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8XkX � 6`�K2rQ`F 7Q` S`Bp�i2 PmiHB2` �M�HviB+b X X X X X X X X X X X X X X X X 3j

eXRX S2`7Q`K�M+2 Q7 aS K2+?�MBbK 7Q` (β, r)@�AZ 7Q` p�`vBM; ε X X X X X X X X RyR

eXkX S2`7Q`K�M+2 aS pb .S K2+?�MBbKb 7Q` (β, r)@�AZ X X X X X X X X X X X X Ryk

eXjX 1p�Hm�iBQM Q7 aS �M/ .S K2+?�MBbKb Qp2` MQ`K�H `2+Q`/b X X X X X X X X Ryj

eX9X 1p�Hm�iBQM Q7 aS K2+?�MBbK 7Q` (β, r)@�AZ 7Q` p�`vBM; k X X X X X X X X X Ry8

eX8X q?v .S K2+?�MBbKǶb 2``Q` /2pB�i2b X X X X X X X X X X X X X X X X X X X X Rye

dXRX avbi2K �`+?Bi2+im`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRy

dXkX Zm�/i`22 2t�KTH2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRj

dXjX 1t�KTH2 Q7 i2KTQ`�H /�i� T�`iBiBQMBM; X X X X X X X X X X X X X X X X X X X RR3

dX9X 1tT2`BK2Mi�H `2bmHib iQ BM7Q`K i?2 /2p2HQTK2Mi Q7 i?2 ?2m`BbiB+ 7Q` i2K@

TQ`�H T�`iBiBQMBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rky

dX8X S2`7Q`K�M+2 Q7 i?2 T`Bp�+v@T`Qi2+iBM; �TT`Q�+? �i bi�i2 H2p2H X X X X X X Rkj

dXeX S2`7Q`K�M+2 Q7 i?2 T`Bp�+v@T`Qi2+iBM; �TT`Q�+? �i +QmMiv H2p2H X X X X X Rk9



k

GBbi Q7 h�#H2b

eXRX .�i�b2i bT2+B}+�iBQMb �M/ T�`�K2i2` p�Hm2b X X X X X X X X X X X X X X X X NN

eXkX h?2 2z2+i Q7 bT�`bBiv Q7 /�i�#�b2b X X X X X X X X X X X X X X X X X X X X X Ryj

eXjX .S pb aS 7Q` (β, r)@�AZ BM i2`Kb Q7 F1@b+Q`2- `2+�HH- �M/ T`2+BbBQM X X X Ry8



S�`i A

6PlL.�hAPLa

j
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*>�Sh1_ R

AMi`Q/m+iBQM

hQ/�v- /�i� �M/ �H;Q`Bi?Kb iQ;2i?2` �`2 b2�KH2bbHv +m`�iBM; Qm` HBp2bX h?2v /2+B/2,

r?2i?2` vQm b?QmH/ #2 i2bi2/ 7Q` +QpB/@RNc r?�i KQpB2b Q` T`Q/m+ib b?QmH/ #2 `2+QK@

K2M/2/ iQ vQmc B7 vQm` imKQ` Bb K�HB;M�Mic Q` r?2i?2` i?2 `2+2Mi i`�Mb�+iBQM QM vQm`

�++QmMi Bb 7`�m/mH2MiX >Qr2p2`- r?2M i?2 /�i� Bb `2H�i2/ iQ T2QTH2bǶ BM7Q`K�iBQM- i?2

b�K2 �H;Q`Bi?Kb `�Bb2 b2`BQmb 2i?B+�H �M/ H2;�H +QM+2`Mb `2H�i2/ iQ T`Bp�+v (k- j- 9- 8)X

*QMb2[m2MiHv- T`Bp�+v +QM+2`Mb �M/ i?2 M2r T`Bp�+v H2;BbH�iBQM (9- 8) �`2 BM+`2�bBM;Hv

`2bi`B+iBM; Qm` �#BHBiv iQ �M�Hvx2 i?2 /�i� iQ bQHp2 i?2 T`Q#H2Kb i?�i /�i� �M�HvbBb K�/2

i`�+i�#H2X

*�M r2 HB7i i?2b2 `2bi`B+iBQMb- BX2X �++m`�i2Hv �M�Hvx2 /�i� rBi?Qmi ?m`iBM; i?2 T`Bp�+v

Q7 i?Qb2 r?Q +QMi`B#mi2 i?2B` /�i�\ >2`2- r2 2tTHB+�i2 K2i?Q/b �M/ 7`�K2rQ`Fb iQ

�Mbr2` i?Bb [m2biBQM 7Q` QmiHB2` �M�HvbBbX

RXR JQiBp�iBQM

PmiHB2` �M�HvbBb Bb � 7mM/�K2Mi�H /�i� �M�HvbBb i�bF �M/ Bb 2ti`2K2Hv mb27mH BM T`�+iB+2

rBi? +`BiB+�H �TTHB+�iBQMb BM K2/B+BM2- }M�M+2- �M/ M�iBQM�H b2+m`BivX u2i Bi ?�b QMHv

#22M �M�Hvx2/ 7Q` � 72r bT2+B�HBx2/ +�b2b Q7 /�i� T`Bp�+v- �M/ Qm` mM/2`bi�M/BM; Q7 i?Bb

T`Q#H2K �M/ Bib miBHBiv@T`Bp�+v i`�/2@Qz Bb HBKBi2/X q2 +�HH i?Bb T`Q#H2K Q7 �M�HvxBM;

/�i� 7Q` QmiHB2`b �M/ T`Qi2+iBM; T`Bp�+v Q7 i?2 /�i� +QMi`B#miQ`b �b T`Bp�i2 QmiHB2`

�M�HvbBbX

q2 mb2 ǳT`Bp�i2 QmiHB2` �M�HvbBbǴ �b �M mK#`2HH� i2`K iQ `272` iQ � +H�bb Q7 T`Q#H2Kb

i?�i �M�Hvx2 /�i� 7Q` QmiHB2`b ě i?2b2 �`2 �KQM; i?2 +Q`2 T`Q#H2Kb BM bi�iBbiB+b- /�i�

KBMBM;- �M/ K�+?BM2 H2�`MBM; (e)X .�i� �M�Hvbib mb2 QmiHB2` �M�HvbBb iQ /Bb+Qp2` +QKTH2t
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T�ii2`Mb BM i?2 /�i� iQ ;2M2`�i2 �+iBQM�#H2 BMbB;?ibX q2 i?BMF Q7 QmiHB2`b �b i?2 MQM@

+QM7Q`KBM; T�ii2`Mb BM i?2 /�i�- 2X;X i?2 BK�;2 Q7 � K�HB;M�Mi imKQ` +QKT�`2/ iQ i?�i

Q7 MQ`K�H bFBM Q` � #2MB;M imKQ`bX

h?2 �#BHBiv iQ B/2MiB7v QmiHB2`b Bb �M 2bb2MiB�H T`2`2[mBbBi2 iQ MmK2`Qmb �TTHB+�iBQMb

BM p�`BQmb /QK�BMb (d- 3- N- e- Ry)X hQ i`2�i +�M+2`- r2 Kmbi i2HH B7 � imKQ` Bb K�HB;M�Mic

iQ +QmMi2` 2K�BH b+�Kb- r2 Kmbi }Hi2` bT�Kc �M/ iQ biQT #�MF 7`�m/- r2 Kmbi ~�; i?2

bmbTB+BQmb i`�Mb�+iBQMb ě �M/ i?2 /2 7�+iQ �TT`Q�+? iQ bQHp2 i?2b2 T`Q#H2Kb Bb QmiHB2`

�M�HvbBbX

>Qr2p2`- QmiHB2` �M�HvbBb HBF2 �HH /�i� �M�Hvb2b Bb � /Qm#H2@2/;2/ brQ`/X q?BH2 Bi Bb

+`m+B�H iQ bQHp2 +?�HH2M;BM; T`Q#H2Kb (RR- Rk- Rj)- Bi +`2�i2b � `BbF iQ Qm` T`Bp�+vX >2`2

Bb QM2 r�v iQ i?BMF �#Qmi i?2 `BbF iQ vQm` T`Bp�+v r?2M vQm b?�`2 vQm` /�i� iQ #2 mb2/

BM � /�i� �M�HvbBb i�bFX 6`QK i?2 `2bmHi Q7 � /�i� �M�HvbBb- �M �ii�+F2` rBHH BM72` vQm`

B/2MiBiv �M/ HBMF Bi iQ vQm` Qi?2` �MQMvKQmb /�i� BX2X i?2 /�i� i?�i /Q2b MQi +QMi�BM

vQm` T2`bQM�HHv B/2MiB}�#H2 BM7Q`K�iBQM bm+? �b 2K�BH- M�K2- T?QM2 MmK#2` 2i+X h?mb-

i?2 �ii�+F2` rBHH `2B/2MiB7v vQm �M/ #`2�+? vQm` T`Bp�+v 7`QK /�i� r?2`2 i?2 B/2MiBiv

r�b F2Ti ?B//2MX

Ai Bb � r2HH@2bi�#HBb?2/ 7�+i i?�i �M �ii�+F2` +�M BM72` i?2 B/2MiBiB2b Q7 T2QTH2 7`QK

i?2 �M�HvbBb Q7 i?2B` /�i�- 2p2M B7 i?2 /�i� b22Kb #2MB;M �M/ /Q2b MQi +QMi�BM �Mv

T2`bQM�HHv B/2MiB}�#H2 BM7Q`K�iBQMX 6Q` 2t�KTH2- �M �ii�+F2` +�M B/2MiB7v T2QTH2 #v

mbBM; [m�bB@B/2MiB}2`b U2X;X wAS +Q/2- ;2M/2`- �M/ �;2V BM �MQMvKBx2/ /�i� (R9- R8)-

+�``vBM; Qmi �M BM72`2M+2 �ii�+F QM /�i� `2TQbBiQ`B2b (Re)- ;2MQK2 �M�HvbBb (Rd- R3)- Q`

i?2B` �MQMvKQmb KQpB2 `2pB2rb (RN)X �H�`KBM;Hv- �M �ii�+F2` +�M 2p2M mb2 � bmKK�`v

bi�iBbiB+ iQ BM72` B7 � T�`iB+mH�` T2`bQMǶb BM7Q`K�iBQM r�b mb2/ iQ +QKTmi2 i?2 bi�iBbiB+

(ky- kR)X

aQ- ?Qr +�M QM2 b�72;m�`/ T`Bp�+v BM QmiHB2` �M�HvbBb\ hQ �Mbr2` i?Bb- r2 Kmbi

}`bi /2}M2 r?�i r2 K2�M #v ǳT`Bp�+vǴ BM /�i� �M�HvbBbX AM i?Bb /Bbb2`i�iBQM- r2 mb2 �M

�H;Q`Bi?KB+ MQiBQM Q7 T`Bp�+v i?�i ?�b #22M rB/2Hv �/QTi2/ BM �+�/2KB� �M/ BM/mbi`vX

q2 b�v i?�i �M �H;Q`Bi?K U7Q` /�i� �M�HvbBbV T`Qi2+ib i?2 T`Bp�+v Q7 � T2`bQM B7- 7`QK

i?2 QmiTmi Q7 i?2 �H;Q`Bi?K- MQ �ii�+F2` +�M i2HH Ubi�iBbiB+�HHvV r?2i?2` i?�i T2`bQMǶb

BM7Q`K�iBQM r�b `2+Q`/2/ BM i?2 BMTmi /�i�#�b2X



e

h?Bb MQiBQM Q7 T`Bp�+v r�b }`bi 7Q`KmH�i2/ �b .Bz2`2MiB�H T`Bp�+v- �M/ Bi T`Qi2+ib

i?2 T`Bp�+v Q7 �HH `2;�`/H2bb Q7 r?2i?2` �Mv T�`iB+mH�` T2`bQMǶb BM7Q`K�iBQM Bb BM i?2

/�i�#�b2 Q` MQi (kk- kj)X h?mb- Bi Bb �M 2H2;�Mi bQHmiBQM iQ � /B{+mHi T`Q#H2KX �

/Bz2`2MiB�HHv T`Bp�i2 �H;Q`Bi?K rQ`Fb #v BMi`Q/m+BM; +�`27mHHv +�HB#`�i2/ `�M/QKM2bb

iQ i?2 i`m2 �Mbr2`b, 2Bi?2` #v mbBM; BMi2`M�H +QBM iQbb2b iQ K�F2 /2+BbBQMb- Q` #v �//BM;

MQBb2 iQ i?2 i`m2 �Mbr2`bX

aBM+2 /Bz2`2MiB�H T`Bp�+v rQ`Fb rQ`F r2HH 7Q` /QBM; bi�iBbiB+b �M/ Qi?2` �;;`2;�i2

i�bFb (kk- kj)- Bi Bb M�im`�H iQ +QMbB/2` /2p2HQTBM; /Bz2`2MiB�HHv T`Bp�i2 �H;Q`Bi?Kb iQ

T`Qi2+i T`Bp�+v BM QmiHB2` �M�HvbBbX >Qr2p2`- Bi #2+QK2b +H2�` i?�i /Bz2`2MiB�HHv T`Bp�i2

�H;Q`Bi?Kb �`2 BM?2`2MiHv mM�#H2 iQ B/2MiB7v QmiHB2`b `2+Q`/b �++m`�i2Hv (k9- k8- ke- kd-

k3)X

h?2 72r p�`B�Mib Q7 /Bz2`2MiB�H T`Bp�+v (ke- kd- k3) i?�i �`2 `2H2p�Mi 7Q` QmiHB2`

�M�HvbBb �`2 2Bi?2` HBKBi2/ BM i?2B` �TTHB+�iBQM Q` �`2 mM�#H2 iQ /2�H rBi? i?2 KQbi

T`�+iB+�H +�b2- r?2M QmiHB2`b �`2 /2}M2/ BM � /�i�@/2T2M/2Mi 7�b?BQM- 7Q` 2t�KTH2- i?2

QmiHB2` KQ/2Hb i?�i H�#2H � `2+Q`/ �b QmiHB2` #�b2/ QM Bib /BbbBKBH�`Biv 7`QK i?2 Qi?2`

`2+Q`/b BM i?2 /�i�X

6m`i?2`KQ`2- i?2 T`Q#H2K Q7 T`Bp�i2 QmiHB2` �M�HvbBb ?�b QMHv #22M bim/B2/ 7Q` �

72r bT2+B�HBx2/ +�b2b �M/ Bb Q7i2M i�+FH2/ rBi? bQK2 �/@?Q+ �TT`Q�+?2bX h?mb- i?2`2 Bb

MQ T`BM+BTH2/ �TT`Q�+? i?�i �M�Hvbib +�M mb2 iQ �ii�+F i?Bb T`Q#H2K BM T`�+iB+2X h?Bb

/Bbb2`i�iBQM `2/m+2b i?2 ;�Tb BM Qm` mM/2`bi�M/BM; Q7 T`Bp�i2 QmiHB2` �M�HvbBb �M/ Bib

p�`BQmb i`�/2@Qzb �M/ T`QpB/2b K2i?Q/b iQ bQHp2 i?Bb T`Q#H2K BM T`�+iB+2X

RXk *QMi`B#miBQMb

"2HQr- r2 ;Bp2 � bmKK�`v Q7 i?2 +QMi`B#miBQMb Q7 i?Bb /Bbb2`i�iBQMX

Ç q2 +QM+2Tim�HBx2 i?2 MQiBQM Q7 b2MbBiBp2 T`Bp�+v iQ 7Q`K�HBx2 r?�i Bi K2�Mb iQ

T`Qi2+i T`Bp�+v BM QmiHB2` �M�HvbBbX a2MbBiBp2Hv T`Bp�i2 K2+?�MBbKb T`Qi2+i T`Bp�+v

Q7 KQbi Q7 i?2 `2+Q`/b- �M/ bBKmHi�M2QmbHv- �+?B2p2 T`�+iB+�HHv K2�MBM;7mH miBHBivX

AM T�`iB+mH�`- b2MbBiBp2 T`Bp�+v Bb r2HH@bmBi2/ 7Q` QmiHB2`b i?�i �`2 /2}M2/ BM �

/�i�@/2T2M/2Mi r�vX Pm` MQiBQM Q7 T`Bp�+v Bb MQi QMHv +QKTmi�iBQM�HHv `2�HBx�#H2
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#mi Bb �HbQ �K2M�#H2 iQ �M�HvbBbX

Ç q2 T`QpB/2 +QMbi`m+iBQMb iQ /2p2HQT K2+?�MBbKb iQ B/2MiB7v QmiHB2`b- r?B+? T`Qp@

�#Hv ;m�`�Mi22 b2MbBiBp2 T`Bp�+vX h?2b2 +QMbi`m+iBQMb �`2 MQi iB2/ iQ �Mv bT2+B}+

/2}MBiBQM Q7 QmiHB2` �M/ +�M 2p2M #2 mb2/ iQ /2p2HQT /Bz2`2MiB�HHv T`Bp�i2 K2+?@

�MBbKbX

Ç q2 �HbQ /2p2HQT � +QKTBH2` +QMbi`m+iBQM i?�i +�M +QKTBH2 � UH2bb �++m`�i2V /Bz2`@

2MiB�HHv T`Bp�i2 K2+?�MBbK BMiQ � UKQ`2 �++m`�i2V b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK

i?�i `2H�iBp2 iQ i?2 /Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK 2``b 2tTQM2MiB�HHv bK�HHX

Ç q2 T`QTQb2 � T`Bp�+v@Q`B2Mi2/ i�tQMQKv 7Q` QmiHB2` [m2`B2b- r?B+? r2 mb2 iQ

/2p2HQT � 7`�K2rQ`F 7Q` T`Bp�i2 QmiHB2` �M�HvbBbX h?Bb 7`�K2rQ`F ?2HTb �M�Hvbib

BM +?QQbBM; i?2 +Q``2+i T`Q#H2K@bT2+B}+�iBQM 7Q` T`Bp�i2 QmiHB2` �M�HvbBbX 6Q`

BMbi�M+2- �M �M�Hvbi +�M mb2 Bi iQ /2+B/2 r?2i?2` b?2 b?QmH/ +?QQb2 /Bz2`2MiB�H

T`Bp�+v Q` b2MbBiBp2 T`Bp�+v 7Q` ?2` �TTHB+�iBQMX

Ç q2 BMbi�MiB�i2 Qm` T`QTQb2/ +QMbi`m+iBQM iQ /2p2HQT b2MbBiBp2Hv T`Bp�i2 K2+?@

�MBbK 7Q` i?2 rB/2Hv mb2/ MQiBQM Q7 (β, r)@�MQK�HvX q2 mb2 i?Bb K2+?�MBbK iQ

2bi�#HBb? i?2 2z2+iBp2M2bb Q7 b2MbBiBp2 T`Bp�+v i?`Qm;? �M 2ti2MbBp2 2KTB`B+�H 2p�H@

m�iBQM Qp2` � /Bp2`b2 b2i Q7 `2�H@rQ`H/ /�i�X

Ç 6BM�HHv- r2 b?Qr ?Qr iQ /2bB;M �M/ /2p2HQT � T`Bp�+v@T`Qi2+iBM; +`Qr/b2Mb@

BM; #�b2/ bvbi2K iQ i`�+F +QpB/@RN U+Q`QM� pB`mb /Bb2�b2 kyRNV T�M/2KB+ U2X;X

?QibTQib �M/ Qmi#`2�F- r?B+? �`2 QmiHvBM; 2p2MibVX q2 /2p2HQT MQp2H bT�iB�H �M/

i2KTQ`�H /�i� T�`iBiBQMBM; K2+?�MBbKb iQ �+?B2p2 T`�+iB+�HHv K2�MBM;7mH miBHBiv

UBM i`�+FBM; +QpB/@RNV r?BH2 ;m�`�Mi22BM; /Bz2`2MiB�H T`Bp�+v 7Q` �HH i?2 /�i� +QM@

i`B#miQ`bX q2 mb2 `2�H@rQ`H/ /�i� QM +QpB/@RN +QM}`K2/ +�b2b iQ b?Qr i?�i Qm`

�TT`Q�+? Bb �b 2z2+iBp2 �b Bib MQM@T`Bp�i2 +QmMi2`T�`iX

RXj P`;�MBx�iBQM

AM *?�Ti2` k- r2 `2pB2r i?2 bi�i2 Q7 �`i BM /�i� T`Bp�+v `2H2p�Mi iQ QmiHB2` �M�HvbBb-

T`2b2Mi i?2 M2+2bb�`v #�+F;`QmM/ 7Q` i?2 +QM+2Ti Q7 QmiHB2`bX AM i?Bb +?�Ti2`- r2 �HbQ
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T`2b2Mi BKTQ`i�Mi /2}MBiBQMb �M/ MQiBQMbX AM *?�Ti2` j- r2 T`2b2Mi i?2 MQp2H MQiBQM Q7

b2MbBiBp2 T`Bp�+v- Bib `2H�iBQMb?BT rBi? Qi?2` `2H2p�Mi /�i� T`Bp�+v /2}MBiBQMb- �M/ bQK2

BKTQ`i�Mi T`QT2`iB2b Q7 b2MbBiBp2 T`Bp�+vX AM *?�Ti2` 9- r2 T`2b2Mi Qm` +QMbi`m+iBQMb iQ

�+?B2p2 b2MbBiBp2 T`Bp�+vc BM i?Bb `2;�`/b- r2 �HbQ ;Bp2 �M BKTQbbB#BHBiv `2bmHi 7Q` n@bi2T

HQQF�?2�/ K2+?�MBbKX AM *?�Ti2` 8- r2 ;Bp2 � T`Bp�+v@Q`B2Mi2/ i�tQMQKv 7Q` QmiHB2`

[m2`B2b �M/ �M �TT`Q�+? 7Q` �M�Hvbib iQ i�+FH2 i?2 T`Q#H2K Q7 T`Bp�i2 QmiHB2` �M�HvbBbX

AM *?�Ti2` e- r2 BMbi�MiB�i2 Qm` +QMbi`m+iBQM U;Bp2M BM *?�Ti2` 9V iQ /2p2HQT b2MbBiBp2Hv

T`Bp�i2 K2+?�MBbK 7Q` (β, r)@�MQK�Hv- �M/ T`2b2Mi i?2 `2bmHib Q7 Bib 2KTB`B+�H 2p�Hm�iBQMX

AM *?�Ti2` d- r2 T`2b2Mi ?Qr iQ /2bB;M �M/ /2p2HQT � T`Bp�+v@T`Qi2+iBM; +`Qr/b2MbBM;

#�b2/ bvbi2K iQ i`�+F +QpB/@RN T�M/2KB+X 6BM�HHv- BM *?�Ti2` 3- r2 T`2b2Mi i?2 7mim`2

/B`2+iBQMb 7Q` `2b2�`+? �M/ QT2M T`Q#H2Kb BM T`Bp�i2 QmiHB2` �M�HvbBbX



N

*>�Sh1_ k

S`Bp�i2 PmiHB2` �M�HvbBb, "�+F;`QmM/ �M/
S`2HBKBM�`B2b

q2 mb2 ǳT`Bp�i2 QmiHB2` �M�HvbBbǴ �b �M mK#`2HH� i2`K 7Q` � +H�bb Q7 /�i� �M�HviB+b

T`Q#H2Kb r?2`2 T`Bp�+v Bb iQ #2 T`Qi2+i2/X "�bB+�HHv- i?2 /Bz2`2M+2b BM i?2 T`Q#H2Kb BM

T`Bp�i2 QmiHB2` �M�Hvb2b �`Bb2 /m2 iQ i?2 7QHHQrBM; i?`22 `2�bQMb,

UBV q2 M22/ /Bz2`2Mi QmiHB2` KQ/2Hb- BX2X � /2b+`BTiBQM Q7 r?�i Bb �M ǳQmiHB2`Ǵ- 7Q`

/Bz2`2Mi T`Q#H2KbX 6Q` 2t�KTH2- i?2 KQ/2H #2bi bmBi2/ iQ B/2MiB7v 7`�m/mH2Mi

i`�Mb�+iBQMb Bb BM�TT`QT`B�i2 iQ /2i2+i �M 2TB/2KB+ �b i?2v �`2 irQ p2`v /Bz2`2Mi

T`Q#H2KbX

UBBV h?2`2 �`2 bm#iH2 #mi +`m+B�H /Bz2`2M+2b BM r?�i BM7Q`K�iBQM r2 b22F 7`QK �M

QmiHB2` �M�HvbBbX 6Q` BMbi�M+2- i?2 �M�Hvbib HQQF 7Q` p2`v /Bz2`2Mi BM7Q`K�iBQM

r?2M i?2v mb2 QmiHB2` �M�HvbBb iQ }M/ �HH i?2 QmiHB2`b BM i?2 /�i� +QKT�`2/ iQ

r?2M i?2v �BK iQ B/2MiB7v �M QmiHvBM; 2p2Mi- 2X;X � T�M/2KB+X

UBBBV q?�i BM7Q`K�iBQM r2 r�Mi iQ T`Qi2+i- BX2X i?2 /2}MBiBQM Q7 T`Bp�+vX A7 r2 +?�M;2

r?�i +QMbiBimi2b �b ǳT`Qi2+iBQMǴ 7Q` Qm` T�`iB+mH�` �TTHB+�iBQM �M/ b2iiBM;- i?2

T`Q#H2K Q7 T`Bp�i2 QmiHB2` �M�HvbBb �HbQ +?�M;2b ě v2b- 2p2M B7 r2 ?�p2 }t2/

i?2 �#Qp2 irQX 6Q` BMbi�M+2- /2T2M/BM; mTQM i?2 �TTHB+�iBQM �M/ H2;BbH�iBp2

`2[mB`2K2Mib (kN- 9- 8)- vQm K�v r�Mi iQ T`Qi2+i i?2 BM7Q`K�iBQM Q7 �HH Q` QMHv �

bm#;`QmT- 2�+? `2[mB`BM; � /Bz2`2Mi i`2�iK2Mi �M/ bQHmiBQMbX

h?mb- 7Q` � ;Bp2M T`Bp�i2 QmiHB2` �M�HvbBb T`Q#H2K- �M �M�Hvbi ?�b iQ +?QQb2 i?2

`B;?i T`Q#H2K@bT2+B}+�iBQM, UBV �M �TT`QT`B�i2 QmiHB2` KQ/2H- UBBV � [m2`v- i?�i Bb- r?�i

BM7Q`K�iBQM b?2 b22Fb iQ Q#i�BM �#Qmi i?2 QmiHB2`UbV- �M/ UBBBV i?2 /2}MBiBQM Q7 T`Bp�+vX
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AM Qm` �M�HvbBb �M/ /Bb+mbbBQM- r2 +QK#BM2 i?2 }`bi irQ +?QB+2b UBX2X UBV �M/ UBBVV �b

i?2 +?QB+2 Q7 �M QmiHB2` [m2`vX h?mb- BM i?Bb +QMi2ti- i?2 MQiBQM Q7 QmiHB2` [m2`v �M/

i?2 MQiBQM Q7 T`Bp�+v 7Q`K i?2 irQ 7mM/�K2Mi�H +QMbiBim2Mib Q7 i?2 T`Q#H2K Q7 T`Bp�i2

QmiHB2` �M�HvbBbX

G�biHv �M/ BKTQ`i�MiHv- r2 MQi2 i?�i T`Bp�+v +�MMQi #2 +QMbB/2`2/ �HQM2, 2p2`v

T`Bp�i2 /�i� �M�HvbBb i�bF Kmbi i�F2 #Qi? T`Bp�+v �M/ miBHBiv U2X;X �++m`�+vV BMiQ

�++QmMiX h?Bb Bb i?2 +�b2 bBM+2 r2 +�M �Hr�vb T`Qi2+i T`Bp�+v #v ;BpBM; �`#Bi`�`v �Mbr2`b

�M/ K�FBM; /�i� �M�HvbBb mb2H2bbX >2M+2- +?�`�+i2`BxBM; i?2 `B;?i #�H�M+2 #2ir22M i?2

irQ UBX2X T`Bp�+v �M/ miBHBivV Bb �i i?2 ?2�`i Q7 T`Bp�i2 QmiHB2` �M�HvbBb ě 2tTHB+�iBM;

i?Bb �M/ b?QrBM; ?Qr iQ �+?B2p2 i?Bb #�H�M+2 BM T`�+iB+2 Bb i?2 F2v +QMi`B#miBQM Q7 i?Bb

/Bbb2`i�iBQMX

AM i?2 7QHHQrBM; irQ b2+iBQMb- r2 `2pB2r i?2 BKTQ`i�Mi +QM+2Tib �M/ /2p2HQTK2Mib

`2H�i2/ iQ QmiHB2` �M�HvbBb �M/ /�i� T`Bp�+vX

kXR PmiHB2`b, i?2 Rbi *QMbiBim2Mi Q7 i?2 S`Q#H2K

PmiHB2` �M�HvbBb Bb �KQM; i?2 +Q`2 T`Q#H2Kb BM bi�iBbiB+b- /�i� KBMBM;- �M/ K�+?BM2

H2�`MBM; (e- jy)X AMimBiBp2Hv- r2 i?BMF Q7 QmiHB2`b �b i?2 MQM@+QM7Q`KBM; T�ii2`Mb BM i?2

/�i�- 2X;X �M BK�;2 Q7 � K�HB;M�Mi imKQ` +QKT�`2/ iQ i?�i Q7 MQ`K�H bFBM Q` � #2MB;M

imKQ`- �M/ Bi 2Bi?2` +Q``2bTQM/b iQ � `2+Q`/- +�HH2/ QmiHB2` `2+Q`/- Q` �M 2p2Mi- +�HH2/

�M QmiHvBM; 2p2MiX a22 6B;m`2 kXR 7Q` i?2 2t�KTH2b Q7 QmiHB2` `2+Q`/b- r?2`2BM o1, o2 �M/

o3 �`2 i?`22 QmiHB2` `2+Q`/b- �M/ O4 Bb � +QHH2+iBQM Q7 QmiHB2` `2+Q`/bX

q2 MQi2 i?�i �M 2p2Mi Bb � MQiBQM i?�i /2T2M/b QM K�Mv `2+Q`/b �M/ Bb MQi �bbQ+B�i2/

rBi? � bBM;H2 `2+Q`/- 2X;X �M 2TB/2KB+ Ur?B+? +�M #2 B/2MiB}2/- 7Q` 2t�KTH2- #v mbBM;

T2QTH2bǶ ?2�Hi? �M/ /2KQ;`�T?B+ BM7Q`K�iBQM (jR)VX >2`2- r2 #`B2~v `2pB2r i?2 MQiBQM Q7

�M QmiHB2` �M/ bQK2 Q7 i?2 KQ/2Hb i?�i r2 mb2 BM T`�+iB+2 iQ �M�Hvx2 /�i� 7Q` QmiHB2`bX 6Q`

7m`i?2` /2i�BHb vQm K�v `272` iQ i?2 bm`p2vb �M/ #QQFb QM QmiHB2` �M�HvbBb (e- jk- Ry- jj)X

AM T`�+iB+2- QmiHB2` �M�HvbBb Bb �M 2z2+iBp2 �TT`Q�+? iQ ;2M2`�i2 �+iBQM�#H2 BMbB;?ib

iQ bQHp2 MmK2`Qmb T`Q#H2Kb BM p�`BQmb /QK�BMb (e- jj)X h?2 �#BHBiv iQ B/2MiB7v QmiHB2`b

Bb �M 2bb2MiB�H T`2`2[mBbBi2 iQ MmK2`Qmb +`BiB+�H �TTHB+�iBQMb BM K2/B+BM2- }M�M+2- �M/
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6B;m`2 kXR, �M 2t�KTH2 Q7 QmiHB2`b BM /�i�X SQBMib UBX2X `2+Q`/bV b?QrM BM `2/ �`2
QmiHB2`b- �M/ i?2 QM2b BM #Hm2 �`2 MQM@QmiHB2`bX

M�iBQM�H b2+m`Biv (d- 3- N- e- Ry)X

PmiHB2`b ?�p2 #22M � bm#D2+i Q7 BMp2biB;�iBQM 7Q` Qp2` k9y v2�`b (jk)- /�iBM; #�+F iQ

"2`MQmHHB r?Q /Bb+mbb2/ i?2K BM i?2 +QMi2ti Q7 ǳ/Bb+�`/BM; /Bb+Q`/�Mi Q#b2`p�iBQMǴ (j9)X

AM i?2 HBi2`�im`2- /2T2M/BM; mTQM i?2 �TTHB+�iBQM /QK�BM- QmiHB2`b �b MQM@+QM7Q`KBM;

T�ii2`Mb ?�p2 #22M `272``2/ iQ �b /Bb+Q`/�Mi Q#b2`p�iBQMb- 2t+2TiBQMb- �#2``�iBQMb- bm`@

T`Bb2b- T2+mHB�`BiB2b- Q` �MQK�HB2b (jj)X >Qr2p2` QmiHB2` �M/ �MQK�Hv �`2 i?2 irQ KQbi

TQTmH�` i2`KBMQHQ;B2b mb2/ 7Q` i?Bb MQiBQM BM +QKTmi2` b+B2M+2 ě �M/ r2 �/?2`2 iQ

mbBM; QMHv i?2b2 irQ i2`KBMQHQ;B2b- BX2X QmiHB2` �M/ �MQK�HvX

h?2`2 �`2 K�Mv /2b+`BTiBQMb Q7 QmiHB2`b i?�i i`v iQ bT2HH Qmi r?�i +QMbiBimi2b ǳMQM@

+QM7Q`KBM; T�ii2`MǴ BM � r�v i?�i r2 +�M mb2 iQ /2p2HQT KQ/2Hb iQ +?�`�+i2`Bx2 QmiHB2`b

�M/ #mBH/ �H;Q`Bi?Kb iQ �M�Hvx2 i?2 /�i� 7Q` QmiHB2`bX "mi i?2 7QHHQrBM; irQ /2b+`BTiBQM-

QM2 #v 1/;2rQ`i? �M/ i?2 Qi?2` #v :`m##b- �`2 MQi QMHv TQTmH�` #mi �HbQ p2`v mb27mHX

UR33dV, .Bb+Q`/�Mi Q#b2`p�iBQMb K�v #2 /2}M2/ �b i?Qb2 r?B+? T`2b2Mi i?2 �T@

T2�`�M+2 Q7 /Bz2`BM; BM `2bT2+i Q7 i?2B` H�r Q7 7`2[m2M+v 7`QK Qi?2` Q#b2`p�iBQMb

rBi? r?B+? i?2v �`2 +QK#BM2/ (j8)X

URNeNV, �M QmiHvBM; Q#b2`p�iBQM- Q` QmiHB2`- Bb QM2 i?�i �TT2�`b iQ /2pB�i2

K�`F2/Hv 7`QK i?2 Qi?2` K2K#2`b Q7 i?2 b�KTH2 BM r?B+? Bi Q++m`b (je)X
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6B;m`2 kXk, �M 2t�KTH2 Q7 /�i�@/2T2M/2Mi M�im`2 Q7 QmiHB2`b

h?mb- �i #2bi- �M QmiHB2` Bb � /�i� bT2+B}+ +QM+2TiX 6Q` 2t�KTH2- b22 6B;m`2 kXk-

r?2`2BM i?2 `2+Q`/ b?QrM �b �M Q`�M;2@+QHQ`2/ TQBMi Bb �M QmiHB2` BM 6B;m`2 kXkU�V #mi

#2+QK2b � MQM@QmiHB2` rBi? `2bT2+i iQ i?2 /�i� BM 6B;m`2 kXkU#VX

hQ /2}M2 r?�i +QMbiBimi2b �M QmiHB2` BM T`�+iB+2 Bb � +?�HH2M;BM; i�bFX "2+�mb2 i?2

M�im`2 Q7 i?2 MQM@+QM7Q`KBM; T�ii2`M p�`B2b �+`Qbb �TTHB+�iBQMb- /QK�BMb- �M/ /�i�

ivT2bX h?2`2 Bb MQ bBM;H2 KQ/2H i?�i �TT`QT`B�i2Hv +?�`�+i2`Bx2b QmiHB2`b BM �HH 2MpB@

`QMK2Mib (e- jk- Ry- jj)X >2M+2- /m2 iQ i?2 +QKTH2tBiv- /Bp2`bBiv- �M/ bT2+B}+Biv iQ

i?2 +QMi2ti- i?2 2tBbiBM; K2i?Q/b iQ �M�Hvx2 QmiHB2`b bQHp2 � bT2+B}+ 7Q`KmH�iBQM Q7 i?2

T`Q#H2KX

JQbi Q7 i?2 QmiHB2` KQ/2Hb mb2 � K2�bm`2 Q` � b+Q`BM; 7mM+iBQM iQ +?�`�+i2`Bx2 ?Qr

Km+? � `2+Q`/ UQ` �M 2p2MiV ǳ/2pB�i2bǴ- �M/ i?mb- �bbB;M � /2;`22 Q7 QmiHvBM;M2bb iQ

2�+? `2+Q`/X LQr- ;Bp2M i?2b2 b+Q`2b- i?2b2 KQ/2Hb mb2 � i?`2b?QH/ iQ /BbiBM;mBb? i?2

QmiHB2`b 7`QK i?2 `2bi Q7 i?2 `2+Q`/b BM i?2 /�i� UQ` MQM@QmiHvBM; 2p2MibVX q2 +�M /BpB/2

i?2b2 QmiHB2` KQ/2Hb BMiQ irQ #�bB+ +�i2;Q`B2b, MQM@T�`�K2i`B+ KQ/2Hb �M/ T�`�K2i`B+

KQ/2HbX

h?2 MQM@T�`�K2i`B+ K2i?Q/b mb2 � b+Q`BM; 7mM+iBQM Qp2` i?2 b2i Q7 `2+Q`/bX am+?

b+Q`BM; 7mM+iBQMb �`2 mb2/ iQ +?�`�+i2`Bx2 i?2 /2;`22 iQ r?B+? � `2+Q`/ /2pB�i2b 7`QK i?2

Qi?2` `2+Q`/bX h?2 #�bB+ B/2� Bb iQ +QKTmi2 i?2 b+Q`2 7Q` 2�+? Q7 i?2 bm#b2ib Q#i�BM2/

#v `2KQpBM; `2+Q`/b 7`QK i?2 ;Bp2M /�i�X LQr- i?2 b2i Q7 `2+Q`/b r?Qb2 `2KQp�H `2bmHib

BM i?2 K�tBKmK /2pB�iBQM BM i?2 b+Q`2 �`2 +QMbB/2`2/ iQ K�`F2/Hv /2pB�i2 7`QK i?2

Qi?2`b `2+Q`/b BM i?2 /�i�#�b2 �M/ �`2 H�#2H2/ �b QmiHB2`b (jd- j3- jk- Ry- jN)X h?2b2

KQ/2Hb �`2 �KQM; i?2 KQbi 7mM/�K2Mi�H QM2b- �M/ r2 rBHH mb2 i?Bb 7mM/�K2Mi�H MQiBQM

Q7 +?�`�+i2`BxBM; QmiHB2`b iQ /2}M2 b2MbBiBp2 T`Bp�+v- � MQp2H MQiBQM Q7 T`Bp�+v 7Q` QmiHB2`
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�M�HvbBb U*?�Ti2` jVX

h?2 TQTmH�` T�`�K2i`B+ QmiHB2` KQ/2Hb mb2 � `�M;2 Q7 +`Bi2`B� iQ +?�`�+i2`Bx2 Qmi@

HB2`bX 6Q` BMbi�M+2- K�Mv bi�iBbiB+�H �TT`Q�+?2b mb2 i?2 /2pB�iBQM Q7 � `2+Q`/ UBX2X /�i�

TQBMiV 7`QK i?2 TQTmH�iBQM K2�M �b i?2 +`Bi2`BQM iQ B/2MiB7v QmiHB2`b ě i?Bb Bb � r2HH

�++2Ti2/ �M/ T`2p�H2Mi /2}MBiBQM Q7 QmiHB2` (9y)X (β, r)@�MQK�Hv- k@M2�`2bi M2B;?#Q` �M/

+Hmbi2`BM; #�b2/ QmiHB2` KQ/2Hb mb2 � /Bbi�M+2 #�b2/ �TT`Q�+? (9R- 9k- 9j)- HQ+�H QmiHB2`

7�+iQ` (99) mb2b � /2MbBiv #�b2/ �TT`Q�+?- �M/ �o6@QmiHB2` KQ/2H mb2b �ii`B#mi2 p�Hm2

7`2[m2M+v (98)X

PM+2- r2 }t �M QmiHB2` KQ/2H bmBi2/ 7Q` Qm` �M�HvbBb- /2T2M/BM; mTQM r?�i BM7Q`K�@

iBQM r2 b22F- i?2`2 �`2 /Bz2`2Mi ivT2 Q7 QmiHB2` [m2`B2bX >Qr2p2`- i?2 irQ KQbi mb27mH

[m2`B2b BM T`�+iB+2 �`2, URV QmiHB2` B/2MiB}+�iBQM- 7Q` 2t�KTH2 � [m2`v i?�i B/2MiB}2b B7 �

;Bp2M `2+Q`/ Bb �M QmiHB2` Q` � MQM@QmiHB2`- �M/ UkV QmiHB2` /2i2+iBQM- r?B+? }M/ �HH i?2

`2+Q`/b BM i?2 /�i� i?�i �`2 QmiHB2`bX PM+2- r2 ?�p2 }M�HBx2/ Qm` QmiHB2` [m2`v- r2 +�M

+?QQb2 7`QK � p�`B2iv Q7 �H;Q`Bi?Kb- T`QpB/2/ BM i?2 HBi2`�im`2- iQ +QKTmi2` i?2 [m2`vc

7Q` 7m`i?2` /2i�BHb QM i?Bb- b22 (e- jk- Ry- jj)X

h?2 F2v i�F2�r�v ?2`2 Bb i?�i QmiHB2`b �`2 � /�i�@/2T2M/2Mi +QM+2Ti �M/ i?2 K2i?@

Q/b iQ B/2MiB7v i?2K p�`v #�b2/ QM i?2 M�im`2 Q7 QmiHB2`b- i?2 +QMi2ti- �M/ i?2 /�i�X

>Qr2p2` i?2 Qp2`�HH MQiBQM `2K�BMb i?2 b�K2, QmiHB2`b �`2 i?2 `2+Q`/b i?�i +QMbB/2`�#Hv

/2pB�i2 7`QK i?2 T�ii2`M- /Bbi`B#miBQM- Q` bi`m+im`2 7QHHQr2/ #v � K�DQ`Biv Q7 i?2 `2+Q`/b

BM i?2 /�i�X

kXk S`Bp�+v, i?2 kM/ *QMbiBim2Mi Q7 i?2 S`Q#H2K

AM /�i� �M�HvbBb- r?�i /Q2b Bi K2�M iQ ǳT`Qi2+i T`Bp�+vǴ\ ǳS`Bp�+vǴ `272`b iQ i?2

BM7Q`K�iBQM /Bb+HQb2/ �#Qmi �M BM/BpB/m�H pB� i?2 `2bmHib Q7 /�i� �M�HvbBb ě i?2 H2bb2`

i?2 /Bb+HQbm`2- i?2 ?B;?2` i?2 T`Bp�+vX h?2 BM7Q`K�iBQM /Bb+HQb2/ #v /�i� �M�HvbBb +�M

#2 mb2/ iQ BM72` i?2 B/2MiBiB2b Q7 BM/BpB/m�Hb �M/ #`2�+? i?2B` T`Bp�+vX aQ- iQ T`Qi2+i

T`Bp�+v- B/2�HHv QM2 M22/b iQ 2HBKBM�i2 i?2 BM7Q`K�iBQM /Bb+HQbm`2 �#Qmi i?2 BM/BpB/m�HbX

>Qr2p2`- T`Qi2+iBM; T`Bp�+v BM � r�v i?�i 2HBKBM�i2b i?2 BM7Q`K�iBQM /Bb+HQbm`2

�#Qmi i?2 BM/BpB/m�Hb- i?�i Bb- �++2bb iQ /�i� /Q2b MQi 2M�#H2 QM2 iQ H2�`M �Mvi?BM; �#Qmi
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�M BM/BpB/m�H i?�i +�MMQi MQi #2 H2�`M2/ rBi?Qmi �++2bb- Bb BKTQbbB#H2 (9e)X >2M+2- 7Q`

/�i� �M�HvbBb Ur?2`2 r2 /Q T`QpB/2 �++2bb iQ i?2 /�i�V iQ #2 mb27mH- r2 rBHH ?�p2 iQ

/Bb+HQb2 bQK2 BM7Q`K�iBQMX

.Bz2`2MiB�H T`Bp�+v U.SV (9e- kk) r�b i?2 }`bi MQiBQM i?�i K�i?2K�iB+�HHv /2}M2b

T`Bp�+v 7Q` /�i� �M�HvbBb iQ HBKBi i?2 BM7Q`K�iBQM /Bb+HQbm`2 �#Qmi i?2 BM/BpB/m�Hb ě

�M/ Bi ?�b b?�T2/ i?2 }2H/ Q7 T`Bp�i2 /�i� �M�HvbBbX Ai `2H�t2b i?2 +QMbi`�BMi Q7 i?2

�#Qp2 T`Bp�+v MQiBQM �M/ 2tTHB+BiHv bT2+B}2b i?2 BM7Q`K�iBQM /Bb+HQbm`2 r?2M � T2`bQMbǶ

/�i� Bb mb2/ BM /�i� �M�HvbBb (9e)X Ai ;m�`�Mi22b i?�i MQ �ii�+F2` +�M mb2 � /Bz2`2MiB�HHv

T`Bp�i2 `2bmHi UQ7 /�i� �M�HvbBbV iQ }M/ Qmi rBi? +2`i�BMiv B7 � T�`iB+mH�` T2`bQMǶb /�i�

r�b mb2/ BM i?2 �M�HvbBbX h?mb- Bi �zQ`/b ǳTH�mbB#H2 /2MB�#BHBivǴ iQ T2QTH2- i?�i Bb- �Mv

T2`bQM +�M +H�BK i?�i ?2` /�i� r�b MQi mb2/ BM i?2 /�i� �M�HvbBb 2p2M B7 ?2` /�i� r�b

mb2/X

.Bz2`2MiB�H T`Bp�+v Bb �M �H;Q`Bi?KB+ /2}MBiBQM Q7 T`Bp�+v- �M/ Bi `2[mB`2b i?�i i?2

T`Q#�#BHBiv 7Q` �Mv QmiTmi Q7 � T`Bp�+v@T`Qi2+iBM; K2+?�MBbK UBX2X �M �H;Q`Bi?K i?�i

i�F2b � /�i�#�b2 �b BMTmiV ǳb?QmH/ MQi +?�M;2 Km+?Ǵ #v �//BM; Q` `2KQpBM; �Mv QM2

`2+Q`/ BM i?2 BMTmi /�i�#�b2X h?mb- iQ /2}M2 .S- r2 +QMbB/2` 2p2`v T�B` Q7 /�i�#�b2b x

�M/ y i?�i /Bz2` #v QM2 `2+Q`/ UBX2X r2 +�M Q#i�BM y #v �//BM; Q` `2KQpBM; QM2 `2+Q`/

7`QK x �M/ pB+2 p2`b�V �M/ +�HH i?2K M2B;?#Q`BM; /�i�#�b2b Q` bBKTHv M2B;?#Q`bX h?2M-

r2 b�v � K2+?�MBbK M rBi? /QK�BM D Ui?2 b2i Q7 �HH /�i�#�b2bV Bb ε@/Bz2`2MiB�HHv T`Bp�i2

U.SV B7 7Q` 2p2`v T�B` Q7 M2B;?#Q`BM; /�i�#�b2b x �M/ y �M/ 2p2`v b2i R ⊆ _�M;2(M)-

Pr[M(x) ∈ R] ≤ eε Pr[M(y) ∈ R] ě r2 `272` iQ i?Bb BM2[m�HBiv QM �Mv T�B` Q7 M2B;?#Q`b

(x, y) �b i?2 T`Bp�+v +QMbi`�BMiX

h?2`27Q`2- BM i?2 +QMi2ti Q7 /Bz2`2MiB�H T`Bp�+v- ǳb?QmH/ MQi +?�M;2 Km+?Ǵ K2�Mb

i?2 +?�M;2 BM i?2 T`Q#�#BHBiv Bb rBi?BM � KmHiBTHB+�iBp2 7�+iQ` Q7 eε- r?2`2 ε > 0 Bb

i?2 T`Bp�+v T�`�K2i2`X h?2 bK�HH2` i?2 p�Hm2 Q7 p�Hm2 Q7 ε- i?2 ?B;?2` i?2 T`Bp�+vX

hvTB+�HHv- iQ �+?B2p2 /Bz2`2MiB�H T`Bp�+v- � K2+?�MBbK T`Q#�#BHBbiB+�HHv T2`im`#b i?2

+Q``2+i �Mbr2` mbBM; MQBb2 UQ` `�M/QKM2bbV 7`QK � +�`27mHHv +�HB#`�i2/ /Bbi`B#miBQMUbVX

.Bz2`2MiB�H T`Bp�+v rQ`Fb r2HH 7Q` K�Mv +H�bb2b Q7 �;;`2;�i2 �M/ bi�iBbiB+�H /�i�

�M�HvbBb i�bFb �b HQM; �b r2 +�M ;Bp2 �M �TT`QT`B�i2 .S K2+?�MBbKX >Qr2p2`- i?2`2

�`2 p�`BQmb /�i� �M�HvbBb T`Q#H2Kb- 2X;X QmiHB2` �M�HvbBb- r?2`2 Bi Bb BM?2`2MiHv mM�#H2
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iQ �bbm`2 T`�+iB+�HHv K2�MBM;7mH T`Bp�+v UBX2X `2�bQM�#Hv H�`;2 p�Hm2b Q7 εV �M/ miBHBiv

(9d- 93- 9N- k9- k8)X h?Bb ?�b H2�/ `2b2�`+?2`b iQ /2p2HQT p�`B�Mib Q7 /Bz2`2MiB�H T`Bp�+v

iQ �//`2bb BKTQ`i�Mi T`�+iB+�H +?�HH2M;2b BM /�i� �M�HvbBbX J�Mv Q7 i?2 p�`B�Mib Q7

/Bz2`2MiB�H T`Bp�+v 2Bi?2` ;2M2`�HBx2 i?2 MQiBQM Q7 M2B;?#Q`BM; /�i�#�b2b Q` `2/2}M2

r?�i Bb K2�Mi #v ǳi?2 QmiTmi b?QmH/ MQi +?�M;2 Km+?Ǵ 7Q` M2B;?#Q`BM; /�i�#�b2b Ub22

(8y) 7Q` � bm`p2v 7Q` /Bz2`2Mi ;2M2`�HBx�iBQMb �M/ p�`B�Mib Q7 /Bz2`2MiB�H T`Bp�+vVX

"2HQr- r2 `2pB2r bQK2 Q7 i?2 BKTQ`i�Mi p�`B�Mib Q7 /Bz2`2MiB�H T`Bp�+v �M/ B/2MiB7v

�M/ /Bb+mbb i?2 ;�Tb BM i?2 +QMi2ti Q7 T`Bp�i2 QmiHB2` �M�HvbBb i?�i biBHH 2tBbiX

Smz2`}b? (93) �M/ "HQr}b? (9N) �`2 irQ 7`�K2rQ`Fb iQ ;Bp2 ;2M2`�HBx2/ p2`bBQMb

Q7 /Bz2`2MiB�H T`Bp�+vX "Qi? Q7 i?2K T`QpB/2 � r�v iQ `2/2}M2 M2B;?#Q`BM; /�i�#�b2b

#�b2/ QM r?�i b2+`2i UBX2X i?2 FBM/ Q7 BM7Q`K�iBQM /Bb+HQbm`2V r2 r�Mi iQ T`Qi2+iX h?2b2

7`�K2rQ`Fb �// iQ Qm` i?2Q`2iB+�H mM/2`bi�M/BM; Q7 T`Bp�i2 /�i� �M�HvbBb �M/ �`2 mb27mH

7Q` i?2 �TTHB+�iBQMb r?2`2 Bi Bb +H2�` r?�i b2+`2i r2 M22/ iQ T`Qi2+iX >Qr2p2` i?2b2

7`�K2rQ`Fb /Q MQi T`QpB/2 �Mv K2i?Q/ Q` /B`2+iBQM iQ /2�H rBi? QmiHB2` /2i2+iBQM Q`

B/2MiB}+�iBQM- 2bT2+B�HHv- r?2M i?2 QmiHB2`b �`2 /2}M2/ BM � /�i�@/2T2M/2Mi 7�b?BQMX q2

bQHp2 i?Bb T`Q#H2K BM *?�Ti2` j #v +QM+2Tim�HBxBM; �M/ 7Q`K�HHv /2}MBM; r?�i b2+`2i

QM2 Kmbi T`Qi2+i BM QmiHB2` �M�HvbBbX

S`Qi2+i2/ U/Bz2`2MiB�HV T`Bp�+v (ke)- r?B+? r�b T`QTQb2/ 7Q` �M�HvxBM; M2irQ`Fb-

/BpB/2b i?2 b2i Q7 �HH TQbbB#H2 `2+Q`/b BMiQ irQ +�i2;Q`B2b, QM2 Bb T`Qi2+i2/ �M/ i?2

Qi?2` Bb MQi T`Qi2+i2/X Ai Bb TQbbB#H2 iQ mb2 T`Qi2+i2/ T`Bp�+v UBMbi2�/ Q7 /Bz2`2MiB�H

T`Bp�+vV iQ #QQbi i?2 �++m`�+v 7Q` bQK2 QmiHB2` �M�HvbBbX >Qr2p2`- i?Bb Bb MQi TQbbB#H2

7Q` �HH QmiHB2` �M�HvbBb ě 2bT2+B�HHv- r?2M QmiHB2`b �`2 /2}M2/ BM � /�i�@/2T2M/2Mi

r�vX h?Bb b?Q`i+QKBM; Q7 T`Qi2+i2/ T`Bp�+v Bb /m2 iQ i?2 }t2/ �M/ /�i�@BM/2T2M/2Mi

+�i2;Q`Bx�iBQM Q7 `2+Q`/b BMiQ T`Qi2+i2/ ;`QmT �M/ mMT`Qi2+i2/ ;`QmT- r?B+? Bb MQi

TQbbB#H2 r?2M QmiHB2`b �`2 /2}M2/ BM /�i�@/2T2M/2Mi r�vX h?Bb Bb � +`BiB+�H HBKBi�iBQM

bBM+2 rBi?Qmi b22BM; i?2 /�i�#�b2 Bi Bb MQi TQbbB#H2 iQ b�v B7 � `2+Q`/ Bb QmiHB2` Q` MQi-

�M/ �//BiBQM�HHv- #v +?�M;BM; UQ` �//BM;f`2KQpBM;V `2+Q`/b BM i?2 ;Bp2M /�i� +�M �HbQ

�z2+i i?2 QmiHvBM; bi�imb Q7 � `2+Q`/ �b T2` i?2 bT2+B}+�iBQM Q7 i?2 +?Qb2M QmiHB2` KQ/2HX

h?mb- i?2 T`Bp�+v ;m�`�Mi22 +�MMQi #2 [m�MiB}2/ BM i?2 Q`/2` bT2+B}2/ BM T`Qi2+i2/

T`Bp�+vX h?Bb Bb QM2 Q7 i?2 K�BM T`Q#H2Kb i?�i r2 i�+FH2 r?2M /2}MBM; b2MbBiBp2 T`Bp�+vX



Re

PM2@bB/2/ U/Bz2`2MiB�HV T`Bp�+v (kd) mb2b � bBKBH�` �TT`Q�+? �b BM T`Qi2+i2/ T`Bp�+vX

aBKBH�` iQ T`Qi2+i2/ T`Bp�+v- Bi Bb mb27mH 7Q` i?2 +�b2b r?2`2 QmiHB2`b �`2 /2}M2/ BM /�i�@

BM/2T2M/2Mi 7�b?BQM �b Bi �HbQ /2}M2b i?2 `2+Q`/b iQ #2 T`Qi2+i2/ BM/2T2M/2Mi Q7 i?2

/�i�#�b2X �//BiBQM�HHv- Bi 7m`i?2` `2H�t2b i?2 /2}MBiBQM #v QMHv +QMbB/2`BM; � bm#b2i Q7

T�B` Q7 M2B;?#Q`b r?Q Kmbi b�iBb7v i?2 T`Bp�+v +QMbi`�BMiX h?Bb H2�p2b QM2@bB/2/ T`Bp�+v

QT2M iQ �ii�+Fb i?�i +�M BM72` B7 � T�`iB+mH�` `2+Q`/ ě i?�i r�b iQ #2 T`Qi2+i2/ ě Bb

T`2b2Mi BM i?2 /�i� Q` MQi- r?BH2 b2MbBiBp2 T`Bp�+v Bb BKKmM2 iQ bm+? �M �ii�+FX

�MQi?2` r�v iQ ;2M2`�HBx2 /Bz2`2MiB�H T`Bp�+v Bb iQ ?�p2 /Bz2`2Mi H2p2Hb Q7 T`Bp�+v

UBX2X i?2 p�Hm2 Q7 εV 7Q` /Bz2`2Mi `2+Q`/b- r?B+? S2`bQM�HBx2/ U/Bz2`2MiB�HV T`Bp�+v �/QTib

(8R)X S2`bQM�HBx2/ T`Bp�+v `2[mB`2b i?�i i?2 H2p2H Q7 T`Bp�+v #2 T`2@bT2+B}2/ 7Q` 2�+?

`2+Q`/X 6Q` 2t�KTH2- r?2M b?�`BM; i?2B` /�i�- T2QTH2 +�M bT2+B7v i?2 H2p2H Q7 T`Bp�+v

i?2v r�MiX >Qr2p2`- r?2M i?2 QmiHB2`b �`2 /2}M2/ BM � /�i�@/2T2M/2Mi 7�b?BQM- �M/

r2 r�Mi iQ T`QpB/2 T`Bp�+v �b T2` i?2 /2;`22 Q7 QmiHvBM;M2bb Q7 2�+? `2+Q`/ Ur?B+?

Bb `2[mB`2/ iQ K�F2 i?2 �M�HvbBb mb27mHV- i?Bb MQiBQM Q7 T`Bp�+v U7Q` bBKBH�` `2�bQMb

/Bb+mbb2/ �#Qp2V Bb �HbQ MQi �TTHB+�#H2X

�b QTTQb2/ iQ S2`bQM�HBx2/ T`Bp�+v- h�BHQ`2/ U/Bz2`2MiB�HV T`Bp�+v [m�MiB}2b � H2p2H

Q7 T`Bp�+v 7Q` 2�+? `2+Q`/ �b � 7mM+iBQM Q7 i?2 `2+Q`/ �M/ i?2 /�i�#�b2 (kN)X h?mb

Bi �HHQrb QM2 iQ i�BHQ` i?2 T`Bp�+v ;m�`�Mi22 �+`Qbb �HH `2+Q`/bX PmiHB2` T`Bp�+v- �M

BMbi�MiB�iBQM Q7 i�BHQ`2/ T`Bp�+v- /2}M2b T`Bp�+v BM i?2 T`2b2M+2 Q7 QmiHB2`b- ?Qr2p2`-

i?2 T`Q#H2K i?�i (kN) 7Q+mb2b QM Bb Q`i?Q;QM�H iQ Qm`b �b Bi �BKb iQ T`Qi2+i QmiHB2`b

rBi? ?B;?2` T`Bp�+v ;m�`�Mi22 +QKT�`2/ iQ `2bi Q7 i?2 `2+Q`/b BM i?2 /�i�X "2HQr- r2

/Bb+mbb bQK2 HBKBiBM; 72�im`2b Q7 QmiHB2` T`Bp�+v iQ ?B;?HB;?i i?2 T`Q#H2Kb Bi T`2b2Mib

BM +�``vBM; Qmi �M �++m`�i2 T`Bp�i2 QmiHB2` �M�HvbBbX

PmiHB2` T`Bp�+v ě r?2`2BM i?2 /2}MBiBQM Q7 QmiHB2` Bb K2+?�MBbK /2T2M/2Mi ě

�zQ`/b � bi`QM;2` T`Bp�+v ;m�`�Mi22 iQ QmiHB2`b U/2T2M/BM; mTQM i?2B` /2;`22 Q7 Qmi@

HvBM;M2bbV +QKT�`2/ iQ i?2 Qi?2` `2+Q`/b BM i?2 /�i�X h?2 MQiBQM Q7 QmiHB2` i?�i (kN)

mb2b Bb 2[mBp�H2Mi iQ i?�i Q7 (β ≥ 1, 0)@�MQK�Hv 7Q` ?BbiQ;`�K@`2H2�bBM; K2+?�MBbKbX

>Qr2p2`- i?Bb MQiBQM Q7 QmiHB2` Bb iQQ bBKTH2 iQ rQ`F BM T`�+iB+2 7Q` K�Mv i�bFbX AM

KQbi T`�+iB+�H +�b2b i?2 QmiHvBM;M2bb Q7 � `2+Q`/ i �HbQ /2T2M/b mTQM Qi?2` `2+Q`/b BM

i?2 /�i� i?�i �`2 /Bz2`2Mi 7`QK i- �M/ i?Bb M�im`2 Q7 /�i�@/2T2M/2M+2 Kmbi #2 i�F2M
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BMiQ �++QmMiX 6m`i?2`KQ`2- r?2M r2 T`QpB/2 KQ`2 T`Bp�+v iQ QmiHB2`b- i?2 miBHBiv Q7 i?2

QmiHB2` �M�HvbBb /2;`�/2b- 2p2M KQ`2 i?�M r?2M r2 mb2 TH�BM /Bz2`2MiB�H T`Bp�+vX G�biHv-

i?2 K2+?�MBbKb BMi`Q/m+2/ BM (kN) /Q MQi �//`2bb i?2 T`Q#H2K Q7 B/2MiB7vBM; QmiHB2`b BM

i?2 /�i�X h?mb- i?2 �TTHB+�iBQMb Q7 i?Bb rQ`F U(kN)V �`2 �HbQ HBKBi2/X q2 T`QTQb2 i?2

MQiBQM Q7 b2MbBiBp2 T`Bp�+v iQ �//`2bb i?2 �#Qp2 K2MiBQM2/ b?Q`i+QKBM;bX �//BiBQM�HHv-

r2 +QMbB/2` QmiHB2` KQ/2Hb i?�i �`2 KQ`2 ;2M2`�H �M/ /2p2HQT +QMbi`m+iBQMb �M/ � +QK@

TBH2` iQ ;Bp2 K2+?�MBbKb iQ B/2MiB7v QmiHB2`b BM i?2 /�i� ě i?2b2 +QMbi`m+iBQMb vB2H/

K2+?�MBbKb i?�i T`2b2`p2 miBHBiv �M/ T`Qi2+i T`Bp�+vX

6BM�HHv- r2 HQQF �i �MQK�Hv@`2bi`B+i2/ U/Bz2`2MiB�HV T`Bp�+v (k3) i?�i /Q2b i�F2 BMiQ

�++QmMi i?2 /�i�@/2T2M/2Mi M�im`2 Q7 �MQK�HB2b UBX2X QmiHB2`VX >Qr2p2`- Bi /Q2b bQ BM

� `�i?2` `2bi`B+i2/ b2iiBM;, BM (k3) i?2 BMTmi /�i�#�b2b �`2 ;m�`�Mi22/ iQ ?�p2 QMHv QM2

QmiHB2`- � bi`m+im`2 MQi T`2b2Mi BM ivTB+�HHv �p�BH�#H2 /�i�#�b2b- r?B+? Bb BM �//BiBQM

iQ Qi?2` `2bi`B+iBQMb QM i?2 BMTmi /�i�#�b2X �Hi?Qm;? Bi ?�b bQK2 i?2Q`2iB+�H p�Hm2-

�MQK�Hv@`2bi`B+i2/ T`Bp�+v Bb BM�TTHB+�#H2 7Q` KQbi T`�+iB+�H b2iiBM;b 7Q` QmiHB2` �M�HvbBbX

a2MbBiBp2 T`Bp�+v /Q2b MQi K�F2 bm+? `2bi`B+iBM; �bbmKTiBQMbX 6m`i?2`KQ`2- Bi Bb 2�bv

iQ BMi2`T`2i- �K2M�#H2 iQ �M�HvbBb- �M/ 2{+B2MiHv `2�HBx�#H2 BM T`�+iB+2X

�Hi?Qm;? QmiHB2` �M�HvbBb Bb � 7mM/�K2Mi�H /�i� �M�HvbBb i�bF rBi? MmK2`Qmb �T@

THB+�iBQMb BM p�`BQmb /QK�BMb- Bi ?�b QMHv #22M �M�Hvx2/ 7Q` � 72r bT2+B�HBx2/ +�b2b Q7

/�i� T`Bp�+v (jR- kN- 8k- 8j- k3)X 6Q` BMbi�M+2- QM2 +�M mb2 /Bz2`2MiB�H T`Bp�+v iQ }M/

i?2 MmK#2` Q7 QmiHB2`b BM i?2 /�i� (8k)- iQ /Bb+Qp2` �HH i?2 QmiHB2`b BM /Bbi`B#mi2/ /�i�

Ur?2`2 /Bz2`2Mi T�`iB2b ?�p2 /Bz2`2Mi b2i Q7 `2+Q`/b Q7 i?2 /�i�V (89- 89)- Q` iQ }M/ B7

i?2`2 Bb �M 2TB/2KB+ Qmi#`2�F (jR)X >Qr2p2`- iQ }M/ �M QmiHB2` BM i?2 /�i� �M/ B/2MiB7v

i?2 i�`;2i2/ TQTmH�iBQM BM � M2irQ`F- r2 M22/ iQ mb2 p�`B�Mib Q7 /Bz2`2MiB�H T`Bp�+v

bQ i?�i r2 +�M ;m�`�Mi22 T`Bp�+v rBi?Qmi K�FBM; i?2 �M�HvbBb 7miBH2 (kN- 8j- k3)X AM

*?�Ti2` 8- r2 T`QpB/2 � ;2M2`�H 7`�K2rQ`F 7Q` /�i� �M�Hvbib- r?B+? +�M #2 mb2/ iQ

+�``v Qmi QmiHB2` �M�HvbBb r?BH2 T`2b2`pBM; #Qi? T`Bp�+v �M/ �++m`�+vX
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kXj S`2HBKBM�`B2b, LQi�iBQMb- .2}MBiBQMb- �M/ a2iiBM;b

kXjXR .�i�#�b2b

q2 +QMbB/2` � /�i�#�b2 �b � KmHiBb2i Q7 2H2K2Mib 7`QK �M �`#Bi`�`v }MBi2 b2i X - i?2

b2i Q7 TQbbB#H2 p�Hm2b Q7 `2+Q`/bX 6Q` BMbi�M+2- r?2M � `2+Q`/ +QMbBbib Q7 m �ii`B#mi2b-

X =
∏m

t=1At- r?2`2 At Bb i?2 b2i Q7 p�Hm2b Q7 i?2 tth�ii`B#mi2X q2 �bbmK2 i?�i 2�+?

