(r ZCJH " [w - } | lew = Gurul]y (1.4.19)

k r?

wia(n) =5 (e / % pn@asa-ne [TEEIC 500 as) L azo

52
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Then these sequences are well-defined, in the sense that the recursive definition is non-circular and

the improper integrals converge, and they satisfy

Gi(r)=0 <1> . wji(r) = O(e_r/2) , w;(r) = O(e_’”/Q) asr — 00 . (1.4.21)

rJ

Furthermore, the analytic functions of € defined by
((rie) =) _¢Ge  w(re)=> wi(r)e (1.4.22)
§=0 §=0

are solutions of for r > ro (provided that they converge and can be differentiated in the r

variable term-by-term).

Proof. System ([1.1.13) determines differential equations satisfied by each (;11 and wj;1 which
we can solve in order to recursively define them in terms of all previous coefficients (i, wy, w},

k=0,...,j. First look at the (j + 1) coefficient of the ¢ equation:

(o = G+t —T[C2]j+1 L= C2wj3— )

(1.4.23)

In the expansion for [C2]j+1> there are two terms equal to (p(j+1 = (j+1. Other than these and the
very first (j11 above, nothing else involves any coefficient of degree j + 1. So we collect these ;11

terms on the left side and obtain:

ro r3

) J 2 2.9 127,
¢y + S = —% > GGk + (Sl ) (1.4.24)
k=1

One possible way to write the general solution to this equation is by fixing a number a > 7o as an

integration starting point (to be used for all j) and including an integration constant Cj:

; T J $)2 = C(8)2w(s)? = ¢(s)(w'(s))?];
o)=L | (ng(s)%_k(m G0 = Gl = o)) b) b (a2
@ k=1

S

But it turns out that choosing a = 0o, C1 € R and Cj41 = 0 for all j > 0 will yield the asymptotic
condition ([1.4.21)) (this will be proven soon). In fact, choosing C; = 2u gives the stronger form
(11.4.9) of the asymptotic condition for . This gives the recursion for the ( coefficients as stated in

this proposition:

o~ [ J 2 2,2 N2 .
Cj+1(T)=i/ (ZCijﬂ—kJr[ ¢ +Cw2+C(w) b)ds for all j >0,
r k=1

§ (1.4.26)

oo [ 2 2,2 "2
=2 L [ EC O P,
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Using the zeroth coeflicients we can calculate

G(r) = (2” - 1) + (1 + 1) e . (1.4.27)

Next we analyze the w equation. First rewrite it as

w” — %w' —w=((—-1) <w — t:/) + %C(l —w)w' (1.4.28)

so that, when computing the (j + 1) coefficient on both sides, the right side will not involve any
w41 Or wg- 41- Indeed, these terms can only possibly show up in the term not including ¢, and only
in the first term of the expansion

w/

[(C - 1) <w - f)LH =[¢C—1o [w —~ TLH + (1.4.29)

but this first term is zero, since [( —1]p = 1 — 1 = 0. This means that, after having computed (j1,

we can proceed with computing w;1 by

2 J w/ Cw/ _ Cwal .
s = 2 = wpa = 306 = s - 2| =Gl
" k=0 "1k r
J / / 2,/
w [Cw’ — quww']; (1.4.30)
= ZCj—i—l—k |:w - T:|k + 7“—3
k=0
= fir1 -

We can calculate f; defined by this formula and it will be precisely as stated in the proposition:

dp—1 2 5 3
fi(r) = <2u + A - r2> e "+ <2 + . + r2> e 3. (1.4.31)

r

The general solution of can be found by the method of variation of parameters. It
involves a linear combination of the two solutions (1 + r)e™ and (1 — r)e” of the homogeneous
equation, each multiplied by a particular integral involving the non-homogeneity f;11 as part of the
integrand. In writing the most general solution, we can let the lower integration endpoint be a free
parameter bjyq in the second of these integrals, and leave it fixed as 7 in the first, as long as we
also include a general multiple oj1(1 + r)e”™" of the corresponding homogeneous solution together
with this integral. This form will prove the most convenient later. The result of this procedure can

be calculated to be:

(1)

1 . . e’
wj+1<r>=2(aj+1<1+r>e +(1+7)e / S fia () ds
70

S

(=) /b (SR LSS ds) . (1.4.32)
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Note that the 1/s? terms in the integrals come from the Wronskian determinant of the two funda-
mental solution.

The asymptotic condition of w; and w;- can only be satisfied by choosing b;;1 = oo for
all j > 0. It will also be enough for our purposes to let only a; be nonzero among all of the o1

(we call o just a). Hence, we have the recursion as given in the proposition statement:

win) = g(@ene [0 asramne [TEEI g as) s
' (1.4.33)

wi(r) = ;<0¢(1 +r)e "+ (14r)e” / @fl(s) ds

T0o 8

+ (1 —r)e" /OO %]“1(8) ds) . (1.4.34)

S

Next let us compute w; 41 by differentiating the expressions above. Nothing comes from when the
derivative hits the integrals (a cancellation between the two terms takes place); the only surviving
expression is obtained from when the derivative hits the functions (1+7)eT" outside of the integrals:

whyy (r) = —% <e—’“ /0 “‘Sj)esfjﬂ(s) ds+e" /roo “fs‘?e_sfjﬂ(s) ds> , >0 (1.4.35)
and

W (r) = —’”(ae—we—r/rz Q=9 ¢ (5 ds+ ¢ /TOO AEs)e™ e ) ds) . (1.4.36)

2 52 52

We now have a non-circular recursion for all ¢j, fj,wj,w;-. What is left is the proof that the
improper integrals in the formulas converge and that the asymptotics hold; we will prove
both at the same time by induction. To start, note that is immediately true for j = 0.

(1.4.21)) is also true for ¢; (the dominant term in ¢; is 2u/r when r is made large). For wy, we
will use its defining formula to prove that |wy (r)e’/?| is bounded. First estimate the fi term
inside the integrals in the w; formula by some multiple C' of e~"/2 (which can be done considering

the expression for f1), so that we can write:

T (1 s/2 (] —3s/2
2|w1(r)|er/2§|oz](1+7“)e_r/2+0(1+7“)e_r/2/ H?edwcaw)e?’rﬂ/ %

To

ds .

S S

(1.4.37)
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The first of these three terms is clearly bounded. To see that the second one is also bounded, since
we are only concerned with the region [rg, 00), away from 0, all we have to do is prove that it has
a finite limit as r — oo, which can be done by the L’Hopital Rule (observe that the integral itself

diverges, so L’Hopital is justified):

s/2 /2
T (1 s/2 r mds (+r)e
lim (1 —i—T)e_T/Z/ %ds = lim f”’+ = lim r2 =2.
T—00 0 S r—00 er r—00 1 o 1 er/g
T+r 2(14r) (147)?

(1.4.38)

As for the third term, we estimate the decreasing function (1 + s)/s by (1 +7)/r? and integrate:

O (1+s)e™/2 _2(1+7)? _ 2 2 1
(1 + T)€3T/2/ ( 88)26 S 3( TQr) 63"'/26 31"/2 S g (1 + % + 72) . (1439)
T 0

An entirely analogous argument proves ((1.4.21)) for wj.
So we have (|1.4.21f) for j = 0,1. Now fix 7 > 0 and assume by induction that, for all k =0, ..., 7,

the coefficients (i, wy are well-defined and there exist constants Dy > 0 such that

Dy, _
Gl < % o Tl [wi(r)] < Dye ez (1.4.40)
Then we have:
. ) . -
1 [ (= DiDjsik =~ DiDjk | = &~ DiDiei DDy,
Jj Jj—k
DkDij—k—m —
+ praD " )ds
k=0m=0
1/1 <& 1 J LI %> WY o Y00 » YR
< - — DyDjy1- + - DyD;_+e " J
Jj ik
_ Dy DD g—m
Te TZ yoe
)
k=0 m=0 (/{3+1)T
(1.4.41)

where we have estimated the decreasing factor of e™® by its maximum e~" in the integration domain.

It is clear that the end result is dominated, for » > 7o, by a multiple of 1/7/7!, since the exponential
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e " is dominated by a multiple of any function of the form 1/r/=*. Similarly, we have

J J J
1 1
()] <D 16 wllwk] + - D IGwllwh] + 3 > 1¢—kl i
k=0 k=0 k=0

J
< Z Djr1-kDk 12 n Djt1-kDr —r/2 S Dj—kDk v/

Ttk rit2—k rit3—k
k=0
Jj k l
Dj_ DDy Dy o312
200 T
k=0 1=0 m=0
(1.4.42)
which we can write as
|fj1(r)] < Ejae/? (1.4.43)
for some constant ;1. Now the exact same argument that led to the bound on lwie’/?| will work
also for wji1, w;-H. Then the induction hypothesis (|1.4.40]) is proven for k = j + 1. O

Remark 1.4.3. The proof above does not attempt to keep track of the growth in j of the constants
Cj,Dj, E;, which is necessary before we can prove convergence. The rest of this section will deal

with this.

Remark 1.4.4. In section we will actually need to know the exact expressions for wq, w], and
not just estimates for their absolute values. So we provide them here. They are written in terms of

the following non-elementary function, called the exponential integral:

. o0 e—S
Ei(—r) := ds , r>0 (1.4.44)
, S

(the minus sign in the argument is the most common convention for this function). Note its expo-

nential decay as r — oo:

T T

1 [ —r
Ei(—r) < / e~*ds = . (1.4.45)

Computing w1, w] using the f1 formula gives:
5 -r —3r 1 : : r : —r
wi(r) = —g¢ + 277" + 3 2Ei(—2r) — 9Ei(—4r) | (r — 1)e" — 2Ei(=2r)(r + 1)e

1 1 3 4 1 3 1 —2ro ) _
+ =4+ —-=|+=-——+= + 2Ei(-2 —1)e "
[12 (ro 7"8 7"8) 2 ( 70 r%) © i(=2r0) | (r Je

bu [Ei(—2r)(r C e+ (—:0 4 :3 log (;)) (r + 1)6—7"] 4

| Q

(r+1)e™" (1.4.46)
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1 4 1 1
wi(r) = 6 (1 + T> e — <1 + 7“) e 4+ 2Ei(—2r)re™" + 3 (2Ei(—21") - 9Ei(—4r))rer

1 1 3 4 1/3 1
—(—— -5 + =) —2Ei(-2 — (=5 e ?olre
+[12< 0 7’§+T3> i 700)+2<7"0 T%)e ]m

1 1
+p [—26_’" + < - 2> re”" + Ei(—2r)re" +re” " log <T>} LT (1.4.47)
ro rg 70 2
In particular, when evaluated at r = rg, we have:
1 4 1 4 1 3 1 1
=_—(—9g4+ 2 _ - _ = —ro (1= - - —3rg
wi(ro) 12 ( +1“0 r% r%)e +2 ( 7“0+7‘8+r8>€
1 1
—|—§ <2Ei(—2r0)—9Ei(—47’0)> (ro—1)e"+pu [(—1 + 2) e " + Ei(—2ro)(ro — l)ero] —i—%(l—i—ro)e_m
o
(1.4.48)
1 5 4 1 2 1
! —_ 1 _ _ —To Z(1-=—-= —3ro
wi(ro) 12( +7‘0+7‘8>6 +2< 7o T%)e
1 1
+ 3 <2Ei(—2r0) — 9Ei(—4ro))roer0 + 1 [— (1 + ) e "0+ Ei(—2r0)roer°] — %me—ro (1.4.49)
7o

1.4.2 New variables

It will turn out to be the case that, for large 7, the metric can be realized as an exponentially small

correction to the RWN metric. More precisely:
C(r) = Crwn(e,m) + O(e™"/?) asr — 0o (1.4.50)

where (rwn is the second metric coefficient in the RWN metric (using the same parameter p), which

in our dimensionless variables reads

-1
Crwn (e, ) = (1 e 6> . (1.4.51)

We remark that, at any fixed r > 0, the latter can be written as a power series in ¢:

1

Crwn (e, ) = Zp(r)jsj , p(r):= QTM =R (1.4.52)
§=0

with radius of convergence at a fixed r equal to 1/|p(r)| (which decreases to 0 as r — 01, and grows
unboundedly with r when r > 1/u, in case g > 0, or for all » > 0, when p < 0). Also note that
Crw is well-defined for any r > 0 because we are under the assumption that epu? < epu? < 1, which

is the necessary and sufficient condition for 1/(grwn(r) > 0 for all r > 0.



42

So we consider a new function that measures the deviation from the RWN metric:

n(r) =¢(r) — Gawn(r) - (1.4.53)

Define also
n;(r) = ¢ (r) — [Crwn(T)]j = ¢(r) — p(r)? . (1.4.54)
Remark 1.4.5. Our technique for proving convergence of the power series would not have worked
if we attempted to apply it for ¢, and the reason is that |((r)| becomes much larger than |w(r)| as r

increases (the first approaches 1, the second decays exponentially), whereas the technique requires

working with functions comparable in size as r increases. The first two coefficients in the 7 series

are found from (p and (; given in ((1.4.16)), (1.4.17):

n(r)=0 , m(r)= <i + ;) e 2", (1.4.55)
Note their exponential decay as r — oco. When we compute the recursion satisfied by 7,41 for
J > 1, we will see that all terms in it involve the coefficients wy, and/or wj,, as well as n, hence all
n; coefficients will decay exponentially with 7, just like those of w and w’.

On the other hand, because we explicitly separate out the RWN term from the metric (which
does not have a uniform radius of convergence on (0,00)), our work in this section cannot be

extended all the way to = 0. This is why we can only apply it to an interval of the form [rg, o),

and later we have to study the system at small  and ensure that the two regimes connect.

We also introduce new functions u(r),v(r) to consider in place of w(r) and w’(r). They are of
comparable magnitude to them. The reason for introducing them is simply to make the formulas

more compact; there will only be one integral instead of two in their recursion. Define:

(1.4.56)
o) = =204 (1= 5w,
with inverse transformation (u,v) — (w,w’) given by
1
w(r) = 5| (r=Du(r) = (r+u(r) |,
2 < ) (1.4.57)

w/(r) = (u(r) + o)
Define also the coefficients w;(r) and v;(r) by taking the j-th coefficients of w(r) and w'(r) in

(1.4.56)) just above.
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Remark 1.4.6. We now have 3 power series to consider in place of the original ones:
n(e,r) =Y nime . uer) = wi(r)e  vler) = vi(r)e . (1.4.58)
j=0 §=0 §=0
Proving the convergence of u,v also proves that of w,w’ for the same radius at each r, due to
(1.4.57). Proving the convergence of 1 also proves that of (, albeit possibly for a smaller radius,
since ( —n = (rwn has a radius given by 1/|p(r)| at each r > 0. It will turn out that the radius
that we will end up obtaining for 7, u, v will be much smaller than 1/|p(r)| when rg is small, hence

it will also be the one that works for ¢, w.

Before writing the recursion for n;,u;,v;, we state:

Lemma 1.4.7. Let p(r) be defined as in . Then, for allT >0 and j > 0,

1/:0 (jp(s)jH B (]+1)p(s)9> ds = p(r)it . (1.4.59)

r 52

Proof. Consider the expressions

e , i+ 1)p(s)? .
Gi(r) = / (JP(S)jH - (382”()> ds , Golr)=rp(r)itt. (1.4.60)
T
Both have a limit of 0 as r — oo; hence, if we show that G} = GY, we will have proven that G; = Ga,

as the lemma states. Simply compute:

Gt = =intey ™+ S oy (5 (% =) + 2t ) =y (24 232

r2 rr2 r2 r 72
(1.4.61)
and
. . , 2u 2
1
Gy(r) = p(r)) ™ + (7 + Drp(r)! <— 2t Ts)
(2p 1 2+ Dp  2(j+1) S 2jp 25 +1
— J _—— — — — J _—
p(r) < i . + =3 p(r) T3 . (1.4.62)
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Now we're ready to find the formula for n;41, 7 > 1, using the one for ;41 (1.4.18)), which reads:

0 [ _J a2 .
p(r)? ™+ = i/ (Z CrGjr1—k + [+ ¢ “;2+ ¢(w') ]J) ds
" \k=1
j—k

L e s L J Lk
= /T (Z CkGi+1—k — 3 > GGk + 2 D3 Gl rwmwjkm
k=1 k=0 k=0 1=0 m=
1A
Y Y G )ds

k=0 m=0

[e=]

(1.4.63)

Look at the (. factors appearing in each of the 4 sums in this integral: the first 3 involve two of
them, the 4" only one of them. Replace each ¢, with p* + 7, and multiply out: each of the first 3
sums will become a sum of 3 terms (the first containing p*p*, the second 2p*n,, and the third n.n.),
while the last sum will become a sum of 2 terms (one containing p¥, the other nk), for a total of 11

terms. Now look specifically at the 2 that contain only powers of p, and no 7, wy, w, terms:

1/00 (Zpkpm_kzzpkﬁ_k+--~>d8=1/w (jpj+1(j+21)pj +~~->ds. (1.4.64)
rJr el S =0 T Jr S

Due to lemma this produces precisely p(r)/*! a term already present on the left side of
(1.4.63). We subtract this term from both sides to get the recursion for ;1. It contains a total

of 9 sums inside the integral on the right side. Finally, rewrite all w,,w’, in these sums in terms of

Uy, Vs by using (1.4.57). We obtain:
773+1 / ) ] >0 ) (1465>

where

j j j j
. 2 , 1
_ 1k _ , _ —k _ .
Hy =2 E P g, He = § MNj+1—k > Hz = 2 kE_Op] e, Hy = > kE_Ommjk ,

k=1 k=1

(1.4.66)
1 G o (= Dty = (7 4 Doy (r = Dty g — (4 Doy g
T 2 . ., (1.4.67)
k=0 =0 m=0
9 ik J—k o (r=Dupy — (r+ Doy, (r — Dttj—pmpn, — (r + 1)vj_p—
k=0 =0 m=0
1 J kL ik (r — Dum — (r+ D)oy, (1 = Dtj—p—m — (1 + 1)vj——m
H; = ﬁ Z Z MNk—1 2 2 ’ (1469>
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Jj J-k

ETUm + TUm TUj—f—m + TUj—k—m Z Z pk U + Um Uj—k—m + Vj—k—m

2 2 ’
(1.4.70)

2 2
k=0 m=0

Jj Ik

TUm + TUm TUj—k—m + TVj—k—m Z Z 1 U + Um Uj—k—m + Vj—k—m
— k .

2 2 2 2

k=0m=0
(1.4.71)

(all H;, p*, my, ug, vy applied to 7).

Next we turn to the recursion for u and v. Simply apply the map (1.4.57)) to the formulas for

. /.
all terms wj, w;:

and, for j > 0,

up(r) =0 , wvo(r) =—2e"; (1.4.72)
ui(r) = —e" /roo (i + 512> e *fi(s)ds ,

; (1.4.73)
vi(r) = —ae” "+ e_r/ <i - 312) e’ fi(s)ds ;
uj(r) = —er/ <i + 512> e " fiti(s)ds
o N (1.4.74)
vj1(r) = er/ <s B 52> e fi1(s)ds .

But here the recursion for the f; terms should be rewritten using the 7y, ux, v variables. We expand

the fj41 formula (1.4.19) by writing all ¢, as p* + 7, and all w, w), in terms of u,, v.. There are no

simplifications like the one above which used lemma [T.4.7] The result is

6

fin(r) =3 F(r) . j=0, (1.4.75)

11
(r—2ujp1-k — (r+2)vie1% z (r—2ujp1—k — (r+2)vj41%
F=3p i+ . i+ L R=Yn i+ . Ik
k=1
(1.4.76)
PRSI SSTE L SRI E M T 1477)
3 = T2 P 2 ) 4 — 7’2 P /r’]*k’ 2 ) e

‘M

ikt + v (r = Dum — (1 + Do (1 = Dg—i—m — (1 + Dvg—i—m

2 2 2 ’
(1.4.78)
w v (1= Dum — (1 + Dvg (1 = Dttg—g—m — (7 + D p—i—m
i=k— 2 2 '

(1.4.79)
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This concludes the definition of the new power series to be considered in what follows in this

section.

1.4.3 Estimates and separation of » and j

Here we will find useful estimates for |n;|, |u;|, |vj|, working the cases j = 0,1 separately and the
rest by induction. We assume that o > 0, u,« € R have been fixed, as in proposition [1.4.2] and
that we are restricted to r > rg.
For our purposes in this subsection, it will be necessary to bound the 1%*-degree coefficients
[n1(r)|, |u1(r)], |v1(r)| by multiples of e~"/2. Let’s compute these multiples now. First,
()] = <i 4 :2> e < <:0 + 7%) 2 — 1%""%—”2 , (1.4.80)

Next, from the expression ((1.4.17)) for fi, we have:
4p —

1 2 5 3
|f1(r)|§‘2,u—|— - e_r+(2++2> e 3"
r r ror
4 1 2 5 3
< (<2+> lpl+—+ =+ (2++2> 6—27‘0> e™”
To To o To L)

4 6 5\ _,
To o L)

_ 5 Gro+ 203+ (dro + 2Rl
= 2
70

(1.4.81)

)

and therefore

e [Tee (L) 1A

1 1\5+6 2r2 + (4 2r2 o0
< <_|_> + r0+ T0+( 7’0+ TO)’/’[”e’I‘/ e—QSdS
T

T0 7"3 7“(2)

1 ( 1 N 1) 5+ 679 + 27“% + (41 + 27‘8)|,u|€774 (1.4.82)

2
2+3 2 S+ Yro+4rd+13
<< + T§+To|u|+2 270 00 2

To T‘% T%

4
7o "o
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and
1 1

s s2

) < (jal+ [ e (o) )

1 1\5 2r2 + (4 272
ce (a4 (Lt + 6r¢ + 21§ + (4ro + 7“0)|,u|r_r0
T 7‘2
0

2

0 To
(1.4.83)
. |Oé|€_r/2 1 5+ 1lrg + 87’% + 2’!"8 —Z (47'0 + 671(2) + 2r§>‘/"‘7ﬂe—r
To

4

4+ 6ro + 2] 54 1lro+ 8rf +2r3\ _
< (’0""‘30’/”‘1‘ . 0 0) e r/2’
0 0

where we bounded r — ry by just r and then used the fact that the maximum of the expression

—r/2

re over the domain r > 0 is 2¢~! < 1.

Having found estimates for the 15¢-degree coefficients, we turn to estimating the recursive for-
mulas for the coefficients 7 + 1, j > 1.

Estimate each sum H; in formula for nj41 by taking absolute values everywhere. We
bound the factors 1/r% in front of Hs, Hy by 1/r2, the ensuing expression (r + 1)?/r2 in front of

Hs, Hg, H7 by (ro + 1)?/r3, and the overall factor of 1/r outside the integral by 1/ry. Hence:

1 [P -
131 (r)| < TO/ ZHi(s)ds . j>1, (1.4.84)
where
J J
(i) < 2) 7 p(r)P ()] = Hi(r) , [Ha(r)] < Y Ikl Imja—w(r)] =: Ha(r) |
= = (1.4.85)
[H3(r)| < 7"232 ()P~ Flnk(r)] = H3(r) ,  |Ha(r)| < :(2)2 |7k (r)[[m—k (r)| =: Ha(r) ,
= = (1.4.86)
T e J H IE wy(r v ()] |wj—g—i(r Vj—k—1(T 5
|Hs(r)| < (O:;DZZ ‘p(T’)‘kim|p(7’)‘m| i )|;—| ()l | j—k i )|"2|'| Ji—k i(r)] =: Hy(r) ,
0 k=01=0m=0
(1.4.87)
T 2 J Ik uy(r v ()| Jwj—g—1(r Vj—g—1(7r ;
|Hg(r)] < 2(07;_1)22 |P(7'>‘k_m’77m(7')‘| i )|—2i_| ()] | j—k i )_2’_| J—k 1(r)] =: Hq(r) ,
0 k=0 =0 m=0
(1.4.88)
T 2 J F Ik u(r v (r)| Jwj—g—i(r Vj——1(T 5
|Hy7(r)| < (0:;1)22 |77m(7")|‘77k—m(7”)|‘ i )‘;“ 1(r)] Juj—k—i( )|;‘| j—k—1(r)] —: Ha(r) |

(1.4.89)
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Ny ; r Vi_k—m (T ~
’Hg(’l“)| < Z |p(r)‘k|um(r)| ;_ |'Um('f')| ‘u]7k7m< )’ ;_’ j—k ( )‘ —. Hg(’l“) , (1490)
k=0 m=0
d j_k 1 T Vi_l_ T ~
|Ho(r)| <> > i () L) ;r [Vm (7] [t —k=m(r)] ;' j=h-m()| _ Ho(r) . (1.4.91)
k=0 m=0
Do the same for the F;’s in formula :
6
[ fa () < Fi(r) (1.4.92)
=1
where
— k()] + o (r)] -
[Fy ()] < (ro +2) Y |p(r)[F == 5 IR = B () (1.4.93)
k=1
AR 1k ()] + [g1-1()]
|Ba(r)] < (ro +2) D | (r) |22 5 IR~ By(r) (1.4.94)
k=1
j
|&mé%§]ww*mm@WW”:&m, (1.4.95)
k=0
Fu(r)] < :gz o O (1.4.96)
k=0
T 2 J ko kL . u\r vI\r Uu r v. T Up_]— r Vi _]_— T
‘Fs(T)| < ( 0;1) ZZ ]p(r)|]_k’ l( )“2“ l( )H m( )|;‘| m( )H k—l m( )|;‘| k—I m( )‘
0 k=0 =0 m=0
=: F5(r) |
(1.4.97)
T 2 J ko kL u\r vI\r Uu r v. T Uk _]_— r Vi _]_— T
0 k=0 =0 m=0
= ~6(7”)-
(1.4.98)

Plug this inside the integrals for w;411,v41, j > 1:

6
r > (1 1 —s 1 1 r >~ -5 n
< | @+§% WMﬂMSQU%>e[e Y R, (14.99)
and similarly

vj 1 ()] < <1 + 12> e / e 26: Fi(s)ds . (1.4.100)

To TO ro =1
Our next step is to define scalar sequences (A;), (B;) quantifying how |n;(r)|, |u;(r)|, |v;(r)]

compare to e~"/2 (see inequalities ([1.4.101f) below, which we like to think of as a form of separation
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of variables r and j). Then it will be the rate of growth of these coefficients that will determine the
radius of convergence for the series for 7, u, v, while the fact that e~"/2 is uniformly bounded over

[ro, 00) will permit us to estimate the radius uniformly over this interval.

Proposition 1.4.8. There exist sequences (A;),(B;) of nonnegative numbers such that, for all

7>0andr >rg,
i (r)] < Aje™2 L Jui(r)], v (r)| < Bje™"/? (1.4.101)

and they can be defined recursively, together with an auxiliary sequence (C;), as follows:

14r
A= 2
o
Ag=0
4 4 6r¢ + 2r2 5+ 11rg + 8r2 + 213
Bo=2 ., { Bi=lo|+ 0 0] + 0 R (1.4.102)
0 0

Co=1

2

Cl M + *2
\ 7o 700
and, for j > 1,
Aj1 = ( ZAkC—H k+ZAk 1k
4 J J
+ 5 Y A+ 5 > ArAj g
"0 k=0 [
k -k o ik -k
ro+ 1)2 & A(rg + 1
e 3D D) BLHCIN N SLE) 3) B) BY NG T
"o k=0 1=0 m=0 "o k=0 =0 m=0
k -k
ro + 1 2
( 5,7 ) DY AnAr-mBiBj g
"0 =0 1=0 m=0

o .
+) Y CkBmBjpm + ZZAkB Bj k- m) (1.4.103)

k=0m=0 k 0m=0
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14 j+1 j+1
0
B = —o <2(r0 +2)Y) CrBjpa—k+ (ro+2) > ApBjiis
0 k=1 k=1
2 < 1<
+ 7“7 Z Cj,kBk + 7‘72 Z Ajkak
0 k=0 0 k=0
ik k-l ik k-l
2(rg +1)% ¢ ro 4 1)
+ (TQ) Z Z Cj kB BnBr_i—m + (Tg) Z Z A; kBiByBi—1—m |
0 k=0 1=0 m=0 0 k=0 =0 m=0
(1.4.104)
2 1
Ci1 = <Jf;’ - r2> C; . (1.4.105)
0

Proof. The recursion is well-posed since, by inspection, 4,41 and Cjy1 only depend on terms of
index at most j, while B; 1 depends only on A, 1 and Cj4; in addition to those. Also note that

the recursion for (C}) is easily solved:

2 1\’
Cj = ('“' + 2> , (1.4.106)

20 1
r r2

) b2 1\"
lp(r)[F = < <_|_2> =Cy . (1.4.107)

But we choose to keep writing C}, in all formulas, instead of its known value (1.4.106), so that later

we can apply the same technique to all sums appearing in the recursive formulas for (A;), (B;).

The claim (1.4.101]) is true for j = 0, given that

m=u=0 , |ur)=2T"<2T?. (1.4.108)

It is also true for j = 1, due to the 15'-degree coefficients estimates ((1.4.80)), (1.4.82)), (1.4.83)).

