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ABSTRACT OF THE DISSERTATION
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Dissertation Director: Professor Zoran Gajic

The increased demand on energy resources worldwide, along with the expectations of
future depletion of fossil fuels: coal, oil, and gas, have encouraged considering the
renewable energy as an alternative to traditional resources. Renewable resources in-
cluding wind, solar, hydro, biomass, and geothermal are naturally abundant and can
be harnessed to meet the energy demand without exacerbating the environmental con-
tamination.

During the last few decades, wind energy has become one of the fastest growing
and most promising renewable energy resources, due to their availability and minimal
impact on the environment. As variable-speed wind turbine generators (WTGs) became
advent, they gained increasing popularity due to their ability to work efficiently over
wide ranges of wind speeds. The double fed induction generators (DFIGs) are widely
used in variable-speed wind energy systems, since they consume less reactive power,
inflict less mechanical stress on turbines, and allow decoupled control of the active and
reactive power. This dissertation focuses on model reduction and optimal control of
variable-speed wind turbines with DFIG systems.

To reduce the complexity of the power system model when a large number of WTGs
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is integrated to the power grid, and to obtain a simplified model that adequately simu-
lates such systems, the methods of balancing transformation and singular perturbations
were utilized to reduce the order of a DFIG-based wind turbine model. We show that
the order of the considered wind turbine model can be reduced from eight to six via the
balancing transformation. Further reduction via the aforementioned method results in
a significant increase in the error bound. In contrast, the method of singular pertur-
bations shows that the order of the model can be further reduced to four, or even to
two, and still provide very good approximations to the system model, in terms of its
transient step response. Moreover, we show that the reduction in model order achieved
via singular perturbations is superior from the optimal performance point of view to
that achieved via balancing when the linear-quadratic near-optimal controllers are con-
sidered, and when the wind turbulence and a large-signal disturbance are applied to
the system.

The state-space model of wind farms of different sizes, under different wind speed
conditions, was also studied in this thesis. Model order reduction methods: balanced
truncation, balanced residualization, cross Gramians, and singular perturbation were
applied to the one-mass model to obtain simplified equivalents to wind farms of differ-
ent sizes. This helps in reducing the computational complexity when controlling such
systems. Examining the controllability and observability of the system, in both the
vector and diagonal forms of the input control matrix, showed a considerable loss of
controllability and observability in the case of the latter form.

The main obstacles that are associated with wind energy conversion systems are
their intermittent behavior and dependence on the geographical location and weather
conditions. Such randomness and uncertainty introduce nonlinearities when modeling
the system dynamics. Therefore, designing optimal and robust controllers are crucial
to deal with all the nonlinearities and uncertainties associated with wind energy sys-
tems. Based on time scale decomposition, an optimal controller for a DFIG-based wind
turbine was designed by decomposing the algebraic Riccati equation (ARE) of the sin-
gularly perturbed wind turbine system into two reduced-order AREs that correspond

to the slow and fast time scales. In addition, we derive a mathematical expression to
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obtain the optimal regulator gains with respect to the optimal pure-slow and pure-fast,
reduced-order Kalman filters and linear quadratic Gaussian (LQG) controllers. Using
this method allows the design of the linear controllers for the slow and fast subsys-
tems independently, thus, achieving complete separation and parallelism in the design
process. This solves the corresponding numerical ill-conditioning problem, and reduces
the complexity that arises when the number of wind turbines integrated to the power
system increases. The reduced-order systems were compared to the original full-order
system to validate the performance of the proposed method when a wind turbulence
and a large-signal disturbance are applied to the system. In addition, we showed that
the similarity transformation does not preserve the performance index value in the case
of Kalman filter and the corresponding LQG controller.

Studying the wind turbine with DFIG system as a high order singularly perturbed
system led to the introduction of a new recursive algorithm for solving the algebraic
Sylvester equation that defines the cross Gramian of singularly perturbed linear systems.
The cross Gramian matrix provides aggregate information about the controllability and
observability of a linear system. The solution was obtained in terms of reduced-order
algebraic Sylvester equations that correspond to the slow and fast subsystems of the
singularly perturbed system. The rate of convergence of the proposed algorithm is
O(e), where € is a small singular perturbation parameter that indicates the separation
of slow and fast state variables. Several real physical system examples were solved to

demonstrate the efficiency of the proposed algorithm.
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Chapter 1

Introduction

Harnessing wind energy, one of the most efficient forms of renewable energy, has expo-
nentially increased in the last few decades. The significant improvement in wind tur-
bine technology, low cost of operation and maintenance in comparison to other forms
of renewable energy, and its negligible effect on the environment are the main rea-
sons behind its dramatic growth. According to the annual Wind Technologies Market
Report in 2018, the average hub height and the average rotor diameter of the newly
installed turbines in the United States has increased by 57% and 141%, respectively
since 1998-1999 [1]. Higher towers and larger rotors help maximize the captured en-
ergy leading to very efficient power generation. Furthermore, the cost of wind energy
has dramatically decreased, making wind energy a true competitor of the lowest-cost
sources of electricity nowadays [1,2].

According to the axis of rotation, industrial wind turbines fall into two main types:
vertical-axis wind turbines (VAWTSs) and horizontal-axis wind turbines (HAWTs). A
VAWT rotates around a vertical axis, its rotation does not depend on the wind direction,
and needs only low wind speed to start. Therefore, the main components, such as the
gearbox and the generator can be built near to the ground, which facilitates maintenance
and service. A HAWT, in comparison, rotates around a horizontal axis and has many
blades fixed on the top of a tall tower. Since wind is stronger on higher elevations,
the higher the tower, the more the captured energy, resulting in very efficient power
generation [3].

Figure 1.1 shows the main components of the HAWT. These are the blades, nacelle
(including the other components inside, such as the gearbox, breaker, and generators),

and tower. The rotating blades are connected to the shaft of an electric generator
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Figure 1.1: Horizontal axis wind turbine components

to produce electricity. The blades are attached firmly to the shaft and shaped like
airfoils. The nacelle contains the drive train components: the rotor shaft, gearbox,
breaks, and electric generator. The rotor shaft is attached to the blades and rotates at
a relatively low speed; therefore the gearbox is used to increase the speed of rotation to
the speed required by the generator to generate electricity. A rotation speed of 15 to 20
revolution per minute (rpm) could be increased to between 1800 and 2000 (rpm) by the
gearbox. However, the gearbox is one of the most vulnerable parts of the turbine and its
breakdown causes a major fault and reduces the reliability of the system. It contributes
along with the generator to the most frequent downtime of the wind turbine [1,4]. The
gearbox can be eliminated through the use of a direct-drive system which has fewer
components and it is more reliable, easily maintained and able to generate power at

much lower speeds [4-6].



The early models of wind turbines were all based on fixed-speed wind turbine gen-
erators (WTGs), which are connected directly to the utility grid [5-7]. In this type of
generators, extracting the maximum energy can only be achieved at a specific speed
of rotation that occurs at a certain wind speed. The efficiency of such a generator
deteriorates as the wind speed moves further away from that set point. As variable-
speed WTGs became advent, they gained increasing popularity due to their ability to
work efficiently over wide ranges of wind speeds. Two types of variable-speed electric
generators are commonly used nowadays: the double-fed induction generator (DFIG)
and permanent-magnet synchronous generator (PMSG). Variable-speed generators are
connected to the utility grid through power electronic converters. When the wind speed
increases a pitch drive can be used to turn the blades away from the wind direction.
Sometimes, when the wind becomes too strong a mechanical break should be used to
completely turn off the turbine in order to protect the blades from damage. As the
extracted wind energy is highly related to the wind speed, fluctuations of the latter
lead to significant power fluctuations. Therefore, when the wind speed is too high,
pitch drive control moves the blades to the best angle that reduces power fluctuations
and maximizes wind energy capturing. Moreover, the nacelle usually rotates about its
vertical axis with an angle called the yaw angle. Yaw control moves the nacelle such
that the blades will always face the coming wind.

The tower is a tall structure that carries and supports the turbine components. The
size of the tower depends on the size of the turbine. Moreover, the higher the tower,
the more wind energy that will be captured by the turbine, since the wind is usually
stronger at higher elevations.

Wind energy conversion systems (WECS) exhibit highly nonlinear behavior, as both
the generated power and aerodynamic torque are nonlinear functions of the wind speed
and rotational speed of the rotor. To control such complicated systems, optimal control
theory has been utilized with different objective functions, design constraints, and al-
gorithms. For WECS, the main objective functions aim to maximize energy extraction,
minimize the cost of energy and fatigue damage, maintain the stability and robustness

of the system, and reject the disturbance. For this purpose, a linearized model of the



WECS is obtained around the optimal operating points, and suitable linear controllers
are utilized according to the control objective [8]. One major drawback of linear control
methods is that they require prior knowledge of all parameters and measurements of
the system, which are sometimes unavailable. Therefore, measurement devices and/or
dynamic estimators may be used to estimate these parameters. Furthermore, having
mechanical and electrical components, wind turbines are known to operate in at least
two time scales: the slow time scale, in which mechanical state variables evolve; and

the fast time scale, in which electrical and electronic state variables evolve.

1.1 Wind Turbines Operating Regions

Based on wind speed, variable-speed wind turbines can operate within one of four
possible regions, shown in Figure 1.2. In the first region (region I), there is no power
generated, since wind speed is too low to turn on the turbine and generate energy. The
minimum wind speed required to generate power is called cut-in speed and it is typically
above 4 [m/s]. In region II, the generated electrical power increases as the wind speed
rises above the cut-in speed until the power reaches its maximum value generated by
the wind turbine that is called the rated power. In this region, the control objective is
to maximize the extracted power by keeping the pitch angle constant while controlling
the generator torque. This can be achieved by the torque—speed lookup table of the
generator or the optimal relationship between generator’s speed and torque; that is
known as maximum power point tracking (MPPT) of the power coefficient function.
The main objectives of the controller design in region III are to regulate the gen-
erated power such that it does not exceed the rated output power of the WECS and
to reduce fatigue load damages. For this purpose, blade pitch angle control can be
used when wind speed goes above the rated speed in order to limit the rotational speed
and/or the generated power to their rated values. The generator torque is kept con-
stant in this case. Pitch control can be achieved collectively or individually through
adjusting the angles of the blades. In collective pitch control (CPC), the blades are set
simultaneously to the same angle, whereas, in the individual pitch control (IPC), the

blades are set to different angles.
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Figure 1.2: Operation regions of wind turbines

At very high wind speed (region IV), turbines are usually shut down at what is
called the cut-off wind speed using a breaking system. It is not safe to turn on the
wind turbines beyond the cut-off speed, since that might expose their electrical and

mechanical parts to sever damages.

1.2 Research Objectives

In this thesis, we address three problems that are related to the control of WECS. First,
we consider the problem of reducing the complexity of the power system model when a
large number of WTGs is integrated to the power grid, with the objective of obtaining
a simplified model that adequately simulates such systems. To address this problem, a
small-signal and time-scale analyses-based investigation of the dynamic performance of
WECS with DFIG connected to the utility grid was conducted. Furthermore, the order
reduction methods that are based on balancing, i.e., balanced truncation and balanced
residualization, and singular perturbations theory were compared based on their tran-
sient responses and linear-quadratic near-optimal control performance criteria. In order
to enhance the modeling and control of wind farms when a large number of WTGs is
integrated to the power grid, and to develop the corresponding simplified equivalent
models, the controllability and observability of the WECS, over different forms of the

input control matrix, are investigated through the application of the aforementioned



order reduction methods.

The second problem we consider here involves the design of an optimal controller
for a DFIG-based WECS by decomposing the algebraic Riccati equation (ARE) of the
singularly perturbed wind turbine system into two reduced-order AREs corresponding
to the slow and fast time scales. This allows the design of independent linear controllers
for the slow and fast subsystems, and avoids the corresponding ill-conditioning problem
associated with singularly perturbed systems.

Inspired by the use of cross Gramians in reducing the order of wind farms of different
sizes and the time-scale analysis of the singularly perturbed WECS system, the third
objective constitutes in the development of a new recursive algorithm that solves the
algebraic Sylvester equation, which defines the cross Gramian of singularly perturbed

linear systems, while avoiding the ill-conditioning problem.

1.3 Thesis Structure and Contributions

This thesis is organized in the following manner.

In Chapter 1, a succinct overview of the main parts of the wind turbine and its
operating regions were presented. The objectives, structure, and contributions of this
thesis are also introduced.

Chapter 2 presents a theoretical background of the dynamics and modeling of
the wind turbine and DFIG. The chapter further reviews the model order reduction
methods based on balancing (balanced truncation and residualization) and singular
perturbation theory. The state-space model of the wind turbine with DFIG connected
to the utility grid presented in [9-11] is reduced using the aforementioned methods. The
performances of the obtained reduced order systems are compared on the basis of their
transient responses and linear-quadratic near-optimal control criteria. Simulation and
comparisons were also conducted when wind turbulence and large-signal disturbance
are applied to the system.

The main finding of this chapter is the advantage that the singular perturbation

method has over the balancing methods, in terms of the accuracy in approximating



the dynamics of the considered system. The order of the considered wind turbine
model is reduced from eight to six via the balancing transformation. Further reduction
results in a significant jump in the error bound. In contrast, the method of singular
perturbation shows that an order reduction to four, or even two, can still provide very
good approximation to the system model. These results were published in [12].

In Chapter 3, the order reduction methods constituting in the balanced truncation,
balanced residualization, and cross Gramian are applied to the state-space representa-
tions of wind farms consisting of different numbers of identical and non-identical one-
mass wind turbines. The reduced order systems are compared to the original system
based on step responses, maximum absolute, and mean errors.

Examining the controllability and observability of the system, in both the vector and
diagonal forms of the input control matrix, showed a considerable loss of controllability
and observability in the case of the latter form.

Chapter 4 utilizes the method of singular perturbation to design LQR, Kalman
filter, and LQG optimal controllers in two independent time scales for a fifth-order
single-cage DFIG wind turbine. The algebraic Riccati equation (ARE) of the singu-
larly perturbed wind turbine system is decomposed into two reduced-order AREs, which
correspond to the slow and fast time scales. The reduced-order systems are compared
to the original full-order system to validate the performance of the proposed method
when wind turbulence and large-signal disturbance are applied to the system. Using
this method allows designing linear controllers for the slow and fast subsystems inde-
pendently, thus, achieving complete separation and parallelism in the design process.
The advantages of such an approach include the alleviation of stiffness difficulties and
reduction of computational complexities and dimensionality burdens resulting from the
increased penetration of wind turbines to the power grid.

A mathematical expression is derived to obtain the optimal regulator gains with
respect to the optimal pure-slow and pure-fast, reduced-order Kalman filters and lin-
ear quadratic Gaussian (LQG) controllers. In addition, we show that the similarity
transformation does not preserve the performance index value in the case of Kalman

filter and the corresponding LQG controller. The results of this chapter were published



in [13]

In Chapter 5, a new recursive algorithm for solving the ill-defined algebraic Sylvester
equation that defines the cross Gramian of singularly perturbed linear systems is de-
veloped. The solution is obtained in terms of the well-defined reduced-order alge-
braic Sylvester equations corresponding to the slow and fast subsystems of a singularly
perturbed system. Several examples are solved to demonstrate the efficiency of the
proposed algorithm. The algorithm was shown to be very accurate with a rate of
convergence of O(e). Furthermore, it can be directly applied to singularly perturbed
systems in the explicit standard forms. If the considered system is in the implicit form,
a similarity transformation is necessary to convert it into its explicit form before the
utilization of the proposed algorithm. The results of this chapter were published in [14].

Chapter 6, summarizes the conclusions of our research and discusses the future

work.



Chapter 2

Order Reduction via the Methods of System Balancing

and Singular Perturbations

2.1 Introduction

Due to the increasing penetration of wind energy systems to the existing power sys-
tems, it has become necessary to reduce the complexity of the power system models,
when large numbers of WT'Gs are integrated to the power grids, towards obtaining
simplified models that adequately simulates such integrated systems. The goal of any
order reduction method is obtaining a model with a lower order than the original one,
while accurately representing the dynamic characteristics of the system. Rather than
following a systematic approach for obtaining a low order model, studies have com-
monly neglected the transient stator dynamics [15]. For example, a DFIG model of a
fifth-order was reduced to the third-order [16-18]. A simplified one-mass model was
used in [19] with an algorithm that detects the stator voltage sequence components
that bring the fault ride-through capability to the wind turbine connected to the grid.
Using aggregation methods to reduce the order of wind farms, studies have followed two
distinct approaches. The first approach applies to farms with identical WTGs and con-
stitutes an aggregation of all WT'Gs into a single equivalent machine, with the size and
rated and reactive powers re-scaled to incorporate the underlying multiplicity [20,21].
The second approach aggregates each group of identical WTGs into an individual, re-
scaled equivalent machine [22]. On the other hand, methods based on control theory
use linearized state-space models for WTGs. To reduce the model order down to the
most relevant modes, [23] uses selective modal analysis. Similar reduction was achieved
in [24,25] through the balance truncation (BT) method. Time-scale and singular per-

turbation analyses were used in [26-28] to reduce the order of the WECS model by
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neglecting the fast modes of the system assuming that the fast states are stable and
settle to steady-state values. The same techniques were used in [29-31] to reduce the
order of the model and break it into slow and fast components, which are then sep-
arately controlled. Alternatively, [32] reduced the complexity of the DFIG model by
evaluating the effect of the damping torque, contributed by the different dynamic com-
ponents of DFIG, on the stability margin and the damping performance of the system.
A hybrid approach, combining dominant pole-based modal analysis (DPMA) and BT
with aggregation methods, was used in [33] to obtain an equivalent wind farm model.

There are few studies that compare different order reduction methods for wind
turbine models. In this chapter, the order reduction methods of balanced truncation,
balanced residualization, and singular perturbations are applied to a model of a wind
turbine with DFIG that is connected to the utility grid. The linearized eighth-order
state-space model presented in [9-11] is used here. The performance of the different
model order reduction methods are compared on the basis of their transient responses
and their linear-quadratic near-optimal control performance criteria.

The rest of the chapter is organized as follows. In Section 2.2, the wind turbine
dynamics will be reviewed. Modeling and control of the DFIG is presented in Section
2.3 along with the state-space model of the considered WECS. Section 2.4 provides a
theoretical background for the model order reduction using balancing methods: bal-
anced truncation and residualization. In Section 2.5, the model of the wind turbine
with DFIG connected to the utility grid is reduced using the aforementioned methods.
In Section 2.6, the near-optimal controllers for the balanced truncation and residualiza-
tion methods are derived and calculated. The singular perturbations method is used to
reduce the wind turbine model in Section 2.7. Near-optimal control using lower-order
slow subsystems is derived and the corresponding calculations are presented in Section
2.8. The performances of the reduced models of the considered WTG with DFIG are
tested for wind turbulence and gust in Section 2.9 and for voltage sag in Section 2.10.

The chapter is concluded in Section 2.11.
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2.2 Wind Turbine Dynamics

Wind turbines convert the wind kinetic energy into mechanical energy that rotates the
turbine blades. The mechanical energy is then converted into electrical energy by an
electrical generator. The mechanical output power that is harvested from the wind is

proportional to the third power of wind speed and can be expressed as [5]
1 2,3
P, = §p7TR v2Cp(A, B) (2.1)

where p is the air density in [Kg/m3], R is the radius of the turbine in [m], v is the
wind speed [m/s], Cp(A, B) is the power coefficient of the wind turbine that describes
the efficiency of power extraction. C) is a nonlinear function that depends on the blade
pitch angle 5 and the tip speed ratio A, which is given by

_ Ruw,

v

A

(2.2)

where w, is the rotor angular velocity. C), is a measure for power performance of the

wind turbine. Using the turbine characteristics, the latter can be approximated as:

Cy e
Cp(\8) = Cr(* = O3B — Ci)e ™+ Ci (2.3)

where \; can be calculated approximately as follows

1 1 0.035

= — 2.4

Ai A+0.083 (241 (24)
The coefficients C;,i = 1,2,...,6, depend on the turbine design characteristics and

are given in Appendix A.1. The maximum mechanical power P, collected by the wind
turbine is

Popt = pﬂRSCpfoptwgpt/2)\opt = k:optwg’pt (25)

which requires maintaining A at its optimum value A, and the pitch angle at 5 = 0.

Figure 2.1 shows a typical wind turbine characteristics with the optimal power
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extraction P,,:. As the wind speed varies, the controller plays the role of ensuring that
the wind turbine follows the optimal power curve in Figure 2.1.(a).