`2+Q`/ BM �Mv ;Bp2M /�i�#�b2 Bb �bbQ+B�i2/ rBi? � /BbiBM+i BM/BpB/m�HX

q2 `2T`2b2Mi � /�i�#�b2 x �b � ?BbiQ;`�K BM D = {y ∈ NX : ||y||1 < ∞}- r?2`2

D Bb i?2 b2i Q7 �HH TQbbB#H2 /�i�#�b2b- N = {0, 1, 2, . . . }- �M/ || · ||1 `2T`2b2Mib #1 MQ`KX

6Q` �Mv /�i�#�b2 x �M/ i ∈ X - xi Bb i?2 MmK#2` Q7 `2+Q`/b BM x i?�i �`2 B/2MiB+�H iQ i-

i ∈ x /2MQi2b � `2+Q`/ i Bb T`2b2Mi BM � /�i�#�b2 x UBX2X xi ≥ 1Vc i /∈ x /2MQi2b MQ `2+Q`/

Q7 p�Hm2 i Bb T`2b2Mi BM i?2 /�i�#�b2 UBX2X xi = 0VX 6Q` �Mv i ∈ X - r2 mb2 2i iQ /2MQi2

i?2 /�i�#�b2 +QMbBbiBM; QMHv Q7 QM2 `2+Q`/ Q7 p�Hm2 i- i?�i Bb- 2i
i = 1 �M/ 7Q` �HH j &= i-

2i
j = 0X

kXjXk PmiHB2`b UBX2X �MQK�HB2bV

q2 `2T`2b2Mi � ;Bp2M QmiHB2` KQ/2H UBX2X +?�`�+i2`Bx�iBQM Q7 r?�i K�F2b � `2+Q`/ �M

QmiHB2`V �b � T`2/B+�i2- F - i?�i Bb- � 7mM+iBQM r?Qb2 `�M;2 Bb i?2 b2i {0, 1}X h?2 /QK�BM

Q7 i?2 T`2/B+�i2 Bb /2+B/2/ #v i?2 ivT2 Q7 i?2 QmiHB2`- i?�i Bb- r?2i?2` i?2 QmiHB2` Bb �

`2+Q`/ Q` �M 2p2MiX >2M+2- r2 +QMbB/2` i?2 irQ /Bz2`2Mi ivT2b Q7 QmiHB2`b, URV QmiHB2` Bb

� `2+Q`/ U2X;X � i`�Mb�+iBQMV �M/ UkV QmiHB2` Bb �M 2p2Mi U2X;X 2TB/2KB+V #mi i?2 /�i�#�b2

+QMbBbib Q7 `2+Q`/b U2X;X i?2 ?2�Hi? `2+Q`/bVX h?2 K�BM 7Q+mb Q7 i?Bb /Bbb2`i�iBQM- 2t+2Ti

7Q` *?�Ti2` d- Bb QM i?2 i?2 }`bi ivT2 Q7 QmiHB2`b Ur?2`2 i?2 QmiHB2` Bb � `2+Q`/VX

6Q` URV- r2 `2T`2b2Mi i?2 ;Bp2M QmiHB2` KQ/2H #v � T`2/B+�i2- F - Qp2` i?2 /QK�BM

X × D- BX2X F : X × D → {0, 1}X LQr- 7Q` �Mv /�i�#�b2 x ∈ D �M/ `2+Q`/ i ∈ X -

F (i, x) = 1 B7 � `2+Q`/ Q7 p�Hm2 i Bb �M QmiHB2` rBi? `2bT2+i iQ i?2 /�i�#�b2 x- Qi?2`rBb2

F (i, x) = 0X q2 2KT?�bBx2 i?�i 7Q` i?2 T`2/B+�i2 iQ #2 i`m2- � `2+Q`/ Q7 p�Hm2 i M22/

MQi T`2b2Mi BM x- M�K2Hv- F (i, x) = 1 /Q2b MQi BKTHv i ∈ xX aBKBH�`Hv- 7Q` UkV- r2 /2}M2

� T`2/B+�i2 F̃ #mi Qp2` i?2 /QK�BM E ×D 7Q` � ;Bp2M QmiHB2` KQ/2H- r?2`2 E Bb i?2 b2i

Q7 2p2Mib mM/2` +QMbB/2`�iBQMX



RN

� `2H�i2/ �M/ BKTQ`i�Mi +QM+2Ti i?�i r2 mb2 BM Qm` �M�HvbBb Bb Q7 MQ`K�HBiv T`QT2`ivX

6Q` � }t2/ QmiHB2` KQ/2H F - � MQ`K�HBiv T`QT2`iv Bb � T`2/B+�i2 p : X × D → {0, 1}

bm+? i?�i 7Q` 2p2`v x ∈ D �M/ 2p2`v i ∈ X - p(i, x) = 1 B7 i ∈ x UBX2X i Bb T`2b2Mi BM xV

�M/ F (i, x) = 0 UBX2X i Bb � MQM@QmiHB2`- BX2X MQi �M QmiHB2`- rBi? `2bT2+i iQ xVX AM i?Bb

/Bbb2`i�iBQM- r2 mb2 i?Bb MQiBQM QMHv 7Q` i?2 +�b2 r?2M �M QmiHB2` Bb � `2+Q`/X

q2 Kmbi MQi2 i?�i MQ`K�HBiv T`QT2`iv �M/ QmiHB2` KQ/2H �`2 irQ +HQb2Hv `2H�i2/

+QM+2Tib #mi �`2 MQi i?2 b�K2X h?Bb Bb i?2 +�b2 bBM+2 MQ`K�HBiv Bb �HbQ T`2/B+�i2/ QM

i?2 T`2b2M+2 UQ` 2tBbi2M+2V Q7 i?2 `2+Q`/ BM i?2 ;Bp2M /�i�#�b2- r?B+? Bb MQi i?2 +�b2 7Q`

QmiHB2` KQ/2HX q2 �HbQ `2K�`F i?�i r?2M2p2`- BM Qm` �M�HvbBb- r2 }t � MQ`K�HBiv T`QT@

2`iv- r2 �bbmK2 Bi +Q``2bTQM/b iQ �M �`#Bi`�`BHv }t2/ QmiHB2` KQ/2H mMH2bb K2MiBQM2/

Qi?2`rBb2X h?mb- 7Q` bBKTHB+Biv- r?2M r2 i�HF �#Qmi MQ`K�HBiv T`QT2`iv- r2 QKBi i?2

K2MiBQM Q7 i?2 QmiHB2` KQ/2H UBX2X F VX

6BM�HHv- r2 mb2 P = {T`QT2`iv : X × D → {0, 1}} iQ /2MQi2 i?2 b2i i?�i +QMi�BMb

2p2`v T`QT2`iv UBX2X 7mM+iBQMV 7`QK X × D iQ {0, 1}- r?2`2BM i?2 b2i Q7 �HH MQ`K�HBiv

T`QT2`iB2b K�F2b � bm#b2i Q7 PX

�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM,

q2 MQr BMi`Q/m+2 i?2 BKTQ`i�Mi MQiBQM Q7 �MQK�Hv B/2MiB}+�iBQM 7mM+iBQM- r?B+? i2HHb

mb B7 � `2+Q`/ Bb T`2b2Mi BM i?2 /�i�#�b2 �b �M �MQK�HQmb `2+Q`/X 6Q` � }t2/ QmiHB2`

KQ/2H- r2 b�v � #QQH2�M 7mM+iBQM g : X × D → {0, 1} Bb �M �MQK�Hv B/2MiB}+�iBQM

7mM+iBQM B7 7Q` 2p2`v `2+Q`/ i ∈ X �M/ /�i�#�b2 x ∈ D- g(i, x) = 1 B7 �M/ QMHv B7 i ∈ x

�M/ i Bb �M �MQK�HQmb `2+Q`/ rBi? `2bT2+i iQ x ě MQi2 i?�i MQ +?�M;2 Bb K�/2 iQ xX

Pm` +QMbi`m+iBQMb U;Bp2M BM *?�Ti2` 9V rBHH 7Q+mb QM i?2 �#Qp2 7Q`KmH�iBQM Q7 B/2MiB@

7vBM; �MQK�HB2b #2+�mb2 Bi `2T`2b2Mib � 7mM/�K2Mi�H �M/ QM2 Q7 i?2 KQbi /B{+mHi +�b2b

Q7 T`Bp�i2 QmiHB2` �M�HvbBb- 2bT2+B�HHv- 7Q` /Bz2`2MiB�H T`Bp�+v HBF2 /2}MBiBQMb Q7 /�i�

T`Bp�+v �b r2 rBHH b22 BM *?�Ti2` j �M/ *?�Ti2` 9X �Hi2`M�iBp2Hv- r2 +QmH/ ?�p2 /2}M2/

g rBi?Qmi T`2/B+�iBM; QM i?2 2tBbi2M+2 Q7 i BM xX >Qr2p2`- r?2M r2 /`QT i?2 T`2/B+�i2

QM i?2 2tBbi2M+2 Q7 i- r2 BM 2z2+i #Hm` i?2 /BbiBM+iBQM #2ir22M i?2 MQiBQM Q7 � pQB/ bTQi

Ui?�i BM � /Bz2`2Mi /�i�#�b2 +QmH/ ?�p2 #22M Q++mTB2/ #v � `2+Q`/V BM i?2 /�i�#�b2 �M/



ky

i?2 MQiBQM Q7 �M �MQK�HvX q2- ?Qr2p2`- MQi2 i?�i i?2 �#Qp2 ;Bp2M 7Q`KmH�iBQM Bb 2ti2M@

bB#H2 iQ i?2 +�b2 r?2`2 i?2 /�i�#�b2- Qp2` r?B+? �MQK�Hv B/2MiB}+�iBQM Bb T2`7Q`K2/- Bb

+QMbB/2`2/ iQ BM+Hm/2 i?2 `2+Q`/ 7Q` r?B+? �MQK�Hv B/2MiB}+�iBQM Bb /2bB`2/X >2`2- 7Q`

2t�KTH2- i?2 �MQK�Hv B/2MiB}+�iBQM 7Q` � `2+Q`/ i Qp2` � /�i� x +�M #2 +QKTmi2/ Qp2`

i?2 /�i�#�b2 i?�i +QMbBbib Q7 �HH i?2 `2+Q`/b BM x �b r2HH �b i?2 `2+Q`/ iX

Pm` 7Q+mb2/ �MQK�Hv UQmiHB2`V KQ/2H,

q2 7Q+mb QM (β, r)@�MQK�Hv �b i?2 MQiBQM Q7 QmiHB2` 7Q` Qm` /Bb+mbbBQMb �M/ iQ BMbi�MiB�i2

Qm` +QMbi`m+iBQMb iQ /2p2HQT2/ b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK iQ B/2MiB7v �MQK�HB2bX LQi

QMHv Bb Bi Bb � T`2p�H2Mi QmiHB2` KQ/2H BM T`�+iB+2- Bi ;2M2`�HBx2b K�Mv bi�iBbiB+�H #�b2/

QmiHB2` KQ/2Hb- �M/ Bi ?�b K�Mv r2HH@FMQrM p�`B�Mib �M/ 2ti2MbBQMb (9R- 88- e) ě �M/

Qm` rQ`F M�im`�HHv 2ti2M/b iQ i?2KX lM/2` (β, r)@�MQK�Hv KQ/2H- r2 +QMbB/2` � `2+Q`/

iQ #2 �MQK�HQmb UBX2X QmiHB2`V B7 i?2`2 �`2 �i KQbi β `2+Q`/b bBKBH�` iQ Bi- BX2X rBi?BM

/Bbi�M+2 r Ub22 i?2 /2}MBiBQM ;Bp2M #2HQrVX h?2 T�`�K2i2`b β �M/ r �`2 ;Bp2M #v i?2

/QK�BM 2tT2`ib (88) Q` 7QmM/ i?`Qm;? 2tTHQ`�iQ`v �M�HvbBbX

q2 mb2 i?2 7QHHQrBM; MQi�iBQM iQ ;Bp2 i?2 /2}MBiBQM Q7 (β, r)@�MQK�HvX 6Q` �Mv

/�i�#�b2 x- `2+Q`/ i ∈ X - r ≥ 0- �M/ � /Bbi�M+2 7mM+iBQM d : X × X → R≥0- Bx(i, r) =
∑

j∈X :d(i,j)≤r
xj X

.2}MBiBQM kXR U(β, r)@�MQK�Hv (88)VX �M �MQK�Hv Bb /2}M2/ 7Q` � /�i�#�b2 x ∈ NX

�M/ � `2+Q`/ i ∈ X �b 7QHHQrbX q2 b�v i?�i i Bb � (β, r)@�MQK�Hv BM i?2 /�i�#�b2 x B7

i ∈ x UBX2X i Bb T`2b2Mi BM xV- �M/ Bx(i, r) ≤ β UBX2X i?2`2 �`2 �i KQbi β `2+Q`/b BM x

i?�i �`2 rBi?BM /Bbi�M+2 r 7`QK iVX

q?2M2p2` r2 `272` iQ � (β, r)@�MQK�Hv- r2 �bbmK2 i?2`2 Bb �M �`#Bi`�`BHv }t2/ /Bb@

i�M+2 7mM+iBQM d Qp2` X × X X

S`�+iB+�H b2iiBM; 7Q` QmiHB2`b,

q2 +QMbB/2` i?�i /�i�#�b2b �`2 URV ivTB+�HHv bT�`b2 �M/ UkV +QMi�BM � bK�HH MmK#2` Q7

QmiHB2`bX "v bT�`bBiv- r2 K2�M i?�i i?2 bBx2 U|x|V Q7 i?2 /�i�#�b2 x Bb Km+? bK�HH2`

i?�M i?2 bBx2 Q7 X - BX2X |x| << |X |X h?2 2KTB`B+�H 2pB/2M+2 bmTTQ`ib i?Bb #2HB27 ě b22



kR

6B;m`2 kXj, � `2�H@rQ`H/ /�i�b2i rBi? QmiHB2`b U7`QK P..a (R)VX "Hm2 TQBMib �`2 MQM@
QmiHB2`bX P`�M;2 TQBMib �`2 QmiHB2`bX

(k9) �M/ i?2 �M�HvbBb ;Bp2M #2HQrX J�Mv QmiHB2` KQ/2Hb- r?B+? �`2 mb2/ BM � rB/2 `�M;2

Q7 T`�+iB+�HHv BKTQ`i�Mi �TTHB+�iBQMb (e- jj)- `2Hv QM i?2b2 �bbmKTiBQMb iQ +?�`�+i2`Bx2

QmiHvBM;M2bbX

q2 �M�Hvx2/ KmHiBp�`B�i2 /�i�b2ib 7`QK l*A /�i� HB#`�`v (8e) iQ p�HB/�i2 Qm` �b@

bmKTiBQMbX 6B`bi- r2 iQQF +�i2;Q`B+�H /�i�b2ib rBi? bBx2 �i H2�bi 30- r?B+? r2`2 MQi

�`iB}+B�HHv ;2M2`�i2/ 7`QK � /2+BbBQM KQ/2Hc Qmi Q7 30- i?Bb ;�p2 mb 18 /�i�b2ibX q2

}ii2/ irQ HBM2�` KQ/2H UpB� H2�bi b[m�`2bV- QM2 7Q` |x| �M/ i?2 Qi?2` 7Q` log2(|X |) 7Q` BM@

/2T2M/2Mi p�`B�#H2 m- i?2 MmK#2` Q7 �ii`B#mi2bX h?Bb ;�p2 mb |x| ≈ 14672.8m− 216430

�M/ |X | ≈ 20.9m+12X a2+QM/- r2 p�HB/�i2/ i?2 �bbmKTiBQM Q7 bT�`bBiv QM +QMiBMmQmb

/�i� pB� /Bb+`2iBx�iBQMěQmi Q7 155 +QMiBMmQmb /�i�b2ib QMHv 11 ?�p2 |x| < mX 6Q` `2bi

UBX2X 144V Q7 i?2 /�i�b2ib- r2 7QHHQr2/ (8d) iQ /Bb+`2iBx2 2�+? Q7 m +QMiBMmQmb �ii`B#mi2b

BMiQ k BMi2`p�Hb- r?2`2 k ≈
√

|x| · # 7Q` � +QMbi�Mi # > 0X h?2 #2bi }ii2/ HBM2�` KQ/2H

7Q` |x| ;�p2 mb |x| ≈ 2× 105 + 8m- r?2`2�b |X | ≈ exp(m ln(
√
|x|))X

kXjXj S`Bp�+v

�HH i?2 T`Bp�+v@T`Qi2+iBM; K2+?�MBbKb U�H;Q`Bi?KbV i?�i r2 +QMbB/2` ?2`2 ?�p2 /QK�BM

DX h?Bb Bb � bi�M/�`/ T`�+iB+2 �M/ BM MQ r�v /Q2b Bi r2�F2M i?2 `2bmHib Q` i?2 T`Bp�+v

;m�`�Mi22X



kk

.Bz2`2MiB�H T`Bp�+v,

.2}MBiBQM kXk U/Bz2`2MiB�H T`Bp�+v (9e- kk)VX 6Q` �Mv ;Bp2M ε > 0 �M/ K2+?�MBbK M

UrBi? /QK�BM DV- r2 b�v M Bb ε@/Bz2`2MiB�HHv T`Bp�i2 B7 7Q` 2p2`v x, y ∈ D bm+? i?�i

||x− y||1 = 1- �M/ 2p2`v R ⊆ Range(M)-

S (M(x) ∈ R) ≤ eεS (M(y) ∈ R) .

q2 BKTHB+BiHv �bbmK2 i?�i i?2 RǶb �`2 +?Qb2M bm+? i?�i i?2 2p2Mib ǳM(x) ∈ RǴ �`2

K2�bm`�#H2X

.Bz2`2MiB�H T`Bp�+v 2MDQvb BKTQ`i�Mi T`QT2`iB2b Q7 +QKTQbBiBQM �M/ TQbi@T`Q+2bbBM;X

h?2b2 T`QT2`iB2b ;Bp2 mb � r�v iQ /2i2`KBM2 �M Qp2`�HH T`Bp�+v ;m�`�Mi22 7Q` � /�i�

�M�HvbBb i?�i BMpQHp2b K�Mv K2+?�MBbKb �M/ /Bz2`2MiB�HHv T`Bp�i2 �Mbr2`bX

*QKTQbBiBQM, h?2`2 �`2 irQ ivT2b Q7 +QKTQbBiBQMb, b2[m2MiB�H +QKTQbBiBQM �M/

T�`�HH2H +QKTQbBiBQMbX

a2[m2MiB�H +QKTQbBiBQM bi�i2b i?�i B7 r2 ?�p2 �M ε1@.S K2+?�MBbK M1 : D → R1

�M/ �M ε2@.S K2+?�MBbK M2 : D × R1 → R2- #Qi? rBi? i?2B` BM/2T2M/2Mi bQm`+2b

Q7 `�M/QKM2bb- i?2M i?2 K2+?�MBbK M(·) = (r = M1(·),M2(·, r)) Bb (ε1 + ε2)@.SX 6Q`

BMbi�M+2- r?2M i?2 b�K2 /�i�#�b2 Bb mb2/ iQ +QKTmi2 n `2bmHib mbBM; n BM/2T2M/2Mi

/Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbKb- 2�+? rBi? T`Bp�+v ε- i?2 �M�HvbBb Qp2`�HH Bb nε@.SX

S�`�HH2H +QKTQbBiBQM- ?Qr2p2`- Bb mb27mH r?2M r2 ?�p2 K2+?�MBbKb i?�i mb2 /BbDQBMi

7`�;K2Mib UBX2X � bm#b2i Q7 `2+Q`/bV Q7 � /�i�#�b2X G2i mb b�v r2 ?�p2 �M ε1@.S

K2+?�MBbK M1 : D → R1 �M/ �M ε2@.S K2+?�MBbK M2 : D → R2 U#Qi? mb2 BM/2T2M/2Mi

bQm`+2b Q7 `�M/QKM2bbVX M1 QMHv mb2b Bib `�M/QKM2bb �M/ i?2 `2+Q`/b BM i?2 /�i�#�b2

i?�i #2HQM; iQ i?2 b2i J ⊆ X - r?2`2�b M1 mb2b Bib `�M/QKM2bb �M/ i?2 `2+Q`/b BM i?2

/�i�#�b2 i?�i �`2 BM X \ J X h?2M i?2 K2+?�MBbK M(·) = (M1(·),M2(·)) Bb max(ε1, ε2)@

/Bz2`2MiB�HHv T`Bp�i2X

SQbi@T`Q+2bbBM;, .Bz2`2MiB�H T`Bp�+v ;m�`�Mi22 /Q2b MQi +?�M;2 #v 7m`i?2` T`Q@

+2bbBM; � /Bz2`2MiB�HHv T`Bp�i2 `2bmHiX h?�i Bb- B7 � K2+?�MBbK- M : D → R- Bb ε@.S-

i?2M 7Q` 2p2`v 7mM+iBQM f : R → K- f(M(·)) Bb �HbQ ε@.SX



kj

S`Bp�i2 �MQK�Hv B/2MiB}+�iBQM [m2`v U�AZV,

:Bp2M �M �MQK�Hv B/2MiB}+�iBQM 7mM+iBQM- g- � [m2`v i?�i �bFb 7Q` r?2i?2` � T�`iB+mH�`

`2+Q`/ i Bb �M �MQK�Hv Bb `272``2/ iQ �b �MQK�Hv B/2MiB}+�iBQM [m2`v U�AZVX aBM+2-

i?2 BMTmi iQ i?2 T`Bp�i2 K2+?�MBbK Bb QMHv i?2 /�i�#�b2- 7Q` �AZ- r2 +QMbB/2` i?2

[m2`v Bb 7Q` � }t2/ `2+Q`/X h?mb- r2 bT2+B7v �M �AZ #v i?2 T�B` (i, g)- r?2`2 i Bb �

`2+Q`/ �M/ g Bb �M �MQK�Hv B/2MiB}+�iBQM 7mM+iBQMX hQ bBKTHB7v i?2 MQi�iBQM- r2 �HbQ

/2TB+i �M �AZ �b giX LQr- 7Q` � }t2/ �AZ- (i, g)- � T`Bp�i2 �MQK�Hv B/2MiB}+�iBQM

K2+?�MBbK- M : D → {0, 1} +�M #2 `2T`2b2Mi2/ #v Bib /Bbi`B#miBQM- r?2`2 7Q` 2p2`v x-

S (M(x) = gi(x)) Bb i?2 T`Q#�#BHBiv i?2 M QmiTmi +Q``2+iHv- �M/ S (M(x) &= gi(x)) Bb

i?2 T`Q#�#BHBiv i?�i M 2``b QM xX

S`Bp�+v BM/m+2/ ;`�T?b,

q2 mb2 � ;`�T?@#�b2/ 7Q`KmH�iBQM iQ /2}M2 T`Bp�+v 7Q` QmiHB2` �M�HvbBb- �M/ ;Bp2 Qm`

+QMbi`m+iBQMb iQ B/2MiB7v QmiHB2`b BM � T`Bp�+v@T`Qi2+iBM; r�vX h?2b2 ;`�T?b �`2 BM/m+2/

#v /Bz2`2MiB�H T`Bp�+v HBF2 /2}MBiBQMb- �M/ i?2v TH�v � +2Mi`�H `QH2 BM Qm` �M�HvbBb- 7Q`

2t�KTH2- b22 (83- 93- 9N)X q2 +QMbB/2` bBKTH2 ;`�T?b Qp2` i?2 /�i�#�b2b �M/ +�HH i?2K

M2B;?#Q`?QQ/ ;`�T?bX h?2 /2}MBiBQM Bb �b 7QHHQrb,

.2}MBiBQM kXj UM2B;?#Q`?QQ/ ;`�T?VX � ;`�T? G = (D, E)- r?2`2 D Bb i?2 b2i Q7

�HH MQ/2b- Bb +�HH2/ � M2B;?#Q`?QQ/ ;`�T? B7 i?2 b2i Q7 2/;2b- E- Bb bm+? i?�i E ⊆
{
{x, y} : x, y ∈ D �M/ ||x− y||1 = 1

}
X

6Q` �Mv ;Bp2M M2B;?#Q`?QQ/ ;`�T?- G- r2 /2}M2 b?Q`i2bi T�i? K2i`B+ Qp2` 2�+? Q7 i?2

+QMM2+i2/ +QKTQM2Mi- G′ Q7 G- BX2X dG′ - r?B+? ;Bp2b i?2 b?Q`i2bi T�i? H2M;i? #2ir22M

�Mv irQ MQ/2b Q7 i?2 +QMM2+i2/ +QKTQM2Mi G′- r?2`2 i?2 T�i? H2M;i? +Q``2bTQM/BM;

iQ �Mv irQ MQ/2b /B`2+iHv +QMM2+i2/ #v �M 2/;2 Bb 1 ě r2 `272` iQ i?Bb K2i`B+ �b i?2

b?Q`i2bi T�i? K2i`B+X 6Q` bBKTHB+Biv- r2 �#mb2 i?2 MQi�iBQM- �M/ r`Bi2 dG iQ /2TB+i i?2

K2i`B+ Qp2` �HH i?2 +QKTQM2Mib Q7 i?2 M2B;?#Q`?QQ/ ;`�T? GX q2 bi`2bb i?2 7�+i i?�i i?2

dG Bb QMHv /2}M2/ 7Q` i?2 /�i�#�b2b - BX2X MQ/2b- i?�i �`2 +QMM2+i2/ BM GX 6m`i?2`KQ`2

2p2`v irQ /�i�#�b2 x �M/ y i?�i �`2 +QMM2+i2/ #v �M 2/;2 BM i?2 M2B;?#Q`?QQ/ ;`�T?

G UBX2X dG(x, y) = 1V �`2 +�HH2/ M2B;?#Q`bX
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6Q` �Mv ;Bp2M M2B;?#Q`?QQ/ ;`�T?- G- r2 mb2 E(G) iQ /2MQi2 i?2 b2i Q7 2/;2b BM

GX 6m`i?2`KQ`2- 7Q` �Mv ;Bp2M M2B;?#Q`?QQ/ ;`�T?b G �M/ G′- r2 b�v G′ Bb bm#;`�T?

Q7 G B7 E(G′) ⊆ E(G)X �b �M 2t�KTH2- H2i mb HQQF �i i?2 M2B;?#Q`?QQ/ ;`�T? BM/m+2/

#v /Bz2`2MiB�H T`Bp�+v- r?2`2 M2B;?#Q`b BM i?2 ;`�T? UBX2X MQ/2b +QMM2+i2/ #v �M 2/;2V

+Q``2bTQM/ iQ i?2 M2B;?#Q`BM; /�i�#�b2b BM /Bz2`2MiB�H T`Bp�+vX h?mb- i?2 M2B;?#Q`?QQ/

;`�T?- G- BM/m+2/ #v .S- Bb bm+? i?�i 7Q` 2p2`v x, y ∈ D- {x, y} ∈ E(G) B7 �M/ QMHv B7

||x − y||1 = 1X LQi2 i?�i G Bb � +QMM2+i2/ ;`�T?- BX2X 2p2`v MQ/2 BM G Bb +QMM2+i2/ iQ

2p2`v Qi?2` MQ/2 BM GX q2 +�M mb2 i?Bb ;`�T? iQ `2@bi�i2 /Bz2`2MiB�H T`Bp�+v #v BKTQbBM;

i?2 T`Bp�+v +QMbi`�BMib Q7 /Bz2`2MiB�H T`Bp�+v QM 2p2`v irQ MQ/2b- x �M/ y bm+? i?�i

dG(x, y) = 1 UBX2X i?2 M2B;?#Q`BM; MQ/2b BM GVX q2 +�HH G i?2 .S M2B;?#Q`?QQ/ ;`�T?X

LQi2 i?�i G ?�b �M BMi2`2biBM; �M/ mb27mH T`QT2`iv- i?�i Bb- 2p2`v M2B;?#Q`?QQ/ ;`�T?

Bb � bm#;`�T? Q7 GX

�MQi?2` BKTQ`i�Mi +QM+2Ti BM i?Bb +QMi2ti Bb i?�i Q7 GBTb+?Bix +QMiBMmBiv- � T`QT2`iv

Q7 � 7mM+iBQM f rBi? `2bT2+i iQ i?2 M2B;?#Q`?QQ/ ;`�T? GX q2 rBHH mb2 Bi iQ /2}M2 �

M2+2bb�`v +QMbi`�BMi 7Q` T`Bp�+v@T`Qi2+iBM; K2+?�MBbKb iQ B/2MiB7v QmiHB2`bX AM Qm`

2tTQbBiBQM r2 rBHH +QMbB/2` f 7`QK X × D iQ R≥0 ∪ {⊥}X aQ r2 2ti2M/ i?2 bi�M/�`/

MQiBQM Q7 GBTb+?Bix +QMiBMmBiv- +QMbB/2`2/ BM T`Bp�+v HBi2`�im`2 (83)- iQ +Qp2` i?2 MQM@`2�H

T�`i UBX2X ⊥V Q7 i?2 7mM+iBQM �b r2HHX

.2}MBiBQM kX9 UGBTb+?Bix +QMiBMmBivVX 6Q` �Mv ;Bp2M M2B;?#Q`?QQ/ ;`�T?- G- α > 0-

�M/ � 7mM+iBQM- f : X ×D → R≥0∪{⊥}- r2 b�v f Bb α@GBTb+?Bix +QMiBMmQmb B7 7Q` 2p2`v

i ∈ X �M/ M2B;?#Q`BM; x �M/ y BM G- i?2 7QHHQrBM; ?QH/b,

B7 f(i, x) = ⊥ Q` f(i, y) = ⊥ i?2M f(i, x) = f(i, y) = ⊥

Qi?2`rBb2 |f(i, x)− f(i, y)| ≤ α

S`Bp�+v b2iiBM;,

q2 +QMbB/2` i?2 i`mbi2/ +m`�iQ` b2iiBM; 7Q` T`Bp�+vX h?2 i`mbi2/ +m`�iQ` Bb � 7mHHv

i`mbi2/ i?B`/ T�`iv- r?Q ?�b �++2bb iQ i?2 /�i�#�b2X Ai `2+2Bp2b i?2 [m2`v U7Q` 2t�KTH2-

�M �AZV- mb2b � K2+?�MBbK iQ +QKTmi2 i?2 [m2`v- �M/ b2M/b i?2 `2bmHi #�+FX LQr- B7
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i?2 +m`�iQ` mb2b � U/Bz2`2MiB�HHvV T`Bp�i2 K2+?�MBbK- i?2M r2 �`2 ;m�`�Mi22/ i?�i i?2

[m2`v Bb �Mbr2`2/ BM � /Bz2`2MiB�HHv T`Bp�i2 7�b?BQMX



S�`i AA

h>1P_1hA*�G

.1o1GPSJ1Lha

ke
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*>�Sh1_ j

a2MbBiBp2 S`Bp�+v UaSV Ĝ �M AMi`B+�i2 "�H�M+2 Q7
S`Bp�+v �M/ liBHBiv

>2`2- r2 +QM+2Tim�HBx2 i?2 MQiBQM Q7 b2MbBiBp2 T`Bp�+v ě � /�i� T`Bp�+v /2}MBiBQM 7Q`

�MQK�Hv UBX2X QmiHB2`V �M�HvbBbX aT2+B}+�HHv- Bi Bb r2HH@bmBi2/ iQ /2i2+i �M/ B/2MiB7v

�MQK�HB2b- i?2 K�BM 7Q+mb Q7 i?Bb rQ`FX h?mb- ?2`2 r2 bQHp2 i?2 T`Q#H2K Q7 �++m`�i2-

T`Bp�i2- �M/ �H;Q`Bi?KB+ �MQK�Hv B/2MiB}+�iBQM- i?�i Bb- H�#2HBM; � `2+Q`/ �b �MQK�HQmb

Q` MQ`K�H #v �M �H;Q`Bi?KX AM i?Bb +?�Ti2`- r2 MQi QMHv /2}M2 i?2 M2r MQiBQM Q7 b2MbBiBp2

T`Bp�+v- #mi �HbQ /Bb+mbb r?v b2MbBiBp2 T`Bp�+v Bb BM/BbT2Mb�#H2- r?�i Bib bi`2M;i?b �`2-

�M/ ?Qr Bi Bb `2H�i2/ iQ Qi?2` BKTQ`i�Mi +QM+2Tib Q7 /�i� T`Bp�+vX AM i?2 M2ti +?�Ti2`-

r2 rBHH T`QpB/2 +QMbi`m+iBQMb iQ /2p2HQT b2MbBiBp2Hv T`Bp�i2 K2+?�MBbKb i?�i +�M B/2MiB7v

�MQK�HB2b �++m`�i2HvX

*Q`2 T`Bp�+v T`Q#H2KX JQ/2`M K2i?Q/b Q7 �MQK�Hv B/2MiB}+�iBQM H�#2H � `2+Q`/

�b �MQK�HQmb UQ` MQ`K�HV #�b2/ QM Bib /2;`22 Q7 /BbbBKBH�`Biv 7`QK i?2 Qi?2` 2tBbiBM;

`2+Q`/b BM i?2 /�i�#�b2 (8N- ey- eR- 88)X *QMb2[m2MiHv- i?2 H�#2HBM; Q7 � `2+Q`/ �b

�MQK�HQmb Bb bT2+B}+ iQ � /�i�b2i- �M/ FMQrBM; i?�i � `2+Q`/ Bb �MQK�HQmb +�M H2�F �

bB;MB}+�Mi �KQmMi Q7 BM7Q`K�iBQM �#Qmi i?2 Qi?2` `2+Q`/bX h?Bb ivT2 Q7 T`Bp�+v H2�F�;2

Bb i?2 +Q`2 Q#bi�+H2 i?�i �Mv T`Bp�+v@T`2b2`pBM; �MQK�Hv B/2MiB}+�iBQM K2i?Q/ Kmbi

Qp2`+QK2X h?2 +m``2Mi K2i?Q/b iQ T`Qi2+i T`Bp�+v Ur?B+? rQ`F r2HH 7Q` /QBM; bi�iBbiB+b

�M/ Qi?2` �;;`2;�i2 i�bFb (kk- kj)V- ?Qr2p2`- �`2 BM?2`2MiHv mM�#H2 iQ /2�H rBi? i?Bb

T`Q#H2K �M/ B/2MiB7v �MQK�HQmb `2+Q`/b �++m`�i2Hv �M/ T`Bp�i2HvX

h?Bb rQ`F Bb i?2 }`bi iQ /2p2HQT K2i?Q/b UBM � ;2M2`�H b2iiBM; r?2`2 �MQK�HB2b K�v

#2 /2}M2/ BM � /�i�@/2T2M/2Mi r�vV iQ �++m`�i2Hv B/2MiB7v B7 � `2+Q`/ Bb �MQK�HQmb

r?BH2 bBKmHi�M2QmbHv ;m�`�Mi22BM; T`Bp�+v #v K�FBM; Bi bi�iBbiB+�HHv BKTQbbB#H2 iQ BM72`
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B7 � MQM@�MQK�HQmb `2+Q`/ r�b BM+Hm/2/ BM i?2 /�i�#�b2X

6B;m`2 jXR, U�V x �M/ y /Bz2` #v QM2 `2+Q`/- i?2 ǳε �tBbǴ Bb 7Q` i?2 T`Bp�+v T�`�K2i2`-
i?2 ǳP (M(x) &= f(x)) �tBbǴ Bb 7Q` i?2 KBMBKmK 2``Q` Qp2` �HH ε@.S K2+?�MBbKb M QM
x 7Q` � ;Bp2 2``Q` QM y QM i?2 ǳP (M(y) &= f(y)) �tBbǴX h?2 ;`�T? /2TB+ib i?2 i`�/2@Qz
#2ir22M i?2 2``Q`b +QKKBii2/ QM x �M/ yX U#V i?Bb THQi Bb 7Q` ε = 1 �M/ Qi?2`rBb2 Bb
i?2 b�K2 #mi 7Q` /Bz2`2Mi xǶb �M/ yǶbX

jXR q?v .Q q2 L22/ � L2r S`Bp�+v LQiBQM\

*QMbB/2` i?2 i`mbi2/ +m`�iQ` b2iiBM; 7Q` T`Bp�+vX _2+�HH i?�i i?2 i`mbi2/ +m`�iQ` ?�b

�++2bb iQ i?2 /�i�#�b2- �M/ Bi �Mbr2`b i?2 �MQK�Hv B/2MiB}+�iBQM [m2`B2b mbBM; � K2+?@

�MBbKX L2ti- +QMbB/2` i?2 7QHHQrBM; MQiBQM Q7 T`Bp�+v, i?2 T`Bp�+v Q7 �M BM/BpB/m�H Bb

T`Qi2+i2/ B7 i?2 QmiTmi Q7 �M �MQK�Hv B/2MiB}+�iBQM K2+?�MBbK Bb mM�z2+i2/ #v i?2

T`2b2M+2 Q` i?2 �#b2M+2 Q7 i?2 BM/BpB/m�HǶb `2+Q`/ BM i?2 /�i�#�b2 Ur?B+? Bb i?2 BMTmi iQ

i?2 K2+?�MBbKVX h?Bb Bb i?2 MQiBQM Q7 T`Bp�+v r2 +QMbB/2` ?2`2X Ai T`Qi2+ib BM/BpB/m�Hb

�;�BMbi �Mv `BbF BM+m``2/ /m2 iQ i?2 T`2b2M+2 Q7 i?2B` BM7Q`K�iBQM BM i?2 /�i�#�b2 i?�i

Bb mb2/ iQ B/2MiB7v �MQK�HB2bX

_2+�HH 7`QK a2+iBQM kXk i?�i i?2 �#Qp2 MQiBQM Q7 T`Bp�+v r�b }`bi 7Q`K�HBx2/ BM i?2

b2KBM�H rQ`F Q7 /Bz2`2MiB�H T`Bp�+v (9e- kk) Ur?2`2 T`Bp�+v Bb [m�MiB}2/ #v � T�`�K2i2`

ε > 0, i?2 bK�HH2` i?2 ε- i?2 ?B;?2` i?2 T`Bp�+vV �M/ +�M BM7Q`K�HHv #2 bi�i2/ �b 7QHHQrb,

� `�M/QKBx2/ K2+?�MBbK i?�i i�F2b � /�i�#�b2 �b BMTmi Bb ε@/Bz2`2MiB�HHv T`Bp�i2 B7 7Q`

�Mv irQ BMTmi /�i�#�b2b /Bz2`BM; #v QM2 `2+Q`/- i?2 T`Q#�#BHBiB2b U+Q``2bTQM/BM; iQ i?2
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irQ /�i�#�b2bV Q7 Q++m``2M+2 Q7 �Mv 2p2Mi �`2 rBi?BM � KmHiBTHB+�iBp2 7�+iQ` eεX

lM7Q`imM�i2Hv- bBKTHv 2KTHQvBM; /Bz2`2MiB�H T`Bp�+v /Q2b MQi �//`2bb i?2 M22/ 7Q`

#Qi? T`Bp�+v �M/ T`�+iB+�HHv mb27mH �++m`�+v BM Qm` +�b2 Ub22 a2+iBQM kXk 7Q` r?v Qi?2`

/2}MBiBQMb /Q MQi bm{+2 7Q` Qm` +�b2VX 6Q` 2t�KTH2- T`QpB/BM; T`Bp�+v 2[m�HHv iQ

2p2`vQM2 b2p2`2Hv /2;`�/2b �++m`�+v BM B/2MiB7vBM; �MQK�HB2bX h?Bb Bb #2+�mb2- 7Q` �

/�i�#�b2- i?2 �//BiBQM Q7 � `2+Q`/ BM � `2;BQM r?B+? Bb bT�`b2 BM i2`Kb Q7 /�i� TQBMib

+`2�i2b �M �MQK�HvX *QMp2`b2Hv- i?2 `2KQp�H Q7 �M �MQK�HQmb `2+Q`/ ivTB+�HHv `2KQp2b

i?2 �MQK�Hv �HiQ;2i?2`X h?2`27Q`2- mM/2` /Bz2`2MiB�H T`Bp�+v i?2 �++m`�+v �+?B2p�#H2

7Q` �MQK�Hv B/2MiB}+�iBQM Bb HBKBi2/ �b 2tTH�BM2/ #2HQrX

.Bz2`2MiB�H T`Bp�+v 7Q` �Mv #BM�`v 7mM+iBQM- f : D → {0, 1}- bm+? �b �MQK�Hv B/2M@

iB}+�iBQM- +QK2b rBi? BM?2`2Mi HBKBi�iBQMbX q2 ?B;?HB;?i i?2b2 HBKBi�iBQMb i?`Qm;? i?2

;`�T? Q7 6B;m`2 jXR�X

6Bt �Mv ε@.S K2+?�MBbK M i?�i Bb bmTTQb2/ iQ +QKTmi2 f X h?2 K2`2 7�+i i?�i f

Bb #BM�`v �M/ M Bb /Bz2`2MiB�HHv T`Bp�i2 ?�b i?2 7QHHQrBM; 2z2+iX

6Q` �Mv irQ /�i�#�b2b x �M/ y i?�i /Bz2` BM QM2 `2+Q`/- �bbmK2 i?�i f(x) = 0

�M/ f(y) = 1X LQr- � bBKTH2 +�H+mH�iBQM b?Qrb i?�i i?2 /Bz2`2MiB�H T`Bp�+v +QMbi`�BMib

+`2�i2 � i`�/2@Qz, r?2M2p2` M K�F2b � bK�HH 2``Q` BM +QKTmiBM; f(x) i?2M Bi Bb 7Q`+2/

iQ 2`` � HQi r?2M +QKTmiBM; QM Bib ǳM2B;?#Q`Ǵ y �M/ pB+2@p2`b�X JQ`2Qp2`- i?2 ?B;?2`

i?2 T`Bp�+v `2[mB`2K2Mib �`2 UBX2X 7Q` bK�HH2` εV i?2 bi`B+i2` i?Bb i`�/2@Qz Bb- �b /2TB+i2/

QM 6B;m`2 jXR�X 6Q`K�HHv- r2 bi�i2 i?Bb 7�+i BM *H�BK jXRX

*H�BK jXRX �`#Bi`�`BHv }t ε > 0- f : D → {0, 1}- �M/ ε@.S M : D → {0, 1}X 6Q` 2p2`v

x �M/ y- B7 ||x− y||1 = 1 �M/ f(x) &= f(y)- i?2M

max{S
(
M(x) &= f(x)

)
,S

(
M(y) &= f(y)

)
} ≥ 1/(1 + eε)

q?�i ?�TT2Mb iQ i?Bb BM?2`2Mi i`�/2@Qz r?2M x �M/ y /Bz2` BM KQ`2 i?�M QM2 `2+Q`/\

�b b?QrM QM 6B;m`2 jXR# i?Bb i`�/2@Qz Bb `2H�t2/X LQi2 BM i?2 T`QQ7 Q7 *H�BK jXR U;Bp2M

#2HQrV i?�i iQ /2`Bp2 i?2 i`�/2@Qz- i?2`2 Bb MQi?BM; bT2+B}+ iQ i?2 #1 K2i`B+ Umb2/

7Q` /Bz2`2MiB�H T`Bp�+vVc �M/ BMbi2�/ r2 +QmH/ ?�p2 mb2/ �Mv K2i`B+ Qp2` i?2 bT�+2 Q7

/�i�#�b2bX Pi?2` /�i� T`Bp�+v rQ`Fb i?�i +QMbB/2`2/ ;2M2`�H K2i`B+b �`2 2X;X (9N- 93)X

AM i?Bb /Bbb2`i�iBQM- r2 T`QTQb2b � /Bbi�M+2 K2i`B+ i?�i Bb �TT`QT`B�i2 7Q` �MQK�Hv
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B/2MiB}+�iBQM- BM +QMDmM+iBQM iQ �M �TT`QT`B�i2 `2H�t�iBQM Q7 /Bz2`2MiB�H T`Bp�+vX h?Bb

r�v r2 rBHH H�v Qmi � T`�+iB+�HHv K2�MBM;7mH U#mi �HbQ �K2M�#H2 iQ �M�HvbBbV T`Bp�+v

b2iiBM; 7Q` QmiHB2` �M�HvbBbX

P7 +Qm`b2- QM2 r�v iQ Q#pB�i2 i?2 HQr@miBHBiv T`Q#H2K Q7 /Bz2`2MiB�H T`Bp�+v Bb iQ

b2i � ?B;?2` p�Hm2 Q7 εX �Hi?Qm;? i?Bb �TT`Q�+? bQHp2b i?2 T`Q#H2K Q7 HQr@miBHBiv- Bi

b2p2`2Hv r2�F2Mb i?2 T`Bp�+v ;m�`�Mi22 7Q` 2p2`vQM2X h?mb- Bi Bb /2bB`�#H2 iQ ?�p2 �

MQiBQM Q7 T`Bp�+v i?�i �HHQrb 7Q` T`�+iB+�HHv K2�MBM;7mH miBHBiv r?BH2 T`QpB/BM; bi`QM;

T`Bp�+v ;m�`�Mi22 7Q` KQbi Q7 i?2 `2+Q`/b ě b2MbBiBp2 T`Bp�+v 7mH}HHb i?Bb `2[mB`2K2MiX

S`QQ7 Q7 *H�BK jXRX �`#Bi`�`BHv }t ε > 0- f : D → {0, 1}- ε@/Bz2`2MiB�HHv T`Bp�i2 K2+?@

�MBbK M : D → {0, 1}- �M/ x, y ∈ D bm+? i?�i ||x − y||1 = 1 �M/ f(x) &= f(y)c �M/ H2i

b = f(x)X

A7 S
(
M(y) &= f(y)

)
= S

(
M(y) = b

)
≤ 1/(1 + eε) i?2M- #v /Bz2`2MiB�H T`Bp�+v

+QMbi`�BMib- r2 ;2i i?�i S
(
M(x) = b

)
≤ eε/(1 + eε)X >2M+2- Bi 7QHHQrb i?�i S

(
M(x) =

1−b
)
= S

(
M(x) &= f(x)

)
≥ 1/(1+eε)X aBKBH�`Hv- S

(
M(x) &= f(x)

)
≤ 1/(1+eε) BKTHB2b

i?�i S
(
M(y) &= f(y)

)
≥ 1/(1 + eε)X >2M+2- 7`QK i?2 �#Qp2- Bi 7QHHQrb i?�i

max {S(M(x) &= f(x)),S(M(y) &= f(y))} ≥ 1/(1 + eε).

aBM+2 x- y r2`2 }t2/ �`#Bi`�`BHv- i?2 +H�BK 7QHHQrbX

jXk q?�i .Q q2 q�Mi 6`QK i?2 L2r S`Bp�+v LQiBQM\

q2 r�Mi iQ `2H�t /Bz2`2MiB�H T`Bp�+v bBM+2 �zQ`/BM; i?2 b�K2 H2p2H Q7 T`Qi2+iBQM iQ

2p2`vQM2 b2p2`2Hv /2;`�/2b i?2 �++m`�+v 7Q` �MQK�Hv B/2MiB}+�iBQMX PM2 TQbbB#H2 `2H�t@

�iBQM- bmBi�#H2 7Q` i?2 T`Q#H2K �i ?�M/- Bb T`QpB/BM; T`Qi2+iBQM QMHv 7Q` � bm#b2i Q7 i?2

`2+Q`/bX q2 MQi2 i?�i bm+? � `2H�t�iBQM Bb #�+F2/ #v T`Bp�+v H2;BbH�iBQM- 2X;X :.S_

�HHQrb 7Q` ;BpBM; mT T`Bp�+v 7Q` �M BHH2;�H �+iBpBiv (9)X

�Hi?Qm;? T`Qi2+iBM; � T`2}t2/ b2i Q7 `2+Q`/b- r?B+? Bb /2+B/2/ BM/2T2M/2Mi Q7 i?2

/�i�#�b2- rQ`Fb r?2M �MQK�HB2b �`2 /2}M2/ BM/2T2M/2Mi Q7 i?2 Qi?2` `2+Q`/b- bm+? �

MQiBQM Q7 T`Bp�+v 7�BHb iQ T`Qi2+i i?2 MQ`K�H `2+Q`/b r?2M i?2 �MQK�HB2b �`2 /2}M2/ BM

� /�i�@/2T2M/2Mi r�vX >2`2 i?2 T`Q#H2K �`Bb2b /m2 iQ i?2 }t2/ M�im`2 Q7 i?2 b2i i?�i Bb
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/�i�#�b2@bT2+B}+X AM i?2 +�b2 Q7 � /�i�@/2T2M/2Mi /2}MBiBQM Q7 �MQK�Hv- B7 r2 rBb? iQ

T`QpB/2 T`Bp�+v ;m�`�Mi22 iQ i?2 MQ`K�H Ĝ +�HH i?2K b2MbBiBp2 Ĝ `2+Q`/b i?�i �`2 T`2b2Mi

BM i?2 /�i�#�b2- i?2M bT2+B7vBM; i?2 b2i Q7 b2MbBiBp2 `2+Q`/b Bib2H7 H2�Fb BM7Q`K�iBQM �M/

+�M H2�/ iQ � T`Bp�+v #`2�+?X h?2`27Q`2- b2MbBiBp2 `2+Q`/b Kmbi #2 /2}M2/ #�b2/ QM �

KQ`2 7mM/�K2Mi�H T`2KBb2 iQ `2/m+2b bm+? /2T2M/2M+B2bX h?Bb MQiBQM Q7 b2MbBiBp2 `2+Q`/

TH�vb � TBpQi�H `QH2 BM /2}MBM; Qm` MQiBQM Q7 b2MbBiBp2 T`Bp�+v 7Q` QmiHB2` �M�HvbBbX

_2+�HH i?�i �Hi?Qm;? �MQK�Hv B/2MiB}+�iBQM K2i?Q/ T`QpB/2 #BM�`v H�#2HBM;- i?2v

�bbB;M b+Q`2b iQ `2T`2b2Mi ?Qr QmiHvBM; � `2+Q`/ Bb (ey- eR)c i?mb i?2b2 KQ/2Hb UBKTHB+BiHv

Q` 2tTHB+BiHvV �bbB;M 2p2`v `2+Q`/ � /2;`22 Q7 QmiHvBM;M2bb rBi? `2bT2+i iQ i?2 Qi?2`

`2+Q`/b- r?B+? i?2 7QHHQrBM; /Bb+mbbBQM i�F2b BMiQ �++QmMiX

�M �TT`QT`B�i2 MQiBQM Q7 T`Bp�+v BM Qm` b2iiBM; Kmbi �HHQr � T`Bp�+v K2+?�MBbK iQ

?�p2 i?2 7QHHQrBM; irQ BKTQ`i�Mi T`QT2`iB2bX 6B`bi- i?2 KQ`2 QmiHvBM; UQ` MQM@QmiHvBM;V

� `2+Q`/ Bb- i?2 ?B;?2` i?2 �++m`�+v i?2 T`Bp�+v K2+?�MBbK +�M �+?B2p2 7Q` �MQK�Hv

B/2MiB}+�iBQM ě i?Bb Bb BM +QMi`�bi iQ .S U6B;m`2 jXk+VX a2+QM/- �HH i?2 b2MbBiBp2 `2+Q`/b

b?QmH/ ?�p2 .S HBF2 T`Bp�+v ;m�`�Mi22 rBi? i?2 b�K2 p�Hm2 Q7 i?2 T`Bp�+v T�`�K2i2`X

h?2 K2+?�MBbKb i?�i �`2 T`Bp�i2 mM/2` b2MbBiBp2 T`Bp�+v �+?B2p2 #Qi? i?2 T`QT2`iB2b

Ub22 6B;m`2 jXk- r?B+? ;Bp2b i?2 BM/B+�iBp2 2tT2`BK2Mi�H `2bmHib QM � bvMi?2iB+ /�i�b2i

;2M2`�i2/ 7`QK i?2 MQ`K�H /Bbi`B#miBQMc b22 i?2 *?�Ti2`Ƕb 2M/MQi2R 7Q` i?2 /2i�BHb QM

i?2 2tT2`BK2Mi �M/ i?2 p�Hm2b Q7 i?2 T�`�K2i2`bVX 6m`i?2`KQ`2- Bi ?�b �M BKTQ`i�Mi

�//BiBQM�H T`QT2`iv, BM i?2 ivTB+�H b2iiBM;b 7Q` QmiHB2`b- i?2 �MQK�HB2b /Q MQi HQb2 T`Bp�+v

�HiQ;2i?2`c BMbi2�/ i?2 KQ`2 QmiHvBM; � `2+Q`/ Bb i?2 H2bb2` T`Bp�+v Bi ?�b U6B;m`2 jXk/VX



jk

6B;m`2 jXk, U#V- U+V Bb 7Q` i?2 b�K2 /�i�- �M/ U/V- U2V Bb 7Q` i?2 b�K2 /�i�X U�V
;Bp2b i?2 /2MbBiv THQi Q7 i?2 /Bbi`B#miBQM Q7 i?2 2t�KTH2 /�i�X z1 �M/ z2 �t2b ;Bp2
i?2 +QQ`/BM�i2 Q7 � TQBMi U`2+Q`/VX U#V �M/ U+V `2bT2+iBp2Hv b?Qr i?2 �++m`�+v UQM
p2`iB+�H �tBbV 7Q` �MQK�Hv B/2MiB}+�iBQM [m2`v U�AZV pB� b2MbBiBp2Hv T`Bp�i2 UaSV �M/
.S K2+?�MBbKb 7Q` i?2 /�i�X h?2 THQib ;Bp2 i?2 BMi2`TQH�i2/ `2bmHib iQ +H�`B7v i?2
`2H�iBQMb?BT Q7 QmiHvBM;M2bb �M/ �++m`�+vX U/V �M/ U2V ;Bp2 i?2 T`Bp�+v UQM p2`iB+�H
�tBbV 7Q` 2�+? `2+Q`/ BM i?2 /�i� 7Q` T`Bp�i2 �AZX �HH i?2 ;`22M UMQ`K�HV TQBMib BM U/V
�`2 �i i?2 b�K2 H2p2H �b �HH i?2 TQBMib BM U2VX



jj

jXj >Qr .Q q2 .2}M2 i?2 L2r S`Bp�+v LQiBQM\

hQ /2}M2 T`Bp�+v- r2 M22/ � K2i`B+ bT�+2 Qp2` i?2 /�i�#�b2bX h?Bb Bb #2+�mb2 � T`Bp�i2

K2+?�MBbK M22/b iQ bi�iBbiB+�HHv #Hm` i?2 /BbiBM+iBQM #2ir22M /�i�#�b2b i?�i �`2 +HQb2

BM i?2 K2i`B+ bT�+2X q?BH2 /Bz2`2MiB�H T`Bp�+v mb2b i?2 #1@K2i`B+- r2 miBHBx2 � /Bz2`2Mi

K2i`B+ Qp2` /�i�#�b2b- r?B+? r2 /2}M2/ mbBM; i?2 MQiBQM Q7 b2MbBiBp2 `2+Q`/X AM7Q`K�HHv-

r2 b�v � `2+Q`/ Bb b2MbBiBp2 rBi? `2bT2+i iQ � /�i�#�b2 B7 Bi Bb MQ`K�H Q` #2+QK2b MQ`K�H

mM/2` � bK�HH +?�M;2 ě r2 7Q`K�HBx2 i?Bb BM a2+iBQM jX9X

q2 �`;m2 i?�i Qm` MQiBQM Q7 b2MbBiBp2 `2+Q`/ Bb [mBi2 M�im`�H �b Bi Bb BMbTB`2/ 7`QK i?2

2tBbiBM; HBi2`�im`2 QM QmiHB2` �M�HvbBb (ey- eR)X _2+�HH i?�i- #v /2}MBiBQM- �M �MQK�HQmb

`2+Q`/ bB;MB}+�MiHv /Bp2`;2b 7`QK Qi?2` `2+Q`/b BM i?2 /�i�#�b2 (ey- eR)c ?2M+2- � bK�HH

+?�M;2 BM i?2 /�i�#�b2 b?QmH/ MQi �z2+i i?2 H�#2H Q7 �M �MQK�HQmb `2+Q`/X

:Bp2M i?2 /2}MBiBQM Q7 b2MbBiBp2 `2+Q`/- r2 /2}M2 i?2 K2i`B+ Qp2` i?2 /�i�#�b2b

#v +QMbB/2`BM; � ;`�T? Qp2` i?2 /�i�#�b2bX h?2 ;`�T? Bb /2}M2/ Qp2` D Ui?2 b2i Q7

�HH i?2 /�i�#�b2bV- r?2`2 2�+? /�i�#�b2 Bb � MQ/2 BM i?2 ;`�T? �M/ i?2`2 Bb �M 2/;2

#2ir22M 2p2`v irQ MQ/2b UBX2X /�i�#�b2bV i?�i /Bz2` #v � b2MbBiBp2 `2+Q`/X h?2 K2i`B+

Qp2` i?2 /�i�#�b2b Bb MQr ;Bp2M #v i?2 b?Q`i2bi T�i? H2M;i? #2ir22M i?2 /�i�#�b2b BM

i?Bb ;`�T?X h?Bb K2i`B+ bT�+2 ?�b i?2 T`QT2`iv i?�i /�i�#�b2b /Bz2`BM; #v � b2MbBiBp2

`2+Q`/ �`2 +HQb2` +QKT�`2/ iQ i?2 /�i�#�b2b /Bz2`BM; BM � MQM@b2MbBiBp2 `2+Q`/X q2 mb2

i?2 T`QTQb2/ K2i`B+ bT�+2 iQ /2}M2 b2MbBiBp2 T`Bp�+v- r?B+? 2M�#H2b mb iQ }M2@imM2 i?2

i`�/2@Qz #2ir22M �++m`�+v �M/ T`Bp�+vX

jX9 a2MbBiBp2 S`Bp�+v UaSV

Pm` MQiBQM Q7 b2MbBiBp2 T`Bp�+v `2[mB`2b T`Bp�+v T`Qi2+iBQM Q7 2p2`v `2+Q`/ i?�i K�v #2

MQ`K�H mM/2` � bK�HH +?�M;2 BM i?2 /�i�#�b2X q2 mb2 i?2 MQiBQM Q7 MQ`K�HBiv T`QT2`iv

p iQ B/2MiB7v i?2 MQ`K�H `2+Q`/b i?�i 2tBbi BM i?2 /�i�#�b2X _2+�HH U7`QK a2+iBQM kXjV

i?�i 7Q` � ;Bp2M �MQK�Hv UQmiHB2`V KQ/2H- � MQ`K�HBiv T`QT2`iv- p : X ×D → {0, 1}- Bb

bm+? i?�i 7Q` 2p2`v `2+Q`/ i �M/ /�i�#�b2 x- p(i, x) = 1 B7 �M/ QMHv B7 i Bb T`2b2Mi BM x

�b � MQ`K�H `2+Q`/X

q2 7Q`K�HBx2 i?2 MQiBQM Q7 ǳbK�HH +?�M;2Ǵ BM i?2 /�i�#�b2 �b i?2 �//BiBQM Q` `2KQp�H
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Q7 k `2+Q`/b 7`QK i?2 /�i�#�b2X q2 +QMbB/2` i?Bb +?�M;2 iQ #2 ivTB+�H �M/ r�Mi iQ

T`Qi2+i i?2 T`Bp�+v Q7 2p2`v `2+Q`/ i?�i K�v #2+QK2 MQ`K�H mM/2` i?Bb bK�HH +?�M;2

BM i?2 /�i�#�b2X q2 mb2 i?Bb MQiBQM Q7 bK�HH +?�M;2 BM i?2 /�i�#�b2 iQ /2}M2 i?2 F2v

+QM+2Ti Q7 b2MbBiBp2 `2+Q`/X AM7Q`K�HHv- 7Q` � }t2/ MQ`K�HBiv T`QT2`iv- �HH i?2 `2+Q`/b

r?Qb2 T`Bp�+v Kmbi #2 T`Qi2+i2/ �`2 i2`K2/ �b b2MbBiBp2 `2+Q`/bX

.2}MBiBQM jXR Ub2MbBiBp2 `2+Q`/VX �`#Bi`�`BHv }t k ≥ 1 �M/ � MQ`K�HBiv T`QT2`iv pX

6Q` 2p2`v `2+Q`/ i ∈ X �M/ 2p2`v /�i�#�b2 x ∈ D- r2 b�v i Bb k@b2MbBiBp2 rBi? `2bT2+i

iQ x B7- 7Q` � /�i�#�b2 y ∈ D- ||x− y||1 ≤ k �M/ p(i, y) = 1X

L2ti- r2 ;Bp2 i?2 BKTQ`i�Mi MQiBQM Q7 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- r?B+? Bb

+2Mi`�H iQ Qm` T`Bp�+v /2}MBiBQMb �M/ +QMbi`m+iBQMb iQ /2p2HQT b2MbBiBp2Hv T`Bp�i2 K2+?@

�MBbKbX Ai ;2M2`�HBx2b i?2 .S M2B;?#Q`?QQ/ ;`�T? i?`Qm;? i?2 +QM+2Ti Q7 b2MbB@

iBp2 `2+Q`/bX _2+�HH i?�i i?2 .S M2B;?#Q`?QQ/ ;`�T?- G = (D, E)- Bb � M2B;?#Q`@

?QQ/ ;`�T? Ub22 .2}MBiBQM kXjV bm+? i?�i 7Q` 2p2`v irQ /�i�#�b2b x �M/ y BM D-

{x, y} ∈ E ⇐⇒ ||x − y||1 = 1X h?`Qm;?Qmi i?Bb rQ`F- r2 mb2 G iQ /2TB+i i?2

.S M2B;?#Q`?QQ/ ;`�T?X

.2}MBiBQM jXk Ub2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?VX 6Q` � }t2/ k ≥ 1 �M/ � MQ`K�HBiv

T`QT2`iv- i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- GS- Bb � bm#;`�T? Q7 i?2 .S M2B;?#Q`?QQ/

;`�T?- G- bm+? i?�i 7Q` 2p2`v {x, y} ∈ E(G)- {x, y} ∈ E(GS) B7 �M/ QMHv B7 i?2`2 Bb �M

i ∈ X bm+? i?�i, URV |xi − yi| = 1 �M/ UkV i Bb k@b2MbBiBp2 rBi? `2bT2+i iQ x Q` yX

"Qi? .S M2B;?#Q`?QQ/ ;`�T? �M/ k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? �`2 M2B;?#Q`?QQ/

;`�T?b- �M/ ?2M+2- i?2 irQ /�i�#�b2b +QMM2+i2/ #v �M 2/;2 BM 2�+? ;`�T? �`2 +�HH2/

M2B;?#Q`bX 6m`i?2`KQ`2- i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? U�b QTTQb2/ iQ GV Bb iB2/

iQ i?2 MQ`K�HBiv T`QT2`iv- �M/ ?2M+2- i?2 �MQK�Hv /2}MBiBQMX qBi? i?Bb- r2 +�M bi�i2

i?2 MQiBQM Q7 b2MbBiBp2 T`Bp�+vX

.2}MBiBQM jXj Ub2MbBiBp2 T`Bp�+vVX �`#Bi`�`BHv }t ε > 0- k ≥ 1- �M/ � MQ`K�HBiv T`QT@

2`iv p- �M/ H2i GS #2 i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` pX h?2M 7Q` �Mv K2+?�MBbK

M rBi? /QK�BM D- r2 b�v M Bb (ε, k)@b2MbBiBp2Hv T`Bp�i2 B7 7Q` 2p2`v M2B;?#Q`BM; x �M/
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y BM GS- �M/ 2p2`v R ⊆ Range(M)-

S
(
M(x) ∈ R

)
≤eε S

(
M(y) ∈ R

)

q2 BKTHB+BiHv `2[mB`2 i?�i i?2 2p2Mib ǳM(x) ∈ RǴ �`2 K2�bm`�#H2X AM Qm` /Bb+mb@

bBQM- r2 QKBi k r?2M Bi Bb +H2�` 7`QK i?2 +QMi2ti Q` r?2M `272``BM; iQ i?2 b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T? BM ;2M2`�HX h?2 T`Bp�+v ;m�`�Mi22 ?2`2 Bb [m�MiB}2/ i?`Qm;? ε

�M/ i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X h?2 bK�HH2` i?2 p�Hm2 Q7 ε- i?2 ?B;?2` i?2

T`Bp�+v ;m�`�Mi22X 6m`i?2`KQ`2- i?2 KQ`2 M2B;?#Q`BM; /�i�#�b2b BM i?2 .S M2B;?#Q`@

?QQ/ ;`�T? �`2 M2B;?#Q`b BM i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- i?2 rB/2` i?2 `2�+? Q7

i?2 T`Bp�+v ;m�`�Mi22 BM b2MbBiBp2 T`Bp�+vX

jX9XR lM/2`bi�M/BM; b2MbBiBp2 T`Bp�+v

a2MbBiBp2 T`Bp�+v ;m�`�Mi22b i?�i ;Bp2M i?2 QmiTmi Q7 � b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK-

�M �/p2`b�`v +�MMQi BM72` i?2 T`2b2M+2 Q` i?2 �#b2M+2 Q7 � b2MbBiBp2 `2+Q`/ BM i?2

/�i�#�b2X aBKBH�` iQ /Bz2`2MiB�H T`Bp�+v- i?2 T`Bp�+v +QMbi`�BMib Q7 b2MbBiBp2 T`Bp�+v

M2+2bbBi�i2 i?�i 7Q` 2p2`v irQ M2B;?#Q`b- �Mv i2bi UBX2X 2p2MiV QM2 K�v #2 +QM+2`M2/

�#Qmi- b?QmH/ Q++m` rBi? ǳ�HKQbi i?2 b�K2 T`Q#�#BHBivǴ- i?�i Bb- i?2 T`2b2M+2 Q` i?2

�#b2M+2 Q7 � b2MbBiBp2 `2+Q`/ b?QmH/ MQi �z2+i i?2 HBF2HB?QQ/ Q7 Q++m``2M+2 Q7 �Mv 2p2MiX

>2`2- ǳ�HKQbi i?2 b�K2 T`Q#�#BHBivǴ K2�Mb i?�i i?2 �#Qp2 T`Q#�#BHBiB2b �`2 rBi?BM �

KmHiBTHB+�iBp2 7�+iQ` eεX

h?2 T`Bp�+v T�`�K2i2` ε TH�vb i?2 b�K2 `QH2 BM b2MbBiBp2 T`Bp�+v �b Bi /Q2b BM /Bz2`@

2MiB�H T`Bp�+v, i?2 bK�HH2` Bib p�Hm2- i?2 ?B;?2` i?2 T`Bp�+vX 6Q` M2B;?#Q`BM; /�i�#�b2b

BM � b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? UGSV- i?2 ;m�`�Mi22 Q7 b2MbBiBp2 T`Bp�+v Bb 2t�+iHv

i?2 b�K2 �b i?�i Q7 /Bz2`2MiB�H T`Bp�+vX >Qr2p2`- B7 i?2 irQ /�i�#�b2b x �M/ y- /Bz2`

#v QM2 `2+Q`/ i?�i Bb MQM@b2MbBiBp2 UrBi? `2bT2+i iQ #Qi? i?2 /�i�#�b2bV- i?2M i?2v

�`2 MQi M2B;?#Q`b BM GS - �M/ i?2 ;m�`�Mi22 T`QpB/2/ #v b2MbBiBp2 T`Bp�+v Bb r2�F2`R

i?�M /Bz2`2MiB�H T`Bp�+v- M2p2`i?2H2bb- ?�pBM; i?2 b�K2 7Q`KX aQ- BMimBiBp2Hv- B7 r2 QMHv

+QMbB/2` i?2 /�i�#�b2b- r?2`2 �HH i?2 `2+Q`/b �`2 b2MbBiBp2- i?2M /Bz2`2MiB�H T`Bp�+v �M/

Rǳq2�F2`Ǵ K2�Mb i?�i 2p2`v K2+?�MBbK r?B+? Bb ε@.S Bb �HbQ ε@aS- #mi BM ;2M2`�H MQi i?2 Qi?2` r�v
�`QmM/X
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U�V U#V

U+V

6B;m`2 jXj, U�V@U+V- i?2 THQi Bb 7Q` i?2 b�K2 /�i� �M/ aS K2+?�MBbK �b BM 6B;m`2 jXk
#mi 7Q` p�`vBM; kX h?2 irQ �t2b ;Bp2 i?2 +QQ`/BM�i2 Q7 � TQBMi U`2+Q`/VX h?2 +QHQ` ;Bp2b
i?2 H2p2H Q7 T`Bp�+v BM i2`Kb Q7 i?2 p�Hm2 e−ε- 7Q` (0.25, k)@aS �AZ 7Q` 2p2`v `2+Q`/X
U�V- k = 1X U#V- k = 7X U+V- k = 14X

b2MbBiBp2 T`Bp�+v T`QpB/2 2t�+iHv i?2 b�K2 ;m�`�Mi22X AM ;2M2`�H- 2p2`v (ε, k)@aS K2+?@

�MBbK M 7Q` GS b�iBb}2b P (M(x) ∈ R) ≤ P (M(y) ∈ R) eεdGS
(x,y) 7Q` 2p2`v x, y ∈ D

i?�i �`2 +QMM2+i2/ �M/ 2p2`v R U`2+�HH i?�i dGS Bb i?2 b?Q`i2bi T�i? K2i`B+ Qp2` GS -

/2}M2/ Qp2` i?2 +QMM2+i2/ +QKTQM2Mib Q7 GS - ;Bp2M BM a2+iBQM kXjVX

h?2 T�`�K2i2` k -r?B+? Bb �bbQ+B�i2/ rBi? i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- T`Q@

pB/2b � r�v iQ [m�MiB7v r?�i Bb /22K2/ �b � bK�HH +?�M;2 BM i?2 /�i�#�b2- r?B+? p�`B2b

7`QK /QK�BM iQ /QK�BMX L2p2`i?2H2bb BM K�Mv +QKKQM +�b2b Bi +�M #2 [m�MiB}2/ Qp2`

�M �TT`QT`B�i2 K2i`B+ bT�+2kX q?2M r2 BM+`2�b2 i?2 p�Hm2 Q7 k- r2 KQp2 i?2 #QmM/�`v

#2ir22M r?�i Bb +QMbB/2`2/ b2MbBiBp2 �M/ r?�i Bb MQM@b2MbBiBp2, ?B;?2` i?2 p�Hm2 Q7 k-

i?2 KQ`2 `2+Q`/b �`2 +QMbB/2`2/ b2MbBiBp2- �M/ i?2`27Q`2- Kmbi #2 T`Qi2+i2/X 6Q` �M 2t@

�KTH2- b22 6B;m`2 jXj Ur?2`2 i?2 THQib �`2 7Q` i?2 b�K2 /�i�- T�`�K2i2`b- �M/ K2i?Q/

kh?2 K2i`B+ bT�+2 r2 �`2 mbBM; 7Q` �MQK�Hv B/2MiB}+�iBQM ?�b � `�i?2` +QKTHB+�i2/ bi`m+im`2- #mi
Bi Bb BM/m+2/ #v 7Q`K�HBxBM; Qm` BMimBiBQM 7Q` b2MbBiBp2 `2+Q`/bX
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�b 7Q` 6B;m`2 jXk/ #mi 7Q` p�`vBM; kVX h?Bb Bb /m2 iQ i?2 7�+i i?�i- 7Q` �Mv k ≥ 1- B7

� `2+Q`/ Bb k@b2MbBiBp2 rBi? `2bT2+i iQ � /�i�#�b2 x- Bi Bb �HbQ (k + 1)@b2MbBiBp2 rBi?