Now assume for induction that (|1.4.101)) are valid for all indices up to some j > 1. We will esti-

mate the sums H;, F} appearing in the formulas (]1.4.84[), (]1.4.99[) and ({1.4.100) for mj41, ujt1, V541

by using the induction hypothesis on all factors |ng|, |ug|, |vg| in them, and bounding all [p(r)[¥ by

C%. Note that |ug| and |vg| always appear in the form (|ux| + |vk|)/2, which can be bounded by

Bre~"/2. Since each sum involves at least one factor 1y, or (Jug| + |v])/2, they will all yield some

—s/2

power of e , to be integrated in s.
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For njy1, we get

k=1

mj41(r)] < / < ZAICC]-‘ﬂ re +ZAkA]+1 ke’

2
"0 k=0 0 k=0
ik -k 9 J k j—k
ro+1)2 L 2o +1
+¥ZZ ConCromBiBj_p_ie 8+(72)ZZ AmChomBiBj_j_ e~ %2
"o k=0 =0 m=0 "o k=0 1=0 m=0
k j—k
ro+ 1 2
0 DS S A BB
0 k=0 =0 m=0
i ik joi—k
+3 > ChBnBjkeme  + DY ApBpnBjj_me > 2) ds . (1.4.109)
k=0 m=0 k=0 m=0

Integrating the exponentials e™** (where a = 1/2,1,3/2 or 2) yields e~ /a, which does not exceed

e~"/2/a. Therefore,

e~ /2 J J
1) = — < S ACipk+ Y ArAjpak
0 k=1 k=1
4 J 1 J
+ = AkC]_k + = ZAk:A]—k:
"0 =0 0 k=0
k j—k 2 J k j—k
ro +1)? < A(rg +1
o S S S CnChnBBy it S S S 4G BB
0 k=01=0m=0 0 k=01=0m=0
k Jj—k
ro+ 1 2 d
( 5,7 ) ZZ AnAg—mB1Bj
0 k=0 1=0 m=0
J J—k Jj =k
+) > CvBuBjpom + = ZZAkB Bj i m> . (1.4.110)
k=0 m=0 k 0 m=0
The 141 bound in (1.4.101)) is verified. Proceed similarly with the u;; formula (|1.4.99):
11 o0 j+1 j+1
]ujH )’ < ( + 2> er/ e ® <<7‘0 + 2) Z CkBjJrl,ke_s/Q + (T'(] + 2) Z AkBj+1,ke_s
"o 7o r k=1 k=1
1 _
+ p Z Cj_kBke 5/2 2 ZA] kBke s
0 k=0 "0 k=0
j k k-l J k k-l
(ro+1)° ¢ ~3s/2, (ro +1)? —2s
+TZZ _ CJ kBlB Bk l—m€ TZZZA] kBlB Bk l—m€ ds.
k=0 =0 m=0 =0 [=0 m=0

(1.4.111)
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Each factor contains an exponential e~®* where a = 3/2,2,5/2 or 3 (observe that there is an overall

—3r/2

e~* factor inside the integral). Integrate and then bound the resulting e=*" by e in each term,

which together with the e” outside makes e~"/2. We have then

Jj+1 j+1

1+7ry _ ro+ 2 7"0+2
()] < 150 "/2<(3ch3]+1 e 2NN B
0 k=1 k=1

Aj—kBleBk:—l—m> :
(1.4.112)

Each rg-dependent coefficient in front of the sums in this formula is smaller or equal to the cor-

responding one in the definition of Bj, 1 given in the proposition statement, so the u;41 bound is

proven. Do the same for vj1 from ((1.4.100)):

1 1 Jj+1 Jj+1
[vj11(r)] < (7“0 + 7"2) e / e < o + 2) Z CyB +1_k6_8/2 + (10 +2) ZAkBjH_ke_s
0 70 k=1
1 J
+ = Z Cj,kBkefs/2 2 ZAJ pBre™?®
"0 k=0 "0 k=0
1)2 bk k-l 1)2 ik k=l
O D S S IS o BB By e 2 O SSSONN A BB B e 2s)ds.
k=0 1=0 m=0 k=0 1=0 m=0
(1.4.113)
Upon integrating:
1 1 J+1 J+1
|Uj+1(7’)| < (To + 7”2> e " <2(7’0 + 2) Z CkBj_H_k(er/Z — 6T0/2) + (7’0 + 2) Z AkBj—I—l—k(T — 7’0)
0 k=1 k=1
9 J J
t3 Z Cj_iBy(e"? — er/?) 4 Z j—&Br(r — 7o)
0 k=0 0 k=
ik k-l
2(ro 4+ 1)? & _ _
Aot 17 S S S O BB By — )
"o k=0 =0 m=0
)2 k—l

(s

AJ kBiBmBi_i1—m(e rg_e—r)> . (1.4.114)
k=0 =0 m=0

Keep only the positive term from each of the expressions (e"/2 — e"0/2), (r —r, eT0/2 _ omT/2
p y p p ) 0),
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and (e — e~ "), then bound the last two by 1 and distribute the overall factor e™":

1 1 j+1 - J+1 -
o1 (NI < ( =+ = ) (200 +2) ) CiBjia—we™? + (ro+2) Y ApBjapre ™
"o 7o k=1 k=1

92 J J B
+ 5 CipBre + Z ik Byre™"
"0 j=

0m
12 J k
(Tot ZZZAJ kBiBm Bi—i—me T> . (1.4.115)

Now keep only a factor of e~"/2 from the last two terms, and (just like when we estimated |v|) use

re”" < e "/2 where re”" appears:

1+ ro / i+ i
. —r/2
|Uy+1(7")|§7rg e ( (ro+2))_ CkBjpi-k+ (ro+2) > AxBj1s
k=1 k=1
2 1
+ -5 C]_kBk + 3 ZA]—kBk
"0 k=0 "0 k=0
ik k-l ik k-l
2(rg + 1) (ro + 1)
+7"7?>ZZ 3 C;_xBiBmBj_i_ m*TZZ 3 Aj 1 BiBnBi_i-m ) -
k=0 =0 m=0 k=0 1=0 m=0
(1.4.116)
This proves the v; 1 bound. g

Remark 1.4.9. As we noted, the formula for B;; includes the terms A;41 and Cj1. If we plug
the recursive formulas for these two terms into the places where they appear in the B;;; formula

the first two sums), we obtain an expression for B, involving only indices at most equal to j:
+

14
Bjy1 = Tizo 2(ro + 2)Bon+1 + (ro + Q)BoAj_H
0

J J
2(r0+2) > CrBjs1k+ (ro+2) Y ArBji1 i+ ] (1.4.117)
k=1

We don’t attempt to fully write it down. It is just a polynomial recursion involving A, B, C' coef-
ficients, but soon we will bound all A, C coefficients using B coefficients and the formula will get

shortened.
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1.4.4 Sub-exponential growth of the coefficients

Having separated r and j in our estimates for the series coefficients, our next step (the most technical,

and the one where a novel technique appears) will be to prove that

limsupA;/j <oo limsuijl-/j < 00 , (1.4.118)

Jj—oo Jj—oo
which we refer to as (A;), (B;) having sub-exponential growth. Once this is established, the
bounds proven in proposition yield a positive lower bound for the radius of con-
vergence of the n,u,v series. For example, for any given r > rg, the radius of convergence of

> 520N (r)e’? will be the inverse of

limsup\nj(r)ll/j < lim (Aje_r/z)l/j = lim Ajl-/j < 00

j—o0 Jj—oo J—0

, (1.4.119)
that is, it will be at least some positive number, independent of r € [rg, c0).

Remark 1.4.10. Some words about our technique are in order now. The recursion formulas

(1.4.103) and (1.4.104) make it clear that A;, B; are polynomial expressions, with coefficients de-

pending on ¢, of the initial terms Ag, A1, By, B1, and it is not difficult to prove that the degree of
these polynomials is at most 4j. But knowing this is still far from being able to establish some-
thing like , which would require us to also control the growth of the coefficients of the
polynomials. Our technique will pursue a different path, which we now briefly explain.

If (1.4.118)) is to be true, there must exist positive numbers R, S such that, for all j > 0,
Aj,B; < SRJ. (1.4.120)

But trying to establish an inequality like this by induction proves to be a problem: when using the
induction hypothesis on each term in the sums appearing in the recursive definition of A;,; and
Bj1, the several resulting powers of RF combine to produce R? or RI*t! as needed, but they leave

behind sums that make quadratic, cubic or quartic expressions of j. For example:

Jj Jj—k Jj Jj—k . . Jj J—k 2
Ap BB < SRFSRMSRITF—™ = §3RJ 1~ SRIMZ_43 (14121

It becomes impossible to bound this by a uniform constant times SR/*! as j increases.

Our technique deals with this issue by instead trying to establish an inequality of the form

J
B<SR

A ,
7T (j+0)?

i (1.4.122)
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for some R, S, > 0. Such an inequality is also equivalent to , since the quadratic expression
in j in the denominator can always be absorbed into the exponential R/ when j grows. However,
this form is better suited for an induction proof because, as it turns out, the convolutional sums
analogous to that are produced by the induction hypothesis can be bounded by something
which also includes a similar quadratic term in j in the denominator, as is needed to complete the

induction. This is due to the next lemma.

Lemma 1.4.11. For all 61,02 > 0, we have

Y 2
51 &

J
< , j>0 1.4.123
kzzo k+61)? ]—/~C+52) (4 + 01+ 62)? = ( )
and -
jz_: 1 <8 Y (1.4.124)
240G —k+aP - Graitap 0 7
Proof. By partial fractions in the variable k:
1 B 1 <2/(j+51+52) 1
(k+01)2(j —k+02)2  (j+ 01+ 02)? k+d1 (k+61)2
2/(j + 61+ 62) 1 >
. + = . (1.4.125
]—k+62 (j—k‘+52)2 ( )

First we will establish (|1.4.124]). When summing (1.4.125)) over k = 1,...,j — 1, the terms including

7 — k in the denominator can be rewritten with k, since j — k and k both sweep the same range in

the sum:
= 1 1 ”i(z/g+51+52) 1
— (k+61)%( — k + 62)? T (401 0)? ! k+ 01 (k+ 61)
2/(j + 61+ 02) 1 >
. (1.4.126
k + 6o (k‘ + 52)2 ( )
Now distribute the sum and get rid of any d’s in the denominators inside parenthesis:
Jj—1 j—1 j—1
1 4 1 1
- = —+2 — | - 1.4.127
AR FG—RRE < TR TP (gkzlk- ;m) (4127

The second sum is bounded above by the value 72/6 of the infinite p-series (p = 2). The first sum

can be estimated using an integral:

i—1 j—1 i1
121 1 1 i-14 1 1
Jimk =) 17 J J
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where we used the fact that log(z) < x for all x > 0. Hence

. 1 1 2 8
< 14+ — 1< — . 1.4.129
2 ks 007G — h+ 6 Grarar (T) < Graar (14.129)

To prove (1.4.123]), we use the bound just proved for i;ll, and add to it the terms given by
(1.4.125) with &k = 0 and k& = j, which are:

L < 2 <1+1+ L + 1 >+1+1+ L + 1 )
(J+61+0)2\j+d+0 \6 & j+6  j+06 62 82 (j+61)2 (J+62)?%)

Bound the expression in parenthesis above by replacing j with 0 to obtain

4 11 2 2 4510y + 202 + 262 51+ 02\ 2 1 1\2
S R R L e Tk W Y (i) R Y (D
01+ 09 \ 07 09 (51 (52 (51(52 0102 01 09

_|_

This proves the claim. O

Remark 1.4.12. There is nothing special about the power 2 in the denominator in this lemma; a
similar result would hold with any power greater than 1, but we chose to work with 2 because the

simple proof by partial fractions is available for it.

Now, a tricky aspect of our technique is the fact that the bounds need to be satisfied
for all j, not just j large enough. For proving the sub-exponential growth property , it
would of course be enough to have them be satisfied only for large enough 5, but the point is that, in
order to prove the bounds for some j, we will need to use the bounds themselves inductively — and
since the recursion for the (5 + 1) coefficients includes all coefficients Ay, By, Cj, with k =0,. .., j,
the inequality is needed for all these indices. One could also decide to treat the first few indices in
the formulas by a different means, but that would require opening up the sums to separate them
out and would be impractical.

This need for the inequality to be satisfied for all indices suggests how to obtain the constants
R, S,d: the value of the zeroth coefficients will dictate the relationship between S and J, then the

value of the first coefficients will impose a §-dependent lower bound for R, and finally the recursion

for j + 1 > 2 will impose a small value for § to close the induction and in turn determine R.

Theorem 1.4.13. There exist numbers R,S,6 > 0 such that the sequences (Aj),(B;),(Cj) of

proposition satisfy

j
SR i>0. (1.4.130)

A; B;, C: <
YRR B J—(j+5)2 ’ -
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Furthermore, R,9,S can be selected as such:

R 240(15 + 4ro|p| + ri|al)

7
7o

, 0< , S =267 (1.4.131)

8-
0¢)

Proof. Let 6 > 0 (we will specify a value later, in order to also demonstrate how a suitable ¢ can

be found). Define

44+-6rg—+2r2 5+11rg+8r2+2r3
3 O|M| + 0

0 o B 1\? el +——= :
S=Bo? =26 , R=7H(1+5) =(1+9) T 0 . (1.4.132)
0

Observe, for later use, that

1 By & Bo
—_ Do Zog 141
R Bi(1+02 "B (14.133)

Then (1.4.130) are true for j = 0,1. Indeed, it is enough to verify these only for the (Bj)
sequence, since one can see that max{A4;, B;,C;} = B; for j = 0,1; and in this case we actually

have equality:

*s

0 2 1 2 ?
SR Byd? SR Byd Bl( 1) _B. (1.4.134)

= =B = -
0+0)2 42 0 (1+46)2 (1+6)? B

Now fix j > 1 and assume for induction that is true for all indices up to j. We will use
the recursive definition of A; 1, Bj11,Cj41 to prove it for j+1 as well. The giant formula ((1.4.117])
for Bjy1 makes it clear that Bj 1 > Ajiq,Cj4q for all 5 > 1, hence we only need to prove the
induction hypothesis for B; . Since also B; > A;,C; for j = 0,1, we can bound every A, and C

term in this formula by the corresponding B, term and group together similar sums:

Bji1 <

20 + 3670 + 1912 + 313 < 16 + 24rg + 8r2 8+ 12rg + 4r?
3 Z BiBjy1-k 3 ] v B;
k=1
20 + 3310 + 1372 & 20 + 3070 + 1072 <~ 14
+ 0 0 Z BpBj—k + 0 0 Z Z BiBynBj_k—m

5 3
T 3r
0 k=0 0 k=0 m=0

j j—k
34 + 1287 + 18012 + 112r8 + 2678 I = <
* ” 3Tg ° 0 E § ByBi—mBBj_j—; . (1.4.135)
0

k=0 =0 m=0
We will now estimate each sum in this expression by first using the induction hypothesis in each B,
and then lemma [[.4.11] in the ensuing sums. Each time we will look for the particular expression

SRI*L/(j 4+ 1+ 6)? that is needed to complete the induction.
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e In the first sum (Zf;:l), since the index k is never 0 or j + 1, we can use (|1.4.123) with j + 1

in place of j:

J J SRESRit1—k 852 Ri+1 SRi+
ZBk +1-k < <

< 1662 |
< (k+0P(J+1-k+0)> " (j+1+2§)>  (j+1+0)

(1.4.136)
where we used S = 262 and bounded 26 in the denominator by just 6. It was important here
to be able to use the part of lemma that guarantees a d-uniform constant, 8, instead of
one that diverges when ¢ is small, 8 + 2(2/8)%. Because of this, we were able to get a bound

proportional to 6, which, we shall see, will be important.

e In the second term (the one without a summation sign), simply do

J j+1 1 it 146 2 j+1 4
B< 2 __ S 2(ij * > SR A (1.4.137)
(J+9) (J+149)2R j+o (J+14+9)2R
where we used the fact that
j+140 1 1
- =1t ——<1l+t—=2. 1.4.138
j+9 j+o 140 ( )

Note how it is important that 7 > 1 for this calculation; if we were to attempt it for j = 0 too,
there would not be a d-independent bound when § is made small. This is part of the reason
why we have to consider the j = 0,1 terms separately in this proof and only let the recursion

kick off at j +1 > 2.

e In the third sum (Zizo), proceed similarly to the first, but applying (1.4.124) this time since

the summation index k spans the whole {0,...,7}. Note that the indices of the B terms in
this sum add up to only j, meaning they will produce an R’ after the induction hypothesis is

applied; so we include an extra 1/R and substitute R/ with R/

J J k¢ pi—k 2 pj 2
SRESR) S2RI 11
: < < Z Lz
ZB’“BJ*’“—Z(H(;) 2 — k102 = (j 1 202 <8+2(5+5> )

SRItL 92 jH+1+0)\? SRItL 8
) GrivoPR ™ +8)< 28 ) SGairopr Y

(1.4.139)

where we used S = 262 and also bounded (j + 1 +6)/(j + 26) by 2, similarly to what we did

for (j+1+9)/(j + ) above.
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e In the double sum term ( i:o an_:ko), after applying the induction hypothesis, we can use
the lemma once just in the part whose indices add to j — k, then once more together with the

other k index:

i gk J ko Ik m ke—m
SR SR™SRI~
BB, m <
;oﬂ;) F k- _Z;) k—|—52z::0 m+90)2(j—k—m+9)>?

j 2
: 1 1 8 : 8\ 8+2(3+ )
< 3 ¥ < 3 ¥ (S
—SRE%(kJré)?(j—kJrzé)? <8+52>—SR <8 62> (7 +39)2

k=
S3RITL 1 8 9 SRITT 4, 2, 9\ [(j+1+8)
- — — JE— - @ @@ 1 _ s

G+32R 8*52) <8+252> GriroP RS+ )<8‘5 +2>< 7130 >

SRt 16 9
= —(85° 4+ 1) (85 + 5 | . (1.4.140
<(j+1+5)2R( +)< +2> ( )
e In the triple sum term (Zizo Zf:o Zin;ko), we need three applications of the lemma:

Jj k 2 2
8+8/5 8+8/6
E'E{ 4 JE:
B, Bj._ mBlB]kl<SR k+26) ( k:+25)

k=0 =0 m=0
<7S4R] 84—E 2 8+2 ! LY’
= (J +40)? 52 2% "%
SRt 8 j+1+0\? SRt 32
= 2 0852 4 8)2(86% + 2 52 5 +2) .
Gritopr® TEIETY )< j+40 ) Grirep R TYETEY)
(1.4.141)
Putting all of this together, we conclude
SRIt+1
Bj+1 >~ mb}%ﬁ 5 (14142)

where bg 5 is given by

20 + 3670 + 1972 +3r3 5 16 + 24rg + 8rd 8 + 12r¢ + 4rd
brs = 1662 + R |+ 20170 )y

3 3 1
o N} To

20 + 331 + 1372 20 + 300 + 10 9
4 220 o gg52 4 g) 4 37"0 + 107§ 16(862 + 1) (862 + 2)
To 7’0

34 + 128r¢ + 18073 + 11213 + 267 39
3rg

(862 + 8)%(80% + 2)} . (1.4.143)

To complete the induction, we must be able to select 6 > 0 making br s < 1. First note that, for
any &, we can use (1.4.133) to bound 1/R in terms of 62. Then all terms in the above definition of

br,s will include a 62, which is what we will take advantage of to make it less than 1. Also bringing
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out a factor By/Bj, present in all but the first term, we have:

brs < 752
’ By 7“8’ By 7"8 7“6"

20 + 33r¢ + 132 20 + 3079 + 1073 9
4 B0 E I g 542 4 g) 4 20T 0542 1 1) (852 + )
Ty 3rg 2
L 34+ 128r0 + 18073 + 11273 + 2673 2
37’8

20 + 3670 + 1973 + 3r§ 168, N (16+24r0+8r§| o 8+12r0+4r3>4
ol

(862 + 8)2(86% + 2)} o (1.4.144)

In particular, looking only at the first term, if we want to make br s < 1, then it will be necessary

that
By 4 7”8 By r% By 9 7“8’
—0“ < < = < —. 1.4.145
B, 20 + 36rg + 197“3 + 37"8 168, 320 By 320 ( )

So assume this a priori and plug it into all instances of 62 inside parenthesis in (1.4.144)) to obtain

an upper bound for b 5. It becomes br s < (Bo/B1)6%b, where

2400000 + 96000007 + 15872800072 + 54396800078 + 74752800074 + 46507120075
+11721020075 + 138758007 + 867984075 + 20648807 + 6500074°
+40637r{" + 952472 + 90r$® + 56r* + 13rf?

b:= =
30007
| 640+ 2112ro + 265613 + 1648 + 544r] + 8015 il + 160 + 288rg + 152r3 + 24r§ o]
6 H 3 o
o 7o

160
> (15 + 4ro|p| + 75le])  (1.4.146)

0
(the occurrence of |u| and || here comes from the fraction Bj/By in the first term of (|1.4.144]), as

well as the presence of |u| in the second term). Hence, by imposing

B 7
52 = =L ] — (1.4.147)
By 160(15 + 4ro|p| + r5|e])
the a priori bound ([1.4.145) holds and br s < 1, closing the induction.
Now plug this into the definition of R:
By (1+46\> 160(15+ 4 dlal) (1 +6)?
B() ) 7“0
Finally, to get rid of § in the above, note that the first inequality in (1.4.145)) implies
3
1
2 o (1.4.149)

< < —.
(20 + 3670 + 1972 4+ 3r3)16 ~ 48
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Then the chosen R satisfies

R

160(15 + 4 : 1 \*  240(15 + 4 i
To V48 To
It is clear that increasing the value of R does not invalidate the theorem, so we might as well replace

the chosen R with this exact upper bound, just as the theorem states.

O

Corollary 1.4.14. The radius of convergence of the n, u and v power series, at any r € [rg,00), is
at least

- 7“5

R 240(15 + 4ro|p| + rilal) -

(1.4.151)

Proof. This was explained in equation (1.4.119)). But now, with the inequalities ((1.4.130)) proven in

the above theorem, we can find an upper bound for the inverse of the radius of convergence at any

point, as in (|1.4.119)), given by

. 1/j
limsuijl./J< lim SR

msu < Jim e = (1.4.152)

O

Corollary 1.4.15. For ro < 1, the radius of convergence of the ( and w power series, at any

r € [ro,00), is at least
- rg
R 240(15 + drolp| + ri|al)

(1.4.153)

Proof. As noted in remark the radii for w and w’ at any r > ry are the same as for u and v,
while the one for {(r) will be min{1/R,1/|p(r)|}, where

1 2 2 2
- s_ " S T (1.4.154)
lp(r)] 11— 2pr| = 14 2r|p] = 1+ 27|yl

We see that, when 7y < 1, this minimum also yields 1/R. O

1.4.5 Remaining details

Assume 0 < rg < 1 and py, ax € R are fixed. We'll also need to assume that € > 0 has been chosen

such that
1 7“5
< — = . 1.4.155
© S AR~ 960(15 + dro, + raay) ( )
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With this € (actually also with ¢ < 1/R, however the reason for the 1/4 factor will become clear
soon), the power series for 1, u,v,(,w are well-defined on [rg,c0) for any choice of the parameters
W€ [—pis, pis] and o € [—au, o). In this subsection, when we write 7, u,v,(,w, we assume that
a choice of p € [—pu, ps] and a € [—au, a,] has been made, and, when we want to study the

dependence on the parameters, we will use superscripts like ¢(#) etc.

The purpose of this subsection is to verify the following:

1. that the asymptotic conditions (1.4.4)), (1.4.5), (1.4.9) for ¢ and w are true;

2. that differentiation of the e-power series for ¢ and w term-by-term in the r variable is justified;
3. that ¢(#®) () are continuous with respect to p € [— i, pts] and a € [—au, au;
4. that ¢(r) > 0 on [rgp, 00);

5. that ¥ = 1. = ) can be solved for in the original system ((1.1.13) satisfying the conditions
Y(r) > 0 for r € [rg,00), lim,_yo0 (1) = 1, lim_,o+ 9= (r) = 1 for all r > rg, and that ()

is continuous in the parameters p and a.

We tackle them one by one in the order presented above:

1. From the inequalities

RJ SRI
e —r/2 1.4.156
u , v < ——e 4.
W< e L Il < s (14.156)
(consequence of ((1.4.101)) and ([1.4.130))), we conclude:
—r/2 —r/2 j
)| = Zu] )el| < Se=r/ Z J+5 < Se ;(Rs)] (1.4.157)

and similarly for v(r). The geometric series above is summable because € < e, = 1/R. So this

proves that u and v decay exponentially to 0 as r — co. Given the relation ((1.4.57)) between
(w,w’) and (u,v), the same is true for w and w’, proving (1.4.5)).
The same argument can be made for n(r). Now, since

-1
¢(r) =Crwn(r) +n(r) = (1 - —+ ) +n(r), (1.4.158)
we conclude (|1.4.4) and (1.4.9| - ) too.
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2. Term-by-term differentiation (in the r variable) of our e-power series for ¢, w and w' is justified
once we can prove that their corresponding series of r-derivatives Zj §J’ (r)e’ etc. converge
uniformly with respect to r € [rg,00). Uniformity is not an issue, given how each derivative
G(r), wi(r) and wj(r) can be seen (from their definitions in proposition to depend on
r through functions of the form r~*1e=*2" (where k;, ko > 0), which are uniformly bounded

on [rp,00). But pointwise convergence of the r-derivative e-series must be proved first.

So fix an 7 € [rg,00). We illustrate the idea for the ¢ series. Call
g(e) =) G(ed  gle) = lim ga(e) . (1.4.159)
=0
We already know that g(e) is well-defined when € < e,, and now we’d like to prove that

h(e) = lim g, () (1.4.160)

n—o0

is too. It’s clear that the same technique presented in this section can prove that h(e) is
well-defined when ¢ < e,,, for some e,, > 0 that is potentially smaller than e, (after all, the
polynomial recursion obtained for the derivative series will not be the exact same). Take e
as large as it can be, and assume for a contradiction that €4, < €. Standard theorems on
systems of ODE’s imply that the main differential system can be solved around our
fixed value of r with a solution that is analytic in &, defined for parameters € in a small open
interval around e,,. We already know how to write the solution as an € power series for any
£ < g4« (because differentiation term-by-term is justified for this range); the corresponding ¢
is such that ¢’(r) = h(e). But, since this same (, as an e-series, is necessarily still well-defined
when ¢ is a bit past €., the uniqueness of power series representations proves that also h is

well-defined there, contradicting the maximality of €,,. This proves our claim.

3. Observe that the coefficients C%” ) and w&“ ) introduced in subsection are linear ex-
pressions of p and «, while every subsequent (;41 and w;y; is defined recursively in terms of
integrals of polynomial expressions of previous coefficients (i and wyg. This implies that, for
each fixed r > rg, there exist polynomial expressions

Pi(pa)= Y ppFd |, Qi(ma)= D guuFa, (1.4.161)
k41<d, k4I<d,
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of some finite degree d;, such that, for each j > 0 and each (p1, ) € [—pus, pts] X [—0v, ] |
@) = Pi(pea) , w () = Q(ua) . (1.4.162)

This implies, for the { power series and for this fixed r,
oo o0
¢ (r) = Z Z pjrptalel = Z ijklej pkal . (1.4.163)
J=0 k+1<d; k+i<d; \j=0
This power series of (u, ) is absolutely convergent, as we proved, for any values of the param-

eters p, « in the allowed range, and in particular is a continuous function of them. Proceed

similarly for w.

. Given the expression (|1.4.155)) for ¢, let v € (0,1/4) be such that

__ 7 g _
R 240(15 + 4drops + rgos) 3600

(1.4.164)

The same power series estimate as in (1.4.157)), but this time for n (which starts at index

j = 1), implies

S ; _ras= Re S X 27y
In(r)l = |3 mi()e| < Sy G <P > = et (1.4.165)
Jj=1 j=1 =1
Given that )
¢(r) = Crwn(r) +n(r) = (1 - 21”3 - ;) +n(r), (1.4.166)
we have
et 2y e T 2y e\ 2y
¢y > (1+ 72> 1> <1+ 3600T3> e (1 + 3600) —p - (L4167
The condition for this expression to be positive is
;Zgi +3y-1<0. (1.4.168)

The left side increases with 7o and ~, and is negative with 7p = 1 and v = 1/4, so we have

¢(r)>0onr € [rg,o0) forany 0 <rp < 1land 0 <y < 1/4.
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5. Recall the 9 equation in (1.1.13)):
Y= ——(w')?. (1.4.169)

Plug in for w the solution to (1.1.13)) that we just proved exists, which is continuous as a
function of p and o and analytic in €. The following expression solves this equation (and is

itself also continuous as a function of x4 and « and analytic in €):

b(r) = exp (s / h w,§§)2ds> . (1.4.170)

Observe that, given the exponential decay of w’(r) as r — oo, the integral is well-defined and

we will have ¥(r) — 1 as r — o0, as required. Also note that 1 is decreasing in r, so this
asymptotic condition also proves that 1(r) > 0 on [rg,00). Finally, expanding the argument
of exp in this formula as a power series in € will yield an expression whose degree-0 term is 1,

and this justifies the claim that lim._0¥:(r) = ¥o(r) := 1 for all r > rg.

With this we conclude the study of the main system (|1.1.13)) in the regime of r away from 0.

1.5 Radial variable close to 0

In this section we prove that solutions to the Maxwell-BLTP-Einstein system (|1.1.13|) exist over
a domain r € (0,7¢], for small enough 7, in such a way that finiteness of the integrals (1.3.50))
and (|1.3.51)) (performed over (0,7y) instead of (0,00)) is granted. We recall the system here for

convenience: ) "
W= gy
¢ = (1—744)4 + 50 -0 - W) (1.5.1)

r rd

w” = <3C+6C(1—w2)>w’+Cw

Again the focus will be for the most part only on the system without the ¥ equation. The main

results to be proved in this section are:

e the existence of a l-parameter family (call the parameter o) of solutions with finite energy

close to r = 0; and
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e a uniform-in-o quantitative estimate for the pointwise difference between the solution families

corresponding to € = 0 and to € > 0.

They are described in the next two theorems:

Theorem 1.5.1. For every 0 <e < 1/60 and 0 < 9 < 1/360, the Mazwell-BLTP-FEinstein system
admits a 1-parameter family of solutions v, ,w in (0,rg), parametrized by a real number
o such that |o| < 1/360, which are continuous in o at any r € (0,79] and satisfy the following

asymptotic conditions at r = 0:

—1
0< lim {(r)<oco , 0< lim 11)(7‘)2'<OO )
r—0t r—0t r
/
0 < lim T)‘ <oo , 0< lim rsy21/1(r) <oo (1.5.2)
r—0t r r—0+

where the constant Y in the last condition is such that |Y| < 1. In particular this implies that the

integrals

) w(w _ 1)2 ) wc—l(w/)2 T0 w(w _ 1)
/0 ——dr /0 ——dr /0 dr

r2 r2 r2

are all finite.

Theorem 1.5.2. For e € [0,1/60), consider

(e) _
)= (o) . v o) = 0D e ) 2 DL (5

where (&) (r,0),w'®) (r,0) are the 1-parameter family of solutions described in the theorem above.
Then, for allr € (0,1/360) and o € (—1/360,1/360), the perturbation terms T©), 5(®) 7(¢) defined
by
29 (r o) = 2O (r,0) +e3C) (r,0) | ete. (1.5.4)
satisfy the bound
ZE(r,0)] (7 (o), [ZO(r,0)] <

e (1.5.5)

where

v = max{360r, 3600} € [0,1) . (1.5.6)
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1.5.1 Desingularization

We will apply a standard technique from the theory of Dynamical Systems to transform the ¢ and w
equations in system ({1.1.13)) into an autonomous system with an equilibrium point whose unstable
manifold consists of orbits corresponding to solutions that satisfy the desired asymptotic conditions
at r =0.

First transform it into a 4D first-order, autonomous system by thinking of both r and h = w’

as variables: )
CI — C( - C) + % (C2 _ <~2w2 _ Chz)

r

n = (3_C+€C(1—w2)>h+Cw

r r3

(1.5.7)

Denote the independent variable of this system by ¢;. In order to obtain a system with an equilibrium

point at r = 0, it is enough to introduce a new variable to such that r% = stIZ; that is, for any
function g, if we define g(t2) = g(t1(t2)), then
dg /
3, (12) = g (1 (t2))r(ta(t2)) - (1.5.8)
la
We will choose
to = log(tl) . (159)

Letting 2,7, 2, 8 be functions of t5 related respectively to ¢, h,w,r by Z(t2) = ((t1(t2)) = ((e!?) etc.,

we obtain the dynamical system that they satisfy by multiplying the right-hand side of (1.5.7)) by r
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§ =35
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(1.5.10)

Finally, we modify the dependent variables g, Z into new ones y, z whose finiteness at r = 0 will

imply finiteness of the integrals ((1.3.52) from section according to (|1.3.53)) and (|1.3.54]). For

the sake of notational consistency, we also rename z, § as x,s. So let

r =2 9 y: §2 9

Then we compute the derivatives:

=3 =z1-2)+ %(az2 —22(s%2 +1)% — z(sy)?)
S

=1z — 2% — e(zy? + 222 + s%222?)
Ao ol N 1
y = ys§2ys =Y ; y =3 [(3—x+5§(1—(52z+1)2)) sy + sr(sz + 1) — sy

=z 42y — xy + 2z — e(2zyz + s2xy2?)

, 252 -233(2-1))
z = frg
§4

z—1

§2

P-2:42

-2
52

> | <S>

=y—2z

/ Al

§ =8 =S8

(1.5.11)

We thus have a non-singular, 4D, first-order, autonomous dynamical system in (x,y, z,s) with a

parameter €:

o = — 22— e(zy? + 2022 + 22222)
Y =+ 2y — xy + s2xz — e(2ryz + sxyz?)

Z=y—2z

s =S
\

Given that r(t;) = t1, we have s(ty) = r(e'2) = €!2, and in particular

lim s(t2) =0.

to——0o0

(1.5.12)

(1.5.13)
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Therefore, evolving an orbit backwards in “time” to corresponds to letting its s coordinate decrease
to 0, and, in order to obtain orbits corresponding to finite energy solutions to the original system,
it will be enough to find orbits whose coordinates converge to finite values at s = 0. This can only
happen if this orbit belongs to the unstable manifold of an equilibrium point at s = 0. So our next

task is to find a suitable critical point and study the linearized system around it.
Remark 1.5.3. The solution to the Maxwell-BLTP flat-space equations

(=1, wr)=>0+re" , w(r)=-re” (1.5.14)

is written in the new variables as

(1+e2)e¢? —1
€2t2

t

() =1, yt2)=—-e" | z(t2) = . s(ty) =e'2 . (1.5.15)

The corresponding orbit, obtained by letting the independent parameter ¢, vary in R, “comes from”

the point
1
(X,Y,Z,S): <]-7_17_270) ) (1516)
that is, this point is its limit as 5 — —oo0. On the other hand, the RWN solution
2ue € -1
=(1-—4+ = =uw' =0 1.5.17
¢(r) < , + r2> , W=w ( )
becomes
2M5 € o — —2t2 to
o(te) = (1=, + & , y=0 ., z(t2) =—e . s(ta) = e, (1.5.18)

with the orbit diverging as to approaches —oo (for € > 0). Therefore we see that restricting our
attention only to solutions of our desingularized system (|1.5.12) that come from an equilibrium
point at s = 0 precludes the scenario that we end up finding the one that corresponds to the RWN

solution to the original system.

1.5.2 Ciritical point analysis

Let (X(E), y© zE), S(e)) denote a critical point of system (({1.5.12)). When there is no need to specify
the e-dependence, we will omit the superscript ().

Due to the 3'4 and 4" equations, it is clear that

Y=2Z , S=0. (1.5.19)
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Plug this into the right-hand side of the 15" and 2" equations and set them equal to zero:

0=X—X?—c(4XZ* +2X27) = X(1 — 4¢7%) — X*(1 +2¢2) ( )
1.5.20

0=X+47 —2X7Z — 4eX 7>

First of all, when X = 0, the second equation gives Z = 0 and we obtain the critical point (0, 0,0, 0),
which is always a critical point for any € > 0. So assume X # 0 in what follows, and divide the
first equation by X.