In this chapter, the one-mass derive train model is considered since the derive train
acts as a single equivalent mass with nearly equal participation of all inertias [15].
The total inertia constant H; is the sum of the turbine rotor and generator inertia
constants. The dynamic equation of this model can be expressed by the following

differential equation

) (2.6)

where T, is the mechanical torque and T¢ is the electromechanical torques. The gen-

erator torque-speed characteristic is shown in Figure 2.1(b).
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Figure 2.1: Maximum power extraction characteristic for wind turbines. (a) Optimal
power-speed characteristics (b) Torque-speed characteristics

2.3 Modeling and Control of DFIG-based Wind Turbine

The variable speed wind turbine with double fed induction generator (DFIG) has gained
wide spread attention in the last decade, due to the low cost of installation, ability to
control its active and reactive power independently, low consumption of reactive power,
and it inflicting less mechanical stress on turbines. The DFIG represents a wound rotor
induction generator consisting of three phase rotor and stator windings, which are both

connected to the utility grid, hence the term ”double fed”. It is connected from the
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stator side directly to the utility grid, while the rotor side is interfaced to the utility via
a back-to-back voltage source converter. The converter consists of grid-side converters
(GSCs) and rotor-side converters (RSCs) placed back-to-back with a DC-link capacitor
in between. A crowbar circuit is also used to protect the converter and the generator at
high voltage situations by limiting the high current in the rotor circuit [34-36]. Figure

2.2 shows a typical configuration of a DFIG used with wind turbine energy systems.

Utility Grid

Figure 2.2: A typical configuration for a DFIG-based wind turbine.

In order to simplify the mathematical model analysis of the DFIG, the three-phase
stator and rotor quantities (voltages, currents, and flux linkages) are placed in direct (d)
and quadrature (q) axes to obtain two-phase dgq quantities using the direct-quadrature-
zero transformation (dg0). More details about the dq0 transformation can be found in
Appendix B.1 [15].

The dynamic performance and small signal stability analysis of DFIG-based WECS
have been investigated by many researchers [11,35,37-39]. In this section, we study
the linearized state-space model of the DFIG-based WECS presented in [9-11], which

was developed by considering the following assumptions:

e All equations of the induction generator are derived in the synchronous reference

frame using the direct-quadrature (d-¢q) transformation.
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e The d-axis is assumed to be 90° lagging the g-axis.
e The stator current is assumed to be negative when flowing toward the machine.

The dgq synchronous reference frame equations of the stator flux and rotor may be

written as [9,10].

wds = Lsids + Lmidr
qu = Lsiqs + Lmiqr

(2.7)
¢dr = Lridr + Lmids

sz)qr = Lriqr + Lmiqs

where Lg, L,, and L,, are stator, rotor, and self magnetizing reactances, respectively.

Ls and L, are defined by the following equations

Ls = Lls + Lm (2 8)

L, =Ly + L,

Furthermore, the reactances can be written in terms of inductances as follows [40]

3
Xos = wo(Lis + 5 L) (2.9)
3
Xrr = wr(Lir + 5 L) (2.10)
3
X = SwsLim (2.11)

where X5, X, and X, are stator, rotor, and self magnetizing reactances, respectively.
The equivalent circuit for one phase of the DFIG generator can be drawn as in Figure

2.3

The stator and rotor voltage equations in d-q synchronous reference frame are given,
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Figure 2.3: DFIG equivalent circuit

respectively by

v, 1 — 1d

ds _ —RS ds +w,s qu i 7@ zﬂds (2'12)
Ugs igs s “b 1/]‘15
v i - 1d |¢

TR T psws | 4 == ar (2.13)
Vqr iqr wdr W wqr

where the subscripts s and r denote the stator and rotor quantities while subscripts ¢
and d denote the components aligned with the ¢-axis and d-axis reference frames, re-
spectively. In (2.12)-(2.13), Rs and R, are the stator and rotor resistances, respectively,
and ws and wyp are synchronous and base angular frequencies, respectively. s is defined
as the slip of the generator and given by s = (ws — w,)/ws. The electromechanical

torque is given in terms of state variables as follows

T, = Lo (igrigs — igrigs) (2.14)

The electromagnetic torque should be adjusted dynamically to follow wind speed
variations and derive the rotor speed of the WTG, so that the system can reach the
required operating reference point and extract maximum power from the wind [41].
It is a common practice in stability transient studies of power systems to neglect the

stator transients for the fifth-order model of induction generator, as it is much faster



16

than those of other components [16,18]. Furthermore, the stator resistance can also
be neglected since it is assumed to have a small value (Rs ~ 0) [15,40]. In the g-axis,
rotor current ig4.,.¢ is calculated using reference torque values generated by the wind
turbine characteristic for maximum power extraction (Figure 2.1(b)) and given by

wsXss

Qgrref = stp (2.15)

where Ty, is the optimal torque set point provided from the torque-speed characteristic
for maximum power extraction [10], and ig s is the reference current in the g-axis.
Modeling and control of DFIG-based wind systems are complicated compared to
other induction generators. A dominating feature of these systems is having a set
of poorly damped eigenvalues with a corresponding natural frequency near the line
frequency. Furthermore, the DFIG-based WTG system is sensitive to any grid distur-
bances, which may lead to system instability at certain operating conditions [39]. The
conventional vector control (VC) [42-44] has been widely used in controlling the DFIG-
based WECS. Current mode vector control referred to as the PV dg control [5,10,11,44],
is adopted in this chapter. This technique enables the independent control of the decou-
pled active and reactive powers by decomposing the rotor current into two orthogonal
components: one, along the d-axis, for regulating the terminal voltage or power factor
(PF); whereas the other, along the g-axes, for regulating the torque. For optimal con-
trol, proportional and integral (PI) controllers, with parameters accordingly tuned, are
commonly used. Such tuning puts these controllers at a disadvantage, though, as it is
dependent on the parameters of the system, such as the stator and rotor resistances,
inductances, and mutual inductances, in addition to requiring the stability of the sys-
tem to be sustained even during transient states [45]. Figure 2.4 shows a block diagram
of torque control scheme. The complete control scheme was presented in [5,10,11].
The error signal produced by the difference in the rotor current iy from iy .5 is

processed by the PI compensator to produce the rotor voltage vg,.

Uc}r =x1+ Kpl (iqr,ref - iqr) (216)
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Figure 2.4: PVdq DFIG speed control strategy.

Note that, the compensation term in this control scheme is given by the second and
third terms of (2.16). On the other hand, the terminal voltage or power factor control
is achieved using the rotor-side converter. The required d—axis rotor voltage vy, is
obtained through the output of a PI controller and a compensation term which is
derived from equation of the rotor voltage in the d-axis. Figure 2.5 shows a block

diagram of the terminal voltage control scheme [5,10,11]
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Figure 2.5: PVdq DFIG terminal voltage or power factor control strategy.

In order to simplify the model of the system and to design suitable linear controllers,
a linearization process is performed. The behavior of nonlinear system is approximated
in the vicinity of its equilibrium points. Small signal analysis can be performed by
linearizing the swing mechanical equation (2.6) and the DFIG equations (2.12)-(2.13).
The utility grid is considered, here, an infinite bus, which is represented by a volt-
age source with constant voltage and frequency. Considering that DFIG is interfaced

with the infinite bus through a transmission line, the stator voltage equations can be
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rewritten as

Vds = Vgoo — XTlqs + Rrigs (2.17)

Vgs = Udoo T Xrigs + RTiqs (2.18)

where v400 and vg4o, are the infinite bus voltages in the ¢ and d reference frames, and
Xr =Xy +Xe, Rr =R+ Rs

To obtain the complete linearized DFIG model, the state variables and the inputs
of the control loops in Figure 2.4 and Figure 2.5 are integrated to the DFIG model and

linearized at the operating points. The linearized state space system is given as follows

z(t) = Az(t) + Bu(t)

(2.19)
y(t) = Cx(t) + Du(t)
The state variables and the control inputs are defined by [11]
‘ T
T = [ids iqs idr iqr Wy T X1 1'3} (220)
T
u= {idr igr Us Usref Tsp} (2.21)
The outputs are the rotor currents in the d-axis and g-axis,
T
y= {idr iqr} ) (2.22)

The system matrices A, B, and C of the wind turbine with DFIG connected to the
utility grid are calculated as described in Appendix A.3. All system parameters, DFIG
parameters, and operating points used in the linearization procedure can be found in

Appendices A.1-A.2. The linearized system and matrices A, B, and C evaluated at the
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system’s operating points are given by

—-25.17 5717 —89.73 —5241 —-212.5 1617 0  80.85
—5711  —27.88 5242 —89.73 1646 0 1617 O
—24.38 52225 —91.82 —-5050 2174 1655 0  82.74

e —5517  —27.16 5050 —91.82 1726 0 1655 0
0.2072 —-0.1225 -0.1937 —0.01976 0 0 0 0
0.4377 0.07021 -10 0 0 0 0 10
0.6349 0.1018 0 -10 9.171 0 0 0

|—1.211  0.1943 0 0 0 0 0 0

-—1658 0 1617 0 0 ]

0 —1658 0 1617 0

—1617 0 1655 0 0
B 0 —-1617 0 1655 0 ’
0 0 0 0 0.1429

-10 0 —67.47 70 0

0 -10 —-8.256 0 10.24

| 0 0 -7 7 0 |

001 00O0O0TO 5 00000
00010O0O0TO 00000
In the follow-up of this section we will study the DFIG linearized model using the

methods of system balancing and singular perturbations.
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2.4 Model Order Reduction via System Balancing Methods

Consider the state space realization of an nth-order linear time invariant (LTI) system

z(t) = Az(t) + Bu(t)
(2.23)

y(t) = Cx(t) + Du(t)

where z(t) € R, u(t) € R™, y(t) € RP.
A, B, C and D are constant matrices of appropriate dimensions. The open loop

transfer function of the system is given by
G(s)=C(sI— A 'B+D (2.24)

Balancing order reduction is done under the following assumption [46].

Assumption 2.1 The considered system is controllable, observable, and asymptotically

stable.

The linear time-invariant system is asymptotically stable if all eigenvalues of the system
matrix are strictly in the left half of the complex plane, that is, #{eig(A)} < 0. The con-
trollability and observability Gramians are used to measure the degree of controllability

and observability of the system. They are defined respectively as

o o
We = / ABBTA A, Wp = / ATt CT Ot dt (2.25)
0 0

The system is considered to be controllable (observable) if the corresponding Gramian
matrix is nonsingular. The integrals (2.25) can be evaluated by solving the correspond-

ing Lyapunov algebraic equations, which are respectively given by
AWe + We AT = —BBT (2.26)

ATWo + WoA = —-CTC (2.27)
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Since the system matrix A is Hurwitz (asymptotically stable), the Gramians are pos-
itive semidefinite (symmetric) matrices and therefore the eigenvalues of the Gramians
matrices are all real and non-negative [47].

It is well known from the Kalman canonical decomposition that state variables that
are either uncontrollable or unobservable (their controllability /observability measures
are zeros and the corresponding Gramian matrices are singular) can be completely elim-
inated from the system dynamics since they do not affect the system transfer function,
and hence they have no impact on the system input-output behavior. This implies a
reduced-order model of a full-order model. The balancing order reduction is an exten-
sion of the Kalman canonical decomposition in the case when all system state variables
are both controllable and observable, but some of them are weakly controllable and
weakly observable corresponding to small eigenvalues of the controllability and observ-
ability Gramians. There are several order reduction techniques. The two most popular
ones will be reviewed in the rest of this section. Important features of the system
balancing order reduction techniques are that the reduced-order models obtained are
asymptotically stable, controllable, and observable, and that they can be used for ac-
curate and efficient full-order system controller design techniques [48].

The state space variables z(t) that are associated with small eigenvalues of the
Gramians matrices are less controllable and less observable than those associated with
larger ones. Therefore, these state variables can be eliminated from the system model
without much effect on the system dynamics. This elimination can be achieved using
the balanced transformation technique [48]. System balancing is done via the use of a
similarity transformation matrix 7" that transforms the coordinates of the original sys-
tem into balanced coordinates, such that the controllability and observability Gramians

are identical and diagonal, that is, the transformation

xy, =T x(t), det(T)#0 (2.28)
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produces a new linear system

(1) = App(t) + Byu(t), x3(0) = T~ 2(0) = T 'xg
yp(t) = Cpap(t) + Dyu(t) (2.29)

Ay :TATil, B,=TB, C,= CTﬁl, Dy,=D

with

We, = Wo, = X = diag{o1,02,...,0,} (2.30)
01 20—2 27-"720—11

where o;, i = 1,2,...,n are known as the Hankel Singular Values (HSVs) of the
system, obtained by taking the positive square root of the eigenvalues of the product

of the controllability and observability Gramians matrices [48], that is
oi =V i(WeWo) (2.31)

The magnitudes of the HSVs are ordered in descending order with the first Hankel
singular value called the “Hankel norm”. The Hankel norm of the system represented

by G(s) is defined by
HG<8>HH =01 = Omaz = )\maa:(WCWO) (232)

These HSVs can be used to indicate the amount of energy in each state in the
original system. The HSVs with larger magnitudes refer to the states that have more
energy and are more controllable and observable in the original system. The balanced
controllability and observability Gramians are the unique solutions of the following

algebraic Lyapunov equations

AWe, + We, AL + ByBl =0,
AT Wo, +Wo, Ay +CLCy =0 (2.33)

We, =Wo, =X
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The balanced system can be partitioned as following

A1 A2 By

Ay = , By= ,CbZ[C’l CQ}va:D
As Ay By
B 10
N 0 Xy
Y =diag{o1,09,...,0.}, Yo =diag{or+1,0042,...,0n}

(2.34)

2.4.1 Model Order Reduction via Balanced Truncation

Based on this partitioning, the reduced-order system obtained via truncation is defined

by

il(t) = AliL'l(t) + Blu(t)

(2.35)
y(t) = Chz1(t) + Du(t)
with the corresponding reduced-order transfer function
Gr(s) = 01(81 — Al)_lBl +D (2.36)
It has been shown in [49] that
1G(5) — Gr(s)]| < 021,029, .. 0 (2.37)

The reduced-order system can be simply obtained by eliminating the part of the system
associated with the small HSVs and retaining the remaining part of the system, which

is associated with the larger HSVs.

2.4.2 Model Order Reduction via Balanced Residualization

Reducing the system order using the balanced truncation method gives a very good

approximation for the original system at high frequencies. The negligible values of
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the impulse response error for the original and approximated system show just that.
However, the approximation will be less accurate at low and medium frequencies, due
to the DC gain difference between the original system and the reduced order truncated
system. Comparing step responses of the original and the reduced-order system, a
relatively large error can be observed. In [48], the balanced residualization technique
was proposed to overtake this problem. To explain this technique, consider the following

balanced linear system

il(t) = A1$1(t) + AQZCQ(t) + Blu(t)
do(t) = Agz1(t) + Aswa(t) + Bau(t) (2.38)

y(t) = Cra1(t) + Coza(t) + Du(t)

where A; € R7%7, Ay € RO=)*(=7) with the remaining matrices having appropriate
dimensions relative to the original system dimensions. It is assumed that the Hankel
singular values of this balanced system satisfy o, > 0,11. A quasi steady state system

can be defined by setting the derivative of x2(t) state variable to zero as follows

i’l(t) = Al.’El(t) + AQ{L‘Q(t) -+ Blu(t)
0 = Azz1(t) + Agwa(t) + Bou(?) (2.39)

y(t) = Cra1(t) + Coxa(t) + Du(t)

Note that, the matrix A4 is assumed to be invertible [49]. Eliminating z5(¢) from

the second equation in (2.39), the residualized, reduced-order system is obtained as [50]

() = Arzy(t) + Bru(t)
y(t) = Cray(t) + Dyult)
(2.40)
A, =A; — AgA[ A3, B, = By — AyA;'By

C, =Cy — CyA; A3, D, =D —CrA;'By

The residualized reduced-order system preserves the DC gain of the original system.
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It also provides a good approximation to the frequency spectrum at low and medium fre-
quencies. However, this method provides less accurate approximation to the frequency
spectrum at high frequencies [51], [50]. In contrast to that, the reduced-order system
obtained through the balanced truncation method provides a good approximation at

high frequencies on the expense of a mismatched DC gain.

2.5 Wind Turbine Model Order Reduction using Balancing Methods

The balanced truncation method requires first to balance the system. The Hankel

singular values are then calculated and presented in the following table.

HSVs || 20.8363 | 19.9418 | 14.3674 | 12.6774 | 12.0217 | 11.3983 | 0.9975 | 0.4742

Table 2.1: HSVs for wind turbine with DFIG system

It can be observed that the first six HSVs are much larger than the last two HSVs,

hence, the system can be reduced to the sixth-order (r = 6) since

| G(s) — Gs(s) ||< 02 + o2 = (0.9976)2 + (0.4742)% = 1.220

produces a small error. Otherwise, according to the error formula a reduction to order

five or less will produce huge errors. For example, for r = 5, we have

| G(s) — Gs(s) ||< 08 + 02 + 02 = (11.4146)? + (0.9976)2 + (0.4742) = 131.51

For r = 4, 3,2, this error becomes considerably bigger.

The step responses of the reduced truncation, residualization, and original systems
are shown in Figure 2.6 for the rotor current output in the d-axis ig4, only, when r = 6.
The step response behavior for the rotor current output in the g-axis 4, is similar. It
can be observed from Figure 2.6 that reducing the system order using balanced trun-
cation method gives a good approximation for the original system at high frequencies.
However, using the balanced residualization method shows better approximation to the

original system at low and medium frequencies and preserve the DC gain.
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Reducing the system to a second-order, r = 2, the step response error increases
considerably comparing to the sixth-order system case. The step responses of the
original and second-order reduced systems are shown in Figure 2.7.

It can be concluded from this section that the balancing transformation order re-
duction method allows the considered system model of order eighth to be reduced only

to order six.
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Figure 2.6: Step response of the sixth-order wind turbine with DFIG system
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Figure 2.7: Step response of the second-order wind turbine with DFIG system
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2.6 Near-optimal Control using the Reduced Order Truncated and
Residualized Models

Consider the original system in the balanced coordinates defined by (2.29) and (2.39).
The corresponding truncated system is given in (2.35) and the residualized system by
(2.40). In the following, we use these reduced-order models to derive the near-optimal
controllers for (2.34) obtained by minimizing a quadratic performance criterion defined

by

T
x1(t) cte, cto,

wa(t)] [C3C1 CFCo

=} [T wetcnn s romole - [~

T (t)

+ u” () Ru(t) }dt
xI9 (t)

(2.41)

where CbT Cp > 0 and R > 0 are the penalty matrices. We assume that the matrix
D appearing in the system output is zero, that is, D = 0, so that in the performance
criterion (2.41), we practically optimize the term y” (¢)y(t), in addition to the “square”

of the control signal.

2.6.1 Truncated Model Based Near-optimal Control

In this case, since the matrix C5 is neglected in the truncated model (2.35), the quadratic

performance criterion (2.41) changes into
L (™7 g AT T
Jorane = 5 [xl ()T (t) + T (t) Ru(t) | dt (2.42)
0
Minimizing (2.42) along the trajectories of the truncated system (2.35), that is

i‘l(t) = Alﬂjl (t) + Blu(t)

y(t) = Crza (1)

(2.43)
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leads to the well-known optimal solution for the truncated system given by

u?ﬁinc(t} = _R_lePtruncxl(t) == —F()pt l’1(t) (2.44)

trunc

where Pj.une satisfies the algebraic Riccati equation for the truncated system corre-

sponding to the optimization problem defined by (2.42)-(2.43)
Alptrunc + PtruncA{ + Cfcl - PtruncBlR_lB{Ptrunc =0 (245)

Using (2.44), we construct the near-optimal full-state feedback control for the original

full-order system (with D = 0) in the balanced coordinates

ib(t) = Ab.%'b(t) + Bbub(t) (2.46)
as follows
z1(t
ufﬁgglét(t) = _thgfncxl(t) == [Fti*z:nc O} 1( ) = _Ft””wxb(t) (247)
xI9 (t)
using this near-optimal control (2.44) in (2.46), produces
x"b(t) = (A - BFtrunc)xb(t) (2.48)
1 (o)
Jlf’""”c =3 / x{(t)(Cng + thunCRFtrunc)mb(t)dt (2.49)
0

It can be shown that integral (2.49), evaluated along trajectories of (2.48), is given by

1
Jprune — 5:1:?(0)%”““%(0), 2(0) = T 12(0) = T 1y (2.50)

where V}, satisfies the following algebraic Lyapunov equation

(Ab - Bthrunc)Vl-,trunc + Vl-,trunc(Ab - Bth'runc)T + Clc)rcb - Fg:uncRFtrunc =0 (251)
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2.6.2 Residualized Model Based Near-optimal Control

Eliminating x2(t) from the quadratic performance criterion (2.41) using the second

formula in (2.39), coming from the residualization idea, that is
zo(t) = — Ay  (Azz1(t) + Bau(t)) (2.52)
the quadratic performance criterion becomes
Tes 1 > T T T T T
JJes = 5 [z, (t)C, Crzy(t) + 2u” (t)C, Dyxy(t) + u’ (t) Ryu(t)]dt (2.53)

where R, = R+ DI'D, and with C,, D, are defined in (2.40). The residualized system
is given as

@ (t) = Avay (t) + Bru(t) (2.54)

Minimization of (2.53) subject to (2.54) leads to the following optimal control

uPt(t) = —RY(CTD, + BT Prey)x, (t) = — Fpes, (1) (2.55)

res

where P,.s satisfies the following algebraic equation, obtained through the linear-
quadratic optimization when the quadratic performance criterion contains a cross-

product term [52]

(A, — B.R'CTD,)Pres+Pres(Ar — B,R'\CT' D) + T (1 — D,.R'DY)C, 2.56)
- PresBrRr_leﬂPres =0

The near-optimal control for obtained via balancing residualization, to be implemented
to the original full-order system in the balanced coordinates can be now constructed as
1(t)

uft (1) = —Fttn (1) =[R2 o] = Fen()  (@257)
2(t)
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Using this near-optimal control (2.55) in (2.46), produces

@p(t) = (A — BFyes)as(t) (2.58)

3 [ @G+ FLRE a0 (2.59)
0

Jres —
b 2

It can be shown that integral (2.59), evaluated along trajectories of (2.58), is given by
1
Ty = Sy (0)Vy**my(0) (2.60)
where V"¢ satisfies the following algebraic Lyapunov equation

(Ap — BpFres) TV + Vi (Ay — ByFyes) + CLCy+ FL RFyes = 0 (2.61)

res

Note that the similarity transformation does not change the value of the optimal
performance criterion [53], so that its optimal value in the original coordinates is equal
to the optimal value in the balance coordinates, that is JoP! = Jg)p L We compared
Jr t Jyes, Jirune. The truncated and residualized systems are of the order six, r = 6.