`2bT2+i iQ xX 6Q` 2t�KTH2- rBi? `2bT2+i iQ � /�i�#�b2 x- � 2@b2MbBiBp2 `2+Q`/- K�v MQi

#2 1@b2MbBiBp2- #mi � 1@b2MbBiBp2 `2+Q`/ rBHH �HbQ #2 2@b2MbBiBp2X

AM +QM+2Tim�HBxBM; b2MbBiBp2 T`Bp�+v- r2 T`BQ`BiBx2 T`Qi2+iBM; T`Bp�+v Q7 i?2 MQ`K�H

`2+Q`/b �M/ i?2 �++m`�+v 7Q` �MQK�Hv B/2MiB}+�iBQMX h?Bb `2bmHib BM i?2 MQM@b2MbBiBp2

`2+Q`/b `2+2BpBM; H2bb bi`QM;2` T`Bp�+v ;m�`�Mi22 +QKT�`2/ iQ i?2 MQ`K�H `2+Q`/bX h?Bb

HQbb BM T`Bp�+v 7Q` i?2 /�i�@/2T2M/2Mi /2}MBiBQM Q7 �MQK�HB2b Bb BM2pBi�#H2 �b /Bb+mbb2/

BM a2+iBQM jXR �M/ (kN- ke- kd- k3)X >Qr2p2`- r2 FMQr i?�i BM T`�+iB+�H b2iiBM;b Ua2+@

iBQM kXRV- i?2 /�i� +QMi�BMb QMHv � bK�HH MmK#2` Q7 QmiHB2` `2+Q`/b- KQbi Q7 r?B+? �`2

MQM@b2MbBiBp2 `2+Q`/bX h?mb- i?Bb H2bb bi`QM;2` T`Bp�+v ;m�`�Mi22 Bb 7Q` � p2`v bK�HH MmK@

#2` Q7 `2+Q`/b- �M/ KQbi `2+Q`/b 2MDQv � p2`v bi`QM; T`Bp�+v ;m�`�Mi22 mM/2` b2MbBiBp2

T`Bp�+vX

jX8 *QKTQbBiBQM

Pm` 7Q`K�HBx�iBQM Q7 b2MbBiBp2 T`Bp�+v 2MDQvb i?2 BKTQ`i�Mi T`QT2`iB2b Q7 +QKTQbBiBQM

�M/ TQbi@T`Q+2bbBM;- r?B+? � ;QQ/ T`Bp�+v /2}MBiBQM b?QmH/ ?�p2 (ek)X h?2b2 T`QT2`iB2b

?2HT iQ [m�MiB7v ?Qr Km+? T`Bp�+v K�v #2 HQbi UBM i2`Kb Q7 i?2 p�Hm2 Q7 εV B7 QM2 �bFb

KmHiBTH2 [m2`B2b Q` mb2b KmHiBTH2 b2MbBiBp2Hv T`Bp�i2 K2+?�MBbKb BM i?2 �M�HvbBbX

>2`2- r2 2KT?�bBx2 i?�i b2MbBiBp2 T`Bp�+v +QKTQb2b rBi? `2bT2+i iQ #Qi?- i?2 T`Bp�+v

T�`�K2i2` UBX2X εV �M/ i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X h?Bb Bb #2+�mb2 b2MbBiBp2

T`Bp�+v Bb /2}M2/ rBi? `2bT2+i iQ i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` i?2 T`Bp�+v

T�`�K2i2` εX 6Q` BMbi�M+2- B7 r2 �Mbr2` KmHiBTH2 [m2`B2b rBi? b2MbBiBp2 T`Bp�+v ;m�`�Mi22

7Q` /Bz2`2Mi p�Hm2b Q7 ε- #mi 7Q` i?2 b�K2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- i?2M b2MbBiBp2

T`Bp�+v +QKTQb2b bBKBH�` iQ /Bz2`2MiB�H T`Bp�+v- i?�i Bb- i?2 Qp2`�HH T`Bp�+v HQbb Bb MQi

KQ`2 i?�M bmK Q7 �HH i?2 ε +Q``2bTQM/BM; iQ 2�+? Q7 i?2 [m2`B2bX

6m`i?2`KQ`2- r2 MQi2 i?�i �HH i?2 K2+?�MBbKb BM i?2 7QHHQrBM; /Bb+mbbBQM �`2 �b@

bmK2/ iQ ?�p2 i?2B` QrM BM/2T2M/2Mi bQm`+2 Q7 `�M/QKM2bbX
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jX8XR a2[m2MiB�H +QKTQbBiBQM

a2[m2MiB�H +QKTQbBiBQM T`QpB/2b i?2 T`Bp�+v ;m�`�Mi22 Qp2` KmHiBTH2 [m2`B2b i?�i mb2

� +QKKQM b2i Q7 UQM2 Q` KQ`2V `2+Q`/b iQ +QKTmi2 i?2 `2bmHiX *QMbB/2` irQ K2+?�@

MBbKb- M1 : D → R- r?B+? Bb ε1@b2MbBiBp2Hv T`Bp�i2 7Q` k1@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?

GS1 = (D, E1)- �M/ M2 : D × R → R′- r?B+? Bb ε2@b2MbBiBp2Hv T`Bp�i2 7Q` k2@b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T? GS2 = (D, E2)- rBi? i?2B` BM/2T2M/2Mi bQm`+2b Q7 `�M/QKM2bbX

_2+�HH U7`QK a2+iBQM kXjV i?�i BM i?2 +QMi2ti Q7 �MQK�Hv B/2MiB}+�iBQM [m2`v U�AZV-

� T`Bp�i2 K2+?�MBbKb 7Q` �AZ- (i, g)- Bb }t2/c i?mb M1 �M/ M2 K�v +Q``2bTQM/ iQ

/Bz2`2Mi `2+Q`/b �M/ �MQK�Hv B/2MiB}+�iBQM 7mM+iBQMX LQr- M2(x,M1(x)) U7Q` 2p2`v

/�i�#�b2 xV Bb (ε1 + ε2)@b2MbBiBp2Hv T`Bp�i2 7Q` GS = (D, E1 ∩ E2) U*H�BK jXkVX

PM2 �TTHB+�iBQM Q7 i?Bb Bb i?�i 7Q` � }t2/ GS - 2p2M T2`7Q`KBM; KmHiBTH2 [m2`B2b

BMi2`�+iBp2Hv rBHH H2�/ iQ �i KQbi � HBM2�` HQbb UBM i2`Kb Q7 εV BM T`Bp�+v BM i?2 MmK#2`

Q7 [m2`B2b ě BM �M BMi2`�+iBp2 [m2`v Qp2` � /�i�#�b2 x- QM2 }`biHv ;2ib i?2 �Mbr2` Q7

M1- BX2X M1(x)- �M/ #�b2/ QM i?Bb- QM2 b2H2+ib M2X

6m`i?2`KQ`2- 7Q` � }t2/ MQ`K�HBiv T`QT2`iv- B7 k1 ≤ k2 i?2M GS1 Bb � bm#;`�T? Q7

GS2 - �M/ M2 Bb (ε1 + ε2)@b2MbBiBp2Hv T`Bp�i2 7Q` GS1 X

"2HQr- r2 bi�i2 i?2 +H�BK 7Q` b2[m2MiB�H +QKTQbBiBQM Q7 b2MbBiBp2 T`Bp�+vX 6B`bi r2

M22/ iQ K�F2 �M Q#b2`p�iBQM �#Qmi � 7�+i �#Qmi i?2 ;2M2`�H M2B;?#Q`?QQ/ ;`�T?b- r?B+?

Bb ?2HT7mH BM T`QpBM; i?2 +H�BKb �#Qmi +QKTQbBiBQMX _2+�HH i?�i 7Q` � ;`�T? G- E(G)

;Bp2b i?2 b2i Q7 2/;2b BM GX

6�+i jXRX 6Q` 2p2`v M2B;?#Q`?QQ/ ;`�T? G �M/ G′- �M/ 2p2`v x, y ∈ D- x �M/ y �`2

M2B;?#Q`b BM i?2 ;`�T? H = (D, E(G) ∩ E(G′)) B7 �M/ QMHv B7 i?2v �`2 M2B;?#Q`b BM G

�M/ G′X

*H�BK jXk Ub2[m2MiB�H +QKTQbBiBQMVX A7 K2+?�MBbKb M1 �M/ M2 �`2 `2bT2+iBp2Hv ε1@aS

7Q` GS1 �M/ ε2@aS 7Q` GS2- i?2M M(x) := (M1(x),M2(x)) 7Q` 2p2`v x Bb (ε1 + ε2)@aS

7Q` GS = (D, E(GS1) ∩ E(GS2))X

S`QQ7 bF2i+?X h?2 +H�BK 7QHHQrb 7`QK M1 �M/ M2 #2BM; aS 7Q` ε1 �M/ ε2- �M/ 6�+i jXR-

r?B+? 2Mbm`2b i?�i i?2 T`Bp�+v +QMbi`�BMib rBHH #2 K2i 7Q` M2B;?#Q`b BM GS X
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jX8Xk S�`�HH2H +QKTQbBiBQM

S�`�HH2H +QKTQbBiBQM /2�Hb rBi? KmHiBTH2 [m2`B2b- 2�+? Q7 r?B+? QMHv mb2b MQM@Qp2`H�TTBM;

T�`iBiBQM Q7 i?2 /�i�#�b2X G2i X = Y1 0 Y2 UBX2X Y1 ∩ Y2 = ∅VX LQr- +QMbB/2` M1 �M/

M2- 2�+? rBi? /QK�BM D- i?�i �`2 `2bT2+iBp2Hv ε1@b2MbBiBp2Hv T`Bp�i2 7Q` GS1 �M/ ε2@

b2MbBiBp2Hv T`Bp�i2 7Q` GS2 - r?2`2 GS1 Bb � bm#;`�T? Q7 GS2 X 6m`i?2`- M1 �M/ M2

QMHv /2T2M/ QM i?2B` `�M/QKM2bb U2�+? rBi? Bib BM/2T2M/2Mi bQm`+2V �M/ `2+Q`/b BM

Y1 �M/ Y2 `2bT2+iBp2HvX AM i?Bb b2iiBM;- i?2 K2+?�MBbK M(x) = (M1(x),M2(x)) Bb

max(ε1, ε2)@b2MbBiBp2Hv T`Bp�i2 7Q` GS1 - Q` BM ;2M2`�H +�b2 7Q` b2MbBiBp2 M2B;?#Q`?QQ/

;`�T? (D, E1 ∩E2) U*H�BK jXjV- r?2`2 E1 �M/ E2 �`2 i?2 b2ib Q7 2/;2b 7Q` GS1 �M/ GS2

`2bT2+iBp2HvX

hQ ;Bp2 i?2 +H�BK �#Qmi T�`�HH2H +QKTQbBiBQM- r2 M22/ iQ 7Q`K�HBx2 i?2 MQiBQM i?�i �

K2+?�MBbK QMHv /2T2M/b mTQM � 7`�;K2Mi Q7 i?2 /�i�X q2 b�v- 7Q` Y ⊆ X - � K2+?�MBbK

M Bb Y @/2T2M/2Mi B7 �M/ QMHv B7 7Q` 2p2`v r ∈ Range(M) �M/ x �M/ y bm+? i?�i xi = yi

7Q` 2p2`v i ∈ Y - P (M(x) = r) = P (M(y) = r)X

*H�BK jXjX 6Q` �Mv T�`iBiBQM Q7 X = Y1 0 Y2- B7 K2+?�MBbKb M1 �M/ M2 �`2 `2@

bT2+iBp2Hv Y1@/2T2M/2Mi ε1@aS 7Q` GS1 �M/ Y2@/2T2M/2Mi ε2@aS 7Q` GS2- i?2M M(x) :=

(M1(x),M2(x)) 7Q` 2p2`v x Bb max(ε1, ε2)@aS 7Q` GS = (D, E(GS1) ∩ E(GS2))X

S`QQ7 bF2i+?X 6B`biHv- MQi2 i?�i M1 �M/ M2 #2BM; aS 7Q` ε1 �M/ ε2 �HQM; rBi? 6�+i jXR-

2Mbm`2 i?�i i?2 T`Bp�+v +QMbi`�BMib rBHH #2 K2i 7Q` M2B;?#Q`b BM GS 7Q` ε = max(ε1, ε2)X

6m`i?2`- bBM+2 2p2`v M2B;?#Q` BM GS /Bz2` #v QM2 `2+Q`/ �M/ K2+?�MBbKb M1 �M/ M2

�`2 `2bT2+iBp2Hv Y1 �M/ Y2 /2T2M/2Mi U7Q` �M �`#Bi`�`BHv }t2/ T�`iBiBQMV- 2p2`v T`Bp�+v

+QMbi`�BMi rBHH ?QH/ 7Q` 2Bi?2` ε1 Q` ε2X 6`QK ?2`2 i?2 +H�BK 7QHHQrbX

q2 �HbQ `2K�`F i?�i T`Bp�+v Bb K�BMi�BM2/ mM/2` TQbi@T`Q+2bbBM; 7Q` i?2 b�K2 p�Hm2

Q7 ε �M/ i?2 M2B;?#Q`?QQ/ ;`�T?X

jX8Xj 1t�KTH2 7Q` (β, r)@�MQK�Hv

*QMbB/2` +QKTQbBiBQM 7Q` i?2 +�b2 Q7 KmHiBTH2 (β, r)@�AZbX G2i mb b�v r2 �Mbr2`

�MQK�Hv B/2MiB}+�iBQM [m2`B2b 7Q` `2+Q`/b i1, i2, . . . , in `2bT2+iBp2Hv 7Q` (β1, r1)- (β2, r2)-
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. . . -(βn, rn) �MQK�HB2b Qp2` i?2 /�i�#�b2 x- r?BH2 T`QpB/BM; b2MbBiBp2 T`Bp�+vX

G2i i?2 K2+?�MBbK 7Q` �Mbr2`BM; (βt, rt)@�AZ 7Q` it #2 (εt, kt)@aS 7Q` kt@b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T? 7Q` (βt, rt)@MQ`K�HBiv T`QT2`ivX 6m`i?2`- �bbmK2 i?�i i?2 K2+?@

�MBbK 7Q` (βt, rt)@�AZ Yt@/2T2M/2Mi- r?2`2 Yt = {i ∈ X : d(i, it) ≤ rt}- i?�i Bb-

i?2 K2+?�MBbK /2T2M/b QM i?2 T�`iBiBQM Q7 i?2 /�i�#�b2 i?�i +QMi�BMb i?2 `2+Q`/b

rBi?BM /Bbi�M+2 rt Q7 it U#2+�mb2 Bi bm{+2b iQ +QKTmi2 (βt, rt)@�AZV �M/ Bib BM/2T2M@

/2Mi bQm`+2 Q7 `�M/QKM2bbX 6BM�HHv- H2i k = min(k1, . . . , kn)- β = max(β1, . . . ,βn)- �M/

r = min(r1, . . . , rn)X

AM i?Bb +�b2- �Mbr2`BM; �HH Q7 i?2 [m2`B2b T`QpB/2b �M Qp2`�HH ;m�`�Mi22 Q7 (mε, k)@

b2MbBiBp2 T`Bp�+v 7Q` (β, r)@MQ`K�HBiv T`QT2`iv- r?2`2 m Bb i?2 K�tBKmK MmK#2` Q7 itǶb

i?�i �`2 rBi?BM �Mv #�HH Q7 `�/Bmb max(r1, . . . , rn) U*H�BK jX9VX

h?mb- 7`QK i?2 �#Qp2- Bi 7QHHQrb i?�i B7 r2 }t β, r �M/ k �M/ �HHQr � [m2`B2` iQ �bF

m K�Mv (β′, r)@�AZǶb U2�+? K�v ?�p2 � /Bz2`2Mi p�Hm2 7Q` β′V bm+? i?�i β′ ≤ β- i?2M

r2 +�M �Mbr2` �HH Q7 i?2 [m2`B2b rBi? b2MbBiBp2 T`Bp�+v (mε, k) BM i?2 rQ`bi +�b2 7Q`

k@b2MbBiBp2 M2B;?#Q` 7Q` iQ (β, r)@MQ`K�HBiv T`QT2`ivX h?2 b�K2 Bb i`m2 B7 i?2 [m2`B2b

�`2 7Q` (β, r′) rBi? r′ ≥ rX 6m`i?2`KQ`2- 7Q` }t2/ β, r �M/ k- �Mbr2`BM; (β, r)@�AZ 7Q`

i �M/ i′ bm+? i?�i d(i, i′) > 2r biBHH K�BMi�BMb (ε, k)@aSX PM2 K�v 2KTHQv i?Bb iQ [m2`v

�/�TiBp2Hv iQ +�``v Qmi i?2 �M�HvbBb r?BH2 T`QpB/BM; b2MbBiBp2 T`Bp�+v ;m�`�Mi22b Qp2`

�M�HvbBb �b � r?QH2X

hQ T`Qp2 *H�BK jX9- r2 M22/ i?2 7QHHQrBM; H2KK� Ui?Bb rBHH �HbQ #2 mb27mH 7Q` T`QpBM;

bQK2 Qi?2` `2bmHib `2H�i2/ iQ T`Bp�i2 (β, r)@�AZ- T`2b2Mi2/ BM i?2 7QHHQrBM; +?�Ti2`bVX

6Q` (β, r)@�MQK�Hv- G2KK� jXR ;Bp2b i?2 M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQM 7Q` � `2+Q`/

iQ #2 b2MbBiBp2X

G2KK� jXRX 6Bt �`#Bi`�`v p�Hm2b 7Q` k ≥ 1- β ≥ 1 �M/ r ≥ 0- �M/ }t i?2 MQ`K�HBiv

T`QT2`iv +Q``2bTQM/BM; iQ (β, r)@�MQK�HvX h?2M 7Q` 2p2`v i ∈ X �M/ 2p2`v x ∈ D-

i Bb k@b2MbBiBp2 rBi? `2bT2+i iQ x ⇐⇒ Bx(i, r) ≥ β + 1− kX

S`QQ7X �`#Bi`�`BHv }t k,β ≥ 1- r ≥ 0- i ∈ X - �M/ x ∈ DX 6m`i?2`- }t p iQ #2 i?2

MQ`K�HBiv T`QT2`iv +Q``2bTQM/BM; iQ (β, r)@�MQK�HvX

6B`biHv- r2 T`Qp2 i?2 ǳB7Ǵ /B`2+iBQM i?`Qm;? Bib +QMi`�TQbBiBp2X �bbmK2 Bx(i, r) <
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β+1− kX LQr- 7Q` 2p2`v y bm+? i?�i ||x− y||1 ≤ k- By(i, r) ≤ β bBM+2 r2 +�M QMHv �//

mT iQ k `2+Q`/b BM xX h?mb 7Q` 2�+? Q7 i?2 �#Qp2 y- p(i, y) = 0- r?B+? 7QHHQrb 7`QK i?2

/2}MBiBQM Q7 (β, r)@�MQK�Hv- �M/ i Bb MQi k@b2MbBiBp2 rBi? `2bT2+i iQ xX h?Bb +QKTH2i2b

i?2 T`QQ7 7Q` ǳB7Ǵ /B`2+iBQMX

L2ti- r2 T`Qp2 i?2 ǳQMHv B7Ǵ /B`2+iBQMX G2i Bx(i, r) ≥ β + 1 − kX *QMbB/2` � y-

Q#i�BM2/ #v �//BM; k `2+Q`/b- r?B+? �`2 i?2 b�K2 �b i- iQ xX 6Q` i?Bb y- Bi ?QH/b i?�i

||x− y||1 = k �M/ p(i, y) = 0 #2+�mb2 yi ≥ 1 �M/ By(i, r) ≥ β + 1 UbBM+2 k ≥ 1VX >2M+2-

r2 +QM+Hm/2 i?�i i Bb k@b2MbBiBp2 7Q` xX h?Bb +QKTH2i2b i?2 T`QQ7 �b k,β, r, i, �M/ x r2`2

+?Qb2M �`#Bi`�`BHvX

6Q` �Mv i ∈ X �M/ r ≥ 0- r2 r`Bi2 Y (i, r) iQ /2MQi2 i?2 b2i {j ∈ X : d(i, j) ≤ r}X

*H�BK jX9X 6Bt �M �`#Bi`�`v p�Hm2 Q7 n ∈ NX

Ç 6Q` 2p2`v t = 1, . . . , n- �`#Bi`�`BHv }t εt, rt > 0- kt,βt ≥ 1- �M/ � K2+?�MBbK-

Mt : D → {0, 1}- bm+? i?�i, URV Bi Bb (εt, kt)@aS 7Q` (βt, rt)@MQ`K�HBiv T`QT2`iv-

�M/ UkV Bi Bb Y (it, rt)@/2T2M/2MiX

Ç G2i ε = max(ε1, . . . , εn)- k = min(k1, . . . , kn)- β = max(β1, . . . ,βn)- �M/ r =

min(r1, . . . , rn)X

h?2M 7Q` M(x) := (M1(x), . . . ,Mn(x)) 7Q` 2p2`v x- M Bb (mε, k)@b2MbBiBp2Hv T`Bp�i2

7Q` (β, r)@MQ`K�HBiv T`QT2`iv- r?2`2 m #2 i?2 K�tBKmK MmK#2` Q7 itǶb i?�i �`2 rBi?BM

�Mv #�HH Q7 `�/Bmb max(r1, . . . , rn)X

S`QQ7X �`#Bi`�`BHv }t i?2 p�Hm2b 7Q` �HH i?2 bvK#QHb mb2/ BM i?2 +H�BK �#Qp2 �b T2` i?2

bT2+B}+�iBQM BM i?2 H2KK�X

6B`biHv- r2 +QMbB/2` i?2 ;m�`�Mi22 rBi? `2bT2+i iQ i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X

>2`2 Bi Bb bm{+B2Mi iQ b?Qr i?�i i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- GS - +Q``2bTQM/BM;

iQ (β, r)@MQ`K�HBiv T`QT2`iv- Bb � bm#;`�T? Q7 i?2 kt@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- Gt
S -

+Q``2bTQM/BM; iQ (βt, rt)@�MQK�Hv 7Q` 2p2`v tX h?mb r2 b?Qr i?�i- 7Q` �Mv t �M/ irQ

/�i�#�b2b x �M/ y- B7 x �M/ y �`2 M2B;?#Q`b BM GS - i?2M i?2v �`2 M2B;?#Q`b BM Gt
S X

�`#Bi`�`BHv }t t ∈ [n] = {1, 2, . . . , n}- �M/ /�i�#�b2b x �M/ y i?�i �`2 M2B;?#Q`b

BM GS X aBM+2 x �M/ y �`2 M2B;?#Q`b BM GS - i?2`2 2tBbib � `2+Q`/ i i?�i k@b2MbBiBp2
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rBi? `2bT2+i iQ x Q` yX G2i i #2 k@b2MbBiBp2 rBi? `2bT2+i iQ x ě i?Bb Bb rBi?Qmi HQbb

Q7 ;2M2`�HBiv bBM+2 x �M/ y �`2 TB+F2/ �`#Bi`�`BHvX "2+�mb2 Bx(i, rt) ≥ Bx(i, r)- 7`QK

G2KK� jXR- r2 ;2i i?�i Bx(i, r) ≥ β − k + 1X aBM+2 β ≥ βt �M/ k ≤ kt- Bx(i, r) ≥

βt − kt + 1c i?Bb BKTHB2b i?�i i Bb kt@b2MbBiBp2 rBi? `2bT2+i iQ x UG2KK� jXRV- �M/ i?mb-

x �M/ y �`2 M2B;?#Q`b BM Gt
S X aBM+2 t r�b TB+F2/ �`#Bi`�`BHv- r2 +QM+Hm/2 i?�i GS Bb �

bm#;`�T? Q7 Gt
S 7Q` 2p2`v t ∈ [n]X

L2ti- r2 T`Qp2 i?2 #QmM/ QM i?2 /Bp2`;2M+2 Q7 T`Q#�#BHBiB2b iQ b?Qr i?�i i?2 HQbb

BM T`Bp�+v Bb �i K�t mεX

6Q` �Mv j ∈ X - H2i Aj #2 bm+? i?�i 7Q` 2p2`v t ∈ [n]- t ∈ Aj ⇐⇒ d(j, it) ≤ r′-

r?2`2 r′ = max(r1, . . . , rn)X �M/ H2i m = maxj∈X |Aj |X �`#Bi`�`BHv }t i?2 M2B;?#Q`BM;

/�i�#�b2b x �M/ y BM GS �M/ w ∈ {0, 1}nX G2i i #2 i?2 `2+Q`/ BM r?B+? x �M/ y /Bz2`-

BX2X |xi − yi| = 1X LQr Bi 7QHHQrb i?�i

S(M(x) = w)

S(M(y) = w)
=

∏

t∈Ai

S(Mt(x) = wt)

S(Mt(y) = wt)
×

∏

l∈[n]\Ai

S(Ml(x) = wl)

S(Ml(y) = wl)

=
∏

t∈Ai

S(Mt(x) = wt)

S(Mt(y) = wt)
≤ exp




∑

t∈Ai

εt



 ≤ exp(mε)

�#Qp2- i?2 }`bi 2[m�HBiv ?QH/b #2+�mb2 2�+? Q7 i?2 Mt ?�b Bib BM/2T2M/2Mi bQm`+2

Q7 `�M/QKM2bbX h?2 b2+QM/ 2[m�HBiv ?QH/b #2+�mb2 2�+? Mt Bb Y (it, rt)@/2T2M/2Mi BM

�//BiBQM iQ Bib `�M/QKM2bb �M/ rt ≤ r′X h?2 }`bi BM2[m�HBiv 7QHHQrb 7`QK Mt #2BM;

εt@aS 7Q` GS - r?B+? Bb � bm#;`�T? Q7 Gt
S X h?2 H�bi BM2[m�HBiv 7QHHQrb 7`QK i?2 7�+i i?�i

ε ≥ εt �M/ m ≥ |Ai|X

G�biHv- r2 MQi2 i?�i 7`QK i?2 �#Qp2 Bi 7QHHQrb i?�i 7Q` �Mv W ⊆ {0, 1}n

S(M(x) ∈ W )

S(M(y) ∈ W )
≤

∑
w∈W S(M(x) = w)∑
w∈W S(M(y) = w)

≤ exp (mε)

h?mb- r2 +QM+Hm/2 i?�i i?2 +H�BK ?QH/bX

jXe S`Bp�+v lM/2` � _2;mH�` LQ`K�HBiv S`QT2`iv

>2`2- r2 +QMbB/2` � b2i Q7 MQ`K�HBiv T`QT2`iB2b 7Q` r?B+? b2MbBiBp2 T`Bp�+v ;m�`�Mi22 Bb

bi`QM; �M/ T`�+iB+�HHv K2�MBM;7mH ě r2 `272` iQ bm+? T`QT2`iB2b �b `2;mH�` T`QT2`iB2b
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U/2}M2/ b?Q`iHvVX q2 �HbQ b?Qr i?�i- 7Q` KQbi T`�+iB+�H b2iiBM;- i?2 MQ`K�HBiv T`QT2`iv

+Q``2bTQM/BM; iQ (β, r > 0)@�MQK�Hv Bb `2;mH�`X

_2;mH�` T`QT2`iB2b- P - K�F2 � bm#b2i Q7 i?2 b2i Q7 �HH T`QT2`iB2b P Ua2+iBQM kXjV UBX2X

P ! PVX 6Q` 2p2`v T`QT2`iv BM P - i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- GS - Bb bm+? i?�i

2p2`v irQ MQ/2b UBX2X /�i�#�b2bV- 2�+? Q7 r?B+? ?�b �i H2�bi QM2 b2MbBiBp2 `2+Q`/- �`2

+QMM2+i2/X

hQ /2}M2 i?2 MQiBQM Q7 `2;mH�` T`QT2`iv- r2 }`bi M22/ iQ +H�`B7v bQK2 MQi�iBQM �M/

/2}MBiBQMbX 6Q` �`#Bi`�`BHv }t2/ k ≥ 1 �M/ � T`QT2`iv p ∈ P- H2i Dp #2 � bm#b2i Q7 D

bm+? i?�i Dp = {x ∈ D : ∃i ∈ X bXiX i Bb k@b2MbBiBp2 rX`XiX x}X �M/ 7Q` � ;Bp2M Dp �M/

� k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- GS - +Q``2bTQM/BM; iQ p- H2i GS(Dp) = (Dp, E) #2 �

bm#;`�T? Q7 GS bm+? i?�i 7Q` 2p2`v x, y ∈ Dp- {x, y} ∈ E B7 �M QMHv B7 {x, y} ∈ E(GS)X

h?2 /2}MBiBQM 7QHHQrbX

.2}MBiBQM jX9 U`2;mH�` T`QT2`ivVX 6Q` �Mv p ∈ P- r2 b�v p Bb `2;mH�` B7 7Q` 2p2`v

k ≥ 1- GS(Dp) Bb +QMM2+i2/- r?2`2 GS Bb i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` pX

h?2`27Q`2- 7Q` �Mv `2;mH�` T`QT2`iv p- �HH i?2 /�i�#�b2 i?�i ?�p2 �i H2�bi QM2 b2MbBiBp2

`2+Q`/b �`2 BM QM2 +QMM2+i2/ +QKTQM2Mi- C- Q7 i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- �M/

i?2 QMHv /�i�#�b2b i?�i �`2 MQi +QMM2+i2/ rBi? i?Bb +QKTQM2Mi UCV Q7 i?2 ;`�T? �`2

i?2 QM2b i?�i /Q MQi ?�p2 �Mv b2MbBiBp2 `2+Q`/X

q?2M � /�i�#�b2 x Bb bm+? i?�i i?2`2 Bb MQ `2+Q`/ i?�i Bb b2MbBiBp2 rBi? `2bT2+i

iQ x- i?2`2 Bb MQ MQ`K�H `2+Q`/ BM i?2 /�i�#�b2X >Qr2p2`- r2 FMQr i?�i KQbi Q7 i?2

`2+Q`/b BM `2�H@rQ`H/ /�i�#�b2b 7Q` QmiHB2` �M�HvbBb �`2 MQ`K�H `2+Q`/b- �M/ QMHv � bK�HH

KBMQ`Biv Q7 `2+Q`/b +QMbiBimi2 �MQK�HB2bX h?mb- 7Q` i?2 T`�+iB+�H b2iiBM;b 7Q` QmiHB2`

�M�HvbBb- b2MbBiBp2 T`Bp�+v ;m�`�Mi22 Bb bi`QM; �b r2HH �b K2�MBM;7mHX

jXeXR _2;mH�` pbX MQM@`2;mH�` (β, r)@MQ`K�HBiv T`QT2`iB2b

q2 mb2 p iQ /2TB+i �M �`#Bi`�`v (β, r)@MQ`K�HBiv T`QT2`ivX _2+�HH i?�i r2 `272` iQ i?2

MQ`K�HBiv T`QT2`iv +Q``2bTQM/BM; iQ (β, r)@�MQK�Hv �b (β, r)@MQ`K�HBiv T`QT2`ivX

(β, r)@MQ`K�HBiv T`QT2`iB2b 7Q` KQbi T`�+iB+�H b2iiBM;b �`2 BM/22/ `2;mH�`- #mi MQi

�HHX 6Q` BMbi�M+2- 7Q` �Mv β ≥ 1 �M/ k < β- i?2 (β, 0)@MQ`K�HBiv T`QT2`iv Bb MQi `2;mH�`X
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hQ +QM}`K i?Bb- �`#Bi`�`BHv }t p�Hm2b Q7 β ≥ 1 �M/ k < βX G2i x �M/ y #2 irQ /�i�#�b2b

bm+? i?�i 7Q` bQK2 i &= j- xi = β+1−k �M/ xj = 0- �M/ yi = 0 �M/ yj = β+1−kX LQi2

i?�i i Bb k@b2MbBiBp2 rBi? `2bT2+i iQ x #mi MQi y- �M/ j Bb k@b2MbBiBp2 rBi? `2bT2+i iQ y

#mi MQi xX h?Bb Bb bBM+2 7Q` �Mv /�i�#�b2 z �M/ `2+Q`/ l- l Bb k@b2MbBiBp2 rBi? `2bT2+i iQ

z B7 �M/ QMHv B7 Bz(l, r = 0) = zl ≥ β + 1 − k UG2KK� jXRVX �Hi?Qm;? #Qi? /�i�#�b2b

?�p2 �i H2�bi QM2 `2+Q`/ i?�i Bb k@b2MbBiBp2 rBi? `2bT2+i iQ 2�+?- i?2v �`2 MQi +QMM2+i2/

BM i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X h?Bb ?QH/b #2+�mb2 7Q` 2p2`v M2B;?#Q` z Q7 x-

j Bb MQi k@b2MbBiBp2 rBi? `2bT2+i iQ z Uzj + k ≤ βVc BM 7�+i- 7Q` 2p2`v M2B;?#Q` z Q7 x-

zj = xj = 0X 6m`i?2`KQ`2- � bBKTH2 BM/m+iBp2 �`;mK2Mi UQM i?2 /�i�#�b2b �i /Bbi�M+2

# 7`QK xV b?Qrb i?�i �Mv /�i�#�b2- z- i?�i Bb +QMM2+i2/ iQ x ?�b zj = 0X h?mb- r2

+QM+Hm/2 i?�i y Bb MQi +QMM2+i2/ iQ x- �M/ i?2 (β, 0)@MQ`K�HBiv T`QT2`iv U7Q` k < βV Bb

MQi `2;mH�`X

q2 mb2 k < β +QMbi`�BMi #2+�mb2 r?2M k ≥ β- 7Q` 2p2`v i ∈ X �M/ x ∈ D- i?2`2 Bb

� M2B;?#Q` y Q7 x bm+? i?�i i Bb k@b2MbBiBp2 7Q` x Q` yc �M/ BM i?Bb +�b2- i?2 k@b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T? 7Q` (β, r)@MQ`K�HBiv T`QT2`iv Bb i?2 b�K2 �b i?2 .S M2B;?#Q`?QQ/

;`�T?X

q2 MQr +?�`�+i2`Bx2 i?2 +QM/BiBQM i?�i K�F2b � (β, r)@MQ`K�HBiv T`QT2`iv `2;mH�`X

6Q` i?Bb- r2 mb2 `�/Bmb T�`�K2i2` rX q?2M r Bb MQM@i`BpB�H- i?2 (β, r)@MQ`K�HBiv T`QT2`iv

Bb `2;mH�`X hQ /2}M2 r?�i K�F2b r MQM@i`BpB�H- r2 }`bi M22/ iQ +H�`B7v bQK2 MQi�iBQMX

q2 mb2 S : X × N → 2X Ur?2`2 2X Bb i?2 TQr2` b2i Q7 X V iQ /2}M2 i?2 b2ib Q7 `2+Q`/b

i?�i �`2 `2�+?�#H2 7`QK � ;Bp2M `2+Q`/ iX 6Q` �Mv ;Bp2M r- 2p2`v # ∈ N �M/ 2p2`v

i ∈ X - S(i, #) = ∪
j∈S(i,"−1)

X(j, r) B7 # > 0 Qi?2`rBb2 S(i, #) = {i}- r?2`2�b X(i, r) =

{j ∈ X : d(i, j) ≤ r} U`2+�HH i?�i (β, r)@�MQK�Hv +QK2b rBi? � K2i`B+ Qp2` X × X - b22

a2+iBQM kXjVX

6Q` (β, r)@�MQK�Hv- r2 b�v i?2 `�/Bmb T�`�K2i2` r ≥ 0 Bb MQM@i`BpB�H B7 i?2`2 2tBbib

s ∈ N bm+? i?�i 7Q` 2p2`v i ∈ X - S(i, s) = X X "2HQr- r2 ;Bp2 *H�BK jX8 bi�iBM; i?�i B7

i?2 T�`�K2i2` r Bb MQM@i`BpB�H i?2M p Bb � `2;mH�` U(β, r)@MQ`K�HBivV T`QT2`ivX

*H�BK jX8X 6Q` �`#Bi`�`BHv }t2/ β ≥ 1- �M/ r ≥ 0- B7 i?2 T�`�K2i2` r Bb MQM@i`BpB�H 7Q`

(β, r)@�MQK�Hv- i?2M (β, r)@MQ`K�HBiv T`QT2`iv- p- Bb `2;mH�`X
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S`QQ7X �`#Bi`�`BHv }t � U}MBi2V b2i X Q7 bBx2 m �M/ � (β, r)@MQ`K�HBiv T`QT2`iv- p- 7Q`

�`#Bi`�`BHv }t2/ β ≥ 1 �M/ r ≥ 0 i?�i Bb MQM@i`BpB�HX L2ti }t �M �`#Bi`�`v p�Hm2 Q7

k ≥ 1- �M/ H2i GS #2 i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` pX

q2 MQr `2+�HH i?�i Dp Bb i?2 K�tBK�H b2i bm+? i?�i Dp ⊆ D �M/ 7Q` 2p2`v x ∈ D-

x ∈ Dp ⇐⇒ i?2`2 2tBbib i ∈ X i?�i Bb k@b2MbBiBp2 rBi? `2bT2+i iQ UrX`XiXV xX

q2 T`Qp2 i?2 +H�BK BM irQ bi2Tb i?`Qm;? � `2�+?�#BHBiv �`;mK2Mi- r?2`2 r2 b?Qr

2p2`v /�i�#�b2 UMQ/2V BM GS(Dp) Bb +QMM2+i2/ iQ � }t2/ /�i�#�b2 i?�i ?�b β K�bb BM

2�+? +QQ`/BM�i2X 6Q` i?Bb T`QQ7- r2 �`#Bi`�`BHv }t �M x ∈ Dp �M/ �M i ∈ X bm+? i?�i i

Bb k@b2MbBiBp2 rX`Xi x- �M/ ?2M+2- Bx(i, r) ≥ β + 1− k U7QHHQrb 7`QK G2KK� jXRVX

L2ti- r2 /2}M2 � 7mM+iBQM ω- r?B+? r2 rBHH mb2 iQ ;Bp2 /�i�#�b2b i?�i �`2 b�K2

�b x 2t+2Ti i?2v /Bz2` 7`QK x BM i?2 +QQ`/BM�i2 iX 6Q` 2p2`v a ∈ N- r2 /2}M2

ωx(a) = x + a · b;M(β − xi)2i- r?2`2 b;M Bb i?2 bi�M/�`/ bB;MmK 7mM+iBQM i?�i Qmi@

Tmib 0 7Q` i?2 BMTmi 0X h?mb- ωx(a) Bb i?2 b�K2 �b x 2t+2Ti 7Q` ii? +QQ`/BM�i2 r?2`2 Bib

K�bb Bb KQ`2 UH2bbV #v a i?�M i?�i Q7 x B7 xi < β U`2bT2+iBp2Hv B7 xi > βVX

S�`i U�V, >2`2 r2 b?Qr i?�i i?2 /�i�#�b2 x Bb +QMM2+i2/ iQ � /�i�#�b2 BM GS(Dp)

i?�i Bb b�K2 �b x 2t+2Ti 7Q` i?2 +QQ`/BM�i2 i- r?2`2 Bi ?�b K�bb β UBX2X i?2 /�i�#�b2

ωx(|β − xi|)VX

q?2M |β − xi| = 0- i?2 +H�BK ?QH/b i`BpB�HHv i`m2 U�b x Bb `2�+?�#H2 7`QK Bib2H7VX aQ-

r2 +QMbB/2` i?2 +�b2- r?2M |β − xi| > 0X >2`2- 7Q` a = 1, . . . , |β − xi|- ωx(a − 1) Bb �

M2B;?#Q` Q7 ωx(a) BM GS - �M/ #Qi? ωx(a− 1) �M/ ωx(a) #2HQM; iQ Dp #2+�mb2 7Q` 2p2`v

a U�b ;Bp2M �#Qp2V- i Bb b2MbBiBp2 rX`XiX ωx(a) �b Bωx(a)(i, r) ≥ β + 1− kX

6`QK i?2 �#Qp2 Bi 7QHHQrb i?�i x Bb +QMM2+i2/ iQ i?2 /�i�#�b2 ωx(|β − xi|) ∈ Dp

i?`Qm;? i?2 T�i? < x,ωx(1), . . . ,ωx(|β − xj |) >X 6m`i?2`KQ`2- bBM+2 x �M/ i r2`2 }t2/

�`#Bi`�`BHv- i?Bb +H�BK ?QH/b 7Q` 2p2`v i �M/ �M/ 2p2`v x ∈ Dp bm+? i?�i i Bb b2MbBiBp2

rBi? `2bT2+i iQ xX

S�`i U#V, >2`2- r2 rBHH mb2 �M BM/m+iBp2 �`;mK2Mi iQ b?Qr i?�i i?2 /�i�#�b2- r?B+?

?�b β K�bb BM 2�+? +QQ`/BM�i2- Bb `2�+?�#H2 7`QK xX

6Q` Qm` }t2/ x �M/ �Mv J ⊆ X - H2i yJ #2 � /�i�#�b2 bm+? i?�i 7Q` 2p2`v j ∈ J -
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yJj = β- �M/ 7Q` 2p2`v j ∈ X \ J - yJj = xj X �M/ H2i s #2 i?2 bK�HH2bi BMi2;2` bm+?

i?�i S(i, s) = X ě i?Bb ?QH/b #2+�mb2 r Bb MQM@i`BpB�HX q2 r�Mi iQ b?Qr i?�i yS(i,s)

`2�+?�#H2 7`QK xX

6B`biHv- MQi2 i?�i yS(i,0) +�M #2 `2�+?2/ 7`QK x US�`i U�VV ě i?Bb T`Qp2b i?2 #�b2 +�b2X

L2ti- �bbmK2 i?�i 7Q` bQK2 # ≥ 0- yS(i,") Bb `2�+?�#H2 7`QK x UBM/m+iBp2 ?vTQi?2bBbVX

q2 rBHH b?Qr i?�i yS(i,"+1) Bb �HbQ `2�+?�#H2 7`QK xX

A7 # ≥ s- i?2M i?2 +H�BK ?QH/b i`BpB�HHvc ?2M+2- BM i?2 7QHHQrBM; r2 �bbmK2 i?�i # < sX

G2i J = S(i, #) ∪
(
S(i, #+ 1) \ S(i, #)

)
= S(i, #) ∪ {i1, i2, . . . , in} 7Q` bQK2 n- �M/ 7Q`

2p2`v t BM {0, 1, 2, . . . , n}- Jt = S(i, #) ∪ {i1, i2, . . . , it}- r?2`2 J0 = S(i, #)X

LQi2 i?�i 2p2`v j ∈ J Bb k@b2MbBiBp2 rBi? `2bT2+i iQ yS(i,")X hQ +QM}`K i?Bb- �`#B@

i`�`BHv }t � j ∈ J X A7 j ∈ S(i, #) i?2M j Bb b2MbBiBp2 rBi? `2bT2+i iQ yS(i,") U7QHHQrb 7`QK

G2KK� jXR �b yS(i,")j = βVX A7- ?Qr2p2`- j ∈ J \ S(i, #)- i?2M i?2`2 2tBbib � j′ ∈ S(i, #)

bm+? i?�i d(j, j′) ≤ r U7QHHQrb 7`QK i?2 /2}MBiBQM Q7 SV- �M/ 7Q` z = yS(i,")- Bz(j, r) ≥ βc

i?mb- j Bb b2MbBiBp2 rBi? `2bT2+i iQ z = yS(i,") UG2KK� jXRVX

LQr- 7`QK S�`i U�V- Bi 7QHHQrb i?�i- yJ1 Bb `2�+?�#H2 7`QK yJ0 - �M/ yJ2 Bb `2�+?�#H2

7`QK yJ1 - �M/ bQ QMX h?mb- yJ Bb `2�+?�#H2 7`QK yJ0 - �M/ i?2 BM/m+iBp2 ?vTQi?2bBb

BKTHB2b i?�i yJ Bb �HbQ `2�+?�#H2 7`QK xX

6BM�HHv- r2 +QM+Hm/2 7`QK i?2 �#Qp2 i?�i yS(i,s) +�M #2 `2�+?2/ 7`QK xX aBM+2

x ∈ Dp r�b }t2/ �`#Bi`�`BHv- i?2 +H�BK ?QH/b i`m2 7Q` 2p2`v x ∈ DpX "2+�mb2 r2 }t2/

k �`#Bi`�`BHv- i?2 +H�BK ?QH/b 7Q` �HH k ≥ 1 ě i?Bb +QKTH2i2b i?2 T`QQ7X

jXd _2H�iBQM Q7 a2MbBiBp2 S`Bp�+v rBi? Pi?2` S`Bp�+v .2}MBiBQMb

AM i?Bb b2+iBQM- r2 b?Qr ?Qr b2MbBiBp2 T`Bp�+v `2H�i2b iQ i?2 Qi?2` `2H�i2/ /�i� T`Bp�+v

+QM+2Tib BM i?2 HBi2`�im`2X

jXdXR .Bz2`2MiB�H T`Bp�+v

q2 #2;BM #v `2bi�iBM; i?2 /2}MBiBQM Q7 /Bz2`2MiB�H T`Bp�+v BM Qm` H�M;m�;2 Q7 i?2 M2B;?@

#Q`?QQ/ ;`�T?X
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.2}MBiBQM jX8X 6Q` �Mv ε > 0 �M/ K2+?�MBbK- M - rBi? /QK�BM D- r2 b�v M Bb

ε@/Bz2`2MiB�HHv T`Bp�i2 B7 7Q` 2p2`v M2B;?#Q`BM; x �M/ y BM i?2 .S M2B;?#Q`?QQ/ ;`�T?-

�M/ 2p2`v R ⊆ Range(M)-

S (M(x) ∈ R) ≤ eεS (M(y) ∈ R) .

6B`biHv- MQi2 i?�i 7Q` 2p2`v x, y ∈ D- ||x− y||1 = 1 ⇐⇒ dG(x, y) = 1 UG2KK� jXkV-

r?2`2 dG Bb i?2 b?Q`i2bi T�i? K2i`B+ Qp2` i?2 .S M2B;?#Q`?QQ/ ;`�T? GX h?mb .2}MB@

iBQM jX8 Bb 2[mBp�H2Mi iQ .2}MBiBQM kXkX

G2KK� jXkX A7 G Bb i?2 .S M2B;?#Q`?QQ/ ;`�T? �M/ dG Bb i?2 b?Q`i2bi T�i? K2i`B+ Qp2`

G- i?2M 7Q` 2p2`v x, y ∈ D- dG(x, y) = ||x− y||1.

S`QQ7X G2i G #2 i?2 .S M2B;?#Q`?QQ/ ;`�T? Qp2` D �M/ dG #2 i?2 b?Q`i2bi T�i? K2i`B+

Qp2` GX aBM+2 7Q` x = y- dG(x, y) = ||x − y||1 = 0- �`#Bi`�`BHv }t x, y ∈ D bm+?

i?�i x &= yX aBM+2 2�+? 2/;2- 7`QK QM2 /�i�#�b2b iQ �M Qi?2`- `2T`2b2Mib �M �//BiBQM Q`

`2KQp�H Q7 � `2+Q`/- i?2 b?Q`i2bi T�i? #2ir22M x �M/ y `2T`2b2Mib i?2 KBMBKmK MmK#2`

Q7 bm+? +?�M;2b `2[mB`2/ iQ KQ/B7v x BMiQ y Q` pB+2 p2`b�- r?B+? Bb 2t�+iHv i?2 [m�MiBiv

K2�bm`2/ #v #1@/Bbi�M+2X h?mb- r2 +QM+Hm/2 dG(x, y) = ||x− y||1X

h?2 `2bi�i2K2Mi Q7 /Bz2`2MiB�H T`Bp�+v K�F2b Bi 2�bv iQ b22 i?�i B7 � k@b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T?- GS - Bb i?2 b�K2 �b i?2 .S M2B;?#Q`?QQ/ ;`�T?- G UBX2X- GS = GV-

i?2M � K2+?�MBbK Bb (ε, k)@b2MbBiBp2Hv T`Bp�i2 B7 �M/ QMHv B7 Bi Bb ε@/Bz2`2MiB�HHv T`Bp�i2X

PM2 +�M 2�bBHv +QM}`K i?Bb #v, URV +QKT�`BM; .2}MBiBQM jXj rBi? .2}MBiBQM jX8- �M/

UkV mbBM; i?2 7�+i i?�i r?2M GS = GX

6m`i?2`KQ`2- B7 � K2+?�MBbK Bb ε@/Bz2`2MiB�HHv T`Bp�i2 i?2M Bi Bb �HbQ (ε, k)@b2MbBiBp2Hv

T`Bp�i2 7Q` �HH k ≥ 1 �M/ MQ`K�HBiv T`QT2`iB2bX h?Bb 7QHHQrb 7`QK i?2 7�+i i?�i 2p2`v

k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? Bb � bm#;`�T? Q7 .S M2B;?#Q`?QQ/ ;`�T? UBX2X �Mv irQ

M2B;?#Q`BM; /�i�#�b2b BM k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? �`2 �HbQ M2B;?#Q`b BM i?2 .S

M2B;?#Q`?QQ/ ;`�T?VX

G�biHv- r2 MQi2 i?�i B7 � K2+?�MBbK- M - Bb (ε, k)@b2MbBiBp2Hv T`Bp�i2- i?2M i?2`2

2tBbib �M ε′ ∈ R≥0 ∪ {∞} bm+? i?�i i?2 M Bb ε′@/Bz2`2MiB�HHv T`Bp�i2 U*H�BK jXeVX LQi2

i?�i r?2M ε′ = 0- r2 �+?B2p2 i?2 K�tBKmK H2p2H Q7 T`Bp�+v- i?�i Bb- 7Q` �HH M2B;?#Q`BM;
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/�i�#�b2b x �M/ y BM G �M/ 2p2`v R ⊆ Range(M)- S
(
M(x) ∈ R

)
= S

(
M(y) ∈ R

)
X "mi

r?2M ε′ = ∞- i?2`2 Bb MQ T`Bp�+v �i �HHX AM i?Bb +�b2- M +�M QmiTmi i?2 +Q``2+i �Mbr2`

UQ7 i?2 7mM+iBQM Bi Bb +QKTmiBM;V 7Q` 2p2`v BMTmiX

*H�BK jXe QMHv �TTHB2b iQ i?2 +QMM2+i2/ k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- GS X A7 i?2

GS Bb MQi +QMM2+i2/- i?2 ;m�`�Mi22 mM/2` /Bz2`2MiB�H T`Bp�+v rBHH #2 7Q` ε′ = ∞X h?Bb

Bb #2+�mb2- 7Q` � MQM@+QMM2+i2/ GS - i?2`2 �`2 irQ /�i�#�b2b /Bz2`BM; #v QM2 `2+Q`/ UBX2X

M2B;?#Q`b �b T2` .S M2B;?#Q`?QQ/ ;`�T?V i?�i �`2 MQi +QMM2+i2/X 6Q` i?2b2 /�i�#�b2b-

� K2+?�MBbK- r?B+? Bb b2MbBiBp2Hv T`Bp�i2 7Q` GS - +�M �`#Bi`�`BHv /Bp2`;2 BM i2`Kb Q7 Bib

/Bbi`B#miBQMbX

*H�BK jXeX �`#Bi`�`BHv }t ε > 0- � +QMM2+i2/ k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- GS- 7Q`

� MQ`K�HBiv T`QT2`iv- �M/ H2i α = max
||x−y||1=1

dGS (x, y)X 6Q` �Mv K2+?�MBbK M - B7 M Bb

(ε, k)@b2MbBiBp2Hv T`Bp�i2 i?2M Bi Bb (ε · α)@/Bz2`2MiB�HHv T`Bp�i2X

h?2 �#Qp2 +H�BK 7QHHQrb 7`QK i?2 7�+i i?�i 7Q` �M ε@b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK-

i?2 T`Q#�#BHBiB2b +Q``2bTQM/BM; iQ x �M/ y 7Q` �Mv Q7 i?2 QmiTmi �`2 rBi?BM � KmHiB@

THB+�iBp2 7�+iQ` Q7 eεdGS
(x,y) U*H�BK jXdVX

*H�BK jXdX 6Bt �Mv ε > 0- k ≥ 1- �M/ � MQ`K�HBiv T`QT2`iv p bm+? i?�i GS Bb i?2

k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` p �M/ Bb +QMM2+i2/X 6Q` �Mv K2+?�MBbK- M - rBi?

/QK�BM D- B7 M Bb (ε, k)@b2MbBiBp2Hv T`Bp�i2- i?2M 7Q` 2p2`v x, y ∈ D �M/ R ⊆ Range(M)-

S(M(x) ∈ R) ≤ eε·dGS
(x,y)S(M(y) ∈ R)

h?2 �#Qp2 +H�BK BKK2/B�i2Hv 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 b2MbBiBp2 T`Bp�+v- i?�i

Bb- UQM �Mv Q7 i?2 b?Q`i2bi T�i?b 7`QK x iQ yV 2�+? Q7 i?2 T�B` Q7 M2B;?#Q`b- z �M/ z′- BM

i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? b�iBb}2b S(M(z) ∈ R) ≤ eεS(M(z′) ∈ R)X

jXdXk "HQr}b? � Smz2`}b? T`Bp�+v

"HQr}b? �M/ Smz2`}b? T`Bp�+v (9N- ej- 93) �`2 ;2M2`�H 7`�K2rQ`Fb 7Q` ;2M2`�iBM; T`Bp�+v

/2}MBiBQMbX "�bB+�HHv- �Mv /2}MBiBQM Q7 T`Bp�+v- i?�i Bb- #�b2/ QM ǳBM/BbiBM;mBb?�#BHBivǴ

Q7 M2B;?#Q`BM; /�i�#�b2b UBM i2`K Q7 T`Bp�+v +QMbi`�BMib- 2X;X �b ;Bp2M BM .2}MBiBQM kXk

�M/ .2}MBiBQM jXjV Bb +Qp2`2/ mM/2` QM2 Q7 i?2b2 7`�K2rQ`FbX lM/2` i?2b2 7`�K2rQ`Fb-
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i?2 K�BM T`Q#H2K iQ bQHp2 Bb iQ /2+B/2 r?�i b2+`2i QM2 r�Mib iQ T`Qi2+i �M/ i?2M /2}M2

r?B+? /�i�#�b2b �`2 M2B;?#Q`b bQ �b iQ T`Qi2+i i?2 b2+`2iX

AM "HQr}b? T`Bp�+v (ej)- QM2 M22/b iQ /2}M2 r?�i b2+`2i r2 r�Mi iQ T`Qi2+i- r?B+?

i?2M `2bmHib BM i?2 M2B;?#Q`BM; /�i�#�b2bX AM i?Bb +QMi2ti- Qm` T`QTQb2/ MQiBQM Q7 k@

b2MbBiBp2 `2+Q`/ TH�vb � pBi�H `QH2 �b Bi BM/m+2b i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X LQr-

B7 r2 /2}M2 i?2 b2+`2i iQ #2 i?2 T`2b2M+2 Q` �#b2M+2 Q7 � b2MbBiBp2 `2+Q`/ U7Q` � T`2}t2/

p�Hm2 Q7 kV- i?2M i?2 `2bmHi�Mi M2B;?#Q`b rQmH/ #2 i?2 b�K2 �b ;Bp2M #v k@b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T?X AM i?Bb +�b2- � K2+?�MBbK rBHH #2 b2MbBiBp2Hv T`Bp�i2 B7 �M/ QMHv

B7 Bi Bb T`Bp�i2 mM/2` "HQr}b? T`Bp�+vX

Smz2`}b? T`Bp�+v �bbmK2b i?�i i?2`2 Bb �M �ii�+F2` UQ` � b2i Q7 �ii�+F2`bV �;�BMbi

r?QK r2 r�Mi iQ T`Qi2+i T`Bp�+vX Ai K�F2b i?2 �ii�+F2`Ƕb BM7Q`K�iBQM 2tTHB+Bi- i?�i Bb-

7`QK r?�i /Bbi`B#miBQM UQ` b2i Q7 /Bbi`B#miBQMbV i?2 /�i�#�b2b rBHH #2 /`�rM �M/ r?�i

Bi Bb i?�i r2 �`2 i`vBM; iQ T`Qi2+iX AM i?2 +�b2 Q7 b2MbBiBp2 T`Bp�+v- i?2 BM7Q`K�iBQM iQ

#2 T`Qi2+i2/ Bb r?2i?2` Q` MQi � b2MbBiBp2 `2+Q`/ Bb T`2b2Mi BM i?2 /�i�#�b2X AM i?Bb

b2iiBM;- B7 i?2 T`2b2M+2 �M/ �#b2M+2 Q7 2p2`v `2+Q`/ Bb BM/2T2M/2Mi 7`QK i?2 T`2b2M+2

�M/ �#b2M+2 Q7 i?2 Qi?2` `2+Q`/b- i?2M 7Q` i?2 b2+`2ib iQ #2 T`Qi2+i2/ UbT2+B}2/ #v i?2

b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?V- � K2+?�MBbK Bb b2MbBiBp2Hv T`Bp�i2 B7 �M/ QMHv B7 Bi Bb

T`Bp�i2 mM/2` Smz2`}b? T`Bp�+v (ej- 93)X

jXdXj S`Qi2+i2/ /Bz2`2MiB�H T`Bp�+v

AM (ke)- i?2 �mi?Q`b T`2b2Mi � /2}MBiBQM Q7 T`Bp�+v �M/ T`Bp�i2 �H;Q`Bi?Kb 7Q` � i�`;2i2/

b2�`+? BM bQ+B�H M2irQ`Fb- r?B+? +�M #2 mb2/ iQ b2�`+? 7Q` �MQK�HB2b U2X;X- i2``Q`BbibV �b

r2HHX h?2B` �H;Q`Bi?Kb �`2 T`Bp�i2 mM/2` T`Qi2+i2/ /Bz2`2MiB�H T`Bp�+v- i?2B` T`QTQb2/

MQiBQMX

>Qr2p2`- �b /Bb+mbb2/ BM a2+iBQM kXk- i?2 /2}MBiBQM Q7 �MQK�Hv UQ` i?2 MQ`K�HBiv

T`QT2`iv BM Qm` +QMi2tiV i?�i r2 +�M +QMbB/2` mM/2` i?2B` /2}MBiBQM +�MMQi #2 /�i�@

/2T2M/2MiX L�K2Hv- 7Q` � T`2@bT2+B}2/ X ⊆ X Ui?2 b2i Q7 i?2 T`Qi2+i2/ TQTmH�iBQMV- r2

+�M /2}M2 i?2 +Q``2bTQM/BM; MQ`K�HBiv T`QT2`iv- p- r?2`2 p Bb bm+? i?�i 7Q` 2p2`v i ∈ X

�M/ x ∈ D- p(i, x) = 1 ⇐⇒ i ∈ XX h?mb- T`Qi2+i2/ /Bz2`2MiB�H T`Bp�+v /2�Hb rBi? �

bm#+H�bb Q7 /2}MBiBQMb 7`QK b2MbBiBp2 T`Bp�+vX 6m`i?2`KQ`2- BM i?Bb +QMi2ti- bQHpBM; i?2
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T`Q#H2K 7Q` i?2 /�i�@/2T2M/2Mi /2}MBiBQM Q7 �MQK�HB2b Bb �M QT2M [m2biBQM (ke) i?�i

b2MbBiBp2 T`Bp�+v �//`2bb2bX

jXdX9 h�BHQ`2/ /Bz2`2MiB�H T`Bp�+v

h�BHQ`2/ /Bz2`2MiB�H T`Bp�+v (kN) ;2M2`�HBx2b /Bz2`2MiB�H T`Bp�+v- r?2`2BM i?2 T`Bp�+v

T�`�K2i2`- ε- Bb � 7mM+iBQM Q7 � `2+Q`/ �M/ � /�i�#�b2 UBX2X ε : X × D → R≥0 ∪ {∞}VX

>2M+2- Bi �HHQrb 7Q` ?�pBM; /Bz2`2Mi H2p2Hb Q7 T`Bp�+v UBX2X i?2 p�Hm2 Q7 εV 7Q` /Bz2`2Mi

`2+Q`/bX

.2}MBiBQM Uh.SVX 6Q` �Mv ;Bp2M ε : X × D → R≥0 ∪ {∞} �M/ K2+?�MBbK M UrBi?

/QK�BM DV- M Bb +�HH2/ ε(·)@i�BHQ`2/ /Bz2`2MiB�HHv T`Bp�i2 B7 7Q` 2p2`v x ∈ D �M/ 2p2`v

i ∈ X bm+? i?�i xi ≥ 1- i?2 7QHHQrBM; ?QH/b

M(x) ≤ eε(i,x)M(x− 2i) �M/ M(x− 2i) ≤ eε(i,x)M(x).

a2MbBiBp2 T`Bp�+v /2�Hb rBi? � bm#+H�bb Q7 K2+?�MBbKb i?�i �`2 T`Bp�i2 mM/2` i�BHQ`2/

/Bz2`2MiB�H T`Bp�+vX A7 � K2+?�MBbK Bb b2MbBiBp2Hv T`Bp�i2 i?2M i?2`2 2tBbib � 7mM+iBQM

ε bm+? i?�i i?2 K2+?�MBbK Bb �HbQ ε(·)@i�BHQ`2/ /Bz2`2MiB�HHv T`Bp�i2X �Hi2`M�iBp2Hv- r2

+�M b�v i?�i 7Q` bT2+B}+ 7mM+iBQM ε- � K2+?�MBbK Bb b2MbBiBp2Hv T`Bp�i2 B7 �M/ QMHv B7 Bi

Bb i�BHQ`2/ /Bz2`2MiB�HHv T`Bp�i2 U*H�BK jX3VX

q2 /2}M2 i?2 T`Bp�+v@7mM+iBQMb- εα- i?�i r2 M22/ iQ 7Q`K�HHv bi�i2 i?2 +H�BKX 6Q`

�Mv ;Bp2M k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? GS U7Q` �M �`#Bi`�`v p ∈ PV �M/ � }t2/

α > 0- r2 b�v εα : X × D → R≥0 ∪ {∞} Bb � T`Bp�+v@7mM+iBQM B7 7Q` 2p2`v i ∈ X �M/

2p2`v x ∈ D- εα(i, x) = α · dGS (x, ξ(x − 2i)) B7 x �M/ ξ(x − 2i) �`2 +QMM2+i2/ BM GS

Qi?2`rBb2 εα(i, x) = ∞X _2+�HH i?�i ξ- 7Q` � ;Bp2M BMTmi- `2TH�+2b i?2 M2;�iBp2 p�Hm2 Q7

2�+? +QQ`/BM�i2 rBi? x2`Q- �M/ 2i Bb � /�i�#�b2 i?�i +QMbBbib Q7 QMHv QM2 `2+Q`/ i?�i Bb

Q7 p�Hm2 i Ub22 a2+iBQM kXj 7Q` /2i�BHbVX

*H�BK jX3X �`#Bi`�`BHv }t k ≥ 1- α > 0- � MQ`K�HBiv T`QT2`iv p- �M/ H2i GS #2 i?2

k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` pX A7 εα Bb i?2 T`Bp�+v@7mM+iBQM 7Q` GS U�b ;Bp2M

�#Qp2V- i?2M 7Q` 2p2`v K2+?�MBbK M rBi? /QK�BM D- M Bb (α, k)@b2MbBiBp2Hv T`Bp�i2 B7

�M/ QMHv B7 Bi Bb εα(·)@i�BHQ`2/ /Bz2`2MiB�HHv T`Bp�i2X
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S`QQ7X G2i k- p- α- �M/ GS #2 �b ;Bp2M �#Qp2X G2i εα #2 i?2 T`Bp�+v@7mM+iBQM 7Q` GS -

�M/ M #2 � K2+?�MBbK rBi? /QK�BM DX

q2 }`bi T`Qp2 i?2 ǳQMHv B7Ǵ /B`2+iBQMX G2i M #2 (α, k)@b2MbBiBp2Hv T`Bp�i2 UaSVX

�`#Bi`�`BHv TB+F x ∈ D �M/ i ∈ X bm+? i?�i xi ≥ 1X G2i y = x− 2iX h?mb- #v /2}MBiBQM

Q7 GS - y Bb � MQ/2 BM GS X LQr- B7 x �M/ y �`2 +QMM2+i2/ BM GS - i?2M 7Q` �M �`#Bi`�`BHv

}t2/ R ⊆ Range(M)- Bi 7QHHQrb i?�i

S
(
M(x) ∈ R

)
≤eαdGS

(x,y)S
(
M(y) ∈ R

)

S
(
M(x) ∈ R

)
≤eεα(i,x)S(M(y) ∈ R

)

h?2 }`bi BM2[m�HBiv 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 b2MbBiBp2 T`Bp�+v- r?2`2�b i?2 b2+QM/

QM2 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 εαX h?mb QM2 Q7 i?2 +QMbi`�BMib Q7 i�BHQ`2/ /Bz2`2MiB�H

T`Bp�+v Uh.SV ?QH/b 7Q` x �M/ iX aBKBH�`Hv- 7`QK i?2 bvKK2i`v Q7 dGS �M/ i?2 b2+QM/

+QMbi`�BMi BKTQb2/ #v aS- i?2 Qi?2` T`Bp�+v +QMbi`�BMi Q7 h.S 7QHHQrbX

PM i?2 Qi?2` ?�M/- B7 x �M/ y �`2 MQi +QMM2+i2/ BM GS - i?2M mM/2` b2MbBiBp2 T`Bp�+v-

M Ƕb /Bbi`B#miBQMb +Q``2bTQM/BM; iQ x �M/ y �`2 �HHQr2/ iQ �`#Bi`�`BHv /Bp2`;2 7`QK 2�+?