If € = 1, the first equation can be factored as (1+272)(1 —2Z — X) = 0. In case the first factor
is zero, we obtain the solution (2, -1, —1, O). In case it’s the second factor that is zero, we solve
it for X and plug it into the second equation to find Z = —1/2, which then yields the same point.

Now assume € # 1. We claim that 1 + 2¢Z # 0. Indeed, assuming 1 4+ 2¢Z = 0 and looking at
the first equation in : since € # 1, we can’t have 1 — 4eZ2 = 0 also; hence X = 0, but this
plugged into the second equation implies Z = 0, which is not the case. Now, given this claim, we
can solve for X in the first equation and plug it into the second, obtaining

1 —4ez?

== 16e224 Z3422+1=0. 1.5.21
597 6“2 +8cZ° + 27 + 0 (1.5.21)

It will be most convenient to work in terms of Y. We have then

1—¢eY? Y
= 7 == Y44 eY3+Y +1=0. 1.5.22
oy 5 € +eY°+Y + 0 (1.5.22)

Lemma 1.5.4. For all € > 0, consider the polynomial
p(t) =t +et® +t4+1. (1.5.23)
Then it only has real roots when ¢ € [0, 1], and in that case:

e there are at most two roots tga) <-1< tga) <0;

e these roots are equal to each other (and equal to —1) if and only if e =0, 1.

Proof. When € = 0 the only root is —1. When ¢ = 1, the polynomial factors as p(t) = (t3+1)(t+1)

and again only has the real root —1. Now assume € # 1, € > 0. Compute the derivatives:

pt) =43 +3et> + 1, p'(t) = 12%% + 6¢t . (1.5.24)
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The two critical points of p’ are therefore u = —1/(2¢) and v = 0, and since
T P T R I (W) =1>0 (1.5.25)
u) = — — _ — _ V) = .O.
P 83 4e? 4e P ’

there is only one z € R such that p/(z) = 0, and it is negative (given that u < 0 and tlim p(t) =
——00

—00). Hence z is a global minimum point of p, and p can have either 0, 1 or 2 real roots, depending

on whether p(z) > 0, p(z) =0, p(z) < 0 respectively.

Carrying out polynomial long division, we have

t 1 1 1
ty=(~-+— )+ (3> +12t+16 — - ) ; 1.5.2
)= (4 52 ) PO + g5 (3P + 12162 (15.26)

in particular the sign of p(z) is the same as that of ¢(z), where ¢ is the polynomial defined by
2 1
a(t) = =3¢* + 126 416 — . (1.5.27)

The discriminant of ¢ is
1 1
A=12%+12 <16 — > =12 <28 — ) . (1.5.28)
3 g

If £ < 1/28, this is negative, ensuring ¢(t) < 0 for all t € R, which means p(z) < 0, and so p has 2

real roots. Otherwise, ¢ has at most two real roots given by

1
xi:2i§,/84—§, (1.5.29)

and the condition for, say, ¢(z) < 0 is that z < z_ or z > z4. But since z < 0 and = > 0,
this condition can be written as just z < x_. And since z was defined as the only real root of the
polynomial p’ (which is positive to the right of z and negative to the left), this is the case if and

only if p’(z_) > 0. Computing p'(x_) and simplifying, we get

1
p'(z_) = 32¢(1 + &) (1 -3 84 — i) . (1.5.30)
This is positive if and only if
3
\/84—g<9 — e<1. (1.5.31)
O

With this we have finished finding the critical points (X, Y, Z,S) of (1.5.12)). There are at most

3 of them:
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e For e € [0,1], two critical points Pl(e), PQ(E) are given by
©?% 4
1- 45tj t;

(€ _ €) P
P — L0 , =12, (1.5.32)

J 14 25t§5) 2

and they coincide when € = 0, 1.
e For any € > 0, the point Pg(g) = (0,0,0,0) is also a critical point.

Given that the solution of the original system for large r was obtained as a perturbation of the
flat-space solution, we shall focus our analysis on the point among these three that converges to the

one described in (|1.5.16) as € — 0, which is PQ(E). We will drop the 2 and denote it by just
PE = (x© yE) 76 o). (1.5.33)

We will also omit the (¢) superscript whenever the value of ¢ is clear. We are interested in its
unstable manifold, which we call W) defined as the collection of orbits of (1.5.12) whose limit as

ty — —00 18 P(E)

In all that follows, we will use the notations [*,--- , %]’ and (%, --- ,*) interchangeably to denote
points (or vectors) in R? and R*, depending on which is more convenient in each case.
The linearization matrix of (1.5.12)) at P€), containing the partial derivatives of the right-hand

side with respect to x, ¥, z, s evaluated at P, can be calculated to be

1-2X — (422 +4X2) —4eXZ —2eX? 0
1-27 —4e7? 2 X —2eX7 —4eXZ 0
(1.5.34)

0 1 -2 0

0 0 01

We see that, for any e, there is an eigenvalue, which we call )\ge)’ equal to 1, with a corresponding

eigenvector [0,0,0,1]t. We will call N the upper-left 3 x 3 block of M), Given the relations
(1.5.22)), it is written in terms of Y as:

I 1—ey? 1—ey2\? ]
C14eY? —2ey-——° —25< c >

1+¢€Y 1+eYy
) = 1—eY?
N = 2 —eY24eY? 4274 14+ eY? DRV (1.5.35)
1+¢€Y
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Let )\;E), )\:(35), )\516) denote its (potentially complex) eigenvalues. When ¢ = 0, we have Y = —1 and

it can be calculated that

AD=1 ) AP =21 AP =2, (1.5.36)
Hence, when ¢ > 0 is small, M(©) will still have two eigenvalues )\gs) =1 and )\ga) with positive

real part and two others with negative real part (in fact they must remain all real, since there is
no multiplicity among )\go)’ )\go)’ )\510)). The Hartman-Grobman Theorem states that the unstable
manifold W) of the equilibrium point P(®) is 2-dimensional and tangent at P() to the plane
)

spanned by eigenvectors corresponding to the positive /\;.8 ’s. Our goal in this section is to find an

analytic parametrization for it and prove its convergence in a small enough neighborhood of P,

But before we do that, we will need to find bounds on the eigenvalues /\ge), )\;6) and on certain

expressions involving X ©), ¥y ZE), Due to the proof method used, we will have to stay restricted
to small values of ¢ away from 1 (at first € < 1/2, then € < 1/60), but these restrictions are more

than enough for our purposes.
Lemma 1.5.5. For all € € [0,1/2), there exist (5;),5&),(5(;) € [0,1] such that

X© =14 4(5&?52
YE = —1+25F¢ (1.5.37)

1

Proof. Tt is enough to prove (considering that Y () = 22(9))
1< YO <142, 1<XE <1442, (1.5.38)
Let us drop the () superscript. From the proof of lemma we know p(Y') = 0 where
p(t) =t +et® +t+1 (1.5.39)
and furthermore —1 <Y < 0. In particular, due to Y > —1 > —1/(2¢),
0<1+42V <1 (1.5.40)

and

1
1—5Y2>1—5>§. (1.5.41)
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From implicitly differentiating p(Y) = 0 we obtain

av v 1+2Y
de 14 3Y2 4 4£2Y3 °

(1.5.42)
The denominator can be simplified using p(Y) = 0:
2 2v-3 2 24 3 2 4 2 4
L4+ 3Y2 44°Y? = 1= e¥? 44V 4 e¥?) = 1 - ¥ - (Y + 1) = -3 -V - =, (1543)

which is bounded below by —3 — Y2 4+ 4 > 1/2 (using ([1.5.41)). In particular % > 0. But using

(1.5.40) to bound (1.5.42)) above, we have

dY
<

= < —(-1)3—=2. (1.5.44)

1/2
Now the inequality stated in this lemma is a consequence of the Mean Value Theorem and the fact
that Y = —1.

To obtain the X bounds, rewrite its formula given in (1.5.22)) as

1+Y

X—-1=-¢Y .
¢ 1+¢eY

(1.5.45)

The three positive numbers —¢Y,;1+4Y,1+¢€Y can be bounded with the Y bounds just proved, and
this yields

2
0<X_1<_ ¢

2

O

Proposition 1.5.6. For all € € (0,1/60), the linearization matriz M©) has 2 positive eigenvalues

)\gs), )\ge) satisfying

AP =1 1< AP <1460e. (1.5.47)

Proof. We've seen that /\gg) =1 is an eigenvalue. We must show that the eigenvalues )\;a)’ A

)

i())s), AELE)

of N are 1 positive and 2 negative, with )\éa > 0 satisfying the bounds given.

Let the characteristic polynomial of N be denoted

(1) = det (N(*f) - tI) = B +aP+aPt+al . (1.5.48)
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We have x(O(t) = —t3 — 2t 4t + 2. Write each coefficient of x(¢) as a perturbation of the ¢ = 0

coefficients:
agg) =-2+ aééa) , a(f) =1+ 6(5%8) ) a(()e) =2+ 5(5(()6) ) (1.5.49)
and use formula (1.5.35) for N©) to compute:
55 = 2y

1) = (=363 — 662V + (10e2 — 36)Y* + 16eY® — (4e — 6)Y2 —4Y) /(1 +eY)>  (1.5.50)
58 = (—63Y0 — 12e2Y5 4 62(e — 1)Y4 + 126V +4Y2 — 4y — 2)/(1 + Y)?

Using €2Y4 + eY? +Y + 1 = 0, the polynomials of Y that appear in these formulas can be made
)

simpler. One of the factors 1 + Y in the denominator of (5%6 can also be cancelled. The end result

is
5% = 2y
8 = Y (10eY2 4+ 9Y — 1)/(1 +&Y) (1.5.51)
58 = 2(6:Y3 + (32 + 5) Y2 — 2V — 4)/(1 + £Y)?

Using the Y bounds ([1.5.38)) (and remembering that those bounds are negative), we can see
l—e<1+eY <l+e(—1+2)=1—¢+ 2?3 (1.5.52)

4063 — 40e® +10e —10 = 10e(—1+2¢)? =9 -1 < 10eY2 +9Y —1 < 106 +9(—1+2¢) — 1 = 28 — 10
(1.5.53)

1263 + 862 —27e +3 = 6+ (3 +5)(—1+2¢)? —2(—1+42¢) —4 < 6eY3 4 (3 +5) Y2 —2Y —4
<6e(—1+26)3 + (3 +5) +2—4=148 — 723 + 362 — 3¢ +3  (1.5.54)

)

In order to correctly multiply these expressions to get bounds on (5&8) and (5[()8 , we need to know

their sign. For ¢ small enough (¢ < 1/60 works) we can see that the left- and right-side bounds in

(L.5.52)), (1.5.53) and (1.5.54)) are > 0, < 0 and > 0 respectively. Hence we can say

1.28 < 2(—1+2)2 < 6§ <2 (1.5.55)
28 — 10 () 40e% — 40e% + 10e — 10
26 < (—1428)—— <67 < (—1 <10.4 L.5.
6.26 < (—1+2¢) 75 <6 < (1) - <10 (1.5.56)
12¢% 4 8e2 — 2 48e* — 727 2 —
0.92 < 2 e’ + 8¢ Te+3 S5(()€)§2 8¢ 72e” + 36¢ 3e+3 <739 (1.5.57)
(1 — e+ 2e2)2 (1—¢)2
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(the numeric bounds are true for the range considered for ¢). This implies

sup [6542 4+ 69t + 609 <18 + 33+ 8 =59 . (1.5.58)

—3<t<2
Hence, for any t € (—3,2), if [x(?)(¢)| > 120, then x(9(#) and x()(t) have the same sign, because,

by the definition of 5](-5),

12 (0)
O xO@)] = eloe2 + ot + 57| < 50e < 122 < BT

(1.5.59)

Now let z stand for any of the 3 roots —2, —1,1 of (¥ (t) = —t3 — 2t +t + 2. The derivative at

these values can be calculated to be

dy©
de

dy©
de

(_1) =2 9

(1)=—6 . (1.5.60)

Note that 60e < 1 is smaller than the minimum distance between any of the 3 roots of x(°), hence
the two points x & 60 € (—3,2) have precisely one root (z) between them, and in particular the

two values x(©) (z + 60¢e) have opposite signs. These two values can be computed as:

X (2 £ 60e) = —(z £ 60e) — 2(x £ 60e)% + (z £ 60¢) + 2

dv(0)
— O () & X
X (z) £ 60e gr

dy©

() + (60e)?(—3x — 2) F (60¢)3 (1.5.61)

= 605( + (z) — 60=(3z + 2 & 605)) .

Direct verification of every possibility for x and the + sign, using (|1.5.60]), gives
X (z & 60¢)| > 60 - 2 = 120¢ , (1.5.62)

and, due to what we observed above, this implies that x(*)(z 4 60¢) and x(®) (z +60¢) have the same
sign, and that also x(?)(z — 60¢) and x()(z — 60¢) have the same sign. But we also noted that the
later sign is opposite to the former; in particular, there exists a root of x(¢) between z — 60e and
z 4 60e. Since z = —2,—1,1, this is enough to prove that 2 of the roots of x(€) are still negative

and 1 is positive (call the positive root )\gs))7 while also proving the bound

1-60s <A <1460 . (1.5.63)

In order to improve the lower bound on /\gg) as stated in the proposition statement, it suffices to

show that x(9)(1) > 0 (indeed, x(®)(¢) is a cubic polynomial with leading coefficient —t*, and so the
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fact that it is positive at 1 will mean that there must be a root to the right of 1; this root can only

)

be the only positive root )\gs that we proved exists). Just compute:

© —2—8Y + (12 — 46)Y? + 32eY3 + 9¢(2e — 1)Y* — 182Y5 — 93Y¢
1) = 7o) . (1.5.64)

Using (|1.5.38]), the numerator can be seen to be positive too, just like what we did when bounding

(e)
;" O

Proposition 1.5.7. For alle € [0,1/60), the eigenvalue )\ga) of M©) has a corresponding eigenvec-

tor that can be written in the form

p(E)g
3+qBe 0<pl© <4
o0& = K for P . (1.5.65)
1 0 < ¢ <60
0

Proof. )\(26) is the only positive eigenvalue of the matrix N defined in (1.5.35). If we find a
corresponding eigenvector for this matrix, then we get one for M) by adjoining a 0 in the fourth
coordinate.

Let the matrix Ag\g,) be defined by
N© =NO 4 Al (1.5.66)

which means

Y2 —2XY —2X?

a b —c
AV = Syv2qiysieyt v2 _oxy | = | -d a b |- (1.5.67)
00 0

0 0 0

The positive numbers a, b, ¢, d defined by this equation also depend on €, but we omit the superscript
(€) to unclutter the notation. Using the bounds we found on X, Y in lemma we can find bounds

for a,b, ¢ (we will not need to know bounds for d):
l—4de+4e2<a<1,
2—4e <b< 2482, (1.5.68)

2< <24 16e% 432 .
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Let A(®) be written in the form
A =145 | 6 e0,60) (1.5.69)

(as per proposition [1.5.6). We know that the corresponding eigenspace is 1-dimensional. First
we claim that it is spanned by a vector whose 3" coordinate is nonzero. Indeed, assume for a

contradiction that there exists a nonzero eigenvector of the form [vz, vy, 0]'. Then

0 Vg —14ea— 2O eb —ec Vg
0| =W -1 |, |= 2 —ed 1+ea— A6 eb vy
0 0 0 1 —2 -\ 0

70)

The third row implies v, = 0, and then the first row gives (=1 + ea — A\))v, = 0. But note that

1
—1+5a—)\(5):—1+6a—1—85§\5)<—2+@<0, (1.5.71)

(using a < 1), giving v, = 0, a contradiction.
Hence, by rescaling, we can find an eigenvector v(®) for A() with the third coordinate equal to

1. Write it in the form

5p(5) p(s)
v = 0@ £ 26E) = | 34 4O , 0 =1 ¢@ |, (1.5.72)
1 0

where v(0) = [0,3,1]! is a corresponding eigenvector when € = 0. Expanding out the equation
(NO 4+ eAD) (0@ 4 £6E)) = (1 +e60) 0O +e59) | (1.5.73)

subtracting N(@v(© = ¢ and dividing by ¢, we get

24e(a—-07) e —ec p©)
2 —ed e(a— o5\ eb /@ | = (VO —A@ )5
0 1 —3— &5 0
—-3b+c¢
= (AR +0000 @ = | _3a—p4350 | . (15.74)

5\
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This is a linear system for p®), ¢(®) consisting of 3 equations. Since M) is an eigenvalue of N
(whose 3 eigenvalues are all distinct), the matrix on the left has rank 2, but we also know that
the system must be consistent, given that it came from the equation that establishes v as a
corresponding eigenvector. Hence, if we manage to solve 2 independent equations out of these 3,
the remaining one is automatically true.

The p'©) coefficient in the first equation is nonzero:

1 119
—2+¢e(a— 5&8)) =-2+4+ea—c¢ —5&6)52 <—-24¢e¢(1-0)< -2+ 0= 60 (1.5.75)

Therefore the 15 and 3" equations are independent. The 3™ one is immediately solved: ¢© = 6&5)
(in particular we have 0 < ¢®) < 60 as claimed). Plugging that into the 15 gives

() _ 3b—c+cbsy)

. (1.5.76)
2 —e(a—06)

p

Using the bounds on b, ¢ that we deduced, we conclude that 3b — ¢ + 5b5§\€) is positive and

2 2
3b—c+ab5§f)<6+24g2—2+(+§§)&):6+3252<7. (1.5.77)
This and (1.5.75) then imply that p() is positive and
7-60
(e) 4 1.5.78
PY <479 < ( )
as claimed. m

1.5.3 Analytic parametrization of the unstable manifold

Suppose € € [0,1/60) is fixed. We will omit the € dependence from the notation of most symbols
from now on.
Denote an arbitrary orbit of system (1.5.12) by @ = x(t) = (z(t),y(t), 2(t),s(t)), and let F

denote its right-hand side, viewed as a multinomial in the variables x,y, 2, s:

r— 2% — e(wy? + 2222 + s%2%2?)

x+ 2y — xy + s2xz — e(2ryz + s2xyz?
F(z,y,2,s) = ( ) . (1.5.79)

Yy — 2z

S
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Let v1 = [0,0,0,1]" and vy as in be eigenvectors of the linearization matrix DF(P) at
P = (X,Y,Z,0) with corresponding eigenvalues Ay = 1 and A2 > 1. By the Hartman-Grobman
Theorem, there exist open sets U > P and V 3 0 of R* and a diffeomorphism G : U — V
taking orbits of to orbits of the linearized system @’ = DF(P)x, and this implies that the
unstable manifold W associated to the equilibrium point P is a 2D manifold. We are going to find

a parametrization for it. Let a differentiable map
W:Uy—=R* | W(ro)=(x(r,0),y(t,0),2(1,0),s(1,0)) , (1,0) € Uy (1.5.80)

(where 0 € Uy C R?) be given, and assume that it satisfies

ow ow

W(O)=pr |, ?(0) =&, 87(0) = &9 (1.5.81)

where &1, &2 € R are arbitrary (we define & = 1 and & = 1/4). It can be proved (see [BM16]) that

W is a parametrization of W if and only if it satisfies the invariance equation
DW (r,0) =F(W(r,0)) . (1.5.82)

Furthermore, the fact that F' is analytic in its variables means that we will be able to obtain an

analytic W:

o
W(r,o) = Z wiT'od (1.5.83)
i,j=0
for coefficients w;; = (x5, yij, ij, Sij) € R*. The conditions (1.5.81)) then imply that:

e The zeroth coefficient woy = W(0,0) must be the equilibrium point:
woo = (00, Yoo, 200, S00) = (X, Y, Z,0) . (1.5.84)
In particular note for future use

|[Zo0l, Yool [z00| < 2. (1.5.85)

e The first-degree coefficients wig, wp; must be the chosen multiples v; and vg/4 of the eigen-

vectors. We've seen in proposition that

Ep
0<p<4
v2 = | 3+4¢q , Wwhere . (1.5.86)
0<q<60
1



81

Note that the components of this vector are bounded by 4 in absolute value, given that

e < 1/60. Hence

U
wig = (210, Y10, 210, 510) = (0,0,0,1) ,  wor = (o1, Yo1, 201, So1) = ZQ (1.5.87)

and in particular

al, [Yal, [2a] <1 for [ =1. (1.5.88)

It’s worth mentioning that choosing different values for the scaling parameters &1, &2 in front
of the eigenvectors v1,vs doesn’t aid in obtaining a larger radius of convergence, because both
the series coefficients and the independent variables 7, o get scaled in an inversely proportional
manner. But it can be useful to choose appropriate &1, & if we want to perform numerical

calculations, where they help deal with precision errors.

Higher-degree coefficients can be found recursively. Let (i,5) € N? with i 4+ j > 2. Computing
the coefficient of 7907 on both sides of the invariance equation ((1.5.82)) gives

(AT + A w) = PO (r,0)); (1.5.89)

The right-hand side of this equation represents the coefficient of 7'c? after we expand out the
polynomial F' applied to the parametrization of x;;, ¥;;, 2ij, s;; as functions of 7,0. Let us now see
how this gives a recursion relation that permits us to uniquely find all w;; = (x5, yij, 2ij, Sij)-

We employ multi-indez notation, using Greek letters to represent 2-dimensional indices (k,[) €
N2. The parametrization is written in this notation as

W(r,o) = Z woTM oY = Z'w(ﬂ'alaaz . (1.5.90)
aeN? a

Multi-indices are summed componentwise, and, by definition, two arbitrary multi-indices 8 =
(51,582), v = (m,72) satisfy 8 < ~ when 81 < 71 and 2 < ~9. This notion of a partial order
is necessary when writing down the coefficients of a polynomial expression involving the unknowns
To, Yoo, Zas Sa; for example

Yy = z:[ul:y]aro‘lao‘2 where [zy], = Z TYa—3 - (1.5.91)

o B<a

The notation |S| will be used to mean the degree 51 + B2. Note that |8+ | = |8| + || for any
B,v € N2,
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So let o € N? with |a| > 2 be fixed, and assume for recursion that we already uniquely determined

all coeflicients wg for |B| < |a|. We will denote by o’ the specific multi-index

/

o = (a1 —2,00) , (1.5.92)

which will appear shortly in some formulas. For convenience, we stipulate that the coefficient of a
variable corresponding to a multi-index with a negative entry is defined as 0; so for example, when

a1 < 2, we have
> gy =0. (1.5.93)
B<a’
Start by looking at the 4" coefficient of ([1.5.89). The equation reads

()\1&/1 -+ )\Qag)sa = Sq - (1.5.94)

Since \; = 1 and Ay > 1, the left-hand side is different from s, so the solution can only be s, = 0.

With this and the value of the initial coefficients sqg, So1, S10, We have determined all s coefficients:
sijo=1 , sk =0 for all other k, [, (1.5.95)
implying that the 7 parameter is the same as the variable s:
5= Z 5q7 M0 =1 . (1.5.96)
[e%
The 3™ equation of ((1.5.89) reads
(Maq 4+ Aoao)za = [y — 22| = Ya — 224 (1.5.97)

and, once we find y,, it can be solved as

24+ Moy + Ao

(1.5.98)

Zo

since the denominator in this expression is not zero.
Now consider the 1%¢ equation in ([1.5.89). When expanding out the right-hand side, we use
the fact that the a = (a1, as) coefficient of the term containing s? (= 72) is the same as the

o' = (a1 — 2, ag) coefficient of the remaining parts of that term. Other than this, everything else is
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straightforward:

(M1 + Aoao)re = T — [:UQ]Q — a([ny]a + 2[$2z]a + [32x2z2]a)

=Ta — [xg]a - 5([5Uy2]a + 2[xgz]a + [51;222]0/)

1.5.
= ZTa — Z LTpLa—pg — 5( Z Z(xa—ﬂyvyﬁ—w + 220- BTy T3—) (1.5.99)

B<a BLay<p

+ Z Z Z $7x5_725za/_5_5> .

B<a’ y<Bé<a’—p

The sums on the right-hand side involve coefficients with degree at most ||, but those with this
maximal degree must be of index precisely «, since they are also constrained to be < «. Hence,
maximal-degree coefficients can only appear as factors in a product all of whose other coefficients
are of index 0 = (0,0). Note that the triple sum, where all indices are restricted to be < o/, will
not contribute any terms like this. So we see that the terms on the right-hand side involving any «

indices are only the following ones:
T, —2Xxo, —e(Y?2o 4+ 2XYyo +4X Zxq + 2X°2,) .

Moving them to the left, we have

(Mar + gy — 142X + V> + 46X Z)10 + 26 XY Yo + 26 X%20 = — > TpTa_p
BLa
B#0,a
— 5( Z Z (Ta—BYyYB—~ + 220—pTyTa—vy) + Z Z Z x7x57z52a1_5_5> (1.5.100)
B<ay<p B<a/ y<B <o/ =P
B#0 , v#a
B—y#a

Finally, use on the left to write z, in terms of y,. We obtain thus a linear equation for z,,
and yq:

GaTa + baYa = €a , (1.5.101)
where

Uo = Mg + Ao — 1+ 2X + Y2 +4eXZ = Mag + Mg + 1 — Y2

bo = 2eX <Y+ X )

24 Aag + Aaae

=T 2 ey - E( 2 2 (@ompyy—y ¥ 2zapypn) + DL D D wvxﬁvzéza'—ﬁ—cs)

B<a B<av<p B<a y<B o</ —f
B#0,0x B#0 , y#a
B—y#a

(1.5.102)
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(we used equations (|1.5.22)), which give X, Z in terms of Y, to rewrite a,, in terms of just V).

Next we do the same for the 2 equation in (1.5.89)). Initially it reads

(Ma1 + A202)Ya = Ta + 2Ya — [2Y]a — 2e[2y2z]o + [22]0 — 5[xyz2]a/

= ZTo + 2Ya — Z TEYa—p — 2€ Z Z Ta—BYy28—~ + Z TBZa/—B

B B<ay<B B!

— € Z Z Z L5Ya!—B—5Ry2B—

B<a’ y<Bé<a/—B

Move to the left the terms on the right that involve « indices:
Tas 20y —XVYa — Yo, —26(XY 20+ XZya +YZ2x,) .

The equation becomes

(—14+Y +2Y2)xq + (Mo + Aoag — 2+ X +2e X 7))y, + 26 XY 2,

(1.5.103)

== D TaYa—p—26 ) Y TapYrat D TeFag =€) D D TeYal-p-521%6—

BLa BLlay<p Ba/ BLa! v<Bd<a/—f
B#0,a B#0 , v#a
B—r#a

and, after replacing z, according to (|1.5.98)), it turns into

Calq + daya = fcx s

where

Ca=—-14Y +2YZ=eY?>+Y -1

2e XY
do = =2+ \ A X +2X7 =\ Aoy — 1 —eY?
a + ANy + A + X+ 2¢ + 9+ Aot T My 1001 + A2009 € +

(1.5.104)

(1.5.105)

2eY (1 —¢Y)

24 Mog + dan

fa==)_ TYa—p =28 ) D Taprsyt ) Tplapg =€) > D TeYa'-p-siy2—r

BLa B<av<p p<a’ f<a’ y<B6<a/ -
B#0,cx B#0 , v#a
B—y#a

(1.5.106)

We can uniquely solve the system comprised of (1.5.101)) and ((1.5.105|) as long as the determinant

D, = andy — baca

is nonzero. Then the solution is

= doeq — bafa _ —Cqlq + aafa
o D, y  Ya D, .

(1.5.107)

(1.5.108)
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The following proposition deals with this and shows a uniform-in-a bound involving the coefficients

of the linear system above:

Proposition 1.5.8. For all « € N? with |a| > 2, we have D, # 0 and

aa|  [ba| lcal |dal
= 2. 1.5.109
-Da ) Da ) Da ) Da ~ ( )
In particular formulas (1.5.108) are well-posed and
Zal, [Yals 120l < 2(Jeal +|fal) - (1.5.110)

Proof. Let the symbol A - a be used to abbreviate the number Aja; + Aoap (which is at least
a1 + ag > 2). We use to say
IX| §1+4<;>2:2 Cvl<1. (15.111)
Now use these to bound the first-order perturbation terms of aq, ..., d,, denoted as d, ..., d4:
o =A-a+1—eY?=A-a+1+d,.

2
bo =€ <2XY-|— 2)(> =: 0pe

24X
tAra (1.5.112)
Ca=—1+Y +e¥? = 24¢Y?-VY3-Y?) = —2+6.¢
2Y (1 —¢€Y)
=A-a—1 Vi) =Xa-1
do =X —|—€< + 2_1_)‘.&) A + dq4e
where
[dal = Y7 <1
2X? 8
o
(1.5.113)
16 = [Y2-Y3-Y* <3
2Y (1 —¢Y) 2 3
T 7 R S g I
2 T ixa '— 172
In particular
3
|aa|§)\-a+1+5<)\-a+§
|ba| < 6e <3
(1.5.114)

7
‘Ca‘§2+3€<§

3 1
\da\g)\-a—l+§s<)\-a—1
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and the determinant D,, is
Doy=Aa+1+0) (A ax—1+d4¢) — (0pe)(—2 + dc€)
= (A @) = 14 (A @) (B0 + 8a) + 64— 0a + 26,) — 80,2 (15.115)
= (A-a)? —1+dpe

for dp satisfying

5 47
10p] < (A - )]0q + 0g| + [0a| 4 2[0p| + 64| + |dpdc|e < 5(A co) + 5 (1.5.116)
Therefore, the fractions |aq|/Das, - . ., |da|/ Do decay with 1/X - a, but we shall only need to find a

constant upper bound for them: we have

5(A-a) +47 _3(A-a) +43 _ 3(A-a)

e
Dy > (Aa)?—1—=(5(\- 47) > 2(X-a)—1—
> (Aa) 5 (5(A@) +47) 2 2(A- ) 1 1 >0
(1.5.117)
and therefore
ol _ 2X-a)+3 4 8435 846 7
D, ~ 2 3A-) 6 — 6 3
bl g4 _4_,
Dy, = "3A-a) — 2
| 7 4 08 (1.5.118)
Ll <= =Z
Dy —23A-a) 12 3
o] _4A-0)—1 4 -xg 16 _4
D, ~— 4 3(A-a) 12 123

proving the bound claimed.

Finally, inequality ((1.5.110]) is a consequence of formulas (|1.5.108) for z.,y, and (1.5.98) for
Zoy- O

Remark 1.5.9. We shall also need bounds for |z,], |yal, |2a] Wwhen |a| = 2, for future use during

the proof of convergence of the power series W. Expanding the formulas for e, fo, when |a| = 2
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(recall ((1.5.86)) for the definition of p, q) gives:
€90 = €X2Z2
€11 — 0

1
T <(€p)2 —e(X(3+¢29)” +2Yep(3 + eq) + 2Z(ep)” + 4X€p)>

(1.5.119)
foo=XZ —eXYZ?
fir=0
1
foo = 16 <6p(3 +eq) +2e(X(3+eq)+Yep+ Zep(3+ 661)))
Using
1 1
gS@ , X <2,Y|<1, ]Z]§§ , 0<p<4,0<q<60, (1.5.120)
we get:
1 1/2 121
<e< — <l4+-—=— 1.5.121
leaog] < € 50 |foo] <1+ 50— 120 ( )
1 4\% 1 4 4\? 4 7501
<—( (= — 234+ 1)2+2—(3+1 — 8&— | | =—" 1.5.122
leoa| < 16<<60> + 55 < B+ 4256+ + <60> * 60)) 216000~ )
1 /4 2 4 14 27
< —| —(3+1 —(2(3+1 — +-——(3+1 = — 1.5.123
il < 35 (3504 D+ g (264 0+ g+ 5556+ D) ) = 25 (15.123)
implying
41
|z20], |y20], |220] < 2(|e2o| + | f20]) < 20 (1.5.124)
and
14791 41
<2 < < — . 1.5.125
|z02], |02l |202] < 2(|eoz| + | fo2]) < 108000 < 20 ( )

This number 41/20 is the one that we will use in the next subsection, when proving that W converges.
Also note that the e, and f, coefficients above are null when & = 0, except for fop which contains
a factor X Z that yields —1/2 when ¢ = 0. By keeping track of € factors in the calculations above
and using
1

€ 1
1<X<1l+— —— < Z< —= 1.5.12
<X< +15 , 5 =Z< 2+€ (1.5.126)

to deal with the XZ term in fs9, we find bounds for the e-perturbations of these coefficients, by

which we mean the following;:

7501e
leaol <e , en=0 , |ep| <o,
3600 (1.5.127)
ot s <R =0 (fel < S B
20+t5 o0 @ =0 02 0
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These inequalities will only be needed in subsection when studying how far from W the
manifold W) is.