The results are presented in Table 2.2.

Performance Criterion | Near-optimal/Optimal Value
Jp e 2.0456
Jrumne 1.8697
J 0.7390

Table 2.2: Near-optimal and optimal values of the performance criterion for balancing
techniques

It can be seen from Table 2.2, that both the truncation and balancing residualization
methods produce large errors (> 100%) when the optimal linear-quadratic controller is
considered. Moreover, those errors were obtained when the original system model of
order eighth is reduced only to order six. It will be seen in the follow-up of this chapter

that the singular perturbation method order reduction produces much better results
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than the corresponding balancing order reduction techniques when the system order is

reduced to six and even to four.

2.7 Wind Turbine Model Order Reduction using Singular Perturba-
tion Method

Wind turbines with DFIG can be studied as singularly perturbed systems (two-time
scale systems), since they contain mechanical and electrical elements that operate in
different timescales, with mechanical variables in general being slow and electrical vari-
ables in general being fast. This can be observed by finding the eigenvalues of matrix
A and checking whether they are located in two or several disjoint groups (clusters)
which is caused by the presence of a small singular perturbation parameter denoted by
€.

The exact decoupling of the slow and fast subsystems can be obtained by employing
the Chang transformation [54]. A standard singularly perturbed linear time invariant

system in state-space form is represented by

:i)l(t) = All‘l(t) + Agxz(t) + Blu(t)
€T9 (t) = A3$1(t> + A4$2(t) + BQU(t) = .fsp(t) = ASPJZSP(t) + Bspu<t), J}(O) =Xy

y(t) = Crz1(t) + Coxa(t) + Du(t) < y(t) = Csprsp(t) + Dspu(t)
(2.62)

where € is a small singular perturbation parameter. Here, zi(¢) and z2(t) can be

considered as the slow and fast state space variables of the system, respectively [48].
The slow and fast subsystems can be approximately decoupled using another method.

For sufficiently small €, setting € = 0 in the second equation of (2.62) produces the ap-

proximate reduced-order slow subsystem given
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jflsappr (t) = AOxlsappr (t) + Bou(t)

yappr(t) = COxlsappr(t) + Dou(t)
(2.63)

Co=C1—C2A; A3,  Do=D— CoA;'By

The following assumption is commonly imposed for singularly perturbed linear systems

[55].
Assumption 2.2 Matrixz Ay is invertible.

The considered DFIG turbine system is not in the explicit standard singular pertur-
bation form (2.62) in which the derivatives of some of the states are multiplied by a
small positive singular perturbation parameter €. The eigenvalues of this system can

be calculated as

—85.3933 + 530.15114 |
—20.4084 = 184.6632i
Ai= | —11.8777 + 51.0489i | , (2.64)
—0.1514
~1.1916

Their locations in the s-plane are shown in Figure 2.8. The three cases are considered
here, depending on the dimension of the system order reduction: Case 1: when the
system is reduced to order two; Case 2: when the system is reduced to order four; and
Case 3: when the system is reduced to order six.

In all these three cases, the rows of matrix A need to be rearranged such that the
corresponding sub-matrix A4 is nonsingular and the system is in the explicit standard
singular perturbation form (2.62). As described in [56], such systems can be obtained
via the use of the Schur transformation. Algebraically [57], for any given square matrix

there exists a unitary similarity transformation known as the Schur’s form, , where

Agepur = UT AU, UT =U! (2.65)
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Figure 2.8: Locations of eigenvalues of the wind turbine DFIG system

where the left-hand side constitutes an upper quasi-triangular matrix, such that the real
eigenvalues reside on the main diagonal while pairs of complex conjugate eigenvalues
constitute 2x2 blocks on the diagonal. MATLAB’s implementation of the Schur’s form
sorts the eigenvalues in a decreasing order, i.e., with the magnitudes of the real parts
from the largest to the smallest. When employing U as a similarity transformation for

the DFIG system, we also get

BSchur = UTB: C.S'chur =CU (266)

To get the singularly perturbed form consistent with (2.62), the order of the eigenvalues

needs to be reversed, i.e., the following permutation matrix need to be employed
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The singularly perturbed form (2.62) is now achieved by using the following similarity
transformation

Agp = PTAP, Bgp=P'B, Csp=CP, (2.68)

For the considered DFIG system model, Dgp = D = 0.

The original system initial conditions, mapped into the new coordinates are given
by
zsp(0) = PTUTz(0) = PTUT g (2.69)

The singularly perturbed matrices defined in (2.68) and the initial conditions (2.69) are

given by
Asp =
_—0.1514 0 0 0 0 0 0 0 ]
0.2915 —1.192 0 0 0 0 0 0
20439 1.612 —11.878 —51.168 0 0 0 0
—53.174  8.308 50.93  —11.878 0 0 0 0
—39.962 —3.679 —59.826 —100.76 —20.408 —179.13 0 0
—1.406 —3.195 —97.568 59.172  190.37 —20.408 0 0
1195.5  234.29 —672.89 —7933.3 —5499 —5251.9 —85.393 534.54
| —2039  2.065 7863.1 —239.84 —5627.7 52582  —525.8 —85.393
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—0.0311 0.0906  0.1432 —0.0251

1.213 0.10065  1.0621 —1.4192 0.2104

12.356  2.3046 —20.782  4.443 —8.329

Bap — —2.003 11.927v —73.393 18.304 —1.4643

23.757 —25.504 31.864 —44.994 —3.177

—27.177 —24.969 8.6312 —21.95 4.8073

2128.1 —912.39 -—-2126.4 911.74 0.1259

| 91236 2128.1  —910.69 —2126.9 0.04145 |
o —0.0004 0.0021 -0.374 —-0.175 0.239 —-0.524 -0.647 —-0.279
o —0.0006 0.0035 0.142 —-0.368 —0.543 —-0.226 0.279 —0.647
T

$SP:[O.9813 0.8988 —1.0125 0.7402 -0.7957 0.1002 —-0.727 —1.8667

It will be seen that all the three cases considered produce very good results. To the
contrary, the balancing method order reduction produced satisfactory results only for
the system reduced to order six.

Case 1: Since the absolute real parts of the first two eigenvalues are much smaller
than those of the last six, the system exhibits two-time scales and a reasonable ap-
proximation is supposed to be obtained if the system is reduced into the second-order
slow mode subsystem. The singular perturbation parameter is chosen to be the ratio
of the real parts of the fastest slow eigenvalue to the slowest fast one and is equal
to e = 1.1915/11.8777 = 0.1003. Then, the approximation method defined in (2.63)
is applied to decouple the original system into the slow subsystem with eigenvalues:
—0.1514 and —1.1915. The step responses of the original system and the second-order
slow mode approximate singularly perturbed subsystems, presented in Figure 2.9, show
that the latter provides a very good approximation to the actual response of the original

system.
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Figure 2.9: Step responses of the original and the second-order approximate slow
mode singularly perturbed WT-DFIG system

Case 2: In order to get a better approximation, the original system is decomposed
into fourth-order slow and fourth fast subsystems. The small singular perturbation
parameter is chosen to be e = —11.8777/ — 20.4804 = 0.5820. The step responses of
the original system and the fourth-order approximate slow mode subsystem are shown

in Figure 2.10.
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Figure 2.10: Step responses of the original and fourth-order approximate slow mode
singularly perturbed WT-DFIG systems

Case 8: The system can also be approximated into a sixth-order slow subsystem,

as suggested by the balancing methods. The singular perturbation parameter is chosen
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to be the ratio of the fastest slow eigenvalue to the slowest fast one and is equal to
e3 = 20.4804/85.3933 = 0.2390. The step responses of the original system and the
sixth-order approximate slow mode singularly perturbed subsystem are shown in Figure
2.11. It shows a better approximation compared to the second and fourth-order slow

mode subsystems in Cases 1 and 2.
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Figure 2.11: Step response of the original and sixth-order approximate slow mode
singularly perturbed WT-DFIG systems

It follows from this section that the singular perturbation method allows system
model order reduction even to order two, which is a surprising result due to the fact
that the balancing order reduction method allows system model order reduction only to
order six. In general, these two system model order reduction techniques produce con-
sistent results, but in the case of the considered DFIG system, the singular perturbation

method is definitely superior.

2.8 Near-optimal Control using Lower Order Slow Subsystems

In addition to the comparison done with respect to the system responses, in the case
of the system order reduction via the method of singular perturbations, these three
cases are compared from the optimality point of view for the linear-quadratic optimal
controller.

In the case of the approximate slow subsystem (2.63) the derivations are similar to
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derivations presented for the residualized model based near-optimal control. Setting

€ = 0 in the second equation in (2.62), z2(¢) is obtained as
Qfg(t) = —AZI(Ag.QJl(t) + Bgu(t)) (2.70)

Eliminating x5(t) from the original singularly perturbed system (2.62) and the quadratic

performance criterion (2.41) produces

1 (o)
Jsp =3 / (T oo (CT Coraappr (H)+22T,, (H)CT Dou(t)+u” (£) Rou(t)|dt (2.71)
0

where Ry = R+ D Dpand with Cy,Dy defined in (2.63). The approximate slow system
is given in (2.72) as

ilappr(t) = A0$1appr(t) + Bou(t) (2.72)

Minimization of (2.71) subject to (2.72) leads to the following optimal control

Ufopr(t) - _RJI(COTDO + BUTPappr)xlappr(t) - _Fapprxlappr(t> (2-73)

where Py, satisfies the algebraic equation obtained through the linear-quadratic opti-

mization when the quadratic performance criterion contains a cross-product term [52].

(Ao — BoRy ' CL Do) Pappr+ Pappr (Ao — BoRy 'CF Do)T + Ci (I — DoRy ' DE)Co
- PapprBOR(;lBgPappr =0

(2.74)

The near-optimal control to be implemented to the original full-order can be now con-
structed as
z1(t)

wg (8) = —Feht, a1 () = — |, 0] | = Fmesr (2.75)
i) t
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Using this near-optimal control in (2.73) and the performance criterion, produces

:i'sp(t) = (ASP — BSpFappr):L‘sp(t) (2.76)

Jsp = /Oo [2§p(t)CT Cagp(t) +u' (t)Ru(t)]dt
0 (2.77)

1 [ee]
- / o) [CTC + FL  RF | zsp(t)dt
0

It can be shown that integral (2.77), evaluated along trajectories of (2.76), is given by
1
T = 2L p(O)VER wsp(0) (2.78)
where Vgﬁ,p " satisfies the following algebraic Lyapunov equation

(Asp—BspFappr ) VX +VEX (Asp—BspFappr) " +CEpCsp+FL  REppr = 0 (2.79)

For the considered wind turbine model, the results are presented in Table 2.3 for

the cases when the singularly perturbed system is reduced to order two, four, and six.

r Jr

2 | 4.3303
4 | 1.3066
6 | 0.7493
8 | 0.7390

Table 2.3: Comparison of the optimal and reduced-order near-optimal performance
criteria

It can be seen from this Table 2.3 and system response figures presented in this
section, that the system model order reduction to r = 4 produces excellent results both
from the system response and optimality points of view, which indicates superiority
of the singular perturbation approach over the balancing approach for the considered

DFIG system.
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2.9 Wind Speed Variations

The performances of the reduced models of the considered WTG with DFIG are also
tested for wind turbulences and gust. In this chapter, the wind turbulences and gust
shown in Figure 2.12 are considered. The total variation in wind speed was modelled
after the normal turbulence model (NTM) [58], for an average of 9m/s, with the addition
of a wind gust (modelled as a hamming-shaped dip in wind speed) of width 30s. We
divided the total variance suggested by the NTM into turbulence and gust variations

with the proportions of 1/3 and 2/3, respectively.
14

12M'

10

@

Wind Speed (m/s)
£y [=2]
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Figure 2.12: Wind turbulences and wind gust

The responses of the reduced balanced truncation and residualization and singular
perturbation models to wind turbulences and gust were compared to that of the full-
order system in Figures 2.13, 2.14, and 2.15, respectively for the second, fourth, and
sixth orders.

The mean and maximum absolute errors, with respect to the full-order system,
were also calculated and given in Tables 2.4 and 2.5, respectively, to compare the per-
formances of the reduced models. Both mean and maximum absolute error values show
the superiority of the singular perturbation reduced model over the balanced trunca-

tion and residualization reduced models. It should be pointed out that by employing
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the appropriate filters, the noise appearing in Figures 2.13, 2.14, and 2.15 could be
removed.
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Figure 2.13: Response of the original and second-order reduced models to wind
turbulences
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Figure 2.14: Response of the original and fourth-order reduced models to wind
turbulences
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Figure 2.15: Response of the original and sixth-order reduced models to wind

Table 2.5: Maximum absolute error considering wind turbulences and wind gust

turbulences
r Balanced Balanced Singular
Truncation Residualization | Perturbation
2| —3.2165 x 1071 1.4950 x 1073 —1.4784 x 1074
4| —8.4731 x 1072 1.5982 x 1073 —2.3263 x 107
6 | —2.7915 x 107! 1.6708 x 1073 4.5829 x 107°

Table 2.4: Mean error considering wind turbulences and wind gust

r | Balanced Balanced Singular
Truncation | Residualization | Perturbation

2 1.1936 1.629 1.3152

4 0.8489 3.3711 0.45793

6 0.82205 0.83902 0.60111
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2.10 Voltage Sag

To study the dynamic performance of the different reduced order models, a large-signal
disturbance voltage sag is also considered in this chapter. A voltage drop of 50% is
applied to the original and reduce models for 1 sec. The responses of the reduced
balanced truncation and residualization and singular perturbation models to voltage
sag were compared to that of the full-order system in Figure 2.16, Figure 2.17, and
Figure 2.18 , respectively for the second, fourth, and sixth orders.

The mean and maximum absolute errors, with respect to the full-order system,
were also calculated and given in Tables 2.6 and 2.7, respectively, to compare the per-
formances of the reduced models. Again, the mean and maximum absolute error values
show the advantage the singular perturbation reduced model has over the balanced

truncation and residualization reduced models.
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B R

Time (s)

Figure 2.16: Response of the original and second-order reduced models to voltage sag
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Figure 2.17: Response of the original and fourth-order reduced models to voltage sag
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Figure 2.18: Response of the original and sixth-order reduced models to voltage sag



r Balanced Balanced Singular
Truncation Residualization | Perturbation
2 5.4951 1.3952 x 10~* —6.4284 x 1073
4 3.945 1.4344 x 1071 —1.9616 x 1073
6 | —9.8912 x 10~* 1.4246 x 1071 —1.2117 x 1074

Table 2.6: Mean error considering voltage sag

r | Balanced Balanced Singular
Truncation | Residualization | Perturbation

2 11.092 7.0802 10.14

4 9.2731 10.04 4.0685

6 1.1399 1.694 1.1448

Table 2.7: Maximum absolute error considering voltage sag

2.11 Conclusion

45

In this chapter, an eighth-order wind turbine system with the DFIG connected to the

utility grid is investigated. Two methods were used to obtain the reduced-order model

of the wind turbine system and to design the corresponding linear-quadratic near-

optimal controllers: the methods of system balancing (including balanced truncation

and balanced residualization) and singular perturbations. The original and reduced

systems were compared through their step responses as well as from the optimality point

of view. Simulation and comparisons were also performed when wind turbulence and a

large-signal disturbance are applied to the system. The results presented clearly indicate

that the method of singular perturbations is superior to that of system balancing for

this particular DFIG system.
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Chapter 3

Wind Farm Order Reduction via Balancing and Cross
Gramians Methods

3.1 Introduction

The power generated by a wind turbine depends, in general, on the wind speed and the
size of the turbine itself. It ranges, in a modern wind turbine, from hundreds of watts
to several megawatts. Therefore, a large number of identical or different wind turbine
generators (WTGs) are usually placed in one location to generate a large amount of
electrical power. Such a setting is called a wind farm. Wind turbines are usually
distributed uniformly in rows more than three times the lengths of their blades apart
from each other and with more than five times the lengths of the blades between the
rows. This is usually done for an aesthetic purpose and to increase visual perspicacity
especially if the wind farm is built in birds’ migration paths. There are many common
trends available in modeling wind farms, such as the detailed modeling method and
the equivalent modeling method. In the detailed method [59,60], each wind turbine
in the farm is represented with its complete dynamic equations. As the number of
wind turbines increases, the order of the farm’s mathematical model increases too,
leading to more complexity and longer simulation times. Assuming that equating the
wind speed experienced by identical wind turbines has low impact on accuracy, several
studies [21,61-63] showed that a wind farm with a large number of identical wind
turbines can be approximated by an equivalent model containing only a single turbine.
The size, rated, and reactive powers of the equivalent model are equal to the sum of
sizes, total rated, and total reactive powers of these wind turbines, respectively.
Alternatively, reduction methods based on control theory can be utilized to obtain

reduced order models of wind farms. In balanced truncation [24], the controllability
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and observability Gramians are obtained by solving the algebraic Lyapunov equations.
The balanced realization of the original system is truncated after that to obtain the
reduced-order system. For further reduction in complexity and simulation time, the
cross Gramian method can also be used for wind farm order reduction [64,65]. In this
method only one Sylvester equation needs to be solved to obtain the cross Gramian
which carries information about the controllability and observability. Truncation is
applied after that to obtain the reduced-order system without the need for balancing.

For WECS, studying controllability and observability has a major impact on the
efficiency of the control system since it provides important information about the dy-
namic behavior of the WECS and the relation between the states, control inputs, and
outputs. Controllability refers to the ability to control and move the system from
any initial state to any desired final state using the appropriate input within finite
time. Observability on the other hand, is the ability to estimate the complete dynamic
behavior of the states of the system using only the output information [66]. In con-
trol theory, the full rank test for the controllability and observability matrices gives
a precise answer to whether or not a given system is controllable and/or observable,
respectively. Rather than giving a binary answer to the question about controllability
and observability of the system, measuring the degree of controllability (DOC) and the
degree of observability (DOO) provides further quantitative information about ”how
controllable/observable” the system is [67]. The relationship between DOC and MPPT
efficiency of the wind turbine is studied in [68] for the one-mass and two-mass models.
It is observed that the variation of DOC versus the structural parameters of the wind
turbine is in accordance with that of MPPT efficiency, therefore higher MPPT effi-
ciency can be achieved with the increase of DOC. Furthermore, reducing rotor inertia
and optimum tip-speed ratio increase the DOC measure of the WECS [68,69]. The
influence of model parameters on the controllability of DFIG-based WECS is further
investigated in [70], where it is shown that a high ratio of DFIG leakage reactance to
its resistance results in uncontrollable slow resonant modes.

In this chapter, the Hankel singular values are adopted as measures of the controlla-

bility and observability of the wind farm system. The value of each HSV has a physical
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meaning related to the energy content in the corresponding state of the system. The
higher the values of the HSV the larger the DOC and the DOO.

The rest of this chapter is organized as follows. Section 3.2 presents the state-space
representation of a linearized wind farm model. In Section 3.3, the balanced truncation
and balanced residualization methods are used to reduce the order of wind farm models
of different sizes, and the DOC and DOO of the reduced systems are calculated. Section
3.4 provides a theoretical background about the cross Gramian and its application to

the order reduction of the wind farm model. Section 3.5 concludes the chapter.