Qi?2`X h?2 b�K2 Bb i?2 +�b2 7Q` h.S mM/2` Qm` εα- r?B+? Bb 2[m�H iQ ∞ ?2`2X h?mb-

BM i?Bb +�b2- i?2 +H�BK ?QH/b �b r2HHX aBM+2 x- i- �M/ R r2`2 TB+F2/ �`#Bi`�`BHv- i?2

+QMbi`�BMib ?QH/ 7Q` 2p2`v x �M/ i Ubm+? i?�i xi ≥ 1V �M/ RX >2M+2 #v i?2 /2}MBiBQM Q7

h.S- M Bb εα(·)@h.SX h?Bb +QKTH2i2b i?2 T`QQ7 7Q` ǳQMHv B7Ǵ /B`2+iBQMX

L2ti- r2 T`Qp2 i?2 ǳB7Ǵ /B`2+iBQMX G2i M #2 εα(·)@h.SX �`#Bi`�`v TB+F M2B;?#Q`BM;

/�i�#�b2 x �M/ y BM GS - �M/ R ⊆ Range(M)X aBM+2 x �M/ y �`2 M2B;?#Q`b- i?2`2 2tBbib

i ∈ X bm+? i?�i ||x−y||1 = |xi−yi| = 1c H2i mb }t i?Bb iX LQr- B7 xi > yi- i?2M Bi 7QHHQrb

i?�i

S(M(x) ∈ R) ≤eεα(i,x)S(M(y) ∈ R)

S(M(x) ∈ R) ≤eαdGS
(x,y)S(M(y) ∈ R)

S(M(x) ∈ R) ≤eαS(M(y) ∈ R)

h?2 }`bi BM2[m�HBiv ?QH/b #2+�mb2 M Bb εα(·)@h.Sc i?2 b2+QM/ QM2 7QHHQrb #v i?2 /27@

BMBiBQM Q7 εα- �M/ i?2 i?B`/ QM2 ?QH/b #2+�mb2 dGS (x, y) = 1 7Q` M2B;?#Q`bX aBKBH�`Hv-

i?2 b2+QM/ T`Bp�+v +QMbi`�BMi 7Q` aS 7QHHQrb 7`QK i?2 Qi?2` T`Bp�+v +QMbi`�BMi Q7 h.SX
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AM i?2 +�b2- xi < yi- r2 ;2i S(M(x) ∈ R) ≤ eεα(i,y)S(M(y) ∈ R)c ?2`2 �;�BM r2 +�M

b?Qr- BM � bBKBH�` 7�b?BQM �b �#Qp2- i?�i #Qi? i?2 T`Bp�+v +QMbi`�BMib 7Q` aS ?QH/X aBM+2

r2 TB+F2/ i?2 M2B;?#Q`BM; /�i�#�b2b �M/ R �`#Bi`�`BHv- i?2 T`Bp�+v +QMbi`�BMib 7Q` T`B@

p�+v T�`�K2i2` α �M/ k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? GS ?QH/ 7Q` �HH i?2 M2B;?#Q`BM;

/�i�#�b2b �M/ RX >2M+2- M Bb (α, k)@aSX h?Bb +QKTH2i2b i?2 T`QQ7X

jX3 E2v h�F2�r�vb

h?Bb rQ`F Bb i?2 }`bi iQ H�v Qmi i?2 7QmM/�iBQMb Q7 i?2 T`Bp�+v@T`2b2`pBM; bim/v Q7

/�i�@/2T2M/2Mi QmiHB2`bX Pm` 7Q`K�HBx�iBQM �M/ +QM+2Tim�H /2p2HQTK2Mi �`2 BM/2T2M@

/2Mi Q7 �Mv T�`iB+mH�` /2}MBiBQM Q7 QmiHB2`X AM/22/- i?2 /2}MBiBQM Q7 b2MbBiBp2 T`Bp�+v

U.2}MBiBQMb jXR �M/ jXjV �TTHB2b iQ �M �`#Bi`�`v /2}MBiBQM Q7 �MQK�HvX �M/ BM i?2

M2ti +?�Ti2`- r2 rBHH T`2b2Mi Qm` +QMbi`m+iBQMb i?�i +�M #2 mb2/ iQ /2p2HQT b2MbBiBp2Hv

T`Bp�i2 K2+?�MBbKb 7Q` �M �`#Bi`�`v /2}MBiBQM Q7 �MQK�HvX

a2MbBiBp2 T`Bp�+v ;2M2`�HBx2b /Bz2`2MiB�H T`Bp�+v- �M/ i?mb- i?2 ;m�`�Mi22b T`QpB/2/

#v b2MbBiBp2 T`Bp�+v �`2 bBKBH�` iQ i?�i Q7 /Bz2`2MiB�H T`Bp�+v U.SVX AM ;2M2`�H- ?Qr2p2`-

i?2 b2MbBiBp2 T`Bp�+v ;m�`�Mi22 7Q` �Mv irQ /�i�#�b2b /Bz2`BM; #v QM2 `2+Q`/ +QmH/

#2 +Q``2bTQM/BM;Hv r2�F2` i?�M i?�i Qz2`2/ #v /Bz2`2MiB�H T`Bp�+v /2T2M/BM; QM i?2

/Bbi�M+2 #2ir22M i?2 irQ /�i�#�b2b BM i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X 6m`i?2`KQ`2-

BM +QMi`�bi iQ .S i?�i +QKTQb2b rBi? `2bT2+i iQ i?2 T`Bp�+v T�`�K2i2` ε- b2MbBiBp2

T`Bp�+v +QKTQb2b rBi? `2bT2+i iQ ε �M/ i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X

L2p2`i?2H2bb- b2MbBiBp2 T`Bp�+v T`QpB/2b � bi`QM; .S@HBF2 ;m�`�Mi22 7Q` KQbi Q7 i?2

`2+Q`/b BM i?2 /�i�#�b2 rBi?Qmi b�+`B}+BM; i?2 miBHBivX h?Bb Bb BM /B`2+i +QMi`�bi iQ

/Bz2`2MiB�H T`Bp�+v- r?2`2 iQ �+?B2p2 i?2 b�K2 miBHBiv U�b BM i?2 +�b2 Q7 b2MbBiBp2 T`Bp�+vV-

QM2 ?�b iQ r2�F2M i?2 T`Bp�+v ;m�`�Mi22 7Q` �HHX
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LQi2b

RA7 i?2 /�i� Bb 7`QK QM2 /BK2MbBQM�H MQ`K�H /Bbi`B#miBQM rBi? K2�M µ �M/ bi�M/�`/ /2pB�iBQM σ i?2M

� `2+Q`/ i Bb �MQK�HQmb UQ` 2[mBp�H2MiHv �M QmiHB2`V B7 |i − µ| ≥ 3σ- �M/ Bb bi�iBbiB+�HHv 2[mBp�H2Mi iQ

(β = 1.2× 10−3n, r = 0.13σ)@�MQK�Hv (88)- r?2`2 n Bb i?2 bBx2 Q7 i?2 /�i�#�b2X

hQ �/�Ti i?Bb `2bmHi 7Q` k. MQ`K�H /Bbi`B#miBQM BM 6B;m`2 jXk- b2i r = 0.13
√

σ2
1 + σ2

2 �M/ +QKTmi2

β BM � bBKBH�` 7�b?BQM �b �#Qp2X L2ti- i�F2 30 b�KTH2b Q7 bBx2 20K- BX2X n = 20, 000- 7`QK i?2 k.

MQ`K�H /Bbi`B#miBQM- N(µ,Σ)- r?2`2 µ=(0, 0) �M/ Σ=
[
2 0
0 2

]
- �M/ `mM aS@K2+?�MBbK UBM a2+iBQM eXkV

�M/ .S@K2+?�MBbK UBM a2+iBQM eXRV 7Q` (β, r)@�MQK�Hv B/2MiB}+�iBQM [m2`v iQ +QKTmi2 �++m`�+v- r?B+?

Bb K2�bm`2/ #v i?2 T`Q#�#BHBiv Q7 QmiTmiiBM; i?2 +Q``2+i �Mbr2` #v i?2 T`Bp�i2 K2+?�MBbK- �M/ �p2`�;2

i?2 `2bmHib Qp2` i?2 b�KTH2b 7Q` 2�+? [m2`vX q2 i?2M THQi i?2 �p2`�;2 �++m`�+v �M/ BMi2`TQH�i2 i?2

`2bmHib mbBM; QM2@/2;`22 TQHvMQKB�H BM i?2 irQ +QQ`/BM�i2b U6B;m`2 jXk#@+VX q2 mb2/ i?2 ǳGBbiSHQij.Ǵ

7mM+iBQM Q7 J�i?2K�iB+� rBi? i?2 �`;mK2Mi ǳAMi2`TQH�iBQMP`/2`Ǵ b2i iQ 1X

AM 6B;m`2 jXk/@2 �M/ 6B;m`2 jXj- r2 THQi i?2 H2p2H Q7 T`Bp�+v UBM i2`K Q7 εV i?�i 2�+? `2+Q`/ UTQBMiV

?�b mM/2` T`Bp�i2 �MQK�Hv B/2MiB}+�iBQM [m2`vX >2`2- i?2 H2p2H Q7 T`Bp�+v 7Q` � `2+Q`/ BM � ;Bp2M

/�i�#�b2 Bb K2�bm`2/ #v i?2 K�tBKmK /Bp2`;2M+2 BM i?2 T`Q#�#BHBiv Q7 QmiTmiiBM; � H�#2H r?2M r2 �//

Q` `2KQp2 i?2 `2+Q`/ 7`QK i?2 /�i�#�b2X 6Q` ε@aS@K2+?�MBbK- U - iQ +QKTmi2 i?2 p�Hm2 Q7 i?2 T`Bp�+v

T�`�K2i2`- ε- 7Q` � `2+Q`/ i BM � ;Bp2M /�i�#�b2 x- +QMbB/2` /�i�#�b2b y �M/ zX y �M/ z �`2 b�K2 �b x

2t+2Ti 7Q` y ?�b QM2 KQ`2 `2+Q`/ Q7 p�Hm2 i �M/ z ?�b QM2 H2bb `2+Q`/ Q7 p�Hm2 iěB7 i?2`2 Bb MQ `2+Q`/

Q7 p�Hm2 i BM x i?2M z rBHH #2 i?2 b�K2 �b xX LQr r2 +�M +�H+mH�i2 eε 7Q` `2+Q`/ i #2 #v (3.1)X

eε = max
w∈{y,z}

max
b∈{0,1}

(
S(U(x) = b)
S(U(w) = b)

,
S(U(w) = b)
S(U(x) = b)

)
UjXRV
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*>�Sh1_ 9

a2MbBiBp2 S`Bp�+v �M/ J2+?�MBbK .2bB;M

>Qr +�M r2 �+?B2p2 b2MbBiBp2 T`Bp�+v 7Q` B/2MiB7vBM; �MQK�HB2b\ AM i?Bb +?�Ti2`- r2

�Mbr2` i?Bb [m2biBQMX q2 rBHH }`bi HQQF �i i?2 bBKTH2 +�b2- r?2`2 r2 �M�Hvx2 /�i� 7Q`

(β, r = 0)@�MQK�HB2b rBi? i?2 ;m�`�Mi22 Q7 b2MbBiBp2 T`Bp�+vX hQ /Q i?Bb- r2 /2p2HQT �

b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK- M�K2/ n@bi2T HQQF�?2�/ K2+?�MBbK- r?B+? rQ`Fb r2HH

7Q` i?Bb +�b2X >Qr2p2`- r?2M r Bb MQM@i`BpB�H U/2}M2/ BM a2+iBQM jXeV- r2 b?Qr i?�i

n@bi2T HQQF�?2�/ K2+?�MBbK +�MMQi �+?B2p2 b2MbBiBp2 T`Bp�+vX

q2 rBHH i?2M BMi`Q/m+2 � +QMbi`m+iBQM iQ ;Bp2 aS K2+?�MBbK 7Q` �M �`#Bi`�`v

�MQK�Hv B/2MiB}+�iBQM [m2`v U�AZVX q2 rBHH �HbQ b?Qr ?Qr i?Bb +QMbi`m+iBQM +�M #2

mb2/ iQ ;Bp2 QTiBK�H K2+?�MBbKb 7Q` �AZX Pm` +QMbi`m+iBQM ?�b �M �//2/ #2M2}i, bBM+2

b2MbBiBp2 T`Bp�+v ;2M2`�HBx2b /Bz2`2MiB�H T`Bp�+v- Qm` +QMbi`m+iBQMb +�M �HbQ #2 mb2/ iQ

;Bp2 � .S K2+?�MBbKX G�biHv- r2 rBHH T`2b2Mi � +QKTBH2` +QMbi`m+iBQM i?�i +�M +QKTBH2

� ǳ#�/Ǵ .S K2+?�MBbK 7Q` �AZ iQ � ǳ;QQ/Ǵ aS K2+?�MBbK ě ?2`2 ;QQ/ �M/ #�/ �`2

BM/B+�iBp2 Q7 miBHBivX

9XR n@ai2T GQQF�?2�/ J2+?�MBbKb

>2`2- r2 ;Bp2 � b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK- M�K2/ n@bi2T HQQF�?2�/ K2+?�MBbK- iQ

+QKTmi2 � ;Bp2M [m2`v- f - 7Q` QmiHB2` �M�HvbBbX 6Q` � }t2/ MQ`K�HBiv T`QT2`iv p �M/

n ∈ N- n@bi2T HQQF�?2�/ K2+?�MBbK- Mp,n �//b MQBb2 iQ 2�+? +QQ`/BM�i2 i Q7 i?2 ;Bp2M

/�i�#�b2 x B7 i Bb n@b2MbBiBp2 rBi? `2bT2+i iQ x- i?�i Bb- B7 BM n@bi2Tb UBX2X �//BM; Q`

`2KQpBM; n `2+Q`/bV 7`QK x ;Bp2b � /�i�#�b2 y bm+? i?�i p(i, y) = 1X

n@ai2T HQQF�?2�/ K2+?�MBbK rQ`Fb r2HH 7Q` (β, r = 0)@�MQK�HB2bX >Qr2p2` r?2M r

Bb MQM@i`BpB�H U/2}M2/ BM a2+iBQM jXeV- Bi +�MMQi ;m�`�Mi22 b2MbBiBp2 T`Bp�+v mMH2bb n Bb
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p2`v H�`;2X LQi2 i?�i 7Q` H�`;2 p�Hm2b Q7 n �HH i?2 `2+Q`/b #2+QK2 b2MbBiBp2 rBi? `2bT2+i

iQ �HH i?2 /�i�#�b2b- �M/ BM bm+? � +�b2- n@bi2T HQQF�?2�/ K2+?�MBbK rBHH T2`im`# �HH

i?2 +QQ`/BM�i2b Q7 i?2 ;Bp2M /�i�#�b2 iQ ;m�`�Mi22 T`Bp�+vX >2M+2- i?Bb K2+?�MBbK rBHH

?�p2 p2`v HQr miBHBivX h?mb- r2 +�MMQi ;�BM BM miBHBiv #v mbBM; b2MbBiBp2 T`Bp�+v BMbi2�/

Q7 /Bz2`2MiB�H T`Bp�+vX

q2 MQr +H�`B7v i?2 MQiBQM �M/ /2}MBiBQMb r2 M22/ iQ ;Bp2 n@bi2T HQQF�?2�/ K2+?@

�MBbKX G2i f : D → R #2 � [m2`v 7mM+iBQM 7Q` �M�HvxBM; /�i� 7Q` �MQK�HB2b- 2X;X �M

�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM ě r2 �bbmK2 f Bb +QKTmi�#H2X q2 mb2 G�T(1/ε) iQ

/2MQi2 �M BM/2T2M/2Mi b�KTH2 7`QK G�TH�+2 /Bbi`B#miBQM Q7 K2�M 0 �M/ b+�H2 1/ε ě 7Q`

i?2b2 T�`�K2i2`b- i?2 T`Q#�#BHBiv /2MbBiv 7mM+iBQM 7Q` G�TH�+2 /Bbi`B#miBQM Bb εe−ε|a|/2

7Q` a ∈ RX �HbQ- `2+�HH i?�i i?2 7mM+iBQM ξ `2TH�+2b i?2 M2;�iBp2 p�Hm2 Q7 2p2`v +QQ`/B@

M�i2 rBi? x2`QX 6Q` ;Bp2M n �M/ p UMQ`K�HBiv T`QT2`ivV i?2 K2+?�MBbK Mp,n �HbQ mb2b

Bba2MbBiBp2 7mM+iBQM- r?B+? 7Q` ;Bp2M `2+Q`/ i �M/ /�i�#�b2 x `2im`Mb True B7 i?2`2

Bb � y bm+? i?�i ||x− y||1 ≤ n �M/ p(i, y) = 1- �M/ False Qi?2`rBb2X

n@ai2T HQQF�?2�/ K2+?�MBbK Mp,n,

RX AMTmi, /�i�#�b2 x

kX 6Q` 2�+? i ∈ X ,

jX A7 Bba2MbBiBp2(i, x, p, n) = True,

9X b2i x = x+ G�T(1/ε) 2i

8X _2im`M f(ξ(x))X

6Q` (β, 0)@MQ`K�HBiv T`QT2`iv- /2MQi2/ �b p0- i?2 n@bi2T HQQF�?2�/ K2+?�MBbK Mp,n

Bb (ε, k)@aS B7 n = k + 1 U*H�BK 9XRVX 6Q` i?Bb- Bba2MbBiBp2 Bb bBKTH2 �M/ 2�bBHv

+QKTmi�#H2X 6Q` ;Bp2M i, x,p0, �M/ n- Bba2MbBiBp2(i, x,p0, n) = (xi ≥ β + 1− n)X

Mp0,n rQ`Fb #v }`bi T2`im`#BM; i?2 BMTmi /�i�#�b2 �M/ i?2M +QKTmiBM; i?2 [m2`v

f Qp2` i?2 T2`im`#2/ /�i�#�b2X >2M+2- 7Q` i?2 T`�+iB+�H b2iiBM;b UBX2X β ≥ k+1V- Mp0,n

QMHv ?�b �M �//BiBQM�H HBM2�` UBM bBx2 Q7 i?2 BMTmi /�i�#�b2V +QKTmi�iBQM�H Qp2`?2�/X

LQi2 i?�i 7Q` �Mv ;Bp2M /�i�#�b2 x- r2 QMHv M22/ iQ T2`im`# i?2 +QQ`/BM�i2b i?�i ?�p2

MQM@x2`Q K�bb UBX2X i ∈ X bm+? i?�i xi ≥ 1V �b Qi?2`b rBHH MQi #2 k@b2MbBiBp2X
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*H�BK 9XRX �`#Bi`�`BHv }t ε > 0- k ≥ 1- �M/ β ≥ 1X G2i f #2 i?2 [m2`v 7Q` QmiHB2`

�M�HvbBb- p0 #2 i?2 (β, 0)@MQ`K�HBiv T`QT2`iv- �M/ H2i Bba2MbBiBp2(i, x,p0, n) = (xi ≥

β + 1− n) 7Q` i ∈ X , x ∈ D, �M/ n ∈ NX h?2M- (k + 1)@bi2T HQQF�?2�/ K2+?�MBbK UBX2X

Mp0,n=k+1 �b ;Bp2M �#Qp2V Bb (ε, k)@b2MbBiBp2Hv T`Bp�i2X

S`QQ7X �`#Bi`�`v }t X U� }MBi2 b2iV- ε- k- β- �M/ f �b T2` i?2 /2b+`BTiBQM BM i?2 +H�BKX

G2i p #2 i?2 (β, 0)@MQ`K�HBiv T`QT2`iv �M/ n = k + 1X G2i Bba2MbBiBp2(i, x,p0, n) =

(xi ≥ β+1−n) 7Q` i ∈ X �M/ x ∈ D- �M/ H2i Mp0,n #2 i?2 n@bi2T HQQF�?2�/ K2+?�MBbKX

6Q` i?2 T`QQ7- r2 MQi2 i?�i i?2 K2+?�MBbK UMp0,nV T2`im`#b i?2 +QQ`/BM�i2 mbBM;

G�TH�+2 /Bbi`B#miBQM Q7 K2�M x2`Q �M/ b+�H2 1/εX h?mb- i?2 T2`im`#2/ /�i�#�b2 Bi

;2M2`�i2b rBHH #2 ;m�`�Mi22/ iQ #2 b2MbBiBp2Hv T`Bp�i2 B7- 7Q` 2p2`v irQ M2B;?#Q`b x �M/

y- URV i?2 K2+?�MBbK T2`im`#b i?2 b�K2 b2i Q7 +QQ`/BM�i2b J ⊆ X BM x �M/ BM y- �M/

UkV J Bb � bmT2` b2i Q7 �HH +QQ`/BM�i2b i?�i �`2 2Bi?2` b2MbBiBp2 BM QM2 M2B;?#Q` Q` i?2

Qi?2`X

q2 }`bi T`Qp2 URVX �`#Bi`�`BHv }t �M i ∈ X �M/ irQ M2B;?#Q`BM; /�i�#�b2b x �M/ y

BM GS X aBM+2 x �M/ y �`2 M2B;?#Q`b- ||x− y||1 = |xi − yi| = 1- �M/ i?2v ?�p2 i?2 b�K2

p�Hm2 BM 2�+? +QQ`/BM�i2 2t+2Ti 7Q` i?2 +QQ`/BM�i2 iX h?mb- Mp0,n rBHH T2`im`# i?2 b�K2

+QQ`/BM�i2b BM #Qi? i?2 /�i�#�b2b 2t+2Ti 7Q` iX

aQ- r2 M2ti b?Qr i?�i Mp0,n T2`im`#b i?2 +QQ`/BM�i2 i 7Q` #Qi? i?2 /�i�#�b2X

q?2M i Bb k@b2MbBiBp2 rX`XiX UrBi? `2bT2+i iQV iQ #Qi? i?2 /�i�#�b2b- i?2 K2+?�MBbK

T2`im`#b i?2 i +QQ`/BM�i2 Q7 #Qi? x �M/ yX LQi2 i?�i r?2M i Bb k@b2MbBiBp2 rX`XiX iQ z-

Bz(i, r = 0) = zi ≥ β + 1 − k ≥ β + 1 − n U7QHHQrb 7`QK G2KK� jXR �M/ n = k + 1VX

h?mb- rBi?Qmi HQbb Q7 ;2M2`�HBiv- H2i i #2 k@b2MbBiBp2 rX`Xi x- #mi MQi rX`Xi yX

aBM+2 i Bb k@b2MbBiBp2 rX`Xi x- xi ≥ β +1− k �M/ yi ≥ β − k U�b |xi − yi| = 1VX h?mb-

Mp0,n rBHH T2`im`# i?2 +QQ`/BM�i2 i BM #Qi? x �M/ yX

G�biHv- MQi2 i?�i- 7Q` 2p2`v /�i�#�b2 z �M/ 2p2`v +QQ`/BM�i2 j- Mp0,n T2`im`#b i?2

+QQ`/BM�i2 j B7 zj ≥ β − kX >2M+2- i?2 b2i Q7 +QQ`/BM�i2 i?�i Mp0,n T2`im`#b 7Q` #Qi? x

�M/ y Bb � bmT2` b2i Q7 i?2 +QQ`/BM�i2b i?�i �`2 b2MbBiBp2 2Bi?2` rBi? `2bT2+i iQ x Q` yX

aBM+2- i?2 x- y- i r2`2 +?Qb2M �`#Bi`�`BHv- i?2 +H�BK ?QH/b 7Q` �HH i?2 M2B;?#Q`b BM GS X

LQr- ;Bp2M i?�i i?2 T2`im`#2/ /�i�#�b2 Bb ;m�`�Mi22/ iQ #2 b2MbBiBp2Hv T`Bp�i2- 7`QK
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TQbi@T`Q+2bbBM; T`QT2`iv- r2 +QM+Hm/2 i?2 +H�BK ?QH/bX h?Bb +QKTH2i2b i?2 T`QQ7X

9XRXR AKTQbbB#BHBiv `2bmHi

PM2 K�v i?BMF i?�i n@bi2T HQQF�?2�/ K2+?�MBbK rBHH rQ`F 7Q` (β, r)@MQ`K�HBiv T`QT@

2`iB2b BM ;2M2`�HX "mi i?Bb Bb MQi i?2 +�b2- 2bT2+B�HHv- r?2M i?2 MQ`K�HBiv T`QT2`iv Bb

`2;mH�`X q2 T`Qp2 i?Bb BKTQbbB#BHBiv `2bmHi- i?�i Bb- 7Q` `2;mH�` (β, r)@MQ`K�HBiv T`QT2`@

iB2b- Bi Bb BKTQbbB#H2 7Q` n@bi2T HQQF�?2�/ K2+?�MBbK iQ �+?B2p2 (ε, k)@aS r?2M n, k ≤ β

Uh?2Q`2K 9XRVX

AM h?2Q`2K 9XR- r2 QMHv +QMbB/2` n, k ≤ βX aBM+2 7Q` 2p2`v k > β- 2p2`v i ∈ X Bb

k@b2MbBiBp2 rBi? `2bT2+i iQ 2p2`v /�i�#�b2 x ∈ DX h?mb- BM bm+? � +�b2- i?2 k@b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T? UGSV Bb i?2 b�K2 �b .S M2B;?#Q`?QQ/ ;`�T? UBX2X GS = GVX LQr-

mbBM; b2MbBiBp2 T`Bp�+v BMbi2�/ Q7 /Bz2`2MiB�H T`Bp�+v rBHH MQi `2bmHi BM �Mv ;�BM BM miBHBivX

h?2Q`2K 9XRX �`#Bi`�`BHv }t ε > 0- (β, r)@MQ`K�HBiv T`QT2`iv- p- rBi? � MQM@i`BpB�H r-

�M/ H2i g #2 i?2 (β, r)@�MQK�Hv B/2MiB}+�iBQM 7mM+iBQMX A7 i?2`2 2tBbi i, j ∈ X bm+? i?�i

d(i, j) > 2r i?2M 7Q` 2p2`v k �M/ n bm+? i?�i 1 ≤ k, n ≤ β- n@bi2T HQQF�?2�/ K2+?�MBbK

7Q` (β, r)@�AZ- (j, g)- Bb MQi (ε, k)@b2MbBiBp2Hv T`Bp�i2X

S`QQ7X �`#Bi`�`BHv }t X �M/ d U/Bbi�M+2 7mM+iBQM Qp2` X V bm+? i?�i i?2`2 2tBbi i, j ∈ X

bm+? i?�i d(i, j) > 2rX L2ti �`#Bi`�`BHv }t ε > 0- β ≥ 1- �M/ � (β, r)@MQ`K�HBiv T`QT2`iv-

p rBi? � MQM@i`BpB�H rX 6Bt �M �`#Bi`�`v p�Hm2 Q7 k bm+? i?�i 1 ≤ k ≤ β- �M/ H2i GS #2

i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` pX

hQ T`Qp2 i?2 +H�BK- r2 +QMbB/2` irQ /�i�#�b2b i?�i �`2 +QMM2+i2/ BM GS X LQi2 i?�i

i?2`2 2tBbi irQ /�i�#�b2 x �M/ y BM D bm+? i?�i xi = xj = β- ||x||1 = 2β- yi = β-

�M/ ||y||1 = βX h?mb- i �M/ j #Qi? �`2 k@b2MbBiBp2 rBi? `2bT2+i iQ UrX`XiXV x- �M/ i

Bb k@b2MbBiBp2 rX`XiX y- #mi j Bb MQi UG2KK� jXRVX LQr- bBM+2 r Bb MQM@i`BpB�H- p Bb

`2;mH�`- �M/ x, y ∈ Dp �`2 +QMM2+i2/ U`2+�HH 7`QK .2}MBiBQM jX9 i?�i Dp Bb i?2 b2i Q7

�HH /�i�#�b2b- 2�+? Q7 r?B+? ?�b �i H2�bi QM2 l ∈ X Bb k@b2MbBiBp2VX

LQr- H2i (j, g) #2 i?2 (β, r)@�AZ- �M/ H2i f = gj X LQi2 i?�i f(x) = 1 �M/ f(y) = 0X

L2ti- �`#Bi`�`BHv }t n bm+? i?�i 1 ≤ n ≤ β- �M/ H2i Mp,n #2 i?2 n@bi2T HQQF�?2�/
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K2+?�MBbK 7Q` i?2 [m2`v f X

LQr- MQi2 i?�i j Bb n@b2MbBiBp2 rX`XiX iQ xX "mi j Bb MQi n@b2MbBiBp2 rX`XiX y

#2+�mb2 By(j, r) + n ≤ β UG2KK� jXRVX h?2`27Q`2- Mp,n rBHH T2`im`# xj #mi MQi yj X

h?mb- S
(
Mp,n(x) ∈ {1}

)
> 0 #mi S

(
Mp,n(y) ∈ {1}

)
= 0X >2M+2- 7`QK i?2 �#Qp2 �M/

G2KK� 9XR- r2 +QM+Hm/2 i?�i Mp,n Bb MQi (ε, k)@aSX aBM+2- n �M/ k r2`2 }t2/ �`#Bi`�`BHv

i?2 +H�BK ?QH/bX

G2KK� 9XRX �`#Bi`�`BHv }t ε > 0- k ≥ 1- �M/ p ∈ P- �M/ H2i GS #2 i?2 k@b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T? 7Q` pX LQr- 7Q` �Mv K2+?�MBbK M - B7 M Bb (ε, k)@aS i?2M 7Q` 2p2`v

x, y ∈ D i?�i �`2 +QMM2+i2/ BM GS �M/ 2p2`v R ⊆ Range(M)-

S
(
M(x) ∈ R

)
= 0 ⇐⇒ S

(
M(y) ∈ R

)
= 0

S`QQ7X �`#Bi`�`BHv }t ε > 0- k ≥ 1- �M/ p ∈ P- �M/ H2i GS #2 i?2 k@b2MbBiBp2 M2B;?@

#Q`?QQ/ ;`�T? 7Q` pX G2i M : D → R #2 �M �`#Bi`�`BHv TB+F2/ K2+?�MBbK i?�i Bb

(ε, k)@aSX

q2 T`Qp2 i?2 +H�BK #v +QMi`�/B+iBQMX �`#Bi`�`BHv }t x, y ∈ D �M/ R ⊆ R bm+? i?�i

7Q` bQK2 # > 0- dGS (x, y) = #- �M/ S
(
M(x) ∈ R

)
= 0 �M/ S

(
M(y) ∈ R

)
> 0X

"2+�mb2- M Bb (ε, k)@aS- Bi Kmbi ?QH/ i?�i S
(
M(y) ∈ R

)
≤ eε"S

(
M(x) ∈ R

)
X "mi

MQ p�Hm2 Q7 # > 0 �M/ ε > 0 b�iBb}2b i?2 �#Qp2 +QMbi`�BMiX h?Bb- BKTHB2b i?�i M Bb MQi

b2MbBiBp2Hv T`Bp�i2- r?B+? +QMi`�/B+ib Qm` �bbmKTiBQMX h?mb- i?2 +H�BK ?QH/bX

9Xk S`Bp�i2 J2+?�MBbK *QMbi`m+iBQM 7Q` �AZ

q2 MQr T`2b2Mi i?2 +QMbi`m+iBQMb iQ /2p2HQT b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK 7Q` �MQK�Hv

B/2MiB}+�iBQM [m2`v U�AZVX AM *?�Ti2` e- r2 rBHH BMbi�MiB�i2 Qm` +QMbi`m+iBQM 7Q` (β, r)@

�MQK�Hv (88) U� rB/2Hv T`2p�H2Mi KQ/2HV- �M/ 2p�Hm�i2 Bib T2`7Q`K�M+2 QM � `�M;2 Q7

`2�H@rQ`H/ /�i�b2ibX �Hi?Qm;? r2 BMbi�MiB�i2 i?2 +QMbi`m+iBQMb 7Q` (β, r)@�MQK�Hv- Bi Bb

MQi iB2/ iQ �Mv bT2+B}+ �MQK�Hv /2}MBiBQM UQ` KQ/2HV- �M/ ?2M+2- ;2M2`�HHv �TTHB+�#H2

7Q` Qi?2` �MQK�Hv UQmiHB2`V /2}MBiBQMX
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q2 /2}M2 i?2 MQiBQM Q7 KBMBKmK /Bb+`2T�Mi /Bbi�M+2 UK//V Qp2` � b2MbBiBp2 M2B;?@

#Q`?QQ/ ;`�T? UGSV- r?B+? TH�vb i?2 +2Mi`�H `QH2 BM Qm` +QMbi`m+iBQMX _Qm;?Hv bT2�F@

BM;- 7Q` � ;Bp2M GS �M/ � 7mM+iBQM f - K// Q7 � /�i�#�b2 x Bb i?2 KBMBKmK /Bbi�M+2

BM GS �i r?B+? i?2`2 Bb � /�i�#�b2 y bm+? i?�i f(y) &= f(x)X q2 mb2 KBMBKmK /Bb@

+`2T�Mi /Bbi�M+2 iQ ;Bp2 *QMbi`m+iBQM 9XR- r?B+? r2 mb2 iQ /2p2HQT T`Bp�+v@T`2b2`pBM;

K2+?�MBbKb 7Q` �`#Bi`�`v �AZb ě i?2b2 K2+?�MBbKb �`2 ?B;?Hv �++m`�i2 BM T`�+iB+2

Uh?2Q`2K eXkVX q2 rBHH �HbQ b?Qr ?Qr iQ mb2 i?2 b�K2 +QMbi`m+iBQM iQ ;Bp2 QTiBK�H aS

K2+?�MBbKb Q` 2p2M /Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbKbX

J// 2M+Q/2b i?2 T`Bp�+v@miBHBiv i`�/2Qz Q7 i?2 ;Bp2M T`Q#H2KX G2i mb b22 ?QrX "mi-

}`biHv- `2+�HH i?�i Qm` T`Bp�+v K2+?�MBbK- M : D → {0, 1}- 7Q` � }t2/ �AZ- (i, g)-

rBHH QmiTmi i?2 H�#2H Q7 i 7Q` i?2 ;Bp2M /�i�#�b2- r?2`2 g Bb �M �MQK�Hv B/2MiB}+�iBQM

7mM+iBQM- i Bb � `2+Q`/- �M/ i?2 H�#2H 1 K2�Mb i?2 i Bb �M �MQK�HQmb `2+Q`/ BM xX

6Bt � MQ`K�HBiv T`QT2`iv p- �M/ H2i GS #2 i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?

+Q``2bTQM/BM; iQ BiX 6Q` � /�i�#�b2 x- H2i y #2 i?2 +HQb2bi U+QMM2+i2/V /�i�#�b2 bm+?

i?�i gi(y) &= gi(x)X 6Q` i?2b2 x �M/ y- �Mv (ε, k)@b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK M

Kmbi b�iBb7v, e−ε dGS
(x,y) ≤ S(M(x) = gi(x))/S(M(y) = gi(x)) ≤ eε dGS

(x,y) UdGS Bb

r2HH@/2}M2/ 7Q` x �M/ y- +QMM2+i2/ BM GSVX h?mb- 7Q` x- i?2 ;`2�i2` i?2 /Bbi�M+2 iQ i?2

+HQb2bi y bm+? i?�i gi(y) &= gi(x)- i?2 ?B;?2` �++m`�+v �M aS K2+?�MBbK +�M �+?B2p2 QM

i?2 BMTmi x 7Q` �Mbr2`BM; gi(x) �M/ pB+2 p2`b�X q2 +�Tim`2 i?Bb K2i`B+@#�b2/ T`QT2`iv

#v i?2 KBMBKmK /Bb+`2T�Mi /Bbi�M+2 UK//V 7mM+iBQM- /2}M2/ #2HQrX LQi2 i?�i Bi Bb

TQbbB#H2 i?�i y U�b ;Bp2M �#Qp2V /Q2b MQi 2tBbi Q` Bb MQi +QMM2+i2/ iQ xX h?mb- r2 Kmbi

i�+FH2 i?2b2 bT2+B�H +�b2b BM i?2 /2}MBiBQM Q7 K//@7mM+iBQMX

.2}MBiBQM 9XR UK//@7mM+iBQMVX �`#Bi`�`BHv }t � MQ`K�HBiv T`QT2`iv p �M/ �M �MQK�Hv

B/2MiB}+�iBQM 7mM+iBQM g- �M/ H2i GS #2 i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` pX h?2M-

7Q` �Mv 7mM+iBQM ∆GS : X × D → N ∪ {⊥}- r2 b�v ∆GS Bb i?2 KBMBKmK /Bb+`2T�Mi

/Bbi�M+2 7mM+iBQM 7Q` g- B7 7Q` 2p2`v i ∈ X �M/ x ∈ D- i?2 7QHHQrBM; ?QH/b,

A7 i?2`2 Bb � /�i�#�b2 y ∈ D bm+? i?�i y Bb +QMM2+i2/ iQ x �M/ gi(y) &= gi(x)- i?2M

∆GS (i, x) = min
z∈D:gi(z) &=gi(x)

dGS (x, z)

Qi?2`rBb2- ∆GS (i, x) = ⊥X
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6Q` � b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?- GS - Ur?B+? Bb � M2B;?#Q`?QQ/ ;`�T?V �M/ �M

�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM g U#Qi? +Q``2bTQM/BM; iQ i?2 b�K2 �MQK�Hv /2}MBiBQMV-

� bBKTH2 �M/ 2{+B2Mi K2+?�MBbK 7Q` �MQK�Hv B/2MiB}+�iBQM ě r?B+? Bb #Qi? �++m`�i2

�M/ b2MbBiBp2Hv T`Bp�i2 ě +�M #2 ;Bp2M B7 g �M/ i?2 +Q``2bTQM/BM; K//@7mM+iBQM- ∆GS -

+�M #2 +QKTmi2/ 2{+B2MiHvX

>Qr2p2`- 7Q` �M �`#Bi`�`v MQ`K�HBiv T`QT2`iv- +QKTmiBM; i?2 K//@7mM+iBQM 2{@

+B2MiHv Bb � MQM@i`BpB�H i�bFX h?Bb Bb #2+�mb2 i?2 K2i`B+- dGS - r?B+? ;Bp2b `Bb2 iQ i?2

K2i`B+@#�b2/ T`QT2`iv +�Tim`2/ #v i?2 K//@7mM+iBQM- Bb BM/m+2/ #v U�V i?2 /2}MBiBQM

Q7 �MQK�Hv U2X;X bT2+B}+ p�Hm2b Q7 β �M/ rV �M/ U#V i?2 K2i`B+ Qp2` i?2 `2+Q`/bX h?mb-

K�FBM; Bi 2t+22/BM;Hv /B{+mHi iQ �M�Hvx2 Bi BM ;2M2`�HX

6B;m`2 9XR, a2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X � bBKTH2 2t�KTH2 Q7 � 1@b2MbBiBp2 M2B;?@
#Q`?QQ/ ;`�T?- GS - 7Q` (β = 3, r = 1)@MQ`K�HBiv T`QT2`iv rBi? X = {1, 2, 3, 4, 5} �M/
#1@K2i`B+ Qp2` X × X X LQi2 i?�i GS Bb �M mM/B`2+i2/ ;`�T?c �``Qr?2�/b BM/B+�i2b i?2
`2+Q`/ Bb �//2/ �i i?2 2M/ MQ/2c i?2 +QHQ` Q7 i?2 2/;2 +Q``2bTQM/b U�b T2` i?2 ;Bp2M
+QHQ` +Q/2V iQ i?2 p�Hm2 Q7 i?2 `2+Q`/ �//2/X 6m`i?2`- 2�+? /�i�#�b2 x Bb `2T`2b2Mi2/
�b � 5@imTH2 rBi? xi `2T`2b2MiBM; i?2 MmK#2` Q7 `2+Q`/b BM x i?�i ?�p2 p�Hm2 iX

q2 mb2 i?2 2t�KTH2 ;Bp2M BM 6B;m`2 9XR iQ 2tTH�BM i?2 �#Qp2 K2MiBQM2/ `2H�iBQMb?BTb

Q7 K//@7mM+iBQMX h?Bb };m`2 /2TB+ib � bm#;`�T? Q7 1@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q`

(β = 3, r = 1)@�MQK�Hv rBi? #1@K2i`B+X
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PM2 +�M �TT`2+B�i2 i?2 +QM+2Tim�H /B{+mHiv BM +�H+mH�iBM; K//@7mM+iBQM- ∆GS U7Q`

i?Bb b2iiBM;V #v 7Q` 2t�KTH2 i?BMFBM; i?2 p�Hm2 Q7 ∆GS (5, (3, 0, 0, 0, 1)) ě �M/ `2+�HH

i?�i i?Bb Bb Dmbi � 1@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?X L2ti- MQi2 i?�i 7Q` � ;Bp2M /�i�#�b2

x �M/ � `2+Q`/ i- i?2 b?Q`i2` Bb i?2 /Bbi�M+2 Q7 i?2 +HQb2bi b2MbBiBp2 `2+Q`/ 7`QK i- i?2

bK�HH2` i?2 p�Hm2 Q7 ∆GS (i, x)- 2X;X ∆GS (5, (3, 0, 0, 0, 1)) > ∆GS (5, (3, 2, 1, 0, 1))X

G�biHv- Q#b2`p2 i?�i i?2 T`2b2M+2 Q7 MQM@b2MbBiBp2 `2+Q`/b +�M �HbQ BM~m2M+2 i?2

p�Hm2 Q7 i?2 K//@7mM+iBQM- 2X;X ∆GS (5, (3, 0, 0, 0, 1)) > ∆GS (5, (3, 0, 1, 0, 1)) �Hi?Qm;?

i?2 +HQb2bi b2MbBiBp2 `2+Q`/ iQ 5 Bb i?2 b�K2 BM #Qi? i?2 /�i�#�b2bX AM �//BiBQM- i?2

p�Hm2b Q7 β �M/ r �HbQ �z2+i i?2 p�Hm2 Q7 K//@7mM+iBQM- �M/ BM KQbi `2�HBbiB+ b2iiBM;b-

i?2 bBx2 Q7 X Bb H�`;2- �M/ i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? Bb [mBi2 +QKTH2tX

AM i?2 M2ti b2+iBQM- r2 T`2b2Mi Qm` +QMbi`m+iBQMb i?�i mb2b � HQr2` #QmM/ QM i?2

K//@7mM+iBQM iQ ;Bp2 b2MbBiBp2Hv T`Bp�i2 K2+?�MBbKX

9XkXR *QMbi`m+iBQM 9XR, aS@K2+?�MBbK pB� HQr2` #QmM/BM; K//

>2`2- r2 b?Qr ?Qr iQ +QMbi`m+i �M aS K2+?�MBbK iQ B/2MiB7v �MQK�HB2b #v mbBM; �

HQr2` #QmM/- λ- 7Q` i?2 KBMBKmK /Bb+`2T�Mi /Bbi�M+2 UK//VX Pm` +QMbi`m+iBQM U*QM@

bi`m+iBQM 9XRV Bb T�`�K2i2`Bx2/ #v λ- r?B+? Bb �bbQ+B�i2/ rBi? � b2MbBiBp2 M2B;?#Q`?QQ/

;`�T?X aBM+2 i?2 b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? Bb iB2/ iQ �M �MQK�Hv /2}MBiBQM- Bi rBHH

#2+QK2 +QM+`2i2 QM+2 r2 ;Bp2 i?2 /2}MBiBQM Q7 �MQK�Hv U2X;X b22 a2+iBQMb eXk �M/ eXRVX

6Q` �Mv }t2/ �AZ- (i, g)- �M/ ;Bp2M λ- *QMbi`m+iBQM 9XR T`Qp�#Hv ;Bp2b �M aS K2+?@

�MBbK �b HQM; �b λ Bb �M �++2Ti�#H2 HQr2` #QmM/ QM i?2 K//@7mM+iBQM Uh?2Q`2K 9XkVX

"2HQr- r2 /2}M2 i?2 MQiBQM Q7 �++2Ti�#H2 HQr2` #QmM/ QM �M K//@7mM+iBQMX �`#B@

i`�`BHv }t � M2B;?#Q`?QQ/ ;`�T? G �M/ �M �MQK�Hv B/2MiB}+�iBQM 7mM+iBQM g U7Q` i?2

/2}MBiBQMb ;Bp2M #2HQrVX q2 b�v λ : X ×D → R≥0∪{⊥} Bb � HQr2` #QmM/ QM i?2 K//@

7mM+iBQM ∆G 7Q` g B7 7Q` 2p2`v i ∈ X �M/ x ∈ D- i?2 7QHHQrBM; ?QH/b, B7 ∆G(i, x) ∈ N-

i?2M λ(i, x) ∈ R≥0 UQi?2`rBb2 λ(i, x) = ⊥ Q` λ(i, x) ∈ R≥0VX 6Q` �Mv ;Bp2M #,α ≥ 0- r2

b�v λ Bb (#,α)@�++2Ti�#H2 B7 i?2 7QHHQrBM; ?QH/b, URV 7Q` 2p2`v i �M/ x- B7 λ(i, x) ∈ R≥0-

i?2M λ(i, x) ≥ #- �M/ UkV λ Bb α@GBTb+?Bix +QMiBMmQmb Qp2` G U/2}M2/ BM a2+iBQM kXjVX

.2}MBiBQM 9Xk U�++2Ti�#H2 HQr2` #QmM/VX �`#Bi`�`BHv }t � M2B;?#Q`?QQ/ ;`�T? G �M/
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�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM g- �M/ H2i ∆G Bb i?2 K//@7mM+iBQM 7Q` gX 6Q` �Mv ;Bp2M

#,α ≥ 0- r2 b�v λ : X ×D → R≥0 ∪ {⊥} Bb �M (#,α)@�++2Ti�#H2 HQr2` #QmM/ QM ∆G- B7

Bi Bb (#,α)@�++2Ti�#H2 �M/ � HQr2` #QmM/ QM ∆GX

q2 `2K�`F i?�i �Hi?Qm;? �i }`bi Bi �TT2�`b i?�i i?2 GBTb+?Bix +QMiBMmBiv +QM/BiBQM

Bb bQK2 bB/2 i2+?MB+�HBiv- BM 7�+i #QmM/BM; Bib p�Hm2 +QMbiBimi2 i?2 K�BM T�`i Q7 Qm`

�`;mK2Mi 7Q` T`Bp�+v Q7 Qm` K2+?�MBbKbX h?mb ;BpBM; �M aS K2+?�MBbK 7Q` (i, g) pB�

*QMbi`m+iBQM 9XR `2/m+2b iQ ;BpBM; � GBTb+?Bix +QMiBMmQmb HQr2` #QmM/ 7Q` i?2 K//@

7mM+iBQM +Q``2bTQM/BM; iQ gX

*QMbi`m+iBQM 9XRX Uλ

RX AMTmi x ∈ DX

kX A7 λ(i, x) = ⊥- b2i t = 0

jX 1Hb2- b2i t = e−ε(λ(i,x)−1)/(1 + eε)

9X a�KTH2 b 7`QK {0, 1} bm+? i?�i S (b &= g(i, x)) = tX

8X _2im`M bX

LQi2 i?�i i?2 �#Qp2 Bb � 7�KBHv Q7 +QMbi`m+iBQMb T�`�K2i2`Bx2/ #v λ- BX2X QM2 +QM@

bi`m+iBQM- Uλ- 7Q` 2�+? λX h?Bb +QMbi`m+iBQM Bb p2`v 2{+B2MiHv `2�HBx�#H2 �b HQM; �b r2

+�M 2{+B2MiHv +QKTmi2 g �M/ λX 6m`i?2`KQ`2- i?2 2``Q` Q7 i?2 K2+?�MBbK- vB2H/2/ #v

i?2 +QMbi`m+iBQM- 7Q` �Mv BMTmi Bb 2tTQM2MiB�HHv bK�HH BM λ Uh?2Q`2K 9XkVX

h?2Q`2K 9Xk UUλ Bb aSVX �`#Bi`�`BHv }t ε > 0- k,α ≥ 1- �M/ � MQ`K�HBiv T`QT2`iv

pX G2i GS #2 i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` p- �M/ (i, g) #2 �M �`#Bi`�`v �AZ-

r?2`2 g �M/ p �`2 7Q` i?2 b�K2 �MQK�Hv /2}MBiBQMX

A7 λ Bb (1,α)@�++2Ti�#H2 HQr2` #QmM/ QM i?2 K//@7mM+iBQM- ∆GS - 7Q` g- i?2M *QM@

bi`m+iBQM 9XR vB2H/b �M (εα, k)@aS K2+?�MBbK- Uλ- bm+? i?�i 7Q` 2p2`v x ∈ D �M/

λ(i, x) ∈ R≥0-

P (Uλ(x) &= g(i, x)) = e−ε(λ(i,x)−1)/(1 + eε)

AM Q`/2` iQ b?Qr i?�i i?2 i?2Q`2K ?QH/b- Bi bm{+2b iQ p2`B7v i?�i 7Q` �M �`#Bi`�`v

i �M/ irQ �`#Bi`�`v M2B;?#Q`BM; x �M/ y BM GS - i?2 T`Bp�+v +QMbi`�BMib ?QH/X 6Q` �Mv

�AZ- (i, g)- Bi Bb BKK2/B�i2 r?2M g(i, x) = g(i, y) #2+�mb2 λ Bb α@GBTb+?Bix +QMiBMmQmbX



ej

q?2M g(i, x) &= g(i, y)- λ(i, x) = λ(i, y) = 1 #2+�mb2 ∆GS (i, x) = ∆GS (i, y) = 1 �M/

λ ≥ 1X h?mb- i?2 +QMbi`�BMib �`2 b�iBb}2/ BM i?Bb +�b2 �b r2HHX h?2 +QKTH2i2 T`QQ7 Bb

;Bp2M #2HQrX

S`QQ7 Q7 h?2Q`2K 9XkX �`#Bi`�`BHv }t ε > 0- k ≥ 1- α ≥ 1- �M/ � MQ`K�HBiv T`QT2`iv pX

G2i GS #2 i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` p- �M/ g #2 i?2 �MQK�Hv B/2MiB}+�iBQM

7mM+iBQM 7Q` i?2 �MQK�Hv /2}MBiBQM 7Q` pX

6Bt λ iQ #2 �M (1,α)@�++2Ti�#H2 HQr2` #QmM/ QM i?2 K//@7mM+iBQM- ∆GS - 7Q` gX �`@

#Bi`�`BHv }t �M �MQK�Hv B/2MiB}+�iBQM [m2`v- (i, g)- �M/ H2i Uλ #2 �b ;Bp2M #v *QMbi`m+@

iBQM 9XRX 6BM�HHv- +?QQb2 �`#Bi`�`v x, y ∈ D i?�i �`2 M2B;?#Q`b BM GS UBX2X dGS (x, y) = 1VX

"2HQr- r2 b?Qr i?�i Uλ b�iBb}2b i?2 T`Bp�+v +QMbi`�BMi 7Q` #Qi? i?2 QmiTmib- BX2X 0

�M/ 1X

A7 λ(i, x) = ⊥ i?2M λ(i, y) = ⊥ U�M/ pB+2 p2`b�V #2+�mb2 λ Bb GBTb+?Bix +QMiBMmQmb

U7QHHQrb 7`QK λ #2BM; (1,α)@�++2Ti�#H2VX aBM+2 λ Bb � HQr2` #QmM/ QM ∆GS - λ(i, x) = ⊥

BKTHB2b i?�i 2Bi?2` U�V i?2`2 Bb MQ z BM GS bm+? i?�i g(i, z) &= g(i, x)- Q` U#V 2p2`v

z′ i?�i Bb +QMM2+i2/ rBi? x Bb bm+? i?�i g(i, z′) = g(i, x)X AM #Qi? i?2 b+2M�`BQ- r2

;2i i?�i g(i, x) = g(i, y) �b i?2`2 Bb MQ z +QMM2+i2/ iQ x- �M/ ?2M+2 iQ y- bm+? i?�i

g(i, z) &= g(i, x)X �M/ BM i?Bb +�b2- i?2 T`Bp�+v +QMbi`�BMi ?QH/b i`BpB�HHvX aQ #2HQr r2

+QMbB/2` i?2 +�b2- r?2`2 λ(i, x),λ(i, y) ∈ R≥0X

6B`biHv- +QMbB/2` i?2 +�b2- r?2M g(i, x) = g(i, y) = b 7Q` bQK2 b ∈ {0, 1}X >2`2- 7`QK

i?2 α@GBTb+?Bix +QMiBMmBiv i?2 7QHHQrBM; ?QH/bX

S (Uλ(x) = 1− b)

S (Uλ(y) = 1− b)
= eε(−λ(i,x)+λ(i,y)) ≤ eαε

LQr 7Q` i?2 Qi?2` +QMbi`�BMi- r2 ?�p2 i?2 7QHHQrBM;,

S (Uλ(x) = b)

S (Uλ(y) = b)
=

1− S (Uλ(x) = 1− b)

1− S (Uλ(y) = 1− b)

=
1 + eε − e−ε(λ(i,x)−1)

1 + eε − e−ε(λ(i,y)−1)
U9XRV

L2ti- r2 b?Qr i?�i eεα Bb BM/22/ �M mTT2` #QmM/ 7Q` i?2 2tT`2bbBQM ;Bp2M BM (4.1)X
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aBM+2 ε > 0 �M/ λ(i, y) �M/ α �`2 �i H2�bi 1- r2 ;2i i?2 7QHHQrBM;,

eε(eεα + 1) ≤ eε(α+λ(i,y))(1 + eε)

⇐⇒ eε(e2εα − 1) ≤ eε(α+λ(i,y))(1 + eε)(eεα − 1)

⇐⇒ eε(eεα − e−εα) ≤ eελ(i,y)(1 + eε)(eεα − 1)

⇐⇒ eελ(i,y)(1 + eε)− eεe−εα ≤ eεα
[
eελ(i,y)(1 + eε)− eε

]

⇐⇒ eελ(i,y)(1 + eε)− eεe−εα

eελ(i,y)(1 + eε)− eε
≤ eεα

bBM+2 − α ≤ λ(i, y)− λ(i, x)- i?2 7QHHQrBM; ?QH/b

eελ(i,y)(1 + eε)− eεeε(λ(i,y)−λ(i,x))

eελ(i,y)(1 + eε)− eε
≤ eεα

⇐⇒ 1 + eε − e−ε(λ(i,x)−1)

1 + eε − e−ε(λ(i,y)−1)
≤ eεα

LQr +QMbB/2` i?2 +�b2 Q7 g(i, x) &= g(i, y)X >2`2- λ(i, x) = λ(i, y) = 1X hQ +QM}`K i?Bb-

MQi2 i?�i dGS (x, y) = 1- �M/ ∆GS (j, z) ≥ λ(j, z) ≥ 1 7Q` 2p2`v j ∈ X �M/ z ∈ D U#2+�mb2

λ Bb (1,α)@�++2Ti�#H2 HQr2` #QmM/ QM ∆GS VX h?mb- ∆GS (i, x) = ∆GS (i, y) = 1 BKTHB2b

λ(i, x) = λ(i, y) = 1X h?2`27Q`2- i?2 T`Bp�+v +QMbi`�BMib ?QH/ i`BpB�HHv 7Q` i?Bb +�b2X

aBM+2- x �M/ y r2`2 TB+F2/ �`#Bi`�`BHv- i?2 �#Qp2 b?Qrb i?�i �HH i?2 T`Bp�+v +QMbi`�BMib

?QH/ 7Q` �HH i?2 M2B;?#Q`bX h?Bb +QM+Hm/2b i?2 7Q`K�H �`;mK2MiX

9XkXk PTiBK�H aS K2+?�MBbK pB� *QMbi`m+iBQM 9XR

6Q` λ = ∆GS - *QMbi`m+iBQM 9XR ;Bp2b � T�`2iQ QTiBK�H b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK

Uh?2Q`2K 9XjVX

6Q` �`#Bi`�`BHv }t2/ ε > 0- k ≥ 1- �M/ � MQ`K�HBiv T`QT2`iv p- �Mv K2+?�MBbK U Bb

+�HH2/ T�`2iQ QTiBK�H (ε, k)@b2MbBiBp2Hv T`Bp�i2 B7 URV Bi Bb (ε, k)@aS �M/ UkV 7Q` 2p2`v

(ε, k)@aS K2+?�MBbK M : D → {0, 1} �M/ 2p2`v /�i�#�b2 x ∈ D- P (U(x) = gi(x)) ≥

P (M(x) = gi(x))X S�`iB+mH�`Hv- i?Bb BKTHB2b i?�i Q7 �HH i?2 aS K2+?�MBbKb vB2H/2/

#v *QMbi`m+iBQM 9XR- 2�+? +Q``2bTQM/BM; iQ � /Bz2`2Mi λ- i?2 ǳ#2biǴ K2+?�MBbK Bb 7Q`

λ = ∆GS X
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h?2Q`2K 9XjX �`#Bi`�`BHv }t ε > 0- k ≥ 1- �M/ � MQ`K�HBiv T`QT2`iv pX G2i GS #2 i?2

k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` p- �M/ (i, g) #2 �M �`#Bi`�`v �AZ- r?2`2 g �M/ p �`2

7Q` i?2 b�K2 �MQK�Hv /2}MBiBQMX

A7 ∆GS Bb i?2 K//@7mM+iBQM 7Q` g- i?2M U∆GS
U*QMbi`m+iBQM 9XRV Bb T�`2iQ QTiBK�H

(ε, k)@b2MbBiBp2Hv T`Bp�i2X

S`QQ7X G2i ε, k, p, g- �M/ GS #2 �b ;Bp2M �#Qp2X �`#Bi`�`BHv }t i ∈ X - �M/ H2i ∆GS #2

i?2 K//@7mM+iBQM 7Q` g- �M/ U∆GS
#2 �b ;Bp2M #v *QMbi`m+iBQM 9XRX

6B`biHv- MQi2 i?�i Uλ=∆GS
Bb (ε, k)@aSX h?Bb 7QHHQrb 7`QK h?2Q`2K 9Xk �M/ i?2 7�+i

i?�i- 7Q` λ = ∆GS - λ Bb (1, 1)@�++2Ti�#H2 HQr2` #QmM/ QM ∆GS UG2KK� 9XkVX

L2ti- r2 T`Qp2 i?2 QTiBK�HBiv +H�BK #v +QMi`�/B+iBQMX �bbmK2 i?�i U∆GS
Bb MQi

T�`2iQ QTiBK�HX h?�i Bb- i?2`2 2tBib �M (ε, k)@aS K2+?�MBbK M U7Q` pV bm+? i?�i

Ç 7Q` 2p2`v x- S
(
M(x) = gi(x)

)
≥ S

(
U∆GS

(x) = gi(x)
)

�M/

Ç 7Q` � /�i�#�b2 y- S
(
M(y) = gi(y)

)
> S

(
U∆GS

(y) = gi(y)
)

G2i mb }t i?2 y ;Bp2M �#Qp2X lbBM; y �M/ Qm` �bbmKTiBQM �#Qmi Bi- r2 b?Qr i?�i i?2`2

Bb �M BMTmi /�i�#�b2 z- r?2`2 M /Q2b rQ`b2 i?�M U∆GS
X

G2i z #2 � /�i�#�b2 bm+? i?�i dGS (y, z) = ∆GS (i, y) �M/ gi(z) &= gi(y)X LQi2 i?�i

B7 i?2`2 Bb MQ bm+? z- i?2M ∆GS (i, y) = ⊥X AM i?Bb +�b2- Qm` �bbmKTiBQM �#Qmi i?2

/�i�#�b2 y- �M/ ?2M+2- M +�MMQi ?QH/ #2+�mb2- BM i?Bb +�b2- S
(
U∆GS

(y) = gi(y)
)
= 1X

6m`i?2`KQ`2- bBKBH�` rQmH/ #2 i?2 +�b2 B7 z Bb MQi +QMM2+i2/ iQ y UBX2X ∆GS (i, y) = ⊥VX

h?mb- B7 i?2 �bbmKTiBQMb �#Qmi M ?QH/b- i?2M dGS (y, z) ∈ N UBX2X y �M/ z �`2 +QMM2+i2/VX

A7 r2 H2i w #2 � M2B;?#Q` Q7 z QM i?2 b?Q`i2bi T�i? 7`QK y iQ z bm+? i?�i gi(w) &= gi(z)-

i?2M gi(w) = gi(y) �M/ dGS (y, w) = ∆GS (i, y)− 1X aBM+2 M (ε, k)@aS- 7Q` b = gi(w)- Bi

7QHHQrb i?�i

S
(
M(w) &= b

)
≤eεdGS(y,w)S

(
M(y) &= b

)

=eε(∆GS
(i,y)−1)S

(
M(y) &= b

)

<eε(∆GS
(i,y)−1)S

(
U∆GS

(y) &= b
)

=1/(1 + eε) U9XkV
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h?2 }`bi BM2[m�HBiv Bb /m2 iQ i?2 aS +QMbi`�BMb QM M X h?2 b2+QM/ BM2[m�HBiv Bb /m2

iQ i?2 7�+i i?�i M Bb bi`B+iHv #2ii2` i?�M U∆GS
QM yX h?2 H�bi 2[m�HBiv ?QH/b #2+�mb2

S
(
U∆GS

(y) &= gi(y)
)
= e−ε(∆GS

(i,y)−1)/(1 + eε) U7QHHQrb 7`QK *QMbi`m+iBQM 9XRVX

aBM+2 M Bb �bbmK2/ iQ (ε, k)@aS- r2 ;2i i?2 7QHHQrBM;,

S
(
M(z) &= 1− b

)
≥e−εS

(
M(w) &= 1− b

)

=e−εS
(
M(w) = b

)

=e−ε
(
1− S

(
M(w) &= b

))

>1/(1 + eε) U9XjV

h?2 }`bi BM2[m�HBiv Bb /m2 iQ M #2BM; aSX h?2 }`bi 2[m�HBiv Bb /m2 iQ i?2 7�+i i?�i

i?2`2 �`2 QMHv irQ TQbbB#H2 QmiTmibX h?2 H�bi BM2[m�HBiv ?QH/b #2+�mb2 S
(
M(w) &= b

)
<

1/(1 + eε) Ur?B+? 7QHHQrb 7`QK i?2 BM2[m�HBiv ;Bp2M #v (4.2)VX

6BM�HHv- 7Q` b = gi(w)- Bi 7QHHQrb i?�i

S
(
M(z) = gi(z)

)
=S

(
M(z) = 1− b

)

=1− S
(
M(z) &= 1− b

)

<eε/(1 + eε)

=S
(
U∆GS

(z) = gi(z)
)

h?2 }`bi 2[m�HBiv Bb /m2 iQ i?2 7�+i i?�i b = gi(w) &= gi(z)X h?2 }`bi BM2[m�HBiv Bb

/m2 iQ i?2 BM2[m�HBiv ;Bp2M #v (4.3)X h?2 H�bi 2[m�HBiv ?QH/b /m2 iQ i?2 7QHHQrBM; 7�+ib,

URV S
(
U∆GS

(z) &= gi(z)
)
= e−ε(∆GS

(i,z)−1)/(1 + eε)- �M/ UkV ∆GS (i, z) = 1 #2+�mb2

dGS (z, w) = 1 �M/ gi(z) &= gi(w)X

6`QK i?2 �#Qp2- r2 `2�+? � +QM+HmbBQM i?�i +QMi`�/B+ib Qm` �bbmKTiBQM i?�i M Bb

bi`B+iHv ǳ#2ii2`Ǵ i?�M U∆GS
X h?mb- r2 +QM+Hm/2 i?2 U∆GS

Bb T�`2iQ QTiBK�HX

G2KK� 9XkX �`#Bi`�`BHv }t � M2B;?#Q`?QQ/ ;`�T? G �M/ �M �MQK�Hv B/2MiB}+�iBQM

7mM+iBQM g- �M/ H2i ∆G #2 i?2 K//@7mM+iBQM 7Q` gX h?2M 7Q` λ = ∆G- λ Bb (1, 1)@

�++2Ti�#H2 HQr2` #QmM/ QM ∆GX

S`QQ7X G2i G, g,∆G, �M/ λ #2 �b ;Bp2M �#Qp2X q2 b?Qr i?�i λ Bb (1, 1)@�++2Ti�#H2 �M/

Bb � HQr2` #QmM/ QM ∆GX
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hQ b?Qr i?�i λ Bb (1, 1)@�++2Ti�#H2- r2 }`bi T`Qp2 i?�i ∆G Bb 1@GBTb+?Bix +QMiBMmQmbX

6Q` i?Bb- �`#Bi`�`BHv }t �M i ∈ X �M/ irQ M2B;?#Q`b x �M/ y BM G- BX2X dG(x, y) = 1X

6B`biHv- +QMbB/2` i?2 +�b2 r?2M ∆G(i, x) = ⊥ Ui?Bb Bb rBi?Qmi HQbb Q7 ;2M2`�HBiv �b

x �M/ y r2`2 TB+F2/ �`#Bi`�`BHvVX ∆G(i, x) = ⊥ BKTHB2b i?�i 2Bi?2` U�V i?2`2 Bb MQ z

BM G bm+? i?�i g(i, z) &= g(i, x)- Q` U#V 2p2`v z′ i?�i Bb +QMM2+i2/ rBi? x Bb bm+? i?�i

g(i, z′) = g(i, x)X AM #Qi? i?2 b+2M�`BQ- r2 ;2i i?�i g(i, x) = g(i, y) �b i?2`2 Bb MQ z

+QMM2+i2/ iQ x- �M/ ?2M+2 iQ y- bm+? i?�i g(i, z) &= g(i, x)c i?mb- ∆G(i, y) = ⊥X >2M+2-

7Q` i?Bb +�b2- i?2 GBTb+?Bix +QMiBMmBiv +QMbi`�BMib ?QH/X

L2ti- r2 +QMbB/2` i?2 +�b2 r?2`2 ∆G(i, x),∆G(i, y) ∈ N UBX2X i?2`2 Bb � z +QMM2+i2/

iQ x- �M/ ?2M+2 iQ y- bm+? i?�i g(i, z) &= g(i, x)VX 6B`biHv MQi2 i?�i #v i`B�M;mH�`

BM2[m�HBiv r2 ;2i i?�i 7Q` 2p2`v /�i�#�b2 z ∈ D- dG(x, z) ≤ dG(x, y) + dG(y, z) =

1 + dG(y, z)X h?mb- ∆G(i, x) = minz∈D:gi(z) &=gi(x) dG(x, z) ≤ 1 +∆G(i, y)X aBM+2 x �M/

y r2`2 +?Qb2M �`#Bi`�`BHv- br�TTBM; x �M/ y ;Bp2b ∆G(i, y) ≤ 1 + ∆G(i, x)X h?mb- 1@

GBTb+?Bix +QMiBMmBiv +QMbi`�BMib ?QH/ 7Q` x �M/ yX aBM+2 r2 �`#Bi`�`BHv TB+F2/- i- �M/

M2B;?#Q`b x- �M/ y- i?2 +H�BK ?QH/b 7Q` �HH i?2 M2B;?#Q`b �M/ 2p2`v i ∈ X X >2M+2- ∆G

Bb 1@GBTb+?Bix +QMiBMmQmbX

L2ti- r2 b?Qr i?�i B7- 7Q` �Mv i �M/ x- ∆G(i, x) ∈ N- i?2M ∆G(i, x) ≥ 1X 6Q`

i?Bb- �`#Bi`�`BHv }t i ∈ X �M/ x bm+? i?�i ∆G(i, x) ∈ NX h?Bb BKTHB2b i?�i i?2`2 Bb

� /�i�#�b2 z �i /Bbi�M+2 dG(x, y) 7`QK x bm+? i?�i g(i, z) &= g(i, x)X 6Q` i?Bb iQ ?QH/-

z &= x- �M/ ?2M+2- dG(z, x) ≥ 1X h?mb- #v /2}MBiBQM Q7 K//@7mM+iBQM- ∆G(i, x) ≥ 1X

aBM+2 i �M/ x r2`2 TB+F2/ �`#Bi`�`BHv- i?2 +H�BK ?QH/bX h?mb- i?2 �#Qp2 b?Qrb i?�i ∆G

Bb (1, 1)@�++2Ti�#H2X

aBM+2 7Q` 2p2`v i �M/ x- λ(i, x) = ∆G(i, x)- λ Bb BM/22/ � HQr2` #QmM/ QM ∆GX h?Bb

+QKTH2i2b i?2 T`QQ7X

9XkXj .S K2+?�MBbK pB� *QMbi`m+iBQM 9XR

6Q` *QMbi`m+iBQM 9XR- B7 r2 mb2 � λ i?�i Bb �M (1,α)@�++2Ti�#H2 HQr2` #QmM/ QM i?2 K//@

7mM+iBQM Q7 i?2 .S M2B;?#Q`?QQ/ ;`�T?- ∆G- i?2M i?2 +QMbi`m+iBQM vB2H/b � /Bz2`2MiB�HHv

T`Bp�i2 K2+?�MBbK 7Q` �AZ U*Q`QHH�`v 9XRVX



e3

*Q`QHH�`v 9XRX �`#Bi`�`BHv }t ε > 0- α ≥ 1- �M/ �M �AZ (i, g)X 6Q` 2p2`v λ bm+? i?�i

Bi Bb (1,α)@�++2Ti�#H2 HQr2` #QmM/ QM ∆G 7Q` g- Uλ U;Bp2M #v *QMbi`m+iBQM 9XRV Bb �M

εα@/Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbKX

hQ +QM}`K �#Qp2 +H�BK- MQi2 i?�i 7`QK .2}MBiBQM jXj UQ7 b2MbBiBp2 T`Bp�+vV �M/

.2}MBiBQM jX8- Bi 7QHHQrb i?�i /Bz2`2MiB�H T`Bp�+v Bb � bT2+B�H +�b2 Q7 b2MbBiBp2 T`Bp�+v-

r?2M i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?b- GS - Bb i?2 b�K2 �b M2B;?#Q`?QQ/ ;`�T?-

G- BX2X- GS = G U7Q` KQ`2 /2i�BHb b22 a2+iBQM jXdVX h?mb- 7Q` GS = G- � K2+?�MBbK

Bb ε@/Bz2`2MiB�HHv T`Bp�i2 B7 �M/ QMHv B7 Bi Bb ε@b2MbBiBp2Hv T`Bp�i2X >2M+2- *Q`QHH�`v 9XR

7QHHQrb 7`QK h?2Q`2K 9XkX

9Xj .S iQ aS J2+?�MBbK *QKTBH2`

AM i?Bb b2+iBQM- r2 T`2b2Mi � +QMbi`m+iBQM iQ +QKTBH2 � /Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK

7Q` �M �MQK�Hv B/2MiB}+�iBQM [m2`v BMiQ � b2MbBiBp2Hv T`Bp�i2 QM2X h?2 .S K2+?�MBbK-

r?B+? i?2 +QKTBH2` i�F2b- Bb ;Bp2M BM i2`Kb Q7 Bib /Bbi`B#miBQM Qp2` i?2 QmiTmib 7Q`

2p2`v BMTmiX h?2 +QKTBH2/ aS K2+?�MBbK +QKT�`�iBp2Hv ?�b Km+? #2ii2` �++m`�+v 7Q`

i?2 MQM@b2MbBiBp2 `2+Q`/bc ?Qr2p2`- 7Q` i?2 b2MbBiBp2 `2+Q`/b- i?2 aS �M/ i?2 BMTmi .S

K2+?�MBbK 2`` #v i?2 b�K2 �KQmMiX

Ai Bb MQi2rQ`i?v i?�i 7Q` K�Mv T`Q#H2Kb- r2 �H`2�/v FMQr i?2 /Bbi`B#miBQMb ;Bp2M #v

/Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbKb (kj- kk- 9e)X h?mb- Qm` +QMbi`m+iBQM +�M #2 2KTHQv2/

mbBM; i?2b2 K2+?�MBbK �b HQM; �b i?2 /Bbi`B#miBQMb ;Bp2M #v i?2 /Bz2`2MiB�HHv T`Bp�i2

K2+?�MBbK �`2 MQi iQQ ǳrBH/ǴX 6Q` 2t�KTH2- i?2 T`Q#�#BHBiv Q7 i?2 r`QM; �Mbr2` 7Q`

�Mv BMTmi Bb MQi iQQ ?B;? Ur2 7Q`K�HBx2 i?Bb #2HQrV- r?B+? Bb ivTB+�HHv i`m2X

h?2 +QKTBH2` +QMbi`m+iBQM U*QMbi`m+iBQM 9XkV Bb T�`�K2i2`Bx2/ #v δ- � (0, 2)@�++2Ti�#H2

HQr2` #QmM/ QM ∆GS −∆G U/2}M2/ #2HQr- .2}MBiBQM 9XjVX >2`2 ∆GS �M/ ∆G �`2 i?2

K//@7mM+iBQMb 7Q` �M �`#Bi`�`BHv � }t2/ �MQK�Hv B/2MiB}+�iBQM 7mM+iBQM g- r?2`2 GS

Bb i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` i?2 MQ`K�HBiv T`QT2`iv +Q``2bTQM/BM; iQ i?2

�MQK�Hv /2}MBiBQM 7Q` gX

.2}MBiBQM 9XjX �`#Bi`�`BHv }t � MQ`K�HBiv T`QT2`iv p �M/ � MQM@+QMbi�Mi �AZ- (i, g)-



eN

#Qi? +Q``2bTQM/BM; iQ i?2 b�K2 �MQK�Hv /2}MBiBQM- �M/ H2i ∆GS �M/ ∆G #2 i?2 K//@

7mM+iBQMb 7Q` g bm+? i?�i GS Bb i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` p �M/ G Bb i?2

.S M2B;?#Q`?QQ/ ;`�T?X h?2M 7Q` 2p2`v x ∈ D-

[∆GS −∆G](i, x) =






⊥ B7 ∆GS (i, x) = ⊥

∆GS (i, x)−∆G(i, x) Qi?2`rBb2
U9X9V

LQi2 i?�i i?2 .S M2B;?#Q`?QQ/ ;`�T? Bb �Hr�vb +QMM2+i2/X LQr- bBM+2 i?2 �AZ-

(i, g)- Bb MQM@+QMbi�Mi UBX2X 7Q` bQK2 x, y ∈ D- gi(x) &= gi(y)V- r2 ?�p2 i?�i 7Q` 2p2`v

/�i�#�b2 x ∈ D- ∆G(i, x) ∈ NX h?2`27Q`2- ∆GS − ∆G Bb � r2HH@/2}M2/ MQiBQMX :Bp2M

#2HQr Bb Qm` +QMbi`m+iBQM 7Q` i?2 +QKTBH2` U*QMbi`m+iBQM 9XkV- �M/ Bi Bb T�`�K2i2`Bx2/ #v

δ- � HQr2` #QmM/ QM ∆GS −∆GX Ai Bb mb27mH r?2M Q#i�BMBM; δ Bb 2�bB2` i?�M λ Ui?2 HQr2`

#QmM/ QM K// r2 mb2/ BM T`2pBQmb b2+iBQMbV- �M/ r2 �H`2�/v FMQr i?2 /Bbi`B#miBQMb Q7

� .S K2+?�MBbK 7Q` i?2 T`Q#H2KX

*QMbi`m+iBQM 9XkX Uδ

RX AMTmi x ∈ DX

kX a2i t = S (M(x) &= g(i, x)) /e
ε
4 δ(i,x)X

jX a�KTH2 b 7`QK {0, 1} bm+? i?�i S (b &= g(i, x)) = tX

9X _2im`M bX

� /Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK UBM i2`Kb Q7 Bib /Bbi`B#miBQMbV i?�i +�M #2 i`�Mb@

7Q`K2/ UrBi? T`Qp�#H2 ;m�`�Mi22bV i?`Qm;? Qm` +QKTBH2` Bb i2`K2/ �b � p�HB/ K2+?�@

MBbKX 6Q` ε > 0 �M/ �Mv }t2/ �AZ- (i, g)- r2 b�v �M ε@.S K2+?�MBbK- M : D → {0, 1}-

Bb p�HB/ B7- 7Q` 2p2`v irQ M2B;?#Q`b x �M/ y BM i?2 .S M2B;?#Q`?QQ/ ;`�T? bm+? i?�i

g(i, x) = g(i, y) = b 7Q` b ∈ {0, 1}- i?2 7QHHQrBM; ?QH/b

1− S (M(x) &= b) e−ε ≤ e2ε (1− S (M(y) &= b)) .