1.5.4 Series convergence

Here we employ a technique similar to what we did in lemma and theorem [[.4.13] in section
this time in order to estimate the various sums in eq, f, recursively. As it turns out, we need a
new lemma suitable for multi-index sums of dimension 2, and a power 2 in the denominator is not

enough — we will need a power 3.

Lemma 1.5.10. For every 61,02 > 0,

1 35+ 2 ((511+(512>3
;i(%%%&PWw—M+5g3§ (al+61 +02)8 lal =0 (1.5.128)
and
1 35
ﬁ;l B0 la =B+ 57 = Qal+ o+ * 1a1=2 (1.5.129)
50,0

Proof. Denote |a| by j. Note that |a — 3| = |a| — |3] = j — |B] for all B € N2, 3 < a. We begin by

proving (1.5.129)), so let j > 2. By partial fractions in |3]:

1 _ 1 (6/(j +01+382)% | 3/(j+01+0) 1
(18] +61)3(la — Bl +62)3  (j + 61 + 02)3 18] + 0 (18] + 61)? (18] + 61)*
6/(j+ 061+ 02)%  3/(j+ 61+ 69) 1 )
o= B+ 5 " (a—pl+62  a-pliay) A0

As [ sweeps the range between (0,0) and «, the expression o — /3 also does. Hence

3 1 B 1 <6/(j +01402)* | 3/(j+ 61+ d2)
b<a (18 + 013 (Jla = Bl +82)3  (j + &1+ 52)? i<a 8] 4 61 (18] + 61)?
N 1 6/(j + 61 +02)%  3/(j+ 61 + 69) 1 )
(18] + 61)? 8] + 62 (18] + 62)* (18] + 62)?
1 12/52  6/j 2
<Grainy M( SR p) - (s

We perform this sum by grouping together all 8 of an equal degree. For each k =1,..., j, there are

k + 1 multi-indices § with degree k: (0,k),(1,k —1),...,(k,0) (there may be fewer also satisfying
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B < «, but we won’t need to consider this). Hence we can estimate

1 d 12/5%  6/j >
(k
%(I5+51)3(Ia—5|+52) (J+51+52 3,; 1) < k2 K3
J 6\ 1 6 1 2
(J+51+525kzl[ < j>k+< +2>k2+k3]
(1.5.132)

Now just bound each separate sum above uniformly over j > 2:

J
12 12
Z —=—<6, (1.5.133)
=1’ J
12 6) <~ 1 (12 6) _ (12 6) 12 18
- + = —<|—=+= 1+10gj <\|\—=+-= 14+j)=—-+—+6<18, 1.5.134
(92 J)ék 7)) )<\ ti)! )] j ( )
< + 2> Z e ( + 2) Z == (1.5.135)
Iy X2 , ,
Z = Z i where ((p) gives the sum of a p-series , (1.5.136)
k=1 k=1
(we bounded the Harmonic Series in ([1.5.134)) using an integral, similarly to ((1.4.128)), yielding
1 6+ 18 + 2T 4 2((3) 35

%(!ﬁual)m@_m@)z ST 0+ 50)? S (+eita) (1.5.137)

As a side remark, note how, had we tried to prove a similar lemma with a power 2 instead of 3
in the denominator, the second-to-last sum would have looked similar except that it would include
1/k instead of 1/k2, and would not have a uniform-in-j upper bound.

To prove , we must add to this bound the 2 terms obtained from by plugging
in =0 and § = «a (even though || is now not restricted to be > 2, the bound above remains
valid for the sum over all 5 # 0, a because these terms are only present if |a| > 2). By substituting

0 for || in the denominators, the sum of these 2 terms can be bounded above by

2 1+1+3<1+1>+6<1+1)] (1.5.138)
(Bl +613(la =Bl + 0% [6 63 a1+ \67  63) (Gi+6\a &))" =7

1 1\*
and the expression between brackets simplifies to (6 + (5) . O
1 2
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Theorem 1.5.11. Let € € [0,1/60) and consider the sequences (Ta), (Ya), (2a) defined as above.

Then there exist R, S,6 > 0 such that, for all o € N2,

SRlel
) ) < ——F3 - 1.5.139
|x01’ |yCM| |ZOé| (|Oé| 4 5)3 ( )
Furthermore, it is possible to have
1 3

R =360 , 5<? , S =20". (1.5.140)

Proof. Fix a small § > 0 (to be specified later). Define
Xo = max{|zal, |Yal, [2a]} >0 . (1.5.141)

We have bounds for X, when |a| < 2, given by ([1.5.85)), (1.5.88]), (1.5.124) and ((1.5.125)):

41
Xoo<2 , Xop,Xo<1 , Xoz X, Xo0 <55, (1.5.142)
To make the claimed inequality work when |a| < 2, we take
(1+9)3 5 _ 41(246)3
= 243 > > 1.5.14
§=20° ., R>"Fg— . R>—1g (1.5.143)

One can check that, for 6 < 0.4, the first of these two inequalities for R implies the second. So

impose § < 0.4 a priori and define

(1+6)3
= 7 1.5.144
i 263 (15.144)
In particular, note the following inequality (to be used later in this proof):
1 44°
— = 46° . 1.5.145
R 1400 ( )

Now let j > 2 and suppose for induction that the claimed inequality (|1.5.139) is true for multi-
indices of degree j or smaller. Let a € N? with |a| = j + 1. We will prove that it is true for X,
noting that

ol [yals [2al < 2(leal +1fal) = Xa <2(lea] + |fal) - (1.5.146)
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We estimate 2(|eq|+|fo|) by taking the absolute value of all terms in the formulas ((1.5.102]), (1.5.106))

for ey, fo and substituting all x,y, z terms with X:

2(leal + | fal) [ Y XpXap+5e ) > XapX\Xg_,

B<a B<ay<pB
B#0,a B#0 , y#o
B—r#a
+ 3 XpXap+20 YD Y XpXup X, Xp_y| . (1.5.147)
p<a’ B<a <P O<a/—B

First let us rewrite the second of these sums, separating out the terms from it that include an Xgg
factor (this is just so that lemma can be applied to what will be left). Note that the sum of
the indices in this term is «, while the conditions in the summation are the same as saying that the
term X, does not occur. Hence only one of the three X,_g, X, Xg_- can be equal to Xog, and we

have (changing (3 to o — f3)

Y XoapXyXgy=3Xo0 > XpXagt+ > X > X Xap . (1.5.148)
B<ay<p B<a B<a  y<a-p

53&0 ) ’Y#Oé B¢O7O‘ ,8#0,0[ 7#0705_5

B—y#o

By then bounding Xy with 2 and combining the first term in (|1.5.148)) above with that in (1.5.147)),

we have

2Jeal + 1fal) s2[<2+305> S XpXopt5e Y Xs 3 Xy Xes

B<a Bl y<a—p
ﬁ?é()?a 57507a ’7750,01*/3

+ Z XﬁXa/,fg + 2¢ Z Z Z )(9)(0/,5,9)(:Y)(vﬂ_,y . (1.5.149)
p<a’ B<a y<B H<a/—p

This recursive inequality, once the induction hypothesis is applied to its right side, is in a form
amenable to application of lemma . In the first two of its terms, we will use inequality
with its d-independent numerator, 35, because the sums in these terms exclude the smallest and
largest indices. We also remark that |a — 5| = |a| — || = j + 1 — |B]| and that, to complete the

induction, we want to make the term SR/*!/(j + 14 §)3 appear.

e For the first term,

RIBI Ri+1-18]
X3Xa_g < 52
52 et 52 (1814 0)%(j + 1 = B[+ 9)?
B£0, B#0,a
) j+1
< S2RIT! 35 ST 706% . (1.5.150)

<
(j+1+280)3 ~ (j+1+0)3
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e The inequality above applies to half of the second term, and the rest is similar:

RIAI 35 RI+1-181
X X Xo g <83 .
2 Xo DL XXapy <88R (18] +0)3 (j+1— |8 +20)

BLa y<a—p Bl
B#0,a  ~#0,a—f 840,
, 352 SRit+1
S3RIHL 49008% . (1.5.151
< (j+1+35)3<(j+1+6)3 ( )

e In the third term we need inequality (1.5.128)). Also note that the indices add up to o/, whose
degree is 7 — 1.

_, 35+16/8° SRITY 27

3
il 5.152
G—17207 “Grirop 0 T3, (15.152)

> XpXor_p < SR
B<a!

where we used

1 B 1 <j+1+5>3_ 1 <1+ 26 )3
(j—1+20)3 (j+1+63\j—1+20) (j+1+0)3 j—1426
1 2-0\° 1 50 \° 27
< — 1+ = — 3— < — , (1.5.153
(j+1+5)3( 1+25> (]+1+5)3( 1+25) (j+1+0)3 ( )

which is similar to (1.4.138)) and requires j > 2, as we assumed before starting the inductive

step.

e In the last term, lemma |1.5.10|is needed three times:

- 35+ 16/0% 354 16/6°
4 1
Z Z Z XoXor—p-9 Xy Xp—y < SR Z (5 —1—|B] +28)3 (8] +26)3

BLal v<BO<a/—f B<a’
S4RI 16 2 SRItt 27 A
(1.5.154)
All together, we have proved that
SR+
< —=b 1.5.155

with the expression bp s (which we must prove is less than 1) equal to
27
brs =2 [(2 + 30€)700° + 5e - 49005° + o ((7053 + 32) + 2e(706% + 32)2(706% + 4))} . (1.5.156)

Using ((1.5.145)) to bound 1/R?:

brs < 46° [70 + 1050e + 12250£6° + 5463 ((7053 + 32) 4 2¢(708% + 32)%(706% + 4))] . (1.5.157)
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Using ¢ < 1/60:
3 3 3,9 3 2 3
brs <0 [350 +4 <45828 + 37806° + 5(70(5 +32)°(706° + 4))] . (1.5.158)
In particular, it will be necessary to choose § such that
1

B < —. (1.5.159)

So we can assume this a priori to bound all occurrences of 63 inside the square brackets and conclude

1 3780 9 (/70 2770 15730117
b 53 — (45828 + —— + - | =— + 32 — +4 = 463 .
R < 07350+ 52 ( BB a s (350 3 ) (350 + ))] 31250 0 <%
(1.5.160)
Therefore, if
1
6= (504)713 ~ 0.126 < = (1.5.161)
the induction is complete. Plugging this into the definition of R, we get
(1+96)3
R= 553~ 359.43 < 360 , (1.5.162)

and again, just like in the proof of theorem [I.4.13] we are allowed to redefine R to be exactly
360. g

Corollary 1.5.12. For e € [0,1/60), the radius of convergence of

W(r,0) = (Ta, Ya: Zar 5a) 7 0 (1.5.163)

o

is at least 1/360.

Proof. Let R = 360. For any o,7 € R with |o|, || < 1/R, we have

SRl S &= w— o N
gl'oﬂ'algag S ;(|Oé|_'_6)37'0é10'c¥2 < 530[;00422:0 (R'T) 1 (RO') 2 s (15164)

and the 2 geometric series are convergent. The same is valid for y, z, while we already remarked

that the series for s = 7 is a finite sum, hence of infinite radius. O
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1.5.5 The ¢ equation and finiteness of the energy

In the introductory section we’ve seen how finiteness of the integrals (|1.3.50) and (1.3.51]), that

is,
I SO J=
0 0

r2 r2
implies a finite electric field energy as well as a finite value for the electric potential at r = 0. We
also mentioned that, after we prove that one of the solutions we found in section for large r
intersects one of the ones we found here for small r, the only problematic endpoint in these integrals
is r = 0, given the asymptotics of the solutions for large r. We will now verify the finiteness of these
integrals along any solutions (¢, (, w) that correspond to orbits of the unstable manifold W that we
just proved exists.

The equilibrium point P = (X, Y, Z,0) that we found in the above work satisfies
0<|X|<oo , 0<|Y|<oo , 0<|Z]<o0. (1.5.165)

Going back through the desingularization steps in ([1.5.1)), we realize that these inequalities can be
written in the form
/

‘<oo , 0<1im‘w(r)
r—0 r

w(r)—1

r2

0<lim((r)<oco , 0<lim

r—0 r—0

‘ <00 (1.5.166)

We now study the behavior of i along solutions on the unstable manifold YW. The relevant

equation is that in (|1.1.13)):

dy ___¥(r) <dw>2 , (1.5.167)

dr 3 \dr
To solve it, we apply to 9 the same steps performed in subsection with the first one being the

only nontrivial step: consider

X(r) = () (1.5.168)
Then, for prime denoting d/dr,
1(20\2 2
V() =YY Ly (r) — 57“EYQW =ex(r) <Y2 - hE;) > . (1.5.169)

Now let x(t2) = x(t1(t2)) and evaluate the above at ¢ (¢2):

<

dx 2 J 2 2
t | (. Y — . 1.5.1
by ex(ta) ( §2) ex( y°) (1.5.170)
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This is solved by
to
X (t2) = xoexp <6/ (Y? - y(t)Q)dt> : (1.5.171)

to

where tg, xo are arbitrary with xo = x(tp). We claim that it is possible to choose t) = —oo; that is,

we claim that, along any orbit a(t) in the unstable manifold W, the function Y2 — 32 is integrable

around ¢ = —oo. Granted this claim, we will then have
. eY?2 o . o . .
lim 7" p(r) = lim x(t2) =x = lim x(t2) <oo, (1.5.172)

which, together with (|1.5.166)), implies that the integrands in 1' blow up like r=<Y? near 0, still

within the integrable range when ¢ < 1 (recall that |Y'| < 1). This implies, as we had claimed, that
1) does not grow fast enough around r = 0 to render the energy infinite.

To justify the claim above, first estimate

12) to

‘/ (Y2 - y(t)Q)dt‘ < <Y+sup|y(t)|>/ ly(t) — Y|dt . (1.5.173)
—00 t<ta —o0

Since limy—, _~ y(t) = Y exists, the constant outside the integral is finite, and we just need to prove

that the integral is too.

Since @(t) is an orbit on W, for every ¢ < to there exist parameters 7(t),o(t) such that

x(t) = W(r(t),ot)) , t<ty, (1.5.174)
and in particular
x(t) - P =) wer(t)o(t)* . (1.5.175)
laf>1

Differentiating ([1.5.174]) with respect to t gives

F(W(r(t),o(t))) = F(x(t)) = z'(t) = DW(7(t),0(t)) » , (1.5.176)
which, given the invariance equation , becomes
A7 (t) 7'(t)
DW (r(t),o(t)) = DW(7(t),0(t)) . (1.5.177)
oo (t) o' (t)

We can assume DW (7(t),o(t)) is invertible by bringing t5 closer to —oo if necessary, and this

becomes a simple ODE system for 7, with solution

T(t) = CieMt , o(t) = Gy’ (1.5.178)
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for some C17, C'y which depend on the orbit chosen. Now plug this into (1.5.175)) and use the bound
(11.5.139) on |ya|:

ay az plaf 263
|y(t) _ Y| <S Z ‘Cl‘(’a”C—’i’d)gR e()qoq—f—)\gocg)t < 5% Z (CR)\a|e(>\1a1+>\2a2)t ’ (1.5.179)
|[>1

where C' = max{|C1|, |C2|}. Using the fact that A\; = 1, A2 < 1+ 60e < 2,
y(t) = Y] <2 ) (CRe*)el . (1.5.180)
o =1
Decreasing to once again if necessary, we may assume C'Re? < ~ < 1 for some constant 7. Then

this is summable:

2
—Y| <2 E 2yl 1l == 9
|y(t) | > ENQ(CRG ) (1 — CRe2t)2
_ 2CRe* (2 — CRe?) < 20 Re? (2 — v)
(1 - CRe2t)? (1—7)2

(1.5.181)

This is enough to guarantee that y(f) — Y is integrable from —oo, as claimed.

1.5.6 e-perturbation of the unstable manifold W

Now that we have a good estimate for the radius of convergence of the power series for the unstable
manifold W), we want to understand how far from W it is - that is, we want to find bounds for
the e-perturbation of the coordinates of this manifold in (x,y, z, s)-space, as described by theorem

L52

We need to start using (¢) superscripts again. For each € € [0,1/60), denote by
w'® (r,0) = (ng) (7, a),y(s) (1,0), zgf) (1,0), s((f) (1,0)) (1.5.182)
the coefficients of the power series

WE(r,0) = Z w502 (1.5.183)
aEeN?

which we just proved converges with a uniform-in-¢ radius of 1/360. Define perturbation coeffi-

cients, denoted with a tilde:

w9 (1,0) = (@29 (1,0), 79 (1,0), 22O (7, 0), 5.9 (1, 7)) | (1.5.184)
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according to

w® = w0 4 ew,© . (1.5.185)

Each ’lE((XE) term itself depends on ¢ in an analytic way that we shall not need to consider. We are
interested in obtaining bounds for them which are e-independent over the domain ¢ € [0,1/60), so
we are going to omit the (&) superscript from them to clean up the notation.

We repeat here the relevant information about the w,, coefficients to see how w, can be obtained.
First of all, the s coefficients contain no perturbation terms: given that sgf) is 1if « = (1,0) and 0

otherwise, we have

5a=0 , acN?. (1.5.186)

Next, the initial values of the z,y, z coefficients for |o| < 1 are given in equations ([1.5.84), (1.5.86]),

(1.5.87)) as

01 - 4
I G
(e
wo = YO L ) =0 e = 3+iq) , (1.5.187)
e U R
@ _ 1
201 - 4
and we have proven in lemmas [1.5.5|and [1.5.7] that
X© = 144692 witho<6{ <1
0<p¥ <4
v = —1420F:  witho<sd <1 : (1.5.188)
0 < ¢ <60
76 = 12469 witho<sP <1
This implies that
G0l < e <1/15 | < 1 Fio = 0
lyoo| < 2 , o1 < 15 7o = 0 (1.5.189)
|200] < 1 21 = 0 Zip = 0

Finally the recursion for z,y, z coefficients when |a| > 2 is given in ((1.5.101)), (1.5.105)) and (1.5.98)

as
L0 440 = o o

C&E)x(e) + d(s)y((f) = 7 R 2+ )\gg)al + )\gg)ozz

« (e - «

, (1.5.190)
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where

— Y 29

BLa
B#0,a
(e) (e)
o X ), + 20,6006+ X Y ol A0, )
BLlay<pB B<a’ y<Bé<a/—f
B#0 , v#a
B—y#a
(1.5.191)
SDIE LIEE S B SR VLR
B<a Blav<p
B#0,a B#0 , y#a
B—y#a
() ( (e)
S I E IS DD DD DI i S E RN
B<La’ B<a/ v<B6<a’—p

We must use these equations to write a recursion for wy,, |a| > 2. For any such «, define perturba-

tions coefficients corresponding to a, through f, above:

a® =a) +ea, | ete (1.5.193)

o

Also here the terms with a tilde depend on e, but we don’t write (¢) over them. In the linear
system found in (1.5.190]) for xéf ) and yg), write each coefficient as a (0) term plus ¢ times the
perturbation term, distribute out and cancel those terms containing only (0) superscripts (this can

be done because, by definition of the (0) superscript, the equations

920 40,0 _ 0

= e
“ (1.5.194)

0 ()+d()() _ fC(YO)

are true). Finally, divide by a common factor of e. What is obtained can then be put in the form

(&)~ (&)~ (0) 0) | — o

Qo To + by = —AaTy ba o teq = E
) e * Nay - (1.5.195)

C&E)% + dg)ya = _Cozxg)) d yt()cO) + fa =: F,

We’ve already proved in proposition that the solution to this system is unique and satisfies

Zal, [Yal < 2(1Eal + |Fal) - (1.5.196)
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Having obtained these solutions, we get z, using the equation for 2&5) shown above in (|1.5.190)), and

it satisfies
[za| < |y2a| (1.5.197)
because z&o) = y((lo)/ 2. This and equation (|1.5.196|) together imply
@al, [9als 22l < 2(Eal +1Fa) = Xa <2(Eal +|Fal) - (1.5.198)

where

X, = max{|Zal|, [Yal, |Za]} >0 , aecN?. (1.5.199)
Hence we need to estimate |Eq| and |Fu| by a workable expression involving sums of the coeffi-
cients )f(vg for B < a. It will also involve coefficients Xz for § < o, where

Xo = max{|z O], |y, 2O >0 , aeN?. (1.5.200)

The two initial terms in the system ([1.5.195]) defining both Eva and ﬁ; are easily bounded:

’ - /a/\&x(()?) - :)ty(()tO)’ < Xa + 6Xa = 7Xa
5 (1.5.201)
= @ — oy ®] < 38X, + (3/2)Xa = (9/2) X

For this, we’ve used equations ((1.5.112)) and (|1.5.113)), which contain bounds for the perturbations

of the a, through d, coefficients that can be paraphrased as:

w

@l <1, bl <6 . |G <3 . |daf < (1.5.202)

7"
Remark 1.5.13. As was the case in subsection we need to obtain the bound for X, for la] =2
directly, before letting the recursion kick in at |a| > 3. So let |a| = 2. The inequalities in
remark already provide bounds for ey, 3‘; It will be enough to write all of them as

2
el fal <35+ lal=2. (1.5.203)

Plugging these and (|1.5.201)) into ([1.5.195) gives bounds for Eq, Fo when la| = 2:

9X, 21
sot g+ lal=2. (1.5.204)

N 21 _
|Ea| <7Xa+ﬁ s ’Fa‘ <

Considering also the bound 41/20 given in ([1.5.124)) and ([1.5.125)) for X, and inequality (|1.5.198|)

for )’(2, we obtain
—~ 9\ 41 21 1027
o < e —+— | = — =2 1.5.2
Xa =2 <(7 2) 20 10) 20 o (1.5.205)
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Now consider |a| > 3. Bounding the e, and }:; terms inside E; and 1?; by induction requires first
writing them out by expanding the and expressions for egf ) and f(gf), replacing
every term () with *(9) + &%, distributing out, disregarding the expressions that contain no e factor,
and dividing through by . After this, we bound them by using absolute values on each separate sum

and replacing every | () | by X and every [¥| by X. To display this process, it’s better if we show

it separately for each sum, double sum etc. appearing in the expressions (1.5.191)) and (|1.5.192))

for egf) and féf):

e Both eg) and fo(f) contain a sum of the form

(e) ()
Z *8 *a=p
B<a
B0,

Under the process described above, the term *(50)*&03 5 8oes away and the remaining terms lose
one factor of e, producing;:
> <X5Xa_5 + X3Xo 5+ a)’(vgxa_ﬂ> =y <2XﬁXa_5 + sX}Xa_ﬁ) (1.5.206)

B<a B
B#0,a B#0,a

e The fc(f) term also contains the sum
(e) ()
Z Tp 2ar—p
p<a!
The process works similarly to the previous item, giving:

Z <X5Xa/5 —+ )/(?Xa/,B + 55(\,/3Xa’5> = Z <2X,3Xa/13 + E@Xa/[g) (15207)
B<a’ p<o’

e Both egf) and fo(f) also contain sums of the form

g 15 €
PIDDEPECE T
BLavy<pB

B#0 , v#a
B—#a

This time, these sums already appear multiplied by € in both of the egf ) and fo(f) expressions,

so the process described above amounts to simply canceling this overall ¢ factor from the final
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result, while the terms inside these sums themselves don’t lose an e:

3 <XBX7X5 +3e XX, Xo + 362 X5 X, Xg + 535{55@5(9)
B+y+0=a
By, 0#c

=22 <Xa—ﬁXwXﬁ—v+3€Xa—ﬂXvXﬁ—w+3€2X X Xp—y + e Xa s X, X5,
p<ar<p
840, v#a
B—v#a

e —— /—\_/N/—\/)

(1.5.208)

e Finally, both e((f) and fo(f) contain a sum of the form
() () (e)
DD D 8 g,
B<a! v<Bé<a’—p
which also appears multiplied by €. Similarly to the item above, the process makes:
> <X5X7X9XL+45X5XVX9)Z+652X5X7)§Z+453X5EEZ+s4)?}3)77)79)7b>
B+y+0+1=a’

-3y % ()g;Xa,_B_(;)gxg7 445 X5 X oy Xy X gy + 652X Xor_p_5 X1 X,
f<a' y<Bo<a'—p

+ 463 X5 X 55X, Xpy + e‘*EXZ:ﬁ/-aE@—T) (1.5.209)

To bound E\; and F;, add all the sums obtained in the items above multiplied by their corre-

sponding coefficients in the equations (1.5.191) and ((1.5.192)) for el and féf). Also include the
initial terms ([1.5.201). Then plug all this into (1.5.198)), where ]EVa] and |E| appear summed

together. The conclusion is that

Xo <23Xa+4 ) <2XﬁXa_5 + s)?ﬁxa_5> +2Y° <2X5Xa/_5 + g)TBXa,_5>

p<a p<a’
B#0,0x
+10 > (Xa_ﬂXVXB_W + 36 X0 X, Xp_y + 362 Xop X, Xg—r + 53Xa_555yxﬁ_7)
B<av<p
B#0 , v#a
B—y#o

+ 4 Z Z Z <X5Xa/ﬁ5X7X/8_’Y + 4€X5X0/7,375X7X/B—»y + 6€2X5Xa/*5753(\:/X,8—'y
B<a!/ v<Bd<a’—

+ 43 X5 X o g-5X, Xy + e%x?laﬂffs\?) (15.210)
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Our summation technique can now be applied to prove a bound for ),(\; by recursion. It utilizes
the same values of R, S, § as in theorem (it has to, otherwise the technique is not helpful), but

with an extra constant K = 30:

Theorem 1.5.14. For R,S,6 being the same constants as in theorem |1.5.1}, we have

~  30SRlel

Xo < - e N? . 1.5.211
= Qal+op * ° 1221
Proof. The numbers
1
R=360 , 6< = S =263 (1.5.212)
in theorem [[L5.1] are such that such that
SRlel
< — eN?. 1.5.213
S OEDE 1:5:219)
Suppose that we seek K > 0 such that the inequality
— KSR
X, < KSRT , acN? (1.5.214)
(lo| +6)?

is true. We want to prove that K = 30 is enough.

First note that the desired inequality is true for |a| < 2. Indeed, we’ve seen in equations ((1.5.189))

and (|1.5.205)) that

S 1027
, Xo1,X10<15 ,  Xo2,X11,X20 < —— . (1.5.215)

X < 2
00 = 20

Compare to the bounds ([1.5.142)) for the X, coefficients when |a| < 2:

41
Xoo<2 , Xo,X10<1 , Xo2,X11,X20 < 20 - (1.5.216)

The difference between each is by a factor not larger than 30, so, because R, S, were enough to

ensure ([1.5.213) when |a| < 2, they are also enough to ensure ((1.5.214]) when |a| <2 if K = 30.
Now let 5 > 2 and assume that has been proven when |a| < j. Let a € N? be such

that |o| = j + 1. We will use equation to establish also for a. In what follows,

let’s abbreviate
SRIBI
Rgi= ——— 1.5.217
5= B+ o (15.217)
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Bound each Xg with Rg and each ),(; with K Rg. Then the distinction between terms inside each
sum containing a different number of factors with a tilde becomes just the number of factors of K

that appear, and note how terms inside the last two sums become perfect powers of 1 + cK:

Xo < 23Ro +4(2K +eK?) Y RgRa—p+202K +eK?) Y RsRo_g

BLa B<a’
IB;&(LQ
+10(1+eK)® > > RapRyRgn +4(1+K)* > Y~ Y RsRo_p_sRyRs—, (1.5.218)
B<ay<p B<a/ v<B6<a/—B
B#0 , v#a
B—y#a

Just like in the proof of theorem [1.5.1] we need to separate out from the second-to-last sum those

terms containing a factor Rgg:

> D RagRyRsy=3Rw ) RsRas+ Y Rs D RyRap,

BLay<p B<La B<a v<a
6#0 ’ ’7#04 B#0,0A ﬂ?ﬁoza 77507a7ﬁ
B—y#a

Then bound Ryg by 2 and combine its term into the other sum of the form Z RgR,_pg in the

BLa
ﬂ¢07a
main estimate (also rearrange its order to become similar to the proof of |1.5.1)):

Xo <23Ro+ (6 +4K(2+¢K)) Y RsRa-p+101+eK)® > Rg > RyRa p_

BLa B<a vy<a—pB
,8#0,& Biova 7#070‘_6
+2K(2+¢eK) Y RgRo—pg+4(1+eK)* > Y Y RsRo_p_sR Rz, (1.5.219)
B<a’ B<a’ 7<B 6<a/—B

The estimate of each sum now proceeds exactly as in that proof, yielding
Xo < Rat1brys (1.5.220)

for

brs = 23+ (6 + 4K (2 + K))706% + 10(1 + £K)?49005°

RZ (2}((2 +eK) (32 4+ 706%) + 4(1 4+ e K)*(32 + 706%)%(4 + 7053)> (1.5.221)

To close the induction, we need to show that bg s < 30. One can see that this is the case by using

£ < 1/60 and the values of K = 30 and R, as in theorem m
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The next corollary is a rewriting of the second of the main theorems in this section, theorem
Corollary 1.5.15. For any fivred 0 < v < 1 and parameters 7,0 such that
7], |o] < =L | (1.5.222)
— 360
the components £,y 2 of the parametrization w® of W) satisfy

2©) (r,0) — 2O (r,0)] < 20

< W , similarly fory, z . (1.5.223)

Proof. Given that z®)(7,0) = (9 (1, 0) + €Z(7, ), we have

2 (r,0) = 2O (r,0)| < €Y |Tall7|* o]

< XA (7" ()"

B e e (1.5.224)
- 53 ny Z’Y
aq as
_ 60e
(1—7)?
O

We end this section with an explicit description of the unstable manifold W(©):

Proposition 1.5.16. For 7 > 0, the parametrization WO (r,0) = (x(7,0),y(1,0), 2(1,0), 5(1,0))

of the unstable manifold W corresponding to € = 0 is given by

z(r,0) =1
y(r,0) = —e T+ V(r,0) (e —¢)
2(r,0) = (A+7)e ™ -1+ V(r, 07)5(1 — )" —(L+7)eT) (1.5.225)
s(r,0) =7
where
Vine)= % - %: ' (1.5.226)

Proof. Considering the general ( solution of the original system ([1.1.13) when ¢ = 0, which is

C(r) = (1 + ]\f>1 : (1.5.227)
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where M is an integration constant. When M # 0, the limit limy, o x(t2) = lim, 0 ((r) = 0 is
not the value that it needs to be in order for the corresponding orbit (z, vy, z, s) of the desingularized
system to converge to the equilibrium point P(®) = (1,—1,—1/2,0) as “time” t, goes to
—00. Therefore, for any orbits on W the corresponding ¢ necessarily has M = 0 (that is, ( =1

and x = 1). This renders the w equation in (|1.1.13) easily solvable:
w(r) =Ci(L+r)e”" +Ca(l —r)e”, (1.5.228)

where C1, Cy are integration constants. The expansion of this solution around r = 0 is

Ci+Cy 5
r

5 +0(r%) . (1.5.229)

w(r) = (C1+ Cs) —

The corresponding orbits (z,y, z, s) to such w solutions will only converge to PO when the expres-

sions that yield the y and z coordinates of their limit behave correctly:

/ -1 1
AR IOt (1.5.230)
r—0 7 r—0 T 2

and these conditions are true if and only if C; 4+ Co = 1, restricting the freedom in w to just one

parameter C' = Cy =1 — Ci:
w(r)=(1+r)e "+ C((l —r)e —(1+ r)efr) . (1.5.231)

The value C' = 0 corresponds to the solution that we have been calling the “flat-space solution” (all
of the solutions described above give the Minkowsky spacetime, since they all have ( = 1, but only
the one with C' = 0 produces a w(r) that goes to 0 at » = c0). Now write the z,y, z, s functions

corresponding to the ¢, w just described as functions of “time” t5 (that is, replace r by e'?):

r=1 , y= _e—et2 + C(e—et2 - eetz) ’

1+ef2)ee? 14 C((1 —el2)ef — (14 ef2)ee"
2= ! ) ( 50 ) ( ) , s=€”. (15.232)
e

They span a 2-dimensional manifold as C' and t5 vary, hence we have found W = W),
To see how the parameter C is related to the parameters (7, 0), fix 7,0, with 7 # 0, small enough

that the series W converges. The point

W(r,o) = (z(r,0),y(1,0),2(1,0),T) (1.5.233)
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belongs to the manifold ¥V and thus must be of the form (1.5.232)) above (with every ef? replaced

by 7). Hence there must exist C' = C(7, o) such that

z(r,0) =1
y(ro) = ="+ C(r,0)(e™" — ) (1.5.234)
2(1,0) = (1+7)e ™ =14 C(r, 0)5(1 —1)em — (14 1)eT)

T

The second component in the invariance equation (|1.5.82)) reads

T@—FU@:1+2y—xy+s2xz:1+y+7'2z. (1.5.235)
or do

Using y and z as in ((1.5.234)), we check that this becomes

oc  aC o
T 40s =0 = C(ro)=U <F) (1.5.236)

for some real-valued function U. But the invariance equation alone does not carry all the information
needed to relate U to the parametrization W, because it doesn’t know of the choices made for
W(0,0) (the equilibrium point) and the first derivatives W;(0,0), W,(0,0) (the eigenvectors of the
linearization). We will bring them in by considering small 7 and ¢ and connecting them to the
values wyq, wo1, Wig.