3.2 State-space Representation of a Wind Farm

Wind turbines are nonlinear systems, for the power generated by a wind turbine is
proportional to the third power of wind speed. In order to simplify the model of
the system and to design suitable linear controllers, a linearization process is usually
performed. The behavior of a nonlinear system is approximated in the vicinity of its
equilibrium points. Therefore, this approximation may not be valid for large deviations
from these nominal points. In this section, the linearization process for the farm of
one-mass wind turbines with DFIG presented in [24] is considered. Assuming that the
wind turbine is operating under the maximum power point tracking conditions, the
mechanical power collected from the wind is given by [5]:

_1!

P, 5

prR*0PCp(N, B) (3.1)

the mechanical and electromechanical torques, per unit, can be expressed as follows [24]

K 3
T, = —2" (3.2)
Wy
T. = Kpw? (3.3)

where v is the wind speed per unit and w, is the angular speed of the rotor per unit.

The scaling factor k, depends on the turbine characteristics and indicates the maximum
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output power of the turbine at the base wind speed. It is given by

_ p7TR2'U30p (>\0pt y Bopt)vg

k
P 2Pbase

(3.4)

Recalling the nonlinear swing equation (2.6), in which the turbine rotor and gener-
ator are considered as one-mass, the linearization process can be performed for small
deviations in the wind and rotor speeds, va and w,a, respectively, from the initial

values, i.e. v = vy +va, w = wp+ wa. By substituting (3.2) and (3.3) in (2.6), we

get [24]
dopn  3K,v? —K,u
OH,—= = P04\ — 0 492K 3.5
o o A ( 2 + 2K wo)wa (3.5)

Equation (3.5) can be rewritten to describe the state space representation of the wind

turbine as follows [24]

dwa  3K,v3 1 —Ky
= - 9K, 3.
B 2w A 2w, R p0)wa (36)
Pp = 3K,wiwa (3.7)

where the input is the wind speed deviation while the output is the electrical power

deviation. The general linearized state-space model is given by

z(t) = Ax(t) + Bu(t)
(3.8)
y(t) = Cx(t) + Du(t)

where A, B,C, and D represent the system state, input, output, and feed forward
matrices, respectively. The state-space equations for a wind farm containing N wind

turbine generators are

[wﬂ](nxl) = [A]nxn : [WA]nxl + [B]nxn : [VA]nxl (39)

Ppa=[Clixn - [walnx1 (3.10)

where P g is the output power of the wind farm and v, is the wind velocities vector.
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Elements in matrices A, B and C are calculated as follows [24]

1 —K,v
%Jz_sz u%op+ﬂgﬂm%%420
K3,
bii = (—220iy b= (3.11)
2,2 (2th w(Q)z ) 1,7

2
c1,i = 3Kpjwp;

where ¢,j = 1,2,..n and 7 # j. For linearization and simulation purposes, we assume
wind turbines to be working at a base wind speed equal to 12[m/s|, and producing an
output power of 0.73 per unit (pu). Furthermore, we assume that vo = 1 pu, wp = 1

pu and K, = 0.73.

3.3 Wind Farm Model Reduction via Balanced Truncation and Bal-

anced Residualization Methods

It can be observed from (3.11) that when the inertia H has identical elements then
A e R™™ and B € R™"™ reduce into diagonal matrices with identical elements on
their diagonal, whereas C' € R'*" assumes the shape of a row vector with identical
values. In this study, the matrix B will be represented in two different forms. In
the first form, B € R™*" is a diagonal matrix calculated using (3.11). In the second
form, B will be a column vector with elements equal to those of the diagonal of the
corresponding B € R™*™ matrix. Using these two forms allows us to compare the
degree of controllability and observability for each system form. Using the second form

of B the system matrices are given by

O a --- 0 b
A= ].B= :,C:& c“.4 (3.12)
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Using equation (2.24), the transfer function in this case is given by

_ 2 =1 r -

s—a 0 0 b
0 s—a 0 b
G(s) = [c c c] ' (3.13)
0 s—a b
b
b
G(s) = [sfa R sfa] _ (3.14)
b
Gis)= 4 4.4 ¢ (3.15)
s—a s—a s—a
For n terms (n wind turbines), the system transfer function is
cb
G(s)=n - 3.16
(5)=n — (3.16)

To compare this result with that of the balanced truncation method, the algebraic
Lyapunov equations (2.26) and (2.27) are used to calculate the controllability and ob-

servability Gramian matrices, respectively

[ 2 1?2 2 _¢?
2a 2a T 2a 2a 2a T 2a
—b2 —b? —b? —c2 —c2 —c2
2 2 72 2 2 72
We=|2 2 o Wo=| 2 ™ @ (3.17)
_b2 _b2 —62 —62
a3 2 | | 2o 2 |

The product of the Gramian matrices for this case is

i b2c2 b3 b2c2? ]
2a2 2a2 e 2a?
b2c2 b2c2? b2c2?
- i
WeWo = |2 2 2 (3.18)
b2c2 b2c2?
| Gz e o
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It is easy to see that WoWj has rank one, with a single non-zero eigenvalue, leading

to the one dominant Hankel Singular value, that is

be
o1 =—, Og ="

. (3.19)

:0-71:0

This means that the system can be reduced to a first-order system.

In this chapter, MATLAB simulation was performed on wind farms containing dif-
ferent numbers of identical wind turbines. Wind farms containing 50, 100, 200, and 300
turbines are considered in this study. Using the balancing method, regardless of the
number of turbines in the farm, all the HSVs, other than the first one, were found to be
zero. Table 3.1 shows the first five HSVs over different wind farm sizes. These results
prove that any wind farm with identical wind turbines can be reduced to a first-order

system when the wind speed is assumed equal for all the turbines in that farm.

Number of Turbines in the Farm
HSVs 50 100 200 300
1 54.7500 109.5000 219.0000 328.5000
2 5.4706 x 1071 | 1.0941 x 10~ 1% | 2.1882 x 10~ 1% | 3.2823 x 104
3 5.4706 x 10715 | 1.0941 x 10714 | 2.1882 x 10~ 14 | 3.2823 x 104
4 5.4706 x 10715 | 1.0941 x 10714 | 2.1882 x 1014 | 3.2823 x 1014
5 5.4706 x 10715 | 1.0941 x 1071 [ 2.1882 x 1014 | 3.2823 x 1014

Table 3.1: First five HSVs for wind farms with different numbers of identical SISO
wind turbines

In general, wind speed is not the same for all wind turbines in a farm, especially for
the turbines placed in different rows within the same farm, or those placed long distances
apart from each other. The system matrices are calculated in the same manner using
(3.11). In this case, the matrix B is a column vector with different elements, and the

system transfer function is calculated as

b1
bo

(3.20)

S—a
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Cc

G(S) = [bl +bo+--- 4+ bn] (3.21)

s—a
This system is still a first-order system.

Another way to represent matrix B is by putting it in a diagonal form, with non-

identical elements.

a 0 0 by 0 0
0 a 0 0 by 0

A= ,B= ,C = [c c C] (3.22)
0 - v a 0 - --- b,

The simulation results were similar to the previous case in that only the first HSV
in each wind farm is non-zero. Table 3.2 shows the first five HSVs over different wind
farms consisting of 50, 100, 200, and 300 identical wind turbines. Matrix B € R"*"
has the corresponding appropriate size in each case. Comparing the HSVs in Table 3.1
with the corresponding HSVs in Table 3.2, it can be seen that the system is still very
well approximated by a first-order system, but it is significantly less controllable and
observable when the input matrix B is in the diagonal form. The controllability and
observability, in terms of the first HSV, were approximately down by 85% (form 54.75
to 7.7428) for N = 50, and 94% (from 328.5 to 18.9659) for N = 300.

Number of Turbines in the Farm
| HSVs 50 \ 100 \ 200 300
1 7.7428 10.9500 15.4856 18.9659
2 7.6588 x 10716 | 1.0886 x 10~ 1° | 1.5434 x 10~1° | 1.8919 x 10~ 1°
3 7.6588 x 10716 | 1.0886 x 10~1° | 1.5434 x 10~1° | 1.8919 x 10~1°
4 7.6588 x 10716 | 1.0886 x 10~1° | 1.5434 x 10~1° | 1.8919 x 10— 1°
5 7.6588 x 10716 [ 1.0886 x 10~ | 1.5434 x 10~ | 1.8919 x 10~ 1°

Table 3.2: First five HSVs for wind farms with different numbers of identical MIMO
wind turbines

The accuracy of the reduced-order system can be measured by comparing its step

response to that of the original system. The maximum absolute and mean errors in the
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step response are calculated for both the balanced truncation and balanced residual-
ization methods. Note that the mean error (€) is given by

Zizl G (3.23)

é:

where e; is the error at instant ¢;. The maximum absolute and mean errors were zero
regardless of the size of the wind farm, which consolidates our conclusion that any wind
farm with identical wind turbines can be reduced to a first-order system when the wind
speed is assumed equal over all the turbines in that farm.

Choosing different values for the inertia in (3.11) means that the wind farm may
contain different turbines. The corresponding system would have the following matrices

if the matrix B is put in the vector form

al 0 0 b1
0 az -~ O bo

A: ,B: ,C:[C cC - C:| (324)
0 -+ - ap by,

A MATLAB simulation was performed on wind farms containing 50, 100, 200, and
300 different wind turbines, with inertias distributed uniformly between 3[s] and 5[s]
[24]. Using the balancing method, the first five HSVs are shown in Table 3.3. The first
two HSVs of each wind farm are the most dominant. Hence, the system can be reduced

to a second-order system.

Number of Turbines in the Farm
| HSVs 50 100 200 300
1 54.4651 108.8727 217.9701 326.8562
2 0.2835 0.6246 1.0252 1.6360
3 0.0012 0.0026 0.0045 0.0076
4 5.998 x 1076 | 1.0588 x 107> | 1.8815 x 10~° | 3.0016 x 10~
5 2.071 x 1078 | 4.2423 x 1078 | 6.6234 x 1078 | 1.2725 x 10~

Table 3.3: First five HSVs for wind farms with different numbers of non-identical,
uniformly distributed SISO wind turbines

Table 3.4 lists the HSVs when putting the matrix B into the diagonal form. For
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each wind farm, the system can still be reduced to a second-order system, since the
first two HSVs are the most dominated. Again, comparing the HSVs in Table 3.3 to
the corresponding HSVs in Table 3.4, we can deduce that the system is less controllable
and less observable when the matrix B is in the diagonal form. Furthermore, the
approximation by the first-order system is not as accurate as in the previous case, since

the second and third HSVs now have increased to 0.5572 and 0.0371, respectively.

Number of Turbines in the Farm
| HSVs | 50 100 200 300

1 7.7226 | 10.9185 | 15.4491 | 18.9184
0.5572 | 0.8270 | 1.0595 1.338

0.0371 | 0.0534 | 0.0709 0.0914
0.0025 | 0.0034 | 0.0045 0.0057
0.0001 | 0.0002 | 0.0002 0.0003

Y =W

Table 3.4: First five HSVs for wind farms with different numbers of non-identical,
uniformly distributed MIMO wind turbines

In the third simulation scenario, the inertia values are generated randomly such that
they are clustered around 3[s], 5[s], and 7[s|]. Matrices A, B, and C, are then calculated
using (3.11). Wind farms consisting of 60, 120, 240, and 300 turbines are considered,
first when matrix B is in the column vector form, and second when matrix B is in the
diagonal form.

For the matrix B in the column vector form, the simulation results are shown
in Table 3.5. The first three HSVs were more significant than the remaining HSVs.
Therefore, the system can be reduced to a third-order system. When the matrix B is
put in the diagonal form, the simulation results for the first five HSVs are as shown
in Table 3.6. The first three HSVs were also the most significant HSVs, therefore, the
system was also reduced to the third-order. However, comparing these results with the
corresponding HSVs in Table 3.6, it can be concluded that the system is still far less

controllable and observable when matrix B is in the diagonal form.



Number of Turbines in the Farm
HSVs 60 120 240 300
1 63.8425 127.7102 255.1476 318.7120
2 1.8305 3.6360 7.5357 9.6359
3 0.0266 0.0531 0.1155 0.1506
4 0.0002 0.0004 0.0009 0.0013
5 3.645 x 1070 [ 9.028 x 1076 | 1.572 x 107° | 2.792 x 10~°
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Table 3.5: First five HSVs for wind farms with different numbers of non-identical,

normally distributed SISO wind turbines

Number of Turbines in the Farm
HSVs| 60 | 120 | 240 300
1 8.3610 | 11.8255 | 16.7148 | 18.6812
2 1.4157 | 1.9953 | 2.8725 3.2482
3 0.1707 | 0.2413 | 0.3557 0.4061
4 0.0173 | 0.0232 | 0.0329 0.0382
5 0.0019 | 0.0031 | 0.0041 0.0055

Table 3.6: First five HSVs for wind farms with different numbers of non-identical,
normally distributed MIMO wind turbines

3.4 Model Order Reduction via Cross Gramian

In general, model order reduction via balancing methods (truncation and residualiza-
tion) is relatively expensive computationally. Calculating the controllability and ob-
servability Gramians using Lyapunov equations (2.26) and (2.27), followed by balancing
and HSV calculation requires computational cost and storage of O(n3) and O(n?), re-
spectively. An alternative approach that requires calculation of only one single matrix
called the cross Gramian matrix, is proposed in [71]. In this section, model order
reduction is achieved using what is called the cross Gramian matrix, which contains
information about both controllability and observability and corresponds to a solution
of the Sylvester equation.

Cross Gramian was first defined in 1981 by Fernando [71] for single input single

output (SISO) linear dynamic systems given by

dt (3.25)
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where z(t) € R", are state variables, u(t) € R™ are control inputs, and y(t) € R
are measured outputs. Assuming that the system in (3.25) is asymptotically stable,
controllable observable, and square, i.e., the number of inputs equals the number of

outputs m = p, the cross Gramian matrix is defined by
o0
Wx = / M BCeM dt (3.26)
0
and represented by the solution to the algebraic Sylvester equation
AWx +WxA = BC (3.27)

In this context, the Sylvester algebraic equation (3.27) has a unique solution if and only
if A and —A have distinct eigenvalues [72]. The definition in (3.26) was extended in
[73], [74] and [75] to include Multi-Input Multi-Output (MIMO) systems. Furthermore,
for MIMO symmetric systems, the relation between controllability and observability,

on one hand, and the cross Gramian on the other hand, is given by [76]
W2 =WcWo (3.28)

from which the Hankel singular values of system (3.25) are given by the magnitude of

the eigenvalues of the cross Gramian
oi = [A(Wx)| = VA(WcWo) (3.29)

For model order reduction, the cross Gramian matrix obtained as a solution for
Sylvester equation (3.27) is decomposed using the singular value decomposition (SVD)
and then partitioned without any need for balancing as follows

20| |Vl

Wx =UZVT = Uy Uy i (3.30)
0 | v

where U,V € R, X = diag{o1,09,...,0.}, Yo =diag{oy4+1,09,...,0,}. Here,
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the order of the reduced model r can be chosen based on the following threshold criteria
Y on<e (3.31)

By taking the projection in the U; subspace direction [77], the reduced order system

can be defined as

Te(t) = Acxe(t) + Beu(t)
(3.32)

Ye(t) = Cexe(t)

where ACZUlTAUl, BCZUlTB, CCZCUl, a:co:UlT:cco

3.4.1 Wind Farm Model Reduction via the Cross Grammian

In this section, the cross Gramian is used to investigate model order reduction for the
system (3.11). A MATLAB simulation for wind farms containing different numbers
of identical wind turbines was performed. Wind farms containing 50, 100, 200, and
300 turbines are considered again in this section. Using the cross Gramian truncation
method, with a threshold value of 0.01 (see equation (3.31)), we got first-order reduced
system models for the wind farms of different sizes. These results agree with those we
got using the balanced truncation and residualization methods, showing that any wind
farm with identical wind turbines can be reduced to a first-order system when the wind
speed is assumed to be equal over all the turbines in that farm.

To compare the accuracy of the reduced-order system to that of the original full-
order system, the maximum absolute and mean errors in the step responses of the sys-
tems reduced using balanced truncation, balanced residualization, and cross Gramian
methods are calculated. The results are shown in Tables 3.7 and 3.8, respectively.

The maximum absolute and mean error values show that a first-order approximation
to the original system is accurate. Comparing these results to those of the balanced
truncation and balanced residualization methods, where the maximum absolute and
mean errors were zero for all wind farm sizes, we conclude that the balancing method

is slightly more accurate when reducing wind farms that comprise identical turbines
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Number of Turbines in the Farm
| Reduction Method 50 100 200 300
Balanced Truncation 0 0 0 0
Residulization 6.31 x 10730 [ 4.74 x 1072 [ 1.81 x 10727 | 1.12 x 10727
Cross Gramian 2.56 x 10713 | 1.023 x 10712 | 2.44 x 10712 | 2.96 x 1012

Table 3.7: Maximum absolute errors in the step responses of the order-reduced wind
farms comprising different numbers of identical SISO WTs

Number of Turbines in the Farm
| Reduction Method 50 100 [ 200 [ 300
Balanced Truncation 0 0 0 0
Residulization 3.22x 10732 | 242 x 10731 | 9.23 x 10739 | 5.69 x 1073Y
Cross Gramian —6.17x 107 [ 3.10 x 10713 [ 1.08 x 10713 | 8.89 x 10~ 13

Table 3.8: Mean errors in the step responses of the order-reduced wind farms
comprising different numbers of identical SISO WTs

into first-order systems. Choosing a different threshold value would reduce the system

into an order higher than one, with smaller maximum absolute and mean errors. The

step responses of the original and reduced-order systems for each of the aforementioned

reduction methods are shown in Figure 3.1.
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Figure 3.1: Step responses of the reduced order system models of a wind farm
comprising 300 identical WTs

Wind farms containing wind turbines with different inertia are also studied using

the cross Gramian method. Wind farms containing 50, 100, 200, and 300 different
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wind turbines are considered here. The inertia values of these turbines were uniformly
distributed between 3[s] and 5[s]. Using MATLAB simulation, the system is successfully
reduced to a second-order system for a threshold value of 0.01 (see equation (3.31)). To
compare the accuracy of the reduced-order system to the original full-order system, the
maximum absolute and mean errors in the step responses, for each of the aforementioned
methods, are calculated. The results are shown in Tables 3.9-3.10. It can be observed
that the maximum absolute and mean error values are relatively small. However, error
values increase as the wind farm size increases, since the precision of reducing the farm

size to second-order decreases.

Number of Turbines in the Farm
| Reduction Method 50 100 200 300
Balanced Truncation | 5.307 x 10~% | 0.00121 | 0.0023 0.0035
Residulization 0.002 0.0047 | 0.0091 0.0138
Cross Gramian 0.00502 0.011 | 0.0218 | 2.003 x 10~

Table 3.9: Maximum absolute errors in the step responses of reduced wind farms
comprising different numbers of non-identical uniformly distributed SISO WTs

Number of Turbines in the Farm
| Reduction Method 50 100 200 300
Balanced Truncation | 1.27x10~* | 29x10~* | 56x10~* | 854 x 10~*
Residulization —9.17x107% | —4.1x107° | —4.7x 107 | —7.62 x 10~°
Cross Gramian 0.0007 0.0015 0.0032 —6.36 x 1076

Table 3.10: Mean errors in the step responses of reduced wind farms comprising
different numbers of non-identical uniformly distributed SISO WT's

Furthermore, the step responses of the original and reduced-order systems for each
of the aforementioned reduction methods are shown in Figure 3.2.