LQi2 i?�i �Mv ε@/Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK- M - 7Q` � }t2/ �AZ- (i, g)- i?�i

b�iBb}2b S (M(x) &= g(i, x)) ≤ e2ε/(1+ e2ε) 7Q` 2p2`v x Bb p�HB/ Ĝ i?Bb Bb b?QrM #2HQr 7Q`

ε > 0 �M/ irQ �`#Bi`�`v M2B;?#Q`b x �M/ y bm+? i?�i b = g(i, x) = g(i, y)c ?2M+2 i?2



dy

MQiBQM Q7 p�HB/ /Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK Bb r2HH /2}M2/X

S (M(y) &= b) ≤ e2ε

e2ε + 1
=⇒

S (M(y) &= b) e4ε − S (M(y) &= b) ≤e2ε(e2ε − 1)

bBM+2 M Bb ε@.S- Bi 7QHHQrb 7`QK i?2 �#Qp2

S (M(y) &= b) e4ε − S (M(x) &= b) eε ≤e2ε(e2ε − 1) =⇒

1− S (M(x) &= b) e−ε ≤e2ε (1− S (M(y) &= b))

q2 +H�BK i?�i 7Q` � ;Bp2M p�HB/ /Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK- M - 7Q` � }t2/ �AZ-

(i, g)- �M/ � (0, 2)@�++2Ti�#H2 HQr2` #QmM/- δ- QM ∆GS −∆G- *QMbi`m+iBQM 9Xk +QKTBH2b

M BMiQ � b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK- Uδ Uh?2Q`2K 9X9VX

q2 bi`2bb i?�i 7Q` i?2 +QKTBH2/ aS K2+?�MBbK- i?2 T`Q#�#BHBiv Q7 2``Q` +�M #2

2tTQM2MiB�HHv bK�HH2` +QKT�`2/ iQ i?2 BMTmi .S K2+?�MBbKX h?Bb Bb 2bT2+B�HHv i`m2 7Q`

i?2 MQM@b2MbBiBp2 `2+Q`/bX h?Bb H2�/b iQ �M BKT`Qp2K2Mi BM �++m`�+vX 6m`i?2`KQ`2- �b

i?2 BMTmi K2+?�MBbK- M - iQ i?2 +QKTBH2` #2+QK2b #2ii2` UBX2X ?�b HQr2` 2``Q`V bQ /Q2b

i?2 +QKTBH2/ b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK- Uδ- bBM+2 i?2 2``Q` Q7 Uδ- Bb M2p2` KQ`2

i?�M i?�i Q7 M X

q2 ?B;?HB;?i i?2 2z2+iBp2M2bb Q7 i?2 +QKTBH2` #v BMbi�MiB�iBM; Bi 7Q` δ(i, x) =

λ1(i, x) − ∆G(i, x) 7Q` 2p2`v i �M/ x 7Q` (β, r)@�MQK�Hv Uλk=1 �M/ ∆G �`2 ;Bp2M BM

*?�Ti2` eVX h?2 T`QQ7 Q7 δ b�iBb7vBM; i?2 +QMbi`�BMib Bb ;Bp2M BM i?2 *?�Ti2`Ƕb 2M/@

MQi2kX

6B;m`2 9Xk b?Qrb i?2 +QKTBH�iBQM Q7 irQ .S K2+?�MBbKb 7Q` (β, r)@�AZ- r?B+? rB/2Hv

/Bz2` BM i?2B` T2`7Q`K�M+2X �b 2tT2+i2/- i?2 +QKTBH2/ aS@K2+?�MBbK QmiT2`7Q`Kb i?2

BMTmi .S@K2+?�MBbKX

AM 6B;m`2 9Xk�- i?2 BMTmi .S K2+?�MBbK- M - Bb i`BpB�H �M/ ?�b � +QMbi�Mi 2``Q` 7Q`

2p2`v BMTmi /�i�#�b2- i?�i Bb- 1/(1+ eε) 7Q` }t2/ ε = 0.25X *H2�`Hv- i?Bb K2+?�MBbK ?�b

2ti`2K2Hv #�/ �++m`�+vX h?Bb Bb � /B{+mHi +�b2 2p2M 7Q` i?2 +QKTBH2/ K2+?�MBbK- r?B+?

M2p2`i?2H2bb- �ii�BMb 2tTQM2MiB�H ;�BM BM �++m`�+v 7Q` MQM@b2MbBiBp2 `2+Q`/bX >Qr2p2`-

r?2M r2 BMTmi i?2 .S@K2+?�MBbK ;Bp2M BM a2+iBQM eXR- r?B+? Bb Km+? #2ii2` i?�M i?2
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6B;m`2 9Xk, *QKTBH�iBQM Q7 .S@K2+?�MBbK 7Q` (β, r)@�AZ BMiQ aS@K2+?�MBbKX
AM #Qi? U�V �M/ U#V- i?2 BMTmi K2+?�MBbK Bb 0.25@.S 7Q` � }t2/ `2+Q`/ i �M/ δ U;Bp2M BM
i?2 };m`2VX 1�+? /�i�#�b2 x Bb ;Bp2M #v (xi, Bx(i, r)) bBM+2 (β, r)@�MQK�Hv B/2MiB}+�iBQM
7mM+iBQM QMHv /2T2M/b mTQM xi �M/ Bx(i, r)X 1�+? K2+?�MBbK Bb /2TB+i2/ #v Bib 2``Q`
Qp2` /�i�#�b2b BX2X P (M(x) &= g(i, x))X U�V- .S@K2+?�MBbK ?�b +QMbi�Mi 2``Q` ≈ 0.44X
U#V- .S@K2+?�MBbK ?�b 2``Q` ≈ 0.56/e0.25∆G(i,x)X

QM2 BM 6B;m`2 9Xk�- i?2 +QKTBH2/ K2+?�MBbK Bb +H2�`Hv bmT2`BQ` +QKT�`2/ iQ i?2 QM2 BM

6B;m`2 9Xk� U6B;m`2 9Xk#VX

h?2Q`2K 9X9X �`#Bi`�`BHv }t ε > 0- k ≥ 1 �M/ � MQ`K�HBiv T`QT2`iv p- �M/ H2i GS #2

i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` p- �M/ (i, g) #2 � MQM@+QMbi�Mi �AZ bm+? i?�i g

�M/ p �`2 7Q` i?2 b�K2 �MQK�Hv /2}MBiBQM- �M/ ∆GS −∆G #2 �b T2` .2}MBiBQM 9Xj 7Q`

gX

h?2M- 7Q` �Mv ;Bp2M p�HB/ ε/2@.S K2+?�MBbK- M - 7Q` i?2 �AZ- (i, g)- �M/ (0, 2)@

�++2Ti�#H2 HQr2` #QmM/- δ : X × D → R≥0- QM ∆GS − ∆G- *QMbi`m+iBQM 9Xk vB2H/b �M

(ε, k)@aS K2+?�MBbK- Uδ- bm+? i?�i 7Q` 2p2`v x ∈ D-

S (Uδ(x) &= g(i, x)) = S (M(x) &= g(i, x)) e−
ε
4 δ(i,x).

S`QQ7X �`#Bi`�`BHv }t ε, k, p- (i, g)- �M/ GS �b ;Bp2M �#Qp2X G2i M #2 �Mv p�HB/ ε/2@

/Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK 7Q` i?2 �AZ- (i, g)- �M/ ∆GS −∆G #2 �b ;Bp2M �#Qp2X



dk

L2ti- H2i δ : X × D → R≥0 #2 � (0, 2)@�++2Ti�#H2 HQr2` #QmM/ QM ∆GS −∆GX 6BM�HHv-

H2i Uδ #2 i?2 K2+?�MBbK i?�i *QMbi`m+iBQM 9Xk vB2H/bX

q2 T`Qp2 i?2 +H�BK #v b?QrBM; i?�i 7Q` �`#Bi`�`BHv TB+F2/ x �M/ y i?�i �`2 M2B;?#Q`b

BM GS - �HH i?2 T`Bp�+v +QMbi`�BMi ?QH/X

q?2M δ(i, x) = δ(i, y) = 0- S (Uδ(z) = b) = S (M(z) = b) 7Q` 2p2`v /�i�#�b2 z �M/

2p2`v b BM {0, 1}X AM i?Bb +�b2- i?2 T`Bp�+v +QMbi`�BMib �`2 i`BpB�HHv b�iBb}2/ #2+�mb2 M

Bb ε/2@.SX LQr- �bbmK2 i?�i δ(i, x) > δ(i, y) ≥ 0 ě i?Bb Bb rBi?Qmi HQbb Q7 ;2M2`�HBiv

�b x �M/ y �`2 TB+F2/ �`#Bi`�`BHv �M/ δ Bb (0, 2)@�++2Ti�#H2X q2 }`bi b?Qr i?�i BM i?Bb

+�b2- g(i, x) = g(i, y)X

6B`biHv- MQi2 i?�i B7 ∆GS (i, x) = ⊥ i?2M ∆GS (i, y) = ⊥ U�M pB+2 p2`b�V- �M/ BM i?Bb

+�b2- g(i, x) = g(i, y)X a2+QM/Hv- +QMbB/2` i?2 +�b2 r?2M ∆GS (i, x),∆GS (i, y) ∈ NX 6Q`

i?Bb- r2 b?Qr i?�i 7Q` δ(i, x) > δ(i, y) ≥ 0 iQ ?QH/- ∆GS (i, x) Kmbi #2 �i H2�bi 2- r?B+?

BKTHB2b i?�i g(i, x) = g(i, y) �b x �M/ y �`2 M2B;?#Q`b UBX2X dGS (x, y) = 1VX

aBM+2 E(GS) ⊆ E(G)- r2 ;2i ∆GS (i, z) ≥ ∆G(i, z) ≥ 1 U7QHHQrb 7`QK G2KK� 9Xk �M/

i?2 /2}MBiBQM Q7 M2B;?#Q`?QQ/ ;`�T?VX 6`QK ?2`2 Bi 7QHHQrb i?�i ∆GS (i, x) = 1 BKTHB2b

∆G(i, x) = 1X "mi B7 ∆GS (i, x) = 1- i?2M ∆GS (i, y) = 1- �M/ ?2M+2- ∆G(i, y) = 1 �b

r2HHX h?mb- [∆GS −∆G](i, x) = [∆GS −∆G](i, y) = 0- �M/ δ(i, x) > δ(i, y) +�MMQi ?QH/X

h?2`27Q`2- r2 +QM+Hm/2 i?�i ∆GS (i, x) ≥ 2X

aBM+2 M Bb p�HB/ ε/2@/Bz2`2MiB�HHv T`Bp�i2- r2 ;2i i?2 7QHHQrBM; 7Q` b = g(i, x)



dj

1− S (M(x) &= b) e−ε/2 ≤ eε (1− S (M(y) &= b))

=⇒1− eε ≤ S (M(x) &= b) e−ε/2 − S (M(y) &= b) eε

bBM+2 δ Bb 2@GBTb+?Bix +QMiBMmQmb- r2 ;2i

1− eε ≤ S (M(x) &= b)

e
ε
4 (δ(i,x)−δ(i,y))

− S (M(y) &= b) eε

bBM+2 G>a Bb M2;�iBp2- �M/ δ ≥ 0- i?2 7QHHQrBM; ?QH/b

1− eε ≤ e−
ε
4 δ(i,y)

( S (M(x) &= b)

e
ε
4 (δ(i,x)−δ(i,y))

− S (M(y) &= b) eε
)

=⇒1− S (M(x) &= b)

e
ε
4 δ(i,x)

≤ eε
(
1− S (M(y) &= b)

e
ε
4 δ(i,y)

)

=⇒S (Uδ(x) = b) ≤ eεS (Uδ(y) = b)

AM � bBKBH�` 7�b?BQM- #v br�TTBM; x �M/ y- QM2 +�M b?Qr i?�i i?2 T`Bp�+v +QMbi`�BMi

S (Uδ(y) = b) ≤ eεS (Uδ(x) = b) �HbQ ?QH/bX "2HQr r2 b?Qr i?�i i?2 Qi?2` +QMbi`�BMib

�`2 �HbQ b�iBb}2/X

S (Uδ(x) &= b)

S (Uδ(y) &= b)
=

S (M(x) &= b) e−
ε
4 δ(i,x)

S (M(y) &= b) e−
ε
4 δ(i,y)

≤ eε

h?2 �#Qp2 BM2[m�HBiv ?QH/b #2+�mb2 M Bb ε/2@.S �M/ δ Bb 2@GBTb+?Bix +QMiBMmQmbX

aBM+2 �HH i?2 T`Bp�+v +QMbi`�BMib ?QH/ 7Q` �`#Bi`�`BHv TB+F2/ M2B;?#Q`b �M/ δ Ur?B+?

b�iBb}2b i?2 +QM/BiBQMb bT2+B}2/ BM i?2 +H�BKV- �M/ � p�HB/ ε/2@/Bz2`2MiB�HHv T`Bp�i2 M

7Q` �M �MQK�Hv B/2MiB}+�iBQM [m2`v- i?2 +H�BK ?QH/b BM ;2M2`�HX

�b 7Q` i?2 +H�BK Q7 �++m`�+v- Bi Bb � /B`2+i BKTHB+�iBQM 7`QK i?2 *QMbi`m+iBQM 9XkX

h?Bb +QKTH2i2b i?2 T`QQ7X

_2K�`F,

q2 2KT?�bBx2 i?�i #Qi? Q7 Qm` +QMbi`m+iBQMb �`2 MQi iB2/ iQ �Mv bT2+B}+ /2}MBiBQM Q7

�MQK�Hv- �M/ 2p2M i?2 `2[mB`2K2Mi Q7 GBTb+?Bix +QMiBMmBiv Bb /m2 iQ T`Bp�+v +QMbi`�BMibX
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LQi2b

kLQi2 i?�i i?2 δ BM 6B;m`2 9Xk Bb � (0, 2)@�++2Ti�#H2 HQr2` #QmM/ QM ∆GS − ∆G U�b `2[mB`2/ #v

h?2Q`2K 9X9V- r?2`2 λ1 Bb ;Bp2M #v (6.3) 7Q` k = 1 �M/ ∆G Bb ;Bp2M #v (6.1)X δ = λ1 −∆G ≥ 0 7QHHQrb

#2+�mb2 ∆GS ≥ λ1 ≥ ∆GX h?2 }`bi BM2[m�HBiv 7QHHQrb 7`QK G2KK� eXkX h?2 b2+QM/ QM2 i`BpB�HHv ?QH/b

i`m2 7Q` �HH i?2 +�b2b 2t+2Ti 7Q` xi ≥ 1 �M/ Bx(i, r) < β- r?2`2 λ1(i, x) = β+1−Bx(i, r) �M/ ∆G(i, x) =

min(xi,β + 1−Bx(i, r))c i?mb- 2p2M BM i?Bb +�b2- r2 ;2i δ(i, x) = max(β + 1−Bx(i, r)− xi, 0) ≥ 0X

h?2 2@GBTb+?Bix +QMiBMmBiv Q7 δ 7QHHQrb 7`QK i?2 λ1 �M/ ∆G #2BM; 1@GBTb+?Bix +QMiBMmQmb UG2KK� eXk

�M/ G2KK� eXRVX h?mb- 7Q` �Mv i �M/ irQ M2B;?#Q`b x �M/ y BM GS U1@b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?V-

|δ(i, x)− δ(i, y)| ≤|λ1(i, x)− λ1(i, y)|+ |∆G(i, x)−∆G(i, y)| ≤ 2.
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*>�Sh1_ 8

S`Bp�i2 PmiHB2` �M�HvbBb Ĝ � S`BM+BTH2/ �TT`Q�+?

S`Bp�i2 QmiHB2` �M�HvbBb +QMbBbib Q7 � +H�bb Q7 /�i� �M�HviB+b T`Q#H2Kb 7Q` �M�HvxBM;

QmiHB2`b- r?2`2 T`Bp�+v Bb iQ #2 T`Qi2+i2/X h?2b2 T`Q#H2Kb /Bz2` /2T2M/BM; mTQM i?2

MQiBQM Q7 QmiHB2` r2 mb2- i?2 BM7Q`K�iBQM r2 b22F �#Qmi i?2 QmiHB2`b- �M/ i?2 ivT2 Q7 /�i�

T`Bp�+v r2 r�Mi iQ ;m�`�Mi22X h?mb- 7Q` � ;Bp2M T`Bp�i2 QmiHB2` �M�HvbBb T`Q#H2K- �M

�M�Hvbi ?�b iQ +?QQb2 i?2 `B;?i T`Q#H2K@bT2+B}+�iBQM, UBV �M �TT`QT`B�i2 QmiHB2` KQ/2H-

UBBV � [m2`v- �M/ UBBBV i?2 /2}MBiBQM Q7 T`Bp�+vX q2 +QK#BM2 i?2 }`bi irQ +?QB+2b UBX2X

UBV �M/ UBBVV �b i?2 +?QB+2 Q7 �M QmiHB2` [m2`vX

q2 Kmbi MQi2 i?�i T`Bp�+v +�MMQi #2 +QMbB/2`2/ BM � p�+mmK �M/ �Mv T`Bp�i2

�M�HviB+b i�bF M22/b iQ i�F2 #Qi? T`Bp�+v �M/ �++m`�+v BMiQ �++QmMiX h?mb- BM i?Bb +QM@

i2ti- i?2 MQiBQM Q7 T`Bp�+v �M/ i?2 MQiBQM Q7 QmiHB2` [m2`v 7Q`K i?2 irQ 7mM/�K2Mi�H

+QMbiBim2Mib Q7 i?2 T`Q#H2K Q7 T`Bp�i2 QmiHB2` �M�HvbBbX q2 mb2 i?2b2 irQ 7mM/�K2M@

i�H +QMbiBim2Mib iQ T`QpB/2 � ;2M2`�H 7`�K2rQ`F iQ ?2HT i?2 �M�Hvbi +?QQb2 i?2 `B;?i

T`Q#H2K@bT2+B}+�iBQM 7Q` T`Bp�i2 QmiHB2` �M�HvbBbX h?2 7`�K2rQ`F T`QpB/2b � irQ@bi2T

T`Q+2bbX 6B`bi- r2 b?Qr ?Qr iQ B/2MiB7v i?2 `2H2p�Mi T`Q#H2K@bT2+B}+�iBQMb �M/ i?2M

T`QpB/2 � T`�+iB+�H bQHmiBQM i?�i 7Q`K�HHv K22ib i?2b2 bT2+B}+�iBQMbX

hQ T`Qi2+i T`Bp�+v r?BH2 +QKTmiBM; QmiHB2` [m2`B2b- �M �M�Hvbi K�v T`272` /Bz2`2MiB�H

T`Bp�+v U.SV /m2 iQ Bib bi`QM; ;m�`�Mi22bX >Qr2p2`- �b b?QrM #27Q`2- .S /Q2b MQi rQ`F

r2HH 7Q` �HH i?2 b2iiBM;b 7Q` QmiHB2` �M�HvbBb Ub22 a2+iBQM kXkVX aQ i?2 M�im`�H [m2biBQM Bb,

q?�i K�F2b � b2iiBM; mMbmBi�#H2 7Q` /Bz2`2MiB�H T`Bp�+v\

>2`2- r2 �Mbr2` i?Bb [m2biBQMX q2 }`bi T`2b2Mi � MQp2H T`Bp�+v@Q`B2Mi2/ i�tQMQKv 7Q`

QmiHB2` [m2`B2b- r?B+? r2 +QM+2Tim�HBx2 iQ BbQH�i2 i?2 bmBi�#H2 b2iiBM;b 7Q` /Bz2`2MiB�H

T`Bp�+v 7`QK i?2 mMbmBi�#H2 QM2bX lM/2` i?Bb i�tQMQKv- r2 7Q`K�HHv +?�`�+i2`Bx2 i?2



de

T`Bp�+v@miBHBiv i`�/2@Qz Q7 � +H�bb Q7 [m2`B2b i?�i Bb +QKT`Bb2/ Q7 i?2 mMbmBi�#H2 b2iiBM;b

7Q` /Bz2`2MiB�H T`Bp�+vX h?2 7Q`K�H i`2�iK2Mi- ?2`2- Bb M2+2bb�`v bBM+2 Qm` �M�HvbBb rBHH

MQi #2 +QM}M2/ iQ � bT2+B}+ QmiHB2` KQ/2H Q` � bT2+B}+ QmiHB2` [m2`vX

�7i2`r�`/b- r2 rBHH T`2b2Mi � 7`�K2rQ`F i?�i �M �M�Hvbi +�M mb2 iQ TB+F i?2 `B;?i

T`Q#H2K@bT2+B}+�iBQM 7Q` T`Bp�i2 QmiHB2` �M�HvbBbX h?2 T`Bp�+v@Q`B2Mi2/ i�tQMQKv 7Q`

QmiHB2` [m2`B2b TH�vb � +2Mi`�H `QH2 BM /2p2HQTBM; i?Bb 7`�K2rQ`FX

G2i mb2 #2;BM rBi? i?2 7QHHQrBM; i?`22 2t�KTH2b Q7 QmiHB2` [m2`B2b i?�i +Qp2` � rB/2

`�M;2 Q7 QmiHB2` �M�Hvb2b Q7 T`�+iB+�H BMi2`2biX >2`2- �i �M BMimBiBp2 H2p2H- 7Q` �Mv ;Bp2M

/�i�#�b2- r2 2Bi?2` rBb? iQ B/2MiB7v r?B+? `2+Q`/b �`2 TQi2MiB�HHv QmiHB2`b- Q` }M/ B7 i?2`2

Bb �M QmiHvBM; 2p2Mi U`2+�HH i?�i �M 2p2Mi Bb � MQiBQM i?�i /2T2M/b QM K�Mv `2+Q`/bc 7Q`

KQ`2 /2i�BHb- b22 a2+iBQM kXRVX

Z1, Ab i?2 7QHHQrBM; i`�Mb�+iBQM TQi2MiB�HHv � 7`�m/mH2Mi QM2\

ǳi`�Mb72` R KBHHBQM /QHH�`b iQ �++O Rkj@98ed- *�vK�M AbHX "�MFǴ

Z2, q?B+? Q7 iQ/�vǶb i`�Mb�+iBQMb �`2 TQi2MiB�HHv 7`�m/mH2Mi\

Z3, Ab i?2`2 � *PoA.@RN Qmi#`2�F BM L2r uQ`F *Biv BM i?2 H�bi R9 /�vb\

q2 MQr ?B;?HB;?i i?2 ?2�`i Q7 i?2 K�ii2` #v +QKT�`BM; Q1- Q2- �M/ Q3X

_2+�HH U7`QK a2+iBQM kXRV i?�i BM i?2 +�b2 Q7 �M *PoA.@RN U+Q`QM� pB`mb /Bb2�b2 kyRNV

Qmi#`2�F- i?2 MQiBQM Q7 ǳ*PoA.@RNǴ �M/ ǳQmi#`2�FǴ �`2 mMBp2`b�HHv /2}M2/ +QM+2Tib-

�M/ 7m`i?2`- � ǳ*PoA.@RN Qmi#`2�FǴ Bb � T`QT2`iv Q7 i?2 2MiB`2 /�i�#�b2 U� T`2/B+�i2

Qp2` Bib `2+Q`/bVX h?Bb b2ib Q3 �T�`i 7`QK Q1 �M/ Q2X "2+�mb2 Q1 �M/ Q2 `2;�`/

BM/BpB/m�H `2+Q`/b- r?2`2 r2 i�; � i`�Mb�+iBQM �b ǳTQi2MiB�HHv 7`�m/mH2MiǴ `2H�iBp2 iQ

Qi?2` `2+Q`/b BM i?2 /�i�#�b2X

6m`i?2`KQ`2- r2 MQi2 i?�i i?2 [m2`v Q1 T2`i�BMb iQ BM7Q`K�iBQM i?�i Bb MQi M2+2b@

b�`BHv �M 2Mi`v BM i?2 /�i�#�b2X Q2- ?Qr2p2`- T2`i�BMb iQ i?2 BM7Q`K�iBQM �#Qmi i?2

`2+Q`/b i?�i 2tBbi BM i?2 /�i�#�b2X h?Bb b22KBM;Hv mMBKTQ`i�Mi Bbbm2 MQi QMHv TH�vb �

TBpQi�H `QH2 BM bT2+B7vBM; i?2 `B;?i T`Bp�+v@QmiHB2` T`Q#H2K- #mi Bi b2`p2b �b � +`m+B�H

i2+?MB+�H /BbiBM+iBQM r?2M bQHpBM; i?2 T`Q#H2KX



dd

8XR PmiHB2` Zm2`B2b �M/ i?2 LQiBQM Q7 1tBbi2M+2@AM/2T2M/2M+2

>2`2 r2 ;Bp2 i?2 BKTQ`i�Mi MQiBQM Q7 2tBbi2M+2@BM/2T2M/2M+2 i?�i M�im`�HHv b2T�`�i2b

i?2 b2iiBM;b i?�i �`2 bmBi�#H2 7Q` .S 7`QK i?2 mMbmBi�#H2 QM2bX q2 rBHH mb2 i?Bb MQiBQM iQ

/2}M2 i?2 +H�bb2b Q7 QmiHB2` [m2`B2b mM/2` Qm` i�tQMQKvX h?Bb MQiBQM ?2HTb +?�`�+i2`Bx2

B7 �M QmiHB2` [m2`v /2T2M/b QM i?2 2tBbi2M+2 Q7 �Mv T�`iB+mH�` `2+Q`/UbV BM i?2 /�i�#�b2

ě � T`QT2`iv Q7 i?2 [m2`B2b i?�i Bb +`m+B�H iQ .S T2`7Q`KBM; r2HH BM T`�+iB+2 U�b r2

rBHH b22 b?Q`iHvVX hQ i?Bb 2M/- H2i mb }`bi 7Q`K�HBx2 r?�i Bb �M QmiHB2` [m2`vX

PmiHB2` [m2`v,

�M QmiHB2` [m2`v Bb � 7mM+iBQM- f - Qp2` D - r?Qb2 QmiTmi U/B`2+iHv Q` BM/B`2+iHvV ;Bp2b

bQK2 BM7Q`K�iBQM �#Qmi i?2 QmiHB2`UbVX q2 �bbmK2- 7Q` 2�+? QmiHB2` [m2`v- �M QmiHB2`

KQ/2H Bb T`2}t2/X

6Q` +H�`B}+�iBQM- +QMbB/2` Qm` 2t�KTH2 [m2`B2bX h?2 QmiTmi Q7 Q1 Bb v2b Q` MQ UiQ

BM/B+�i2 B7 i?2 `2+Q`/ Bb �M QmiHB2`VX h?2 QmiTmi Q7 Q2 Bb � bm#b2i Q7 `2+Q`/b BM i?2

/�i�#�b2- r?B+? �`2 QmiHB2`bX L2ti- +QMbB/2` � p�`B�Mi Q7 Q3 i?�i Bb mb2/ #v *.*RX

6Q` i?Bb p�`B�Mi- �M QmiHB2` [m2`v f QmiTmib i?2 MmK#2` Q7 *PoA.@RN +QM}`K2/ +�b2b-

r?B+? Bb i?2M mb2/ iQ +?2+F 7Q` �M Qmi#`2�F- �M QmiHvBM; 2p2MiX

1tBbi2M+2@BM/2T2M/2M+2,

1tBbi2M+2@BM/2T2M/2M+2 Bb � +QMbi`�BMi QM � /�i�#�b2 7Q` � ;Bp2M QmiHB2` [m2`vX L�K2Hv-

� /�i�#�b2 K22ib i?Bb +QMbi`�BMi B7 i?2 QmiTmi Q7 i?2 QmiHB2` [m2`v +Q``2bTQM/BM; iQ �M

BMTmi /�i�#�b2 i?�i ?�b � `2+Q`/ i +�M #2 Q#i�BM2/ 7Q` �MQi?2` /�i�#�b2 i?�i /Q2b MQi

+QMi�BM i?2 `2+Q`/ iX

6Q`K�HHv- 7Q` � ;Bp2M QmiHB2` [m2`v- f - �M/ Rf ⊆ _�M;2(f)- r2 b�v � /�i�#�b2 x bm+?

i?�i f(x) ∈ Rf b�iBb}2b i?2 2tBbi2M+2@BM/2T2M/2M+2 +QMbi`�BMi B7 7Q` 2p2`v `2+Q`/ i ∈ x

UBX2X xi ≥ 1V- i?2`2 2tBbib � /�i�#�b2 y bm+? i?�i i /∈ y UBX2X yi = 0V �M/ f(x) = f(y)X

q2 +�HH Rf i?2 �/KBbbB#H2 `�M;2 Q7 f X q2 mb2 Bi iQ +?�`�+i2`Bx2 � bm#b2i Q7 `�M;2

R>QbTBi�Hb `2TQ`i iQi�H +�b2b Q7 +2`i�BM /Bb2�b2b iQ *2Mi2` Q7 .Bb2�b2 *QMi`QH U*.*V- r?B+? *.*
mb2b iQ +?2+F 7Q` �M 2TB/2KB+ Qmi#`2�F (e9)X
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Q7 f i?�i Bb Q7 T`�+iB+�H BMi2`2biX h?mb- r?2M2p2` r2 i�HF �#Qmi 2tBbi2M+2@BM/2T2M/2M+2

�M/ Bib `2H�i2/ +QM+2Tib- r2 �bbmK2 i?�i �M �/KBbbB#H2 `�M;2 URf V ?�b #22M T`2}t2/X

AM T`�+iB+2- � � /QK�BM 2tT2`i /2+B/2b i?2 �/KBbbB#H2 `�M;2X

6Q` BMbi�M+2- +QMbB/2` �M QmiHB2` [m2`v- f - i?�i QmiTmib i?2 MmK#2` Q7 QmiHB2`b BM i?2

;Bp2M /�i�#�b2X �b T2` i?2 /2}MBiBQM Q7 QmiHB2` +Q``2bTQM/BM; iQ f - Bi Bb TQbbB#H2 i?�i

i?2`2 2tBbib � /�i�#�b2 x ∈ D BM r?B+? �HH i?2 `2+Q`/b �`2 QmiHB2`bX am+? � bBim�iBQM-

?Qr2p2`- /Q2b MQi Q++m` BM T`�+iB+2 Ub22 T`�+iB+�H b2iiBM; 7Q` QmiHB2`b BM a2+iBQM kXjVX

h?mb- iQ +QMbB/2` QMHv i?2 T`�+iB+�HHv TQbbB#H2 +�b2b- r2 M22/ �/KBbbB#H2 `�M;2- Rf X

LQr- 7Q` � }t2/ /�i�#�b2 x Ubm+? i?�i f(x) ∈ Rf V- B7 7Q` 2p2`v i ∈ x- r2 ?�p2

�MQi?2` /�i�#�b2 y UBX2X y &= xV i?�i ?�b i?2 b�K2 MmK#2` Q7 QmiHB2`b �b BM x UBX2X

f(y) = f(x)V- #mi Bi /Q2b MQi +QMi�BM i- i?2M x b�iBb}2b i?2 2tBbi2M+2@BM/2T2M/2M+2

+QMbi`�BMiX h?Bb ?QH/b 7Q` KQbi Q7 i?2 ivTB+�H b2iiBM;b BM T`�+iB+2- r?2`2BM i?2 MmK#2`

Q7 QmiHB2`b BM � /�i�#�b2 Bb BM/2T2M/2Mi Q7 i?2 2tBbi2M+2 Q7 �Mv QM2 T�`iB+mH�` `2+Q`/ BM

i?2 /�i�#�b2X

LQi2 i?�i r2 +?QQb2 iQ 7Q`KmH�i2 2tBbi2M+2@BM/2T2M/2M+2 �b QTTQb2 iQ Bib BMp2`b2

#2+�mb2 Bi Bb BMimBiBp2Hv 2�bB2` iQ mM/2`bi�M/X

8Xk S`Bp�+v P`B2Mi2/ h�tQMQKv

AM i?Bb b2+iBQM- r2 mb2 i?2 2tBbi2M+2@BM/2T2M/2M+2 +QMbi`�BMi iQ /2}M2 i?`22 +H�bb2b Q7

QmiHB2` [m2`B2b- �M/ BM i?2 M2ti b2+iBQM- r2 b?Qr ?Qr �+?B2pBM; .S BM i?2 mMbmBi�#H2

b2iiBM;b H2�/b iQ TQQ` �++m`�+v BM T`�+iB+2X

8XkXR 1tBbi2M+2@BM/2T2M/2Mi [m2`vX

�M QmiHB2` [m2`v-f - Bb 2tBbi2M+2@BM/2T2M/2Mi B7 �HH i?2 /�i�#�b2b UBM f−1(Rf )V b�iBb7v

i?2 2tBbi2M+2@BM/2T2M/2M+2 +QMbi`�BMi ě ?2`2 f−1 Bb i?2 BMp2`b2 7mM+iBQM Q7 f Bb bm+?

i?�i f−1(Rf ) = {x ∈ D : f(x) ∈ Rf}X
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1t�KTH2b �`2, UBV >Qr K�Mv QmiHB2`b �`2 BM i?2 ;Bp2M /�i�#�b2\ h?Bb Bb 2tBbi2M+2@

BM/2T2M/2Mi �b 2tTH�BM2/ �#Qp2X UBBV Q3 Bb �HbQ 2tBbi2M+2@BM/2T2M/2Mi bBM+2 i?2 Q++m`@

`2M+2 Q7 *PoA.@RN Qmi#`2�F Bb BM/2T2M/2Mi Q7 �Mv bBM;H2 BM/BpB/m�H +QMi`�+iBM; i?2

/Bb2�b2X

q2 FMQr i?�i /Bz2`2MiB�H T`Bp�+v T`Qi2+ib i?2 2tBbi2M+2 Q7 �Mv `2+Q`/ BM i?2 ;Bp2M

/�i�#�b2X h?2 2tBbi2M+2@BM/2T2M/2Mi [m2`B2b- BM � b2Mb2- �`2 BM/2T2M/2Mi Q7 i?Bb BM@

7Q`K�iBQM- �M/ ?2M+2 7Q` bm+? [m2`B2b- .S K2+?�MBbKb +�M �+?B2p2 #Qi? T`Bp�+v �M/

miBHBiv i?�i Bb T`�+iB+�HHv K2�MBM;7mH- 2X;X (e9- 89- e8- 8k)X J�Mv QmiHB2` [m2`B2b Q7

T`�+iB+�H BMi2`2bi- ?Qr2p2`- �`2 MQi 2tBbi2M+2@BM/2T2M/2Mi ě i?Bb Bb � K�DQ` `2�bQM 7Q`

.S iQ `2bmHi BM TQQ` miBHBivX am+? QmiHB2` [m2`B2b �`2 2tBbi2M+2@/2T2M/2MiX

8XkXk 1tBbi2M+2@/2T2M/2Mi [m2`vX

6Q` � ;Bp2M QmiHB2` [m2`v- f - �M/ �M �/KBbbB#H2 `�M;2- Rf - f Bb 2tBbi2M+2@/2T2M/2Mi B7

Bi Bb MQi 2tBbi2M+2@BM/2T2M/2Mi- M�K2Hv- i?2`2 2tBbib � /�i�#�b2 UBM f−1(Rf )V i?�i pBQ@

H�i2b i?2 2tBbi2M+2@BM/2T2M/2M+2 +QMbi`�BMiX 6Q` 2t�KTH2- Q2 Bb �M 2tBbi2M+2@/2T2M/2Mi

QmiHB2` [m2`v #2+�mb2 � `2+Q`/ i?�i Bb MQi T`2b2Mi BM i?2 /�i�#�b2- +�MMQi #2 BM i?2

QmiTmiX

8XkXj hvTB+�H 2tBbi2M+2@/2T2M/2Mi [m2`vX

J�Mv 2tBbi2M+2@/2T2M/2Mi QmiHB2` [m2`B2b Q7 T`�+iB+�H bB;MB}+�M+2 �`2 bm+? i?�i i?2`2

Bb MQi QM2 #mi K�Mv /�i�#�b2b U2M+QmMi2`2/ BM T`�+iB+2V i?�i pBQH�i2 i?2 2tBbi2M+2@

BM/2T2M/2M+2 +QMbi`�BMiX q2 +�HH bm+? � [m2`v ivTB+�H 2tBbi2M+2@/2T2M/2Mi [m2`vX

h?2 2t�KTH2b Q7 ivTB+�H QmiHB2` [m2`B2b �`2, UBV q?�i �`2 i?2 QmiHB2` `2+Q`/b BM i?2

/�i�#�b2\ �M/ UBBV q?�i �`2 i?2 iQT@k QmiHB2` `2+Q`/b BM i?2 /�i�#�b2\

q2 }`bi +H�`B7v bQK2 MQi�iBQM �M/ i?2M /2}M2 ivTB+�H QmiHB2` [m2`B2bX 6Q` �Mv

x ∈ D �M/ i ∈ X - x(+i) ;Bp2b i?2 /�i�#�b2 i?�i ?�b 2t�+iHv QM2 `2+Q`/ Q7 p�Hm2 i �M/ Bb

Qi?2`rBb2 B/2MiB+�H iQ xX 6Q` �Mv QmiHB2` [m2`v- f - �M/ i ∈ X - H2i Hf (i) = {f(y) : i /∈ y}X

q2 b�v �M 2tBbi2M+2@/2T2M/2Mi QmiHB2` [m2`v- f - Bb ivTB+�H B7 i?2`2 2tBbib � MQM@

2KTiv b2i Xf ⊆ X bm+? i?�i 7Q` 2p2`v i ∈ Xf i?2`2 �`2 K�Mv /�i�#�b2b x bm+? i?�i
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f(x(+i)) /∈ Hf (i)- BX2X x(+i) pBQH�i2b i?2 2tBbi2M+2@BM/2T2M/2M+2 +QMbi`�BMiX

q2 +�HH Xf i?2 /Bb+`BKBM�iBp2 b2iX LQi2 i?�i 7Q` Q2- i?2 /Bb+`BKBM�iBp2 b2i Bb 2[m�H

iQ X X �b 7Q` r?�i +QMbiBimi2b K�Mv- Bi /2T2M/b QM i?2 T�`iB+mH�` QmiHB2` KQ/2H- Bib

T�`�K2i2`bǶ p�Hm2b- i?2 K�tBKmK bBx2 Q7 i?2 /�i�#�b2- �M/ i?2 bBx2 Q7 X X AM ;2M2`�H-

?Qr2p2`- r2 �bbmK2 Bi Bb �i H2�bi HBM2�` BM |X |X

AM i?2 M2ti b2+iBQM- r2 b?Qr- pB� �M mTT2` #QmM/ QM �++m`�+v- ?Qr .S H2�/b iQ

TQQ` �++m`�+v 7Q` ivTB+�H QmiHB2` [m2`B2bX

8Xj GQr liBHBiv lM/2` .S 7Q` hvTB+�H PmiHB2` [m2`B2b

q2 }`bi T`2b2Mi � ?B;?@H2p2H 2t�KTH2 iQ ;Bp2 �M BMimBiBQM Q7 r?v .S /Q2b MQi b22K iQ

bQHp2 i?2 `B;?i T`Q#H2K 7Q` i?2 T`�+iB+�H b2iiBM;b 7Q` ivTB+�H QmiHB2` [m2`B2bX

*QMbB/2` � /�i�#�b2 r?2`2 i?2 H�M/b+�T2 Q7 i?2 /�i�#�b2 Bb bm+? i?�i BM p�`BQmb

TH�+2b i?2 `2KQp�H Q` �//BiBQM Q7 � `2+Q`/ +?�M;2b i?2 QmiTmi Q7 �M QmiHB2` U/2i2+iBQMV

[m2`v r?B+? QmiTmib �HH i?2 QmiHB2` `2+Q`/b BM i?2 ;Bp2M /�i�#�b2X a22 6B;m`2 8XR- r?2`2

B7 vQm �// � `2+Q`/ BM i?2 2KTiv `2;BQM- Bi rBHH #2 �M QmiHB2` �M/ rBHH #2 BM i?2 QmiTmi

Q7 i?2 QmiHB2` [m2`vc �M/ B7 vQm `2KQp2 �M QmiHB2` `2+Q`/- Bi rBHH #2 `2KQp2/ 7`QK i?2

QmiTmiX

>Qr2p2`- i?2 �//BiBQM Q` `2KQp�H Q7 � `2+Q`/ Bb r?�i /2}M2b � M2B;?#Q`BM; /�i�#�b2-

�M/ i?mb- 7Q` K�Mv +QKKQM /2}MBiBQMb Q7 QmiHB2`b �Mv .S K2+?�MBbK rBHH B``2pQ+�#Hv

BMi`Q/m+2 2t+2bbBp2 H2p2Hb Q7 MQBb2 iQ T`Qi2+i T`Bp�+v- r?B+? H2�/b iQ TQQ` miBHBivX

h?2 TQQ` miBHBiv 7Q` ivTB+�H [m2`B2b Bb /m2 iQ i?2 HQr2` #QmM/ QM i?2 2``Q` Q7 �Mv

.S K2+?�MBbK- r?B+? r2 ;Bp2 BM *H�BK 8XRX >2M+27Q`i?- r2 `272` iQ � ivTB+�H 2tBbi2M+2@

/2T2M/2Mi QmiHB2` [m2`v �b ivTB+�H QmiHB2` [m2`vX

hQ bi�i2 *H�BK 8XR- r2 M22/ i?2 7QHHQrBM; MQiBQMX 6Q` �Mv ivTB+�H QmiHB2` [m2`v- f -

Mf Bb � `�M/QKBx2/ K2+?�MBbK rBi? /QK�BM .QK�BM(f) �M/ `�M;2 _�M;2(f)X 6Q` 2p2`v

x �M/ i ∈ X - x(−i) /2MQi2b i?2 /�i�#�b2 i?�i ?�b MQ `2+Q`/ Q7 p�Hm2 i �M/ Bb Qi?2`rBb2

B/2MiB+�H iQ xX
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6B;m`2 8XR, � `2�H@rQ`H/ /�i�b2i rBi? QmiHB2`b 7`QK P..a (R)X "Hm2 TQBMib �`2 MQM@
QmiHB2`bX P`�M;2 TQBMib �`2 QmiHB2`bX

*H�BK 8XRX 6Bt ε > 0X 6Q` 2p2`v ivTB+�H QmiHB2` [m2`v- f - ε@.S K2+?�MBbK- Mf -

i ∈ Xf - �M/ /�i�#�b2 x bm+? i?�i f(x(+i)) /∈ Hf (i)-

max





S
(
Mf

(
x(−i)

)
∈ _�M;2(f) \ Hf (i)

) -
S
(
Mf

(
x(+i)

)
∈ Hf (i)

)




 ≥ 1

1 + eε

S`QQ7X �`#Bi`�`BHv }t ε > 0- � ivTB+�H QmiHB2` [m2`v f - �M/ �M ε@/Bz2`2MiB�HHv T`Bp�i2

K2+?�MBbK Mf X G2i Xf #2 i?2 /Bb+`BKBM�iBp2 b2i 7Q` f X G�biHv- }t �`#Bi`�`v i ∈ Xf

�M/ x ∈ D bm+? i?�i f(x(+i)) ∈ W (i) = _�M;2(f) \ Hf (i)X

G2i S
(
Mf (x(−i)) ∈ W (i)

)
≤ 1/(1+eε)- �M/ MQi2 i?�i x(+i) �M/ x(−i) �`2 M2B;?#Q`BM;

/�i�#�b2b mM/2` /Bz2`2MiB�H T`Bp�+vX h?2M- 7`QK /Bz2`2MiB�H T`Bp�+v +QMbi`�BMib- Bi

7QHHQrb i?�i

S
(
Mf (x

(+i)) ∈ W (i)
)
≤eεS

(
Mf (x

(−i)) ∈ W (i)
)

S
(
Mf (x

(+i)) ∈ W (i)
)
≤eε/(1 + eε)

h?2 H�bi BM2[m�HBiv ?QH/b /m2 iQ Qm` �bbmKTiBQMX aBM+2 Hf (i) �M/ W (i) T�`iBiBQM

_�M;2(f)- Bi 7QHHQrb 7`QK i?2 �#Qp2 i?�i

S
(
Mf (x

(+i)) ∈ Hf (i)
)
=1− S

(
Mf (x

(+i)) ∈ W (i)
)

≥1/(1 + eε)

q?2M r2 H2i S
(
Mf (x(+i)) ∈ Hf (i)

)
≤ 1/(1 + eε)- BM � bBKBH�` 7�b?BQM �b �#Qp2- r2
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+�M b?Qr i?�i S
(
Mf (x(−i)) ∈ W (i)

)
≥ 1/(1 + eε)X aBM+2 ε, f,Mf , i ∈ Xf , �M/ x r2`2

}t2/ �`#Bi`�`BHv- i?2 +H�BK 7QHHQrb 7`QK i?2 �#Qp2X

6Q` K�Mv ivTB+�H b2iiBM;- iQ �+?B2p2 � ;QQ/ 2MQm;? T`Bp�+v ;m�`�Mi22b- ε Bb b2i iQ #2

bK�HH- BX2X +HQb2` iQ 0- 7Q` 2t�KTH2- ε = 0.1X AM bm+? +�b2b- i?2 2``Q` rQmH/ #2 +HQb2` iQ

1/2c M�K2Hv- i?2 +?�M+2 Q7 ;2iiBM; i?2 +Q``2+i �Mbr2` 7`QK � .S K2+?�MBbK rBi? QMHv

irQ TQbbB#H2 QmiTmib UBX2X Mf (x) = f(x)V Bb �HKQbi i?2 b�K2 �b /2+B/BM; i?2 �Mbr2` #v

i?2 iQbb Q7 � 7�B` +QBMX

q?�i �`2 i?2 BKTHB+�iBQMb Q7 *H�BK 8XR BM ivTB+�H `2�H@rQ`H/ b2iiBM;b\ hQ mM/2`bi�M/

i?Bb- +QMbB/2` i?2 [m2`v /2b+`B#2/ BM Q2- �M/ H2i f `2T`2b2Mi i?2 [m2`v /2b+`B#2/ BM Q2X

6m`i?2`KQ`2- H2i F #2 i?2 QmiHB2` KQ/2H U`2+�HH i?�i F Bb i?2 T`2/B+�i2- b22 a2+iBQM kXj

7Q` +QKTH2i2 /2b+`BTiBQMV bm+? i?�i f �M/ F #Qi? +Q``2bTQM/b iQ i?2 b�K2 /2}MBiBQM Q7

�MQK�HvX

6B`biHv- MQi2 7Q` Q2- Xf = X X h?2M- b22 i?�i 7`QK *H�BK 8XR- r2 ;2i i?�i 7Q` �Mv

/�i�#�b2 x �M/ �Mv `2+Q`/ i bm+? i?�i F (i, x) = 1 -

(a) B7 x = x(+i)- i /∈ Mf (x) rBi? T`Q#�#BHBiv ≥ 1
1+eε Q`

(b) B7 x = x(−i)- i ∈ Mf (x) rBi? T`Q#�#BHBiv ≥ 1
1+eε X

LQr `2+�HH i?�i `2�H@rQ`H/ /�i�#�b2b �`2 bm+? i?�i,

URV J�Mv Q7 i?2 QmiHB2`b �`2 mMB[m2 `2+Q`/b BM i?2 /�i�#�b2- BX2X 7Q` K�Mv iǶb BM f(x)-

i /Q2b MQi #2HQM; iQ f(x− 2i)- �M/

UkV h?2`2 �`2 K�Mv TQbbB#H2 `2+Q`/b i?�i �`2 MQi T`2b2Mi BM i?2 /�i�#�b2 �M/ B7 r2

�// �Mv QM2 Q7 i?2K iQ i?2 /�i�#�b2- Bi rBHH #2 +QMbB/2`2/ �M QmiHB2`- BX2X i?2`2

Bb � H�`;2 b2i I ⊆ X bm+? i?�i 7Q` 2p2`v i ∈ I- xi = 0 �M/ F (i, x(+i)) = 1X

h?mb /m2 iQ URV- i?2 �Mi2+2/2Mi Q7 (a) ?QH/b 7Q` K�Mv QmiHB2`b BM x- �M/ i?�i Q7 (b)

?QH/b 7Q` � H�`;2 bm#b2i Q7 X /m2 iQ UkV U`2+�HH |x| << |X |- �M/ b22 T`�+iB+�H b2iiBM;b

7Q` QmiHB2` BM a2+iBQM kXj 7Q` 2KTB`B+�H 2pB/2M+2VX >2M+2- B7 r2 i`v iQ `2/m+2 i?2 2``Q`

BM i?2 +�b2 Q7 (a) Ur?2`2 i ∈ f(x)V- i?2 2``Q` 7Q` (b) rBHH BM+`2�b2 Ur?2`2 i /∈ x �M/ i?mb
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i /∈ f(x)V �M/ pB+2 p2`b�X h?2`27Q`2- �+?B2pBM; .S 7Q` Q2 Q` ivTB+�H 2tBbi2M+2@/2T2M/2Mi

QmiHB2` [m2`B2b- BM ;2M2`�H- rBHH `2bmHi BM HBiiH2 miBHBiv BM T`�+iB+2X

8X9 h?2 6`�K2rQ`F

>2`2 r2 T`2b2Mi �M �TT`Q�+? iQ �M�Hvx2 /�i� 7Q` QmiHB2`b iQ T`2b2`p2 #Qi? T`Bp�+v

�M/ miBHBivX �Hi?Qm;? i?Bb �TT`Q�+? K�v b22K `m/BK2Mi�`v- Bi +Qp2`b i?2 KQbi +`BiB+�H

7�+iQ`b i?�i �M �M�Hvbi Kmbi +QMbB/2`2/ iQ �+?B2p2 #Qi? T`Bp�+v �M/ �++m`�+v i?�i Bb

T`�+iB+�HHv K2�MBM;7mHX

q2 }`bi T`QpB/2 �M Qp2`pB2r U�HbQ /2TB+i2/ BM 6B;m`2 8XkV- r?B+? Bb 7QHHQr2/ #v i?2

/2i�BH2/ �++QmMiX

6B;m`2 8Xk, � 6`�K2rQ`F 7Q` S`Bp�i2 PmiHB2` �M�HviB+b
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:Bp2M �M QmiHB2` [m2`v- �M �M�Hvbi b?QmH/ }`bi +?2+F B7 i?2 [m2`v Bb 2tBbi2M+2@

BM/2T2M/2MiX A7 Bi Bb- i?2M .S Bb i?2 �TT`QT`B�i2 +?QB+2X A7 i?2 [m2`v- ?Qr2p2`-

Bb 2tBbi2M+2@/2T2M/2Mi- i?2M i?2 �M�Hvbi b?QmH/ i`v iQ `2/m+2 i?2 [m2`v iQ � b2i Q7

2tBbi2M+2@BM/2T2M/2Mi [m2`B2b- �M/ +QKTmi2 i?2 Q`B;BM�H [m2`v pB� i?2 M2r [m2`B2bX

h?2 �#Qp2 `2/m+iBQM U/2}M2/ b?Q`iHvV Kmbi i�F2 BMiQ �++QmMi i?2 p�`BQmb miBHBiv �M/

BM7Q`K�iBQM H2�F�;2 +QMbi`�BMib BKTQb2/ #v i?2 �M�Hvbi 7Q` ?2` �TTHB+�iBQMX A7 i?2`2

Bb MQ `2/m+iBQM i?�i K22ib i?2 BKTQb2/ +QMbi`�BMib- i?2M b2MbBiBp2 T`Bp�+v UQ` �MQi?2`

p�`B�Mi Q7 /Bz2`2MiB�H T`Bp�+vV K�v #2 mb2/ ě r2 `272` iQ i?2 p�`B�Mib Q7 .S �b .S

p�`B�MiX A7 � `2/m+iBQM- ?Qr2p2`- K22ib i?2 +QMbi`�BMib- i?2M i?2 M2ti bi2T Bb iQ �M@

�Hvx2 i?2 �++m`�+v BM `2H�iBQM iQ �+?B2pBM; .SX A7 i?2 �++m`�+v �+?B2p�#H2 mM/2` .S

Bb MQi T`�+iB+�HHv K2�MBM;7mH 7Q` i?2 �TTHB+�iBQM- i?2M mbBM; b2MbBiBp2 T`Bp�+v UQ` � .S

p�`B�MiV Bb i?2 �TT`QT`B�i2 +?QB+2X

h?2 /2i�BH2/ �++QmMi Q7 i?2 �TT`Q�+? 7QHHQrb- r?2`2 r2 #2;BM rBi? i?2 �bbmKTiBQM

i?�i i?2 ;Bp2M QmiHB2` [m2`v Bb 2tBbi2M+2@/2T2M/2Mi �b Qi?2`rBb2 i?2 �M�Hvbi b?QmH/ mb2

/Bz2`2MiB�H T`Bp�+vX

8X9XR _2/m+B#BHBiv �M�HvbBb

G2i mb b�v- �7i2` �M�HvxBM; i?2 ;Bp2M [m2`v- i?2 �M�Hvbi 2bi�#HBb?2b i?�i i?2 [m2`v Bb �M

2tBbi2M+2@/2T2M/2Mi QmiHB2` U2M/QV [m2`vX

h?2 }`bi bi2T 7Q` i?2 �M�Hvbi Bb iQ �M�Hvx2 B7 i?2 [m2`v +�M #2 +QKTmi2/ pB� � b2i Q7

M2r [m2`B2b bm+? i?�i MQM2 Q7 i?2 M2r [m2`B2b Bb 2tBbi2M+2@/2T2M/2Mi ě ?2`2- r2 rBHH

`272` iQ �M 2tBbi2M+2@BM/2T2M/2Mi QmiHB2` [m2`v �b M2M/Q@[m2`v U�b BM MQi 2M/QVX q2

+�HH bm+? � b2i Q7 M2r [m2`B2b � `2/m+iBQM U/2}M2/ b?Q`iHvVX h?Bb Bb T�`iB+mH�`Hv mb27mH

r?2M /�i� i?�i r2 �`2 iQ �M�Hvx2 Bb /Bbi`B#mi2/ �KQM; KmHiBTH2 T�`iB2b �b Bi Bb Q7i2M

i?2 +�b2 7Q` K�Mv T`�+iB+�H b2iiBM;bc 7Q` 2t�KTH2- i?2 i`�Mb�+iBQM /�i� Bb /Bbi`B#mi2/

�KQM; #�MFb �M/ K2`+?�Mib- �M/ ?2�Hi? `2H�i2/ /�i� Bb /Bbi`B#mi2/ �KQM; /Q+iQ`bǶ

Q{+2b- ?QbTBi�Hb- �M/ T?�`K�+B2bX

q2 MQr 7Q`K�HBx2 Qm` MQiBQM Q7 `2/m+iBQMX q2 /Q i?Bb BM � KmHiBT�`iv b2iiBM;-

r?2`2 /Bz2`2Mi T�`iB2b ?�p2 /Bz2`2Mi T�`ib Q7 � +QKTH2i2 /�i�#�b2X h?Bb +QKTH2i2

/�i�#�b2- ?Qr2p2`- Bb �p�BH�#H2 iQ i?2 i`mbi2/ +m`�iQ` iQ r?QK i?2 i?2 T�`iB2b +�M b2M/
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i?2 [m2`B2b iQ #2 +QKTmi2/ Ub22 T`Bp�+v b2iiBM; BM a2+iBQM kXj 7Q` /2i�BHb �#Qmi i?2

i`mbi2/ +m`�iQ` b2iiBM;VX h?2 KmHiBT�`iv b2iiBM; Bb BM/22/ KQ`2 ;2M2`�H- �M/ ?2M+2- Bi

K�F2b i?2 �TTHB+�iBQM Q7 Qm` 7`�K2rQ`F rB/2`X 6m`i?2`KQ`2- i`�MbH�iBM; i?2 +QM+2Tib

7`QK KmHiBT�`iv b2iiBM; iQ i?2 bBM;H2 T�`iv b2iiBM; Bb bBKTH2X G�i2`- r2 rBHH �HbQ ;Bp2

�M 2t�KTH2 Q7 `2/m+iBQM iQ +QKTmi2 �M QmiHB2` /2i2+iBQM [m2`v ě �M 2M/Q@[m2`v ě iQ

�+?B2p2 #Qi? T`Bp�+v �M/ �++m`�+vX

a�v n T�`iB2b- M�K2Hv- T�`iB2b 1, 2, . . . , n- �`2 iQ +QKTmi2 �M 2M/Q@[m2`v- f - QM

i?2 /�i�#�b2 x i?�i Bb /Bbi`B#mi2/ �KQM; i?2b2 T�`iB2bX 6Q` 2�+? T�`iv t = 1, 2, . . . , n-

Lt(f) `2T`2b2Mib i?2 BM7Q`K�iBQM i?�i t@T�`iv `2+2Bp2b /m`BM; i?2 +QKTmi�iBQM Q7 f X PM2

+�M i?BMF Q7 Lt(f) �b i?2 H2�F�;2 bBKBH�` iQ i?2 QM2 +QMbB/2`2/ BM b2+m`2 +QKTmi�iBQM

(ee- ed)X aQ- r2 +�HH Lt(f) i?2 H2�F�;2 7Q` t@T�`iv- r?B+? +QMi�BMb i?2 QmiTmi UBX2X i?2

T�`i Q7 f(x)V Q7 t@T�`iv �M/ �Mv Qi?2` BM7Q`K�iBQM i?�i t@T�`iv `2+2Bp2b �#Qmi �Mv Qi?2`

T�`ivǶb BMTmiX qBi? i?Bb r2 �`2 `2�/v iQ ;Bp2 i?2 /2}MBiBQM Q7 `2/m+iBQMX

.2}MBiBQM 8XR U`2/m+iBQMVX 6Q` � ;Bp2M 2tBbi2M+2@/2T2M/2Mi QmiHB2` UBX2X 2M/QV [m2`v-

f - � `2/m+iBQM- Tf - Q7 f Bb {(ft,1, ft,2, . . . , ft,mt)}t∈[n] rBi? H2�F�;2 Lt(Tf ) 7Q` 2�+? t@T�`iv

bm+? i?�i 7Q` 2p2`v t = 1, . . . , n,

Ç 1�+? ft,l- 7Q` l = 1, . . . ,mt Bb � M2M/Q@[m2`v Q` � 7mM+iBQM�HBiv i?�i t@T�`iv +�M

+QKTmi2 HQ+�HHv UBX2X rBi?Qmi `2HvBM; QM �Mv Qi?2` T�`ivV ;Bp2M i?2 QmiTmib Q7

ft,1, ft,2, . . . , ft,l−1- �M/

Ç 1�+? Lt(Tf ) +QMi�BMb i?2 QmiTmi Q7 t@T�`iv U�M/ Bi K�v �HbQ +QMi�BM bQK2 Qi?2`

BM7Q`K�iBQM �#Qmi i?2 BMTmib Q7 i?2 Qi?2` T�`iB2bVX

LQi2 i?�i Bi Bb TQbbB#H2 iQ ?�p2 KmHiBTH2 `2/m+iBQMb 7Q` � ;Bp2M 2M/Q@[m2`v- #mi MQi

�HH Q7 i?2K K�v #2 �++2Ti�#H2 iQ i?2 �M�Hvbi �b T2` i?2 `2[mB`2K2Mib 7Q` ?2` �TTHB+�iBQMX

h?mb- r2 b�v � `2/m+iBQM Bb �++2Ti�#H2 B7 Bi b�iBb}2b i?2 miBHBiv �M/ BM7Q`K�iBQM H2�F�;2

+QMbi`�BMib BKTQb2/ #v i?2 �M�HvbiX

h?2 miBHBiv +QMbi`�BMib K�v BM+Hm/2 � #QmM/ QM 2``Q` �b r2HH �b +QKTmi�iBQM �M/

+QKKmMB+�iBQM TQr2`X h?2 2``Q` r2 +QMbB/2` ?2`2 K�v #2 BM?2`2Mi iQ QM2 Q7 i?2 `2/m+2/

[m2`B2b Ub22 i?2 2t�KTH2 #2HQrV Q` /m2 iQ i?2 BMi2`M�H +QBM iQbb2b Q7 i?2 �H;Q`Bi?K i?�i

i?2 �M�Hvbi mb2b iQ +QKTmi2 � `2/m+2/ [m2`v U2X;X `�M/QKM2bb K�v #2 M22/2/ 7Q`
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2{+B2M+vV (e3)X q2 `2K�`F i?�i- �i i?Bb bi�;2- r2 /Q MQi +QMbB/2` i?2 2``Q` /m2 iQ

�+?B2pBM; T`Bp�+v U2X;X b2MbBiBp2 T`Bp�+v Q` /Bz2`2MiB�H T`Bp�+vVX

h?2 BM7Q`K�iBQM H2�F�;2 +QMbi`�BMib BKTQb2 � `2bi`B+iBQM QM i?2 BM7Q`K�iBQM i?�i

� T�`iv +�M `2+2Bp2 �#Qmi Qi?2` T�`iB2b BMTmibX AM bQK2 +�b2b- iQ `2/m+2 �M 2M/Q@

[m2`v iQ M2M/Q@[m2`B2b Bi K�v #2 M2+2bb�`v iQ `2p2�H bQK2 2ti`� BM7Q`K�iBQM iQ i?2

T�`iB2b bQ i?�i i?2v K�v +QKTmi2 i?2 Q`B;BM�H 2M/Q@[m2`vX >Qr2p2`- i?2 �M�Hvbi +�M

biBHH T`Qi2+i i?2 b2+`2i2b i?�i �`2 +`BiB+�H 7Q` ?2` �TTHB+�iBQM- #v BKTQbBM; BM7Q`K�iBQM

H2�F�;2 +QMbi`�BMibX

6BM�HHv- B7 i?2 T`QpB/2/ `2/m+iBQM Bb �++2Ti�#H2- i?2 M2ti bi2T Bb iQ �M�Hvx2 r?2i?2`

Bi Bb TQbbB#H2 iQ mb2 /Bz2`2MiB�H T`Bp�+v iQ +QKTmi2 �HH i?2 M2M/Q@[m2`B2b U;Bp2M #v i?2

`2/m+iBQMV �M/ �+?B2p2 i?2 �++m`�+v `2[mB`2/ #v i?2 �M�Hvbi 7Q` ?2` �TTHB+�iBQM Ur2

/Bb+mbb i?Bb BM i?2 M2ti b2+iBQMVX

>Qr2p2`- B7 �M �++2Ti�#H2 `2/m+iBQM Bb MQi TQbbB#H2- i?2M b2MbBiBp2 T`Bp�+v K�v #2

2KTHQv2/X

1t�KTH2 Tf 7`QK (89- e8)X

�b �M BHHmbi`�iBp2 2t�KTH2 Q7 `2/m+iBQM- +QMbB/2` i?2 7QHHQrBM; bBim�iBQMX �bbmK2 n

T�`iB2b �M/ # = 20X 1�+? t@T�`iv ?�b � /�i�#�b2 xt bm+? i?�i |xt| ≥ #X G2i x =
∑

t∈[n] x
tX

L2ti +QMbB/2` �o6 QmiHB2` KQ/2H (eN)- F - i?�i Bb FMQrM iQ �HH i?2 T�`iB2b U`2+�HH- F

Bb � T`2/B+�i2 Qp2` X × DVX G2i f #2 i?2 QmiHB2` [m2`v i?�i iQ 2�+? T�`iv QmiTmib Bib

`2+Q`/b UBM xtV i?�i �`2 �KQM; i?2 iQT@# QmiHB2`b BM x- BX2X # `2+Q`/b rBi? i?2 bK�HH2bi

�o6 b+Q`2kX *H2�`Hv- f Bb �M 2M/Q@[m2`v �b Bib QmiTmi /2T2M/ mTQM i?2 `2+Q`/b T`2b2i

BM i?2 /�i�#�b2 xX h?2 T`Bp�+v �M/ miBHBiv +QMbi`�BMib 7Q` i?2 `2/m+iBQM �`2 �b 7QHHQrbX

S`Bp�+v +QMbi`�BMi, 6Q` 2�+? T�`iv- #2bB/2b Bib QmiTmi- i?2 H2�F�;2 K�v +QMi�BM i?2

7`2[m2M+v Q7 2�+? �ii`B#mi2 p�Hm2- �b T2` x- #@i? bK�HH2bi �o6 b+Q`2- λ"- +Q``2bTQM/BM;

iQ � `2+Q`/ BM x- #mi MQi?BM; 2Hb2X

liBHBiv +QMbi`�BMi, 6Q` 2p2`v i ∈ x bm+? i?�i Bi Bb �KQM; i?2 iQT@# �o6 #�b2/

QmiHB2`b- i Kmbi /2i2+i2/ �b �M QmiHB2`- �M/ b?QmH/ #2 BM i?2 QmiTmi Q7 t@T�`iv B7 i ∈ xt

7Q` 2p2`v tX

k_Qm;?Hv bT2�FBM;- �o6 b+Q`2 Q7 � `2+Q`/ Bb i?2 MQ`K�HBx2/ bmK Q7 i?2 7`2[m2M+B2b Q7 Bib �ii`B#mi2
p�Hm2bX
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_2/m+iBQM, 1�+? t@T�`iv T`Q+22/b �b 7QHHQrbX 6B`bi- Bi +QHH�#Q`�iBp2Hv +QKTmi2b

ft,1, ft,2, . . . , ft,m QM x- r?2`2 ft,l ;Bp2b i?2 7`2[m2M+v Q7 2�+? p�Hm2 Q7 l@i? �ii`B#mi2 �b

T2` x- �M/ m Bb i?2 iQi�H MmK#2` Q7 �ii`B#mi2bX a2+QM/- mbBM; i?2 QmiTmi Q7 i?2 �#Qp2

[m2`B2b- Bi +QKTmi2b ft,m+1 QM xt- r?B+? ;Bp2b Ot = {it,1, . . . , it,"}- i?2 iQT@# QmiHB2`b BM

xtX h?B`/- Bi +QKTmi2b ft,m+2- r?B+? ;Bp2b λ" U#@i? bK�HH2bi �o6 b+Q`2VX G�biHv- 7Q`

l = 1, . . . , #- Bi +QKTmi2b ft,m+2+l(x) = AV FS(it,l, x) ≤ λ" iQ }M/ i?2 QmiHB2`b BM Bib

/�i�#�b2- r?2`2 AV FS ;Bp2b i?2 �o6 b+Q`2 Q7 it,l �b T2` i?2 /�i�#�b2 xX

�HH Q7 i?2 �#Qp2 [m2`B2b �`2 M2M/Q@[m2`B2b 2t+2Ti 7Q` ft,m+1- r?B+? +�M #2 +QKTmi2/

HQ+�HHv ;Bp2M �o6ǶbX 6m`i?2`KQ`2- i?Bb `2/m+iBQM K22ib i?2 ;Bp2M T`Bp�+v +QMbi`�BMiX �b

7Q` i?2 miBHBiv +QMbi`�BMi- MQi2 i?�i B7 F Ui?2 QmiHB2` KQ/2HV Bb bm+? i?�i 7Q` 2p2`v z ∈ D-

�M/ 2p2`v y i?�i +QMbBbib Q7 bm#b2i Q7 `2+Q`/b 7`QK z- �M/ 2p2`v i ∈ y- F (i, z) = 1

BKTHB2b F (i, y) = 1- i?2M i?2 miBHBiv +QMbi`�BMi rBHH #2 b�iBb}2/X h?Bb T`QT2`iv Bb b�iBb}2/

#v �o6 QmiHB2` KQ/2H �b r2HH �b K�Mv Qi?2` KQ/2Hb- 7Q` 2t�KTH2 (β, r)@�MQK�HvX

8X9Xk a2MbBiBpBiv UBX2X miBHBivV �M�HvbBb mM/2` .S

:Bp2M �M �++2Ti�#H2 `2/m+iBQM- i?2 �M�Hvbi b?QmH/ +?2+F B7 +QKTmiBM; i?2 [m2`v pB� i?2

`2/m+iBQM ;Bp2b i?2 `2[mB`2/ miBHBiv U2X;X /2bB`2/ �++m`�+v Q` iQH2`�#H2 2``Q`V mM/2` �M

�TT`QT`B�i2 /Bz2`2MiB�H T`Bp�+v ;m�`�Mi22- i?�i Bb- i?2 p�Hm2 Q7 εX LQi2 i?�i i?2 �M�Hvbi

M22/b iQ +QMbB/2` i?2 b2MbBiBpBiv Q7 2�+? [m2`v BM i?2 `2/m+iBQM- �M/ Bib Qp2`�HH 2z2+i QM

i?2 miBHBivX

_2+�HH i?�i BM /Bz2`2MiB�H T`Bp�+v- i?2`2 Bb � i`�/2@Qz #2ir22M i?2 p�Hm2 Q7 i?2 ε �M/

i?2 �++m`�+v QM2 +�M �+?B2p2, bK�HH2` i?2 p�Hm2 Q7 ε- i?2 ?B;?2` i?2 T`Bp�+v #mi rBi?