Let u € R be given; we want to compute U(u). Choose 7 small enough that both 7 and o = ur
are within the radius of convergence of W, and solve for C(7,ur) = U(ur/7) = U(u) in the y
equation in :

y(r,ur)+e ™ Y, yauC“?T'a' +e 7
eT—em e~T —eT '

Uu) = (1.5.237)

This is true for all small 7 > 0, so we can take a limit as 7 — 0. We note that the limit is of the

indeterminate form 0/0, due to
lim Y " you7 + e =yo+1=-14+1=0. (1.5.238)
70 o

By L’Hépital’s Rule,

Y Yau? ]04\7‘0"*1 —e 7T yootynu—1 1 3u
U =1 a = = - — — . 1.5.239
(u) = lim e —er 1.1 278 ( )

Plugging this back into (1.5.234]) proves the proposition.
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1.6 Connecting the two radial regimes

In section [1.5| we proved that, for any

1
0<e< — 1.6.1
Se<gyo (1.6.1)

there exists a family of solutions to the desingularized Maxwell-BLTP-Einstein system
tracing out a 2D surface W) in 4D space (z,y,z,s), which corresponds to a family of solutions to
the original system satisfying the good asymptotic conditions as r — 0 for a finite EM field
energy, as described in subsection We showed that W) is parametrized by 2 real numbers
7,0 in the region

7], ]o| < (1.6.2)

1
360 ’
with 7 being equal to the s coordinate on W), We also obtained an estimate, of degree 1 in e, for
the difference between the coordinates of W) and W),

In section [I.4] we proved that, for any fixed 0 < ro < 1 and parameters ., @, > 0 and p, a,e € R
under the restrictions
7

r
< 5 |lo<ae , 0<e< L )
Il < n o] < o - 240(15 + 4dropy + rjon)

ept <1, (1.6.3)

there exists a solution, continuous on its parameters pu, «, to the Maxwell-BLTP-Einstein system
on [rp,00) satisfying the good asymptotic conditions as r — oo for an asymptotically
Minkowsky spacetime and asymptotically Coulomb electric field, as described in subsection [I.3.5]
We also proved that, when € is less than 1/4 of the bound given above, the ¢ function is positive,
as is desired.

In the present section, we prove that the two families meet at some 0 < rg < 1. We will
keep working in (z,y, z, s) variables, since it is more convenient to work in these variables when
r is small. We know that the intersection exists when ¢ = 0, yielding the flat-space solution. To
prove that this intersection remains when ¢ is small, a system of coordinates cj,cs,c3 in the 3-
dimensional space {(z,y,z,7) ; 7 = 19} will be defined based on the linear-in-¢ approximation to
the 2-parameter family of good solutions on [rg, 00). We will show how certain inequalities, involving
these coordinates at general points on each of the two families above, ensure that they intersect as

a consequence of the Poincaré-Miranda theorem.
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Once the intersection is proved, the existence and uniqueness theorem for ODE systems applied
to the original system in the variables (,w at this point (where there are no singularities) implies
that the two orbits from each of the families meeting at this point must join smoothly and constitute

a solution for r € (0, 00), satisfying all the required asymptotics.

1.6.1 Set-up

Let gy, > 0 be fixed. Also fix 2 scalars 79,700 € (0,1) to be specified later, and let r9,e, be

defined by
U S (T Yool
0 TN 240(15 + drops + rian)

360 (1.6.4)

The indices 0, co in the gamma parameters are intended to remind the reader that they are associated
with the family of solutions coming from r = 0 and r = oo, respectively. They are going to be
needed to ensure convergence of the respective power series, and the reason for the factor 3/4 in the
definition of ry will become clear in equation below. We anticipate that v, will need to be
made small so that € is small (in particular gammas, < 1/4 will hold, a condition that is needed
to guarantee ¢ > 0).

First let’s describe the family of solutions coming from r = 0. It is clear that ¢ < 1/60, so
that all results from section [L5 are valid. Also note that the unstable manifold W = W() extends
past the hyperplane s = rg in the s direction, since the 7 = s parameter can be taken as large as

1/360 > ~/360 > rg. So consider the curve traced out by W in 3D space {(x,y, z,79)}:
cO =Cc=wn{(z,y,2:s) eR*, s=rg}. (1.6.5)

It is parametrized by o. We only know its existence for o values small enough that the W series
converges; so we only consider the piece of this curve corresponding to o € [y9/360,~/360]. Let its

general point be denoted

Yo

260 - (1.6.6)

O(U) = (xC(U)7yC(U)7ZC(U)7TO) , ‘U’ <

Also let xn,yn, 2y (“N” for “null”) denote the coordinates of the curve Cy described above for the
value € = 0. Theorem [1.5.2] gives uniform-in-o estimates for the perturbation coefficients 7,7,z
defined by

zco(o) =zn(0) +Zc(o) , ete. (1.6.7)
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Namely, we proved that

Z(0)], [5(0)], |2(0)] < 60e 60e

(1 - max{Z2 1o})2 (1 —10)2

Meanwhile, the components zx, yn, zn of the W(©) manifold split as a sum of a term accompanied

(1.6.8)

by the function V(7,0) = V(rg,o) and another independent of it, given in formulas (1.5.225). We

give names for these pieces:

zn(o) = x%) + V(o)xg\l,l) , etc., (1.6.9)
where
1 o —1

R () B N | € 10 , (1.6.10)

70

1— T _ (1 —To

A g D e g LD (1 —ro)e 2( +ro)e™ (1.6.11)

70

and where we denoted V' (rg, o) from m 1.5.226]) by simply V(0):

1 3o

We remarked in the proof of proposition that the flat-space solution corresponds to the value

4
V(o) =0 < o= % . (1.6.13)

Considering the factor 3/4 in the definition (1.6.4)) of ro, we see that this value of o is within the

radius of convergence for the curve C.

Now let’s describe the family of solutions coming from r = co. For any choice of i, « satisfying
ul < g ol <o, (1.6.14)
consider the functions n(*® u(#®) 4 of 1 € [ry, 00) as obtained in section '
(M?a) an“’ , uHe) (r) = iuﬁ”m (r)gj , (”’0‘) Zv(“’a) €j . (1.6.15)
=0

The original functlons ¢,w,w" are written in terms of 7, u, v as (formulas ((1.4.53] - and m)

= (/2 1Y’ o)
¢ (r) = é{%&N<r>+n<w“><r>=Z<<M_) " )> .

r r2

W) = (= D) — (4 1) = 237 (0= Dl ) — (1))

a, r o a T Q e j
WM ) = SO )+ 00 1) = £ 37 () + o) )
=0

(1.6.16)
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The presence of the parameters p and « is the reason why we call this a 2-parameter family of

solutions. But it is only for € > 0 that a change in either 1 or a yields a change in ((*® and

w®) | because, when ¢ = 0, these functions reduce to simply Co(r) = 1, wo(r) = (1 — r)e",
w(, = —re~ ", which are independent of p and . For our strategy in what follows, we will need

parameters that also effect a change in these functions when ¢ = 0, and this is achieved by rescaling

u and «a using a factor of . Indeed, we have already remarked in ((1.4.161)) that each coefficient
C(H’va)

G (), wj(-“’a) (r), (w’)gu’a)(r) is a polynomial in p and « of degree no more than j in each. Since
each of these coefficients appears multiplied by €7 in the formulas for ¢(“® etc., we are allowed to

write ¢ and w as functions of the new parameters
v=eu , PB=ca. (1.6.17)

That is, the formulas (note the square brackets instead of parentheses to differentiate them from
the ones above)

¢WBlry = ¢W/e Bl () similarly for w and W’ (1.6.18)
are well-defined even when € = 0. The range of allowed parameters v, 3 is
V| <wvii=cewps 8] < By = enau . (1.6.19)

There will be no possibility of confusion between summation multi-indices o, 3 € N? and the

parameters «a, 8 € R, or between the new parameter v € R and the original metric function v :

(0,00) = R.

Remark 1.6.1. Contrary to p., oy, the numbers vy, B, are not free to be chosen as large as desired.
Given vy, By, the original parameters p., o, are obtained according to

Ve  240(15 + 4rop, 4 rias) v,

e =g Yoot
o (1.6.20)
e YooTh
This gives a linear system for piy, au:
.
A= 'yoorg
A — Cvy) s —(Dvy) o = Bv B = 3600
( o (Dv) " where (1.6.21)
—(CB)ux  + (A—DPByas. = Bp. C = 960rg
D = 240r}
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The solutions
Hox . 1 By,

(1.6.22)

Ay

are only positive when Cv, + DS, < A. Therefore, a restriction on the parameters v, B, is that
960v, + 24073 Bs < Yool - (1.6.23)

The other restriction comes from the required eu? < 1, but one can check, after finding .

from ([1.6.22)) and using the relation ((1.6.4)) between e and rg, that it is a weaker condition than (1.6.23)).

Now compute the values of x, y, z corresponding to ((r), w(r), w’(r) at s = o (formulas (1.5.11))),

thus obtaining a surface S inside 3D space {(z,vy, z,70)} parametrized by v, 5. We call

zs5(v, B),ys(v, B), zs(v, B)

the first 3 coordinates of this surface, and S(v, 3) its general point:

S={Sw,B) = (xs(v,B),ys(v, 8), zs(v, B),70) , V| < vs,|B] < Bi} . (1.6.24)
That is,
1[v.B] [v,8] _
ws(v,B) = ((rg) , ys(v,B) = wm(”’) . 2s(v,B) = “)520)1 : (1.6.25)
0

Now let zp,yp,zp (“P” for plane) denote these functions calculated with the corresponding series

for (,w,w’ truncated at first degree in e:

zp(v,B) = Cé”’ﬁ] (r0) + dyﬁ] (ro)e

wp A (ro) +wi " (ro)e

yp(v,8) = o (1.6.26)
wol"Pl(rg) + w P (rg)e — 1
ZP(V, 6) _ %o ( 0) 21 ( 0) ,
0
and call P the general point
P(Vv B) = (xP(V7 5)7 yP(Vv /8)7 ZP(Va B)a TO) . (1627)

These are affine-linear in the original parameters u, a (which appear multiplied by ¢), hence also in

the new ones v, 3 (which won’t have an ¢ in front of them), and therefore the collection of values
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of xp,yp,zp as the parameters v, 8 vary trace out the interior and boundary of a parallelepiped

PE) =P (even when £ = 0) contained in a plane P;:

P={P(,B). |v| <v.|B] < B},
P.={Pv,B), v,BER}.

Remark 1.6.2. The flat-space solution to our differential system with ¢ = 0 is given by the

(1.6.28)

zeroth-order terms of the e-power series defining the surface S, which are the only ones that are not
multiples of powers of v, 3. Hence, the parallelepiped P is the same as the surface S corresponding
to € = 0, and the values of the parameters at the intersection point between C(©) and S for ¢ =0
are v =0, 8 =0, o = 4rg/3 (the last one was found in equation (1.6.13))). It is to be expected that
the intersection when & > 0 will happen at parameter values close to these. The numbers vy, 5,
control how large |v|,|5| can be; we will also seek a number o, dictating the maximum size for

l4r0/3 — 0.

Proposition 1.6.3. The equation of the plane Py in 3D {(x,y,z,710)} space can be written

apr + bpy + cpz = dp + cep (1.6.29)
with the coefficients given by
1 1 —7 : r
ap=(—+ = |e " +Ei(=2rp)e"
1 1
bP = —+ -5
cp=1
dp=——+|—+ =5 |e ™ +Ei(-2rg)e™
TO To TO
1/1 2 2730 1 /4 3
ep = —= (3 + 4> e "o + ¢ 3 + - < + 2> Ei(—27‘0)6r0
6 \ry 715 TG 3\ro 1§

1 1 6
- < + 2) Ei(—2rg)e” " — —Ei(—4r¢)e"
70 U To

Note that € does not appear in the 5 formulas above, but does appear multiplying ep in the plane

equation; that is, the effect of a change in € is a small translation of Px.

Proof. Recall the expressions for the zeroth and first order coefficients calculated at rg, which can

be read off of formulas (1.4.48)), (1.4.49)), (1.4.17))). Writing in the z,y, z coordinates, we get

1 11 2
zp(v,B)=1+¢ [—2 - ( - 2) e~ 4 “} , (1.6.31)
o To o
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1 1 5 4 1 1 2 1
— —To . _ =70 -l = _ = _ = —3ro
vp(v,5) “[12( +ra+r3)e +z<ro 2 )
1 1 1
+3 <2Ei(—2r0) - 9Ei(—4r0)> e 4 1 (— (TO + 72) e7T0 4 Ei(—zro)em) - jem] . (1.6.32)
0
(1+ 'ro -1, [1 14\ _
ZP(”)B): 72 % 73—%—% e 1o

1/1 3 LY s Lom - LYo
+3 < g 8> Tty <2E1(_2m) - 9El(_4r0)> (ro - 7“3) .

_l’_
1 1 o 1 1
4 — ) e+ Ei(-2r0) [—— 5 e )+ = [—+ 5 )e | . (1633
“‘(( 3) BN >< n%)e)*z(ro*ra)e] (1.6.33)

Consider the following 3 points on P, (they may fall outside of the domain corresponding to the

bounds on p, o, but that is irrelevant for finding the equation of the plane):

Qi1 =P(0,0) , Q :PC,O) . O3 :P<o, i) . (1.6.34)

Then P, is the translation by ()1 of the plane spanned by the two vectors

1 t
QQ - Ql = g |: auﬂjp(o, O) y 8MZUP(0, 0) 3 a;LZP(O7 O) , T0 :| 3
(1.6.35)

1 t

Q3 — Q1= g |: 8a:cp(0, 0) ) 8ayP(070) ) 8aZP(OyO) > 7o :| .

Note that, since p and « always appear multiplied by ¢ in the coordinates of P, and since there is
a 1/e in front of Q2 — Q1 and Q3 — @1, these vectors end up being independent of e. Compute the
vector product (@3 — Q1) X (Q2 — Q1) to find a vector m normal to P; then a possible form of the

equation of P is

nr+nyy+n.z=n-Q1 , s=rg, (1.6.36)
where we find that
1 1 Ei(—2r 1 1 e~ "o
ne = <2 ; 3> oo BO20) (2 n 3) o= e
0 0 0 0 0 0

1 6e~ "0 6 6 e 2\ _ 12ee40
"'Q1:6[— 3 +<2+3—4—5)62T0+r3
0

6 8  6e 6e 6e 36e
- <+ +to+ 3 (2 + 3) _2r°> Ei(=2rg) — —5-Fi(—4ro)| (1.6.38)
ro T5 o To o "o 3

Rescaling these coeflicients to make the simple z coeflicient equal to 1 and separating out the terms

depending on ¢ from mn - Q1 gives the formulas as stated. O
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Remark 1.6.4. An upper bound for |ap + bp + cp + ep| will be needed in subsection so we
quickly figure it out here. The fact mentioned in ([1.4.45)) is needed:

6_T

Ei(—r) < (1.6.39)
T
We have:
1 1 e—2ro 3 1 2+ 3
— <=4 e = _—4 = ]e "< 1.6.40
lap| = ap <r0+r§>e + 27“06 <2T0+r(2)>e 27“(2) ’ ( )
and
1/1 2 270 1 (/4 3\ e 20
< L2 )0 il ro
’€P|_6<r8+r§)e + 3 +3<7’0+r8> 27‘06
-2 —4
+<1+12)6 Cero g 86 Do
To L) 2rg ro 4rg
1/1 2 2 1/4 3 1 1 1 1 6 1
<-|l=s+=)1+=+=-l-"+=)|—+—"+=) —4+ —— 1.6.41
6<r§+r§>+r(2)+3<7"0+7“8) 27‘0+<r0+r[2)> 2r0+r04r0 ( )
_2+4/6+1/2—|—6/4+1/6+1/2+1/2+%
- 2 3 A
2+ Trg + 28
N 67"3 '

Note that 7“3 is the highest power of ry appearing in the denominator for the bounds for ap and
lep| as well as in the definitions of bp and cp. Using these bounds and definitions and also the fact

that ro < 1/360, we can calculate that

2
lap +bp +cp +ep| < 5 (1.6.42)
0

Let us use the plane P, to define a global coordinate system in 3D space {(z,y, z,70)}:

Definition 1.6.5. Given = = (7,9, 2,79) € R? x {ro}, the P4 coordinates ci(x), ca(x), c3(x) are

defined as follows:

e ci(x) and cy(x) are the v and (3 values, respectively, corresponding to the orthogonal projection

IIp, (x) of & onto Py:

Ip, (z) = P(ci(x), ca(x)) - (1.6.43)

e c3(x) is a certain signed multiple of the distance of @ from P,, defined by using the equation
of Py:
cs(x) = apr+bpy + cpz — (dp + cep) (1.6.44)
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Note that the correspondence = € R? x {ro} +— (c1(x), ca(x), c3(x)) € R? is bijective, with P,
corresponding to ¢z = 0.

The bulk of the work in this section is going to be proving a set of inequalities involving the
c1, co, c3 coordinates of general points on C and S. Namely, we seek constants C7,Co, C3 > 0 and

values of parameters o, Yoo, 0, Vs, B« such that, for any e € [0,¢,), the following inequalities hold:

es(S(w,B))| < Gy for all || < ve , |8] < B (1.6.45)

1 (S(—vn ) < —Cr ) e1(S(rm B) > Cr for all || < B, (1.6.46)

(S —B)) < —Ca  ea(S(,B.) > Co forall v] < w, (1.6.47)

e (CON <1 lea(C(e)] < Cy forall o€ {437"0 o, 4?:0 + a*} (1.6.48)

c3 (C (4;0 - a)) <-C3 , e (C (4;0 + a)) > (4 (1.6.49)

Thinking of the normal direction to P, as vertical and of the directions on P, as horizontal, these

inequalities can be interpreted in the following manner:

e (1.6.45)): the surface & does not have too much vertical extent;

o (1.6.46)), (1.6.47): the surface S has enough horizontal extent;

e (1.6.48)): the relevant piece of the curve C does not have too much horizontal extent;
e (1.6.49)): the relevant piece of the curve C has enough vertical extent;

These informal interpretations make it reasonable that S and C should intersect. To formally

prove that this is the case, assuming that (1.6.45) — (1.6.49) are established, consider 3 continuous

functions

FlaFZaFS : [—l/*,I/*] X [_ﬁ*aﬁ*] X [_U*?U*] —-R ’

Fi(v,B,0) = ¢;(S(v, B)) — ¢; <C <437“0 n U)) ‘ (1.6.50)

An intersection between C and S, that is, the equality S(v, 3) = C(o) for some parameters v, 3, o,
is equivalent to Fj(v,B3,0) = 0 for j = 1,2,3. Given that the 5 inequalities —
imply

Fi(-v,B,0) <0 , Fi(v,B,0) >0 forall 5,0, (1.6.51)
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Fy(v,—Ps,0) <0 |, Fy(v,Bs,0) >0 forall v,o, (1.6.52)
F3(v,B,—0.) <0 , F3(v,B,0.) >0 forallvpg, (1.6.53)

the existence of a common zero of Fi, Fo, F3 will follow from the following theorem, paraphrased

from |GDO3|:

Theorem 1.6.6. (Poincaré-Miranda) Let F; : [a;,b;] = R, i =1,..., N, be continuous functions.

Suppose that, for each i =1,...,N and all x; € [a;,b;] (j # 1),
Fi(l‘lv'”7x’i—17ai7$i+17"‘7:rN)SO ) E(ﬂ?l,---,mi_l,bi,xi_{-l,.-.,wN)ZO. (1654)
Then there exists @ € [a1,b1] X -+ X [an,bn] such that Fy(x) =0 for alli=1,... N.

Therefore, all that is left is to prove each one of the 5 sets of inequalities listed above for
appropriate parameter values 7o, Yoo, 0x, Vs, B+ and constants C, Cy, C3. We also remind the reader
that these parameters are not free to be chosen as arbitrary positive numbers: the gammas are
constrained by 70, Vo € (0,1), while S, v, are constrained by and o, by the fact that the

point 47¢/3 + o, needs to remain within the radius of convergence of C:

47‘0
— < = . 1.6.
5 T < 300 (1.6.55)
Given the definition (1.6.4)) of ¢, this is equivalent to
1=
« < 1.6.56
7= 7360 (1.6:56)

1.6.2 Proof of ((1.6.45|

Inequality concerns the “vertical” separation between the surface S of the 2-parameter
family from r = oo (given by an e-power series) and the plane P (its first degree truncation). Thus
it is simply a truncation error estimate of the e-series. The fact that the coefficients ap,...,ep in
the equation of P, are e-independent is helpful in the calculation.

Define Zg, s, Zs as the error in approximating S by P:

Zs(v,B) =zs(v,B) —xzp(v,B) , similarly for y,z . (1.6.57)
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Given any point (zp + Zs,yp + Us,2p + Zs,70) € S, since (xp,yp,zp,79) € P, has a null c3

coordinate, we have

c3(S(v, B)) = ap(xp + Ts) +bp(yp + Us) + cp(zp + Zs) — (dp + cep)
(1.6.58)

=apis+bpys+cpzs .
To write an estimate for this, we begin by writing one for Zg, 5, Zg. We must start from the power
series for n,u,v. We proved in theorem [I.4.13] that there exist

4
R< 240(15 + 4r(7)u* + o) Cs<
7o

. S =262 (1.6.59)

5l
oo

such that, for all r € [rg, 00),
SR /2 _ SRI

‘77( 5)( ), \u( B)(r)],\vj(y’ﬁ)(r)\ < m@ Giop (1.6.60)
Note that our choice of € in ((1.6.4]) can be written
- '%’O . (1.6.61)
Therefore (and similarly for u, v):
i%@,ﬁ) (ro)ed | < Si (36 Yy .5 i - S - (1.6.62)
= SV 22 ~ 2170  96(1 — 7m0)
We also need a bound for the tail of the (g n series
i <2f + %)j el (1.6.63)

=2

which is part of the ¢ series (and will turn out almost irrelevant compared to the above). Since

241 I 1 < YooTQ ) 2rops + 1 < Vool ' T+ 2rops + 3rios _ Vool (1.6.64)
ro - r3) T 240 15 +drops +rgon 240 154 drop. + rgas 480 o

we have

10
fYooTO

ro 1} - 0 3 - _fyoorg 480(480 ’yooro) 1—v0 4801 — v

i=2 j=2
480

(1.6.65)
(the value of 79 chosen in ((1.6.4)) is more than enough to guarantee 480 — yrg > 1). Now let’s see

what this implies for ¢, w,w’. Start with

|u(ro)| + |v(ro)
2 )
(1.6.66)

[u(ro)| + [v(ro)]
5 ;

I < ICrwn |+ [0l |w(ro)| < (ro+1) |w'(ro)| < 70
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which come from formulas (1.4.53|) and ([1.4.57))). Hence

SR PR I S TR T S B R O P 7%
¢ ro)e’| < <—> el + n r)el| < ——22—— |
00 2
(V,B) j < 700(7’0 + 1) 1
E w; " (ro)e? | < 96(1 —7m) (1.6.67)
7j=2

T 96(1 —ve0)

o0 ) 2 r
S, (r)el| < =
7j=2

Finally, due to formulas (|1.5.11]) defining the variables z,y, z:

2 2 2
~ Yo ~ Vo = 1+ VY
rsW AN S om0 WsWhO) S gm0 [BsWwP)] = :
s € gy o s S gy fste ] <

(1.6.68)
Notice how the —1 in the formula z = (w — 1) /72 should not be taken into account when computing

these tails, since it does not affect the € expansion at any degree other than 0. Using these, the

values of bp, cp given in (|1.6.30) and the bound (|1.6.40|) for ap, we have

720 24 3rg 14179 147
— Yoo < 160r3 9673 9613 >

~ 72,(16 +19r() ‘
480(1 — Yoo 12

lapZs(v, B) + bpis(v, B) + cpzs(v, B)| < :
(1.6.69)

~2
<— - =
51— yao)r2
The last inequality uses the fact that 79 < 1/360. This establishes a value for C3 such that (|1.6.45))

holds for any choice of parameters ¥g, Yoo, Ox, Vs, B

1.6.3 Proof of (1.6.48|

Inequalities concern the “horizontal” extent of the curve C around the parameter value
o = 4ry/3. Values of C1 and Cy quantifying this extent can easily be found when € = 0 by using the
explicit description of the manifold W), while values that still work when & > 0 will be possible
to obtain because of the estimate that furnishes a small bound for the e-perturbation of C.

The definition of the c¢1, co coordinates involves an orthogonal projection onto the plane P,

whose coordinates are the affine-linear functions xzp,yp,zp of (v,3) given in formulas (1.6.31)),

(1.6.32), (1.6.33). We begin by calculating this orthogonal projection. Let’s use superscripts (1),
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(e), (v), (B) to denote the coefficients appearing in them (which depend on ry):

xp(v, B) =: :CEDl) + E.’EEDE) + I/xgg) + B$ED’B) , similarly for yp, zp . (1.6.70)
Now define ) ) )
xgzl,') ng) xﬁi) + ang)
A= |0 ,® A T = (1.6.71)
i zg) zl(Dﬁ) ] i zg) +€ZS) ]

The parametrization of Py in terms of v, § is written in matrix form as

14

A = P(v,B) —xH9) (1.6.72)

g
We remark that A has maximal rank, for example because acg) =0, xg) # 0, ygjﬁ) # 0. Given any
x = (z,y,2,7m0) € R® x {ro}, we can find the coordinates c;(z) and ca(x), that is, the values of v, 3
at the projection Ilp, () € Py, by finding the least-squares “solution” to the (possibly inconsistent)

linear system

xg) + 89555)
x
g M,
B
z
In fact, we can rewrite this equation by erasing from it the e-dependent terms 59355) etc. — since

the effect of € in only a translation of P, the parameter values v, 5 corresponding to planes of
different ¢ values are the same. Since A has maximal rank, the least-squares “solution” is given by

the well-known formula

(1)

T —Tp
v (1) £ A1 g%
b (1)

Z—Zp
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We are now ready to project points of C onto P,. Consider an arbitrary point C'(4ry/3+0) € C.

The first 3 components z¢, yc, z¢ of this point split as

4 4 ~ (4
xC <;O + a> = x%) +V (;0 + 0) x%l) +Zc <;O + 0) , ete., (1.6.75)

where we remark that

4rg 1 3 [ 4rg 3o
= =- -2 (2 =27 1.6.76
(3 +U) 2 8r0<3 +0> 8ro (1.6.76)

Note that w%), y%), z%) found in (|1.6.10)) are exactly the same as :1:531), yg), zg) defined just above, so
that, when plugging the point (z,y, z) given in ([1.6.75]) into equation (|1.6.74) for the v, 5 coefficients,

they get canceled and we end up with only

(C(4ro/ ) Zc(4dro/3 +0)
c1(Cdrg/3+ o
(C(4rg/3 + o)) =B —ghle =) + go(dro/3+0o) | - (1.6.77)
C2 ro/o+ o0 oL ]
_é%(l = OréH ILIENE Zc(4ro/3 + o)

Due to 19 < 1/360, the factors multiplying 30 /8r¢ in the vector above are bounded as such:

_ 1 (1 —7p)e™ — (1 +rp)e " 1
—e < — < —
e =< g 2 500

(1.6.78)

(the second one may look like it diverges when r is small, due to the 73 denominator, but actually

the zeroth and first derivatives of the numerator at r = 0 also vanish). Meanwhile, the terms

Zc, Yo, 2o in (1.6.8]). Then we conclude

4r 60e 3|o] 60e
(o (=22 < |Bj|—— + |B;
( <3 *"))‘—' e ! J2'<800ro+<1—70>2>

‘B 3|0 60e
31\ 4000rg " (1 —10)2

> , j=12. (1.6.79)

Bounds for |B;;| are needed now. After computing the matrix product defining B in (1.6.74)), we
see that its first row as well as Bog all end up being multiple of rg, which makes them small, while

Bs1 and By have an rg in the denominator making them large:

TOeQTO(l + 2rg + 1“(2) + ré)

B — 1.6.80
1 2[(ro+1)2 + €20 (1 + 2rg + r% + 7'3 + Ei(—QTO)Tg(—2 — 2rg + Ei(—2r0)627“07'§))] ( )
ro(ro + 1)e’ (Ei(*2T0)€2TO’F(2) —1—1rp)
B2 = 2 oor 2 A : 2 : 5 (1.6.81)
2[(ro+1)2+e?0(1 4+ 2rg +r§ + 15 + Ei(—270)r§(—2 — 2r¢ + Ei(—2r¢)e?"0rg))]
Bz = rige” (Bi(—2ro)e”rG — 1 — o) (1.6.82)

N 2[(ro + 1) + e?r0(1 4 2rg + r% + 7“3 + Ei(—QTo)Tg(—Q — 2rg + Ei(—QTO)GQTOT%))]



121

(1 — ¢ +r3)e?o(Ei(—2r0)e?ord — 1 — 1)
ro[(ro + 1)2 + €270 (1 + 2rg + 73 4+ 7§ + Ei(—2r0)r2(—2 — 2r¢ + Ei(—2r¢)e20r3))]
el +4rg— 1“8 — TS’ + r%ezro(—Qrg + Ei(—2r¢)[-2+ 27“% + Ei(—2T0)€2rO’F(2)(1 —10)]))
ro[(ro + 1) + €270 (1 4 2rg 4+ 13 + rg + Ei(—2r¢)rg(—2 — 2rg + Ei(—2rg)e?r0r3))]
1.6.84)

By = (1.6.83)

By =

(
70€™ ((1 4+ 70)? + 10€270 (2 + 21 + Ei(—270)ro[—2 — 270 + Ei(—2r0)e2mr%])) (
[(ro + 1)2 + e2ro(1 + 2r¢ + 7"3 + ré + Ei(—2r0)r8(—2 — 2rp + Ei(—2r0)e27"0r8))]

Bound (away from 0) the common expression that appears in all the denominators. To do this, use

1.6.85)

(1.6.39) to conclude that the negative term in this expression is small

—270 —27g

2
242
To TO( + TO—’_ 27‘0

5
eZ0r2) < %0(2 + %) (1.6.86)

|Ei(—2r0)r2(—2 — 27 + Ei(—2r)e>0rg)| < =
and in fact is dominated by the positive terms 2rg + r% + ré; then throw these away and just leave
(ro4+1)% 42 (14-2rg + 72 + 74 + Ei(—2r0)r2 (=2 — 2rg + Ei(—2r¢)e*rd)) > (0+1)%+e(140) = 2.
(1.6.87)

As for the numerators, we keep the most significant terms in ry and use ro < 1/360 for all others.