Wind turbines with inertias distributed normally around 3[s], 5[s] and 7[s] are also
investigated here, using the cross Gramian method. Wind farms containing 60, 120,
240, and 300 different wind turbines are considered. MATLAB simulation shows that
these systems can be reduced into the third-order using a threshold equal to 0.01 (see
equation (3.31)). The maximum absolute and mean errors of the step responses are
calculated to test the accuracy of this reduction, as shown in Tables 3.11-3.12. Despite

the increase in error values with the increase in the size of the wind farm, the low values
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of the maximum absolute and mean errors show that a third-order model provides a

reasonable approximation to the original system. The step responses of the original and

reduced-order systems for each of the aforementioned reduction methods are plotted in

Figure 3.3.
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Figure 3.2: Step responses of reduced-order system models for a wind farm comprising
300 non-identical uniformly distributed WT's

Number of Turbines in the Farm
| Reduction Method 60 120 240 300
Balanced Truncation | 2.166 x 10~% [ 1.871 x 10~* | 6.581 x 10~* | 0.0012
Residulization 7.193 x 1074 | 6.297 x 10~* 0.0022 0.0024
Cross Gramian 4.543 x 1073 0.0028 0.0113 0.0180

Table 3.11: Maximum absolute errors in the step responses of reduced wind farms
comprising different numbers of non-identical normally distributed W'T's

Number of Turbines in the Farm
| Reduction Method 60 120 240 300
Balanced Truncation | 2.62 x 107° | 3.31 x10™° | 1.23x107*% | —4.43 x 107
Residulization 142 x107° | —=7.22x 1076 | —6.34 x 107% | 7.56 x 107°
Cross Gramian 9.91 x 107* | 3.73 x 107* 0.0018 0.0047

Table 3.12: Mean errors in the step responses of reduced wind farms comprising
different numbers of non-identical normally distributed WTs
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Figure 3.3: Step responses of reduced-order system models for a wind farm comprising
300 non-identical normally distributed WTs

3.5 Conclusions

In this chapter, we discussed the reduced models of wind farms of different sizes using
the balancing techniques and the cross Gramian method. The cross Gramian trun-
cation method behaves in a similar manner to the balanced truncation method, i.e.,
the error has relatively higher values at the low and mid frequencies and relatively
low values at high frequencies. The order of the reduced system depends, significantly,
on the selected threshold value. However, the system produced by the cross Gramian
truncation method seems to be less accurate than the corresponding reduced system
obtained using the balancing techniques. Nevertheless, the cross Gramian method re-
duces the computational complexity by calculating only one Gramian without the need
for balancing. Furthermore, examining the degree of controllability and observability of
the system, in both the vector and diagonal forms of the control input matrix, showed

a considerable loss of controllability and observability in the case of the latter form.
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Chapter 4

Optimal Control of Wind Turbine Systems via Time-Scale

Decomposition

4.1 Introduction

Wind turbines, having mechanical and electrical components, are known to operate in
at least two time-scales: the slow time scale, in which mechanical state variables evolve,
and the fast time scale, in which electrical and electronic state variables evolve. The
result is the ”stiff” numerical problem that occurs naturally in power systems due to the
presence of ”parasitic” parameters, such as small time constants, masses, resistances,
inductances, capacitances, moments of inertia, etc. Singular perturbation methods
eliminate the stiffness problem and decouple the mathematical model of the original
system into slow and fast reduced-order subsystems. A reduced-order system can be
obtained by ignoring the fast subsystem and compensating for its effect by introducing
a "boundary layer” correction to the slow subsystem towards a better approximation
of the original system. Various methods have been proposed [54,78] to obtain the exact
slow and fast subsystems. The Chang transformation [79] has been widely used to get
the exact pure-slow and pure-fast subsystems, even when the perturbation parameter
€ is not very small. Moreover, a number of recursive algorithms [14,80,81] have been
developed to avoid the problems involving ill-conditioned systems and to obtain an
approximate solution to the ARE, which can be decomposed after that into slow and
fast parts.

The main obstacles associated with the renewable resources are their intermittent
behavior and their dependence on the geographical location and weather conditions.
Such randomness and uncertainty introduce nonlinearities when modeling the system

dynamics. Therefore, designing optimal and robust controllers is crucial to dealing
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with all the nonlinearities and uncertainties associated with energy systems. Different
control strategies that have been applied to WECS are reviewed in [82-84].

The most vital steps in optimal control problems are defining the objective func-
tion, which specifies a relationship between the state and control variables, and finding
a control law that optimizes this function subject to the given constraints. Multi-
objective optimization problems deal with more than one objective function simultane-
ously. Maximizing the extracted energy while minimizing the cost of production and
fatigue damage is the most common setup in the literature involving multi-objective
optimization problems of energy systems.

Optimal control of the WECS, based on time scale analysis, has been studied by
many researchers [29-31,85-87]. LQR and LQG controllers were designed in [85,87] for
deterministic and stochastic wind energy systems with permanent magnet synchronous
generators using time-scale analysis. Independent linear optimal controllers were de-
signed for the slow and fast subsystems of a DFIG-based wind turbine in [13,31] by
decomposing the algebraic Riccati equation of the singularly perturbed wind turbine
system into two reduced-order AREs, corresponding to the slow and fast time scales.
In [86], a WECS with Gaussian noise is decoupled into lower-order slow and fast sub-
systems. Then, slow and fast Kalman filters are designed separately to estimate the
states along with their corresponding slow and fast model predictive controllers.

In this chapter, the method of singular perturbation will be used to design LQR,
Kalman filter, and LQG optimal controllers in two independent time scales for a fifth-
order, single-cage DFIG wind turbine. Here, the ARE of the singularly perturbed wind
turbine system is decomposed into two reduced-order AREs that correspond to the slow
and fast time scales. Using this method allows designing linear controllers for the slow
and fast subsystems independently, thus, achieving complete separation and parallelism
in the design process. The advantages of such an approach are alleviating the stiffness
difficulties and reducing the computational complexities and dimensionality burdens
resulting from the increased penetration of wind turbines to the power grid.

The rest of this chapter is organized as follows. The next section reviews the exact

decomposition method of the ARE of the singularly perturbed system. The optimal
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performance-invariance of the LQR under the similarity transformation is considered
in Section 4.2.1. In Section 4.2.2, the slow and fast decomposition of the optimal
performance criteria is provided. The Kalman filtering time scale analysis is reviewed
in Section 4.3. The effect of the similarity transformation on the optimal performance
of Kalman filter is derived in Section 4.3.1. In Section 4.4, optimal LQG control is
discussed. The performance index of the LQG under the similarity transformation and
LQG slow and fast optimal performance criteria are derived in Section 4.4.1 and 4.4.2,
respectively. The state-space model of the fifth-order, single-cage DFIG wind turbine
and the corresponding simulation results are presented in Section 4.5. The chapter is

concluded in Section 4.6.

4.2 Exact Decomposition of the Algebraic Riccati Equation

Consider the linear singularly perturbed control system

T (t) = Alxl(t) + AQSL‘Q(t) =+ Blu(t),
(4.1)

€T9 (t) = Agl‘l(t) + A4$2(t) + Bgu(t),

where z;(t) € R", i = 1,2, u(t) € R are the state variables and control variables, re-
spectively. € is a small positive singular perturbation parameter that indicates system
separation into slow and fast time scales. We assume that the singularly perturbed sys-
tem (4.1) has the standard singular perturbation form [54]. Hence, the fast subsystem
matrix A, is nonsingular, which is a standard assumption in the singular perturbation
theory [54]. The corresponding linear-quadratic optimal control problem of (4.1) is

defined by

il(t) = Alml(t) + AQQ?Q(t) + Blu(t), xl(O) = 10
(4.2)

E.Cifg(t) = Agl‘l(t) + A4$2(t) + Bgu(t), T2 (0) = 90
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where the control vector u € ™, has to be chosen such that the following performance

criterion, J, is minimized

T
min J = min % /OO { ) Q ) + uT(t)RU<t)}dt (4.3)
v v 0 .Z‘Q(t) ZL’Q(t)

where R > 0 and @ > 0 are the weighting matrices. The optimizing performance
criterion (4.3) of the closed-loop optimal control problem, subject to the singularly

perturbed system differential equation (4.2), has the solution
u(t) = =R~ BT Pa(t) = —Fiz1 — Faxo (4.4)

where P, is the positive semidefinite solution of the regulator algebraic Riccati equation

given by [88]
0=PA+ATP, +Q - P.ZP,, (4.5)
with
A A
A= 1 2 7 Q _ Ql Q2 (4.6)
14, 1ay QY Qs
B P eP:
B = ! s PT = Ir 2 3 Z = B1R71B57
1B, ePL  ePy,

The optimal regulator gains F} and F> are given by

Fy = R°YBI P, + BYPL),
(4.7)
Fy = R Y(eB{ P», + B1 P3,).

The solution of the algebraic Riccati equation (4.5) will be found in term of so-
lutions of the reduced-order, pure slow and pure fast algebraic Riccati equation. For
this purpose, a nonsingualr transformation T [55,89] is applied for the state-costate

equations such that they become completely decoupled as independent slow and fast
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subsystems in the form

és(t) = (al + G/QPTS)CS(IJ;)

eCr(t) = (b1 + baPrp)Cs(t)

(4.8)

where P.s and P,y are the unique solutions of the exact pure-slow and exact pure-fast

completely decoupled algebraic regulator Riccati equations

0= Psar — asPrs — a3 + Prsaa P
(4.9)
0= Prfbl — b4PTf — b3 + Prfbgprf

Matrices a;, b;,i = 1,2, 3,4, can be found in [55,89]. The nonsingular transformation T
is given by

T = (Hl + HQPT) (4.10)

The slow and fast subsystems in the new coordinate are related by

Cs(t) T l‘l(t) (4.11)

Cr(t) 2(t)

Even more, the global solution P, can be obtained from the reduced-order exact pure-

slow and pure-fast algebraic Riccati equations, that is

Py 0 Ps 0|\
Prsf = |25+ 1 2+ () (412)
0 P.; 0 P.;

Known matrices §2;, ¢« = 1,2,3,4, and II;, Il are given in terms of solutions of the

Chang decoupling equations [55,89].

4.2.1 Optimal Performance Invariance to Similarity Transformation

It has been shown in [53] that similarity transformation preserves the optimal perfor-
mance criteria for the linear quadratic regulator LQR, such that its optimal values in

the two coordinate systems are equivalent. This results can be derived briefly as follows
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The similarity transformation for the linear quadratic optimal control problem can

be derived as fellows

& = Ax + Bu,, z = Az + Bu,
x(O) = Xq, To = Txg,
J=3[7 (@"Qr+uTRu)dt ¢ z=Tx J =3 J° (27 Qz + u" Ru)dt
Jopt = %Hfopxo jopt = %fopfo
ATP4+PA+Q—-PBR'BTP=0 AP+ PA+Q—PBR'BTP =0
Derivations:
i =Ti=TAx+TBu=TAT 'z + TBu, (4.13)
A=TAT ', B=TB, Q=1"1QT, (4.14)
AP+ PA+Q—-PBR'BTP=0 (4.15)
TTATTTP + PTAT™' +Q - PTBR'BTTTP =0 (4.16)

Multiplying by 77 from the left and by T from the right we get
ATTTPT + TTPTA+TTQT — TTPTBR'BTTTPP =0 (4.17)

define P =TTPT, P =T"TPT~!, then

ATP+PA+Q—-PBR'BTP=0 (4.18)
_ 1 - 1 1
Topt = 5T P = ingTT’TPT’lTxO = 5a;OTPa;O (4.19)

Topt = Jopt (4.20)
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4.2.2 Slow and Fast Decomposition of the Optimal Performance Cri-

teria

In this section, we calculate the minimized optimal performance J,,; for the slow and
fast subsystems of the LQR problem. As stated in the previous section, using the
nonsingular transformation defined in (4.10) does not change the value of the optimal
performance. Therefore, by adding the slow and fast performance indices, we get the
total optimal performance J,,; obtained in the original coordinates. The quadratic
performance criterion to be minimized, calculated in the new coordinates, is given by

J = ;/OOO {mTQx + uTRu}dt = ;/OOO {mT(t)(Q + PSP)x(t)}dt (4.21)

o) = (i + ey || e |10 (4.22)
Gi(t) Gi(t)
J:;/m m(t) TﬂQ+P&Wrnﬁ)m
0 |G(t)] Gi(t)
S (4.23)
_ ;/00 m(t)| | Q1 Q2| [m(t) "
0 1G] [QF Q3] &)
$1(t) = (a1 + a2 PG (1)
(4.24)
eCa(t) = (b1 + baPr)(a(t)
T
g = LM Oy vae—o (4.25)

2lao]  |ao]

v1  eva| [m(0)
Two) ¢TI (4.26)
7(0) ()] ot ol l

J =

N |
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. 0
J = SO + PO i e (0)es + ecT (0)vs) n) (4.27)

2 1(0)

7 = 3 0o (0) + 3T 00 m(0) + Jen 0)aa(0) + 5ecT Opsr(0)  (4.28)

7 = S e (0)+ f (01 (0) + 5T (0)451(0) (4.29)
Jopt = Js—opt + Jsf—opt + Jf—opt (4.30)

To-ept = 5t O (0) = Jor{uum (O )} (4.31)
Tr-opt = 561 (0)vsC1(0) = For{vsG1 (0)¢] (0)} (4.32)
Tss—opt = €n1 (0)v2G1(0) = etr{vaC (0} (0)} (4.33)

Formula (4.29) constitutes an exact decomposition for the optimal performance criterion
into slow and fast components. It can be concluded from (4.29) that the contribution
the slow subsystem makes to the performance criterion is O(1), whereas that the fast
subsystem makes is only O(e). Note also that Jsr ¢ can be negative since vy is

generally not a square matrix, and in the case it is, it would still be indefinite.

4.3 Kalman Filtering Time Scale Analysis

In this section, an optimal Kalman filter is designed towards estimating the state vari-
ables of the wind energy systems with DFIG. Using the duality property between the
optimal filter and regulator, the same decomposition method presented in previous sec-
tion can be applied here so that the optimal Kalman filter is completely decoupled into
the pure-slow and pure-fast local filters both driven by the system measurements [88].

Consider the linear continuous-time invariant singularly perturbed stochastic system

T (t) = Al.%'l(t) + Agxg(t) + Blu(t) + lel(t), E{xl(O)} = 10
€9 (t) = Agxl(t) + A4.%'2(t) + Bzu(t) + Gowy (t), E{J?Q(O)} = X909 (4-34)

y(t) = Cll'l(t) + CQCL‘Q(t) + wg(t)
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with the performance criterion

J = lim 1{/t [zT(t)z(t)+uT(t)Ru(t)]dt}, R>0 (4.35)
0

tf—>oo tf

where z1(t) € R}, and za(t) € RY, are slow and fast state variables, respectively.
u(t) € R™ is the control input, y(t) € NP are system measurements. wi(t) € R” and
wa(t) € NP are zero-mean stationary, white Gaussian noise stochastic process with
intensities W7 > 0 and Wy > 0, respectively. z(t) € R*, is the controlled system output
given by

Z(t) = Dll‘l (t) + Dgl‘z(t) (4.36)

All matrices are of appropriate dimensions and assumed to be constant. The optimal

control law for (4.34) with the performance criterion (4.35) is given by
uopt(t) = —Flfi'l(t) — in'g(t) (4.37)

where Z1(t) and Z2(t) are the optimal estimates of the state vectors z1(t) and zy(t)

obtained from the Kalman filter

F1(t) = Avdn (1) + Agda(t) + Bru(t) + Kyu(t)
eia(t) = Asd (t) + Aaa(t) + Bau(t) + Kov(t) (4.38)

v(t) = y(t) — C121(t) — Coda(t)

The optimal global Kalman filter (4.38) can be put in the form in which the filter is

driven by the system measurements and optimal control inputs, that is

21(t) = (A — K1C1)21(t) + (As — K1C2)22(t) + Bru(t) + Kyy(t) (4:39)
€iy(t) = (A3 — KoCh) iy (t) + (Ag — KoCo)io(t) + Boult) + Koy(t)
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where the optimal filter gains K; and K» are obtained from

Ky = (PipCY + PorCy )Wyt
(4.40)
Ky = (eP3pCT + P3pCy )Wyt
matrices Pip, Pop and Ps3p define the positive semidefinite stabilizing solution of the

filter algebraic Riccati equation

APF+PFAT—PFSPF+GW1GT =0 (441)
where
A Aq As e Gy C S—ctwile, pee Pir Pp
143 14 1aG, Pjp ePsr
(4.42)

Using duality, the following matrices have to be formed (see [55,89])

AT ~ctwy ey AT —ctwy e,

TlF = 5 T2F = )
| —GWGT —A |—G1W1GY —4y ]
AY —cIw, ey AT —cIw, e,

Tsp = y Typ = ;
| —GaW1GT —As | |G W1 GY —Ay

(4.43)

The partitions and scaling have to be used here, 27 (t) = [#7(¢t) ezl (t)] and pT(¢) =

[pT(t) pL(t)]. Since matrices Tir, Tar, T3r, and Tyr correspond to the system matri-
ces of a singularly perturbed linear system, the slow-fast decomposition is achieved by
using the Chang decoupling equations

TypM — T3p — eM(Thp — Top M) =0
(4.44)

—N(Typ + eMTop) + Top + e(Thp — Top M)N =0
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Using the following permutation matrices,

I, 0 0 0 I, 0 0 0
0 0 I, 0 0 0 I, 0
Eip = , FEop= (4.45)
0 15, 0 0 0 I, 0 0
0 0 0 I, 0 0 0 I,
we can define
HlF HQF T Iin —eNM —eN
Iy = = E5p Eir (4.46)
II3p Iyp M I,

Then, the desired transformation is given by
Tz = (II1F + o Pr) (4.47)

where Pr is the solution of the ARE (4.41). M and N are the solution of the Chang
decoupling algebraic equations (4.44). The transformation T» is applied to the filter

variables as

=1; 7 (4.48)

4.3.1 Kalman Filter Under Similarity Transformation

To determine the gain of Kalman filter in the new coordinates under a similarity trans-

formation, the same strategy used in Section 4.2.1 is applied here

z(t) = Az(t) + Gwi(t), =(0) =z
(4.49)

y(t) = Ca(t) + wa(t)

i=(A-KCQ)i+ Ky, K=PrC"W,, E{2(0)}=ux (4.50)

APp + PpAT + GW,GT — PRCW, ' CTPr =0 (4.51)
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=l
—

~
S—

Il

Az(t) + Gu(t), (0) = z0

_ (4.52)
y(t) = Cz(t) + wa(?),
G=TG, C=CT ', in the new coordinates K = PrCTW, and
APp + Pp AT + GWGT — PROTW, 'COPr = 0 (4.53)

TAT ' Pp + PrT TATTT + TGW\GTTT — PpT~1CTW,'1CT ' Pr =0 (4.54)

Multiplying by T—! from the left and by T~7 from the right we get
AT PpT T4 P T AT - GW G T PeT T CT W, CT ' PRT™T = 0 (4.55)

K =TPrTTT1'CTWy = TPrCTWy = TK (4.56)

where Pp = T~ 'PpT~T, P =TPT"

4.4 Optimal Linear-Quadratic Gaussian Control

In order to obtain the solution of the linear-quadratic Gaussian LQG control problem
of a singularly perturbed DFIG wind turbine system, it is necessary to obtain gain
matrices of the the optimal LQR and Kalman filters. In this section, the results of
Sections 4.2 and 4.3 are utilized by solving the pure-slow and pure-fast, reduced-order
AREs and by implementing the pure-slow and pure-fast, reduced-order Kalman filters.
Using the separation principle for linear stochastic control, an optimal LQG controller
can be designed for slow and fast subsystems independently, thus, achieving complete
separation and parallelism in the design process. The structure of a LQG controller
with a decoupled slow and fast subsystems of the LQR and Kalman filter is shown

in Figure 4.1. The decoupled pure-slow and pure-fast local Kalman filters driven by



system measurements and system control inputs are given by

';]s(t) = (alF + QQFPSF)Tﬁs (t) + Bsu(t) + Ksy(t)
eip(t) = (bir + bar Pre)"is () + Bru(t) + Ky(t)
where P;r and Pyp are the solutions of the following AREs
0= Psparp — aypPsp — asp + Pspagp Psp
0= Prpbip — byp Prp — b3p + Prrbop Prp

The pure-slow and pure-fast filter gains, Ky, K are defined by

K Ky
S _ T2_T
1 1
€ Kf EKQ
and the remaining matrices are given by
alr azr bir bor
= (Thr — Tor M), = (Tyr + eMTyr)

agp asr bsr bap

In addition, the pure-slow and pure-fast system input matrices are

Bs Bl

=1, T
1 1
By B2

The feedback control in the new coordinates is given

~

T ﬁs (t) Ms (t)

Uopt (t) = —Fi(t) = —FT, . [F pf}
1 (t) 1 (t)

where F and Fy are obtained from

7, Fy| = FT" = R7 BT Pl + aor Pr)”
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(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)
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Figure 4.1: Slow-fast LQG controller structure for DFIG wind turbine system.

4.4.1 LQG under Similarity Transformation

The optimal performance index J,,; of the LQG follows from the known formula

Jopt = tr{PKWQKT n PFDTD}
(4.64)

- tr{PGWlGT + PFFTRF}

Under the similarity transformation, the performance criteria can be derived as follows.

Starting with the second line of (4.64)

Jopt = tr{P@Wl(_?T + PFFTRF’} (4.65)

Topt = tr{T—TPT—lTGmGTTT + TPFTTT—TFTRFT—l} (4.66)
where P =T 'PpT~T, P=TPpTT, F=FT

Topt = tr{T‘T(PGI/VlGT)TT n T(PFFTRF)T—l} £ Jopt (4.67)



Similarly, for the first line in (4.64), we have
Jopt = tr{PKWQKT + PFDTD}
where DD =Q, K=TK

Jot = tr{ PKW,KT + PrQ}

Jopt = tr{T_T PT'TKWLKTTT + TPFTTT_TQT_I}

Jopt = te{ T T(PEW,KT)TT + T(PrQ)T ™} # Jopy
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(4.68)

(4.69)

(4.70)

(4.71)

Hence, the similarity transformation does not preserve the optimal performance LQG

criteria value.