HQr2` miBHBivX 6Q` 2t�KTH2- QM2 +�M b2i ε iQ #2 p2`v ?B;? iQ �+?B2p2 /2bB`2/ �++m`�+vX

>Qr2p2` bm+? �M �+iBQM rBHH b�+`B}+2 i?2 T`Bp�+v Q7 2p2`vQM2 r?Qb2 /�i� Bb mb2/ BM i?2

�M�HvbBbX

h?2`27Q`2- �M �M�Hvbi Kmbi mb2 i?2 #2bi K2i?Q/b �p�BH�#H2 BM i?2 HBi2`�im`2 iQ �+?B2p2

i?2 ?B;?2bi TQbbB#H2 miBHBiv 7Q` �M �TT`QT`B�i2 p�Hm2 Q7 εX

q2 Kmbi MQi2 i?�i bQ 7�` i?2`2 Bb MQ bi�M/�`/ r�v iQ b2i i?2 p�Hm2 Q7 εX 6m`i?2`KQ`2-

r?�i Bb +QMbB/2`2/ �M �++2Ti�#H2 Q` �TT`QT`B�i2 p�Hm2 Q7 ε +?�M;2b 7`QK QM2 �TTHB+�iBQM

iQ i?2 Qi?2`X AM i?2 HBi2`�im`2- i?2 p�Hm2 Q7 ε `�M;2b 7`QK 0.01 iQ 10 (dy- dR)X
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L2p2`i?2H2bb- �M �M�Hvbi Kmbi bi`Bp2 iQ /2p2HQT K2+?�MBbKb i?�i mb2 � bK�HH2` p�Hm2

Q7 ε 7Q` /Bz2`2MiB�H T`Bp�+v iQ �+?B2p2 i?2 /2bB`2/ �++m`�+vX h?Bb Bb BKTQ`i�Mi bBM+2

mbBM; � H�`;2 p�Hm2 Q7 ε r2�F2Mb i?2 T`Bp�+v ;m�`�Mi22 7Q` 2p2`vQM2X h?mb- 7Q` MQr-

Bi Bb i?2 �M�HvbiǶb Q` i?2 /QK�BM 2tT2`iǶb T`2`Q;�iBp2 iQ /2+B/2 r?�i Bb �M �TT`QT`B�i2

p�Hm2 Q7 εX AM i?Bb `2;�`/- r2 b�v �M QmiHB2` [m2`v ?�b ?B;? b2MbBiBpBiv B7 7Q` ivTB+�H

p�Hm2b Q7 ε U7Q` i?2 �TTHB+�iBQM Q` /QK�BM mM/2` +QMbB/2`�iBQMV- i?2 `2[mB`2/ �++m`�+v

Bb mM�+?B2p�#H2 mM/2` /Bz2`2MiB�H T`Bp�+vX AM bm+? � +�b2- b2MbBiBp2 T`Bp�+v UQ` � .S

p�`B�MiV K�v #2 2KTHQv2/ iQ T`QpB/2 � bi`QM;2` T`Bp�+v ;m�`�Mi22 7Q` KQbi Q7 i?2

`2+Q`/b BM i?2 /�i�#�b2 �b QTTQb2/ mbBM; .S �M/ r2�F2MBM; i?2 T`Bp�+v ;m�`�Mi22 7Q`

�HHX

J2i?Q/b iQ #QQbi miBHBiv mM/2` .S 7Q` }t2/ ε,

>2`2 r2 #`B2~v /Bb+mbb bQK2 Q7 i?2 r�vb iQ BKT`Qp2 �++m`�+v mM/2` .SX A7 i?2 `�M;2

Q7 � `2/m+2/ [m2`v Bb `2�H MmK#2`b UQ` BMi2;2`bV- i?2M QM2 +�M +�H+mH�i2 i?2 ;HQ#�H

b2MbBiBpBivj �M/ mb2 G�TH�+2 K2+?�MBbK9 (kj- kk) iQ �+?B2p2 .SX

*QmMi [m2`B2b Ur?B+? +QmMi i?2 MmK#2` Q7 `2+Q`/b BM � /�i�#�b2- r?B+? b�iBb7v �

;Bp2M T`2/B+�i2V +�M #2 +QKTmi2/ pB� G�TH�+2 K2+?�MBbK rBi? p2`v `2�bQM�#H2 �++m`�+v

;m�`�Mi22b (kj)X >Qr2p2`- B7 i?2 ;HQ#�H b2MbBiBpBiv Q7 i?2 [m2`v Bb iQQ ?B;?- �M/ i?2

G�TH�+2 K2+?�MBbK +�MMQi T`Q/m+2 i?2 `2[mB`2/ �++m`�+v- i?2 �M�Hvbi +�M QTi 7Q` i?2

K2+?�MBbKb i?�i �`2 /2bB;M2/ mbBM; � bKQQi? mTT2` #QmM/ QM i?2 HQ+�H b2MbBiBpBiv Q7

i?2 [m2`v (dk)X am+? /Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbKb U+QKT�`2/ iQ i?2 .S K2+?�MBbK

i?�i mb2 ;HQ#�H b2MbBiBpBivV ?�p2 #22M b?QrM iQ BKT`Qp2 miBHBiv +QMbB/2`�#Hv 7Q` K�Mv

T`Q#H2Kb Q7 T`�+iB+�H BMi2`2bi- 7Q` 2t�KTH2- iQ +QKTmi2 K2/B�M- k@K2�Mb +Hmbi2`BM; (dk)-

�M/ i?2 MmK#2` Q7 QmiHB2`b BM i?2 /�i� (8k)

q?2M �M �M�Hvbi ?�b iQ +QKTmi2 K�Mv [m2`B2b iQ +�``vQmi � T`Bp�i2 QmiHB2` �M�HvbBb

U2X;X BM i?2 +�b2 Q7 `2/m+iBQM Q7 �M 2M/Q@[m2`vV- b?2 +�M mb2 K2+?�MBbKb QTiBKBx2/ 7Q`

j:HQ#�H b2MbBiBpBiv- BX2X ∆(f) = max
x∼y

||f(x)− f(y)||1- r?2`2 x ∼ y K2�Mb i?�i i?2 /�i�#�b2b x �M/ y

�`2 M2B;?#Q`b �b T2` .S (kj- kk- 9e)X
9G�TH�+2 K2+?�MBbK �+?B2p2b ε@.S #v �//BM; BM/2T2M/2Mi MQBb2 7`QK G�TH�+2 /Bbi`B#miBQM UQ7 K2�M

x2`Q �M/ b+�H2 ∆(f)/εV iQ 2�+? +QQ`/BM�i2 Q7 i?2 QmiTmiX
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� #�i+? Q7 [m2`B2b (dj) iQ #QQbi miBHBivX 1tTQM2MiB�H K2+?�MBbK (kj) Bb �MQi?2` r�v iQ

/2bB;M .S K2+?�MBbKb iQ K22i i?2 �++m`�+v +QMbi`�BMi bT2+B}+ iQ �M �TTHB+�iBQMX

a2MbBiBp2 T`Bp�+v UQ` Qi?2` .S p�`B�MibV

"v i?Bb TQBMi i?2 �M�Hvbi ?�b 2bi�#HBb?2/ i?�i /Bz2`2MiB�H T`Bp�+v Bb MQi i?2 �TT`QT`B�i2

+?QB+2 iQ +QKTmi2 i?2 2tBbi2M+2@/2T2M/2Mi QmiHB2` [m2`v b?2 Bb /2�HBM; rBi?X AM i?Bb

+�b2- b2MbBiBp2 T`Bp�+v +QK2b iQ i?2 `2b+m2 ě Bi +�M T`Qi2+i T`Bp�+v Q7 KQbi Q7 `2+Q`/b

rBi? � p2`v bi`QM; ;m�`�Mi22 �b r2HH �b �+?B2p2 ?B;? miBHBivX

�Hi?Qm;? i?2 �M�Hvbi +�M mb2 bQK2 Qi?2` p�`B�Mi Q7 /Bz2`2MiB�H T`Bp�+v- r2 MQi2

i?�i b2MbBiBp2 T`Bp�+v Bb T�`iB+mH�`Hv /2}M2/ 7Q` T`Bp�i2 QmiHB2` �M�HvbBb �M/ Bb r2HH@

bmBi2/ 7Q` i?Bb i�bF- 2bT2+B�HHv 7Q` B/2MiB7vBM; �MQK�HB2bc b22 a2+iBQM kXk 7Q` i?2 .S

p�`B�Mib `2H2p�Mi iQ QmiHB2` �M�HvbBb �M/ (8y) 7Q` � bm`p2v Q7 .S p�`B�MibX

a2MbBiBp2 T`Bp�+v Bb �#H2 iQ ?�M/H2 /�i�@BM/2T2M/2Mi �b r2HH �b /�i�@/2T2M/2Mi MQ@

iBQMb Q7 QmiHB2`b- r?2`2 i?2 b2+QM/ +�b2 Bb i?2 ?�`/2bi iQ /2�H rBi?X AM *?�Ti2` e- r2

rBHH b?Qr i?�i QM `2�H@rQ`H/ /�i�b2ib 7Q` QmiHB2` �M�HvbBb- b2MbBiBp2Hv T`Bp�i2 K2+?�@

MBbKb +QKKBi 2``Q` i?�i Bb T`�+iB+�HHv x2`Q r?2M i?2 /�i�b2i bBx2b �`2 H�`;2 2MQm;?X

6m`i?2`KQ`2- b2MbBiBp2 T`Bp�+v ;2M2`�HBx2b K�Mv MQiBQMb Q7 T`Bp�+v �M/ Qp2`+QK2b i?2B`

HBKBi�iBQMb Ub22 a2+iBQM jXdVX



S�`i AAA

�SSGA*�hAPLa

Ny
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*>�Sh1_ e

S`Bp�i2 (β, r)@�MQK�Hv A/2MiB}+�iBQM

>2`2- r2 b?Qr ?Qr iQ mb2 Qm` +QMbi`m+iBQMb U7`QK *?�Ti2` 9V iQ /2p2HQT b2MbBiBp2Hv

T`Bp�i2 K2+?�MBbKb 7Q` �MQK�Hv B/2MiB}+�iBQM [m2`B2b U�AZbVX AM T�`iB+mH�`- r2 BMbi�M@

iB�i2 *QMbi`m+iBQM 9XR 7Q` (β, r)@�MQK�Hv KQ/2H iQ B/2MiB7v �MQK�HB2b BM /�i�X

q2 mb2 (β, r)@�MQK�Hv KQ/2H iQ +?�`�+i2`Bx2 QmiHB2`b #2+�mb2 Q7 Bib T`2p�H2M+2 BM

T`�+iB+2 �M/ Bib ;2M2`�HBx�#BHBiv iQ K�Mv Qi?2` QmiHB2` KQ/2HbX 6m`i?2`KQ`2- Bi ?�b

K�Mv r2HH@FMQrM p�`B�Mib �M/ 2ti2MbBQMb (9R- 88- e) ě �M/ Qm` rQ`F M�im`�HHv 2t@

i2M/b iQ i?2KX PM ivTB+�H BMTmib- Qm` b2MbBiBp2Hv T`Bp�i2 UaSV K2+?�MBbK 2``b rBi?

�M 2tTQM2MiB�HHv bK�HH T`Q#�#BHBiv Uh?2Q`2K eXkVX h?2 2KTB`B+�H 2p�Hm�iBQM Q7 i?2 aS

K2+?�MBbK Qp2` � `�M;2 Q7 `2�H@rQ`/b /�i�b2ib �HbQ bmTTQ`ib i?Bb `2bmHi ě 7Q` H�`;2

2MQm;? /�i�b2ib- i?2 `2H�iBp2 2``Q` BM B/2MiB7vBM; �MQK�HQmb UBX2X QmiHB2`V `2+Q`/b Bb

�#Qmi 10−10X

_2+�HH i?�i �MQK�Hv B/2MiB}+�iBQM [m2`B2b �`2 2tBbi2M+2@/2T2M/2Mi QmiHB2` [m2`B2b-

�M/ r2 +QMbB/2` i?2 i`mbi2/ +m`�iQ` b2iiBM; Ur?2`2 i?2 +m`�iQ` ?�b �++2bb iQ �HH i?2

/�i�VX q2 TQb2 Qm` �AZb iQ i?2 i`mbi2/ +m`�iQ`- r?Q +QKTmi2b i?2b2 [m2`B2b pB� �

T`Bp�+v@T`Qi2+iBM; K2+?�MBbK �M/ �Mbr2`b 1 UBX2X v2bV Q` 0 UBX2X MQVX 6m`i?2`KQ`2- �b

T2` Qm` 7`�K2rQ`F 7Q` T`Bp�i2 QmiHB2` �M�HvbBb UBM *?�Ti2` 8V- r2 +QMbB/2` i?2 BM7Q`@

K�iBQM H2�F�;2 +QMbi`�BMi iQ #2 bm+? i?�i i?2 [m2`B2` Kmbi QMHv `2+2Bp2 i?2 �Mbr2` iQ

i?2 �AZ UBX2X 1 Q` 0V �M/ MQi?BM; 2Hb2X h?mb- �AZ Bb MQi `2/m+B#H2 Ub22 *?�Ti2` 8 7Q`

/2i�BHbV- �M/ b2MbBiBp2 T`Bp�+v Bb i?2 �TT`QT`B�i2 +?QB+2 ?2`2X AM a2+iBQM eXj- r2 rBHH b22

i?�i 2p2M i?2 ǵ#2biǶ .S K2+?�MBbK T2`7Q`Kb TQQ`Hv 7Q` i?Bb b2iiBM;X

q2 rBHH }`bi mb2 *QMbi`m+iBQM 9XR iQ /2p2HQT �M QTiBK�H /Bz2`2MiB�HHv T`Bp�i2 U.SV

K2+?�MBbK 7Q` (β, r)@�AZ Uh?2Q`2K eXRVX q2 /Q i?Bb 7Q` irQ `2�bQMbX 6B`bi- r2 rBHH mb2
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i?Bb QTiBK�H .S K2+?�MBbK �b � #�b2HBM2 iQ +QKT�`2 Qm` aS K2+?�MBbKbǶ T2`7Q`K�M+2X

a2+QM/- �M/ BKTQ`i�MiHv- iQ /2p2HQT i?2 QTiBK�H .S K2+?�MBbK- r2 ;Bp2 i?2 KBMB@

KmK /Bb+`2T�Mi /Bbi�M+2 UK//V 7mM+iBQM U∆GV 7Q` i?2 .S M2B;?#Q`?QQ/ ;`�T? UGV �M/

(β, r)@�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM- r?B+? r2 rBHH mb2 iQ /2p2HQT Qm` aS K2+?�MBbKX

aT2+B}+�HHv- r2 rBHH mb2 ∆G iQ ;Bp2 � HQr2` #QmM/ 7Q` i?2 K//@7mM+iBQM 7Q` k@b2MbBiBp2

M2B;?#Q`?QQ/ ;`�T? U7Q` (β, r)@MQ`K�HBiv T`QT2`ivV �M/ (β, r)@�MQK�Hv B/2MiB}+�iBQM

7mM+iBQM- r?B+? +�M #2 mb2/ iQ /2p2HQT aS K2+?�MBbK pB� *QMbi`m+iBQM 9XRX

eXR PTiBK�H .S@K2+?�MBbK 7Q` (β, r)@�AZ

6Q` λ = ∆G UBM *QMbi`m+iBQM 9XRV ;Bp2b �M T�`2iQ QTiBK�H .S K2+?�MBbK 7Q` (β, r)@

�AZ Uh?2Q`2K eXRVX "2HQr- r2 ;Bp2 ∆G 7Q` �`#Bi`�`v β ≥ 1 �M/ r ≥ 0- i ∈ X - �M/

x ∈ D ě r?B+? Bb BM/22/ i?2 K//@7mM+iBQM 7Q` (β, r)@�AZ UG2KK� eXRVX _2+�HH i?�i

Bx(i, r) =
∑

j∈X :d(i,j)≤r
xj X

∆G(i, x) =






1 xi = 0 ∧Bx(i, r) < β

2 +Bx(i, r)− β xi = 0 ∧Bx(i, r) ≥ β

min (xi,β + 1−Bx(i, r)) xi ≥ 1 ∧Bx(i, r) ≤ β

Bx(i, r)− β xi ≥ 1 ∧Bx(i, r) > β

UeXRV

G2KK� eXRX 6Q` 2p2`v β ≥ 1 �M/ r ≥ 0- ∆G U;Bp2M #v (6.1)V Bb i?2 K//@7mM+iBQM 7Q`

(β, r)@�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM- r?2`2 G Bb i?2 .S M2B;?#Q`?QQ/ ;`�T?X

h?2Q`2K eXR UU∆G Bb QTiBK�H �M/ .SVX �`#Bi`�`BHv }t ε > 0- β ≥ 1 �M/ r ≥ 0- �M/

H2i ∆G U;Bp2M #v (6.1)V 7Q` (β, r)@�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM- g- r?2`2 G Bb i?2 .S

M2B;?#Q`?QQ/ ;`�T?X h?2M- 7Q` �Mv }t2/ (β, r)@�AZ- (i, g)- U∆G U*QMbi`m+iBQM 9XRV Bb

T�`2iQ QTiBK�H ε@.S K2+?�MBbKX

h?2 +H�BK i?�i i?2 Uλ=∆G Bb /Bz2`2MiB�HHv T`Bp�i2 7QHHQrb 7`QK *Q`QHH�`v 9XRX "2@

+�mb2 ∆G Bb i?2 K//@7mM+iBQM 7Q` (β, r)@�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM UG2KK� eXRV-

�M/ i?mb- 7Q` λ = ∆G- λ Bb (1, 1)@�++2Ti�#H2 HQr2` #QmM/ QM ∆G U7QHHQrb 7`QK G2KK� 9Xk

bBM+2 G Bb � M2B;?#Q`?QQ/ ;`�T?VX 6m`i?2`KQ`2- 7Q` GS = G- h?2Q`2K 9Xj 2bi�#HBb?2b

i?2 QTiBK�HBiv +H�BK Q7 U∆GX
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S`QQ7 Q7 G2KK� eXRX G2i G #2 i?2 M2B;?#Q`?QQ/ ;`�T? Qp2` D- d #2 i?2 /Bbi�M+2 K2i`B+

Qp2` X ×X - dG #2 i?2 b?Q`i2bi T�i? K2i`B+ Qp2` G- �M/ g #2 i?2 �MQK�Hv B/2MiB}+�iBQM

7mM+iBQM 7Q` (β, r)@�MQK�Hv 7Q` �`#Bi`�`BHv }t2/ p�Hm2b Q7 β ≥ 1 �M/ r ≥ 0X G�biHv-

�`#Bi`�`BHv }t �M i ∈ X �M/ � /�i�#�b2 x ∈ DX

q2 FMQr i?�i i?2 p�Hm2 Q7 g(i, x) QMHv /2T2M/b mTQM xi �M/ Bx(i, r) ě `2+�HH i?�i

g(i, x) = 1 ⇐⇒ xi ≥ 1 �M/ Bx(i, r) ≤ βX 6m`i?2`- dG(x, y) = ||x − y||1 UG2KK� jXkVX

>2M+2- 7`QK i?2 �#Qp2- Bi 7QHHQrb i?�i 7Q` X(i, r) = {j ∈ X : d(i, j) ≤ r}-

∆G(i, x) = min
y:g(i,y) &=g(i,x)

||x− y||1 = min
y:g(i,y) &=g(i,x)

∑

j∈X(i,r)

|xj − yj |. UeXkV

q2 rBHH +QMbB/2` 7Qm` +�b2b #�b2/ QM i?2 +QM/BiBQM U;Bp2M BM i?2 ∆GV i?�i x b�iBb}2bX

6`QK (6.2)- r2 FMQr i?�i ∆G(i, x) Bb i?2 b�K2 �b i?2 KBMBKmK MmK#2` Q7 `2+Q`/b #v

r?B+? � /�i�#�b2 y /Bz2`b bm+? i?�i g(i, x) &= g(i, y)X h?mb BM i?2 T`QQ7 r2 rBHH KQ/B7v

i?2 /�i�#�b2 x #v �//BM; Q` U�M/V `2KQpBM; `2+Q`/b 7`QK x- �M/ b?Qr i?�i KBMBKmK

MmK#2` Q7 +?�M;2b `2[mB`2/ BM x iQ +?�M;2 i?2 QmiTmi Q7 g Bb ;Bp2M #v ∆GX

*�b2 R (xi = 0 ∧ Bx(i, r) < β), >2`2- 7Q` �Mv /�i�#�b2 y bm+? i?�i g(i, y) = 1- Bi

Kmbi ?QH/ i?�i yi ≥ 1 �M/ By(i, r) ≤ βX aQ r2 Q#i�BM � y #v �//BM; QM2 `2+Q`/ Q7 p�Hm2

i iQ xX h?mb ∆G(i, x) = 1X

*�b2 k (xi = 0∧Bx(i, r) ≥ β), >2`2- bBKBH�` iQ i?2 +�b2 �#Qp2- g(i, x) = 0- �M/ 7Q` �Mv

/�i�#�b2 y bm+? i?�i g(i, y) = 1- Bi Kmbi ?QH/ i?�i yi ≥ 1 �M/ By(i, r) ≤ βX aQ r2 rBHH

?�p2 iQ �// QM2 `2+Q`/ Q7 p�Hm2 i iQ x iQ Q#i�BM � /�i�#�b2 y′- #mi MQr By′(i, r) ≥ β+1X

h?mb- iQ Q#i�BM � y- r2 rBHH ?�p2 iQ `2KQp2 By′(i, r)− β = Bx(i, r) + 1− β `2+Q`/b Q7

p�Hm2b BM X(i, r) \ {i} 7`QK y′ UQ` xVX h?mb- ∆G(i, x) = 1 +Bx(i, r) + 1− βX

*�b2 j (xi ≥ 1∧Bx(i, r) ≤ β), AM i?Bb +�b2- g(i, x) = 1X 6Q` � y bm+? i?�i g(i, y) = 0-

2Bi?2` yi = 0 Q` By(i, r) ≥ β + 1X h?mb ∆G(i, x) rBHH #2 i?2 KBMBKmK Q7 xi Ur?B+? +Q`@

`2bTQM/b iQ i?2 MmK#2` Q7 `2+Q`/b Q7 p�Hm2 i T`2b2Mi BM x i?�i r2 rBHH ?�p2 iQ `2KQp2V

�M/ β + 1 − Bx(i, r) Ur?B+? +Q``2bTQM/b iQ i?2 MmK#2` Q7 `2+Q`/b Q7 p�Hm2b BM X(i, r)

i?�i r2 rBHH ?�p2 iQ �// iQ xVX
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*�b2 9 (xi ≥ 1 ∧ Bx(i, r) > β), AM i?Bb +�b2- g(i, x) = 0 #2+�mb2 Bx(i, r) > βX

h?mb- r2 rBHH ?�p2 iQ `2KQp2 Bx(i, r)− β `2+Q`/b Q7 p�Hm2b BM X(i, r) 7`QK x bm+? i?�i

i?2`2 Bb �i H2�bi QM `2+Q`/ Q7 p�Hm2 i BM i?2 KQ/B}2/ xX >2M+2- ∆G(i, x) = Bx(i, r)− βX

6m`i?2`- BM �HH i?2 +�b2b- ∆G(i, x) ≥ 1X h?2`27Q`2- r2 +QM+Hm/2 i?2 ∆G Bb i?2 K//@

7mM+iBQM 7Q` g UBX2X (β, r)@�AZVX

eXk aS@K2+?�MBbK 7Q` (β, r)@�AZ

"2HQr- r2 ;Bp2 λk Bb (1, 1)@�++2Ti�#H2 HQr2` #QmM/ QM i?2 K//@7mM+iBQM 7Q` i?2 k@

b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` (β, r)@MQ`K�HBiv T`QT2`iv UG2KK� eXkVX 6Q` i?Bb λk-

*QMbi`m+iBQM 9XR vB2H/b (ε, k)@aS K2+?�MBbK- Uλk
- 7Q` (β, r)@�AZ bm+? i?�i- 7Q` MQM@

b2MbBiBp2 `2+Q`/b- Uλk
+�M ?�p2 2tTQM2MiB�HHv bK�HH 2``Q` BM β Uh?2Q`2K eXkVX "2HQr-

r2 ;Bp2 λk 7Q` �`#Bi`�`v k,β ≥ 1- r ≥ 0- i ∈ X - �M/ x ∈ DX

λk(i, x) =






∆G(i, x) Bx(i, r) ≥ β + 1− k

β + 1−Bx(i, r)

+min(0, xi − k)
Bx(i, r) < β + 1− k

UeXjV

G2KK� eXkX �`#Bi`�`BHv }t k,β ≥ 1 �M/ r ≥ 0X G2i g #2 (β, r)@�MQK�Hv B/2MiB}+�iBQM

7mM+iBQM �M/ ∆GS #2 i?2 K//@7mM+iBQM 7Q` g- r?2`2 GS Bb i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/

;`�T? 7Q` (β, r)@MQ`K�HBiv T`QT2`ivX h?2M- λk U;Bp2M #v (6.3)V Bb (1, 1)@�++2Ti�#H2 HQr2`

#QmM/ QM ∆GS X

Ai Bb +H2�` 7`QK i?2 /2}MBiBQM Q7 λk U;Bp2M #v UeXjVV i?�i r?2M � `2+Q`/- i- Bb k@

b2MbBiBp2 rBi? `2bT2+i iQ x- λk(i, x) = ∆G(i, x)- r?B+? BKTHB2b i?�i i?2`2 Bb MQ ;�BM

BM miBHBiv UBX2X �++m`�+vV +QKT�`2/ iQ i?2 QTiBK�H .S K2+?�MBbK UBM a2+iBQM eXRVX

>Qr2p2`- r?2M � `2+Q`/ Bb MQi b2MbBiBp2- λ(i, x) > ∆G(i, x)- Qm` aS K2+?�MBbK �+?B2p2b

Km+? ?B;?2` miBHBiv +QKT�`2/ iQ i?2 QTiBK�H .S K2+?�MBbK- r?B+? Bb 2bT2+B�HHv i`m2
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7Q` i?2 `2+Q`/b i?�i �`2 (β, r)@�MQK�HQmb rBi? � ?B;?2` /2;`22 Q7 QmiHvBM;M2bb UBX2X i?2

`2+Q`/b i?�i HB2 BM � p2`v bT�`b2 `2;BQMVX

h?2Q`2K eXk U�++m`�+v �M/ T`Bp�+v Q7 Uλk
VX �`#Bi`�`BHv }t ε > 0- k ≥ 1- �M/ �

(β, r)@�AZ- (i, g)X G2i λk #2 �b ;Bp2M #v (6.3) �M/ GS #2 i?2 k@b2MbBiBp2 M2B;?#Q`?QQ/

;`�T? 7Q` (β, r)@MQ`K�HBiv T`QT2`ivX h?2M- i?2 K2+?�MBbK- Uλk
U*QMbi`m+iBQM 9XRV Bb

(ε, k)@aS bm+? i?�i 7Q` 2p2`v i ∈ X �M/ x ∈ D B7 i MQi k@b2MbBiBp2 7Q` x- i?2M

P (Uλk
(x) &= g(i, x)) ≤ e−ε|β+1−k−Bx(i,r)|

h?2 T`Bp�+v +H�BK 7QHHQrb 7`QK G2KK� eXk �M/ h?2Q`2K 9Xk- r?BH2 i?2 2``Q` #QmM/

7QHHQrb 7`QK h?2Q`2K 9Xk �M/ i?2 /2}MBiBQM Q7 λk ě MQi2 i?�i Bx(i, r) < β + 1 − k

BKTHB2b i?�i i Bb MQi b2MbBiBp2 7Q` x UG2KK� jXRVX

q2 ;Bp2 �M 2t�KTH2 iQ b?Qr i?�i Uλk
�+?B2p2b ?B;? �++m`�+v BM ivTB+�H b2iiBM;bX

6Bt k ≤ β/10X LQr 7Q` �Mv `2+Q`/ i BM � /�i�#�b2 x- b�iBb7vBM; Bx(i, r) ≤ β/2 Bb �M

QmiHB2` 7Q` r?B+? Uλk
rBHH 2`` rBi? T`Q#�#BHBiv H2bb i?�i e−2εβ/5X

S`QQ7 Q7 G2KK� eXk

q2 M22/ i?2 7QHHQrBM; H2KK� iQ T`Qp2 i?2 K�BM H2KK� UG2KK� eXkVX

G2KK� eXjX G2i G #2 i?2 .S M2B;?#Q`?QQ/ ;`�T?X h?2M- 7Q` 2p2`v M2B;?#Q`?QQ/ ;`�T?

G- X ⊆ X - �M/ 2p2`v +QMM2+i2/ x, y BM G- Bi 7QHHQrb i?�i

dG(x, y) ≥ dG(x, y) = ||x− y||1 ≥
∑

j∈X
|xj − yj | ≥

∣∣∣∣∣∣

∑

j∈X
(xj − yj)

∣∣∣∣∣∣
.

S`QQ7X G2i G #2 i?2 M2B;?#Q`?QQ/ ;`�T? Qp2` DX �`#Bi`�`BHv }t � M2B;?#Q`?QQ/ ;`�T?

G- X ⊆ X - �M/ x, y ∈ D i?�i �`2 +QMM2+i2/ BM GX

aBM+2 E(G) ⊆ E(G)- r2 ;2i i?�i dG(x, y) ≥ dG(x, y)- r?2`2 E(G) ;Bp2b i?2 b2i Q7

2/;2b Q7 GX 6m`i?2`KQ`2- dG Bb i?2 b�K2 �b #1@K2i`B+ Qp2` i?2 /�i�#�b2b UG2KK� jXkVX

>2M+2- Bi 7QHHQrb i?�i dG(x, y) ≥ dG(x, y) = ||x− y||1X

h?2 b2+QM/ BM2[m�HBiv UBM i?2 H2KK�V ?QH/b #2+�mb2 X Bb � bm#b2i Q7 X - �M/ i?mb-

||x − y||1 =
∑

j∈X |xj − yj |X h?2 i?B`/ BM2[m�HBiv 7QHHQrb 7`QK i?2 `2p2`b2 i`B�M;H2

BM2[m�HBivX h?Bb +QKTH2i2b i?2 T`QQ7X



Ne

S`QQ7 Q7 G2KK� eXkX �`#Bi`�`BHv }t β, k ≥ 1- �M/ r ≥ 0X G2i g #2 i?2 (β, r)@

�MQK�Hv B/2MiB}+�iBQM 7mM+iBQM �M/ λk #2 �b ;Bp2M #v (6.3)X G2i ∆G �M/ ∆GS #2

i?2 K//@7mM+iBQMb 7Q` g- r?2`2 G Bb i?2 .S M2B;?#Q`?QQ/ ;`�T? �M/ GS Bb i?2 k@

b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` (β, r)@MQ`K�HBiv T`QT2`iv UBX2X i?2 MQ`K�HBiv T`QT2`iv

+Q``2bTQM/BM; iQ (β, r)@�MQK�Hv KQ/2HVX

q2 rBHH }bi b?Qr i?�i λk ≥ 1 �M/ Bb � HQr2` #QmM/ QM ∆GS - �M/ i?2M T`Qp2 i?�i λk

Bb 1@GBTb+?Bix +QMiBMmQmb ě i?Bb iQ;2i?2` bm{+2b �b � T`QQ7 Q7 λk #2BM; (1, 1)@�++2Ti�#H2

HQr2` #QmM/ QM ∆GS X

S�`i R- ∆GS ≥ λk ≥ 1, �`#Bi`�`BHv }t � `2+Q`/ i �M/ � MQ/2 U/�i�#�b2V x BM GS X 6B`biHv-

MQi2 i?�i λk(i, x) ≥ 1X q2 +�M +QM}`K i?Bb �b 7QHHQrbX q?2M Bx(i, r) ≥ β + 1 − k-

λk(i, x) = ∆G(i, x) ≥ 1 UG2KK� 9Xk �M/ G2KK� eXRVX �M/ r?2M Bx(i, r) < β + 1− k-

#Qi? β + 1 − Bx(i, r) ≥ 1 �M/ β + 1 − Bx(i, r) + xi − k ≥ 1 ?QH/X aQ- #2HQr r2 b?Qr

i?�i ∆GS (i, x) ≥ λ(i, x)X

A7 ∆GS (i, x) = ⊥- i?2M i?2 +H�BK ?QH/b i`BpB�HHv �b 7Q` �HH j ∈ X �M/ y ∈ D-

λk(j, y) ∈ N Ub22 .2}MBiBQM 9XkVX h?mb- BM i?2 7QHHQrBM;- r2 �bbmK2 i?�i ∆GS (i, x) ∈ NX

h?�i Bb- i?2`2 Bb � /�i�#�b2 y bm+? i?�i Bi Bb +QMM2+i2/ iQ x �M/ g(i, y) &= g(i, x)X q2

T`Qp2 i?2 `2bi Q7 S�`i@R #v +QMbB/2`BM; irQ bm#@+�b2b- 2�+? +Q``2bTQM/BM; iQ � +QM/BiBQM

;Bp2M BM i?2 /2}MBiBQM Q7 λkX

am#@+�b2 (Bx(i, r) ≥ β + 1− k), >2`2- r2 b?Qr i?�i ∆GS (i, x) ≥ ∆G(i, x)X

∆GS (i, x) = min
y∈D:g(i,x) &=g(i,y)

dGS (x, y)

≥ min
y∈D:g(i,x) &=g(i,y)

dG(x, y) = ∆G(i, x)

h?2 �#Qp2 BM2[m�HBiv 7QHHQrb 7`QK G2KK� eXjX >2M+2- 7`QK i?2 �#Qp2- r2 +QM+Hm/2

i?�i B7 Bx(i, r) ≥ β + 1− k i?2M ∆GS (i, x) ≥ λk(i, x)X

am#@+�b2 (Bx(i, r) < β + 1 − k), G2i b = g(i, x) �M/ }t �Mv y BM GS bm+? i?�i

g(i, y) &= b �M/ ∆GS (i, x) = dGS (x, y) ě MQi2 i?�i bm+? � y 2tBbib #2+�mb2 ∆GS (i, x) ∈ NX

6Q` i?Bb +�b2- r2 /BpB/2 i?2 �`;mK2Mi BMiQ irQ bm#@+�b2b, xi = 0 �M/ xi ≥ 1X

q?2M xi = 0- Bi Kmbi ?QH/ i?�i yi ≥ 1 �M/ By(i, r) ≤ βX LQr- QM �Mv Q7 i?2



Nd

b?Q`i2bi T�i? 7`QK x iQ y- r2 rBHH }`bi `2�+? � /�i�#�b2 z 7Q` r?B+? i Bb k@b2MbBiBp2-

Qi?2`rBb2 yi ≥ 1 +�MMQi ?QH/ �b r2 +�M QMHv �// UQ` `2KQp2V b2MbBiBp2 `2+Q`/bX >2M+2-

Bz(i, r) ≥ β + 1− k U7`QK G2KK� jXRVX h?mb- 7Q` i?Bb z- r2 ;2i

∆GS (i, x) =dGS (x, z) + dGS (z, y)

≥dGS (x, z)

≥Bz(i, r)−Bx(i, r)

≥β + 1− k −Bx(i, r) = λk(i, x).

h?2 b2+QM/ BM2[m�HBiv 7QHHQrb 7`QK G2KK� 6.3 �M/ i?2 7�+i i?�i Bz(i, r) ≥ Bx(i, r)-

r?BH2 i?2 i?B`/ QM2 7QHHQrb #2+�mb2 Bz(i, r) ≥ β + 1− kX

q?2M xi ≥ 1- Bi Kmbi ?QH/ i?�i 2Bi?2` yi = 0 Q` By(i, r) ≥ β+1 UQ` #Qi?VX A7 yi = 0-

i?2M QM �Mv Q7 i?2 b?Q`i2bi T�i? 7`QK x iQ y- r2 rBHH }`bi `2�+? � /�i�#�b2 z- r?2`2 i

#2+QK2b k@b2MbBiBp2- BX2X Bz(i, r) ≥ β + 1 − k U7`QK G2KK� jXRVX A7 z Bb i?2 }`bi bm+?

/�i�#�b2- i?2M zi ≥ xiX h?mb- r2 ;2i i?2 7QHHQrBM;X

dGS (x, y) =dGS (x, z) + dGS (z, y)

≥
(
Bz(i, r)−Bx(i, r)

)
+ |zi − yi|

≥1 + β − k −Bx(i, r) + xi. UeX9V

h?2 }`bi BM2[m�HBiv 7QHHQrb 7`QK G2KK� eXj- �M/ i?2 b2+QM/ QM2 7QHHQrb 7`QK i?2 7�+i

i?�i Bz(i, r) ≥ β + 1− k �M/ xi ≤ ziX "mi B7 By(i, r) ≥ β + 1- i?2M

dGS (x, y) =dGS (x, y) ≥ By(i, r)−Bx(i, r) ≥ 1 + β −Bx(i, r) UeX8V

6`QK (6.4) �M/ (6.5)- r2 ;2i i?2 7QHHQrBM;- r?B+? 2bi�#HBb?2b i?�i λk Bb � HQr2`

#QmM/ QM i?2 ∆GS X

∆GS (i, x) ≥ 1 + β −Bx(i, r) + min(0, xi − k) = λk(i, x)

S�`i k- R@GBTb+?Bix +QMiBMmBiv Q7 λk, �`#Bi`�`BHv }t i ∈ X - �M/ x, y ∈ D i?�i �`2

M2B;?#Q`b BM GS X G2i λk(i, x) &= λk(i, y)- Qi?2`rBb2 i?2 +QMiBMmBiv +QM/BiBQM Bb i`BpB�HHv

b�iBb}2/ UbBM+2 7Q` 2p2`v z �M/ j- λk(j, z) ∈ NVX



N3

A7 #Qi? x �M/ y b�iBb7v i?2 }`bi +QM/BiBQM Q7 λk UBX2X Bx(i, r), By(i, r) ≥ β+1−kV- i?2M

i?2 R@GBTb+?Bix +QMiBMmBiv +QM/BiBQM Bb b�iBb}2/ #2+�mb2 ∆G Bb 1@GBTb+?Bix +QMiBMmQmb

UG2KK� 9Xk �M/ G2KK� eXRVX

A7 x �M/ y #Qi? b�iBb7v i?2 b2+QM/ +QM/BiBQM Q7 λk UBX2X Bx(i, r), By(i, r) < β+1−kV-

i?2M xi = yiX h?Bb ?QH/b #2+�mb2, URV i Bb MQi k@b2MbBiBp2 rBi? `2bT2+i iQ #Qi? x �M/ y

UG2KK� jXRV �M/ r2 +�M QMHv �// Q` `2KQp2 b2MbBiBp2 `2+Q`/b iQ +`2�i2 M2B;?#Q`b- �M/

UkV |Bx(i, r) − By(i, r)| ≤ 1X h?mb- i?2 R@GBTb+?Bix +QMiBMmBiv +QM/BiBQM ?QH/b BM i?Bb

+�b2 �b r2HHX

G�biHv- +QMbB/2` i?2 +�b2- r?2`2 y �M/ x `2bT2+iBp2Hv b�iBb7v i?2 }`bi �M/ i?2 b2+QM/

+QM/BiBQM Q7 λk ě MQi2 i?�i i?Bb Bb rBi?Qmi HQbb Q7 ;2M2`�HBiv /m2 iQ bvKK2i`v UBX2X

|λk(i, x)−λk(i, y)| = |λk(i, y)−λk(i, x)|VX h?Bb +�b2 Bb QMHv TQbbB#H2 B7 By(i, r) = β−k+1

�M/ Bx(i, r) = β − kX aBM+2 ||x − y||1 = 1- i?2 7QHHQrBM; ?QH/b, xi ≤ yi ≤ xi + 1X q2

/BpB/2 Qm` �`;mK2Mi BMiQ irQ +�b2b 7Q` x, xi = 0 �M/ xi ≥ 1X

q?2M xi = 0- λk(i, x) = 1 �M/ yi Bb 2Bi?2` 0 Q` 1 UbBM+2 xi ≤ yi ≤ xi + 1VX A7 yi = 0-

i?2M 7`QK i?2 /2}MBiBQM Q7 ∆G- ;Bp2M #v (6.1)- r2 ;2i i?2 7QHHQrBM;,

λk(i, y) = ∆G(i, y) = 2 7Q` k = 1- �M/ λk(i, y) = ∆G(i, y) = 1 7Q` k > 1

"mi B7 yi = 1- i?2M λk(i, y) = ∆G(i, y) = min(yi, k) = 1 �b k ≥ 1X >2M+2- i?2 R@GBTb+?Bix

+QMiBMmBiv +QM/BiBQM Bb b�iBb}2/ 7Q` xi = 0X

L2ti- +QMbB/2` i?2 +�b2- r?2M xi ≥ 1X >2`2- Bi 7QHHQrb i?�i

λk(i, x) =1 + k +min(0, xi − k) = 1 +min(xi, k)

λk(i, y) =∆G(i, y) = min(yi, k) (bBM+2 xi ≤ yi �M/ By(i, r) = β − k + 1)

*H2�`Hv- B7 xi < k- i?2M λk(i, x) = 1 + xi �M/ xi ≤ λk(i, y) ≤ xi + 1c �M/ B7 xi ≥ k-

i?2M λk(i, x) = 1 + k �M/ λk(i, y) = k bBM+2 xi ≤ yi ≤ xi + 1c ?2M+2 i?2 R@GBTb+?Bix

+QMiBMmBiv +QM/BiBQM Bb 7mH}HH2/ BM i?Bb bm#+�b2 �b r2HHX

h?mb- r2 +QM+Hm/2 i?�i BM �HH Q7 i?2 �#Qp2 +�b2- |λk(i, x) − λk(i, y)| ≤ 1X aBM+2

i, x, �M/ y UM2B;?#Q` Q7 xV r2`2 TB+F2` �`#Bi`�`BHv- r2 +QM+Hm/2 i?�i λk Bb 1@GBTb+?Bix

+QMiBMmQmb HQr2` #QM/ QM i?2 ∆GS X h?Bb +QKTH2i2b i?2 T`QQ7X



NN

.�i�b2i bBx2 /BK (β, r) i`m2 (β, r)@
�MQK�HB2b

*`2/Bi 6`�m/ 284, 807 28 (1022, 6.7) 103
�Sa h`m+Fb 60, 000 170 (282, 16.2) 677
avMi?2iB+ 20, 000 200 (97, 3.8) 201
J�KKQ;`�T?v 11, 183 6 (55, 1.7) 75
h?v`QB/ 3, 772 6 (18, 0.1) 61

h�#H2 eXR, .�i�b2i bT2+B}+�iBQMb �M/ T�`�K2i2` p�Hm2bX

eXj 1KTB`B+�H 1p�Hm�iBQM

hQ 2p�Hm�i2 i?2 T2`7Q`K�M+2 Q7 i?2 aS@K2+?�MBbK 7Q` (β, r)@�MQK�Hv B/2MiB}+�iBQM

[m2`B2b U;Bp2M BM a2+iBQM eXkV- r2 +�``v Qmi b2p2`�H 2tT2`BK2Mib QM bvMi?2iB+ /�i�b2i

�M/ `2�H@rQ`H/ /�i�b2ib 7`QK /Bp2`b2 /QK�BMb, *`2/Bi 6`�m/ (d9) U�p�BH�#H2 �i E�;;H2

(Rj)V- J�KKQ;`�T?v �M/ h?v`QB/ U�p�BH�#H2 �i PmiHB2` .2i2+iBQM .�i�a2ib GB#`�`v (R)V-

�M/ �Sa h`m+Fb U�Sa 6�BHm`2 �i a+�MB� h`m+Fb- �p�BH�#H2 �i l*A K�+?BM2 H2�`MBM;

`2TQbBiQ`v (8e)VX h�#H2 eXR T`QpB/2b i?2 /�i�b2ib bT2+B}+�iBQMbX

q2 +QKT�`2 i?2 T2`7Q`K�M+2 Q7 Qm` aS K2+?�MBbK rBi? i?�i Q7 i?2 QTiBK�H .S

K2+?�MBbK 7Q` (β, r)@�AZ U;Bp2M BM a2+iBQM eXRVX

hQ ;2M2`�i2 i?2 bvMi?2iB+ /�i�- r2 7QHHQr2/ i?2 bi`�i2;v Q7 .QM; 2i �HX (d8)- r?B+?

Bb bi�M/�`/ BM i?2 HBi2`�im`2X h?2 bvMi?2iB+ /�i� r�b ;2M2`�i2/ 7`QK � d@/BK2MbBQM�H

KBt2/ :�mbbB�M /Bbi`B#miBQM- ;Bp2M #2HQr- r?2`2 I Bb i?2 B/2MiBiv K�i`Bt Q7 /BK2MbBQM

d×d- σ << 1- �M/ eit Bb � bi�M/�`/ #�b2X AM Qm` 2tT2`BK2Mib- r2 mb2/ ρ = .01- d = 200-

�M/ a = 5- �M/ +?Qb2 a bi�M/�`/ #�b2b mMB7Q`KHv �i `�M/QKX

(1− ρ)N (0, I) +
a∑

t=1

(ρ/a)[
1

2
N (

√
d/ρ eit ,σ

2I) +
1

2
N (−

√
d/ρ eit ,σ

2I)]

h?2 �BK Q7 i?Bb rQ`F Bb iQ bim/v i?2 2z2+i Q7 T`Bp�+v BM B/2MiB7vBM; �MQK�HB2bX

aQ r2 F22T i?2 7Q+mb QM 2p�Hm�iBM; i?2 T`QTQb2/ �TT`Q�+? 7Q` �+?B2pBM; T`Bp�+v 7Q`

i?Bb T`Q#H2K- �M/ ?Qr Bi +QKT�`2b iQ /Bz2`2MiB�H T`Bp�+v BM `2�H rQ`H/ b2iiBM;bX Pm`

2tT2`BK2Mib K�F2 mb2 Q7 UTQTmH�`V (β, r) MQiBQM Q7 �MQK�HvX

6QHHQrBM; i?2 bi�M/�`/ T`�+iB+2 7Q` B/2MiB7vBM; QmiHB2`b BM i?2 /�i� rBi? ?B;?2` /B@

K2MbBQM (ey- de)- r2 +�``B2/ Qmi i?2 T`BM+BT�H +QKTQM2Mi �M�HvbBb US*�V iQ `2/m+2

i?2 /BK2MbBQM Q7 i?2 i?`22 /�i�b2ib rBi? ?B;?2` /BK2MbBQMX q2 +?Qb2- iQT 6, 9, �M/ 12



Ryy

72�im`2b 7Q` i?2 *`2/Bi 6`�m/- avMi?2iB+- �M/ �Sa h`m+Fb /�i�b2ib `2bT2+iBp2HvX L2ti-

r2 Q#i�BM i?2 p�Hm2b Q7 β �M/ r- r?B+? ivTB+�HHv �`2 T`QpB/2/ #v i?2 /QK�BM 2tT2`ib

(88)X >2`2- r2 2KTHQv2/ i?2 T`QiQ+QH QmiHBM2/ BM i?2 *?�Ti2`Ƕb 2M/MQi2j iQ }M/ β �M/

rc i?Bb T`QiQ+QH 7QHHQrb i?2 #�bB+ B/2� Q7 T�`�K2i2` b2H2+iBQM T`2b2Mi2/ BM i?2 rQ`F (88)

i?�i T`QTQb2/ i?2 MQiBQM Q7 (β, r)@�MQK�HvX h�#H2 eXR ;Bp2b i?2 p�Hm2b Q7 β �M/ r- r?B+?

r2 7QmM/ i?`Qm;? i?2 T`QiQ+QH- �HQM; rBi? i?2 MmK#2` Q7 i`m2 (β, r)@�MQK�HB2b Ui`m2

�MQK�HB2b B/2MiB}�#H2 #v (β, r)@�MQK�Hv K2i?Q/ 7Q` i?2 ;Bp2M T�`�K2i2` p�Hm2bVX

eXjXR _2bmHib

hQ K2�bm`2 i?2 T2`7Q`K�M+2 Q7 Qm` K2+?�MBbKb- r2 mb2 i?2 7QHHQrBM; /2}MBiBQM Q7 2``Q`X

1``Q`, q2 K2�bm`2 i?2 2``Q` Q7 � T`Bp�i2 K2+?�MBbK Ur?B+? Bb � `�M/QKBx2/ �H;Q@

`Bi?KV �b Bib T`Q#�#BHBiv Q7 QmiTmiiBM; i?2 r`QM; �Mbr2` ě `2+�HH i?�i BM i?2 +�b2 Q7

�AZ- i?2`2 �`2 QMHv irQ TQbbB#H2 �Mbr2`b- BX2X 0 �M/ 1X 6Q` 2�+? �AZ 7Q` � }t2/ `2+Q`/-

r2 2biBK�i2 i?2 2``Q` �b i?2 7`�+iBQM Q7 KBbi�F2b U� T`Bp�i2 K2+?�MBbK K�F2bV Qp2` m

i`B�HbX aQ 7Q` Qm` 2tT2`BK2Mib r2 +?QQb2 m iQ #2 10000X

6Q` 2�+? /�i�b2i- r2 }M/ �HH i?2 i`m2 (β, r)@�MQK�HB2b �M/ 7Q` 2�+? Q7 i?2K T2`7Q`K

T`Bp�i2 �MQK�Hv B/2MiB}+�iBQM [m2`v mbBM; aS@K2+?�MBbK U;Bp2M BM a2+iBQM eXkV �M/

.S@K2+?�MBbK U;Bp2M BM a2+iBQM eXRV 7Q` ε = 0.01, 0.1, �M/ 1 �M/ +QKTmi2 i?2 2``Q`-

r?B+? r2 ;Bp2 #v i?2 #Qt THQi BM 6B;m`2 eXRX h?2 `2�bQM r2 QMHv +QMbB/2`2/ Qm` .S

K2+?�MBbK 7Q` i?Bb T�`i Bb i?�i Bi Bb i?2 #2bi �KQM; i?2 #�b2HBM2b Ub22 h�#H2 eXjV �M/

Bi �HbQ ?�b bi`QM; �++m`�+v ;m�`�Mi22b Uh?2Q`2K eXRVX



RyR

6B;m`2 eXR, "Qt THQib Q7 i?2 2``Q`b Q7 i?2 aS K2+?�MBbK 7Q` (β, r)@�AZ Qp2` i?2 i`m2

(β, r)@�MQK�HB2b 7Q` ε = {.01, .1, 1}X

h?2 2``Q` Q7 aS@K2+?�MBbK- BM K�Mv +�b2b- Bb bQ bK�HH U2X;X Q7 i?2 Q`/2` 10−15

Q` 2p2M bK�HH2` 7Q` H�`;2` p�Hm2b Q7 εV i?�i Bi +�M #2 +QMbB/2`2/ x2`Q 7Q` �HH T`�+iB+�H

Tm`TQb2bX 6m`i?2`KQ`2- �b i?2 /�i� bBx2 BM+`2�b2b U�M/ +Q``2bTQM/BM;Hv i?2 p�Hm2 Q7

βV- i?2 2``Q` Q7 aS@K2+?�MBbK `2/m+2bX >Qr2p2`- BM i?2 +�b2 Q7 �MQK�HB2b- i?2 2``Q` Q7

.S@K2+?�MBbK Bb +QMbBbi2MiHv +HQb2 iQ i?�i Q7 `�M/QK +QBM ~BT UBX2X b2H2+iBM; 0 Q` 1 rBi?

T`Q#�#BHBiv +HQb2 iQ 1/2V 2t+2Ti 7Q` � 72r �MQK�HQmb `2+Q`/b BM bQK2 +�b2b ě r2 rBHH

b?Q`iHv 2tTH�BM i?2 `2�bQM 7Q` i?BbX h?2 2``Q` Q7 i?2 aS@K2+?�MBbK r�b Qp2`r?2HKBM;Hv

+QM+2Mi`�i2/ �#Qmi x2`Q U6B;m`2 eXRV- r?B+? Bb �HbQ i`m2 7Q` i?2 bK�HH2` p�Hm2b Q7 εX

h?mb- r2 +�M ?�p2 ?B;?2` T`Bp�+v ;m�`�Mi22 7Q` b2MbBiBp2 `2+Q`/b- r?BH2 biBHH #2BM; �#H2

iQ �++m`�i2Hv B/2MiB7v �MQK�HB2bX �HbQ- MQi2 i?�i �b i?2 bBx2 Q7 i?2 /�i�b2i BM+`2�b2b- MQi

QMHv /Q2b i?2 2``Q` Q7 aS@K2+?�MBbK `2/m+2b U7Q` �MQK�HB2bV- #mi �HbQ Bib /Bp2`;2M+2X

h?mb- Bi BM/B+�i2b i?�i Qm` K2i?Q/QHQ;v Bb 2p2M KQ`2 �TT`QT`B�i2 7Q` #B; /�i� b2iiBM;bX

PM i?2 Qi?2` ?�M/- 7Q` �MQK�HB2b- i?2 2``Q`b Q7 .S@K2+?�MBbK �`2 +QM+2Mi`�i2/ �#Qmi

1/(1 + eε) U6B;m`2 eXkVX h?Bb Bb BM �++Q`/�M+2 rBi? Qm` i?2Q`2iB+�H `2bmHib �M/ i?2

�bbmKTiBQM i?�i i?2 /�i�#�b2b �`2 ivTB+�HHv bT�`b2X

L2ti- r2 2p�Hm�i2/ i?2 T2`7Q`K�M+2 Qp2` i?2 MQ`K�H `2+Q`/bX >2`2- #Qi? i?2 aS

�M/ i?2 .S K2+?�MBbKb T2`7Q`K2/ 2[m�HHv U6B;m`2 eXjVX 6Q` i?2 b�K2 p�Hm2 Q7 ε- 2p2`v



Ryk

6B;m`2 eXk, "Qt THQib Q7 i?2 2``Q` Q7 i?2 aS �M/ i?2 .S K2+?�MBbKb 7Q` (β, r)@�AZ Qp2`
i?2 i`m2 (β, r)@�MQK�HB2b 7Q` ε = 0.1X

b2MbBiBp2 `2+Q`/ BM i?2 /�i�#�b2 ?�b i?2 b�K2 H2p2H Q7 T`Bp�+v mM/2` b2MbBiBp2 T`Bp�+v

�b �HH i?2 `2+Q`/b mM/2` /Bz2`2MiB�H T`Bp�+vc i?mb i?2 b�K2 H2p2H Q7 �++m`�+v b?QmH/ #2

�+?B2p�#H2 mM/2` #Qi? i?2 T`Bp�+v MQiBQMbX >2`2 r2 b22 �;�BM i?�i /�i�b2ib rBi? H�`;2`

bBx2b 2t?B#Bi p2`v bK�HH 2``Q`X

hQ 2p�Hm�i2 i?2 T2`7Q`K�M+2 Qp2` 7mim`2 [m2`B2b- r2 TB+F2/ n `2+Q`/b mMB7Q`KHv �i

`�M/QK 7`QK i?2 bT�+2 Q7 TQbbB#H2 Up�Hm2b Q7V `2+Q`/b 7Q` 2�+? /�i�b2i- r?2`2 n r�b

b2i iQ #2 20% Q7 i?2 bBx2 Q7 i?2 /�i�b2iX >2`2 iQQ i?2 aS@K2+?�MBbK QmiT2`7Q`Kb i?2

.S@K2+?�MBbK bB;MB}+�MiHv Uh�#H2 eXkVX h?Bb Bb #2+�mb2 KQbi Q7 i?2 `�M/QKHv TB+F2/

`2+Q`/b �`2 �MQK�HQmb �b T2` i?2 (β, r)@�MQK�Hv- r?B+? Bb /m2 iQ i?2 bT�`bBiv Q7 i?2

/�i�#�b2bX h?Bb 7�+i #2+QK2b p2`v +H2�` r?2M r2 +QKT�`2 i?2 K2�M 2``Q` Qp2` i?2

`�M/QK `2+Q`/b iQ i?2 K2�M 2``Q` Qp2` i?2 �MQK�HQmb `2+Q`/b BM i?2 `�M/QKHv TB+F2/

`2+Q`/b Ub22 i?2 b2+QM/ �M/ i?2 H�bi +QHmKM Q7 h�#H2 eXkVX aBM+2 i?2 T`Q#�#BHBiv Q7

Q#b2`pBM; � KBbi�F2 Bb 2ti`2K2Hv bK�HH U2X;X- 1 BM 1010 i`B�HbV - BM h�#H2 eXk- i?2 K2�M Bb

+QKTmi2/ Qp2` i?2 �+im�H T`Q#�#BHBiv Q7 2``Q` Q7 i?2 K2+?�MBbK BMbi2�/ Q7 i?2 2biBK�i2/

2``Q`X

q2 FMQr i?�i #v BM+`2�bBM; k r2 KQp2 i?2 #QmM/�`v #2ir22M b2MbBiBp2 �M/ MQM@

b2MbBiBp2 `2+Q`/b U7Q` 2t�KTH2- r2 b�r i?Bb BM 6B;m`2 jXjVX aQ iQ Q#b2`p2 i?2 2z2+i

Q7 p�`vBM; p�Hm2b Q7 k QM `2�H rQ`H/ /�i�b2ib- r2 +�``B2/ Qmi 2tT2`BK2Mib 7Q` k =



Ryj

6B;m`2 eXj, 1p�Hm�iBQM Qp2` MQ`K�H `2+Q`/bX U�V-U#V- ;Bp2 i?2 �p2`�;2 2``Q` Q7 aS
�M/ .S K2+?�MBbK 7Q` �AZ Qp2` �HH i?2 MQ`K�H `2+Q`/b 7`QK 2�+? /�i� b2ic ε = 0.1X

.�i�b2i K2�M 2``Q` K2�M 2``Q`
U�MQK�HB2bV

aS .S aS
*`2/Bi 6`�m/ 1.11271−21 0.4750 1.11271−21
�Sa h`m+Fb 2.97191−13 0.4750 2.97191−13
avMi?2iB+ 3.21731−5 0.4750 3.21731−5
J�KKQ;`�T?v 0.0022 0.4749 0.0021
h?v`QB/ 0.0870 0.4750 0.0867

h�#H2 eXk, 1z2+i Q7 bT�`bBiv Q7 /�i�#�b2bX ǳK2�M 2``Q`Ǵ Bb Qp2` i?2 `�M/QKHv
TB+F2/ n `2+Q`/b 7`QK i?2 TQbbB#H2 p�Hm2b Q7 i?2 `2+Q`/b 7Q` 2�+? /�i�b2i 7Q` aS �M/
.S K2+?�MBbKb 7Q` (β, r)@�AZX ǳK2�M 2``Q` U�MQK�HB2bVǴ Bb QMHv Qp2` i?2 �MQK�HQmb
`2+Q`/b BM i?2 n TB+F2/ `2+Q`/bX >2`2- n Bb 20% Q7 i?2 bBx2 Q7 i?2 /�i�b2i- ε = 0.1- �M/
1−n = 10−nX

40.1β5, 40.2β5, �M/ 40.3β5 ě `2+�HH i?�i � `2+Q`/ Bb +QMbB/2`2/ k@b2MbBiBp2 rBi? `2bT2+i

iQ � /�i�#�b2 B7 i?2 `2+Q`/ Bb MQ`K�H Q` #2+QK2b MQ`K�H mM/2` i?2 �//BiBQM �M/ UQ`V

/2H2iBQM Q7 �i KQbi k `2+Q`/b 7`QK i?2 /�i�#�b2X LQi2 i?�i B7 k ≥ β+1 i?2M 2p2`v `2+Q`/

rBHH #2 b2MbBiBp2 `2;�`/H2bb Q7 i?2 /�i�#�b2X h?2 `2bmHib �`2 T`QpB/2/ BM 6B;m`2 eX9X >2`2

r2 +QM+Hm/2 i?�i 2p2M 7Q` i?2 ?B;?2` p�Hm2b Q7 k aS@K2+?�MBbK T2`7Q`Kb `2�bQM�#Hv

r2HHX 6m`i?2`- B7 i?2 bBx2 Q7 /�i�b2i Bb H�`;2 2MQm;?- i?2M i?2 HQbb BM �++m`�+v 7Q` KQbi

Q7 i?2 `2+Q`/b Bb M2;HB;B#H2X

_2+�HH i?�i 7Q` *`2/Bi 6`�m/ �M/ �Sa h`m+Fb /�i�b2ib- /Bz2`2MiB�HHv T`Bp�i2 �AZ 7Q`

bQK2 Q7 i?2 �MQK�HQmb `2+Q`/b ;�p2 bK�HH2` 2``Q`X h?2 /2pB�iBQM mbBM; i?2 *`2/Bi 6`�m/
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/�i�b2i �b �M 2t�KTH2X h?2 �#Qp2 K2MiBQM2/ /2pB�iBQM BM i?2 2``Q` Q++m`b r?2M2p2` i?2

�MQK�HQmb `2+Q`/ Bb MQi mMB[m2 U6B;m`2 eX8�@#V- r?B+? Bb ivTB+�HHv `�`2 U6B;m`2 eX8+VX

h?2 `2�bQM .S@K2+?�MBbKǶb 2``Q` `2K�BMb +QMbi�Mi BM KQbi +�b2b Bb i?�i i?2 �MQK�HB2b

HB2 BM � p2`v bT�`b2 `2;BQM Q7 bT�+2 �M/ KQbiHv /Q MQi ?�p2 �Mv /mTHB+�i2b UBX2X Qi?2`

`2+Q`/b rBi? i?2 b�K2 p�Hm2VX

6BM�HHv- iQ 2p�Hm�i2 i?2 Qp2`�HH T2`7Q`K�M+2 Q7 Qm` aS@K2+?�MBbK 7Q` (β, r)@�AZ-

r2 +QKTmi2/ T`2+BbBQM- `2+�HH- �M/ F1@b+Q`2 (ey)X q2 �HbQ T`QpB/2 � +QKT�`BbQM rBi?

irQ /Bz2`2Mi #�b2HBM2 K2+?�MBbKb- B1- B2 BM �//BiBQM iQ T�`2iQ QTiBK�H .S K2+?�MBbK

Ub22 h�#H2 eXjVX

B1 �M/ B2 �`2 i?2 #2bi T2`7Q`KBM; K2+?�MBbKb UBX2X- rBi? i?2 ?B;?2bi F1@b+Q`2V

7`QK irQ 7�KBHB2b Q7 K2+?�MBbKbX h?Bb K2+?�MBbKb b2`p2 �b i?2 M�Bp2 #�b2 HBM2bX 1�+?