We obtain:

2 1 1 ) 11rg (1.6.88)

roe%‘)(l + 27 —i—r% —i—ré) < rge2/360 (1 + 360 + 3602 + 3602 0

[ro(ro + 1)e™ (Ei(—2r0)e?™r2 — 1 — rg)| < ro(ro + 1)e™ (%O +1+ 7‘0)

1 1360 (1 1
<T0<360+1>e —5 1+ 360 (1.6.89)

1017g
100
S . 1 1 10173
[rdem (Bi(—2rg)e?0rd — 1 — rg)| < riel/3%0 (720 +1+ 3%) < 1000 , (1.6.90)

1 1 1 1 101
1— 2 4\ 2rg Ei(=2 2r9,.2 1— < (1 2/360 [ - 1 ) <« =
(1 =7 4 7g)e™ (Ei(=2r0)e™rg o)l * 3602 T 3601 ) € 720 T T 360) < 100

(1.6.91)
le™ (14 rg — r% — T(?j + T(2]62r0(—27”8) + Ei(—2r¢)[-2 + 27“(2) + Ei(—QTQ)GQTOTg(l —710)]))|

1
<em (1 10+ 13 + 18 + r2e? (%” +5- 2+2i+ 0 +ro>D)
0

1
< 3o <1+r0+rg+r8+2rg+ro+r(§’—l—4(r(2)+r8)>

4 4

2 5 9 2 51
3/360
< 1+ —— <=,
‘ ( +360+4-3602+4-3603+3605> 50

5r¢ o
=3 (1+2T0+7"0+7”0+2T8>

(1.6.92)
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|roe™ ((1 + r0)2 + r062T0(2 + 2rg + Ei(—2r9)ro[—2 — 219 + Ei(—2’l“0)€2r0’l“g]))|

1
<Twm<l+mw+r%+mém(2+mm+2[z+mn+gq>)

1"2
<m§m<r+%m+%+2m+2%+ﬂrH%+iv (1.6.93)
1772
= re’ro <1 + 5rg + 4T0>
5 17 A1y
3/360 0
< 1 < .
roe ( +3&)+4-mm2> 40
Therefore,
11rg 1017 10173
Bl < —2 Bl < Bis| <
| 11’ =40 ’ 12| = 7400 ‘ 13’ =400
(1.6.94)
101 51 A1rg
Boi| < —— |Bag| < Bos| < —0
| 21’_’20070 | 22|_’100r0 |Basl < 55

Plug back into the estimate ([1.6.79)) for the c;, ¢y coordinates of C(4rg/3 4+ o), cancel powers of rq
and use 9 < 1/360 on remaining expressions like 1 + 7o in the numerators. Finally, bound |o| by

the parameter o, that we wish to find by the end:
4rg O % 60erg
C|— <
o (0(F+7))| = o+

c 4rq + < Ox n 120e
C —_— g
2 3 = 50002 ' ro(1 — 0)2

We let these expressions define the constants C and C5, and thus the inequalities (|1.6.48)) become

(1.6.95)

automatically true for any choice of parameters 7o, Yoo, 0%, Vs, Bx:

Oy 60ero
C = +
1000 (1 -— 70)2 (1.6.96)
Ox 120e 2C" e
Cy = + = —

50002 ro(1 —0)? N s

1.6.4 Proof of (1.6.49)

Inequalities concern the “vertical” separation between the plane P and the endpoints of the
segment of the curve C between 4ry/3 — o, and 4ro/3 + o.. They stipulate that this separation
should be large enough, quantified by the constant C'5 that we already defined in . This will
be achieved by allowing o, to be large enough.

Let C(4ro/3 4+ o) € C be a general point on C. According to the definition of the ¢z coordinate
of a point and the way in which the coordinates of C split, found in above, we have (after
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some rearranging):

4 3
e (C(204o)) =27 (LU, D, ,an
3 8rg
() (1) 0 - _ N
+ | apxy’ +bpyy’ +cpzy’ —dp | + | apZc(o) +bpic(o) + cpic(o) —ep ) . (1.6.97)

Direct computation reveals

2e"
2D A0 (0 = 2
To
apat) +bpyD + ep2 —dp =0 (1.6.98)
2 5e 24¢e

~ b ~ ~ — < =
lapZco(o) +bpyc(o) + cpzc(o) —ep| < 6075 (1—13)  75(1 —73)

For the inequality above, we used the bound ([1.6.8)) for the tilde terms and the bound ((1.6.42)) for
the sum |ap + bp + cp — ep|. Thus, the maximum and minimum size of (1.6.97) for |o| < o,

obtained by plugging in ¢ = o4, and 0 = —o, respectively into it, have a lower and upper bound
respectively:
4ro 30,€e™ 24¢e 4rq 30,e™ 24¢e
C3 C<+U*>)> — s 63<C<+U* < — + .
( 3 g rg(1=95) 3 arg o1 =1)
(1.6.99)

We want to ensure the first bound is larger than —C3 and the second one smaller than Cs; hence

we want to ensure that
30,.e2r0 24e ’ygo
Pre R Ty ST 2
70 7o ( %) ( Yoo )T
where we have replaced C3 by its value given in (1.6.69)). Now multiply through by 73, forget about

(1.6.100)

€20 because it is at least 1, and use

7 7
YoT0 RESUN 3
= < L =2 1.6.101
7 240(15 + drops + riay) 3600 ( )

to conclude that the above inequality is weaker than (that is, it follows from) this next one:

2Y00 18 4v%
95 - 4805(1 — 70)2  75(1 — ~ac)

< 0. (1.6.102)

We must also remember the other restriction on o, given in (1.6.56|):

(1.6.103)

It’s clear that these two inequalities are compatible when v, is small enough. Now let’s keep these

on hold until we’ve also analyzed the last set of inequalities to be proven.
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1.6.5 Proof of (1.6.46)) and ((1.6.47))

Inequalities and concern the “horizontal” extent of the surface S. They stipulate
that this extent should be large, quantified by the constants C; and Cy that we already defined
in . By definition, the first-degree truncation of S, which we called P, has horizontal extent
described by the maximum magnitudes v, and S, of v and 5. We shall see that the truncation error
between P and S is small enough to not change this extent by much.

Consider a fixed point S(v,3) € S, where |v| < v, and |B] < Bi. Its first 3 coordinates are

written as perturbations of points on P,:
zs(v,B) =zp(v,B) +Zs(v,B) , similarly for y,z , (1.6.104)

and the inequalities (1.6.68)) provide bounds for the perturbations. Meanwhile, the ¢y, co coordinates

of a general point « = (z,y, z,79) are defined in equation (1.6.74)):

x — (:1:531) + swgf))

ci(z)

ca(x)
(e

Applying this to « = (xp(v, 8),yp(v, B), zp(v, B),10) just yields (v, ), since in that case & € P,

already. Therefore, applying it to @ = (zs(v, 8),ys(v, 8), zs(v, ), ro) will return

zn(v, ) — (xggl) + emg)) zn (v, B) Zs(v,B)
C1 v
=B | yvw.8) - ) +evf)) | +B | yvw.B) | = g | FE R |
C2
an(v,8) = (2 +e2)) N, B) Z5(v, B)
(1.6.106)
and we conclude
2 B B 1 B
o — ] < <| ul | 1Bl ( +7"0)2\ 13!)
1— 7% \ 80 ' 96 9672 (16.107)
es— | < % (|Bal 4 1Bl | (1+70)|Bas|
2T =10 U0 96 9612

Use the estimates found in (|1.6.94)) for the coefficients of the B matrix, and bound the 1 + r¢ term

appearing in the bound for Zg(v, 5). We conclude:

2 2
YoT0 Vo

< — -0l < — 1.6.108

001 =y @A ( )

lex = v 5070(1 — Yoo)
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In particular,

(S, ) < v + =20 (S B) > e — 220 forall 5] <
c1 Vs, Uy 10001 — 7o) c1(S (vx, Vs 10001 — ) or a < B,
(1.6.109)
V2 V2
M= T Mk TN 9 5 Mk *_%.O ) f 11 < v
ca(S(v,—Ps)) < —Bx + 50r0(1 —7ec) c2(S(v,B4)) > B 50r0(1 — 7o0) orall |v| <v
(1.6.110)

Now compare to the definitions (|1.6.96]) of C; and Cs. We will be done if we can ensure

ox 60ero _, _ _ dacTo (1.6.111)
1000 (1—79)2 =~ " 100(1 — vs0) o
o 120e Y2,
<Bu— 1.6.112
50013 T )2 B 5070(1 — Yoo ( )

Let’s rearrange these inequalities by replacing/bounding € and 7y as in (1.6.101]), simplifying some

numbers, and multiplying the second one through by r% /2. Then we need

o YooV P S0
1000~ 60 -4808(1 —9)? ~ 48000(1 — 7Yeo)

< v, (1.6.113)

8 2 2
o YooV Y5670 7B+
< 1.6.114
1000 T 60- 4808(1 — 70)2 * 48000(1 — voo) 2 ( )

At the same time, condition ((1.6.23) cannot be violated: the parameters vy, 8, must be such that

5 e 6 _ o0
960w, + 2407y B, = 480 <2V* + 70 ( 5 >) < VYoolg = . (1.6.115)

We have now found all inequalities that need to be valid for some choice of parameters vy, Yoo,

Ox, Vs, Bx. They are the three inequalities (1.6.113)), (1.6.114)) and (1.6.115)) just above, and the

two (1.6.102)), (1.6.103) repeated here together:

270070 495 1 -
25-480°(1 —0)*  75(1 — o) 360

(1.6.116)

1.6.6 Choosing the parameters

Instead of showing here the parameter values that will work, we describe the process used to prove
that they exist. At this stage, suppose that 7p, 7 can be found satisfying the following two main

inequalities:

2%0078 492 1=

1.6.117
25-4805(1 — 70)2  75(1 — 7o) 360 ( )
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and
2Y0070 N 4v2
25000 - 480°(1 — 70)* ~ 75000(1 — Yu0)
8 2 6
YooY0 Yoo 0 Yoo Y0
< . (1.6.118
+ 60 - 4808(1 — 79)? + 48000(1 — 7o)  4807(2 + 19) ( )
Then we can choose some small A > 0 such that
Zalsal B S W ok (1.6.119)
25-480%(1 —0)?  75(1 — Ye0) 360 o
and
2008 N 42
25000 - 480%(1 — 70)?  75000(1 — Yo )
8 2 6
Yoo Va0 A Yoo
< . (1.6.120
+ 60 - 4808(1 — ~p)? + 48000(1 — vo0) + 1000 ~ 4807(2 + ro) ( )
Granted this, define
270070 43
. = A 1.6.121
T = 95 4805(1 —0)2 T 751 —m) | ( )
and both vy, 8, according to
2 8 2
roBx okt A Yoo V0 V5570
. = = . 1.6.122
v 2 1000 60 - 4808(1 — ~p)? + 48000(1 — vs0) ( )

It’s clear that inequalities ((1.6.116]), (1.6.113]) and (1.6.114]) are true, while ((1.6.115)) goes as follows:

480 <2V* + 7o <T(2)25* )>

1 270078 47(%0
= 480(2 A
80(2 + 7o) [1000 <25 TR — o) T30 —m) T

60 - 4808(1 — ’}/0)2 48000(1 — ’yoo)
6
Yoo Y0
< 480(2 -_—
(2+70) 5572 4 7o)
_ Yoo
4806

Hence, all that is left is prove that 70,700 can be chosen making (1.6.117) and (1.6.118]) true.

Let us now clean up these inequalities to see where the important parts are. An a priori upper
bound for 1/(1 — 7o) is 4/3, from the necessary condition v, < 1/4. We can also find one for

1/(1 — 70)? coming from the fact that vy < 1; for example let’s impose

9
< = 2100 1.6.124
<15 T ( )
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Replacing these terms by their upper bounds in ([1.6.117)) and ((1.6.118)) (as well as 2 + ¢ by 3 and

1 — 7 by 1/10 on the right sides) produces stronger inequalities to be proven. We also cancel a

factor vo, from ([1.6.118]):

4oy, 1695 _ 1

45070 16700 570 4 e o
1000 - 4805 © 225000  3-480% = 36000 ~ 3-4807

The first of these can be obtained, once 7y is chosen, by making ., small. Also, noticing that v
appears in all but one term on the left of the second inequality, we see that making it small enough

will also prove that inequality, as long as g can be chosen such that

578 o
< . 1.6.126
3.480° 3. 4807 ( )

This is equivalent to v9 < v/96. Hence we find that the choice of parameters can be made regardless

of the value of v € (0,9/10).
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Chapter 2

Hartree limit of bosonic atom without Born-Oppenheimer

approximation

(Supervised by Michael Kiessling)

2.1 Overview

In the context of the stability of quantum matter (see |[LS09]), there have been several studies of
asymptotic properties of the ground state energy and wavefunction of a quantum-mechanical model
of a bosonic atom: a system comprised of one positively charged nucleus pinned at 0 € R3 and N
negatively charged identical bosons.
More specifically, consider a Hamiltonian defined on wavefunctions of N variables ¢, € R? by
HWN :—fZAw NAZ’—JFZZ‘%_% (2.1.1)

=1 j=1
1<j

(some physical parameters omitted for clarity), where A; is the Laplacian with respect only to the
3-vector ¢;, and A > 0 is the absolute value of the ratio of the charge of the nucleus to that of the

bosons. The associated energy functional, with domain D(QN)) = H(R3), is

N
QW) = 3 /R IVU(@)Pdg - MY /R ey, Yy / N ,q g 12
j:l 1 J

=1 j=1
1<J

(where ¢ = (q1,...,qn)), and the ground-state energy of the system is

B(N) = inf {QM (@) 5 v € DQ™) , [[wll =1} . (2.1.3)

There are conditions on A, assumed throughout this work, that guarantee the existence of a unique
minimizer modulo a phase, called the ground-state and denoted wg\sf); see |BL83|. It is also

known that the minimization can be taken without loss of generality only over those wavefunctions
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symmetric with respect to permutations of its N variables (which are the only physical ones, due

to the fact that the N particles are identical bosons).

One can prove in various ways that the following 1-body functional (Hartree functional)

Hoo(qb):;/Rqué(x)Fd )\/RS [¢a //R6 |¢|x d dy , ¢c HY(R?) (2.14)

\fCI

provides a good approximation, when N is large, for the ground state energy of HN) (IBL83],
[Bau84|, [Sol90], [BGMO0]), and the minimizer of H, provides a good approximation for marginal
probability distributions constructed from the ground state of H™) (|Kiel0]). In particular, we

here are picking up on (the proof of) theorem 1 in |[KielO|, which states:

e E(N)/N3 grows monotonically as N — oo, converging to
Coo i= If{Hoo(¢) ; ¢ € H'(R?), |92 = 1} ;

e for N,n given, n < N, and considering the re-scaled ground-state

¢Gs( )=N" 3N/2¢G (N'q), (2.1.5)
we have
Jim GG (@1, -y G g -+ un )t -+~ duy = |Sunin(q1) [ - - - [ Sunim (g0) 2
N—oo JR3(N—n)
(2.1.6)

3n
weakly in L'(R3") N L3—2(R3"), where ¢, is the unique positive minimizer of H., with

| Pminl 2 = 1.

A crucial part of Kiessling’s proof of this result uses the symmetry of 1) and of Q) to rewrite
QW )(w) in terms of the 1- and 2-body marginal probability densities associated to the N-body
density [1)|2. Then the Hewitt-Savage theorem on symmetric measures on the space of infinitely
many bodies relates those marginals, for large N, to convex combinations of product states ¢ = ¢®V
which is how the Hartree functional enters the picture.

The significance of the Hartree functional for understanding the asymptotic behavior of many-
body boson systems has been well understood for a few decades already, and the proof strategy
described above has also been employed to many different problems, both in the classical and the

quantum context - see [Roulb| for a good overview on this topic. The main novel contribution by
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Kiessling was in being able to recast the statements about the asymptotic behavior of the quantum
model into the language of classical Statistical Mechanics, so that this strategy could be
employed. (We also remark that a previous work by Kiessling had established the monotonic
increase of E(N)/(N%(N — 1)), a slightly weaker result; a simpler strategy was found by Hogreve

in [Hogl1], and his argument is what is adapted to work in |Kiel0]).

2.1.1 Problem description

Problems involving atomic models, like the one described above, will typically assume the so-called
Born-Oppenheimer approzimation. This amounts to setting the mass M of the nucleus equal to oo,
meaning that it is considered to be fixed at the origin and does not have a corresponding position
variable in the wavefunction. The present chapter of this thesis is concerned with a first step towards
proving a similar result to Kiessling’s in |Kiel0O| without this approximation. Section contains
the description and proof of the essential uniqueness of a system of coordinates satisfying symmetry
properties that are suitable in this study, as well as in any other classical and quantum many-
body problems involving identical bodies or groups thereof. Section describes what is involved
in the study of the many-body problem obtained from the one in |KielO| after our coordinate

transformation is applied.

2.1.2 Summary of results

It is expected (see conjecture ahead) that a similar result should hold for the more general
case of allowing the nucleus to move and to have a corresponding variable gy in the wavefunction,
a kinetic energy term —ﬁAO in HN) and an effect on the potential term (|g;| is replaced by
|g; — qo|). But this can only be expected to be true after one finds a way to subtract from QW) the

energy associated to the center-of-mass motion of the system. This can be done by:

1. finding a coordinate change T : (qo, q1,--.,qn) — (£0,&1,- -, &n) wWhere

€o (Mgo+aq1+---+qn) (2.1.7)

“M+N

is the center-of-mass,
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2. defining the transformed Hamiltonian by H™)(y) = H™) (1) where

X(&) = (det T)N/2(T () (2.1.8)
is the transformed wavefunction,

3. subtracting from HW) the term —on that corresponds to the kinetic energy of the

system, and

4. conditioning the wavefunction on the position &y of the center-of-mass, in order to be able to

consider the problem as an N-body problem for virtual bodies at positions £1,...,&N.

The system of coordinates that is by far the most commonly employed for this purpose goes by
the name of Jacobi coordinates. It consists of recursively defining new coordinates as the separation
between one of the bodies’ position from the center of mass of a subgroup of the other bodies,
which is an inherently asymmetrical procedure. If one is careful about preserving certain orthogo-

nality properties when carrying out this coordinate change, it is possible to obtain a transformed

Hamiltonian H®Y), as in item 3 above, having a similar structure to H™) itself; however, the trans-
formed wavefunction y in will in general not obey the same symmetry properties that the
original 1 did, which renders the techniques that work in the BO approximation case useless in the
transformed problem.

Our main contribution in this context is in finding a novel generalization of the system of
Jacobi coordinates transformations, suitable for use in problems where permutation symmetry of
the bodies’ positions plays an important role. We will prove in theorem [2:2.3] that there exists an

essentially unique linear coordinate change 1" as above having the additional properties that

e the transformed Hamiltonian does not include Hughes-Eckart terms, that is, terms of the form

V- (Vix) for j # k;

e the transformed wavefunction x in (2.1.8)) has permutation symmetry in variables 1 through

N whenever v also does.

These properties imply that the transformed Hamiltonian has a similar structure as the original
and can then be studied by similar techniques and yield similar results. We will also be able to

generalize this coordinate change to be applicable to both classical (theorem [2.2.7)) and quantum
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many-body problems involving more than one group of identical particles (theorem 7 in which

case the symmetry of the allowed states only has to be present with respect to permutations of

variables within each group. This part of the work has already been published in [Amo19).
Applying this coordinate change to our problem, the transformed Hamiltonian (after some sim-

plification) comes down to

N N
~ 1
HM () = =5 Ajx =N Z ZZ (2.1.9)
1<J
where we abbreviated the empirical average
- 1
=&+ +&) (2.1.10)

of the positions of the virtual bodies, and where C' # 1 is a constant. This can be thought of as the
Hamiltonian for an N-body problem where the bodies repel each other by the usual Coulomb force
and are attracted by this force towards a comoving center C¢ (we remark that the problem is not

translation-invariant since C' # 1). We will prove that it admits a ground-state energy.

The fact that the potential term in the middle involves all §; variables means that the energy
functional cannot be written in terms of n-body marginals anymore (for any n < N). So a more
careful study of it is needed. We will find in theorem [2.4.6] that, for an absolutely continuous product

state with corresponding probability density given in the product form

X(€)Pd€ = u®N (€)d€ = u(&) - - u(én)dE (2.1.11)

(under some natural assumptions on u), the asymptotic behavior of the potential energy is

2
Iim/ DAOF g = [ 88 g franj =1, N (2.1.12)
N—oo Jpan ’fg C{’ R3 |l“

This result suggests that the problem now at hand should be treatable by employing the same
techniques that were successful in the original problem. Namely, on the one hand it immediately
implies that e, is an upper bound for limy_,o E(N)/N (where E(N) is the ground-state energy of
the transformed system), because a trial state of the product form plugged into the energy functional
recovers the Hartree functional H... But on the other hand, in order to understand the limit of the

ground-state densities and energy as N — oo, it also suggests that it suffices to study the behavior
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of the energy functional only on densities arising from product states. The Hewitt-Savage theorem,
which relates symmetric probability densities for large N to convex combinations of product states

x = x®V, is the tool that realizes this idea.

2.1.3 Future work

The correct adaptation of the strategy employing the Hewitt-Savage theorem to solve the problem
described in the above paragraph remains to be found. For completeness, we include the details of
this strategy in the last section of the present chapter, pointing out where the difficulty arises.

It would be interesting to extend the study to more general potentials for the interaction between
the bodies. As long as they only involve pairwise interactions depending only on the distance
between the bodies, the same coordinate change is applicable and yields a Hamiltonian similar to
, with the interaction between bosons remaining the same, and that between the bosons and
the nucleus involving again the empirical average €. A wider generalization would be to consider
Hamiltonians where the kinetic energy terms belong to a wider class - for example the kind of
expressions (—iV + A)? or v/ —A + mc? that come up, respectively, with an external magnetic field
and under special relativity. These would require a new formulation of the coordinate system.

All of this can be applied to improve the scope of theorems in many-body classical and quantum
problems involving symmetry and that originally assume the center-of-mass of the system to be

fixed at the origin.

2.2 Symmetric center-of-mass coordinate systems

In this section, we describe the useful coordinate transformation that arose from the efforts to solve
the problem outlined in the overview above. The contents of this section have been published in

Journal of Mathematical Physics [Amol9)].

2.2.1 Introduction

In non-relativistic classical and quantum N-body problems with a translation-invariant Hamiltonian

2
H= 3 25+ 33 Ville —ail) (22.1)

1<j<N J o 1<j<k<N
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where ¢; € R? denotes the position vector of particle j in some arbitrary Galilei frame, p; its
momentum, and m; its mass, the motion of the center-of-mass has no objective physical significance.
Objectively significant are only the intrinsic properties of the N-body system. If Q € R3 denotes
the position vector of the center-of-mass in the same Galilei frame, and P its momentum:

Q= > mjg ., P= Y pj, (2.2.2)

1<j<N 1<j<N
. . . I . my .
then the Galilei transformation ¢; — r; := ¢; — @ and p; — 7; = p; — —MTJMP (where Mt is
the total mass in the system) separates off the kinetic energy assigned to the center-of-mass, i.e. it

accomplishes
P2

H =
2MTOt

+H, (2.2.3)

where

2
H= ) oy SN Vil —ril) (2.2.4)

I<j<N 1<j<k<N

is the “intrinsic Hamiltonian" of the N-body system, encoding all the physically objective features
of the N-body system. The N position variables r; and the N momentum variables m; are not
independent but satisfy the center-of-mass frame constraints

Y omyry=0 , > m=0. (2.2.5)

1<j<N 1<j<N

Thus, in terms of the available degrees of freedom, the intrinsic N-body Hamiltonian is actually
equivalent to a non-translation-invariant (N — 1)-body problem. Therefore it is desirable to find a
transformation to new coordinates which expresses H as a function of N — 1 independent positions
and momenta, which can be thought of as pertaining to “virtual bodies”. The so-called Jacob:
coordinates accomplish this feat (see section 2).

Now, systems whose bodies are identical (or systems involving different groups of identical bod-
ies) enjoy valuable permutation symmetry or anti-symmetry properties in both their Hamiltonian
and admissible states, which can play a determining role in their study. But it turns out that, after
reducing such systems to (N — 1)-body systems by employing Jacobi coordinates, one finds that
they lose their symmetry properties and can no longer be studied by means of the same techniques.
The goal of this paper is to build a center-of-mass coordinate change that preserves symmetry in
whatever sense is meaningful for the problem at hand. We will prove that there is an essentially

unique coordinate change with this property.
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In the next subsection we show how carrying out the Jacobi coordinates change in our bosonic
atom system destroys its symmetry. In the one following it we show the construction of our symmet-
ric center-of-mass system of coordinates applied to that same problem, proving its uniqueness
in the process. Next we show that the same system of coordinates is suitable also for symmetric
classical problems, even though they involve fundamentally different notions of configuration space,
admissible states and Hamiltonian. The main result is summarized in theorems and ,
and the coordinate system in its most compact form in equations and . Finally
in the last subsection we indicate how to generalize the construction to problems involving more
than one group of objects of the same type (uniqueness does not hold anymore), culminating in the

change of coordinates described in theorem (2.2.8]).

2.2.2 Jacobi coordinates: a quantum example

To illustrate the need for a symmetric center-of-mass coordinate system, we start by discussing the
model that inspired us to create it, which can be found in [Hogl1],|Kiel0|,|Kiel2|. It is a study of
the asymptotic properties of the equilibrium configuration energy and ground state of a “bosonic
atom” consisting of one positively charged nucleus and N negatively-charged bosons as N goes
to infinity, assuming the so-called Born-Oppenheimer (BO) approzimation, that is, the nucleus is
considered to sit immovable at the origin. Our motivation for introducing our system of coordinates
was the desire to study the same system, by adapting the same techniques, but without the BO
approximation.

But we emphasize that neither the particular type of interaction between the bodies in this
model (Coulomb attraction/repulsion) nor the fact that they are bosons instead of fermions is what
justifies the need for such a system; the important feature is the symmetry that comes from the
fact that all (or all but one) of the bodies are identical.

Consider a quantum-mechanical system consisting of one distinguished particle of mass mg and
charge Z > 0, and N identical particles of mass m and charge z < 0, all of which attract or repel
each other via the Coulomb potential. The state of the system is given by a C-valued (we ignore

spin) wavefunction

L2R3HNY 590 = (g0, q1, - qn) 5 ¢ €Rj=0,1,...,N (2.2.6)



136

where qo is the position of the zeroth particle and each gj, j > 1, is the position of one of the
other particles. Born’s Rule says that |¢(qo, q1,...,qn)|? is the probability density for the zeroth
particle to be at gy and for there to exist one of the other particles at each ¢, ..., qy. Because of

indistinguishability, the only admissible wavefunctions are those that satisfy the symmetry condition

¥(q0,q15- -, aN) = (90, 4o(1), - - - »do(nvy)  for all permutations o € SN (2.2.7)

if particles 1 through N are bosons, or the anti-symmetry condition (Pauli exclusion principle)

¥(q0,q15 - -, qN) = sgn(0)¥(q0, 4o(1), - - - »do(nv))  for all permutations o € SN (2.2.8)

if they are fermions (S”V denotes the symmetric group in N objects). The reason why these condi-
tions must be stated as such, and not in the weaker form |1(qo, q1, - - -, an)|? = | (qo, Qo(1)s - -+ s q(,(N))\2
that one might expect from the Born rule, is that it should be true that the expected value of any
observable (self-adjoint operator) A, that is, the inner product (i, A1)z, should be independent
of permutations of any but the zeroth variable. Since quantum-mechanical observables are not re-
stricted to simple multiplication operators, but rather can take the form of differential operators as
well, it turns out that the condition needed is as given. See |Gir69| for details about this and the
Pauli exclusion principle for the case of fermions.

The Hamiltonian operator, defined only for twice-differentiable wavefunctions (but it does admit
a self-adjoint extension to a larger domain - see |Lie90], [LS09], [RS75]), is given by summing the
kinetic energy differential operators of each particle and the potential energy multiplication operators
of each pair of particles:

K2 B )
H= =m0~ 2mj§::1A ZZZ |5 —qo! i ZZ

=1 j=1
1<J

2.2.9
’(h - QJ ( )

Here the notation A; indicates the Laplacian operator acting only with respect to ¢; € R3, that is,

82 0* 0?

Associated to the operator H is the quadratic functional that yields the expected value of the energy

where ¢; = (z},9;, 2;). (2.2.10)

in the state v, obtained by formally computing the L?(R31+N)) inner product (¢, H1) with the

help of an integration by parts in the kinetic terms:

/I ow|2+2/|v W~ 2z Z/I% QZZ/MZ_% (2.2.11)

— qo ==



137

with the analogous remark about the notation V; as for the Laplacian above. It turns out that
this functional is bounded below when computed on H! functions of L? norm 1 (for details see

[Lie90],|RS75]), and the infimum is interpreted as the equilibrium energy of the system.

Remark 2.2.1. The (anti-)symmetry of ¢ permits us to make statements such as

2 2 2 2
v .02 .2 L || lp© || 9919
/| il /| ¥l /qu—qol /Iql—qo\ /\qz—qg l1 — g2 ( )

for all ¢ # j, which combined with the symmetry of H are useful in Hartree and Hartree-Fock theory

for studying asymptotic properties of the equilibrium energy, because they allow the replacement
of all indices 7 and j in @ by 1 and 2, thus re-expressing () in terms of a conditional two-body
functional (depending only on variables ¢, g2 and conditioned on ¢p). For details see |Kiel2| or

[Roul5|.

However, it is easy to argue that there will not exist a ground-state having ¢y separated from
the other variables; that is, the infimum can never be attained by functions of the form ¢ =
Yo(qo)d(q1,---,qn). Indeed, 1y will only contribute to the first term of the energy Q(v) (the
variable ¢o in the first potential term disappears after a translation change of variables in the
integral), which can be made arbitrarily small by reducing [|V4|?, but never zero because
must have positive L? norm. And if this were a classical problem instead, where it is possible to
reduce the contribution of the zeroth kinetic energy to zero, then it is also easy to see that there
would not exist a unique minimizer, because the problem is translation-invariant.

On the other hand, the functional ) contains more than the portion of the energy that we are
interested in, because contained in the kinetic energy part is the energy of motion of the system as
a whole (the kinetic energy of the center-of-mass). But there doesn’t exist an operator associated
to the kinetic energy of the system that can be subtracted from H in order to isolate the interesting
part; the way to achieve this separation is to first change coordinates into a system which includes

the center-of-mass as a coordinate:

T:(qovqla"'qu)’_>(§07€17"'7§N) ) 60: (mOQO+WQI++WQN) (2213)

MTot
(we abbreviated the total mass mg 4+ Nm with M) and write ¢ as an L?-normalized function of

the new & coordinates:

X(€0s €1, EN) = | det T|7V2(T 7 (6o, &1, - -, €N)) (2.2.14)
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then finally express all terms in 1} using  instead of 1, obtaining a new Hamiltonian H such
that

Hy = Hy (2.2.15)

whenever 1 and x are related by . If the coordinate change T is linear, one of the terms in H
will involve the Laplacian with respect to &y (as will become clear in below), and throwing
out this term will leave us with an operator associated to the desired energy of the system.

This process might end up introducing unhelpful cross-terms: the Chain Rule applied to
gives (with Ay =V - V1))

o~ 06 06

A, = |det T|!/?

Vi - Vix(Tq) . (2.2.16)
k,1=0

We call cross-term an expression of the form k-divergence of I-gradient for k # [, of which there are
none in the original Hamiltonian H. These expressions are known in the literature as Hughes-Eckart
terms - see [HE30| and |Thi02]| for more details.

A commonly employed family of coordinate changes that prevent the appearance of such cross-
terms can be found for example in [FO17], [IGMO06| and [Pos56|, usually referred to by the name
Jacobi coordinates. Tt is well-known that the crucial property needed to preclude cross-terms is
orthogonality of the matrix gg (after suitable rescalings to make all masses equal to 1 - see the
next section). It is also well-known that one can construct such matrices even when the objects
in the system have different masses - see remark below. One possible instance of a Jacobi
coordinate change consists in starting with the separation between two of the bodies as a new
coordinate, then iteratively constructing the others as the separation between the next body and

the center-of-mass of the previously used bodies (different normalizing scale factors can be included

too). For our problem, then, a Jacobi system of coordinates could look like

/

o = (mogo +mq1 + ...+ mqn)/Mrot

&1 = @ —q

&2 (1 +q2)/2—gq3 2.2.17)
Ev1 = (+q@+-+aqv_1)/(N—=1)—qn

&' = (@+@+-+av)/N—q



Employing this system for N =1 (a two-body problem), what is obtained after (2.2.15) is

- h? h? A
H:—iAo——A1+—Z
2(mo +m) 2u 31
where
= Mroem
MTot +m
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(2.2.18)

(2.2.19)

is called the reduced mass. Throwing away the first term of H gives us the Hamiltonian for a

one-body problem with mass p in a central potential, known as the Kepler problem. It admits a

ground state energy and a unique ground state configuration conditioned on the position &y of the

center-of-mass.

But for N > 1 the symmetry of the potential part of the Hamiltonian is hopelessly lost under the

change ([2.2.17)), because one can compute and check that |§;—¢;| # [£x—& | if {4, j} # {k,}. Further,

the symmetry or anti-symmetry condition on the wavefunction v does not translate to anything

practical about permutation of the variables &1, ..., &n of x. If we want to study the properties of H

using the same techniques as one would for the symmetric H and its (anti-)symmetric wavefunctions,

a better change of coordinates is clearly needed.

2.2.3 Symmetric center-of-mass coordinates (quantum case)

Here we describe our coordinate system, illustrated with the same system as in the previous section,

and explain in which sense and under which conditions it is unique.

The coordinate change should be an invertible map 7" : R31+Y) — R3(04N) for which we require

the following conditions:

1. linearity and independence from Cartesian coordinates;

2. one of the new coordinates is the center-of-mass;

3. the structure of Hamiltonian is preserved and includes —(h?/2Mmry)Ao, the kinetic energy

operator of the system in the new coordinates;

4. symmetry of wavefunctions is preserved.