4.4.2 LQG Slow Fast Optimal Performance Criteria

Based on the method proposed in [55], the optimal performance index for the slow and

fast subsystems of the LQG controller can be obtained separately as follows

Jopt = tr{PKWQKT + PFDTD}

where DTD = @Q; Q= \ @
5 Q
2 3
p_ Pl EPQ , K- Kl ’ PF _ PlF
eP] P 1K, P)p
P1 EPQ Kl PlF PQF
Jopt = trf W [KT k] + 1
eP] ePs| | 1K, Pl.  iPp

(4.72)
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P1 6P2 Klng? %KlngQT
:tr{

P ePy| |1KowoKT L KywpKY
(4.75)

PipQ1+ ePorQY  €PirQo + ePyrQs
PoQ1+ P3pQFf PLLQs + P3pQs

PiKA\Wo KT + PyKoWo KT 1P KWL KT + LR Ko Wo KT
:tr{

ePTK\Wo K] + PsKoWo KT PIKA\WL KT + 1 PsKoWo KT
(4.76)

PirQq + ePorQY ePirQo + ePorQs
PL.Q1 + P3rQY PL.Qs+ P3pQs

:tr{PlKleKlT + P KoWo K7 + PirQy + €P2FQ2T}+
(4.77)
T r, 1 T T
tr P2 K1W2K2 + 6P3K2W2K2 =+ €P2FQ2 =+ P3FQ3

1
= tr{P1K1W2Kf + 2P2K2W2Kf + PirQq + QEPQFQg 4+ +eP3rQs + ngKQWQKg}

(4.78)
Jopt = tr{ PUGWoKT + PipQu } + 2tr{ PoKoWo T + ePor Q)
Js:)pt Jsffopt (4 79)
1 .
+ Ztr{Pg,KzVVzKQT + €P3FQ3}
Jffopt
Jsfopt = tr{PlK1W2Kf + PlFQl} (480)
1
Jffopt = Etr{PgKQWQKg + €P3FQ3} (481)

Tsf—opt = ztr{PzKQWQKlT + ePQFQQT} (4.82)
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The formula for the optimal performance criterion (4.79) exactly decomposes the op-
timal performance criteria of the LQG controller into slow and fast components and
it shows that in the optimal LQG, the performance criteria is dominated by the fast

subsystem.

4.5 Simulation Results

In this chapter, the current model of a single-cage DFIG wind turbine reported in [9,10]
is considered. Recall the swing equation (2.6) for the one-mass derive train model
explained in Chapter 2. For a simplified mathematical model, all equations of the
induction generator are derived using the direct-quadrature (d-¢) transformation. The
stator and rotor voltage equations in d-q synchronous reference frame are given in (2.12)

and (2.13), respectively. The following assumptions were imposed:
e The stator current is assumed to be negative when flowing toward the machine.
e The g-axis is 90° ahead of the d-axis with respect to the direction of rotation.

The general linearized state-space current model is given by

z(t) = Az(t) + Bu(t)
(4.83)

y(t) = Cx(t) + Du(t)
where A, B,C, and D represent the system state, input, output, and feed forward
matrices, respectively. The state-space variables, inputs and outputs of the fifth-order
single cage DFIG wind turbine can be described by the following vectors

) T
T = [ids iqs idr 2.qr} (4 84)

u= |:vds Vgs  Udr Uqr:| Y= |:idr Z.q7“:| )

where the state variables x are the rotor and stator currents, the control signals u are
the input voltages and the outputs of the system y are the rotor currents in the d-axis

and g-axis, respectively. In terms of state variables, the electromechanical torque can
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be formulated as

T. = Lo (iariqs — iqrids) (4.85)
using (2.6) and (4.85) we get
. T, Ly . . .
Wy, = 27]7‘2 + T}Z(lqrzds - ZdT’,LqS) (4.86)

The state-space model of the fifth-order single cage DFIG wind turbine is obtained by
integrating equations (4.84)-(4.86). The new state variables, control signal and outputs
are given as follows

) T
T = [ids iqs Ly iqr Wm:| (4 87)

U:|:Uds Vgs Udr Vgr Tm}, y:{idr iqri|7

The linearized system, control and output matrices A, B, and C, evaluated at the

system’s operating points, are characterized by [9,10,90]

—RsL, aws —R.Lp —Brws ais
—oqws  —RsLy  —frws —RyLy ass
A=Kg: |-RsLy, Bsws —RyLs —aows ass
—Bsws  —RsLy  aows  —Re.Ls ays
| Kuigr  —Kuiar —Kuigs Kuias 0
—L, 0 L, O 0 (4.88)
0 -L. 0 L, O
B=K¢-|-L, 0 L; 0 0|,
0 —L,, 0 Lg 0
0 0 0 0 5]
001 00 00 0 0O
- 00 010 ’ - 00 0 0O

where oy = LsL,—sL?,, as = L2 —sLsL,, Bs = LyLs(1—5), Br = LinL.(1—5), 0 =

m»

1- L%@/LrLs, Kg = Wb(LsLTU)_17 Ky = Lm(2HtKG)_17 a5 = Lm(Lmiqs - Lriqr)a
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a5 = Lm(_Lmids + Lridr)a ags = Ls(Lmiqs - Lriqr)a Q45 = Ls(_Lmids + Lridr)-
Appendices A.1-A.2 lists the parameters of the system and the DFIG, in addition

to the operating points employed in the linearization procedure.

4.5.1 Slow-Fast Decomposition of the WT with DFIG System

Using the wind turbine state-space matrices defined in (4.88), the linearized system,
control, and output matrices A, B, and C of the considered fifth-order WT-DFIG, eval-
uated at the system’s operating points (see Appendices A.2- A.1 for the corresponding

values), are given as

-0.0260 —17.4194 0.0285 16.824  0.538 ]
17.419 0.026 —-16.824 0.028 —5.308
A=10.0253 —16.794 0.029 16.2094 0.551 |
16.795 0.0253 —16.209 0.029 —5.432

| 0207 -0.129  —0.197 —0.014 0

5320 0 -5189 0 0 |
0 5320 0 —5.189 0
B=518 0 -5.311 0 0 ;
0 518 0 —5.311 0
0 0 0 0 —0.187

001 0O 0 00 0O
, D

00010 00 00O

This DFIG system model is not expressed in the explicit standard singular per-
turbation form given in (4.1), where it can be noticed that €, a small positive singular
perturbation parameter, multiplies the derivatives of some states. Therefore, rearrange-
ment for the rows of matrix A is necessary to ensure the nonsingularity of sub-matrix
Ay and that the system conforms to the explicit standard singular perturbation form
(4.1). As described in Section 2.7, such can be established through the use of the Schur

transformation. Furthermore, for the singularly perturbed form to conform to (4.1),
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the order of the eigenvalues needs to be reversed, i.e., the following permutation matrix

need to be employed

(4.89)

o o o O

— o

[a) (e
o o O =
o o o O

1 00

The singularly perturbed form (4.1) can be established through the relations in (2.68),
and using the wind turbine state space matrices defined in (4.88), the system matrices

A, B, and C' are given by

0.860 0 0 0 0

0.252 0.050 0 0 0
Asp=|-1.390 —1.007 —0.839 0 0 )

14.552 —-30.084 —8.485 0.019 —-0.606

| —29.236 —10.565 —12.575 1.674 0.019 |

——0.144 —-0.143 0.064 0.290 —0.063 ]
—-0.093 —-0.044 0.253 0.117 —0.032
Bsp = 0.433 —0.021 —0.432 0.089 0.173 |,
0778 =739 -=0.777r 7.378 —0.0003

| 7.377 0777 —7.368 —0.776 —0.0118]

0.305 —0.649 0.039 0.071 0.691

Csp =
—0.607 —0.299 —-0.273 —0.680 0.072

Furthermore, using the relation in (2.69), the initial conditions of the original system,

mapped into the new coordinates, are calculated as

T
«Tsp<0):[27.8963 12.4845 —84.7021 —120.1073 165.7279] (4.90)

The closed-loop eigenvalues of the original system are shown in Table 4.1. Since
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all eigenvalues are in the left half plane, this indicates that the system is asymptot-
ically stable. Furthermore, the system has two time-scales (three slow and two fast

eigenvalues).

Original System Eigenvalues

-7.4441 + 0.58671

-7.4441 - 0.58671

-0.3806 + 0.62931

-0.3806 - 0.6293i

-0.2411

Table 4.1: Eigenvalues of the considered WT with DFIG system

The singular perturbation parameter can be calculated as the ratio between the
real part of the fastest slow eigenvalue and the real part of the slowest fast eigenvalue.
Here, this ratio is equal to (e = 0.05). The slow and fast subsystems can be obtained
using the criteria explained in Section 4.2. Using wind turbine system matrices (4.88),
the controllability of the original system has been tested using MATLAB. A full rank
controllability matrix was obtained (rank= 5), which guarantees the controllability of
the original system. The partitioned matrices Ay — Ay, B1—Bs, Z, and P, were obtained
as in (4.6), where Ay is nonsingular. Matrices (a;,b;,7 = 1,2,3,4), I} and II were
calculated as in [55,89]. The nonsingular transformation T' is then formulated using
(4.10). Additionally, the Newton recursive algorithm was used to obtain the solutions
P; and Py of the AREs (4.9)). The solution P,.gf of the ARE was reconstructed again
using the obtained slow and fast solutions, Py and Py, respectively, as in (4.12). The
obtained P,y is found to be identical to P, with the accuracy of Ep, = 7.4247 x 10713,
where Ep, is the norm of the absolute maximum error between P, and P,.sf. Finally,
the slow and fast subsystems were obtained as in (4.8). The corresponding eigenvalues
of the slow and fast subsystems are shown in Table 4.2. Notice that, the eigenvalues
in Table 4.2 are equal to those in Table 4.1, which indicates that the method proposed

in Section 4.2 successfully decomposed the original system into pure-slow and pure-fast



subsystems.

Slow Subsystem

Fast Subsystem

-0.3806 + 0.6293i

-7.4441 + 0.5867i

-0.3806 - 0.6293i

-7.4441 - 0.5867i

-0.2411

Table 4.2: Eigenvalues of the slow and fast decomposed subsystems.

4.5.2 Optimal LQR Design for the WT with DFIG System

84

In order to obtain the optimal gain that minimizes the performance criteria in (4.3),

equation (4.5) should be solved. The weighting matrices R and @ of appropriate di-

mensions are chosen as follows:

R:IE))

Q = C'g']DCSP

(4.91)

The solution of the ARE (4.5) gives the matrix P,, from which the optimal LQR

controller gain K, for the full-order original system can be obtained as

K, =R 'BTp, =

—2.5026

0.7102
0.0660  2.2973
0.4879  3.2873
3.6358  —0.4617

| -0.6583 —0.2721

0.5132

—0.7276  0.1007

1.1863 —0.5426 0.0176
0.7781 —0.1288 —0.4588
0.0295  0.4194 —0.0303
0.5250  —0.0094 —0.0456

(4.92)

with the optimal control input wup: given by (4.4). The optimal performance index Jop;

for the full-order WT with DFIG system is calculated as

1
Jopt - §I§(O)Prx3p(0) — 19799

(4.93)
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where x,(0) is the initial condition of the full-order WT with DFIG system given by

(2.69) and calculated as

T
$5p<0):[27.8963 12.4845 —84.7021 —120.1073 165.7279] (4.94)

In this section, an optimal LQR is designed for the slow and for the fast subsystems,
independently. Having obtained the slow and fast solutions Ps and Py, respectively,
from their corresponding AREs (4.12), the optimal LQR controller gain for the slow

subsystem can be obtained, as follows

—15200 —4.3229 26228 |
~8.6553 —2.7713 —2.5414
Ko =R;'BI'Py= | 04911 8.3930 —2.5882 (4.95)
12.5216  4.7245  3.7339

| —0.6138 —0.2921  0.5316 |

where R is the weighting positive definite matrix for the slow subsystem, chosen as an
identity matrix, i.e., Rs = I5. The optimal performance index for the slow subsystem

Js—opt can be calculated using (4.31), derived in Section 4.2.2
Jo—opt = 1.9122 (4.96)

Similarly, the optimal LQR controller gain for the fast subsystem can be obtained

as follows

o 0.1453 —0.4403 —0.1477 0.4209  0.0096
Ky = R;'Bf Py = (4.97)
0.4693 0.0565 —0.4558 —0.0606 —0.0029

where Ry is the weighting positive definite matrix for the fast subsystem, chosen as an

identity matrix, i.e., Ry = I5. The optimal performance index for the fast subsystem
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J¢—_opt can be calculated using (4.32), derived in Section 4.2.2

Jf—opt = 0.0785 (4.98)

Moreover, the slow-fast term of the optimal performance index is calculated using (4.33),
and is equal to Jgf_op = —0.0108. Adding up all three values of Js_opt, J—opt, and
Jsf—opta we get

Jiotal = Js—opt + Jsf—opt + Jf—opt = 1.9799 (4.99)

which is equal to the exact value of the optimal performance index J,,; of the full-order

WT with DFIG system obtained in (4.93).

4.5.3 Optimal Kalman Filter Design for the WT with DFIG System

Based on the duality property exhibited by the linear-quadratic optimal filters, on one
hand, and the regulators, on the other, the exact decomposition of the singularly per-
turbed ARE, presented in Section 4.2, is applied here to design an optimal Kalman filter
to estimate the state variables of the slow and fast subsystems of the WT with DFIG.
The design takes into account that the slow and fast filters are completely decoupled
and that both of them are driven by the system measurements, as demonstrated in Sec-
tion 4.3. After calculating the matrices in (4.43)-(4.46), the similarity transformation
T can be obtained using (4.47). Using the wind turbine system matrices (4.88), with
the weighting matrices chosen as R =15, @ = Cg:PCS p, and the white noise intensity
(spectral density) matrices chosen as Wi = I5, Wy = Iy, the completely decoupled
Kalman filters are obtained with pure-slow and pure-fast optimal filter gains K, and
Ky given by
0.0292  —0.0395
0.0067 —0.0255
Ks | 00165 —0.0344|, K (4.100)

0.0262  0.0028
—0.0285 0.1238
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4.5.4 Optimal Linear-Quadratic Gaussian Design for the WT with
DFIG System

In this section, a reduced-order optimal LQG controller is applied to the DFIG wind
turbine, by combining the closed-loop regulator with the Kalman filter. The inputs to
the closed-loop system are the noise of the WT system w;(¢) and the measurements
noise wsy(t). All the controllers were implemented using MATLAB/Simulink. Figure
4.2 shows the original and estimated slow and fast states of the considered system, and
the performance of the Kalman filter.

In Section 4.4.1 we showed that the similarity transformation does not preserve the
value of the optimal performance criteria for the LQG controller. Therefore, the values
of the optimal performance indices for the decomposed slow and fast subsystems do not
add up to the same exact value of the optimal performance index before decomposition.
The optimal performance index for the full-order LQG controller can be calculated using
(4.64) as follows

Jopt = 37.3785 (4.101)

Using the derivation in Section 4.4.2, the optimal performance index for the slow sub-

system Js_op can be calculated using (4.80) as

Js—opt = 10.0060 (4.102)

whereas, the optimal performance index for the fast subsystem J¢_,,; can be calculated
using (4.81)
Jr_opt = 22.3614 (4.103)
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Figure 4.2: The original and reduced-order estimated states of the WT-DFIG

Moreover, the slow-fast term of the optimal performance index is calculated using
(4.82), and is equal to Js¢_opr = —10.0845. Adding up all three values of Js_opt, Jf—opt,

and Jgp_opt, We get

Jiotal = Js—opt + Jsf—opt + Jf—opt = 22.2829 (4.104)

Since, in the case of the LQG problem, the optimal performance at steady state
is averaged over an infinite length of time, the initial conditions do not affect the

optimal performance value. The original system output, i.e., before filtering, and the
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estimated output of the LQG controller of the DFIG WT system after filtering are
shown in Figures 4.3 and 4.4 for the rotor current output in the d-axis ig. and g-axis
iqr, respectively. It can be observed from Figures 4.3 and 4.4 that the effect of the input
white Gaussian noise is reduced successfully by the LQG regulator and its Kalman filter
implementation.

500 120
400
300
200 80
100

0
-100

-200

-300 -

-400

-500 20
0 5 10 15 20 25 0 5 10 15 20 25
Time [sec] Time [sec]

(a) Before filtering. (b) After filtering.

Figure 4.3: Original and reduced-order rotor current output ig4,. of the LQG-controlled
DFIG WT system

o 5 10 15 20 25 o 5 10 15 20 25
Time [sec] Time [sec]

(a) Before filtering. (b) After filtering.

Figure 4.4: Original and reduced-order rotor current output %4 of the LQG-controlled
DFIG WT system

4.5.5 Wind Speed Variations

Here, we test the performances of the slow and fast subsystems of the reduced-order
DFIG WT under the effects of wind turbulences and gust. The considered wind turbu-
lence and gust are shown in Figure 4.5. In order to model the total variation in wind

speed, the normal turbulence model (NTM) [23] was evaluated at an average of 9 m/s.
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A wind gust, shaped as a hamming dip, of width 30 s was added. The total variance,
as suggested by the aforementioned NTM, was broken between the turbulence and gust
with the ratios of 1/3 and 2/3, respectively. The output responses of the rotor current
in d-axis ¢4, and g-axis ¢4 of the original and reduced-order of the considered DFIG
WT system to wind turbulence and gust are shown in Figures 4.6, and 4.7. These

figures show the robustness of the designed LQG controller to wind speed variations.

Wind Speed (m/s)

50 60 70 80 920 100 110 120 130 140 150
Time (s)

Figure 4.5: Wind turbulence and wind gust.
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20
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Time [sec] Time [sec]

(a) Before filtering. (b) After filtering.

Figure 4.6: Output responses of the rotor current i4. of the original and reduced-order
system for wind turbulence and gust
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o 50 100 150 0 50 100 150
Time [sec] Time [sec]

(a) Before filtering. (b) After filtering.

Figure 4.7: Output responses of the rotor current i4. of the full- and reduced-order
system for wind turbulence and gust.

4.5.6 Voltage Sag

For the evaluation of the dynamic performance of the models reduced into different
orders, we study the effect of a large-signal disturbance voltage sag as well. We apply
a voltage drop of 50% lasting for 1 sec to both the full- and reduced-order models. The
output responses of the rotor current in d-axis, ¢4, and g-axis, i4., of the original and
reduced-order DFIG W'T system are shown in Figures 4.8 and 4.9, respectively, which
show the robustness of the designed LQG controller.
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(a) Before filtering. (b) After filtering.

Figure 4.8: Output responses of the rotor current i4,. of the original and reduced-order
system for voltage sag
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(a) Before filtering. (b) After filtering.

Figure 4.9: Output responses of the rotor current i, of the original and reduced-order
system for voltage sag.

4.6 Conclusions

Optimal control techniques are applied to the DFIG wind turbine by decomposing the
algebraic Riccati equation of the singularly perturbed wind turbine system into two
reduced-order algebraic Riccati equations that correspond to the slow and fast time
scales. The optimal regulator gains, with respect to the optimal pure-slow and pure-fast,
reduced-order Kalman filters, and LQG controllers, are obtained. This decomposition
allows the design of linear controllers for the slow and fast subsystems independently,
thus, achieving the complete and exact separation of the linear-quadratic stochastic
regulator problem. The Kalman filter was able to accurately track the state space states
of the wind turbine system. The response of the reduced-order system was compared
to that of the full-order system for the purpose of validating the performance of the
proposed method. The effect of the applied white Gaussian noise is reduced successfully
by the LQG regulator and its Kalman filter implementation. Moreover, the designed
LQG controller showed good performance and robustness when wind turbulence and a
large-signal disturbance are applied to the system. Additionally, we showed that the
similarity transformation does not preserve the performance index value in the case of

the Kalman filter and the corresponding LQG controller.
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Chapter 5

Recursive Reduced-Order Algorithm for Singularly

Perturbed Cross Gramian Algebraic Sylvester Equation

5.1 Introduction

Singularly perturbed systems span multiple time scales, corresponding to fast and slow
state-space variables. For a system with two time scales, the slow time scale is related to
the eigenvalues close to the imaginary axis and represent the slow state-space variables
(slow modes) of the system, while the fast time scale is related to those eigenvalues
far from the imaginary axis and represent the fast state-space variables (fast modes)
of the system. Many algorithms exist in the literature for solving diverse problems
related to the analysis and control of singularly perturbed linear systems. Fixed point
recursive numerical methods were first proposed in [91] and used in [55,92] to solve
the closed and open loop optimal control problems. These methods led thereafter
to the Hamiltonian approach, which solves the linear-quadratic optimal control and
filtering problems by decomposing their algebraic Riccati equations into pure-slow and
pure-fast reduced-order algebraic Riccati equations [89]. The exact decomposition into
pure-slow and pure-fast subsystems led to the use of parallel algorithms [80,93], which
also provided the solutions to the algebraic Riccati equation of the linear-quadratic
optimal control problem. Moreover, some iterative methods were used to solve this
problem (see for example [94] and the references therein). Most of the previous studies
considered solving the algebraic Reccati equation, as it represents the most important
equation of the optimal control and filtering problems.