K2+?�MBbK BM 2�+? Q7 i?2 7�KBHv Bb B/2MiB}2/ #v � i?`2b?QH/ t- r?2`2 0 ≤ t ≤ 1X "2HQr-

r2 /2b+`B#2 i?2 K2+?�MBbKb 7`QK #Qi? i?2 7�KBHB2b 7Q` }t2/ ε- i?`2b?QH/ t- `2+Q`/ i ∈ X -

�M/ /�i�#�b2 x ∈ DX

h?2 K2+?�MBbK BM i?2 }`bi 7�KBHv Bb ;Bp2M �b 7QHHQrbX Bi
1,t(x) = 1 B7 �M/ QMHv B7

O(x) + G�T(1/ε) > t× (||x||1 + G�T(1/ε))c ?2`2 O(x) ;Bp2b i?2 MmK#2` Q7 �MQK�HB2b BM

x �M/ G�T(1/ε) Bb BM/2T2M/2Mi MQBb2 7`QK G�TH�+2 /Bbi`B#miBQM Q7 K2�M x2`Q �M/ b+�H2

1/εX

h?2 K2+?�MBbK BM i?2 b2+QM/ 7�KBHv Bb ;Bp2M �b 7QHHQrbX Bi
2,t(x) = 1 B7 �M/ QMHv B7

O(x) + G�T(β/ε) > t× (||x||1 + G�T(1/ε))X

LQi2 i?�i- i?2 K2+?�MBbK 7`QK i?2 }`bi 7�KBHv �`2 ε1@.S- r?2`2 ε1 ≥ βεX h?Bb Bb

/m2 iQ i?2 7�+i i?�i maxx,y∈D:||x−y||1=1 |O(x)−O(y)| = β (9e)X >Qr2p2` i?2 K2+?�MBbK

7`QK i?2 b2+QM/ 7�KBHv �`2 ε2@.S- r?2`2 ε2 ≥ εX

Pm` aS K2+?�MBbK 7Q` (β, r)@�MQK�HB2b QmiT2`7Q`Kb �HH i?2 #�b2HBM2bX 6m`i?2`KQ`2-

Qm` .S@K2+?�MBbK H�`;2Hv QmiT2`7Q`Kb `2bi Q7 i?2 #�b2HBM2bX



Ry8

.�i�b2i S`2+BbBQM _2+�HH 61@b+Q`2
"1 "2 .S aS "1 "2 .S aS "1 "2 .S aS

*`2/Bi 6`�m/ yXyRyR yXykjy yXNNjy yXNNej RXyyyy yXy9N3 yX8k8y yXNNe3 yXyRNN yXyjR8 yXe3e3 yXNNee
�Sa h`m+Fb yXyRR8 yXyRe8 yXN3dy yXNNjR RXyyyy yXyd8j yX8kej yXNN89 yXykkd yXykdR yXe3e8 yXNN9j
avMi?2iB+ yXyRyR yXyRR9 yXNNjy yXNNej RXyyyy yXRR3N yX8k8y yXNNe3 yXyRNN yXyky3 yXe3e3 yXNNee
J�KKQ;`�T?v yXyydy yXyy3R yXykRR yXkyy9 yX3k99 yXRyyy yX8k8y yXNNdd yXyRj3 yXyR9N yXy9j8 yXjjjd
h?v`QB/ yXyRd9 yXyRNR yXR9kd yXjRyy yXee8e yXkNR3 yX8k8y yX3NNj yXyjjN yXyj83 yXkk99 yX9eRy

h�#H2 eXj, B1 �M/ B2 �`2 i?2 #2bi K2+?�MBbKb 7`QK irQ 7�KBHB2b Q7 K2+?�MBbKX .S
�M/ aS �`2 i?2 K2+?�MBbKb 7`QK a2+iBQM eXR �M/ a2+iBQM eXk `2bT2+iBp2HvX :QBM; 7`QK
`2/ iQ #Hm2 i?2 p�Hm2 /2+`2�b2bX 6Q` Qm` aS �M/ .S K2+?�MBbKb- ε = 0.1

6B;m`2 eX9, 1p�Hm�iBQM Qp2` i`m2 (β, r)@�MQK�HB2b 7Q` p�`vBM; kX U�V@U2V- ;Bp2
i?2 2``Q`b Q7 aS �M/ .S K2+?�MBbKbX �AZ `�MF Bb ;Bp2M #v i?2 2``Q` Q7 aS@K2+?�MBbK
7Q` 2�+? �MQK�Hv, i?2 ?B;?2` i?2 `�MF- i?2 HQr2` i?2 2``Q` ;Bp2M #v i?2 aS K2+?�MBbKX
AM �HH i?2 };m`2b- ε = 0.1X U�V- h?v`QB/- U#V- J�KKQ;`�T?v- U+V- *`2/Bi 6`�m/- U/V-
�Sa h`m+Fb- U2V- avMi?2iB+ /�i�X



Rye

6B;m`2 eX8, q?v .S K2+?�MBbKǶb 2``Q` /2pB�i2bX AM U�V- i?2 THQi Bb i?2 b�K2 �b
;Bp2M BM 6B;m`2 eX9+ 7Q` i?2 .S@K2+?�MBbKX AM U#V �M/ U+V- x∗ 7Q` 2�+? `2+Q`/ Bb i?2
MmK#2` Q7 `2+Q`/b BM i?2 /�i�#�b2 x i?�i ?�p2 i?2 b�K2 p�Hm2X U+V- b?Qrb i?2 #Qt THQi
7Q` i?2 /�i�X



Ryd

LQi2b

jh?2 K�BM B/2� Bb iQ }t � p�Hm2 Q7 β- 7Q` � /�i�b2i Q7 bBx2 n- �b (1− p) × n- r?2`2 p Bb +HQb2 iQ 1-

�M/ i?2M b2�`+? 7Q` �M �TT`QT`B�i2 p�Hm2 Q7 rX Ai Bb `2+QKK2M/2/ (88) i?�i 7Q` i?2 /�i�b2ib Q7 bBx2b 103

�M/ 106- β #2 (1 − 0.995) × 103 �M/ (1 − 0.99995) × 106X "v �bbmKBM; i?�i p Bb HBM2�`Hv `2H�i2/ iQ n-

r2 +�M mb2 i?2 T`QpB/2/ p�Hm2b iQ }M/ i?2 p�Hm2 Q7 β 7Q` �Mv ;Bp2M /�i�b2iX

6Q` � }t2/ p�Hm2 Q7 β- r2 b2�`+? 7Q` r i?�i K�tBKBx2 i?2 F1@b+Q`2 U�HbQ FMQrM �b #�H�M+2/ F @

K2�bm`2V- r?B+? Bb � TQTmH�` T2`7Q`K�M+2 K2i`B+ 7Q` BK#�H�M+2/ /�i�b2ib (dd)- �M/ Bi Bb i?2 ?�`KQMB+

K2�M Q7 T`2+BbBQM �M/ `2+�HHX q2 mb2 i?2 7QHHQrBM; T`QiQ+QH iQ b2H2+i i?2 p�Hm2 Q7 rX

AMBiB�HBx2 rmin = .001- rmax = 40 UQ` i?2 p�Hm2 i?�i Bb MQi bK�HH2` i?�M i?2 K�tBKmK /Bbi�M+2

#2ir22M �Mv irQ TQBMib BM i?2 ;Bp2M /�i�b2iV- r = 0- �M/ S = 0X L2ti- b2i r1 = rmin + (rmax − r
min

)/4-

r2 = rmin + 3(rmax − r
min

)/4- TB+F α 7`QK [0, 1] mMB7Q`KHv �i `�M/QK �M/ b2i `3 = α r1 + (1− α) r2X

*QKTmi2 F1@b+Q`2 7Q` 2�+? Q7 i?2 rǶb- BX2X Sr1 , Sr2 - �M/ Sr3 X G2i Srt #2 i?2 K�tBKmK Q7 i?2 +QKTmi2/

b+Q`2bX LQr- B7 Srt Bb ;`2�i2` i?�M S i?2M b2i S = Srt �M/ r = rtc 7m`i?2`- B7 Sr2 < S �M/ r2 > r i?2M

b2i rmax = r2 #mi B7 Bi Bb MQi i?2 +�b2 �M/ Sr1 < S �M/ r1 < r i?2M b2i rmin = r1- Qi?2`rBb2 /Q MQi?BM;X

_2T2�i i?Bb T`Q+2bb- 2t+2Ti 7Q` i?2 BMBiB�HBx�iBQM bi2T- mMiBH i?2 BKT`Qp2K2Mi BM a #2+QK2b BMbB;MB}+�MiX

AM Qm` 2tT2`BK2Mib- `2T2�iBM; i?2 T`Q+2bb 7Q` i2M Bi2`�iBQMb ;2M2`�HHv bm{+2/X



Ry3

*>�Sh1_ d

S`Bp�i2 >QibTQi�M/ 1TB/2KB+Pmi#`2�F .2i2+iBQM

h?2 +Q`QM�pB`mb /Bb2�b2 kyRN U+QpB/@RNV #`QF2 Qmi BM *?BM�- �M/ BM irQ KQMi?b im`M2/

BMiQ � ;HQ#�H T�M/2KB+ (d3)X q?BH2 i?2 /Bb2�b2 bT`2�/ `�TB/Hv- i?2 TQTmH�iBQM i2biBM; 7Q`

+QpB/@RN `2K�BM2/ BM�/2[m�i2 (dN)X h?2 `2bmHi\ Sm#HB+ ?2�Hi? Q{+B�Hb r2`2 mM�#H2 iQ

2z2+iBp2Hv i`�+F i?2 bT`2�/ Q7 i?2 +QpB/@RN T�M/2KB+ BM `2�H@iBK2 �M/ i?2 +QmMi2`K2�@

bm`2b H�;;2/ i?2 �+im�H bT`2�/ Q7 i?2 T�M/2KB+ mMiBH i?2 +QmMi`B2b r2`2 TH�+2/ mM/2`

HQ+F/QrMX

aQ- iQ ;�BM `2�H@iBK2 BMbB;?ib �#Qmi i?2 bT`2�/ Q7 +QpB/@RN �M/ i`�+F Bib Qmi#`2�Fb BM

+QKKmMBiB2b- r2 /2p2HQT2/ *PoA. L2�`#v ě � T`Bp�+v@T`2b2`pBM; bvKTiQKb@i`�+FBM;

bvbi2K 7Q` +QpB/@RN (3y)X AM i?2 �#b2M+2 Q7 rB/2@bT`2�/ +QpB/@RN i2biBM;- i?Bb bvbi2K

+`Qr/b2Mb2b +QpB/@RN `2H�i2/ BM7Q`K�iBQM bm+? �b +QpB/@RN `2H�i2/ bvKTiQKb- /2KQ@

;`�T?B+ BM7Q`K�iBQM- ?2�Hi? ?BbiQ`v- �M/ HQ+�iBQM 7`QK T2QTH2X h?Bb /�i� T`QpB/2b

� mb27mH �Hi2`M�iBp2 iQ i`�+F i?2 T�M/2KB+ �M/ ;2M2`�i2 BMbB;?ib �#Qmi 2tBbiBM; �M/

2K2`;BM; +QpB/@RN ?QibTQib �M/ Qmi#`2�Fb ě r?B+? �`2 QmiHvBM; 2p2Mib (3R- 3k)X

h?2 bm`;BM; T�M/2KB+ +QmTH2/ rBi? BM�/2[m�i2 +QpB/@RN i2biBM; H2/ iQ i?2 /2p2HQT@

K2Mi Q7 K�Mv bm+? bvKTiQKb@i`�+FBM; bvbi2Kb �+`Qbb i?2 rQ`H/ (3j)X h?2b2 bvbi2Kb-

?Qr2p2`- ?�p2 QM2 K�DQ` T`Q#H2K, i?2 H�+F Q7 T`Bp�+v b�72;m�`/b 7Q` i?2 T2QTH2 r?Q

b?�`2 i?2B` b2MbBiBp2 BM7Q`K�iBQM (3j- 39)X PM2 +QmH/ �`;m2 i?�i i?2b2 bvbi2Kb /Q b�72@

;m�`/ T`Bp�+v �b i?2v QMHv `2H2�b2 �MQMvKBx2/ �M/ ;2M2`�HBx2/ �;;`2;�i2bX "mi bm+?

ǳb�72;m�`/bǴ 7�BH iQ T`Qi2+i T`Bp�+v Q7 2p2`vQM2 �b T2QTH2 +�M biBHH #2 B/2MiB}2/ mbBM;

�MQMvKBx2/ �;;`2;�i2b Q` /�i� (R9- R8- Re- Rd- R3- RN- ky- kR)X

AM +QMi`�bi- *PoA. L2�`#v ;m�`�Mi22b /Bz2`2MiB�H T`Bp�+v 7Q` 2p2`vQM2 r?Q b?�`2

i?2B` /�i�- �M/ �//BiBQM�HHv- Bi �HHQrb T2QTH2 iQ [m2`v i?2 BM7Q`K�iBQM 7Q` �Mv `2;BQM
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BM i?2 la�X S�`iB+mH�`Hv- 7Q` � T`2}t2/ p�Hm2 Q7 ε- Bi +�M �Mbr2` �M �`#Bi`�`v MmK#2`

Q7 bT�iBQi2KTQ`�H `�M;2 [m2`B2b rBi? ε@/Bz2`2MiB�H T`Bp�+v U.SV ;m�`�Mi22 Qp2`�HHX 6Q`

� ;Bp2M /�i�#�b2 Q7 `2TQ`i2/ bvKTiQKb UrBi? i?2 iBK2 �M/ HQ+�iBQM 7Q` 2�+? `2TQ`iV- �

bT�iBQi2KTQ`�H `�M;2 [m2`v �bFb 7Q` i?2 MmK#2` Q7 `2TQ`ib BM � ;Bp2M `2;BQM i?�i r2`2

`2+Q`/2/ rBi?BM � bT2+B}2/ iBK2 /m`�iBQM- 7Q` 2t�KTH2- ǳ>Qr K�Mv T2QTH2 `2TQ`i2/

2tT2`B2M+BM; +QpB/@RN bvKTiQKb BM L2r uQ`F *Biv rBi?BM i?2 T�bi R9 /�vb\Ǵ Bb �

bT�iBQi2KTQ`�H `�M;2 [m2`vX

aT�iBQi2KTQ`�H `�M;2 [m2`B2b �`2 i?2 F2v iQ i`�+FBM; +QpB/@RNX hQ }M/ B7 �M �`2�

Bb �M 2K2`;BM; ?QibTQi Q7 +QpB/@RN- r2 +QmMi i?2 T2QTH2 BM i?Bb �`2� r?Q `2TQ`i2/

2tT2`B2M+BM; +QpB/@RN bvKTiQKb rBi?BM � bT2+B}2/ iBK2 /m`�iBQM ě r?B+? r2 +QK@

Tmi2 pB� � bT�iBQi2KTQ`�H `�M;2 [m2`vX LQr- ;Bp2M i?�i r2 +�M +QKTmi2 i?2b2 +QmMib

UBX2X bT�iBQi2KTQ`�H `�M;2 [m2`B2bV 7Q` �Mv `2;BQM Qp2` iBK2 rBi? � .S ;m�`�Mi22- Bi Bb

bi`�B;?i7Q`r�`/ iQ B/2MiB7v Qmi#`2�Fb- b22 (jR) 7Q` /2i�BHb QM ?Qr iQ B/2MiB7v Qmi#`2�Fb

mbBM; i?2b2 +QmMibX h?2`27Q`2- BM i?Bb rQ`F r2 7Q+mb QM +QKTmiBM; i?2b2 +QmMib pB�

bT�iBQi2KTQ`�H `�M;2 [m2`B2bX

q?v .S Bb i?2 �TT`QT`B�i2 +?QB+2 ?2`2\

�b T2` Qm` 7`�K2rQ`F 7Q` T`Bp�i2 QmiHB2` �M�HvbBb U*?�Ti2` 8V- /Bz2`2MiB�H T`Bp�+v Bb

i?2 �TT`QT`B�i2 +?QB+2 iQ +QKTmi2 bT�iBQi2KTQ`�H `�M;2 [m2`B2b T`Bp�i2Hv �M/ �++m`�i2HvX

h?Bb Bb #2+�mb2 bT�iBQi2KTQ`�H `�M;2 [m2`B2b �`2 2tBbi2M+2@BM/2T2M/2Mi QmiHB2` [m2`B2bX

AM i?Bb +?�Ti2`- r2 b?Qr ?Qr iQ /2bB;M �M/ #mBH/ � +`Qr/b2MbBM; bvbi2K iQ i`�+F

+QpB/@RN- r?B+? ;m�`�Mi22 T`Bp�+v �b r2HH �b T`�+iB+�HHv K2�MBM;7mH �++m`�+vX

dXR avbi2K �M/ a2iiBM;

Pm` T`QTQb2/ bvbi2K ?�b i?`22 #�bB+ +QKTQM2Mib- r?B+? �`2 ;Bp2M #2HQrX 6B;m`2 dXR

b?Qrb i?2b2 +QKTQM2Mib �M/ i?2B` BMi2`�+iBQMX

RX *`Qr/b2MbBM;, Ai 2M�#H2b mb2`b iQ b2+m`2Hv `2TQ`i /�i� bm+? �b +QpB/@RN bvKT@

iQKb- /2KQ;`�T?B+ BM7Q`K�iBQM- �M/ HQ+�iBQMc QM+2 i?2 /�i� Bb `2TQ`i2/- Bi biQ`2b

i?Bb BM7Q`K�iBQM BM � b2+m`2 /�i�#�b2X
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6B;m`2 dXR, avbi2K �`+?Bi2+im`2

kX S`Bp�i2 [m�/i`22 #mBH/2`, h?Bb +QKTQM2Mi mb2b i?2 `2TQ`i2/ /�i� iQ +`2�i2

� +QHH2+iBQM Q7 /Bz2`2MiB�HHv T`Bp�i2 U.SV [m�/i`22b ě � /�i� bi`m+im`2 bmBi2/ iQ

2{+B2MiHv biQ`2 �M/ [m2`v bT�iB�H /�i�X

jX Zm2`v +QKTmi2`, Ai Bb `2bTQMbB#H2 7Q` �Mbr2`BM; mb2`bǶ [m2`B2b mbBM; i?2 +QHH2+@

iBQM Q7 .S [m�/i`22bX

Pm` �TT`Q�+? �HHQrb QM2 iQ +QKTmi2 /Bz2`2MiB�HHv T`Bp�i2 �Mbr2`b iQ �M �`#Bi`�`v

MmK#2` Q7 bT�iBQi2KTQ`�H `�M;2 [m2`B2b Qp2` iBK2 �M/ QM � /vM�KB+�HHv +?�M;BM;

/�i�#�b2X �//BiBQM�HHv- Bi ?�b i?2 7QHHQrBM; BKTQ`i�Mi T`QT2`iB2b,

Ç h?2 `BbF iQ T`Bp�+v Bb #QmM/2/ �M/ /Q2b MQi BM+`2�b2 �b mb2`b �bF KQ`2 [m2`B2bX

Ç h?2 [m2`v +QKTmi�iBQM Bb 2{+B2Mi �b i?2 [m2`B2b ?�p2 iQ #2 �Mbr2`2/ BM `2�H@iBK2X

Ç h?2 �++m`�+v Bb T`�+iB+�HHv K2�MBM;7mHX 6Q` 2t�KTH2- r2 �`2 �#H2 iQ �++m`�i2Hv

`�MF +QpB/@RN ?QibTQib- ;2M2`�i2 ?2�iK�Tb- �M/ +�H+mH�i2 KQpBM; �p2`�;2 BM i2`Kb

Q7 i?2 MmK#2`b Q7 bvKTiQK `2TQ`ibX

a2iiBM;

hQ T`2b2Mi Qm` �TT`Q�+?- r2 7Q+mb QM � bT2+B}+ ivT2 Q7 bT�iBQi2KTQ`�H `�M;2 [m2`v-

M�K2/ a_ [m2`v, 7Q` � ;Bp2M /�i�#�b2 x Q7 `2TQ`ib �M/ � `2;BQM R- a_ [m2`v ;Bp2b i?2

MmK#2` Q7 `2TQ`ib BM x i?�i, UBV r2`2 `2TQ`i2/ BM i?2 T�bi R9 /�vb- UBBV HB2 BM _- �M/
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UBBBV +QMi�BM �i H2�bi QM2 *PoA.@RN bvKTiQKRX

6m`i?2`KQ`2- r2 +QMbB/2` i?2 7QHHQrBM; b2iiBM;,

Ç h?2 bT�+2 UQ7 TQbbB#H2 HQ+�iBQMbV Bb irQ@/BK2MbBQM�H Uk.V �M/ #QmM/2/ rBi? MQ`i?@

bQmi? �M/ 2�bi@r2bi �b irQ T2`T2M/B+mH�` �t2bX PM2 +�M �+?B2p2 i?Bb- 7Q` 2t�KTH2-

#v i�FBM; J2`+�iQ` T`QD2+iBQM Q7 1�`i? (38)X

Ç h?2 `2;BQM ;Bp2M #v �M a_ [m2`v Bb �M �tBb T�`�HH2H `2+i�M;H2 BM i?2 k. bT�+2X

Ç h?2 /�i�#�b2 +QMi�BMb i?2 `2TQ`ib i?�i �`2 7`QK rBi?BM i?2 la�- �M/ �`2 i�;;2/

rBi? HQ+�iBQM +QQ`/BM�i2b �M/ i?2 iBK2 i?2v r2`2 `2TQ`i2/ �iX

Ç q2 QMHv +QMbB/2` QM2 `2TQ`i T2` mb2` bBM+2 i?2 .S ;m�`�Mi22 Bb 7Q` 2�+? `2+Q`/-

�M/ ?2M+2- 7Q` 2�+? BM/BpB/m�HX

Ç h?2 /�i�#�b2 Bb rBi? � i`mbi2/ +m`�iQ` r?Q rBHH �Mbr2` a_ [m2`B2b mbBM; � /Bz2`@

2MiB�HHv T`Bp�i2 K2+?�MBbKX

dXk �TT`Q�+? Pp2`pB2r

q2 +`2�i2 /Bz2`2MiB�HHv T`Bp�i2 bT�iB�HHv BM/2t2/ T�`iBiBQMb Q7 i?2 bT�+2X 6Q` i?Bb- r2

mb2 � ?v#`B/ Q7 /�i� �;MQbiB+ �M/ /�i� /2T2M/2Mi �TT`Q�+?2bX 6B`biHv- r2 T�`iBiBQM

i?2 bT�+2- #�b2/ QM H2;BbH�iBp2Hv /2}M2/ �/KBMBbi`�iBp2 mMBib bm+? �b +QmMi`v- bi�i2- Q`

+QmMiv ě r2 +�HH i?2K /BpBbBQMbX h?2M- 7Q` �Mv ;Bp2M /�v- r2 T�`iBiBQM i?2 T�bi 14

+QMb2+miBp2 /�vb BMiQ N ;`QmTb- r?2`2 2�+? ;`QmT +QMbBbib Q7 /BbiBM+i +QMb2+miBp2 /�vbX

6BM�HHv- r2 T�`iBiBQM 2�+? Q7 i?2 /BpBbBQMb #v � #mBH/BM; /Bz2`2MiB�HHv T`Bp�i2 [m�/i`22

Qp2` i?2 /�i� `2TQ`i2/ U7`QK rBi?BM i?2 /BpBbBQMV 7Q` 2�+? ;`QmT Q7 /�vbX h?2 T`Bp�i2

[m�/i`22 #mBH/2` Bb `2bTQMbB#H2 7Q` i?Bb bT�+2 �M/ Ui2KTQ`�HV /�i� T�`iBiBQMBM;X

hQ �Mbr2` �M a_ [m2`v- r2 +QKTmi2 i?2 [m2`v Qp2` �HH i?2 [m�/i`22b r?Qb2 +Q``2@

bTQM/BM; /BpBbBQM Qp2`H�Tb rBi? i?2 [m2`v `2;BQM �M/ +QMi�BM /�i� Q7 i?2 T�bi 14 /�vbX

G�biHv- r2 �// i?2 �Mbr2`b 7`QK �HH i?2 [m�/i`22b iQ +QKTmi2 i?2 }M�H QmiTmi �M/

`2im`M Bi iQ i?2 mb2`X h?2 Zm2`v +QKTmi2` Bb `2bTQMbB#H2 7Q` i?Bb T�`iX

Rh?Bb +�M #2 2ti2M/2/ iQ KQ`2 }M2 ;`�BM2/ BM7Q`K�iBQM U7Q` 2t�KTH2- BM i2`Kb Q7 i?2 +QmMib Q7
T2QTH2 rBi? T�`iB+mH�` bvKTiQKbV #mi rBi? � +Q``2bTQM/BM; i`�/2@Qz Q7 T`Bp�+vX
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AM i?2 7QHHQrBM; b2+iBQMb- r2 T`2b2Mi i?2 /2i�BHb Q7 Qm` �TT`Q�+?X

dXj aT�iB�H S�`iBiBQMBM; ě � >v#`B/ �TT`Q�+?

AM i?Bb b2+iBQM- r2 /Bb+mbb ?Qr iQ +`2�i2 bT�iB�H T�`iBiBQMb 7Q` �Mv ;Bp2M /�v mbBM; i?2

/�i� Q7 i?2 T�bi d /�vb ě i?BMF Q7 d = 14X AM i?2 M2ti b2+iBQM- r2 rBHH b?Qr ?Qr iQ

+`2�i2 i2KTQ`�H T�`iBiBQMb Q7 i?2 /�i� Q7 i?2 T�bi d /�vbX

6Q` /�i� �;MQbiB+ T�`iBiBQMBM;- r2 /2}M2/ i?2 /BpBbBQM iQ #2 i?2 +QmMivf/Bbi`B+iX

h?2M- QM �Mv ;Bp2M /�v- r2 #mBH/ � .S [m�/i`22 Qp2` 2�+? /BpBbBQM mbBM; i?2 /�i� Q7

i?2 T�bi d /�vb 7`QK i?2 /BpBbBQMX

� [m�/i`22 Bb � ?B2`�`+?B+�H bT�iB�H /�i� bi`m+im`2X 6Q` � ;Bp2M `2+i�M;mH�` bT�+2

�M/ i?2 /�i� HvBM; BM Bi- i?2 [m�/i`22 `2+m`bBp2Hv- H2p2H #v H2p2H- T�`iBiBQMb i?2 bT�+2

BMiQ `2+i�M;mH�` `2;BQMb #v #Bb2+iBM; i?2B` bB/2b ě i?2 `2+i�M;mH�` `2;BQMb �`2 +�HH2/

[m�/`�Mib Ub22 6B;m`2 dXkU�V@U#VVX �i 2�+? H2p2H- 2p2`v MQ/2 BM � [m�/i`22 +Q``2bTQM/b

iQ � [m�/`�Mi �M/ +QMi�BMb i?2 iQi�H MmK#2` Q7 /�i� TQBMib UBX2X `2TQ`ibV HvBM; BM i?�i

[m�/`�MiX q2 +QMi`QH i?2 ;`�MmH�`Biv Q7 T�`iBiBQMb i?�i � [m�/i`22 +`2�i2b mbBM; i?2

7QHHQrBM; irQ T�`�K2i2`b, UBV i?2 K�t ?2B;?i UBX2X i?2 K�tBKmK MmK#2` Q7 H2p2HbV- �M/

UBBV i?2 KBM +QmMi i?`2b?QH/- i?�i Bb- i?2 KBMBKmK MmK#2` Q7 /�i� TQBMib i?�i ?�p2 iQ

#2 BM � [m�/`�Mi 7Q` Bi #2 7m`i?2` T�`iBiBQM2/X

6Q` i?2 /BpBbBQM UBX2X i?2 +QmMivV iQ #2 T�`iBiBQM2/ #v � [m�/i`22- r2 mb2 i?2

#QmM/BM; #Qt Q7 i?2 /BpBbBQM Ur?B+? r2 ;2i 7`QK :QQ;H2 J�TǶb �SAV- �M/ mb2 i?2 H2M;i?

w UBM FBHQK2i2`bV Q7 Bib HQM;2bi bB/2 iQ +QKTmi2 i?2 K�t ?2B;?i �b h = 4log2(w)5X h?Bb

2Mbm`2b i?�i 2p2M BM i?2 bK�HH2bi T�`iBiBQM QM2 Q7 i?2 bB/2b rBHH #2 R FK HQM;X 6Q` KBM

+QmMi i?`2b?QH/- r2 mb2 � p�Hm2 Q7 10X h?Bb i?`2b?QH/ b2`p2b �M BKTQ`i�Mi Tm`TQb2X Ai

?2HTb biQT i?2 T�`iBiBQMBM; Q7 i?2 2KTiv [m�/`�Mib Q` i?2 [m�/`�Mib rBi? p2`v HBiiH2

/�i� �M/ BKT`Qp2b i?2 �++m`�+vX �b 7Q` i?2 /�i�- r2 mb2 i?2 T�bi 14 /�vb `2TQ`ib 7`QK

i?2 /BpBbBQM- 2�+? Q7 r?B+? +QMi�BMb �i H2�bi QM2 +QpB/@RN bvKTiQKX

LQr- r2 b?Qr ?Qr iQ #mBH/ �M ε@.S [m�/i`22X >2`2- r2 rBHH mb2 G�TH�+2 K2+?�MBbK

iQ +QKTmi2 T`Bp�i2 +QmMibX 6Q` � ;Bp2M +QmMi c- G�TH�+2 K2+?�MBbK T2`im`#b c #v �//BM;

bQK2 MQBb2X h?Bb MQBb2 Bb b�KTH2/ 7`QK G�TH�+2 /Bbi`B#miBQM Q7 K2�M x2`Q �M/ b+�H2 λ
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6B;m`2 dXk, U�V b?Qrb � T�`iBiBQM Q7 � bT�+2 U#QmM/BM; #Qt Q7 � /BpBbBQM U_B+?KQM/
*QmMiv- LuV b?QrM BM `2/ b?�/2V +`2�i2/ #v � [m�/i`22 Q7 ?2B;?i 2 �M/ KBM +QmMi 2c
2�+? b[m�`2 BM i?2 T�M2H U�V- H27i iQ i?2 �``Qr- `2T`2b2Mib � [m�/`�Mi- r?BH2 �HH i?2 #H�+F
TQBMib iQ;2i?2` `2T`2b2Mi i?2 /�i�X U#V ;Bp2b i?2 [m�/i`22 i?�i +`2�i2/ i?2 T�`iBiBQMb
b?QrM BM U�Vc Bi �HbQ /2TB+ib i?2 [m�/`�Mib UQ` T�`iBiBQMV �i 2p2`v H2p2HX U+V b?Qrb ?Qr
[m2`B2b �`2 +QKTmi2/ #v bTHBiiBM; i?2K �+`Qbb [m�/`�Mib �M/ mbBM; i?2 +QmMi BM i?2
MQ/2 Q7 i?2 [m�/i`22X

iQ ;m�`�Mi22 (1/λ)@.SX

q2 #2;BM #v }tBM; i?2 p�Hm2 Q7 ε ě i?Bb Bb Qm` T`Bp�+v #m/;2i- �M/ r?2M #mBH/BM;

� i`22- r2 Kmbi MQi 2t+22/ i?Bb #m/;2iX q?2M #mBH/BM; � [m�/i`22- �i 2p2`v H2p2H #-

r2 +QKTmi2 i?2 +QmMi Ui?2 MmK#2` Q7 `2TQ`ibV BM 2p2`v [m�/`�Mi #v mbBM; G�TH�+2

K2+?�MBbK 7Q` λ" = d/ε" Ur?v i?2 7�+iQ` d\ q2 rBHH 2tTH�BM i?Bb b?Q`iHvVX q?2M # = 0

UBX2X �i i?2 `QQiV- r2 mb2 ε0 = 1 ě i?Bb H2p2H +Q``2bTQM/b iQ i?2 /BpBbBQM H2p2H +QmMi ě

�M/ i?Bb }t2/ #m/;2iBM; bi`�i2;v #QQbib i?2 �++m`�+v Q7 i?2 [m2`B2b rBi? H�`;2` `2;BQM

i?�i +QMbBbib Q7 KmHiBTH2 /BpBbBQMbc 7Q` 2t�KTH2- � [m2`v i?�i �bFb 7Q` i?2 +QmMi BM �

bi�i2X 6Q` # ≥ 1- r2 /Bbi`B#mi2 `2bi Q7 i?2 T`Bp�+v #m/;2i- BX2X ε′ = ε− ε0- ;2QK2i`B+�HHv

bm+? i?�i 7Q` �HH # ≥ 2- ε"+1 = 21/3ε" �M/ ε1 = ε′(21/3 − 1)/(2h/3 − 1)X h?Bb �HHQ+�iBQM

T`Qp�#Hv BKT`Qp2b i?2 �++m`�+v (3e)X LQi2 i?�i BM #mBH/BM; � [m�/i`22- i?2 T`Bp�+v

#m/;2i /Q2b MQi 2t+22/ ε/d = (ε0+ · · ·+εh)/d U/m2 iQ b2[m2MiB�H +QKTQbBiBQMV #2+�mb2

�Mv `2+Q`/ BM i?2 /�i� Bb mb2/ iQ +QKTmi2 �i KQbi h +QmMib- QM2 +QmMi T2` 2�+? H2p2H

7`QK i?2 `QQi iQ � H2�7X
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q?v i?2 7�+iQ` d\

�#Qp2- BM �HH i?2 b+�H2b- λ"- i?2 7�+iQ` d Bb /m2 iQ b2[m2MiB�H +QKTQbBiBQM, #2+�mb2 2�+?

[m�/i`22 Bb #mBHi Qp2` i?2 /�i� Q7 T�bi d /�vb- �M/ ?2M+2- 2�+? T2`bQMǶb /�i� Bb mb2/

iQ #mBH/ d [m�/i`22b- QM2 7Q` 2�+? /�vX h?mb- i?2 Qp2`�HH T`Bp�+v `BbF /m2 iQ #mBH/BM;

[m�/i`22b Qp2` iBK2 /Q2b MQi 2t+22/ εX

dXjXR q?v mb2 i?2 ?v#`B/ �TT`Q�+?\

q2 mb2 � ?v#`B/ Q7 /�i� �;MQbiB+ �M/ /�i� /2T2M/2Mi �TT`Q�+?2b #2+�mb2 `2HvBM; bQH2Hv

QM 2Bi?2` QM2 H2�/b iQ b2p2`2 HQbb Q7 �++m`�+v BM +QKTmiBM; i?2 [m2`B2bX 6Q` 2t�KTH2-

B7 vQm mb2 � /�i� �;MQbiB+ �TT`Q�+? ě r?B+? r2 `272` iQ �b M�Bp2 �TT`Q�+? ě i?2M

iQ ;2i i?2 `B;?i H2p2H Q7 ;`�MmH�`Biv vQm rBHH ?�p2 iQ +QMbB/2` /BpBbBQMb Q7 Km+? bK�HH2`

bBx2bX LQr- iQ �+?B2p2 /Bz2`2MiB�H T`Bp�+v- Bi Bb M2+2bb�`v iQ �// MQBb2 iQ i?2 +QmMi BM

2�+? /BpBbBQMX 6B`biHv- i?Bb rBHH +`2�i2 � ?m;2 MmK#2` Q7 T�`iBiBQMbX a2+QM/Hv- i?Qm;?

i?Bb ;Bp2b � ;QQ/ 2biBK�i2 7Q` i?2 /BpBbBQM- i?2 �Mbr2`b iQ [m2`B2b i?�i +QMbBbi Q7 K�Mv

/BpBbBQMb- 7Q` 2t�KTH2- � bi�i2- �`2 ?B;?Hv 2``QM2QmbX AM a2+iBQM dXe- r2 +QKT�`2 i?2

M�Bp2 �TT`Q�+? rBi? Qm` T`QTQb2/ �TT`Q�+?X

PM i?2 Qi?2` ?�M/- B7 vQm mb2 [m�/i`22b UQ` �Mv Qi?2` /�i� /2T2M/2Mi T�`iBiBQMBM;V

�TT`Q�+? �HQM2- i?2M vQm rBHH ?�p2 iQ #mBH/ QM2 [m�/i`22 Qp2` i?2 r?QH2 Q7 i?2 la�X

LQr- iQ ;2i i?2 b�K2 H2p2H Q7 ;`�MmH�`Biv- i?2 K�t ?2B;?i rQmH/ ?�p2 iQ #2 ?B;?2`-

r?B+? rBHH H2�/ iQ TQQ` �++m`�+v bBM+2 �i 2p2`v H2p2H # i?2 p�Hm2 Q7 ε" rQmH/ MQr #2

Km+? bK�HH2`X

q2 �HbQ MQi2 i?�i QM2 +QmH/ mb2 Qi?2` �TT`Q�+?2b bm+? �b F@/ i`22b iQ +`2�i2 #2ii2`

UBX2X r2HH@#�H�M+2/V T�`iBiBQMbX "mi iQ +`2�i2 T�`iBiBQMb bm+? �M �TT`Q�+? mb2b /�i�

U2X;X iQ }M/ K2/B�MVX aQ- QM2 rBHH ?�p2 iQ �HHQ+�i2 bQK2 T`Bp�+v #m/;2i 7Q` i?Bb i�bF

�b r2HHc ?2M+2- BM i?Bb +�b2- +QKT�`2/ iQ Qm` �TT`Q�+?- i?2 p�Hm2b Q7 �HH ε"Ƕb U2t+2Ti 7Q`

i?2 `QQiV rBHH ?�p2 iQ #2 /2+`2�b2/- r?B+? rBHH /2;`�/2 i?2 �++m`�+vX AM +QMi`�bi- i?2

[m�/i`22 T�`iBiBQMb i?2 [m�/`�Mi rBi?Qmi mbBM; �Mv `2TQ`i2/ /�i�- �M/ ?2M+2- Bi /Q2b

MQi BM+m` �Mv T`Bp�+v HQbb BM i?Bb bi2TX
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dX9 h2KTQ`�H S�`iBiBQMBM;

q2 b�r BM i?2 T`2pBQmb b2+iBQM i?�i i?2 b+�H2 Q7 i?2 MQBb2 b�KTHBM; /Bbi`B#miBQM ?�/ iQ

#2 BM+`2�b2/ #v � 7�+iQ` Q7 d ě i?Bb BM/22/ BM+`2�b2b i?2 K�;MBim/2 Q7 i?2 MQBb2 �M/

`2/m+2b i?2 �++m`�+vX

PM2 r�v iQ Q#pB�i2 i?Bb T`Q#H2K Bb iQ #mBH/ � M2r [m�/i`22 Qp2` 2�+? /BpBbBQM 2p2`v

/�v #v mbBM; /�i� Q7 i?�i /�vX AM i?Bb M2r �TT`Q�+?- 2�+? `2TQ`i rBHH #2 mb2/ iQ #mBH/

QMHv QM2 i`22- �M/ r2 rBHH ;2i `B/ Q7 i?2 7�+iQ` dX "mi i?Bb �TT`Q�+? /2;`�/2b i?2 [m�HBiv

Q7 bT�iB�H T�`iBiBQMb +`2�i2/ #v i?2 [m�/i`22 #2+�mb2 i?2 /�i� T2` /�v p�`B2b �M/ +�M

#2 iQQ HBiiH2 iQ +`2�i2 bm{+B2MiHv ;`�MmH�` T�`iBiBQMbX h?mb- r2 2tT2+i i?�i i?2 br22i

bTQi HB2b bQK2r?2`2 BM #2ir22M QM2 1 �M/ d- �M/ ?2`2 r2 rBHH b?Qr ?Qr iQ }M/ BiX

AM Q`/2` iQ }M/ i?2 br22i bTQi- r2 }`bi M22/ � r�v iQ T�`iBiBQM 2p2`v d +QMb2+miBp2

/�vb BMiQ N ;`QmTb Q7 +QMb2+miBp2 /�vb- r?2`2 1 ≤ N ≤ d ě r2 +�HH i?Bb T�`iBiBQMBM;

Q7 /�vb BMiQ ;`QmTb i2KTQ`�H T�`iBiBQMBM;X h?2M- r2 +�M #mBH/ �M BM/2T2M/2Mi [m�/i`22

Qp2` i?2 +QK#BM2/ /�i� Q7 �HH i?2 /�vb BM 2�+? ;`QmT Q7 i?2 ;Bp2M i2KTQ`�H T�`iBiBQMX

q2 bi`2bb i?�i i?2 T�`iBiBQMBM; ?2`2 `272`b iQ /BpB/BM; /�vb BMiQ ;`QmTb �M/ Bb /B7@

72`2Mi 7`QK bT�iB�H T�`iBiBQMb i?�i r2 /Bb+mbb2/ 2�`HB2`X

hQ b�p2 i?2 T`Bp�+v #m/;2i r?2M #mBH/BM; � [m�/i`22 Qp2` � ;`QmT Q7 /�vb- r2 mb2

i?2 7QHHQrBM; bi`�i2;vX 6Q` irQ ;Bp2M T�`iBiBQMb- 2�+? Q7 d +QMb2+miBp2 /�vb- B7 � ;`QmT

Bb i?2 b�K2 �+`Qbb i?2 irQ T�`iBiBQM UBX2X i?2 irQ ;`QmTb +QMbBbi Q7 2t�+iHv i?2 b�K2

/�vbV- i?2M r2 QMHv #mBH/ i?2 i`22 QM+2- �M/ `2mb2 Bi rBi?Qmi BM+m``BM; �Mv +Qbi BM

i2`Kb Q7 i?2 T`Bp�+v #m/;2iX h?mb- r2 /2p2HQT � MQp2H T�`iBiBQMBM; b+?2K2 i?�i ;Bp2b

`2�bQM�#Hv bK�HH MmK#2` Q7 mMB[m2 ;`QmTb �+`Qbb �HH i?2 T�`iBiBQMb- �M/ ?2M+2- BKT`Qp2b

i?2 �++m`�+vX

q2 /2}M2 i?2 T`Q#H2K Q7 i2KTQ`�H T�`iBiBQMBM; �b 7QHHQrbX G2i mb b�v r2 �`2 ;Bp2M

d �M/ n bm+? i?�i n ≤ dX 6Q` 2p2`v /�v t ≥ d- r2 r�Mi iQ T�`iBiBQM i?2 /�vb- t− (d−

1), t − (d − 2), . . . , d, BMiQ N = 6d/n7 ;`QmTb Q7 +QMb2+miBp2 /�vb bm+? i?�i 2p2`v /�v

Kmbi #2 BM 2t�+iHv QM2 ;`QmT �M/, B7 n /BpB/2b d- i?2`2 �`2 N ;`QmTb Q7 bBx2 n- Qi?2`rBb2

N − 1 ;`QmTb Q7 bBx2 n �M/ QM2 ;`QmT Q7 bBx2 m =JP.(d, n)- r?2`2 JP. ;Bp2b i?2

`2K�BM/2` r?2M d Bb /BpB/2/ #v nX 6m`i?2`KQ`2- r2 r�Mi i?2 T�`iBiBQMb iQ #2 bm+? i?�i
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2p2`v /�v Kmbi #2 T`2b2Mi BM �i KQbi n mMB[m2 ;`QmTb �+`Qbb �HH i?2 T�`iBiBQMbX

dX9XR LQi�iBQM �M/ /2}MBiBQMb

q2 MQr T`2b2Mi bQK2 MQi�iBQM �M/ /2}MBiBQMb i?�i r2 M22/ iQ /2b+`B#2 Qm` �H;Q`Bi?K

7Q` i2KTQ`�H T�`iBiBQMBM;X

G2i N+ = {1, 2, 3, . . . }X q2 mb2 +QMiB;mQmb BMi2`p�Hb Qp2` N+ iQ /2MQi2 i?2 b2ib Q7

+QMb2+miBp2 /�vb UBX2X ;`QmTb Q7 +QMb2+miBp2 /�vbVX h?mb- 7Q` 2p2`v t ∈ N+ �M/ n ∈ N-

r2 mb2 In(t) = {t, t+ 1, . . . , t+ n− 1}- BX2X � +QMiB;mQmb BMi2`p�H i?�i bi�`ib �i t- 2M/b

�i t + n − 1- �M/ ?�b � H2M;i? UQ` bBx2V n = |In(t)|X 6Q` n = 0- r2 mb2 i?2 7QHHQrBM;

+QMp2MiBQM, 7Q` 2p2`v t ∈ N+- In(t) = ∅X

hQ ;Bp2 �HH i?2 b2ib Q7 d +QMb2+miBp2 /�vb i?�i r2 r�Mi iQ T�`iBiBQM- r2 mb2 � b2[m2M+2

Q7 BMi2`p�HbX h?mb- 7Q` �Mv ;Bp2M TQbBiBp2 BMi2;2` d- r2 mb2 I(d) = I(1), I(2), . . . iQ /2MQi2

� b2[m2M+2 Q7 BMi2`p�Hb bm+? i?�i 7Q` 2p2`v i = 1, 2, . . . - I(i) = Id(i), r2 +�HH I(d) i?2

bHB/BM; BMi2`p�H@b2[m2M+2 Q7 H2M;i? dX q2 mb2 P iQ /2MQi2 i?2 b2i Q7 �HH +QMiB;mQmb

BMi2`p�Hb- BX2X P = {In(t) : t ∈ N+ �M/ n ∈ N}X

q2 mb2 C ⊆ P iQ /2MQi2 � T�`iBiBQM Q7 �Mv d +QMb2+miBp2 /�vbX 6Q` �Mv d, t ≥ 1- r2

b�v � b2i C ⊆ P Bb � +Qp2` Q7 Id(t) B7 Id(t) = U(C)- r?2`2 U(C) = ∪I∈C IX

L2ti- r2 /2}M2 i?2 BKTQ`i�Mi MQiBQM Q7 +Qp2`@b2[m2M+2- r?B+? ;Bp2b �HH i?2 +Qp2`b

7Q` i?2 bHB/BM; BMi2`p�H@b2[m2M+2X G2i mb b�v r2 �`2 ;Bp2M � b2[m2M+2 C = C1, C2, . . .

bm+? i?�i Cj ⊆ P 7Q` 2p2`v j = 1, 2, . . . X h?2M- 7Q` � ;Bp2M d ≥ 1- r2 b�v C = C1, C2, . . .

Bb � +Qp2`@b2[m2M+2 Q7 I(d) = I(1), I(2), . . . B7 7Q` 2p2`v i = 1, 2, . . . - Ci Bb � +Qp2` Q7 I(i)X

AM Qm` �H;Q`Bi?K- L1sh@*Po1_ U�H;Q`Bi?K RV- iQ ;2M2`�i2 � +Qp2`@b2[m2M+2 Q7 i?2

bHB/BM; BMi2`p�H@b2[m2M+2 Q7 H2M;i? d- r2 mb2 i?2 i?`22 QT2`�iBQMb, a>A6h- *A_*lG�_@

a>A6h- JP.- r?B+? r2 /2}M2 #2HQrX

G2i mb b�v r2 �`2 ;Bp2M � +Qp2` C ∈ P Q7 N T�B`rBb2 /BbDQBMi BMi2`p�Hb bm+? i?�i

C = {In1(t −
∑N

l=1 nl), In2(t −
∑N

l=2 nl), . . . , InN (t − nN )}- r?2`2 t >
∑N

l=1 nl �M/

nl ∈ N+ 7Q` 2p2`v l = 1, 2, . . . , N X h?2M- 7Q` BMTmi C- a>A6h BM+`2K2Mib 2�+? 2H2K2Mi

Q7 2p2`v BMi2`p�H BM C #v 1c �M/ *A_*lG�_@a>A6h `2�``�M;2b i?2 BMi2`p�Hb BM C #v
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T2`7Q`KBM; � +v+HB+ b?B7i- i?�i Bb- Bi QmiTmib i?2 7QHHQrBM;,

{In2(t− n1 −
N∑

l=2

nl), In3(t− n1 −
N∑

l=3

nl), . . . , InN (t− n1 − nN ), In1(t− n1)}

6Q` �Mv ;Bp2M MQM@M2;�iBp2 BMi2;2`b t, n- JP.(t, n) ;Bp2b i?2 `2K�BM/2` r?2M t Bb

/BpB/2/ #v nX

dX9Xk h2KTQ`�H T�`iBiBQMBM; �H;Q`Bi?K

Pm` �H;Q`Bi?K i�F2b i?`22 T�`�K2i2`b, URV t- i?2 /�v r?B+? r2 �`2 #mBH/BM; i?2 T�`iB@

iBQMb Q7 i?2 T�bi d /�vb- UkV C- i?2 +Qp2` Q7 i?2 T`2pBQmb /�v- �M/ UjV M - i?2 T2`BQ/

�7i2` r?B+? i?2 �H;Q`Bi?K T2`7Q`Kb *A_*lG�_@a>A6h QT2`�iBQMX

L1sh@*Po1_- i�F2b C �M/ b?B7ib �HH i?2 BMi2`p�Hb BM C #v 1c 7m`i?2`KQ`2- B7

Bi ?�b #22M M /�vb bBM+2 i?2 H�bi *A_*lG�_@a>A6h- Bi �//BiBQM�HHv T2`7Q`Kb i?2

*A_*lG�_@a>A6h QT2`�iBQMX "2HQr r2 ;Bp2 i?2 /2}MBiBQM Q7 r?�i Bi K2�Mb iQ ;2M@

2`�i2 � +Qp2`@b2[m2M+2 mbBM; Qm` L1sh@*Po1_ �H;Q`Bi?KX

.2}MBiBQM dXRX 6Q` � ;Bp2M +Qp2` C1 �M/ �M BMi2;2` M ≥ 1- r2 b�v � +Qp2`@b2[m2M+2-

C = C1, C2, . . . - Bb ;2M2`�i2/ #v L1sh@*Po1_ U�H;Q`Bi?K RV B7 7Q` 2p2`v i > 1- Ci =

L1sh@*Po1_UCi−1, d+ i− 1,M)X

LQi2 i?�i B7 C1 +QMbBbib Q7 +QMiB;mQmb �M/ /BbDQBMi BMi2`p�Hb- i?2M �HH i?2 +Qp2`b-

C2, C3, . . . , ;2M2`�i2/ #v L1sh@*Po1_- rBHH +QMbBbi Q7 +QMiB;mQmb �M/ T�B`rBb2 /Bb@

DQBMi BMi2`p�HbX 6m`i?2`KQ`2- 7Q` �Mv ;Bp2M d �M/ n bm+? i?�i 1 ≤ n ≤ d- M = n �M/ �M

�TT`QT`B�i2 p�Hm2 Q7 i?2 }`bi +Qp2`- i?2 +Qp2` b2[m2M+2- C- ;2M2`�i2/ #v L1sh@*Po1_

Bb bm+? i?�i 7Q` 2p2`v t ≥ d- St(C) ≤ n ě ?2`2 St(C) = |{J ∈ Ci : i ∈ N+ �M/ t ∈ Ci}|

Uh?2Q`2K dXRVX

h?2Q`2K dXRX �`#Bi`�`BHv +?QQb2 BMi2;2`b d �M/ n bm+? i?�i d ≥ n ≥ 1- �M/ H2i

q = 4d/n5 �M/ m = JP.(d, n)X LQr- H2i C = C1, C2, . . . #2 i?2 +Qp2`@b2[m2M+2 ;2M2`�i2

#v L1sh@*Po1_ U�H;Q`Bi?K RV 7Q` C1 = {In(1), . . . , In(1+(q−1)n), Im(1+ qn)} �M/

M = nX h?2M C Bb � +Qp2`@b2[m2M+2 Q7 I(d) bm+? i?�i 7Q` 2p2`v t ≥ d- St(C) ≤ nX
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h?2 T`QQ7 Q7 i?2 i?2Q`2K Bb T`QpB/2/ BM i?2 H�bi b2+iBQMX
�G:P_Ah>J R, L1sh@*Po1_

AMTmi, *∈ P - t ∈ N+- �M/ M ∈ N+

PmiTmi, *′ UM2r +Qp2`V

d = |U(C)| �M/ h = *

B7 JP.(t− d,M) = 0 i?2M
h 4 *A_*lG�_@a>A6hU*V

2M/

*′ 4 a>A6hUhV

6B;m`2 dXj, h?Bb };m`2 b?Qrb /Bz2`2Mi TQbbB#H2 ;`QmTBM;b Q7 /�vb BMiQ T�`iBiBQMb mb2/ 7Q`
#mBH/BM; i?2 [m�/i`22bX AM �HH i?2 };m`2b- #Qi? `Qrb �M/ +QHmKMb b?Qr i?2 T`Q;`2bbBQM
Q7 iBK2- �M/ 7Q` 2�+? /�v- /�i� Q7 T�bi d = 8 /�vb Bb �;;`2;�i2/ iQ �Mbr2` [m2`B2bX h?2
+QHQ`2/ `2+i�M;H2b QM 2�+? `Qr b?Qr i?2 T�`iBiBQM #mBHi QM i?2 /�v ;Bp2M BM i?2 H27i@
KQbi +QHmKM BM i?2 b�K2 `QrX 1�+? `2+i�M;H2 b?Qrb i?2 /�vb i?�i �`2 ;`QmT2/ iQ;2i?2`-
�M/ Bi Bb mMB[m2Hv B/2MiB}�#H2 #v Bib +QHQ` �M/ T�ii2`M ě i?2`27Q`2- � `2+i�M;H2 rBi?
i?2 b�K2 +QHQ` �M/ T�ii2`M `272`b iQ i?2 b�K2 ;`QmT Q7 /�vbX U�V b?Qrb i?2 M�Bp2
�TT`Q�+? i?�i ;`QmTb �HH 8 /�vb BMiQ QM2 ;`QmTX U#V b?Qrb � bBKTH2 T�`iBiBQMBM; rBi?
irQ ;`QmTb Q7 bBx2 n = 3 �M/ QM2 ;`QmT Q7 bBx2 m = 2X h?2 p2`iB+�H +QMM2+iBQMb 2tTHB+BiHv
b?Qr i?2 b�K2 ;`QmT �+`Qbb /Bz2`2Mi T�`iBiBQMbX h?Bb ?�b HBKBi2/ `2T2�i�#BHBiv Q7 i?2
;`QmTb +QKT�`2/ iQ Qm` �TT`Q�+?X U+V b?Qrb i?2 T�`iBiBQMBM; pB� Qm` �TT`Q�+? r?2`2
i?2 ;`QmTb Q7 /Bz2`2Mi bBx2b �`2 Q`/2`2/ BM � T�`iB+mH�` r�vX U/V 2tTHB+BiHv b?Qrb i?2
`2T2�iBM; T�ii2`M i?�i rQmH/ #2 Q#i�BM2/ i?`Qm;? � +B`+mH�` b?B7i Q7 i?2 ;`QmTb �7i2`
2p2`v 3 /�vb UBX2X M = 3VX U2V b?Qrb i?2 #QtTHQi Q7 i?2 MQBb2 i?�i G�TH�+2 K2+?�MBbK
�//b UQp2` 100 Bi2`�iBQMbV 7Q` 2�+? +�b2 UU�V- U#V- �M/ U+VV 7Q` λ = s- r?2`2 s = d 7Q`
U�V- s = n+m 7Q` U#V- �M/ s = n 7Q` U+VX

h?2 i2KTQ`�H T�`iBiBQMBM; Bb �M BKTQ`i�Mi bi2T i?�i ?2HTb iQ ;�BM BM miBHBiv- Qi?2`@

rBb2 MQ bBM;H2 [m�/i`22 +�M #2 mb2/ iQ +QKTmi2 irQ a_ [m2`B2b �i /Bz2`2Mi /�vb- b22

6B;m`2 dXjU�V 7Q` �M 2t�KTH2 Q7 d = 8X 6m`i?2`KQ`2- #v �TTHvBM; *A_*lG�_@a>A6h
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QT2`�iBQM- r2 +�M `2/m+2 i?2 MmK#2` Q7 mMB[m2 ;`QmTb +QMi�BMBM; �Mv /�v +QKT�`2/

iQ i?2 +�b2 r?2M r2 /Q MQi- 7Q` 2t�KTH2- b22 6B;m`2 dXjU#V@U+V- r?2`2 n = 3 �M/

m =JP.(d, n)X 6B;m`2 dXjU2V ;Bp2b i?2 #QtTHQi Q7 i?2 MQBb2 G�TH�+2 K2+?�MBbK rBHH

�// BM 2�+? Q7 i?2 +�b2 7Q` d = 8 U7Q` i?2 2t�KTH2 ;Bp2M BM i?2 };m`2V �M/ d = 14- Qm`

7Q+mb2/ +�b2X *H2�`Hv- Qm` �TT`Q�+? BMi`Q/m+2 H2bb2` MQBb2 +QKT�`2/ iQ i?2 Qi?2` irQX

dX9Xj >Qr iQ +?QQb2 n Qp2` iBK2\

6BM�HHv- r2 ;Bp2 � ?2m`BbiB+ iQ TB+F i?2 p�Hm2 Q7 n Qp2` iBK2 7Q` i?2 +�b2 �i ?�M/- BX2X

d = 14X "v +?QQbBM; �TT`QT`B�i2 p�Hm2b Q7 n Qp2` iBK2 7m`i?2` BKT`Qp2b i?2 �++m`�+v-

r?B+? Bb /m2 iQ irQ `2�bQMbX 6B`bi- r?2M i?2 BM72+iBQM `�i2 Bb `2�HHv HQr- i?2`2 Bb

iQQ HBiiH2 /�i� iQ +`2�i2 T�`iBiBQMbc i?mb- MQ M22/ iQ mb2 T`Bp�+v #m/;2i 7Q` i?Bb i�bFX

a2+QM/- i?2 /BpBbBQMb i?�i ?�p2 H�`;2` bBx2- �HbQ ?�p2 ?B;?2` p�Hm2 Q7 i?2 b+�H2 U7Q` i?2

MQBb2 b�KTHBM; /Bbi`B#miBQMV 7Q` 2�+? [m�/`�Mi Q7 i?2 +Q``2bTQM/BM; [m�/i`22- H2�/BM;

iQ ?B;?2` K�;MBim/2 Q7 MQBb2X h?mb- TB+FBM; � ?B;?2` p�Hm2 Q7 n rBHH `2/m+2 i?2 �++m`�+vX

q2 b2i n = 1 B7 i?2 MmK#2` Q7 `2TQ`ib- #R- 7`QK i?2 /BpBbBQM Bb H2bb i?�M 20 Ur2

mb2 /Bz2`2MiB�HHv T`Bp�i2 p�Hm2b iQ +QKTmi2 #RVX q?2M #R 2t+22/b 20- r2 TB+F n

#�b2/ QM #R �M/ i?2 K�t ?2B;?i Q7 i?2 [m�/i`22- h- 7Q` i?2 /BpBbBQMX q?2M h ≤ 4 �M/

20 ≤ #R ≤ 44- r2 b2i n = 7X q?2M h = 6 �M/ 20 ≤ #R ≤ 44- r2 b2i n = 3X 6Q` �HH

i?2 `2K�BMBM; +�b2b- r2 b2i n = 2X

hQ /2p2HQT i?Bb ?2m`BbiB+- r2 mb2/ i?2 /�i� UQ7 +QM}`K2/ +QpB/@RN +�b2b /2b+`B#2/

BM a2+iBQM dXeV Qp2` }p2 KQMi?b U7`QK J�`+?- kyRN iQ CmHv- kykyVX q2 TB+F2/ 7Qm`

+QmMiB2b p�`vBM; BM i?2B` bBx2b- �M/ ?2M+2- i?2 K�tBKmK ?2B;?i Q7 i?2B` [m�/i`22bX q2

mb2/ i?Bb /�i� iQ #mBH/ i?2 .S [m�/i`22 +QHH2+iBQM 7Q` 2�+? Q7 i?2 14 +QMb2+miBp2 /�vb

Qp2` i?2 }p2 KQMi?b 7Q` 2�+? Q7 i?2 7Qm` +QmMiB2bX h?2M- 7Q` 2�+? +QmMiv �M/ /�v- r2

mMB7Q`KHv TB+F2/ 900 [m2`B2b UBX2X [m2`v `2;BQMbV- rBi? +QMbi`�BMi QM i?2 +QmMi UQ7 i?2

[m2`v `2;BQMV bm+? i?�i, 300 ?�/ +QmMi #2ir22M 50 �M/ 150- �MQi?2` 300 rBi? +QmMi

#2ir22M 151 �M/ 250- �M/ 300 rBi? +QmMi 251 Q` ;`2�i2`X G�biHv- r2 ;`QmT2/ /�vb

iQ;2i?2` #�b2/ QM i?2B` iQi�H +QmMi Q7 i?2 H�bi 14 /�vb 7Q` 2�+? /�v- �M/ +QKTmi2/ i?2

�p2`�;2 Q7 i?2 `2H�iBp2 2``Q` 7Q` 2�+? ;`QmT Q7 /�vb ě 6B;m`2 dX9 THQib i?Bb 2``Q` 7Q`

2�+? +QmMivX q2 mb2/ i?2b2 THQib iQ /2pBb2 Qm` ?2m`BbiB+bX
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6B;m`2 dX9, �p2`�;2 `2H�iBp2 2``Q` 7Q` Qm` �TT`Q�+? Qp2` mMB7Q`KHv TB+F2/ [m2`B2b 7Q`
2�+? /�v Qp2` � }p2 KQMi? T2`BQ/X
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dX8 Zm2`v *QKTmi�iBQM

hQ +QKTmi2 �M a_ [m2`v- r2 }M/ �HH i?2 /BpBbBQMb i?�i BMi2`b2+i rBi? i?2 [m2`v `2;BQM-

i?2M +QKTmi2 i?2 [m2`v Qp2` i?2 �HH i?2 [m�/i`22b UB/2MiB}2/ #v i?2 ;`QmT Q7 /�vb ;Bp2M

#v Qm` �H;Q`Bi?K 7Q` i?2 T�bi d /�vb mM/2` +QMbB/2`�iBQMV 7Q` 2�+? bm+? /BpBbBQM �M/

�;;`2;�i2 i?2B` QmiTmib iQ +QKTmi2 i?2 }M�H �Mbr2`X

hQ +QKTmi2 � [m2`v Qp2` � [m�/i`22- r2 i`�p2`b2 i?2 i`22 iQ }M/ �HH i?2 [m�/`�Mib

i?�i BMi2`b2+i rBi? i?2 [m2`v `2;BQM �M/ bmK i?2B` +QmMib iQ +QKTmi2 i?2 }M�H `2bmHiX

AM i?Bb bi2T- r2 7m`i?2` BKT`Qp2 i?2 �++m`�+v #v mbBM; i?2 +QmMi Q7 i?2 T�`2Mi MQ/2

B7 �HH Q7 Bib +?BH/`2M MQ/2b �`2 b2H2+i2/ Ub22 6B;m`2 dXkU#V@U+VV ě 7Q` /2i�BHb QM ?Qr iQ

+QKTmi2 � [m2`v Qp2` � [m�/i`22 b22 (3e)X

aBM+2 i?2 /Bz2`2MiB�HHv T`Bp�i2 [m�/i`22b QMHv biQ`2 i?2 +QmMi BM 2�+? [m�/`�Mi- r2

;2i i?2 +QmMi 7Q` i?2 r?QH2 [m�/`�Mi 2p2M r?2M i?2 [m2`v `2;BQM T�`iB�HHv BMi2`b2+ib

rBi? i?2 [m�/`�Mi Ub22 i?2 i?B`/ [m2`v BM 6B;m`2 dXkU+VVX AM bm+? +�b2b- r2 2KTHQv

mMB7Q`KBiv �bbmKTiBQM UBX2X i?2 /�i� BM � [m�/`�Mi Bb /Bbi`B#mi2/ mMB7Q`KHvV iQ ;2i

� #2ii2` 2biBK�i2 (3e)X aQ- BMbi2�/ Q7 i?2 +QmMi Q7 i?2 [m�/`�Mi- r2 mb2 i?2 +QmMi

T`QTQ`iBQM�H iQ i?2 �`2� Q7 i?2 [m2`v `2;BQM R i?�i BMi2`b2+ib rBi? i?2 `2;BQM URQV Q7

� [m�/`�Mi Q- BX2X cQ ×A(R∩RQ))/A(RQ)- r?2`2 cQ Bb i?2 +QmMi 7Q` i?2 [m�/`�Mi Q-

�M/ A ;Bp2b i?2 �`2� Q7 i?2 T`QpB/2/ `2;BQMX

>Qr2p2`- i?2`2 �`2 K�Mv BMbi�M+2b r?2M i?2 �+im�H `2;BQM 7`QK � /BpBbBQM K�F2b

� bK�HH T�`i Q7 i?2 `2;BQM Q7 � [m�/`�MiX h?Bb Bb #2+�mb2 r2 #mBH/ [m�/i`22b Qp2` i?2

#QmM/BM; #Qt2b Q7 i?2 /BpBbBQMbX 6Q` 2t�KTH2- b22 i?2 #QmM/BM; #Qt �M/ i?2 �+im�H

`2;BQM ;Bp2M BM 6B;m`2 dXkU�VX h?mb- BM bm+? +�b2b- i?2 �`2� Q7 i?2 [m�/`�Mi Bb Km+?