Let us elaborate on each and see how they restrict the possible transformations T further and

further.
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Condition 1. We demand linearity for simplicity of computation and to avoid singularities. But in
order to avoid bringing to the fore such physically meaningless quantities as the scalar coordinates
of each particle position, we look for a linear transformation that operates only on the level of
the positions of each particle, that is, only on the vectors qo, q1,...,qn as opposed to explicitly
referencing the x,y, z coordinates of the particles. So we think of R3(*+N) in both its domain and
range as (R3)1HY | and we write T(qo, q1, - - -, qn) = (£0,&1, - -, €n), each ¢; and & in R3. This can
be made more formal by saying that 7" is a tensor product of a (1 + N) x (1 4+ N) matrix T with
the 3 x 3 identity matrix. But to avoid cluttered notation, we denote the elements of T by T

(0 <i,j < N), without tildes and hopefully without confusion.

Condition 2. We impose that &y be the center-of-mass of the system:

o =

Vi (mogqo +maqi + - +maqn) . (2.2.20)
Tot

With this the first row of the matrix of T is already determined.

Condition 3. We want T to transform the structure of the Hamiltonian into a form similar to
H: kinetic plus potential terms, with the kinetic terms of identical particles appearing with equal
weights, the same being true of the potential terms of interaction between similar pairs. Additionally,
what should sit in front of the Ag term is the fraction —h?/2Mry, so that this term becomes the
kinetic energy operator of the whole system. Let us only worry about the kinetic term in
and later study what happens to the potential terms. We stipulate that there should exist some

constant > 0 (which we call the reduced mass) such that

hQ h2 N h2 2 N
= g Bov(a) - 5 ]Z:; Aj(a) = —g—Box(€) — 3, Z (2.2.21)
where € = T'q and Y is defined by
X(€) = |det T|729(T71¢) , € e RN (2.2.22)
By the Chain Rule,
N
V() = |det T|'* Y " T3, Vix(Tq) (2.2.23)
k=0

and

N
Aj(q) = (det T)/? Z Ty TV, - Vix(Tq) - (2.2.24)
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Omitting the g argument of ¢ and the T'q argument of x, we then have

2 2
o w—h—ZAw

2 N N
= —|det T|'/? Z TeoTioVi - Vix + 5~ Z > TiTij Vi - Vix (2.2.25)
kl 0 j 1 k,1=0
h? il
- /2 il
= —|det T/ Z o~ TkOTZO + — ZTk]Tl] Vi-Vix,
k,l=0 j 1
so that we can achieve (2.2.21]) by imposing
1/MT01: 7k:l:O7
| det |/ —TkoTlo +— ZTkJTl] =1/ Ck=1>0, (2.2.26)
] 1
0 , k#1L.
\
Given our choice of &y, the condition for & = [ = 0 holds if and only if
detT = +1 . (2.2.27)
Now rewrite property (2.2.26]) as
TR™Tt =571 (2.2.28)
where the (1 + N) x (1 4+ N) matrices R and S are given by
R = diag(mg, m, ..., m) , S = diag(Mmot, by - - -5 ) - (2.2.29)

Then

det(R) mom™
T T=4\—7-= 2.2.
(det T)* = aet(9) = det \/ VgV (2.2.30)

and since we need |det T'| = 1, we can find u:

me \ YN
=m . 2.2.31
" (MM) (2.231)

Remark 2.2.2. If particles 1,..., N in the system were not identical and had potentially different

masses my, ..., mpy, as is the case in various examples of many-body problems, then condition 4 (as
elaborated below) and the preservation of the symmetry of the potential energy would be mean-

ingless; however it could still be desirable to find a center-of-mass system of coordinates satisfying
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conditions 1 and 2 that also prevents the appearance of unwieldy cross-terms in the transformed

Hamiltonian. In this case one would stipulate the condition

h2 2L 1 h2 h? o 1
- —A - — —A; =— A - — —A; , 2.2.32
e Sov(a) = 5 ; p Ala) = 5 Aax(€) — 5 ; o Ax(©) (2.2.32)
for some numbers 1, ..., uxy > 0. Proceeding as in the computations above, one would find
T- diag(mg, m1,...,my)"" - Tt = diag(Mrog, i1, - -, pin) " * . (2.2.33)

This is easily achieved: choose an orthogonal matrix O whose zeroth row is given by

mo mq my
Oo;)i= =14/ \/ Y. 2.2.34
( 07 )]70,17.“7]\[ ( MTot ’ MTot ’ ’ MTot> ( )

so that condition 2 is met, and let

1 1 1
VMro i BN

The only additional constraint comes from | det T\ = 1, which, when implemented in (2.2.35) above,

T = diag ( ) - O - diag(y/mo, /M1, ..., /mN) - (2.2.35)

produces a restriction on the possible choices of p;’s:

momy - --my = Mrotfi1 -+ UN - (2.2.36)

Condition 4. T must have the property that, if ¢ is (anti-)symmetric in the variables q1, ..., qn,
then y defined as in (2.2.22) is (anti-)symmetric in &1,...,&y as well. Let us work out what this
implies.
For a given permutation o € SV let ¢ also denote the isomorphism
o R3(1+N) — R3(1+N) , U(.%'(), T1y..- ,IBN) = (:L'(), To(1)s - - ,xU(N)) (2237)
(each x; € R?). The required equality x = x o 0 (symmetric case), which translates to

| det 7|7 2(T71¢) = x(€) = x(0€) = | det T| 7/ 29(T 1 5¢€) | (2.2.38)

holds for any wavefunction v symmetric in all but the zeroth variables, for all ¢ € SV and all

¢ € R34N) if and only if to every o € SN corresponds m € SN such that

T ' =T (2.2.39)
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(simply compare the arguments of ¥ on both ends of (2.2.38) and use symmetry of ¢). In the case
of anti-symmetry, for fermionic particles, m must also have the same sign as ¢. We remind the

reader that T =T ® I3x3 for some T : R*N — RN and of course any o € SV acts on RV by

permuting coordinates 1 through N with respect to the canonical basis {eg,e1,...,exy} € RV,
So let
N
Te, = Zajej , a5 € R. (2'2'4())
§=0

Then condition ([2.2.39), after multiplying on left and right by T', means, for any o, that o - Te;
must be equal to one of the vectors

Tey,...,Ten . (2.2.41)

But acting with o on Te; has the effect of permuting the coefficients a;j for j > 0, and the total

number of different permutations that can be formed is

N!

_ 2.2.42

where n1,...,n,, are the cardinalities of each set of repeated coefficients among the a;’s, j =
1,...,N, withny +---+n,, = N. Since the number in (2.2.42)) must be equal to the number N of
different vectors in the list (2.2.41)), we need

(N =1 =ny! - np! (2.2.43)

which can only happen for all N if m = 2 and one of the n;’s is N — 1 and the other 1 (to see this,
consider what happens when N — 1 is prime). Therefore Te; written in the basis {e;} must have
N — 1 repeated coefficients among the ones from 1 to N. Analogously the same is true of each Tej
for j = 2,..., N, and moreover they all share the same zeroth coefficient. Also note that
implies that performing any permutation on the rows of T' (except the zeroth) should yield the same
as performing it on the columns instead; hence the coefficients on the zeroth column of T are also

all equal, except the zeroth. Finally, by relabeling the nonzero indices (that is, by replacing 7" with
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T o o for an appropriate o), and also remembering ([2.2.20)), we arrive at a matrix of the form

mo m m m m
MTot MTot MTot MTot o MTot
C A B B ... B
C B A B . B
T = ® I3x3 (2.2.44)
C B B A . B

C B B B
(1+N)x(1+N)

for some constants A, B, C' to be determined.
We refer back to (2.2.26). The cases k=1>0,0# k #1# 0 and 0 = k # [, in that order, give
equations for the entries A, B, C in ([2.2.44)):

s m  mC?

4T - = A24 (N-1)B?’=—-— (2.2.45)
mo m m u 1Y mo
2 2AB (N -2)B? ?

(’; 4 + ( ) =0 = 2AB+ (N - 2)B2 = _mC , (2.2.46)
mo m m mo

C+A+(N-1)B=0 = A+ (N-1)B=-C. (2.2.47)

Subtract ([2.2.46)) from (2.2.45)) and write A2 —2AB + B? as (A — B)? to get an expression for A in
terms of B. Plug that into (2.2.47)) to find B in terms of C:

) fm 1( (1) m)
A=B+ /= |, B=——(CcZ* /=) . 2.2.48
. W . ( )

The choice of the £ sign has to be the same in these two expressions, and that’s what the (1) above

them signifies. With these, (2.2.45)) becomes

C? m mC?
—_— - —— = 2.24
N N el (2.2.49)
which can be solved to yield
(2) mom
C =+ . 2.2.50
]\4Tot:u ( )

This + sign has nothing to do with the choice of + in (2.2.48)), and we keep track of that with
the (2) above it. Now it becomes convenient to rewrite A, B,C in terms of only the constant
7 =mo/Mro, = (u/m)"N:

(1) (2) (1) (2)
A=B¥r o | B= —%(i riay & o) | C =% r2en | (2.2.51)
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We can also write the new coordinates compactly by using the empirical average
g=(q+ - +aqv)/N . (2.2.52)

Computing &; (a similar computation gives {;), we see how g shows up due to the relationship

between A and B:

& =Cqo+Aq + B(g2 +--- +aqn)

(1)
—Cqo+B(gi+ - +qy) £ r2Ng (2.2.53)

(1)
=Cqo+ (NB)g £ r2v¢; .

Substituting the values of A, B, C, we obtain the final expression of our coordinate change:

§o = (mogo+maq1+...+mqn)/Mro ,

R e B | (2.2.54)
& = raw|t(g-a£Vrw-a) ., j=1....N.

We have thus proved the following;:

Theorem 2.2.3. For given mg, m > 0 and up to two independent choices of + signs and relabeling
of monzero indices, the only family of transformations T : R31+N) — R3(I+N) (indezxed by N)

satisfying the following:
1. T =T ® I35 for some linear isomorphism T : RMN — RI+N .

2. the zeroth component of T(qo,q1,-..,qn) in R is given by

1

o+ Nm (mogo + mq1 + -+ - + maqn) (2.2.55)

for all g0, q1,...,qn € R3;

3. there exists p > 0 such that, for any ¢ : R3U+N) 5 C,
h2 h? & h2 n &
— Ao — o~ > A= —2(—A0(¢ oT) — % ;Aj(qp oT);  (2.2.56)

= mo + Nm)

.1 : — 1S (anti-)symmetric wi respec 0 exchange o any oJ tts variaoles
4. if i : R3HN) 5 C is (anti-)symmetric with tt hange of any of its R® variables 1

through N, then so is o T™1;
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is the one given by (2.2.54|) with the dimensionless constant r € (0,1) and the reduced mass p given

by

— Mo — /N 2.2.57
Tm0+Nm’Mmr . (2.2.57)

Remark 2.2.4. When N = 1, our T recovers the well-known 2-body system of Jacobi coordinates

if we choose +== —. Indeed, in this case we have g = q1, and equation (2.2.54)) shows

(2) (2)
& =120 % (g —q1)) == (@ —q1) . (2.2.58)

Also (2.2.57)) implies that u is the usual reduced mass (2.2.19)) for two bodies.

Remark 2.2.5. It is common in statistical problems to consider a more general space of admissible
states, called density matrices. This is the set S = S(L?(R31+N))) of self-adjoint, positive, trace-
class, unit-trace operators acting on L?. In this context, a pure state 1 as considered above is
represented by the projection operator [¢)(¢|, while a mixture of pure states 1; with weights
0 < Aj <1 (such that } . A\; = 1) gets associated to the operator }; A;[¢;)(¢;|. The expected
energy in state p € S is then given by Q(p) = Tr[Hp], and the state is called symmetric with
respect to the nonzero variables when U,p = p for all o € SV, where U, is the unitary operator
L? > 1+ 9 o o (analogously the concept of anti-symmetry involves an additional sgn(o)).

We can see that the same conditions as in Theorem will lead to preservation of symmetry
in the energy functional as well as space of states in this context. Indeed, when a change of coordi-
nates T is performed on R3*N) | the unitary operator Uy : L? — L2, Urp(v)(q) = |det T|*/?4(Tq)
represents the transformation of wavefunctions 1 into the new coordinates. Then a state |¢) (1]
must become |Up-19)(Up-11)|, and a change of variable in the integral defining the L? inner prod-
uct reveals that this is the same as |det T|Up-1]¢)(¥|Ur. So we have found the expression of a
general state p € § in the new coordinates T'q: it is |det T'|Up-1pUp. This immediately implies
that preservation of (anti-)symmetry of states is satisfied precisely by the same condition
as before. Similarly one can consider pure states |¢) (1| in order to understand the transformation

of the energy functional and find out that (2.2.26f) is the condition that preserves its symmetry.
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To finish writing the transformed Hamiltonian, we need to figure out what the potential part
becomes, which requires expressing the g;’s in terms of the &’s. The inverse transformation can be

computed from (2.2.28): 7! = R~1T'S, yielding

1 mrﬁc mrﬁc mr%c mrN
myo mo mo mg
1 rYNA #YNB YNp o pUNB
= 1 P/NB pUNA YNB oo pUNB ® I3x3 - (2.2.59)
1 r/NB UNB  pUNg o o pUNB
1 »YNB #UNB pUNp . plUN4
(14+N)x (1+N)
Now plug-in the values of A, B, C' given in (2.2.51)) to get:
1,1 9 =
qQ = §0 ” v (rt - 1€,
4 (2) 1,1 (1) 3\ o ) (2260)
q; = f(]:l:T‘Qij— + r27a2N + raoN E s ]Zl,...,N,

where £ is defined analogously to how g was defined in (2.2.52). In particular, the relevant pairwise
distances for our Hamiltonian and for most physically meaningful others become:

L

1) 1 2
|Qj_q0‘ = 7r2nN |+

&—(£1 ir5)§’ . j=1,....N,

(2.2.61)
1 . .
i —qi| = r2N|& =& , j=1,...,N .

With this, we finally conclude that the potential energy part will transform just like we wished,
remaining symmetric with respect to exchanges in the variables other than the zeroth. We conclude

that the Hamiltonian that represents the energy intrinsic to the system is given by

- K2 N 27 N 1 22 NN 1
H=- T ZAi T (1) 1 (2 T ZZ & — & (2.:2.62)
2mrnN = raN G|y ¢ — (£ 1+ T_é)ﬁ’ 2N i=1 j=1 i J
1<)

Remark 2.2.6. Thinking ahead about what this Hamiltonian has to say, first note that the factors

of /N and /2N in front of each term disappear after a suitable rescaling of the argument of the
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wavefunction, which aids in understanding how the size of the system in its ground-state scales with
N. It is also interesting to note that, even after this rescaling, there remains still a dependence on N
in the term &, which includes a factor 1/N. Since the arguments used in Hartree and Hartree-Fock
theory to study asymptotic properties of the ground-state and equilibrium energy rely heavily on
the fact that the Hamiltonian can be written as a sum of individual terms featuring only 1 or 2
variables &; in them (see [Rould|), our new transformed problem is not trivial to study. But this is

material for future work.

2.2.4 Symmetric center-of-mass coordinates (classical case)

Now we explore a different model given by a classical Hamiltonian to see that the same conditions
as in theorem are still the natural ones to require and the conclusions are still mostly the
same, in spite of the different nature of the set of states and the form of the kinetic energy part.
This time, in order to even be able to talk about symmetry on the set of admissible states, it
is necessary to consider them to be statistical distributions of possible phase space configurations
(as opposed to the quantum case, where just a single state 1 already comes with a probabilistic
interpretation via the Born rule). The proof follows the same ideas as in the quantum case, but
applied to different objects that satisfy different properties, and it turns out that the restrictions
imposed by this classical context are not enough to warrant uniqueness. Lest the reader be misled
into thinking that the Coulomb potential is necessary in the reasoning, we will give the bodies
the possibility to interact pairwise through general potential functions - and everything readily
generalizes to threefold, fourfold etc. interactions.

Consider a classical-mechanical system evolving in space R? consisting of a distinguished body
of mass mg and N identical bodies of mass m such that the potential energy of interaction between
the first and any of the others is given by a function V', and the one between the identical bodies

by a function W, both depending symmetrically on the two interacting bodies. The phase space is
D =R 5 RN = {(x;p) = (20, 21,..., 2N D0, P1s-- -, PN) 5 T pj ERP} (2.2.63)

where each x; and p; are the position and momentum of particle j (particle 0 being the distinguished
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one). The Hamiltonian is the function defined on D given by

N N N N
1 1
H(x;p) = TW|P0\2 ton Z Ipi* + Z V(zj,zo) + Z Z W(&,§;) - (2.2.64)
=1 =1 i=1 j=1
i<j

The set of states of the system is defined as
S = Set of {1,..., N}-permutation-symmetric Borelian probability measures on D (2.2.65)

where the qualification about permutation symmetry means, as one expects for identical bodies,

that any v € § must satisfy
v(E) =v(U,(E)) , oe€SY ECD Borel-measurable, (2.2.66)
where the isomorphism U, : D — D, for o € SV, is given by

Uo‘(x(]axla -++»IN;PO,P1s - - - 7pN) = (anxa(l)v R 7$0'(N);p07p0'(1)7 SRR 7pO'(N)) : (2267>

(More commonly, H is only defined on the subset of D of the points (x;p) for which no z; is equal
to an zj, i # j, and the admissible states are measures supported away from such points.)

If T : R3O+EN) 5 R3(+N) ig 4 bijection onto its image (a coordinate change of the position
variables), the question arises of how to extend it to the whole D, that is, how to define the physically

4+N) of the momentum coordinates. Note how

meaningful transformation 77 : R3(1+N) 5 R3(
this consideration only arises in the present context of classical mechanics, because a fundamental
difference between it and quantum theory is that in the latter the stipulation of the space of states
does not involve momentum variables.

Assuming for a moment that we have found the correct expression for T, we can identify the

transformed phase space D, set of admissible states S and Hamiltonian H:

D=(TeT)(D)={(Tz;T'p); (x;p) € D}, (2.2.68)
S={ToT)w;veS}, (2.2.69)
H(&m) = HT'¢T'n), (2.2.70)

where the push-forward probability measure (T' @ T7”).v defined by

(TeT)w) (F)=v(TaeT) Y (F)) ,  F C D Borelian (2.2.71)
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is the state in S corresponding to a state v € S (no normalization constant is required). The
expression for the Hamiltonian must be given as in (2.2.70) due to the property of push-forward
measures that says

/dez/(Ho(T@T’)l)d(T@T’)*u, (2.2.72)
D D

that is, the expected value of the energy of the system at the transformed state computed with the
transformed Hamiltonian is the same as what it was before the transformation, which is a natural
property to desire.

Let us see what kind of conditions are needed for this T to be a symmetric center-of-mass
coordinate change for the classical many-body problem at hand. What we called conditions 1 and 2
in theorem can be stated verbatim here, and in particular they imply that our sought-after
T' also satisfies

T =T' ® I3x3 (2.2.73)

for some isomorphism 77 : R3(+N) — R3(+N)  Condition 4 now asks that, for all v € S, the
transformed state (2.2.71)) satisfy {1,..., N}-symmetry, and there are enough Borelian subsets in
Euclidean space to guarantee that this is only possible if the same condition as before is
valid. Hence our T is of the form (but a similar remark to applies in case the bodies
are not identical and we just wish to avoid cross-terms in the Hamiltonian). Finally condition 3

stipulates that there must exist p > 0 such that

1 1 N 1 1 N
2 2 2 2
E , + — E ; 2.2.74

whenever = T'p. By computing [po|?, |p;|? in terms of 7; - 7;, we see that the components T{;l of
~ _1 ~
T’ ~, rather than the ones of T” or T” like before, are the ones coming into the computation. The

required condition will then be

1/]\4—Tot ) ]{ZZZO,

N

| .

T To '+ — D TR T =1, k=1>0, (2.2.75)
j=1

mo

0 L kAL

\
Compare this to (2.2.26). The clear difference is that there is no |det7”|*/? this time, and the

subtle difference is the order of the indices 0k, 01, jk, jl. Using the matrices R and S from (2.2.29)),



151

equation ([2.2.75)) is written as
L 1Nt -
(T/ 1) R =571, (2.2.76)
Now we can find 7" using the expression ([2.2.70)) of the transformation of H and the desired new
form (2.2.74)). The Hamilton equations dictate the law of motion of the system in (x; p) coordinates
and should still hold for the transformed Hamiltonian in (§ = Tx; 7 = T'p) coordinates, the possible

curves (x(t); p(t)) that describe the evolution of a point in phase space satisfy

OH OH
., _ Y4 y = 2.2.77
and we would like to also have
. OH oH
= — T=——. 2.2.78
The zeroth of each of these two systems of equations give
po = modo , pj = ma; , 7o = Mroto , mj =pj, j=1,...,N . (2.2.79)
Given &€ = T'&, we conclude
1 1 &
mo = Moy (Toopo +— Z%k%) ;
mg m
N (2.2.80)
1 1 o
— T — T j=1,...,N
Ty 1% (mo j70P0 + m ; ]kpk> y o J ) ) )
or
T'=STR™". (2.2.81)
Together with (2.2.76), this implies
7' = R(STR™Y)tS™1 = Tt . (2.2.82)

Plug this into (2.2.75)) to finally see that it actually says precisely the same as (2.2.26)), except

for the (detT)'/? factor. Hence we may now conclude through the same computations that the
transformation (2.2.54)) satisfies all constraints. However there is nothing that imposes a value for

w this time. We summarize:

Theorem 2.2.7. For given mg, m, u > 0 and up to two independent choices of + signs and relabeling
of nonzero indices, the only family of transformations T : R3(I+N) _y R3(1+N) (indexed by N)

satisfying the following:
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1. T=T® I3x3 for some linear isomorphism T:RWN RN

2. the zeroth component of T(qo,q1,...,qn) in R3 is given by

1

o - Nm (mogo + maq + -+ - + mqn) (2.2.83)

fOT’ all q0,91,---,4N € Rg;

3. if m =T'(p), then (2.2.74)) is true;

(A+N) « R3AH+N) 45 symmetric with respect to exchange of any

4. if a probability measure v on R3
of its R® variables 1 through N in both the first half of its argument (position variables) and the

second (momentum variables), then so is the push-forward (T & T'),v, where T' = T' @ I3y3

is defined by (2.2.81);
is the one given by (2.2.44) with A, B,C given as in equations and .

2.2.5 Many-species problems

Conditions 1 through 4 have analogues that are applicable to problems involving many different
groups of identical bodies, which we call many-species problems. Here we show that, despite losing
uniqueness to the many degrees of freedom afforded by such problems, we can still produce a
natural system of center-of-mass coordinates that preserves the symmetries of the Hamiltonian and
the permutation symmetry of admissible states with respect to exchange of any two identical bodies.
We choose to use quantum-mechanical language again, but it should be clear that the applicability
of the result extends to classical physics just like in the above section.

Since the change of coordinates and subsequent dismissal of the center-of-mass coordinate ef-
fectively reduce the number of bodies by one, there should be a body that in a sense gets thrown
out of consideration. This doesn’t mean that it needs to be the most massive one, the “nucleus” or
even a different body from all the others, but we will give it a special notation with the index 0. So
consider a system containing a distinguished particle of mass mg at position gy € R3, and n groups
of identical particles containing Ny, ..., N, particles. We must assume that each N; is at least 2.

Denote by 1 4+ N the total number of particles:

1+ N=1+N+---+N, . (2.2.84)
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Suppose that the particles belonging to group ¢ all have mass m; and are located at qgi), . ,qu.
Let the energy of interaction between the zeroth particle and a particle of group ¢ be given by
a function V; depending symmetrically on their positions; let the energy of interaction between a
particle of group 4 and another of group j (possibly i = j) be given by a function W; ; depending
symmetrically on their positions. The Hamiltonian

He oA, S LSS A S S i o
- 0T Z Zl q](cl) +Z z(Qquk )+

2m0

n n Nz Nj

SN S Wi ¢) (2:2.85)

i=1 j=1 k=1 I=1
i<j k<l

(in self-explanatory notation for the Laplacians) is defined on a suitable subset of the space of
admissible wavefunctions, which are those twice-differentiable L? functions of R3*N) that are
(anti-)symmetric with respect to exchange of any two variables q](;) and ql(i) of the same group.

The change-of-coordinates maps that we seek are in the form T’ = T®1I3ys, for T : RN — RN

a linear map whose matrix has zeroth row given by

mo my ™
Ty;) = , 2.2.86
(To;) (MTot [MTOJM [MTOJN) (2280)

where Mo, = mo + Y, Nym;. Here the notation [z]j represents a vector (z,...,z) with k compo-

nents. But it’s best to label the rows and columns of T' with the symbols

07 1(1)7 . -,N1(1)7 1(2)’ cee 7N2(2)a R 1(n)7 .. 7N(n) (2287)

n

in this order. For example, the entry in the row corresponding to the third particle of group 5 and
the column corresponding to the second-to-last particle of group 1 would then be T. 305) (N —1)(1) -
Due to permutation symmetry of states, a property analogous to (2.2.39) must hold, which
can be stated as follows: for fixed ¢ = 1,...,n, to each permutation o of {1,..., N;} there must
correspond a permutation 7 comprised of permutations within each group 1,..., N (not necessarily
only group ), such that T remains unchanged under swapping of its rows according to o followed
by swapping of its columns according to w. We shall not attempt to classify all possible ways to
construct a 7 for each o if 7 is allowed to permute variables of many groups; instead let us consider

that m must only act on group i. In the same way, to each permutation 7 of columns within a
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group corresponds a permutation ¢ of rows of that group such that performing = followed by ¢ on

T leaves it unchanged. Then this implies:

e that the zeroth column must be of the form

t
mo
(TkO)k = ) [CI]N P [Cn]N (2288)
MTot ! "
for some numbers C1,...,C, (consider what happens when swapping any two rows of group

i);

e that each of the n square blocks on the main diagonal must be of the form

Az Bz Bz Bz
Bz Az Bz Bz
_Bz Bz Bz Az_
for some numbers A;, B; (that is, after a permutation of indices 1@, ..., Ni(i); this is just like

the proof in Section 3);

e that, given any ¢ # j, the rectangular off-diagonal block whose rows are in group i and
columns are in group j must have all elements equal to the same number X;; (consider first

what happens when swapping rows of group ¢, then also what happens when swapping columns

of group j).

Finally, to prevent cross-terms in the kinetic energy and preserve its symmetries, we require the

same condition as in (2.2.28)):

TR™T! =571 (2.2.90)

where now
R = diag (mo, [m1]ny, - [mn]N,,) o S = diag (Mrot, [1] Ny, -« -5 [tn]N,,) (2.2.91)
for some reduced masses p1, ..., pu, > 0. The condition |det T | = 1, present in the quantum context

but not the classical one, implies that we must impose

momy - -~ My = Mot -+ i - (2292)
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Now it becomes more convenient to normalize the elements of 7' by considering the matrix
U=S8Y2TR™'/? (2.2.93)

which, according to (2.2.90), must be orthogonal. It is obtained from T by multiplying row 0 by
v Mro; and rows k() by Vi and dividing column 0 by /mg and columns k™ by \/my. Its zeroth

row is then determined:

mo ma mnp
Upi) = , , 2.2.94
( 0]) ( MTOt |: MTOt :|N1 |: MTOt :|Nn> ( )

and is already normalized to 1 in Euclidean norm. Let us abbreviate it by using the symbols

(Uoj) = (vo, 1] vy [vnlv,) (2.2.95)

(all of them are determined by the data of the problem) and denote the other elements of U with
lowercase letters a;, b;, ¢;, x;; in the locations corresponding to A;, B;, C;, X;; in T. We have thus

reduced the question to the following: given real constants vg, 11, ..., 1, satisfying
2 2 2 _
v+ Nivi+ -+ Ny =1, (2.2.96)

can one find an orthogonal matrix U in the following format?

[ ]/0 ]/l ]/1 .« V]. ]/2 ]/2 oo VQ V3 ]/3 oo V3 oo Vn Vn .« VTL i
c1
U U2 U3 E Utn
C1
Cc2
U= U Uoo Uss cee U, , (2.2.97)
c2
Cn
Mnl un2 unS unn
[ Cn J
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where the blocks (U;;)n,x N, are of the following form:

ai b by - b Tij Ty Ty o Tig
bi a; b -+ b Tij Tij Ty e Ty
Ui = b; b a; -+ b s uij = |xij T Ty o Tyj (Z 75 j) . (2.2.98)
(b b b e ai] Tij T Ty o Tig)

Now there are n equations imposing norm 1 for each row and n equations imposing orthogonality
of each row with the zeroth (within each group these are all the same), plus n equations impos-
ing orthogonality of different rows within the same group, plus n(n — 1)/2 equations imposing
orthogonality of rows in different groups, for a total of n(n + 5)/2 equations. Meanwhile, there
are n variables in the zeroth column of U, 2 in each of its n diagonal blocks, 1 for each one of
the n(n — 1)/2 rectangular blocks above the diagonal, and the same for the blocks below, for a
total of n? + 2n variables. The number of degrees of freedom is then computed to be n(n — 1)/2,
exactly the same as the number of blocks above or below the diagonal. Hence there won’t be a
unique solution, but the numbers suggest we might still be able to solve all these equations by also
imposing n(n — 1)/2 conditions; let us impose z;; = xj; for all i # j. Then the big square block of
U consisting of all rows and columns except the zeroth is symmetric. Now consider the equations
that impose norm one for the nonzeroth rows and columns:

C?—Fa?—&—(l\/}—l)b?—&—zgj?j:l , i=1,...,n,
JFi

(2.2.99)
yz-2+a?+(Ni—1)b?+Zx?i:1 , 1=1,...,n
J#i
With our choice z;; = xj;, we see that ¢; = £v;. We choose
g=v; , it=1,...,n (2.2.100)

to make U a symmetric matrix. Then it is diagonalizable and admits a basis of orthogonal eigen-

vectors: there exists an orthogonal matrix O and a diagonal matrix D such that
U=0DO". (2.2.101)
Therefore U is going to be orthogonal if and only if

I=UU'=U?=0D*0" < D*=1, (2.2.102)
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if and only if its eigenvalues are all £1. Of course at least one eigenvalue 1 and one —1 need to be
present, otherwise U would be diagonal according to .

Just like what happened in the one-species problem, each a; depends in a simple way on b;:
subtracting from the first equation in the equation that says that any two different rows in

group ¢ are orthogonal, we have

¢+ 2a:b; + (N; = 2)b7 + > 2%, =0, (2.2.103)
J#i
so that
a? —2a;b; + b2 =1 < a; =b; £ 1. (2.2.104)
We will choose
a; =b;j—1 foralli. (2.2.105)

With this, it is possible to choose values for each b; and x;; that force U to have eigenvalue —1 with
very high multiplicity: choose

b; = pVi2 . Tij = priv; (2.2.106)

for some p > 0 to be determined shortly. Then U + I has column k(™ equal to

(U6 g ir—o,...x = Wis [ovavilng, - - [ovaviln, ) (2.2.107)

This is a multiple of the vector (1, [pv1]ny,-- -, [pvn]n,)!, which is independent of i or k. So all
nonzeroth columns of U + I are multiples of each other, giving this matrix a rank of at most 2, and

giving —1 a multiplicity of at most N — 1. With the further choice

_ 1
_1+I/0’

p (2.2.108)

the zeroth column is also a multiple of that same vector, and —1 will have multiplicity N (we remark
that algebraic and geometric multiplicity are the same in this case since U is diagonalizable).
Hence U has just one other eigenvalue, A, which we must check is equal to 1. For that purpose,
note that a basis for the —1 eigenspace is given by vectors {w,gi) ;i=1,...,n, k=1,...,N;},
each having only two nonzero components: the zeroth entry equal to 1 and the k™ entry equal to

—1/pv;. Indeed, these are clearly N independent vectors and

(U + D = ((1+y0) - [ul - p’“”] [un— p””’/’] ) =0. (2.2.10)
PV N1 N

i PYVi PYi



158

(4)

A vector orthogonal to all the w;,’ is easily constructed:

wo = (1, [pv1]Nys -+ [pvnln, )t - (2.2.110)

Because U is symmetric, eigenvectors corresponding to different eigenvalues are orthogonal, so the
eigenspace corresponding to A must be spanned by wg. Now simply note that the zeroth coordinate

of Uwy is

Vo—f—ZZV,pV, —Vo—i-pZNVZ : (2.2.111)

=1 k=1
which due to (2.2.96) becomes just

1—12
vo + p(1 —13) = vy + 1+,,2 =+ (1-w)=1, (2.2.112)

the same as the zeroth coordinate of wy itself. Hence A = 1, and U is orthogonal as needed.