Sylvester equation has numerous applications in many areas including mathematics,

control and system theory, model reduction, signal and image processing. The general
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form of the continuous time algebraic Sylvester equation is given by
AX-XD=C (5.1)

where A € R™*" D € ®M™*™ and C € R™™*™ are given matrices. A unique solution
X € ™™ of (5.1) exists if and only if A and D matrices have disjoint eigenvalues.
An important special case of the algebraic Sylvester equation is the algebraic Lyapunov

equation, which plays an important role in control theory, and is given by
AX + XAT = -BBT (5.2)

where A € R™"*"™ B € ™™ and X € R"*". A systematic approach for solving the
Sylvester matrix equation is by using Bartels—Stewart [95] and the Hessenberg-Schur
methods [96], which use the Hessenberg or Schur form to transform the matrices of the
original system to the triangular form that can then be solved directly using backward
substitution. These methods are efficient for small and medium-scale systems. To
reduce the computational time and complexity when dealing with large-scale systems,
several iterative algorithms have been proposed for solving the Sylvester equation; see
for example [97-101].

In this chapter, we propose a new reduced-order recursive algorithm, which provides

a solution for a class of Sylvester equation given by
AWx + Wx A = BC (5.3)

where B € R"*™, C' € ®M*" | and the cross Gramian Wx € R"™*"™ is the solution to

the algebraic Sylvester equation (5.3), and is defined by
[e.e]
Wx = / et BCeAt dt (5.4)
0

The system under investigation in this chapter must be asymptotically stable, con-

trollable, observable, and square, i.e., the number of inputs equals the number of outputs



95

m = p. The test for controllability and observability of the system is usually performed
separately using the controllability and observability Gramians. In many applications,
lowering the computational complexity, as a result of the system order-reduction, is
desirable. Model order-reduction retains only those state-space variables that are both
strongly controllable and strongly observable. This requires investigating the behavior
of the state-space variables, and balancing the controllability and observability Grami-
ans, such that they are diagonal and identical. It has been shown in [46] that studying
the system controllability and observability, separately, can be misleading; a method
that directly assesses the combination of the two properties is preferred. Therefore,
the cross Gramian matrix was defined in [71] as an alternative approach to the ex-
isting controllability and observability Gramian matrices. Unlike the controllability
and observability Gramians, the cross Gramian contains information about both the
controllability and observability of the system.

In this chapter, a new recursive algorithm is proposed to solve the algebraic Sylvester
equation, of linear singularly perturbed systems, whose solution defines the cross Gramian
matrix. The algorithm is obtained in terms of the reduced-order algebraic Sylvester
equations corresponding to the slow and fast subsystems. The solutions of the full-
order algebraic Sylvester equations, for finding the cross Gramian matrix, was consid-
ered in [102,103].

The remainder of this chapter is organized as follows. The proposed recursive algo-
rithm is described in Section 5.2. In Section 5.3, several case studies are considered to
demonstrate the performance of the proposed algorithm. Then, the conclusions follow

in Section 5.4.

5.2 A Recursive Algorithm for Finding Cross Gramians for Singularly

Perturbed Linear Systems

The singularly perturbed structure can be obtained by partitioning the state space

system
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z(t) = Az(t) + Bu(t)

y(t) = Cx(t)

(5.5)

where z(t) € R", are state variables, u(t) € R™ are control inputs, and y(t) € R? are

measured outputs, as follows [54, 80]

Al Ay By

A== o=[a o (5.6)

where € is a small positive singular perturbation parameter. A, B, and C are constant
matrices of appropriate dimensions. Based on the singular perturbation theory [54,80],

a singularly perturbed linear system in the explicit state variable standard form is given

by
dﬁt(t) = Ayz1(t) + Asza(t) + Byuf(t)
6dx;t(t) = A3$1(t> + A4.%'2(t) + Bgu(t) (57)

y(t) = Cl.Z'l(t) + CQ.’L‘Q(t) + Du(t)

where z1(t) € R™ are the slow state variables, and z5(t) € R"2 are the fast state
variables, n1 + ne = n. Assuming that A4 is nonsingular, the eigenvalues of matrix A
consists of two disjoint groups: one corresponds to the slow subsystem A;(A) and the
other corresponds to the fast subsystem A¢(A). If the two subsystems have a mixture
of slow and fast eigenvalues, then a technique has to be applied to convert the system
into its standard singularly perturbed form defined in (5.7). We will give examples on
this case in Sections 5.3.2 and 5.3.3.

The nature of the cross Gramian matrix Wx defined in the algebraic Silvester’s
equation

AWx +WxA = BC (5.8)
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corresponding to the system singularly perturbed form defined in (5.7) is

Wi eWsy
Wx = (5.9)
Ws Wy

Using (5.6) and (5.9) in (5.8), we get the partitioned form of the Sylvester equation as

follows

AW, + AsWs + W1 Ay + WoAs + B1C; =0

eA\Wo + AWy + W1 Ag + WAy + B1Cy =0

(5.10)
AWy + AgW3 + eWs Ay + WiAs + BoC1 =0
€AsWo + AWy + eW3Ag + W4 Ay + BoCoy =0
Setting € = 0, we get the following approximate equations
Alwl(o) + AQW?EO) + Wl(o)Al + WQ(O)A3 + B1C; =0
AgWiO) + WI(O)AQ + WQ(O)A4 + B1Cy =0 ( )
5.11

AW 4 A, W0 4 W45+ By =0

A4W4(0) + W4(0)A4 + ByCy =0

The solution of equations (5.11) is given in terms of the following reduced-order

algebraic Sylvester equations corresponding to the slow and fast subsystems

A4W4(0) + W4(0)A4 + ByCy =0
(5.12)

AW+ w945+ Gy =0

In addition we have from (5.11)

WQ(O) = —(B1Cy + A2W4(0) + W1(0)A2)A11 (5.13)

Wi = — A7 Y (ByCy + AsWO + w0 43)

where

Ag = Ay — AgAM A3 (5.14)
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Gy = *AQAZl(BQCl + W4(0)A3) — (AQWiO) + Bng)AglAg + B1C} (515)
To find a unique solution of (5.12), we impose the following assumption.

Assumption 5.1 Matrices Ag and A4 are asymptotically stable.

In consequence, unique solutions of (5.12)—(5.13) exist. Defining the approximation

error as

Wy = 1(0) + eFn,
Wy = Wi + eBy,

(5.16)
W3 = W3 + ¢E;,

Wy =W + By,

subtracting (5.11) from (5.10), we get the following error equations, after some algebra,

A4E4 + E4A4 = —A3(W2(0) + EEQ) — (W?EO) + 6E3)AQ
AsEy + AyE3 + E4As = —(ngo) + eB3) A, (5.17)
5.1
AsEy + E1As + EsAy = —A (W + eBy),

A1FE1 + AsEs + E1A1 + EsAs = 0.

From the first equation in (5.17), we can observe that the unknown errors Eo and
E3 are multiplied by a small parameter €. Similar situation is in the second and the
third equations of (5.17). Therefore, we propose the following algorithm for solving the
error equations (5.17).

Start with Eéo) =0 and Eéo) = 0 and recursively evaluate
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AT + B Ay = — 430 + eB)) — (W + eB) 4,
AOEY+1) +E§i+1)AO _ AQAzl(Wg(o) +€E§i))A1 +A1(W2(0) JreEéi))AZlAg

I AgAllEffH)Ag + AQESH)AZlAs,

E§i+1) _ _(A1<W2(0) + eEéi)) + A2E£z‘+1) +E§i+1)A2)A217

ESTY = — A7 (W 4+ S Ay + A3EUTY 4 BT A3,

(5.18)

fori=0,1,2,...

The steps of the proposed algorithm are summarized in Algorithm 1

Algorithm 1: The proposed recursive algorithm
Input: A, B,C
Output: El, Ez, Eg, E4
Find the cross-Gramian matrix Wx using (5.8)
Define the matrix partitions (5.6) and (5.9)
Initialize W ", W{”, W{”, and W using (5.12)(5.15)
Initialize E{” =0 and E” =0
Initialize E%O) and EZ(LO) using (5.17)
Set i =0
while Wy — W | > O(e) do
Update EYH), Eyﬂ), E§i+1), and EffH) using (5.18)
Update Wl(iﬂ), 2(i+1), S(Hl), and Wfﬂ) using (5.16)
W1(i+1) €W2(i+1)
W3(i+1) W4(z‘+1)

10  Update W;H) = [

11: 1=1+1
12: end while

Theorem 5.1 Assuming that matrices Ag and A4 are asymptotically stable, algorithm

(5.18) converges to the exact solution of (5.17) with a rate of convergence O(e), that is

IESCD — B9 = 0e)
! 0 ’ | (5.19)
1Y — Ej|| = O(e')

for j=1,2,3,4;and ¢ =0,1,2,...
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Therefore, the exact solution Wx can be obtained with an accuracy of O(e!) after

performing i iterations on the proposed algorithm (5.18) as

W =W+ eBY, (5.20)
for j=1,2,3,4;and ¢ =0,1,2,...

Proof 5.1 For i = 0, we have from (5.18)

AED + BV Ay = — 45w — W Ay,

4B + B Ag = A AT WO Ay + AW A Ay
+ A2 AT B Ay + A ED AT A 21
By = —(awy” + A B + B Ag) AL

B = A7 w4, + 43BN + BV Ay).

Equations (5.21) are O(€) approximates of (5.17). Subtracting these equations from

the corresponding equations in (5.17), we have

Au(Es— ESY) + (Ey — EY) Ay = O(e),

Ap(Er — EMY + (B — EM) 4 = O(e),

(5.22)
Ay(Ey — B+ (By — EW) Ay + (B, — ESY) Ay = O(e),
A3<E1 — E%l)) + A4(E3 — Eél))AQ + (E4 — Eil))Ag = O(E),
which implies
1E: — BV = O(e),
1
1By — E{V | = O(e),
(5.23)

1Es — ESV|| = O(e),

1Bs — ESV|| = Oe),
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For i =1, we have

MED + EP Ay = —a3(W0 4 eED) — (WD 4 eEM) A,

A B + EP Ay = 4,47 (W + eBM) Ay + A, (W + eEMY) A A
+ Ay A EP As + A EP AL Ay (5.24)
EY = —(a (W3 + eBSY) + 4B + EP 45) 47,

B = a0+ ) Ay + A+ D )
subtracting (5.24) from (5.17) and using (5.19), we get

Ay(Es — ED) + (Es— EP) Ay = O(),

Ao(Er — EP) + (B — B4 = O(¢),

(5.25)
Ay(By — EY) + (Br — EP) Ay + (By — BY) Ay = O(e?),
As(By — B + Ay(Bs — EY) Ay + (B4 — EY) A3 = O(é2),
which by Assumption 5.1 implies
Ey— EP|| =0
|Es — E;7 || = O(€),
2
1B — B = O(e),
(5.26)
2
1B — B = O(e),
|1Bs — BV || = O(e?),
continuing the same procedure, we come to
Ay(By — ESY) 4 (By — BT A, = O(6HY),
Ao(By — By + (B — B{Y) 49 = O(61Y),
(5.27)

AQ(E4 — E§i+1)) + (El . EY'JFI))AQ + (E2 . E§i+1))A4 — O(€i+1)’

A3(E1 - E£Z+1)) + A4(E3 — E§i+1))A2 + (E4 . EiiJrl))AS — O(6i+1),
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which implies the results stated in Theorem 5.1, that is

|15 = BV = o) 525)
155 = ) = O(e)

The proof is complete. [

5.3 Case Studies

Three case studies are considered to demonstrate the proposed algorithm; (a) a fourth-
order aircraft example whose mathematical model is in the explicit singularly perturbed
form defined in (5.7), in which with accuracy of O(e) the slow eigenvalues are all con-
tained in the approximate slow subsystem represented by Ag and all fast eigenvalues
are contained in the approximate fast subsystem represented by Ay; (b) a fifth-order
chemical plant model given in implicit singularly perturbed form (it has two slow and
three fast eigenvalues, but the state variables have to be reordered to achieve explicit
singularly perturbed form defined in (5.7); (c) a tenth-order hydrogen gas reformer used

to provide hydrogen to a fuel cell from hydrogen rich fuels (natural gas, methanol).

5.3.1 L-1011 Aircraft

Here, we consider the lateral axis equations of the rigid body model of L-1011 air-
craft at cruise condition [104]. The state variables are the bank angle, roll rate,
yvaw rate, and sideslip angle, which are respectively represented in the state vector
x(t) = [r1 w9 w3 x4]7. The input vector consists of two variables: the rudder de-
flection &, and the aileron deflection d,, and is given as u(t) = [§, d4]7. The system

matrices are given as
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0 1 0 0
0 —1.89 0.39 —5.55
A=
0 —0.034 —-2.98 2.43
0.034 -0.0011 -0.99 -0.21
- . N (5.29)
0 0
0.36 —-1.6 1 0 0O
B: s =
—0.95 —0.032 01 00
0.03 0

The eigenvalues of the matrix A are: —0.1016, —1.4811 +0.6292¢, and —2.0162. The
system is asymptotically stable (all eigenvalues are in the left half plane), controllable,
and observable. Moreover, there is only one slow mode with eigenvalue —0.0899, and
three fast modes with eigenvalues: —1.4891 + 0.7686¢ and —2.1017. The perturbation

parameter is € 0.07, which is the ratio between the fastest slow eigenvalue and

the slowest fast eigenvalue. Solving the algebraic Sylvester equation (5.8), the cross

Gramian matrix can be obtained as follows

Wx

Using the proposed algorithm, the initial cross Gramian matrix W(© is obtained as

w0 —

Comparing the exact solution Wx to the first-order approximate solution of the

—3.77168467243
—2.25320146563
—4.60285451131

12.68652326564

—2.25882783809
—4.46229986109

12.32553354098

—0.43134179103
—0.62940797540
—0.27809983914
1.332572206696

—0.42418654922
—0.21443252362
0.883962065453

—0.14313989569
0.00048741612
—0.01060057667
—0.02122054103

0.20967036557
0.06408641105
—0.03861451004

0.00250243909

—3.98315817315 —0.41906814039 —0.14908955443 0.202330975578

—0.00284907928  0.001553980682

0.00235249833

0.000836843461

—0.00586646018 —0.00419856136
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Number of Iteration 14 ‘ |Wx — W)((i)Hg ‘
7.50332862598 x 10~%
2.61112541747 x 10~°
9.08506250553 x 10~ 7
3.16109799914 x 10~8
1.09991811058 x 1077
3.83066885862 x 1011
1.36887465822 x 1012
9.59811872673 x 10
6.47440768237 x 10~

O 00| || O = | W N

—_
o

Table 5.1: Error norm values for each iteration for L-1011 aircraft system

cross Gramian matrix by calculating the error norm, we get
|[Wx — WO ||y = 0.624920763816596

Then, the cross Gramian matrix is calculated using the proposed recursive algo-
rithm. The error norm at each iteration is shown in Table 5.1. By taking the error

norm, it can be seen that the algorithm converges rapidly to the exact solution.

5.3.2 Chemical Plant

In this section, the linearized chemical plant considered in [105] is chosen to demonstrate
the behavior of the proposed algorithm when the linear singularly perturbed system is

not in the explicit standard form (5.7). The system matrices are given as follows
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—0.1094 0.0628 0 0 0
1.306 —2.136 0.9807 0 0
A= 0 1.595 —3.149 1.547 0

0 0.0355 2.632 —4.257 1.855

0 0.0027 0 0.1636 —0.1625]

- ) (5.30)
0 0
0.0638 0
10000
B = 10.0838 —0.1396| , C =
00001

0.1004 —0.206

0.0063  —0.0128|

The eigenvalues of matrix A are —5.9822, —2.8408, —0.8954, —0.0141, and —0.0774,
which indicates that this system has two slow modes (eigenvalues). The small singular
perturbation parameter € is chosen as the ratio of the fastest slow eigenvalue to the
slowest fast eigenvalue, and equals to ¢ = 0.0141/0.8954 = 0.086. Introducing the
following permutation matrix that exchanges the second row of matrix A, with its fifth

row, that is

o o o O
[a)

o o O
—

o o o o

0
0

—_
o o O

1 0

the explicit singularly perturbed form of the system matrices can be obtained as follows

Agp = PAP,
(5.31)
Bsp=PB, Cgp=CP
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Note P = P~!. Thereby, they are calculated as

—0.1094 0 0 0 0.0628
0 —0.1625 0 0.1636  0.0027
A= 0 0 —3.149 1.547  1.5950
0 1.8550  2.632 —4.257 0.0355
1.3060 0 0.9807 0 —2.1320
_ - ) (5.32)
0 0
0.0638 —0.0128
10000
B = {0.0838 —0.1396|, C =
01000

0.1004 —0.206

0.0638 0

Matrices Agp and A have the same eigenvalues and the same number of slow and
fast modes. However, the slow and fast eigenvalues are now correctly separated into two
disjoint groups. The slow mode has the eigenvalues —0.0788 and —0.0160, and the fast
mode has the fast eigenvalues —5.9521, —0.7933, and —2.7925. Solving the algebraic

Sylvester equation (5.8), the cross Gramian matrix can be obtained as follows

—0.07530866 —0.11561658 —0.00985227 —0.00806596 —0.00985946—
—0.23194836 —0.49463876 —0.03897379 —0.03313413 —0.03676743
Wx = -0.07341430 —0.42776115 —0.02785663 —0.02552098 —0.02384797
—0.12954567 —0.52436133 —0.03510447 —0.03163354 —0.03102749

| —0.05734203  —0.26232141 —0.01916962 —0.01692499 —0.01682689 |

Calculating the initial cross Gramian matrix W(® using the proposed algorithm,

and comparing the result to the exact solution of the cross Gramian, using the error
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Number of Iteration 14 ‘ |Wx — W)((i)Hg ‘
2 6.549205248602 x 107>
4 3.305462486403 x 10~4
6 1.644553914568 x 10~°
8 7.961048437784 x 10~7
10 3.79165870750 x 108
12 1.79073797457 x 10~
14 8.42125015994 x 10~
16 3.94485224503 x 1012
18 1.78105453794 x 10~ 13
20 1.74637224575 x 10~ 14

Table 5.2: Error norm values for each iteration for the chemical plant

norm, we get the following results

_—0.07894318 —0.13640657 —0.01124158 —0.00932742 —0.0110635_
—0.25878609 —0.56732132 —0.04537161 —0.03829073 —0.04292241

WO = | _0.05767992 —0.50330195 0 0 0
—0.12521917 —0.60940965 0 0 0
| 0.04496552  —0.31507279 0 0 0

[Wx — WOy = 0.160161520985517

The cross Gramian matrix is then calculated using the proposed recursive algo-
rithm. The error norm for each iteration is shown in Table 5.2, from which it can be
observed that, the proposed algorithm converges to the exact solution according to the

convergence result stated in the presented theorem.

5.3.3 Natural Gas Hydrogen Reformer

In this section, we investigate the behavior of the proposed algorithm in case of higher
order singularly perturbed systems. The linearized 10th-order mathematical model of

the gas hydrogen reformer introduced and studied in [106,107] is chosen.
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The system matrices are given as follows [106]

A pr—
—0.074 0 0 0 0 0 —-3.53 1.075 0 0
0 —1.47 -25.3 0 0 0 0 0 256 1391
0 0 —156 0 0 0 0 0 0 33.59
0 0 0 —124.5 212.6 0 112.69 112.7 0 0
0 0 0 0 -3.33 0 0 0 0 0
0 0 0 0 0 —-32.43 3230  32.30 0 0
0 0 0 0 0 331.8 =344 341 0 9.90
0 0 0 221.97 0 0 —253.2 —254.9 0 32.53
0 0 2.035 0 0 0 1.830 1214 —-0.36 —3.30
0.018 0 8.164 0 0 0 5.6 5.39 0 —13.61
- T
00 00 012 0 0 0 00
B = ,
o0 000 0 00184 0 0 0
1 0 0 0 00O0O0OO 0O
C =
0 0994 —-0.08 0 0 0 0 0 0 O

(5.33)

The eigenvalues of the system matrix A are as follows: —660.68, —157.9, —89.137,
—12.175, —3.33, —2.77 £+ 0.547i, —1.468, —0.358, —0.0861. All real parts of those
eigenvalues lie in the left part of the complex plane; hence, the system is asymptoti-
cally stable. Moreover, the system has multiple time scales (slow and fast) since there
are three eigenvalues located very close to the imaginary axis while the other seven
eigenvalues are located far from that axis. The perturbation parameter € is chosen
as the ratio of the fastest slow eigenvalue to the slowest fast eigenvalue, and equals
e =0.52 = 1.468/2.77.