H�`;2` i?�M i?2 �+im�H �`2� Q7 i?2 `2;BQM Q7 i?2 /BpBbBQM Bi +QMi�BMb ě i?Bb H2�/b iQ �

HQr2` 2biBK�i2 Q7 i?2 +QmMiX q2 bQHp2 i?Bb T`Q#H2K #v 2KTHQvBM; � TQHv;QM�H Ub?�T2V

�TT`QtBK�iBQMb Q7 /BpBbBQMbX q2 mb2 i?2 BMi2`b2+iBQM Q7 i?2 TQHv;QM rBi? � [m�/`�Mi �b

i?2 �`2� Q7 i?2 [m�/`�Mi- �M/ i?2 BMi2`b2+iBQM Q7 i?2 [m2`v `2;BQM rBi? i?2 TQHv;QM �b

i?2 �`2� Q7 i?2 [m2`v `2;BQM BM i?2 [m�/`�MiX
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dXe 1KTB`B+�H 1p�Hm�iBQM

AM i?Bb b2+iBQM- r2 2KTB`B+�HHv 2p�Hm�i2 Q7 Qm` �TT`Q�+? iQ p�HB/�i2 Bib 2z2+iBp2M2bbX

6Q` i?Bb 2p�Hm�iBQM- r2 mb2/ `2�H@rQ`H/ /�i� QM +QM}`K2/ +QpB/@RN +�b2b 7Q` i?2 la�-

r?B+? r2`2 ;Bp2M �i i?2 +QmMiv H2p2H (3d)X

.�i�

h?2 /�i� r2 mb2/ ;Bp2b i?2 �;;`2;�i2 +QmMib UQ7 +QM}`K2/ +QpB/@RN +�b2bV �i i?2 +QmMiv

H2p2H 7Q` 2�+? /�vX h?2`27Q`2- r2 }`bi /Bb�;;`2;�i2/ i?2 /�i� 7Q` 2�+? +QmMiv 7Q` 2�+?

/�vX hQ /Q i?Bb- r2 2biBK�i2/ i?2 `�/Bmb Q7 2�+? +QmMiv- �M/ mb2/ Bi iQ T�`�K2i2`Bx2

i?2 b+�H2 Q7 2tTQM2MiB�H /Bbi`B#miBQM- r?B+? r2 mb2/ iQ b�KTH2 i?2 /Bbi�M+2 r 7`QK i?2

+2Mi2` Q7 i?2 +QmMiv 7Q` 2�+? TQBMiX h?2M- 7Q` 2�+? TQBMi �i /Bbi�M+2 r- r2 TB+F2/ �

HQ+�iBQM mMB7Q`KHv QM i?2 +B`+H2 Q7 `�/Bmb r- +2Mi2`2/ �i i?2 +QmMivǶb +2Mi2` +QQ`/BM�i2-

�M/ �bbB;M2/ i?2 /�i� TQBMi i?Bb HQ+�iBQMX

_2bmHib

q2 mb2 ε = 6- r?B+? Bb i?2 b�K2 p�Hm2 i?�i la *2Mbmb "m`2�m mb2/ 7Q` kyky +2Mbmb

(33)X "2HQr- 6B;m`2b dX8 �M/ dXe THQi i?2 +`m+B�H `2bmHib 7Q` Qm` �TT`Q�+?X

Pm` �TT`Q�+? ;Bp2b �++m`�i2 +mKmH�iBp2 +QmMib Qp2` iBK2 �b r2HH �b `�MFBM; iQ

B/2MiB7v ?QibTQib �i i?2 bi�i2 H2p2H U6B;m`2b dX8U�V@U+VV �b r2HH �b �i i?2 +QmMiv H2p2H

�M/ 2p2M rBi?BM i?2 +QmMiv U6B;m`2b dXeU�V@U#VVX

h?2 `2H�iBp2 2``Q` 7Q` i?2 +mKmH�iBp2 +QmMib BM i?2 bi�`i Bb ?B;?2` U6B;m`2b dX8U#VVX

h?Bb Bb #2+�mb2 BM i?2 #2;BMMBM; Q7 i?2 T�M/2KB+ i?2 +QmMib �`2 p2`v bK�HH 7Q` KQbi Q7

i?2 bi�i2bc i?�i Bb r?v i?2 �p2`�;2 2``Q` Bb HQr2` 7Q` i?2 25 bi�i2b rBi? i?2 KQbi +�b2b

�b +QKT�`2/ iQ i?2 �p2`�;2 2``Q` Qp2` �HH i?2 bi�i2b BM i?2 la�X q2 �HbQ +QKTmi2/

i?2 14@/�vb KQpBM; �p2`�;2 Q7 i?2 M2r +�b2bc 7Q` i?Bb- Qm` �TT`Q�+? BM+m`b � p2`v HQr

2``Q`X 1p2M BM i?2 +�b2 Q7 KQpBM; �p2`�;2- B7 i?2 +QmMi Bb bm{+B2MiHv ?B;?- i?2 2``Q` Bb

M2;HB;B#H2 U6B;m`2b dX8U/V@U2VVX

q2 �HbQ +QKT�`2 Qm` �TT`Q�+? rBi? i?2 M�Bp2 �TT`Q�+? i?�i QMHv mb2b /�i� �;MQbiB+

T�`iBiBQMBM; U/Bb+mbb2/ BM a2+iBQM dXjVX h?2 M�Bp2 �TT`Q�+? +`2�i2b }t2/ T�`iBiBQMb 7Q`
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2�+? bi�i2 bm+? i?�i 2�+? Q7 i?2 T�`iBiBQM Bb Q7 bBx2 1 FK2X 6Q` i?2 M�Bp2 �TT`Q�+?- r2

T2`im`#2/ i?2 +QmMi BM 2�+? T�`iBiBQM mbBM; G�TH�+2 K2+?�MBbK 7Q` b+�H2 1/6X h?mb-

+QKT�`2/ iQ Qm` �TT`Q�+?- i?2 M�Bp2 �TT`Q�+? �//b Km+? H2bb MQBb2 iQ i?2 +QmMi Q7

2�+? T�`iBiBQMX u2i- Qm` �TT`Q�+? QmiT2`7Q`K i?2 M�Bp2 QM2 #2+�mb2 i?2 M�Bp2 �TT`Q�+?

+`2�i2b � ?m;2 MmK#2` Q7 T�`iBiBQMbX

Pp2`�HH- i?2 2KTB`B+�H 2p�Hm�iBQM b?Qrb i?�i Qm` �TT`Q�+? +�M 2z2+iBp2Hv i`�+F +QpB/@

RN T�M/2KB+ r?BH2 T`2b2`pBM; T`Bp�+v Q7 i?Qb2 r?Q +QMi`B#mi2 i?2B` /�i�X

6B;m`2 dX8, S`Bp�i2 +QmMib `272` iQ i?2 +QmMib +QKTmi2/ #v Qm` K2i?Q/ 7`QK i?2 �+im�H
+QpB/@RN +�b2 +QmMiX U�V Dmti�TQb2b i?2 ?2�iK�Tb Q7 i?2 +mKmH�iBp2 +QmMib �i i?2 bi�i2
H2p2H- #Qi? �+im�H �M/ T`Bp�i2 QM dfRdfkykyX U#V THQib i?2 �p2`�;2 Q7 i?2 `2H�iBp2 2``Q`
BM +mKmH�iBp2 +QmMib 7Q` i?2 iQT k8 bi�i2b U#v +�b2 +QmMiV �M/ i?2 2MiB`2 la Qp2` i?2
T2`BQ/ 7`QK jfkyfkyky Ĝ NfRfkykyX U+V THQib i?2 E2M/�HHǶb τ UE2M/�HH `�MF +Q``2H�iBQM
+Q2{+B2Mi (3N)V Q7 i?2 irQ `�MF2/ HBbib Q7 bi�i2b Q#i�BM2/ 7`QK i?2 T`Bp�i2 �M/ i?2
�+im�H +QmMib ě r?2M irQ HBbi ?�p2 i?2 b�K2 Q`/2`BM;- i?2 b+Q`2 Bb 1 U/V THQib i?2 R9
/�v KQpBM; �p2`�;2 Q7 #Qi? i?2 T`Bp�i2 �M/ i?2 �+im�H +QmMib 7Q` L2r uQ`F- h2t�b-
�M/ i?2 2MiB`2 la Qp2` i?2 T2`BQ/ 7`QK jfkyfkyky Ĝ NfRfkykyX aBM+2 Qm` K2i?Q/ Bb
T`Q#�#BHBbiB+- i?2 T`Bp�i2 +QmMib b?QrM �`2 i?2 �p2`�;2 Qp2` Ryy Bi2`�iBQMbX U2V b?Qrb
i?2 #QtTHQi Q7 i?2 `2H�iBp2 2``Q` Q7 i?2 KQpBM; �p2`�;2 Qp2` i?2b2 Ryy Bi2`�iBQMbX
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6B;m`2 dXe, S`Bp�i2 +QmMib `272` iQ i?2 +QmMib +QKTmi2/ #v Qm` K2i?Q/ 7`QK i?2 �+im�H
+QpB/@RN +�b2 +QmMiX U�V /2TB+ib i?2 bi�+F2/ #�`+?�`i Q7 i?2 +�b2 +QmMib Q7 i?2 8 +QmMiB2b
BM Lu ai�i2 rBi? i?2 KQbi +QpB/@RN +�b2bX 6Q` 2�+? /�v, UBV irQ bi�+F2/ #�`b �`2 ;Bp2M-
i?2 }`bi 7Q` i?2 �+im�H +QmMib- �M/ i?2 b2+QM/ 7Q` i?2 T`Bp�i2 +QmMibc �M/ UBBV 2�+?
#�` ;Bp2b i?2 iQi�H +QpB/@RN +�b2b 7Q` i?2 R9 /�v T2`BQ/ H2�/BM; mTiQ i?�i /�vX U#V
Dmti�TQb2b i?2 ?2�iK�Tb Q7 i?2 �+im�H �M/ T`Bp�i2 R9@/�vb +�b2 +QmMib UQM � HQ; b+�H2V
7Q` Lu bi�i2 �M/ 7Q` _B+?KQM/ +QmMiv- QM jfkyfkyky �b r2HH �b QM y9fRjfkykyX U+V
+QKT�`2b Qm` �TT`Q�+? iQ i?2 M�Bp2 �TT`Q�+? i?�i �HbQ ;m�`�Mi22b i?2 b�K2 H2p2H Q7
T`Bp�+v BM i2`Kb Q7 i?2B` �#bQHmi2 2``Q` �i i?2 bi�i2 �M/ +QmMiv H2p2HX "Qi? i?2 K2i?Q/b
�`2 T`Q#�#BHBbiB+- �M/ i?2`27Q`2 i?2 #QtTHQib �`2 +QKTmi2/ Qp2` Ryy Bi2`�iBQMbX

S`QQ7 Q7 h?2Q`2K dXR

h?2Q`2K UdXR `2bi�i2/VX �`#Bi`�`BHv +?QQb2 BMi2;2`b d �M/ n bm+? i?�i d ≥ n ≥ 1- �M/

H2i q = 4d/n5 �M/ m = JP.(d, n)X LQr- H2i C = C1, C2, . . . #2 i?2 +Qp2`@b2[m2M+2

;2M2`�i2 #v L1sh@*Po1_ U�H;Q`Bi?K RV 7Q` C1 = {In(1), . . . , In(1+(q−1)n), Im(1+

qn)} �M/ M = nX h?2M C Bb � +Qp2`@b2[m2M+2 Q7 I(d) bm+? i?�i 7Q` 2p2`v t ≥ d-

St(C) ≤ nX

hQ T`Qp2 i?2 i?2Q`2K- r2 M22/ iQ /2}M2 bQK2 MQi�iBQM �M/ MQi2 bQK2 Q#b2`p�iBQMb

�#Qmi i?2 +Qp2`@b2[m2M+2 ;2M2`�i2/ #v L1sh@*Po1_- r?B+? �`2 T`QpB/2/ #2HQrX q2

MQi2 i?�i i?2 K�BM T�`i Q7 i?2 T`QQ7 7Q+mb2b QM i?2 +�b2 r?2M t Bb BM+Hm/2/ BM �i H2�bi

QM2 BMi2`p�H Q7 H2M;i? m ≥ 1 #2HQM;BM; iQ QM2 Q7 i?2 +Qp2`b ;Bp2M #v CX
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G2i d, n,m- �M/ q #2 �b ;Bp2M �#Qp2- �M/ �bbmK2 i?�i m ≥ 1X AM i?Bb +�b2- 7Q` 2p2`v

i- |Ci| = q + 1c H2i N = q + 1X 6Q` 2p2`v t ∈ N+- H2i kt = N − JP.(4(t − d)/M5, N)

ě `2+�HH M = n BM h?2Q`2K dXRX >2M+27Q`i?- r2 �bbmK2 M = nX 6Q` �Mv t ≥ d-

r2 /2}M2 C [kt](t) iQ #2 {I(1), . . . , I(N)} bm+? i?�i 7Q` 2p2`v l &= kt- |I(l)| = n �M/

I(l) = In(1+t−
∑N

r=l |I(r)|)- �M/ 7Q` kt- |I(kt)| = m �M/ I(kt) = Im(1+t−m−(N−kt)n)X

LQi2 i?�i 7Q` C [kt](t)- kt ;Bp2b i?2 TQbBiBQM Q7 i?2 BMi2`p�H Q7 H2M;i? m U7`QK i?2 H27iV

r?2M �HH i?2 BMi2`p�Hb BM C [kt](t) �`2 TH�+2/ QM i?2 MmK#2` HBM2X

LQr- MQi2 i?�i 7Q` C1 ;Bp2M BM h?2Q`2K dXR- i?2 +Qp2`@b2[m2M+2- C = C1, C2, . . . -

;2M2`�i2/ #v L1sh@*Po1_ 7Q` C1 �M/ M = n- Bb bm+? i?�i MQi QMHv C1 = C [N ](d)-

#mi i?2 bBKBH�` `2H�iBQMb?BT ?QH/b 7Q` �HH i?2 +Qp2`b U6�+i dXRVX 6m`i?2`KQ`2- 7Q` 2p2`v

i ≥ 1- Ci+nN Bb i?2 b�K2 +Qp2` �b Ci rBi? 2p2`v BMi2`p�H BM Ci b?B7i2/ iQ `B;?i #v nN

#2+�mb2 7Q` t = d+ i−1- kt = kt+nN ě i?2 BMimBiBQM T`QpB/2/ #v i?Bb Q#b2`p�iBQM TH�vb

�M BKTQ`i�Mi `QH2 BM Qm` T`QQ7bX

6�+i dXRX 6Q` 2p2`v i ≥ 1 �M/ t = d+ i− 1- Ci = C [kt](t)X

6Q` i?2 �#Qp2 b2iiBM; U�HbQ ;Bp2M BM h?2Q`2K dXRV- 2p2`v BMi2`p�H Q7 H2M;i? m Ur?B+?

#2HQM;b iQ �Mv Q7 i?2 +Qp2` ;Bp2M #v CV Bb T`2b2Mi BM N /BbiBM+i +Qp2`b BM C UP#b2`p�@

iBQM dXRVX

P#b2`p�iBQM dXRX 6Q` 2p2`v i ≥ 1 �M/ t ≥ d- B7 Im(t) ∈ Ci- i?2M Im(t) #2HQM;b iQ N

/BbiBM+i +Qp2`b- M�K2Hv- Im(t) ∈ ∩N−1
a=0 Cj+an 7Q` bQK2 j ≥ 1X

hQ +QM}`K i?2 �#Qp2 Q#b2`p�iBQM- �`#Bi`�`BHv }t �M BMi2;2` b ≥ 0- �M/ H2i ts = d+

bnN X LQr- 7Q` t = ts, . . . , (ts+nN−1)- i?2 BMi2`p�H Im(1+t−m−(N−kt)n) ∈ C [kt](t)X

6BM�HHv- MQi2 i?�i 7Q` ts ≤ t < ts+(n−1)- kt = N - �M/ 7Q` 2p2`v a bm+? i?�i 1 ≤ a < N -

Im(1 + t−m− (N − kt)n) = Im(1 + t+ an−m− (N − kt+an)n) ∈ C [kt+an](t+ an)

h?2 �#Qp2 `2H�iBQM ?QH/b #2+�mb2 kt+an = N − a 7Q` 1 ≤ a < N X

P#b2`p�iBQM dXR �HbQ BKTHB2b i?�i 7Q` �Mv t ≥ d- �HH i?2 +Qp2`b i?�i +QMi�BM t +QMbBbi

Q7 �i KQbi n mMB[m2 BMi2`p�Hb Q7 H2M;i? mX h?Bb ?QH/b #2+�mb2 7Q` �Mv ;Bp2M t- i?2`2 �`2

�i KQbi d +Qp2`b BM C i?�i +�M +QMi�BM t- 2�+? Q7 r?B+? +QMi�BMb QMHv QM2 BMi2`p�H Q7

H2M;i? m- �M/ 2�+? Q7 i?2b2 BMi2`p�H Bb T`2b2Mi BM N /BbiBM+i +Qp2`bc i?2`27Q`2- d/N =
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(qn+m)/N ≤ nX q2 rBHH mb2 i?Bb `2bmHi iQ +QM}`K Qm` M2ti Q#b2`p�iBQM i?�i ;Bp2b mb

i?2 p�Hm2b Q7 t i?�i +�M #2 +QMi�BM2/ BM �M BMi2`p�H Q7 H2M;i? m BM i?2 +Qp2`@b2[m2M+2

CX

P#b2`p�iBQM dXkX 6Q` 2p2`v t ≥ d bm+? i?�i t Bb +QMi�BM2/ BM �M BMi2`p�H Q7 H2M;i? m

;Bp2M #v i?2 C- i?2`2 2tBbib �M BMi2;2` b ≥ 0 bm+? i?�i 2Bi?2` d+bnN ≤ t < d+(bN+1)n

Q` d+ (b+ 1)nN −m < t < d+ (b+ 1)nN X

hQ +QM}`K i?2 �#Qp2 Q#b2`p�iBQM- �`#Bi`�`BHv }t t b�iBb7vBM; i?2 +QM/BiBQM ;Bp2M

�#Qp2X LQi2 i?�i i?2`2 2tBbib � MQM@M2;�iBp2 BMi2;2` b bm+? i?�i d + bnN ≤ t <

d + (b + 1)nN ě H2i mb }t i?Bb bX G2i ts = d + bnN - �M/ MQi2 i?�i 7Q` t′ = ts, ts +

1, . . . , ts+n−1- Ct′−d+1 = C [N ](t′)- �M/ Im(t′−m+1) ∈ C [N ](t′) ě i?2b2 BMi2`p�Hb �`2

i?2 n mMB[m2 BMi2`p�Hb Q7 H2M;i? m BM i?2 +Qp2`b Cts−d+1, . . . , Cts+nN−d U�M BKTHB+�iBQM

Q7 P#b2`p�iBQM dXR /Bb+mbb2/ �#Qp2VX 6m`i?2`KQ`2- 7Q` t′ = ts + n − 1- t′ #2HQM;b iQ

Im(t′ − m + 1)c 7m`i?2`KQ`2- i?Bb BMi2`p�H +QMi�BMb i?2 K�tBKmK p�Hm2 Q7 l ∈ N+

+QKT�`2/ iQ �HH n mMB[m2` BMi2`p�Hb Q7 H2M;i? mX aBM+2 t′ + 1 /Q2b MQi #2HQM; iQ

Im(t′ − m + 1)- r2 +QM+Hm/2 i?�i B7 t #2HQM;b iQ �Mv Q7 i?2 BMi2`p�Hb ;Bp2M ?2`2- i?2M

d+ bnN ≤ t < d+ (bN + 1)nX

h?2 M2ti BMi2`p�H Q7 H2M;i? m- r?B+? Bb MQi T`2b2Mi BM �Mv Q7 i?2 T`2pBQmb +Qp2`b- Bb

�i t′ = d+(b+1)nN - �M/ ?2`2- Im(t′−m+1) ∈ Ct′−d+1 = C [N ](t′)X h?mb- i?mb i?2`2 Bb

MQ BMi2`p�H Q7 H2M;i? m i?�i +�M +QMi�BM t r?2M d+(bN +1)n ≤ t ≤ d+(b+1)nN −mX

LQr- 7`QK � bBKBH�` �`;mK2Mi �b 7Q` i?2 +�b2 �#Qp2- i?2 +H�BK BM P#b2`p�iBQM dXk

7QHHQrbX

P#b2`p�iBQM dXjX 6Q` 2p2`v t1, t2 ≥ d bm+? i?�i t1 &= t2- B7 i?2`2 2tBbib t bm+? i?�i

Im(t) ∈ C [kt1 ](t1) ∩ C [kt2 ](t2)- i?2M Bi 7QHHQrb i?�i,

(1) In(t− n) ∈ C [kt1 ](t1) ∩ C [kt2 ](t2) B7 kt1 , kt2 > 1-

(2) In(t+m) ∈ C [kt1 ](t1) ∩ C [kt2 ](t2) B7 kt1 , kt2 < N X

h?2 �#Qp2 +H�BK 7QHHQrb 7`QK i?2 7�+i i?�i 2p2`v +Qp2`b BM i?2 +Qp2`@b2[m2M+2- C-

+QMi�BMb QM2 BMi2`p�Hb Q7 H2M;i? m �M/ �i H2�bi QM2 BMi2`p�H Q7 H2M;i? n ě `2+�HH i?�i

r2 �bbmK2/ i?�i 1 ≤ m < nX
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S`QQ7 Q7 h?2Q`2K dXRX G2i q,m- �M/ C #2 �b /2b+`B#2/ BM h?2Q`2K dXR 7Q` �`#Bi`�`v

p�Hm2b Q7 d �M/ n bm+? i?�i d ≥ n ≥ 1X

q?2M n /BpB/2b d- C1 rBHH ?�p2 �M 2KTiv BMi2`p�H- BX2X i?2 BMi2`p�H rBi? H2M;i?

m = 0X AM i?Bb +�b2- r2 rBHH /Bb`2;�`/ i?Bb BMi2`p�H �M/ �bbmK2 i?�i C1 QMHv +QMbBbib

Q7 d/n BMi2`p�Hb- 2�+? Q7 H2M;i? nX LQi2 i?�i i?Bb /Q2b MQi �z2+i i?2 +Q``2+iM2bb Q7

Qm` �`;mK2Mib #2+�mb2 i?2 BMi2`p�Hb r2 /Bb+�`/ Bb �M 2KTiv b2ic 7m`i?2`KQ`2- i?Bb

�bbmKTiBQM rBHH MQi #2 �TTHB+�#H2 r?2M m ≥ 1X

q2 /BpB/2 Qm` �`;mK2Mi BMiQ irQ T�`ib, i?2 }`bi QM2 2bi�#HBb?2b i?�i C Bb � +Qp2`@

b2[m2M+2 Q7 I(d)- �M/ i?2 b2+QM/ b?Qrb i?�i St(C) ≤ n 7Q` 2p2`v t ≥ dX

S�`i R- C Bb � +Qp2`@b2[m2M+2 Q7 I(d),

q2 mb2 �M BM/m+iBp2 �`;mK2Mi iQ b?Qr i?�i C = C1, C2, C3, . . . Bb � +Qp2`@b2[m2M+2 Q7

I(d) = I(1), I(2), I(3), . . . - i?�i Bb- 7Q` 2p2`v t ≥ d �M/ i = t− d+1- I(i) = Id(i) = U(Ci)X

LQi2 i?�i Id(1) = U(C1) �M/ �HH i?2 BMi2`p�Hb BM C1 �`2 +QMiB;mQmb �M/ T�B`rBb2 /BbDQBMi

U#�b2 +�b2VX �bbmK2 Id(i) = U(Ci) 7Q` bQK2 i ≥ 1 �M/ �HH i?2 BMi2`p�Hb BM Ci �`2

+QMiB;mQmb �M/ T�B`rBb2 /BbDQBMi UBM/m+iBp2 ?vTQi?2bBbVX

"2+�mb2 Ci Bb � +Qp2` Q7 Id(i) �M/ �HH i?2 BMi2`p�Hb BM Bi �`2 +QMiB;mQmb �M/ T�B`rBb2

/BbDQBMi- Bi 7QHHQrb i?�i U(a>A6h(Ci)) = U(a>A6h(*A_*lG�_@a>A6h(Ci)))X LQr-

7`QK i?2 �#Qp2 r2 ;2i, Id(i + 1) = U(a>A6h({Id(i)})) = U(a>A6h(Ci)) = U(Ci+1)X

6`QK ?2`2- i?2 +H�BK 7QHHQrbX

S�`i k- St(C) ≤ n,

LQr r2 T`Qp2 i?�i 7Q` 2p2`v t ≥ d- St(C) ≤ n U`2+�HH i?�i St(C) = |{J ∈ Ci : i ∈

N+ �M/ t ∈ Ci}|VX 6Bt �M �`#Bi`�`v p�Hm2 Q7 t ≥ dX

6B`bi- +QMbB/2` i?2 +�b2- r?2M �HH BMi2`p�Hb BM i?2 +Qp2`@b2[m2M+2 +QMi�BMBM; t �`2 Q7

H2M;i? nX h?�i Bb- 7Q` 2p2`v Ci i?�i +QMi�BMb t- BX2X t ∈ J ∈ Ci- |J | = nX AM i?Bb +�b2-

St(C) ≤ n ?QH/b #2+�mb2 i?2`2 �`2 QMHv n mMB[m2 +QMiB;mQmb BMi2`p�Hb Q7 H2M;i? n i?�i

+�M +QMi�BM t- M�K2Hv- In(t−n+1), . . . , In(t)X h?Bb �HbQ +Qp2`b i?2 +�b2 r?2M n /BpB/2b

dc i?mb- 7Q` `2bi Q7 i?2 T`QQ7- r2 �bbmK2 i?�i 1 ≤ m < n ě i?mb- �HH i?2 Q#b2`p�iBQMb

r2 K�/2 �#Qp2 �`2 �TTHB+�#H2 ?2`2X
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LQr- r2 +QMbB/2` i?2 +�b2- r?2`2 t #2HQM;b iQ �i H2�bi QM2 BMi2`p�H Q7 H2M;i? m BM QM2

Q7 i?2 +Qp2`b, i?�i Bb- 7Q` bQK2 Ci- t ∈ J ∈ Ci �M/ |J | = mX G2i i?2`2 #2 # mMB[m2 BMi2`@

p�Hb Q7 H2M;i? m i?�i +QMi�BM t ě MQi2 i?�i # +�MMQi #2 KQ`2 i?�M mX h?Bb ;Bp2b mb2

irQ +�b2b 7Q` t UP#b2`p�iBQM dXkVX G2i b #2 �M BMi2;2` bm+? i?�i d+bnN ≤ t < (b+1)nN X

G2i tr = t+ r 7Q` r = 0, 1, 2, . . . U`2+�HH i?�i t r�b �`#Bi`�`BHv TB+F2/VX

*�b2 R
[
d + bnN ≤ t < d + (bN + 1)n

]
, 6B`biHv- MQi2 i?�i 7Q` 2p2`v t′ bm+? i?�i

d+ bnN ≤ t′ < d+ bnN + n- Im(t′ −m+ 1) ∈ Ct′−d+1 = C [N ](t′)- �HH Q7 i?2b2 BMi2`p�Hb

�`2 /Bz2`2Mi 7`QK 2�+? Qi?2`X L2ti- MQi2 i?�i r?2M d+ bnN ≤ t ≤ d+ (bN +1)n−m-

# = m- Qi?2`rBb2 # < mX h?Bb ?QH/b #2+�mb2 7Q` ts = d + anN - i?2 BMi2`p�Hb Q7 H2M;i?

m BM i?2 +Qp2`b C [kts=N ](ts), C [kts+1=N ](ts + 1), . . . , C [kts+(n−1)=N ](ts + (n− 1)) �`2 /B7@

72`2Mi- r?2`2 2�+? BMi2`p�H BM i?2 M2ti +Qp2` Bb Q#i�BM2/ #v b?B7iBM; � +Q``2bTQM/BM;

BMi2`p�H BM i?2 T`2pBQmb +Qp2` #v 1X

*�b2 RX� (d+ bnN ≤ t ≤ d+ (bN + 1)n−m �M/ # = m),

6Q` # ≤ r ≤ n−1- t ∈ In(tr−n−αm+1) ∈ Ctr−d+1 = C [ktr ](tr) 7Q` α = 0 Q` α = 1c

�M/ 2�+? Q7 i?2b2 n− # /BbiBM+i BMi2`p�Hb Q7 H2M;i? n Bb T`2b2Mi BM N − 1 /BbiBM+i +Qp2`bX

h?Bb ?QH/b #2+�mb2- ?2`2- ktr Bb 2Bi?2` N U;BpBM; α = 1V Q` N−1 U;BpBM; α = 0V- �M/ 7Q`

#Qi? Q7 i?2b2 +�b2b- 2�+? In(tr − n− αm+ 1) Bb T`2b2Mi BM N − 1 /BbiBM+i +Qp2`bX h?Bb

7QHHQrb 7`QK P#b2`p�iBQM dXR UBX2X 2�+? BMi2`p�H Q7 H2M;i? m Bb T`2b2Mi BM N /BbiBM+i

+Qp2`bV �M/ P#b2`p�iBQM dXjX

>2M+2- 7Q` i?Bb bm#@+�b2 UBX2X # = mV- r2 +QM+Hm/2 i?�i St(C) ≤ nX "2+�mb2 t Bb

+QMi�BM2/ BM m mMB[m2 BMi2`p�Hb Q7 H2M;i? m- 2�+? Q7 r?B+? Bb T`2b2Mi BM N /BbiBM+i

+Qp2`b- �b r2HH �b n−m mMB[m2 BMi2`p�Hb Q7 H2M;i? n- 2�+? Q7 r?B+? Bb T`2b2Mi BM N − 1

/BbiBM+i +Qp2`- �M/ i?mb- mN + (n−m)(N − 1) = dX

*�b2 RX# (d+ (bN + 1)n−m < t < d+ (bN + 1)n �M/ 1 ≤ # < m),

A7 r2 H2i ts = d+bnN - i?2M r2 ;2i t = ts+n−#X h?Bb ?QH/b #2+�mb2 7Q` t = ts+n−m-

i?2`2 �`2 m BMi2`p�Hb Q7 H2M;i? m- r?B+? +QMi�BM t- �M/ 2�+? Q7 i?2 n /BbiBM+i BMi2`p�Hb

Q7 H2M;i? m- M�K2Hv- Im(ts −m+ 1), . . . , Im(ts −m+ n) Ur?B+? `2bT2+iBp2Hv #2HQM; iQ

+Qp2`b C [N ](ts), . . . , C [N ](ts+n−1)V- +�M #2 Q#i�BM2/ #v b?B7iBM; i?2 T`2+2/BM; BMi2`p�H

#v 1 U2t+2Ti 7Q` i?2 }`bi QM2VX
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L2ti- r2 b?Qr i?�i BM i?Bb bm#@+�b2- i?2`2 �`2 �//BiBQM�H +Qp2`b i?�i +QMi�BM t-

�M/ r2`2 MQi +QMbB/2`2/ BM *�b2 RX�X 6Q` w ∈ N- r2 H2i t′w = ts + nN + w �M/

t̂w = ts + 2n −m + wX LQr- 7Q` t = ts + n − # �M/ 2p2`v w = 0, 1, . . . ,m − # − 1- r2

?�p2 i?�i t ∈ In(t′w − d+1) = In(t̂w − n+1)- r?2`2 In(t′w − d+1) ∈ C [kt′w
=N ](t′w) �M/

In(t̂w−n+1) ∈ C [kt̂w=N−1](t̂w)X >Qr2p2`- r2 ?�p2 +QMbB/2`2/ i?2 +Qp2`b +Q``2bTQM/BM;

iQ t̂w UBX2X C [kt̂w=N−1](t̂w)V BM *�b2 RX�X h?mb- r2 +QM+Hm/2 i?�i BM i?Bb bm#@+�b2 �b r2HH-

r2 ?�p2 n− # mMB[m2 BMi2`p�Hb Q7 H2M;i? n i?�i +QMi�BM tX h?Bb +QKTH2i2b i?2 +H�BK 7Q`

*�b2 1X

*�b2 k
[
d+(1+ b)nN −m+1 ≤ t ≤ d+(1+ b)nN − 1

]
, >2`2- 1 ≤ # ≤ m− 1 #2+�mb2

7Q` t′ = d+ (1+ b)nN - Ct′−d+1 = C [N ](t′) Bb i?2 }`bi +Qp2` UBM i?2 +Qp2`@b2[m2M+2V i?�i

+QMi�BMb J bm+? i?�i |J | = m �M/ t ∈ J - �M/ i?2 BMi2`p�H J ∈ C [N ](t′ + (m − 1)) i?�i

+QMi�BMb t ?�b H2M;i? nX

L2ti- MQi2 i?�i t ∈ In(tr − n + 1) ∈ Ctr−d+1 = C [1](tr) 7Q` 0 ≤ r ≤ m − # − 1X

6m`i?2`KQ`2- Ctr+m−d+1 = C [N ](tr +m) �M/ In((tr +m)− n−m+ 1) ∈ C [N ](tr +m)X

LQr- mbBM; P#b2`p�iBQMb 7.1 �M/ 7.3- � bBKBH�` �`;mK2Mi �b BM *�b2 R- b?Qrb i?�i i?2`2

�`2 �i KQbi n mMB[m2 BMi2`p�Hb i?�i +QMi�BM t- BX2X- St(C) ≤ nX

aBM+2 r2 TB+F2/ t �`#Bi`�`BHv- i?2 +H�BK ?Q/b 7Q` 2p2`v tX h?Bb +QKTH2i2b i?2 T`QQ7X
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*QM+HmbBQM �M/ 6mim`2 .B`2+iBQMb

q2 #2;�M rBi? i?2 [m2biBQM- ǳAb Bi TQbbB#H2 iQ �++m`�i2Hv �M�Hvx2 /�i� 7Q` QmiHB2`b r?BH2

T`Qi2+iBM; T`Bp�+v Q7 i?2 T2QTH2 r?Qb2 /�i� r2 �M�Hvx2\Ǵ- r?B+? i?Bb /Bbb2`i�iBQM �M@

br2`b BM i?2 �{`K�iBp2X Ai Bb i?2 }`bi iQ H�v Qmi i?2 7QmM/�iBQMb Q7 T`Bp�+v@T`2b2`pBM;

QmiHB2` �M�HvbBbX AM Bi- r2 b?Qr2/ i?�i T`�+iB+�HHv@`2H2p�Mi b2iiBM;b 7Q` QmiHB2` �M�HvbBb

`2/m+2 iQ irQ b2iiBM;b, QM2 Bb bmBi�#H2 7Q` /Bz2`2MiB�H T`Bp�+v- �M/ i?2 Qi?2` Bb MQiX

6Q` i?Bb ǳQi?2`Ǵ b2iiBM;- r2 +QM+2Tim�HBx2/ i?2 MQp2H MQiBQM Q7 b2MbBiBp2 T`Bp�+v- r?B+?

K�F2b Bi TQbbB#H2 iQ �Mbr2` QmiHB2` [m2`B2b �++m`�i2Hv �M/ T`Bp�i2HvX q2 i?2M /2p2H@

QT2/ +QMbi`m+iBQMb iQ ;Bp2 b2MbBiBp2Hv T`Bp�i2 K2+?�MBbKb iQ B/2MiB7v QmiHB2`b ě r?B+?

?�p2 p2`v ?B;? �++m`�+v BM T`�+iB+2X q2 �HbQ T`QTQb2/ � 7`�K2rQ`F iQ /BbiBM;mBb? #2@

ir22M i?2 irQ b2iiBM;b 7Q` QmiHB2` �M�HvbBb U/2b+`B#2/ �#Qp2VX h?Bb 7`�K2rQ`F Bb mb27mH

7Q` /�i� �M�Hvbib r?Q +�M mb2 Bi iQ B/2MiB7v i?2 `B;?i T`Q#H2K@bT2+B}+�iBQM 7Q` i?2B`

�TTHB+�iBQMb- 2X;X- r?2i?2` i?2v b?QmH/ mb2 /Bz2`2MiB�H T`Bp�+v Q` b2MbBiBp2 T`Bp�+v 7Q`

i?2B` �TTHB+�iBQM �M/ b2iiBM;X h?2 i?2Q`2iB+�H �M�HvbBb �b r2HH �b �M 2ti2MbBp2 2KTB`B+�H

2p�Hm�iBQM Q7 Qm` �TT`Q�+? bi`QM;Hv bmTTQ`i Bib 2z2+iBp2M2bbX

3XR 6mim`2 qQ`F

h?Bb /Bbb2`i�iBQM QT2Mb M2r /B`2+iBQMb BM /�i� T`Bp�+v `2b2�`+? 7Q` QmiHB2` �M�HvbBbX

"2HQr- r2 T`QpB/2 �M �++QmMi Q7 BKTQ`i�Mi �M/ T`�+iB+�HHv `2H2p�Mi 7mim`2 /B`2+iBQMb

7Q` 7m`i?2` `2b2�`+?X
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3XRXR *?�`�+i2`Bx�iBQM Q7 T`Bp�+v@miBHBiv i`�/2 Qzb

q2 r�Mi iQ +QKTH2i2Hv �M�Hvx2 i?2 T`Bp�+v@miBHBiv i`�/2 Qzb 7Q` T`Bp�i2 K2+?�MBbKb

7Q` #QQH2�M [m2`B2b U`2+�HH i?�i �MQK�Hv B/2MiB}+�iBQM Bb QM2 bm+? [m2`vVX 6Q` BMbi�M+2-

?Qr +�M QM2 +?�`�+i2`Bx2 i?2 miBHBiv Q7 T`Bp�i2 K2+?�MBbKb 7Q` #QQH2�M [m2`B2b- �M/ ?Qr

+�M QM2 #mBH/ i?2 QTiBK�H K2+?�MBbK mM/2` /Bz2`2MiB�H T`Bp�+v �M/ b2MbBiBp2 T`Bp�+v

Ur2 QMHv HQQF2/ �i i?2 T�`2iQ QTiBK�HBivVX

q2 b?Qr2/ i?�i 7Q` 2tBbi2M+2@/2T2M/2Mi QmiHB2` [m2`B2b- i?2 miBHBiv �+?B2p�#H2 #v

/Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK Bb `2bi`B+iBp2X q2 2bi�#HBb?2/ �M mTT2` #QmM/ QM i?2

miBHBiv Q7 �Mv /Bz2`2MiB�HHv T`Bp�i2 K2+?�MBbK 7Q` #QQH2�M QmiHB2` [m2`B2b- 2X;X �MQK�Hv

B/2MiB}+�iBQM- � 7mM/�K2Mi�H [m2`v BM QmiHB2` �M�HvbBbX >Qr2p2`- i?2 +Q``2bTQM/BM; MQM@

i`BpB�H #QmM/b 7Q` Qi?2` QmiHB2` �M�HvbBb i�bFb bm+? �b +QKTmiBM; i?2 MmK#2` Q7 QmiHB2`b

Q` �HH i?2 QmiHB2`b BM /�i� �`2 biBHH mMFMQrMX .2`BpBM; i?2b2 #QmM/b Bb 2bb2MiB�H iQ

+QKTH2i2Hv mM/2`bi�M/ �M/ bQHp2 i?2 T`Q#H2K Q7 T`Bp�i2 QmiHB2` �M�HvbBbX 6m`i?2`KQ`2-

/2`BpBM; bBKBH�` #QmM/b QM i?2 miBHBiv Q7 b2MbBiBp2Hv T`Bp�i2 K2+?�MBbKb Bb �MQi?2`

BKTQ`i�Mi `2b2�`+? T`Q#H2K iQ BKT`Qp2 Qm` mM/2`bi�M/BM; Q7 T`Bp�i2 QmiHB2` �M�HvbBbX

a2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? Bb QM2 Q7 i?2 7mM/�K2Mi�H Q#D2+ib BM +QM+2Tim�HBxBM;

b2MbBiBp2 T`Bp�+vX Ai TH�vb � TBpQi�H `QH2 BM /2p2HQTBM; Qm` +QMbi`m+iBQMb iQ �+?B2p2

b2MbBiBp2 T`Bp�+vX q2 r�Mi iQ 7m`i?2` 2tTHQ`2 �M/ �M�Hvx2 Bib T`QT2`iB2b �M/ Bib `2H�@

iBQM iQ i?2 �++m`�+vfT2`7Q`K�M+2 Q7 b2MbBiBp2Hv T`Bp�i2 K2+?�MBbKb- 7Q` 2t�KTH2- ?Qr

Bib +QMM2+iBpBiv `2H�i2b iQ i?2 b2MbBiBp2 T`Bp�+v ;m�`�Mi22 �M/ �++m`�+v BM �MQK�Hv

B/2MiB}+�iBQM �M/ QmiHB2` /2i2+iBQMX

q2 mb2/ KBMBKmK /Bb+`2T�Mi /Bbi�M+2 UK//V 7mM+iBQM Qp2` � M2B;?#Q`?QQ/ ;`�T?

iQ +?�`�+i2`Bx2 i?2 miBHBiv Q7 b2MbBiBp2Hv T`Bp�i2 K2+?�MBbKb 7Q` #QQH2�M [m2`B2bX aBM+2

b2MbBiBp2 T`Bp�+v ;2M2`�HBx2b /Bz2`2MiB�H T`Bp�+v- i?2 miBHBiv +?�`�+i2`Bx�iBQM Bb �HbQ �T@

THB+�#H2 iQ /Bz2`2MiB�H T`Bp�+vX >Qr2p2`- �b /Bb+mbb2/ BM a2+iBQM 9Xk- �M�HvxBM; �M/

+QKTmiBM; K//@7mM+iBQM Qp2` M2B;?#Q`?QQ/ ;`�T? Ur?B+? �`2 Qp2` i?2 b2i Q7 /�i�#�b2bV

Bb � MQM@i`BpB�H i�bF /m2 iQ i?2 +QKTH2tBiv Q7 i?2 M2B;?#Q`?QQ/ ;`�T?bX Ai Bb TQbbB#H2

iQ `2/m+2 i?Bb +QKTH2tBiv #v +QMbB/2`BM; K//@7mM+iBQMb 7Q` ;`�T?b Qp2` � bT�+2 URV

i?�i Bb BMi2`K2/B�i2 #2ir22M i?2 QmiTmi bT�+2 UBX2X {0, 1}V Q7 i?2 [m2`v f �M/ i?2
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/�i�#�b2 bT�+2 UDV- r?2`2 7Q` [m2`v f : D → {0, 1}- r2 mb2 7mM+iBQMb h : D → R �M/

w : R → {0, 1} bm+? i?�i 7Q` 2p2`v x ∈ D- w(h(x)) = f(x)X �M�HvxBM; K//@7mM+iBQM

BM i?Bb BMi2`K2/B�i2 bT�+2 rBHH ?2HT BM /2p2HQTBM; ?B;?@miBHBiv K2+?�MBbKb 7Q` /Bz2`2M@

iB�H T`Bp�+v �b r2HH �b b2MbBiBp2 T`Bp�+vX h?mb- Bi Bb �M BKTQ`i�Mi `2b2�`+? /B`2+iBQM iQ

mM/2`bi�M/ i?2 T`Bp�+v@miBHBiv i`�/2 Qz 7Q` #QQH2�M [m2`B2bX

3XRXk S`Bp�i2 K2+?�MBbK +QMbi`m+iBQMb

q2 T`2b2Mi2/ i?`22 ;2M2`�H +QMbi`m+iBQM iQ /2p2HQT T`Bp�+v@T`2b2`pBM; K2+?�MBbKb 7Q`

QmiHB2` �M�HvbBbX q2 mb2/ n@ai2T HQQF�?2�/ K2+?�MBbK- r?B+? rQ`Fb 7Q` MQM@`2;mH�`

MQ`K�HBiv T`QT2`iB2b- iQ /2p2HQT � K2+?�MBbK iQ �M�Hvx2 (β, r = 0)@�MQK�HB2bX 6m`i?2`@

KQ`2- r2 /2p2HQT2/ *QMbi`m+iBQM 9XR �M/ *QMbi`m+iBQM 9Xk iQ ;Bp2 b2MbBiBp2Hv T`Bp�i2

K2+?�MBbKb 7Q` �MQK�Hv B/2MiB}+�iBQM Q` #QQH2�M [m2`B2b BM ;2M2`�HX q2 2bi�#HBb?2/

i?2 72�bB#BHBiv �M/ T`�+iB+�HBiv Q7 b2MbBiBp2 T`Bp�+v 7Q` �MQK�Hv B/2MiB}+�iBQM BM i?2

`2�H@rQ`H/ #v BMbi�MiB�iBM; Qm` i2+?MB+�H /2p2HQTK2Mib 7Q` (β, r)@�MQK�Hv /2}MBiBQMX

q2 rBHH 2tT�M/ i?Bb �M�HvbBb #v /2p2HQTBM; K2+?�MBbKb 7Q` Qi?2` �MQK�Hv /2}MBiBQMb

bm+? �b (β, r)@�MQK�Hv p�`B�Mib- GQ+�H QmiHB2` 7�+iQ`- �o6 #�b2/ QmiHB2`b- �M/ M2m`�H

M2irQ`F #�b2/ QmiHB2` KQ/2HbX

hQ BM+`2�b2 i?2 T`�+iB+�H �TTHB+�#BHBiv Q7 Qm` +QMbi`m+iBQMb- r2 �HbQ TH�M iQ /2p2HQT

� 7`�K2rQ`F iQ ;Bp2 �M/ +QKTmi2 MQM@i`BpB�H HQr2` #QmM/b 7Q` K//@7mM+iBQM Qp2` �

b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T? 7Q` � +H�bb Q7 /Bbi�M+2@#�b2/ �M/ /2MbBiv@#�b2/ QmiHB2`

/2}MBiBQMbX h?Bb 7`�K2rQ`F rBHH �HbQ #2 mb27mH BM T`2b2`pBM; miBHBiv �M/ T`Bp�+v BM

+QKTmiBM; #QQH2�M [m2`B2b BM ;2M2`�HX

h?2 T`Bp�+v@T`2b2`pBM; K2+?�MBbK #�b2/ QM � bKQQi? mTT2` #QmM/ QM HQ+�H b2MbB@

iBpBivR (dk) +�M ?2HT �+?B2p2 b2MbBiBp2 T`Bp�+v 7Q` QmiHB2` �M�HvbBbX h?Bb Bb /m2 iQ i?2

7�+i i?�i M2B;?#Q`BM; /�i�#�b2b BM b2MbBiBp2 T`Bp�+v �`2 /�i�@/2}M2/ �M/ �`2 `2bi`B+i2/

iQ � bm#b2i Q7 M2B;?#Q`BM; /�i�#�b2b +QMbB/2`2/ mM/2` /Bz2`2MiB�H T`Bp�+vX >Qr2p2`-

iQ /2p2HQT � b2MbBiBp2Hv T`Bp�i2 K2+?�MBbK pB� i?Bb �TT`Q�+?- r2 M22/ iQ 2ti2M/ i?2

i2+?MB+�H /2p2HQTK2Mib U7Q` +QKTmiBM; i?2b2 #QmM/bV 7`QK .S M2B;?#Q`?QQ/ ;`�T?b iQ

RlM/2` #QmM/2/ /Bz2`2MiB�H T`Bp�+v- HQ+�H b2MbBiBpBiv Q7 � [m2`v f : D → R- 7Q` �Mv x ∈ D- Bb ;Bp2M
�b LSf (x) = maxy:H(x,y) |f(x)− f(y)|- r?2`2 H ;Bp2b i?2 ?�KKBM; /Bbi�M+2 #2ir22M irQ /�i�#�b2bX
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b2MbBiBp2 M2B;?#Q`?QQ/ ;`�T?b �M/ /2p2HQT K2i?Q/b iQ +QKTmi2 bKQQi? mTT2` #QmM/b

QM HQ+�H b2MbBiBpBiv mM/2` b2MbBiBp2 T`Bp�+vX q2 TH�M iQ Tm`bm2 i?Bb `2b2�`+? /B`2+iBQM

BM i?2 7mim`2X

3XRXj h2KTQ`�H T�`iBiBQMBM; Q7 /�i�

AM *?�Ti2` d- r2 T`2b2Mi2/ �M �H;Q`Bi?K iQ T�`iBiBQM i2KTQ`�H /�i� iQ #QQbi �++m`�+v

#v BM+`2�bBM; i?2 `2mb2 Q7 �H`2�/v +QKTmi2/ /Bz2`2MiB�HHv T`Bp�i2 `2bmHibX AM T�`iB+mH�`-

r2 +QMbB/2`2/ i?2 T`Q#H2K Q7 T�`iBiBQMBM; 2�+? BMi2`p�H BM i?2 bHB/BM; BMi2`p�H@b2[m2M+2

#v � +Qp2`@b2[m2M+2 +QMbBbiBM; Q7 +QMiB;mQmb �M/ T�B`rBb2 /BbDQBMi BMi2`p�HbX h?Bb �T@

T`Q�+? ?�b mb27mH �TTHB+�iBQMb BM /Bz2`2MiB�HHv T`Bp�i2 bi`2�KBM; +QKTmi�iBQM �b r2HH �b

bHB/BM;@rBM/Qr #�b2/ �H;Q`Bi?KbX AM i?Bb +QMi2ti- �M BKTQ`i�Mi [m2biBQM Bb Q7 QTiBK�H@

Biv- BX2X ?Qr iQ ;2M2`�i2 � +Qp2`@b2[m2M+2 Q7 � bHB/BM; BMi2`p�H@b2[m2M+2 i?�i KBMBKBx2b

i?2 MmK#2` Q7 mMB[m2 BMi2`p�Hb BM i?2 +Qp2`@b2[m2M+2 i?�i +QMi�BM �Mv }t2/ 2H2K2Mi

7`QK bHB/BM; BMi2`p�H@b2[m2M+2X 6m`i?2`KQ`2- ?2`2- r2 QMHv +QMbB/2`2/ +Qp2`b rBi? +QM@

iB;mQmb BMi2`p�Hb- ?Qr2p2`- r2 +�M #mBH/ #2ii2` �H;Q`Bi?Kb #v ;2M2`�iBM; +Qp2`b i?�i

+QMbBbi Q7 MQM@+QMiB;mQmb BMi2`p�Hb- r?2`2 ǵ#2ii2`Ƕ K2�Mb i?�i i?2 MmK#2` Q7 mMB[m2

BMi2`p�Hb UK2MiBQM2/ �#Qp2V +�M #2 7m`i?2` `2/m+2/X q2 TH�M iQ �M�Hvx2 i?Bb T`Q#H2K

�M/ 2tTHB+�i2 K2i?Q/b iQ bQHp2 Bi QTiBK�HHv �M/ T`�+iB+�HHvX
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_272`2M+2b

(R) a?2#miB _�v�M�X P..a HB#`�`v- kyReX �p�BH�#H2 �i ?iiT,ffQ//bX+bXbiQMv#`QQFX
2/mX

(k) J�`iBM "Q#`QrX "�H�M+BM; T`Bp�+v rBi? Tm#HB+ #2M2}iX L�im`2 L2rb-
8yyUd9eRV,Rkj- kyRjX

(j) u�MBp 1`HB+? �M/ �`pBM/ L�`�v�M�MX _Qmi2b 7Q` #`2�+?BM; �M/ T`Qi2+iBM; ;2M2iB+
T`Bp�+vX L�im`2 _2pB2rb :2M2iB+b- R8UeV,9yN- kyR9X

(9) _2;mH�iBQM U1lV kyRefedN Q7 i?2 1m`QT2�M S�`HB�K2Mi �M/ Q7 i?2 *QmM+BH Q7 kd
�T`BH kyRe QM i?2 T`Qi2+iBQM Q7 M�im`�H T2`bQMb rBi? `2;�`/ iQ i?2 T`Q+2bbBM;
Q7 T2`bQM�H /�i� �M/ QM i?2 7`22 KQp2K2Mi Q7 bm+? /�i�- �M/ `2T2�HBM; .B`2+iBp2
N8f9ef1* U:2M2`�H .�i� S`Qi2+iBQM _2;mH�iBQMVX P{+B�H CQm`M�H Q7 i?2 1m`QT2�M
lMBQM- GRRN,RĜ33- J�v kyReX

(8) *2Mi2`b 7Q` J2/B+�`2 � J2/B+�B/ a2`pB+2bX h?2 >2�Hi? AMbm`�M+2 SQ`i�#BHBiv �M/
�++QmMi�#BHBiv �+i Q7 RNNe U>AS��VX PMHBM2 �i ?iiT,ffrrrX+KbX??bX;Qpf?BT��f-
RNNeX

(e) *?�`m *X �;;�`r�HX PmiHB2` �M�HvbBbX aT`BM;2`- kyRjX

(d) a2TTQ E�``BH�- CmHB�M >Q+F 1�M G22- �M/ :`2; hm+F2`@E2HHQ;;X � +QKT�`BbQM
Q7 K2i?Q/b 7Q` /�i�@/`Bp2M +�M+2` QmiHB2` /Bb+Qp2`v- �M/ �M �TTHB+�iBQM b+?2K2 iQ
b2KBbmT2`pBb2/ T`2/B+iBp2 #BQK�`F2` /Bb+Qp2`vX *�M+2` BM7Q`K�iB+b- Ry,*ALĜae3e3-
kyRRX

(3) aQmKB _�v- .mbiBM a J+1pQv- aFv2 ��`QM- h?m@h`�M; >B+FK�M- �M/ �/�K
q`B;?iX lbBM; bi�iBbiB+�H �MQK�Hv /2i2+iBQM KQ/2Hb iQ }M/ +HBMB+�H /2+BbBQM bmTTQ`i
K�H7mM+iBQMbX CQm`M�H Q7 i?2 �K2`B+�M J2/B+�H AM7Q`K�iB+b �bbQ+B�iBQM- kyR3X

(N) :Q`/QM . a+?Bz- GvMM � oQHF- J�vv� oQHQ/�`bF�v�- .2#Q`�? > qBHHB�Kb- G�F2
q�Hb?- a�`� : Jv2`b- .�pB/ q "�i2b- �M/ _QM2M _Qx2M#HmKX a+`22MBM; 7Q`
K2/B+�iBQM 2``Q`b mbBM; �M QmiHB2` /2i2+iBQM bvbi2KX CQm`M�H Q7 i?2 �K2`B+�M
J2/B+�H AM7Q`K�iB+b �bbQ+B�iBQM- k9UkV,k3RĜk3d- kyRdX

(Ry) oB+ "�`M2ii �M/ hQ#v G2rBbX PmiHB2`b BM ai�iBbiB+�H .�i�X CQ?M qBH2v �M/ aQMb-
j`/ 2/BiBQM- RNN9X

(RR) �HBbQM J .�`+v- �H�M E GQmB2- �M/ G�m`� q2Bbb _Q#2`ibX J�+?BM2 H2�`MBM; �M/
i?2 T`Q72bbBQM Q7 K2/B+BM2X C�K�- jR8UeV,88RĜ88k- kyReX

(Rk) wB�/ P#2`K2v2` �M/ 1x2FB2H C 1K�Mm2HX S`2/B+iBM; i?2 7mim`2ě#B; /�i�- K�@
+?BM2 H2�`MBM;- �M/ +HBMB+�H K2/B+BM2X h?2 L2r 1M;H�M/ DQm`M�H Q7 K2/B+BM2-
jd8URjV,RkRe- kyReX

http://odds.cs.stonybrook.edu
http://odds.cs.stonybrook.edu
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(Rj) J�+?BM2 G2�`MBM; :`QmTX *`2/Bi +�`/ 7`�m/ /2i2+iBQM- J�` kyR3X

(R9) G�i�Mv� ar22M2vX lMB[m2M2bb Q7 bBKTH2 /2KQ;`�T?B+b BM i?2 mb TQTmH�iBQMX HB/�T@
rT9X H�#Q`�iQ`v 7Q` BMi2`M�iBQM�H /�i� T`Bp�+v- kyyyX

(R8) S?BHBTT2 :QHH2X _2pBbBiBM; i?2 mMB[m2M2bb Q7 bBKTH2 /2KQ;`�T?B+b BM i?2 mb TQTm@
H�iBQMX AM S`Q+22/BM;b Q7 i?2 8i? �*J rQ`Fb?QT QM S`Bp�+v BM 2H2+i`QMB+ bQ+B2iv-
T�;2b ddĜ3yX �*J- kyyeX

(Re) C�B/22T o�B/v�- "�bBi a?�}[- sB�Q[B�M CB�M;- �M/ Gm+BH� P?MQ@J�+?�/QX A/2M@
iB7vBM; BM72`2M+2 �ii�+Fb �;�BMbi ?2�Hi?+�`2 /�i� `2TQbBiQ`B2bX �JA� amKKBib QM
h`�MbH�iBQM�H a+B2M+2 S`Q+22/BM;b- kyRj,kek- kyRjX

(Rd) J2HBbb� :vK`2F- �Kv G J+:mB`2- .�pB/ :QH�M- 1`�M >�HT2`BM- �M/ u�MBp 1`HB+?X
A/2MiB7vBM; T2`bQM�H ;2MQK2b #v bm`M�K2 BM72`2M+2X a+B2M+2- jjNUeRRdV,jkRĜjk9-
kyRjX

(R3) . Gm[m2iiB- S *H�2b- .E GB#2`iQM- E .�MB2Hb- EJ _Qb�M�- 11 ZmBHH2M- GL S2�`@
bQM- " J+1pQv- J "�m+?2i- �� w�B/B- 2i �HX JQ/2HBM; j/ 7�+B�H b?�T2 7`QK /M�X
SGQa :2M2iB+b- RyUjV,2Ryy9kk9- kyR9X

(RN) �`pBM/ L�`�v�M�M �M/ oBi�Hv a?K�iBFQpX _Q#mbi /2@�MQMvKBx�iBQM Q7 H�`;2 bT�`b2
/�i�b2ibX AM a2+m`Biv �M/ S`Bp�+v- kyy3X aS kyy3X A111 avKTQbBmK QM- T�;2b
RRRĜRk8X A111- kyy3X

(ky) LBHb >QK2`- ax�#QH+b ax2HBM;2`- J�`;Qi _2/K�M- .�pB/ .m;;�M- q�B#?�p h2K#2-
CBHH Jm2?HBM;- CQ?M o S2�`bQM- .B2i`B+? � ai2T?�M- ai�MH2v 6 L2HbQM- �M/
.�pB/ q *`�B;X _2bQHpBM; BM/BpB/m�Hb +QMi`B#miBM; i`�+2 �KQmMib Q7 /M� iQ ?B;?Hv
+QKTH2t KBtim`2b mbBM; ?B;?@/2MbBiv bMT ;2MQivTBM; KB+`Q�``�vbX SGQa ;2M2iB+b-
9U3V,2RyyyRed- kyy3X

(kR) *vMi?B� .rQ`F- �/�K aKBi?- h?QK�b ai2BMF2- CQM�i?�M lHHK�M- �M/ a�HBH o�/@
?�MX _Q#mbi i`�+2�#BHBiv 7`QK i`�+2 �KQmMibX AM 6QmM/�iBQMb Q7 *QKTmi2` a+B2M+2
U6P*aV- kyR8 A111 8ei? �MMm�H avKTQbBmK QM- T�;2b e8yĜeeNX A111- kyR8X

(kk) *vMi?B� .rQ`F- 6`�MF J+a?2``v- EQ##B LBbbBK- �M/ �/�K aKBi?X *�HB#`�iBM;
MQBb2 iQ b2MbBiBpBiv BM T`Bp�i2 /�i� �M�HvbBbX AM h**- T�;2b ke8Ĝk39X aT`BM;2`-
kyyeX

(kj) *vMi?B� .rQ`F- ��`QM _Qi?- 2i �HX h?2 �H;Q`Bi?KB+ 7QmM/�iBQMb Q7 /Bz2`2MiB�H
T`Bp�+vX 6QmM/�iBQMb �M/ h`2M/bȉ BM h?2Q`2iB+�H *QKTmi2` a+B2M+2- NUjĜ9V,kRRĜ
9yd- kyR9X

(k9) >�}x �bB7- S2`BFHBb �X S�T�FQMbi�MiBMQm- �M/ C�B/22T o�B/v�X >Qr iQ �++m`�i2Hv
�M/ T`Bp�i2Hv B/2MiB7v �MQK�HB2bX AM aA:a�* **aX �*J- kyRNX

(k8) >�}x �bB7- S2`BFHBb � S�T�FQMbi�MiBMQm- �M/ C�B/22T o�B/v�X � ;mB/2 7Q` T`Bp�i2
QmiHB2` �M�HvbBbX A111 G2ii2`b Q7 i?2 *QKTmi2` aQ+B2iv- jURV,kNĜjj- kykyX

(ke) JB+?�2H E2�`Mb- ��`QM _Qi?- w?Br2B ai2p2M qm- �M/ :`B;Q`v u�`QbH�pib2pX S`B@
p�i2 �H;Q`Bi?Kb 7Q` i?2 T`Qi2+i2/ BM bQ+B�H M2irQ`F b2�`+?X S`Q+22/BM;b Q7 i?2
L�iBQM�H �+�/2Kv Q7 a+B2M+2b- RRjU9V,NRjĜNR3- kyReX
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(kd) ai2HBQb .Qm/�HBb- AQb EQibQ;B�MMBb- a�Km2H >�M2v- �b?rBM J�+?�M�p�DD?�H�- �M/
a?�`�/ J2?`Qi`�X PM2@bB/2/ /Bz2`2MiB�H T`Bp�+vX �`sBp T`2T`BMi �`sBp,RdRkXy8333-
kyRdX

(k3) .�MB2H J "BiiM2`- �M�M/ . a�`r�i2- �M/ _2#2++� L q`B;?iX lbBM; MQBbv #BM�`v
b2�`+? 7Q` /Bz2`2MiB�HHv T`Bp�i2 �MQK�Hv /2i2+iBQMX AM AMi2`M�iBQM�H avKTQbBmK QM
*v#2` a2+m`Biv *`vTiQ;`�T?v �M/ J�+?BM2 G2�`MBM;- T�;2b kyĜjdX aT`BM;2`- kyR3X

(kN) 1/r�`/ GmB �M/ _�7�2H S�bbX PmiHB2` T`Bp�+vX AM h**- T�;2b kddĜjy8X aT`BM;2`-
kyR8X

(jy) aX lX L�#�`- EX E2Mi?�T�/B- LX JBb?`�- �M/ _X JQir�MBX � bm`p2v Q7 [m2`v �m@
/BiBM; i2+?MB[m2b 7Q` /�i� T`Bp�+vX AM AM S`Bp�+v@S`2b2`pBM; .�i� JBMBM;, JQ/2Hb
�M/ �H;Q`Bi?Kb- aT`BM;2`- kyy3 UiQ �TT2�`VX

(jR) GBvm2 6�M �M/ GB sBQM;X .Bz2`2MiB�HHv T`Bp�i2 �MQK�Hv /2i2+iBQM rBi? � +�b2 bim/v
QM 2TB/2KB+ Qmi#`2�F /2i2+iBQMX AM kyRj A111 Rji? A*.J qQ`Fb?QTb- T�;2b 3jjĜ
39yX A111- kyRjX

(jk) _X CX "2+FK�M �M/ _X .X *QQFX PmiHB2`XXXXXXXXXXbX h2+?MQK2i`B+b- k8UkV,RRNĜR9N-
RN3jX

(jj) o�`mM *?�M/QH�- �`BM/�K "�M2`D22- �M/ oBTBM EmK�`X �MQK�Hv /2i2+iBQM, �
bm`p2vX �*J *QKTmiX am`pX- 9RUjV,R8,RĜR8,83- CmHv kyyNX

(j9) .�MB2H "2`MQmHHB �M/ *: �HH2MX h?2 KQbi T`Q#�#H2 +?QB+2 #2ir22M b2p2`�H /Bb@
+`2T�Mi Q#b2`p�iBQMb �M/ i?2 7Q`K�iBQM i?2`27`QK Q7 i?2 KQbi HBF2Hv BM/m+iBQMX
"BQK2i`BF�- 93UR@kV,jĜR3- RNeRX

(j8) 6XuX 1/;2rQ`i? JX�X sHBX QM /Bb+Q`/�Mi Q#b2`p�iBQMbX h?2 GQM/QM- 1/BM#m`;?-
�M/ .m#HBM S?BHQbQT?B+�H J�;�xBM2 �M/ CQm`M�H Q7 a+B2M+2- kjUR9jV,je9Ĝjd8- R33dX

(je) 6`�MF 1X :`m##bX S`Q+2/m`2b 7Q` /2i2+iBM; QmiHvBM; Q#b2`p�iBQMb BM b�KTH2bX h2+?@
MQK2i`B+b- RRURV,RĜkR- RNeNX

(jd) 6X CX �Mb+QK#2X _2D2+iBQM Q7 QmiHB2`bX h2+?MQK2i`B+b- kUkV,RkjĜR9e- RNeyX

(j3) CX �X >�`iB;�MX LQi2 QM /Bb+Q`/�Mi Q#b2`p�iBQMbX CQm`M�H Q7 i?2 _Qv�H ai�iBbiB+�H
aQ+B2ivX a2`B2b " UJ2i?Q/QHQ;B+�HV- jyUjV,898Ĝ88y- RNe3X

(jN) 1�KQMM E2Q;?- ai27�MQ GQM�`/B- *?QiB`�i �MM _�i�M�K�?�i�M�- GB q2B- a�M;@
>22 G22- �M/ CQ?M >�M/H2vX *QKT`2bbBQM@#�b2/ /�i� KBMBM; Q7 b2[m2MiB�H /�i�X
.�i� JBMBM; �M/ EMQrH2/;2 .Bb+Qp2`v- R9URV,NNĜRkN- kyydX

(9y) _X �;`�r�H- CX EB2`M�M- _X a`BF�Mi- �M/ uX smX >BTTQ+`�iB+ /�i�#�b2bX AM S`Q+X
Q7 i?2 *QM7X QM o2`v G�`;2 .�i�"�b2b UoG."V- kyykX

(9R) 1/rBM JX EMQ``- _�vKQM/ hX L;- �M/ oH�/BKB` hm+�FQpX .Bbi�M+2@#�b2/ QmiHB2`b,
�H;Q`Bi?Kb �M/ �TTHB+�iBQMbX h?2 oG." CQm`M�H- 3Uj@9V,kjdĜk8j- kyyyX

(9k) JQM@6QM; CB�M;- a?B�M@a?vQM; hb2M;- �M/ *?B?@JBM; amX hrQ@T?�b2 +Hmbi2`BM;
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