Going back through (2.2.108), (2.2.106), (2.2.105), ([2.2.100), ([2.2.98), (2.2.97), [@2.2.95), (2.2.94)

and (2.2.93)), we can finally write our change of coordinates. Letting & = T'q, we already know that

&o is the center-of-mass of the system, and for the rest we can compute:

\/7%%_\/7' ZW/]Z\/>

1 mom; (i) 1 mjy/m (4)
Vi Mot o 14 /32 Jz; Z !
t

(2.2.113)

n j
m; mo () 1 ()
=/ o —a; + — ) m; ) q
i MTot k MTot + MTotmO ; ! ; !
_fma [ ] mo (i) < mo )
=,/— 0 — +(1-— m;
i Mot = Mot MTot ) Z; / Z ql

where we deliberately arranged for the center-of-mass of all but the zeroth particle to appear.

Wrapping it all up in a theorem:

Theorem 2.2.8. Given positive integersn > 1, N1, ..., Ny > 2 and positive real numbers mg, . .., My,

Uiyeeos tn, let Mooy = mo+ Nymy + ...+ Nymy,. Then a possible linear transformation

T =T @ Igysg : ROHN1++Nn) _ R3(I4N1+.+Nn)
(2.2.114)

(90, (qli Nt 1 Nise-os (qlgn))kzl,...,Nn)t = (o, ( i(gl))kzl,...,Np e (él(gn))kzl,...,Nn)t



159

that preserves the permutation symmetries and structure of the many-species Hamiltonian ,
as well as the symmetry of the admissible states of the (1 + Ny + -+ -+ Ny)-body problem associated

with it, is the following:

n N;
1 ~ ()
= moqo + m;
o Y. ( 040 E k§:1qk )

i=1 (2.2.115)
= (e ra-q)
where we used this abbreviation:

1 & S

— J
q=-——"— m; . 2.2.116
MTOt — my Zl J - q ( )

Jj= =1
The inverse transformation is obtained from ([2.2.93|):

T = (S7V2URY?)~! = 72U S1/2 (2.2.117)

We compute:

n N; n N.
[ Mot ~ (B 0) 151 oS ()
© =\ ", vdo+ > ) mfo’/jfz =&+ ; iV ; & (2.2.118)

=1 =1 Tot 0

and

W _ [M IO Z" ZNj 1 ()
i) Tot ) _ i i o 7~
L m vigo m; S 1+ = viv — N omy &

i

n N;
1 Q) 1 VI ()
= Vmigo — /i + > > g (2.2.119)
Vmi L Mroy =

n N;
Hi (i) 1 ()

=& —y/ —& + VMt p &7
mi % Mo, 4+ v/ Mroymo ; 3 ; !

Interestingly, unlike what happened in the one-species problem, the analogous quantity to @, which

would be

N
z 1 - ~ L)
- : , 2.2.120
¢ N1M1+-~-+Nnunj;w;£l ( )

does not appear in these formulas, unless we specifically choose p; = m; for all 7.
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2.3 Bosonic atom under Born-Oppenheimer approximation

Let us now describe in detail the main theorem that Kiessling obtains in [KielO] related to the
study of ground-state properties of a bosonic atom under the BO approximation, which we wish to

generalize.

2.3.1 Set-up

The work |Kiel0] is the study of a quantum-mechanical model of an atom comprised of one nucleus
pinned at the origin of space and N electrons assumed to be bosons. To describe it, we adapt the

notation from that paper, but we keep the same symbols for the basic constructs:

e > 0 is the elementary charge;

the charge of each electron is ze, where z < 0 is a constant;

the mass of each electron is m;

the charge of the nucleus is Z|z|e, where Z > 0 is a constant (allowing for the possibility that

this atom is an ion);

the ratio A = Z/N is defined.

The goal is to study asymptotic properties of the ground-state configuration as N — oo, while A is
kept constant.

We denote by ¢ : R3N — C a generic wave-function of the system (so [|¢]|z2 = 1). Its argument,
written as (q1,...,qn) with each ¢; € R3, is an enumeration of possible positions of each electron
in space. Since the nucleus is assumed fixed at the origin, it does not contribute to . And since

the electrons are assumed to be bosons, ¥ must be symmetric with respect to permutations of the

I

qj S.
The particles are assumed to interact only through the Coulomb force, so that the Hamiltonian

of the system is the operator

PR« Y o~ L oy~ L
H ZA] AN(ze)* Y i+ (ze) ZZ — (2.3.1)
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where A; is the Laplacian with respect only to the 3-vector ¢;. The domain
Do(HM) = RN \ {(¢;) ; ¢; = qi for some j # k}) (2.3.2)

is considered as a core, and the fully extended self-adjoint HN) is taken to be the associated

Friedrichs extension, defined via the quadratic form

2
N) h Z/\V Y)2d3N g — AN (ze)? Z i A3 g + (ze) ZZ/‘%

7j=1 ’q| =1 j=1 _qj
1<J

(2.3.3)
Here the integrals are over R3V, and Vv is the gradient 3-vector of v with respect to ¢;. The
domain of QV) can be taken to be D(QN)) = H'(R3) ® - - - ® H'(R?), which is an N-fold tensor
product of Sobolev spaces.

The ground-state energy of the system is

E(N) =inf {Q™(¥) ; ¢ € DQW™), [l =1} (23.4)

If a minimizing wave-function exists, we call it the ground-state and denote it by wg\sf). We
say that this ground-state is proper when the ground-state energy FE(N) belongs to the discrete
spectrum of HV). Due to theorems by Zhislin, Benguria and Lieb (see [BL83| and |LS09)]), it is

known that:
e there exists N* such that if A > .826 then a proper ground-state exists for N > N*;
e there exists .826 < A* < 1 such that if A > A* then a proper ground state exists for all N.

Because of this, all theorems that can be proved by assuming a proper ground state exists must be

stated under the assumption that
(A>X") or (A>.826and N > N¥). (2.3.5)

Define the asymptotic Hartree functional H., on H'(R?) by

2 2
hm/|V¢)]2d3x—>\(z )2 191 d3x+ // |¢|z_y|| d3zd?y. (2.3.6)

|z|
It arises naturally when plugging-in a trial 1 of the form ®(q1)--- ®(qy) into Q)| rescaling the

arguments with N and taking N — oo.
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The strategy found in [Kiel0] is adapted from previous works, especially [Hog11|, with the goal
of describing the asymptotic behavior of the ground-state energy and wavefunction by methods from

classical Statistical Mechanics. The main idea is that the measure
p(x) = [p(x)Pd*Nz (2.3.7)

can be considered an absolutely continuous probability density, and the main theorem can be quoted

as follows:

Theorem 2.3.1. (Kiessling) The following hold.

i) The ratio E(N)/N?3 grows monotonically as N — oo, converging to
inf{Hool@) 5 6 € H(RY) , |62 = 1}, (2.3.8)

i) Hoo has a unique positive minimizer ¢min With ||Gmin||r2 = 1.

iit) Let N be given and assume condition . Let

G5, an) = NTNPRED (N1 N lgw) (2.3.9)

be a rescaled version of the ground-state. Then, for any n € N, n < N, we have

2 (2.3.10)

J IR st i) @By = minla) - [min(an)

weakly in L' N Lons,

2.4 Bosonic atom without Born-Oppenheimer approximation

2.4.1 Set-up

In order to formulate the same model described by the Hamiltonian (2.3.1) without the Born-
Oppenheimer approximation, we need to rewrite it by using the general procedure described in
section (see remark [2.2.6)). It gives rise to the following energy functional (unimportant constants

have been set equal to 1, and C' is the factor 1 + 7~ /2 arising from the coordinate change):

N N (N) 1 (N)
(V) (,(N)y — Vo) pN)[2 L2 . 4.
QM () g/r /o) ;/Kj_cﬂwi;qz/'&_m (2.4.1)
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Proposition 2.4.1. Q(N) is bounded below in the space of absolutely continuous, compactly sup-

ported, permutation-symmetric probability measures p™) in R3N such that V/pN) € L.

Proof. Tt is enough to get rid of the third (positive) term and consider only

N N (N)
AN) (H(N)y — Vir/ o2 P
O (™) z_j/| P Z_:/|§j—cg|

_ </|vl\/p(7N|2 /\& C&\) (2.4.2)
- </|v1\/p<7|2/ il 1)

- Q)G -c1 - F)E

where
= _ &+ 4N
=== 2.4.3
g2t d (2.43)
Let pM) as in the theorem statement. For every fixed £NVN=1 = (&, ... &y) € R3 W=D consider
the function
e (€)= pM(EENTY) , ceR (2.4.4)

(defined for almost every £€N=1). We remark that VPeN-1) € H'(R®) for almost every &N-1

Indeed, since
/RS(Nl) /p€<N_1)(f)d3£d3(N—1)£(N—1) = Hp(N)Hl <00, (2.4.5)
we have

/ pev—n (€)d*¢ < oo for almost all €N ; (2.4.6)

similarly, since

3. 13(N—1) ¢(N—1) _ =
/R?’(N 1>/de gt e / Vl\/i HV pM3 <o, (24.7)

we have
/ V4 /pgwfl)(g)d?’g < 00 for almost all €NV=1 (2.4.8)
Now let u = pgv-1) for some fixed ¢WN=D for which v/u € H'(R?), and define

v(§) = T _10)3u<1_§?v) , (2.4.9)
N

which also satisfies /v € H'(R3). By the Sobolev embedding, v/v € L3(R3) and there is K > 0

such that

Volls < K[Vl . (2.4.10)



164

We have
u(§)
d¢ = d¢ . (2.4.11)
/!( Qe-c-4)g /\f— ——s]
For given R > 0, let
A(R) = {¢ € R3; '5 -C (1 — ;) 5‘ < R}. (2.4.12)
By the Holder inequality,
. 2/3
/ M) gg <oty |20 oy, () TR )
A(R) ‘5—0(1—%)5’ |- —C(1 = 1/N)El ||, 3

implying

vVl — u(§) _ g3
/ | /I(l—fé)f—C(l—}v)E\
C ) v
1-=) |V —d3¢ — —d3
N> Vel - / \S—C(l—i)@ ‘ /ﬂ@\A(R) E-C(l—3)E ‘
8

(
> (1= ) wvats - (3) " mivete - ol
> ((1 -2)'- (8;)2/3KQR> Vo3~ il

(2.4.14)
If we choose R such that the scalar in parenthesis above vanishes, we conclude that
2 u() 3
Vvl — =d%¢ > ~Cylvlly = —CaVol3 (2.4.15)
(1-§)6—C1 - )€

for some Cy > 0 independent of N. Going back to (2.4.2)), we see then that

QP = NG, /Rsm1)”\/p(N)(él,E(N‘l))!!%2(R3(51>)d3(N_1)€ = —NCa|l\/pMf3 , (2.4.16)

which then shows that Q(N ), and also QW) are bounded below. Note that this proof also shows
that QN) /N is bounded below uniformly in N. O

In all that follows, we must assume the existence of a minimizer ™) for - We don’t
have a proof that it exists; but, in case it doesn’t, the argument outlined from here onwards can be
applied instead to a minimizing sequence. We don’t write it in that context to keep the notation

readable.
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Call En the corresponding minimum energy:

NN = By = inf (V) (p(N)y 2.4.17
QW (1) = En p<N>e7§;1ym(RsN)Q (p") ( )

The Hartree functional at level IN is defined by

() = 3@ (W)

- v 55 [ o )d+i(1 3 I

¢
) ) 1 e,
= o= [ cs\ ey (1- ) J] sy were).

(2.4.18)

Define also the asymptotic Hartree functional by the exact same expression as in (2.3.6):

1
(u) :/|V\/ﬂ|2 _/u(:z:)d$+ // Md$dy , u€ PR . (2.4.19)
|| 2 |z -yl
This definition is based on hy above and justified by the fact (to be proved soon) that
/“(51) ) ge /u(:x)dx (2.4.20)
&1 — C¢| N—voo ) ||

for all reasonable measures w.

We are now ready to state the main conjecture about our functional (2.4.1)), analogous to theo-

rem 2Z3.1F

Conjecture 2.4.2. The following hold.
i) The ratio E(N)/N? converges to

inf{hoo(¢); ¢ € H'(R3), ||¢||z2 = 1}. (2.4.21)

ii) Let N be given. Then, for any n € N, n < N, we have

/,U(N) (q17 <o Qn, Un+1, - - - UN)dgun—i-l T d3UN Njgo ’¢min(q1)‘2 T |¢min(¢]n)|2 (2422)

3n
weakly in L' N L3=2 | where ¢min is as in theorem ,
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2.4.2 Limit behavior of the new potential

A proof of the fact (2.4.20) mentioned above will require the Central Limit Theorem, so let’s first

recall how it goes:
Theorem 2.4.3. (Trivariate Central Limit Theorem) Suppose u € P(R3) is such that
/ zu(z)d®z =0 |, X = (0)3x3:= (/ a:ia:ju(a:)d?’w) is invertible . (2.4.23)
R3 R3 3x3

IFxX@® = (X(i), Y@, Z(i)) is a sequence of independent random variables whose probability density

function is u, then the random variable

_ MW 4. x )
VNX = VN T N+X (2.4.24)

converges in distribution to a normal of mean 0 and covariance matriz . What this means is that

1 1
lim uw(x®) . u(@™))PNg = /ex (—mTE_1m> dx 2.4.25
Jm [ ) ™) s Lo (3 (2.4.25)
uniformly over all S C R with 1(0S) = 0 (where p is Lebesgue measure), where
1) L. (V)
By(S) = (@®, .. ™)y crsN T csy . 9.4.26
¥(5) {( ) - (2.4:26)

Equivalently, for every bounded and continuous f : R® — R,

W 4 (V)
im [ f (“’ reo e ) W@ . u(@™)adN g
R3N

N—oo \/N

x) exp (—;a:TE_lcc> ddx . (2.4.27)

1
~ /@r)Pdet s /IR{?’ it

Remark 2.4.4. Note that, if u € P(R?) is rotationally symmetric (as we expect to be able to
assume of the minimizers p¥) or of a minimizing sequence), the covariance matrix 3 will be a
multiple of the identity. Indeed, let

u(zx) = v(|x|) (2.4.28)
with

1= /u =47 /_Z r2o(r)dr . (2.4.29)

The off-diagonal elements in ¥ are all zero; for example

/// zyu(z,y, z)dzdydz = ///(—az)yu(—x,y, z)dzdydz = ///(—a:)yu(x,y,z)dxdydz :

(2.4.30)



The diagonal elements are all equal to each other; for example

/// z?u(zx,y, z)dedydz = /// v?uly, z, z)dedydz = /// y2u(z,y, z)dzdydz .

And the sum of the three diagonal elements is

///(xz + % + 2H)u(z, y, 2)dzdydz = 477/r4v(r)dr

5 _ _ 95 [T 4
= (O‘ij)3><3 y O'ij = 127 T ’U(T‘)d?" .
—00

Therefore

Lemma 2.4.5. Let u € L*(R3). Also suppose that

r3 |y

Then there exists K > 0 such that, for every a € R3\ {0},

/'M)¥y<waz+mrw
rs [Y|ly — a

Proof. For fixed a € R3 consider the two complementary regions

a a
S e R e R LA 4 S

For Ry we immediately have

[ gy 2 [ g, 2
R

ylly —al™ 7 = al Ja, vl 7 7 el

In R;, we start by noting that

ol = oty —al > [lal |y~ all > |a] ~ |y — af > a] - 12 = 1
yl=lat+y—al2llal ~ly—all 2 |a| ~ |y —a| 2 |a| = T = T,
so that

/ u(y) Py < 2 u(y) &3y

R1 ‘yHy_a" ’CL‘ R1 ‘y_a“
Note

2 1 lal/2
H :/ 2dy:47r/ dy = 27|al ,
ly —al L2(R1) Ry |y —al 0

and hence, using the Holder inequality for p = ¢ = 2 and the functions 1/|y — a| and wu:

A Culy) |MM@W Vmlal 7z ful]; .

ylly —al —
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(2.4.31)

(2.4.32)

(2.4.33)

(2.4.34)

(2.4.35)

(2.4.36)

(2.4.37)

(2.4.38)

(2.4.39)

(2.4.40)

(2.4.41)
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Putting the R; and Rs estimates together,
/ )4y < k(o + o) | (2.4.42)

lylly — al
where K = max (21, v/3||ul|2). O

The next theorem is the rigorous way to state the fact that our new potential energy term

behaves like the one from section for reasonable probability measures u (that is, satisfying the

conditions ([2.4.43)) just ahead):

Theorem 2.4.6. Let C € R. Let u € P(R3) be absolutely continuous with respect to Lebesgue

measure. Suppose that u € L' (R3) N L3(R?) and that

/ zu(z) Bz =0 |, = (0y)3x3:= </ a:i:cju(:n)d3:v> is defined and invertible.
R3 R3 3x3

(2.4.43)
Then
i [ w6 ulen) (g — o g ) V€0 (2.4.44)
im [ u(&) ulény)| — - ——= =0. 4.
N—oo &l |61 - C¢]
Proof. Assume N > C in the argument. We stop using boldface x in favor of just . We remark
that
/ L(az) A3z < o0, (2.4.45)
R |7

as a consequence of the Holder inequality and the fact that u € L'(R3) N L3(R3).
First there are some simple steps that clean up the expression above via rescalings in the integral.

For each N, consider the following rescaled version of u:

un(z) = <NTC>3U <N]\ix0) . (2.4.46)

As N — oo, the fraction N/(IN—C') tends to 1, making uy converge pointwise a.e. to u (it converges

at every point where u is continuous). Also observe that boundedness of the integral [(u/|z|)d3x
implies that there is a uniform-in-N bound on the integrals [(ux/|z|)d®z. Indeed, by using the
fraction N/(N —C') to rescale the integration variable of the latter, the integral reverts to the former
with a constant (N — C')/N in front of it, but this constant can be uniformly bounded in N since

it converges to 1.
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Let’s estimate the limit (2.4.44)) by taking the absolute value of the integrand. First we separate

out the & from the empirical average term and perform a change of variables in the & variable:

1 1
) ulew) | 4
/ BIGEEE]
N / / ) u(en) | 21 - : Dedder (9447
S Gl 10— 98- SE+ -+l (2.4.47)
5 1 1) ¢q3
= un(§1)u(2) - - - u(én - TEdG .
/R3 /R:s(zv—n (&) (&) |&1] &1 — C(fyv—l) 62-&]-\}~;416N|
We will abbreviate again
= S+...+éN
= . 244
¢ N -1 ( 3)
Now split the absolute value above as follows:
N-C
—~ 1 C’ 1 1 1
N
- — | = - (2.4.49)
&l g — C=Lg =N [STR IS T - CU]VV—U£|'
The integral of the first of these two terms against the u functions is
a3 un (€ a3
2.4.50
L L mvteuten) - uen) g Vet = [ Mg aso

which converges to zero due to the fact that the integrals [(uy/|z|)d®z are uniformly bounded.
Then we need to concentrate our efforts on the integral of the second term in (2.4.49)) against

the u functions:
1 1

/R:s /RS N-1) (52) (§N) @ N &1 — C(]X]_l)a

It’s possible to get rid of the term C(N — 1)/N by using a change of variables (a rescaling by this

BN -Dedde, . (2.4.51)

exact term). The resulting factor that multiplies the entire integral after this change is bounded
away from both 0 and oo because the fraction (N —1)/N converges to 1, so it doesn’t interfere with

the desired convergence to 0. Therefore, what is left is to show that

]\}EHOO/RB /Rauv ) u(§1)u(éa) -+ - u(én)

We bound the absolute value as

1 1‘<|515||51|\§ G
| 1€1]1&1 — €] &1]|€1 — €]

1
|§1‘ & — €|

BN Dedde = 0. (2.4.52)

(2.4.53)

[STRT-
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For cleaner writing, we also rename &1 as y, &1 as &, N as N + 1 and E as €. That is,

§i4--+&N

€= 2.4.54
g=St (24.54)
and we must prove
. u -
lim / / L),dgy Elu(&r) - u(En)dPNE=0. (2.4.55)
N=voo Jran Jr [ylly — €|
This is where the crux of this proof is. Fix ¢ > 0. Let
K = max <2/u(yy|)d3y, \/871'Hu||2) (2.4.56)
(note that u € L? because u € L' N L?). Lemma (2.4.5)) says that
u(y ——1 .\ [F—
[y < k(e + e (2.4.57)
lylly — &
for all |€] # 0. Also let
T)= —F————=exp| —-2T X 2.4.58
1) = s p< . (2.4.58)

be the probability density of the trivariate normal with correlation matrix defined by u (assumed

to be well-defined in the hypotheses of the theorem). There is a small § > 0 such that

£
K(1+V6) /|m<6 fla)de < - . (2.4.59)
Denote
J ::/ 2|2 f(z) A3z | (2.4.60)
R3

which is finite since the density of the normal distribution has exponential decay at infinity.

For each natural N, consider the regions
Ri(N) = {5 e R ; |VNE| < 5} ., Ry(N) = {5 e R ; |V NE| > 5} . (2.4.61)
Pick Ny large enough that the following three conditions are satisfied:

e we have

Ny IK(1L+1/V6) < < (2.4.62)

PN
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e for N > Ny, we have

/ u(6r) - u(En)dVE = / x5y (VNE)u(€r) - u(en)d*Ve
R1(N) R3N

/4 (2.4.63)

= /x|<(5 f($)d33 i K(l + \/5) 7

which can be done due to the Central Limit Theorem, considering that xp; is a bounded

function; and

e for N > Ny, we have

£(1/2,, o 3N 21V2 f () dae e/4
[ VVE ) e de < [ e+ o
S UL - -
K(1+1/V5)

Now fix any N > Ny and any € € R3V. If € € Ry(N) we have |€| < §, implying

[y < KOG + 6720 < K+ IE1E) < KO+ VAR L (2465)
R

s ylly — €|
so that
[ oy ) u(en)d®e < KO +VE) [ (e ulen)g
Ri(N) Jrs |ylly — & Ri(N)
e/4
< % .
(2.4.66)

Otherwise, if £ € Rao(N), we have

)3, < (818 2) < K(EIVE Y 2HE ) < K+ —)[E Y2, (2.4.67)
R |ylly — €| Vo

so that

u(y) 3. 1F 3N 1 2112
/RQ(N) /]R3 iy — y|€lu(&r) - u(én)d®N e (1+ \/3)/1%2@) €)M 2u(€y) - - u(En)dE

;5) /R ) VNE Pu(er) - ulen)de

—1/4 1 /4
<A K(1+\/5) <J+K(1+1/\/5)>
/4

< N VAR J(1+1/V0) + i

= N"VK(1+

<

Do M

(2.4.68)
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Altogether,
u
Jo Jo g e <o (2469

as we wanted. O

In the remainder of this section, we pave some of the ground for establishing the Hartree limit of
a bosonic atom without BO approximation by proving that the minimum of the Hartree functional
of a bosonic atom with BO approx also supplies a rigorous upper bound to the limsupy_, ., of the
rescaled N-body energy per particle of the bosonic atom without BO approximation. This goes half
the way towards proving conjecture 2.4.2] We also outline what is needed to complete the proof of

that conjecture, but this requires new ideas that have to be supplied in future work.

2.4.3 Proof sketch for theorem [2.3.1]

After the appropriate mean-field rescaling, we can reduce the problem to studying the following

functional of permutation-symmetric absolutely continuous measures p&¥) € Psym(]R3N ):

P

N N (N) 1
Q<N>(p<zv>)_z/\vj\/ﬁ‘2_z/%+sz/ g (2.4.70)
j=1 j=1 J i<j ¢ J

Let #®) denote the minimizer, with corresponding energy En:

N (N = Br = inf (N)(p(N)y 2.4.71
QY (n) = En p<N)€7;£,m(R3N)Q (P™) (2.4.71)

Given p™) | we use the symbol p%N) to denote its n-th marginal (n < N):

P (a1, qn) = /p(N)(ql, o an)dgner - dgy (2.4.72)

(it doesn’t matter which variables are integrated out because of the permutation symmetry in p).

The Hartree functional at level IN is defined as
1
() = Q™ (W)
1 1
:/]V\/ﬂ|2—/u(x)dx+ <1—> //u(x)u(y)dmdy . uec PR .
|z 2 N |z — 9

Let ey denote its infimum:

(2.4.73)

= inf h . 2.4.74
EN uegl(R?)) N(U) ( )
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The asymptotic Hartree functional is defined a form of limit of hy — that is, the 1/N term

goes away:

oo (1) :/|v\/a|2 —/u|(;’)d$+;// dedy  ucP[®RY). (2.4.75)

Let uoo denote its unique minimizer, and e, the corresponding value:
hoo(Uoo) = €00 = Inf  hoo(u) . (2.4.76)

ueP(R3)

What the theorem claims is that:

e lim —N—e ;
N—oo e

e for any given n, A}im pN) = 48" weakly in L (R3") N L%(R?’”).
—00

First, it’s clear by the definitions that
— <epn. (2.4.77)

Also, the only way in which hy depends on N is through the increasing term 1 — 1/N, so that
en < es for all N, and hence

E
lim sup — < eq - (2.4.78)

N—oo

The following Lemma will be needed shortly:

Lemma 2.4.7. (Kiessling) For a fized n, suppose that a sequence pNx) € Psym(R3Nk) s such that

lim 1/ pf(lNk) = Vv weakly in H'(R®") . (2.4.79)

k—o00

Then

1
lim sup FQ(N’“)(p(Nk)) >

k—oo 1VEk -

QM M)y . (2.4.80)

S|

Proof. We show it is true for each of the three parts in the energy functional. We will actually
prove (2.4.80) for liminf instead of just lim sup, but we will only need to use this inequality later
with lim sup in it, and the point is that, in our context of no BO approximation, it may be the case

that only an inequality with limsup can be proven.
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For the kinetic energy part, lower semicontinuity of the Fisher functional gives

> [ 19V = [ vy
=1

< hmmf/yv (k)2 (2.4.81)
= hmlan/ |V
Given k and n, let Ny = a(k,n)n + r(k,n) with a(k,n),r(k,n) € N, 0 < r(k,n) < n (Euclidean
division). Note that
Jim “%:) _ % . (2.4.82)

Because of subadditivity of the Fisher functional,

k n Z/’V SN2 < %/W\/MP (2.4.83)

Taking a limit in k,
(2.4.84)

N
1 « 9 1 \/7
- . N , N2
- Z/\vjx/ym < liminf - Z/w] P2
J=1 J=1
For the Coulomb repulsion between electrons, symmetry and the definition of the marginal give

1 / 11 / Py
- 2.4.85
Iq—q] n—lnzz;l lai — qj] ( )

N, — 1N
1<z<]<N

Rearranging slightly and bounding n — 1 by n:
(Ng) 1 1 (Nk)
P < - ) — / n (2.4.86)
Ni 1<z<]<N |4 — g Ni) n? g;ngjn i —a;| -
Then
1 p(Nk) (Nk)
liminf — 3% > lim inf ZZ/
k—o0 k1Sie i<, ‘Qi — qj" k—oo N 1<z<j<n ’% - QJ (2 A 87)
1<7,<_]<’I'L/ ‘Qz N qj

with the last step being justified by weak-lower semicontinuity of the Coulomb potential

For the Coulomb attraction to the nucleus, we can actually get equality in (2.4.80). Symmetry
and the definition of the marginal give

Ni, Ny) n (Nk)
1 /p< b 1 /pn
——E —:—75 m 2.4.88
Ne =) lajl n = A ( )

1
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So we can take the k£ limit:

N Ni) n (n)
1 p( k 1 v
—limg/:—g/. 2.4.89
k—oo N}, — lg;]| n < lg;] ( )
j= j=
This concludes the proof of the Lemma. O

Now fix an arbitrary subsequence ,u(Nk) of the minimizers of (2.4.70). For any n, due to weak
compactness granted by the Sobolev embedding, there exists a sub-subsequence Ny, such that the

2 converge weakly to some (™ € Pgym(R3™) as | — oo. (To be precise, all that can

. (Ng
marginals fiy,
be initially justified is that (") (R3") < 1, that is, it may not be a probability measure, but this is
a technical point that is dealt with appropriately in |Kiel0]).

By a diagonal extraction argument, we may assume that the same N}, works for any n:

lim M,SNk’) =v™ foralln. (2.4.90)
[—o0
Lemma ([2.4.7)) then says
- L o) (e)y > Lom,m
limsup — Q"5 (k) > —Q (V') . (2.4.91)
l»o0 Vi, n

Due to weak convergence and the Kolmogorov extension theorem, we can find v € Py ((R?)>)
whose marginals are the v(™. And, according to the de Finetti theorem, these marginals are a

convex combination of product measures using a measure m on the space P(R3) that only depends

on v:
L) — / uEndm(u) . (2.4.92)
P(R3)
In particular
1 1
fQ(n)(y(n)) :/ —Q(")(u@m)dm(U) :/ ho (w)dm(u) . (2.4.93)
n P(R3) n P(R3)

Note that moving the functional Q™ inside the integral is not a trivial step because it’s not obvious
that the kinetic energy part is affine linear, but it is true. (This part too is a technical point that
can be found in |Kiel0]. Then
imsup 2N _ L o®i) (,(Nk)y > L om0
€co > limsup —— = limsup —Q""*/ (p' ")) > =Q'™ (') = hp(uw)dm(u) . (2.4.94)
Nooo N o0 Vg n P(R3)
Taking an n limit:

oo > / hoo(w)dm(u) > eq . (2.4.95)
P(R3)
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This shows that the inequalities in the chain above must all be equalities and in particular

E
lim WN S (2.4.96)

N—o0

Furthermore, the integral fp(Rg) hoo(u)dm(u) can only ever be equal to e if m is supported on

minimizers of hs (and there’s only one, which we called u, above). Hence

m = 0y, (2.4.97)
and the de Finetti statement about the weak limits (™ becomes
. (Ng,) .
lhm tn (q) = too(q1) - Uso(qn) for all m . (2.4.98)
—00

Looking back carefully, what we have proved is that every subsequence N, admits a further
subsubsequence Ny, such that the limit above is true for all n. Since the limit object, u&", is

independent of (Vg ), this is enough to prove that

“n for all m . (2.4.99)

lim ,uglN) =u3

N—oo

2.4.4 Adaptation to conjecture [2.4.2
Let us see what happens if the proof strategy outlined above is attempted for our conjecture.

Proposition 2.4.8. We have
E
lim sup WN <es . (2.4.100)

N—oo

Proof. Let € > 0. Find a u € P(R3) for which the Theorem ({2.4.6) applies and such that

heoo () < €oo + g . (2.4.101)

The theorem implies that there is N such that

/ & — C¢| >/ B (2.4.102)

DN ™
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Plug in the trial function p¥) = u®N into Q)
1 2 (1 u(§1) - u(én) 1< B 1) u(z)u(y)
FQM @) = [19vap - Nj}_j/ O] vy (1) [ e

< [rvi - (33 [ fehae-en) o [ 2
9

(2.4.103)
Since ¢ is arbitrary, the infimum E(N)/N of the expression (1/N)QW)(p(")) can be at most < eq.

O

A similar lemma to now needs to be proved. The rest of the argument shown in section
after it is transferable word-by-word. Hence the sticking point is the statement analogous to that

lemma, which is the following:

Conjecture 2.4.9. For a fized n, suppose that a sequence ptNe) € ngm(R?’N’“) is such that

lim n = Vv weakly in H'(R?") . (2.4.104)

k—o00

Then, for the functional QW) given in (2.4.1)),
lim sup NLwa(p(Nw) > %Q(”)(y(")) . (2.4.105)

k—o0 k

A proof of this conjecture would imply that conjecture [2.4.2]is true. To try to prove it, fix an n.
The kinetic energy and Coulomb repulsion parts of our energy functional are the same as for the
one in section But, when dealing with the Coulomb attraction part (after replacing the sum

il zjvzk N T - ‘ with [ ——— et which is granted by symmetry), we need to prove that
— _

lim sup —/ B —/ e (2.4.106)
k r3N &1 — C&n, | r3n [§1 — C&yl

ko Jrev |61 — O8N | — Jren €1 — C&l

or, what is the same,
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Here the notation of empirical average with a subindex indicates the number of variables involved:

G4t

&n = 2.4.1
; = (2.4.108)
By assumption, we have
(Ng) (Ng) (n)
k—oo Jran [ — C&p| koo Jsn |§ — C&p|  Jrsn [& — C&,
Hence (2.4.107) is equivalent to
p(Nk) Iu(Nk)
liminf/ — < lim/ _— (2.4.110)
koo Jrsn &1 —Cén, | — b Jrsy |61 — O&,

which is now a statement about a general sequence of measures (but not any sequence; we know
their n marginals converge, and we may even assume this is true for all n). This is now a problem

about understanding what happens with the integral

/ T (2.4.111)
r3N [§1 — C&pi

when we let m grow together with Ny versus when we hold m fixed.
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