What are supposed to be slow mode eigenvalues, obtained via (5.14), —1.468,
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—0.0838, —128.4495 and what are supposed to be the fast mode eigenvalues ((eigen-
values of Ay) —0.358, —660.68, —89.144, —13.954, —2.829 + 0.886, and —3.333) do
not display the slow-fast time scale separation. Similarly to the chemical plant exam-
ple in the previous section, we can notice that the slow and fast eigenvalues are not
well separated into two disjoint groups. However, since the gas reformer system is of
higher order, it will be a little cumbersome to come up with a permutation matrix
that would convert the system into its explicit singularly perturbed form. Therefore,
the algorithm presented in [108], [54], and used by [107] to study the slow and fast
dynamics of the gas reformer system, is also considered here to convert the system
from an implicit singularly perturbed form to the explicit singularly perturbed form.
The algorithm in [108] and [54] is based on introducing a similarity transformation T
that transform the general linear system in implicit singularly perturbed form into the
explicit singularly perturbed form defined in (5.7). The similarity transformation T is

given by [107]

| 4.8557 2.1797 —0.3535 1.7829 113.74 —52.659 —-5.1468 1 O 0_

0 0 0 0 0 0 0 010

—0.3794 0.7980 —0.0771 0 0 5.2667 0.5148 0 0 1

0 0 1 0 0 0 0 000

T 0 0 1 0 0 0 0 00
0 0 0 0 1 0 0 0 00

0 0 0 0 0 1 0 000

0 0 0 0 0 0 1 0 00

0 0 0 0 0 0 0 1 00

0 0 0 0 0 0 0 0 01
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The new transformed system matrices are defined as

Agp = TAT™!
Bgp=TB (5.34)
Csp = cT!

thereby, they are calculated as

Asp =
-—0.319 5.576 —3.138 —0.353 0.568 36.31 —0.26 —0.05 5.516 3.138 ]
0 —0.358 0 2.035 0 0 0 1.83 1.214 —3.30
—0.087 2.041 —-1.232 —-0.125 0.154 9.85 1.925 0.190 -0.319 1.231
0 0 0 —124.5 0 0 0 0 0 33.59
0 0 0 0 —124.5 212.63 0 112.69 112.69 0
0 0 0 0 0 —-3.33 0 0 0 0
0 0 0 0 0 0 —32.43 32.30 32.30 0
0 0 0 221.97 0 0 331.8 —344 —341 9.904
0 0 2.035 0 221.97 0 0 —253.2 —254.9 32.53
i 0.019 0 8.164 0 —0.006 —0.363 0.213 5.625 5.396 —13.61_
T
Bsp — 13.6488 0 0 0 0 0.12 0 0 0 O ’
—9.6577 0 0.9659 0 O 0 0.1834 0 0 O
Cs 0.169 0 —-0.464 0.024 -0.302 —-19.30 11.38 1.11 —0.169  0.463
p=

0.080 0 1.03 0.019 -0.143 -9.124 -1.183 -0.115 —-0.08 —1.026

(5.35)

The matrices Agp and A have the same eigenvalues, since they are preserved under
the similarity transformation. The slow mode eigenvalues are: -1.468, -0.08552, and -
0.358 obtained as (A(As)+O(e)), while the fast mode eigenvalues are: -660.682, -157.89,
89.137, -12.174, —2.7697 £ 0.60087, and -3.333 obtained as (A(Ay) + O(€)). They are
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Number of Iteration ¢ ‘ IWx — W)((i)Hg ‘

2 56.67074786107

5 13.26046318575

10 0.38648979991

12 50.9580379513 x 102
15 5.949048480951 x 103
20 6.505261253303 x 10~ *
23 6.630466299301 x 10~°
25 7.912793405030 x 106
30 7.210694103862 x 10~7
35 3.050169378906 x 10~8
40 8.638446874677 x 10~ 10

Table 5.3: Error norm values for each iteration for the gas reformer system

clearly separated now into two disjoint groups.
Using our proposed algorithm to calculate the initial cross Gramian matrix W ()
and compare the result to the exact solution of the algebraic Sylvester equation, we get

the error norm as

[Wx — WO, = 53.489147248362102

The cross Gramian matrix is then calculated using the proposed recursive algorithm.

The error norm for each iteration is shown in Table 5.3.

5.4 Conclusions

The algorithm was developed to solve the algebraic Sylvester equation whose solution
defines the cross Gramian of singularly perturbed linear systems. The algorithm is
very efficient, defined in terms of reduced-order sub-problems corresponding to slow
and fast subsystems, and converges rapidly to the required solution. The efficacy of
the algorithm is demonstrated on three real physical examples. The algorithm can
be directly applied to singularly perturbed systems in the explicit standard forms. A
similarity transformation needs to be applied to singularly perturbed systems in implicit
forms to convert them into their explicit forms, before the proposed algorithm can be

applied to this class of systems.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this dissertation, a DFIG-wind energy conversion system connected to the utility
grid, as well as wind farms of different sizes were investigated for model order reduction
and optimal control.

In Chapter 2, the balanced truncation and residualization and the singular pertur-
bation methods were utilized to reduce the order of an eighth-order DFIG-based wind
energy conversion system connected to the utility grid. In general, these two model
order reduction techniques produce consistent results. However, in the case of the con-
sidered DFIG system, the reduction in model order achieved via singular perturbations
outperformed the reduction achieved via the balancing methods in terms of both the
transient step response and the linear-quadratic near-optimal control performance. The
singular perturbation method allows the reduction of the system model order even to
an order of two while the balancing method only allows the system model order to be
reduced to the sixth order. Further order reduction using the balancing method would
result in a significant increase in the error bound.

In Chapter 3, model order reduction, based on the balancing and cross Gramian
methods, was considered for the state-space model of wind farms of different sizes. The
cross Gramian method reduces the computational complexity by calculating only one
Gramian without the need for balancing and shows comparable results to the balanced
truncation methods. The order of the reduced system depends, significantly, on the
selected threshold value. Furthermore, comparing the degree of controllability and
observability of the system, in both the vector and diagonal forms of the control input

matrix, showed a considerable loss of controllability and observability in the case of the
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latter form.

In Chapter 4, based on time scale analysis, LQR, Kalman filter, and LQG con-
trollers were designed for a fifth-order, single-cage DFIG wind turbine. The algebraic
Riccati equation of the singularly perturbed wind turbine system was decomposed into
two reduced-order AREs that correspond to the slow and fast time scales. These AREs
were successfully solved using the Newton recursive algorithm. The obtained solutions
are used to design an optimal LQR controller for the slow and fast subsystems, in-
dependently. Using the duality between the optimal filters and regulators, the same
technique was applied to the full order Kalman filter to obtain two independent, reduced
order, slow and fast Kalman filters which were able to accurately track the state-space
states of the wind turbine system. The reduced-order LQG controller was obtained
by combining the corresponding regulator and Kalman filter. The effect of the applied
white Gaussian noise is reduced successfully by the LQG regulator and its Kalman filter
implementation. Furthermore, the designed LQG controller showed good performance
and robustness when a wind turbulence and a large-signal disturbance affect the system.

In Chapter 5, a new reduced-order recursive algorithm was developed to solve a class
of Sylvester equation given by AWx + Wx A = BC, whose solution Wy defines the
cross Gramian of singularly perturbed linear systems. The system under investigation
must be asymptotically stable, controllable, observable, and square. The algorithm is
defined in terms of the reduced-order sub-problems corresponding to the slow and fast
subsystems. The rate of convergence of the proposed algorithm is O(¢), where € is a
small singular perturbation parameter that indicates the separation of the slow and fast
state variables. The algorithm can be directly applied to singularly perturbed systems
in the explicit standard form. A similarity transformation needs to be applied to the
singularly perturbed systems in implicit forms to convert them into their explicit form

before the proposed algorithm can be applied to this class of systems.
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6.2 Future Work

A number of possible directions for further developing the work presented in this dis-

sertation can be pursued. The following directions may be considered for future work:

e Due to complexity of wind power electric energy production, variability of operat-
ing conditions, intermittency of wind power, disturbances, and integration of wind
turbines into the power grid, it is important that the research work presented in
this dissertation that focused mostly on modeling and controls, be expanded to
a system integration level and include other researchers and practitioners of the
smart power grid community. The problems of wind turbines integration with
transmissions lines, grouping within different areas of wind farms, coordination
of the control with supervision systems, integration with other distributed energy
resources, such as energy storage systems, and microgrids, would provide variety

of topics for future multidisciplinary research.

e Verify the analytical results obtained in Chapter 2 using different wind turbine
generator setups. For example, a two-mass model of WECS with different wind
speeds, load levels, and power grid models can be investigated and compared

using the the considered order reduction methods.
e In Chapter 3, a general setup of the following two linear systems, differing in the
forms of their input matrices

Bl Bl 0 u(t)
z(t) = Ax(t) + u(t) and &(t) = Ax(t) + (6.1)

By 0 Bl |u(t)
can be studied analytically in more detail. The controllability Gramians of these
systems can be compared in terms of their input matrix representation; earlier,
we concluded that representing the input matrix in the diagonal form causes a

controllability loss of the system.

e For the optimal linear controllers designed in Chapter 4, evolutionary optimization

algorithms may be used in constructing the optimal weighting matrices R and Q).
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Nonlinear controllers can also be designed to eliminate the need for linearization
and to improve the dynamic response of the considered wind turbine system

during grid disturbances.

A major hindrance associated with the cross Gramian-based solution is that this
technique is applicable to square systems only. The proposed algorithm in Chapter

5 may be extended to include the non-square systems.

The presented algorithms are suitable to be implemented as the modern reinforce-
ment learning algorithms, since the reinforcement learning methods for dynamic
systems are in fact approximate optimal control (approximate dynamic program-

ming) methods.
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Appendix A

A.1 Wind Turbine with DFIG Energy System Parameters

Cy = 05176, Cy =116, C3=04, Ci=5 C5=21, Cs=0.0068,
v, =690V, Ty, =0.8064, v=09m/s, Cp=048, Puom=2MVA,

Hy =35, kop=056, ws=1, F,=50, w,=2rF, Vsc=16MVA,
Sp=2, Va=16, Z.= b =0.125,

X5 = 0.09241, X3, = 0.09955, X, =3.95279, X, =0.05, Xp =10,
R, =0.00549, R, = 0.00488,

Xos = Xis + X = 4.0452,

Xpr = Xip + Xy = 4.0452,

X7 = Xe + Xy = 0.1744,

R, = \/%T}% =0.0124,

X = R Xp =0.1244,,

Ry = Ry + R. = 0.0173

A.2 Wind Turbine with DFIG Energy System Operating Points

tgso = —0.035,  igs0 = 0.343, igro = 0.217, 4o = 0.367
Vg0 = —0.06,  vg0 = 0.998,  vgr0 = —0.025,  vgr0 = 0.206,
Vs = 0.9998, Wro = 0.8, S0 = 0.2
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A.3 Wind Turbine with DFIG Energy System Matrices

Wb Kp2
= - Xr,m,n S X S I
T X, — gy (e b g i Vas + X V)
W,
a1 = b {(Xpr X5 — 50X )Ws + X0 X+

(erXss - Xr2n)
(Kp2/VeoWs) (R Vgso — X1Vias0) }

Wy
o _Xm T K 9
=0, X, gy et )
Wy
= —Xme» Xerr WS 3
= X K — X2 FooXn &)
Wy . .
e = (X’I‘TXSS - Xgn) {(XquSO B erquO)Xm}’

Wme WmeKp2

p— pu— 0 pu—
M= (X, Xy —x2) 7T M TR N, - X2
Wy
a1 = (erXss — XTQn) {(_erXss + SOin)Ws — X7 X

+ (Kp1 Kopt Xss Ws W3 / Vi) (RrVaso + X1Vos0) )
Wy

X X..— X2 ){(_RTX”“ + (KleOPthsWsto/Vs%)(RTVqsO — X1Viso)},

Wy
XTTXSS - X%@)

a3 = —a14, Q24 = ( {—=Xm(Ry + Kp1)},

Wi
erXss - XTQn)

azs = ( {(=Xmigso + Xrriaro) Xm}, a26 =0, agr =ais, ax =0,

Wy
= - Xm K, Xss Xm s s s X s
asi (erXss—XEn){ Ry Xy + (Kp1 Xss /(Xm VsoWs)) (R Vaso + X1Vgs0) }
Wy
= Xmes - Xmes s X er
asz2 (XTTXSS —X%I){( S0 )W + T

+ (KpaXss/ (X VeoWs)) (R Vgso — X1Vas0) },
Wa
erXss - Xr2n)
Wi
erXss - Xrgn)
W
erXss - Xgn)
WbXss
XT‘TXSS - X72n)’

ass = ( {_Xss(Rr + KpZ)a

asq = ( {(_Xgl + SOXSSX’I‘T)WS}7

ass = ( {(Xmiqs[) - eriqTO)Xss}a

aze = ( ag7 =0,
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_ W
458 = (erXss - X,%)
Wy
XT"I‘XSS - X',Zn)

{Xsst2}a

{(=XmXss + 50X Xss) Wy — X0 X,

a41:(

+ (KleOPthsWsWTO2/(‘/;%Xm))(RTVdso + X71Vis0)},

Wy
e (XTTXSS - X%@) {_RTXm T (KleothSZSWSWTQO (Vs%Xm))(RTVQSO - XTVdSO)}J
_ Wy, )
3= (X Xs — X2) {(X2 — 50X ss Xrr)Ws},
Wy
X X, — Xz U e B
W, . .
e (erXssb_ X’r%@) {(_XmZdSO + XTTZdTO)Xss + Q(Kples/Xm)}’

ase =0 aq7 = age, asg =0,

as1 = Xmigro/(2Hiot),  as2 = —Xmiaro/(2Hiot),  as53 = —Xmigso/(2Hiot),
ass = Xmiaso/(2Hiot), a55 =0, as6 =0, as7=0, ass=0,
ag1 = (Kiz/(VsoWs X)) (RrVaso + X1Vys0),

ag2 = (Kia/ (VoW Xm)) * (RrVaso — X1Vaso),

ags = —HKiz, asa =0 a5 =0, ags =0, as7 =0, ass= Ko,
ar1 = (K Kopt XssWsWio / (Vi Xin)) (RrVaso + X1 Vas0),

are = (K Kopt XssWs Wi/ (Vi X)) (R Vaso — X1Vaso),

ar3 =0, an=—-Kj, an=2KgqKeuXsWWro/(XmVio),

are =0, a7 =0, arp=0,

ag1 = (=Kp3/Vso) (RrVaso + X1Vos0),

agy = (Kp3/Viso) (RrVaso — X1Vaso), ag3 =0,

agg =0, ag5 =0, ags=0, asr =0, ags=0,



be1 = —Ki2, bega =0, bgz=
br1 =0, brp=-K;, b=
Kiles
b74 =0, bys=———"-
74 y 75 WsXm‘/sO’
bg1 =0 bgo =0 bg3 =—Kp3
_Xss 0 Xm
0 —Xg&% O
1
E - — —Xm O er
wp
0 —X, 0
i 0 0 0
be1 be2 bez bes bes
Beonw = |by1 bra brs by brs
bg1 bsz bg3 bgs bss

WX’
_KuXoTsp
WX V3

bga = Kp3  bgs = 0,

o
o o o o

0 2Hopwp |

E—l
Beonv

bes = Ko Kp3,
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bgs = 0,
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Appendix B

B.1 Direct Quadrature Zero Transformation

In order to simplify the mathematical model analysis, and to eliminate the effect of time-
varying inductances, the three-phase stator and rotor quantities (voltages, currents, and
flux linkages) are transformed into a single rotating reference frame dq0 using the direct-
quadrature-zero transformation (DQZ). The DQZ transformation is the product of the

Clarke and Park transformation matrices. The Clarke transformation matrix is given

by
1
5 1 -5 -3
TClark‘e = g : 0 —§ —§ (B 1)
1 1 1
V2 V2 V2

The Park transformation matrix is given by

cost sind 0
Tpark = | —sinf cosh 0 (B.2)
0 0 1

where 0 is an arbitrary rotation angle. Together, the Clarke and Park transforms form
the DQZ transform:

Tpc = Tpark - TClarke (B.3)

Let Tape = [Ta, T, Te)T and zgq0 = [T4, 24, 70]T, then, in matrix notation, we have

cosd  cos(0— ) cos(0+ Z) | |z,

2
Zaq0 = TPcTabe = \/Q —sinf —sin(0 — %) —sin(0+F)| |7 (B.4)

1 1 1 .

V2 V2 V2
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where the subscripts d, ¢, and 0 represent the direct, quadrature, and zero components.
The angle 0, here, is the reference angle or reference phase and is typically chosen as
wst where w; is the frequency of the infinite bus or is fixed to the rotor angle of one of
the synchronous machines [109]. Tpc is an orthogonal transformation matrix. Thus,

the inverse transform is

cosb —sind % T4
_ 2
Zabe = Tpidg = \/; cos(0 — 2F) —sin( — 2F) % T4 (B.5)
cos(0 + 2F) —sin(0 + 2F) % xo

The stator and rotor voltages of the DFIG, respectively, in the three phase frame

are given by

_Uzzs (t)_ _ias (t)— _was (t)_

d
Ubs (t) = R, Tps (t) + & Vps (t)
_ch (t)_ _ics (t)_ _¢cs (t)_

(B.6)

vw®] o] e

d
Upr (t) = RT ib?"(t) + % d}br (t)
_vcr (t)_ _Z.cr (t)_ _wcr (t)_

where subscripts a, b, and ¢ stand for the three phase quantities in the abc-frame, while
subscripts s and r stand for the stator and rotor, respectively. v, 4,1, Rs, and R, are the

voltages, currents, flux linkages, and stator and rotor winding resistances, respectively.
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The flux linkages are related to the currents as follows

Yas(1) fas(t) Gar(t)
Yos (8) | = Ls s (t) | + Lm | i (t)
_/(/}CS (t)_ _iCS (t>_ _iCT (t)_
(B.7)
Yar (t) lar(t) las (1)
. T |.
Y (t) =L, Lor (t) + Ly, Lbs (t)
Uet)] )] ie)]
The inductance matrices are defined by
Lis+ L, _%Lm %Lm
Ly=| -iL, Ly+L, -iL, (B.8)
I _;Lm _%Lm Lls + Lm_
Llr + Lm _%Lm _%Lm
| %Lm _%Lm Llr + Lm_
cos(6,) cos(0, + 2F) cos(d, — &)
L =Ln cos(0, — 2F) cos(6y) cos(0, + 2F) (B.10)

cos(, + %) cos(0, — &) cos(6,)

where subscripts [ and m stand for the leakage and magnetizing inductances, respec-

tively. L, is the maximum mutual inductance between the stator and the rotor. 6,.(t)

is the electrical rotor speed.

Applying (B.4) to the DFIG equations (B.6) and (B.7) in the abc-frame gives the

DFIG model in the dg-frame. The stator and rotor voltage and flux dynamic equations
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in the dq synchronous reference frame are given, respectively, by [5,15,40].

Vg id - d |V
s|_ R, s +w, qu n % s
| Ygs | | tgs | s Pgs
(B.11)
Vg ig — d |%d
rl R, r + sw, qr n % r
_vqT_ _iqT_ T;Z)dr U}qr
T/st . Lls+%Lm 0 lds n %Lm 0 Ly
_qu_ L 0 Lls + %Lm_ _Z'qs_ L 0 %Lm_ _iqr_
(B.12)
bar| | Lir + 5 Lm 0 iar |, 5Lm 0 | |das
_wqr_ L 0 Ly + %Lm_ _iqr_ L 0 %Lm_ | gs

where the subscripts s and r denote the stator and rotor quantities, whereas subscripts ¢
and d denote the components aligned with the g-axis and d-axis reference frames, respec-
tively. In (B.11), ws and w, are the synchronous stator and rotor angular frequencies,

respectively. s is defined as the slip of the generator, and is given by s = (ws — w;.) /ws.

B.2 Per Unit System

In order to simplify the calculations when dealing with different quantities in the power
systems, such as the different voltage levels separated by multiple transformers, the per
unit system can be used to obtain the normalized values of all quantities. The per unit

quantity is defined by the ratio between the original value and the base value

original value

per unit value = (B.13)

base value

The power and the voltage are usually chosen as the base quantities, and all other base

quantities are derived after that by the laws of electrical circuits. The base power Spqse
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is chosen considering the rated power of the generator. For the base voltage Vjuse, the
nominal voltage is considered, with the low and high voltage sides of the transformers
being related to each other through the appropriate turn ratio [110]. Similarly, the
synchronous speed is chosen as the base values, with the different base speeds on the
low and high speed sides of the gearboxes being related to each other through the
gearbox ratio. More details on the chosen and deduced base quantities for the DFIG

generator can be found in [110].
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